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ABSTRACT

A STUDY ON SIXTH GRADE STUDENTS’ UNDERSTANDING OF MLTIPLICATION OF
FRACTIONS USING PIRIE AND KIEREN MODEL

Duzenli Gokalp, Nurgil
Ph.D., Department of Secondary Science and Mathesratucation
Supervisor: Prof. Dr. Safure Bulut

December 2012, 162 pages

The purposes of this study were to investigatehsiprade students’ understanding of
multiplication of fractions in terms of the Pirieidfen Model of Understanding in the light of use of
multiple representations and to improve mappindgufeaof the current theory to increase depicting
power of the maps produced. One of the qualitatesearch methods, case study design was used.
This study was conducted with two sixth grade sttslat a public school in Etimesgut, Ankara in the
spring semester of 2009-2010. Students learntidraet They completed activity sheets during the
lessons. They completed self-evaluation forms araesournals just after the instruction. Afterttha
semi- structured interviews were conducted with stuiedents in order to analyze their understanding
about multiplication of fractions. The data colktt from interviews were used to reveal
understanding maps of each student. Moreover, #ta @tom activity sheets, student journals,
observations, and self-evaluation forms were usedrengthen the findings from the interviews. This
study showed that there was a relationship betwaetents’ preference on the use of different tyjpe o
representations and attained understanding leveluiplication of fractions. It was also found tha
establishing connection between multiplication odcfion concept and real life usage of these
concepts and extending whole number multiplicatiorthe multiplication with the fractions were
acted as an obstacle for understanding the mulitdtin of fractions. In the current study, it waes
that there was a relationship between question &k students use of representations. Moreover,
teachers should use different type of represemstio their classrooms more frequently in order to
help students to reach higher level of understaysdifeachers should also connect new ideas to what
the students have already learned for deeper uaddisg of them.

Keywords: Mathematics Education, Growth of Undardtag, Multiplication of Fractions, Multiple
Representations, Pirie and Kieren Theory of Undeding
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ALTINCI SINIF OGRENCLERININ KESIRLERDE GCARPMA ANLAMALARI UZERINE PIRIE
VE KIEREN MODELININ KULLANILDI Gl BIR CALISMA

Duzenli Gokalp, Nurgil
Doktora, Orta@iretim Fen ve Matematik Alanlarigimi Bolumu
Tez dargmani: Prof. Dr. Safure Bulut

Aralik 2012, 162 sayfa

Bu calsmanin amagclari altinci sinifgtencilerinin kesirlerde ¢arpma anlamalarini ¢oklu
gosterim kullanimininsiginda ve Pirie ve Kieren'in anlama teorisi gdoltusunda argirmak ve
mevcut teorinin haritalama Ozgjihi Uretilen haritalarin gosterim gucunu arttiracekgrultuda
gelistirmektir. Nitel argtirma yontemlerinden biri olan durum gahasi deseni kullanilgiir. Bu
calisma 2009 2010 gretim yilinin bahar doneminde Ankara ili Etimesgggsinde bulunan bir devlet
ilkdgretim okulundaki iki 6. sinif grencisiyle yapilmgtir. Ogrenciler kesirleri grenmiler ve ders
boyunca aktivite k@&tlarini tamamlanglardir. Ayrica, @retimden hemen sonra,gi@nciler 6z
degerlendirme formlarini doldurnglar ve gunlik yazmnglardir. iki 6grenciyle yari yapilandirilngi
milakatlar onlarin kesirlerde carpmalemini anlamalarini analiz etmek Uzere yapgtmi
Milakatlardan toplanan veriler her bigréncinin anlama haritalarini glurmak icin kullaniimgtir.
Ayrica, aktivite k&itlari, dgrenci gunlikleri, gézlemler ve 6z glerlendirme formlari mulakatlardan
bulunanlari giclendirmek amaciyla kullanigtm. Bu calsma @rencilerin farkh tipteki gosterim
kullanma tercihleri ile kesirlerde carpma konusundastiklari anlama seviyeleri arasindaskii
oldugunu gostermiir. Ayrica kesirlerde carpma kavrami ve bu kaviamn gercek hayatta
kullanimlari ve tam sayilarla garpmanin kesirlegdgpmaya gesietiimesi gibi durumlarin kesirlerde
garpmanin temellerini anlama sirecinde engektofabilecgi bulunmutur. Bu calsmada, soru
tipiyle 6grencilerin gosterimleri kullanmalari arasinda higki oldugu goéraldi. Ayrica, gretmenler
Ogrencilerin yuksek anlama seviyelerine ¢ikmalariaedym etmek icin sinifta farkli gosterimleri daha
sik kullanmalidir. @retmenler @rencilerinin daha iyi anlamalarini @amak icin de yeni konulari
ogrencilerin @rendikleriyle birlgtirmelidirler.

Anahtar kelimeler: Matematik ggimi, Kavramanin Gefimi, Kesirlerde Carpma, Coklu Gosterimler,
Pirie ve Kieren Anlama Teorisi
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CHAPTER 1

INTRODUCTION

The words “I just don't like math”, “I'm just no gl at mathematics,” “I hate mathematics
in school”, “I don’t understand mathematics” aratftethroughout the schools corridors many times. |
can infer from my personal experiences as a mattiesn@acher at a public elementary school that
most of the students hate mathematics since thigydanroutine procedures and memorize formula.
These students see mathematics as fiction. Theyotlanderstand the concepts in mathematics and
they are far away from actual meaning of those amatitical concepts. Because mathematical
concepts and procedures are all constructed in sm{Bteffe, 2001, 2004; Thompson, 2003; von
Glasersfeld, 1983), sometimes, even we cannot khtive students understand the related concepts
or not. In order to have effective mathematics hésr and help students to understand mathematical
concepts, the teachers should know more about r#isidanderstanding of a concept. Besides
knowing the current state of students’ understapdina specific topic, knowing how to understand
would be a good start for teaching.

Understanding mathematics is always an importasueisand most of the time it is a big
concern to assess students’ understanding of matitaihconcepts (Pirie & Kieren, 1989; Skemp,
1976). The assessment of students’ understandimgatfiematical concepts is not an easy task and
thus, only limited part of students’ understandbogld be assessed (Sierpinska, 1994). Even itean b
said that sometimes we think that we assess stidamerstanding of mathematical concepts, but in
fact we really assess something else but not tderstanding. Therefore we need to clarify what we
mean by understanding at first. On the other hamthe literature, especially in the field of edtioa,
although understanding is a commonly used wordgtlgeno clear definition of it. We use this temm i
our daily life for many times for various reasoi®@milarly, many definitions could be found in
dictionaries for the meaning of the term “underdtag”. For example, dictionary of Meriam-Webster
(2010) turns eight definition of understanding. 8éof them are close to the meaning that we use in
education. However, these are still too broad todferenced. For example the first definition is “a
mental grasp”. If one says that “It is clear thatinderstand the multiplication of fractions”, the
meaning of the understanding here is the mentapgtdoreover, the second and third definitions are
“the power of comprehending; especially, the capaca apprehend general relations of particulars”
and “the power to make experience intelligible Ipplging concepts and categories”, respectively.
These two definitions also point out the meaningiederstanding in education. Yet, these three are
still too broad to be referenced for the meaninghefunderstanding of students at a specific cdancep
It is not easy task to determine if a student ggaspconcept or have a power to comprehend it.
Therefore, researchers have had many works orsthijgct to see what understanding is and how we
can see if a person understands a concept or naodolbt, Bruner (1960) was the one who came up
with a distinct and clear definition of understamgliwhich described understanding as a product of
thinking. However, his description of understandings still too broad and was for education in
general, not for mathematical understanding spadigi.

Through the years, researchers have proposed betreraries to describe learners’
understanding of mathematical concepts. Skemp (18@6 the one of the researchers who theorized
mathematical understanding. He categorized undetistg similar to Bruner (1960). According to
Skemp, understanding includes two categories whrehrelational and instrumental understanding.
However, researchers argued about Skemp’s apprmaamderstanding. These arguments were
mainly focused on how well that theory really exptaunderstanding (e.g. Byers & Herscovics, 1977;
Tall, 1978). This resulted in a revised versionS&Emp’s understanding theory. The revised theory
had two additional understanding categories: Idg{Skemp, 1979) and symbolic (Skemp, 1982)
understanding. Later, several other researchelswiet the ideas of Skemp and proposed several
understanding theories but with different categori®ergeron & Herscovics, 1988; Byers &
Herscovics, 1977; Schroeder, 1987).



Pirie (1988) had doubts about categorizing studentwlerstanding of mathematical
concepts. Instead, she put emphasis on processd®r|Istudy, she discussed the idea of having
several levels at the process of growth of undedsitey. A year later, Pirie and her colleague Kieren
published the description of their theory (Piridk&ren, 1989). Pirie and Kieren (1994) describad th
theory of the growth of mathematical understandisg“a whole, dynamic, leveled but non-linear
transcendently recursive process” (p. 166). Thesth has two important features: “folding back” and
“don’t need boundaries” (Kieren & Pirie, 1991; Bi& Kieren, 1994). The first one helps students to
go back to their prior knowledge to extend theiderstanding to new contents. Moreover, it occurs
when students go to inner level of understandingvéok more on that level to go outer level of
understanding. The second feature “don’t need baries!’ specifies three critical boundaries where
learners do not need to attend inner level of wstdading to perform understanding activities beyond
those boundaries. These “don’t need boundariegisdiestly occur between image having and image
making. The second boundary occurs between formgland property noticing levels. And, the last
one occurs between observing and structuring levels

The Pirie—Kieren Theory of Understanding has sé\eatgantages compared with the other
understanding theories. First of all, this theayot a general theory for understanding; rathés, a
theory for the growth of mathematical understandfiga specific mathematical topic. The Pirie—
Kieren Theory of Understanding acts as a powedgun$lto observe the growth of understanding in a
learning activity (Manu, 2005; Meel, 2003; Piriek8eren, 1989). Second, it allows observing growth
of understanding of a specific person or a spegiftwip (Pirie & Kieren, 1994). Third, understanding
theory of Pirie and Kieren does not take a photanefance, rather it allows depicting growth of
understanding over period of time such as mindtesrs, days, weeks, or even years (Manu, 2005;
Pirie & Kieren, 1989). As stated before in this ptes, it is hard to see if a student understands th
given concept or not. The understanding theorieergiabove except the Pirie—Kieren Theory of
Understanding do not give sufficient informationoab how to analyze learners’ understanding.
Therefore, the researcher used this theory asadtieal lens to analyze students’ understanding of
multiplication of fractions in the current study.

After clarifying what is meant by understanding aviich theory of understanding is used in
the current study, now the main focus of this thesin be stated. That is to find an effective and
accurate way in which we can assess understanéimgltplication of fractions. With that focus, the
researcher discussed the idea of tracking and titgpithe use of representations of the studeriiseat
process of understandingds can be seen in the literature, the use of reptatons makes
mathematical communication possible (Kilpatrick,a®fard, & Findell, 2001). Therefore, in order to
accurately analyze the learners’ understandingsnégs’ use of multiple representations should be
carefully examined (Cramer, Wyberg, & Leavitt, 20@»ldin, 2003; Taber, 2001). This also gives
opportunity to see which representations shouldued to convey necessary information to the
students to have understanding of mathematicaleguiac

Hiebert and Carpenter (1992) stated that understgnid resulted from the interaction
between mental and external representations. Aowprd them, better connections between these
two types of representations meant better undatstgnHowever, students’ mental representations
could not easily be observed without analyzingrtiusie of external representations (Goldin, 1998).
Therefore, in order to analyze understanding wel neeconcentrate on the student’s use of external
representations. There is a common view that slyosgpports and suggest on the use of
representations in mathematics courses (Behr, HR@dt, & Lesh, 1993; Kieren, 1993; NCTM,
2000,TTKB, 2009). Researches on the use of reptas@ms in mathematics are mainly limited to the
studies which attempt to see how effective to @grasentations to teach a specific topic (Akku
Cikla, 2004; Gagatsis & Elia, 2004; Orhun, 200@)investigate their role in learning (Cramer et al
2008), and teachers’ preference on using represmmgaCai, 2004). However, questions regarding
which representations should be used for a speoific and how representations should be used such
that students gain a deep understanding of that toml a deep understanding of the representations
remained largely unanswered.

After having the clear idea of what understandim@md which framework was used in the
current study, we can now talk about what is doith the understanding in this study. In this study,



the researcher examined how we can further imptioedirie—Kieren Theory of Understanding with
the use of representations and tested effectiverfabss modified version.

In the current study, students’ understanding oftiplication of fractions was explored.
Fractions are one of the basic concepts in mathesndihey can be seen in daily life in various ways
However, students have difficulty in learning fiaos in some respects especially while learning
abstract operations such as multiplication of foad. Results of research studies showed that
fractions are one of the most difficult concept®iementary mathematics curriculum (Cramer, Behr,
Post, & Lesh, 2009; Ersoy & Ardahan, 2003). Thali&ts showed that elementary school students
have difficulty with fractions at all grade levédBehr, Wachsmuth, & Post, 1985; G. E. Davis, 2003;
Ersoy & Ardahan, 2003; Haser & Ubuz, 2005; Mackp@0 It seems that students do not try to
understand the logic behind the fractional openatianstead, they memorize the rules, formulas,
algorithms, and terms (Ersoy & Ardahan, 2003; Neadt & Murray, 1998). They have some
deficiencies in adding, multiplying, dividing androparing fractions (Ersoy & Ardahan, 2003;
Graeber & Tirosh, 1990). For example, studentskelthat multiplication always increases numbers
(Harel & Behr, 1995).

Though fractions are one of the most investigatedcepts in mathematics, and there are
many studies and efforts to have effective teachbihthese concepts for better understanding, there
are still many difficulties and problems about cgpis of fractions, especially operations of fratsio
as can be seen in the literature (Ersoy & Ardatz®®3; Newstead & Murray, 1998). Studies on
understanding of fractions and operations of faaxtihave revealed the common obstacles in front of
students’ understanding of fractions. However,dhisrstill a need to study on how we will see & th
students understand given concept, or how we wiuge mathematical communication in order to
help our students to understand that concept.

Therefore, in the current study, the researcheloesg sixth grade students’ understanding
of multiplication of fractions by revealing actionswhich students perform to indicate their
understanding. Moreover, their uses of repres@mstivere analyzed to have clear picture of their
understanding process. Thus, the purposes of thdy svere to investigate sixth grade students’
understanding of multiplication of fractions innes of the Pirie—Kieren Theory of Understanding in
the light of use of multiple representations andnprove mapping feature of the current theory to
increase depicting power of the maps produced.

In this study, students’ understanding of multiation of fractions was examined deeply.
The fractions are one of the basic concepts thatpae-requisite for many concepts like ratio,
percentages, rational numbers, and decimal nungdterg¢Booker, 1996). They play an important role
in the elementary school curricula and many stuglerperience difficulty while learning the concept
of fractions (Aksu, 1997; Haser & Ubuz, 2005). ksplly, due to abstract nature of the operations
with fractions, many of the students appear nohdwe fully developed an understanding of these
concepts (Cramer et al., 2009). Based on thesensasultiplication of fractions was chosen for the
current study. Moreover, students’ use of repregimts at the understanding process and actions
performed by them at each level of understandingevexplored deeply. This can help teachers to
plan their lessons (Cai, 2004; Goldin, 2003; Wils&nStein, 2007). Furthermore, it may allow
teachers and researchers to examine their studemdsrstanding of fractions easily. Findings o§thi
study can also be used to revise curriculum (Hu2@06) and textbooks (Son & Senk, 2010).

Fractions are one of the main topics in the eleargrmathematics curriculum of Turkey. At
grade 6, comparing and ordering fractions, addimdj subtracting fractions, multiplying and dividing
fractions, and problem solving related with frantioperations are the subtopics of fractions. In the
mathematics curriculum, meaningful learning, cotiegcwithin math, connection among math and
other disciplines, students’ motivation and acadelevel were highlighted for the multiplication of
fractions. Moreover, the curriculum suggests the asmultiple representations in the instructional
process of this topic (TTKB, 2009).

Most of the studies found in the literature anatyzinderstanding of the students by using
one of the theories which takes understandingaegory not a process. Even, some studies did not
apply any understanding model while analyzing sttide understandings (Burns, 1999). As
mentioned before, the Pirie—Kieren Theory of Untierding has some advantages while analyzing



understanding in mathematics. This theory allowpiadmg the growth of understanding unlike
Bruner (1960), Skemp (1976, 1979, 1982) and otbimted at the beginning of this chapter. So, as an
understanding model to examine students’ understgnaf multiplication of fractions, the Pirie—
Kieren Theory of Understanding was used in thiglystu

Most of the studies using the Pirie—Kieren Theofy Understanding as a theoretical
framework did not use the mapping feature of thideh (Grinevitch, 2004; Slaten, 2006; Warner,
2005, 2008). It may be because the current fornthef mapping feature does not offer detailed
summary for the understanding itself. It is simiplg far from giving details. Therefore in the cuntre
study, attention was also given to improve the nrapfeature of this theory (See Section 2.3.2.3 for
more about mapping and the Pirie—Kieren Theory mdéistanding). As stated before, use of multiple
representations were depicted in the maps too.€efdrer, this study extends the current body of
literature using the Pirie—Kieren Theory of Undarsting by applying the theory to analyze students’
uses of multiple representations.

This study investigated the sixth grade studentsfenstanding of multiplication of fractions
by analyzing their use of representations as a enadltical communication tool and depicted this
process. It is believed that exploration of studentnderstanding in fractions gives precious
implications to mathematics educationalists andcation policy makers in designing elementary
mathematics curriculum, since the results of theer study enrich our knowledge on how students’
understanding of multiplication takes place. Thauhes of this study also inform mathematics teasher
about students’ understanding of multiplication fodictions and their difficulties in this topic.
Therefore, this helps teachers to organize theissclactivities while teaching multiplication of
fractions.

1.1 Research Question
The research questions of this study are;
« What are the sixth grade students’ understandifigaudtiplication of fractions using the
Pirie and Kieren model?
* What representations do sixth grade students ussgress their multiplication of fraction
ideas at each understanding level in terms of BimgKieren’s model?

1.2 Definition of Important Terms
Main terms included in the research questionsi®ftudy are defined as follows:

Understanding - is a dynamic process, which isatestrated to be continuing and consistent
organization of knowledge structures (Pirie & Kigr&994).

Level of understanding - There are eight level nflerstanding: primitive knowing, image
making, image having, property noticing, formalgjmbserving, structuring, and inventising.

Primitive knowing: This is the first level of theqress of understanding. This level does not
imply low mathematical understanding. It is defiresli starting point of understanding by Pirie and
Kieren (1994).

Image making: The second level of the Pirie—Kiefidreory of Understanding is image
making level. At this level, the learners are expédo make distinctions between prior knowing and
use it in new situations (Pirie & Kieren, 1994).

Image having: This is the third level of the Pikieren Theory of Understanding. At this
level, single-activity images are replaced with mémmages. That means learners do not need to
perform physical activities when they deal with heahatics (Pirie & Kieren, 1992, 1994).

Property noticing: At the fourth level, the propestof the constructed image are identified.
At this level, learner can manipulate or combineparties of one’s image to have context specific
relevant properties (Pirie & Kieren, 1994).

Formalizing: At this level, a method, rule, or pesty is generalized from the properties.
Learners are expected to draw a method or commatityjdrom the properties of previously hold
images (Pirie & Kieren, 1994).



Observing: The learner verbalizes and expressest dbe formalized concept in observing
level. At this level, learners can reflect on fofraativities and express them as theorems (Pirie &
Kieren, 1994).

Structuring: At the level of structuring, the learrorganizes his/her formal observations and
deals with them as a theory (Pirie & Kieren, 1994).

Inventising: The outermost level of the understagds inventising. At this level, learner is
expected to invent a new concept (Pirie & Kiere394).

Representations - are characters, concrete oljeaizages representing something else than
their actual meaning (DeWindt-King & Goldin, 20@3¢ldin & Kaput, 1996).






CHAPTER 2

REVIEW OF THE LITERATURE

Previous studies related to the current study warewed in this chapter. Firstly, the review
started students’ with difficulties in the multigdition of fractions. Secondly, general informatam
understanding in education was given. Thirdly, ustiding in mathematics education was
reviewed. Furthermore, The Pirie—Kieren theory nflerstanding was reviewed in the next section.
Later, multiple representations and their relatigmswith understanding were reviewed. Finally
national elementary mathematics curriculum andtitvas were reviewed. The review was completed
by giving the summary of the literature review.

2.1 Studies about Multiplication of Fractions Urgtanding

Many students have difficulties in learning fractioand operations with fractions. Especially
abstract nature of the operations of fractions makes subject challenging to students. As onédef t
operations with fractions, multiplication of framtis is one of the complex and complicated domains
in mathematics (Taber, 2001). If a student doeduilyt understand the fractions at elementary level
this leads difficulties in mastering fractions aghrer levels (Behr, Harel, Post, & Lesh, 1992; Hart
1981). In the literature, there are many studieschwishow that elementary school students have
difficulties with fractions (Aksu, 1997; Behr et.,all985; Cramer et al., 2009; G. E. Davis, 2003;
Haser & Ubuz, 2005; Mack, 2000; Newstead & Murrb998). The main reason for these difficulties
is that students do not understand the logic bethiadperations instead they just memorize thesrule
and formulas (Newstead & Murray, 1998). With the o$ calculators and computers, students tend to
use decimals instead of fractions in their daiffe.liThis cause students to be unfamiliar with
multiplication of fractions and to use algorithmakidy (Son & Senk, 2010). Similarly, Cramer and
Bezuk (1991) emphasize that the students can penfioultiplication with fraction, but that does not
necessarily mean that they have a conceptual uadeiag of what the answer of that multiplication
means. Cramer and Bezuk (1991) suggested askirgigne that involve estimation of the answer
and estimation the size of the product. Moreoviemay be good to have background information
before having students to do calculation with fiatd (Aksu, 1997; Mack, 1990).

Having problems with understanding basic concepwult in having deficiencies with
operation with fractions such as adding, dividimgltiplying, and comparing fractions (Cramer et al.
2009; Ersoy & Ardahan, 2003; Graeber & Tirosh, 1Z9B8ompson, 2003). For example, some of the
studies show that students think multiplication @& results in bigger numbers than both numerator
and denominator (Harel & Behr, 1995). Studentskthirat the symbol for a fraction represents two
different numbers. For example when students seé2y do not get the idea of representing a single
entity (Cramer et al., 2009). Cramer et al. (208@)ed that many errors with fractions can show
students’ lack of mental images for the respectiyrabol.

Azim (1995) investigated pre-service teachers’arathnding of multiplication of fractions.
In that study, Azim explored the answers of followiquestions: how pre-service teachers’ reason
multiplication of fractions, what common dimensiasfsunderstanding are evidenced by them, how
they construct understanding, and what forms ofaeimg play role to influence or support their
reconstruction of understanding. Fifty pre-servieachers from two method courses participated in
the study. The data were collected with interviedaim (1995) reported the results of the study at
following dimensions. Firstly, it was seen that @8the 50 participants could discuss the numerical
results of multiplication of fractions with lessathand more than one. The other two participants we
confused about the results. However, almost hathefparticipants could not interpret the fraction
multiplication expressions in terms of effects atk factor in the expression on the other factsraA
second dimension, it was seen that some of theestschad some difficulty in conceptualizing a
fractional part of a quantity. Unlike expressing bf a cup, it was hard to explain 2/3 of 3/4. The
researcher stated that this kind of operations,revltee operator is less than 1, is an important



benchmark for people’s development of understandifdraction multiplication. Moreover, the
methods used to conceptualize the multiplicatiofraxdtions where the operator is less and more than
1 were different. At the third dimension, the résudhowed that almost 30% of the students had
difficulty in expressing the meaning of the resulost of the participants who had difficulty ineth
meaning of the results tried to interpret resulithweferring the original quantity being reduced o
enlarged. For example, in the case of 3/4 x 1/28=tBe result were interpreted as 3/8 of 1/2. hes t
last dimension, it was stated that almost 30% efghrticipants described multiplication as process
which is not possible to change. That means theiplichtion could be modeled as the same for both
whole numbers and fractions. Beside these dimessidzim (1995) categorized participants’
reasoning and understanding as following: studeet®nstructing process, students constructing
concepts for the first time during the interviewdastudents building more complex constructions on
their own. It was found that two forms of reasonisgpport participants’ construction of
understanding. These are multiplication sense €f@mple multiplication with whole numbers) and
fraction sense (for example size relationships betwfractions) of participants. It was concludeat th
the one with better reasoning at both of them tettbbconstruction of understanding.

One other study with pre-service teachers wasechwut by $iksal (2006). In her study,
Isiksal investigated the relationship between preiser mathematics teachers’ subject matter
knowledge and pedagogical content knowledge oniptigkition and division of fractions. She did a
case study with 17 pre-service teachers. Resultiseo$tudy showed that the pre-service teachers had
no problem with solving and symbolizing the quessioelated with multiplication and division of
fractions. Moreover, it was seen that they hadnsgfrbeliefs to teach these topics to students
conceptually. However, it was seen that there @blem about their own conceptual knowledge and
meaning of multiplication and division of fractions

Similar to Azim (1995), Mack (2000) investigatecevelopment of understanding of
multiplication of fractions. But, she explored tlemg-term effects of building on students’ informal
knowledge of partitioning with respect to undersiiag of fifth and sixth grade elementary school
students. Four sixth and fifth grade students gipated in that study. All of the students had ager
mathematics ability. At the first year of the studlye students received three months instruction on
multiplication and division of fractions. All of ¢hstudents had informal knowledge about partitignin
when they entered the courses. However, they judtiacefer one whole as a unit. For example, they
knew to demonstrate one third of the whole pizzé&hWhis informal knowledge, they were able to
solve some multiplication of fraction problems likading part of a whole. At the end of the first
year, all of the students could find part of pafrtaowhole. They did this by constructing on their
informal knowledge as concluded by the researdfiereover, it was found that weak connections to
the symbolic representations were quickly disapgaar

There are several studies referring to the diffiealin learning fractions when fractional
operations and fractions are not connected withrétad-life experience$Orhun, 2007). Moreover
students have difficulties in understanding frattequivalence. Some of the students are unable to
note equivalences from the pictures. Taber (200drked with 22 fifth grade students to trace their
understanding in finding a fractional part of acfian and use of representations in her study. The
students were involved in 13 days of instructiod #me data were collected from them with fraction
test, observations, classroom discussions, andvietes. The results of her study showed that the
understanding the connections between differentresgmtation systems are so important in
understanding process. Moreover, it was found ithatstudent articulates his/her understanding in
different representation type, he/she will have tdsetcommunication and development of
mathematical understanding.

A fraction can have different meaning to studeBtame of these meanings are operator, part
of a whole, single number which has specific vahrg] division (Mack, 2000). Meaning of fractions
and operations with fractions are transmitted &orlers by using fractional models while they perfor
productive thinking in the meantime. Learners ggstite in interactive mathematical communication
and use a particular kind of fractional scheme avlliley are having those meanings (Steffe, 2004).
Burns (2003, p. 13) states multiplication with wdalumbers is as the same as repeated additions
when one add the same number together. Howeviernitt the same for fractions. Students transfer
their prior knowledge on operations with naturaiers to fractions. However, they have difficulties



in transferring. For example, in natural numbera|tiplication can be seen as repeated addition, e.g
4 x 3 =3+ 3+ 3+ 3, but when one multiplies acfron with another fraction it is not a repeated
addition. Similarly, part of part meaning of muligation of fractions (a part of a part of a whodeg.

3/4 x 1/7 has no meaning with natural numbers (M2800). Reasoning about multiplication with
whole numbers can result in difficulties in muliigation of fractions (Son & Senk, 2010). On the
other hand there are other views to support tresthdents prior understandings on whole numbers
do not interfere with their fractional understargli(Steffe, 2002). Moreover, multiplication with
numbers can mean scaling up but with fractions ¢his have meaning of scaling down as well as
scaling up. Furthermore, Burns (2003) states thatudiplication problem can be represented as a
rectangle. Most of the time, teaching multiplicatiof fractions is a challenging task to have stislen
to understand that topic. Van de Walle (1990) satggk starting by finding a fractional part of a
whole number while teaching multiplication of frimets. Therefore they can extend the ideas
concerned with natural numbers, which requiresesitgito work hard (Olive, 1999), to the fractions
more easily. One other reason why students havelgaowith understanding the multiplication of
fractions comes from visualization nature of trecfions. Unlike the whole numbers, visualization of
fractions is not unique as natural numbers. Thikesehard to understand fractions and operations
with them (Ni & Zhou, 2005; Steiner & Stoecklin, 48.

2.2 Understanding in Education

In the world, especially in the field of the educaf understanding is one of the commonly
used words. However, there is no clear definitiéit an education. Dictionary of Meriam-Webster
(2010) turns eight definition of understanding. Thst definition is “a mental grasp”, which is the
one we use in the education in general. For exanfdeteacher says that “It is clear that my shide
understand the fractions”, the meaning of the wtdeding here is that mental grasp. Moreover, the
second and third definitions are “the power of coghgnding; especially, the capacity to apprehend
general relations of particulars” and “the poweintake experience intelligible by applying concepts
and categories”, respectively. These two defingtiafso point out the meaning of understanding in
education. Yet, these three are still too broaldetweferenced to define the understanding of steden
at a specific concept. It is not easy task to deitee if a student grasp a concept or have a poaver t
comprehend it. The other five definitions of und&nsling are not the ones we use in education. For
example one of them is “sympathy”. When we say tdacher treats the students with kindness and
understanding”, we refer that definition of the arstanding.

The first distinct definition of the understandiimgeducation was made by Bruner (1960). He
defined understanding as the image and the prodtiahinking. Furthermore, he stated that
understanding is all about getting a grasp of haundin beings think. Bruner also distinguished
analytic thinking from intuitive thinking. He state“Analytic thinking characteristically proceeds a
step at a time. Steps are explicit and usually maradequately reported by the thinker to another
individual... In contrast to analytic thinking, intivie thinking characteristically does not advance i
careful, well defined steps.” (pp. 57-58). Howevéis explanations were in general not for
mathematical understanding specifically.

As cited in Mack (2000), understanding dependsetationships between pieces of persons’
knowledge. This relationship can be between newhjuaed knowledge and existing knowledge as
well as between pieces of existing knowledge (R.DRvis, 1984; Greeno, 1978; Hatano, 1996).
Moreover, understanding can be developed and imfle@ by building on persons’ informal
knowledge (Mack, 2000). Similarly, according to B@993), making connections between informal
and formal mathematical ideas is the key for urtdaing. Moreover, Hiebert (1984) expressed that
understanding is related with making connectionsvben symbols/notations and ideas represented
with them. Similarly, according to Lesh, Landaud atamilton (1983), students understand when they
recognize the ideas given with different repres@nta, when they manipulate the ideas given in a
representation system, and when they are ablansfar an idea from one representation to the other
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2.3 Understanding in Mathematics

As stated in Section 2.2, understanding can be medeveral things besides its actual
meaning we use in education. This is also valid f@athematics education. For example, some
teachers may say that “my students understandcdheept of multiplication”. This may mean that
students can perform multiplication of fractionglwthe algorithm of multiplying both numerators
and denominators. In that situation, “concept” alijumeans “topic” and “understand” actually
means “computational fluency” (Lobato, 2008). Scatvis understanding in mathematics? How will
we know that if the students understand the cosamphot? In order to answer these questions |lit wi
be beneficial to present several understandingrigedn the literature. Next sections include most
discussed theories in the literature.

2.3.1 Theories of Mathematical Understanding

Mathematical understanding is widely researchetebgarchers over the time. Skemp (1976)
was the first person to define mathematical undadshg distinctly. He followed the idea of Bruner
and categorized the understanding. He defined ypest of understanding for mathematics: relational
and instrumental understanding. He further statatiteaching processes based on these two different
understandings yield different kind of mathematlestrumental understanding results from teaching
rules and formulas without knowing “how” and “whyFor example, in most cases, teaching how to
divide fractions is solely about stating the fdwttis inversing second fraction and multiplyinghwi
the first one. In this way, one does not have aeaiabout why to inverse and multiply, and what it
means actually. In fact, Skemp’s instrumental usi@erding is not a new thing different from
memorizing as also implied by him. On the contragjational understanding is far beyond than the
instrumental understanding and involves knowing teow why. Relational understanding includes
building up a conceptual framework. Furthermoresta¢ed that he believe this is true understanding.

One can perceive from Skemp (1976) that it was ipabhout what understanding is and is
not. Actually, understanding is too complex to befired as instrumental and relational. Skemp
detailed his arguments on understanding in mathiesniat his subsequent articles. Skemp (1979) and
Skemp (1982) added two more understanding typeicdbgand symbolic, respectively. Logical
understanding includes proofs. One with logicalamsthnding of a mathematical concept can explain
that concept mathematically and it can be undedstmp the others. On the other hand, symbolic
understanding is defined as a mutual assimilatietween a symbol system and a conceptual
structure.

One other understanding theory for mathematics pvaposed by Sierpinska (1994). She
defined understanding as “cognitive activity thates place over longer periods of time” (p. 2)hém
theory, Sierpinska (1994) deals with “act of untlarding”. Moreover, another phrase is also pointed
out by her: “object of understanding”. She expldimsse two phrases in an example as follows: “my
object of understanding can be a mathematical ywoottlem, and in the act of understanding | may
recognize the problem as following a certain welbwn pattern.” (p. 29). Here, this pattern was
named as basis of understanding by Sierpinska §19%&re are four basic components of an act of
understanding. These are (1) the understandingailfP) the object of understanding, (3) the basis
of understanding, and (4) the operation of the mimat links the object of understanding with its
basis.

Hiebert and Carpenter (1992) see understandirggdeveloping or emerging fact. Similar to
Sierpinska (1994), they describe understanding erm$ of mental activity which helps the
development of understanding. According to themtheraatical understanding strengthens with the
connection between mental and external representatMoreover, understanding is the structure of
mathematical ideas and representations.

One other understanding model was proposed by Bergnd Herscovics (1981). In their
model of understanding, there are four levels oflemstanding: intuitive understanding, initial
conceptualization, abstraction, and formalizatidnfortunately, distinction between these levels and
ways to characterize these levels were not cledefffned by Bergeron and Herscovics (1981).
Therefore, it is hard to analyze the formation oéthematical concepts with this theory of
understanding. Bergeron and Herscovics (1988) durtliscussed the construction of mathematical
concepts. They proposed a two-tiered model to stenstruction of mathematical concepts from



11

actions performed on objects in the real world. fits tier of the model deals with the three diéfist
levels of understanding of the preliminary physicahcepts. The second tier aims to identify basic
parts of the comprehension of mathematical concepts

2.3.2 The Pirie—Kieren Theory of Understanding

Pirie (1988) discussed the idea of having seveatégories at the process of growth of
understanding. A year after, Pirie and Kieren ()98%lished their theory. They followed the ideas
of Pirie (1988) and suggested that understandimpisa single acquisition or categorized. Pirie and
Kieren (1994) describes this theory as “a wholenatgic, levelled but non-linear transcendently
recursive process” (p. 166). The Pirie-Kieren tlyenfr mathematical understanding takes growths of
the understanding into account. In this theory,eusthnding is viewed as a process (Kieren & Pirie,
1991; Pirie & Kieren, 1989, 1994). Therefore, umtinding is not seen as acquiring several
categories of knowing. It is a dynamic process,ciwhis demonstrated to be continuing and consistent
organization of knowledge structures (Pirie & Kigr&994). As stated in Pirie and Kieren (1994} thi
is based on the constructivist definition of untkmging detailed by von Glasersfeld (1983). von
Glasersfeld (1983) states that “What determines vhieie of the conceptual structures is their
experiential adequacy, their goodness of fit withexience, their viability as means for the solvirig
problems, among which is, of course, the neverrengroblem of consistent organization that we call
understanding” (p. 6).

Pirie and Kieren (1994) state that they usedttiésry in various learning environments as a
tool to observe students’ mathematical actions wheg worked on a single mathematical task. This
theory allowed them to see how students build agdrize mathematical knowledge structures over
time. It is important to know that an idea can amm to grow over time with several other real-life
experiences (Warner, 2008). This theory is a thebgut the growth of understanding not for a static
situation (Borgen & Manu, 2002).

As stated before, the Pirie—Kieren Theory of Ustlerding describes understanding as
leveled. These levels are embedded and illustraitid eight rings (see Figure 2.1). Each of these
rings represents different levels of understanditich can be achieved by any person at any topic
(Pirie & Kieren, 1994). These levels go from persoprior knowledge to their inventising
capabilities. From the inner most level to the oate@st level, we can list the levels of understagdi
as follows: primitive knowing, image making, imadeving, property noticing, formalising,
observing, structuring, and inventising. The deiin of each level can be seen in details in Sacti
2.3.2.1.
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Formalising

Figure 2.1 The Pirie—Kieren layeote from (Pirie & Kieren, 1994) p. 167

This theory provides a framework: (1) to assessdmstribe understanding of individuals or
groups as it exists (Thom & Pirie, 2006) and (2utalyze students’ growth of understanding (Pirie &
Kieren, 1994). The structure of this theory is loear or hierarchical. The realms of mathematical
knowing are embedded and unbounded circles inntisidel. Moreover, they are recursive and self-
similar to each other (Thom & Pirie, 2006).

The Pirie—Kieren Theory of Understanding allowsermshers to look and interpret each
understanding levels at which different studentdize their mathematical thoughts and activities
(Kieren & Pirie, 1991; Pirie & Kieren, 1994). Thgsves the opportunity to plan mathematics lessons.
Moreover, it provides a frame to make observatiainsut curriculum development (Pirie & Kieren,
1994). Similarly, Grunow (2001, p. 40) states that Pirie—Kieren Theory of Understanding is greatly
appropriate for curriculum development. This thealtgws us to explain understanding and different
layers of understanding with a common vocabularativér, 2008).

2.3.2.1 Levels of Understanding Process

As stated before in this chapter, there are edghbedded levels of understanding in the
Pirie—Kieren Theory of Understanding. This theorgyides a framework to analyze people’s growth
of understanding by examining people’s move forwardbackward from one level to another
(Warner, 2008). These levels start with prior ustierding of the learners, which they bring with
them, and end with inventising level of understagdiHowever, outer level understanding does not
mean higher level mathematics every time. Similiolyer level of understanding also does not mean
lower level mathematics. Even at high level math#saone needs to work on lower level of
understandings to have correct formalization arcttire(Pirie & Kieren, 1994). Each of these levels
is as follows.

Primitive knowing: This is the first level of theqress of understanding. This level does not
imply low mathematical understanding. It is defiresl starting point of understanding by Pirie and
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Kieren (1994). This level indicates persons’ ptimderstandings. For example, in the current study,
students’ understandings in multiplication of fians were explored. In this case, fractions, ration
numbers, and addition of fractions were some ofpttier knowledge that could be possessed by the
students.

Image making: The second level of the Pirie—Kiefidreory of Understanding is image
making level. At this level, the learners are expédo make distinctions between prior knowing and
use of it in new situations (Pirie & Kieren, 1994)he images do not need to be pictorial
representations. They can be something which cantrey meaning of any kind of mental images. At
this level of understanding, learners do somethimentally or physically to gain an idea about a
concept. For example, the learner can do cuttinfploling activities and see that fractions can be
gained through cutting something to smaller pigdasel, 2003). Moreover, Meel (2003) states that
actions performed at this level includes developnodérconnections between referents and symbols
(see Section 2.5 for more details on multiple repn¢ations).

Image having: If a learner constructs an imageuabdopic in the mind, we can say that the
learner is at image having level (Pirie & Kierer§94). At this level, single-activity images are
replaced with mental images. That means learnersadmeed to perform physical activities when
they deal with mathematics (Pirie & Kieren, 199994). Meel (2003) states that other researchers
called these mental images by different names asgctknowledge representation structures” (R. B.
Davis, 1984) and “concept image” (R. B. Davis & W@mn, 1986).

Property noticing: At the fourth level, the profies of the constructed image are identified.
This level is called as property noticing. At thégel, learner can manipulate or combine propedfes
one’s image to have context specific relevant priigee (Pirie & Kieren, 1994). Besides determining
properties of a mental image, the learner notites differences, connections, and combinations
among multiple mental images. The difference betwaetions performed at property noticing level
and actions performed at image having level isctpability to notice equivalencies (Meel, 2003).

Formalizing: At this level, a method, rule, or pesty is generalized from the properties.
Learners are expected to draw a method or commaltityjdrom the properties of previously hold
images (Pirie & Kieren, 1994). At this level, cldd® objects are developed from noticed properties
Descriptions of these class-like objects are maiily mathematical definitions. However, the
language used to describe the concepts does net toabe formal mathematical language. The
language used by the student should be equivaletiiet appropriate mathematical definition (Meel,
2003). For example, students can state fractiorglasiithout connecting them to any specific value
at this level.

Observing: The learner verbalizes and expressestdbe formalized concept in observing
level. In this level, learners can reflect on fotraativities and express these as theorems (Pirie &
Kieren, 1994). As an example for fraction, the hesircan say “there can be no smallest half frattion
at this level (Pirie & Kieren, 1992, p. 247)

Structuring: At the level of structuring, the Iear organizes his/her formal observations and
deals with them as a theory (Pirie & Kieren, 1994)jis is the level for formulating theories.

Inventising: The outermost level of the understagds inventising. At this level, learner is
expected to invent a new concept. The learner Wadl anderstanding and he/she may create new
questions which lead him/her to a new conceptéRirKieren, 1994).

2.3.2.2 Features of the Pirie—Kieren Theory of Ustésding

There are several specific features of the Pirierdf Theory of Understanding. The first
feature that is described by Pirie and Kieren (3994don’t need boundaries”. They stated that the
one of the strengths of the mathematics is ahtitityork with symbolic expressions without having
reference to basic concepts. This feature is onthefcritical elements of the Pirie—Kieren Theory
(Pirie & Kieren, 1994). When the learners are belythe specified boundaries, they no longer need to
work on previous form of understanding and they parform new tasks without working on them
(Pirie & Kieren, 1994). These boundaries are shaith bolder rings as can be seen in Figure 2.1.
Pirie and Kieren (1994) emphasize “don’t need” phrto convey the idea that if one is at that level,
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they don't need previous levels of understandinydwee a rise to upper level. Further, they explain
this by referencing following idea: “One can work @ level or abstraction without the need to
mentally or physically reference specific imagekisTdoes not, of course, imply that one cannot
return to the specific background understandingedessary.” (p. 173).

The first “don’t need boundaries” occurs betweerage having and image making levels
(see the inner most bold ring in Figure 2.1). Tiisans that if one has an image of a mathematical
idea, he/she doesn't need to create other imagesk(wn image making level) to perform
understanding tasks related with image having IéRdlie & Kieren, 1994). For example, in the
current study, when a student has image of muddgibn of fractions, he/she can perform
multiplication tasks without working with physicabjects.

The second “don’t need boundaries” place is betwa®perty noticing and formalizing.
According to Pirie and Kieren (1994), those whaatty can perform formalizing activities, do not
need an image.

The last “don’t need boundaries” occurs betweenchiring and observing levels of
understanding. A person with a mathematical streatioes not need to have any meaning from inner
level of understanding (Pirie & Kieren, 1994).

One other feature of the Pirie—Kieren Theory ofderstanding is “folding back”. When a
learner faces with a different situation that he/dbes not have an idea about, then, the learegisne
to go to inner levels (fold back) to extend his/haderstanding. Folding back activities are esaénti
for growth of understanding. Furthermore, they shihat the nature of coming to understand
mathematics is not unidirectional (Pirie & Kierdr§94). These inner level activities are shaped with
outer level needs. Each time the learner visits itimer levels, he/she brings the understanding
acquired from the outer level. Moreover, when oold back to inner level and return to outer level,
he/she can have thicker understanding at outet (¥eren & Pirie, 1991). This process is different
for different students. Different students can spdifferent times and can move in different ways
(Pirie & Kieren, 1994). Fold back feature of thedhy fits well with the constructivist foundatiofiid
(von Glasersfeld, 1983) addressed by Pirie andeiki€t994).

