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ABSTRACT

KILLING FAMILY OF TENSORS IN CLASSICAL GRAVITATIONAL THEORIES

Menekay, Cagatay
M.S., Department of Physics

Supervisor : Prof. Dr. Bahtiyar Ozgiir Sarioglu

July 2013, 68 pages

In this thesis, the basic properties of the Killing family of tensors (Killing vector, Killing
tensors and Killing-Yano tensors) are considered. Their relationship with integrals of motions
and conserved gravitational charges are also discussed. The fourth constant of motion of a
test particle in Kerr spacetime and its relationship with Killing tensor are reviewed. We have
done a similar analysis for the newly discovered solution of Conformal Gravity. Next, the
use of Killing-Yano tensors in the procedure for defining conserved gravitational charges is
discussed. Finally, a new identity is introduced, and its use in a new approach to overcome a
shortcoming of the former construction is given.

Keywords: Killing Vector, Killing Tensor, Killing-Yano Tensor, Conserved Gravitational
Charge, Fourth Constant of Kerr Spactime
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KLASIK KUTLECKIM TEORILERINDE KILLING TENSOR AILESI

Menekay, Cagatay
Yiiksek Lisans, Fizik Boliimi

Tez Yoneticisi  : Prof. Dr. Bahtiyar Ozgiir Sarioglu

Temmuz 2013 , 68 sayfa

Bu tezde Killing tensor ailesinin (Killing vektorleri, Killing tensorleri ve Killing-Yano tensor-
leri) temel ozellikleri incelendi. Bunlarin hareket sabitleri ve korunan kiitlecekimsel yiikler
ile iligkileri arastirildi. Kerr uzayindaki bir test parcaciginin dordiincii hareket sabiti ile Kil-
ling tensorii arasindaki iliski incelendi. Acikorur Kiitlecekim kuraminin ¢éziimii olan yeni bir
metrik icin benzer bir analiz yapildi. Daha sonra, Killing-Yano tensorii ve bununla korunan
kiitlegekimsel yiik tanimlanmasi icin kullanilan yontem ele alindi. Son olarak, bulunan yeni
bir dzdeglik verildi ve bunu kullanarak sézii edilen yontemin bir eksikligini gidermek ig¢in
geligtirilen bir yaklagim sunuldu.

Anahtar Kelimeler: Killing Vector, Killing Tensor, Killing-Yano Tensor
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NOTATIONS

In this work, we consider the latin letters a, b, c... runs from O to n and
the latin letters i, j, k.. runs from 1 to n. Moreover some of the notations
we used throughout the this thesis are given below

+1, ifabcd is an even permutation of 0123
€wea = § —1, ifabcd is an od permutation of cde

0, otherwise

[ +1, if abcis an even permutation of cd e

8% — & 1, ifabcis an od permutation ofcd e
0, otherwise
Eabcd = \/g ‘Z:abcd
lat,e.yan) l ai,...,an by ,....by
T - n!abl,...,bn T
1
ree Ly,

* permutations
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CHAPTER 1

INTRODUCTION

Almost every physical system has some symmetry and symmetries play an important role in
physics. When one considers gravitational theories that are inherently geometric, one of the
the first things that comes to one’s mine is the Killing vectors, since they are the generators of
the isometries of a given spacetime. Thus they are closely related to the symmetries studied
in that spacetime. Their generalizations are Killing tensors and Killing-Yano tensors, which
are symmetric and antisymmetric generalizations, respectively. The symmetries, which these
tensors are related to, are called the hidden symmetries. Besides giving the symmetries of a
given system, the Killing vectors and the Killing-Yano tensors can also be used to construct
gravitational charges as we will see below. Before explaining the scheme of this work, let us

give a short survey on this matter.

Historically it was the Killing vectors that were defined first and they have been studied and
used extensively in the literature. They can be used to set symmetry restrictions to the so-
lutions of gravitational theories, e.g. restricting solutions to spherically symmetric space-
times, etc. They can also be used to build conserved canonical momenta when examining
the geodesics of a given spacetime, since they correspond to the symmetries of such systems.
Furthermore, conserved gravitational charges can be constructed through them as Abbott and
Deser did in [1]] for the solutions of Einstein’s theory with a flat background or Cosmological
Einstein theory with AdS background. It was later extended to the quadratic curvature theo-
ries accepting a flat or an AdS background in [2]], and further extended to quadratic curvature
theories with arbitrary backgrounds in [3]. There are, of course, other uses of Killing vectors,

in any system in which isometries of the spacetime under consideration are important.

The relationship between the Killing tensors and separability of the Hamilton-Jacobi equa-



tion of a test particle in a given spacetime has been known since Eisenhart showed it in [4]].
However, Killing tensors became more popular after Carter’s discovery of the fourth constant
of motion of a test particle in Kerr spacetime [J5]. In this work, Carter also showed that the
Hamilton-Jacobi equation in the Kerr spacetime is separable while finding this constant. In
[6]], Penrose and Walker showed that the fourth constant of motion and the separability of the
Hamilton-Jacobi equation of a massless particle in the Kerr spacetime is related to the exis-
tence of a Killing tensor. They also expressed the Killing tensor in spinor formalism in terms
of the principal null vectors for those spacetimes that are solutions of Einstein’s theory and
of Petrov type D. In [7] and [8]], it was shown that any Killing tensor can be expressed as the
square of a Killing-Yano tensor. Additionally, it was shown that this Killing-Yano tensor is
closely related to the separability of the Dirac equation in a rotating background [9)]. However,
these are beyond the scope of this work, since we will not consider any quantum aspects here.
In the literature, there are quite a number of spacetimes investigated for the separability of the
corresponding Hamilton-Jacobi equation and the existence of the fourth constant of motion.
The separability of the Hamilton-Jacobi equation of a test particle in Kerr-de Sitter metrics in
all dimensions is given in [[10], in the Vaidya spacetime these issues were discussed in [11]
and in the higher dimensional Kerr-NUT-AdS spacetime these were investigated in [12], to

name a few.

The Killing-Yano tensor is the most recent member in the family of all these ‘Killing’ ob-
jects, they were discovered in 1952 in [13]]. They are related to the hidden symmetries of a
given system which are meaningful mostly at the quantum level, such as the separability of
the Dirac equation as mentioned previously or the exotic supersymmetries of a spinning par-
ticle system in a curved background [14], [[15]. In [L6]], a conserved gravitational charge was
constructed by using a Killing-Yano tensor in a way similar to how the gravitational charges
are defined through a Killing vector. In this work transverse spacetimes with flat backgrounds
were considered. There is also another work [17]] where an analogous charge expression is
given for transverse spacetimes with AdS backgrounds. However, in this work, the current
used in definining a conserved charge has a drawback, even though it gives information about
the spacetime. There are terms in the current which cannot be explained physically as men-
tioned in [[16]]. Here in an effort to solve this problem, we show that it is possible to generalize
the definition given in [[1] simply by changing the Killing vector with a Killing-Yano tensor to

obtain a new gravitational current. On the other hand this new current definition has its own



shortcomings which will be discussed in detail in Chapter [5

The scheme of this thesis is as follows. In Chapter 2| general tools which will be needed in
the development of the subject matter is given. It includes a brief review of the Hamiltonian
formalism and the Hamilton-Jacobi method, Stokes’ theorem and the linearization procedure
which are needed in the construction of gravitational charges. Chapter |3} is of a special
importance, since the ideas developed here are later generalized for the Killing tensors and the
Killing-Yano tensors in a way analogous to their generalization from the Killing vectors. In
this chapter we briefly describe the properties of the Killing vectors and derive some identities
which are needed later. Furthermore, we show the use of Killing vectors in the study of
geodesics and review the procedure to construct the gravitational charge, which is also called
the ADT charge. In Chapter 4 we discuss the relationship between the integrability of the
Hamiltonian and the Killing tensor. Later we review the two methods to obtain the fourth
constant of motion of a particle in the Kerr spacetime and equations of motion of the particle.
We also investigate a method to derive the Killing tensor from this constant. Additionally, we
briefly describe two solutions, one neutral and one dyonic, of the four dimensional conformal
gravity whose action contains the Weyl tensor squared and the usual Maxwell terms [18]]. We
will also discuss the separability of the Hamilton-Jacobi equation, the existence of a fourth
constant of motion of a particle given in this spacetime, and derive its equations of motion.
Finally, in this Chapter, we find the Killing tensor giving the fourth constant of motion of this
spacetime. In Chapter [5] we review the method of constructing gravitational charge given in
[L6] and discuss its results found in [16]], [17]. We also discuss the problem mentioned in
[16]. Later, we introduce a new identity which makes it possible to generalize the current
definition as mentioned before. Unfortunately this new current cannot be expressed as the
total divergence of a totally antisymmetric tensor of rank-3, even though in principle this
should be the case. Finally we discuss this new current and the possible reasons for the

problem with this new current definition.






CHAPTER 2

PRELIMINARIES

This chapter is devoted to reviewing briefly the topics which are needed to develop the subject
matter. First we recall the Hamiltonian formalism and the Hamilton-Jacobi method which are
used to obtain equations of motion. The tools developed in this first section are repeatedly
used in Chapter [4] since there the motion of a test particle is studied for finding the fourth
constant of motion, equations of motion and the Killing tensor. Later we state the Stokes’
theorem and define a conservation rule which it leads to. In Chapters [3] and [5] conserved
gravitational charges are discussed and the procedure developed in the second section is what
those conserved charges are based on. Thus it has a crucial importance. Finally the lineariza-
tion process is reviewed and linearization of the Einstein tensor is derived. The methods

developed in this section will be repeatedly used in Chapters [3|and 3]

2.1 Hamilton Formalism and Hamilton-Jacobi method

In this section we will give a brief review of the Hamiltonian formalism, Poisson brackets,
canonical transformations and Hamilton-Jacobi method which will be used extensively in
Chapter [d] We will mostly follow the discussion from the book by Landau and Lifshitz [19].
The methods given here are the classical methods which do not treat time ¢ as a coordinate.
However generalization of these methods to the relativistic case is quite straightforward. Time
has to be considered as a coordinate, since it is no longer a parameter which is the same for
everyone. The parametrization of the coordinates is done with an affine parameter A, hence
one also should consider the affine parameter instead of time. The use of these methods in

relativistic studies can be seen at Chapters 3| and 4]



For a system with the phase space coordinates p;, ¢ and the Hamiltonian H(p;,q',t) the
Hamilton’s equations are given by

i OH _787H

2.1)

where ¢; are the generalized coordinates and p; are the canonical momenta. Here a dot over
a quantity represents the total time derivative as usual. The time derivative of a function
f=rf(p.q,1)is

df _df of x, 9f .

and by using the Hamilton’s equations of motion the equation can be written in the form

df df « dfAH JfH
ar = o PG o apogt)
o

where {H, f} is the Poisson bracket of the function f = f(p,q,t) with the Hamiltonian. Us-

ing the above equation, we can define the Poisson bracket or Poisson commutation of two

functions f = f(p,q,t) and g = g(p,q.t) as

{f’g}zz(fq"fm_ﬁiﬂfcﬂ‘)' 2.4

There are some basic properties of the Poisson bracket which follow easily from the definition

(2.4). It changes sign when the functions are interchanged,

Moreover it is linear
{f+eght={fh}+{gh}, (2.6)

and obeys the Leibniz rule of partial derivatives

{fgh} = flgh}+{f,h}e (2.7

It also satisfies a very important identity, which is called the Jacobi identity,

i {gnt +1{g{f:h}t} +1{h{f.g}} =0. (2.8)

It is obvious from the equation (2.3)) that if the function f does not depend on time ¢ explicitly,

its time derivative is directly found from its Poisson bracket with the Hamiltonian

af _

=S} (2.9)



Integrals of motion are quantities that remain constant during the motion. The Poisson bracket

of an integral of motion K with the Hamiltonian H is indeed zero
0={H,K}. (2.10)

The Poisson theorem also states that the Poisson bracket of two integrals of motion is again
an integral of motion. In particular, this can be seen by examining the Jacobi identity of two

of these constants, say K| and K, and the Hamiltonian H, i.e.
{Ki {K2, H}} 4+ {K>, {H, K }} + {H,{Ki, K2 }} = 0. (2.11)

Since both {K;,H} and {H,K>} are zero, the last term {H,{K;,F>}} must also be equal to

zero and this proves the Poisson theorem.

Moreover, the canonical variables satisfy the following Poisson brackets

These relations will be used in defining the canonical transformations, since the new canonical

variables should satisfy these Poisson brackets.

