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ABSTRACT

A STUDY ON SIXTH GRADE STUDENTS’ UNDERSTANDING OF MLTIPLICATION OF
FRACTIONS USING PIRIE AND KIEREN MODEL

Duzenli Gokalp, Nurgil
Ph.D., Department of Secondary Science and Mathesratucation
Supervisor: Prof. Dr. Safure Bulut

December 2012, 162 pages

The purposes of this study were to investigatehsirade students’ understanding of
multiplication of fractions in terms of the Pirieidfen Model of Understanding in the light of use of
multiple representations and to improve mappindgufeaof the current theory to increase depicting
power of the maps produced. One of the qualitatésearch methods, case study design was used.
This study was conducted with two sixth grade sttglat a public school in Etimesgut, Ankara in the
spring semester of 2009-2010. Students learntidrast They completed activity sheets during the
lessons. They completed self-evaluation forms ar@erournals just after the instruction. Afterttha
semi- structured interviews were conducted with stuiedents in order to analyze their understanding
about multiplication of fractions. The data colktt from interviews were used to reveal
understanding maps of each student. Moreover, #ta @om activity sheets, student journals,
observations, and self-evaluation forms were usedrengthen the findings from the interviews. This
study showed that there was a relationship betwaetents’ preference on the use of different tyjpe o
representations and attained understanding leveliutiplication of fractions. It was also found tha
establishing connection between multiplication odcfion concept and real life usage of these
concepts and extending whole number multiplicatiorthe multiplication with the fractions were
acted as an obstacle for understanding the mualitdin of fractions. In the current study, it waes
that there was a relationship between question &k students use of representations. Moreover,
teachers should use different type of represemstio their classrooms more frequently in order to
help students to reach higher level of understayediieachers should also connect new ideas to what
the students have already learned for deeper uaddisg of them.

Keywords: Mathematics Education, Growth of Undardtag, Multiplication of Fractions, Multiple
Representations, Pirie and Kieren Theory of Undeding
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ALTINCI SINIFO RENCLER N N KES RLERDE CARPMA ANLAMALARI UZER NE PIRIE
VE KIEREN MODEL N N KULLANILDI 1B R CALI MA

Duzenli Gokalp, Nurgil
Doktora, Ortadretim Fen ve Matematik Alanlar Himi Bolimu
Tez dan man : Prof. Dr. Safure Bulut

Aral k 2012, 162 sayfa

Bu cal mann amaclar altnc snf dencilerinin kesirlerde carpma anlamalar n c¢oklu
gosterim kullanmnn  nda ve Pirie ve Kieren'in anlama teorisi doltusunda ardarmak ve
mevcut teorinin haritalama 06zelini Gretilen haritalar n gosterim gicind artt racdk rultuda
geli tirmektir. Nitel arat rma yontemlerinden biri olan durum cahas deseni kullanImtr. Bu
¢al ma 2009 2010 &etim y | n n bahar doneminde Ankara ili Etimesggéesinde bulunan bir devlet
ilkd retim okulundaki iki 6. snf drencisiyle yap Imtr. O renciler kesirleri 6renmiler ve ders
boyunca aktivite katlarn tamamlamlardr. Ayrca, Oretimden hemen sonra, r@nciler 6z
de erlendirme formlar n doldurmilar ve ginlik yazmlardr. ki 6 renciyle yar yap landrIm
milakatlar onlarn kesirlerde carpmalemini anlamalarn analiz etmek (zere vyap Im.
Miulakatlardan toplanan veriler her birr@ncinin anlama haritalar n otwrmak icin kullan Im tr.
Ayr ca, aktivite k& tlar, 6 renci ginlikleri, gbzlemler ve 6z derlendirme formlar mulakatlardan
bulunanlar giclendirmek amac yla kullan lty. Bu cal ma 6 rencilerin farkl tipteki gosterim
kullanma tercihleri ile kesirlerde ¢arpma konusundatklar anlama seviyeleri aras nda Ki
oldu unu gostermiir. Ayrca kesirlerde carpma kavram ve bu kavranm gercek hayatta
kullan mlar ve tam say larla carpman n kesirleggepmaya genietiimesi gibi durumlar n kesirlerde
garpman n temellerini anlama surecinde engel totabilecei bulunmutur. Bu ¢al mada, soru
tipiyle 6 rencilerin gosterimleri kullanmalar aras nda birki oldu u géruldi. Ayr ca, dretmenler
0 rencilerin yiksek anlama seviyelerine ¢ kmalar aedym etmek icin s n fta farkl gosterimleri daha
sk kullanmal d r. Oretmenler 6rencilerinin daha iyi anlamalarn damak icin de yeni konular
6 rencilerin 6 rendikleriyle birletirmelidirler.

Anahtar kelimeler: Matematik Eimi, Kavraman n Geliimi, Kesirlerde Carpma, Coklu Gésterimler,
Pirie ve Kieren Anlama Teorisi
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CHAPTER 1

INTRODUCTION

The words “I just don't like math”, “I'm just no gal at mathematics,” “I hate mathematics
in school”, “I don’t understand mathematics” aratftethroughout the schools corridors many times. |
can infer from my personal experiences as a mattiesn@acher at a public elementary school that
most of the students hate mathematics since thigydanroutine procedures and memorize formula.
These students see mathematics as fiction. Theyotlanderstand the concepts in mathematics and
they are far away from actual meaning of those smatitical concepts. Because mathematical
concepts and procedures are all constructed in sn{Bteffe, 2001, 2004; Thompson, 2003; von
Glasersfeld, 1983), sometimes, even we cannot khtive students understand the related concepts
or not. In order to have effective mathematics hésr and help students to understand mathematical
concepts, the teachers should know more about r#isidanderstanding of a concept. Besides
knowing the current state of students’ understapdina specific topic, knowing how to understand
would be a good start for teaching.

Understanding mathematics is always an importasueisand most of the time it is a big
concern to assess students’ understanding of matitaihconcepts (Pirie & Kieren, 1989; Skemp,
1976). The assessment of students’ understandimgattiematical concepts is not an easy task and
thus, only limited part of students’ understandiogld be assessed (Sierpinska, 1994). Even itean b
said that sometimes we think that we assess stidamderstanding of mathematical concepts, but in
fact we really assess something else but not tderstanding. Therefore we need to clarify what we
mean by understanding at first. On the other hamthe literature, especially in the field of edtioa,
although understanding is a commonly used wordgtlseno clear definition of it. We use this temm i
our daily life for many times for various reaso@milarly, many definitions could be found in
dictionaries for the meaning of the term “underdiag”. For example, dictionary of Meriam-Webster
(2010) turns eight definition of understanding. 8éof them are close to the meaning that we use in
education. However, these are still too broad todferenced. For example the first definition is “a
mental grasp”. If one says that “It is clear thatinderstand the multiplication of fractions”, the
meaning of the understanding here is the mentapgidoreover, the second and third definitions are
“the power of comprehending; especially, the capac apprehend general relations of particulars”
and “the power to make experience intelligible Ipplging concepts and categories”, respectively.
These two definitions also point out the meaningiederstanding in education. Yet, these three are
still too broad to be referenced for the meaninghefunderstanding of students at a specific cdancep
It is not easy task to determine if a student ggaspconcept or have a power to comprehend it.
Therefore, researchers have had many works orsthjgct to see what understanding is and how we
can see if a person understands a concept or nodolbt, Bruner (1960) was the one who came up
with a distinct and clear definition of understamgliwhich described understanding as a product of
thinking. However, his description of understandings still too broad and was for education in
general, not for mathematical understanding spdigi.

Through the years, researchers have proposed betteraries to describe learners’
understanding of mathematical concepts. Skemp (18@6 the one of the researchers who theorized
mathematical understanding. He categorized undetistg similar to Bruner (1960). According to
Skemp, understanding includes two categories warehrelational and instrumental understanding.
However, researchers argued about Skemp’s apprmmamderstanding. These arguments were
mainly focused on how well that theory really expsaunderstanding (e.g. Byers & Herscovics, 1977;
Tall, 1978). This resulted in a revised versionS&eEmp’s understanding theory. The revised theory
had two additional understanding categories: |dg{Skemp, 1979) and symbolic (Skemp, 1982)
understanding. Later, several other researchelswiet! the ideas of Skemp and proposed several
understanding theories but with different categori®ergeron & Herscovics, 1988; Byers &
Herscovics, 1977; Schroeder, 1987).



Pirie (1988) had doubts about categorizing studentwlerstanding of mathematical
concepts. Instead, she put emphasis on processd®r|study, she discussed the idea of having
several levels at the process of growth of undedsity. A year later, Pirie and her colleague Kieren
published the description of their theory (Piridk&ren, 1989). Pirie and Kieren (1994) describad th
theory of the growth of mathematical understandisg“a whole, dynamic, leveled but non-linear
transcendently recursive process” (p. 166). Thesth has two important features: “folding back” and
“don’t need boundaries” (Kieren & Pirie, 1991; RBi& Kieren, 1994). The first one helps students to
go back to their prior knowledge to extend theiderstanding to new contents. Moreover, it occurs
when students go to inner level of understandingvéok more on that level to go outer level of
understanding. The second feature “don’t need baries!’ specifies three critical boundaries where
learners do not need to attend inner level of wstdading to perform understanding activities beyond
those boundaries. These “don’t need boundariegisdiestly occur between image having and image
making. The second boundary occurs between formgland property noticing levels. And, the last
one occurs between observing and structuring levels

The Pirie—Kieren Theory of Understanding has sé\edtgantages compared with the other
understanding theories. First of all, this theayot a general theory for understanding; rathés, a
theory for the growth of mathematical understandfiga specific mathematical topic. The Pirie—
Kieren Theory of Understanding acts as a powegn$lto observe the growth of understanding in a
learning activity (Manu, 2005; Meel, 2003; Piriek8eren, 1989). Second, it allows observing growth
of understanding of a specific person or a spegiftwp (Pirie & Kieren, 1994). Third, understanding
theory of Pirie and Kieren does not take a photanefance, rather it allows depicting growth of
understanding over period of time such as minutesrs, days, weeks, or even years (Manu, 2005;
Pirie & Kieren, 1989). As stated before in this ptes, it is hard to see if a student understands th
given concept or not. The understanding theorieergiabove except the Pirie—Kieren Theory of
Understanding do not give sufficient informationoab how to analyze learners’ understanding.
Therefore, the researcher used this theory asaadtieal lens to analyze students’ understanding of
multiplication of fractions in the current study.

After clarifying what is meant by understanding avtich theory of understanding is used in
the current study, now the main focus of this thesin be stated. That is to find an effective and
accurate way in which we can assess understandimgltiplication of fractions. With that focus, the
researcher discussed the idea of tracking and titgpithe use of representations of the studeriiseat
process of understandingds can be seen in the literature, the use of reptatons makes
mathematical communication possible (Kilpatrick,e®fard, & Findell, 2001). Therefore, in order to
accurately analyze the learners’ understandingsnées’ use of multiple representations should be
carefully examined (Cramer, Wyberg, & Leavitt, 20@®ldin, 2003; Taber, 2001). This also gives
opportunity to see which representations shoulduged to convey necessary information to the
students to have understanding of mathematicaleguiac

Hiebert and Carpenter (1992) stated that understgnid resulted from the interaction
between mental and external representations. Aowprd them, better connections between these
two types of representations meant better undatstgnHowever, students’ mental representations
could not easily be observed without analyzingrtlusie of external representations (Goldin, 1998).
Therefore, in order to analyze understanding wel neeconcentrate on the student’s use of external
representations. There is a common view that slyosgpports and suggest on the use of
representations in mathematics courses (Behr, HR@dt, & Lesh, 1993; Kieren, 1993; NCTM,
2000,TTKB, 2009). Researches on the use of reptasems in mathematics are mainly limited to the
studies which attempt to see how effective to @grasentations to teach a specific topic (Akku
C kla, 2004; Gagatsis & Elia, 2004; Orhun, 200@)investigate their role in learning (Cramer et al
2008), and teachers’ preference on using represmmaCai, 2004). However, questions regarding
which representations should be used for a speoific and how representations should be used such
that students gain a deep understanding of that toml a deep understanding of the representations
remained largely unanswered.

After having the clear idea of what understandim@md which framework was used in the
current study, we can now talk about what is doith the understanding in this study. In this study,



the researcher examined how we can further imptioedirie—Kieren Theory of Understanding with
the use of representations and tested effectiverfabs modified version.