2.3.2.3 Mapping Mathematical Understanding

One of the characteristics of the Pirie—Kieren Tiexf Understanding is to map the process
of understanding. Pirie and Kieren (1989) createdeehnique to depict persons’ growth of
understanding. They called this technique as “mappiPirie and Kieren offered mapping as a
presentation method for understanding. Pirie angkdt (1994) stated their purpose of having this
method as: “using the layered pictorial repres@matof the model, we aim to produce in
diagrammatic form a 'map' of the growth of studemtslerstanding as it is observed. This last phrase
'as it is observed', is important because we makelams as to what might have gone on 'in the
students' heads™ (p. 182). An example of the wstdading map taken from Pirie and Kieren (1994)
can be seen in Figure 2.2. Even though this mapsée be static, it aims to present changes insone’
understanding over the time (Pirie & Kieren, 1988)epresents understanding process of students.
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Inventising

Structuring

Formalising

Figure 2.2 Mapping exampMote From (Pirie & Kieren, 1994) p. 186.

However, the mapping feature of the theory wasuseid widely among the researchers. It
may be because the current status of the mappmgy iso informative and usable. Therefore, the ones
who decided to use this feature slightly change(Bdrgen, 2006; Borgen & Manu, 2002; Manu,
2005; Meagher, 2005; Pirie & Martin, 2000; Towet998). Borgen (2006) stated that the mapping
feature of the Pirie—Kieren Theory of Understandmgimited to simple set of eight rings. However,
Pirie and Martin (2000) used a more complicated mdgich consists of a number of maps on
different topics to depict understanding (see FBquB).
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Figure 2.3 Set of maps modified by Pirie and Maf&@00, p. 141)

On the other hand, Meagher (2005) used the sangénalilayout but he simplified the
drawings with simple arrows and he counted subggtjueach activity point at the same level. That
map can be seen in Figure 2.4.
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Figure 2.4 Simplified map from Meagher (2005, p1)15

The most radical modification was made by Tower89@). She changed the overall
appearance of the map and used parallel layeesithstf having embedded circles (see Figure 2.6).
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Figure 2.5 Parallel layered map from Towers (1$98,27)

This allowed her to depict most complex and longederstanding process; however, the
map still functioned in a similar way with the oteveloped by Pirie and Kieren (1989).

2.4 Studies Using Pirie—Kieren Theory of Undersiagés Theoretical Framework

There are several studies that employed the Kigeen Theory of Understanding as
theoretical framework to their studies. As oneh&fh, Manu (2005) studied the relationship between
students' language switching and their growth ofheraatical understanding in bilingual context. He
explored this relationship in a case study with uke of the Pirie-Kieren Understanding Theory as a
theoretical tool for examining students’ understagdn pattern finding tasks. Though the purpose of
the study is not directly related with the currstudy, it is worth mentioning that the study shdies
applicability and usability of the Pirie and Kierdreory of mathematical understanding in a differen
context. Moreover, Manu (2005) stated that the ePiend Kieren theory of mathematical
understanding has the ability of explaining onefglerstanding in this theory’s own language. In
addition, it was stated that this language is peetive of students’ cultural background. This teat
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of the theory was explored in his study and vaédatSimilarly Borgen and Manu (2002) reported
similar results that support the effectivenesshefPirie and Kieren theory in assessing mathentatica
understanding.

Slaten (2006) compared a novice secondary matiesmédacher and an experienced
mathematics teacher with respect to their use sfruntional representations in the contents of
secondary geometry. In that study, the researabredurted a case study and collected the data with
semi-structured interviews and classroom obsematiéds the theoretical background of the study,
Slaten applied the Pirie-Kieren theory to expldrelsnts’ growth of mathematical understanding and
describe how the participants’ uses of represamtatallowed and fostered opportunities for students
to engage in those levels of mathematical undedsign

Warner (2005) analyzed students’ behaviors, whinthicates their flexible mathematical
thoughts and contribution of those behaviors tominoof understandings of the students. She carried
out a qualitative study and collected the data witteo recordings in a case study setting. Warner
(2005) worked with middle school students. In thalg, group of students were challenged to explain
their thinking to each other, ask questions, arfdrdktheir solutions. The results of the study stegw
that while understanding of students grows, a shufurs from their questioning each other, usind) an
explaining their ideas toward the linking of remefations, connecting contexts, and setting up
hypothetical situations.

Meel (1995) explored the understanding of the estitel who used Mathematica as a
computer assisted learning tool. He compared utatedisg of these students with the ones who
received traditional mathematics instruction. Inlerto assess students’ understandings, the Pirie-
Kieren Dynamical Theory for the Growth of Mathergsati Understanding was employed as a
theoretical lens. Similarly Droujkova (2004) usedtid®Kieren Theory of Understanding as a
theoretical lens to investigate the roles of metaph the growth of mathematical understanding of
students in the topic of proportionality with a Gtaive study.

In the study of Grinevitch (2004), students untéarding of fundamental group theory
concepts were investigated. Additionally, effectiges of the Pirie-Kieren Theory of Understanding
with respect to advanced mathematics concepts @rgraduate level was examined. Grinevitch
(2004) carried out a case study with six abstrdgelaa students. She collected the data with
classroom observations, written assignments, exams,audiotaped interviews. The results of the
study showed that the Pirie-Kieren understandirepith is an effective tool for assessing students
understanding of advanced mathematics concepts.résiult extends the results of the study of Manu
(2005). Beside the validity of the theory at diffat cultures, it is also valid in advanced mathémsat
concepts.

Borgen (2006), as different from other studiesedusthe Pirie—Kieren Theory of
Understanding as a model to enhance teachinggigateshe carried out a case study in order tdf see
using this model enhanced the growth of pre-sendaehers’ understanding of teaching and learning
mathematics. Moreover, efficacy of using this tlyefor analyzing growth of understanding was also
investigated in her study. The data were colledtedn four pre-service secondary mathematics
teachers. The results showed that the Pirie-Kithveary provided an effective structure for discngsi
pre-service teachers’ growth of understandingeathing and learning mathematics. Furthermore, it
was found that one’s growth of understanding oth#sg and learning mathematics was based on
his/her primitive knowing. Borgen (2006) definesnmitive knowing as one’s personal background. It
is concluded that the development of understaniing dynamic process which includes folding
backs to examine new concepts with respect to pusly held concepts.

Tsay (2005) investigated understanding of preiserieachers on two-factor multiplication
with integers and positive fractions. Furthermamaplications of pre-service teachers’ understansling
for their pedagogical content knowledge developnvesite explored. Unlike the other studies, Tsay
(2005) benefited from three different theories twalgze understandings of participants. These
theories were relational understanding of Skemp7§l9 APOS: Action-Process-Object-Schema
theory of Dubinsky, Dautermann, Leron, and Zazk&94), and the Pirie-Kieren Dynamical Theory
for the Growth of Mathematical Understanding ofi¢and Kieren (1994).
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C. E. Davis (2004) is another who studied the esttbjmatter knowledge of pre-service
teachers. He used the Pirie—Kieren Theory of Undeding to analyze growth of understandings of
pre-service teachers. The results of the study etgg that the growth of understanding is related
with prior knowledge.

Cavey (2002) examined a pre-service teacher grafthinderstanding in right triangle
trigonometry. The participant of the study attentietiesson Plan Study” (LPS) program as a part of
secondary mathematics method course. In the LRSprrservice teachers dealt with planning how
to teach right angle trigonometry to students. Témults of the study showed that “image having”
level was the most critical level in the Pirie-kéar Dynamical Theory (Pirie & Kieren, 1994).
Moreover, the results of the study showed that gnoim understanding what to teach (content
knowledge) resulted growth in how to teach (teaglsinategies).

Cave (2008) is one of the researchers who apgiedirie—Kieren Theory of Understanding
to test the effects of an intervention of commursgrvice learning on students’ understanding of
mathematics. In her study, Cave (2008) focused dmcak and Latino Americans’ growth of
understanding of geometric transformations. Resdlter study showed that the Pirie—Kieren Theory
of Understanding is an effective theory to prohalshts’ understanding in different contexts such as
comparing two ethnically different groups.

Duzenli-Gokalp and Sharma (2010) examined stutlamsderstanding of addition and
subtraction of fractions. They used Pirie and Kiekéodel as a framework in their study. The study
was conducted with twelve sixth grade and twelvghti grade students in a private college in
Australia. The results showed that questions thagtiire symbolic explanation were completed more
successfully by students when compared with thetipres that require verbal explanation. Similarly,
Duzenli-Gokalp, Bulut, and Sharma (2010), in tleirdy, worked with 20 sixth-grade students and 26
fifth-grade students in Turkey. They found similasults to those in Australian students.

2.5 Multiple Representations

Researchers define representations as charactmrstete objects or images representing
something else than their actual meaning (Ball,3199eWindt-King & Goldin, 2003; Goldin &
Kaput, 1996). These are useful things to expreghaenaatical thoughts which enable mathematical
communication and to support reasoning proceséitick, Swafford, & Findell, 2001). NCTM
(2000), TTKB (2009), and Behr et al. (1993) alsgpblasized that representations should be used as
essential elements in communicating mathematigalcgethes and arguments.

In mathematics, students mainly use the represensawhile solving problems or learning
mathematical concepts to support their mathematicalerstanding. According to Goldin (2003)
representations of an individual generate a reptasenal system which includes rules, practices,
characters or signs such as letters, words, ffeabtijects, and numbers. These systems can beanter
and external. While internal ones exist within thand of the person, external ones can be seen by
others and can be shared with them. Furthermotetnial representations consist of constructs to
describe process of human learning and problemirgplvn mathematics (Goldin, 1998). External
representations include formal language, numbeslisymbolic notations, mathematical equations,
geometric figures, and diagrams (Goldin & Shteidg@001). Unlike Goldin (2003), Bruner (1966)
talked only about external representations. Acewmydio him, there are three different ways to
represent the world. These can be achieved byrectiassual images, and words and language. These
representations were named as enactive, iconic,sgmdolic respectively by Bruner (1966). This
classification was agreed by some researchers itof@rtant in human understanding, however, there
are some other classifications made by other reBees. Clark and Paivio (1991) stated that thegze ar
two types of representations, verbal and visual¢clhllow information to be processed and stored in
the mind. According to NCTM (2000), representatioas be both product and process. It is the act of
representing. Lesh et al. (1983) concentrated ahenaatical understanding through representations.
They stated five types of representations which learuseful for that purpose. These are real life
experiences, pictures or diagrams, manipulativeetsdpoken words, and written symbols. When a
learner engages in a mathematical activity, hefshénvolved in manipulating one of these
representations (Haylock & Cockburn, 2008). Exterrgpresentations make the mathematical
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communication possible. Furthermore, any mathemlaticmmunication can only be conducted with
these types of representations. Therefore, inuheit study, the external representations usetthdy
students were taken into account in order to aealstudents’ understandings. Moreover, the
classification of the representations proposeddshlet al. (1983) was adapted for this study.

According to NCTM (2000) and TTKB (2009), abstraohcepts can become more concrete
when students use representations. They play aorieng role in the process of learning fractions
(Cramer et al., 2008). If one uses multiple repmeséons to demonstrate a concept, this can help
him/her to develop better understanding and sthesmgt his/her ability to solve problems (Gagatsis &
Elia, 2004). Use of representations (such as aredels, discrete sets, and number lines) has a
significant importance while working on operatiomish fractions in order to make sense of concepts
such as order, unit, and equivalence (Brar, 2Q#i0yeover, several researchers express that students
learning are enhanced when different represenwtiom used together and students make connections
among these representations (Clark & Paivio, 198&ments, 1999; Goldin & Shteingold, 2001).
Lamon (2001) states that there is a difference éetwthe representations used by students to show
their understanding and the representations useldebteacher to explain mathematical concepts. She
further claims that if students use different repréations than their teacher used, we can say that
they understand that topic. Therefore, one carifdbe students understand a mathematical concept
or not by looking the representations they chosase Students who used the exact representation
used by the teacher might not understand that pdn&éoreover, a teacher can look the students’
experience with the external representations hiogv they use it and which of them they choose to
use, in order to have an idea about students’riaterepresentations. By doing this, teachers can
examine students’ conceptions of the mathematmatepts being instructed (Goldin, 2002).

In the current study, the researcher paid attentioistudents’ use of representations to
examine their understanding in multiplication o&dtions. Cai (2004) claims that studies about
representation usages bring important ideas abchat wepresentations should be used in a
mathematics course. Moreover, they found that Eachise of representations differ from culture to
culture. Specifically, teachers from United Staaesl China use different kind of representations to
teach mathematical concepts. Teachers from Chiaasymbolic representations and teachers from
United States use verbal explanations and pictoepfesentations. This is also valid for students.
According to von Glasersfeld (1983), use of repmeséons differs for each learner. Similar results
were found in different studies too (Cai, 2000ai &awang, 2002). The students from US mainly
used visual or pictorial representations while shedents from China used symbolic representations.
It was also found that the students who used syimbgpresentations had greater achievement scores
than those who used verbal and pictorial representa(Cai, 2000b). Moreover, this is also the case
with textbooks and the representations used in t{t%m & Senk, 2010). However, it should be noted
that none of the representations is superior taotie other. A particular representation can be more
suitable than the others for a specific mathemiatizacept (Ball, 1993).

There are also several studies that investigatednthtiple representations with the light of
Pirie-Kieren theory. Study of Droujkova (2004) stemimhat using symbols or abstract descriptions
can support learning indirectly. Moreover, foldibgck to image making level to support learning
requires use of more tangible representations.dPtpmoticing and formalizing levels corresponded
to more abstract representations. Similarly, Wilsmad Stein (2007) found that the students’ use of
more abstract representations becomes more freqoward the outer level of understanding (see
Table 2.1).

Table 2.1 Frequency of use of representationsffareit levels of understandinyote from Wilson
and Stein (2007, p. 675)

Visual Numeric Symbolic
Image Making & Image Having 100% 40%
Property Noticing 90% 100%
Formalizing 10% 50% 100%

Structuring 20% 60%
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2.6 National Elementary Mathematics Curriculum &nalctions

The elementary mathematics curriculum puts emphasistudents centered learning in
lessons. That is the major differences between dhisiculum and the previous curricula. In the
previous curricula (1983, 1990 and 1998) there weractivities that give opportunities to students
become part of the lesson. However, students womxplore problems and become active learner
rather than passive knowledge receivers while Iagrrin the recent mathematics curriculum.
Activities and learning environment are carefullprmed to give opportunities students to discover
new concepts and use abstract and mental models Vaairning some concepts (TTKB, 2009).
Alternative assessment methods are preferred b#sid&aditional assessment methods. Moreover,
there are some skills defined in the curriculumpasblem solving, reasoning, communication,
connection. Students are expected to acquire sieke and some other inter-disciplinary skills.eTh
developments of these skills are important (TTK&)2).

Some objectives of problem solving skills are ekmd in the mathematics curriculum as
students will use problem solving skills in math¢ics, other disciplines, and real life situationse
problem solving skills for learning mathematicslveoproblems and also state their own problems
with the same topic. Some objectives of reasonkilf are explained in the mathematics curriculum
as students will use inductive and deductive tmigkiwhile learning mathematics; use logical
reasoning skills in mathematics, other discipliremsd real life situations; make generalizations and
defend their validation. Some objectives of commation skills are explained in the mathematics
curriculum as students will use mathematical symbahd terms correctly and effectively; use
mathematical language in other disciplines and liéalsituations. Some objectives of connection
skills are explained in the mathematics curriculas students will make connections within
mathematics, among mathematics and other discgphne real life situations; connect mathematical
concepts and operations in different situationgielffie from connections while learning mathematical
concepts.

Furthermore, meaningful learning is aimed for shidevhich mean that students use their
knowledge in different situations, and make coninastamong concepts. Students should use their
mathematical knowledge in real life situations ath@ other disciplines. This is one of the
requirements of the mathematics curriculum. Coecrexperiences are also very important for
developing mathematical knowledge and providing mivegul learning. Learning objectives should
be planned by taking into consideration of conmetiwithin mathematics skills, connections among
math and other disciplines and inter-disciplines.abdition, students’ motivation is an important
necessity for the mathematics achievement. Thenilegractivities should be planned according to
students’ level, class environment, and the enwramtal conditions. Real life situations should also
be considered while planning the learning actisiti@ppropriate materials should be used in class
activities for acquiring the learning objectives.

Fractions are one of the main topics in the elegamgmathematics curriculum. This topic is
instructed from grade 1 to 6 in some extent. Iis ®tudy, the researcher focused on sixth graders.
Comparing and ordering fractions, adding and swebir@ fractions, multiplying and dividing
fractions, and problem solving related with frantioperations are the subtopics of fractions ahsixt
grade curriculum. The researcher investigated whaleding multiplication of fractions in this study.
In the mathematics curriculum, meaningful learnicgnnection within math, connection among math
and other disciplines, students’ motivation anddacaic level were highlighted for the multiplication
of fractions. Moreover, the curriculum suggestsuke of multiple representations in the instrualon
process of this topic.

2.7 Summary of the Literature Review

. There are many definitions of the understandingiiado However, it is hard to see if students
understand any concept by referring to these diefits. We need more specific and detailed
information on understanding. Understanding theofidfill that need. Bruner (1960) was
the first person to define understanding in edocati

. There are several understanding theories for mattiesnproposed by researchers (Bergeron
& Herscovics, 1981, 1988; Hiebert & Carpenter, 1,9BRie & Kieren, 1989; Sierpinska,
1994; Skemp, 1976). These theories, except the-Kieren Theory of Understanding, do
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not provide sufficient information to analyze learsi understanding. On the contrary, the
Pirie—Kieren Theory of Understanding can act agwaquful framework to analyze learners’
understanding at any topic.

There are eight embedded levels of understandingeps (Pirie & Kieren, 1989). These
levels are as follow: primitive knowing, image madg image having, property noticing,
formalizing, observing, structuring, and inventginThis theory has two features: folding
back and don’t need boundaries (Kieren & Pirie,1t%rie & Kieren, 1989).

There are several research studies which appliedPitie—Kieren Theory of Understanding
as a theoretical framework to analyze learners'ewstdnding (Borgen, 2006; Cavey, 2002;
C. E. Davis, 2004; Grinevitch, 2004; Manu, 2005;ae1995; Slaten, 2006; Tsay, 2005;
Warner, 2005). However, most of these studies didapply mapping feature of the theory
to their study. That may be because of currentestdtthe mapping. Mapping feature
proposed by Pirie and Kieren is not much usefudoks not say anything more than progress
of understanding of students. Moreover, as poimtedby Pirie and Kieren (1994), these
maps can vary from person to person.

Fractions are one of the most studied topics inhemagtics. These studies showed that
students have many difficulties in them includingltiplication of fractions (Aksu, 1997;
Azim, 1995; Behr et al., 1985; Cramer et al., 20B9E. Davis, 2003; Haser & Ubuz, 2005;
Mack, 2000; Newstead & Murray, 1998; Orhun, 200Hese studies suggest that we should
be careful about teaching these concepts. In daléeach these concepts effectively, we
should analyze understanding the process of stsidangfully.

Representations allow us to have mathematical carwation (Kilpatrick et al., 2001;
NCTM, 2000; TTKB, 2009). Researchers emphasizertiportance of using representations
in the teaching and learning process (Clark & Rgi¥P91; Clements, 1999; Gagatsis & Elia,
2004; Goldin, 1998, 2003; Haylock & Cockburn, 20083 can be seen in the results of the
studies, representations are highly related withuhderstanding of mathematical concepts.
Moreover, they enable us to communicate matheniigticBherefore we can use these to
analyze understanding of students. Furthermoregiating these to mapping feature of the
Pirie—Kieren Theory of Understanding makes thespsnmaore informative about the process
of understanding. Because, with this add-on, thp depicts process of understanding much
more meaningfully.

There are several researches investigating rekdtipa between use of representations and
understanding level in the Pirie—Kieren Theory efdgrstanding (Droujkova, 2004; Wilson
& Stein, 2007). It was seen that symbolic repres@ons tend to be used at outer level of
understandings. Moreover, results of the studiemwved that use of representations are
different from culture to culture (Cai, 2000a, 260Q004; Cai & Hwang, 2002; Son & Senk,
2010).

As can been from the summary of the literature miabove, fractions and operations with
fractions are studied by several researchers awer Moreover, it was seen in the literature
that the Pirie—Kieren Theory of Understanding iseffiective framework to assess student’s
understanding. However, there is no study focusingnultiplication of fractions with the
use of that theory. Moreover, similar studies agablhat this theory did not use the mapping
feature of the theory. Furthermore, the importasicasing representations at the process of
mathematical communications was seen in the litezafl herefore, the researcher decided to
modify current theory by enriching it with the usfemultiple representations.
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CHAPTER 3

METHOD OF THE STUDY

This chapter includes design, setting and partitgadata collection, validity and reliability
of the study, methods used to analyze the dataedioe, and assumptions and limitations.

3.1 Design of the Study

The case study design, one of the methods intqtiaé research, was used in this study
(Merriam, 1998; Patton, 2002, p. 447). The case thas process of students’ efforts towards
understanding concepts related with multiplicatddfractions. In the case that was investigateithén
current study, the researcher did not intervenectliy to this process. However, in order to haveano
control on the process, the activity sheet wasaregpaccording to the mathematics curriculum by the
researcher.

There are several characteristics of qualitatesearches. These characteristics underlie the
rationale to apply case study design to the custmty.

e Deal with process: In the current study, the redear investigated the process of
understanding in the lights of Pirie and Kieren o 994). Process is main concern of
qualitative research (Merriam, 1998). Due to thaureaof research problems of the current
study, the study focuses on process rather thatupte or outcomes.

« In the current study, the researcher collected tietaself with the help of observations,
interviews, and field notes so on. Moreover, thdlected data were analyzed by the
researcher. Similarly, the primary data collectiamd analysis instrument in qualitative
researches is the researcher (Merriam, 1998).

« Description: In the current study, understandingttef students derived from interviews,
observations, and field notes was described qtia#ty. Qualitative research emphasizes on
qualitative descriptions with words rather than hens (Merriam, 1998).

* Fieldwork: In the current study, the data were eid from the students with interviews
when they tried to answer questions and from theendations of their behavior in the
classroom. Similarly, in qualitative researchesyéhare fieldworks. Researchers observe and
collect data from participants in their naturakisgls (Merriam, 1998).

e Induction: In the current study, as stated in the@er 1, the researcher aim to improve
mapping feature of the current theory of Pirie dfigren (1994). In the same way,
qualitative researches aim to build concepts, Hgsss, and theories rather than testing
existing theory or methods (Merriam, 1998).

3.2 Setting and Patrticipants

The study was conducted at a small size public efeany school in Etimesgut district of
Ankara. The school had two floors and a garden.r@heere 10 classrooms, a kindergarten, a
computer laboratory, and science laboratory in sthBach classroom had a projector, and a PC.
There were also five laptops for teachers’ useaddition, concrete materials were available for
mathematics lessons. National elementary mathesnatiriculum is followed by the teachers; and,
sixth grade students attend mathematics courseshfurs per week. There were two mathematics
teachers in the school. Moreover, the socio-ecoaataitus of the students in the school was difteren
Some students’ family had low income and only fegh@ere working, some families had medium
income and both parents were working. Many of ti€ents walked to the school since their houses
were near the school. However, students who caome fhe long distances went to school with school
service.

Purposive sampling was used to choose the pamitsipm the current study. Similarly,
Merriam (1998) states that “sample selection inlitateve research is usually (but not always) non-
random, purposeful and small” (p. 8). Two male stid were selected for this study. The selection of
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the students was based on two criteria: (1) rebedscimpression of the student’s willingness to
respond to questions and (2) the student’'s matheamhability. The first criterion was about to
maximize responsiveness during the interviewke second criterion was decided according to
previous grades of studenf&he participants were 12 years old. The names Viollked Ahmet were
given as pseudonyms. Volkan was one of the bedésts in his class. He was asking questions about
the topics during the lessons and telling his idabeut the related topic. But, he was excited
sometimes and he could not say what he wantedytédeshad elder sisters and brothers. His father
was a civil servant, while his mother was a hou#fe.we had his own room in his house.. Ahmet
was in the other class. He was the best studdmisinlass. He had no sisters and brothers. Higfath
was also a civil servant, his mother was a houge. e had his own room in his house. He was very
active at lessons. He had always asked many quesilwout the new topic during the lessons.

There were two sixth grade classes. The reseamhsrthe mathematics teacher of both
classes. She had been teaching them for aboutasitsy so, she knew the students well. Therefore, i
was easy to access the students and get feedbackstiie students. The students were informed
about the purpose of the study before conductiagstbdy. They were willingness to participate ia th
study. The researcher’s role was just teachingrdm@ions and fraction operations as a mathematics
teacher according to objectives, mathematics skilanections among math and other disciplines and
inter-disciplines and teaching approach of natiogl@mentary mathematics curriculum and then
conducting the interviews to find out students’ ersdanding of multiplication of fractions.

Later, the lesson plans and activity sheets weepgyed according to objectives of the
national elementary mathematics curriculum. Theyuided the same activities and questions. Lesson
plans were prepared for the teacher, activity shesfre prepared for the students. Also, the skills
such as problem solving, reasoning, communicati@nnection were considered while developing
lesson plans and activity sheets. These skills as@related with using multiple representatidro.
example, a problem, “ a child ate 3/4of 12 nutswHoany nuts did he eat?” was asked. It was related
with the objectives of the fractions such as “ddtiplication operation with fractions” and “solving
problems which require operations with fractionsidd'estimate the result of the operations with
fractions by using some strategies”. When the stisdsolved it by using concrete material, concrete
material representation and communication and reagakills were used. If the students could try to
solve it, then they could use verbal and symbddigresentations and it was related with problem
solving, reasoning and association skills of thereintary mathematics curriculum. Later, students’
self-evaluation forms and students’ journals wezeetbped. Their purpose was to find out students’
understanding about the topic instructed during ld®sons. After that, fraction interview was
developed in order to find out students’ undersitagndf multiplication of fractions. The questions i
the interview were prepared according to the objestof elementary mathematic curriculum by
thinking the understanding levels of Pirie and Kiemodel.

Next, the study was conducted with two sixth graldsses in the school. All of the students
in two classes learnt the fractions and operatiith fractions during three weeks. Students
completed the activity sheets during the lessohgyTdid activities by using concrete materials and
solved problems, estimated the result of some efghestions in the activity sheets. The activity
sheets were collected at the end of the each sedti®e students were video-taped during the lessons
After that students were given journals and se#fhaation forms and they were collected. The
students learnt fractions and fraction operatiaming three weeks. Then, two students were selected
for the interviews which was the main data sounretlie current study. Both students knew what a
fraction and how they can show fractions with dedént method such as folding and cutting paper,
drawing figures. They learnt addition and subt@ttof fractions with common and uncommon
denominators before learning multiplication of fians. Moreover, they had learnt fraction
multiplication as finding a fraction of a fractioat fifth grade. Then, at sixth grade they learnt
multiplication of fractions, mixed numbers and tiedationship between addition and multiplication
when a fraction and a whole number multiplied. ytearnt how to model the multiplication of
fractions by using concrete materials and drawifidey also solved word problems related with
multiplication of fractions. Each interview was clutted approximately 90 minutes. There were
some breaks during interviews and interviews wédeortaped.
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3.3 Data Collection

Various data collection methods were used in oreobtain understanding levels of
participants. The data were collected with intemgestudents’ journals, activity sheets, observatio
and field notes. Table 3.1 gives the time line loé data collection process. In addition to the
information given in the table, the class was obegthroughout multiplication topics.

Table 3.1 Data collection time line

Week Measure

1 Consent forms received

1-3 Instruction done/Activity sheets given/
Students’ self-evaluation forms received

1-4 Students’ journals received

5 Interviews conducted

Four instruments were developed by the researahesrder to collect data to analyze
students’ understanding of multiplication of fracts. These instruments were fraction interview
instrument, activity sheet, students’ journal, atddents’ self-evaluation form. Following sections
give details about these instruments.

3.3.1 Fraction Interview Protocol

Interview is a data-collection technique among therviewer and the interviewees
involving oral questioning of respondents, eitheividually or as a group (Bogdan & Biklen, 1998).
This technique is often main source of the dathedacollected in qualitative researches (Merriam,
1998). In the current study, semi-structured iritlamg were carried out with two students. Each ef th
interviews took about one and a half hours to bepieted. The interviews were carried out after the
school hours in the technology and design clagense laboratory, library, or empty class. There
were only the researcher and the student beingviateed at each interview sessions. Paper and pens
were provided to them with concrete materials eglatio fractions like fraction strips, transparent
fraction cards, small cubes, beans and chickpeaes.ifterviews were videotaped by the researcher
and students’ notes were kept. Later, these viédeords were transcribed. Therefore, it became
possible to analyze the interviews in details. Shalents were informed that their answers were not
judged as being correct or incorrect and that arswere not affect their course grades. They were
also informed that there was no defined duratioorither to answer each question. Therefore, they
answered each interview questions freely withoutirtta stress. Follow-up questions were asked
according to the answers of the students. Somkeofdllow-up questions were as follows: “Can you
explain this in details?”, “Why did you think likinat?”, “Can you give one more example to this
situation?”, “How did you come up with this idea®3 on. The purpose of these follow-up questions
was to probe student answers to the questionstarkg they gave that answer.

A fraction interview instrument was designed by tbgearcher by thinking what questions to
ask, how to sequence the questions, how much detaécessary, how long the interview last, and
how to word actual questions (Patton, 2002). thésmain instrument for the current studere are
14 questions in the fraction interview instrumesgg Appendix A). Some questions are about the
relationship of multiplication and addition (2,1,4he is about the modeling of multiplication
operation (7), another one is about drawing figuesording to given concept (5), some are about
finding the result of multiplication operation acdimg to given figures (13,14), some are about
interpretation of the multiplication operation iraétions (6,12,9,7), some are word problems and
questions about multiplication of fractions (3,41), one is about estimation of the result of
multiplication operation (8). Some of the items weleveloped by the researcher (2,3,1,6,12,10,8,7);
some of the items were modified from different @mgr such as the Trends in International
Mathematics and Science Study (TIMSS), the Progranfion International Student Assessment
(PISA), National Assessment of Educational Progr@$&EP), and national high school exam,
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connected mathematics textbook, and previous stdi@1,5,13,14). The questions were divided into
two groups: (a) questions related with multiplygegvhole number by a fraction and emphasizing the
relationship between repeated addition and muitpibn operations, (b) questions related with
multiplying two fractions. The questions were deyeld and selected by taking into account the
levels of Pirie-Kieren’s model and type of reprdaéons. Students may reach to any level depending
on his/her solution strategy (See Table 3.2 foreeigd maximum levels of understanding). All type
of representations (symbolic, visual, concrete, aarbal) could be used during the questions. For
example, there was a question in which ingrediemtaake a cake for five people were given and the
proportion of each ingredient was asked in ordemi@ke a cake for fifteen people. All of the
ingredients should be multiplied by 3 in order ¢dve this question. The question required to miyitip

a whole number by a fraction and a whole numbea byixed number. It was related with noticing the
relationship between repeated addition and muition. Another question was a word problem
related with finding the number of apples in twoltiplication operations by taking into account 3
apples equaled to ¥4 of the all apples in a baSkas. question was related with multiplying a fracti

by a fraction and finding the quantity represerigdhis multiplication.

In order to analyze students’ understanding levadseral actions at each question specified
for each level of understanding corresponding ® Birie and Kieren's theory of understanding.
These actions can be seen in Table 3.3 with redpdetvel of understandings. These actions were
derived and modified from some of Pirie and Kiesestudies about fractions (Kieren, 1988, 1999;
Kieren & Nelson, 1978; Kieren & Pirie, 1991; PigeKieren, 1992) and some of the studies which
applied the Pirie—Kieren Theory of Understandingtteeoretical lens to their studies (Meel, 1995;
Tsay, 2005). There was no question that could helpto trace students’ understanding toward
structuring and inventising levels since theselevequired more sophisticated questions which were
not suitable for the objectives of multiplicatiofi foactions at sixth grade mathematics curriculum.
Even the students from Pirie and Kieren's studyrditiachieve higher levels such as structuring and
inventising (Pirie & Kieren, 1994). Students care ey type of representation-verbal, concrete,
visual and symbolic- through each question.

Table 3.2 Expected maximum understanding levelstarview questions

Questions Expected Maximum Understanding Levels

Part 1

Formalizing
Formalizing
Formalizing
Formalizing
Observing

—
N

Formalizing
Formalizing
Observing
Property Noticing
Formalizing
Observing
Observing
Observing
Observing
Observing

Co~NoOAWNR2Or~rLONPR

(=Y
o

The expert opinions were taken from four mathersatitucation experts to ensure validity.
The fraction interview instrument and the tableaofions were provided to these experts to get their
opinion (see Table 3.3). Following questions wesleed to experts: “Is there any scientific errothe
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questions?”, “Is this question suitable to the Ieva students?”, “Is there any grammatical error i
the question?”, “Are the context and figures of guestion suitable to the levels of students?”tHls
question suitable to track understanding procesthefstudents according to the given table”, and
“Does this question allow students to use differtgpe of representations?”. After having experts’
opinions, some of the questions were slightly miedif These modifications were just about
grammatical errors.

Table 3.3Levels of understanding and corresponadtigns
Level of
understanding

Action associated with fractions

The student is assumed to know

how to do multiplication operation with natural nioiens

what is the meaning of multiplication operationiwitatural numbers?
multiplication is a form of repeated addition irtural numbers.

Primitive
Knowing

The student is able to

model multiplication of two fractions by using teparent fractions cards, chick
Image Making beans, beans, fraction sticks etc.

draw figures of multiplication of two fractions, wle number by a fraction.

do paper folding activities for multiplication affctions.

The student is able to
Image Having explain his/her modeling/drawing of multiplicatioftwo fractions, whole
number by a fraction.

The student is capable of

multiplying a whole number by a fraction
Property multiplying a fraction by a fraction (proper andgroper fractions)
Noticing multiplying mixed numbers

noticing commutative and associative property oftiplication of fractions.

The student is capable of recognizing that

multiplying a whole number by a fraction means mgkiractional part of this
whole number

multiplying a whole number by a fraction can belaxged with multiplication

Formalizing is a form of repeated addition.
multiplying a fraction by a fraction means takimgdtional part of this fraction
which means taking a part of a part.
The student is able to connect that multiplicatdfractions are used in
Observing different mathematic topics such as proportioncpetages, time measures etc.

and give examples for them.

The student is capable of

Structuring* recogni;ing the rglatio_nship b.et\./vee_n fractions_ @tinal numbers.
developing theories with multiplication of fractimn

The student is capable of creating new concepasrasult of fully

understanding multiplication of fractions.

* The participants of the current study were ngiested to reach these levels

Inventising*
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Moreover, the pilot study was conducted in ordersté® functioning of the interview
questions. These questions were asked to two deggatle students who were already taught the
topic of fractions. The interviews were video-tapdthe focus of this pilot study was on actions
performed by the students. This pilot study wadulder determining the relevance of the interview
questions, time appropriateness, and the cleaofeb® questions. After piloting the interviewseth
outcomes of the pilot study were evaluated and sdmeges and modifications were done.

3.3.2 Activity Sheet

The activity sheet was used as a supplementanumsnt for the triangulation of the data in
the current study. The activity sheet about muttgilon of fractions was developed by the researche
according to the objectives, problem solving, reasg communication, connection skills, some other
inter-disciplinary skills and teaching approachuieed by elementary mathematics curriculum. It was
modified from several mathematics textbooks byrgkihe purpose of this study into account (See
Appendix B). There were 14 questions in the agtislieet related with modeling of multiplication of
fractions, real life word problems, and symboliestions about multiplication of fractions. A pilot
study was done with two seventh grade studentsdardo understand whether the questions in the
activity sheet were related with purpose of theenirstudy. Then, final revision was made afteotpil
study.

The activity sheet was completed by the studentsanguthe lessons related with
multiplication of fractions. Students used concretaterials such as fraction strips, transparent
fraction cards, small cubes, beans, chickpea diteanswering some of the questions in the agtivit
sheet. These activity sheets were collected aketitof the related lesson in order to validate the
collected data with interviews.

3.3.3 Student Journals

Student journals were used as a supplementary doduior the triangulation of the data in
the current study. The purpose of students’ jousmating was to provide opportunities for the
researcher to gain insight about the students’ nataieding of multiplication of fractions. Journal
writing could also help students expressing theweseivhat they had learnt about multiplication of
fractions. There were eight questions requiringaited explanation of multiplication of fractions in
the students’ journal (see Appendix C). One of dnestions required telling how to multiply two
fractions, a fraction and a whole number, and twigech numbers to a friend, other question was
related with how to estimate the result of multiption operation, another question was related with
modeling of multiplication of fractions and the ethone was related with writing a problem and
solving it. These questions were modified from sanahematics textbooks and some studies related
with fractions. The questions were edited accordinguggestions from four experts in order to asses
students’ understanding of multiplying fractionesifically. A pilot study was done with two seventh
grade students in order to test the functionalftthe questions in the student journals. After piet
study, some of the questions were edited and fieedions of the questions were obtained in student
journal.

The students answered the questions at the enteofnathematics lessons related with
multiplication of fractions and they were collectadt after students completed them. Students’
journals were used to validate the results obtaineeh fraction interview instrument for students’
understanding of multiplication of fractions.

3.3.4 Students’ Self-Evaluation Form

Students’ Self-Evaluation Forms were used as a lesommtary instrument for the
triangulation of the data in the current study. Thepose of these forms was allow students to
evaluate themselves and see their deficiency afheumultiplication of fractions. There were five
open ended items and eleven 3-point likert typmstén student self-evaluation forms (see Appendix
D). Some of the items were taken from several woib and previous studies, and, some of the items
were developed by the researcher. “What did | leasily/hardly in the fraction multiplication?” and
“Which concepts did | like while learning multipifon of fractions?” were some of the open-ended
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questions in this form. Students also self-assetfsmdselves by marking 3-point likert type itemis. “
am able to do multiplication operations with fracs” and “I know the meaning of multiplication
when two fractions are multiplied” were some exaaspbf the likert type items in this form. The
students filled self-evaluation forms at the endhaf lessons related with multiplication of fractso
They were collected after students completed therorder to validate the results obtained from
fraction interview instrument about students’ urstiending of multiplication of fractions.

3.3.5 Observations

Observation is a technique that is used for sydieaily selecting, watching and recording
behavior and characteristics of living beings, ot§eor phenomena (Bogdan & Biklen, 2007). The
lessons and interviews were recorded with a videarder to understand the whole procedure deeply
(see Powell, Francisco, & Maher, 2003 for more itletan the use of videorecording in research on
mathematics). The video tapes were used as anwaliser tool in this study. The purpose of
observations during the lessons related with mliddgon of fractions was to validate the data
collected from the interviews.

3.3.6 Field Notes

Field notes refer to written notes derived fromadabllected during observations and
interviews. The field notes collected during thadst were used for the triangulation of the data
collected from interviews. The researcher videethphe lessons and interviews and took notes
during lessons and interviews. Keywords, abbremmetiwere used while writing field notes. The
researcher also reflected her ideas, thoughts basdtie observations and interviews in her field
notes. The teacher’s reflections about the studentsd interviews were also noted. The students’
previous grades at mathematics lesson were algal.not

3.4 Validity and Reliability of the Study

Validity and reliability issues play important eolin both quantitative and qualitative
researches. All researches should produce validreimble results. This section deals with these
issues and explains how the researcher overcameithihis qualitative case study.

3.4.1 Credibility of the Study

The internal validity or credibility of qualitativresearches concerns with the question of
how the findings of the study match with the regaliMerriam, 1998). In the current study, the
followings were done to ensure credibility of thedy. The data analyzed in the study were collected
with multiple ways. It was collected through fractiinterview instrument, students’ activity sheets,
students’ journals, students’ self-evaluation farotsservations and field notes. The findings frown t
interviews were validated from the results of thigeo data resources mentioned before. Moreover, the
participants were asked to see if the interpretativere made by the researcher were what they reall
thought during the interviews. According to Merriafh998), checking interpretations with the
participants is much more important than the onadenwith outsiders. Furthermore, a second coder
also analyzed the data. The use of representatiotdisunderstanding levels was determined by him
too. The rate of agreement and disagreement wasilasd with the overall results. The rate of
agreement was found to be 94%, which was acceptable to support the credibility of the study.

3.4.2 Transferability of the Study

External validity, also known as transferabilitydnalitative research, deals with extending
the results of a study to the other settings. lkeptto ensure external validity, data collectionl an
analysis procedure and description of setting artigipants were given in details.

3.4.3 Dependability of the Study

The reliability which means consistency is basedtlom assumption of replicability or
repeatability in quantitative research. But, regdidity or repeatability of a study is difficult tdo in
qualitative research because of the changes isdttiag, behaviors etc. So, reliability is exprelsas



32

dependability in qualitative research in order ¢aldvith the changes in the setting and their &fac

the research process (Trochim, 2000). Multiple oless were used in this study to provide the

dependability of the data. Furthermore, the intam& were videotaped. The researcher and an
independent observer reviewed the video recordsrder to decide the actions done in each

understanding level of Pirie-Kieren model and reprgations used by students and the drawing of
maps of each student according to their understgridivel and use of representations.

3.5 Data Analysis

Data analysis is a systematical process for seggcmd adjusting the findings of the study.
Pattern finding, data coding and synthesizing heepiarts of data analysis (Bogdan & Biklen, 2007).
Holistic and coding analyses are the two ways tdrpreting the data in qualitative studies. Hatisti
analysis includes looking at whole process not ifipeparts of the studied case whereas coding
analysis includes identifying and categorizing $ji@observable actions or characteristics (Beaker
al., 2005). The aim of data coding analysis wafin patterns among the collected data for drawing
conclusions. Dey (1993) suggests four ways forgmteing the data that “relevant literature review,
focus of the research and research questionsfardace from the data, imagination and previous
knowledge”.

Data coding analysis was used in this study. Sémctired interviews were done with two
sixth grade students. Students answered the gosesiio the fraction interview instrument. The
interviews were videotaped to see each studenswens deeply. Later, interviews were transcribed
by the researcher and then data coding was stéivtediam, 2009). The coding was done according
to levels of understanding and corresponding astinriTable 3.3 and also according to students’ use
of multiple representations. The representatiore ty@s coded according to students’ use of them
during each question. Moreover, the representagipe and the level of understanding presented by a
student for each question were numbered in orddraw understanding map of that student. So, there
could be more than one number in a question depgrathi students’ answer. The abbreviations were
used for showing the levels and representationstypao maps were drawn for each student. One
was the first part of the interview, the other avess for the second part of the interview. Thereewer
also supplementary data sources such as activestslused during the lessons, students’ journads, a
self-evaluation forms, field notes and classroonseobations were used for validating the data
collected through fraction interview instrument.n®o of the answers of the students in the activity
sheet, students’ journal, student’ self- evaluafiorms were used to support the coded data in the
interviews. Students had learnt the multiplicatwinfractions according to the objectives of sixth
grade mathematics curriculum. The activity sheet s@mpleted by students during the lessons and it
was collected at the end of the lesson. Studeatsnpl and self-evaluation forms were given just
after finishing the topic. The lessons were alstewgtaped. The observation notes from videos and
field notes taken by the researcher after the tesselated with multiplication of fractions andeaft
the interview were also used to triangulating @& tlata collected by interviews. Moreover, the ahiti
map of students’ understanding levels of Pirie &meten model and the frequency of their use of
representations types were produced from overakmfations of student’s activities in the lessons
related with multiplication of fractions. The resgger had her first impression of the relation of
understanding levels and the use of representgtms with these initial maps.

A sample analysis was done to show data analysishaw to figure out the understanding
maps of students.