Canonical transformations are the transformations that transform the momenta and coordi-
nates to new momenta and coordinates which satisfy the Hamilton’s equations of motion, so
do the Poisson brackets which we have mentioned before. The new variables should satisfy
the Hamilton’s equations

JH' . JdH'

0= 9P Pl:—a—Q,., (2.13)

where H' is the new Hamiltonian giving these equations of motion. They should also define

the same system. The actions, whose variations give the relevant Hamilton’s equations of

motion, are
s= [(Cpid ), 2.14)
S’:/(ZRQ‘i—H’)dz. (2.15)

The integrands of these actions should differ only by a total time derivative. This equivalence
leads one to the generating functions of the canonical transformations. The equivalence of the
two integrands is

Y pidg' —Hdt =Y PdQ'—H'dt+dF. (2.16)



where F is called generating function and is a function of old and new canonical variables
and time ¢. If we consider a generating function type F; depending on old coordinates ¢, new

coordinates Q' and time ¢, then it can be cast in the form
dFy =Y pidg' =Y PdQ'+ (H' —H)dt. (2.17)
i i

Then the generating equations for ] becomes
JdF dF , dF,
;= - Pi:_7'7 H =H —_ 2.18
Pi= 54 90 T 2.18)
The first generating function which has been found above depends on the old coordinates
and the new coordinates. By using Legendre transformation, one can find another type of
generating function which is a function of the old coordinates ¢, the new momenta P; and

time 7. One just needs to rewrite the second term in the equation as a total differential

minus the differential of the momenta P;, then one gets
dF =Y pidq' =Y d(P.Q")+) Q'dP+(H —H)d,
i i i
dF+Y PO =Y pidg+) Q'dP,+ (H —H)dt. (2.19)
i i i

This is called the generating function of the second kind and is labeled by F,. The equations
it gives for the old and new variables are

_on

| _ 9B
pl_aqi7 -

F
Ql H/:H az

T +=2 (2.20)

One can also obtain generating functions of variables F3(p, P) or Fi(p, Q) by similar steps. In
the Hamilton-Jacobi formalism, the canonical transformations with a generating function of

the 1s used as usual, and it will be shown below.

Before describing the Hamilton-Jacobi formalism, we should have a few words on complete
integrability or Liouville integrability. A system with n degrees of freedom can be solved by
quadratures, which means that the general solution can be obtained by more than one integra-
tion, if one is able to find n independent integrals of motion in involution. By involution, it is

meant that the Poisson brackets of the integrals of motion vanish
{Ki,K;} =0, (2.21)

where K; (i = 1,...,n) are integrals of motion. A proof of this theorem can be found in [20]].
Therefore, one needs to find n constants of motion to show that a system is completely inte-

grable and this is what the Hamilton-Jacobi equation is actually based on.



Now we are ready to derive the Hamilton-Jacobi equation. From the action (2.14), it is easy

to see that the action satisfies

S

7+H(q > "7qnapl7'-'7pn;t):0- (2.22)

Moreover, if one considers the action as the generating function of the second kind, then
the partial derivative of the action with respect to the generalized coordinates g—s in (2.14)
results in the canonical momenta p;. When one changes the canonical momenta with partial
derivative of the action with respect to the generalized coordinates g—s in , one gets the

Hamilton-Jacobi equation. Thus the Hamilton-Jacobi equation is

as as as

7+H(q aQaalv 78,,

> ;1) =0. (2.23)

Complete integrability of a system containing n degrees of freedom and time must have n + 1
arbitrary constants since there should be n 4 1 integrations to solve the system. In the above
equation, not the function § itself but only its first partial derivatives appear, therefore one of
the constants will be an integration constant which is added to the general function and solves

the equation (2.23)) as
S=F(t,q",....q"%ay,....0) +C, (2.24)

where o; (i = 1,...,n) are arbitrary constants and C is also the integration constant added to
the last integration. One can use the function F = F(t,q'; ;) as the generating function of
the canonical transformations and look for a solution of the Hamilton-Jacobi equation. The
generating function F is a function of the old coordinates and the new momenta, therefore we
can use the equations found from the generating function of the second kind which have been

derived earlier. The equations yield

oF i OF , OF
Pi—afqia B'= FIA H = TI—'—H (2.25)

where f; are the new coordinates of the system. Since F differs from the action only by a
constant, it also satisfies the equation (2.22). Hence the new Hamiltonian is simply zero,

= 0. The Hamilton’s equations of motion for the new variables become
&={H B}=0 and B'={H a'}=0. (2.26)

With the help of these equations of motion one can identify the n coordinates by the 2n
constants which have been found. We will discuss a simple example as an application of the

method after we discuss the separability of the action.



Separation of the action is of great use when solving the Hamilton-Jacobi equation since it
makes easier to find the constants which are needed. Let ® = ®(q',1, g—;, %) denote the
Hamilton-Jacobi equation. If there exists a coordinate ¢' in the Hamilton-Jacobi equation
such that the coordinate ¢! and 3 o5 947 appear only in a combination which can be represented as

0= 0d(q', aa—;l), then the Hamilton-Jacobi equation is separable in this coordinate and can be

written as
. dJdS dS
(. P

where j = 2,...,n. Then one looks for solutions of the action in the form of

dS
,9(q", a711)) =0, (2.27)

§=58"(¢":1) +S1(q"). (2.28)
Substitution of this in (2.27)) will result in

28 98 1 ds:
(40,5505, 5or)) =0 (229)

This equation should hold for any value of the coordinate ¢!, therefore ¢ must be a constant

to satisfy this condition

as
0(q', =) =a. (2.30)
( aq] ) 1
The equation (2.27) then becomes
. dS dS
CD(q, "9 ot ) 0. (2.31)

If one is able to do these steps recursively for all the coordinates, the resulting equation can
be expressed as
S=Y Si(dou,...,00) —E(i, ..., 04,)1. (2.32)
i
Cyclic coordinates make it even easier to separate the action. Since momentum of a cyclic
coordinate is already a constant, one does not need to bother for looking at the equation (2.23).

Let g; be a cyclic coordinate and ¢; be its momentum, then its action can be written as

S=S(¢',t)+aiq". (2.33)

A simple example will be enlightening to clarify how the machinery developed so far is work-

ing. If one has the Hamiltonian

2

1 pe Py
H= ( +22 4 )+U . 9), 234
2 \Pr r2sin%0 (.9) (2.34)

10



then it is separable if the function U has the following form

U(r,0) =a(r)+ I@ (2.35)

The variable ¢ is cyclic and therefore one can write the action as
S=S5+ps9. (2.36)

and the Hamilton-Jacobi equation becomes

!

1 19512 1 a5'12 1
— | = — | == 2b6> —p}=E. 2.37
2m[8r] +a(r)+2mr2({89} +2mb(6) +2mr2sin20p¢ (2.37)
As we have discussed, one would look for the separable action to be of the form
S=pod+S.(r)+S(0). (2.38)

If the action has the desired form as above, the Hamilton-Jacobi equation yields

nla] +a0+ ([ ] +2me@) +

2
—————p; =FE. 2.39
2mr2sin2eto (2.39)
The Hamilton-Jacobi equation became a separable equation and separating this equation will

give another constant
dSe

2 1 2

Then the Hamilton-Jacobi equation becomes even simpler and it contains three constants

1 [dSr

2
|5 +atr)+ (241)

2mr?

Integrating the differential equations which have been found, one would get the action as

6 p2
S:—Et+p¢(])+/ d9'\/ﬁ—2mb(9’)— - 2¢
sin“ 6’

—|—/rdr’\/2m<E—a(r’) - 52) (2.42)

Differentiating the action with respect to the constants which have been found and equating

them to constants, one would get the general solutions of the equations of motion as we will

do repeatedly in Chapter 4]

11



2.2 Stokes’ Theorem

Stokes’ theorem and the derivation of a conserved charge by employing it will be an important
tool for our study of gravitational charges. In this section we will state Stokes’ theorem with-
out proving it and cast into a form which will be useful in the following chapters. Moreover
we will derive a conservation rule out of Stokes’ theorem for divergenceless tensor fields. We

will mostly follow the discussion given in [21]].

Let M be an n-dimensional compact oriented manifold with boundary dM and let & be an

(n—1) form on M. Then

/Mda:/aMa. (2.43)

An (n—1) form o can be obtained from a vector field v* by Hodge dualization

Oy ..apy = 8ba1...a,,_lvb- (2.44)

where &, 4, is the volume element. Taking the exterior derivative of the above equation will

result in an n form

(da)cal--.lln—l = nv[c(g\b\al...a,,_l]vb)
= neb[m...a,,,lvc]vhv (2.45)
where
Ve€pay.ap, =0 (2.46)

has been used. On the other hand by using the Hodge dual, an n form can be thought of as

proportional to €.4,..4, ,. Hence,
Eblaran VeV =hEcay.an - (2.47)
Contracting both sides with 4141 we would get
V¥ =nh. (2.48)

Therefore, it is found that

(dQ)a..a, = (Vav") €4, a,- (2.49)

Then, the Stokes’ theorem becomes
/ d"x/—g V't = / d" Yy ynpv?, (2.50)
M oM

12



where n;, is the normal to the hypersurface and 7 is the determinant of the induced metric on

that hypersurface.

There remains to obtain a conservation rule from divergenceless quantities. In what follows,
we will derive the conservation rule for a vector field, however the generalization to tensor of

any rank is straightforward. Let J¢ be a divergence free vector field
V,J*=0. (2.51)

Then,
]{J“dZa =0 (2.52)
T

for any closed hypersurface ¥, where dX, = €n, \ﬁ/d3y, and € = +1 for timelike hypersur-
faces and —1 for spacelike hypersurfaces. The boundary consists of two spacelike hyper-
surfaces and a timelike hypersurface at spatial infinity. If J¢ vanishes at spatial infinity, the

integral becomes

/ Jdx,+ [ J4dX, =0. (2.53)
% %,
Let n, = ny, for ¥,, and n, = —n,, for X;, where n;, and ny, are both future directed. We
then obtain
/ JUdE, = / JUd,. (2.54)
b %,

Thus, we conclude that the total charge Q can be defined as

0= [sndx. (2.55)

and this is independent of the hypersurface on which it is evaluated, if J¢ is a divergenceless
vector. Finally, note that we have found an integral representation of a conserved charge with

the help of Stokes’ theorem which we will be using extensively in Chapters [3] and [5]

2.3 Linearization

Linearization in gravity is the perturbation around the background spacetime . By background
geometry we mean the asymptotical behavior of the spacetime under consideration. In this
work the linearization method is used for the conserved gravitational charges. One tries to find
information about the solution such as energy or angular momentum with the help of these

charges. These quantities can be measured relative to the background in a way analogous
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to electrical potential where one sets the potential to be zero at infinity and measures the
potential difference with respect to infinity to find the effect of the source. An example may
help one to better understand the idea of background spacetime. The Schwarzschild metric
differs from the Minkowski metruc by 27’” term, and for the Sun, and it has its maximum at
the surface of the Sun with a value of order of 1073 [22]]. Here the Minkowski metric is the
background metric g, and the effects of the sun is the deviation A, from the background.

With the help of these ideas one can decompose the metric as

8ab :gab+hab- (256)

Since we will be dealing only with first order deviations throughout this work, we will neglect
the higher order terms. Using the definition gabgbc = §¢,, one finds that the inverse metric is
of the form

g =g" —n®+ oh?). (2.57)

We are interested in linearizing the field equations and to do so, we first need to linearize
the Christoffel symbols on which the curvature tensors and the Ricci scalar are based. The

definition of the Christoffel symbol is

1
e = Egad(ab 8cd + Oc 8hd — 9 8be)- (2.58)

To linearize the Christoffel symbol, the metric in equation (2.56)) is substituted in the definition

1
Mpe = 3 (8 — 1) [0p (8ea + hea) + Oc (Gba + hpa) — O (Gbe + hie)] (2.59)
1 1
= Egud(ab Zcd +0:8bd — 0a 8be) — Eh”d(ab 8ed + 0c8bd — 9 8ie)
1
+ Egad(ab hea ~+ 0c hpa — A hpe), (2.60)

the first term in the first line is the Christoffel symbol of the background, I'%;., and all the
other terms which are first order in 4 will be considered as the linearized Christoffel symbol.

