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ABSTRACT

TRANSFORMATIONS OF ENTANGLED MIXED STATES OF TWO QUBITS

Alkus, Umit
M.S., Department of Physics

Supervisor : Assoc. Prof. Dr. Sadi Turgut

January 2013, [53] pages

In this thesis, the entangled mixed states of two qubits are considered. In the case where the matrix
rank of the corresponding density matrix is 2, such a state can be purified to a pure state of 3 qubits. By
utilizing this representation, the classification of such states of two qubits by stochastic local operations
assisted by classical communication (SLOCC) is obtained. Also for such states, the optimal ensemble
that appears in the computation of the concurrence and entanglement of formation is obtained.

Keywords: Entanglement, Mixed state, SLOCC, Optimal ensemble, Entanglement of formation
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iKi KUBITLI DOLANIK KARISIM DURUMLARININ DONUSUMLERI

Alkus, Umit
Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi  : Dog. Dr. Sadi Turgut

Ocak 2013 ,[53|sayfa

Bu tez calismasinda, iki kiibitin dolanik karigim durumlari ele alinmigtir. Duruma kargilik gelen yogun-
luk matrisinin rankinin 2 olmasi halinde, boyle bir durum 3 kiibitin bir saf durumu olarak diistiniilebi-
lir. Bu temsil yardimiyla, iki kiibitin bu tiirden durumlarinin klasik iletisim yardimiyla stokastik yerel
operasyonlara (SLOCC) gore siniflandirilmasi elde edilmistir. Ayrica, bu tiir durumlar icin, dolaniklik
miktarin1 hesaplamada kullanilan en uygun topluluk ve 2 kiibitin olusum dolaniklig1 elde edilmigtir.

Anahtar Kelimeler: Dolaniklik, Karigim durumu, SLOCC, En uygun topluluk, Olusum dolaniklig:
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CHAPTER 1

INTRODUCTION

Consider the superposition postulate of Quantum Mechanics. It leads to the fact that composite quan-
tum systems can be in entangled states, i.e., states that are unfactorizable. In the history of quantum
physics, the entanglement is considered and discussed in depth as the main reason of non-locality and
quantum correlations. Especially, it started with the criticism of Einstein, Podolsky, and Rosen on the
Copenhagen interpretation of quantum mechanics([I]] in 1935. In 1964, J. S. Bell has shown that entan-
gled states violate some inequalities, which are called as Bell inequalities, which test the non-locality
of quantum mechanics which cannot be described classically[2]]. After Bell, quantum correlations and
non-locality associated with entanglement have been considered as the singlemost important feature
of quantum mechanics that distinguishes it from the classical theories(3}9].

On the other hand, entanglement does not appear to be only a subject of discussion or a philosophical
issue, but it also appears as an ingredient as a potential resource of the quantum information processing
and quantum computation [TOJI4]] in quantum state teleportation [I5H26]l, superdense coding [27]28],
and quantum cryptography [2930]. These works are mainly based on bipartite pure state entangle-
ment. The nature, however, also displays multipartite pure state entanglement, about which less is
known. In addition to these, mixed state entanglement (bipartite or multipartite) occurs naturally as
a result of decoherence processes and, mainly for this reason, it is extensively studied. This thesis is
concerned some features of the bipartite entangled mixed states. In the following sections, some of the
mathematical tools that are used in this thesis are introduced.

1.1 Qubit

In classical information and computation, the fundamental unit of information is binary digit (with
the abbreviation bit), which could be either 0 or 1. In quantum information and computation the
fundamental unit is called a guantum bit (with the abbreviation qubir)[31]]. A qubit not only takes the
values of either 0 or 1, but also it can take on values which are superpositions of both 0 and 1. In other
words, both values are possible for one qubit due to the superposition principle in quantum mechanics
since qubit is a two-level quantum system [3T]I.

Geometrically, if a bit is a scalar quantity, qubit might be thought as a two-dimensional vectorial
quantity which can be decomposed into the orthogonal unit vectors |0) and [1). The vector space
of any qubit is a two-dimensional Hilbert space denoted by C?. Using Dirac bra-ket notation, after
P.AM. Dirac [32], any qubit is represented by a ker which is denoted by a symbol like i) with its dual
correspondence bra denoted by (y|. Then, an arbitrary qubit in a state |/) can be written as a linear



combination or superposition of the unit vectors |0) and |1) as follows

) = al0) +BI1) (1.1)

where the coefficients @ and 8 are complex numbers. In that case, the bra vector is (¢| = a* (0| + 8 (1|

where “+” represents the complex conjugate. Alternatively, in a one-column matrix (or column vector)
notation, mutually orthogonal unit vectors |0) and |1) are taken conventionally as

1 0
IO)=(O)and|1>:(1] (1.2)

which form an orthonormal basis set for a single qubit. This set {|0), |1)} is called the computational
basis set in quantum computation. Note that the bra’s are then (0] = ( 1 0 ) and (1] = ( 0 1 )
which are one-row matrices or row vectors. Thus, |) would be written as

e (33 )2)

Suppose that N qubits are identically prepared in the pure state |y). If identical measurements on each
qubit are made in the computational basis {|0), |1)}, then the probability to obtain the outcome O is
lo> = a*a and the probability to obtain the outcome 1 is |3]> = B*8. These probabilities are called
quantum probabilities, which are obeying the restriction | + |81 = 1 [33].

1.2 Multiple qubits

When two or more qubits are considered, the tool tensor product is used to construct the Hilbert space
of the composite system. Let A and B be two qubits with their Hilbert spaces being | and H,, which
are two dimensional. Then the composite system AB for these qubits has the four dimensional Hilbert
space Hap = H; ® H,. Now, let A and B be two local operators (or equivalently matrices) that act
separately on each qubit. An operator acting on the whole space H; ® HH, can be constructed by the
tensor product as A ® B. In matrix notation, the tensor product of these operators is calculated by the

formula

A By AuBrp ApBn ApBip
Ay B AIZB]: A By ABy ApBy ApBp (1.4)
AnB AxnB AnBi1 AxBip AxnBiy AnBi

AyByy AxBy AxpBy AnBy

A®BE(

which is called as the Kronecker product. Notice that this is a 4 X 4 matrix.

Therefore, the new four-dimensional computational basis set in H| ® H, are constructed by the tensor
products of the unit vectors |0) and 1)

(o)) [
1 1 0 0
|00>A3=(0]®(0)= 1Y | o |
A B 0
0 0
0 0 0
1 0 0
[01),4p = ol [10)4p = e [11)4p = 0 (1.5)
0 0 1



So, an orthonormal basis set in H; ® H, is

Orthonormal basis set
. ={|00},101),[10),[11)}. (1.6)
for 2 qubits

More generally, if N > 3 qubits are considered, the Hilbert space of the composite system is denoted
by Hi ® H, ® - - ® Hy which is a 2N _dimensional Hilbert space. The natural orthonormal basis for
this system is constructed as

Orthonormal basis set
_ ={0---00),[0---01),---,|11---1)}. (1.7)
for N qubits

This basis is usually called as the computational basis in quantum computation studies.

1.3 Density operator

Quantum mechanics is constructed by measurements performed on the quantum systems. The mea-
surement outcomes are obtained with some probabilities [33]]. Determining the probabilities corre-
sponding to observables are achieved only by well-defined representations [32]. The difficulty arisen
is that each state corresponding to different measurement outcomes have not only relative weights but
also relative phases compared to each other. Therefore, if one has only statistical results about a quan-
tum system, construction of the quantum state vector in the form of a ket may fail [34]]. The knowledge
of relative phases is also needed.

The set
& ={pi, i)} (1.8)

is called the ensemble of states where each state |y;) has the fractional probability p; to be found in
the ensemble. The difference between quantum probability and fractional probability is that while the
former is a posteriori result obtained only by measurements performed on the system, the latter is a
priori result prepared by someone. Another interpretation is that fractional probabilities is constructed
in the brain of the observer, while quantum probabilities are ingrident of the observable.

To illustrate this, let an experimenter order 20 electrons from an imaginary company. Let 5 of them
be in a spin-up state in x direction shown by |T,) and other 15 be in a spin-down state in z direction
shown by [|,) . The total system is constructed by a single ket such as 17T0% @ Ilz)@s, i.e., it is a pure
state. However, the state of each electron can not be written in terms of a pure state like V0.25 [Ty +
V0.75 |1;). This is not so, because there is a relationship between |T,) and [],) as

1

V2

meaning that |T,) 1s not orthogonal to . Meanwhile, the possible state of type . o+ .
ing that [T,) i hogonal to ||;) . Meanwhile, the possibl ftype V0.25[T)+ VO.75|{;)

ignores the relative phase between the states |T,) and ||;). Morever, the probabilities 0.25 and 0.75
give different interpretations about the system. For example, the probability 0.25 is not the quantum

1T = —= T + D) (1.9)

probability when a possible measurement is performed on a single electron. This is because each
electron is actually represented by a single ket, i.e., [Ty) or ||,). Therefore, we need a different tool
than ket or wavefunction to represent the states of individual quantum systems.

It is not obligatory that set {|i;)} in the ensemble & = {p;, |i/;)} is an orthogonal set but all |i/;) must be
normalized. If an ensemble for a quantum system is given, the density operator of the quantum system,



which is developed independently by Landau [35]] and von Neumann [36]37]l, can be formed as
p= > pilyd) Wil (1.10)
i=1

It is easily seen that if |i;) is an N-dimensional column vector then the density matrix is N X N matrix
because of the matrix multiplication of column vector |if;) from the right with a row vector (i;| . Note
that n is the number of elements in & = {p;, |/;)} and there is no obvious relation between the number
n and the dimension N, so both n < N and N < n are possible [@]]

If some p is given, it is easy to test whether it is a density matrix or not. There are two necessary and
sufficient conditions for any p to be a density matrix:

1. pis positive; that is, for all [), one has (| p |y) > O since

Wlolwy =) pi lw) il vy
i=1
= P ) Wl
i=1

= > Pl P 20 (L.11)

i=1

for all i) because of the positivity of p; and of the magnitude [{y |y;)] .

2. trp = 1 since

n

N
o =) i) wil)
=1

N
anwW Zhﬁ=1 (1.12)

where (j |;) = «a;; for some orthonormal set {|j)} and since |y;) can be written as a linear

combination of |j) by means of the completeness relation

N
Iv=) 1)l (1.13)
j=1
where Iy is the N X N identity matrix. Then,
N N N
mwmww{Zmu%m=Zummb§}mﬁ (1.14)
j=1 j=1 j=1

for normalized |i;) such that

il = Nl = Z%www

_ Z|“if|2 =1 (1.15)

=1

-

where the orthonormality condition for {|j}} is {jlk) = ¢ x where 6 j is the Kronecker delta.



1.4 Mixed states versus pure states

In quantum mechanics, a pure state corresponds to a single wavefunction. If the state of a quantum
system can be expressed as a ket, then it is called a pure state[33]. In other words, if in the ensemble
given by Eq. , all possible states are identical, i.e., |y;) = |y) for all i, then this ensemble and the
corresponding density matrix represents the pure state |i). In that case, p = |) (¥|. However, when it
is impossible to construct the state of the system as a ket [34]], the state of the system is called mixed. In
that case, p = X, pi i) (¥il where p; is the probability of [if;) in the ensemble where & = {p;, )} .
Alternative definitions of mixed states can easily be made since its analysis is very easy. For example,
for a mixed state there are more than one non-zero eigenvalues of the corresponding density matrix.