A word problem, “a teacher has 45 books and a ddwats also 45 book%.of doctor’s books

and% of teacher’s books are novel. Find the numberoakis of them” was asked. It was related with

finding a part of a whole number. One of the piptots were answered the questions as in the
following excerpts.

g of teacher’s book means multiplyiégxy 45, | give 1 to the denominator of 45 in ortter

do this multiplication since a whole number can dmnsidered to be a fraction with a
denominator of 1. | can simplify 45 and 5 by divigithem with 5. Then, | find the product
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by multiplying the numerators together and denomoirsatogether and find the product 36.
So, the teacher has 36 novels.”

The abbreviations were used to show the understgridiels and representation types. The
numbers were given to show the parts of the casghe@ maps. The participant solved this problem
by using symbolic representations (RS) [1]. He fieti his knowledge of multiplying a fraction by a
whole number which pointed at his ability to operat property noticing level (PN). He did the same

operations for findingg of 45 and found 30 for the doctor’s novels. Whiea humber 1 was seen in

the map, it was understood that property noticexgel reached and symbolic representations were
used by the participant during that part of theecdsater, the participant was asked the reasonhghy

used multiplication here, he said that “I fOlJf;ndf 45. | can divide 45 by 5 and multiply the redwy

4. It is the same as multiplying tﬁ;eby 45. It means adding 45 timésﬁogether.” So, he knew the

meaning of multiplication of fractions and he wasage of multiplication was a form of repeated
addition. He also knew that multiplying a whole rhenby a fraction means finding a part of a whole.
These evidences pointed that he was at formalievg (F). He used verbal representations (RW) for
these explanations [2]. When the number 2 was seethe map, it showed that the participant
positioned at formalizing level and used verbalrespntations for the explanation of the result. The
activity points for the representation types wels alrawn on the map in order to make easier to
interpret the results. After analyzing these resolt this question in the interview, more evidence
were collected from the students’ activity shegtsrnals and self-evaluation forms for validatifg t
data obtained from the interviews. For example,tfis question more evidence related with the
meaning of multiplication of fraction and the rédat between multiplication and addition was
provided from the activity sheet of that student.

3.6 Procedure

The research problem of the study and relatediargs were decided firstly. The key words
“Mathematics Education”, “Growth of Understanding'Multiplication of Fractions”, “Multiple
Representations”, and “Pirie and Kieren Theory afierstanding” were searched from the databases.
The keywords were searched from the sources sudbdasational Resources Information Center
(ERIC), Dissertation Abstracts International (DABgcial Science Citation Index (SSCI), and Google
Scholar. The studies related with the current stadiurkey were also searched from National Theses
Center and some local journals such as Hacettepeetdity Journal of Education, Education and
Science, and Elementary Online, Journal of NatioRdlucation, and proceedings of national
conferences. The review of related literature heehbupdated during the study.

Secondly, the interview protocol was developedn&aof the questions were modified from
different sources such as Trends in Internationalth@matics and Science Study (TIMSS), the
Programme for International Student Assessment ARISlational Assessment of Educational
Progress (NAEP), and national high school examneoted mathematics textbook and previous
studies and translated into Turkish. Some of thestions were developed by the researcher by
thinking the levels of Pirie-Kieren’s model. Exparpinions were taken and the questions were
revised. The pilot study was conducted with twoesgh grade students and the questions were
revised finally and then the interview protocol veapied. Later, lesson plans were prepared for the
teacher and activity sheets were prepared for thdests. They were prepared according to
elementary mathematics curriculum. Next, studgotg’nals and students’ self-evaluation forms were
developed. The activity sheet, students’ journats students’ self-evaluation forms were pilotechwit
the same students and their final revisions wergenaad they were copied.

Thirdly, the study was conducted at a public stlwd&timesgut district of Ankara since its
convenience. The fraction unit was taught to twihsgrade classes in this school during three weeks
at April,2010. They did the activity sheets durithge lessons. They also completed self-evaluation
forms and journals at the end of each section. d¢tevity sheets and self-evaluation forms and
students’ journals were collected at the end ohesarction. Moreover, each section was video-taped.
Later, two students were chosen for the intervielv® interviews were conducted during nearly 90
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minutes at the beginning of the May, 2010 and thiege video-taped. An informed consent form was
prepared and the participants were informed ablmaitstudy. The pseudonyms were used for two
participants in order to not to deceive them.

Finally, the data analysis was done. Studentserutws were transcribed and coded
according to students’ understanding levels atePamd Kieren model and their use of multiple
representations. Students’ answers were ensurexsiigg them. Students’ activity sheets, journals
and self-evaluation forms and video records wemdu® triangulate the data collected from the
interviews. Two coders were coded the obtained. data

3.7 Assumptions and Limitations
3.7.1 Assumptions
The assumptions of the study are given below.
1. Both of the students answered the questions imtne showing their actual understanding
process in the interviews.
2. The participants of the study did not interact vatith other.

3.7.2 Limitations

The researcher’s role may be a limitation of thuelg. The researcher was the mathematics
teacher of the students. So, the students mayéebus and stressed while answering the interview
questions. However, it may be an advantage sireeefearcher and the students know each other
well. Moreover, there were no questions to trackishts’ understanding at structuring and
inventising levels.



35

CHAPTER 4

RESULTS

The primary intention of this thesis was to invgate sixth grade students’ understanding of
multiplication of fractions. Additionally, this sty sought to improve mapping feature of the Pird a
Kieren theory of mathematical understanding andrema the effectiveness of this improved version.
With respect to these purposes, there were twarelsejuestions: “What are the sixth grade students’
understandings of multiplication of fractions usitige Pirie and Kieren model?” and “What
representations do sixth grade students use teesxpheir multiplication of fraction ideas at each
understanding level in terms of Pirie and Kieramadel?”. In order to answer the research questions
of the study, the data was collected and analyZld.results of the analysis were presented in this
chapter.

The data from the interviews, observations, anderogources (activity sheets, students’
journals, students’ self-evaluations) were usedralyze each participant’s understanding and uses o
representations at each level of understandingderao find emergent themes concerning types of
representations and understanding levels in whiepresentations were used. Additionally,
understanding maps were generated for all partitpaEach map demonstrates the associations
between the types of representations used by tiieipants and the levels of understanding.

This chapter includes two sections as follows:dase of Ahmet’'s understanding and use of
representations and the case of Volkan's understgrashd use of representations. Each of the section
first describes the types of representations ugeghbh student and thederstandindevels in which
each student used those representations. Theitlymwinderstanding of multiplication of fractions
and maps of their understanding process are tlsenisied at these sections. Detailed analysis bf eac
case included multiple view and re-view of the imtew videos, transcripts, and supplementary data.
The role of supplementary data were ensuring trmghiness of the interpretations and clarifying
students’ actions. The interview videos were thmary data source.

While analyzing the data, the researcher took thiviing type of representations in
consideration:

e Concrete materials

e Spoken or written words
e Visuals

e Symbolic formulas

These representation types, understanding levetspeovement from each of the levels were coded
as it can be seen in Table 4.1 to analyze the data.
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Table 4.1 Coding scheme used in analyses

Code Description

P Primitive knowing

IM Image making

IH Image having

PN Property noticing

F Formalizing

(0] Observing

S Structuring

I Inventising

IMtoP Folding back from image making to primitivadwing
IHtoP Folding back from image having to primitivedwing
IHtoIM Folding back from image having to image nmaki
PNtolM Folding back from property noticing to imageking
PNtolH Folding back from property noticing to imalgaving
PNtoP Folding back from property noticing to priivit knowing
FtolH Folding back from formalizing to image having
FtoIM Folding back from formalizing to image making
FtoP Folding back from property noticing to priméiknowing
RV Using visuals (drawing, diagrams) as represemtat
RW Using spoken or written words as representations
RC Using concrete materials as representations

RS Using symbols as representations

4.1 The Case of Ahmet's Understanding and Use pfé&entations

As detailed in Section 3.2, Ahmet is the best stude his class. Moreover, he is an active
participant of the mathematics lessons. He showdrnitérest in the related topic with asking many
questions and expressing his willingness to sdieequestions asked by the teacher. Throughout the
study, the lessons in Ahmet's class were videodagpe well as the field notes taken during the
observations. Furthermore, the activity sheet viss filled by Ahmet. Preliminary analyses of these
supplementary data showed that Ahmet used symbegticesentations almost at every stage of the
lesson. He tried to explain his answers with symbimlo. Therefore we can say that, in the
instructional sequence Ahmet mainly used symbotst@used drawings as well as verbal language
less than symbolic representations in the actisfityets given. This trend of using symbols continued
throughout the observation (see Figure 4.1).

For the classroom activities, the researcher adedtdtial maps that consist each
understanding level and frequencies of the reptaens used. The layout for this map taken from
Slaten (2006) and modified to include numbers ofesbations as well as connections between
understanding level and type of representationgs&hinitial maps do not show the process of
understanding; however, it is still informative andseful to see the relationship between
understanding and representation types.

The initial mapping was produced from overall albaons of Ahmet’'s activities in the
lessons and these maps showed connections betweagrstanding levels and the types of
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representations he used (see Figure 4.1). Thalimitap outlined Ahmet's use of the representation
types related with his understanding levels. Thenlmers of arrows from understanding levels to
representation types were given representativeig. flumbers at the right corner of the map showed
the frequency of representation types he used et eaderstanding levels. The first letters of
representations and understanding levels were giseabbreviations. So, Ahmet'’s initial map showed
that he used four concrete material and two visearesentations at image making level; four
symbolic and verbal representations at image haviengl; two symbolic and one visual
representation at property noticing level; two spitbrepresentations at formalizing level; and 1
symbolic representation at observing level. It segrthat Ahmet mostly used symbolic and verbal
representations at outer levels; concrete mataaradsvisual representations at inner levels.

Understanding Representation
Levels Types

Image making

—\

concrete ]

Image having - -
visual ]
property noticing
symbolic ]
formalising
observing verbal J
structring IM& RC= 4
IM& RY = 2
A — IH& RS = 4
inventising IH&RW = 4
PN & RY = 1
PN& RS =2
F&RS=2
O&RS=1

Figure 4.1Activity levels vs. type of representaidrom Ahmet’s first observation

As stated before, primary data source for theyainay students’ understanding was the data
gathered from the semi-structured interviews. tkiest was related with multiplying a fraction
by a whole number, multiplying a mixed number bwyleole number. 5 questions were asked in this
part. They emphasized the relationship between ipfiolition and repeated addition. The first
guestion was related with trying to find out whaimes to one’s mind about the fractions. The
purpose of this question was to find out the retathip between multiplication and repeated addition

while obtaining the fraction. Ahmet was asked tadfiout how he could obtain the fractiésn He

showed his awareness to figure out a fraction layvidrg a figure and using a concrete material as in
the following excerpts. At this stage, Ahmet dentated his ability to operate at image making level
(IM) when he deals with the fraction concept. Hedivisual representations (IM) (RV) [&hd

concrete representations (IM) (RC) [@]represent the fractio;fn
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AHMET: “The fractiong means dividing a whole into 5 equal parts andnigld parts of it

(He was drawing a rectangle at the same time, gped=4.2) (IM) (RV) [1]l can also show
it with fraction tiles (IM) (RC) [2]...... | can also show it with chick peas (RC). If orreck

peais takelé, then | take 4 chick peas in order to show thetiinag

WA WA

Figure 4.2Ahmet’s visual representationgbf

While Ahmet was further explaining the fraction, Hemonstrated the fraction;i with

mathematical expressions. At that stage, he exglathe fraction as operations. He started with
addition of the fractions and concluded that thdtiplication is a form of repeated addition which
showed he operated at the formalizing level (F).uded symbolic representations (RS) as seen the
following excerpts [3]. (F) (RS) [3]

AHMET: “It equals to%+§+§+%=§. If 1 make it in a shorter way, | can use

multiplicationé X % =§ (RS) [3]. The addition of fouiﬂ equals to multiplying four timeé
(see Figure 4.3).” (F) (RS) [3]

\ \ { A —~
\ \ \ /

Figure 4.3Ahmet’s logic about addition and multiglion of fractions

More evidences for this was also seen in the agtsheet of him. He tried to explain the
relationship between multiplication and repeateditaah (see Figure 4.4).
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Figure 4.4Ahmet’s logic about addition and multglion of fractions in the activity sheet

In the second question, ingredients to make a dakdive people were given and the
proportion of each ingredient was asked in orden&ie a cake for fifteen people. It was relatedhwit
finding the multiplication of a whole number by &per fraction, an improper fraction and by a
mixed number. It also emphasized the relationshimoltiplication and repeated addition. Ahmet
showed an understanding of multiplication of aticat by a whole nhumber and also multiplication of
a mixed number by a whole number. He multipliedribenerators of the fractions and multiplied the
denominators of the fractions and placed the prodfiche numerators over the product of the
denominators. All aforementioned evidences probedl he positioned at property noticing level (PN)
since he examined his knowledge about multiplicats fractions for relevant properties. He used
symbolic representations (RS) in order to demotestthese properties as seen in the following
excerpts. [4]

AHMET: “It is for five people, it'll be multipliedby three for the cake prepared for 15
people. | will find the amount of vegetable oil byltiplying % with 3. An integer can be

considered to be a fraction with a denominator ofThere is no cancelling for this
operation...I multiply the numerators, it is 3 andltiply the denominators, it is 2. Then the

product isz which equals td% cup of vegetable oil” (see Figure 4.5) (PN) (Rg) [

Figure 4.5Symbolic repfesentation used by Ahmshtmwv multiplication of a fraction by a whole
number

As can be seen in Figure 4.5, Ahmet did the otheltipfication (Zx 3) the way as in the

previous excerpts in order to find the amount dkmied. He also multiplied a mixed number by a
whole number to find amount of the sugar and fleeing used in the cake. He converted each mixed
number to an improper fraction and then did muttggion as in the following excerpts. He positioned
at property noticing level (PN) and used symbaddijgresentations (see Figure 4.6) (RS) [4]
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AHMET: “2% equals toi— which is necessary for multiplication. Then | npli it by 3. The
result is%5 which equals td% cup sugar ...l find 7 cup flour.” (see Figure 4BN) (RS) [4]
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Figure 4.6 Symbolic representation used by Ahmsttmwy multiplication of a mixed number by a
whole number

Ahmet finally found the proportion of eggs and ingkpowder by just multiplying them by 3
(See Figure 4.7).He had primitive knowledge (PK)wbfractions [5] and he used symbolic

representations (RS). For instance, he was askeadl lve understood fromi cup flour, he told that

“2 cup flour and a cup with an amount nearly fillédaf it”. He drew the figure to illustrate his
explanation and used visual representation (Sagéif}9) (RV)
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Figure 4.7 Symbolic representation used by Ahmehtowv multiplication of a whole number by a
whole number

Figure 4.8 Visual representation used by Ahmehtmsa fraction
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Figure 4.9 Symbolic representation used by Ahmsthtmw addition of proper fractions with the same
denominator
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Ahmet talked about the half cup ércup. He knew the meaning of denominator and the

numerator of a fraction. He also identified an gae can be considered to be a fraction with a
denominator of 1 and he defined improper fractiand mixed numbers and he was able to convert
them to each other. Ahmet also talked about th@ection between addition and multiplication when
a fraction was multiplied by a whole number. He dasirated his ability to verify multiplication was

a form of repeated addition which showed he pasétibat formalizing level (F). He used symbolic
representations (RS) for this verification as seethe following excerpts [6]. (See Figure 4.9)

AHMET: “Multiplication equals to repetitive additio For example, wher-;} is multiplied by

3, we are adding thre% together and findiné which equals tol% (Figure 4.9). But, We
multiply% by 3 a short way of adding threieconsecutively since this multiplication means
three time%. So, we are multiplyiné by 3 as a short way of repeated addition.” (F))(8%
(See Figure 4.9)

More evidence can be found in Ahmet's journal (Bégure 4.10) and activity sheet (see
Figure 4.11).

Figure 4.10 Symbolic and visual representations liyeAhmet to show multiplication of a fraction
by fraction in the journal

J

/

Figure 4.11 Symbolic and verbal representationd bgeAhmet to show the relationship between
multiplication and repeated operation in the atigheet

The third question was a word problem related fiftitling a part of a whole number. Ahmet
was asked to finé and % of 45.Ahmet verified his knowledge of multiplyirgfraction by a whole

number in different settings which pointed at Hfity to operate at property noticing level (Pe
used symbolic representations (RS). See the fatigwikcerpts.
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AHMET: “g of teacher’'s book means multiplyifﬁ;\gay 45. | give 1 to the denominator of 45

in order to do this multiplication since a wholenmer can be considered to be a fraction
with a denominator of 1. | can simplify 45 and 5 diyiding them with 5. Then, | find the
product by multiplying the numerators together at@hominators together and find the
product 36. So, the teacher has 36 novels.” (sgar€&i4.11.) (PN) (RS). [7]

RESEARCHER: “Why did you do multiplication here?”

AHMET: “l found % of 45. | can divide 45 by 5 and multiply the reéday 4. It is the same as
multiplying theg by 45. It means adding 45 tim:ewgether (PN) (RW) [8].

Ahmet knew the meaning of multiplication and hesvaavare of multiplication was a form of
repeated addition. He also knew that multiplyingteole number by a fraction meant finding a part of
a whole. More evidence can also be seen in higigcsheet (see Figure 4.14.) and his journal. €hes
evidences pointed that he was at formalizing I€&l He used verbal representations (RW) for these

explanations [8]. He did the same operationsifatifig % of 45 and found 30 for the doctor’s novels.

(see Figure 4.12.) He also modegedof 45 books (see Figure 4.13.). He verified hipwledge of
multiplying a fraction by a whole number. See tblofving excerpts.

AHMET: “l draw a square and divide it into 5 equuéces and take 4 parts of it. | divide 45
by 5, | find each part has 9 books inside. | takgafts which means 4 times 9 equal to 36
books. (see Figure 4.13.) ( RW).”

\

Figure 4.12 Symbolic representations used by Alimehow multiplication of a whole number by a
fraction.

A R W e ——

Figure 4.13 Visual representation used by Ahmeshtow a part of a whole
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A\ . 2
Figure 4.14 Symbolic and verbal representationd bgeAhmet to show a part of a whole in the
activity sheet

The fourth question was a word problem relatedh wiultiplication of a mixed number by a
whole number. It was related with finding a partiixed number) of a whole number. The number of
egg cartoons in a grocer and the number of egégeirmch egg cartoons were given. How many eggs
there were in these egg cartoons were asked to Blieedemonstrated his knowledge of connecting
fractions with natural numbers. He knew what a ligttion means and used this knowledge by
connecting the multiplication of fractions with oedl numbers. He used symbolic representations
(RS) while solving this question. He positionedf@imalizing level (F) since he was aware of the
connection between natural numbers and fraction$H® knew what a half fraction meant. He had an
idea about the fractions of quantities. Let’s deefollowing excerpts.

AHMET: “I multiply 13 by 12 since there are 13 pages except fractional part and each
package has 12 eggs inside. | find the result 1581d 156 with 6 since there is also a
half package and the half of 12 is 6. Then, | fit@P eggs in all egg cartoons (see Figure
4.15). (RS)”

Ahmet was asked if he can solve this question iffierént way, he used fraction
multiplication. He converted the mixed number troper fraction and then did multiplication and
found the same result. He used symbolic representafRS) as in the following excerpts. Moreover,
he did similar operations in his activity sheetidgrthe lesson and his journal. He positioned at
property noticing level (PN) since he just did riplitation [10]. He also expressed what an improper
fraction and a mixed number.

AHMET: “Z s multiplied byE. | simplify 12 and 2. | find the result 162, thense as the
2 1

first result... This multiplication means adding llimeszzl . There are 12 eggs in each

package and we should use multiplication in orddimnd the number of eggs in 13 and a half
package (see Figure 4.16). (RS)”

Figure 4.15 Symbolic representations used by Ahménhd a mixed number of a whole
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Figure 4.16 Symbolic representations used by Ahménhd a mixed number of a whole

The fifth question was related with the modelifgnaultiplication operation with a whole
number and a fraction. It was related with modetinges of fractions. A shape was given as a whole
in rectangular units and Ahmet was asked to modelkiplication operation in rectangular units by
thinking this whole. Ahmet tried to model the mplitation operation. He first tried to model it by
using cubic blocks and then tried to draw and esgiie on the given shape (see Figure 4.17). It
initially seemed he modeled correctly. He positibia¢ image having level (IH). More evidence can
also be seen in his journal, and activity sheetfodeling and knowing the meaning of multiplication
of a whole number by a fraction (see Figure 4.H&) .used concrete materials as representation (RC)
while modeling [11]. But, while drawing it in reaigular units (see Figure 4.18), he seemed that he
could not notice he modeled it correctly as infiilowing excerpts (RV).

AHMET: “This equals toj: (he divided 3 rectangular units into 6 equal pseard hatched a

piece in order to sho@. If 4 of them are put side to side, the resulthi$ operation (he is
counting) 1,2,3,4,.....24. 000 wait a minute 24. \Wewd not find 24 since the result of this
multiplication isg. 4 times% are added together. | found the re%‘iglfrom the model which

means 24 timeé come together. But, this does not give the sameltrésee Figure 4.17)
(RV).”

Although he initially modeled the operation cothgche could not notice this. He made
several attempts but, he was unsuccessful sintieokight 4 wholes instead of one whole and divided
4 wholes into 6 equal pieces. He knew multiplicati® a short way of repeated addition but, he could
not connect this knowledge with modeling. So, hd t#ficulty in finding the correct modeling. All
the aforementioned evidence pointed at his abititpperate at image making level (IM). He folded
back to image making level (IHtoIM). He used synibakepresentations (RS) for expressing his
model [12].

AHMET: “l divided the whole shape into 6 equal mec... The denominator should not be
added....the denominator must be the same. Soualsadpg which means 4 timezs added
together. It is the short way of repeated addifsse Figure 4.18) (RS and RV)”
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Figure 4.17 Modeling of the operation 4 time%dﬂi rectangular units
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Figure 4.18 Symbolic and visual representationsl liseAhmet to find 4 times sz

Figure 4.19 Symbolic and visual and verbal repriegems used by Ahmet to show multiplication of a
whole number by a fraction in Ahmet’s journal

The second part of the interview consisted of qaestrelated with multiplication of two
proper fractions, two improper fractions and twoad numbers. The first question of this part simply

asked multiplication of two fractions. Ahmet waked to findg of %. It emphasized the meaning of

multiplication operation with two fractions. Ahmsehowed an awareness of multiplication of a
fraction by a fraction meant finding a part of atpas in the following excerpts. He used symbolic
representation (RS) for finding the result. He iosed at formalizing level (F). [1].

AHMET: “The operation we can do while finding adtmn of a fraction is multiplication. |
can multiply% by g and find the resu% (see Figure 4.20).”

After that he decided to use transparent fractiars to model this multiplication. But, the
following dialogue showed that he had some diftiguh modeling and explaining the meaning of
multiplication of two fractions on this model. S was not prepared to operate at formalizing level
He folded back from formalizing to image making dé(FtolM). He used concrete material as
representations (RC) for modeling [2].

AHMET: “l put this card over the other in oppositirection (he is putting transparent
fraction cards one is over the other in a posittbat one is vertical and the other is
horizontal). | count in order to find how many pscit is divided equally. It is divided 15
pieces and then | can count the darker area- thesattion area of them. The darker area has

8 pieces, and then the result of the multiplicatmfg (RC).”

The researcher asked Ahmet why he took the intiosearea. But, he confused the meaning
of multiplication with division of two fractions. &l just memorized how to model multiplication
operation by using transparent fraction cards.rtiersected the transparent fraction cards horiflgnta
and vertically for getting equal pieces and he todkrsection area for the result of multiplication
However, he had some problems while drawing theghofimultiplication of two fractions as seen in
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the following excerpts. He divided the numeratorthod fraction% into 3 parts in order to show the

intersection area while drawing a shape withouhgidraction cards (see Figure 4.20). Although he
showed an understanding of multiplication of twactions means finding a part of a part, he did not
constantly show his awareness of modeling muli@io of two fractions and interpreting the result
of this multiplication from the model. He positi@hagain image making level (IM) and used visual
representation (RV) for modeling [3].

AHMET: % is divided by% which mean% is put overg.... It is something like finding how

many% is there in% . but, it is different operation.....I can show it frawing a model (see
Figure 4.21). | divide this shape into 5 equal p&and hatched 4 pieces and | divide these 4
pieces into 3 parts and | can fié\d}hside % (RV).”
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Figure 4.20 Symbolic representations used by Atimehow a fraction of a fraction
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Figure 4.21 Visual representation used by Ahmendolel multiplication of two fractions

The second question was related with modeling amtting the meaning of the multiplication
operation with two proper fractions. It asked todmotwo multiplication operations with two unit
fractions changing the orders and then asked athmutmeaning of these multiplications. While
answering this question, Ahmet showed an understgn@f the commutative property of
multiplication operation. So, he positioned at pndyp noticing level (PN). But, he misinterpretee th
meaning of two multiplication operations. He useanbolic representations (RS) for doing this
multiplication [4]. He modeled the multiplicatiorperation correctly (see Figure 4.22), but, he could
not connect his knowledge for modeling it with sparent fraction cards as seen in the following
excerpts. He used visual representations (RV) fadeting the multiplication [5].

AHMET: “A half is multiplied by a fourth and it eqls toé. The result of this operation
means an half of a fourth. | can show it immediatéHe divided a rectangular shape into
four parts and then divided each part into two galitained eight parts as in figure 4.22).
This equals t(é. (RV)”

RESEARCHER: “How about the other one?”

AHMET: “A fourth is multiplied by an half and it els tog. We can say a fourth of an half.
We can say that multiplication has commutative prop The product does not change when
the order of the multiplicands are changed (seerEi@.24). | can show this operation by

dividing a whole into two parts and then divide legart into four equal parts (see Figure
4.23). (RV)
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Researcher: Are these two models the same or natfmet: No. We are modeliné of i

1 1,
and- of -
4 2

After that he tried to show these operations wirdmsparent fraction cards. He put the
transparent cards on each other; one is on vediwhthe other on horizontal position. He counbed t
parts in order to find the denominator and fourghtparts. He counted the overlapped part to find

numerator. He finally found he res%{t He did this as a routine procedure. He did maivk the

reason why he put them in vertical and horizontaiton. He said “it is meaningful if we put them
crossing over each other in multiplication opematioHe puzzled for a while and he put the

transparent fraction cards on each other and hedfthe resul{}. He also tired other fractions with the

fraction cards and saw that putting the cards Inattizontally or vertically was not meaningful for
these fractions, non-equal parts were obtainedwate unaware of the meaning of the multiplication
with modeling it by using transparent fraction cardHe had just memorized how to model
multiplication operation with transparent fractioards. So, he folded back to image making level
(PNtolM). He used concrete material as represemsifRC) [6]. He had some effort, but he could not
connect his knowledge of modeling with the mearahgultiplication operation. More evidence can
be seen in the activity sheet and video recordsfiatiinotes. He wrote he had some difficulty while
learning modeling of multiplication of fractions &elf-evaluation form.

Figure 4.22 Symbolic representation used by Ahmsehbw multiplication of two unit fractions and
modeling of that multiplication

Figure 4.23 Symbolic representation used by Ahmshbw multiplication of two unit fractions and
modeling of that multiplication

Figure 4.24 Verbal representation used by Ahmehtmv commutative property of multiplication of
fractions

In the third question, a multiplication operatiovith two mixed numbers was given;
estimating the product and then comparing the podnd the estimation result with each other was
asked in this question. Ahmet constantly showed avisreness of multiplication of two mixed
numbers. He converted them to the improper frastionorder to do the multiplication (see Figure
4.25). He used symbolic representation (RS) whiliegl this multiplication. He operated at property
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noticing level (PN) [7]. Ahmet also showed an urstiending of how to estimate the result of the

multiplication of two fractions. He estimated tleetors and the product by using number line styateg

(see Figure 4.26). He used visual representati@d and verbal representations (RW) [8]. He also

rounded some fractions by using the strategy that tlose they are to the number zero. Ahmet also
compared the result of this multiplication operatisith the estimation result and he found the same
results in both operations as seen in the folloveirgerpts. more evidence can be seen in the activit

sheet and journal he did before. He did similangbi(see Figure 4.27). This discussion suggests tha
he positioned at formalizing level (F) [8]..

AHMET: “We convert them to improper fractions totaim the correct result. Two times
nine plus one equals 19, it—lig% and three times eight plus seven equals 31,%.i|5wi|l do
this multiplication. They are not simplified, thénmultiply 19 with 31 and find 589, |
multiply nine with eight and find 72. The resultuads to%. | convert it to a mixed number
by dividing 589 to 72, | find@ % (Figure 4.26) (RS)”

RESEARCHER: “Why did you convert mixed numbersrtpioper fractions?”

AHMET: “It is the correct solution to convert thetm improper fractions, there is no other
way to solve it.”

AHMET: “Zé is close to 2 sinc§ is close to zero and we have already 2 whole mdhH |
show it on the number line, we can see that itaser to 2.3% is close to 4. When | draw a
number line, | divided 7 parts between 3 and—;4i,s close to 3 (Figure 4.27). Then, 4 is
multiplied by 2 and the result is 8. (RV) Anywayetresulﬁg is close to 8 sinc;ail is close
to 8. We can ShO\éfg by dividing 72 parts between 8 and 9 on the nurliber It is closer to

8. In another way, | can sé% is close to zero, we have also 8 whole. When vae&adhole
with zero, we obtain 8. So, it is close to 8. (RW)”

Figure 4.25 Symbolic representations used by Ahmshow multiplication of two mixed numbers by
converting them to improper fractions

Figure 4.26 Symbolic and visual brepresentationedu'g/ Ahmet to estimate the result of
multiplication of two mixed numbers
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Figure 4.27 Symbolic representation used by Ahmeftstimate the result of multiplication of two
mixed numbers in his journal

The fourth question dealt with equivalent fracsoff the result ofz XZ operation equaled
to gor not was asked in this question. Ahmet did tivergmultiplication operation in order to see its

result equal tc% or not. He knows how to multiply two fractions. Haultiplied the numerators and

then denominators of the fractions and placed toeyrt of the numerators over the product of the
denominators. He demonstrated his ability of sifgjplg the fractions. He said “it is quicker first
simplify the fractions and then multiply the framis”. He showed his awareness of using greatest
common factor while simplifying two fractions (sd€gure 4.28. and Figure 4.29.). He said
“simplification is to find the smallest fraction @igalent to the given fraction by dividing the bdtie
numerator and denominator by the common factorhefnt. He knows that simplification means
obtaining smaller fractions equivalent to the giviattion at the beginning. So, he has an ideatabou
equivalence fractions. All aforementioned evidepoeted that Ahmet showed his ability to operate
at property noticing level (PN). He used symbolapresentations (RS) while dealing with this
guestion [9]. Let's see the following excerpts.

AHMET: “I can simplify the factors before doing ntiplication. The common factor of 3
and 6 is 3. Then, | simplify the denominator of first factor with the numerator of the
second factor by their common factor 3. The resfilthe multiplication isg (see Figure
4.27.). (RS)”

RESEARCHER: “How did you do this simplification?”

AHMET: “While doing multiplication, the numeratond denominator of a fraction can be
simplified by a common factor of them or the denmadr of the first factor with the
numerator of the second can be cancelled by the gaotor. The common factor can be
found by the Greatest Common Factor of these nwnfdre simplification is finished, we
can do multiplication. We can first multiply theations and then simplify the result. | found
the result of the multiplicatioé% and simplified it by 3 and found the result agéi(see

Figure 4.28.). (RS)"
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Figure 4.29 Symbolic representation used by Ahmsehbw multiplication of two proper fractions

The fifth question was related with finding theguct with 3 multiplicands. The result of the
multiplication %x % X Z was asked to Ahmet. He showed his ability to ds thultiplication. While

dealing with this question, he first multipliedsfiirtwo factors and then multiplied the productharm
with the third factor (see Figure 4.30.). He imglihe associative property of multiplication in the
following excerpts.. He showed his understandindy@iv to multiply fractions and how to simplify
them. Later, he did multiplication with 3 multipinds and found the same result as in the first
operation (see Figure 4.31.). More evidence carsdmn in Ahmet's activity sheet, journal. All
aforementioned evidence showed that he operatpbperty noticing level (PN). He used symbolic
representations (RS) [10].

AHMET: “First, | can do§ X % and then multiply the result WiF:!‘] The order of the factors
does not matter in multiplication operation. So,ca@ multiply the second and third factors
and then multiply the product of them with theffii@ctor and so on. The multiplication é)f
with % equals tolz—s. Then, | muItipIy% with %. | can simplify 2 and 4 by 2. The result equals
t033—0 (see Figure 4.30.).(RS)”

RESEARCHER: “Can you multiply three of factors ttggr and find the same result?”
AHMET: “Yes, | can. The product equals—é%n | multiplied the numerators and wrote the
result as the numerator of the product and mudtipthe denominators and wrote the
denominator of the product. | cancel the numeratar the denominator with 6 and fiﬁod

The result of the first operation also equals taesaesult when | simplify it (see Figure
4.30.).”
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Figure 4.30 Symbolic representation used by Ahmshbw multiplication of two proper fractions
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Figure 4.31 Symbolic representation used by Ahmshbw multiplication of three proper fractions

The sixth question was related with comparing rdsult of multiplication operations with
the multiplicands in proper and improper fractioAbmet was asked to do a multiplication operation
with two proper fractions and then comment thatgreduct was less or greater than each of the two
fractions he multiplied. He was also asked to doghme things with multiplication of two improper
fractions. Ahmet showed his understanding of mbylitig the improper and proper fractions during
this question. He positioned at property noticiegel (PN) and he used symbolic representations (RS)
for this multiplication [11]. (see Figure 4.32 aRidjure 4.33).
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Figure 4.32 Symbolic representations used by Atimehow multiplication of two proper fractions
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Figure 4.33 Symbolic representations used by Ahmshow multiplication of two improper fractions

Ahmet also showed his awareness of how to contbareroper and improper fractions. He
used a strategy that how close the fractions athdin wholes, halves and the number zero in the
number lines (see Figure 4.34). Moreover, as arrative strategy, he found the least common
multiple of the denominators and expanded theifvastaccording to that number and then compared
the fractions with the same denominators (see EiguB5 and Figure 4.36). All aforementioned
evidence suggested Ahmet's ability to operate fdimimg level (F). He used symbolic and visual
representations (RS and RV) for comparing the ivast[[12].

See the following excerpts.

AHMET: “The result ofz X % equals to:-. There is no cancellation (see Figure 4.31).”

RESEARCHER: “Can you compare this product withfemetors?”
AHMET: “Yes, | can compare. The product is lessntlthe other two factors. Shortly, the

fractiong is close to zero less than a h%lﬁ,s close to a whole an;dequals to a half. (He

showed these fractions on number lines to show tHeseness to a whole, a half or zero)
(see Figure 4.34).... | can also show these fractignsiathematical sentences by expanding
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the denominators of them to 4%.equals toZ— when expanded by 2 aridequals tog when

expanded by 4 (see Figure 4.35). Then, we cangsisethe smallest one among these

fractions. If the fractions have common denomirgtdhan the fraction with the bigger
numerator is greater than the others. Becausediyide a whole 8 pieces and take 6, 4 and 3
pieces. Then, of course 6 taken-pieces are bidngar the other pieces. (he drew figures to

compare the fractions) (see Figure 4.36). The re$uhe other multiplication equals %é It

is bigger than the factors. | can expand the denatois to 12 (see Figure 4.33). Then, we
can see that the product is bigger than the fagthen improper fractions are multiplied; it is
smaller when proper fractions are multiplied.”
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Figure 4.34 Visual representations used by Ahmebtopare fractions
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Figure 4.35 Symbolic representations used by Atimehow multiplication of two proper fractions
and compare them
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Figure 4.36 Visual representations used by Ahmebtopare three fractions

When Ahmet was asked what he would say aboutdmeparison of these fractions, he
demonstrated his awareness of the comparison ofptoeuct with the multiplicands in the
multiplication of proper and improper fractions. Heed to prove his conclusion by giving different
examples (see Figure 4.37). He also used symbeticesentations (RS) for this proof. Then, he
generalized that the product is less than the pliginds when proper fractions were multiplied; the
product is greater than the multiplicands when wpper fractions were multiplied. As a result he
positioned at observing level (O).See the followaxgerpts [13].
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Figure 4.37 Symbolic representations given as amgle by Ahmet to show multiplication of proper
and improper fractions in different settings

The seventh question was a word problem requitiegime conversion related with finding
a part of a part. How many minutes there werzec'mﬁ g hours was asked. It was expected to ﬁ-imxﬂ

% hours and then to convert the result into minirnighis question. It was a daily life question.méit
demonstrated his understanding of finding how marigutes there were ié ofg hours and he

showed his ability to verify it in a different stegy. He first foun(% of 60 minutes and then fouéd)f

the obtained result in order to solve this ques(gee Figure 4.37.). After that he tried a difféneny

that he founai— ofg by multiplying them and then multiplied the reswith 60 minutes (see Figure
4.40.). He knows how to multiply two fractions, @mwhole number by a fraction. He knows how to
simplify the fractions while multiplying them. Adlforementioned evidence showed that he positioned
at property noticing level (PN). He used symbobkpresentations (RS) for these solutions [14]. In
addition, he explained why he used multiplicatige@tion in this question and he drew a rectangular
shape in order to explain his reasons. He imphed multiplying a whole number by a fraction means
“finding a part of that number” multiplying two ftdons means “finding a part of a part” which
demonstrated his ability to operate at formalidegel (F). He used visual representation (RV) fos t
explanation (see Figure 4.39.) as in the followingerpts [15] More evidence can be seen in his
journal that he wrote a problem from daily life amdlved the question by multiplying a whole
number by a fraction in order to find a part oftthamber (see Figure 4.40).

AHMET: “The question is required to convert hourgoi minutes. An hour equals to 60
minutes. So, | muItipl)Z with 60. | can simplify 60 and 5 with 5. It equaads48.§ of an hour

equals to 48 minutes. Then, it is as%emf 48 minutes. | multiply them. | can simplify 4&d

3 with 3. | find the result 32 minutes (see Figdras).”

RESEARCHER: “Why did you use multiplication in thgsiestion? What do you understand
from the first multiplication you did?”

AHMET: “A whole is divided into 5 equal pieces ardch pieces equals to 12. 4 pieces is

taken in order to finé of 60. It is the same as multiplying 12 with 48dd-igure 4.39.).”
RESEARCHER: “Can you solve this question in a défe way?”
AHMET: “l may try but I am not sure it is true oon | multiply§ by% in order to find§ of%

and findf—s. Later, | multiply it with 60 and | find 32, thease result as the first try (see

Figure 4.40.).”
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Figure 4.38 Symbolic representations used by Ahmehow fraction of 60 mihutes
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Figure 4.39 Visual representation used by Ahmehimw a fraction of 60 minutes
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Figure 4.41 Symbolic representations used by Atimehow a part of a whole

The eighth question was a problem related witldifig the number of apples in two
multiplication operations by taking into accouna3ples equaled t%mf the all apples in a basket. It

required finding the whole of a given quantity dimtling a part of that quantity. It was a dailyelif
qguestion. Ahmet did the first multiplication and pezzled since he could not a whole number (see
Figure 4.42) (RS). Then, he tried to find the numbieapples in the basket (see Figure 4.43) (RS).
After that he multiplied the result of the first tplication with the number of the apples in thesket
(see Figure 4.44) (RS). But, he could not find agaiwhole number. He did the same operations in
the second multiplication (see Figure 4.45) (RS).oA his attempts showed that he positioned at
property noticing level (PN) and used symbolic esgntations (RS) [16]. He also used visual
representation (RV) while finding the number of l@ggn the basket by using chickpeas [17]. But, he
puzzled again with these results. He thought Hengdbng by using multiplication. Then, he tried to

find the result§§ andsi equal how many apples. He found correct answer affew try (see Figure
4.46) (RS). He showed his awareness of operatirfgratalizing level (F). He also used symbolic
representations (RS) [18]. Later, he was askedahtbgfof 12 apples ané of 12 apples. He found by
multiplying them (see Figure 4.47) (RS). He muléglthe results and found the same result with the
previous one. He noticed thzatandg of 12 apples have the same value since they weitpia of

each other. So, he demonstrated his knowledge wifva&gnt fractions and multiplying a whole
number by a fraction means a part of that humber.demonstrated his knowledge to operate at
observing level (O) and used symbolic represeniatidRS) as seen in the following excerpts [19]
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More evidence can be found from Ahmet’'s activityeeshand journal about multiplying a whole
number by a fraction and knowing the meaning of thultiplication and also finding a fraction of a
given quantity (see Figure 4.48)

AHMET: “l can simplify these fractions. | fin§ ....I can find the number of the apples in the
basket% of the apples equal to 3 apples, then there appkes and then 9 and then 12 apples
in the basket (He first showed them with chickpaad then showed as in the Figure 4.43).
But, 12 is not divided by 9. Then, | multiply 12(15%1 and find% which equals to‘)% apples
(see Figure 4.44). | find the seco&dby cancelling 12 with 3. Then as | did in the poes
one, | multiplyi by 12. | simplify 12 and 16 with 4 and find thesmdil‘}—s which equals tGZ
(see Figure 4.45)..... 5% equal to 64 apples since 5 whole equal 60 apphestiplying 12
with 5) andg equals to 4 apples (multiplying 12 by 3 and div&teto 9). | add 60 with 4. |

find 64 apples3z equal to 45 apples since 3 whole equal to 36 apmimlz equals to 9

apples, adding them together. The result is 45esgpl
RESEARCHER: “Can you solve this question in diffdrevay?”
AHMET: “l may not.”

RESEARCHER: “Can you finé of 12 apples an§l of 12 apples?”

AHMET: “Yes, § of 12 equals té,f or8 apples% of 12 apples also equals to 8 apples. They

have the same value, so, they are equivalent dretiThey are simplified or expanded by a
number. When they are multiplied, 64 apples aredaas in the previous operation.”

}

) >

Figure 4.42 Symbolic representations used by Atimehow multiplication of two fractions
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Figure 4.43 Symbolic representations used by Alménd the number of all apples in the basket
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Figure 4.45 Symbolic representations used by Ahmehow multiplication of two fractions and
show this fraction of all apples in the basket

Figure 4.46 Symbolic representations used by Atimehow the number of apples in both of the
multiplication operations

[
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Figure 4.47 Symbolic representations used by Ahmshow equivalent fractions
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Figure 4.48 Symbolic representations used by Alménd a fraction of a given quantity in a word
problem from Ahmet'’s activity sheet

The ninth question was related with finding thecfrons modeled as square units. 3 squares
representinq1 of a whole was given and it was asked to findualeie of two fractions modeled with

square units by thinking the whole they found a tieginning. It was related with the relation
between multiplication and repeated addition whil@ng to find the modeled fractions. Ahmet
showed an understanding of finding the fractionsleted with squares in the next question. In the

first art of the question, he tried to find the ratatl fraction. He marked 3 squares;:amd counted

them. He counted 4 time;sand he added them. He also multiplied 4 é\rws a short way of this

addition (see Figure 4.49.). He linked his knowkedg multiplying and adding fractions with the
given model during the question. He showed his rstdrding of how to multiply and add fraction.
He knows multiplication is a short way of repeasattiition. All aforementioned evidence showed
that he operated at formalizing level (F). He uBeth visual (RV) and symbolic representations (RS)
in this question as seen in the following excefpt§

AHMET: “In (a), 3 boxes equals t;a Then, these squares equals to (counting the @sbl%ar
pIus% pIus% pIus% which means 4 time;s (see Figure 4.49). The result%iswhich equals to

1 l.n
3

In the second part of the question, he again tadthd the modeled fraction. He marked and
counted the squares as he did in the first parer& lwas a square remained. He tried to find what
fraction this square represents. He drew 2 morarsguto complete it to 3 squares (RV). He noticed

that a square represer-;}tsf % He found this result mistakeniy He did addition and then found the

fraction as%. He noticed his mistake as a result of researaiagstion and he found the fraction by
using multiplication (RS)(see Figure 4.50). He atempleted the figure given at the beginning to its
whole and showed the fraction of a squar(;e @xe Figure 4.51). He demonstrated his abilityetafy

them in different settings and he showed his undedsng of operating at —observing level (O). He
used both visual (RV) and symbolic (RS) repres@nmatas seen in the following excerpts [21]

AHMET: “In (b), § plus % (counting the squares) and the last one equaz:lsltadd 2 squares
to the last square. Then, a square equailsmé, that is%."