Thus the Christoffel symbol becomes
T = D% + (D)L + O (7). 2.61)

These labelings will be used from now on in what follows. The linearized Christoffel symbol

is expressed as
1 1
(e = Egad(ab hea + O hpa — dahipe) — Ehad(ab 8cd + Oc §bd — 9a Zic)- (2.62)
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This expression can be written in a simpler form if one considers to replace all the partial
derivatives with covariant derivatives and to add the extra terms in the equation. The covariant

derivatives are
Vihea = Ophea — T b hea — T ap e
Ophea = Vihea + T cphea + T ap hee, (2.63)
and since
vbgcd = abgcd - l:‘ecbged - 1:‘edbg_ce = 0> (264)
one has dpgcq = Tcp Gea + Tup Gee- Substituting these into the equation (2.62), one gets
1 _ _ _
(Tbe)r = 58" Vohea +Vehva —Vahye). (2.65)

The linearized Christoffel symbol is a tensor as is obvious from the above equation, while the
ordinary Christoffel symbols is not a tensor. Having linearized the Christoffel symbol, one

can move further and linearize the Riemann tensor. Riemann tensor is defined as
R%bea = 0cT g — 0al pe + T el pg — T3 pe. (2.66)
Substituting (2.61)) into the above equation results in
Rpea = 0c [T+ (T%%a) ] — 0a [T + (T 1]
+ [Face + (l—‘ace)L] [febd + (Febd)L]
— [0+ (T%) L] [T¢pe + (T¢e) ] + O (h?) (2.67)

=R%ca+ 0c(Ta) — Oa(T%%e) L + T e (Tha) .+ (Te) LT ba

— T (T — (T, ) LT + O (H?). (2.68)
Thus, the linearized Riemann tensor is

(R%ea)r = 0c(T%a) L — 0a(Tpe) L+ T e (Toha) .+ (T%e) LT pa

—Te(Te)r — (M%) LT e (2.69)

The trick of rewriting the partial derivatives in terms of covariant derivatives and arranging
the terms accordingly can be applied to the linearized Christoffel symbols. Once again this

greatly simplifies the expression and the Riemann tensor becomes
(Rpea)r = Ve(Ta)L = Va(Tpe)L- (2.70)
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Thus the explicit expression of the linearized Riemann tensor is
1- _ _ _
(Rbea)L = SVe (8% (Vbhae +Vahpe — Vehpa))
1- _ _ _
— Evd [g‘“e(Vbhce + Vchbe — Vehbc)] . (2.71)

The linearized Ricci tensor can be obtained from (2.70) by contracting the indices @ and c.

Then, the linearized Ricci tensor with two lower indices is expressed as
(Rab)L = vc(rcalb)L - vb (Fcac)L' 2.72)

For what follows we will need to raise one of the indices, however raising indices is not so
straightforward for linearized terms. In order to see this, let us look at the Ricci tensor and

carefully raise one of its indices
8" Roc = (8% —h*“)[Roc + (Roc)L + O (1?)]

= g“Rpe — h*Rpe + 3 (Rpe )L + O (h?). (2.73)

Therefore, we see that raising or lowering an index will bring in an extra term to the linearized

part of the tensor. The linearized part of the Ricci tensor is now
(R)L = —h“Rpc +&“(Rpc )L, (2.74)
and the explicit form is
(R%)p = —h“Rye + % 3°(—=0hpe =V Vph 4+ VIV g + VIV chypg). (2.75)

Contracting the indices of the linearized Ricci tensor will result in the linearized Ricci scalar

as expected. Hence, the linearized Ricci scalar is explicitly

R, =V, ,V,h®®* —Oh—h™R,,. (2.76)

The linearized versions of the curvature tensors and the curvature scalar have been found. We
can now continue and linearize the field equations which will be needed. In this work, only
General Relativity is considered for the conserved gravitational charges. Therefore linearizing

the Einstein tensor will be enough. The Einstein tensor reads

1
Gab =R — Egava (277)
and its linearization is easy
_ 1. - 1, - 1_ 2
Gap = Rap + (Rap)1 — 58avR — EhubR — 58awRL+ o(h7). (2.78)
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Thus, the linearized version of the Einstein tensor is

1 _ 1
(Gap)r = (Rap)1 — EhabR - EgabRL- (2.79)

The explicit expression in terms of the background metric g, and the deviation /A, can be
found by substituting the explicit versions of the related linearized terms and this will be

presented in Chapter 3]

We have derived the linearized versions of the related curvature tensors and the Einstein ten-

sor. Obviously one can use similar steps to linearize any field equations.
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CHAPTER 3

KILLING VECTORS

3.1 Introduction

Killing vectors are widely used objects in relativistic theories. Killing vectors of a given met-
ric are generators of the isometries of the geometry described by that metric. They also remain
parallel along any geodesic. With the knowledge of these properties, one naturally expects
Killing vectors to be of great use in the study of geodesic motion. When one considers the
Lagrangian describing the motion of a particle, one can find out that Killing vectors are the
symmetries of the system and lead to conserved canonical momenta analogous to cyclic co-
ordinates in classical mechanics as will be discussed in Section [3.2] One can also try to find
another conserved quantity related to the spacetime itself, if the background metric possesses
globally well defined Killing vectors. This was discussed in [1]] and a conserved current was
obtained with the help of a Killing vector for Einstein’s theory in flat background or the cos-
mological Einstein theory in AdS background. Moreover, this current leads to a conserved
charge as discussed in Section [2.2] and it gives the ADM mass or the angular momentum of
the spacetime depending on the Killing vector used in the construction of the charge. There-
fore, it is found that the Killing vectors can also be used to find the ADM mass or angular
momentum of a source under investigation. Later, the current was generalized to quadratic
curvature theories that admit AdS or flat backgrounds in [2]]. In [3]], the procedure was further
generalized to spacetimes with arbitrary backgrounds. These will also be discussed in detail

in Section[3.3]

The Lie derivative of a tensor 7%%* along a parametrized curve Y calculates the change of

the tensor along the curve y. Therefore it is a suitable tool to examine the properties of the
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Killing vectors. Definition states that they are the generators of the isometries of the metric.
Therefore the Lie derivative of the metric along the flow of the Killing vector should vanish.

Let £ be a vector field. Then the Lie derivative of the metric along its flow is

gﬁgab = gcgab;c + Zac éc;b +gbc§6;u
‘}::a;b"i_éb;a

= 2 3.1)

The first term in the first line vanishes due to metric compatibility. If this vector £ is a Killing

vector, then the above equation must vanish. Therefore, the Killing vectors satisfy

g(a;b) =0, (3.2)

which is called the Killing equation. The vanishing of the Lie derivative of the metric along
the Killing vector is important. This importance can be seen as follows. By using the co-
variance principle, one can choose a coordinate system such that x!,x*> and x> are all con-
stant while x” = A along the integral curve of the Killing vector, where the integral curve is

parametrized by A. Then, the Killing vector is

. DX s o
ge= D2 8%, (3.3)

where = means that equality holds for the desired coordinate system and here % denotes
absolute differentiation. Then the derivative of the metric along the integral curve of the

Killing vector becomes

L 8ab = 8ab &+ E a8be + EC 18ba
= Zab0 (3.4)

0. 3.5

It implies that the metric does not depend on the coordinate x° in this coordinate system.
Therefore they are the symmetries of the Lagrangian of the geodesic motion and conserved
canonical momenta can be obtained by using them. These will be discussed in detail in the

next section.

It was also stated that the Killing vectors are parallel along any geodesic. Consider a vector

field u* which is parametrized by A such that

o dxt
u' = i (3.6)
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If it is a geodesic it should satisfy the geodesic equation

Du, p B
ot =il =0, (37

Also the parameter A is called an affine parameter if the tangent vector u® describes a geodesic.
Assuming u“ is the tangent of a geodesic, then its contraction with a Killing vector should be

a constant. This can be seen as
D a b a a, b
a(u &) = wWugpEt+ Eppu‘u (3.8)
= 0. 3.9

The first term in the right hand side of (3.8]) vanishes due to the geodesic equation and the

vanishing of the second term is due to the Killing equation (3.2)).
We also need to state and prove some identities which will be necessary later. The first one is
Ry = -V .V, (3.10)
The uncontracted Bianchi identity should be the starting point
Riapa = 0. (3.11)

As a second step, this identity should be contracted with the Killing vector £¢. Using the

definition of the Riemann tensor, one gets

Rabcd 5d +Rbcad éd +Rcabd éd =0
[Va ’Vb] éc + [Vh 7Vc] éa + [Vc ; Va] gb =0

VaVy éc -V V, gc +V,V, éa - chbga +VeVy gb - Vavcgb =0. (3.12)
Using the Killing equation (3.2)) in the last line of the equation above yields

Vavbéc‘i‘vcvaéb _vaaéc =0
[Vav Vb] éc = _Vc Va éb

Rupea £ = —V.V, & (3.13)

The final step in the proof of the identity is the contraction of the a — ¢ indices and the resulting

identity is what has been looked for:
Rp £ = -V .VE,. (3.14)
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The second useful identity is £z R = 0. Derivation of this identity will be helpful in deriving
yet another identity for Killing-Yano tensors, for which analogous steps will be used. We start

by considering the third order covariant derivatives of the Killing vector
VaVpVe&a = VpViVela = [Va, V]V la. (3.15)

Rewriting the left hand side by using the uncontracted version of the first identity, i.e. (3.13))

reads

—Va(Reave€®) + Vi (Redae€®) = Rapee Ve Ea + Rapae V. E°. (3.16)
By expanding the derivatives, one gets
(VbRedae — VaReabe) §° = Rapae V&€ + Rabee VEa + Reave Va8 — Reaae VpES.  (3.17)
Next, contracting the @ — d indices in equation (3.17)), one finds the expression
(Vi Ree+ V* Rocea) E = Ry (Ve £) + Raee (V<€) + Rege (V4 E) + Ree (V5 E°). (3.18)
Using the contracted Bianchi identity,
VaRpec" + Vi Reac" +VeRapc" =0, (3.19)
for the second term in the left hand side of (3.18)), it becomes

—(VoRee+VeRbe = Vi Rec) §° = Rpe (Ve &) 4 Ravce (V S) 4 Reave (V¥ E°) + Ree(Vi €°).
(3.20)
The first and third terms in the left hand side cancel each other, moreover the second and third
terms in the right hand side also cancel each other due to the antisymmetry of the indices a

and e

0=E°V,Rup+Rpe Ve EC + Ree Vi EC.. (3.21)

By carefully investigating (3.21])), this can be written as the Lie derivative of the Ricci tensor,
i.e. simply

fé RbczgeVeRcb +Rbevcée+Rcevbée =0. (3.22)

The final step is the contraction of the free indices (3.22)) to arrive at the desired identity
LeR=EV'R=Rup(V'E") +Rup(V*E") = 0. (3.23)
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3.2 Integrals of Motion

In the previous section, we have defined the Killing vectors and mentioned that they lead
to conserved canonical momenta in the study of geodesic motion analogous to the cyclic
coordinates in classical mechanics. In this section, we will discuss these features of the Killing
vectors and we will give a simple example to see that they simplify calculations greatly to find

equations of motion.

Answering the question “what is a symmetry” would be a good point to start the discussion.
Symmetry is any transformation that leaves the system (form) invariant . The system is in-
variant if its Lagrangian is invariant up to a boundary term. Additionally, Noether’s theorem
states that for every continuous global symmetry of a given system, one can write down a con-
served quantity. For the case of classical mechanics, cyclic coordinates are the symmetries of
the Lagrangian as mentioned in Section [2.1] and they lead to conserved canonical momenta.
Moreover, if a change in time ¢ does not affect the system, then the energy of the system is
conserved. However, we are dealing with a relativistic theory, hence we consider time as a

coordinate. Now we show how these are generalized in a relativistic theory.

In the absence of all forces other than gravity, the Lagrangian of a freely falling particle is

1
L= gapi®i?, (3.24)

where X = j—j{ and A is an affine parameter. One can easily see that any transformation that

leaves the metric invariant is also a symmetry of the system. It is also known that transforma-
tion along Killing vectors leaves the metric invariant, thus they are symmetries of the system.
Therefore, by using Killing vectors 55) one can build conserved quantities C; = 6(‘;)% and here
i labels the Killing vector. If Killing vectors are along the coordinates then the corresponding
conserved quantities can be identified as the canonical momenta of the system. A Killing
vector along the time ¢ leads to a conserved canonical momenta just like other coordinates,

and the component of the momenta corresponding to the time component is energy.

We will look at an example given in [23[]. Consider a spherically symmetric static spacetime

whose metric reads

ds® = —A(r)dt* + B(r)dr* + r*(d6* +sin® 6 d¢?). (3.25)

It is obvious that the metric does not depend on the coordinates ¢ and ¢, and the transla-
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tions along them leave the metric invariant for the reasons discussed in the previous section.