Again, there is a frequently used condition for a given density matrix to be mixed or pure. The state is
pure if
trp® = 1 (1.16)

since if the system is in pure state, say |¢), then

tr(p?) =t {(y) W () WD)
=t ()W) =tp=1 (1.17)

and mixed if
trp? < 1 (1.18)

since

2
tr(Pz) tr(ZPtW/z)(‘/’l] Zplp] l//j|wl><l//l|l//j>
< pr]nhmn [ Zp,zp,_l (1.19)

where the Cauchy-Schwartz inequality[ﬂis used.

1.5 Partial trace

Consider a state p of a composite system formed by systems A, B, ..., N. All local measurements on A
can be expressed by using a density matrix p4 defined by

P4 = trpc..NP (1.20)

which is an operator that acts on A’s Hilbert space. Here, the frace is taken over the whole system
excluding A.

As an example, let the particles A and B be in the state

1
= — (|01) — |10)), 1.21
[ag) \/§(| ) —10)) (1.21)

! Let [v) and |w) be two vectors , then the Cauchy-Schwarz inequality is

[w W < (w w) (v v

where the equality is satisfied if only if |v) and |w) are parallel.



then the reduced density matrix py4 is calculated to be

pa =1trg(Wap) (Yasl) (1.22)
=trg {% [101)(01] —|01) ¢(10] — ]10) (01| + |10) <10|]} (1.23)

1
5 (10X <01t (1) <1 = 10) (1] tr (1) <O

— 1) {0[tr (10) <11) + 1) (1| tr (|0) <OD)} (1.24)

1

1
5 1001+ 1) {1D = 7

where [ is the identity matrix. Note that in Eq. (I.24), the property of trace operation
tr (ja) <bl) = (bla) (1.25)
is used for any quantum states |a) and |b), i.e.,
tr(|0) (1) = (110) = 0 = tr(|1)<O[) = (O[1) (1.26)

and
tr(|0) (0] = €010) = 1 = (|1} 1]) = 11). (1.27)

1.6 Entanglement

Let the pure state of a composite system AB be |/45) where the corresponding Hilbert spaces being H4
and Hp. Let m and n be the dimensions of the respective spaces. The state [45) can be decomposed
as

Wasy= ) VElia)®lisy  (here ny < min (m,n) (1.28)
i=1

where {|i4 )} forms an orthonormal set in H{4 and {|ig)} forms an orthonormal set in Hp. Here the real-
valued coefficients /u; are called the Schmidt coefficients, after Erhard Schmidt. The numbers y;
satisfy the following normalization condition

i,u,- =1 (1.29)

in which ny is called the Schmidt rank of the state [y 45). It is easy to show that the numbers y; are
eigenvalues of both of the reduced density matrices p4 and pg with the corresponding eigenvectors
being |i4) and |ig), respectively. This result stems from the fact that density matrices are positive
operators which have spectral decompositions into their orthonormal set of eigenvectors of which
diagonal elements are corresponding to their eigenvalues. Also, since they are positive and trps =
trpop = 1, they satisfy the Schmidt’s condition on positivity and reality of y; and their normalization
such that Z:’” ;i = 1. Hence, the spectral decompositions of p4 and pp are obtained as the following:

pa = teg(Wap) Wapl) = Z Vi lia)y {jaltr (lig) {jsl)

i.j=1
ny
= > NG lia) Gal sl i)
ij=1
ny
= " pilia) ial (1.30)
i=1



since |ip)’s form an orthonormal basis set, i.e., (jp| i) = 6;;. With similar calculations, pp is obtained
as

pp = tta (Wag) Yasl) = Z,Ui lig) Cipl . (1.31)
i=1

Accordingly, one can say that yu;’s are eigenvalues of p4 and pp with the corresponding orthonormal
set of eigenvectors |i4) and |ig) , respectively [36[39].

Let two spin-1/2 particles labelled by A and B physically interact for some time in the past. Later, let
A and B be get separated until this interaction terminates. Then, let Alice (A) be given one of them
and Bob (B) be given the other. Despite the absence of interaction, there is a very special situation
where the quantum states of individual systems are no longer represented independently of each other.
This phenomenon is known as quantum entanglement, a name which is coined by E. Schrodinger [40].
The simplest entangled state is the singlet state formed between two spin-1/2 particles. In terms of
Eq. (1.6), this maximally entangled state has the form

1

Wag) = —=(101) —[10)) (1.32)
V2

where [0) = [T,) and |1) = |];) in this case. Particles in such entangled states are called EPR pairs

by Einsten-Podolsky-Rosen [[I]. An orthonormal basis formed by maximally entangled states can be

found, for example the set of vectors |,Bxy> where

1
B.y) = 75 (00 + 1LY (1.33)

where y is the negation of y; for example '(_)> = |1) and li) = |0). The set of vectors {[,Bxy>} forms an
orthonormal basis of the 2 x 2 dimensional Hilbert space of two qubits[36]].

The states in Eq. (I.33) are called entangled since they can not be written in a product form like
|a), ®|b)p. This state leads to some extraordinary and even unimaginable applications of entanglement
in quantum information and computation. To see this, consider two parties Alice and Bob sharing
particles A and B which is in an entangled state of the form Eq. (I.33). Separate the particles so that
there is no interaction between the particles. Nevertheless, all the local operations performed only by
Alice on her qubit can change the state of the qubit B. These local operations directly affect the results
of the local operations on the qubit B performed by Bob. This is because the state of each qubit can
not be expressed separately.

In the language of the Schmidt decomposition, a bipartite pure state is entangled iff its Schmidt rank is 2
or more and unentangled if its Schmidt rank is 1. Looking at the Eq. for pa = 3 (10) 0] + 1) (1))
in the case of [a5) = (|01) — [10)) / V2, the Schmidt rank is ny = 2,1i.e., [yap) is entangled. Also, note
that eigenvectors {|0),|1)} of ps corresponds to the positive eigenvalues u;, = % These eigenvalues
satisfy the Eq. since Ziz ;i = 1. Now, consider the product state [45) = |00), then ps = |0) (0.
Its Schmidt rank is 1, therefore it is unentangled.

1.7 W and GHZ class entangled states of three qubits

In a similar manner with Sec. [I.6] when more than two qubits are involved, then entangled states of
very different kinds can be obtained [GO[39|42}53]l. However, Bennett and DaVincenzo have argued
that despite a lot of work on multipartite entanglement, it still remains a mystery. Thus, they can not



be treated as in the case of bipartite entanglement [5T]|. In the case of three qubit system, there is a

pure state
1 1 1
IW>=|00>+|0 0) +1001) (1.34)
V3

which is also known as the W state. This state is closely related to the general “W type” state of three
or more particles which are described as follows: for p qubits

P
¥w) = VX0 10)+ Y VR ) fork=1,2,---,p (1.35)
k=1

where |0) = |00 - - - 0) and |1;) is the state when the k”* qubit is in state 1 and the rest is in state O . In
other words, Bruf} states that a geniune W state is constructed by a superposition of the parties which
are in cyclic permutations of each other and one party should be in excited state [#7]]. Also, x, and all
x;. are real and positive that obey the sum (or normalization)

p
x0+Zxk: 1. (1.36)
k=1

Note that |[W) defined by Eq. (I.34) can not be written in a product state like
W) # la1) ®laz) ® |as) (1.37)

so |W) is necessarily an entangled state.

Another type of tripartite entangled state can be obtained as follows

[000) + |111)
GHZy = ——— 1.38
|GHZ) 7 (1.38)

which is known as the Greenberger-Horne-Zeilinger (GHZ) state[43]]. This is closely related to the
“GHZ-type” entangled state which is defined as

1
¥)onz = 5 (107 + 2B @ 8) ® - ®18,)) (1.39)

where p is the number of parties involved, N is normalization constant, z is an arbitrary complex
number. It is also known as p-particle Cat (p-Cat) state because of Schrodinger’s cat [A2]] when |8;) =
1) for all k. Also, note that each state |8;) in Eq. (I.39) has the form

By = i [0 + 5|1 s( ii ) (1.40)

for each k with the obvious condition that s; # O for all k at the same time. Here, note that all |8;)’s are
unit vector and ¢, and s; can be seen as cosine and sine functions of some real angle 6y, respectively,
then it is obvious that

cg+sp=1 (1.41)

for all k’s. Again, it is clear that [¥)gy in Eq. (I.39) can not be written as a product state such that
Wonz # lar) ®laz) @ -+ ®lay) (1.42)

if at least two sines are non-zero.



1.8 SLOCC equivalence of pure states

Consider two possible multipartite states |f) and |¢) of N systems (particles) A, B, ..., N. Stochastic
local operations assisted with classical communications (SLOCC) transformations for these states are
defined as follows: |¥) is stochastically reducible to |¢) (shown by |¢) s;c)c |¢)) if there are local
operators A, B, ..., N such that

0y =AQB®---QN|y). (1.43)

Also, |¢) is stochastically equivalent to |¢) or SLOCC equivalent to |¢) (shown by |) SLce [#))

if ) SLo—C)C |¢) and |¢) SEC [). If we can find invertible local operators (ILO), A, B, ..., N,

transforming the state |y) into the state |¢), then |f) is said to be equivalent to |¢) under SLOCC
transformations:

[) [ o) iff ) =AQBQ®---Q N ) for some invertible A, B, ..., N. (1.44)

It is also true that
Wy=A"®@B'® --@N'|p) (1.45)

where A~!, B!.... . N~! are the inverses of the [LO’s 4, B, ..., N, respectively .

It can easily be shown that if |y/) s1occ |#), then ranks of the reduced density matrices of the corre-

sponding local parties are equal [39], i.e.,
r(of) =r(p}) fork =A,B,--- . N. (1.46)

In Chap. 4, SLOCC classes for rank 2 mixed states of two qubits are constructed.
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CHAPTER 2

CONCURRENCE

2.1 Partly entangled bipartite pure state

Suppose that the particles A and B are in the “partially” entangled bipartite pure state [ 5

W)ap = @00) + B[11) 2.1
where a and j are some arbitrary constants satisfying the normalization condition |a|* + |8]* = 1.

Bennett et. al. [42]] have shown that, for the asymptotic transformations of pure bipartite entangled
states, there is a single measure of entanglement, which is defined as the von Neumann entropy of the
reduced density matrices of the state as follows

E (Yap) = —tr (palog, pa) = —tr (pplog, pg) (2.2)

where ps and pp are the reduced density matrices of the parties A and B, respectively. Then, for the
state |/), given by the Eq. (2.1), the reduced density matrix p4 of A is calculated to be

pa =g () Whap = lal?10) O] + B 1) (1]

o> 0
= . 2.3
( 0 P @)

Putting Eq. (2.3)) into Eq. (2.2)) results in the entanglement
|l log, laf? 0 )
EWap) = —tr(
Van 0 IBllog, B

= —laf’ log, laf* - |B/* log, |81 . 24)

A related entanglement measure which appears to be useful in the discussion of bipartite entanglement
of two qubits is the concurrence. The value of the concurrence for the pure state given in Eq. (2.1)) is
simply equal to

C (Yap) = 2o 8] = 2 +/detps = 2 +/det pp. 2.5)
The amount of entanglement E for the pure state in Eq. (2.1) can be expressed as
1+ VI-C?
ﬂo=4;L7——} (2.6)
Here, h(x) is the function
h(x) = —xlog, x — (1 — x)log,(1 — x). 2.7
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The concurrence can also be defined for mixed states of two qubits as well [@], however, this time
the calculation is more involved. In the following sections, we describe the calculation method and
compute the value of C for rank 2 mixed states of two qubits.