RESEARCHER: “How did you finéé?"

AHMET: “I multiplied gwith § | multiplied numerators together and multiplieehdminator

together. Then% pIus% plusé equals to..... expan;glby 2 and ...it equals t%)"
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RESEARCHER: A square in this question shows howymgarts of its whole?

AHMET: “A square showsz of its whole as | did before. | equa;h)f é | can find the same
result by adding each square together...(he is acogntOh, no | cannot do it in that way. It
gives different result. There are 7 squares a'rsdfdiund% when multiplying 7 anéé.”

RESEARCHER: “Why did you find different results?”
AHMET: “They should be the same. The logic behime @f the solutions should be wrong,

then... yes, | did an error while multiplyirtigwith é It equals toé. Then, the result of the
question equals té. | edited the first solution and found the sameultealso (see Figure

4.50).”
RESEARCHER: “Can you draw the whole of the pieceegi at the beginning of the

question?”
AHMET: “This piece equals té and the other equals §cand the other equals §0We have

9 squares totally. Then, each square equaéls{stee Figure 4.51).”
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Figure 4.51 Visual representation used by Ahmdintbthe whole of the modeled fraction
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According to the results from the interview, thadarstanding maps for the first and second
part of the interview were generated. You can bedfitst part in Figure 4.52. As you can see, seven
activity points over 12 were at symbolic region andst of these activities were at property noticing
and outer than that level. Moreover, this map cardithe initial analysis that shows the trends on
using symbolic representations by Ahmet.

activity types
o} activity point
standard movement

S fold back
AANAAN extensive work

] T— disconnected

V/ Primiti A
knowin
o

representation types

verbal representations

visual representations

concrete representations

P1ém

symbolic representations

Figure 4.52 Understanding map of Ahmet for the foet

Understanding process of the second part candseisd-igure 4.53. At this part, we can see
that Ahmet performed higher level understandingiviigs and reached the observing level.
Moreover, the trend on using symbolic represematis still valid here. However, at this second,par
the visual representations are also dominant.
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activity types

o activity point
standard movement

— fold back

AAAAN extensive work

—_— — disconnected

representation types

—{ 1}~ verbal representations
—(O— visual representations

—fy— concrete representations

—©— symbolic representations

Figure 4.53 Understanding map of Ahmet for the sdquart

4.2 The Case of Volkan’s Understanding and UseegfrBsentations

As detailed in Section 3.2, Volkan was one of teetlstudents in his class. He participated
the lessons actively and told his ideas aboutelaed topic. He sometimes got excited while sgvin
the questions and solved the questions incorrelething the lessons. The mathematics lessons were
video-taped during the fractions unit. In additidolkan was observed during these lessons and field
notes were taken during the observations. Theigctheet was also filled by Volkan in the lessons.
Moreover, student journal and self-evaluation fornrare filled by Volkan just after finishing the
related topic. In this instructional sequence Valkaed symbols, drawings as well as verbal language
for the majority of his answers to the questionstlie activity sheets and the journal. The
observational data during the lessons revealedutbiian mostly used symbolic representations. He
also used concrete materials and diagrams as rejbesentation types (see Figure 4.54).
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Understanding Representation
Levels Types
Image making concrete ]
Image having - .
visual J
property noticing
symbolic ]
formalising
observing verbal J
structring IM& RC= 3
IM& R¥ =3
_ — IH& RS = 4
inventising IH& RW= 2
PN& RC=1
PN& RW=1
PN& RS=1
F&RC=2
F&RS=2
O& RS =2

Figure 4.54 Activity levels vs. type of represeittas from Volkan's first observation

As stated before, primary data source for theyana students’ understanding was the data
gathered from the semi-structured interviews. Thestjons in the interview were divided into 2 parts
First part was related with multiplying a fractibg a whole number, multiplying a mixed number by
a whole number. 5 questions were asked in this. Jdrty emphasized the relationship between
multiplication and repeated addition. The first sfien was related with trying to find out what came
to one’'s mind about the fractions. The purposehid fjuestion was to find out the relationship
between multiplication and repeated addition wbitgaining the fraction. Volkan was asked to find

out how he could obtain the fractic%] Volkan showed an awareness of obtaining a fractio

different settings. He used chickpeas as concratenmals to show the fracti(}:n as in the following

excerpts. He used concrete representation (RC)déieonstrated his ability to operate at image
making level (IM). [1]

VOLKAN: “I divide (chickpeas) into 5 pieces. Eachthem represents one piece. Then, 4 of
them show the fractio‘lé taking 4 pieces.(he showed this by using chick)g&C)”

While Volkan was further explaining the fractione demonstrated the fractié;nwith
mathematical expressions. At that stage, he egdathe fraction as operations. He used addition,
multiplication and subtraction operations to obthie l‘raction;1 (see Figure 4.55., Figure 4.56, Figure

4.57.). He used symbolic representations (RS).ri¢el to explain that multiplication is a form of
repeated addition in fractions. But, he could nobvg this explanation in his operations. He used
verbal representation (RW) for this. He demonsttdiis ability to operate at image having level (IH)

(2]

RESEARCHER: “How can you obtain the fracti%)?f
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VOLKAN: “l can use addition. | can ad}jwith % and find%. | can find by multiplication. If |

multiply é with 2 whole, | will findg. | can also use subtraction. | subtréd:ty% to find g
(RS)”

RESEARCHER: “Why did you muItipIé with 2 whole?”

VOLKAN: “I wrote 2 whole as a fraction by giving ¢hdenominator 1. This multiplication
means 2 timefzss since multiplication is a form of repeated additi(RW)”
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Figure 4.55 Symbolic representations used by Votkashow a fraction with addition

Figure 4.56 Symbolic representations used by Votkashow a fraction with multplication

Figure 4.57 Symbolic representations used by Votkashow a fraction with subtraction

In the second question, ingredients to make a ¢akdive people were given and the
proportion of each ingredient was asked in ordenédke a cake for fifteen people. It was relatedh wit
finding the multiplication of multiplication of a kwole number by a proper fraction, an improper
fraction and by a mixed number. It also emphasibedrelationship of multiplication and repeated
addition. Volkan started with finding appropriateltiplier to find the ingredients for fifteen peapl
He showed an awareness of multiplying a fractionabwhole number and multiplying a mixed
number by a whole number. He multiplied the nunmgtof the fractions and multiplied the
denominators of the fractions and placed the prodfiche numerators over the product of the
denominators (see Figure 4.58., Figure 4.59.).ddd®e used rules that can be easily memorized and
applied to all multiplication operations. Howevdre field notes, Volkan’s activity sheet and journa
validated that he did this operation consciouslgee( Figure 4.62). He also demonstrated his
knowledge of converting improper fractions to mixedmbers and converting mixed numbers to
improper fractions. He converted mixed numbersmproper fractions before multiplying them (see
Figure 4.59.). He converted whole number to fradtidy giving 1 to their denominators. He
surprisingly gave the denominators 1 while multipdy two whole numbers (see Figure 4.60.). He
was also successful for multiplying a mixed numbéth a whole number without converting the
mixed number to improper fraction (see Figure 4.8l aforementioned evidence proved that he
positioned at property noticing level (PN) sincegxamined his multiplication image of fractions for
relevant properties. He used symbolic represemsi{jRS). [3]

RESEARCHER: “How did you convetto 1-?”
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VOLKAN: “| divided 3 to 2. There was only one 2 ide 3, it was the whole part of the
mixed number. 1 remained, it was written as the emaor. The denominator remained the
same.”

VOLKAN: “I multiply % with 3 and findzi cup milk is needed for 15 people.”
VOLKAN: “I convert 2% to improper fraction and fin«i&i Then | multiply it with 3 and find
7% cup sugar for 15 people”

\\\) “\M S
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Figure 4.58 Symbolic representations used by Votkashow multiplication of a fraction by a whole
number

Figure 4.59 Symbolic representations used by Votkashow multiplication of a mixed number by a
whole number

Figure 4.60 Symbolic representations used by Votkashow multiplication of a whole number by a
whole number

Figure 4.61 Symbolic representations used by Votkashow multiplication of a mixed number by a
whole number
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Figure 4.62 Symbolic representations used by Voikahis activity sheet to show multiplication of
fractions and the meaning of this multiplication

Volkan also showed his awareness of that mulagihin is a form of repeated addition. He
illustrated this knowledge as seen in the followexgerpts. He positioned at formalizing level (Rjla
he used symbolic representations (RS) (see Fig6R).44]

More evidence about the relation between multiiiceand addition can be seen in Volkan's activity
sheet (see Figure 4.64)

RESEARCHER: “Can you do the multiplication éiby 3 with different way?”

VOLKAN: “Yes, | can add 3 times the same fractiomcg multiplication is a form repeated
addition. It is a short way of addition. Both résukill be the same.”

\

1 )
s

7§ i

:v
o\

!
&

Figure 4.63 Symbolic representations used by Votkashow addition of fractions

'QO(()ma ‘p}\emi &‘j‘*ﬁ"“’“‘i‘U“’*

Figure 4.64 Volkan’s logic about addition and nplltation of fractions in the activity sheet

Volkan also had a primitive knowledge about frawt. He defined what the numerator and
the denominator of a fraction mean. He also exp[b’s% cup and a half cup when he was asked as
seen in the following excerpts. He used verbalaspntations (RW) [5]

Volkan: The denominator shows the divided partsc@s or groups for a whole or a quantity.
The numerator shows the taken parts, groups.

Researcher: What do you understand fﬂ}ifn:up flour?
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Volkan: 2 cup flour an(é of a cup.

The third question was a word problem related Vitlding a part of a whole number.
Volkan was asked to fin? and g of 45. He demonstrated his knowledge of findingaa of a whole

number (see Figure 4.65., see Figure 4.66.). Hefﬁund§ and% of the books and then fourfsid and

% of the books by using division and multiplicatiasith whole numbers. More evidence can also be

seen in the activity sheet (see Figure 4.67.). btipned at property noticing level (PN). He used
symbolic representations (RS). See the followingeepts. [6]

VOLKAN: “I divide 45 to 5 in order to find% of teacher’s book. It is 9 books. Then, |
multiply 9 with 4 since‘sE of the books are novel. | find the result 36. B, teacher has 36
novels. | also divide 45 to 3 in order to fiéld)f doctor’s book. It equals to 15. After that |
multiply 15 in order to finaz- of the books. I find 30 novels. (RS)”
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Figure 4.66 Symbolic representations used by Votkdind a part of a whole number
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dir cocuk 12 fincdigm — und yemmstie. Cocux Kag tane indik yemistir:
4

AZ n— ) 55 :
e A D tanesty Yemi i
Figure 4.67 Symbolic representations used by Votkaiind a part of a whole number in the activity
sheet
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Later, Volkan was asked to if he could solve tiustion by using fraction operations. His
answer was surprisingly the same as the previoaes.dfie only gave 1 to the denominators and did

the same things (see Figure 4.68.). He used symbepiresentations (RS). He knows how to h;-nd

and % of 45. But, he could not link his knowledge withultiplication operation in fractions. He folded
back to image having level (PNtolH). See the folloyvexcerpts. [7]

RESEARCHER: “Can you solve this question by ugragtion operations?”

VOLKAN: “Yes. | write 1 to the denominator of 5 amtivide 45 to; While doing division
operation with fractions, the second fraction igersed and multiplied by the first fraction.
Then, | find the resuﬁt_’E which equals to 9. After that | give 1 to the demaoator of 4 and
multiply it with 9. The result is 36. (RS)”

Figure 4.68 Symbolic representations used by Votkafind a part of a whole number by giving the
denominators 1

The fourth question was a word problem relatedh wiultiplication of a mixed number by a
whole number. It was related with finding a partiixed number) of a whole number. The number of
egg cartoons in a grocer and the number of egégeirmch egg cartoons were given. How many eggs
there were in these egg cartoons were asked toa¥iolke tried to solve this question by using
operations with natural numbers. He showed histahd operate at property noticing level (PN). He
used symbolic representations (RS) [8] (see Figus8). He knew what a half fraction means. He had
an idea about the fractions of quantities. Letes the following excerpts.

VOLKAN: “There are 13 packages and a half packagest, | multiply 13 by 12 and find
146 eggs. Second, | divide 12 by 2 and find 6 e§gslly, | add 146 and 6 and find 152
eggs in all egg cartoons. (RS)”

Figure 4.69 Symbolic representations used by Votkadimd a mixed number of a whole

When Volkan was asked if he can find the sameltr@sth a different way, he showed his
unawareness of multiplication of a mixed numberabyhole number. For example, in the following
excerpts Volkan considered that when you multipleided number and a whole number, you were
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doing the same operations as in the natural nunifyegéving 1 to the denominator and converting the
whole numbers to the fractions as seen in theatig excerpts (see Figure 4.70). He knew what a
mixed number means. He had primitive knowledge afraations and mixed numbers. He solved the
problem correctly by using this knowledge. But, dwild not relate it with fraction multiplication.
More evidence can be seen in the field notes, hadattivity sheet. He was unaware that he was
finding a part of a whole number. So, Volkan foldsatk to image having level (PNtolH). He used
symbolic representations (RS). [9]

VOLKAN: “l could convert 13 whole and 12 into a &téon by giving the denominators 1
and multiply them. The result wé‘léé which equaled to 146. Later, | could convert 1 ia

fraction and multiplied it with a half and founde@gs. | could add 146 and 6 eggs. | found
the result 152 eggs.”

]
N

Figure 4.70 Symbolic representations used by Volkafind a mixed number of a whole by giving
the denominators 1

The fifth question was related with the modelifgnaultiplication operation with a whole
number and a fraction. It was related with modetinges of fractions. A shape was given as a whole
in rectangular units and Volkan was asked to madalultiplication operation in rectangular units by
thinking this whole. While modeling the questionlkém did not care the whole part in rectangular
unit as given in the question, instead he triechtmel the question by himself (see Figure 4.71). He
randomly took a whole and divided the whole inte éhparts and then took one piece in order to show

% . He found the resuiét at the beginning. The researcher asked him ifébalt of this multiplication

operation and the result he found in the modeliegenthe same or not to make him notice his fault.
The following excerpts showed that he was unawéthis fault. He used visual representations (RV)
while modeling. He positioned at image making lg¥l). [10]

RESEARCHER: “What is the result of this multiplizat operation?”
VOLKAN: “2"

RESEARCHER: “But, the result you found from modgli@) is different from%. Why they

are different from each other?”
VOLKAN: “l do not know.”

Volkan knew the meaning of the multiplication ogt@wn 4 x % When the researcher asked

him to the meaning of this operation, he sai@%é means 4 time?’. More evidence can be seen in
the activity sheet, field notes taking during thHeservations. But, he was not aware of this meaning
while modeling of this multiplication operation é€igure 4.71). Later, he was asked to m(-z}(mid

then model “4 time%” instead of asking to moddl x %. He modeled correctly (see Figure 4.72). He

used visual representations (RV) while modeling. diemonstrated his ability to operate at
formalizing level (F). See the followings excergfil]



68

RESEARCHER: “How can you shomz of the whole part given in rectangular units ie th

guestion?”
VOLKAN: “I can show them by dividing each part inteo pieces. It has 6 pieces and one

piece show%.”
RESEARCHER: “Then, how can you model 4 tiné@é
VOLKAN: “I divide the whole part into 6 pieces améch part show:s and | take 4 parts in

order to modefféi."

Volkan seemed to model the multiplication givertha question. But, he could not notice his
first model was wrong. He thought he modeled cdiyeén both models. He failed to recognize the

whole part given in the question in rectangulartai@nd he focused the reséjltas seen in the

following excerpts. He used verbal representati(Ri®/). He folded back to image making level
(FtolM). [12]

RESEARCHER: “You modele%ldifferent in both models.”

VOLKAN: “No, they are the same. | divided both &ietm into six equal parts and took 4
parts for showiné of the whole part.”

RESEARCHER: “Doz- in both figures show the same whole?”

VOLKAN: “Yes, | divided both of them into six equphrts and took 4 parts”

Figure 4.71 Modeling of multiplying 4 wit?in rectangular units

7
Figure 4.72 Visual representation used by Volkafirtd 4 times o%

The second part of the interview consisted of goes related with multiplication of two
proper fractions, two improper fractions and twoea numbers. The first question of this part simply
asked multiplication of two fractions. It emphasizbe meaning of multiplication operation with two

fractions.Volkan was asked to fin? of % He showed his awareness of multiplication of fwoper
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fractions and considered that multiplying a fractlny a fraction means finding a part of a part. He
multiplied the numerators and multiplied the deneedrs and then wrote the new numerator over the
new denominator. More evidence can be seen inque\wexamples, in activity sheet and in field notes
taken during the observations. He used symbolizesentations (RS) for finding the result. He
positioned at property noticing level (PN) (seeurig4.73). Let's see the following excerpts. [13]

VOLKAN: “I do multiplication since it is asked a ffim of fraction of a fraction. | gel%, I

multiplied the numerators of the fractions to ge¢ thew numerator, and multiplied the
denominators of the fractions to get the new denator.”

The researcher asked Volkan what was the mearfifigding a part of apart. He tried to
demonstrate his knowledge by using transparentidracards. He modeled and expressed the model
correctly. He proved that multiplying a fraction hyfraction means finding a part of a part. More
evidence can be seen in his journal (see Figu®)4.He showed his ability to operate at formaligzin
level (F). He used concrete representations (R€3.tBe following excerpts. [14]

RESEARCHER: “You said “fraction of a fraction”. Wihdid you mean?”

VOLKAN: ““Fraction of a fraction” means for exampleg of % N divideg into 3 parts.
There are 1,2,3,4.....15 parts totally and | takeatspwhich mean 8 pieces (he is using
transparent fraction cards). It;?ss”

Volkan was asked to multipg/with % which was a multiple 03 He simplified the 12 and 4
and found the result of muItipIicatic% (see Figure 4.74). He told that he found the seewalt since
% and% were equivalent fractions. He said “equivalentctiens are fractions that have the same

” H H H H H 8 H H
value”. He also did cross-multiplication in orderunderstané andE were equivalent fractions and

found the results of both multiplication 24 (segufe 4.75). He knew how to simplify the fractions.
He had also knowledge about equivalent fractions.uded symbolic representations (RS) and he
confirmed his knowledge at property noticing le(gN). [15]

Figure 4.73 Symbolic representations used by Votkashow a fraction of a fraction

Figure 4.74 Symbolic representations used by Votkashow the equivalent fractions
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Figure 4.75 Symbolic representations used by Votkasross-multiplication of fractions

Figure 4.76 Symbolic, verbal and visual represémat used by Volkan to show fraction
multiplication

The second question was related with modelingfimaéhg the meaning of the multiplication
operation with two proper fractions. It asked todmotwo multiplication operations with two unit
fractions changing the orders and then asked atheutmeaning of these multiplications. Volkan
modeled these operations and said “the product thassame regardless of the order of the
multiplicands”. He stated about the commutativepprty of multiplication. He also told about the
meaning of these operations. He positioned at ptppeticing level (PN) in which he was aware of
the consequences of his thoughts. He used verpadsentations (RW). [16] He said for the first

product “it mean% of %or a fourth of an half’ (see Figure 4.77). He medehis operation by using

transparent fraction cards. He used concrete reptatson (RC). [17] After that he modeled it onto
the paper with the request of the researcher. lde“sdivide the whole part into two pieces andrhe
took one part for the half. | divide the half irfftaur parts and then take one part of it for showtimg

fourth of it. It equals tc%"( see Figure 4.77). He did similar things for $econd product. He said it

means “an half of a fourth” and then he modelebyitusing transparent fraction cards and then
modeled (see Figure 4.78). He knows the commutapinaperty of multiplication operation in
fractions. He said “changing the order of factooesinot change the product” which showed he was
in the property noticing level (PN). He used verbgpresentations (RW) [18] for explaining and
visual representations (RV) [19]for modeling. Heoks how to model the multiplication operation in
fractions and explains its meaning. He also cordimthese conclusions by doing another
multiplication with the transparent fraction cartifore evidence can also be seen in his journal (see
Figure 4.79). He confirmed his knowledge in differsettings and positioned at formalizing level (F)
He used concrete representation (RC). [20]
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Figure 4.77 Symbolic representation used by Volikashow multiplication of two unit fractions and
modeling of that multiplication

Figure 4.78 Symbolic representation used by Volikashow multiplication of two unit fractions and
modeling of that multiplication

|

Figure 4.79 Symbolic representation used by Voli@rshow multiplication of two fractions and
modeling of that multiplication in the activity stte

In the third question, a multiplication operatiovith two mixed numbers was given;
estimating the product and then comparing the podnd the estimation result with each other was
asked in this question. Volkan estimated the pro8usee Figure 4.80). He showed an understanding
of how to estimate the factors and the productréisded the factors to the nearest whole number
while doing this he used a strategy that the factegre how close to zero, their half and their whol
in order to estimate the nearest value of fractidies thought about the properties of fractions and
abstracting them which suggested his ability torafgeat formalizing level (F). He used symbolic
representations (RS). [21] See the following exterp

VOLKAN: “ 2% is close to 2 whole sincéeis close to zero and we have 2 th!%.is close

to 4 whole sinceZ; is close to one whole and we have also 3 whoiehdle was obtained by
adding them together. Then, the product is clogwdole.”

Volkan also compared the result of this multiplica operation with the estimation result.
Firstly, he did this multiplication operation withbconverting each mixed number to an improper
fraction. He multiplied the whole number parts anmdte as whole number part of the product and he
also multiplied fraction parts and wrote as fractpart of the product (see Figure 4.81). He sHit"
product is close to 7”. He could not do the correaiution for the multiplication. This discussion
suggested that he was not prepared to operateopénty noticing level. Suddenly he changed his
mind and he said “I can do it by converting theniniproper fractions. The product may perhaps be
closer to the estimation result. | may do it in eomg way.” This evidence pointed at his ability to
operate at property noticing level (PN). He usenilsylic representations (RS). [22] Then, he did the
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multiplication operation by converting each mixadnber to an improper fraction. He multiplied the
two numerators together and multiplied the two deimators together. He found the resf’%% (see

Figure 4.82). He converted the first result to mprioper fraction and fourf*(;f’z2 (see Figure 4.81) and

compared the first and second product. He realihatithey were different and he realized that the
first solution was wrong. He said “I think we mpli the whole parts together and also multiply
whole parts with fraction parts”. As in the prev#odialog he had an idea about how to do this
operation, but; he could not do it. In addition, s in trouble about the division operation and he

could not convert the improper fractio+5£7182—9 to a mixed number. The researcher asked him difter

divisions, but; he could not do this division. Thigy because he got worried since in previous works
and previous questions he had no problem abousidivi As a result he could not compare the
estimation result and the product. This discussioggested that he had primitive knowledge about
fractions but had some problems about dividingrhignbers to each other. This discussion suggested
that he was not prepared to operate at properfgingtlevel. He folded back to image having level
(PNtolH). He used symbolic representations (R3] [2
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Figure 4.80 Symbolic representations used by \folikaestimate the result of multiplication of two
mixed numbers

]
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Figure 4.81 Symbolic representations used by Volkashow multiplication of two mixed numbers
together

Figure 4.82 Symbolic representations used by Volikashow multiplication of two mixed numbers
by converting them to improper fractions

The fourth question dealt with equivalent fractiotf the result ofz x% operation equaled
to g or not was asked in this question. Firstly, Volk#d this multiplication and found the resﬁt

and then said “I can use cross products in ordentterstand if the resulit% equals to:- or not. | can

multiply 15 by 8 and 24 by 5. Both results are 1&®the cross-products are equal. It can be said th
fractions are equivalent” (see Figure 4.83). Hevkhew to multiply two fractions. He multiplied the
numerators and then denominators of the fractiowispdaced the product of the numerators over the
product of the denominators. He knew the proporéiod cross multiplication. He preferred cross
multiplication instead of simplifying the result tife multiplication and he demonstrated his abitity
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verify the fractions;—z andg were equivalent. But, he could not notice t%\[%\Was a multiple oé.

Although he could not think to simplify the fradhie;é, his responses showed his ability to operate at
property noticing level (PN) and he used symbddjaresentations (RS). [24]

Figure 4.83 Symbolic representations used by Volkashow multiplication of two proper fractions
and equivalence fractions

The fifth question was related with finding the@guct with 3 multiplicands. The result of the
multiplication %x % X Z was asked to Volkan. He was capable of doingghasiuct. He knew how to

multiply and simplify fractions as in the followingxcerpts. He used symbolic representations (RS).
He demonstrated his ability to operate at propeotjcing level (PN) [25] (see Figure 4.84).

VOLKAN: “l can group the first and second factoogéther and multiply them. | multiply
the numerators and multiply the denominators aadepthe product of the numerators over

the product of the denominators. | multiply thisguct with% and find the resulét%.“
RESEARCHER: “Can you simplify the result?”

VOLKAN: “Yes. | divide both the numerator and derioator by the common factor 6 and
then 2. | find the resuﬁt“

Volkan had an error at the end of his solutiont, B could not notice this. When he was
asked why he grouped the factors, he said “ | ¢sm group the other two factors firstly since itis
multiplication operation”. He implied the associatiproperty of multiplication. More evidence can be
seen in the field notes taken during observatidtes.demonstrated his ability to operate property
noticing level (PN). He used verbal representat{&\). [26]

Figure 4.84 Symbolic representations used by Votkashow multiplication of three proper fractions

The sixth question was related with comparing rdsult of multiplication operations with
the multiplicands in proper and improper fractiovielkan was asked to do a multiplication operation
with two proper fractions and then comment thatgreduct was less or greater than each of the two
fractions he multiplied. He was also asked to doghme things with multiplication of two improper
fractions. Volkan showed his understanding of mlythg two improper and two proper fractions.
More evidence can be found from activity sheet #&ld notes. He demonstrated his ability to operate
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at property noticing level (PN) and he used syntbmpresentations (RS) [27] (see Figure 4.85 and
Figure 4.86). See the following excerpts.

VOLKAN: “l find the first productg by multiplying numerators with numerators and
denominators with denominators. | also find the)suelcproducfl—z in the same way.”

In addition, Volkan demonstrated his awarenessoaiparing proper and improper fractions.
He first compared the fractions by equating theoddnators with least common multiple of
denominators (see Figure 4.85 and Figure 4.86udde symbolic representations (RS) [28] for these
comparisons. He also compared them by thinking ttleseness to their halves, wholes and the
number zero (see Figure 4.87 and Figure 4.88).9dd fraction strips for these comparisons. He used
concrete representations (RC) [29]. He noticed thatproduct is greater than the multiplicands in
improper fractions and smaller than the multiplat®in proper fractions. He positioned at formalizin
level (F). See the following excerpts.

VOLKAN: “ Z is less than the other two factors. The proaibztcts greater than the two
factors.”

RESEARCHER: “Then, what can you say about the texfuhe multiplication operation in
fractions?”

VOLKAN: “I multiplied proper fractions in the firsbperation and improper fractions in the
second operation so that the product was lessditla@r factors in the first operation and the
product was greater than either factors in thersgoperation.”

RESEARCHER: “Could you compare each product wittcheaf the fractions you
multiplied?”

VOLKAN: “Yes, | can. | could compare them by equatithe denominators with least
common multiple of denominators. The least commauitiple was 8 for the first product
and 12 for the second product. | equated the dematonis with 8 for the first product and 12

for the second product. | expand}eWith 2 and% with 4. So% was greatest and théncame

3 ”
andg was the smallest one.

RESEARCHER: “How did you compare these fractions?”

VOLKAN: “If the fractions have common denominatothan the fraction with the bigger
numerator is greater than the others”.

RESEARCHER: “Can you compare them without equatiiregdenominators?”

VOLKAN: “Yes, | can think about how close the framis to their half and the whole

fractions...z is close to a whole since its Whole:—is% is a half of a whole since a whole is
cut into two pieces and a piece of it is takenbing fraction strips). The produZeis close

to a half since its half is produZetWhen | compare theanlis less than a half aridis greater

than the others.”
RESEARCHER: “How about the other multiplication ogtion?”

VOLKAN: *“ % is close to a whole since its wholegiand 7 is close to é is close to 2.
Because, 2 whole equal f;to% is close to 3 since 3 whole equaliigo Then, the biggest one

. 36 . o "
is — since it is close to 3 whole.
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Figure 4.85 Symbolic representations used by Votikashow multiplication of two proper fractions
and comparison of these fractions

Figure 4.86 Symbolic representations used by Volkanshow multiplication of two improper
fractions and comparison of these fractions

Figure 4.87 Symbolic representations used by Votkagstimate the fractions

Figure 4.88 Symbolic representations used by Votkagstimate the fractions

The seventh question was a word problem requitiegime conversion related with finding
a part of a part. How many minutes there Wer§e¢m g hours was asked. It was expected to ﬁ-iruxﬂ

% hours and then to convert the result into minuteshis question. It was a daily life question.

Volkan demonstrated his awareness of finding atifracof a fraction. He multiplie(% andg (see

Figure 4.89). Then, he tried to convert this pradotm minutes. He used unit fraction for solvirgt
guestion as seen in the following excerpts, themidiplied the result with 8 in order to find the
result (see Figure 4.89). He preferred to join @berations with natural numbers and fractions. He
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demonstrated his ability to operate at propertycimaj level (PN). He used symbolic representations
(RS). [30]

VOLKAN: “ g of g hours was asked. It was a fraction of a fracgon| multiplied them
with each other | found the resalﬁsi. | divided an hour which equals to 60 minuteslbyin
order to find% of it. | multiplied the result by 8 and found 32nutes”.

Later, the researcher asked Volkan if he can -fr;ndf 60 minutes a different way or not. He

did the same operations as he did before by gitibg the denominators of the numbers (see Figure
4.90). He thought he used fraction operations. dldccnot notice that his first and second solutions
were the same. Although he knew how to productoper fraction with a whole number, he did not

multiply % by 60 in order to finq% of 60. He had primitive knowledge about fractiobst; he could

not link it with fraction operations. An examplein the activity sheet also proved that he preferred
operations with natural numbers while finding atpdra whole (see Figure 4.91). He folded back to
image having level (PNtolH). He used symbolic reprgations (RS). [31]

RESEARCHER: “Could you fin% of 60 minutes with a different way?”

VOLKAN: “I could do it with converting them into &ctions. | gave 1 to the denominators of
60 and 15 and did division. | multiplied the muligative inverse of the second fraction with
the first one and found the result 4. Then, | mplikd 4 by 8 giving 1 to the denominators.

The result Was31—2 which equaled to 32. | found the same result agaidid division and

multiplication in order to finq% of 60.”

Figure 4.90 Symbolic representations used by Votkashow a fraction of 60 minutes
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Figure 4.91 Symbolic representations used by Volikafind a part of a whole by using operations
with natural numbers in a word problem in his atfigheet

The eighth question was a problem related witldifig the number of apples in two
multiplication operations by taking into accouna@ples equaled t%mf the all apples in a basket. It

required finding the whole of a given quantity dimtling a part of that quantity. It was a dailyelif
guestion. Volkan found the least common multiplelehominators and equaled the denominators in
both of the operations and did addition insteadaifig multiplication. Volkan'’s solution strategy sva
a good strategy except adding the given fractids. equated the denominators with the least
common multiple of them and found correctly the fvemof apples demonstrated by these fractions

by thinking% of the apples equals to 1 apple as a main podet Fsgure 4.92). He found the number

of all the apples in the basket as 12. He showea@wareness of finding the whole of a given qugantit
and finding the value of a quantity when it is giva fraction format. So, he positioned at formialiy
level (F) and he used symbolic representations.(RB3) He tried to find the number of apples intbot
of the operations. His strategy seemed to be dodiging addition; but, he could not use this stggt
while doing multiplication. He just did multiplidah with the expanded fractions in the second
operation. But, he could not find the number oflappn the basket by doing this multiplication (see
Figure 4.93). See the following excerpts.

VOLKAN: “I can find the least common multiple ofdim to make the first operation simple.
| expand them with 1%. equals t()f;2 ,% equals t()f;2 and i equals tof—z. If i of the all apples

equals to 3 apples% of the apples equals to 3 apples. Thlé;nof the apples equals to 1
apple. Then, | add all of them and fiiiqzdwhich equals to 19 apples.flif of the apples equals
to 1 apple, then% apples equals to 8 apples;—z..should not be added, it is not asked in this

question. | find 16 apples since b(—l)%mpples equal to 8 apples.”
RESEARCHER: “Why did you add them?”
VOLKAN: “I can also multiply them... In the second enation,% of the apples equals to 5

apples becausé of the apples equals to 1 applie.of the apples equals tl(éz Then, | add
them and findl—:‘ which means 14 apples.”

Figure 4.92 Symbolic representations used by Voliashow multiplication of two fractions and
show this fraction of all apples in the basket
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Figure 4.93 Symbolic representations used by Volikashow multiplication of fractions and show
this fraction of all apples in the basket

Volkan tried to multiply the given fractions withbequating the denominators. He was again
unsuccessful for finding the correct answer ahafollowing excerpts (see Figure 4.94). He folded
back to the property noticing level (FtoPN) anddusgmbolic representations (RS) [33] in order to
do the multiplication operations. Although he knkew to find a part of a given quantity as seen in
his previous questions, activity sheet, and jourhal could not demonstrate his knowledge in this
guestion. In addition, Volkan showed his awaren&sequivalent fractions (see Figure 4.96). He

simplified 2 with 2 in order to findg. He knew how to simplify and expand the fractioHg. did

multiplications given in the question but he wasware of the number of apples represented in these
multiplication operations. So, he folded backhe tmage making level (PNtolM) and he drew the
figure in order to show the whole number of thelappn the basket and tried to solve the question
(see Figure 4.95). He used visual representa®f).([34]

RESEARCHER: “It is a multiplication. But, you adtithem. Why?
VOLKAN: “oh yes, | can multiply them quickly....thesult equals te.

144
RESEARCHER: “How many apples it equal to?”
VOLKAN: “It cannot be simplified. | may multiply t fractions without expanding them. |

find the resultg when muItipIying% and%. The denominator of the result equals to 4 times
12. It equals to a quarter of an apple. 15 eqtm[%%tapples, that is 3 apples a%d)f an
apple...”

RESEARCHER: “How many apples are there in the haiﬁ%eof apples equal to 3 apples?”

VOLKAN: “If % of the apples equal to one apple, then the whiddlei®equals t(%, so there
are 12 apples in the basket.... | can draw a shkpdHat.”
RESEARCHER: “You founé andg of the apples equal to 8 apples. Is it true?”

VOLKAN: “Yes, they are equivalent fractions. Whee \Mmplifyz with 2, we findg."

Figure 4.94 Symbolic representations used by Votkdind a fraction of all apples in the basket
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Figure 4.95 Visual representation used by Volkashiow the number of all apples in the basket
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Figure 4.96 Symbolic representations used by Votkashow the equivalent fractions by simplifying
them

The ninth question was related with finding thecfions modeled as square units. 3 squares
representin% of a whole was given and it was asked to findvhileie of two fractions modeled with

square units by thinking the whole they found a tieginning. It was related with the relation
between multiplication and repeated addition whilging to find the modeled fractions. Volkan

showed his awareness of finding the whole of thetion modeled at the beginning of the question
and he demonstrated his knowledge of finding thetions modeled in this question. In the first part

of the question, he hatched 3 squareggalsd counted 4 time;s He used visual representation (RV).

He first added them and then multiplied 4§bys a short way of addition (see Figure 4.97). bidu

symbolic representations (RS). Volkan demonstrdtisdknowledge of multiplication is a form of
repeated addition that can also be seen from hidtgsheet, previous questions. He was also able
find the modeled fraction. He linked his knowledgeadding and multiplying fractions with the given
model. All the aforementioned evidence pointed iatdbility to operate at image formalizing level
(F). [35] Let's see the following excerpts.

VOLKAN: “l am hatching 3 and then the other 3 sasa...the addition of them equali;tﬁ
RESEARCHER: “Can you do it with a different metR6d
VOLKAN: “Yes, | can do it by using multiplicatior.can multiply 4 by§ and find the same

result since multiplication is a form repeated &ddi | do several operations while doing
addition, but, | do a single operation while domgltiplication.”
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Figure 4.97 Symbolic and visual representationsl iseVolkan to find the modeled fraction

Later, Volkan tried to find the fraction modeled the second part of the question. He
hatched the squares and he noticed that a squarained (see Figure 4.98). He used visual
representation (RV) while doing this. He used prtpo in order to find the value of the remaining
square. He cross multiplied them and divided tlaetions. He found the value of the remaining

square;—. He added the fractions represented by the hatetpeares. He equaled the denominators and

found the result% (see Figure 4.98). All aforementioned evidencewsdtb that he operated at
formalizing level (F). He used symbolic represeanta (RS) [36]. He also found 9 squares as the
whole of the given shape at the beginning of thestjan and he noticed that each square she;)vméd

this whole. Then, he solved this question by usemeated addition and also using multiplicatiomas
result of researcher’s question. So, he showedw#eness of multiplication was a form of repeated
addition. As a result, he demonstrated his ahitityerify them in different settings and he showéx
understanding of operating at observing level (@9. used both verbal representations (RW) and
symbolic representations (RS) [37]. Let’s see tilfing excerpts.

VOLKAN: “In (b), 3 squares equal té, the other 3 squares equal %t(nnd a square is

remaining. | can find the value of it by using pooion.”
RESEARCHER: “How?”

VOLKAN: “If 3 squares equal toé, 1 square equals which number? | do cross
multiplication... | find the result t(%. Then, a square equalsgtol can add}; with two %s. I

expand the denominators of them with 9 and %i.ntﬂl add all of them, | fin(%.”

RESEARCHER: “Can you find the same result by usingther way?
V: No, | can do like this.”

RESEARCHER: “Ok. If 3 squares equalgt@s given at the beginning of the question, then,
its whole includes how many squares?”

VOLKAN: “I multiply 3 squares with 3 and find 9 sgtes. Then, each square represiemfs
the whole.”

RESEARCHER: “Can you find another way for the qigsin (b) by thinking% for each
square.”

VOLKAN: “There are 7 squares, so it equals;.tb

RESEARCHER: “Can you show it by using an operation?

VOLKAN: “I can use addition. | can add 7 timéand also multiply 7 b% and findg."
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Figure 4.98 Symbolic and visual representationsl iseVolkan to find the modeled fraction

Mapping is a technique offered by Pirie and Kief®®89) in order to visually trace learners’
understanding. Here, Volkan's growth of understagdiepicted with these technique. Additionally,
as stated before, use of representations was edltm this technique. Each number on the maps
shows significant points at the growth of studentaderstanding on multiplication of fractions.
Volkan's growth of understanding was depicted witlo parts. The first part can be seen in Figure
4.99.

activity types
o activity point
standard movement

ik fold back
AN extensive work

—_— disconnected

representation types

verbal representations

visual representations

concrete representations

PTom

symbolic representations

Figure 4.99 Understanding map of Volkan for thetfppart
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The second part of Volkan’s understanding caneglea én Figure 4.100. In general, it can be
said that Volkan tended to use concrete materialetihan Ahmet. However, Volkan preferred to use
symbolic representations as much as Ahmet did.

activity types

o activity point
standard movement

G fold back

AAAA extensive work

representation types

—{1- verbal representations
—(O— visual representations
—f¥— concrete representations

—©— symbolic representations

Figure 4.100 Understanding map of Volkan for theosel part
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CHAPTER 5

DISCUSSION, CONCLUSIONS, AND IMPLICATIONS

This chapter includes discussion of the resultsnclusions, implications, and
recommendations for further researches.

The current study was conducted to investigatehsgiade students’ understanding of
multiplication of fractions in terms of Pirie andigken’s model of the growth of mathematical
understanding with the focus on its effectivenasassessing mathematical understanding in Turkish
context and propose a multi-dimensional mappindriggie to substitute and improve current
mapping feature of the theory. In this section, bsults of the study was discussed around several
dimensions such as students’ understanding of ptichition of fraction, effective use of Pirie and
Kieren model of understanding, mapping feature tu$ ttheory, and representation usage and
understanding.

5.1 Discussion of the Results

In this study, the researcher reviewed the relditedature to find a working theory for
mathematical understanding in order to assess gisdtte students’ understanding of multiplication of
fractions. In the end, it was decided to applyRivée—Kieren Theory of Understanding, also known as
Pirie and Kieren’s model of the growth of mathemetiunderstanding, (Pirie & Kieren, 1989) as the
theoretical lens of the study. Almost for 20 yeamseral researchers used Pirie and Kieren's nafdel
the growth of mathematical understanding as a #teal framework in their studies (e.g. Borgen,
2006; Cavey, 2002; Grinevitch, 2004; Manu, 2005rtMa& LaCroix, 2008; Meel, 1995; Tsay, 2005)
and some others used this model for curriculum ldgweent (Allan, 2006; Hunter, 2006). These
researches proved effectiveness of this frameworkrtalyze learners understanding on different
subjects in mathematics such as trigonometry (Ca2892), abstract algebra (Grinevitch, 2004),
patterns and relations (Manu, 2005), mathematicsviok (Martin & LaCroix, 2008), basic calculus
concepts (Meel, 1995), and multiplication of whalembers (Tsay, 2005). However, there is no
comprehensive study on multiplication of fractidnend by the researcher. Therefore, the results of
this study will be discussed in the light of thedies conducted on other topics.

In the current study, it was found that the studletuggled with several issues which acted
as an obstacle at the process of understandingabie foundations of multiplication of fractions.
These were (1) establishing connection betweeniptia#tion of fraction concept and real life usage
of these concepts, (2) visual problems vs. wriggmbolic problems/word problems, (3) extending
whole-number multiplication to the multiplicationittv the fractions. For example, when students
were asked to find the number of apples in a midafion operation by taking into account 3 apples

equaled tq} of the all apples in a basket, they had difficuttyfinding the number of apples in this

multiplication. They did multiplication and thened to find the number of apples. But, they puzzled
to find the number of apples from the result of tiplitation. So, they had difficulty in establiskgin
connection between multiplication of fractions anehl life usage of fraction multiplication.
Moreover, although students solved a symbolic domestelated with multiplication of two unit
fractions correctly, they had some problems whillviag a question which was related with finding

the fractions modeled in square units when threerss representirigof a whole was given.