Therefore, one can identify the vectors

d d

§h=08% &= 6“3%, (3.26)

as two of the Killing vectors of the spacetime. One of the Killing vectors is along the coor-
dinate ¢, so one can identify the conserved quantity & = 5(“¢)ua as the angular momentum
about the azimuthal angle by using our experience in classical mechanics. The other Killing
vector is along the time coordinate and the conserved quantity corresponding to that vec-
tor —E = 6(‘;)% can be interpreted as the energy of the particle. Killing vectors and their
corresponding constants of motion simplify the work significantly as in the case of classi-
cal mechanics. In order to see this, one starts with the general form of the Hamilton-Jacobi
equation. Here we use the relativistic formulation, therefore time ¢ is no longer a parameter
as mentioned before. Here the Hamilton-Jacobi equation is slightly different from the one
given in (2.23) as we have substituted time with affine parameter A and time considered a

coordinates of spacetime. The Hamilton-Jacobi equation reads

05 1 295 35 _

ox 28 gage (3.27)

If there is a separable solution of the action, from the symmetries it must be of the form
S=mA—Et+L¢o+S,, (3.28)

where S, is a function of r only , when the system is on the 8 = 7 plane. If one uses the action

given above in the Hamilton-Jacobi equation, then one gets

TR O P B LA
0=gm= et + 7L +f(r)2<8r) (3.29)

dS, 1 1 1

The only function to be determined is S, and integration of the Hamilton-Jacobi equation

I
S,:/dm/ELEm—L% 3.31)

In order to find the equations of motion, one should follow the steps described in Section [2.1]

yields

As seen from the example given, the Killing vectors simplified the Hamilton-Jacobi equation

greatly and made equations of motion easier to solve. Moreover, the two constants of motion
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related to Killing vectors and the conservation of the rest mass assures that the system is
completely integrable. However, sometimes Killing vectors are not enough to see that the
system is completely integrable. If this is the case, then one should look for Killing tensors

which will be discussed in Chapter {4

3.3 Abbott-Deser-Tekin Charge

The Killing vectors are known to be related to the conserved quantities of the geodesic motion,
as we have mentioned in the previous section. In [1l], Abbott and Deser showed that the
Killing vectors can also be used to get information about the geometry itself. They found
a conserved quantity as current and they defined a conserved charge by using it. They also
showed that this charge gives the ADM mass or angular momentum of the geometry under
consideration. In [[1], they defined the charge for General Relativity with flat background
or Cosmological Einstein theory with AdS background. In [2], the method was extended to
quadratic curvature theories with flat or AdS backgrounds. Later, the procedure was further

generalized to quadratic curvature theories with arbitrary backgrounds in [3].

We are now ready to explain the procedure and we will mostly follow [2]]. For a gravitational
theory with a coupled source, varying the action with respect to the metric results in the field

equations. The general form of the gravitational field equation reads
& = kT, (3.32)

where T4 is the energy momentum tensor of the source and ®% is the generalized Einstein
tensor. We have mentioned that the procedure has also been extended to quadratic curvature
theories, therefore in that case generalized Einstein tensor is of the form ®% = &% (g, R R?).
Moreover, a gravitational theory should be diffeomorphism invariant, and this imposes the

conservation of the field equations ®** through the generalized Bianchi identity
vV, % =0. (3.33)

The whole process is based on measuring the energy of the geometry relative to its asymptot-
ical background spacetime. Therefore one needs to decompose the metric into its background

Zap and deviation &, as shown in Section[2.3] i.e.

8ab = &ab + hap- (3.34)
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A number of assumptions has to be made at this point for the sake of safety. We assume that
hgp vanishes sufficiently rapidly at infinity. We also assume that background metric g, solves

the field equations (3.32)) when

% =T = . (3.35)

Next, if one linearizes the field equations (3.32)), one gets
P+ (D7) + O(h) = k(T +(T)L+ O (h?)). (3.36)

Then by moving every term in the left hand side except for the linearized field equations
(at order ) to the right hand side and using the the background field equations (3.35), this

equation reads

(@), = x(T) L+ O(h?). (3.37)

Considering the right hand side as a new source term and renaming it as 7%, the equation

(3.37)) becomes
(@), = 7. (3.38)

We also need to check the conservation of the linearized field equations to see whether it is

conserved or not. Start from the generalized Bianchi identity and linearize it as follows

V,d% =0

Va((i)ab) _i_va(q)ab)L_i_ (Faw)Lci)cb + (Fbca)Lq_)aC + ﬁ(l/lz) -0

V(@) + O (h?) =0. (3.39)

Therefore the background covariant derivative of the linearized field equations vanishes to the
desired order in 4. Background covariant conservation of the linearized field equations might
tempt one to use it as the current while defining the charge. However, it is not possible, since
(@), is a symmetric object. As discussed in Section one needs a totally antisymmetric
object to apply Stokes’ theorem. In [1f], this was overcome by reducing one of the indices
of it with a background Killing vector. Here the background Killing vector is assumed to be

globally well defined. Then the new object becomes
J = (D) & (3.40)

This is a one index object and can be used safely to define a charge if it is conserved. Exam-
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ining its divergence will give

V(@)1 &) = [Va(@)1]& + (@)L V&
= (q)ab)L v[aéb]

—0. 3.41)
The first term in the first line is zero as shown in (3.39). The vanishing of the second term is

due to the symmetry of the (®**); and antisymmetry of the covariant derivative of the Killing

vector.

Then one can use J* as the current to obtain a conserved charge. The charge can be written as

0" = / " x /g (1), & (3.42)

With the help of the Poincare lemma stated before, one then has to express the current as
(@)L & =V, 7. (3.43)

Substituting the new form of the current into the equation (3.42)), the conserved charge be-

comes

Qa:/dnflx\/_igvbgab
:/ dn72y\f,}/nbgab
2>

= [ d¥,F®, (3.44)
%

where dX is the n — 2 dimensional boundary at spatial infinity whose surface element is
\ﬁ/d”*zx and n,, is the normal to that surface. Thus we have simplified the charge expression
significantly. All one needs to do is to find the .#% for the theory under consideration and
use it in (3.44). Here, I ship the details of this since this is outside the scope of this thesis and

refer the interested readers to [24] and [25]].

The ADT formalism discussed in this section will be useful in Chapter [5| when we derive the
conserved gravitational charge using Killing-Yano tensors. The steps taken here will be quite

similar to the ones we have just reviewed.
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CHAPTER 4

KILLING TENSORS

4.1 Introduction

Killing tensors are generalizations of Killing vectors to rank # totally symmetric tensors. The
totally antisymmetric generalizations of the Killing vectors are called Killing-Yano tensors
which will be discussed later in Chapter[5] As generalizations of Killing vectors, one would
intuitively expect that Killing tensors are also somewhat related to the symmetries of the
spacetime. This is indeed the case, the symmetries due to Killing tensors are called hidden
symmetries. If there exists any conserved quantity that is higher than first order in momentum,

we say that the theory has a “hidden symmetry”.

In [5], Carter discovered the fourth constant of motion of the Kerr spacetime using the sepa-
rability of the Hamilton-Jacobi equation. Later this constant was called the Carter constant,
which we will from now on mostly refer to as well. In [6], it is shown that this fourth constant
is related to the Killing tensor. The relationship between separability and the Killing tensor is
also discussed in [6]], [26], [27] and the references within. In this work, we will only discuss
the classical aspects of certain gravitational theories. So we will only examine the Carter con-
stant, the separability of the Hamilton-Jacobi equation and its relationship with the Killing

tensor.

Let us start with the properties of the Killing tensor. Let K, 4, be a Killing tensor of rank n.

Being a totally symmetric tensor, it satisfies
Kay..a, = Kiay...a)- 4.1

We have mentioned that it is a generalization of the Killing vector to rank #; thus it must obey
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the Killing equation to be parallel along the geodesic

ViarKay)..ans =0 (4.2)

el

Having defined the properties of the Killing tensor we are ready to discuss the relationship
between the Killing tensor and integrability, the Carter constant and how to derive Killing

tensor from Carter constant.

4.2 Killing Tensor and Integrability

We first look at the relationship between integrability and the Killing tensor. As we have
mentioned in Section we need integrals of motion or the conserved quantities to have a
complete description of the system. In Chapter 3| we have mentioned the conserved quantities
derived from the Killing vector, however Killing vectors do not reveal all the symmetries of
the spacetime. We may have conserved quantities higher than first order in momentum. In

this section we will follow the procedure given in [28]].

We start by assuming that we have a tensor K,, ,, of rank s and a quantity .#” formed from
this tensor and the momenta

H =K pg,...pa,. (4.3)

To find its time derivative we need to consider its Poisson bracket with the Hamiltonian of the
system. Considering the Lagrangian given in equation (3.24), the Hamiltonian of the system
is
1 ab
H=2paprg™ 4.4)
From the definition given in Section the Poisson brackets of .# with the Hamiltonian

read
H ={x H}

5 Pa- (4.5)

We can find the quantities ¢’ and p; by using their Poisson brackets
q*={q".H} =p", (4.6)

1
Pa={pas,H} = Eg’”,upbpc. (4.7)
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Therefore % becomes

. N
A = K pepay-opay, = 58" 0K Pay--Pay PPy (4.8)

This can be written covariantly,

. o N .
H = K" ma’hcpcpal --Pa; — Egbc ;asl(aI ...axpal ~-Pag_1PcPb- 4.9

The covariant derivative of the metric vanishes, and all the indices in the first expression are

symmetric due to the symmetry of p’s. The final expression for the equation is
K =Kay..ae) PP P (4.10)
If ¢ is a conserved quantity, then it is obvious that the tensor should satisty the equation
K,..az0) =0, (4.11)

since equation (4.10) has to be satisfied for any value of p’s.

We have shown that if there is a conserved quantity formed from momenta of the system,
then there exists a Killing tensor whose contraction with the momenta gives that conserved

quantity.

4.3 Carter Constant

In his famous paper [5], Carter found the fourth constant of motion of the Kerr spacetime.
That was an important discovery since it shows that the system of a particle orbiting around the
black hole is completely integrable and therefore solvable due to the Liouville integrability.

In this section we will be discussing two different methods to find the Carter constant.

4.3.1 The first method

The first method is the original one given in [5]. It starts with the Hamiltonian of a particle and

assumes that it has a separable action and is based on the investigation of the Hamilton-Jacobi

equation for separability. The separability of the Hamilton-Jacobi equation leads to the fourth

constant. Let us start by writing the metric for the Kerr-Newmann metric in the standard form
ds® = p*d6? —2asin®0drd @ + 2drdu+ p>[(r* + a*)* — Ad®sin*0]sin> 0d ¢>

—2ap2(2mr—e?)sin*0dodu—[1 —p>(2mr— &*)|du®. (4.12)
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Here

p? = r? +d’cos*0, (4.13)

A=r*—2mr+d*+é. (4.14)
The associated electromagnetic field tensor of the black hole is

F = —2ep *[(r* — d*cos®0)|dr A du — 2a* rcos0sin0d6 A du

—asin®0(r* — a*cos*0)dr Nd +2ar(r* +a*)cosOsin0dO Ad g, (4.15)
where e is the electric charge of the black hole.

Now starting with a particle of mass ¢ and electric charge €, the equation of motion of the

particle can be written as
D>x¢ ¢ _, Dxb

= —F%—. 4.16
7 TR ) (4.16)
The above equation is nothing but the relativistic version of the Lorentz force law. It is
known from classical mechanics that Lagrangian formalism is more suitable for the study

of geodesics. Hence, the Lagrangian for a relativistic charged particle is

1
L= 5gabx“xb +EA L, (4.17)
where
d a
= dfl . (4.18)

The differentiation is with respect to the affine parameter A and A is related to the proper time
with

T=UAl. 4.19)
Defining the proper time this way guarantees that the conservation of rest mass is already

imposed on the system

g’ = —p* <0. (4.20)

The minus sign in front of y means that massive particles follow timelike geodesics, and if

the particle is massless, then it follows a null geodesic as desired for a physical system.

The Euler-Lagrange equations for the Lagrangian gives the canonical momentum of

the system

Pa = 8api’ + €A (4.21)
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Having found the canonical momentum, one can easily find that the Hamiltonian of the system
is

1
H = 58" (pa—€Ad) (Ps — £Ap). (422)

In terms of the metric tensor, the Hamiltonian is

1
H= 5gabx“x”. (4.23)

The normalization condition we have imposed in (#.23) leads to

H=—-u"

3 (4.24)

Since the Hamiltonian does not depend on the affine parameter A explicitly, the Hamiltonian

is a conserved quantity. Thus we have found the first conserved quantity of the system.