2.1.1 Pure state concurrence C(¢)

Concurrence of a pure state |y) = |), 5 of two qubits can be expressed as

CwW) =y 1d) 2.8)

where | i ) is the spin flip state for |y calculated by the formula
|d ) =S y") (2.9)
where |*) is the complex conjugate of |i) in the computational basis. Here, o';‘?z is given by 0'5’2 =

0
o,®0, for the Pauli operator o, = ( . Ol ] in the computational basis set {|0),|1)}. It acts separately

i
on each qubit as o, [0) = i|1) and o |1) = —i|0). Then,

02100y = —[11) and o> [11) = - |00). (2.10)
Now, applying these operations on Eq. (2.1)), the spin flip state is found as
| ¢ ) =—a"[11) = B7100). 2.11)
Then, concurrence is calculated to be

C(Yap) = 2lal|B]. (2.12)

Notice that the concurrence of a maximally entangled state given by Eq. (1.32) is found as C = 1 since
@ = —B = 1/ V2. However, the concurrence of any product state like |00) is found O since 8 = 0.
Therefore, concurrence is some kind of a measure of entanglement, i.e., more concurrence means a
more entangled state. Note that E = E(C) in Eq. is a monotonically increasing function of C,
which also takes values in the interval (0, 1). Hence, by the same token, E is a similar kind of measure.

2.1.2 Concurrence of a mixed state

For a mixed state, the concurrence is defined in an elaborate way. The R matrix of a mixed state

p = pup of two qubits is defined by
R(p) = \/ VPP VP (2.13)

p=0p'ol?, (2.14)

where p is the spin flip state given by

where p* is obtained by taking the complex conjugate of p in the computational basis. Let the eigen-
values of R (p) be
Eigenvalues of R (p) = {1}, A2, 43, A4} (2.15)

in non-increasing order, i.e., 1 > 1y > A3 > A4. Then the concurrence is calculated as

C(p) = max {0, 4; — A — A3 — A4} . (2.16)

12



For any pure state |1), the density matrix p is p = |} (| and the spin-flipped state pis p = | Y{ ¢ |.
Note that p = |y) (/| is a four dimensional density matrix and is already diagonal or spectrally de-
composed (i.e. a projectorﬂ) with eigenvalue 1 for the eigenstate |i/) and O for the other three mutually
orthonormal eigenstates, which all form an orthonormal basis. Then, the square root function +/---
can operate directly on p as p = V1|¥) (¥| = p. Therefore, using the Dirac representations for VP
and p, R (p) is found as

R(o) = \[NBD B = ) @ 18 D) () w)
=|w19)|p=Cwp (2.17)

which is already in its spectral form like p whose one eigenvalue is 1 and other three are 0. Then the
eigenvalues, in of R (p) are
{1, A2, A3, 4} = {C(¥),0,0,0}. (2.18)

Thus, using Eq. (2.16)), the concurrence C(pp) is
C(pap) =CWap) =2lallBl. (2.19)

As aresult, the Eq. (2.16) of the concurrence for mixed states can also be used to find the concurrence
of a pure state which is a rank 1 mixed state.

2.1.3 Eigenvalues of pp

In this section, instead of finding the eigenvalues A of R (p), the square roots of the eigenvalues y of
the matrix multiplication pp

Eigenvalues of pp = {y1, 72,73, 74} (2.20)
are used to find the concurrence so that
C(p) = max {0, \¥1 — V72— V73 — V¥l 2.21)

This can be shown as follows. It is a well-known result in linear algebra that similar matrices have the
same set of eigenvalues. For two matrices A and B, the matrix AB is similar to

A" (AB)A = BA. (2.22)

Hence, the set of eigenvalues of AB and BA are identical. By continuity of the dependence of eigen-
values on matrices, the same conclusion holds even when A and B are non-invertible. Therefore,
R? = \pp Jp and +p+pp = pp are isospectral. Note that pp is not Hermitian. But, since R’isa
positive definite and hermitian, the eigenvalues of pp are real and non-negative.

In conclusion, concurrence of a bipartite pure state can be found by the Eq. (2.8) for pure states, by
R(p) in Eq. (2.13), and also by direct multiplication pp developed for rank 2 mixed states.

2.2 Bipartite mixed states with matrix rank 2

Consider a mixed state p = p,p of two qubits A and B. Let us suppose that p,5 has matrix rank 2,
i.e., it has only 2 non-zero eigenvalues. Let us suppose that its eigenvalues are g; and eigenvectors are

! Any projector has eigenvalues 1 and 0.
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i) ap (i = 1,2). Therefore, we have

2
pan = ) @i (W) Wiag - (2.23)
i=1

For some problems, it is useful to think of AB as being entangled to a hypothetical system C such
that ABC are in a pure state [¥) pc and pap = tre (V) (P)apc- The state |¥),pc is usually termed a
purification of p4p. A straightforward purification of Eq. (2.23) is obtained as

) asc = Va1 W 1)ap ®10)c + Va2 [¥2)ap ® 1) - (2.24)

Therefore, |¥),pc is a pure state of 3 qubits when p4p has matrix rank 2. The classification by Diir
et. al. [39] of pure states of 3 qubits enables us to classify the rank 2 mixed states of 2 qubits.

In the following, we will consider the two types of mixed states pp separately. Namely, those states
where purification is of W class and those ones whose purification is of GHZ class. Using well-known
representations of these pure states, we will obtain the concurrence of the mixed state p4p.

2.2.1 The case where the purification is of W class

Consider three qubits A, B and C. Let ABC be in a 3-partite W-type entangled state [¥'),pc defined by
Eq. (1.35) for p = 3 such that

) pc = Vo 1000) + /7 [100) + /x5 [010) + /x5 |001) (2.25)

where the coeflicients xy and each x; for k = 1,2, 3 are some positive real numbers which satisfy

3
Xo + Z x = 1. (2.26)
k=1

In the following sections, from the pure state |¥),pc, first the density matrix of the composite system
ABC, then, the reduced density matrix of the subsystem AB are calculated. Finally, it is shown that
there is an entanglement between the qubits belonging to A and B by using Eq. (2.16) for concur-
rence derived for mixed states of 2 qubits. For the reader to easily follow the calculations, it is more
convenient to separate |¥),z- as AB-C like in the purification of p4p given by Eq. as follows

)apc = (\/X_o|00> + Vx1 [10) + \/x_2|01>)AB ®[0)c + Vx3100) ® [1)¢ (2.27)

with
Widap = VX0100) + vx1110) + vx2101) and [2)p = Vx3100) (2.28)
which are unnormalized vectors. Here, also ¢q; = 1 and ¢, = 1 which are nothing to do with the

eigenvalues given by Eq. (2.23). The density operator p}, . of ABC system is obtained then

Puge = () (Phasc
= (1) W1Dag ® (10) 0D + (1) Wal)ap @ (10) (1D
+(2) (W1Dag ® (11) (0D + (W2) WaDap ® (1) (1Dc -

Therefore the reduced density matrix pX’B is
P = trcpipe = (1) Wibag + (W) Walag - (2.29)
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Here, in the intermediate steps, Eqs. (I.26) and (T.27) are used for the trace operations. On the other
hand, pXVB can be represented in a matrix form in the computational basis set for two qubits substituting

1)4p and |¢2),p defined by Eq. (2.28) into Eq. (Z.29) as

X0 + X3 A/ XoX2 VXoX1

pW _ VXoX2 X2 VX1X2
AB V/XoX1 VX1X2 X1
0 0 0

(2.30)

S O O O

Since x;’s in Eq. (2.25) are real for all k, then p}y is a real matrix. Also, the tensor product o5 is
obtained in a matrix representation as

0O 0 0 -1
e (0 iy )_| 0 01 0 0an
Y iocy 0 0 1 0 O ’
-1 0 0 O

Thus, the spin flip state is easily calculated by matrix multiplication as

VXX X2 — \/XoX2
—\Xoxi —+xoxz (xo+ x3)

0 0 0 0

- . 0 X X1 x —/xox

Ply =0l = o~ - - (2.32)
0

in the computational basis set. The matrix multiplication of pXVB with ﬁKVB is then

2)(?1 A/ XoX2 2)62 VXoX1 —2)(?() VX1 X2
2Xx1X2 2x0 \x1X2  —2x0 \[xox1 (2.33)
2)(?1 VX1 X2 2x1x2 —2x1 VXoX2 ’ ’
0 0 0

W oW _
PapPaB =

S O O O

Then, the eigenvalues 7; of the matrix pf‘;ﬁr; can easily be calculated since they are the roots of the
characteristic equation

c(y) =y (y — 4x1x2) (2.39)

whose solution, i.e. ¢ (y) = 0, gives the set of eigenvalues y; as

{¥1,72, 73, ¥4} = {4x1x2,0,0, 0} (2.35)

in non-increasing order. Square root of the eigenvalues y; of pr‘;ﬁr‘; gives the set of eigenvalues A; of
R (pXVB) as
(1, 2, A3, A4} = {2 V3132, 0,0, 0} (236)

in non-increasing order. Substitute the eigenvalues A; given by Eq. (2.36) into Eq. (2.16) for the con-
currence to get

C(pl) =2vxm (2.37)

since both x| and x; are positive numbers.
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2.2.2 The case where the purification is of GHZ class

Start with the general form given by Eq. (I.39) for p-partite GHZ-type state. Let p = 3 so that three
qubits A, B, and C are in the following tripartite GHZ-type entangled state

1
(¥apc = + (1000) + 21815255)) (2.38)

where N represents the normalization constant, and z is an arbitrary complex number. Here, |8;)’s are
some arbitrary unit state vectors defined by Eq. (1.40). In order for |¥),5c to be a unit vector, the
normalization constant N should be equal to the norm of |000) + z |3,3,83) such that

N = y(000] + z* (B1/3:33]) (1000) + z|B182833)).- (2.39)

To simplify the calculations note that (0| 8;) = ¢; and (1| ;) = s; and substitute them into Eq. (2.39)
to obtain

N = \/ 1+ 2¢10263R() + |2 (2.40)
where R(z) = (z + z*)/2 is the real part of z.

While it was convenient to deal with the matrix representations for the example of W-type in the
Sec.[2.2.1} it is not in here. Due to the fact that p®/' contains too many parameters, another approach
is called for. The following quantum mechanical tool is developed for faster calculations instead of the

slower matrix method.

Firstly, write [¥)45c given by Eq. (2.38) as the sum of the tensor products of the subsystem AB and C
as follows

[PYagc = laap®10)c +lax)ap ® 1) (2.41)
1
= 5 (100) + 263 B1B)5 @ 100 + 5 1BiB2) a5 @ e - (2.42)
Then, we note that
1
la)ap = v (100) + zc3 18182)) and |az)ap = % 18182) - (2.43)

Secondly, |a;)4p and |ay)4p can be given a matrix representation in the computational basis set. The
tensor product |313,) is obtained as

C1C2
C182

1B1B2) = (2.44)

S1€62
S182
where the column vector representations of |81), and |3,) given by Eq. (I.40) are used in Eq. (2.44).

Finally, substituting Eq. (2.44) for |813,) and Eq. (I.3) for [00) into Eq. (2.43)), lai)4p and |a,),p have
the column vector representations

1+ zcicace3 cica
1 2€182C3 zs3| c1s2
la)ag = — s ladap = — (2.45)
N 751€2C3 N | sic
785182C3 5152
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Besides, by normalization of Eq. (2.41)) and with the abbreviation |a;) = |a;) 45 note that

2
IYapcl? = 1 = Carl ar) + {arl @) = ) lllaIP (2.46)
i=1

of which use is made repeatedly throughout the thesis.