Students think that fractions act as an operatitraAn change the size of a physical quantity
(Behr et al., 1993; Lamon, 2011; Streefland, 199hjs was also seen at the results of the current
study pointed out at (1). The results of the curmtndy related with the question type which is
mentioned at (2) confirm the results of the stufiyraber (2001). In the current study it was found
that the presentation of the question was a sigmifi factor to affect students’ understanding. For
example, a shape with three rectangular units wesnas a whole and students were asked to model
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multiplication operation4><% in rectangular units by thinking this whole. Thestudents had

difficulty in modeling this multiplication at a §t glance. When the students were asked to nicmfel

that whole, and to model the multiplication by t#iitg meaning of it, they were able to model this
multiplication accurately. So, the presentation tbé question was important in this question.
Furthermore, the problems worded to reflect rdel-vents helped students’ to move from inner
layers to outer layers more easily. For instandegsmstudents were asked a real life problem related
with finding the number of eggs in the egg cartoahsy were able to find the answer easily by
connecting it with their daily life. This also cae seen in the maps in Section 4.1 and 4.2. Moreove
it was found that at the process of understandinlgipication of fractions, the students were reqdi

to re-conceptualize their understanding on wholeimer operations (3), this result is also confir th
conclusion of the study of Hiebert and Behr (1983gren (1988) states that the operation with the
fractions is not just extended version of whole-bemoperations. Indeed, they are built up with the
experiences involving fractional quantities andragiens with them. Moreover, in the current study,
it was found that some of the students used diviaizd multiplication operations with whole numbers

to find a fraction of a whole number. For exampifen those students were asked to ﬂndf 45,

they divided 45 with 5 and multiplied the value lw#. This result also confirms the results of Taber
(2001) and Taber (2007). In the current study, #sveeen that the students need to understand
multiplication with whole numbers to understand tiplication fractions. However, extending their
understanding on whole numbers also can act asbataade to understand the multiplication of
fractions. Because they just try to apply repeaitdition to the fractional concepts. On the contrar
Mack (2001) found that the students had no trotdktate a fraction of a fraction as multiplicatioin

fractions. This can also be seen in the currerdyst$tudents were asked to fié‘}dofg and they

multiplied the fractions in order to finé of % Moreover, it was seen that students tend to use

algorithms without showing any evident of underdiag at the interviews. For example, students
were asked to multiply three fractions togethegythust used the algorithm and find the resulthaf t
multiplication operation. This was not in the ca#®en they try to solve questions in the class teefor
teaching algorithms to them. Therefore, we can leolecthat teaching algorithms can be an obstacle
to develop understanding of multiplication of fiaas. The one who want to teach multiplication of
the fraction with understanding should not teadjpoathms before asking real life questions and
visualizing it with visual representations. If theacher uses different representations to teach the
multiplication of fractions, the students can gembre easily. Similarly, when the students work on
the problems with the use of multiple representatidghey can go from inner level to outer level muc
more easily. For example, in some questions stedeete used transparent fraction cards or drew
figures to model multiplication of fractions. Sdiey could use concrete and visual representation
together during question and could go image maldangl to formalizing level more easily.

The next point that should be discussed the resfittse current study around the use of Pirie
and Kieren theory of understanding. The reviewhaf literature (See Section 2.3) showed that the
studies in which they utilize the Pirie and Kierhreory of understanding can be categorized as
follows: probing understanding (e.g. Cavey, 200&)ecking validity of the theory in different
contexts (Cave, 2008; Manu, 2005; Meagher, 2005pl@ying it as a comparison method (Cave,
2008; Meel, 1995), and checking efficiency of thedry (Warner, 2005). In the current study, sixth
grade students’ understanding of multiplicationfraictions was explored. However, Cavey (2002)
and similar other studies reviewed in Section 2dsthy probed understandings of participants from
higher education levels or teachers. Moreover, igdiyethey explored understanding of advanced
topics rather than fundamental topics of mathemafitierefore, results of the current study can't be
discussed in terms of findings on understandingnaftiplication of fractions with respect to the
studies mentioned above. However, it can be mestidhat the current study employed Pirie and
Kieren theory of understanding in the way the otsienilar studies did. Manu (2005) checked the
validity of the Pirie and Kieren theory of underglang by comparing different language usages. It
was seen from the study that this theory is vatidlifferent languages. In the current study, the
researcher worked with native Turkish learners; &mgltheory worked as expected.

The other point that should be discussed is thelteesf the improvement efforts on the
mapping feature of the theory. The Pirie—Kierendrgeof Understanding has an important claim to
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depict students’ understanding process over the tth the help of the mapping feature proposed by
Pirie and Kieren (1989). However, except Tower9@9Borgen (2006), and Manu (2005), the other
researchers, who employed the Pirie—Kieren TheofyUaderstanding to analyze learners’
understanding, did not depict it with the mapsizéd by Pirie and Kieren (1989). Moreover, Towers
(1998) and Manu (2005) slightly changed the mapféagure when they apply it to their study. They
just worked on the shape of the map and used a-li&il layout for the maps. This usage makes
easier to depict learner’s understanding procesk wmiap; however, it is difficult to interpret it
because it takes much space and it is hard towfdhe stream. Moreover, as pointed out by Borgen
(2006), this change criticized in the way that imihishes the embedded structure of the
understanding proposed by Pirie and Kieren (1988)he current study, the researcher just applied
some new icons and design elements to make the maps interpretable. Moreover, one more
dimension, representation types, was added toirgistap. The new version of the maps preserved
its original embedded rings shape. The improvedigarof the maps can be seen in Chapter 4. Pirie
and Kieren (1994) emphasize the power of mappinstates that the drawing understanding maps
allows to depict the growth of understanding chealth the current study, the researcher tried nid fi
why the other researchers did not apply this feat@ome of the studies showed that attending to
representations is crucial for communication angettgment of mathematical understanding (Behr et
al., 1993; Kilpatrick et al., 2001; Taber, 2001urthermore, Pirie and Kieren also emphasize the
importance use of representations at their sty@esujkova, 2004; Wilson & Stein, 2007). Therefore
use of representations was added as a second dmenghe current mapping feature. Several other
researchers were also modified the mapping featfithe theory. The most significant change was
made by Towers (1998). In the current study, urideding maps of Ahmet were also depicted with
the map suggested by Towers (1998) (see Figuraril 5.2).
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3rd question

/Q@/ 4th question

®/ Sth question

Figure 5.1 Tabulated growth of understanding of &hat the first part of the interview
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As you can see from Figure 5.1, it increases ¢laglability of the map if we compare it with
the original map layout published by Pirie and Kier(1989). You can see the growth of Ahmet’s
understanding depicted as with original layout igufe 5.3 and 5.4. Mapping style proposed by
Towers enables to check details question by questibis is surely gives a handy report to work
with; however, when these questions increasesettase like map also increases in length. That
makes hard to follow the stream through the obsksessions.

When we check the Figure 5.1 and 5.2 we can see Ahmet engaged higher level
understanding activities at the second part ofriterview. Moreover, at the second part he conktant
goes inner and then outer levels. However, Toweraiot suggest a separate notation for folding back
activities; therefore, the current shape of the rdaps not give any information on whether that
activity is folding back or not. Moreover, as padtout by Borgen (2006), this layout does not

represents the nature of the Pirie—Kieren TheoryJnflerstanding which claims embedded eight
levels of understanding.
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property noticing

image having

Figure 5.3 Original map of Ahmet’s growth of undarsling at the first part of the interview

Furthermore, the maps in Figure 5.1 and 5.2 dofiet more details than the maps in Figure
5.3 and 5.4. Nonetheless, it is much more easifrimetable than the mapping technique offered by
Pirie and Kieren (1989).
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property noticing

image having

Figure 5.4 Original map of Ahmet’s growth of undarsling at the second part of the interview

We can say that the maps produced in this study fggure 4.99 and 4.100) give more
insight about understanding process than the aligind previously suggested other modes of maps.
Incorporating the representation types to the magpstransferred the power of communicating with
representations to this depiction (Behr et al.,31®9Ipatrick et al., 2001).

In addition, the results of the current study shiweat students can solve the questions even
without understanding. Therefore, it is not enodgHollow just their responses to say something
about their understanding in multiplication. Thésalso emphasized by Hiebert and Carpenter (1992,
p. 89). However, tracking their use of represeotej allowed the researcher to track the
understanding as well. This issue also pointedbyuseveral other researchers (Lesh et al., 1983;
Taber, 2001). Moreover, as pointed out by Lamor0Q20f a student uses a representation different
than the teacher used, than we can say that tdergtunderstand that topic. Therefore, tracking the
students’ use of representations with respect &r thnderstanding level provides us valuable
information on their understanding process.

5.2 Conclusion
The conclusions made in this section can only lmeiggized to the similar settings described
in Section 3.2.
e The data support that the use of the Pirie—Kierbaofy of Understanding is an effective
way to probe students’ understandings of multipigsaof fractions.
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e The data support that there is a relationship betwstudents’ preference on the use of
different type of representations and attained tstdading level. The specific actions related
with the use of representations can be seen ireTall

» Context used in the questions affects studentfemrce on the use of different type of
representations.

* Previous activities those includes the use of obfie type of representations positively
effects maximum understanding level reached bythéents.

* Folding back occurs when a student need to coiféotmation from inner level to support
his/her understanding at outer levels. Moreoveg ocan work on different topic (previous
related topics) than the one being studied wheshleefbld back.

Table 5.1 Understanding levels using representaaiapted for the Pirie-Kieren model for growth of
mathematical understanding

Level of understanding Activities & use of represgions

Primitive knowing Can use any representations talfgrior knowledge

Image making / image having Can connect the reptasens to the problem being studied

Property noticing Can connect the representatiomsathematical meanings and can
compare representation properties

Formalizing Can describe mathematical meanings thighuse of

representations to generate patterns and algoritkiostly uses
symbolic and verbal representations.

Observing Can connect representations to a thedwostly uses symbolic
and verbal representations.

5.3 Implications
The following suggestions can be made based dfrilngs of the current study.

» Both of the results of interviews and activity stseghowed that the ones who were able to
use variety of representations to convey their sdeaached upper level of understandings
much more easily. Therefore, in order to help sttsleto reach higher level of
understandings, teachers should use differentafpepresentations in their classrooms more
frequently.

» It was seen that the representations used in thstigus affects students’ preference on the
use of representations. Therefore, in order towalkiudents to use different type of
representations at the process of solving a prghileenproblem context should be prepared
with the use of different type of representations.

e« As it was seen from the literature and the resaftgshe study, we can track students’
understanding with observing their use of repred@ns. However, as stated in the
discussion section, if a student uses a differeptasentation that the teacher used in the
class, this can be an evidence for understandiingrefore, while analyzing students’
understandings, we can also check the teacher'sfuspresentations and compare the both.

* The results show that the students need for a dederstanding of multiplication of whole
numbers. Therefore, the teacher should connectideas to what the students have already
learned.

* The teacher should direct students’ to use differepresentations to explain an idea in
mathematics.

e The one who want to teach multiplication of thecfien should not teach algorithms before
asking real life questions and visualizing it wifBual representations.

 Use of “times” can confuse students while they néedsolve a question related with
multiplication of fractions. Therefore, the teachsnould use alternative language and
representations such as number lines in orderrtilifaize the students with the different
way of saying “times”. This can help overall undargling of multiplication of fractions.
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e Since each student in a class is at different lefelnderstanding, multiple representations
are important. Appropriate representations are egéal improve understanding.

5.4 Recommendations for Further Researches

The following suggestion can be made for futurelistst

* In the current study it was seen that there is latiomship between question type and
students’ use of representations. This should tibduinvestigated with experimental studies
at different grade levels and different topics.

» This study concentrated at the topic of multiplicatof fractions. The improvements of the
understanding map should be tested at differemtsop

e The current study offered a new technique to degsiedents’ growth of understanding. This
technique was tested with multiplication of fraoto Since different concepts can require
different type of representations, this map shdngldested on different topics too.

* In the current study, the understanding of studerits are at higher level of achievement
was investigated. Understandings of students &trdift level of achievements should be
investigated.
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APPENDIX A

FRACTION INTERVIEW INSTRUMENT

MULAKAT SORULARI

1.BOLUM
1) % kesrini nasil elde edebilirsin?

2) Asagida 5 kiilik bir kek yapmak igin kullaniimasi gereken matze miktarlari verilmitir.
Bu keki 15 kiilik hazirlamak isteseydik, kullangimiz malzeme miktarlari ne kadar olurdu?

%su bard@i sivi y&
%su barda sut
2% su barda:i seker

2 § su bardgi un

2 yumurta
10 g kabartma tozu

3) Bir 6gretmenin 45 tane kitabi ve bir doktorun da 45 tetebi vardir. (gretmenin
kitaplarlmng U ve doktorun kitaplarmnir si roman ise gretmen ve doktorun roman
sayilarini ayri ayri bulunuz.

4) Bir bakkalda13§ yumurta kolisi vardir. Bir kolide 12 yumurta olglina gore bu bakkalda
toplam ka¢ yumurta vardir?

5) Asagidakisekil bir butini gostermektedir. Ayni butinisttierek aagida verilen glemleri
dikdortgensel k@it Gzerinde modelleyerek yapiniz.

1
4 x-
6
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2. BOLUM
1) g’in gu kactir?
2) %x% isleminin sonucu ne anlama geliglemi asagida modelleyerek gosteriniz.
ix % isleminin sonucu ne anlama geliglemi asagida modelleyerek gosteriniz.

Bu iki lemin sonucunu kadastirabilir misin? Bu konuda ne sdylersin?

3) Zé X 3% isleminin sonucunu tahmin ediniz.
5 3 . .. 5 . .y

4) PR isleminin sonucy e ait midir?
2 1 3 . ..

5) X X5 islemini yapiniz.
3 1

6) X3 %xg yandaki carpmaliemlerini yapiniz. Carpimi ¢arpanlarin her birinden

biyik mi yoksa kic¢ik mi? Buna gore kesirlerle ¢carghaminin sonucu hakkinda ne
soyleyebilirsin?

7 % saating U kac dakikadir?

8) Ayse Hanim pazardan elma alnve elindeki sepete koyrgiur. Sepetteki elmalaré:li 3

.2 4 5 3 . .
elma oldguna gore- X - ve— X~ islemlerinde kag tane elma vardir? Cevabinizi
aciklaymniz. Gerekirsgekil ciziniz.

. 1.
= sepetteki elmalarn} i

9) Asagidakisekil bir butiinin § ini gostermektedir. Ayni butinu glinerek aagida
modellenen kesirleri bulunuz.

b)

a)




APPENDIX B

ACTIVITY SHEET

KESIRLERLE CARPMA iSLEM i

1)
¥ 0 A D A 0
7%  f— 3 : 3 3 - R : =
{;"]’.‘v’_g".;_a .‘ ;—. ':- ?m :7 = == —— —— I
D G D A D b3
i —_— 3 3 -
é‘""'-‘ et —dt fde e

Miizik parcalarinda dik ¢izgi ile ayrilan boltiimlerdeki (dolap)
notalarin vuruslan toplamu esittir. Yukandaki pargada gerekli
hesaplamalari yaparak bu bilginin dogru olup olmadigini kon-
trol ediniz.

Sadece bir dolaptaki notalarin vurus savilarnimi kullanarak
tiim parg¢anin toplam dlgiisiinii nasil bulabiliriz? Hangi islemleri
vapanz? Tartisalm. Yukandaki parga i¢in bu islemi yapahm.

2 ; = :;) vurusluk n J J’

8 aralik olduguna gore: \1/ 1 §

N

_5__+_:5_+, +--57+—-5-+—-5-"+ S — Y
2 2 2 2 2 2 2

Bu islemi daha kisa voldan vapmak i¢in nasil bir islem vap-

(S

mahyiz?

2)

Yandaki sekilde, boyal kisimlarin belirttigi kesri

en kisa yoldan bulabilmek igin hangi yontemi
kullanirsiniz? Agiklayiniz.

3) Etkinlik: Kesir takimi kullanarak carpmglémi yapma
Arac ve gereg: Kesir takimi

CTPTP
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a)

b)

parcalari deneyerek hangisi@?’rin %i kadar oldgunu bulunuz.

c)

d)

4) Etkinlik: Kagit katlama ile carpmaliemi yapma
Arac ve gerec: K&

a)
b)

c)
d)

e)

5) Etkinlik: Seffaf kesir kartlari ile carpmalemi yapma
Arac ve gere§effaf kesir kartlari

a) %I'uk seffaf kesir kartinin Uzerinielik seffaf kesir kartini yerlgiriniz. Olusansekil kac &

|
Y

1
1
4 }
2| 2
1
1
= 3|
???f?}?
1
o
4
S~
212192

1,. . 1. . e
" lik kesir parcasinig ini nasil bulabiliriz?

Bu islemi yapmak icin 1 lik ve}; lik parcalarigekildeki gibi alt alta yerlgtirelim. Diger

Yaptginiz islemi matematiksel olarak nasil ifade edebilirsiniz?

1. 1. . 1. 1. . . .
3 in 7 ini ve-in - ini ayni yontem ile bulup, sonuclari kdastiriniz.

Kagit ince birserit haline getirilir.

% in % ini bulmak i¢in 6nce kadi 3 g parcaya katlayiniz.
3 parcaya katlanmikagit tam ortadan ikiye katlayiniz.
Katlanmg kégit acilarak en kicuk bolimu kesir olarak ifade edi®lusansekli ciziniz.

Islemi matematiksel olarak ifade ediniz.

parcadir?
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b) 1ki rengin cakstigi yer tiimseklin kacta kacidir? Verilegekil izerinde gosteriniz.

C) g Ung si kactir?islemi matematiksel
olarak ifade ediniz.

6) Ayse Uc arkadg ile dogum guninu kutladi. Age pastay! dnce ikiye bdldd, yarisini anne, baba
ve kardegine ayirdi. Dger yarisini da U¢ arkagldle paylati.

a) Ayse’nin arkadalarindan biri pastanin ne kadarini yedi?
b) Ayse’nin annesi pastanin ne kadarini yedi?
7) Bir ¢cocuk 12 findgin E’Unu yemitir. Cocuk kag tane findik yestir?

8) Asagidaki carpmaglemlerini yapiniz ve carpimlari en sade bicimdeyaz

a) 122 c) 13x2
6 5 9

b)

| u

x 2 d2:x32
15 4 5

9) Asagidaki modellerde gdsterilen ¢carpmnggemlerini ve sonuglarini yaziniz.

|\

-
el

10) Asagidaki 6rnee inceleyiniz. Dger sorulari da orrg uygun olarak tamamlayiniz ve
sonugclarini yaziniz.

Ornek

L]
v

B [ [ 2wl ) ——

11) Asagidaki ifadelerde verilersiemleri yapiniz. D@ru olanlarin yanina “D”, yandiolanlarin
yanina “Y” yaziniz.
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o TRV R 1, 005 1 i 10,
L] 2x 3 sleminin sonucu 6 dir. g8 X3 kesirinin 2 kati 16 dir.
[0 8«18 _aise a=11dir.
13 2

O] %)ﬂ % isleminin sonucu %'dir.

12) 24 kalemin% ini Kerem,i ini Asli, geriye kalanini da Banu algtir. Banu kag kalem alrgtir?

13) Mehmet,ismail ve Mustafa ortak olarak aldiklari arsay! ratitéde vermek istiyorlar. Arsam;:n

i Mehmet'in, %i Ismail’in,%i Mustafa’nindir. Arsa sahipleri miteahhidle gtlar. Buna goére
arsanin yarisi muteahhide verilecektir. Dairelerdgaklar arasinda payl&caktir. Arsaya her
katinda 3 daire olan 8 katli bir bina yapilacaktir.

a) Ortaklarin paylarini gésteren gema ciziniz.

b) Bina yapildiktan sonra arsa sahiplerinin her hiriké¢ dairesi olagani bulunuz.

14) 240 kapasiteli yolcu uga, Istanbul aktarmali olarak Ankara’dan Frankfurt'aegiektir.
Ankara’da ucgaktaki koltuklarlé si satildiistanbul'da ise kalan koltuklaréni satildi. Buna gore;

a) Problemdeki verilersema cizerek gdsteriniz.

b) Ucakta ne kadar Boyer kaldgini bulunuz.
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APPENDIX C

STUDENT JOURNAL

MATEMAT iK GUNLU GUM

Kesirlerle carpmaslemini yapmayi grendiniz. Bu konuyla ilgili gagida verilen sorulari agiklayarak
cevaplayiniz.

1) Kesirlerde carpmaliemi sana ne ifade ediyor?

2) Gunluk hayatta kesirlerle carpmgeimi nerelerde karmiza ¢ikar?

3) Kesirlerle carpma konusunugiéndigi giin, hastalanip okula gelemeyen bir arkadau
konuyu anlamak icin senden yardim istiyor. Senwé&dnuda arkadana yardimci olmaya
karar veriyorsun. Bu arkagiaa kesirlerde carpmalémini nasil anlatirsin? Ornek verip,
modelleyerek gdsterebilir misin?

4) Ayni arkadaina tam sayil kesirlerle carpmgeimini nasil anlatirsin? Bu konuda
soyleyecgin en 6nemlisey ne olur? Ornek vererek agiklayip, gerekiygeddl cizebilirsin.

5) Ayni arkadaina bir biitiiniin belirtilen kesir kadarini bulmagsr anlatirsin? Ornek verip,
modelleyerek gdsterebilir misin?



6)

7

8)
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Kesirlerle carpmaslemi ve toplamaslemi arasindaki ikkiyi nasil agiklarsin?

Kesirlerle carpmasleminin sonucunu strateji kullanarak nasil tahndersin? Ornek vererek
aciklayabilir misin?

Kesirlerle carpmaslemini kullandgin bir problem yazip, ¢ozebilir misin?



1)

2)

3)

4)

5)
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APPENDIX D

STUDENTS’ SELF-EVALUATION FORM

Oz Degerlendirme

Kesirlerle carpmaslemiyle ilgili neleri biliyorum?

Kesirlerle carpmasleminde neleri kolaycagiendim?

Kesirlerle carpmasleminde neleri grenirken ve yaparken zorlandim? Bu zorluklari nasil
astim?

Kesirlerle carpmasleminde neleri severek yaptim vgréndim?

Kesirlerle carpmasleminde bgka neleri de yapabilmeyi isterdim?
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Oz Deserlendirme Formu
Bu form kendinizi dgerlendirmek amaciyla hazirlangtir. Her bir ifade i¢in sizi en iyi tanimlayan
secengi (X) ile isaretleyiniz.

Emin
Kesirlerle Carpma islemi Evet Degilim Hayir

Bir battintin belirtilen kesir kadarini bulabiliyorum

Bir kesrin belirtilen bir kesir kadarini bulabiligam.

Kesirlerle carpmasleminin anlamini biliyorum.

Kesirlerle carpmaslemini yapabiliyorum.

Tam sayili kesirlerle carpmglémi yapabiliyorum.

Bir buttintin belirtilen kesir kadarini modelleyerek
gOsterebiliyorum.

iki kesrin carpimini modelleyerek gosterebiliyorum.

Kesirlerle carpmaslemi ve toplamaslemi arasindaki
ili skiyi aciklayabiliyorum.

Kesirlerle carpmasleminin sonucunu strateji kullanarak
tahmin edebiliyorum.

Kesirlerle carpmasleminin deisme 6zellgini
aciklayabiliyorum.

Kesirlerde carpmasliemi gerektiren problemler ¢6zip,
kurabiliyorum.
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APPENDIX E

TRANSCRIPT OF INTERVIEW WITH AHMET

O: (soruyu okuyor)Dért bolii Bekesri hani bir butiinii yani yekilde de tanimlanabilir. Bir bitiiniin
sOyle bir buttin diyelim biz buna. Bir, iki, ¢, déré be. Bunlarin her biri gt. Bir, iki, G¢, dort, bg
parcaya bolup dordini almak demektir.sibedi bunu ger sekil olarak gosterecek olursagy her iki
taneyi bir olarak kabul ederim. Ciinki ... Bir olakabul ederseku bir bolii batir. Tki boli bes, tic
boli be ve dort bolu... dort bolu gér. Yani ezer suralari saymazsak bir, iki, U¢ dort,so8ir
bitini be parcaya bolinmiibunun dérdi alinrgl Hani elde edilngi. Ayrica hani dort bolu be
sudur da.. Hemen yine bu sefenlarla birlikte gosterelin§oyle.. Her bir nohuta bir boli belersek
ne oluyor. Bir béll bg iki boll bes, ¢ boll be ve dort boll bg Hani yani bunusiem olarak da bir
bolu be arti bir boll be arti bir béll be arti bir béli be ssittir, dért boll bg ya da bunun daha kisa
yoluyla parantez iginde bir bolu pearpi dort. Onu da paydasina ekleyelim. Bugléireyine dort
bolu betir. Yani dort bolu be kesrini busekilde desey yapabiliriz. Bir butint e bélup dort
kismini almak. Bgesit parcaya bolip..(materyal kullandr)

A:Him. Peki ordaey genegu ¢arpmadan ne anladin? Bir bolileedort bola biri garptin ya?
O:Dort boli bir zaten dordesittir. Hani surda da gosterdim gibi yine dort tane bir bolu lgekesrinin
yani toplanmasidir. Bir bolu berti bir boll be arti bir bolu be..

A:Dort tane bir bole he

O:Evet.

A:Peki devam edelim @éer sorudan.

O: (soruyu okuyor)Burda bekisilik, bunu on beg kisilik yapmak icin (¢ kati olacak. O yuzdeimdi
basta sivi y&l ne kadar kullanagamizi bir bolu ikiyi Ggle carparak gérelim. Bir hibiki carpi ee ¢
diyelim. Her zaman bir dial kesrin esgey dagzal sayinin ki paydasi birdir. Carpmgeimini yapraken
sadelgecek sayilarimizi olmaghicin sadelgtirmiyoruz. Ug bolii iki oluyor. Bu dasétir, bir tam bir
bolu iki eesey sivi y&, su bardgr sivi ya. Gelelim ikinci kismaimdi G¢ bolu dort su bargasut
bunu bizim Ug¢le carpmamiz gerek yine bulmamiz gginki ¢ katini yapcaz. Ee ¢ bolu doért carpi Ug
boli bir o da gttir. Simdi bakc&imizda yine sadejecek birsey olmadgi igin boyle yaziyoruz. Ug
kere ui¢ dokuzsdyle dokuz bolii dort bu daittir iki tam bir bolu dorttiir ki tam bir bolu dortte su
barda& sut. Gelelim ikinci soruya iki tam bir bolu ikusardgl sekeri bagta hani biz bunu ggama
almak icin zaten carpmaléminde bu gerekiyoiki tam bir boli iki gittir, bes boli ikidir. Onu da
yine Ugle ¢arpalim. On béolu iki. O da sittir, yedi tam bir bolu iki ee ney, su baglgeker. Hemen
una bakalimiki tam bir bélii (i ee iki tam bir bolii Usittir, yedi boli tctir. O dasittir bir dakika
pardon gittir diyorum. Carpi ti¢ boli bir diyelim. Ug keregi yirmi bir, (ic bu dagtir bize yedi
sayisini verir. Yedi su barga bardag un.iki carpi zaten iki carpi (i o daittir, ee altidir. Alti
yumurta. Ve on gram carpi gey (g gittir, otuz gram da kabartma tozglém yapti)

A:Peki bu carpma sana ne ifade ediyBu?mesela bir bola iki carpi Ug.

0:Ug. Simdi (i tane bir bélu iki. Yani (¢ tane bir boliirikn toplanmgi. Yanisu sekilde bir bolii iki
arti bir bolu iki arti bir bolu iki bu dagétir zaten bir tam bir bolu iki ya da bunlagigir bir b6l garpi
U¢ bolu birdir.

A:Him. Neden boyle?

O:Cunku hani bizim nolmalde de normal carpgiernimizde de iki carpi ti¢ degimizde iki kere g
yani iki tane ¢ burda da {¢ tane bir bol iki azgén.

A:Him. Yani bu bunun kisa yolu mu?

O:Evet dyle oluyor.

A:Peki orda carparken ee ¢ béll bir dedin ya hepgaydasina bir veririz dedin.

O:Hihi evet.

A:Niye oyle yaptin?

O:Cunku ugi hangi saylya bélersem bir saylyi bairkee nasil desengimdi ti¢ dgal sayisini bire
boldigtimiizde Ug gikiyor. Ug hani biz hani bizim kesrirbamiz icin payi paydaya béliyorduk ya.
A:Himm.

O:Bu yiuizden Ugl bire boltince ¢ ¢gticin hani o yiizden biitin gal sayilarin paydalari birdir.
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A:Peki o carpmasiemini nasil yapiyorsun?

O:Bu carpmaglemini hani buraya bir ekledikten sonra zaten amaya yaziyoruz ¢ bolii bir. Ee
yukardakilerle paylari carpiyoruz ¢, paydalarpggoruz iki. Bu da ¢ bolu ikiyi veriyor bize.
A:Neden boyle oluyor peki carpmada paylar paya pydoaydaya yazilir?

O:Ee paylar paya paydalar... Ee nedeni ¢uinkii immzétizn toplamada da paylari payla topluyorduk,
seyleri onla topluyorduk. Hani hgey elmayla armut nasil toplanmazsa biz paydalatatoiyoruz o
yuzden.

A:Hihi. Burda payda nedenidemiyoruz? Paydalari nedegitlemiyoruz?

O:Cunku aslinda bu kesrin kesrini bulmadir. Harsrkekesrini bulmak icin de paydaitemeye
gerek yoktur. Cunku bir kesrin icinde Beyi ayiriyoruz. Yani bigeyi icinde ne kadar biey
oldugunu ariyoruz. O ylizdersilersek zaten sonuc yaglgikar.

A:Him. Peki orda imm tg¢ béld iki su baggdaivi ya buldun ya. Ne anliyorsun bundan?

O:Hihi. Ug bélii iki nerde yaziyor du?

A:Burda.

O:Heh. Ug bolu iki yani bir daha @ousu onu hani tam olarak bir boli bir tam bir biiiii Dierk ben
sizesunu agiklayayim. Hani bir su bagdavar. Yaninda birde bir su bagglalaha var ama o su
bard&inin tamami dgl yarisi yarisi, hani bir tam su baglale bir yarim su barda eesey ee sivi
yagdan bahsediyor.

A:Pekisurda ee iki tam bir bolu ikiyle G¢l carparken.

O:Hihi.

A:Bes boli iki dedin. Sonra gcle ¢arptin. Niye boyle yap

O:Bu bu beg bl iki dememin nedeni; hani iki tagay iki tam bir boli ikinin hani beboli ikinin tam
sayil kesri olmasi. Hani bu bungitér zaten. Sadece tam sayil kesir halidir. Oden 6yle yaptim.
Kesirlerde buekilde hani yapiimiyor.

A:HIm.

O:Eeseye cevirerek carpiyoruz.

A:1ki tam bir boli ikiyle gl carpamaz miydik norméd@es boli iki carpi Ui zaman yazmadan?
O:Ee hayir carpamazdik.

A:Him. Peki o carpmadan ne anliyorsdkPtam bir bélu iki carpi ticten?

O:H1? Yani iki tam bir bolii yine iki tam bir boliiiarti iki tam bir bolii iki arti iki tam bir boliki.
A:Himm. Tamam. Peki burdan yani carpma ve toplaraaiadaki ilski hakkinda o zaman ne
soyleyebilirsin?

O:Carpma aslindasittir ardisik toplamadir. Hani mesela agtk toplama hani siirekli ayni sayiyla
toplama zaten burdan hani goriyoruz bir boli ikpcaic = bir bolt iki arti bir bolu iki arti bir Bd
iki. Zaten bir tam bir bolu ikiyegtir. Hani bu bunun argigidir. Hani bir sirt bir bolu ikiyi boyle
uzun uzun yazmaktansa direk Ucle carpiyoruz sorkugog.

A:Himm. Peki egurda mesela eee ongdadlii iki su barda seker buldun sonucu.

O:Hihi.

A: Burdan ne anliyorsun?

0O:0n bg bolii iki o da sittir, zaten yedi tam bir bolii iki. Bir boli ikiyhiz hani normalde yarim
olarak nitelendiririz. Yedi tane tam su bagdaarms. Bir de yarim su bar@aseker varmy. Yani
yedi bucuk su bargaseker.

A:Him. Peki iki tam bir bolu G¢ su barglaundan ne anliyorsun?

O:1ki tam bir bolii tic su bargaun. iki tane tam su bargaun var. Bi de ustiine ustliik yine yaninda
bir bardak var ama o bargia hani tahminen tige béliunmilg kisimdan biri doldurulmuunla.
A:Onu cizebilir misin o barda suraya mesela?

O:Hihi. Suraya.. O iki bard& da gizeyim mi?

A:Hihi. Tki tam bir b6l Gigii gizebilir misin su barglaolarak.

O:Hihi. gekil giziyor)Soyle bu bizim iki tane tamimiZgini hemen karalayalim. Bu iki tane tamimiz.
Otekine geldiimizde hanisu bir bolu tclik kisma§oyle tahminen bunlarin hepsiiir. Hani seydir.
Burayisu kismini alinmy. Geriye kalan ama doldurulmagnO manada.

A:Hihi. Ee pekisurda mesela iki ¢arpi ¢ alti diye yumurta buldan y

O:Evet. Evet.

A:Orda mesela onlarin paydasina bir vermeden ¢anpge dyle yaptin?
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O:Cunku ikisi de zaten tam sayidir. Hani versekiteug yine dgismeyecektir. Yani gekilde de
yaptgimizda hani sonuc dasmeyecek. Alti bolu bir olcak. Alti bolu bir de zataltiya gittir. Hani
bunlarin ikisi de dgal say! oldgu i¢in bdyle yaptik. Eer kesir olsaydi hani yine dyle bir verecektik.
A:Tamam. Dger soruyla devam edelim.

O:Hihi. (soruyu okuyofimdi biz burda bgta Gsretmenin kitaplarinin roman sayilarini bulalim. Bon
ee bir dakika ee sonra doktorun bulalim. Bir dakikasaniye heh tamam ikisinin de kirksbétabi
olduguna gore hani burda boyle dgitie gore toplam elde doksan kitap var. Hani kirk ek be
bolunmis. Neyse @retmenin kitaplarinin e dordi kirk bgn beste dordii demek; krik kecarpi
bes bolu dort demek. Carpi b4l dort bu da kirk én sdyledgim pardonsurasi dorgoyle
olacakti. Dort boli bezaten burasi. Heh bu béyledir. Blemi yapmadan 6nce bunu direk kisa bir
yol yapalim. Kirk bg bese bélelim ve bunlari sadabaelim. Kirk besi bese bolersek dokuz, biebese
bolersek bir. Egimdi hemen burayaglemimizi yapalim. Dokuz kere dort otuz alti, zatemasi bir
oldugu icin bu da gittir, otuz alti boll bir de zatersigtir, otuz alti. Ee bu gretmenin eagey
romanlari. Doktorun romanlarina bakimizda ise; kirk bebdll bir carpi iki b6l G¢Simdi hemen
bunu da bir yapalim. Ee kirk dice boldigimuzde on begikar. Hemen kirk b Gige bdlelim on
bes, bunu da tce bolgiimizde bir on hekere iki otuz bolu bir olur bir kere birden. Ee tha sittir,
otuzdur. Doktorun kitaplaridir. Bu dgm@tmenin romanlaridir. Daha glusu kitaplar demeyeyim ee
sey doktorun romanlari,getmenin romanlari.

A:Him. Peki burda imm kirk ekitabin bgte dordini ¢carpma yaparak buldun.

O:Evet.

A:Neden carpma yaptin?

O:Ee ciinkii bir dakika.. Ee kirk $ie beste dordii ¢iinkii kirk s icinde ne kadar dort boli pe
oldugunu bulmaya cagtik.

A:Him. Eee peki bu mesefa carpmadan ne anliyorsun? Kirkslgarpi iki bola Ggten?

Oiste kirk ba tane iki bélii Uigiin Ust Giste toplanmasidir. Hanbidii Gic arti iki boli tic arti iki boli
bundan boyle kirk betane iki boli ¢ aralarina arti koyarak toplanmasHani bu kirk bg carpi..
A:He kirk be tane iki béla dc.

O:Evet.

A:Oda otuz kitaptir diyorsun. Himm.

O:Evet.

A:Ee peki mesela bu kirk bé&itabin dort boli bgni orda modelleyebilir misin?

O:Ee kacin kirk bekitabin..

A:Dort boll beini.

O:Dért bolii beini.. hemen modelleyelingimdi buna biz tamami kirk aliyoruz. Altina da zaten
yazalim kirk bg diye. Dort bolu bgini modellerken bunu lessit parcaya bolcez. Colsié olmadi bir
tane daha olucak. Aslinda bunlarin heggi e¥ani bensuan bdylece yaptim. Bunun dért béli hemen
sey yapalim. Boyayalim. Ee lyey dort bolu bgir. Hanisimdi kirk besi sey de yapabiliriz. Bgboliip
dortle de carpabilirdik.

A:HImm.

O:Hani kirk bgi bese boliip dortle de carpabilirdik. Ama aslinda yaiz islem yine oyle. Kirk bg
carpi dort bolu be kirk bes yine bge bdldik dortle carprpigibi olduk. Yine aynsey oldu
sadelgtirince de. Ya da dortle carpipggede bolebilirdik. Ayngeyi yapms olucaz yine. Hani hi¢
sadelgtirmesek bile kirk bgcarpi dort bolu beyapacaktik sonucu bulmak icin. O yizden hani yine
ayni slem modellemesi de budur.

A:Peki onun otuz alti kitap olgunu o modellemeden nasil goériicez?

O:Hemensoyle simdi kirk bes bélcez. Bir tanesinin ne kadar ofglunu bulucaz. Kirk bg o yizden
bese bolucez. O da bize kirk pgey vercek; dokuzu vercek. Dokuz, dokuz, dokuz, @okaidokuz.
Bunun biz bu kadarini algtik. Bu kadari romansa dort tane dokuz, dért kedeud yani o da gttir
otuz altidir.

A:Himm. Peki devam edelim gir sorudan.

O:(soruyu okuyo§imdi direk bu lemi on (i¢ carpi on iki diyelim ¢iinkii hani on tigéakolimiz var.
Bdyle on ¢ tane boyle koli gidiyor. Bunlarin heritde on iki tane varsa b ne kadar olgani
bulcaz bu kesir kismi hari¢. Hemen ¢arpalim oneére lon iki yirmi alti ee bir Gic bunu da toplarsak
zaten yuz elli alti. Yaz elli alti argimdi bir de yarim koli vardi bir bolu iki. On ikiyiey on ikinin de
yarisi alti oldguna gore ¢unku bir bola iki altr olguna goére yuz elli alti arti alti o daittir, yiz
altmig iki. YUz altms iki koli ee yumurta vardir bakkalda.
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A:Himm. Peki bunu bgka turlt yapabilir miydin?

O:Bunu baka tirlt yapabilir miydim. Harngey yapacgim yine deneyeggm. Ee yirmi alti, yirmi
yedi boll iki carpi on iki boli birden deneyelimrw Simdi direk bata bir alti olsun burasi bu
sekilde bunlari bi sadegaérelim. Alti kere yedi bir dakika alti kere yedirtsaniye kafam durdu. Heh
sOyle iki dort alti kere iki on iki. Dort daha ontiaée burasi da zaten bir ofgluicin ytz altmg iki

bolu evet yine ayni sonucu elde ettik. Hgay bu da gttir yiz altms ikidir. Sonucla ayni.

A:Him.

O:Carpmaglemi de yaparak bulabilirdik.

A:Peki o carpmasleminde ne anliyorsun? Ne yaptikndi o carpmaslieminde?

O:Bu carpmasieminde §te yirmi yedi bolii iki carpi on iki. Yani on ikiygirmi yedi boli iki arti
yirmi yedi boli iki arti ondan on iki tanesekilde gidiyor.

A:He on iki tane. Neden peki ¢carpma yaptin orda?

O:Cunki hani burda da zaten ¢carpma yapkuBir tanesinin icinde on iki tane varsa on égésinin
icinde kag tane vardir diye hiey de olguyor zaten. Onu yapmak icinde zaten carpma kullamma
gerekiyordu. Burda da ayrsiémi yaptik.

A:Peki orda imm yirmi yedi bola ikiyi nasil buldun?

O:Burda yirmi yedi bolu ikiyi nasil buldum. Heh on iicle ikiyi captim. On ticle ikiyi carptim (is#in
bir ekledim yirmi yedi bolu iki oldu. Bu da zatéonunsey halidir. Imm nasil bilgk kesir birleyik
kesre cevrilmj halidir.

A:Himm. Peki bilgik kesir ne demek?

O:Bilesik kesir, pay! paydasingieya da payl paydasindan biiyiik olan kesirlerdir.

A:Himm. Tam sayili kesir peki ne demek?

O: Tam sayili kesir, egey hani bu bir tane biitiinii kullanip onun yanindavéya daha fazla biitiini
kullanip, onun yaninda bka bir bittin daha kullanilan kesirlerdir.

A:Himm. Peki devam edelim gir sorudan.

O:Hihi.

A:He pardon on t¢ tam bir bolu iki yumurta kolisindiyor ya.

O:Hihi.

A:Ne anhliyorsun bu on t¢ tam bir béld iki yumuriaikinden?

0O:0n ui¢ tane yumurta kolisi yani tamami vagimirde bir yumurta kolisinin yarisi vargiBir bolii

iki cinkd yarim demektir. Ya date bir koliyi yine ikiye bélmiler onun yari kismini doldurrglar
diye de hani on ¢ kolinin yaninda bir de o kolidia. Hani boyledaey yapabiliriz.

A:Him. Tamam devam edelim.

O:Hihi.

O: (Soruyu okuyoimdi bu bir biitiin olarak diiniirsek hani bunu bir bélii alti bulmak igin géyle
bunlari kullanalimSu sekilde hani bunlari bdyle yapariz. Bu bir bitiinsaumn bir bolu altisini
bulmak icin biz hani bunu alti parcaya bolcez ya,il8 i ste bir,iki,lc,dort,bgaltl parca olduSunun
bir kismi bir bolUseydir altidir. Yanisdyle yapalimSunu yazalimSurasi bir bolu altidir. Dért tane
bundan yan yana gelirse ne olur diye soruyor beradn eaey bunlarin dért tanesigdyle yapmaya
calisalim. Soyle ¢iziyoruz. Eedyle yine. Egundan yine bir tanesini ondan sogégle sundan bir
tanesinigdyle sundansdyle bunlar git olcak bir tanesini. Buna bakimizda glemin sonucunun
bir,iki,i¢,dort ee bir dakika bir,iki,uc,dort,peir dakika iki,dort,alti,sekiz,on,on iki,on domalti bir
dakika..Bir,iki,i¢,dort,bgalti,yedi,sekiz,dokuz,on,on bir,on iki,on G¢,omtgdn be, on alti, on
yedi,on sekiz,on dokuz,yirmi,yirmi bir,yirmi iki,ismi G¢,yirmi dért..Yirmi dort mi? Bir saniye...
A:Simdi orda onlarin her biri bir b6l altiyr mi motkdik? Ne yaptin orda?

O:Eesimdi su mesela 6rnek veriyorum (ici bir bolu altidir. Aléarcaya boltinmgibiri alinms.
Bunlarin doért tanesini yan yana getirdik.

A:HImm.

O:Dort tane byekilde.

A:Dort tane bir bolu alti diye dedin.

O:Hihi. Dort tane tabi bu yagim bir bolii altiya giriyorsa. Dért tane bir boliiadlde ediyoruz. Dort
tane bir boli alti bir,iki,i¢,dort,altl,yedi,sekiz,dokuz,on,on bir,on iki,on U¢,orrtimh bg,on
alti,on yedi,on sekiz,on dokuz,yirmi,yirmi bir,yirrki,yirmi t¢,yirmi dort bolt dort elde ediyor. Am
hani aslinda bdyle elde etmemiz gerek ¢unlemi yaptgimizda glem doért bolu altiyr veriyor bize.
Dort tane bir bolu alti bir bolu alti arti bir b&&lt arti bir bolu alti arti bir bolt al§imdi bunlari nasil
yapcaz.
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A:Orda peki ne buluyorsun modelden sen?

O:heh modelden ne buluyorum. Dort bolii yirmi détuyorum. Ya bu da hani dért tane bir boli
yirmi dordiin bir araya gelmesi ama o da agy deil.

A:Himm. Neden peki béyle oldu?

O:Ee ¢unkii ama biz butuni kekilde altiya boldik hani bir boli alti arti birlidehsey olabilir.

Biz paydalarini aslindgey yapcaktik. Paydalarinin hani bunlari toplamaraagerekirdi. Payda her
zaman aynl olcaktl. Onu unuttuk. Bilemi yaptgimizda aslindgey hanisunlari birsekilde doért tane
var. Simdi buraya bakfiim da daha demin hatali By oldu.Simdi bunlara bakgiimizda her birini
topladgimizda bir zaten bir bolu alti arti bir bolu alttibir bolu altt hemen zaten burda da yapayim.
Bir bolu altr arti bir bola alti arti bir b6l albiz burdaseyi desistirdik ee paydayi déstirdik. Aslinda
hicbir zaman payda damez. Yani toplamasieminde. Dért boli altidir. Hani burgay budur. Dort
tane bir bolu alti, bir bolu alti, bir bolu altiy bolu alt onun dort tanesinden ne kadar eldéredini
dort carpi bir boli alti kesri de ayseydir. Yine ardgik toplamanin kisaltiingi dort tane bir bolu
alti.(sekil cizdi)

A:Yani o modellemeyi nasil modellersin orda? o aargani bu yap@in modelleme dgru mu?
O:Evet d@ru.