As well-known from the relativistic electromagnetic theory, the electromagnetic field 2-form
is expressed by the exterior derivative of a vector potential A as F' = 2dA, where d is the
exterior derivative. Here the vector potential is not unique as it is in the classical case, and the

simplest choice giving the electromagnetic 2-form @.15) is

A=ep r(du—a*sin*0do). (4.25)

It is straightforward to find the explicit expressions for the canonical momentum by using the

result found so far. They are

Pu=— ([1 2 2mr—ei—ap 2(2mr—e)sin?0¢ + i+ ep 2 r), (4.26)
py=1—asin*0@, (4.27)
pe=p6, (4.28)

Po = —ap *(2mr —e*)sin*Qu+p 2 [(1* +a*)* — Aa’ sin*0)sin*0 ¢
—asinzei’—epfzarsinZO. (4.29)

If one writes down the terms in the Hamiltonian and rearranges them, then one finds that the

Hamiltonian takes the form

1
H=5s (Ap% +2[(P+ %) pu+apy—2€er| pr+ ph+ (asind p, +sin_19p(p)2> (4.30)

Finding the explicit expression for the Hamiltonian, we can move on to the Hamilton-Jacobi

equation. However, before doing that , as a final step we should find the conserved quantities
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coming from the Killing vectors. As a rotating, axisymmetric spacetime, the Kerr spacetime
has two Killing vectors, and these can be read directly from the metric since translations along

them leave the metric invariant

a a J 3 a J
S =g, Se =955,

These Killing vectors also imply that the coordinates u and ¢ are cyclic, so that the cor-

4.31)

responding canonical momenta are conserved as shown in Chapter [3] Let these conserved
quantities be represented by

pu=—FE, Po = P. (4.32)

Three of the conserved quantities have been determined so far, however if the system is to be

completely integrable then there should exist another conserved quantity.

If one assumes that the action is separable, then by using the conserved quantities found so

far, one should be able to cast the action in the form
1
S:E,uzk—Eu—i—CD(p—i—Sg—&—S,, (4.33)

where S, is only a function of r and Sy is only a function of 6. The form of the Hamilton-

Jacobi equation is similar to the one examined in Section [2.1]

BoelG )]0 e

Writing the explicit form of the Hamilton-Jacobi equation, one would get

- (A2 12(- 12 e
+ (%)2 + [—asinGEvLsin*lGCI)]Z] (4.35)

A careful investigation of (4.35]) shows that the equation is separable. Just separating the two

variables r and 0 to the two sides of the equation results in the equation

dSe\?
a® u? cos*0 + (aE sin® — dsin~ 1) + (T;)
dSy\2 ds,
:_A(dr> +2[(r2+a2)E—a<I>+£er]W—[,Lzrz. (4.36)

The left hand side of the equation depends only on the variable 6, while the right hand side
depends only on r. Thus it must be that both sides should be equal to a constant. Setting the
constant as .7, (4.36)) can be written as

dSe\?
(d—ee) + (aE sin@ — ®sin~'0)* + a*u’cos’0 =
dSr\? 2, 2 dSr 22 _
A(dr) (P +@)E—ateer] P = 4.37)
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Thus the fourth constant of motion . of the Kerr spacetime has been found. Having done so,
it has also been shown that the geodesic motion in Kerr spacetime is a completely integrable

system in the sense already discussed.

We have found the Carter constant by using the first method. We are ready to present the

second method in the next subsection.

4.3.2 The second method

There is also another method which Carter developed in [29]]. This method helps one find the
fourth constant of motion directly from the Hamiltonian provided that it has the desired form.

It states that if the Hamiltonian is of the form

1 Hr + HO
S 4.38
2 ( U+ Ug ) ’ ( )
then there exists a fourth constant of motion in the form of
~ U.Hg—UgH,
A =20 2 (4.39)
Ur + U9

Here H, = H,(r,p,) and U, = U,(r) and similar conditions hold for Hy and Uy, i.e. Hg =

Hy(0,pg) and Ug = Ug(60). Then the Poisson bracket of H, with the Hamiltonian becomes

1 1
H., H}=—-(H,+Hg){H,
{ r } 2( rt 9){ ”Ur“‘UG

1. (4.40)

Obviously, Uy commutes with H, and U,, so we need the Poisson bracket of U, with the
Hamiltonian

1
Lra -

m{Ur,Hr}, (4.41)

and the Poisson bracket in the right hand side of the equation (4.40)

1 I 9H.dU, 1

H,——}=—
Hr o0

. =—— {U, H. 4.42
(U, +Ug)* 9py dr (U,+U9)2{ J (442

Thus, the Poisson bracket which we are looking for has been found as

{H,,H} =2H{U,,H}. (4.43)
Following similar steps for Hg, one finds that

{Hg,H} =2H{Uy,H}. (4.44)
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Then it follows that the quantities ), =2U,H —H, and > = 2UgH — Hy commute with the

Hamiltonian:

{/,H} ={2U,H —H,,H} = 2H{U,,H} — {H,,H}
=2H{U,,H} —-2H{U,,H}

S (4.45)

and similarly for { %5, H} = 0. Substituting the Hamiltonian (4.38)) in.#], one gets the new
representation of the Carter constant

. U,Hg—UgH,
e i (4.46)
Ur + UQ

One can also check that .5 leads to the negative of (4.46). The Carter constant . has now
been constructed and if one wants to find it for the Kerr spacetime, one should start form the
Hamiltonian (#.30) of a particle in Kerr spacetime. It can be easily seen that the quantities H,.,

Hy, U, and Uy for the Kerr spacetime are

U, =r, H, = Ap% +2 [adD — (r2 —{—a2) E— 2861’] Dr 4.47)

Up =a*cos’0,  Hp=ph+ (aEsin@—dsin' 0)°. (4.48)

Finally the Carter constant . is found by substituting these in to the equation (4.46))

r? [p%, + (aE sin® — P sin~! 6)] —a? (Ap%+2 [aCID— (rZJraz)E—ZSer])cos2 0
% iy
r2 +a%cos? 6

(4.49)

for the case of Kerr spacetime.

In order to go further and solve the equations of motion, we need to show that these two
constants are equal to each other i.e. .# = .7 . To do so, we consider the constant .#" found
in Section [4.3.1] first. The Hamiltonian has the form given in equation {.38), so we can

express it as

H:1<HV+H9>7
2\U,+Ug

1 2_1(H,—|—H9>
M = \u w0

—u?(Uy+Up) = H,+H,

He + n*Ug = —H, — U, . (4.50)
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The two sides of (4.50) has to be equal for every value of r and 6. Thus we get the fourth

constant .# as derived in Section £.3.1]
Ho+p*Ug =%,  H,—p’U,=—x%. (4.51)

Substituting the H, and Hy of above in (4.46)), one finds

e U, (A — u2Ug) —Ug(—H — u?U,)
N Ur+U6

— . 4.52)

Hence, we have shown that both methods actually yield the same constant and one can use
either method depending on which serves better for one’s purposes, without losing any infor-

mation about the system.

The next step to do is to find the equation of motion by using the Hamilton-Jacobi method.
We have assumed that the action is separable and has the form given in equation (.33)). The
fourth constant of motion %2 was derived in equation (4.37). By integrating these equations,

we can find the functions S, and Sy as

[} rp R
Sp = / VOdo, S, = / +Afdr, (4.53)

where

O =% — (aEsin — ®sin~'0)? —a*u*cos*0 (4.54)
P=E(a*+r*) —®a+eger (4.55)
R=P AW’ r*+.x). (4.56)

These help us write down the full action

P+ VR
A dr.

0 r
S—;MZA—ELH-(D(p—i-/ \@d6+/ (4.57)

The action can be expressed as S = S(x*, E,®, i, #"). Then one can consider it as the generat-
ing function of the canonical transformations described in Section [2.1] and the four constants
E,®, u,# becomes the new momenta P, of the system. Next, taking partial derivatives of
the action, which is also the generating function of the canonical transformations at the same
time, with respect to these momenta will give the new canonical coordinates. These new co-

ordinates are also constant as discussed in Section[2.1] and they can be set to zero since they
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can be compensated by integration constants which will result from the integrations in the

action. By doing so, we arrive at the equations

o d@ "d
/ ; (4.58)
= ' “zc‘i;iede + rr;‘fr, (459)
u—/ aEs1n29 d)do +/’}"z—gaz (l—jﬁ)dﬂ (4.60)
o= / a(aE — <I>sm729)d6 +/’%(1 —%)di’. 461)

By just taking the derivatives of the coordiates with respect to the affine parameter A, we can

also find the differentiated forms of the coordinates as

0 — \;2@, (4.62)
= \5 7 (4.63)
_ p12[(r2 +“2>§/ﬁ_ P) _ a(aEsino — @], (4.64)
= plz[ (\/; ) aaE —sin~?0P))]. (4.65)

We should also note that the signs of the v/® and v/R terms are not relevant. They can be
either plus or minus. However once a specific choice is made for the signs, they should remain

unchanged for all the following calculations.

4.4 The Carter Constant and The Killing Tensor

The Carter constant has been found in the previous section. It played a key role in determining
the equations of motion for a particle in the Kerr spacetime, since it allowed the use of the
Hamilton-Jacobi formalism. In this section we will find the Killing tensor corresponding to

this constant.

In general, determining the Killing tensor of a given spacetime is not an easy task. In [6],
Penrose and Walker investigated the relationship between the fourth constant of motion of
the Kerr spacetime and the Killing tensor leading to it. As a result they developed a method
by using spinor formalism to find the Killing tensor giving the fourth constant of motion.

However, this method is applicable to spacetimes which are solutions of General Relativity
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and of Petrov type D. On the other hand, the spacetime, which the methods reviewed will be

applied to, is a solution of the Conformal Gravity not General Relativity.

Another method which does this and that has been developed in [30]. The method is based on
decomposing the given spacetime to hypersurfaces which are orthogonal to the Killing vec-
tors. However this method does not work for stationary spacetimes since the Killing vector
orthogonality condition does not hold for such geometries. It is useful for less complicated
spacetimes such as static spacetimes. Moreover, the spacetime in question may have more
than one Killing tensor and the Carter constant might be a linear combination of these Killing
tensors. So there is no guarantee that the Killing tensor found will give the Carter constant.
However, there is another method also given in [29] which determines the Killing tensors di-
rectly from the Carter constant. The method is actually quite easy; it just amounts to equating

the Carter constant %" to the conserved quantity found from the Killing tensor
H =K p.pp. (4.66)

For example, in the case of the Kerr spacetime, this equation gives
1
P2
—a*cos® 0 (Ap? +2 (a®p, — (r* +a*) Ep,)) ] . (4.67)

Kpapy = [rzp%ﬁ—rz (612E2 sin 6 4+ @ sin_29—2aEd>)

A careful examination then gives Killing tensor for the Kerr spacetime as

2

a2 2 2 2., .2 ar
5T sin 0 a- cos G(r +a) 0 ril
2 2 3 2
" 0200829 (r2_|_a2) _a cozs GA 0 a 0025 2]
K% — P , p . (4.68)
0 0 - 0
p
2 3 2 2 . _
‘;,Lz Loy C;; o 0 #sm 20

Having developed the necessary tools to find the Carter constant of motion and the relevant
Killing tensor, we can now move on to the next step and apply this procedure to find the

analogous objects of the recently found spacetime presented in [[18]].

4.5 Solution of Conformal Gravity

A theory which is invariant under conformal transformations gu; — Q2(x)g., wWhere Q(x)

is a function on spacetime is called Conformal Gravity whose action contains square of the

39



Weyl tensor. Cosmological Einstein gravity can be obtained from the conformal gravity by
coupling a specified cosmological constant to square of the Weyl tensor in the action [31].
The spacetime which we will investigate in this section is given in [18]]. It is a solution of
the four dimensional Conformal Gravity theory with a Maxwell field minimally coupled to it.
The theory is given by the action

1 |
S— / d*x/—3 (Ecabcdca,,cd n gFabF”b) : (4.69)

where C, ., is the Weyl (Conformal) tensor and F = dA. Varying the action with respect to

the 1-form vector field A and the metric, one finds the following field equations

V F® =0, 4.70)

) . 2 X 1
(2VVI 4R Cacan + 5 (FacF p = F8an) =0, 4.71)

respectively. In [[18], there are two separate solutions found for these equations; one of them
describes a dyonic rotating black hole, which has both an electric and a magnetic charge, and

the other one represents a neutral rotating black hole.

The dyonic rotating black hole with electrical charge p and magnetic charge ¢ is described by

the metric
dr*  de? Agsin® 0 d¢ 2
2 2 6 2, .2
ds = p <Ar —l—A9>+p2<adt—(r +Q)E>
A, 5 do\?
—= (dz —asin’ 6 f’) , (4.72)
p B
with the associated vector potential given by
d 6 d
A= q—g <dt —asin’ 0 _¢> + pcozs (adt — (r2 +a2) _¢> . 4.73)
P = p =
Here
p2 = P +da*cos’ 8,
A = (r2+a2) (1 — 3Ar2> —2mr+ 7(]) 6; )r ,
1
E o= 1+ gAaZ,
1
A = 1+ gAa2 cos” . (4.74)

where m is the mass parameter and A is the integration constant. By setting the charge param-

eters p and g to zero, the metric reduces to the Kerr-AdS black hole in four dimensions which
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solves the cosmological Einstein theory. On the other hand, letting the rotation parameter a

to be zero, the solution becomes a static metric with a massive spin-2 hair.