In the current study, students’ understanding oftiplication of fractions was explored.
Fractions are one of the basic concepts in mathesndihey can be seen in daily life in various ways
However, students have difficulty in learning fiaos in some respects especially while learning
abstract operations such as multiplication of foad. Results of research studies showed that
fractions are one of the most difficult concept®iementary mathematics curriculum (Cramer, Behr,
Post, & Lesh, 2009; Ersoy & Ardahan, 2003). Thalits showed that elementary school students
have difficulty with fractions at all grade levédBehr, Wachsmuth, & Post, 1985; G. E. Davis, 2003;
Ersoy & Ardahan, 2003; Haser & Ubuz, 2005; MackQ@0 It seems that students do not try to
understand the logic behind the fractional operatianstead, they memorize the rules, formulas,
algorithms, and terms (Ersoy & Ardahan, 2003; Neadt & Murray, 1998). They have some
deficiencies in adding, multiplying, dividing androparing fractions (Ersoy & Ardahan, 2003;
Graeber & Tirosh, 1990). For example, studentskelithat multiplication always increases numbers
(Harel & Behr, 1995).

Though fractions are one of the most investigatedcepts in mathematics, and there are
many studies and efforts to have effective teachbihthese concepts for better understanding, there
are still many difficulties and problems about cgpis of fractions, especially operations of fratsio
as can be seen in the literature (Ersoy & Ardatz®)3; Newstead & Murray, 1998). Studies on
understanding of fractions and operations of faaxtihave revealed the common obstacles in front of
students’ understanding of fractions. However, dhisrstill a need to study on how we will see & th
students understand given concept, or how we wiuge mathematical communication in order to
help our students to understand that concept.

Therefore, in the current study, the researcheloesg sixth grade students’ understanding
of multiplication of fractions by revealing actionwhich students perform to indicate their
understanding. Moreover, their uses of repres@mstivere analyzed to have clear picture of their
understanding process. Thus, the purposes of thdy svere to investigate sixth grade students’
understanding of multiplication of fractions innes of the Pirie—Kieren Theory of Understanding in
the light of use of multiple representations andniprove mapping feature of the current theory to
increase depicting power of the maps produced.

In this study, students’ understanding of multiation of fractions was examined deeply.
The fractions are one of the basic concepts thatpae-requisite for many concepts like ratio,
percentages, rational numbers, and decimal nundterg¢Booker, 1996). They play an important role
in the elementary school curricula and many stuglerperience difficulty while learning the concept
of fractions (Aksu, 1997; Haser & Ubuz, 2005). &splly, due to abstract nature of the operations
with fractions, many of the students appear nohdwe fully developed an understanding of these
concepts (Cramer et al., 2009). Based on thesensasultiplication of fractions was chosen for the
current study. Moreover, students’ use of repregimts at the understanding process and actions
performed by them at each level of understandingevexplored deeply. This can help teachers to
plan their lessons (Cai, 2004; Goldin, 2003; Wils&nStein, 2007). Furthermore, it may allow
teachers and researchers to examine their studemdsrstanding of fractions easily. Findings o§thi
study can also be used to revise curriculum (Hu2@06) and textbooks (Son & Senk, 2010).

Fractions are one of the main topics in the eleargrmathematics curriculum of Turkey. At
grade 6, comparing and ordering fractions, addimdj subtracting fractions, multiplying and dividing
fractions, and problem solving related with frantioperations are the subtopics of fractions. In the
mathematics curriculum, meaningful learning, cotiegcwithin math, connection among math and
other disciplines, students’ motivation and acadelevel were highlighted for the multiplication of
fractions. Moreover, the curriculum suggests the asmultiple representations in the instructional
process of this topic (TTKB, 2009).

Most of the studies found in the literature anatyzinderstanding of the students by using
one of the theories which takes understandingaeory not a process. Even, some studies did not
apply any understanding model while analyzing sttide understandings (Burns, 1999). As
mentioned before, the Pirie—Kieren Theory of Untierding has some advantages while analyzing



understanding in mathematics. This theory allowpiadmg the growth of understanding unlike
Bruner (1960), Skemp (1976, 1979, 1982) and otbimted at the beginning of this chapter. So, as an
understanding model to examine students’ understgnaf multiplication of fractions, the Pirie—
Kieren Theory of Understanding was used in thiglystu

Most of the studies using the Pirie—Kieren Theofy Understanding as a theoretical
framework did not use the mapping feature of thidet (Grinevitch, 2004; Slaten, 2006; Warner,
2005, 2008). It may be because the current fornthef mapping feature does not offer detailed
summary for the understanding itself. It is simiplg far from giving details. Therefore in the cuntre
study, attention was also given to improve the nrapfeature of this theory (See Section 2.3.2.3 for
more about mapping and the Pirie—Kieren Theory mdéistanding). As stated before, use of multiple
representations were depicted in the maps too.€efdrer, this study extends the current body of
literature using the Pirie—Kieren Theory of Undarsting by applying the theory to analyze students’
uses of multiple representations.

This study investigated the sixth grade studentsfeustanding of multiplication of fractions
by analyzing their use of representations as a enmadltical communication tool and depicted this
process. It is believed that exploration of studentnderstanding in fractions gives precious
implications to mathematics educationalists andcation policy makers in designing elementary
mathematics curriculum, since the results of theer study enrich our knowledge on how students’
understanding of multiplication takes place. Thauhes of this study also inform mathematics teasher
about students’ understanding of multiplication fodictions and their difficulties in this topic.
Therefore, this helps teachers to organize theissclactivities while teaching multiplication of
fractions.

1.1 Research Question
The research questions of this study are;
What are the sixth grade students’ understandifigaudtiplication of fractions using the
Pirie and Kieren model?
What representations do sixth grade students usspress their multiplication of fraction
ideas at each understanding level in terms of BimgKieren’s model?

1.2 Definition of Important Terms
Main terms included in the research questionsi®ftudy are defined as follows:

Understanding - is a dynamic process, which isatestrated to be continuing and consistent
organization of knowledge structures (Pirie & Kigr&994).

Level of understanding - There are eight level nflerstanding: primitive knowing, image
making, image having, property noticing, formalgjmbserving, structuring, and inventising.

Primitive knowing: This is the first level of theqress of understanding. This level does not
imply low mathematical understanding. It is defiresl starting point of understanding by Pirie and
Kieren (1994).

Image making: The second level of the Pirie—Kiefidreory of Understanding is image
making level. At this level, the learners are expédo make distinctions between prior knowing and
use it in new situations (Pirie & Kieren, 1994).

Image having: This is the third level of the Pik&ren Theory of Understanding. At this
level, single-activity images are replaced with mémmages. That means learners do not need to
perform physical activities when they deal with heahatics (Pirie & Kieren, 1992, 1994).

Property noticing: At the fourth level, the propestof the constructed image are identified.
At this level, learner can manipulate or combineparties of one’s image to have context specific
relevant properties (Pirie & Kieren, 1994).

Formalizing: At this level, a method, rule, or pesty is generalized from the properties.
Learners are expected to draw a method or commaltityjdrom the properties of previously hold
images (Pirie & Kieren, 1994).



Observing: The learner verbalizes and expressest dbe formalized concept in observing
level. At this level, learners can reflect on foftraativities and express them as theorems (Pirie &
Kieren, 1994).

Structuring: At the level of structuring, the learrorganizes his/her formal observations and
deals with them as a theory (Pirie & Kieren, 1994).

Inventising: The outermost level of the understagds inventising. At this level, learner is
expected to invent a new concept (Pirie & Kiere3n4).

Representations - are characters, concrete olgeaizages representing something else than
their actual meaning (DeWindt-King & Goldin, 20@3pldin & Kaput, 1996).






CHAPTER 2

REVIEW OF THE LITERATURE

Previous studies related to the current study warewed in this chapter. Firstly, the review
started students’ with difficulties in the multigdition of fractions. Secondly, general informatam
understanding in education was given. Thirdly, ust@ding in mathematics education was
reviewed. Furthermore, The Pirie—Kieren theory nflerstanding was reviewed in the next section.
Later, multiple representations and their relatigmswith understanding were reviewed. Finally
national elementary mathematics curriculum andtiivas were reviewed. The review was completed
by giving the summary of the literature review.

2.1 Studies about Multiplication of Fractions Urstanding

Many students have difficulties in learning fractioand operations with fractions. Especially
abstract nature of the operations of fractions makes subject challenging to students. As onédef t
operations with fractions, multiplication of framtis is one of the complex and complicated domains
in mathematics (Taber, 2001). If a student doeduilyt understand the fractions at elementary level
this leads difficulties in mastering fractions aghrer levels (Behr, Harel, Post, & Lesh, 1992; Hart
1981). In the literature, there are many studieschwishow that elementary school students have
difficulties with fractions (Aksu, 1997; Behr et.,all985; Cramer et al., 2009; G. E. Davis, 2003;
Haser & Ubuz, 2005; Mack, 2000; Newstead & Murrb998). The main reason for these difficulties
is that students do not understand the logic bethiadperations instead they just memorize thesrule
and formulas (Newstead & Murray, 1998). With the o$ calculators and computers, students tend to
use decimals instead of fractions in their daiffe.liThis cause students to be unfamiliar with
multiplication of fractions and to use algorithmakidy (Son & Senk, 2010). Similarly, Cramer and
Bezuk (1991) emphasize that the students can perfioultiplication with fraction, but that does not
necessarily mean that they have a conceptual uadeiag of what the answer of that multiplication
means. Cramer and Bezuk (1991) suggested askirggigne that involve estimation of the answer
and estimation the size of the product. Moreoviemay be good to have background information
before having students to do calculation with fiatd (Aksu, 1997; Mack, 1990).

Having problems with understanding basic concepwult in having deficiencies with
operation with fractions such as adding, dividimgltiplying, and comparing fractions (Cramer et al.
2009; Ersoy & Ardahan, 2003; Graeber & Tirosh, 1Z9B8ompson, 2003). For example, some of the
studies show that students think multiplication aj results in bigger numbers than both numerator
and denominator (Harel & Behr, 1995). Studentskhimat the symbol for a fraction represents two
different numbers. For example when students seéh2l do not get the idea of representing a single
entity (Cramer et al., 2009). Cramer et al. (208@)ed that many errors with fractions can show
students’ lack of mental images for the respectiyrabol.

Azim (1995) investigated pre-service teachers’arathnding of multiplication of fractions.
In that study, Azim explored the answers of followiquestions: how pre-service teachers’ reason
multiplication of fractions, what common dimensiasfsunderstanding are evidenced by them, how
they construct understanding, and what forms ofaeig play role to influence or support their
reconstruction of understanding. Fifty pre-senvieachers from two method courses participated in
the study. The data were collected with intervietaim (1995) reported the results of the study at
following dimensions. Firstly, it was seen that @8the 50 participants could discuss the numerical
results of multiplication of fractions with lessathand more than one. The other two participants we
confused about the results. However, almost hathefparticipants could not interpret the fraction
multiplication expressions in terms of effects atk factor in the expression on the other factsraA
second dimension, it was seen that some of theestsichad some difficulty in conceptualizing a
fractional part of a quantity. Unlike expressing bf a cup, it was hard to explain 2/3 of 3/4. The
researcher stated that this kind of operations,revlike operator is less than 1, is an important



benchmark for people’s development of understandihdraction multiplication. Moreover, the
methods used to conceptualize the multiplicatiofraxdtions where the operator is less and more than
1 were different. At the third dimension, the résudhowed that almost 30% of the students had
difficulty in expressing the meaning of the resulost of the participants who had difficulty ineth
meaning of the results tried to interpret resulithweferring the original quantity being reduced o
enlarged. For example, in the case of 3/4 x 1/28=tBe result were interpreted as 3/8 of 1/2. hes t
last dimension, it was stated that almost 30% efghrticipants described multiplication as process
which is not possible to change. That means theiplichtion could be modeled as the same for both
whole numbers and fractions. Beside these dimegsidzim (1995) categorized participants’
reasoning and understanding as following: studeet®nstructing process, students constructing
concepts for the first time during the interviewdastudents building more complex constructions on
their own. It was found that two forms of reasonisgpport participants’ construction of
understanding. These are multiplication sense €f@mple multiplication with whole numbers) and
fraction sense (for example size relationships betwfractions) of participants. It was concludeat th
the one with better reasoning at both of them hettbbconstruction of understanding.