Thus, the reduced density matrix p§5% of AB is found as

2
PSH% = 1rc (W) (PDage = lar) San] + laz) ¢aal = ) las) (ail (2.47)
i=1

which is a rank 2 mixed state. Alternatively, if p%lz is written in a matrix representation putting

Eq. (2.45) in Eq. (2.47)), the columns of the 4 x 4 matrix p§H* will be calculated as

1+ (|l c1c2)? + 2c1c2¢3R(2)

1| (zcr1)’casz + 2c15503R(2)
1 Coll = — , 2.48
CLE =T (dearers: + 251006 R () (2.48)

|z c1s1c282 + 2515263R(2)
(Izlc1)*cas + 2153 R (2)
(i col) = (il c12)” (2.49)
N |Z|2 C151C2852 ’

(I2 52)%s1¢2
(2l ¢2)*c151 + 2510203 R(2)
L |Z|2 C151C282
N? (I2l s1¢2)°
(I2l 51)%cas2

{3 Col} = , (2.50)

21> cisieach + 251523 R(2)

1 (2l 52)%s1¢2
4" Col.l = — . 2.51
{ ° } N? (Izl s1)*c252 @51

(|2l 5152)°

In order to obtain an outer product representation for ,5%12 , the following procedure is used. Firstly,

find the spin flip of the orthonormal basis set given by Eq. (T.6) as

Spin flip orthonormal

7)) fori.j= 0.1 252
basis set for 2 qubits {|’J>} or i, j ( :
where
00) = 022100)" = G 1) (11 = - 1), .
|O~1> = ;G?ZIOI)*:(i|1>)(—i|0))=|10>, (2.54)
[10) = of2110)" = (=ilo) (11 = oD, (2.55)
1) = 2|11y = (=i[0)) (=i [0)) = ~[00). e

—ch )With <0 lﬁ,> = —isj, (1 |[3'J> = ic;, and <ﬁj |ﬁj> =0

Secondly, use the spin flip states | 3 i) = i(
J
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and the tensor product | 313, ) of the spin flip states | 5; ) as

—S152
BB ) = zizz (2.57)
—ci6
with
(00[B132) = —s150, (2.58)
(013:2) = sica, (2.59)
(108:2) = cis, (2.60)
(11 |f3132> =—ci0 (2.61)
as wellas (815 [B1f2 ) = (81|31 ) (B2 [B ) = 0.
Finally, express spin flip states [&;) and |a,) using Eq. (Z43) as
= (11D + es 1 BiBn) 2.62)
and N
a2) = = 1Bia ). (2.63)

All in all, start from Eq. (2.47) for p$#%, then represent 5§57 given by the Eq. (2.14) in the following
form

2
PIHE = \ar) (@ + ) (@al = ) ) @l (2.64)
i=1

A matrix representation of an operator A : V — W, where V and W are any two vector spaces, is
defined to be

Alvs) = ZA,», ;). (2.65)

Here ”v J>} and {|w;)} are bases (not necessarily orthonormal) in spaces V and W respectively. The
number of vectors in the basis set should be the same as the dimension of the corresponding vector
space [@]] Also, A;; are the matrix elements of the matrix representation of A. A;; is the entry in the

th

i row and the j” column.

If |a;) and |a,) are the two elements of the basis set in Vg (which is a four dimensional vector space
since AB is a two qubit system) the rest of the basis set, say some mutually orthogonal states |a3) and
las) can be chosen to be orthogonal to both |&;) and |@), too, for convenience. Then, let p§H#pGH* act

on each element of the basis set {ia/)} for j=1,2,3,4 to get

2
PSP as) = ) (AA7), la (2.66)
=1

12

where Ay = (a;|d ). Therefore, pGH*p%H? as an operator taking the vectors {|a J>} from the vector

space V4p to the same vectors {|a;)} in the four dimensional vector space V,p represented by the 2 x 2
matrix AAT.
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Now, use the calculated (a; |a; )’s given below

*

N z
(arlay)y = _2N2 5152€3,
. 7"851828 -
(@lay) =-"—3 = (@), (2.67)
(mplazy =0
to get
_ ( (arlar) (arlaz) ) (2.68)
(azlay) (azlaz)
Then AAT is obtained as
AAT = ( Kay la )P + Kay la)P  (ay la) ) <ay laz )* ] (2.69)
(arlar)" i laz) Kai la> )
in terms of only (a; |d; )’s for convenience.
Eigenvalues of p§H#pGH# are the solution of the characteristic equation
c(y) = det(AA" - Iy) = 0 (2.70)
with the solution 5 5
Izl 515 l2I* 5
1= 21+ andyy = =2 2 (1-c3). (2.71)

Square roots of the eigenvalues y; found in Eq. (2.71) of p§H#pSH% gives the set of eigenvalues A; of

R(p§H?) as

|z 515 |zl 515
{11,42,13,44}={ (L), -

(I-1¢3),0, 0} (2.72)

in non-increasing order. Using Eq. (2.16)), the concurrence C(pG”Z) is finally calculated to be

2zl s152¢
ClpSE") = =7 = Karla). (2.73)
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CHAPTER 3

OPTIMAL ENSEMBLE REPRESENTING MIXED STATES

In this chapter, we can invoke what Kirkpatrick [55]| call as Schrodinger-HJW theorem, a very useful
result which has been discovered and re-discovered many times. It is first shown by Schrodinger in
1936 [AQ], later by Jaynes in 1957 [[56], and by Hughston, Jozsa and Wootters in 1993 [57]. The
theorem can be stated as follows: Suppose that we have an equality

Zn] i) (il = ) |8} (8] 3.1)
i=1 j=1

where @), ,|@n),|B1), - ,|Bn) are some, possibly unnormalized vectors. The numbers n and m
may be equal, but they may also be different. Suppose that n < m, without loss of generality. Then,
there is an m X m unitary matrix U such that

iy = Y Uyl By (or i=1,2,c mn+ 1, ,m), (3.2)
j=1
;) = Z Ujlas)  (for j=1,2,--+,m) (3.3)
i=1
where we define |@,11) = [@pi2) = -+ = |, = 0.

It is straightforward to check that the opposite is also true, i.e., Eq. (3.2) [or Eq. (3.3)] implies Eq. (3.1).
The proof of the actual theorem, i.e., Eq. (3.1 implies Egs. (3.2)) and (3.3), can be found in Nielsen

as well.

As in the discussion in Sec.[2.2] consider a mixed state p = p,p with matrix rank 2 so that it has only
2 non-zero eigenvalues. Therefore, we have

2
pas = ) Bilvi) (vi (34)
i=1

where ; are the eigenvalues corresponding to the mutually orthogonal eigenvectors |v;) (i = 1,2).

In our case, consider any arbitrary ensemble & = {r;,| w; )} with n = 2 states that realizes pap, then

2

2
pas = > Brlviy (vl = ) rilwi) wil 3.5
i=1

i=1

where r; is the weight of the state | w; ) in the ensemble &. Meanwhile, Eq. (3.5)) can be expressed as

2 2
pas = ) (W) Wil = D () iy - (3.6)
i=1 i=1
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Here, the subscript sub stands for the subnormalization of | v; ) which is defined by

(< Vi| Vi >)sub zﬁi (37)

and also
Cwil wi Ny = i (3.8)

Therefore, by Schrodinger-HJW theorem we can find 2 X 2 unitary matrix U such that

2
Wi = D Ug Vi) (For i=1,2). 3.9)
j=1

In this chapter, the main aim is to find the optimal ensembleﬂ
& = {pi i) (3.10)

that represents p,p for the matrix rank 2 states which are studied in chapter[2] This ensemble satisfies

pas =) pi (Wi Wiy - (3.11)

Moreover, for this ensemble the average value of entanglement reaches its minimum value, i.e.,

E (Clpan) = min ) i (Wian) = ), i (4745) (3.12)

where {g;, [¥;) 45} is any ensemble having density matrix p4p and the minimization is carried out over
such ensembles. Here, E (¥; 4p) is defined earlier as the von Neumann entropy by Eq. (2.2).

To find the optimal ensembles, only the types of density matrices for which C(p) > 0 are used since
C(pr;) =2+x1x; >0and C (p/(_‘;gz) = 2z] s152¢3/N? > 0. For this type of density matrices, Wootters
[54]l proposes three successive decompositions of p4p using unitary and orthogonal transformations.
These decompositions are represented by the ensembles of n = 2 pure states which are listed as the
following

& = {ri,| wi )}
Epap) =& =1{qi 1 yi )} - (3.13)
& = 1{hi,| zi )

The way to find these ensembles are described in the subsections of the following sections, in detail.

Briefly, in Sec. 3.1} the tool developed by Wootters [[54] is utilized to obtain the optimal ensemble for
mixed states with W class purifications. The set of states {| w; )} in the first ensemble &} are obtained
by a unitary matrix U from the eigenvectors {| v; )} using the Schrédinger-HIW theorem by Eq. (3.9).
Then, the unitary matrix U is obtained easily so that it diagonalizes the matrix 7 whose matrix elements
are obtained by tilde-inner products defined by 7;; = (( vil Vj ))m . By restricting | w; ) as

(Cwil ;) , = sy (3.14)

where A’s are the eigenvalues of R (p‘Af’B) so that eigenvalues of 77" are equal to the absolute squares of
Ai.

! The superscript opt is the abbreviation of the word optimal.
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Later, the set of states | y; ) in the second ensemble &; are obtained from the set of states {| w; )} in the
previously determined ensemble &. First, Wootters defines the preconcurrence for any pure state
[¥) as follows

’ (wig)) ai1s)
Y g ’
Next, the average preconcurrence of the ensemble &> = {g;,| y; )} is chosen to be
(c(&)) = Z gic(yi) = A1 — 2 — A3 — A4 = C(pap) . (3.16)

Here, C (pap) is the concurrence of the mixed state pap. Thus, Eq. (3.16) restricts the elements | y; ) to
the relations

Y1 Dsup = 1 W1 D sut (3.17)
and
LY dsup = Tl Wj s (for j=2,3,4) (3.18)
because of the Eq. @I} for the elements | w; ). So, | y; ) is obtained from | w; ) easily.

The third ensemble &3 = {h;,| z; )}, which will be our optimal ensemble, is obtained from the elements
| v; ) of the second ensemble &, using real positive determinant orthogonal matrix V. In this case,
preconcurrences c(z;) of each state | z; ) in the ensemble are obtained by equating them to the average
preconcurrence { c(&3) ) of the ensemble &3, i.e., C (pXVB) . This means that average entanglement
3 hiE (z;) is equal to the entanglement E (C(pK’B)> of pl, as given by Eq. .

However, in Sec.[3.2] a new approach is developed to do same for mixed states with GHZ class purifica-
tions. In this case, instead of finding the spectral decomposition of the p%’z , the known decomposition
pSHZ = 312 | |a;) {a;| given by Eq. is chosen to be the starting point. It is reasonable since finding
the eigenvalues and eigenvectors of p%’z is somewhat cumbersome. Therefore, the tilde inner prod-
uct now is calculated by 7;; = { a;| d; ). Now, construct the set of states {| w; )} in the first ensemble
&) by the unitary matrix U from the set {|a;)} using the Schrodinger-HJW theorem by Eq. (3.9), i.e.,
Vrilwi) = 23, Up,

as the case of .

a j> for (i = 1,2). Then, the rest, i.e. determination of | y; ) and | z; ), is the same

3.1 Mixed states with W class purifications

The eigenvalues 3; of p/‘;‘; are the roots of the characteristic equation

cly) =det(pl —Bl) =B | =B+ x5 (1 + x2)) (3.19)

as

1+ v 1- ‘/Z,o,o} (3.20)

{B1.B2, 83, B4} ={ T T3

where A = 1 — 4x3(x1 + xp).