In [[18]], it was also discussed that neither the Reissner-Nordstorm nor the Kerr-Newman solu-
tions can be embedded into the Conformal theory (4.69) due to the different fall-off behaviors

of the charge parameters p and ¢ in the metric.

The neutral solution cannot be obtained by simply setting the charge parameters to zero.
As mentioned before, the dyonic solution reduces to the Kerr-AdS solution which is not a
solution of the Conformal theory . To obtain the neutral solution, let p> + g be —12mpu
and m be zero. It is claimed in [[18]] that the solution which was obtained by the described
substitution and the Kerr-AdS metric are mutually exclusive within this ansatz. This can seen
by substituting this ansatz to the equations of motion and letting A be zero and A, = A,(r) be
a general function of r. By doing so, one will find two different solutions, one of them is the
new neutral solution and the other one is Kerr-AdS. The described substitution leads to the

metric (4.72)) where now

1
A = (rF+d) (1 - 3Ar2> —2ur’, (4.75)

It is not known whether the Hamilton-Jacobi equations of a particle in these new spacetimes
are separable or not. The existence of a Carter constant and a Killing tensor was also unknown
for these spacetimes beforehand. In this study, we will try to answer these questions. How-
ever, while seeking answers, we will not be considering these spacetimes separately. For the
sake of brevity, we will only be dealing with the dyonic solution. The procedure can easily be

carried on to the neutral solution by applying the ansatz used to obtain the neutral black hole.

The metric reduces to the Kerr-AdS spacetime when both p and ¢ are set to zero, and the sep-
arability of the Kerr-AdS shown in [10]. Therefore one can expect that these new spacetimes
are also separable and this is what we are going to check first. As mentioned above, we will
be dealing with only the dyonic spacetime. Before examining the Hamiltonian, determining
the Killing vectors of the dyonic spacetime would be a wise step to take. By examining the
metric, it is obvious that the two obvious Killing vectors of the metric are the same with the
Kerr spacetime. Their related momenta are also conserved in this case and we can use a

similar labeling with the Kerr spacetime by setting p; = —E and py = ®.
The general form of the Hamiltonian of a charged particle was given in (#.22). Substituting
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the dyonic metric g,, and the vector potential A, in (4.22)) will give the explicit form of the

Hamiltonian of the charged particle in the dyonic spacetime. Then the Hamiltonian reads

o (PoE + sin*6 p;) ep c?se Lpa p?g ] 821)200529
P2 Ag sin?@ 2 2sin?0.1  2p2Agsin?0
¢ (p(@+r7) +apyE) [m Za p@+r) r]
2p%A, Arp? 2 2 1
A, p% sin®0 Ag p%
. 4.76
+ 2p2 + 2p? (4.76)

A careful investigation of the Hamiltonian reveals that it has the desired form as in equation
(4.38). Therefore, it is guaranteed that the spacetime has the fourth constant of motion, and

we can safely assume that the action has the separable form

1
s:Euzx—Et+q><p+S,(r)+Sg(e). (4.77)
Using the action which we have just defined, the Hamilton-Jacobi equation becomes
= —sin’0E) cos0 PE e2p*cos*0
0= 2 ( sin [ E }
Hot p2Ag Pinze at sin%6 * p2Agsin?0
¢ (E(@®+r*)+adE)
- ®Ea—E(a+1) ~2eq7|
o4, A2 { a—E(a"+7r°) qr
A, (8552 sin20 Ag (452)2
+— (p‘g ) pez( ) (4.78)
It is easy to see that this equation is separable and separating it will result in
- ) —_
20 2. (PE—sin“OF) cosO O }
0+ -———|2¢ —Ea+ ——=
Hacos O+ Ag Pine at sin%0
e2p*cos*0 ) dSe
T 4 sinf0 Ay (—2)?
Agsine 080 (")
2,22
202 EqT
= — I +
H p2A,
(E(@®>+7r*)+ad®E) 1 _ 5 5 Ar(ddsr")2
_ s |[@Za-E(a®+17)—2¢q7] - 4.79)

Both sides of this equation depend only on one variable, and as before they should be both
equal to a constant for this to hold for any value of 8 or r. Hence we have determined the

fourth constant of motion of this spacetime. The fourth constant reads

H =2 o0+ ¢ E_AsénzeE) [ZEPZZSZZ —Ea+ %}
(m+sin29Ag (%)2, (4.80)
o (E(02+Ar22+aq’3) [cpsafE(azerz) *Zech}
i 8;322 - (:{r,)z‘ (@8D



Finding the fourth constant shows that geodesic motion of a test particle is completely inte-
grable and the Hamilton-Jacobi method can be used to derive the equations of motion. One

integrates (4.80) and (4.81) to get the S¢ and S,, and the resulting integral representations are

0
so= | V@as. (4.82)
S, — / VRdr, (4.83)
where
2,22
B s 9 o £°pcos-0 1
=(x— 4.84
Q) <<%/ U a“cos“0+Q1(0)+ Agsin?0 )Agsin297 (4.84)
222 2,2 =
s o &g (E(@+r7)+ad®k)
_<%/_|_‘u ro— pzAr Arp2 Qz(}”), (485)
_ (PZE—sin*0E) cos0 PE
i(0) = Ag <28‘Dsin29 Ea—’_sinze)’
Ox(r) = [®Za—E(a®> +r*) —2eqr].

The unknown functions in the action have been determined and the action can be expressed

as

-0 r
S:%,uzl—Et—l—d)(p—i—/ \@d6+/ VRdr. (4.86)

Similar steps taken in the case of the Kerr spacetime case now be followed here. The equations
for the coordinates are given below. These have been obtained by differentiating the action

with respect to %", u, E and &, respectively,

/’ Ard\rf: eAgsi;IZeG\@’ (*57)
A= /9 a’cor’d d6+/rArr\2/Edr, (4.88)
t—/ CD:,—SU/LZQE)—FSZ 9(%— a S;-I:IZEG }Aésijzee\@

+/ 2[® (a* +7r* —eqr)] (aAZ%—I\_/;:)dr, (4.89)
0 / cos@ _E(a+1)+2s;p;239 AzejgseinQG
+ / E(@+7r—eqr)] ;\E/Edr (4.90)

Differentiating the above equations with respect to the affine parameter A, one gets the veloc-
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ity forms of the coordinates. The first order differentiated forms of the equations are

6= W, 4.91)
= A’p‘?, (4.92)
i= [a( E—sinZOE)%—sinzG(%— a+%) Agzpz
+[¢E€—E(a2+r2)—8qr]2(fr;2r2), (4.93)
9= [ngscij;(; _E(a+1)+2s3236 Aepzzsinzﬂ
+ [®Za—E(a*+1* —eqr)] irgp‘; . (4.94)

We have found the equations which describe the motion of a test particle. If one has the
knowledge of the initial conditions of the particle, one can in principle learn everything about

the particle’s trajectory by solving these equations using the given initial conditions.

Before deriving the equations of motion, we have mentioned that the Hamiltonian fits the
form presented earlier in (4.38). While deriving the equations of motion, we chose to use
the first method given. This was so, since it gives two separate equations (4.80) and (#.81)
each containing only one coordinate 6 and r, respectively. Therefore the equations are easier
to solve than the Carter constant expression given by the second method, since it contains
both coordinates at the same time. The second method on the other hand is more suitable for
finding the Killing tensor. The first method gives two equations for the constant, and each
equation contains either one of the p, or the pg, so one ends up with two different Killing
tensors. However, in the second method, the constant contains all four momenta in second
order and better serves for finding the Killing tensor of this constant. Moreover, we will take
the charge of the particle € to be zero, since the Killing tensor gives a scalar which is second
order in momenta, but the terms containing € are either in zeroth or first order. Hence it is

useful to ignore the charge. According to the formula (4.38)), the functions H,, Hg, U, and Uy

read
[pe(a®+7r?) + apg z]?
H,=A, 2— )
pi’ Ar

4. _ (oS +sin0p)(piat G5

0 AQ ’
U= 727
Ug = a’*cos’0. (4.95)
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The fourth constant is obtained merely by substituting these into (4.46), and the result is

1 a’cos’0(a>+r*)?  r?a*sin*0 ,
- (PR P
_rt(a+1 24’ cos*0 (a® +r?
+ PPy :.( (Ae ) + Ar( )) —a2cos29A,p3
2 2 2
92— r cos“Ba )]

E . 4.96

Py (Agsin29+ A, (4.96)

(@.96) gives the Carter constant found by the second method, and the only thing to do is to
equate %" to K* p,py, for finding the Killing tensor. After doing so, we find the non-vanishing

components of the Killing tensor as

Kt — cé ( cos*0(a® +1r?)? N rzsin26>’ 4.97)
P A, AG
k= L0504, CoszeA’, (4.98)
p
koo — 308 (4.99)
p
= 2 2042
K99 — :( r cos ) 4.100
p2 \Ag sin?0 + A, ’ ( )
= 2 3,020 (02 1 2
= +1)  2a’cos 0 (a* +r°)
K=K = (- la ). 4.101
2p2 Ag * A, ( )

In this section, we have shown that the Hamilton-Jacobi equation of the spacetime is separable
and we have found the fourth constant of the spacetime, which is a rotating and charged
solution of four dimensional Conformal Gravity theory (4.69). This constant proves that the
geodesic motion is completely integrable and can be used to solve the equations of motion
by the Hamilton-Jacobi equation. Finally we have derived the Killing tensor of the spacetime

from the fourth constant of motion which we have derived.
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CHAPTER 5

KILLING-YANO TENSORS

5.1 Introduction

Killing-Yano tensors are generalizations of the Killing vectors to higher rank tensors just like
the Killing tensors. The difference between the Killing tensors and the Killing-Yano tensors is
that, while Killing tensors are totally symmetric tensors, the Killing-Yano tensors are totally
antisymmetric. As in the case of Killing tensors, being generalizations of Killing vectors, they
also have to be parallel along a given geodesic. Hence, they correspond to hidden symmetries
of the spinning particle and these issues are discussed extensively in [32]. We have mentioned
in Chapter [] that Killing tensors of rank-2 are related to the separability of the Hamilton-
Jacobi equation and Carter constant [6]. In [[7] and [8], it is argued that a Killing-Yano tensor
Jfab can be expressed as the square root of a given Killing tensor K; i.e. that given K, there

exists an f,, such that

Kab:facfcb- (5.1

This is closely related to the separability of the Dirac equation in the Kerr spacetime [9].
However, these issues are beyond the scope of this work, and here we will be dealing with
another feature of the Killing-Yano tensors. Here, we will examine how they can be used in

constructing new gravitational charges [16]], [[17]].

Let us start by studying the properties of the Killing-Yano tensors. Let f, ., be a rank-n

Killing-Yano tensor. By definition, it is totally antisymmetric; thus

falu.a,, :f[ab..an]' (52)
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It must also remain parallel along the geodesics, so it satisfies

V(al faz)03~-an+1 =0. (5.3)

Equation (5.3) implies that the covariant derivative of the Killing-Yano tensor is also a totally

antisymmetric object
Val faz.“a,,_,_] = V[aal fa24..an+1]‘ (54)

Taking the covariant derivative of this equation, one gets

nr+1
Va beclmcn = (_1) +ITRda[bc1fcz-..cn]d- (5.5)

This result is given in [[16]. To prove this identity, one should express V.V, f;,. ¢, in terms of
the Riemann tensor, and this should be repeated n+ 1 times by changing the indices b, cy, ..., ¢,
in cyclic order. The first order covariant derivative of the Killing-Yano tensor is totally an-
tisymmetric . Therefore, changing the indices of V,V,f., ., in cyclic order results in
an identical expression. Next, summing all the n + 1 equations obtained and rearranging the
Riemann terms, one proves the identity. The derivation of this for the rank n = 2 case is given

in Appendix Its generalization to arbitrary rank is straightforward.