One other study with pre-service teachers wasechwut by | ksal (2006). In her study,
| ksal investigated the relationship between preiser mathematics teachers’ subject matter
knowledge and pedagogical content knowledge oniptigkition and division of fractions. She did a
case study with 17 pre-service teachers. Resultiseo§tudy showed that the pre-service teachers had
no problem with solving and symbolizing the quessioelated with multiplication and division of
fractions. Moreover, it was seen that they hadngfrbeliefs to teach these topics to students
conceptually. However, it was seen that there @blem about their own conceptual knowledge and
meaning of multiplication and division of fractions

Similar to Azim (1995), Mack (2000) investigatecevelopment of understanding of
multiplication of fractions. But, she explored tlemg-term effects of building on students’ informal
knowledge of partitioning with respect to understiag of fifth and sixth grade elementary school
students. Four sixth and fifth grade students gipated in that study. All of the students had ager
mathematics ability. At the first year of the studlye students received three months instruction on
multiplication and division of fractions. All of éhstudents had informal knowledge about partitignin
when they entered the courses. However, they judtiacefer one whole as a unit. For example, they
knew to demonstrate one third of the whole pizzé&hWhis informal knowledge, they were able to
solve some multiplication of fraction problems likading part of a whole. At the end of the first
year, all of the students could find part of pafrtaowhole. They did this by constructing on their
informal knowledge as concluded by the researdfiereover, it was found that weak connections to
the symbolic representations were quickly disapgaar

There are several studies referring to the diffiealin learning fractions when fractional
operations and fractions are not connected withrétad-life experience$Orhun, 2007). Moreover
students have difficulties in understanding frattequivalence. Some of the students are unable to
note equivalences from the pictures. Taber (200drked with 22 fifth grade students to trace their
understanding in finding a fractional part of acfian and use of representations in her study. The
students were involved in 13 days of instructiod #me data were collected from them with fraction
test, observations, classroom discussions, andvietes. The results of her study showed that the
understanding the connections between differentresgmtation systems are so important in
understanding process. Moreover, it was found ithatstudent articulates his/her understanding in
different representation type, he/she will have tdsetcommunication and development of
mathematical understanding.

A fraction can have different meaning to studeBtame of these meanings are operator, part
of a whole, single number which has specific vahrg] division (Mack, 2000). Meaning of fractions
and operations with fractions are transmitted &orlers by using fractional models while they perfor
productive thinking in the meantime. Learners gistite in interactive mathematical communication
and use a particular kind of fractional scheme avlliley are having those meanings (Steffe, 2004).
Burns (2003, p. 13) states multiplication with wdalumbers is as the same as repeated additions
when one add the same number together. Howeviernitt the same for fractions. Students transfer
their prior knowledge on operations with naturaiers to fractions. However, they have difficulties



in transferring. For example, in natural numbera|tiplication can be seen as repeated addition, e.g
4 x 3 =3+ 3+ 3+ 3, but when one multiplies acfron with another fraction it is not a repeated
addition. Similarly, part of part meaning of muligation of fractions (a part of a part of a whodeg.

3/4 x 1/7 has no meaning with natural numbers (M2800). Reasoning about multiplication with
whole numbers can result in difficulties in muligation of fractions (Son & Senk, 2010). On the
other hand there are other views to support thastadents prior understandings on whole numbers
do not interfere with their fractional understargli(Steffe, 2002). Moreover, multiplication with
numbers can mean scaling up but with fractions ¢his have meaning of scaling down as well as
scaling up. Furthermore, Burns (2003) states thatudiplication problem can be represented as a
rectangle. Most of the time, teaching multiplicatiof fractions is a challenging task to have stislen
to understand that topic. Van de Walle (1990) satggk starting by finding a fractional part of a
whole number while teaching multiplication of frimets. Therefore they can extend the ideas
concerned with natural numbers, which requiresesitgito work hard (Olive, 1999), to the fractions
more easily. One other reason why students havelgmowith understanding the multiplication of
fractions comes from visualization nature of trecfions. Unlike the whole numbers, visualization of
fractions is not unique as natural numbers. Thikesehard to understand fractions and operations
with them (Ni & Zhou, 2005; Steiner & Stoecklin, 48.

2.2 Understanding in Education

In the world, especially in the field of the educaf understanding is one of the commonly
used words. However, there is no clear definitiérit an education. Dictionary of Meriam-Webster
(2010) turns eight definition of understanding. Thst definition is “a mental grasp”, which is the
one we use in the education in general. For exarnfdeteacher says that “It is clear that my shide
understand the fractions”, the meaning of the wtdeding here is that mental grasp. Moreover, the
second and third definitions are “the power of coghgnding; especially, the capacity to apprehend
general relations of particulars” and “the powentake experience intelligible by applying concepts
and categories”, respectively. These two defingtiafso point out the meaning of understanding in
education. Yet, these three are still too broaldetweferenced to define the understanding of staden
at a specific concept. It is not easy task to deite if a student grasp a concept or have a poaver t
comprehend it. The other five definitions of und@nsling are not the ones we use in education. For
example one of them is “sympathy”. When we say tdacher treats the students with kindness and
understanding”, we refer that definition of the arstanding.

The first distinct definition of the understandiimgeducation was made by Bruner (1960). He
defined understanding as the image and the prodtiahinking. Furthermore, he stated that
understanding is all about getting a grasp of haundin beings think. Bruner also distinguished
analytic thinking from intuitive thinking. He state“Analytic thinking characteristically proceeds a
step at a time. Steps are explicit and usually maradequately reported by the thinker to another
individual... In contrast to analytic thinking, intivie thinking characteristically does not advante i
careful, well defined steps.” (pp. 57-58). Howevéis explanations were in general not for
mathematical understanding specifically.

As cited in Mack (2000), understanding dependsetationships between pieces of persons’
knowledge. This relationship can be between newtjuaed knowledge and existing knowledge as
well as between pieces of existing knowledge (R.DRvis, 1984; Greeno, 1978; Hatano, 1996).
Moreover, understanding can be developed and imfle@ by building on persons’ informal
knowledge (Mack, 2000). Similarly, according to B@993), making connections between informal
and formal mathematical ideas is the key for urtdading. Moreover, Hiebert (1984) expressed that
understanding is related with making connectionsvben symbols/notations and ideas represented
with them. Similarly, according to Lesh, Landaud atamilton (1983), students understand when they
recognize the ideas given with different repres@nta, when they manipulate the ideas given in a
representation system, and when they are ablansfer an idea from one representation to the other
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2.3 Understanding in Mathematics

As stated in Section 2.2, understanding can be fedeveral things besides its actual
meaning we use in education. This is also valid f@athematics education. For example, some
teachers may say that “my students understanddheept of multiplication”. This may mean that
students can perform multiplication of fractionglwthe algorithm of multiplying both numerators
and denominators. In that situation, “concept” alijumeans “topic” and “understand” actually
means “computational fluency” (Lobato, 2008). Scatvis understanding in mathematics? How will
we know that if the students understand the cosamphot? In order to answer these questions Jlit wi
be beneficial to present several understandingriggedn the literature. Next sections include most
discussed theories in the literature.

2.3.1 Theories of Mathematical Understanding

Mathematical understanding is widely researchetkebgarchers over the time. Skemp (1976)
was the first person to define mathematical undadshg distinctly. He followed the idea of Bruner
and categorized the understanding. He defined ypest of understanding for mathematics: relational
and instrumental understanding. He further statatiteaching processes based on these two different
understandings yield different kind of mathematlestrumental understanding results from teaching
rules and formulas without knowing “how” and “whyFor example, in most cases, teaching how to
divide fractions is solely about stating the fdwttis inversing second fraction and multiplyinghwi
the first one. In this way, one does not have aeaiabout why to inverse and multiply, and what it
means actually. In fact, Skemp’s instrumental usi@derding is not a new thing different from
memorizing as also implied by him. On the contragjational understanding is far beyond than the
instrumental understanding and involves knowing reow why. Relational understanding includes
building up a conceptual framework. Furthermoresta¢ed that he believe this is true understanding.

One can perceive from Skemp (1976) that it was ipahout what understanding is and is
not. Actually, understanding is too complex to befited as instrumental and relational. Skemp
detailed his arguments on understanding in mathiesniat his subsequent articles. Skemp (1979) and
Skemp (1982) added two more understanding typeicdbgand symbolic, respectively. Logical
understanding includes proofs. One with logicalemnsthnding of a mathematical concept can explain
that concept mathematically and it can be undedstmp the others. On the other hand, symbolic
understanding is defined as a mutual assimilatietween a symbol system and a conceptual
structure.

One other understanding theory for mathematics pvaposed by Sierpinska (1994). She
defined understanding as “cognitive activity thates place over longer periods of time” (p. 2)hém
theory, Sierpinska (1994) deals with “act of untearding”. Moreover, another phrase is also pointed
out by her: “object of understanding”. She expldimsse two phrases in an example as follows: “my
object of understanding can be a mathematical ywoottlem, and in the act of understanding | may
recognize the problem as following a certain welbwn pattern.” (p. 29). Here, this pattern was
named as basis of understanding by Sierpinska §19%#&re are four basic components of an act of
understanding. These are (1) the understandingailfP) the object of understanding, (3) the basis
of understanding, and (4) the operation of the mhmt links the object of understanding with its
basis.

Hiebert and Carpenter (1992) see understandirggdeveloping or emerging fact. Similar to
Sierpinska (1994), they describe understanding enrm$ of mental activity which helps the
development of understanding. According to themtheraatical understanding strengthens with the
connection between mental and external representatMoreover, understanding is the structure of
mathematical ideas and representations.

One other understanding model was proposed by Bergend Herscovics (1981). In their
model of understanding, there are four levels oflemstanding: intuitive understanding, initial
conceptualization, abstraction, and formalizatidnfortunately, distinction between these levels and
ways to characterize these levels were not cledefffned by Bergeron and Herscovics (1981).
Therefore, it is hard to analyze the formation oéthematical concepts with this theory of
understanding. Bergeron and Herscovics (1988) durtliscussed the construction of mathematical
concepts. They proposed a two-tiered model to stenstruction of mathematical concepts from
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actions performed on objects in the real world. Tits tier of the model deals with the three diéfit
levels of understanding of the preliminary physicahcepts. The second tier aims to identify basic
parts of the comprehension of mathematical concepts

2.3.2 The Pirie—Kieren Theory of Understanding

Pirie (1988) discussed the idea of having seveatégories at the process of growth of
understanding. A year after, Pirie and Kieren ()98%lished their theory. They followed the ideas
of Pirie (1988) and suggested that understandimpisa single acquisition or categorized. Pirie and
Kieren (1994) describes this theory as “a wholenatgic, levelled but non-linear transcendently
recursive process” (p. 166). The Pirie-Kieren tlyenfr mathematical understanding takes growths of
the understanding into account. In this theory,eustdnding is viewed as a process (Kieren & Pirie,
1991; Pirie & Kieren, 1989, 1994). Therefore, umti@nding is not seen as acquiring several
categories of knowing. It is a dynamic process,civhis demonstrated to be continuing and consistent
organization of knowledge structures (Pirie & Kigr&994). As stated in Pirie and Kieren (1994} thi
is based on the constructivist definition of untemging detailed by von Glasersfeld (1983). von
Glasersfeld (1983) states that “What determines whieie of the conceptual structures is their
experiential adequacy, their goodness of fit withexience, their viability as means for the solvirig
problems, among which is, of course, the neverrengroblem of consistent organization that we call
understanding” (p. 6).

Pirie and Kieren (1994) state that they usedttiésry in various learning environments as a
tool to observe students’ mathematical actions wheg worked on a single mathematical task. This
theory allowed them to see how students build agdrize mathematical knowledge structures over
time. It is important to know that an idea can amm to grow over time with several other real-life
experiences (Warner, 2008). This theory is a thebgut the growth of understanding not for a static
situation (Borgen & Manu, 2002).

As stated before, the Pirie—Kieren Theory of Ustlerding describes understanding as
leveled. These levels are embedded and illustraitid eight rings (see Figure 2.1). Each of these
rings represents different levels of understanditich can be achieved by any person at any topic
(Pirie & Kieren, 1994). These levels go from persoprior knowledge to their inventising
capabilities. From the inner most level to the oatest level, we can list the levels of understagdi
as follows: primitive knowing, image making, imadeving, property noticing, formalising,
observing, structuring, and inventising. The deiwn of each level can be seen in details in $acti
2.3.2.1.
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Formalising

Figure 2.1 The Pirie—Kieren layeote from (Pirie & Kieren, 1994) p. 167

This theory provides a framework: (1) to assessdmstribe understanding of individuals or
groups as it exists (Thom & Pirie, 2006) and (2utalyze students’ growth of understanding (Pirie &
Kieren, 1994). The structure of this theory is hio¢ar or hierarchical. The realms of mathematical
knowing are embedded and unbounded circles inntisidel. Moreover, they are recursive and self-
similar to each other (Thom & Pirie, 2006).

The Pirie—Kieren Theory of Understanding allowsesmshers to look and interpret each
understanding levels at which different studentdize their mathematical thoughts and activities
(Kieren & Pirie, 1991; Pirie & Kieren, 1994). Thgsves the opportunity to plan mathematics lessons.
Moreover, it provides a frame to make observatiansut curriculum development (Pirie & Kieren,
1994). Similarly, Grunow (2001, p. 40) states that Pirie—Kieren Theory of Understanding is greatly
appropriate for curriculum development. This theallgws us to explain understanding and different
layers of understanding with a common vocabularativér, 2008).