It is now sufficient to find the eigenvectors corresponding to the two nonzero eigenvalues 8; and 3,
given by the Eq. 1i The solution to the eigenvector-eigenvalue relations pX‘; [vi) = Bilv;) in terms
of the entries of |v;) is found to be

a; \/#TI Bi — (x1 + x2))
b: \/Z
vy=| " |=c x : (3.21)
Ci 1
d; 0
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It can be normalized for appropriate choice of ¢;, but use the form given by the Eq. (3.21)) for simplicity.

Subnormalization of |v;) defined by the Eq. (3.7) is given by

L _ 2
i1 Vi gy = {(ﬁ’ 0 A0 1}c,-2 =B (3.22)

X0X1

whose solution for ¢; is

_ XoX1X3
“= \/(2,81' -G -1+ x3)’ (3.23)

Now, |v;) is subnormalized if the value ¢; found in Eq. (3.23) is put into Eq. (3.21) leading to |v;),,; . It
is convenient to leave these results with ¢; given by Eq. (3.23) due to the reading convenience.

3.1.1 The first ensemble

Begin with the results of Eq. (3.9) obtained by Schrédinger-HJW theorem
2
Wi = Y Ug|vj) - (for i=1,2) (3.24)
=1

for a 2 X 2 unitary matrix U. Therefore, the first ensemble & = {r;,| w; )} is obtained from the spectral
decomposition of pX’B, i.e. {8, [vi)}. The subnormalized states |v;),,;, are calculated by Eq. l) where

¢; is given by Eq. (3:23).

Now, define a 2 X2 symmetric, but not necessarily Hermitian, matrix T whose elements are constructed
by tilde inner products

7= (vl ) . (3.25)
Here | Vj ) is the spin flip state | v; ), defined by Eq. (Z.9) such that
1) Db = T2V Youp - (3.26)

It is easy to show that the matrix 7 defined by Eq. (3.25) is symmetric, i.e. 7;; = 7;;. Using Eq. (3.23)
for | V; )y, we have

m = (Ol eP 1), = (515 1)),

sub
N lv)) = (et
(Cviteivy) = (v

(o), = (vl w),, =T (3.27)

because 0';‘?2 is Hermitian and real by Eq. (2.31). As a result, 7 is a symmetric matrix. However, it is
not necessarily Hermitian since

(), = i = (vl 7)), = (<ol v),, # 7 (3:28)

ij su K

For the set {4;} of the non-negative eigenvalues Eq. (2.36) of the R matrix, R(p!"), let [w;),, be given by
Eq. (3.24)). It satisfies the condition (( wi| W; )) - A;0;; as previously assumed by Eq. (3.14) where

SU

the spin flip state | W; ), is

2
| "‘7[ >sub = O—;‘?z | Wz* >xub = Z Uij| V~j >sub . (329)

=
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Then, Eq. (3.14) can also be written in terms of U and 7 as the following

2 2
" " T
(Wil W) Y = Z UinUj vl Vi ysup = Z UintuUj;
k=1 k=1

= (UTUT)ij = 6. (3.30)
Eq. (3.30) implies that UrUT is diagonal with the diagonal elements A; and there is a unitary U that
diagonalizes . However, the diagonalization of 77* gives us a wider aspect. First, multiply UrU”
with (UTUT) = U*t*U" to obtain

(U U UT}U ={vr(v'v) « UT}U = (Urr* U*)U
- zk: (UTUT)ik (% UT)kj
= Al 6 (3.31)
SO
(Ut U") =P = 4 (3.32)
ij

since A1 = 2+/x1x, and A, = 0 are real.

Thus, in general, we deduce that 77" is Hermitian because it is diagonalized by the unitary matrix U
and its eigenvalues are the absolute squares of the eigenvalues of the matrix R(pr;). This means that
77" has a spectral spectral decomposition

2
= Y i) (ol (3.33)
i=1

if |#;)’s are the orthonormal eigenvectors of 77* corresponding to the eigenvalues /11.2.

Using the results above, we claim that the rows (or the columns) of a unitary U (or U ) that diagonalizes
77" can be chosen as the eigenbras (or the eigenkets) of 77 in the proper order of the eigenvectors
corresponding to the eigenvalues /liz as the following

U=y In) ). (3.34)

So U satisfies the completeness equation UTU = UUT = I. Indeed, U diagonalizes 77" to its spectral
form as the following

2

N (1] . a0
Urr'U' :( <t;| ](n (1) 1) ):( 0 2 ) (3.35)

where we used Eq. 1i to have 7™ |t;) = /l,.2 ).

Now, we find the elements 7;; by Eq. (3.25) for | v; ),,’s in terms of the coefficients ¢; by Eq. (3.23)

and we get
Tij = Vil Vi Yup = 2 ( N ;C—?) cicj. (3.36)

Next, construct the matrix elements (77%);; of 77" as

2 2
(T7%);; = Z TiTy; = (%) (cic_f) Z cr. (3.37)

k=1 k=1
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After detailed calculations, we find the following expression Zi:] c,f = x1 and get (777);; = 4xa¢ic;
such that

2

" = 4x [ S ] (3.38)
C1C2 C2

which is a Hermitian matrix as proved in Eq. (3.33).

Using the fact that 77" has only one-nonzero eigenvalue /l% = 4x;x, with the others being 1,34 = 0,
the eigenvector of 77* corresponding to the eigenvalue /l% can be found as

1 (a
[t )= \/x_l(c’z)'

The second eigenvector corresponding to the eigenvalue /15 = 0 will be orthogonal to | #; ). Therefore,
we obtain

(e
1) = \/x_1[—61 )

an therefore the unitary matrix U is
(nl ) 1 ( o J
U= = . (3.39)
[ (t Vxi\ e —c
As a result, using Eq. (3.39) for U, then | w; ), of the first decomposition &} is calculated as

2
| w1 >sub = Z UL' Vj >sub
j=1

C1 (5
== + | == . 3.40
( \/x_l)| Vi Dsub ( \/X_l)l V2 Dsub (3.40)
After detailed calculations, we get
[ Wi Dsup = VX0100) + Vx2[01) + +x; [10). (3.41)

Therefore, putting Eq. (3.41) into the subnormalization formula for | w; ) by Eq. (3.8), we find the
probability r; to obtain | w; ) in the ensemble & = {r;,| w; )} as

(Wilwidgp=r1=xp+x1+x=1-x3 (3.42)
and | wy ) is found to be
i) = —=lwi)
wi - \/ﬁ W1 ) sub
1
= %0 100) + Vx2 [01) + +/x; [10)). 3.43
== (V®100)+ y& 01) + x/110)) (3.43)

Next, to find the second member | w; ) of the ensemble &7, use the preceding procedure to get

2
W = D U1V Yo
J=1

= (\C/‘_i—l)l Vi >sub - (%)l V2 )sub (344)
= Vx3100) (3.45)
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and by Eq. (3:8)), we find the probability r, for | w, ) in the ensemble &} as

(w2l w2 Y =12 = x3. (3.46)
Finally | w; ) is found to be
1
[wy) = N | w2 Ysup = 100) . (3.47)

For consistency, note that the sum of probabilities {ri, r,} found in Egs. (3.42) and (3.46) is 1, i.e.,
r+rn=1-x3+x;=1.

3.1.2 The second ensemble

The set of states | y; ) in the second ensemble & = {g;,|y; )} (i = 1,2) are obtained from the first
ensemble & = {r;,| w; )} found in Sec. so that

2 2
DU i Dy = DA wi Wi Dy = 1 (3.48)
i=1 i=1

where | yi Yo = Vgil yi ) -
Using the preconcurrence formula given by Eq. (3.15) for | y; ), we get

il Vi Do il Vi Mg

c(y) = = (3.49)
Y Cyil ¥i Vsup qi
Next, the average preconcurrence of the ensemble & = {g;,| y; )} is chosen to be equal to
2
(c(&)) = Z%C ) =41 — A =2+vxix2 = C(pap). (3.50)

Here, C (pap) is the concurrence of the mixed state p)y. Thus, Eq. (3.50) restricts the elements | y; ) to
such relations

|)’l >sub = I wi )sub (351)

and

Y2 Ysup = Tl W2 Yup (3.52)
since (( wi | W ))mb = 4;0;; by Eq. l) Therefore, & satisfies (¢ (&3)) = C (pap) given by Eq. (3.50)
such that

(€(@&)) =yl Vo + €21 52 D
= (< wi | Wi >)suh - (( wa | Wo >)suh
= /11 — /12 =2 VX1Xx2 = C(pAB)- (353)

Now, we derive the elements {| y; )};_; , of the second decomposition & = {g;,| y; )} realizing p/‘:‘; from
the first ensemble & = {r;,| w; )} obtained is the Sec.(3.1.1) as

|yl >sub = \/q_1|y1>=|wl )sub

= /X0 [00) + vx3|01) + ~/x [10), (3.54)
then |
313 = == (VR0 100) + V& 101) + V&7 110) (3.55)
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and

[ Y2 Your = V@21 y2 ) =il w2 ) = i Vx3]00) (3.56)
then
[ y2) ! | v2 ) 1 |00) (3.57)
[ su =1 . .
2 Va2 Y2 o

Note that the probabilities g; of | y; ) in the ensemble &, are equal to the probabilities of r; of | w; ) in
the ensemble &) given by ,i.e. gy =r; =1 —x3and g = rp = x3.

3.1.3 The optimal ensemble
3.1.3.1 Prescription

Compared to the other first two ensembles &) and &, discussed in the previous sections, now let the
last ensemble, &3 = {h;,]| z; )}, be the optimal ensemble as Wootters proposes . This decomposition
is arranged in such a way that preconcurrences c(z;) of each states | z; ) in the ensemble are equal
to the average preconcurrence ¢ ¢(&3) ) of the ensemble &3 which is equal to C (pr‘;). Accordingly,
entanglement E(z;) of each states | z; ) in the ensemble will be equal to the average entanglement
(E(&)) = Z,-zzl h;E(z;) of the ensemble which is equal to E(C(p4p)).

Now, we make use of the formula for the first ensemble &) given by Eq. 1i of plV; so that

2
2 Y = D Vil ¥ ous (3.58)
j=1

for a 2 x 2 unitary matrix V.

For further discussions, Wootters [54]] defines a 2 x 2 matrix ¥ whose elements are given by

Yij = (il Vi Ysuv (3.59)
which are found to be
Yiu ={nl Y daw = 2VX1x2 (3.60)
with the other elements being zero. Consequently, written in a matrix form, ¥ becomes
24/ 0
yz( g”@ 0 ] (3.61)

which is a real diagonal matrix.

Thus, the average preconcurrence is

e

2
(c(@)) =D hic) =) (2l & (3.62)
i=1

2 2
D VaxaVi = (vyvT)

k=1 i=1
vyvT). (3.63)

i=1

e

i=

=1tr

—_—~ =
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In this decomposition, let the unitary matrix V be also a real matrix, that is, it is an orthogonal matrix
with the property VI = VI' = VIV = I = VT = V-, In such a case, the average preconcurrence
( ¢(&3) ) remains invariant under transformations by the 2 X 2 real orthogonal matrices. Since the trace
of Y is preserved due to the cyclic property of the trace operation, tr(ABC) = tr(BCA) = tr(CAB), then

(c(&)) =u(vyvh)=u(vyv)
=tr(V'VY) = trY = 2xx = C(pl)). (3.64)

Put it in another way, the last decomposition &3 = {h;,| z; )} derived by the orthogonal transformations
of {| y; )} is the optimal ensemble &°7. However, as described in the paragraph above, we are inter-
ested only in the transformation that makes the individual preconcurrences c(z;) equal to the average
preconcurrence { ¢(&3) ) of the ensemble.