It is also obvious that the Killing-Yano tensor is both traceless and divergenceless

fccal...an,z = 07 (56)

Vo, [ =0, (5.7)

A rank-n conserved current was obtained in [16] merely by using these properties of the

Killing-Yano tensors. The current is expressed as

jal.“an _ _n; 1 Rbc[alazfa3..ﬂn]bc 4 (_1)n+1Rcalfa2"'a"’c _ %Rfm...a,,. (58)
n

In [[16], rank-2 case of this current was studied and a conserved charge was constructed using
it for the transverse spacetimes with flat backgrounds. It was later extended for the trans-
verse spacetimes with AdS backgrounds [17]. The charge leads to intrinsic properties of the
spacetime such as ADM mass per unit length or ADM tension per unit time. Even though it
leads to information about spacetime, the terms in the current j*’ does not have a physical
interpretation as also mentioned in [16]]. The current is conserved off-shell, contrary to the
current defined in the ADT procedure. In the next section, the procedure developed in [[16]

will be reviewed and these issues will be discussed in detail.
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This problem motivated us to work on gravitational charges constructed by using Killing-

Yano tensors. Along the way, two important identities were obtained. The first identity is

Racfcb +Rbcfca =0. (59)

We have discovered this identity while studying the properties of the contraction of a Killing-
Yano tensor with curvature tensors. Unfortunately though, we noticed that this identity was
already found in [33]], when we stumbled on it by chance afterwards. This identity is used in
simplifying the charge expression and in proving the second identity, which we are about to
mention. The second identity, to our knowledge has not been derived beforehand in spite of
our careful review of the literature. It states that the contraction of the Einstein tensor with a

Killing-Yano tensor is conserved
Va(Gre f24) = 0. (5.10)

If one carefully examines this identity, then one can see that this is quite similar to the current
used in defining the ADT charge. The only difference is that the Killing vector is replaced with
the Killing-Yano tensor. Therefore, this identity might be an important step in constructing
a new kind of conserved charge expression for spacetimes that possess background Killing-
Yano tensors. This quantity is used as a conserved current to construct such a charge, however
we have, so far, not been able to express it as a total divergence of a totally antisymmetric
tensor. This approach of defining conserved charges and the problem it leads to is discussed

in detail in subsection [5.2.2

5.2 The Conserved Gravitational Killing-Yano Charge

Killing-Yano tensors were first introduced in [13]] and have since been widely studied. It was
mentioned in the previous section that these works were mostly on the hidden symmetries,
the separability of the Dirac equation, etc. However, they had not been studied for the case
of gravitational charges for a long time, even though Killing vectors were used in defining
gravitational charges. Long after the discovery of the Killing-Yano tensors, it was found
that they can be used in defining gravitational charges for transverse spacetimes with flat
backgrounds in [16]. Later, the charge definition was extended to transverse spacetimes with
AdS backgrounds in [17]. This procedure is reviewed in subsection [5.2.1 However, the

current used in this procedure cannot be explained in terms of physical quantities such as the
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energy momentum tensor. Therefore, generalizing the current used in the ADT procedure by

substituting the Killing vector with a Killing-Yano tensor is discussed in subsection [5.2.2]

5.2.1 The Gravitational Killing-Yano charge

In this section, we will review the procedure developed in [[16]] to define a gravitational charge
for the transverse spacetimes admitting background Killing- Yano tensors. In [16], a conserved
quantity was found as the contraction of a Killing tensor with a special combination of the
curvature tensors and the Ricci scalar. This quantity is used as a conserved current to construct
the conserved charge expression in a similar way as in the ADT procedure. The conserved

rank-2 antisymmetric current is expressed as

1 : . .
jab — _Z(Rabcdfwl _ ZfaLRbc +2fbc Rac+fabR). (511)

In fact a generalization of this current to rank-n was given in [[16] and it is given in (5.§).
However, in what follows we will only consider the rank-2 current tensor. The tensor is

divergence-free as expected

Vajab _ _%Va(Rabcdfcd _2Rbcfac+2RaCfbc +Rfab)
_ % ( (V. Rabcd) fed L Rk £l _ppey Rb
£ 2RIV, P+ 2(V R ) 2+ f“bVaR)
= LRV 2 I R 4 2T R 2 VR
+ 2Ry VP + PV R+ fV R] (5.12)
—0. (5.13)

To arrive at (5.12)), we have used the identities

1
VaRpea” = VeRpa — VpRea, ViR, = Eva- (5.14)

We have used the Bianchi identity V(,R;4. = 0 and contracted it to get the first identity in
(5.14). Contracting the indices ¢ and d in the first identity directly leads to the second one. In
(5.12), the first term is automatically zero, thanks to the Bianchi identity Rj,q = 0, and the

other terms simply cancel each other.

The linearization process is similar to the one described in Sections [2.3] and [3.3] hence the
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linearization of (5.11)) is

1 = Fac Zbe
(U0 = K = =2 | (R ) T = 2R )L™ +2(R )L P + Ruf™| (5.15)

which is divergenceless. The vanishing of the divergence of k?” can be seen through lineariz-

ing the Bianchi identities given in (5.14). By linearization, they become
Va(Roca®)L =2V e(Rpa) — 2V (Rea) L, Va(R%)L = %%RL- (5.16)
Therefore, the linearized current is divergenceless
V. k% =0. (5.17)

The factor % in the k? is chosen such that the rank-1 Killing-Yano conserved current yields
the current identical to the one used. There is a difference between the ADT current and this
one. The Killing-Yano current is not a vector but a tensor of rank-2, so it should be dealt with

appropriately. We note that
V=8 Vaik® = 9,(/=gk™). (5.18)
Thus the charge can be expressed as

Qab:/zdnfz-x\/jgkab‘ (519)

The Poincaré lemma guarantees that locally there is a totally antisymmetric tensor /“*¢ which
satisfies

jabe — flabel -y jabe — gab, (5.20)

With the help of this tensor, we can go further and write

0 = / d"2x\/—gk® (5.21)
X

— /dn72x§clabc (5_22)
JX

= [ dx 1%, (5.23)
ox

where JX is the n — 3 dimensional spacelike hypersurface at spatial infinity, /7 is the deter-
minant of the induced metric on the surface and dX,. = \ﬁ/ncd””y 1s its surface element with
n. normal to its surface. We have again simplified the problem significantly: The only thing

to be explicitly calculated is the /¢ tensor and the rest is straightforward integration.
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We are dealing with transverse spacetimes with flat backgrounds. Hence, finding /¢ is not so
hard in this case. One has the equation k% =V, [%c and all that is needed is to write down
k. and then try to express it as a total derivative as shown in the Appendix The final

expression is
b_ 7leld| b 3! aegh 3! abold 3 sd Feb e Fab
k’:VA&ﬂdN7Wu+§fwvbwnzﬂ“VHmd+5Vj*ﬁ%+wﬁ7ﬂU (5.24)
It is not hard to identify /¢ from this expression. It reads

_ _ | ! | _
jabe — 3y Flldi bl 4 %f[acvb]h_i_ %f[abv\zﬂhc]d n %Vdf[cbha]d LaVlFEl (525

Killing-Yano charges are interesting, since they give intrinsic quantities about spacetime. In
[L6], the static string in five dimensional spacetime was studied. The string has been found to
have ADM mass and ADM tension M = p AL, T = —AAt, respectively. Here the parameter
p stands for the mass per unit length and the other parameter A represents the tension per unit

time. In the same article, Killing-Yano charge was found as

Q:_@;M' (5.26)

The Killing-Yano charge Q describes both the mass per unit length and tension per unit time
of the string. It is quite interesting to observe that the Killing-Yano charge carries information
about the intrinsic quantities of the brane, while ADM charges give information about the
extrinsic quantities. Another study which is in support of this property of the Killing-Yano
charges is [17]. In this work, the spacetime called the “long Weyl rod” is examined. This
spacetime has ADM mass M, and as discussed in [17] if M and L are set to be equal M = L,
where L is the length of the rod, this metric reduces to the celebrated Schwarzschild solution.
The conclusions of [17] are again similar to ones in [[16] as expected, and it is found in [[17]

that the Killing-Yano charge of the “long Weyl rod” is

0= (5.27)

L Y
which again amounts to the mass per unit length. The Killing-Yano charge found in [[17]

also describes an intrinsic quantity of the spacetime, hence one can argue that they reveal the

intrinsic properties of a given spacetime.

The procedure provides interesting results about intrinsic quantities of the spacetime. On the

other hand, there is a problem, as mentioned in [16]. In ADT procedure, the current was

52



formed by contracting a Killing vector with the energy momentum tensor, therefore it nat-
urally leads to some information about the mass or the momentum of the solution at hand.
However, here it does not depend on the energy momentum tensor and a physical interpreta-
tion of the current cannot be made. This is not quite surprising, since the current is off-shell
conserved. Only Bianchi identities were used in showing its conservation as shown in (5.13).
Nevertheless, it still leads to valuable information about the given spacetime. One of the

motivations of this work was to better understand this elusive point.

5.2.2 An Alternative Conserved Killing-Yano Current

In the previous subsection, the gravitational charge defined in [16] was discussed. It was men-
tioned that the current used in defining the conserved charge cannot be interpreted physically.
The first thing that comes to one’s mind to overcome this problem, is to generalize the current
used in the ADT procedure by replacing the Killing vector with a Killing-Yano tensor. The

current becomes a second rank object

TP =G fl -G fe. (5.28)

In fact, this was considered as current in previous versions of [17]. However, its conservation
was not known at that time, so it was retracted in the final version. In this study, we also
consider this quantity as a current after we show its conservation to overcome the problem
stated in [[16]]. Before checking its conservation, let us try to express it in a simpler form. At

the beginning of this chapter, we have given the identity
Racfcb + Rbcfca =0. (529)

As mentioned earlier, while studying the older literature, we noticed that it was first derived in
[33]]. To derive this equation, one needs to act on the Killing-Yano tensor with the commutator

of two covariant derivatives. This reads
[Va, Vol f* = Rap“a f* + Rap a . (5.30)
Expanding the commutation in the left hand side, and using V,, f** = 0, one gets

Va Vi f% = Roa f% + RupCa f. (5.31)
N—_——

Ap€
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The left hand side has been renamed as A,°. Applying the identity given in (5.5)) for the rank-2

Killing-Yano tensor, A, becomes
1

A = —5( L [ a+ R b FUa+ R frg) (5.32)
1
= =5 (R a + RS [ a = R foa). (5.33)
Substituting this in (5.31]), it reads
1 X X X X X
_E(Rdbfcd + R4 0 — R foa) = Roa f* + Rap“a f™ (5.34)
1 | X 1 X X
ERbdde + ERdL = —ERda‘bfad —Rup“a f™. (5.35)
B¢

If one renames the right hand side as B,“, and applies the Bianchi identity R[g;q = O for the

second term in the left hand side, then B, becomes

1 :
By = =R b 4+ Raa"s f* + Rod“a f** (5.36)
| 1 .
= ERdaLb fla+ E(Rbd o —Roa‘a) [ (5.37)
By using the antisymmetry of the a — d indices in the last term, this equation becomes
Bc_lec a ch R ad 5.38
b =5 ubfd+2( abd + R dab) f (5.38)
1 1
= S Raa’s [ = 5 R baaf ™ (5.39)
2 2
—0. (5.40)

Finally, substituting this in (5.35)), one arrives at the desired identity

Rpa f%+ Ry f4, =0. (5.41)
Moreover, this can be expressed in terms of the Einstein tensor easily. It reads

G fP+ G e =0. (5.42)
Therefore the current expression (5.28)) can be written also as

Jo = paegh (5.43)

Next, one needs to check its conservation and, to do so, one needs to examine its covariant

divergence as follows
Vajab =V, (fca Gbc)
= fcavaGbc + Gbcvafca

= £.9v,G". (5.44)
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The first term in the second line vanishes due to the divergenceless property of the Killing-

Yano tensor (5.7). The equation becomes
Vo J% = —(V,G") 1.9 (5.45)

The vanishing of the remaining term is not easy to see. In fact, we have originally proved it in
a similar way used in deriving (3.23)). However, after finding (5.42)), it is in fact much easier.
Here we will derive the conservation of it from (5.42)) and the second way of deriving it will

be given in Appendix [A.T] Taking the divergence of (5.42), it becomes
Va(Gachb +Gbcfca) — 07
(VaGac)be +G*V, be + (VaGbc)fm + Gbc Va fca =0.
(5.46)
The first term vanishes due to the Bianchi identity. The second term is zero since the covariant
derivative of the Killing-Yano tensor is totally antisymmetric and the Einstein tensor is sym-
metric. Vanishing of the final term is due to the divergenceless property of the Killing-Yano

tensor (5.7). Finally, we obtain
(VoG?) f = 0. (5.47)

Therefore, the problem which prevented J* from being used as a current has now been over-

come with the identities shown.