2.3.2.1 Levels of Understanding Process

As stated before in this chapter, there are edghbedded levels of understanding in the
Pirie—Kieren Theory of Understanding. This theorgyides a framework to analyze people’s growth
of understanding by examining people’s move forwardbackward from one level to another
(Warner, 2008). These levels start with prior ustierding of the learners, which they bring with
them, and end with inventising level of understagdiHowever, outer level understanding does not
mean higher level mathematics every time. Similéolyer level of understanding also does not mean
lower level mathematics. Even at high level math#saone needs to work on lower level of
understandings to have correct formalization arcttire(Pirie & Kieren, 1994). Each of these levels
is as follows.

Primitive knowing: This is the first level of theqress of understanding. This level does not
imply low mathematical understanding. It is defiresl starting point of understanding by Pirie and
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Kieren (1994). This level indicates persons’ ptimderstandings. For example, in the current study,
students’ understandings in multiplication of fians were explored. In this case, fractions, ration
numbers, and addition of fractions were some ofpttier knowledge that could be possessed by the
students.

Image making: The second level of the Pirie—Kiefidreory of Understanding is image
making level. At this level, the learners are expédo make distinctions between prior knowing and
use of it in new situations (Pirie & Kieren, 1994)he images do not need to be pictorial
representations. They can be something which cantrey meaning of any kind of mental images. At
this level of understanding, learners do somethimentally or physically to gain an idea about a
concept. For example, the learner can do cuttinfploling activities and see that fractions can be
gained through cutting something to smaller pigdasel, 2003). Moreover, Meel (2003) states that
actions performed at this level includes developnodrconnections between referents and symbols
(see Section 2.5 for more details on multiple repn¢ations).

Image having: If a learner constructs an imageuabdopic in the mind, we can say that the
learner is at image having level (Pirie & Kiererg§94). At this level, single-activity images are
replaced with mental images. That means learnersadmeed to perform physical activities when
they deal with mathematics (Pirie & Kieren, 199994). Meel (2003) states that other researchers
called these mental images by different names asgctknowledge representation structures” (R. B.
Davis, 1984) and “concept image” (R. B. Davis & W@mn, 1986).

Property noticing: At the fourth level, the profies of the constructed image are identified.
This level is called as property noticing. At thégel, learner can manipulate or combine propedfes
one’s image to have context specific relevant priigee (Pirie & Kieren, 1994). Besides determining
properties of a mental image, the learner notites differences, connections, and combinations
among multiple mental images. The difference betwaetions performed at property noticing level
and actions performed at image having level isctpability to notice equivalencies (Meel, 2003).

Formalizing: At this level, a method, rule, or pesty is generalized from the properties.
Learners are expected to draw a method or commaltityjdrom the properties of previously hold
images (Pirie & Kieren, 1994). At this level, cldd® objects are developed from noticed properties
Descriptions of these class-like objects are maiily mathematical definitions. However, the
language used to describe the concepts does net toabe formal mathematical language. The
language used by the student should be equivaletiiet appropriate mathematical definition (Meel,
2003). For example, students can state fractiorsglasithout connecting them to any specific value
at this level.

Observing: The learner verbalizes and expressestdbe formalized concept in observing
level. In this level, learners can reflect on fotraativities and express these as theorems (Pirie &
Kieren, 1994). As an example for fraction, the fesircan say “there can be no smallest half frattion
at this level (Pirie & Kieren, 1992, p. 247)

Structuring: At the level of structuring, the Iear organizes his/her formal observations and
deals with them as a theory (Pirie & Kieren, 1994)is is the level for formulating theories.

Inventising: The outermost level of the understagds inventising. At this level, learner is
expected to invent a new concept. The learner Wadl anderstanding and he/she may create new
questions which lead him/her to a new conceptéRirKieren, 1994).

2.3.2.2 Features of the Pirie—Kieren Theory of Ustéading

There are several specific features of the Pirierdf Theory of Understanding. The first
feature that is described by Pirie and Kieren (3994don’t need boundaries”. They stated that the
one of the strengths of the mathematics is ahtitityork with symbolic expressions without having
reference to basic concepts. This feature is onthefcritical elements of the Pirie—Kieren Theory
(Pirie & Kieren, 1994). When the learners are belythe specified boundaries, they no longer need to
work on previous form of understanding and they parform new tasks without working on them
(Pirie & Kieren, 1994). These boundaries are shaith bolder rings as can be seen in Figure 2.1.
Pirie and Kieren (1994) emphasize “don’t need” phrto convey the idea that if one is at that level,
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they don't need previous levels of understandinfjawe a rise to upper level. Further, they explain
this by referencing following idea: “One can work a level or abstraction without the need to
mentally or physically reference specific imagesisTdoes not, of course, imply that one cannot
return to the specific background understandingedessary.” (p. 173).

The first “don’t need boundaries” occurs betwesrage having and image making levels
(see the inner most bold ring in Figure 2.1). Tiisans that if one has an image of a mathematical
idea, he/she doesn't need to create other imagesk(wn image making level) to perform
understanding tasks related with image having I€RPdlie & Kieren, 1994). For example, in the
current study, when a student has image of muddgibn of fractions, he/she can perform
multiplication tasks without working with physicabjects.

The second “don’t need boundaries” place is betwa®perty noticing and formalizing.
According to Pirie and Kieren (1994), those whaatty can perform formalizing activities, do not
need an image.

The last “don’t need boundaries” occurs betweeanchiring and observing levels of
understanding. A person with a mathematical strectioes not need to have any meaning from inner
level of understanding (Pirie & Kieren, 1994).

One other feature of the Pirie—Kieren Theory ofderstanding is “folding back”. When a
learner faces with a different situation that he/dbes not have an idea about, then, the leareelsne
to go to inner levels (fold back) to extend his/bhaderstanding. Folding back activities are esaénti
for growth of understanding. Furthermore, they shihat the nature of coming to understand
mathematics is not unidirectional (Pirie & Kierdr§94). These inner level activities are shaped with
outer level needs. Each time the learner visits itimer levels, he/she brings the understanding
acquired from the outer level. Moreover, when oold back to inner level and return to outer level,
he/she can have thicker understanding at outet (¥eren & Pirie, 1991). This process is different
for different students. Different students can spdifferent times and can move in different ways
(Pirie & Kieren, 1994). Fold back feature of thedhy fits well with the constructivist foundatiofiib
(von Glasersfeld, 1983) addressed by Pirie andei€t994).

2.3.2.3 Mapping Mathematical Understanding

One of the characteristics of the Pirie—Kieren Tiexf Understanding is to map the process
of understanding. Pirie and Kieren (1989) createdeehnique to depict persons’ growth of
understanding. They called this technique as “mappiPirie and Kieren offered mapping as a
presentation method for understanding. Pirie angkrdq (1994) stated their purpose of having this
method as: “using the layered pictorial repres@natof the model, we aim to produce in
diagrammatic form a 'map' of the growth of studemtslerstanding as it is observed. This last phrase
'as it is observed', is important because we makelams as to what might have gone on 'in the
students' heads™ (p. 182). An example of the wstdading map taken from Pirie and Kieren (1994)
can be seen in Figure 2.2. Even though this mapsée be static, it aims to present changes insone’
understanding over the time (Pirie & Kieren, 1988)epresents understanding process of students.
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Inventising

Structuring

Formalising

Figure 2.2 Mapping exampMote From (Pirie & Kieren, 1994) p. 186.

However, the mapping feature of the theory wasuseid widely among the researchers. It
may be because the current status of the mappmg iso informative and usable. Therefore, the ones
who decided to use this feature slightly change(Bdrgen, 2006; Borgen & Manu, 2002; Manu,
2005; Meagher, 2005; Pirie & Martin, 2000; Towet898). Borgen (2006) stated that the mapping
feature of the Pirie—Kieren Theory of Understandmgimited to simple set of eight rings. However,
Pirie and Martin (2000) used a more complicated mdgich consists of a number of maps on
different topics to depict understanding (see FequB).
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On the other hand, Meagher (2005) used the sangénalrilayout but he simplified the
drawings with simple arrows and he counted subggtyjueach activity point at the same level. That
map can be seen in Figure 2.4.
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Figure 2.4 Simplified map from Meagher (2005, p1)15

The most radical modification was made by Tower89@). She changed the overall
appearance of the map and used parallel layeesithstf having embedded circles (see Figure 2.6).
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Figure 2.5 Parallel layered map from Towers (1$98,27)

This allowed her to depict most complex and longederstanding process; however, the
map still functioned in a similar way with the odeveloped by Pirie and Kieren (1989).

2.4 Studies Using Pirie—Kieren Theory of Undersitagés Theoretical Framework

There are several studies that employed the Kigeen Theory of Understanding as
theoretical framework to their studies. As oneh&frh, Manu (2005) studied the relationship between
students' language switching and their growth ofheraatical understanding in bilingual context. He
explored this relationship in a case study with uke of the Pirie-Kieren Understanding Theory as a
theoretical tool for examining students’ understagdn pattern finding tasks. Though the purpose of
the study is not directly related with the currstudy, it is worth mentioning that the study shdites
applicability and usability of the Pirie and Kierdreory of mathematical understanding in a differen
context. Moreover, Manu (2005) stated that the ePiend Kieren theory of mathematical
understanding has the ability of explaining onefglerstanding in this theory’s own language. In
addition, it was stated that this language is peetive of students’ cultural background. This teat
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of the theory was explored in his study and vaédatSimilarly Borgen and Manu (2002) reported
similar results that support the effectivenesshefPirie and Kieren theory in assessing mathentatica
understanding.

Slaten (2006) compared a novice secondary matiesmédacher and an experienced
mathematics teacher with respect to their use sfruntional representations in the contents of
secondary geometry. In that study, the researabredurted a case study and collected the data with
semi-structured interviews and classroom obsematié\s the theoretical background of the study,
Slaten applied the Pirie-Kieren theory to expldrelsnts’ growth of mathematical understanding and
describe how the participants’ uses of represamtatallowed and fostered opportunities for students
to engage in those levels of mathematical undedstgn

Warner (2005) analyzed students’ behaviors, whinchicates their flexible mathematical
thoughts and contribution of those behaviors tomginoof understandings of the students. She carried
out a qualitative study and collected the data witteo recordings in a case study setting. Warner
(2005) worked with middle school students. In thalg, group of students were challenged to explain
their thinking to each other, ask questions, arfdridktheir solutions. The results of the study stew
that while understanding of students grows, a shufurs from their questioning each other, usind) an
explaining their ideas toward the linking of remefations, connecting contexts, and setting up
hypothetical situations.

Meel (1995) explored the understanding of the estt&l who used Mathematica as a
computer assisted learning tool. He compared utatedisg of these students with the ones who
received traditional mathematics instruction. Inlarto assess students’ understandings, the Pirie-
Kieren Dynamical Theory for the Growth of Mathergsati Understanding was employed as a
theoretical lens. Similarly Droujkova (2004) usedtid®Kieren Theory of Understanding as a
theoretical lens to investigate the roles of metaph the growth of mathematical understanding of
students in the topic of proportionality with a Gtaive study.

In the study of Grinevitch (2004), students untéarding of fundamental group theory
concepts were investigated. Additionally, effectiges of the Pirie-Kieren Theory of Understanding
with respect to advanced mathematics concepts @rgraduate level was examined. Grinevitch
(2004) carried out a case study with six abstrdgelaa students. She collected the data with
classroom observations, written assignments, exams,audiotaped interviews. The results of the
study showed that the Pirie-Kieren understandirepith is an effective tool for assessing students
understanding of advanced mathematics concepts.rébiult extends the results of the study of Manu
(2005). Beside the validity of the theory at diéfat cultures, it is also valid in advanced mathémsat
concepts.

Borgen (2006), as different from other studiesgedusthe Pirie—Kieren Theory of
Understanding as a model to enhance teachinggigateshe carried out a case study in order tdf see
using this model enhanced the growth of pre-sen@aehers’ understanding of teaching and learning
mathematics. Moreover, efficacy of using this tlyefmr analyzing growth of understanding was also
investigated in her study. The data were colledtedn four pre-service secondary mathematics
teachers. The results showed that the Pirie-Kithveary provided an effective structure for discngsi
pre-service teachers’ growth of understandingeathing and learning mathematics. Furthermore, it
was found that one’s growth of understanding othésg and learning mathematics was based on
his/her primitive knowing. Borgen (2006) definesnmitive knowing as one’s personal background. It
is concluded that the development of understaniing dynamic process which includes folding
backs to examine new concepts with respect to pusly held concepts.