3.1.3.2 Orthogonal matrix V

As discussed in the previous section, the preconcurrence of | z; ) must be equal to C(pAWB) such that

- vyvT
C(Zl) — ( 21 | 21 >A‘ub — ( )11 — Zm (365)
Czil 2 Yo h
andof | 2o ) :
- vyv?
c(z2) = (alz) ( )22 = 2+/x1x;. (3.66)
(22122 hy

Next, consider a real orthogonal matrix V with a positive determinant. The columns and rows of V
form orthonormal sets. Then, in order to obtain a positive determinant for V, i.e.,

det (V) = V1 Vo — Vi3V > 0, (3.67)

the following matrix can be obtained

<
o

-V
. 3.68
Vi ) (3.68)

3.1.3.3 The third ensemble

Ultimately, one can construct the set of states {| z; )} in the third ensemble &3 = {h;,| z; )} from the set
of states {| y; )} in the second ensemble &, = {g;, | y; )} by the orthogonal matrix V given by Eq. (3.68).

We use Eq. (3.58) to get

120 Y = Vi1 121 Yo + Via | Y2 Ysup
= ( Vhixo - i\/hm) |00) (3.69)
+ Vi (VE2101) + V1 [10))

and

22 Yo = (Vhaxo + i Vhix3) 100) + Vo (VA2 101) + VAT 110)). (3.70)
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Finally optimal states which are equal to {| z; )} become

w/opl) y (\/x—o_l | P2X3 3)|00>+ V2 [01) + +/x; [10) (3.71)
with probability p; and
2O ( %o + i /%)wow V32[01) + Va1 [10) (3.72)
2

with probability p, for being in the optimal ensemble &P = { Dis | w;’p "V B}. However, by normaliza-

tion of | w”p Y45 and the equation 33 o Xm = 1, the values of p;’s are obtained easily as

m=

1

P=m=y (3.73)
Therefore, the following results are obtained
_(UNZ -1/V2
V‘( V3 1/V2 ) G719
™), = (V%0 — iVx3)100) + V& [01) + V1 [10), (3.75)
and
0g") = (VR + V) 100) + V&5 [01) + V&7 [10). (3.76)

3.2 Mixed states with GHZ class purifications

In this section, we use the same procedure prescribed by Wootters [(54)] to find the optimal ensemble

representing p§H%. However, as shown in the Appendlx A, the elgenvalues and eigenvectors of p{H*

are not manipulated easily like in the case of p"’ g (See Sec. . Then, we claim that since we have
an available ensemble representing p$52, i.e., pSH% = Y7, ;) (| which is given by Eq. lb then
it is better to start with this ensemble. In this case, there is no loss in generality. In other words, it is

GHZ ;

unnecessary to start with the spectral decomposition of p%;“ in order to obtain the optimal ensemble.

The following sections describe this new method.

3.2.1 The first ensemble

Looking from the ensemble picture defined by Eq. (I.8), there is an ensemble

Ea = ai.|a})) (3.77)

realizing p§H# given by Eq. (2.47). Namely,

pSHe Z jai) {ai] = Zp,

for the already subnormalized states |a;) = +fa; |a;> with the probability a; being the square of norm of

la;) .

i

(3.78)
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We argue that the set of states {{w;)} in the first ensemble & = {r;, |w;)} defined by Eq. (3.9) can directly
al’.>} given by Eq. (3.77). This is to say
that there is a unitary matrix U between the states {|w;)} and {|a;)} with the following relation

be obtained by the set of states {|a;)} in the ensemble &, = {ai,

2
W = Y. Ujlaj)  for i=1,2 (3.79)
j=1

where |w;),, = +/ri|w;) . Following the procedure used in the previous section, there is a constraint
defined by Eq. (3.14)) on the set of states {|w;)} such that

(<W,' |1/T/j >)sub = /155,'}‘. (380)

Here, {4;} is the set of eigenvalues of the matrix R (p%’z) given by Eq. li Hence, the elements of

the matrix 7 is obtained by the tilde inner product by

Tij = <ai |le> (3.81)
so that
Utt'U" = 4}s;;. (3.82)
t
We will then find the unitary matrix with U = ( ztl: ) which diagonalizes the matrix 77*. Remember
2

that |t;) is the eigenvector of 77" corresponding to the eigenvalue /liz.

Now, we use the values of (a; |Elj >’s which are given by Eq. (2.67) which are 7;;’s defined by Eq. 1}
Therefore, we have

_[ (@ |€:11> (arlaz) | _ arla) [ 2¢3 3 (3.83)
(azlay ) 0 2¢3 s3 0
since
(@ la)  ~Tnss [N (3.84)
(arlay) — —2z*s1s2c3 /N> 2c3° .
Notice that 7 found in Eq. (3.83) is a real Hermitian matrix
2
- ( c3 83 ] (3.85)
83 0

multiplied by a complex number (a; |@; ) /2c3. In other words, 7" is also the same Hermitian matrix
multiplied by {(a; |d; )" /2c3. Then, it is straightforward to show that 77* has the same eigenvectors as
those of H. If calculated, the eigenvalues of H are found to be a;» = ¢3 + 1. Thus, the eigenvectors of
H are obtained as

_ 1 ]—C3 _ 1 3
)= x/2<1—c3)( 53 ) o) = \/2(1—6‘3)( C3—1] (-8

corresponding to the eigenvalues o, respectively.

Consequently, the unitary matrix U can be expressed as

1 1- (%] S3
U= — 3.87
\/2(1—63)( 53 c3—1 ) G857

which is also a real Hermitian matrix. Hence, by the Eq. (3.79), the subnormalized forms of the states
[w;) of the first ensemble &) are obtained from the states {|a;)} in the ensemble &, as

1
W1 sup = NIy {(d = c3)lar) + s3laz)} (3.88)
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and

1
W2) sy = NI {s3lar) + (c3 = Dlaz)}. (3.89)

It can be shown that the probability r; of |w;) in the ensemble & = {r;, |w;)} is equal to the probability
> in &, {ai, |al'>} so that

a;

2 _ 2||2

N? ’

2
32l

N2

r=ay =l = ry = llaz)I* = (3.90)
where {|a;)} are defined by Eq. (2.43). Finally, by definition [w;),, = +/7; |w;) and substituting the open

forms of {|a;)} given by Eq. (Z.43) into the result, we have

2
wi) = ki {|OO) + 2(63 + ]lﬁlﬁ2>} (3.91)

and
[w2) = k2 {|00) + 2 (2c3 — 1) |B152)} (3.92)

1—C3
Kl = 3.93
L2V - 2ieP) \]2|z|(1—c3> G99

3.2.2 The second ensemble

where

Similar discussions with the case of W class applies here to obtain the second ensemble & = {g;,| y; )}
(i = 1,2) from the first ensemble & = {r;,| w; )} found in Sec.|3.2.1] Therefore,

2
i) =Iw) =x {IOO} +z (cs + ] Iﬁ1,32>} (3.94)

and
[y2) = ilwa) = iz {|00) + 2 (2c3 — 1) |B152)} (3.95)

where ;| and «; are given by Eq. (3.93). Also, since [y;),,;, = +/¢i |y} and
Myl = MWills » (3.96)
then the probabilities g; of [y;) in &, are the same as the probabilities r; of |w;) in &7, namely

N? = 52|z 52 |zf*
Q1:V1=T, g2 =1 = N (3.97)

3.2.3 The optimal ensemble

As summarized in Sec.[3.1.3]for the W case, we now find a real diagonal 22 matrix ¥ whose diagonal
elements are obtained by the Eq. (3:59) so that

(A 0
Y_[ 0 _a, ) (3.98)
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Here, A;’s are the eigenvalues of the matrix R (pgg z ) in non-increasing order given by the Eq. 1|
Note that
oY =4 - 4 = C(p§h7) (3.99)

as also proved by Eq (3.64).

Now, in order for each preconcurrence of the states |z;) in the third ensemble &3 = {;, |z;)} to be equal
to C(p$H#), we solve the following

(VYVT),,
c(z) = h— = - A, (3.100)
Therefore,
MVE =LV =h (4 =), LVE - LVE=h (4 - ). (3.101)

By the orthonormality of the rows of V, we have
Vi+Vh =1, V5 +Vy =1, ViiVa = =VVp,. (3.102)

Solving Egs. (3.101) and (3:102) regarding the positivity of V, i.e., det V > 0, we get

(3.103)

1 (\/C3(2h1—1)+1 —Ves (U =2h) + 1

=5\ Vo h=DFT Vo =2m) 1

Thus, the states |z;) in &3 are obtained from the states |y;) in &, given by the Eqs. (3.94) and (3.95).
Since the third ensemble is the optimal ensemble, we get

Yo') = 1 100) + o 1B1BY)  for j=1.2 (3.104)

with probability p; = h; in the ensemble &7 = {p s ijp t>} Here, in terms of the entries V;; of V, the

complex coeflicients y;; and u; are calculated as
(1 + 853 — C3) (Vj] - iij)

. , (3.105)
MmN =)

Z

foj = —————
TN 2p (=)

{Vit[es (1 = ¢3) + 3] + iVipss [2¢5 - 11} (3.106)
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CHAPTER 4

TRANSFORMATIONS OF MIXED STATES

As introduced in Sec. B]for pure states, SLOCC transformations for mixed states can also be defined
as follows: pup is stochastically reducible to p', , (shown by p sTocc p’) if there are operators A and B

such that
pis=(A®B)p(A'® B') 4.1)

and pap is stochastically equivalent to p',, or SLOCC equivalent to p/,, (shown by p CLoce o) if

! ! N h h is SL ival " » iff Eq. (4.1) holds f
p o P and p sToecP t can be shown that p4p is SLOCC equivalent to o/, , iff Eq olds for

some invertible A and B.

Let pap be a matrix-rank 2 state of two qubits and p sTocc p’, then matrix rank of p’, ; is less than 2. If

matrix rank of p,; is 1 (i.e., if p,; is a pure state) then one of A and B is not invertible and therefore
0/ must unentangled. This can be shown as follows: Suppose that A is not invertible. As A is a “2x 2
matrix”, this implies that A = c|a) {(a| for some |@) € H, and constant ¢ € C and therefore

Phs = (@) (e ® 75 4.2)
for some 2 X 2 density matrix o It is apparent that p’ is unentangled and uncorrelated.
Therefore we can state the following: if p sioccP with Eq. || and if p/, , has matrix rank 2, then
(0, 5 has matrix rank 2) & (A and B are invertible) . (4.3)

From now on, consider all transformations p sTocc o’ where both psp and p/, , have rank 2. In that

case, p’ sToccP 8 well, because only for invertible A and B one can satisfy Eq. tb

4.1 Support of p,, as a subspace

Let psp be a rank 2 mixed state of a two qubit system AB. psp has a spectral decomposition as

2
pas = ) pildi) Wil 44)

i=1
where {|i;)} is the orthonormal set of eigenvectors of p4p corresponding to the eigenvalues {p;} of pap.

Then, there is a 2-dimensional subspace of Hag = HaQHg called as the support of pap or supp (04p),
which is defined as the linear span of its eigenvectors

supp (0ap) = span{ly1), y2)}. 4.5)
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Any two-dimensional subspace of Hag always contains a product state, of which detailed proof is
given by Sampera, Tarrach, and Vidal [58].