As promised, we take the conserved quantity J% as current and move on to the next step
of constructing the charge expression. The next step is linearizing the current in the usual

manner. The current can be expanded in the usual fashion as
G f = KT (5.48)
G_Caf_cb + (Gca)Lbe + Gca(be)L + ﬁ(hz)
= k(T FP + (T + T (f )+ O (). (5.49)
Here it is again assumed that the background metric g, satisfies
% = kT =0, (5.50)

and the deviation &, vanishes sufficiently fast at infinity. As shown in the ADT case, moving

every term which is of second or higher order at the left hand side to the right hand side of the
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equation, one can rearrange (5.49) to write in the form
(Gf” = k(TP + O(h)},
(G Lf = 1. (5.51)

The steps to take are quite similar to the ones taken in the previous section to define the charge,
although the current itself is different now. The charge in this case becomes
0" = [ "2y =g(G T,
_ /d"’zx?c jabe
p)
= [ dz.1%. (5.52)
Jx
where JX is the n — 3 dimensional spacelike hypersurface at spatial infinity, ,/7 is the deter-
minant of the induced metric on the surface and dX,. = \ﬁ/ncd”_3 y is its surface element with
n. normal to its surface. Again, we have reduced the problem to finding the rank-3 totally an-
tisymmetric tensor /%, We have tried to find this rank-3 tensor for a flat background. Writing

the terms explicitly in the linearized current (5.5T)) reads
_ _ 1 _
(G LT = (RLF? = S RLT. (5.53)

We have in fact derived the linearized terms, which are needed in (5.53), already in Section

[2.3] Substituting the results found earlier, one finds
(G fb = %(_]?cbvdﬁdhac Y VRt FEAT R+ VIV,
- %(_ FOVIN s+ VNV Rey). (5.54)
This current can be written as a total derivative plus some extra terms,
(Gca)Lf‘cb _ %@d (fab@dh _ by ped — pebydpa _ pAbag 4 pdbgepa
FFPTHL) — ST TR) + 5 (Tuf) (T
+ %(% 7Y (TR, (5.55)

After some considerable algebra for arranging the terms to make the antisymmetric property
manifest, one finds
(G = %W (3Jz[abw}h 37l el 4 3 lagel poal _ h@[dfab}>
| QP l e = 1o e
. Efdavdvbh _ 5fadvdvchcb . E(chda)(vdhlw)
1o .= -
+ 5Vd (fEVeh — FOVap). (5.56)
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Unfortunately, the linearized current could not be written as the total divergence of a totally
antisymmetric rank-3 current tensor /%, However, this should in principle be possible due
to the Poincaré lemma. This is a serious problem, preventing us from defining a charge
expression. To understand the reason of it, we have compared the two currents j* and J¢.
We have realized that j% can be written in terms of J%° plus some extra terms. The difference
between the two currents is

A ai 1 1! Ci A
]b—Jb:—Z(R baft— fR). (5.57)

Obviously, the resulting term is also another conserved quantity! Even though it has no phys-
ical interpretation, we have tried to linearize it and checked whether one can write it as a total
divergence of a totally antisymmetric rank-3 tensor /% or not. The result is again negative:
This is still not possible! The problem of defining a conserved charge has become quite inter-
esting. Even though the Poincaré lemma dictates that there should be a totally antisymmetric
rank-3 tensor [, these two conserved quantities cannot be expressed as a total divergence
of such a tensor. Thus they cannot be used in defining a conserved charge. However their
sum can be used in defining a charge without any problem! After spending much effort to
solve this problem for a considerable amount of time, we are still not able to come up with
a satisfactory answer. There might still be some undiscovered identities which would lead
to the antisymmetrization of the object, or there might be a problem with the linearization
process itself. Finding this elusive rank-3 totally antisymmetric tensor and discovering what
information it leads to would be quite interesting. We expect to continue on these problems

in the future.
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CHAPTER 6

CONCLUSION

In this work, basic properties of the Killing vectors, Killing tensors and Killing-Yano tensors,
and their use in gravitational theories and geodesic motion have been studied. The main focus
was on the constants of motion in the study of geodesics and the conserved gravitational

charges that can be defined using them.

We briefly stated the properties of the Killing vectors, and derived two identities which were
later used in deriving another important one about the Killing-Yano tensors. We have seen that
they correspond to the symmetries of the Lagrangian of the geodesic motion, and they lead to
conserved canonical momenta as expected from Noether’s theorem. After demonstrating this,
we discussed the ADT charge. The ADT charge is constructed through the current which is
defined by contracting a Killing vector with the energy momentum tensor of the linearized
field equations, and it gives the so-called ADM mass or ADM angular momentum of the
geometry depending on the Killing vector chosen in the construction. The ideas developed
by using the Killing vectors is of crucial importance since they were later generalized to
the Killing tensors and Killing-Yano tensors in a way analogous to their generalization from
Killing vectors. Therefore, appreciation of these ideas is quite important and helpful in the

following sections.

Secondly, we have seen that Killing vectors are not always enough to exploit all the constants
of motion in the study of geodesics of a given spacetime. It was also shown that if a system has
a conserved quantity higher than first order in momentum, then there exists a Killing tensor
corresponding to it. We have discussed the fourth constant of motion for a test particle in
the Kerr spacetime, which was originally derived in [3]], and derived the equations of motion

of a charged test particle. Then, the Killing tensor related to the fourth constant was derived
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by the method given in [9]. Next, as a new example, we have investigated a solution to the
Conformal Gravity theory presented in [18]], and used the tools, which was developed earlier,
to find the fourth constant of motion and equations of motion of a charged particle in this
geometry. Later, we also found the Killing tensor related to the fourth constant of motion of

this new spacetime.

Finally, we have discussed the Killing-Yano tensors. We were interested in the gravitational
Killing-Yano charges which are constructed similarly to the ADT charge. We have discussed
the method given in [16] and shown that it gives information about the internal quantities
about spacetime, such as ADM mass per unit length or ADM tension per unit time, for trans-
verse spacetimes with flat backgrounds. However, there are terms whose presence in the
current j° cannot be physical, as mentioned in [16]. We have instead considered another
choice for the current, one obtained by direct generalization of the ADT current by replacing

the Killing vector with a Killing-Yano tensor:
J = G fs. (6.1)

Fortunately, we have shown that J% is indeed a conserved current and it can be considered
in defining conserved charge. However, a new problem arose while defining the charge, and
unfortunately, we were not able to write the linearized version of this current as a total diver-
gence of a totally antisymmetric rank-3 tensor. For the time being, this still remains an open

problem and we intend to come back to this issue in the near future.
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APPENDIX A

IDENTITIES

A.1 Conservation of J%

Va Vb chde - Vb Va chde = [Vm Vb} chde
Va Vb Vc fde - Vb Va Vc fde = Rabck kade + Rahdk chke + Rabek chdk

1
VoV Ve fae =V VaVe fae = — 3 Va(R*ea for + R pec far + REpae fur)

1
+ Evb (R*acafor + R sec far + Rr aae fir)-

Applying (5.5) to the left hand side of this equation, it becomes

LHS = —V,(R*pcafur) — Va(R*pecfar) — Va(R pae fur)

+ Vb (Rkacdfek) + Vb (Rkaecfdk) + Vb (Rkadefck) .

hand sides are given as

LHS = — (VR pca) fok — (VaR  pec) far — (VaR bae) for
+ (VoR  sea) fur + (VR aee) far + (VoR aae) fot
RHS = 2R " Vi fuae + 2Rapd" Ve fre + 2Rave" Ve fur
+ R peaVafuk + RpecVafax + R pacVafuu

— R acaVofor — R aec Vi far — R¥ aae Vi fur.
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In Section [5.2.2) we have shown that the current J* is conserved by using the first identity
(5.42). There, we also noted that we first showed its conservation by using a similar approach

to derive (3.23)). Here we will derive it with the second approach. Therefore, one starts with

(A.1)

(A2)

(A.3)

Now at the left hand side of this equation one only keeps the derivatives of the Riemann

tensors, and moves all the other terms to the right hand side. Doing so, the right and the left

(A4)

(AS)



Now contracting the a and ¢ indices, one gets

LHS = —(VaR* %) fox = (VaR"be®) fur = (VaR* pae) f% — (VoR ) fok

+ (VuR ) fur + (VoR aae) [k (A.6)
RHS = 2Rp*V f4e + 2R 1"V o fre + 2R XV o fur

+ RV o for + R 5V far + R pae Va f

+ R 4V for — R eV far — R 4V fuk (A7)
Doing another contraction of the b and e indices, this equation reads

LHS = — (ViR ) o+ (VaR*) fax — (VaR*0) £ — (VoR* 1) £

+ (VoR®) fare+ (VR ad®) f ok, (A.8)
RHS = 2Ry Vi fa” + 2R "V fir — 2R™V o far

+ RV o for — RV o fuk

+ R Vi for — ROV far — R¥ PV fure. (A.9)

By using the symmetry of the Ricci tensor and the antisymmetry of the V, fj. term, the con-
traction of both pieces yield zero. Moreover, we have (V,fj.)R%“ = 0, since Rlabdld — ¢,

Therefore, the RHS vanishes and one has the LHS left only :

—(VaR" ) for+ (VaR") far — (VaR"0) [k — (VoR ) Pk + (VR o) fuk + (VR aae) fx = 0.
(A.10)
Finally, if one uses the contracted Bianchi identity and the conservation of the Einstein tensor,

one finds

2V, R f“+ VR, =0 (A.11)
1
Va(Roe = 585 R)f* =0, (A.12)
Va(Gbc)fab - Va(GbCfab)7
=0. (A.13)

A.2 Second covariant derivative of the Killing-Yano tensor

In [16], the identity (5.5]) was given for the Killing-Yano tensor of arbitrary rank. Since it was

used repeatedly, we better give its proof. We will only give its proof for the rank two tensor,
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however generalization to higher ranks can be obtained following similar steps. One needs to

start with

Vo, Vil fea+ Ve, Val foa + Vi, Vel fad = Rave® fea + Ravd® fee + Reap® fea
—RHS

+Rcad€fbe +Rbcae fed +Rbcde fae- (A14)

The right hand side of this equation can be written as

RHS =V,Vy fea=VoVafeatVeVafoa—VaVe fra
+vacfad - chbfada
= 2(Vavbfcd+vbvcfad _chbfad)v

- 2(Va Vb fcd +Rbcaefed +Rbcdefae)- (AIS)

Substituting this in will result in

1
Vavbfcd = E(

_Rbcaefed _Rbcdefae)' (A16)

Rabce fed + Rabde fce + Rcabe fed + Rcadefbe

Repeating analogous calculations for V,V, f;;, and V,V, f3., one gets

1
Vu Vc fdb = 5 (Racde feb + Racbe fde + Ra'ac‘2 feb + Rdabefce

_Rcdaefeb _Rcdbefae) (A17)
1
Va Vd fbc = E (Radbe fec + Radce fbe + Rbade fec + Rbacefde

_Rdbaefec _Rdbcefae)' (AIS)

If one adds all the three terms at left hand side, and uses the total antisymmetry of the Killing-

Yano tensor, one finds
Vavbfcd"i'vavcfdb"i'vavdfbc:3vavbfcd~ (A19)

By writing the left hand side, one gets the desired identity for the rank-2 Killing-Yano tensor:

1
VoV fea= 3

) (Reacbfde + Reabdfce + Readcfbe) . (A20)

Generalizing this identity to a Killing-Yano tensor of arbitrary rank is straightforward. Fol-
lowing analogous steps and using the totally antisymmetric structure of the first covariant

derivative of the Killing-Yano tensor, one arrives at (5.5).
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A.3 Killing-Yano current 3-form derivation

In subsection [5.2.1] the gravitational charge constructed through a Killing-Yano tensor, and
k® was written as a covariant divergence of another totally antisymmetric tensor. Here, we
derive this relation. The calculations are quite straightforward. First, one just needs to sub-
stitute the linearized terms found in Section 2.3 in the linearized current (5.15). Then one

gets

kP = FU(Rea™)r = 2F% (R )L+ 2" R + F°Ry, (A.21)

= —F(VOVh = VPV bt — VOV b 4+ VPV )

N\'—‘

Fe(=VAVhb . =V NPh+ VIV 1Py + VIV hy)
+ fP(=VIV bt =V VO + VIV 1+ VIV hey)
+ 7
;V (fcdvahb _ fedybpa, _ pdezaph | pdegbpa o pacydpb

VVhey — VIV 4h), (A.22)

2 fadGhp g Fadepb o facybpd o pbedpa o phdGay,

2P pa 4 Frevan,d 4o fabyepd o fabid h)

B VL L v v MR v 2 v M v v

—Vaf®Vent +V, fvip. (A.23)
This is quite a long expression, however it simplifies greatly. Here the background is flat and
therefore its Riemann tensor is identically zero. Therefore, if one considers (1@]), one sees

that second covariant derivatives of the Killing-Yano tensors in this background vanish. By

using this, if one carefully examines the equations and regroups them patiently, then one gets

_ _ _ | | | _
kab =%, (3!f[c\d|vbha]d n %f[acvb]h+ %f[abvkﬂhc]d n %Vdf[cbha}d _}_hv[cf‘ab])‘ (A24)
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