Tsay (2005) investigated understanding of preiserieachers on two-factor multiplication
with integers and positive fractions. Furthermamaplications of pre-service teachers’ understansling
for their pedagogical content knowledge developnvesite explored. Unlike the other studies, Tsay
(2005) benefited from three different theories twalgze understandings of participants. These
theories were relational understanding of Skemp7§l9 APOS: Action-Process-Object-Schema
theory of Dubinsky, Dautermann, Leron, and Zazki&94), and the Pirie-Kieren Dynamical Theory
for the Growth of Mathematical Understanding ofi¢and Kieren (1994).
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C. E. Davis (2004) is another who studied the ettbmatter knowledge of pre-service
teachers. He used the Pirie—Kieren Theory of Undeding to analyze growth of understandings of
pre-service teachers. The results of the study etgg that the growth of understanding is related
with prior knowledge.

Cavey (2002) examined a pre-service teacher grathinderstanding in right triangle
trigonometry. The participant of the study attentietiesson Plan Study” (LPS) program as a part of
secondary mathematics method course. In the LRSprirservice teachers dealt with planning how
to teach right angle trigonometry to students. Témults of the study showed that “image having”
level was the most critical level in the Pirie-kéar Dynamical Theory (Pirie & Kieren, 1994).
Moreover, the results of the study showed that gnoim understanding what to teach (content
knowledge) resulted growth in how to teach (teaglsinategies).

Cave (2008) is one of the researchers who apgitiedPirie—Kieren Theory of Understanding
to test the effects of an intervention of commurservice learning on students’ understanding of
mathematics. In her study, Cave (2008) focused dmcak and Latino Americans’ growth of
understanding of geometric transformations. Resilter study showed that the Pirie—Kieren Theory
of Understanding is an effective theory to prohalshts’ understanding in different contexts such as
comparing two ethnically different groups.

Duzenli-Gokalp and Sharma (2010) examined stutamserstanding of addition and
subtraction of fractions. They used Pirie and Kiekéodel as a framework in their study. The study
was conducted with twelve sixth grade and twelvghtti grade students in a private college in
Australia. The results showed that questions thatiire symbolic explanation were completed more
successfully by students when compared with thetipres that require verbal explanation. Similarly,
Duzenli-Gokalp, Bulut, and Sharma (2010), in theirdy, worked with 20 sixth-grade students and 26
fifth-grade students in Turkey. They found similasults to those in Australian students.

2.5 Multiple Representations

Researchers define representations as charact®rstete objects or images representing
something else than their actual meaning (Ball,3199eWindt-King & Goldin, 2003; Goldin &
Kaput, 1996). These are useful things to expreghanaatical thoughts which enable mathematical
communication and to support reasoning proceséitick, Swafford, & Findell, 2001). NCTM
(2000), TTKB (2009), and Behr et al. (1993) alsgpbkasized that representations should be used as
essential elements in communicating mathematigalcgethes and arguments.

In mathematics, students mainly use the represensawhile solving problems or learning
mathematical concepts to support their mathematicalerstanding. According to Goldin (2003)
representations of an individual generate a reptasenal system which includes rules, practices,
characters or signs such as letters, words, ffeabtijects, and numbers. These systems can beanter
and external. While internal ones exist within thand of the person, external ones can be seen by
others and can be shared with them. Furthermotetnal representations consist of constructs to
describe process of human learning and problemirgplv mathematics (Goldin, 1998). External
representations include formal language, numbeslisymbolic notations, mathematical equations,
geometric figures, and diagrams (Goldin & Shteidg@001). Unlike Goldin (2003), Bruner (1966)
talked only about external representations. Acewydio him, there are three different ways to
represent the world. These can be achieved byregtiassual images, and words and language. These
representations were named as enactive, iconic,sgmbolic respectively by Bruner (1966). This
classification was agreed by some researchers itof@rtant in human understanding, however, there
are some other classifications made by other reBees. Clark and Paivio (1991) stated that thegze ar
two types of representations, verbal and visual¢clhllow information to be processed and stored in
the mind. According to NCTM (2000), representatioas be both product and process. It is the act of
representing. Lesh et al. (1983) concentrated aihenaatical understanding through representations.
They stated five types of representations which learuseful for that purpose. These are real life
experiences, pictures or diagrams, manipulativeetspdpoken words, and written symbols. When a
learner engages in a mathematical activity, hefshénvolved in manipulating one of these
representations (Haylock & Cockburn, 2008). Exterrgpresentations make the mathematical
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communication possible. Furthermore, any mathemlaticmmunication can only be conducted with
these types of representations. Therefore, in et study, the external representations usetthdy
students were taken into account in order to aealstudents’ understandings. Moreover, the
classification of the representations proposeddshlet al. (1983) was adapted for this study.

According to NCTM (2000) and TTKB (2009), abstraohcepts can become more concrete
when students use representations. They play aorieng role in the process of learning fractions
(Cramer et al., 2008). If one uses multiple repmeséons to demonstrate a concept, this can help
him/her to develop better understanding and sthemgt his/her ability to solve problems (Gagatsis &
Elia, 2004). Use of representations (such as aredels, discrete sets, and number lines) has a
significant importance while working on operatiomih fractions in order to make sense of concepts
such as order, unit, and equivalence (Brar, 20¥i0yeover, several researchers express that students
learning are enhanced when different represenwtiom used together and students make connections
among these representations (Clark & Paivio, 199&ments, 1999; Goldin & Shteingold, 2001).
Lamon (2001) states that there is a difference éetwthe representations used by students to show
their understanding and the representations uselebteacher to explain mathematical concepts. She
further claims that if students use different repréations than their teacher used, we can say that
they understand that topic. Therefore, one carifdbe students understand a mathematical concept
or not by looking the representations they chosase Students who used the exact representation
used by the teacher might not understand that pdn&éoreover, a teacher can look the students’
experience with the external representations,hiogv they use it and which of them they choose to
use, in order to have an idea about students’riaterepresentations. By doing this, teachers can
examine students’ conceptions of the mathematmatepts being instructed (Goldin, 2002).

In the current study, the researcher paid attentioistudents’ use of representations to
examine their understanding in multiplication o&dtions. Cai (2004) claims that studies about
representation usages bring important ideas abchat wepresentations should be used in a
mathematics course. Moreover, they found that achluse of representations differ from culture to
culture. Specifically, teachers from United Staaesl China use different kind of representations to
teach mathematical concepts. Teachers from Chiaasymbolic representations and teachers from
United States use verbal explanations and pictoepfesentations. This is also valid for students.
According to von Glasersfeld (1983), use of repmeméons differs for each learner. Similar results
were found in different studies too (Cai, 2000ai &a&wang, 2002). The students from US mainly
used visual or pictorial representations while shedents from China used symbolic representations.
It was also found that the students who used syimbgpresentations had greater achievement scores
than those who used verbal and pictorial representa(Cai, 2000b). Moreover, this is also the case
with textbooks and the representations used in t{t%m & Senk, 2010). However, it should be noted
that none of the representations is superior taotie other. A particular representation can be more
suitable than the others for a specific mathemiatizacept (Ball, 1993).

There are also several studies that investigatednthtiple representations with the light of
Pirie-Kieren theory. Study of Droujkova (2004) slemimhat using symbols or abstract descriptions
can support learning indirectly. Moreover, foldibgck to image making level to support learning
requires use of more tangible representations. dPtpmoticing and formalizing levels corresponded
to more abstract representations. Similarly, Wilsmad Stein (2007) found that the students’ use of
more abstract representations becomes more freqoward the outer level of understanding (see
Table 2.1).

Table 2.1 Frequency of use of representationsffareit levels of understandinyote from Wilson
and Stein (2007, p. 675)

Visual Numeric Symbolic
Image Making & Image Having 100% 40%
Property Noticing 90% 100%
Formalizing 10% 50% 100%

Structuring 20% 60%
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2.6 National Elementary Mathematics Curriculum &nactions

The elementary mathematics curriculum puts emphasisstudents centered learning in
lessons. That is the major differences between dbisiculum and the previous curricula. In the
previous curricula (1983, 1990 and 1998) there weractivities that give opportunities to studednts
become part of the lesson. However, students womxplore problems and become active learner
rather than passive knowledge receivers while Iagrrin the recent mathematics curriculum.
Activities and learning environment are carefullprmed to give opportunities students to discover
new concepts and use abstract and mental models Vaairning some concepts (TTKB, 2009).
Alternative assessment methods are preferred b#sid&aditional assessment methods. Moreover,
there are some skills defined in the curriculumpasblem solving, reasoning, communication,
connection. Students are expected to acquire sieke and some other inter-disciplinary skills.erh
developments of these skills are important (TTK&)2).

Some objectives of problem solving skills are ekmd in the mathematics curriculum as
students will use problem solving skills in matheics, other disciplines, and real life situationse
problem solving skills for learning mathematicslveoproblems and also state their own problems
with the same topic. Some objectives of reasonkilf are explained in the mathematics curriculum
as students will use inductive and deductive tmigkiwhile learning mathematics; use logical
reasoning skills in mathematics, other disciplirmsd real life situations; make generalizations and
defend their validation. Some objectives of commation skills are explained in the mathematics
curriculum as students will use mathematical symbahd terms correctly and effectively; use
mathematical language in other disciplines and liéalsituations. Some objectives of connection
skills are explained in the mathematics curriculas students will make connections within
mathematics, among mathematics and other discgphne real life situations; connect mathematical
concepts and operations in different situationgielfie from connections while learning mathematical
concepts.

Furthermore, meaningful learning is aimed for shidevhich mean that students use their
knowledge in different situations, and make coninastamong concepts. Students should use their
mathematical knowledge in real life situations ath@ other disciplines. This is one of the
requirements of the mathematics curriculum. Coecrexperiences are also very important for
developing mathematical knowledge and providing mivegful learning. Learning objectives should
be planned by taking into consideration of conmetiwithin mathematics skills, connections among
math and other disciplines and inter-disciplines.addition, students’ motivation is an important
necessity for the mathematics achievement. Thenilegractivities should be planned according to
students’ level, class environment, and the enwramtal conditions. Real life situations should also
be considered while planning the learning actisiti@ppropriate materials should be used in class
activities for acquiring the learning objectives.

Fractions are one of the main topics in the elegamgmathematics curriculum. This topic is
instructed from grade 1 to 6 in some extent. Iis ®tudy, the researcher focused on sixth graders.
Comparing and ordering fractions, adding and sebtr@ fractions, multiplying and dividing
fractions, and problem solving related with frantioperations are the subtopics of fractions ahsixt
grade curriculum. The researcher investigated whaleding multiplication of fractions in this study.
In the mathematics curriculum, meaningful learnicgnnection within math, connection among math
and other disciplines, students’ motivation anddacaic level were highlighted for the multiplication
of fractions. Moreover, the curriculum suggestsuke of multiple representations in the instrualon
process of this topic.

2.7 Summary of the Literature Review

. There are many definitions of the understandingiiado However, it is hard to see if students
understand any concept by referring to these diefits. We need more specific and detailed
information on understanding. Understanding thewofidfill that need. Bruner (1960) was
the first person to define understanding in edocati
There are several understanding theories for mattiesnproposed by researchers (Bergeron
& Herscovics, 1981, 1988; Hiebert & Carpenter, 1,9PRie & Kieren, 1989; Sierpinska,
1994; Skemp, 1976). These theories, except the-Kieren Theory of Understanding, do
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not provide sufficient information to analyze learsi understanding. On the contrary, the
Pirie—Kieren Theory of Understanding can act aswaquful framework to analyze learners’
understanding at any topic.

There are eight embedded levels of understandingeps (Pirie & Kieren, 1989). These
levels are as follow: primitive knowing, image madg image having, property noticing,
formalizing, observing, structuring, and inventginThis theory has two features: folding
back and don’t need boundaries (Kieren & Pirie,1t%rie & Kieren, 1989).

There are several research studies which appledPitie—Kieren Theory of Understanding
as a theoretical framework to analyze learnersewstanding (Borgen, 2006; Cavey, 2002;
C. E. Davis, 2004; Grinevitch, 2004; Manu, 2005;ae1995; Slaten, 2006; Tsay, 2005;
Warner, 2005). However, most of these studies didapply mapping feature of the theory
to their study. That may be because of currentestdtthe mapping. Mapping feature
proposed by Pirie and Kieren is not much usefudoks not say anything more than progress
of understanding of students. Moreover, as poimtedby Pirie and Kieren (1994), these
maps can vary from person to person.

Fractions are one of the most studied topics inhemaatics. These studies showed that
students have many difficulties in them includingltiplication of fractions (Aksu, 1997;
Azim, 1995; Behr et al., 1985; Cramer et al., 20B9E. Davis, 2003; Haser & Ubuz, 2005;
Mack, 2000; Newstead & Murray, 1998; Orhun, 200Hese studies suggest that we should
be careful about teaching these concepts. In daléeach these concepts effectively, we
should analyze understanding the process of stsidanefully.