There are two nontrivial cases we can think of:

1. Class P;. All the product states supp (p4p) contains are parallel. Hence if
la) = la1)s ®laz)g (4.6)

is the product state in supp (p4p), then supp (p4p) does not contain any other product state that is
linearly independent of |a). In such a case, we can find an entangled state |b) such that {|a), |b)}
is a basis of supp (04p).

2. Class P,. In this case, supp (p4p) contains two linearly independent product states. Call these
la) = la)s ®laz)p and |b) = |B1)4 ® |B2)p - 4.7

Therefore, any vector in supp (p45) can be written as a superposition of these.

In short, in both cases, one can find a basis {|a), |¢)} of supp (pap) such that |a) is a product state.

Now, we consider alternative representations of p4 5 in the form

2

2
IEDNIOEDS
i=1

i=1

;) (u;)

where Eq. is a special example. In all of these examples, {|u;), [up)} (similarly, { u’1> s u’2>}) spans
the support of p4p. In fact they form alternative bases for the support. By Schrodinger-HJIW theorem,
u;> = 2;iVij ‘u;> Recall that the dimension of the
unitary V depends on the number of elements in the corresponding sets and therefore, it is taken 2 X 2

these alternative representations are related by

in this case. This type of ensembles are called minimal ensembles which contains only 7 states to
represent rank n mixed states [36].

A special case is the subnormalized states |¢§“” > = +/pi ;) where |y;) are the eigenvectors and p; are
the eigenvalues of p, s, then

S8}

2
D) (it = > pilwnd il = 48)

i=1 i=1

Now, suppose that an unnormalized product state |P) in supp (p4p) is parallel to the product state |a)
defined by Eq. lb |P) can be written as a linear combination of {lw{””) , |¢;”b>} such that

P) = kla) = d |¢iub> +d, |¢,%ub> 4.9

for some complex numbers «, d; and d,. Here, we require that {d;, d,} satisfies |di? + |ds* = 1. Note
that
PP = pildil* + p2ldof* < 1 (4.10)

since H|wi‘”b>” = /pi. Now, define a unitary

d d
V= . 4.11
] i
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It can be seen that this is a unitary matrix because its columns (also rows) form an orthonormal set. For
another set of states {|u;)} which realizes p4p, it is true that |u;) = ;le Vij ‘zpj.”b> then |u;) = |P) = k|a).
Therefore, one can always find a representation {|u;)} of pap where one of the states |u;) is parallel to
a given product state |a). Also, |u) will be some other state in supp (p4p) which is

) = —d5 [y ) + dj |w3™) (4.12)

so that s ,
Dy Gt = > | ) (93] = (4.13)
i=1 i=1

4.2 States with class P; supports

Consider all representations of pap

pag = |ur) Cur| + |uz) Cur| (4.14)

where |u;) = «|a) for some product state |a) and |u;) is necessarily entangled if supp (p4p) is of class
P,. Moreover, |uy) + z|u; ) are always entangled for all z € C. Let

pas = i) (ui| + |us) (uty (4.15)

be another representation of p such that |u] > is a product state. In this case, since supp (p4p) contains

only one non-parallel product state, we necessarily have u’1> = k' |a) for some number «’. Because of
M']> = Vit lup) +

ui> would have been entangled. However, it is chosen as a

the Schrodinger-HJW theorem we also know that then there is a unitary V such that

V12 lup) . But, if Vi, were nonzero, then

product state, so V, = 0 necessarily and therefore V is diagonal. Then

up) =%y (i=1,2) (4.16)

The states are identical up to an overall phase factor.

In conclusion, if p4p is such that supp (o45) contains at most one linearly independent product state,
then, the decomposition of psp given by Eq. #.14) such that |u;) is a product state is unique up to
overall phases of |u;) and |u;).

Let pap be of class P;. One can then find a basis {|ag), |a1)} of Hy = C? and a basis {lBo) ,1B1)} of
Hp = C? such that pup = |u1) (u1| + |uz) (up| where

u)ap = lao)s ®Bo)p
[u2dap = lao)a ®B1)p +la1)s ®1Bo)p - 4.17)

’

it

Unfortunately, this representation is not unique. Let psp = |u’1> <u u’2> <u’2| where

u’1> = e fuy) = |a'(’)> ® |ﬁ6>,

u’2> = e |y, = la'(/)> ® Iﬁi} +la))® lﬂ6> (4.18)
then
) = zlao),
it
|:Bf>> =7 1Bo) »
18,y — 1
) = M (4.19)
a/’1> = ze (e"e2 lay) + 4 |a/0))
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where z # 0, 2 € C, 0y, 6, € R are arbitrary.

? .
Let pap and p/, ; be of class P;. Can we stochastically reduce p4p to o/, i€., p sTocc p’?7 We will

and let

show below that the answer is affirmative. Let psp = Z?:l ui) Cuil, plyp = Z,zzl |ul’> <u:

lur) = lao) ®1Bo) .

luz) = lao) ® [Br) + la1) @ [Bo) » (4.20)
i) =los)@l6).
i) =lag) @) +lat) @ |8;).

Can one find local operators A and B such that (A ® B) |u;) = |u:> (i, j = 2)? The problem can be solved
by finding A and B such that
Ala;) =

oy,  BIBY=8). 4.21)

The local operators A and B that satisfy these are not unique. In general, one can find A and B such
that

Alag) =z|ap),

Alay) =ze™ (e"g2 @)+ 4 aé)),

BlBy) = % 15) - (4.22)
i6 |7\ _ ’

BB = € 1:81>Z /llﬁo>

for any given z # 0,4 € C, 6,6, € R. For all of such A and B the relation p/,, = (A® B)p(AT ® BT)
is satisfied. This proves the claim, i.e., any two states psp and p’, , having supports of class P, are
SLOCC equivalent. Therefore, all density matrices with supports of class P, form a SLOCC class.

4.3 States with class P, supports

Let |a) and |b) be two linearly independent product states given by Eq. (4.7). Then, either {|a)4 , [B1)4}
is linearly independent or {|a2)g, |B2) 5} is linearly independent or both. There are three cases that one
can distinguish.

1. Class Pyp (only B is mixed): While {|a1)4 ,|B1) 4} is linearly dependent, {|a2)z, |B2) 5} is linearly
independent. For this case, |a;) is parallel to |@;), and all states in supp (pap) is of the form
la1)s ® |¥)p where |y)p is arbitrary. Therefore, p,, is unentangled and uncorrelated, with A
being in a pure state |@;), and B is in a mixed state (say o)

pae = (la){a1Ds ® 0. (4.23)

2. Class P4 (only A is mixed): While {|a2)p,|B2) 5} is linearly dependent, {|a;) 4, |81) 4} is linearly
independent. For this case, |3,) is parallel to |@;) and all states in supp (o4p) is of the form
)4 ® laa)p Where ), is arbitrary. psp is unentangled and uncorrelated, with B being in a pure
state |a,)p and A is in a mixed state (say o)

pag =04 ® (o) (@2l)p . (4.24)
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3. Class Pyap (both A and B are mixed): Both {|a1)4 , B1)4} and {|@2) g, |B2) 5} are linearly indepen-

dent. This implies that the generic state

W) =cilay+c2lb) = cilana ®Bi)p + c2laz)a ®1B2)p

is always entangled for ¢; # 0, ¢, # 0.

(4.25)

It can be shown that all states having supports of class P,4 and those that have supports of class P,p

do form separate SLOCC classes. The case of P45 is highly non-trivial and is studied in detail below.

If |u) € supp(pap) and |u) is a product state then either [u) = Nla) or [u) = N |b) for some complex
number N. So if p4p is of type given by Eq. (¢.14)) and |u;) is a product state, then either |u; ) is parallel

to |a) or to |b). Consider two possible representations of pyp,

0B = |uy) Cug| + |uz) Cua| = Mi)(“” + |uz) (u’zl

where |u;) and |u’1> are product states. If |u;) is parallel to u’1> then we have

uly = e ),

i.e., the states in the two ensembles are identical up to an overall phase factor.
Now, consider the case where |u;) is parallel to |a) and lu’1> is parallel to |b) . Let
lur) = xla)

(where x is real and x > 0) and
|z} = ylay +z|b).

We can choose y to be real and y > 0. Obviously z # 0. Thus,

2
pas = ) lui) G
i=1

= (& +3?) la) (al + yz|b)al
+yz" lay (bl + |z* |b) (D] .

Similarly, let

uy) = x'|b)

and

uy) =y |by + 7' |a)
where x” and y’ are real, x’ > 0 and ¥ > 0, and again, 7’ # 0. Thus,
2
pPAB = Z |”:><’4;|
i=1

/2 ’_’
[ la) al +'2' lay (b
+Y'2* b) (al + (¥ +372) 1b) (b

then

2] = X% +y?,
y/Z/ — yZ*,

er +y/2 — |Z|2 .
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4.27)

(4.28)

(4.29)

(4.30)

4.31)

(4.32)

(4.33)

(4.34)



If the expansion of p4p is known, one can select the overall phase of |b) (relative to that of |a)) such
that z is real and positive.

Let
pag = Riila){al + Rz (la) <b| + |b) {al) + Rxz |a) (bl (4.35)
where the overall phases of |b) and |a) have been redefined such that R, is real and positive. Then,
4yt =72 =Ry,
yz=y'Z =R, (4.36)

Z2 — x/2 + y12 — R22

R , Rp
y= > ¥ s 4.37)
VR2 VR

f R, [detR [detR
X= R ——= = , X = .
Ry Ro» R

Note that even though the phases of |a) and |b) are adjusted such that R is real and positive, the inner
product {a |b) might still have a phase.

4.4 SLOCC classes

et ~ ’, then
P Locc p

s
supp (pap) contains supp (p)) contains
2 linearly independent 2 linearly independent
) e ) - (4.38)
product states (i.e., pap 1S product states (i.e., py 5 is
of class IP) of class IP,)

Let us show this implication. Let psp = Z,'Zzl |u;) <u;| and pf,p = Ziz:l be representatives

’ ’
)

u’1> are product states and let p/, , = (A® B) p (A"' ® BT) . Let us first show the forward
implication ((=:) Suppose p4p is of class P, so

where |u;) and

lur) = xlay,

luz) = ylay +zIb) (4.39)

where |a) and |b) are product states. Define

lay =A®Blay,

) =A®BIb), (4.40)
that is, |a@) and |B> are product states. Then,

liZy = xlay,

i) = yla)+z|b) (4.41)

2

= plp = ), i) G

i=1

(4.42)
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80 pap 1s also in class IP,. The reverse implication (<:) is obvious as this is equivalent to p’ S;gc p.

Ifp ~ p'th
P siocc P et

(pag is of class Py) & (p)y is of class Py).

This has been shown somewhere above. In general, if p s1occ o’ then

1. pap e Py © pp € Py,
2. pap €Pr © plp € Py,
3. pap € Py © plyp € Py,
4. pap € Pop © pp € Pog,

5. pap € Poap © Pl € Pogs.

Let pap be of class Py, pap = 21-2:1 |y {u;] and
lur) = cla)ap = clai)s ®laz)p.
Now, redefine |a@) or |a,) such that ¢ = 1, then
1) = layap = la1)a ® la2)p -
Let {la1)4 ,|81)4) be a basis of Hg = C? and {|aa)g , |B2) ) be a basis of Hg = C2. Let

luz) =dla1 ® @) + el ® @)
+fla; ®Br) +gl|B1 ®B2).