A:Ordan dort tane bir bolu altiyr ..

O:Burdan dort tane bir bolu altiyr hgayi silerek ben tekrardan gostereyim bunu burdan kimdi
surasisu sekilde vesu sekilde bu hani d§iinerek dedii icin surasi bir bolu altidir dimi? Elimizde var
bir bol altr artisimdi su sekilde bir bolt altidir ve onun bir kismini alirBir béla altiséyle arti
buraya yazayim andan devam edeyim. Ee yine ayakilde bdyle birekil ayniseyin Gzeringdyle
bunu da byekilin Uzerine yapgimizda yine bu bir boll altiyi verir bize. Ee yiuenusurdan cekip
sunusu sekilde yaptgimizdasurasi yine bir béla altiyr vercek bize. Ee bu dittie, dért bolu alti.
Ayni sekilde bu glem sittir, dort carpi bir bolu altigekil ¢izdi)

A:Himm. Peki devam edelim.

O: (soruyu okuyor)Biz bu hani bir kesrin kesrinifmak icin kullandgimiz islem carpmaydi.
A:HImm?

O:Dort bolii be carpr iki bolii tic derken nerden yardim alalim?rNaide §lem olarak da yapabiliriz.
Evet hemen burdglemimize bakalim. Dért bolu kecarpi iki boli G¢ bunlar..

A:Surda gosterebilirsin.

O:Hihi. Bunlari iki kesre boylgey yaparak yapiyorugimdi saylyoruz bakalim paydasi kac bunun.
Bir, iki, ¢, dort, be, alti, yedi, sekiz, dokuz, on, on bir, on iki, dg, on dort, on be Paydasi on e
A: Peki orda nasil yapiyorsun? Onlarla carpmayil mgissteriyorsun?

O:Bunlarla carpmayi gosterirken bunugakilde ya da bgekilde bunu da ona tam zit yoniinde
birbirleriyle kesgtirerek hani bakiyoruz ka¢ parcaya bélinmiu da hani ne demek kag parcaya hani
biz bunu da hani kesir bir kesrin ne demek gldhw derken ne kadara bolunip ne kadari gindan
bahsediyorduk ya. Bunda da bu o parcaya bolunmikimdi saydik.Simdi bu koyu renkli yani
kesktikleri yerleri sayalim. Bir, iki, ¢, dort, kealti, yedi, sekiz. Sekiz tanesi alipnimateryal
kullandr)

A:Peki o koyu renkli almalarinin magtine? Yani ne anliyorsun ordan?

O:Yani bunlarirsimdi bir, iki, tig, dort bolii bgkesrini bu kesri egey (¢ boli iki kesrine boliyor.
Yani dort boli nasil anlatsam? Dort bolis iér dakika..Soyle iki bold tge onu nasil desem?
Diyecezim seyi bir, iki, G¢, dort, bg Gistiine bunu koyunca hani doért boli be bollu G¢.. He kac tane
iki bolu G¢ iki bolu ¢ bir dakika... Ee dort boluspeder gibi aslinda soruda bunurgkeabir slemle
yapilisidir ama hani bunugbyle hani dort bolu bgn iginde iki kag tane iki boli tg vardir gibi oloy
dicem. Hani ona benziyor. kandi yok tam olarak aslinda dyle gle Simdi burda dort bolu bgn iki
bolu G¢linG carpma yapariz dedin .

O:Evet.

A:Ee iki kesrin kesrini bulmadir dedin.

O:Evet kesrin kesrini bulmadir.

A:Peki kesrin kesri bulma derken neyi kastediyofsiie demek?

O:Yani bir kesrin icinde.

A:HImm?

O:Ee yani mesela dort bolugie, dort bolii bei soyle ben cizerek anlatmak istiyorum. Ee bir, ilg, U
0drt, ba bunlarin her biri gt su dort kisminda bunu da iki béla G¢ Gstine hangbiid bolu bunu da
bunlarin icinde de iki b6l G¢ yagiinlarin icinde iki boli ¢l ee kag tane iki boludebir dakika iki
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bolu G¢l bundaurayi da tice bdliyoruz. Hagui kismi. Ee bir tam olarak olmadi ama hani henbiri
esit sayarsalgoyle sunlara da bakfimizda zaten hani bunun icinde bu nasildir? Dol bés
kesrinin icinde iki bolu Gl bulduk.(soruyu okuyor)

A:HIm.

O:Hemen§lematik olarak yaparsak. Ee sekiz bolii og $ekiz boli on behani burda bakiimizda
da bu sonucu elde ediyoruz.

A:Him. Peki eemm devam edelimsdr sorudan. Himm bir dakika. Burda heh burda messlalort
bolu bele iki boll U¢u carptik dgl mi?

O:Evet.

A:Burda iki boli G¢ dgil de sekiz bolu on ikiyle carpsaydik.

O:Evet.

A:Ne olurdu lemin sonucu?

O:slemin sonucu..Hemen carparak gosterelim. Dort béjicarpi sekiz boli on ikimdi bunu
yaparken yine ben ayni sonug¢ ¢ik@oa inaniyorum.

A:Neden?

O:Cunki bu bunun kati. Bu bunun zaten denk kesmildenk oldgu icin yine ayni sonug ¢ikacak.
Zaten buglemi yapmadan 6nce bir sadgleme yapalim. D6rdi on ikiye bolelim. Burasi ikidE sey
pardon. Burasi birdir. Burasi Uc¢tir. Hemgleiini yaptgimizda zaten sekiz boli onsbgkiyor. Yine
esit cinkil bunun denk kesirdir ki bunu hani gakilde sadelgirmeden de yaptimiz da otuz iki bolu
altmis ¢cikar. Bu da zategey ssittir, sekiz boli on bgkesrine. En bunun en sade hali de sekiz bdli on
bes kesridir.

A:Himm. Peki denk kesir ne demek? Bu bunun denkidiesledin ya. Ne demek?

O:Mesela iki bolii ti¢ kesrinin bir sayiyla ggletilmis hali. Veya bir sayinin en sade hali,
sadelstirilmis hali.

A:Peki orda sekiz béli on iki, iki béli teln?

O:Ee dort katidir. Dértle gegietiimis halidir.

A:He dortle geniletilmis hali.

O:Hehe.

A:O ylzden ¢arpma @éesmiyor diyorsun?

O:Evet.

A:Peki iki bolu tgle tg bolu ikiyi carpsaydik neuodiu?

O:iki bolu tigle tig boli ikiyi carpsaydik gey burdan bizurasi birsunlar bir zaten bir bolu bir o da
bize bir biri verirdi.

A:Neden bir ¢ikti peki bu?

O:Ee ciinkii zaten paydalaimdi birinin paydasi ile 6tekinin payi ayni, binmpaydasi ile étekinin
pay! ayni hani zaten paydalari zaten birbirleriitigdtkleri icin birinin payiyla birinin paydasi
bibirini géturdr. Birinin payiyla birinin paydasirbirini gétirar. Elde bir kaliyor. Zaten oteki tir
islem yaptgimizda da hani carpmgéminin desisme 6zellgi vardir. Hani tg kere iki alti, G¢ kere iki
alti. iki kere (¢ alti, tic kere iki alti. Alti b6lii alteczaten biregit olacasi igin hani boyle bir sonug
cikiyor.

A:Himm. Peki devam edelim.

O: (soruyu okuyor) Bir bolu iki carpi bir bolu daaittir, bir boli sekizdir. Simdi bir béliisey simdi
isleminin sonucu ne anlama gelir. Cegireyarsi anlamina geliyoey evet bir ceyrgn yarisi.
Hemen bunu normal biekilde de gdsterelim ceyEm yarisi oldgunu. Bir,iki sdyle bir tane daha
evet boyle dort parca olungendi bu ¢eyrek isgu ceyrek isgdyle yaptgimizda bunun herbirine iki
koyduzumuzdasdyle evet bungeye boldigiimizde bu da ceygm yarisi anlamina geliyor bir boli
sekiz. ¢ekil cizdi)

A:HImm?

O:zaten yrim garpi bir bolii dortgey bir bolii dérdiin yarisi bir boli sekizey oluyor.

A:Himm. Peki dgeri ne?

O:Digeri. (soruyu okuyor)Burda yine bir bolu dort gapim bolii iki ee bir boli sekiz yine ayni
manaya geliyor. Bu seferde hani yarimin ¢gydgyebiliriz biz buna yada ¢eyg yarimi. Yani bu
iki isleme baktgimizda bir deunu goriyoruz. Carpmaléminde dgisme 6zellgi vardir. Yerleri
degisince hicbirsey degismiyor. Hemen busiemi de ger gdsterirsek bir bittini ikiye béliyoruz. Bir,
bir dakika bunun birini.. Bir, iki, i¢, dorgte bu da yarim bir bolu sekiz yine dérde b@iditniizde
burayi bir,iki,u¢,dort,bgalti,yedi,sekiz bir bolu sekizsékil cizdi)
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A:Peki orda bir bolu sekizi nasil buluyorsun moaeld

O:Simdi modelde hani buray dérde bélilyoruz boyle bikésri. Biitiin kesri dérde bélilyoruz bir
b6l ikinin ee bir bola ikinin bir bdllt dordi olgunu buluyoruz.

A:Simdi su, su modellesu model ayni mi?

O:Degil. Burda bir bélii iki carpi bir boli dortten balugor. Burda bir boli dort carpi bir boli
sekizden bahsediyor.

A:Yani bura neyi modelliyorsun burda neyi modelliyon?

O:Burda bir béli dérdiin bir bolii ikisini modelliyar. Burda bir béli ikinin bir bélu dérdiini
modelliyoruz.

A:HIimm.

O:Soyle hemen..

A:Yani o aradaki farki gdsterebilir misin? Cok aglanadi.

O:Arada pek bir fark yok. Hagu bir bolt dort bunu boyle koygumuzda
bir,iki,i¢,dort,bg,altl,yedi,sekizurasi da zaten ortak nokta. Bir béli sekiz gy dordiin hangu
sekilde eser koyarsak yine bir,iki,i¢,dort,balti,yedi,sekiz bir b6l sekiz yine ayay
olcak.(materyal kullandr)

A:Pekisimdi bir dakika. Birinci carpmay! bgeffaf kartlarla bir modeller misin? Nasil modellrgoin
bir bola iki carpi bir bolu dort.

O:Bir bolu iki carpi onu da ters olarakyle koyalim bir bolii dort. Modellegiimizde bakalim
paydamiz kagng® Bir,iki,u¢,dort,beg,alti,yedi,sekiz burda ee bu hani ortak cargiteda olgan yerse
birdir. Bir b6l sekizdir. (materyal kullandi)

A:Peki bu carpmayi burdan nasil yorumlarsin?

O:Ee hangi carpmay!1?

A:Bu carpmay!i burdan nasil yorumluyorsun?

O:Bir bolu ikinin bir boli dordl bir bolu sekizdir.

A:Him peki dgerini nasil modelliyorsun? Bir boli dort ¢arpi bl ikiyi?

O:Digerin de ise bunu boyle koyuyoruz ee bunyuwgekilde ee bir dakika bunuda ters fpikilde
koydusumuzda yine bir,iki,i¢,dort,ealti,yedi,sekiz boli ee bir bolu sekiz ¢ikiyor. (ergal
kullandr)

A:Peki nasil modelledini bir anlatir misin onlarla?

0O:Once bir boli dordiu sekilde koyuyoruz sonra tersine hani buna tergékilde bir birlerini
kesceksekilde koyuyoruz.

A:Neden 6yle yapiyoruz?

O:Cunku ger busekilde hani koyulursa bir anlami olmuyor. Birbirkesceksekilde koyarsak sadece
¢arpmaglemince dgru sonuca ulgabiliriz.

A:He boyle koydgumuzda da gene kiey olmuyor.

O:Boyle koydgumuzda bir,iki,i¢,dort bir boli dort ortaya ¢ikiy@oyle koydgumuzda hani bu
islemdesey oluyor bunun sadeimis halini ortaya ¢ikartiyoruz.

Athimm.

O:Bu islemde o6tekiglem icin gecerli mi?

A:Bilmem.

O:Deneyelim.

A:Deneyelim.

O:Hemensu sekilde ee bigey ee iki bolii tic carpi bir boli iki kesrini dncie fu sekilde carpalim. Ne
oluyor? Ters bir dakika yanyana koyarsak bir,ikididgt,be,alt iki bola alti oluyor. Buysekilde
koyarsak ne oluyor? Hemgny yapalim. Zaten bakaligu sekilde koyd@gumuzda da egey bu
sekilde koydgumuzda d@ru bir sonuca zaten gemiyoruz. Hani o yiizden bungu sekilde bir de
kesceksekilde koymaliyiz.

A:Himm. Peki egimdi eesuna ne diyoruz peki?

O: (soruyu okuyor)Burda kilemin sonucu aynidir. Bir boli sekizdir. Bunun neidgarpma
isleminde dgiskenlik 6zelliginin olmasidir. Hani ha bir b6l dort carpi bir bdki ha da bir béla iki
carpi bir bolt dort hani bgey desismez.

A:Tamam yazalim oraya.

O:Eesey.. Carpmasleminin desisme 6zellgi vardir diyoruz.

A:Him. Devam edelim.
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O: (soruyu okuyoRimdi bunusey yaparken carpmaéminde sonucun dou olmasi icinsey
yapiyoruz. Imm bunlari Bga normla tam sayiyi bk kesre ceviriyoruz. Dokuz kere iki on sekiz, on
dokuz béli dokuz carpi yirmi dort arti yedi, otue o1l sekiz.Simdi bu slemi carpma olarak
yapacgiz. Ee yaparken hemadyle birsey deneyeggm. Hemen deneyelim. Himm hayir olmuyor.
On dokuzu dokuza bdlemiyoruz hayir. Evet. Neysedresimdi sOyle bir ¢izgi cekelim bunun gma.
Dokuz kere sekiz yetmiki. Otuz birle de on dokuzu carpalim. Ee bir dakiDokuz kere ¢ ee bir
saniye dokuz kere U¢ yirmi yedi. Bir, U¢ ee dokaekiz.. Bg yuz seksen dokuz bolu yetyriki. He
ama bir dakika burdglemin sonucunu tahmin edin diyorg(islem yapti)

A:Tamam zaterslemi de yapacaz.

O:Hihi.

A:Devam edelim .

O:Bes yiiz seksen dokuz carpi yetniki oldu. Simdi bes yiiz seksen dokuzu da yetnikiye bolelim
bakalim ne kadar oluyor. Bir dakikagogiz seksen dokuz bolu yetyriki. Simdi bunu slemi yapmak
icin biraz zaman alacak. Yetgriki direk orda yoktur. Alti ker denesek alti kgredi kirk sekiz. Ee
kirk dokuz direk boyle denesekuna bir yetmy iki daha eklesek bakalim ne oluyor? Ee saniyorsam
evet yedi olmasi gerek. Yedi kere yedi bir dakik& klokuz zategimdi burda olduSey on kirk
dokuz. Elli oldu. Hemen buradan bir deneyelim ngyot? Dokuzdan dort ¢ikarsasbeekiz, dgil. O
zaman sekiz olacak. Hemegeimimizi batan yapalim. Silelilgurayi ee sekiz, sekiz kere iki on alti
yedi kere sekiz elli alti bir elli yedi. Hemen banl¢ikaracgiz. Dokuzdan alti ¢ikt Gi¢ sekizden yedi
¢ikardgimizda bir. On G¢ oluyor. Sekiz tam o dgtte. Sekiz tam on ¢ boll yetsiki.

A:Him.

O:Simdi daha deminki gibi tahmin edin diyordu bize.

A:Simdi bir saniye. Burda eee iki tam bir boli dokugte cevirdin bilgik kesre cevirip yaptin.
O:Evet.

A:Neden bilgik kesre ceviriyoruz.

O:Evet. Cunkil hani bgekilde bulma nasil carpma bulunmatmdaha diyim. Ee hani bigik kesre
cevirereksey yaparsak hem dahagtam bir sonucu elde edebiliriz.

A:Him. Pekisimdi birde tahmin edip bi carpmayi yapalim.

0O:0nu tahmin ederek carpniki.tam bir bl dokuz gttir bir saniye..l 1sey iki tam bir bolii dokuz
yaklasik olarak eeey iki tamdir.

A:Neden?

O:Eee ¢inkii bir bolii dokuz sifira yakindir. Harteresay dgrusunda da gosterirselki tam da
zaten elimizde vardi.

A:Goterelim.

O:Sayi dgrusunda hemen bir boli dokuzu gosterelim. Surasi..

A:iki tam bir boli dokuz.

O:Pardon o zaman burasi iki burasi (g.

A:hihi.

O:Bir,iki bir dakika ti¢, dort,bgalti,yedi,sekiz,dokuz. Bir,iki,uc,dort, kalti,yedi,sekiz,dokuz aslinda
araliklar git. Su bire baktgimizda buraya daha yakin ofdinu gorilyoruz. Bu ikiyestir. Uc tam
yedi bolu sekizde yakigk olarak dorttiir. Hemen yedi bolu sekizinde ngesyl oldysuna bakalim. Ee
burasi (¢ buragey dort bunun arasini da sekize boldegziic,dort,bg,alti,yedi,sekiz bunu boyle
boldiguimuizde bir,iki,u¢,dort,bealtl,yedi,sekizey yediyi bulalim. Bir dakika
bir,iki,0¢,dort,bg,altl,yedi ee yedinin dorde daha yakin @dou goruyoruz. Bu dasitir dort tamdir.
Dort arti iki sittir sekiz islemimize baktgimizda sekiz tam..

A:Bir dakika dort arti iki sekiz??

O:Pardon 6zur dilerim alti eder.Eey yalniz carpi olacakti bu burasi artgitletinkii carpmaslemi
yapiyoruz. Sekiz olur. Sekiz tam zaten ee on g pétmi iki de sayl dgrusunda sekiz tama hani
yaklasik olarak sekiz tamdir.

A: O neden peki sekiz tama yakin?

O:Bu sekiz tama. On (i¢ bolii yetniki say1 d@grusundasimdi burda yetmy iki parcayasey oluyorya
hani bu on ¢ tam yetgiki sifira yakindir on t¢ boéli yetmiki. Elimizde sekiz vardir. Hani sifira ari
sekiz, sekiz. O mantiktan gidergdky yapabiliriz.

A:Ha o sekiz tama yakin.

O:hihi.

A:Biz ona yaklaik olarak zaten..
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O:Sey sekiz oldgunu..

A:Sekiz bulduk.

O:Bulduk.

A:Peki devam edelim.

O:Hihi. (soruyu okuyoiylemi yaparak gorelim. Bebolu alti carpi tic boli dorgimdi basta bu slemi
yapmadan dnce sadgtieelim surasi iki oldu.Surasi bir oldu. Egey dort kere iki sekiz. Beboli
sekize gittir. Zaten direk sonu¢ Beb6lu sekiz ¢ikiyor.

A:Hihi. Nasil yaptin o carpmayi anlatalim.

O:Carpmay yaparken kahkl sayilar ya da alth (stlii sayilar sadgiglerek yapilabilir carpma
islemi. Alti mesela altiyla ti¢ birbirinin kati olgu icin bir birinin kati dgil. Mesela burda l¢ oldu.
Burda ongey yani yine birbirinin kati oluyor da mesela déiltt olsaydi burda dort bu tarafta olsaydi
iki ile sadelatirebilirdik. Hani bunlarin ortak olan bieyini bulup bdlenini bulup ebobunu bulup ee
onlari béllyoruz birbirine sonra ondan sonra eredaline getirdiimizde kesirleri ¢carpiyoruz. Ya da
sOyle birsey yapabilirdik. Be boli alti ¢carpi t¢ bolu dort degiinizde be kere ¢ on bealti kere
dort yirmi dort zaten bunu da hani bunu kacla satiglyoruz bunu da zaten imm.. lcle
sadelstirdigimizde yine birsey hemen sadedtirelim. BolU Ui¢ be bolu U¢ sekiz yine keboli sekiz
kesrini verecektir bize.

A:HImm.

O:Yani biz onuglemin bainda yaptik daha hizli olsun diye.

A:Sadelgtirme yapmak ne demek yani?

O:Hani bir kesrin daha kiiciik denk kerini bulmak.

A:Peki devam edelim deriyle.

O:Hemen bakahmiki béli tic carpi bir bolii yeiste bu énce bunu gapariz. Sonra ii¢ boli dortle
carpariz. Farketmez ¢linki carprglaininde hani bunu buraya koyguz 6nce bunun sonucunu bir
bolu Ggle carpariz. Ya da bunlarin sonucseye carpariz o farketmiyor. Hemen yapalim bu
islemimizi on bg bdll iki ee evet. On Rebdll iki carpi U¢ bolu dort bu daitir, hemensunlari
sadelgtirelim iki ic oluyor. U¢ bolii otuzdusliemin sonucu.

A:Ug bolu otuz. Him. Peki burda imm hani énce iigiarptin sonra deriyle carptin ya.

O:evet.

A:Uclinii birden carpamaz miydin?

O:Hani ugiinii birden evet carpabilirdim.

A:Ayni sonucu mu bulurdun?

O:Evet ayni sonucu bulurdum. Carpi bir bolig barpi tic boli dort hemen bunu deneyelikiyi
carptim bir, Uc kere iki alti. Bekere ¢ on heon bale de dordin carpimi eey altms. Ama bunlari
sadelgtirirsek bolelimsey altiyasey bir, ee bdlelim altiya bir, bélelim altiya onir B61G on bunu da
zaten bolelim Gce bir bélelim Ggey on olur. Yine ayni sonug .

A:Himm. Yani ayni sonug ¢ikiyor.

O:Evet ayni sonug gikiyor.

A:Peki orda o Uc¢li carpmay! nasil yaptin bir adiata

O:Uglii garpma yine ikiyle carpma yine 6nce ki cagtanda yapgiimiz gibi pay carpsey paylar
birbirleriyle ¢arpiyoruz, paydalari birbirleriylerpiyoruz.

A:Simdi bu slemleri bir yapalim ¢carpmalemlerini.

O:Hihi. Ug bolii dort carpi bir béli ikimdi bu islemi yaparken hani sadgteme olmayacgi icin ee
sekiz bolu g kesrini verir biz&ey ¢ boli sekiz kesrini verir.

A:Uc bolu sekiz. Ne yaptik o carpmada?

O:Carpmada paylari pay! payey paydayi da paydayla carptik.

A:Him. Pekisimdi burda (¢ boli sekiz carpmgemimizin sonucu ¢ikti. Carpmglémimizin
sonucunu c¢arpanlarla kiyaslayabilir misin? Hanbdlti dortle bir béla ikiyle kiyaslayabilir misin?
O:Hihi. Kiyaslayabilirim. Hani Gic bolii dort ey ee carpimin sonucu g&y bunlardan kigiik ¢ikti?
A:Nasil buldun hani nasil kiyasladin?

O:nasil kiyasladim. Ya direk buna hani kafadankdike/le carparsak zaten hani ben direk dyle
buldum. Sekiz bu da burda vey@yle ben bunu daha kisa bir yol bu tama yakirigliryarima
yakindir. Bu sifira yakindir. Hani yakinlk olarbktgimizda da zaten bu en kugukleri oluyor sonug.
A:Himm.

O:Hani normal matematiklemi..

A:Onlari nasil yaptin tama yakin yarima yakin haeselsuraya ¢arpar misin onu nasil yaptin?
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O:Hihi. Mesela 6rngn surdastyle birsey cizelim. Hani bunu bigdyle suraya sifir diyelimSuraya
da bir diyelim.Surasi neyse bir, iki, (¢, dort.. Dort tangt @arca hani bunun bir, iki, Gcini akrou
bire yakindir.

A:O hangi kesir?

O:Busey ii¢ boli dort.

A:Ug bolu dort bire yakin.

O:Hihi. Bir boli ikiye bak@gimizda sifirla bir arasi iki pargaya bolungnEesey bunun burasi aling
bu ad yarimdir zaten direk yarimin kendisidir. Bidii iki. Ug bolu sekize bahimizda ama sifir bir
eeesOyle bir dakika burasi da... Bir, iki, Ug, dort,sbalti, yedi, sekiz gparcadan egey bir, iki,
Uclncusunt algimizda sifira daha yakin olgunu goériyoruz. Normaklem olarak da ger bunlari
yaparsak hanioyle birsey yapalim. Bunlari egey bunlari gesietelim ikiyle ve sekiz alti hani bu
budur.Suna aittir diyelim. Bunu da doértle gegletirsek ger eesey dort boli sekiz oluyor. Ama bu
U¢ bolu sekiz hani arlarinda en kiggia bu oldgunu goriiyoruz.

A:Onlari nasil kiyashyorsun? En kiginin oldgunu?

O:En kicigiini buldgunda paydalarisé olan kesirlerin payi buyiik olan her zaman datwgiiitiir.
Pay! kiicUk olan en kiguktr. Clnkd bir batiini boélsynuz sekize ee dort oldu onusdgle ikiye
bdlelim. Heh sekize boldiinizdesimdi siz bunun g parcalara alti tanesini mi alirsaniz daha buyuk
olur dort tanesini mi yoksa U¢ tanesini mi alirgafiabi ki de ¢ tanesini alirsaniz daha buyuk.olur
Soyle de hemen gosterelim zaten ayekil Ucerinde Uc¢ kesrBdyle..gekil cizdi)

A:Tamam.

O:Hanisoyle soyle su sekilde bunun tizerinde de zaten hergenu boyayalim ii¢,dort,beve alti

sOyle hani buna balgimizda bir,iki,i¢,dort hani tekide..

A:Oburi de (¢ zaten.

O:Oteki de zaten hani ti¢ olagacin bir,iki iste ¢ dort, bir, iki,ig,dort gey hani bundada zaten ¢
olcagl icin bir,iki,u¢ arlarinda en kigiin bu oldgunu da buekilde gorebiliyoruz dekil gizdi)
A:Himm. Peki dger carpmayi yapalim. Bir de onun sonucunu kiyasiiaygarpanlarla.

O:Yedi bolii altr carpi bebolii iki dedgimizde sadelgeek kesir ee var mi yok mu diye bakiyoruz.
Yok. Ee hemen ilerliyoruz. Otuz pegey.. Otuz bgbdll on iki.

A:Hihi.

O:Bu sefer egey bir dakika. Bilyik ciktl. Bu sefedyle birsey oldu. Bunlari hemen deneygie
¢uinkd bu biraz dahgey oldigu igin. Alti kere iki he alti kere Beotuz boll ee kag¢ oldu bu? Otuz boli
on iki ee bunu daey ikiyle carpmamiz lazim. On dort boli on iki otwy Arlarinda bu sefer en buyuk
sey oldu. Imm nasil desem c¢arpim oldu.

A:Him. En buyuk ¢arpim oldu. Bérlerinden buyuk.

O:Evet.

A:Peki yukardakinde en kugctk ciktl.

O:Evet.

A:Asagida en buyuk cikt.

O:Evet.

A:Niye bdyle oldu.

O:Bu hani kesirlerin biiytikliikleri ve kuigukliikleleialakal. Birdesodyle birsey var. Aagida kesirler
basit kesirlerdi. Burdakiler hani bili& kesirde hani basit kesir b kesirle alakali oldgunu
distinmuyorum. Kesirlerin buyuklikleri ve kigukltkleri.

A:Nasil yani buyuklikleri ve kicukltkleri derken?

O:Bunlari mesela birbirleriyle carparkgiiyle birsey var. Bu.. BU kesir bundan dagey kiciik yani
Oyle desil. Hani bu kesirlerin kendilerine nasil desem? Bumaha kiguk kesirlere bunlar daha biyik
kesirlerdir. Hani carpimi gekilde bir blyklik ¢ikny olabilir.

A:Himm. O zaman burdan bir genelleme yapabilir mgtaba? Ya da bazen blyuk ¢ikiyor bazen
kiictk cikiyor. Neye goére boyle cikiyor. By soyleyebilir miyiz?

O:Neye gore cikiyor. ger hani bgka islemlerde de istisna olmuyorsa hani hi¢c denemeSigle bir
sey soyleyecgim. Bilesik kesirler carpilinca sonu¢ kendilerindggy oluyor. Ee buytk oluyor. Ee
normal basit kesirlerle ¢arpilinca da kiicuk olughyebiliriz. Ama bu hani ne kadar gai ne kadar
yanlis tam olarak bgka islemler de yaparakgienebiliriz bunu.

A:Mesela deneyehbilirsin orda.

O:Hihi. Hemen deneyelim..
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A:Peki nesunu sorayim bilgk kesirlerde neden buytk oluyor sonu¢ kendindem kendilerinden
blylk oluyor?

O:Ya ciinkii yukardaki say! alttaki sayicamdi daha biiyiik olunca ee illaki hani biiyiik bu gayi
bdyle buyuk bir sayiyla ¢arpiyorsunuz. Hani gig¢ olan daha boyle Ust tam sayili bir sayiyla
carpiyorsun. Hemen deneyelim. Bir bolu iki carpseg hemen bir saniye bir bola iki carpi iki bolu
besi carpalim. Hemen iki on bolu iki oldu. On bolu #ainlarin ikisinden de hemen hagely yapalim.
Besle carpalim bgbdll on oldu. Bunu ikiyle ¢arpalim dért bolt omlol Bu daha kicik oluyor. Bir
bilesik kesri deneyelim. Egey alti bolt dort carpi iki bolu bir diyelim. Burda yapmak i¢in hemen
bir sadelgtirme yapalim. Burasi bir olsun burasi iki olsuriti Aey alti oldu.iki oldu. Bunun sonucu
ee bu sefer ayeyle sit mi oldu? Bir saniye pardon bir dakika alt eVt sefer sonucsé oldu.
Imm ilk sey bir dakika bir saniye ee hemgurda bir dakika bir daha yapaliiki evet. Bu sefer de
hani sonug alti béli iki oldu. Buna bgkimizda hani Gic burasi normalde bakalim daha mikuyi
¢ikcaktl. Hemen hesaplayalim. Burageealti ile yapmak istersek. On iki bolu alti oluy@nisey
imm iki bu da gittir. Tki suna baktgimizda doért bunu bir dakika iki hani bunu sadgtiiz. Ug boli
iki olur. Bu da sittir bir ama béli iki bu da bu daigtir ¢ yinesey daha biyik cikti. Imm nasil
desem? Ee bilk kesirlerde sonu¢ daha blyuktdr.

A:Surda da ¢ bolu ikiyesdtir bir derken ne dedin orda?

O:Hihi. Pardon ¢ bolu ikisétir ee bir mi.. Pardon bir tam bir boli ee bintair boli iki. Eesey ama
yine hani bir tam bir bl iki dahgeydir kiicuktir.

A:O zaman genelleme yapabilir miyiz?

O:Evetsu sekilde..

A:Ne diyoruz?

O:Bilesik kesriler bir birleriyle carpilirsa hani sonug gee bir bileik kesir ¢ikar ve onlardan bilyiik
olur. Basit sayil kesirler birbirleriyle carpilasonuc onlardan kiicik olur, basit sayil bir kediar.
O:Tamam. (soruyu okuydimdi soruya bir de dakika cinsinden sogdlgcin bir saat altngi
dakikadir. Altmgin dért boli hani altngin dort bolu bginin iki bollu G¢ln soruyor. Béa altmsla
dort boéli bei carpiyoruz Simdi bunu yapmadan énce tabi ufak bi hemgen yapalim. Ee altrqi
bese bdlersek hemen bir saniyey on be.. desil on bes degil. On iki. Beste bir olur. On iki ¢carpi dort
eesey kirk sekiz boli bir. O dasitir, kirk sekiz. Kirk sekiz dakika bir saatin ddaolt baidir kirk
sekiz dakika. Kirk sekigimdi saati birde kirk sekiz dakikanin iki béli Ggiinizden istiyor. Kirk
sekiz ee boli bir garpi iki bolt G¢ dersek kirkizdk eser lice bolersek hemen onu da bélelim.
Imm...Imm bir dakikaSey bir dakika burda biz ka¢ yazdik? Kirk sekiz bddiiolcak dimi? Buraya
bir olcaksOyle olcak. Tamam on sekizde (¢ alti kere ¢ oizs€kn altidir. Hani buraya on alti
yazariz. Buraya bir yazariz. Bunun da carpimi dgegetuz ikidir. Otuz iki béll bir o dagtir, otuz
iki dakika. Hani bu sorunun cevabsitér, otuz iki. (islem yapti)

A:Himm. Peki burda imm neden carprgieimleri yaptin hani birinci carpmadan mesela ne
anliyorsun?

O:Hihi. Ya daha demin de soruda da gikgibi soyle be bolii dordi gizelim. Bir, iki, Ui¢, bunlarin
hepsi git. EesOyle dérdini tarayalingimdi dort boli be.. altms dakika bunun tamamidir. Biz
bunun hani altngidakikay! bge béldik. Her birini bulduk. Egey on iki, on iki, on iki, on iki, on iki
bunu da dortle carptik. Burda yapmiz islem aslinda ayniste altmgi bese boldiik on iki. Dértle
carptik ya da zategdyle birsey oluyor. Altmgl dortle carpinca ede birle carpinca egey imm bu
sonucu yine bg bunlari hani birbirlerine hangi sayiyagilklarini gérmek icin yine boélcektik. Yine
ayni klemi yapcaktik. Hani yapgamiz islem yaptgimiz islem aslinda altngiboli be carpi dort bolu
dort ya da altngicarpi dort bolu be

A:Peki o altmg carpi dort béli bene anlama geliyor?

O:Hihi. Ya bir biitiin hangey altmg ee bir butiin altngisimdi altmis ee boli dort altrgiboli be carpi
dortsu manaya geliyor. Hani bir bitiinpparcaya bolindi tamami alysa. Biri ne kadardir
diyebiliyoruz bge boldiguimiizde. Onu da dortle ¢arpingtei dort tanesinin ne kadar ofginu
anliyoruz.

A:Himm tamam. Peki bu.. Bu problemidia tirlt ¢ozebilir miydin?

O: Bu problemi bgka tiirlii eesimdi bir sekilde daha denicem. Hani bilmiyorum ne kadagrdae
kadar yang ama..

A:Tamam deneyeligqurda yukariya yapalim.

O:Hihi. Dort bolu bg carpi iki bolu tic desek. Ee sekiz bélii og briyor. Onu da altrgia hani
carparsak belki olur diye diintiyorum. Egey on beg altmita dort kere vardir. Hemeurasi dort
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olur. Surasi bir olur. Otuz iki bolu bir evet hani daharde disindgiim yontem de dgru. Bagta
bunun i¢cinde ne kadar olgunu bulduktan sonra. E bunla pardon yagey oldu. Hani bu kesrin iki
boll Ggl ne kadar olgunu bulduktan sonrgeyin kirk bgin sey kacti sayimiz? Altrgin da iki boli
sey bu sonucun ne kadari offltnu buluyor.

A:Himm. Ayni sonucu veriyor.

O:Hihi. Evet.

A:Hihi. Tamam devam edelim.

O: (soruyu okuyoiki bélii tic carpi dort boli altimdi direksunlari sadelgtirelim. Bir,iig,dort (¢
kere Ui¢c de dokuz ee dort bolu dolgey oldu ee dort boli dokuz ee bir dakika...Bungkiaabir
sekilde bir dakika bir yerde hata mi yaptik? Hereybakalim. Ee bir alti ti¢ kere iki alti tamam digt
kere ¢ dokuz evet. Eemdi dort bolu dokuz bir boliu dérdi G¢ tane imme.BdIG dérdl (¢ tane ise
tamami ne kadardir diye bakarsak.seg Uic carpi bir bdli dort olur. onun da altinadditerim o da
esittir. Uc bolu dort. Dgrusu bir dakika ben niye boyle ey yaptim. Cokey oldu. Immsey (cle
dort eesdyle surdan gosterelim. Mesela bir béli dérdi (¢ tandobléi dordil U tane etti alti tane. Bir
boll dort daha (¢ tane etti dokuz tane. Bi bir it daha ¢ tane yani dort boli dort ojthadi.
Bunlarda sittir bize on iki tane oldu. On iki tane elma vaary sepette on iki tane elma var. (materyal
kullandr)

A:He tamami on iki elmadir diyorsun.

O:Hihi.

A:Oraya da birde modelleyebilir misin orda?

O:Hihi. Sey bir boli dort gittir, tic. Bir boli dort gittir, Gig. Bir bolu dort eittir, (ic. Ve bir boli dort
esittir, U¢. Yani bunlarin hepsinin toplggimizda da zaten on iki ediyor.

A:HImm?

O:Eesimdi dokuz on iki bunlar birbirlerine ... alinamayagacin bunu esey yapalim. Ne yapalim?
Imm kag tane elma vardi§imdi buna bakgimizda nasil yapabiliriz bunu? On iki tane elmagan
on ikiyi dértle carpalim. Onu dokuza bélelim. Bildka pardon niye dyle bgey yapiyoruz ki? On
iki carpi dért boli dokuz yapalim. Imm on iki cadgiirt boli dokuz bolu bir ey esittir, dort kere
iki sekiz kirk sekiz boli dokuz.

A:Kirk sekiz boéli dokuz.

O:Evet. Kirk sekiz bolii dokuzdaittir bir dakikasey bir dakika...Ee kirk sekiz bolii dokuz, iigs et
bes kirk betir. Eesey burasi dokuz kdam ¢ béli dokuz elmadir.

A:Himm. Peki dger soruya bakalim.

O: Kag tane elma vardir? Yine ayni sorus Bélu on iki carpi ti¢ boli dérde bakimizdasimdi
sadelgceksu sayilar var. Ugey bu on ikiyi de ger (ice bolersek ey dort olur. ee bebolil sek ee
dort kere dort on alti elma.

A:himm?

O:Eesimdi bunu da yine yukardaki gibi yapmaya gaak ee bebolii on alti carpi on iki boli bir o
da eittir. Bunlarin ikisini birbirini dérttesey yapabiliriz. Dort, tic, on oIl dorttiir. On bebdlu
dortte gittir, eesey ¢ tam bir dakika t¢ tam iki bég@y dort bir saniye hehe ¢ tam ¢ boéll dorttir.
A:Peki burda neden carptin mesela béli on altiyla on ikiyi ¢arptin ya.

O:Hihi.

A:Niye carptin orda?

O:Cunki hani nasil desem? Imm bir saniye hani k@it dokuz on iki bir saniye nasil olcak? Burda
heralde carpmaliemi kullanmamamiz gerekiyordu yaniimiyorsam.

A:Niye?

O:Cunki burda biz bunlari daha ¢ok hani ekledikr®klemi mi olcakti acaba diye giiniiyorum.
Ama boélme glemi de dgil. Bir saniye birsey..

A:Orda carpmakla ne yaptin?

O:Simdi burda carpma..

A:Yani iki islemde de ayrgeyi yaptin mesela birincide on ikiyle dért boli dala carptin. Neyi
bulmus oldun burda?

O:Hani on ikisey on ikisey bir dakika...Eaey dort bolii on iki tane dort boli dokuzun boyle
yanyana toplannaini buldum.

A:HImm?

O:Bana ne kadar egini bes tam (¢ bolii dokuzu verdi.

A:Himm. Peki bg tam U¢ boli dokuz..
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O:Evet.

A:Yani kac elmaya @t oluyor?

O:Simdi bes tam zaten egey ba on ikiyi carp bg altmis elma. On ikiyi de dok hani dokuzdu on ikiyi
sey yapsak bunu hani yirmi dort yapsak yine olmuytani dokuzlu gruplargey ya da on ikiyi icle
carpip otuz alti b6l dokuz yaparsak evet boyady yapabiliriz. Elimizde altngielma vardi. Ee on
iki carpi Ug, Ug kere iki otuz alti b6lt dokuz. Ba bize dordu verir. Ee altga6rt elma. Bu sorunun
cevabi altmy dort. Eser buna bakarsak da hani U¢ tam zategegetuz alti. On ikiyi burda dérde
bolersek on iki kere ug, U¢ kere Ugte dokuz edemen bunu da byekil toplarsak dokuz, Bekirk

bes eder.

A:Kirk bes elma. Peki imm bu iki soruyu da yaniska trlt ¢ozebilir miydin?

O:iki soruyu da hani ls&a tirli..

A:Mesela birinci soruyu ba tarli ¢dzebilir miydin?

O:Su birinci soruyu bgka tiirlii ¢ézebilir miydim? Bu soruyu e turlii bakiyim nasil ¢ozebilirdim.
Co6zebilir miydim daha digrusu? Bir dakikaey hayir. Yani ben ¢6zemezdim. Belki matematik atar
¢cozilebilir de..

A:Peki imm on iki elmanin mese$a birinci carpmaya bakarsak.

O:Evet.

A:O on iki elmanin Ugte ikisi ka¢ elmadir?

O:0n iki elmanin (icte ikisi bir dakika. Hemen onékmanin iki bélu Ugiey ee gittir, yirmi dort
bolu Ggtir. O dagtir, sekiz elmadir.

A:Sekiz elma peki on iki elmanin altida dordu k&gadir?

O:Ee on iki bolii bir carpi dort boli aley buraya iki bir dakika bir saniye evet burasbitaEe sekiz
bir dakika sekiz béll kag olabilir? Sekiz o da gedimadir.

A:Himm. Peki bu on iki elmanin Ggcte ikisiyle ala d6rdi ikisi de gt cikti.

O:Evet.

A:Neden?

O:Cunki bu bunun sadst&ilmis yani bu bunun saderilmis halidir. Bu da bunun zaten
geniletilmis hali, denk kesirlerdir yani.

A:Himm o carpma o zaman kag olucak?

O:Hangi carpma?

A:lslem.

O:Him bu §lem. Hangi §lem?

A:Surdasimdi Ucte iki elma ¢arp altida dort elma.

O:Evet.

A:Kac elma olcak?

0O:Bu kag elma olcak. Aslinda bir saniye bakalg@y eesey altms dort elma gikiyor.

A:Himm. Sende zaten..

O:Altmis dort buldum.

A:Altmis dort elma bulmgmuydun? Pekgu ikincisinde de gene bdd6li onla on ikiyi carptin ya.
O:Evet.

A:Orda ne buluyorsun? Niye carptin?

O:Simdi bes bolii onla on ikiyi carpgimizda hani bgboli on iki tane beboli onun toplamini
buluyorum ben orda yine.

A:Peki neden carpiyorsun orda onu soruyorum? Taaradamini biliyorsun on iki carpi on iki tane
bes bollu on da niye ¢arptin orda? Ne buldun yani qaiga

O:Carparak neyi buldum. Hani bolii on, on iki §te on ikinin bg boli onunu buldum.

A:HImm.

O:0n iki sayisinin kebélii onunu buldum.

A:O da ne bulduk?

0:0 da on bgbolii dort.

A:On bes boll dort. Onun da kag elma ofglinu bulduk.

O:0nun da kag elma kirk pelma oldgunu bulduk.

A:Tamam.

O: (soruyu okuyoRimdi “a” kesri aittir diyelim. Simdi bu (i¢ tane kutu bir bolu ti¢ her birindeki tic
tane kutuya bakalim. Bu bir bolu Ug¢, bir bolu Gdignezde tutalimsimdi. Bir,iki,t¢ bu bir bolu Uc.
Bir,iki,t¢ bu bir bolu tg. Bir,iki,u¢ bu bir bolugl Bu da ittir, bir boll g arti bir béla tg arti bir boli
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Uc¢ arti bir boll Gguraya parantez icinde ne ofglinu yazayim. Dort carpi bir boll Ggitéir, dort bolu
Uctlr. O da gttir, bir tam bir boli Ggtar.

A:Him. Peki imm o dort ¢arpi bir béla G¢l nasil ga??

O:Doért hani dort dgal sayisi carpi bir bolu tic. Dort tanesdbsay! toplaniyor ya.

A:Dort tane Ucte bir.