Representations allow us to have mathematical cawwation (Kilpatrick et al., 2001;
NCTM, 2000; TTKB, 2009). Researchers emphasizertiportance of using representations
in the teaching and learning process (Clark & Rgi¥P91; Clements, 1999; Gagatsis & Elia,
2004; Goldin, 1998, 2003; Haylock & Cockburn, 20083 can be seen in the results of the
studies, representations are highly related withuhderstanding of mathematical concepts.
Moreover, they enable us to communicate matheniigticBherefore we can use these to
analyze understanding of students. Furthermoregiating these to mapping feature of the
Pirie—Kieren Theory of Understanding makes thespsnmaore informative about the process
of understanding. Because, with this add-on, thp depicts process of understanding much
more meaningfully.

There are several researches investigating rekdtipa between use of representations and
understanding level in the Pirie—Kieren Theory afderstanding (Droujkova, 2004; Wilson
& Stein, 2007). It was seen that symbolic repres@ns tend to be used at outer level of
understandings. Moreover, results of the studiemwved that use of representations are
different from culture to culture (Cai, 2000a, 260Q004; Cai & Hwang, 2002; Son & Senk,
2010).

As can been from the summary of the literature miabove, fractions and operations with
fractions are studied by several researchers awer Moreover, it was seen in the literature
that the Pirie—Kieren Theory of Understanding iseffiective framework to assess student’s
understanding. However, there is no study focusingnultiplication of fractions with the
use of that theory. Moreover, similar studies aggblhat this theory did not use the mapping
feature of the theory. Furthermore, the importasicasing representations at the process of
mathematical communications was seen in the litezafT herefore, the researcher decided to
modify current theory by enriching it with the usemultiple representations.
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CHAPTER 3

METHOD OF THE STUDY

This chapter includes design, setting and partitigadata collection, validity and reliability
of the study, methods used to analyze the datagdioe, and assumptions and limitations.

3.1 Design of the Study

The case study design, one of the methods intqtiaé research, was used in this study
(Merriam, 1998; Patton, 2002, p. 447). The case thas process of students’ efforts towards
understanding concepts related with multiplicatidfractions. In the case that was investigateithén
current study, the researcher did not intervenectliy to this process. However, in order to haveamo
control on the process, the activity sheet wasaregpaccording to the mathematics curriculum by the
researcher.

There are several characteristics of qualitatesearches. These characteristics underlie the
rationale to apply case study design to the custmty.

Deal with process: In the current study, the redear investigated the process of
understanding in the lights of Pirie and Kieren o 994). Process is main concern of
qualitative research (Merriam, 1998). Due to theureof research problems of the current
study, the study focuses on process rather thatupte or outcomes.

In the current study, the researcher collected detaelf with the help of observations,
interviews, and field notes so on. Moreover, thdlected data were analyzed by the
researcher. Similarly, the primary data collectiand analysis instrument in qualitative
researches is the researcher (Merriam, 1998).

Description: In the current study, understandingthd students derived from interviews,
observations, and field notes was described gtiaéts. Qualitative research emphasizes on
qualitative descriptions with words rather than hens (Merriam, 1998).

Fieldwork: In the current study, the data were exitd from the students with interviews
when they tried to answer questions and from theendations of their behavior in the
classroom. Similarly, in qualitative researchesyéhare fieldworks. Researchers observe and
collect data from participants in their naturakisgls (Merriam, 1998).

Induction: In the current study, as stated in theler 1, the researcher aim to improve
mapping feature of the current theory of Pirie dfigren (1994). In the same way,
qualitative researches aim to build concepts, Hygsss, and theories rather than testing
existing theory or methods (Merriam, 1998).

3.2 Setting and Participants

The study was conducted at a small size public efeany school in Etimesgut district of
Ankara. The school had two floors and a garden.r@heere 10 classrooms, a kindergarten, a
computer laboratory, and science laboratory in sthBach classroom had a projector, and a PC.
There were also five laptops for teachers’ useaddition, concrete materials were available for
mathematics lessons. National elementary mathesnatiriculum is followed by the teachers; and,
sixth grade students attend mathematics courseshfurs per week. There were two mathematics
teachers in the school. Moreover, the socio-ecoaataitus of the students in the school was difteren
Some students’ family had low income and only fegh@ere working, some families had medium
income and both parents were working. Many of ti€ents walked to the school since their houses
were near the school. However, students who caome the long distances went to school with school
service.

Purposive sampling was used to choose the pamitsipm the current study. Similarly,
Merriam (1998) states that “sample selection inlitatave research is usually (but not always) non-
random, purposeful and small” (p. 8). Two male stid were selected for this study. The selection of
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the students was based on two criteria: (1) rebedscimpression of the student’s willingness to
respond to questions and (2) the student’'s matheamhability. The first criterion was about to
maximize responsiveness during the interviewke second criterion was decided according to
previous grades of studenf&he participants were 12 years old. The names Viollked Ahmet were
given as pseudonyms. Volkan was one of the bedésts in his class. He was asking questions about
the topics during the lessons and telling his idabeut the related topic. But, he was excited
sometimes and he could not say what he wantedytédeshad elder sisters and brothers. His father
was a civil servant, while his mother was a hou#fe.we had his own room in his house.. Ahmet
was in the other class. He was the best studdmisinlass. He had no sisters and brothers. Higfath
was also a civil servant, his mother was a houge. Me had his own room in his house. He was very
active at lessons. He had always asked many qusestlwout the new topic during the lessons.

There were two sixth grade classes. The reseamhsrthe mathematics teacher of both
classes. She had been teaching them for aboutasitsy so, she knew the students well. Therefore, i
was easy to access the students and get feedbackstiie students. The students were informed
about the purpose of the study before conductiagstbhdy. They were willingness to participate ie th
study. The researcher’s role was just teachingrdmions and fraction operations as a mathematics
teacher according to objectives, mathematics skilanections among math and other disciplines and
inter-disciplines and teaching approach of natiosl@mentary mathematics curriculum and then
conducting the interviews to find out students’ ersanding of multiplication of fractions.

Later, the lesson plans and activity sheets weepgyed according to objectives of the
national elementary mathematics curriculum. Theyuided the same activities and questions. Lesson
plans were prepared for the teacher, activity shesfre prepared for the students. Also, the skills
such as problem solving, reasoning, communicati@nnection were considered while developing
lesson plans and activity sheets. These skills as@ related with using multiple representatidro.
example, a problem, “ a child ate 3/4of 12 nutswHoany nuts did he eat?” was asked. It was related
with the objectives of the fractions such as “ddtiplication operation with fractions” and “solving
problems which require operations with fractionsidd'estimate the result of the operations with
fractions by using some strategies”. When the stisdsolved it by using concrete material, concrete
material representation and communication and reagakills were used. If the students could try to
solve it, then they could use verbal and symbddigresentations and it was related with problem
solving, reasoning and association skills of thereintary mathematics curriculum. Later, students’
self-evaluation forms and students’ journals wezeetbped. Their purpose was to find out students’
understanding about the topic instructed during ld®sons. After that, fraction interview was
developed in order to find out students’ undersitagpdf multiplication of fractions. The questions i
the interview were prepared according to the objestof elementary mathematic curriculum by
thinking the understanding levels of Pirie and Kiemodel.

Next, the study was conducted with two sixth graldsses in the school. All of the students
in two classes learnt the fractions and operatiaith fractions during three weeks. Students
completed the activity sheets during the lessohgyTdid activities by using concrete materials and
solved problems, estimated the result of some efghestions in the activity sheets. The activity
sheets were collected at the end of the each sedtie students were video-taped during the lessons
After that students were given journals and se#fhaation forms and they were collected. The
students learnt fractions and fraction operatiamingd three weeks. Then, two students were selected
for the interviews which was the main data soudretlie current study. Both students knew what a
fraction and how they can show fractions with dedént method such as folding and cutting paper,
drawing figures. They learnt addition and subt@ttof fractions with common and uncommon
denominators before learning multiplication of fians. Moreover, they had learnt fraction
multiplication as finding a fraction of a fractioat fifth grade. Then, at sixth grade they learnt
multiplication of fractions, mixed numbers and tiedationship between addition and multiplication
when a fraction and a whole number multiplied. ytearnt how to model the multiplication of
fractions by using concrete materials and drawiridey also solved word problems related with
multiplication of fractions. Each interview was clutted approximately 90 minutes. There were
some breaks during interviews and interviews wédleortaped.
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3.3 Data Collection

Various data collection methods were used in oreiobtain understanding levels of
participants. The data were collected with intemgestudents’ journals, activity sheets, observatio
and field notes. Table 3.1 gives the time line loé data collection process. In addition to the
information given in the table, the class was obegithroughout multiplication topics.

Table 3.1 Data collection time line

Week Measure

1 Consent forms received

1-3 Instruction done/Activity sheets given/
Students’ self-evaluation forms received

1-4 Students’ journals received

5 Interviews conducted

Four instruments were developed by the researahesrder to collect data to analyze
students’ understanding of multiplication of fracts. These instruments were fraction interview
instrument, activity sheet, students’ journal, atddents’ self-evaluation form. Following sections
give details about these instruments.

3.3.1 Fraction Interview Protocol

Interview is a data-collection technique among theerviewer and the interviewees
involving oral questioning of respondents, eitheividually or as a group (Bogdan & Biklen, 1998).
This technique is often main source of the datbedacollected in qualitative researches (Merriam,
1998). In the current study, semi-structured iritamg were carried out with two students. Each ef th
interviews took about one and a half hours to bepieted. The interviews were carried out after the
school hours in the technology and design clagense laboratory, library, or empty class. There
were only the researcher and the student beingviateed at each interview sessions. Paper and pens
were provided to them with concrete materials eglatio fractions like fraction strips, transparent
fraction cards, small cubes, beans and chickpeaes.ifterviews were videotaped by the researcher
and students’ notes were kept. Later, these viédeords were transcribed. Therefore, it became
possible to analyze the interviews in details. Shalents were informed that their answers were not
judged as being correct or incorrect and that arswere not affect their course grades. They were
also informed that there was no defined duratioorither to answer each question. Therefore, they
answered each interview questions freely withoutirtta stress. Follow-up questions were asked
according to the answers of the students. Somkeofallow-up questions were as follows: “Can you
explain this in details?”, “Why did you think likinat?”, “Can you give one more example to this
situation?”, “How did you come up with this idea®3 on. The purpose of these follow-up questions
was to probe student answers to the questionsta/kg they gave that answer.

A fraction interview instrument was designed by tbgearcher by thinking what questions to
ask, how to sequence the questions, how much detadcessary, how long the interview last, and
how to word actual questions (Patton, 2002). thésmain instrument for the current studere are
14 questions in the fraction interview instrumesgg Appendix A). Some questions are about the
relationship of multiplication and addition (2,1,4nhe is about the modeling of multiplication
operation (7), another one is about drawing figuesording to given concept (5), some are about
finding the result of multiplication operation acdimg to given figures (13,14), some are about
interpretation of the multiplication operation iraétions (6,12,9,7), some are word problems and
questions about multiplication of fractions (3,41), one is about estimation of the result of
multiplication operation (8). Some of the items weleveloped by the researcher (2,3,1,6,12,10,8,7);
some of the items were modified from different smgr such as the Trends in International
Mathematics and Science Study (TIMSS), the Progranfion International Student Assessment
(PISA), National Assessment of Educational Progr@$&EP), and national high school exam,
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connected mathematics textbook, and previous stdi@1,5,13,14). The questions were divided into
two groups: (a) questions related with multiplygegvhole number by a fraction and emphasizing the
relationship between repeated addition and muitpilbn operations, (b) questions related with
multiplying two fractions. The questions were deyeld and selected by taking into account the
levels of Pirie-Kieren’s model and type of reprdaéions. Students may reach to any level depending
on his/her solution strategy (See Table 3.2 foreeigd maximum levels of understanding). All type
of representations (symbolic, visual, concrete, aarbal) could be used during the questions. For
example, there was a question in which ingrediemtaake a cake for five people were given and the
proportion of each ingredient was asked in ordemi@mke a cake for fifteen people. All of the
ingredients should be multiplied by 3 in order ¢dve this question. The question required to miyitip

a whole number by a fraction and a whole numbea byixed number. It was related with noticing the
relationship between repeated addition and muition. Another question was a word problem
related with finding the number of apples in twoltiplication operations by taking into account 3
apples equaled to ¥ of the all apples in a ba3Skas$. question was related with multiplying a fracti

by a fraction and finding the quantity represerigdhis multiplication.