Here

d+
det ¢

¢ ] # 0 for all z.
8
This implies that g = 0 (otherwise pyp is of class P;). Then
lu2) = dlay @ az) +elB1 ® az) + fla; ®B2).
Redefine |3,) and |B;) as follows:

|B1> =elB1) + Aar),
B2) = £1B2) + pla)

= up) = (d - A=y ® ) + By ®Olz>+ | ®/~32>

for given A, select u = d — A which leads to the following corollary:

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

Let pap be of class Py4p. There is a basis {|ag), |a;)} of Hz = C? and a basis {|Bo), |B1)} of Hg = C?

such that pap = |u) (u1| + |u2) (un| where

¢t lao) ®1Bo) »
¢ |ag) ® [Bo) + ¢z lay) ®1B1) -

loe1)

|ua)
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In general, one can absorb cy, ¢, and c¢3 into the definitions of |@;) , |8;). But, |c; /c| | can not be changed
by such redefinitions.

lu) = lao) ®|Bo)
luz) = klag) ®|Bo) + la1) ®|B1) (4.52)

where k is real with k > 0.

Note that a purification of pp is

[Wapc = udap ®[1)¢c + lu2)ap ®10)c

=l ®B1 ®0) + |a; ®B1) @ (k]|0) + 1)) (4.53)
where L
C3 C3
=cyork= == (4.54)
Vi2 +1 ’ -2

requirement is k # oo (c3 # 1). Hence the parameter k is related to the cosine c3 of 3" party C. Let
4B, Pyg € Paap. p sgc)c p’ iff k # k’. The parameter k can not change in stochastic transformations.
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CHAPTER 5

CONCLUSION

In the 2" chapter, Wootters” concurrence , which is a good measure of entanglement, is determined
for partially entangled bipartite pure states, i.e., states of the form «|00) + S|11). After that, the
concurrence is calculated for two qubit mixed states that have matrix rank 2. For these states, the state
can be expressed as the reduced density matrix of a tripartite entangled state of three qubits. Using
known standard expressions for the W class and GHZ class states of three qubits, expressions for the
concurrence of two qubits are obtained.

In the 3" chapter, Wootters’ method for finding optimal ensembles is used on rank 2 mixed states
of two qubits. As expressing the eigenvectors of these density matrices is usually complicated (this
is especially true for the states whose purifications are in GHZ class (see Appendix A)), a slightly
different approach is followed for some of the computations.

In the 4 chapter, the SLOCC classification of the mixed states of two qubits is investigated. All of the
SLOCC classes of rank 2 mixed states are identified. To achieve this, first the supports of the mixed
states, and their properties that remain invariant under stochastic reducibility relation is investigated.
The relevant properties of these subspaces turn out to be the number of non-parallel product states in
the support. There appeared to be 3 different situations for rank 2 mixed states. Either there is only one
product state in the support, in which case all such mixed states form a single SLOCC class. There can
be two (and only two) non-parallel product states in the support, in which case there is a real variable
that remains invariant under stochastic reducibility. Thus, there are infinitely many SLOCC classes in
this case; the classes depend on a real parameter. Finally, it is possible to find infinitely many product
states in the support, in which case the mixed state itself is necessarily a product state. There can not
be any entanglement in that case.
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APPENDIX A

OPTIMAL ENSEMBLE REPRESENTING o474 STARTING
WITH SPECTRAL DECOMPOSITION

To find the eigenvalues and the eigenstates of the mixed state pfg Z of the composite system AB, consult

the tool of Schmidt decomposition of [¥)45c as AB — C which is used in the following sections.

A.1 Schmidt decomposition of V), z- as AB - C

Consider the tripartite system ABC as the composition of the AB — C where AB and C are defined on
the Hilbert spaces ‘Hff’g and (Hg)z, respectively. Therefore, it is to say that eigenvalues of the subsystems
AB and C are the same and then that

ny < min(4,2) =2 (A1)

which means that ranks of p$F# and p&## are at most 2. For this reason, it is more convenient to deal

with the eigenvalues and eigenvectors of 2 X 2 matrix ngZ rather than the 4 X 4 matrix pap |,,| .

ngZ is calculated by partial tracing the party AB from the total state |¥') 45, namely

Pt = tre (%) (¥Dasc
= lllan)II? 10) <Ol + (a2 la1  10) (1]
+(ar laz ) [1) (O] + lllax)I 1) (1] (A2)

which can also be given a matrix representation

2 3
pGHZ _ ( llavl® - a laz) ) (A3)
(arlaz)  llla)ll
in the computational basis set {|0), |1)}. The set of eigenvalues y; are the solution of the characteristic
equation
cu) = det(pZH% — i)

= 12 = p+ llanlP lla)lP = Kai laz )P = 0 (A4)

so that Vi

1+ +va
Hia=—F—. (A.5)

where A is the discriminant defined by

% {1-cic3). (A.6)



Schmidt decomposition given by Eq. (I.28)) for [¥), ¢ of the system ABC into the subsystems AB — C

gives
2

W)apc = ), VHilian) @ lic) (A7)

i=1
where |isp) and |ic) are orthonormal set of the eigenstates of pGH# and pZH%, respectively, correspond-
ing to the eigenvalues u’s in the decreasing order. One can represent the states [0) and [1) in the

orthonormal basis set |1¢-) and |2¢) such that

0y ={1cl0)1c)+ (2c10)2¢)
— S———

=x1le) + x22¢) (A.8)
and
1) =dc1)e) +2cl1)2¢)
—_—— —_——

i y2
=yille) +y212¢) (A.9)

) m; Olic) x;
- - | S A10
e (n] (<1|ic>) (y?) A1

Putting these values into Eq.[2.41]and then expanding also Eq. (A.7), we get

noting that

[Pdapc =lar) ®0) +|ax) ® 1)
= (x1lar) +y1lax)) ®|1¢)

+(x2la1) +y21a2)) ® 2¢) (A.11)
= Vi lag) ® 1) + iz 245) ® 2¢) (A.12)

equating Eqn.s (A.11) and (A.12) gives the eigenstates |isg) of pS5# in terms of the coefficients of the

eigenstates |ic) of ngZ and the vectors |a;) and |a,) as the following

liag) = % (rlar) + yrlan)) (A.13)

or

liag) = % {mj la1) + n; laz)} . (A.14)

Eigenstates |ic) of p&"# are determined by the eigenvector-eigenvalue relation

pZM % icy = i lic) (A.15)

as

. 1 m 1 i = lla)l?
lic) = — ( ) = ( ) (A.16)
Y N S

where N; is found as the following:

N2 =l + |nf?

= 7 + llla)ll* = 2ui lla)l* + Kay laz Y (A.17)
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adding ¢ () = 12 — i + llla)l? lla)I* — Kai lax)* = 0 which is characteristic equation given by
Eq. (A.4) to the right side gives
N? = (i = lla)IP) Qui = 1)
N———
SRV
= £ Va (4 — llax)IP). (A.18)

Finally, the eigenvectors |isg) of p§H# become

(1t = )| lan) + Car laz) laz)
N VA (= llax)IP)

liag) = (A.19)

Subnormalization of |isp) is defined by (iap |liap) = p; which results in the subnormalized eigenstates

(i = Ma)IP) ) + Cay laz ) laz)

liaBYsup = (A.20)
VA (i = lla)IP)
or simply
liag)sup = di (m;lar) + n” laz)) (A.21)
where
d; =N (A.22)
A.2  The first decomposition of pGH*
Start with the spectral decomposition of p§H#
2
P57 =" pilian) Ciasl (A23)
i=1
or in terms of the subnormalized eigenstates |iag) g, = VUi liag)
2
PSH7 = > lias) s Ciaslaup (A.24)
i=1

There is a unitary matrix U that transforms the states |isp),,, to another set of states |w;),,, with the

formula s
s = D, Usjlias)un (A.25)
i=1
so that
2 2
Z |Wi>sub <Wi|sub = Z |jAB>sub <jAB|sub = pggz (A26)
i=1 =1

Thus, it means that there is an another ensemble {r;, |w;)}, where r; is the weight of |w;) in the ensemble,
which represent the mixed state p§5% such that

2

P57 = > rilwi) il (A27)
i=1
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Meanwhile, since C(pG4%) > 0, then the density matrix p§57 is of the first class which leads to consider
the following procedure to find the optimal ensemble.

Begin with the general decomposition defined by Eq. for the subnormalized states {|w;)} of pggz
where the unitary matrix is chosen to diagonalize the Hermitian matrix 77" with the eigenvalues square
of the absolute values of the eigenvalues of the R matrix. In the same sense, it is sufficient to determine
the eigenvectors |t;) of the Tr* which construct the columns of U,

The matrix elements 7;; of T are formed by “filde inner products”:

7ij = (iagl jas ) (A.28)

where | }Z; ) is the spin flipped state of the eigenstate |j4p5) of pggz defined by | j;; )= 0';‘?’2

means of the Pauli-Y operator 0'5?2 = 0, ® oy acting separately on each qubit such that

j:B> by

— (llj - |||a2>||2) lay) + <ai laz) laz)
| jap ) = (A.29)

VA (17 = llax)IP)

or simply
| jag ) = di(milar) +nlas)). (A.30)

Since, the eigenvalues /ll.z = v; of 77" are known, it is possible to find the eigenvectors |¢;) of 77"
corresponding to them by the eigenvector-eigenvalue relation:

(Tt —yiDt;) =0 (A31)
or equivalently in matrix notation
( =y )( ¢i ): 0 (A32)
@) @ -vi J\ i

where (777);;’s are the matrix element of 77%; ¢; and f; are the vector elements of |f;) which can be
chosen as ¢; = (17%), and f; = y; — (t7%); then |f;) can be written

1 T)12 T2
i = — = i A33
2 fi( vi— @t ) § ( vi— (@) J ( )

with the normalization constant #; defined by ¢; = gl.’1 = 4 |ei|2 + | ﬁlz. Therefore, the unitary matrix U
can be written as

Uz[ (nl ):( g1(T:T)12 81[7’1—(7:‘1')11] ] (A34)
(tal 2@ &y - @]
By means of the complex conjugate of the unitary matrix U*
U* — ti — ( 81 (TT:)IZ 81 [7/1 - (TT:)II] )’ (A35)
[ 2@ gy — @)
the subnormalized states |w;),,;, can be formed as
2
Wi) sub = Z Ujilia) = &i{xt)a ag) + [yvi — 7)1 248} (A.36)

J=1
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and or in terms of {|a;)}

Widap = gi {(dimy (TT%) 15 + damyy; — damy (T77)11) lay)

+n" [dyyi + (77%) 10 — (77911 ] |a2)} (A.37)
or simply
Widsup = Wit lar) +wi laz) (A.38)
where
wit = g [mayi + my (t77) 15 — mp (777)1] (A.39)
and .
n * *
Wi = P [yi + (071 = (7714 ]. (A.40)
Then construct
(T =TTy + T21Tys (A.41)
(T7")12 = T11T], + T12Thys (A.42)
(@) — (@) = 111 (T = 7)) + 712 (T — T3y) (A.43)
put them into
my (T77) 15 — mp (T77) 1) = 11 (1T, — maTy)) + Tio (75, — maTy;) (A.44)

to obtain {|w;) ) -

If one can find anything about {|w;),,;} after the above calculations, next s/he has to find the second set
of states {|y;)} and finally, if it is possible, it is time to find the real orthogonal matrix V transforming
the second set {|y;)} to the optimal set {|z;)} . Therefore, it is better to apply the new method to those

type examples (see Sec.[3.2).
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