O:Evet. Dort tane (icte bir.

A:Peki “b” sikkini nasil yaprsin?

O: “b” sikkina baktgimizdasimdi eger boyle birseyse bir,iki, ¢ bir boli tic. Bir,iki,i¢ bir boli iic
Simdi bu bdyle olcak olabilir. Bir bitiin olarak damamlayalim ger ne olcak olabilir. Eer hani bu
sekilde olursa bu biraz yamuk oldu ama bir,iki heanhu birdesu sekilde gortrsek bu bir bolt tguin
bir G¢l oluyor. O da bir béla alti oluyor.

A:Nasil buldun bir béla altiy1?

O:Simdi hemenrsdyle diyim. Séyle hani onu bdyle olunca bir bolii tictin bir bédii bir boli Gg carpi
bir bolu Ggtlr. O dagtir, bir bolu altidir. Hani aekilde buldumSurasi bir bol alti. Bir bolu G¢ ..
A:O bir béla tGgln bir béll Geislemini nasil yaptin?

O:Yine paylari birbirleriyle carptim. Paydalari ieriyle carptim. Bu buduSu da bir sileyim.
Cunki 6teki glemi alicam. Onugg! bir yere yine yazalim onu. Bir bolu U¢ ¢arpi béli G¢ o da
esittir bir bolu altl. Simdi burda bir béla g ar bir bola Gi¢ arti birlbé@&lti bu da ttir, bir bolu ¢
art bir bolii tic artsunu ikiyle sey yaparsakiki bolii altidir. O da gttir bir.. iki.. dért dahaey pardon
bir dakika yanl oldu. Evet evet bir dakika. Bir saniye y@nlarisey yapcaktik 6zir dilerim. Ters
oldu. Burasi zaten bir bolii alti. Gelettecesimiz sayilarsunlar olacaktiikiyle geniletelim. Bunlar
iki bolii alti olur. Hemen toplayaliniki iki dort, bir de bir var burda keBes boli alti.

A:Him. Peki bakaa baka yoldan yapabilir miydin?

O:Baska yoldan bunu hani yapabilirim. Yige bir boli Gic kismina kadar ayni tekrardan haniudoun
sekilde yapardim. Bga birsekilde yapmazdim.

A:Peki ordaki herbir kare bu biitiinin kacta kactstgrir?

O:Her bir kare hanjurda da buldgumuz gibi bu biitiniin bir béli altisini gosterir.

A:Neden?

O:He?

A:Neden?

O:Cunki hani bir bolu tgiin bir boli tgunii buluyopazaslinda. Hani bu bir béli tig biitiinin, burasi
da o bir boll G¢ln bir bola Ggl olgw icin bir bolu altiyr gosterir. Ha aygekilde sizin dediiniz gibi
yapabiliriz. Bir bolu alti carpi bir bolu alti ¢arpir,iki,ti¢,dort,bg,alti,yedi,sekiz hani ordan da
yapilabilir.

A:Nasil yani?

O:Ee bir saniye. Yok dyle olmuyor.

A:Baska tirli nasil yapiyorsun?

O:Yok baka tirlii olmuyor pardon. Ben bir bolu ajaklinde hani gekilde oluncagler karsiyor
olmuyor.

A:Nasil yani o bir bolu altgeklinde derken neyi kastediyorsun?

O:Bir bolu alti carpi burdaki karelerin sayisinpyaca olmuyor.

A:Kac kare var orda?

O:Sekiz kare varsu benim cizdiklerim dunda. Bir dakika pardon bir,iki,ug,dort alti,yedi kare
var.

A:HImMm?

O:Bir bolii alti carpi yedi olunca hanigka bir sonug elde ediyoruz. Yedi boli alti o gitie, bir tam
bir bdla alti oluyor ama biz burda bir bolusdsulduk.

A:Peki neden ikisi farkli ¢ikiyor? Ayni cikmasi ggmiyor mu?

O:Ee evet. Demek ki hani burda fekilde bu bir béli alti dgldir demek ki baka bir sayi ya da
bizim burda hangunu yaparken diiind(giimiiz mantik yandt ikisinden birisi.

A:Orda bir bolu alti dgilse digeri de bir bolu alti dgl o zaman ilk yapgiin sonugta yanjioldu.
O:Evet yani evet bu boyleyse bu da olabilir.

A:Nerde hata yapmiolabilirsin?

O:Nerde hata yapmplabilirim. Bir boli ti¢ garpi bir bolu tigte hatagtim. Gunki bir tigey gok
yanisey dikkatsizlik butiin soruyu etkiledi. Ug carpi it desildir dokuzdur. E hatayi orda yaptim. O
yuzdengurasi bir boli dokuz olcak.
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A:Surada o zaman dizelicek.

O:Hihi. Evet burasi da diizelecek. Bir bolii dokuakl Burasi bir bélii dokuz olgu icin buralarda
duizelcek. Bunlar {i¢ b6lii dokuz olcak. Ug boli dofuas! dabir bélii dokuz olcak. Bu dgitér, iic
tic alti, yedi bolii dokuz olcak. Otekinde de zatirbblii dokuz bir bolii dokuz bir boli dokuz bir
bolu dokuz dicez hepsine. Bir boli dokuz carpi y#ilil bir o da gttir, yani daha demin benim
dediim sey aslinda hani yedi b6l bir dakika.. Heh ne glely yedi boli dokuz oldu. Yedi boli
dokuz da zaten onuyi yoktur. Burasi yargtir. Han, yedi béli dokuz.

A:Yani?

O:Sey hani ayni sonug.

A:Hihi. Peki ee bunun birde butind gizebilir misimya?

O:Bunun hani bitin olarak siindigimiizde nasildir? Hagdyledir. Ee bu bir bolu tgi ise bir
saniye.Su onun iki bolu Gg¢udur. Bir dakikgyle oldu. Bir desu var. Butindir. Cinkiu bir bola Gg,
su bir boll Gc¢ etti iki bolu Gg. Arti bir bélh G da Gc boli t¢ o da bir tam oluyor.

A:Orda ka¢ kare oluyor toplamda?

O: Bir,iki,lic,dort,bg,alti,yedi,sekiz,dokuz kare olur. Her birine deerabir bolii dokuz degdimizi
derseksey oluyor.
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APPENDIX F

TRANSCRIPT OF INTERVIEW WITH VOLKAN

O: (soruyu okuyor) Eee dort bolesdeesri egsdyle gosteriyim. Mesela bunlari pparcaya ayirdik.
Hepsi birer tane. Eee dort bolishessride bunlarin dort tanesi demelgtityle dort tanesini almak
demektir.(materyal kullandr)

A: He bee bollup dort parcasini.

O: Almak demektir veya cokluklarini almak demektir.

A: Him peki doért bole bekesrini bulmak isteseydin nasil bulurdun?

O:Nasil?

A:Yani dort boll be kesrini nasil elde edersin?

O:Toplayarak elde edebilirim mesela.

A: Nasll toplayarak neyle neyi toplarsin mesela.

O: Yani birden fazlasiemle bulabilirim.S6yle gostereyim mesela te ti¢ kesri ile bge bir kesrini
toplayabilirim. Yine doért bolu bekesrine ulairim.

A: Peki bgka trlt nasil bulabilirsin dort boli ki@

O:Ee yine.

A:Hani birden fazla yoéntemle bulabilirim dedin yaska nasil yapabilirsin?

O:Evet. Toplamay! yaparim, bunlarin sayilarirngigkiririm. ikisini iki de yaparsam bulabilirim.
Carparak da bulabilirim.

A: Carparak nasil bulursun?

O:Bsste iki kesriyle ee iki tami gcarparsam yine dortibbls kesrini bulurum. Cikartadabilirim.
A:Eee peki orda bgte iki kesriyle iki tami neden ¢arptik?

O:Eeesey iki tami kesre gevirdim. Ciinki iki tam ¢arpmeigik toplama oldgu igin iki tane bg yani
buna sittir. ki tane bete ikiyi toplamak gibidir. Cikartarak da bulabitini

A:HImm. Tamam.

O:Soyle de gosterebilirim. Eski ke (ic yaparsam budagiedlii bg kesrini ifade eder.

A:Him. Peki dger soruyla devam edelim.

O:(soruyu okuyor)Ee burda iki bélii bir yani yarimisardg sivi yas demi.bes Kisilik ikin yarim
bardak gerekiyorsa on Pk&isili gi bulmak icin U¢ ile carparim.gal sayilari kesre ceviririmgiem
yapiyor).boylelikle tg¢ bolu iki kesrini bulurum.yiskeki hazirlamak icin bir tam ikide bir su bagda
sivi ygga ihtiyacim vardir.dortte Ug¢ sivi Fdoes Kisilik oldugu i¢in on be kisilik hazirlanmak
isteniyor.Bunun i¢in bunu Ugle ¢arparim.yingzdbsayiyi kesre ¢eviririm.bunda da dokuzda doért su
barda st bulurum budasdtir iki tam dortte bir kesrinegittir.yani keki yapmak icin iki tam dértte
bir su bardg: sute ihtiyacim vardir.burda iki tam ikide bir sarda& seker on bgkisilik istedigi icin
bunuda Ug¢le carparim.ee ama bunu tansikileesre ceviririm(glem yapar).bgbdlu iki yine tcle
carparim.on bgekisilik hazirlamak icin yedi tam ikide bir su bagdaekere ihtiyacim vardir.ondan
sonra iki tam Ugcte bir su barglaun istiyor. E bu bgkisilik.on bes kisilik oldugu icin tgle ¢arparim
tekrar(slem yapar).bilgik kesre ¢eviririm.ondan sonra bunu ugle ¢arpamumdan da ee yedi tami
elde ederim.yani on beisilik kek yapmak icin yedi tam pardon yedi bardalauhntiyacim vardir.ve
iki yumurta denmj burda onu kesre c¢eviririm ve Ugle carparim.bugléirealt! tane yumurta gerektirir
on be kisilik kek hazirlamak icin.on gram kabartma tozu fzuda ¢l carparim.budsitir otuz tam
yani otuz gram kabartma tozuna ihtiyacim vardir.

A:Pekisu en bata yaptginbir bolu ikiyle U¢l carptin t¢ bolu iki sonra bém bir bola iki dedin
ya..Eee ne anliyosun bu carprglaminden?

0O:Ya be kisilik yani ti¢ katina ¢ikartryorum kesirleri.

A: Orda peki paydasina neden bir verdik?

O:Sey ee bunu verirsek buittir {ictiir ¢iinkii (ic tamdir bu.paydas! birdirsey pardon..

A:peki o carpmasiemini nasil yapiyosun?

O: carpmaglemi ee paylari birbirleriyle carpiyorum ve paydada birbirleriyle carpryorum.
A:Hmm ¢ bolu ikiyi bir tam bir bolu iki olarak nds/aziyosun?
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0O:Bolme klemi yaparak ticu ikiye boélilyorum.Bir defa vardibio tamdir ve bir daha artar kalan da
buraya yazilir. Payda gemez.

A:hmm peki pay payda ne ifade ediyor sana?

O:Payda,bigeyin bolindigi veya ee mesela payda onu bolmek mesela par¢rimnek veya
topluluklari bélmek .Pay ise onlardan bir kismiimnak.

A:ee peki bu bir bolu iki carpr Gglemini baka turlt yapabilirmiydin?

O:sey ee belkisu yarimi ifade etfii icin onluk kesir olarak carpabilirim.

A:he ondalik kesre c¢evirip ¢arpabilirdim diyosurekmndan farkli bir ydntemle peki yapabilirmiydin?
O:Hayir.ee toplayarak (¢ tane ayni kesri toplayarak

A:neden?

O:Cunki carpma arglk toplamadir.

A:Carpma arduk toplamadir.nasil yaparsin peki o arklitoplamayi? Bi gésterir misin orda?
O:Soyle gosterebilirim(yaziyor).

A:ne yaptinsimdi burda?

O:iki bolii bir kesrini yazdim.toplamada sadece patyoplanir.payddalar olgu gibi yazilir.paylar
topladim. Hepsinin toplami Ugctir. Paydada zatedinkDegismez.

A:Hmm peki bu ardak toplama carpmadir dedin ya neden boylgiddin? Hani onu anlatir misin ne
demek istedini?

O:ee carpma zaten toplamanin kisaltglahr. Zaten bakgimizda ayni sonug gikiyor. Ve buna tek
islem yaparken buna tekiém yapiyoruz.

A:hmm.Eee peksu iki tam bir boll ikiyle Ggt carparken bgik kesre cevirden Beboli iki carpi ti¢
bolu birden on bebdli iki buldun ya. Orda neden hilke kesre ¢evirdin?

O: Daha basit olmasi icin daha kolay olmasi icin.

A:cevirmeden peki yapabilirmiydik?

O:Evet

A:Nasil yapardin?

O:Su kesir demi?

A:Hihi.Su islemden bahsediyorum.

O:iki tam iki b6l bir garpi birde Ui¢ buittir iki tami oldugu gibi yazariz paylari garpariz paya
yazariz ve paydalarida carpar paydaya yazariz.

A:Ne yaptin?

O:Burda verildgi gibi iki tami direk yazariz. Paylari carpariz waydalari carpariz. Paylari ¢carpar
paya yazariz paydalar ¢carpar paydaya yazariz.

A:peki o iki tam G¢ bolu iki buldun ordagbrinde iki tam yedi tam bir bélu iki buldunsiEmi bunlar
birbirine?

O:Hayrr.

A:Peki neden farkl ¢ikti?

O:Cunki egey tam tamida carpmam gerekiyordu . tamida burmace&tim.iki ile (icti carparim alti.
Ee bu ikisini carparim ve ikiyle biri carparim iki.

A:Bu alti tam ¢ bolu iki yedi tam ikide birgiemi?

O:Evet.

A:Neden?

O:ee zaten alti tamimiz vardi. Uciin iginde ikideéfa vardir o zaman yedi tam olur. Ve zaten kalanda
birdir.paydada kendinden yazilir ve yedi tam ikiekesrini ifade eder.

A:Hmm peki bu ¢arpmadan ne anliyorsun?iki tam Bitibkiyi su bardg! sekeri tgle ¢arptin ya
burda on bgbdoli iki buldun mesela sonrada. Bu carpmadan hgaesoin?

O:ee mesela iki buguk ile ticii carpmak.

A:1ki bucukla ticii carpmak.lim peki bunuska tiirli tiirlii yapabilirmiydin?

O: Hayir.

A:Baska bir yontem kullanamaz miydin? g&a bir ydontem ??

O:Bu alinabilir ama yani..

A:Mesela neyi kullanabilirdin?

O: Neyi kullanabilirdim. Bsgka birseyi kullanamazdim. Veya kesirleri geleitip yapardim. Oda ayni
sey .

A:Geniletip yapabilirdin..ee peki bir tam bir bélu iki $ardag) iste sey dedin ya burda sivi §a
buldun ya sonucu. Ee ne anliyosun bu bir tam Hiil b su bardgindan?
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O:Bir buguk su barda sivi ya.

A:Bir buguk su barda sivi ya. Peki ee dierinden hesurda iki tam bir bolu U¢ su bargiealin
demis bundan ne anliyosun?

O:iki tam ti¢ bolisumu?

A:Hehe iki tam Ugte bir.

O: E ondan ne anliyoruriki bardak ve bir ban tcte biri.

A:iki bardak ve bir bardan tcte birini anliyosun.

O:Soyle gosterebilirin§u bir tamsu da bir tam ve iigte bir w@yle (materyal kullandiSoyle
gosterebilirim.iki tam var ve (cte bir.

A: He iki tam Ugte bir. Peki devam edelingéri soruyla.

O: (soruyu okuyor) Eee burda bir doktor véimenin toplam kirk betane kitabi varngi
Ogretmenin kitaplarinin ge dordi ve doktorun kitaplarinin tigte ikisi romagirgretmen ve
doktorun kitap sayilarini bulunuz. Ee o zaman heklkesi bese bolerim ve bge doérdi roman
oldugu icin bete biri de normal kitaptir. Be bélersem ke birini bulurum. Ve normal kitabi itaplari
zaten kirk bgtanecgikartirrm ondan. Kirk ki@ icinde bg dokuz defa vardir. Dokuz egr@tmenin
kitaplarinin bste biri dokuz tane kitapmi Zaten bgte dérdii romandi. Ve geriye kalandateeoirdir.
Ve buda normal hikaye kitabidir. Kendi kitaplafoulmak istersek egey neyse e bunu devam
ettirelim bunun kendi kitaplari zaten kirkgt@ne. Onun egey doktorun kitaplarinin tgte ikisi
romanms. Bunun iginde kirk bg de (ige bolerim. Ugte birini bulmak icigi@m yapiyor).

On be doktorun kitaplarinin tgte biri on peaneyms. Ugte ikisi de romanngi ilk 6nce @&retmenin
kitap roman sayisini bulurum. Bugbe biriydi ve onun toplam kitaplari kte betir. Dokuzu bgle
garparim. Yok dortle carparim gte dérdii roman oldiu i¢in. Ve otuz alti sonucunu bulurum.
Ogretmenin otuz alti tane romani ofgunu bulurum. @retmeninse (cte ikisidir. On pécte biri
oldugu icin bunu da ikiyle ¢carparim. Ve onunda otuz tesr@an kitabinin oldgunu bulurum.

A: Orda niye ikiyle carptin.

O: Clinki bunun tamami ti¢ boli Gictir. Ve ben buda kirini bulmgtum. Roman sayilar tigte ikisi
oldugu icin Ucte biri ikiyle ¢carparsam Ugte iki olglunusey yapabilirim. Onun i¢in ikiyle carptim.
Burda iki tane oldgu icin.

A: Himm. Peki bunu bgka tirlt ¢ézebilirmiydin? Bu problemi?

O: Baska tiirlu...Hayir.

A: Eee kikbeg kitabin bgte dordiini peki hangglemle bulursun?

O: Beste dordiinii,bge bolip dort ile carparak burda yapin gibi.

A: bese bollp dortle carparsan. Peki bu ee kesirlglten yapsaydin kirk ekitabin bgte dérdiniu
nasil bulurdun?

O: Kesirlerle §lem yapsaydim ee kirk kiekesre cevirirdimSoyle gosterirdim. Altina bir koyarim .
zaten bege bolcektim. Kesirlerle béimglemi yaparimSey bae bolcektim heh. Eee kesirlerle bdlme
islemi yaparken ilk sayi durur ikinci sayi ters céwgarpilir. Ve kirk bg béli bg sonucuna ukarim.
Buda dokuzdur. Yani burda bulglum gibi dokuz. Ondan sonra da dortle ¢carpardim dokunuda
kesre ceviriyim. Budasgtir otuz alti boll bir oda gttir otuz altidir. Yani sonucu bulgum gibi otuz
alti.

A: Peki bu her zaman gacumudur?

O:Evet.

A:Tamam devam edelim giér sorudan.

O: (soruyu okuyor) Zaten on i¢ koli on (¢ tane $iolarms. Onun icin en bga on tcle on ikiyi
carparim. Yz kirk alti yumurta vardir on t¢ kolige bir tane de yarim koli vardir yarim. Onun igin
on ikiyi ikiye bolerim. O ikiye bolundgl icin. Ve altl sonucuna waim. Yani yarim kolide alti
yumurta vardir. Ve yiz kirk altiyla da altiy topla.

A:Yani yiz elli iki yumurtasi vardir dersin. Pekillniimm yani bunu hda ttirli ¢ézebilirmiydin bu
soruyu?

O:Eee kesir kesirlerle.

A:Nasil yapardin kesirlerle?

0O:0n ugii kesre gevirirdim on {ic tami ve on iki yutawldigu icin onu da kesre gevirirdim.
Carpardim. On ikiyle o tc¢l ¢arpinca yuz kirk altiusum. Ve birle biri carpinca birdir. Budaitir
yuz kirk altr yumurtadir. Bir kolide on iki yumurtaarms iki bolu yok tam tersi bir bolu ikiyle de
carpi on iki béla biri carparim. Budaitir alti. Ve yiz kirk altiyla da altiyr toplarin® da arti gittir
yuz elli ikidir.
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A:Peki kesirleri kullanarak ¢ézebilir miydin bu sgu?

O:hayir.

A:Bdyle yapabilirdin.

O:Hihi.

A:On ¢ tam bir bolu iki yumurta kolisinden ne galisun?

0O:0n ui¢ tane tam koli ve birde yarim koli.

A:On (¢ tane tam koli bir de yarim koli. HIm pekamam devam edelim ghr sorudan.

O: (soruyu okuyor)Dért carpi altida bir. Yani bu.ee

A:Simdi soruyu anladik mi 6nce ne diyor bize?

O:Evet. Bir butiinii gostermektedir bizgagidaki yer. Ayni biitiinii diiinerek verilenslemleri
dikdortgensel alan tzerine modelleyerek yapinipdiyani bu glemi buraya modelliyegiz. Ee
bunu nasil egeysdyle ya da bir dakika. Evgbyle yapabilirim.Sdyle bolebilirim. Clnkisdyle fazla
olur. Altiya mesela altiya bélerir8dyle cizginin tizerinden iyice gideyim. Altiya béier bu dort
tami zaten bir kesre ceviririm. Altiya béldim. Bdrlic,do6rt,bg. Bir dakika yaaSoyle bir tane daha
cikartayim.Sey bir dakika. Altiya bdldiim bunu ve bir tanesild@cazim. Bir tanesi. Zaten biz bunu
bire bdlmek zaten bir tam oldu i¢in. Yani ikiye bolseydikSodyle bélerdik ama bire bélmek diye bir
sey olamaz. Onun i¢in direk bunun dérdini alhrimnivatida birin dérdii. Bunu nasil gosterebilirim.
Altida bir.(sekil cizdi)

A:Peki burda bigey soracgim. Altiya béldin ya yarisini alirim dedin. Bu bidiii neye gore
belirledin?

O:Buyukligii? Su altida bir kesrine gore belirledim.

A:Eee peki burda bir,iki,i¢,dort kare buylglinde aldin ya.

O:He evet.

A:Neden atiyorum tamamini almadin veya bir kareaalm? Onu soruyorum anlatabildim mi?
O:Sey ee tamamini da alabilirim.

A:Yo silme bunu sdyledim soruyorum sadece nedee aiin?

O:Cunki zaten altiya béldiigarasini ve bunu isteglimiz kadar uzatabiliriz.

A:Yani o buyukluk 6énemli dgl diyorsun?

O:Hehe.

A:Tamam onu soruyodum. Tamagimdi altida biri buldun. Dért carpi altida biri nesiodelliyorsun?
O:zaten bu sifira béldik ve bunun doérdiinii atawaSoyle gosterebilirim onu da dort tanesigiyle
yaparim. Bideuray! alayimgekil cizdi).Yani busekilde altida biridir. Altida bir olarak buldum.
A:HImm? Yani? Sonu¢ neysaiecikti?

O:Altida bire ama.

A:Sonug altida bire. Peki bu carpmanin sonucu egy2

O:Dort bolu alt.

A:Altida dért yani.

O:Hihi.

A:Peki altida dortle altida bir farkli ¢ikti. Nedéarkh cikti?

O:Eee bilemiyorum.

A:Peki bu dort ¢arp altida birden ne anliyorsun?cBrpmadan ne anliyosun?

O:Dort tane altida bir.

A:Dort tane altida bir.

O:Hihi.

A:peki bunu modellerken dért tane altida biri nasddellersin?

O:Dért tane altida biri. Dérdigey altiya boligoyle dért tanesini alarak modellerim.(gizdi)
A:Dort tane altida bir oldgu icin her bir altida bir oluyor.

O:Evet.

A:Dordini aldin.

O:Soyle olur.

A:Yani ne buldun?

O:Yani altida dort buldum. Giinki altiya boldim dird aldim.

A:Him. Peki bu her zaman béyle midir?

O:Her zaman bdyledir.

A:Him. Pekisu bitiine geri donelim. Bu biitin ee hani orda kae t&; tane dikdértgenim var gle
mi benim?
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O:evet.

A:O bir bitiini gdsteriyorsa. Bu bitiinin altidarbigeki nasil gosterirsin?

O:Bu butiinun altida biringdyle bunlari ikier parcaya bolerek gosterebilirim. Alti sonucta
bir,iki,uig,dort,be. Tki,dort,alti. Altida bir isesura olur.

A:Altida bir orasi oldu. Neden?

O:Cunki bunu alti pargaya boldigiyle ibr,iki,lic,dort,bgalt ve birini aldim.

A:alti parcaya boldun, birini aldin. Peki bu batiohigtinerek modelleseydin nasil modellerdin dort
tane altida biri?

O:Butin digiinerek. Dort tane altida bigdyle modellerdimsekil gizdi)

A:Him. Yani sonucum ne oldu?

O:Sonucumuz dismezdi.

A: Yani ne olurdu?

O:Dort bolu alt.

A:Dort boéla alti. Peki burda béyle modelledin budkha farkli modelledin. Neden?

0O:Yoo aslinda ayni.

A:Nasil ayni?

O:Cunki bunda alti pargaya boldik. Cinki biyiiklikikieemlidir. Onemli dgildir. Bunu da alti
parcaya bolduk dordund aldik. Bunu da alti par¢addik dorduni aldik.

A:Buyukligh neden 6nemli g@l?

O:Sey sadece buyikliklerii¢ olsa olur. Cunki sonugtaieolunca..

A:Ayni buatuni mu ifade ediyor peki burdaki ile bakd altida bir?

O:evet.

A:Neden?

O:Cunki bunada altida dort deriz bunada altidadiniz. Ama bundan daha biyiik cizebiliriz.
A:HIm.

0:0 yiizden.

A:Peki devam edelim @éer sorudan.

O: (soruyu okuyor)Yani burda kesrin kesri ojgicin carpmaslemi yaparim(@lem yapiyor). Burdan
da sekiz boli on ekesrine ulairim.

A:Him. Bu carpmayi nasil yaptin peki?

O:Bu carpmay! nasil yaptim. Paylari birbirleriylrgtim paya yazdim. Paydalari birbirleriyle carptim
paydaya yazdim.

A:Him. Peki kesrin kesri oldiu icin carpma yaparim dedin ya.

O:Evet.

A:Kesrin kesri ne demek? Ne anliyorsun?

O:Kesrin kesri mesela e dordiinsey kesir kartlariyla gosterebilirim. Be dordiin ticte ikisidir.
Ucte iki. Bate dordiin tgcte ikisidirSdyle de gosterebilirim.(materyal kullandr)

A:Suraya koyarsak daha rahat gériicem. Heh.

O:Bunlara bakarsak ikisini lstiine koyariz. Burdahyabiliriz burdakisekilden. Eee bunda
bir,iki,u¢,dort,ba.. on bg tane vardir toplamda. Ve bunlaringgy sekizi ise yani sekizi ise cevaptir.
Eee yani on nasil diyim ke dortsu sekilde onun Ugte ikisini istiyor. Onun igin Gge biim onuda
ikisini alirnm. Yanisurasinin dgcte ikisi.(materyal kullandi)

A: He o koyu renk oluyor. Uge bélup ikisini aliyors oda on bge sekiz diyorsun. Eee peki bu dort
bolu be carpi iki bolu ¢ dgil de mesela dort boli bearpi sekiz béla on iki olsaydl. Sonucu nasil
bulurdun?

O:Dért boli be carp1?

A: sekiz bolii on iki olsaydiki bolii tig yerine sekiz bolii on ikiyle carpsaydapardin nasil bulurdun
sonucu?

O: Yine aynisekilde bulurdum. Bunlara ikisini sadeligebilirim dérde bélerim bunu bir bunu da
dorde bolersen . Budade licli carparim on béirle sekizi carparim sekiz.

A: Ne oldu peki?

O:Ayni sonuca ulgim.

A: Neden peki ayni sonug ¢ikt1?

O:Cunku ikisi birbirine denk kesirdir.

A: neyle ne denk?
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O:iicle iki sekiz bolii on ikiyesittir. Bunu sdyle anlayabilirim. Egimdi su ikisini carparim yirmi dort
eder bu ikisini de carparim oda yirmi dért edebuedan da ikisinin birbirlerine denk olgunu
anlarim.

A:Him peki denk kesir ne demek?

O: Denk kesir ee ayni kesir. Birbirleriyle ayni mla

A: Birbirleriyle ayni olan.

O:Ayni seyi ifade eden.

A:Peki bide iki bolu tgle G¢ bolu ikiyi carpsaydin.

O:iki bolii .

A:1ki bolu ugle ti bolu ikiyi carpsaydin ne bulurdwmecu?

O:Alt1 boli alt o da ttir alti. Yok bir.

A:Neden peki bir oldu bu?

O:Eee bunun paydasi alti oldu payi da alti olde. [E&ydayi paya bolersem yok payi paydaya
boélersem bir sonucuna glam.

A:Him peki bu carpmadan ne anliyorsun?

O:Bir tami. Yani ee ugte ikinin pardon iki boli igiic boli ikisi.

A:1ki bolu tguin tg bolu ikisi o da bir tamaitéir diyoruz. Peki devam edelim.

O: (soruyu okuyor) Yani bu yarimin bir bolu ikiniir bola dérdiidiir. Yani busétir. Yarimin
ceyreasidir. Modelleyerek gosteriniz diyoSunlardan da gosterebilirim.

A:Tamam.

O:ikide bir..Sey ikide birin dortte biridir. Boyle baktimizda ikide bire yanjoyle ikiye boldik.
Dértte birini aldik. Dorde béldiik ve birini aldikikide birin. ikide birsurasiydi. Burayi dorde boldiik.
Ve birini aldik. O da burayasitir. Ve sekizde bir. (materyal kullandr)

A:Yani sekiz de birdir.

O:Hihi.

A:Peki orda onu modelleyebilir misin?

O:Evet.

A:Yani gizebilir misin oraya?

O:Hih1S6yle bunuda dérde bélerim. Ve ikide birdi bu ve buta dortte birini alinm. Doért parcadan
birini alinm. Yine burasinin bulururggkil cizdi).Ayni burda gordgiimiiz gibi. Ust uiste gelen kisim.
A:Him.Surayi gosterelim sekizde bir diye. Pekgeline bakalim.

O:(soruyu okuyor)Dértte bir kesri. Bunun ikide byine ayni kesre ifade gelmektedir. Cuinkii carpma
degisken olabilir. Dgisken 6zellge sahiptir.

A:Peki burda nasil yaptin? Bglemden ne anliyorsun énce?

O:Ceyrein yarimi.

A:Ceyrezin yarimi. Orda peki gésterir misin nasil yapiligayrein yarimi?

O:Bir butiinu dort parcaya boldik. Ve birini ald¥ani ceyreini aldik. Ve bunu iki parcaya boldiik.
Boldik sdyle. Ve o dortte birigdyle dortte birin bir,iki,ti¢c dértte birin birini dlk.

A:HIm.

O:ikide birini aldik.

A:Dortte birin yarisini aldik. O da..

O:Sekiz de bire gittir.

A:Sekizde bire gt oldu. Peki bunu da modelleyebilir misin?

O:Evet.

A:Anlatarak cizelim.

O:Ee dorde bolerim ilk énce. Dérde bolerim. Ondanra birini alirnm. Ondan sonra bunu ikiye
bdlerim. Ve bu tarall kismin yani iki tane parcaugai alirnm.Surayi da alabilirim farketmez. Ve
yine aynisekilde kesgtigi yeri sdyle de olabilir.

A:Orasi da sekizde biraieolur diyorsun yani. Peki bu ikiiemin sonucu hakkinda ne séyleyebiliriz
peki?

O:ikiside aynidir. Cunkii carpmaggkenlik 6zelligine sahiptir.

A:Ne demek peki bu dgskenlik 6zelligi?

O:Yani bu ikide birle dortte bir yer @atirince de sonuc ayni ¢ikar. Bigtirmessek de yine ayni
sonug ¢ikar demektir.

A:Peki oseffaf kesir kartlariyla sen bize ga bir carpma yapip gosterebilir misin? Kendin
kurgulayacgin bir carpma.
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O:Evet.

A:Ne anhyorsun bu carpmadan anlatip gdsterebilginf

O:Mesela altida ticii bir,iki,uc,dortgalt,yedi,sekiz altida ticiin yagéayle koyayim. Altida {iciin
sekizde biri.Simdi bir tane butiinu altiya bélerim. Uguinii alir@ndan sonra bunu sekize bélerim. Bu
altida ¢ olan kismin sekizde birini alirrm. Yadyle altida bir pardon altida ti¢, onun sekizdenbiri
alinm. Sekizde birini aliringdyle. Ve kalan kisim burasidir.(materyal kullandr)

A:Altida tc¢in sekizde biri...

O:Burasidir.

A:Koyu yer.

O:Hehe. Koyu yer.

A:Yani kacta ka¢ olur?

O:Bir,iki,ic,dort, bg, alti, yedi, sekiz. Bir,iki,i¢,dort,altl. Kirk sekiz bélu tic. Pardon kirk sekizde
ug.

A:Kirk sekizde ¢ olur. Peki hauraya bide ne soylegimizi yazalim.

O:Carpma dgiskenlik tzelligine sahiptir. Bu yiizden iki tane carpreimini desistirirsek de ayni
cikar sonug.

A:Su sonucu da oraya yazalim sekizde bir diye.

O: (yazdi)

A:Tamam devam edelim giér sorudan.

O: (soruyu okuyor)Tahmin ediyiniki tam dokuzda bir yakkak olarak iki tama yakindir. Ciinkii
dokuz da bir sifira yakindir zaten iki tamimiz dadi. Bu yiizden iki tama yakindir. Ug tam sekizde
yedi ise dort tama yakindir. Bunun sebebi zatetatigmiz vardi. Ve yedi bolu sekiz bir tama yakin
oldugu icin eee ikisini toplarsak dort tamdir. Ve ikirtatoplarsam alti tam eder.

A:Neden topladin orda?

O:Pardon garpma.

A:He carpma oldgu icin carptin.

O:Evet.

A:Yaklasik olarak sekiz tama yakindir dedin.

O:Hihi.

A:Peki bu carpmasiemini yapabilir misin bana? Sonugla tahmini biydslayalim.

O:Su ikisini carparimiki ile tigii alti bulurum. Dokuzla sekizi carparintiygs iki. Eeesey birle
yediyi carparim yedi bulurum. Ama bu pek yakin oiim@u be tama yakin oldu.

A:Bu neye yakin? Alti tam yetmikide yedi bg tama neden?

O:Bilmiyorum.

A:Bes tama yakini nasil buldun? Alti tam yegriki bolu yedinin.

O:Sey ben bunlari bide biék kesre cevirerek bulabilirim. Belki o0 zaman datakin ¢ikabilir. Bunu
yanlis yapmes olabilirim.

A:Peki onu dasurdan heh tepeden.

O:Dokuzla ikiyi carparim on sekiz. Bir eklerim onldiz b6l dokuz. Dgeri ise ti¢ tam sekiz bolu
yedi. Sekizle U¢u ¢arparim yirmi dort. Yedi ekle@®e yirmi dort, otuz bir bulurum. Bu ikisini
carptgimda on dokuz boéli dokudyle carptgimda otuz birle on dokuzu ¢arparsan héz seksen
dokuz bulurum. Ve dokuzla sekizi cagpmda yetmg iki bulurum. Ee bunu tama ¢evirmek icinsbe
yuz seksen dokuzu yetgrikiye bolerim.Soyle yapayim. Yetmiikiye bélerim. Eee hedefa desem
bes kere iki on ve yedi kere h®tuz beg fazla gelir. Yok bir dakika bekere iki on onun sifirini
yazarim elde var bir. Bk yediyi carparim yetrgipardon otuz hebir eklerim. Bir dakika. Yerine
yazarim. Yedi kere geotuz bg otuz alti. Yiiz otuz alti bulurum. Demek ki bunumscu begten
fazladir. Yediyle carparim. Yedi kere iki on déet @enun dordii yazarim. Elde var bir. Yedi kere yedi
kirk dokuz. Bir eklerim elli. Dort yiiz elli bulurunbDemek ki yediden de bilyiktir sonug. Dokuz
verirsem dokuz kere iki on sekiz. Aa bir dakikaaya yazcaktim.

A:Demin neden bg yazdin?

O:Karisiklik yaptim. On sekiz. Kafam kati.

A:Neden kafan kagti?

O:Sey ee hangisi oldiunu unuttum.

A:Dusln biraz. Nereye yazagei mi karstirdin?

O:Evet.

A:Normalde nasil yapiyorsun?



132

Oiste onu unuttum.

A:Baska bir bdlme dilinebilirsin. Mesela 111 otuz altiyi on ikiye bélétsin.

0O:Uc defa vardir da. Hgey en baa yaziyodun. Tamamgekkiir ederim. Ee dokuzla ikiyi carparim
on sekiz. Eee yok bir dakika. Sekizi yazarim bur@ekuzla yediyi carparim. Altnaiic.

A:Orda ne yaptigimdi?

O:Yok yanls yaptim. Ciinkii onla carparsam yedi yiiz yirmi ¢ikaokuzla carpinca sekiz yiiz iic
¢citkmaz.

A:Peki biraz dnce otuz altiyr on ikiye béldin. Bidl bakiyim nasil yaptin?

O:Uclecarparim. Uc kere bir tig. Ug kere iki alti.

A:Him nasil yazdin onu. O kalsin orda onu silme?

0:0 zaman dokuzla yediyi carparim. Algniic. Dokuzla ikiyi yok bir dakika. Eee altgniic
aaa...Fazla cikiyor.

A:Fazla ¢ikiyorsa demek ki sekizi dene birde gilde

O:Yediyle sekizi carparim. Yedi kere sekiz elliafey ee...

A:Him?

O:Tamam. Sekizle yediyi carparim elli alti. &amimiz var. Sekizle ikiyi carparim on alti. &ami
da eklerim. Yirmi bir. Demek kjey az dnce yandiyaptim. Sekiz de ¢.

A:Onu bir dakika nasil yaptin. Sekizle yediyi canpElli alti.

O:Elli alti. Altiyr buraya yazdim. Betami kenara koydum. Sekizle ikiyi carptim on a8@si de
ekledim yirmi bir. Alti ytz yirmi bir ¢ikiyor. Amédoes yiiz seksen dokuzdan daha fazla bu yltzden
yediyi deneyecg@m. Ee yedi kere yedi kirk dokuz. Dokuzu yazarimdya. Elimizde dért tam var.
Yedi ile ikiyi de ¢carparim on dort. Bir dakika. Yiddere yedi kirk dokuz. Uff...

A:Pekisdyle bir soru soralim sana. Yetnikiyi yirmi dorde bodler misin?

O:ikiyi denerim.iki kere iki dort. Bir dakikaiki kere dort yok iki dgil. Ucu deniyim. Ug kere iki alti.
Uc kere dért ... Bu soruyu gecsek.

A:Tamamsimdi gercek sorumuza donelim tekréii tam dokuzda biri tam sayili kesre gevirdin. On
dokuz béli dokuzdur dedin. Ug tam yedi bolii settizicevirdin. Otur bir bélii sekizdir dedin. Carptin
bunlari. Paydalari ¢arptin, paylari ¢arptin.

O:Evet.

A:Bes yuiz seksen dokuz boli yetiki dedin. Eee biraz énce de mesglalari caparken. Ug kere iki
alti dedin. Sonra tamlar carptyte eee paylari ¢arptin, paydalari ¢arptin. Yedil ly@tmi iki
buldun.Simdi bu ikisini sonucunun ayni ¢ikmasini mi bekliyp?

O:Hayir. Ciinkii bir tahmin ediyoruz. Yuvarliyoruz seta. Dokuzda biri iki tama yuvarlyoruz.
Birinde ¢galtiyoruz.

A:Yok onu sormadimSu yaptginda tahmin etmedin normal carptin. Alti tam yedlibyetmi ikidir
dedin.Surda da bgyiliz seksen dokuz béli yetnikidir dedin. Bunlarin sonucunun ayni ¢cikmasini mi
bekliyorum?

O:Hayrr.

A:Neden?

O:Cunki ee burda tahmin ediyoruz, yuvarliyoruz. Arnada yuvarlamadan yapiyoruz. Onun igin
eksik yada fazla cikabilir.

A:Tamam tahmin etin ayri. Tahminden sekiz buldun yuvarlayip.

O:Hihi.

A:Sonra bide carpmanin kendisini yap dedim ben sarsman da noldu koyle yaptin birinci yol.
Bide dedin ki bilgik kesre ¢evirerek de yapabilirim dediunu yaptin.

O:Evet.

A:Simdi bunun sonucunu bdyle buldun. Bunun sonucuniebiduldun. Bunlarin sonucunun ayni
¢cikmasini mi bekliyoruz normalde? Onu soruyorum.

O:Evet.

A:Tahmin etmedik ¢clinkii sonug yaptik.

O:Hihi evet.

A:Pekisunu peki bilgik kesre ¢evirebilir misin? Ayni mi ¢ikiyor bir gglim.

O:Evet evet daha rahat oli$rey suraya yapabilirim. Yetrgiikiyle altiyi carparim. Altiyla ikiyi
carparim on iki. Elde var bir. Yedi ile altiy1 campm kirk iki. Alti kere yedi kirk iki. Bide eldeardi
kirk Uc.

A:Hihi.
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O:Dért yiiz otuz iki. Buna bide yediyi eklerim. Diiz otuz dokuz bulurum. Ama burdashgiz
seksen dokuz buldum.

A:Dért yiiz otuz dokuz boli yetmiki o da bg yiiz sesken dokuz boli yetiki. Tkisinin sonucun
ayni ¢cikmasini bekliyorduk demi normalde?

O:Evet.

A:Peki niye farkli ¢ikt1?

O:Ya bunda yada bunda bir yasik yapms olabilirim.

A:Hangisinde yanilik yapms olabilirsin?

O:Su olabilir.

A:Neden?

O:Eee cunkil tamlari tamlarla ¢arpiyorduk smmalarla carpiyorduk bide galiba éyle hatirliyorum
ama?

A:Carptin orda da ama. Tamlari carptin onlari garfReki devam edelim gikr sorudan.

O: (soruyu okuyor)Bunwiem yaparak anlayabilirimgiem yapiyor). On beb6lil yirmi dort kesrini
buldum. On bgbélisey yirmi dért kesrini buldum. & olmasini anlamak icin yine az dnceki
yaptgim islemi yaparim. Bgle yirmi doérdi carparim. Eee yiiz yirmi bulurum. Bale de sekizi
carparim onla da yuz yirmi kesri yiz yirmiyi bulanuDemek ki bu iki kesir gttir.

A: Bu islemin sonucu onasétir diyosun. Peki busiemden ne anliyosun béd4lu alti carpi ¢ bolu
dort esittir bes bolu sekiz §leminden ne anliyorsun?

O:Eee buglemden ne anliyorum. Bir kesri yokolii altinin ti¢ bolu dérduni anliyorum.

A:Bes bolu altinin t¢ boli dérdiini anliyosun. Peki soneigfade ediyor carpmanin sonucu sana?
Bes boll sekiz ne ifade ediyor?

O: Bir ¢cokluzu veya bir biitiinii sekize boliip sekigparcaya béliip onun o sekiz pargadagirhe
almak.

A:Sekiz parcadan ki almak. Him. Dger soruyla devam edelim.

O: (soruyu okuyor)Eee burda ilk dnceginlari carparimiki bélii G¢ ile bir bélil bgesittir on bes.
A:Ne yaptin orda anlatarak yapalim.

O:Eee paylari carptim paya yazdim. Paydalari garpaydaya yazdim.

A:Hihi.

O:Eee ondan sonra bu kesrigy ti¢ bolii dortle carparim. Ongbe dort altmg eder.

A:Ne yaptin onu da anlatalim.

O:Yine paylari carptim paya yazdim. Paydalari ¢arpiaydaya yazdim. Ve on iki bolii algnkesrini
buldum.

A:Him peki bunun en sade halini bulsaydin nasiabilirdin?

O:Altiya bolerdim. Bunu altiya bélersem iki bulurunu altiya bélersem on bulurum. Bunu tekrar
ikiye bolerim. Bir bulurum bunu da tekrar bdlersbey bulurum. Ve bir béli bekesrini bulurum.
A:Eee peki burda niye 6nge ikisini ¢carptin sonra onu carptin.