In order to analyze students’ understanding levadseral actions at each question specified
for each level of understanding corresponding ® HMirie and Kieren's theory of understanding.
These actions can be seen in Table 3.3 with redpdetvel of understandings. These actions were
derived and modified from some of Pirie and Kiesestudies about fractions (Kieren, 1988, 1999;
Kieren & Nelson, 1978; Kieren & Pirie, 1991; PigeKieren, 1992) and some of the studies which
applied the Pirie—Kieren Theory of Understandingtteeoretical lens to their studies (Meel, 1995;
Tsay, 2005). There was no question that could helpto trace students’ understanding toward
structuring and inventising levels since these levequired more sophisticated questions which were
not suitable for the objectives of multiplicatiofi foactions at sixth grade mathematics curriculum.
Even the students from Pirie and Kieren's studyrditiachieve higher levels such as structuring and
inventising (Pirie & Kieren, 1994). Students care ey type of representation-verbal, concrete,
visual and symbolic- through each question.

Table 3.2 Expected maximum understanding levelstarview questions

Questions Expected Maximum Understanding Levels

Part 1

Formalizing
Formalizing
Formalizing
Formalizing
Observing

—
N

Formalizing
Formalizing
Observing
Property Noticing
Formalizing
Observing
Observing
Observing
Observing
Observing

Co~NoOOAWNR2Or~rLONPR

(=Y
o

The expert opinions were taken from four mathersatitucation experts to ensure validity.
The fraction interview instrument and the tableaofions were provided to these experts to get their
opinion (see Table 3.3). Following questions wesleed to experts: “Is there any scientific errothe
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questions?”, “Is this question suitable to the Isv& students?”, “Is there any grammatical error i
the question?”, “Are the context and figures of guestion suitable to the levels of students?”tHls
question suitable to track understanding procesthefstudents according to the given table”, and
“Does this question allow students to use differtgpie of representations?”. After having experts’
opinions, some of the questions were slightly miedif These modifications were just about
grammatical errors.

Table 3.3Levels of understanding and corresponadatigns
Level of
understanding

Action associated with fractions

The student is assumed to know

how to do multiplication operation with natural nioiens

what is the meaning of multiplication operationiwitatural numbers?
multiplication is a form of repeated addition irtuxal numbers.

Primitive
Knowing

The student is able to

model multiplication of two fractions by using teparent fractions cards, chick
Image Making beans, beans, fraction sticks etc.

draw figures of multiplication of two fractions, wle number by a fraction.

do paper folding activities for multiplication affctions.

The student is able to
Image Having explain his/her modeling/drawing of multiplicatioftwo fractions, whole
number by a fraction.

The student is capable of

multiplying a whole number by a fraction
Property multiplying a fraction by a fraction (proper andgroper fractions)
Noticing multiplying mixed numbers

noticing commutative and associative property oftiplication of fractions.

The student is capable of recognizing that

multiplying a whole number by a fraction means mgkiractional part of this
whole number

multiplying a whole number by a fraction can belaxged with multiplication

Formalizing is a form of repeated addition.
multiplying a fraction by a fraction means takimgdtional part of this fraction
which means taking a part of a part.
The student is able to connect that multiplicatdfractions are used in
Observing different mathematic topics such as proportioncpetages, time measures etc.

and give examples for them.

The student is capable of

Structuring* recogni;ing the rglatio_nship b.et\./vee_n fractions_ @tinal numbers.
developing theories with multiplication of fracti®n

The student is capable of creating new concepasrasult of fully

understanding multiplication of fractions.

* The participants of the current study were ngiested to reach these levels

Inventising*
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Moreover, the pilot study was conducted in ordersté® functioning of the interview
questions. These questions were asked to two deggatle students who were already taught the
topic of fractions. The interviews were video-tapdthe focus of this pilot study was on actions
performed by the students. This pilot study wadulder determining the relevance of the interview
questions, time appropriateness, and the cleaofeb® questions. After piloting the interviewseth
outcomes of the pilot study were evaluated and sdmeges and modifications were done.

3.3.2 Activity Sheet

The activity sheet was used as a supplementamuimsnt for the triangulation of the data in
the current study. The activity sheet about muttgilon of fractions was developed by the researche
according to the objectives, problem solving, reasg communication, connection skills, some other
inter-disciplinary skills and teaching approachuieed by elementary mathematics curriculum. It was
modified from several mathematics textbooks byrgkihe purpose of this study into account (See
Appendix B). There were 14 questions in the agtislieet related with modeling of multiplication of
fractions, real life word problems, and symboliestions about multiplication of fractions. A pilot
study was done with two seventh grade studentsdardo understand whether the questions in the
activity sheet were related with purpose of theenirstudy. Then, final revision was made afteotpil
study.

The activity sheet was completed by the studentsanguthe lessons related with
multiplication of fractions. Students used concretaterials such as fraction strips, transparent
fraction cards, small cubes, beans, chickpea diteanswering some of the questions in the agtivit
sheet. These activity sheets were collected aetiieof the related lesson in order to validate the
collected data with interviews.

3.3.3 Student Journals

Student journals were used as a supplementary doduior the triangulation of the data in
the current study. The purpose of students’ jousmating was to provide opportunities for the
researcher to gain insight about the students’ nataieding of multiplication of fractions. Journal
writing could also help students expressing theweseivhat they had learnt about multiplication of
fractions. There were eight questions requiringaited explanation of multiplication of fractions in
the students’ journal (see Appendix C). One of dnestions required telling how to multiply two
fractions, a fraction and a whole number, and twigech numbers to a friend, other question was
related with how to estimate the result of multiption operation, another question was related with
modeling of multiplication of fractions and the ethone was related with writing a problem and
solving it. These questions were modified from sanahematics textbooks and some studies related
with fractions. The questions were edited accordinguggestions from four experts in order to asses
students’ understanding of multiplying fractionesifically. A pilot study was done with two seventh
grade students in order to test the functionalftthe questions in the student journals. After piet
study, some of the questions were edited and fieedions of the questions were obtained in student
journal.

The students answered the questions at the enteofnathematics lessons related with
multiplication of fractions and they were collectagt after students completed them. Students’
journals were used to validate the results obtaineeh fraction interview instrument for students’
understanding of multiplication of fractions.

3.3.4 Students’ Self-Evaluation Form

Students’ Self-Evaluation Forms were used as a lesommtary instrument for the
triangulation of the data in the current study. Thepose of these forms was allow students to
evaluate themselves and see their deficiency atbeumultiplication of fractions. There were five
open ended items and eleven 3-point likert typmstén student self-evaluation forms (see Appendix
D). Some of the items were taken from several woib and previous studies, and, some of the items
were developed by the researcher. “What did | leasily/hardly in the fraction multiplication?” and
“Which concepts did | like while learning multipifon of fractions?” were some of the open-ended
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questions in this form. Students also self-assefsmdselves by marking 3-point likert type itemis. “
am able to do multiplication operations with fracs” and “I know the meaning of multiplication
when two fractions are multiplied” were some exaaspbf the likert type items in this form. The
students filled self-evaluation forms at the endhaf lessons related with multiplication of fractso
They were collected after students completed therorder to validate the results obtained from
fraction interview instrument about students’ urstiending of multiplication of fractions.

3.3.5 Observations

Observation is a technique that is used for sydieaily selecting, watching and recording
behavior and characteristics of living beings, ot§eor phenomena (Bogdan & Biklen, 2007). The
lessons and interviews were recorded with a videarder to understand the whole procedure deeply
(see Powell, Francisco, & Maher, 2003 for more itletan the use of videorecording in research on
mathematics). The video tapes were used as anweliser tool in this study. The purpose of
observations during the lessons related with mliddgion of fractions was to validate the data
collected from the interviews.

3.3.6 Field Notes

Field notes refer to written notes derived fromadabllected during observations and
interviews. The field notes collected during thadst were used for the triangulation of the data
collected from interviews. The researcher videethphe lessons and interviews and took notes
during lessons and interviews. Keywords, abbremmstiwere used while writing field notes. The
researcher also reflected her ideas, thoughts basdtie observations and interviews in her field
notes. The teacher’s reflections about the studentsd interviews were also noted. The students’
previous grades at mathematics lesson were algal.not

3.4 Validity and Reliability of the Study

Validity and reliability issues play important eolin both quantitative and qualitative
researches. All researches should produce validreimble results. This section deals with these
issues and explains how the researcher overcameithihis qualitative case study.

3.4.1 Credibility of the Study

The internal validity or credibility of qualitativresearches concerns with the question of
how the findings of the study match with the realiMerriam, 1998). In the current study, the
followings were done to ensure credibility of thedy. The data analyzed in the study were collected
with multiple ways. It was collected through fractiinterview instrument, students’ activity sheets,
students’ journals, students’ self-evaluation farotsservations and field notes. The findings frown t
interviews were validated from the results of thigeo data resources mentioned before. Moreover, the
participants were asked to see if the interpretativere made by the researcher were what they reall
thought during the interviews. According to Merriafh998), checking interpretations with the
participants is much more important than the onadenwith outsiders. Furthermore, a second coder
also analyzed the data. The use of representatiodiunderstanding levels was determined by him
too. The rate of agreement and disagreement wasilasd with the overall results. The rate of
agreement was found to be 94%, which was acceptable to support the credibility of the study.

3.4.2 Transferability of the Study

External validity, also known as transferabilitygnalitative research, deals with extending
the results of a study to the other settings. lkeoto ensure external validity, data collection an
analysis procedure and description of setting artigipants were given in details.

3.4.3 Dependability of the Study

The reliability which means consistency is basedtloe assumption of replicability or
repeatability in quantitative research. But, regditity or repeatability of a study is difficult tdo in
qualitative research because of the changes isdttimg, behaviors etc. So, reliability is exprelsas
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dependability in qualitative research in order ¢aldwvith the changes in the setting and their &fat

the research process (Trochim, 2000). Multiple oless were used in this study to provide the

dependability of the data. Furthermore, the intam& were videotaped. The researcher and an
independent observer reviewed the video recordsrider to decide the actions done in each

understanding level of Pirie-Kieren model and repregations used by students and the drawing of
maps of each student according to their understgridivel and use of representations.

3.5 Data Analysis

Data analysis is a systematical process for seggcmd adjusting the findings of the study.
Pattern finding, data coding and synthesizing bheepiarts of data analysis (Bogdan & Biklen, 2007).
Holistic and coding analyses are the two ways tdrpreting the data in qualitative studies. Hatisti
analysis includes looking at whole process not ifipeparts of the studied case whereas coding
analysis includes identifying and categorizing $ji@observable actions or characteristics (Beaker
al., 2005). The aim of data coding analysis wafini patterns among the collected data for drawing
conclusions. Dey (1993) suggests four ways forgmteing the data that “relevant literature review,
focus of the research and research questionsfardace from the data, imagination and previous
knowledge”.

Data coding analysis was used in this study. Sémgctired interviews were done with two
sixth grade students. Students answered the gosesiio the fraction interview instrument. The
interviews were videotaped to see each studenswens deeply. Later, interviews were transcribed
by the researcher and then data coding was stéivtediam, 2009). The coding was done according
to levels of understanding and corresponding astinriTable 3.3 and also according to students’ use
of multiple representations. The representatiore ty@s coded according to students’ use of them
during each question. Moreover, the representagipe and the level of understanding presented by a
student for each question were numbered in orddraw understanding map of that student. So, there
could be more than one number in a question depgrath students’ answer. The abbreviations were
used for showing the levels and representationstypao maps were drawn for each student. One
was the first part of the interview, the other avess for the second part of the interview. Thereewer
also supplementary data sources such as activestslused during the lessons, students’ journads, a
self-evaluation forms, field notes and classroonsesbations were used for validating the data
collected through fraction interview instrument.n®o of the answers of the students in the activity
sheet, students’ journal, student’ self- evaluafiorms were used to support the coded data in the
interviews. Students had learnt the multiplicatwinfractions according to the objectives of sixth
grade mathematics curriculum. The activity sheet s@mpleted by students during the lessons and it
was collected at the end of the lesson. Studeatsnpl and self-evaluation forms were given just
after finishing the topic. The lessons were alstewgtaped. The observation notes from videos and
field notes taken by the researcher after the tesselated with multiplication of fractions andeaft
the interview were also used to triangulating @& tlata collected by interviews. Moreover, the ahiti
map of students’ understanding levels of Pirie &meten model and the frequency of their use of
representations types were produced from overakmfations of student’s activities in the lessons
related with multiplication of fractions. The resg@er had her first impression of the relation of
understanding levels and the use of representgtimas with these initial maps.

A sample analysis was done to show data analysishaw to figure out the understanding
maps of students.