O:Sey ee ilk ikisini bu ikisini de carpabilirdingu ikisini de carpabilirdim. Ama ilk olarak o ikigin
carpmak istedim.

A:Yani herhangi ikisini carpip sonragdirini de ¢arpabilirdin. Neden peki bdyle yapabilw?i
O:Cinku hepsi carpmalémi ezer toplama olsaydi bunun icinde ilk 6nce carpgrenilerini
yapardim. Cunkisiem sirasinda carpma ve bélme daha dnde olur. @iuitk 6nce carpar ondan
sonra toplardim. Bunda hepsi carpma gldigin zaten ikisiyle de ilk 6nce ¢arpabilirim.

A:Diger soruyla devam edelim. Once bu carpsgtenilerini yapalim.

O:Tamam.

A:Nasil yaptgimizi anlatarak yapalim.

O:Eee payla payi carptim (i¢. Paya yazdim. Paygeydayi carptim. Dortle ikiyi yani sekiz buldum.
Altindakine geceyim. Payla pay! carparim yani yedbei carparim. Otuz bebulurum. Payda sltiyla
ikiyi carparim. On iki bulurum.

A:Him. Pekisimdi birinci carpmadaste carpimin sonucunu yani U¢ béli sekiz olarak tnuldPeki bu
u¢ bolu sekizi ¢ bolt dort ve bir bola ikiyle kstayabilir misin?

O:Nasil?

A:Yani U¢ bolu sekiz G¢ bolu dortten buytk mu kigtk? Bir bolu ikiden bayik mi kiguk mi?
Bunu soruyorum hani kiyaslayabilir misin ¢ bolkigke?

O:Kiyaslarim. Paydalarinsidleyerek.

A:Yapalim nasil yaparsin?



134

O:lnmm bunlarin ekokda birftiririm paydalarini bunlarin ekoku da sekizdir.

A:Suraya bir ¢izgi cizelim cekelim de kamasin 6bir soruyla. Hih tamam.

O:Eee bunuda zaten sekiz atduicin birle carparim. Dortle ikiyi carparsam dbrtlurum. Pardon
sekiz bulurumikiyle ticii carparsam alti bulurum. Bunla ikiyle dighrparsam sekiz dortle biri de
garparsam dort bulurum. Bunu da zaten kesrin ayryszarim. Yani burda en bigiii tic bolu dort
kesridir. Ondan sonra bir bolu iki ondan sonra digitsekiz.

A:Yani u¢ bolu sekiz sonug hepsinden kicik ¢ikiyorda dgil mi? Eee peki burdgunlari nasil
yaptin? Hani alti bolu sekizi nasil buldun?

O:ikiyle genilettim kesri. Bunda da dort ile gglettim.

A:Peki digerini bide otuz bgbdli on iki buldun sonucu bunu yedi boli alti e bola ikiyle
kiyaslayabilir misin?

O:Evet. Eee bunlarin ekoku on ikidiki ile altiyr carparim on ikiikiyle yediyi carparim on dért. Ee
altiyla ikiyi carparim on iki alti ile b ¢carparim otuz. Buda zaten on iki b6li otuz.lgunla da
sonug en blyuktdr.

A:Peki o kiyaslamay! nasil yapiyorsun?

O:Eeesey paydalr zatensié paydalari git olan kesirler de payi biiyiik olansdrlerinden daha
blyuktir. Ona gére yapiyorum.

A:Him. Burda sonug¢ en biyuk ¢ikt ama birinci ygptda da sonug en kiicuk ¢ikti.

O:evet.

A:Niye boyle cikti sence? Birinde blyik ¢ikarkerirme kicuk ¢ikti.

O:Eee ¢iinkii burda basit kesirleri carptik. Buraabisesik kesirleri carptik.

A:Hin?

0:0 yiizden.

A:Bu durumda 111 carpmaleminin sonucu hakkinda ne soyleyebilirsin? Yanidheruma bunu
genelleyebilir miyiz? Her durumda gaw mudur?

O:Evet.

A:Yani hep basit kesirleri carg@im da sonugste buytk ¢ikacak.

O:Yok.

A:Kucuk cikiyor. Bilgik kesirle carptgin da buyik ¢ikacak diye her duruma genelleyebiliriz?
O:Hayur.

A:Neden?

O:Eee ¢iinkii mesela bu alti yerine sekiz olsaydisbyedi olsaydi yine pardon bey alti da yedi
buda dort olsaydi bu h@lsaydi alti ile dordi carpardim yirmi dort. Yeélei besi carpardim otuz be
bu sefer kesir daha kii¢ik olurdu.

A:Sunlarla kiyasladiin da peki?

O:Onlarla kiyaslagim da yine en biyuk olurdu. Bence genelleyebiliriz

A:Genelleyebiliriz. Peki bunlari paydalagittemeden kiyaslasaydin kiyaslayabilir miydin?
O:Evet.

A:Naslil?

O:Tama yakin yarima yakin olarak.

A:Bide 6yle kiyaslayabilir misin?

O:Alti pardon yedi bolii alti yakjek bir tama eittir.

A:Nasil buldun onun bir tamaieoldugunu?

O:Bir tam alti da altidir. Ve alti da yedi en ¢dktama yakindir bu yiizden o birdir. 8Boli iki kesri
de yaklaik iki tama yakindir.

A:Neden?

O:Cunkisey iki tam, dort bolii ikidir. Bu kesir de p&0lii iki. Bu yiizden iki tama daha ¢ok yakindir.
iki tamdir. Ve bu bir tam la iki tami toplarsam @grt bulurum. Pardogey ya boyleey yapabiliriz.
A:O bir tama yakin. O iki tama yakin. Peki?

O:0da...

A:Otuz be boll on iki.

0:Ug tama yakindir. Clnki ti¢ tam otuz alti boliiledir. Soyle gostereyim. Otuz alti boli on ikidir
0 ise otuz bgbdll on ikidir. Bu yizden ¢ tama yakindir.

A:Ucg tama yakin. Peki kiyaslazgn da.

O:En biiyiik yine bu.

A:Uc tama yakin oldgu icin. Pekisunu yaparsak?
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O:Eeesey (i boli dért kesri bir tama yakindir.

A:Neden?

O:Cunki tig bolu dort pardon bir tam dért boli ditte bu kesir de tig boli dért en yakin bir tama
en c¢ok bir tama yakindir. Bir bola iki kesri yaripakindir. Ondalik kesir olarafdyle gésterebilirim.
Cunkusey bir,iki.. iki parcaya ayirmibir bitiini.Soyle de burda iki parcaya ayirgrbir bitint boyle
koyayim. Ve bunun bir tanesini algn§urasini. Ve burasi da bir yarimi ifade eder. O wizgarima
yakindir..(materyal kullandr)

A:Hihi. Peki t¢ bollu sekiz? Sonucu dyle buldun ya.

O:li¢ bolu sekiz bu yarima yakindir.

A:Neden?

O:Cunki yarim dort boli sekizdir bu kesir de licibégkiz yaklaik olarak yarimdir.
A:Kiyasladginda peki boyle.

O:Kiyasladgimda yaklaik olarak kiyaslaggim da bir bolii ikiyle tic bolu sekizigtir diye gozikiyor.
Ama gerceksglemde dyle dgildir. Clnki ee bu bir tamdir. Tam yarimdir. Bu y@@imdan bir
klicuktir. O yuzden bir boli iki daha blyuktor.

A:Hihi. Peki dger soruyla devam edelim.

O: (soruyu okuyor)Eee ilk 6nce yine kesrin keshi giade edilm. Onun igin garparim birbirleriyle.
Sekiz b6l on besonucuna ukarim. Ve bir saati de yani altyndakikayi on bge bolip yani on be
bolup sekiz ile carparsam otuz iki dakikay! ifadiee

A:Otuz iki dakika. Peki burda neden onsbéddliip sekizle carptin.

O:Eee begdort yani bu saatin iki bolu tigti deywiani bu bir kerin keri olarak ifade etgniyani dortte
Ucin iki yok dort bola bgn iki boll Ggl olarak. Ve bunun igin carpma yapt®ekiz boli on be
kesrini buldum. Sekiz boli on bbir saat altny dakika oldgu icin sekize bdldim on ke carptim.
Sekize bélmemin amaci ongbe birini bulmak.

A: E orda on bge béldiin sekizle carptin.

O:Eeesey ters oldu.

A: Peki neden sekize bélip onsleecarpacaksin?

O:Cunku sekize bolersem onsbebirini bulurum. Egey on bgle carparsam o on ke biri onunla
da on bete on beini bulurum.

A:Him yapalim.

O:Eee yok dur bir dakikgey ee burda sekiz bolii ongdeesri zaten on e bolip sekizle carpmadir.
Cunki paydayi bolerim paydayi carparim.

A:Him yani biraz 6énce yagim dasrudur diyosun.

O:Hehe. Bunu yapmak tamamini bulmak olur. Yani bigedkesri bulmamizi istiyor. Bir saatin bunun
Uzerindekiseyini bulmamizi istiyor.

A:On bee bdliince altmgi ne buluyorsun burdan?

O:Dort.

A:Yani neyi dort ne oluyor orda bulgun?

O:Doért ee on bge boliince dort dakika oluyor.

A:Tamam bu dort dakika ne ifade ediyor sana? Yegi buluyorsun burda? On geebdélip dort
dakika?

A: Tamam devam edelim.

O:Bunuda sekizle garparim.

A: Otuz iki dakikadir dersin.

O:Evet.

A:Peki bu altmg dakikanin on bge sekizi ne®ste on bge boldiim sekizle carptim. Otuz iki dakika
bulurum dedin. Peki bunu e turlt yapabilir miydin? Altny dakikanin on bgte sekizini bgka bir
yolla?

O:Kesre cevirerek yapabilirdim.

A:Nasil yaparsin kesre cevirerek?

O:Sekiz bolii on bebunu on bge bolcektim. Onun icin altrgn kesre geviririm. On bade kesre
ceviririm. Boélme §lemi yaparimilk sayi oldgu gibi yazilir,ikinci say! ters cevrilir carpiliBurdan
da altmg boll on be ve buda sttir dort.

A:Himm sonra ne yaparsin?
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O:Eee bu dorttgimdi sekizle carpmam gerekiyor. Onun icin dort kegeviririm. Sekizi de kesre
ceviririm. Carparim. Bu dasgtir otuz iki bl bir oda gittir otuz iki. Yani yine ayni sonucu buldum.
A:Pekisurda yaptgin on bge bdélmekle neyi buluyorsun? Dért buldun ya.

O:Sey ee on bee bdlmekle on beparcaya ayiriyorum. Sekizini aliyorum. Org ipargadan biri dort
parga pardon dorttiir. Bunun sekizini alirken dézdelcarparim.

A:Him. Eee peki bunu o zaman altmm on bagte sekizini kesirler de hangiémle bulursun?
0O:Bolme, carpma. Bolme ve carpma.

A:Once bélme yaptim sonra garpma yaptim diyorunimin on bgte sekizini

O:Bulmak igin.

A:Bblme ve carpmayla.

O:Hihi.

A:Peki diger sorudan devam edelim.

O: (soruyu okuyor)Burda dért bolii bigittir tic elmadir. Bunlarin ekokunu bulabilirim.

A:Neden ekok buluyorsun?

Oslemi basitlgtirmek igin.

A:Tamam yapalim.

O:Ee bunlari on ikide sadsgteebilirim. On iki boli sekiz, on iki boli sekizida on iki bolu Ug.
Bunlar biz tekrar dortte bire sadgtieebilirim bunlari yok hepsini dgl ama bunlari doértte bire
sadelgtiremem. Dortte bir Gi¢ tane ise on ikide U¢ yindamgedir. Burdan anliyorum ki on ikide ¢
yani on ikide bir, bir elmayasétir. Bunun icin bunlarin hepsini toplarim. Onidlt; eklersem on
dokuz béll on iki. Yani on dokuz tane elma varmi

A:Nasil buldun onu?

O:Eesimdi bu dortte bir ic elmayasigti. Bunu genglettim on iki bolii Gic yaptim. Bunda da gérdiim ki
on iki bolu Gc, ¢ elmayasigmis. Ve ¢ elmada on ikide i¢c de ic elmayi @dugu icin. Yani on
ikide bir de bir elmayagit olarak git oldugunu gérdiim. Bu ylizden de on ikide sekiz, sekiz gima
ifade eder. Bu da sekiz elmay! ifade eder. Ve bugalmayi ifade yok bir dakikau ¢cikcak. On alti.
ikisi de sekiz elmayi ifade eder ikisi de birbirimenktir. Bu yiizden on alti elmadir.

A:Orda ¢ elmayi yok iki elmayi mi ¢ikardin? On alimayi nasil buldun?

O:Sey burda ee sekiz elma vardi. Buda sekiz elma v@mlalti elma oldu.

A:Haa topladin. Neden topladin orda?

O:Carpabilirdim de.

A:Yani bu ¢carpmasieminde on alti elma vardir diye mi sdyledik yoksaalti béli on iki elma mi1?
O:On alti elma.

A:On alt elma.

O:Payi elma olarakey yaptik.

A:Peki diger soruyu nasil yaparsin?

O:Bes bolii on iki carpi ti¢ boli dorgleminde kag tane elma vardir. On ikighy.. On ikide bgsey
demistik zaten on ikide bir, bir elmayaiedemistik. Ondan sonra bunu da on ikiygtgaydasini on
iki yapabilirim. Ucle ¢arparim dokuz. Bu da on igibati . Bu ikisini toplarim. On dértte on iki yani
on dort elma.

A:Neden topladik orda?

O:Eeesey bunun pay! bir tane elmayi pardon on ikide hiniypaydaki bir, bir elmayi ifade ediyor.
Burda bg tane var bgelmayi. Bu da dokuz elmayi ifade ediytkisini toplayinca on dért elmayi
ifade ediyor.

A:Peki bu carpmasiemi sen toplama yapiyorsun. Neden topladin?

O:Aaasey eee carpacaktim ben bunu toplama olarak yaarparsam lge dokuzu carparim Kirk
bes. On ikiyle on ikiyi carparim ytz dért mi yok.

A:Carpabilirsin orda.

O:Yiiz kirk dort elma. Pardon yiiz kirk dorttiir pagoda.

A:yani bu slemin sonucunda ka¢ elma vardir?

O:Bu islemin sonucunda kag elma vardir? Ee ben bunu sgidigie. Ciinkii on ikide biri olarak
bulmustum. On ikiyle sadelgiririm. Yine on iki bulurum. Bunu on ikiyle sadgliremem ama ee...
A:Peki burda on ikide bire gére nedensdfilyorsun? Hani niye on ikiyle sadgléyorsun?
O:Cunki sadekiyor ama aralarinda asal sayilar. Ben bunuéjcyapmadan da diinebilirim.
ikisini carparim. On ikiyle hebunu bulurum.

A:peki bu kac elmadir?
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O:Bu kag elmadir?? Eee on ikide bir, bir elmayitgdgordu. Bu dort katl o zaman bu bir geyrek
elmay gosteriyor. Dort yani dortte birlik bir elsnagdsteriyor. Bir elmanin ¢eygai. On be tane de
ceyrek carparsak on fle dort bir dakika bugitir tic tam {i¢ b6l dort elmayaittir. Ug elma ve
bide dortte ¢ bir elmanin dortte Ucunréte.

A:Bir elmanin dortte tgu. Peki bu on ikide bire g@tem yapiyorsun ya .

O:Evet.

A:Onu nasil buldun?

O:Burda buldum. Cunki dortte bir ti¢ tane elmaydy.ilel genlettim. On ikide ti¢ kesrini buldum.
A:Him.

O:0n ikide (¢ pardon dortte bir ic elmaydi. On éiitte (ic elmay gosteriyor. Vegdindiim paydasi
kac Uctli paydasi o yizden de l¢ elmay! ifade edBwiytizden.

A:Tamam. Ucle geslettin on ikide ti¢ oldu. Dértte biri iic elmaysaigite ticii de tic elmadir dedin.
O:Hehe.

A:E on ikide bire nasil ukun?

O:Sey on ikide (¢ payi (¢ olgu icin (ic elma olarak 6ylgey yaptim. On ikide bir de bir elmaysite
oldugunu gordim.

A:He bir elma on ikide biregd.

O:Hihi.

A:O zaman bunun tamami ka¢ elma oluyor? Bu sepedteialarin tamami?

O:Nasll sepet?

A:Hani elma aliyor ya pazardan u¢ elma dortte gjise bir elma on ikide biresi.

O:Evet.

A:Bir elma on ikide bire gtse tamami kac elmayai&

0O:0n iki elmaya.

A:On iki elmaya eit.

O:hehe.

A:Peki bu on iki elmay1 ditinerek ee iki béll G¢ carpi dért boli altinin kémaya sit oldugunu
bulabilir misin?

O:Eee tamami on iki elma...Bulamam.

A:Gene boyle yapardin.

O:Hihi. Mantik yartirdim.

A:Him. Pekisurdasu yaptgin islemde sekiz boéli on ikiyle sekiz bolu on ikiyi tagin. On alti bolu
on iki dedin ya.

O:Evet.

A:O sekiz boli on ikiyle sekiz béli on iki ka¢ elyzassit oluyor?

0O:Sekiz bolii on iki, sekiz bolii on iki.. On altiali on altida on iki elmayssie oluyor.

A:Peki bir tane sekiz béli on ikiden ne anliyorsun

0O:Sekiz elma. Sekiz elmayaittir.

A:Neden?

O:Cinku on ikide biri bir elmadir. On ikide sekige sekiz elmayasi oluyor.

A:Sekiz elmaya. Peki bu Ucte iki ile altida doikisini de o zaman sekiz elmaysitebuldun.
O:Evet.

A:Esit mi bunlar?

O:Evet.

A:Neden?

O:Birbirine denktir. Ciinkii bunu sadgiiedigimizde yine (i¢ boli iki kesrini buluruz. Yine ikiye
bdlersek bu ¢ olur bunu da ikiye boélersek iki oline ayni kesir.

A:Him.

O:Birbirleriyle denktir.

A:Anladim peki bu bitiiniin tamamini bana cizebilisim? Oraya (¢ elma dortte birse. Sepetteki
elmalan? Kag elmadir tamami?

O:Bir dakika. Dorde bolersem bir bu da ¢ok kiicithuolEesimdi dortte bir iic elmaydi. O zaman
surasi U¢ elmadir. Burasi da U¢ elmadir. Hepsi élyea. Bu da Uc, bu da ug¢, bu da ug, burda da utg
oldugu icin U¢ kere dortte on iki elmadir. Yani tamamiiki elma.gekil ¢izdi)

A:Him. Peki o Ugte iki ka¢ elmadir? Onu gosterelilisin?

O:Ugcte iki?
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A:HIm.

O:Yani sekiz olarak buldum ama icte iki kac elmaekis elma.

A:Neden?

O:Yanisu on ikide bir olarak djiiniiyorum ama.

A:Orda yaptgin gibi.

O:hihi.

A:Peki diger sorudan devam edelim.

O: (soruyu okuyor)Aagidaki sekil yani busekil ticte biri gstermekteymbusekil. O agidan bunlari
bulmamizi istiyor. Yangurda osekilden var bir tangdyle. Yani bir tane Ugte biri vafunu eklersek
buraya yani ikisini aliriz.

A:Orda cizebilirsin, tarayabilirsin.

O:Su ikisini aldik. Bu ticte birngi Ug tanesey. Eee bu ikisini aliniz. Ve bunu da alirsak. Buoeybir
Ucte bir eder. Ondan sorya iki tane alirizSuda hani bir tane aliriz. Buda bir Ug¢te bir edes.(¢
tane de geriye kalan onlari da alirsak bir tanexdatte bir eder. Ve bunlarin toplami yadyle
yapiyorum, yapiyim. Ee (¢ bolu dort.

A:Him. Peki bunu bgka tirlG bulabilir miydin?

O:Hayir. Bide carparak toplayabilirdim 6yle.

A:Nasil carparak?

O:Cunki burda dort tane tigte bir var. Ucte birleddidcarpardim. Yine ayni sonucu bulurdum.
A:Neden ayni sonucu buluyosun peki?

O:Cunku toplama argik pardon carpma argk toplamadir. Yani bunu teklemle yaparken onu
birden fazlaglemle yapariz. Yine ayni sonu¢ ¢ikar ama.

A:Him. Peki “b” sikkinda hangi kesri ifade ediyor.

O:Su sekilde bir tigte birdirSu sekilde de bir igte birdir. Ama burasi artiyor. @oé kutucuk ticte
birse bir tane kutucuk ee denklem kurarak yapainilir

A:Nasil yaparsin?

0O:Ug kutu ticte birse bir kutu sorgareti koyarim. Caprazlari carparimama bolerim birle tigte biri
carparim. Kittri yine ayni tgte biri buldum. Ve bu Ugcte big&ibdlerim. Bu dagdtir Gi¢ boéla bir ters
cevirip carparim. Budasitir yine Ucte bir.

A:Nasil yaptin onu?

O:Ugte birle iicte biri carptim.

A:Himm nasil ¢arptin?

O:Pardonsurasi dokuz olacak. Paylari garptim ilk 6nce pagzdym. Paydalari carptim paydaya
yazdim. Yani bir kutucuk dokuzda birgniO zaman ben bu icte birleri paydasini dokuz yapdic
ile geniletirim. Bunu (cle carparsam zaten birde dokuztartiz vardi. Ug kere (i¢ dokuz i¢ dokuzda
Uc¢ bunlarin hepsi. Burda da dokuzla bir vardi. Btoplarsam. Bu yedi bolu dokuzsitgr.

A:Yedi boli dokuza gttir. Eee peki bunu b&a tirli yapabilir miydin?

O:Hayrr.

A:Boyle yapardin.

O:Hihi.

A:Peki bu hani en ga su sekil bir batundn tgte birini gésteriyorsa bu butirtimami kag kareden
olusur?

O: Bu bituniin tamami tigte birdir. Ugle carparim.Kdge ise tcle garparsam dokuz karedir.
A:Dokuz kareden okur.

O:Hihi.

A:O zaman her bir kare kacta kagé eluyor?

O:Nasil? Her bir kare?

A:Bir kare kacta kacinasi oluyor bu bitiiniin?

O:Dokuzda bir.

A:Dokuzda birine gt oluyor. Peki 1iim bunu diiinerek “b”sikkini baska ttrlt yapabilir miydin?
O:Bunu digiinerek. Sey yapabilirdim. Az 6nce degimiz gibi bir biitiin dokuz tanedir. Bunu
bir,iki,i¢,dort,bg,altl,yedi tane var. O zaman bir bitun dokuz taméakuz da yedi diyebilirdim.
A:Dokuz da yedi.

O:Diyebilirdim.

A:He her biri dokuz da bir yedi tane olgluicin dokuzda yedi.

O:Hihi.
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A: Peki bunu hangslemle yapardin?

O:Toplama.

A:Toplama. Baka bir slemle yapabilir miydin?

O:Carpma.

A:Carpma. Nasll yapardin?

O:Toplamayasey yapardim. Dokuz tane pardon yedi tane dokuzrilgdn yana toplardim.
Carpmada ise dokuzda yedi ile dokuzda biri carpar@unku yedi tane var.

A:He yediyle dokuzda bir ¢arpardin.

O:dokuzda bir carpardim.

A:Tamam tgekkdrler.
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APPENDIX G

ACTIVITY SHEET OF VOLKAN
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3) Etkinlik: Kesir takinu kullanarak
Arag ve gereg: Kesir takimi

sarpma isl

ni yapma

i
lik kesir par¢asinin ~ ini nasil bulabiliriz?

b
b) Buislemi vapmak igin 1 lik ve i lik parcalari sekildeki gibi alt
e o 4 SRR e O
alta yerlestirelim. Diger parcalart deneyerek hangisinin Zinzi kadar
B l oldugunu bulunuz.
o B
4
217)?]
i 4
) Yaptiginiz islemi matematiksel olarak nasil ifade edebilirsiniz?

T 1. &. s o 5 1
in 7 ini ve 7 in 7 ini aym yontem ile bulup. sonuglar karsilagtirimz.

| =

d)

= _L *‘l — l
"Awg= A 174
4) Etkinlik: Kagit katlama ile carpma islemi yapma
Arag ve gereg: Kagit

sy o
|
=
o=~
ﬁ w
Y
")
e

a) Kagit ince bir serit haline getirtlir.

By, Ly o P orenle [ .
b) 3 inZini bulmak i¢in énce kagidi 3 es pargaya katiaymiz.

-
| ¢) 3 parcaya katlanmig kdgit tam ortadan ikiye kailayiniz.
L d) Katlanmis kagit agilarak en kiiciik boliimii kesir olarak ifade ediniz. Olusan sekli
%}ziniz‘
e) Islemi matematiksel olarak ifade ediniz.
i‘ p )‘ . .
TN 5
T |
N2
pi
L



5) Etkinlik: Seffaf kesir kartlar: ile ¢arpma iglemi yapma
Arac ve gerec: Seffaf kesir kartlar

a) - liikk seffaf kesir kartinin tizeri

5
adir? /\S

e = lik seffaf kesir kartini verlestiriniz. Olusan sekil

kac es pa

b) ikirengin ¢akistigr yer tiim seklin kagta kagidir?

i

Yandaki sekil

lizerinde gosteriniz.

(>

}
b g
-

¢) — iin=si kagnur? Islemi matematikse

: 1 once ikiye boldii, yarisim
varisini da ii¢ arkadasi ile paylasti.

1 glintinti }

ve kardesine ayirdi. D

anne, bz

dan biri pastanin ne kadarini yedi?

b) Ayse nin annesi pastanin ne kadarim yedi?

7) Bir ¢ocuk 12 findig yemistir. Cocuk kag tane findik yemigtir?

12 |4
4515 £5=9 4

ANCS{ o ‘3“"'1 “\r
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8) Asagidaki carpma islemlerini yaprniz ve carpimlar en sade bicimde yazimiz,

2. s 10
B % -, s 40 ¢)
e =]

A
Z 5

= —_—— = __\—- d) QE‘X$—

.3

9) Asagidaki modellerde gdsterilen garpma islemlerini ve sonuclarmi yazimz.

10) Asagidaki ornege inceleyiniz. Diger sorulari da drnege uygun olarak tamamlayiniz ve

sonuglarini yaziniz.

11) Asagidaki ifadeierde verilen islemleri yapimz. D
olaniarin yanina “Y” yaziniz.

o L. e 1
bl —;—x-{ igleminin sonucu-*'dir.

I~ 4]

2 —g—x1 -é- iglerninin sonucu ;Mg " iy

12) 24 kalemin é ini Kerem, = ini Asiy, geriye kalanini da Banu almugtir. Banu kag kalem

Imustur?
almustu % \§ 24\ 4= 1O 211"01“1 Q>cm-v
2310 Pecom  24TC BN o

a\wAan T( J\W_



13) Mehmet, ismail ve Mustafa ortak olarak aldiklar arsay: miiteahhide vermek istiyorlar.
- 93 y IR . 1. s 5 o o - S
Arsamn = i Mehmet'in, =i Ismail’in. -1 Mustata’nindir. Arsa sahipleri miiteahhidle
anlastilar. Buna g6re arsanin yarisi miiteahhide verilecektir. Daireler ise ortaklar
arasinda paylasilacaktir. Arsaya her katinda 3 daire olan 8 kath bir bina yapilacaktir.

a) Ortaklann paviams: zoster

irinin kag dairesi olacagini

I' DIrmin

=24

4 o4

— 4 d==z I N

’5 g '62“(2 ) %:;L L‘\S{‘r:u
Mestela :

‘dan Frankfurt’a

hil"da ise kalan koltuklann

Il yoleu ugag

17, Ankara’da veaktaki Koit

a) Problemdeli veril
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APPENDIX H

SELF EVALUATION OF VOLKAN

Oz Degerlendirme
1) Kesirlerle carpma islemivle ileili neleri bili ]
sesirlerle carpma iglemiyle ilgili neleri biliyorum

v keSr\‘f\ lesr,’ Carpynoyy o0 e f’dcr_ \4“‘,,\
baa
Yy e gn
; e -

f ?O e rod‘ &jG"z|l¢,» ef):)dq ‘\(

- T feufe corpilic

2) Kesirlerle garpm >minde neleri kolayca 6grendim?

)$l{m 30fmo‘,~\/

3) Kesirlerle ¢arpma isleminde neleri 6grenirken ve yaparken zorlandim? Bu zorluklar

EQ’Z\ ’(;.\( J:\‘

:O(L/‘or‘ o O'L B L
303’S§(0|u\ L J e x 201 londw C‘“"""‘d"ll/a,

v SO lort sy

4) Kesirlerie ca

Lesicder\ Sorpe 1 3\em; gt Bowi pot Poltalor 5% and
> Do/ endymm

T Gorpma Yppory,
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Oz Degerlendirme Formu

Bu form kendinizi degerlendirmek amaciyla hazirlanmugtir. Her bir ifade igin sizi en
iyi tanimlayan secenegi (X) ile isaretleyiniz.

! Emin ]
Kesirlerle Carpma islemi i Evet | Degilim Hayir |

Bir biitiiniin belirtilen kesir kadarini bulabiliyorum. |

bulabiliyorum.

Kesirlerle ¢arpma isgleminin anlamini biliyorum.

Bir kesrin belirtilen bir kesir kadarint ' >Z< 7 1
K
7(

Kesirlerle ¢arpma iglemini yapabiliyorum.

Tam sayil1 kesirlerle ¢arpma iglemi yapabiliyorura. T X

Bir biitiiniin belirtilen kesir kadarini modelieyerek |
gosterebiliyorum. }

Iki kesrin ¢arpimini modelleyerek
gosterebiliyorum.

arasindaki iligkiyi agiklayabiliyorum.

Kesirlerle ¢arpma igleminin sonucunu strateji
kullanarak tahmin edebiliyorum.

Kesirlerle garpma iglemi ve toplama iglemi ; >< ‘ —

Kesirlerle ¢arpma isleminin degi$me dzelligini
agiklayabiliyorum.

|
Kesirlerde carpma islemi gerektiren problemler :
¢0zlip, kurabiliyorum. i

rem
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MATEMATIK GONLUGUM

endiniz. Bu konuyla ilgili agsagida verilen sorulari

Kesirlerle carpma iglemini yapmay1 6gre
agiklayarak cevaplaymiz.

1) Kesirlerde ¢arpma islemi sana ne ifade ediyor?

B” keyin beory B Yesrin belickiten bir kesr

VO

kadon

2) Giinliik hayatta

‘}ora Vq.,'¥Lp'\ \,(1165. Gle¥v\

hastalanip okula gelemeyen bir arkadagin
bu konuda arkadasina yardimei
slemini nasil anlatirsin?

3) Kesirlerle ¢z

ol 1 anlar

@r besin  Lesr, Gor pmo is Lemia; i Fedlp 0 b,
B Yerin Lelirdilen bir  kesr  dodorm h\mak

? Bu konuda
kivorsa gekil

. Yorune GoY Yoy anlglee?

| &)
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6) Kesirlerls ¢arpros iglemi ve teplama isiemi araswdaki digkivi nasit agikiarss

KesieVen, Yoplomg \§lem: ook poxde esitlemomis

7) Kesirlerie carpma islerminin sonusy

Cositlerle Qo«fma‘ ?‘é\uwini skee dej il
sk sefpad younw

olare \of o ¢
~N
\'0(\‘0'!”! L‘QI(O(\D(,(','/‘"&,

8) Kesirlerle ¢arome 'slemin

‘ Bir a\\b\wde 240 ™ hmrm 3}: Vol qel ot
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o™ }‘«rr\bf (\'clv" )
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APPENDIX J

ACTIVITY SHEET OF AHMET

KESIRLERLE CARPMA [SLEMI

1)
L% W - % L
e ST S SR s AR o S
4+44 LY 242 14y R
pigfen b 8% S anh A
8)} U)Qﬂﬂ\ &M’ WM t@‘pﬁ’lﬁ-ﬂdl&(\ M J t}{l&aﬁ‘- A/FI'V (mc/
Myase ka orpee gl yuperd: 8o
7 25,20 1y Coies olainl Juiecle Sin g,
B ; i S WMM;\ L le“* wr gyl
i ; SBYUbA (Y chayy (‘j_u
5
Lol ibabal ob ol
@9%1«“ b -E‘lj:t“l* " j‘\—+L1 “L‘*U%*%‘"'i‘*u{' L"’&
"J cr‘\\(L_A uk'\ (QU Llerc & ‘J"‘ ‘U‘J"'\ 1‘16_ l_ =l:_ dﬂ‘uo‘z guj_j.‘rc

biboa.
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3) Etkinlik: Kesir takimi kullanarak garpma islemi yapma
Arag ve gereg: Kesir takimi

71{ T ) ~1xl\kgsrvwrgav1\ n—m“dslbu biliriz’
1212 i \,Qg_—i— ﬁw m,ﬂamﬁz wwm

1
b) Buislemi vapmak igin 1 lik ve - lik parcalari sekildeki gibi alt
i - - o N
*T Tr alta yerlegtireliim. Diger parcalar1 deneyerek hangisinin Sinzi kadari

oldugunu bulunuz.

5"%“ 2 — T A TR Y

c) Yaptiginiz iglemni matematikse!l olarak nasil mm edebiliysinz L( A
' ! L7,
o “«glt;%h Ceyy M ‘:&LUL\ Q\ wrrd J‘@JJ Lehedlli iy
4. A
4o 2 2
= ini avni yontem ile bulup, sonuclari kdl$lx 1§me/

_j__.L. A -*zr'—i_;::’»-z- b 4

%uﬁbQ d»’,{,ﬁ/ 1 (.)JQLU k)

4) Etkinlik: éf;zlt katiama ile carpma islemi yapma
Arag ve gerec: Kagit
a) Kagit ince bir serit haline getirilit
j R T » n Uil
b) 3inZini bulmak i¢in 6nce kagidi 3 es pargaya katlaviniz.

¢) 3 pargaya katlannug kagit tam ortadan ikiye katlayiniz,
d) Katlanmis kagit agilarak en kiigiik boliimii kesir olarek ifade ediniz. Olusan sekli

%A\»Aﬁu. BM-» 5‘”‘ b —%’.; W

A

ad
e) Islemi matematikse! olarak ifade ediniz

Cop Py WAL‘ -13_—-,1.— :21;-—

i o=

(L |
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5) Etkinlik: Seffaf kesir kartlari ile garpma islemi yapma
Arac ve gereg: Seffaf kesir l\artl(m

a) - le seffaf kesir kartinin iizer m: = l k seffaf kesir kartin1 yerlestiriniz. Olusan sekil

l\m, es rd[’&ddlr_i- W" WMJJ M("”‘ ﬂ(MCV ,(_,U.J Lf_L.I—&W n/é
MVL L‘g, ,)Wa CLJw Augcwx &L/& HEW d-[%«/

b) iki rengin cakistig yer tiim sekiin kagta kagidir?
gime 553 3 Y &
Yandaki sekil tizerinde gdsteriniz.

S

i ey

L;li-é
wlN

¢)

si kagtir? Islemi mat cmduks 1 olarak ifade ediniz. / "
ﬂ)&jp}p ,Tm‘»m (me, hewn  Cerpe 4o -
J
— R Sz

% H»w s-u-\um

»
o

\

v"l‘

6) Ayse iig arkadas ile dogum giintini kutladi. Ayse pastay: dnce ikiye boldd, yarisim
anne. baba ve kardesine ayirdi. Diger yarisi da (i¢ arkadast ile paylast.

a) Ayse’nin arkadaslarmdan biri pastanin ne kadarin: yedi?
}w VU,Q.{V"LL W" + ﬁ/\,ﬂ
Lokl Chpime i ,}‘Q;“,{ A e dl
. .
2 '51; “7a
b) Ayse nin annesi pastanin ne kadannm yedi?

Wiew N Mgy Py [f Yrdn
1 | j f
A b e i o RARS t[}»tc [« -

IEET- o

"z B 6 o

",{A/ijx’ [l.u [iw et/ R

1

-F'

AN Lémgl»

Liagely guce

[ )

3, ! ) o
7) Bircoc Ul\ 12 findifun ~linit yemistir. Cocuk kag tane findik vemistir?

)}M ,),Lt LU»“U“ (y’\’ él 2 L‘U.:;.L[C:i, A AL'.ENLL LiC*’ C\CLO"Q’“& ‘L"’f -
: E}Q{LL}LW A ‘r* [“ 9\ el ‘ L Qf};\ﬂ,ﬁ/\ ﬂ%,&), /ll,»(/ 2 8NN 1 ;LM

ﬂ - Jundd, sy ndshin

¥«
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8) Asagidaki carpma islemlerini yapiniz ve ¢arpimlari en sade bigimde yaziniz.

o . NPy iPy 3

\ 1 . £ 1§3 '3
b) -?xé:-'—-—‘ d) 2-x :-——S '___‘2) - — -'4“‘0'
8;1 » %0 4 “« 5 40

10) Asagidaki 6rnege inceleyiniz. Diger sorulari da drnege uygun olarak tamamlayiniz ve
sonuglarini yaziniz.

Ornek
e | it 2%
| " [l o

11) Agagidaki ifadelerde verilen iglenileri yapuuz. Dogru olanlarin yanina “D”, vanhs

) R W
olanlarin yanna “Y” yazimz. o S .
v ) AT, ST
m Lt istemini et Lt N 2l bt 10,
) 5 X isleminin sonucii— dir. N g X 7 Kesirinin 2 kati T2'dir
I
¥ ’;"“% isleminin sonucu %—g'dir. Y I g TR
3 _ g sk .3 -9
K I W, 8 K L -2
3 6 9 L= £ A
12) 24 kalemin Z ini Kerem. Z ini Asli. geriye kalanini da Banu alnustiy. Banu kag kalem
almstir? V)'\ - U/SJJU(\ Lj_ﬁ A Jp el et ps MCL[ '(‘—CL"] Conr ’MV\

mhm My v

24
\ - ~ ".l‘é.:‘x,/\'\ = '0
= L L4410 A lawe L‘l’i"chw,gl,
Cﬂtvc\)

)
e
w, ! "
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olarak aldiklan arsay: miiteahhide vermek istiyorlar.
y O > . . - &

- 1 Mustafa’mindir. Arsa sahipleri miiteahhidle
ahhide ve

anlag 111(.1 Buna gdre arsantr
rasinda paylasilacaktir. Arsaya her k

. . Daireler ise ortaklar
inda 3 daire olan 8 katli bir bina yapilacaktir.

a) Ortaklarn paylarini ir gema ¢iziniz.

g
]
i

bh)

sahiplerinin her birini

3‘ y:u« it Ueseh
— b Jw Mhed'e voe

:-3:- oy Z 'l‘u e 'uL *

o:w
>,

tarmali olarak A
armali olarak An

kara’dan Frankfurt’a

si satilde. Istanbul’da ise kalan koltuklarin

ild1. Buna gére:
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APPENDIX K

SELF EVALUATION OF AHMET

Oz Degerlendirme

1) Kesirlerle ¢arpma xxlgsm\lg ilgili mlm bili

)/.uul;u G ks drcligid Lyt tu!/ ww««ﬁ (-h‘:'). JJ.).:}M OL

‘H'A L,L; ul).w C‘f ) l@u&& N"“( . el l,. b/(é{
mAL, 1‘“, ’JL-U‘-‘ LLl‘L (s ;;La.» LN'L 44.*/q<_¥1 L.f‘/f C,(U/u[v ﬂ{ -1
T ey

e
St [, I/ (AareA 4 J‘V
2) Kesirlerle ¢arpma igleminde neleri 1\ olayca Ogrer mm

’TQJuMn W&u 1o L(Av[ C,Uau%

3) Kesirlerle garpma isleminde neleri dgrenirken ve yaparken zorlandim? Bu zorluklar

nasil asum?

lLmeuqu’,eh \IJN'MU‘ Uk dg"ih“‘“"’ Yol W
U"'»()r\'-‘(‘ ‘VL' 0“41""\

4) Kesirlerle ¢arpma isleminde nel leri severek mpnm ve grendim?

1)a)

(b2 A l(LJU LAy ",11-‘ A AN AL Stede Y l{
- 7 / / ~ o & £ Y (// i /(;
Oy Vepeh

L}

3) Kesirlerle ¢arpma isleminde baska neleri de yapabilmeyi isterdim?
W cayPm qﬂu\u&b W JJ almj 0@;([(
endisy sablle bdod it Lo
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Oz Degerlendirme Formu

Bu form kendinizi degerlendirmek amaciyla hazirlanmustir. Her bir ifade icin sizi en
iyi tammlayan segenegi (X) ile isaretleviniz.

Emin ]

Kesirlerle Carpma islemi Evet Degilim | Hayir |

Bir kesrin belirtilen bir kesir kadarini
bulabiliyorum.

Kesirlerle ¢arpma iglemini yapabiliyorum. [

Tam sayih kesirlerle ¢carpma iglemi yapabiliyorum. |

Bir biitiiniin belirtilen kesir kadarini modelleyerek

Kesirlerle ¢arpma isleminin anlamini biliyorum. i x i

i
gosterebiliyorum. i
Iki kesrin garpimini modelleyerek '\ J X \
gosterebiliyorum.

Kesirlerle carpma islemi ve toplama islemi
arasindaki iligkiyi agiklavabiliyvorum.

Kesirlerle carpma igleminin sonucunu strateji §
kullanarak tahmin edebilivorum.

agiklayabiliyorum.

Kesirlerde ¢arpma islemi gerektiren problemler
¢ozlip, kurabiliyorum. ‘

Kesirlerle carpma igleminin degisme 6zelligini » X

[1TH
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APPENDIX L

JOURNAL OF AHMET

MATEMATIK GUNLUGUM

Kesirlerle carpma islemini yapmay: dgrendiniz. Bu konuyla ilgili asagida verilen sorulan
agiklayarak cevaplaymmz.

1) Kesirlerde ¢carpma islemi sana ne ifade cdl\ or?
)Q,UM Capfivsat ulooubs Yo g‘"‘ b }“"‘W A‘-L“L

lete 52

2) Giinliik hayatta kesirlerle garpma islemi nerelerde karsimiza ¢ikar?

dnalil sroblindoside bugass <o,

M‘. 134+ 8dnpm ',)"-/j‘ 'L‘(/LA. ?Qd:: /- 'é‘-':l Seod

(& e
3 - 4

AT Py

3) Kesirlerle carpma konusunun islendigi giin. hastalamp okula gelemeyen bir arkadagin
bu konuyu anlamak i¢in senden yardim istiyor. Sen de bu konuda arkadagina yardimci
olmaya karar veriyorsun. Bu arkadagina kesirlerde ¢arpma islemini nasil anlatirsin?

Orm.I\ \erlp modelleverek gosterebilir misin? L ,2 Ul&,\l‘r OLLAA
ay //.J
K .,Lru,rtl,o Lﬁh‘vw »)L-MLM
|
U-C“jll.w ;Lb W~72 O-ridn re iclu‘ e f“‘ou-d

Bluash

ru»

4) Aym arkadasina tam sayili kesirlerle carpma islemini nasil anlatirsin? Bu konuda
soyleyecegin en énemli sey ne olur? Ornek vererek agiklayip. gerckiyorsa sekil

gizebilirsin. ( 'L‘«" C,aw;il‘v 'y(q/z Lz;. ;&‘M L""UZ{“(M

“Tum S
J?f L el ce i Py v
L) i

¥ P S S S B
’T"T‘m T - s S
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7) Kesirlerle garpma s

5) Aym arkadasin

veri

R}

6) Kesirlerle ga yout

Posis bl

vererek agiklayvabilir

\ 3]
| {
| ¢
o)
o

. modelleyerek

C "

1 sindaki iliskivi nasii aciklarsin?
“ f
Oty l) | \,“.//ﬂ

R & L

- - G —

ey ==
4 b -
kullanarak nasil tahimin edersin
[

O 1

% VL BN

1 |

s "o 2('(‘ Sevt
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