A word problem, “a teacher has 45 books and a ddwats also 45 books.of doctor’s books

and- of teacher’s books are novel. Find the numberookts of them” was asked. It was related with

finding a part of a whole number. One of the piptots were answered the questions as in the
following excerpts.

“

- of teacher’s book means multiplyirdpy 45. | give 1 to the denominator of 45 in ortter

do this multiplication since a whole number can dmnsidered to be a fraction with a
denominator of 1. | can simplify 45 and 5 by divigithem with 5. Then, | find the product
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by multiplying the numerators together and denotoirsatogether and find the product 36.
So, the teacher has 36 novels.”

The abbreviations were used to show the undersigridiels and representation types. The
numbers were given to show the parts of the casg¢h@ maps. The participant solved this problem
by using symbolic representations (RS) [1]. He fieti his knowledge of multiplying a fraction by a
whole number which pointed at his ability to operat property noticing level (PN). He did the same

operations for finding- of 45 and found 30 for the doctor’'s novels. Whiea humber 1 was seen in

the map, it was understood that property noticexel reached and symbolic representations were
used by the participant during that part of theecadsater, the participant was asked the reasonhghy

used multiplication here, he said that “I foundf 45. | can divide 45 by 5 and multiply the redwy

4. It is the same as multiplying theby 45. It means adding 45 timegogether.” So, he knew the

meaning of multiplication of fractions and he wasage of multiplication was a form of repeated
addition. He also knew that multiplying a whole rhenby a fraction means finding a part of a whole.
These evidences pointed that he was at formalievg (F). He used verbal representations (RW) for
these explanations [2]. When the number 2 was seethe map, it showed that the participant
positioned at formalizing level and used verbalrespntations for the explanation of the result. The
activity points for the representation types wels alrawn on the map in order to make easier to
interpret the results. After analyzing these resolt this question in the interview, more evidence
were collected from the students’ activity shegtsrnals and self-evaluation forms for validatifg t
data obtained from the interviews. For example,tfis question more evidence related with the
meaning of multiplication of fraction and the rédat between multiplication and addition was
provided from the activity sheet of that student.

3.6 Procedure

The research problem of the study and relatediargds were decided firstly. The key words
“Mathematics Education”, “Growth of Understanding'Multiplication of Fractions”, “Multiple
Representations”, and “Pirie and Kieren Theory afierstanding” were searched from the databases.
The keywords were searched from the sources sudbdasational Resources Information Center
(ERIC), Dissertation Abstracts International (DABgcial Science Citation Index (SSCI), and Google
Scholar. The studies related with the current stndiurkey were also searched from National Theses
Center and some local journals such as Hacettepeetdity Journal of Education, Education and
Science, and Elementary Online, Journal of NatioRdlucation, and proceedings of national
conferences. The review of related literature haehtupdated during the study.

Secondly, the interview protocol was developedn&aof the questions were modified from
different sources such as Trends in Internationaith@matics and Science Study (TIMSS), the
Programme for International Student Assessment ARISlational Assessment of Educational
Progress (NAEP), and national high school examneoted mathematics textbook and previous
studies and translated into Turkish. Some of thestions were developed by the researcher by
thinking the levels of Pirie-Kieren’s model. Exparpinions were taken and the questions were
revised. The pilot study was conducted with twoesgk grade students and the questions were
revised finally and then the interview protocol vweapied. Later, lesson plans were prepared for the
teacher and activity sheets were prepared for thdests. They were prepared according to
elementary mathematics curriculum. Next, studgotg'nals and students’ self-evaluation forms were
developed. The activity sheet, students’ journat$ students’ self-evaluation forms were pilotechwit
the same students and their final revisions wergenaad they were copied.

Thirdly, the study was conducted at a public sthwdtimesgut district of Ankara since its
convenience. The fraction unit was taught to twihsgrade classes in this school during three weeks
at April,2010. They did the activity sheets durithge lessons. They also completed self-evaluation
forms and journals at the end of each section. d¢tevity sheets and self-evaluation forms and
students’ journals were collected at the end ohessrction. Moreover, each section was video-taped.
Later, two students were chosen for the intervielve interviews were conducted during nearly 90
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minutes at the beginning of the May, 2010 and thiege video-taped. An informed consent form was
prepared and the participants were informed abloaitstudy. The pseudonyms were used for two
participants in order to not to deceive them.

Finally, the data analysis was done. Studentseruitws were transcribed and coded
according to students’ understanding levels atePamd Kieren model and their use of multiple
representations. Students’ answers were ensureasligg them. Students’ activity sheets, journals
and self-evaluation forms and video records wemrdu® triangulate the data collected from the
interviews. Two coders were coded the obtained. data

3.7 Assumptions and Limitations
3.7.1 Assumptions
The assumptions of the study are given below.
1. Both of the students answered the questions imtne showing their actual understanding
process in the interviews.
2. The participants of the study did not interact vatich other.

3.7.2 Limitations

The researcher’s role may be a limitation of thuelg. The researcher was the mathematics
teacher of the students. So, the students mayéebus and stressed while answering the interview
questions. However, it may be an advantage sireeefearcher and the students know each other
well. Moreover, there were no questions to trackishts’ understanding at structuring and
inventising levels.
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CHAPTER 4

RESULTS

The primary intention of this thesis was to invgate sixth grade students’ understanding of
multiplication of fractions. Additionally, this sty sought to improve mapping feature of the Pird a
Kieren theory of mathematical understanding andrema the effectiveness of this improved version.
With respect to these purposes, there were twarelsejuestions: “What are the sixth grade students’
understandings of multiplication of fractions usitige Pirie and Kieren model?” and “What
representations do sixth grade students use teesxpheir multiplication of fraction ideas at each
understanding level in terms of Pirie and Kieramadel?”. In order to answer the research questions
of the study, the data was collected and analyZld.results of the analysis were presented in this
chapter.

The data from the interviews, observations, anderogources (activity sheets, students’
journals, students’ self-evaluations) were usedralyze each participant’s understanding and uses o
representations at each level of understandingderao find emergent themes concerning types of
representations and understanding levels in whiepresentations were used. Additionally,
understanding maps were generated for all partitipaEach map demonstrates the associations
between the types of representations used by tiieipants and the levels of understanding.

This chapter includes two sections as follows:dase of Ahmet’'s understanding and use of
representations and the case of Volkan's understgrashd use of representations. Each of the section
first describes the types of representations ugeghbh student and thederstandindevels in which
each student used those representations. Theirtlymiwnderstanding of multiplication of fractions
and maps of their understanding process are tlsenisied at these sections. Detailed analysis bf eac
case included multiple view and re-view of the imtew videos, transcripts, and supplementary data.
The role of supplementary data were ensuring trmghiness of the interpretations and clarifying
students’ actions. The interview videos were thimary data source.

While analyzing the data, the researcher took thiviing type of representations in
consideration:

Concrete materials
Spoken or written words
Visuals

Symbolic formulas

These representation types, understanding levetspeovement from each of the levels were coded
as it can be seen in Table 4.1 to analyze the data.
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Table 4.1 Coding scheme used in analyses

Code Description

P Primitive knowing

IM Image making

IH Image having

PN Property noticing

F Formalizing

(0] Observing

S Structuring

I Inventising

IMtoP Folding back from image making to primitivadwing
IHtoP Folding back from image having to primitivedwing
IHtoIM Folding back from image having to image maki
PNtolM Folding back from property noticing to imageking
PNtolH Folding back from property noticing to imagaving
PNtoP Folding back from property noticing to priivit knowing
FtolH Folding back from formalizing to image having
FtolM Folding back from formalizing to image making
FtoP Folding back from property noticing to priméiknowing
RV Using visuals (drawing, diagrams) as represemtat
RW Using spoken or written words as representations
RC Using concrete materials as representations

RS Using symbols as representations

4.1 The Case of Ahmet's Understanding and Use pfé&entations

As detailed in Section 3.2, Ahmet is the best stude his class. Moreover, he is an active
participant of the mathematics lessons. He showdrtérest in the related topic with asking many
questions and expressing his willingness to sdieequestions asked by the teacher. Throughout the
study, the lessons in Ahmet's class were videodape well as the field notes taken during the
observations. Furthermore, the activity sheet Wss filled by Ahmet. Preliminary analyses of these
supplementary data showed that Ahmet used symbegticesentations almost at every stage of the
lesson. He tried to explain his answers with symbimo. Therefore we can say that, in the
instructional sequence Ahmet mainly used symbotstaused drawings as well as verbal language
less than symbolic representations in the actisfityets given. This trend of using symbols continued
throughout the observation (see Figure 4.1).

For the classroom activities, the researcher adedtdtial maps that consist each
understanding level and frequencies of the reptaens used. The layout for this map taken from
Slaten (2006) and modified to include numbers o$eskations as well as connections between
understanding level and type of representationgs@&hinitial maps do not show the process of
understanding; however, it is still informative andseful to see the relationship between
understanding and representation types.

The initial mapping was produced from overall alvaions of Ahmet’'s activities in the
lessons and these maps showed connections betweagrstanding levels and the types of
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representations he used (see Figure 4.1). Thalimitap outlined Ahmet’s use of the representation
types related with his understanding levels. Thenlmers of arrows from understanding levels to
representation types were given representativeidg. flumbers at the right corner of the map showed
the frequency of representation types he used et eaderstanding levels. The first letters of
representations and understanding levels were gisabbreviations. So, Ahmet’s initial map showed
that he used four concrete material and two visearesentations at image making level; four
symbolic and verbal representations at image havienpl; two symbolic and one visual
representation at property noticing level; two spitbrepresentations at formalizing level; and 1
symbolic representation at observing level. It segrthat Ahmet mostly used symbolic and verbal
representations at outer levels; concrete mataaradsvisual representations at inner levels.

( symbolic ]
formalising
observing ( verbal J
structring IM& RC= 4
IM& RY = 2
A — IH& RS = 4
inventising IH&RW = 4
PN& R¥ =1
PN& RS =2
F&RS=2
O&RS=1

Figure 4.1Activity levels vs. type of representadrom Ahmet’s first observation

As stated before, primary data source for theyainay students’ understanding was the data
gathered from the semi-structured interviews. tkiest was related with multiplying a fraction
by a whole nhumber, multiplying a mixed number bwylole number. 5 questions were asked in this
part. They emphasized the relationship between ipfiolition and repeated addition. The first
guestion was related with trying to find out whaimes to one’s mind about the fractions. The
purpose of this question was to find out the retathip between multiplication and repeated addition

while obtaining the fraction. Ahmet was asked tadfiout how he could obtain the fractien He

showed his awareness to figure out a fraction lyvidrg a figure and using a concrete material as in
the following excerpts. At this stage, Ahmet dentated his ability to operate at image making level
(IM) when he deals with the fraction concept. Hedivisual representations (IM) (RV) [&hd

concrete representations (IM) (RC) [8]represent the fraction
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AHMET: “The fraction- means dividing a whole into 5 equal parts andnigld parts of it

(He was drawing a rectangle at the same time, gped=4.2) (IM) (RV) [1]l can also show
it with fraction tiles (IM) (RC) [2]...... | can also show it with chick peas (RC). If orreck

pea is takenr, then | take 4 chick peas in order to show thetioa - ,”

Figure 4.2Ahmet’s visual representation-of

While Ahmet was further explaining the fraction, Hemonstrated the fraction- with

mathematical expressions. At that stage, he exglathe fraction as operations. He started with
addition of the fractions and concluded that thdtiplication is a form of repeated addition which
showed he operated at the formalizing level (F).uded symbolic representations (RS) as seen the
following excerpts [3]. (F) (RS) [3]

AHMET: “It equals to- - - - - If | make it in a shorter way, | can use

multiplication- - - (RS) [3]. The addition of four equals to multiplying four times
(see Figure 4.3).” (F) (RS) [3]

Figure 4.3Ahmet’s logic about addition and multiglion of fractions

More evidences for this was also seen in the agtsheet of him. He tried to explain the
relationship between multiplication and repeateditaah (see Figure 4.4).
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Figure 4.4Ahmet’s logic about addition and multglion of fractions in the activity sheet

In the second question, ingredients to make a dakdive people were given and the
proportion of each ingredient was asked in ordenéde a cake for fifteen people. It was relatedhwit
finding the multiplication of a whole number by &oper fraction, an improper fraction and by a
mixed number. It also emphasized the relationshimoltiplication and repeated addition. Ahmet
showed an understanding of multiplication of a ticat by a whole number and also multiplication of
a mixed number by a whole number. He multipliedibenerators of the fractions and multiplied the
denominators of the fractions and placed the prodfiche numerators over the product of the
denominators. All aforementioned evidences probed he positioned at property noticing level (PN)
since he examined his knowledge about multiplicat fractions for relevant properties. He used
symbolic representations (RS) in order to demotestthese properties as seen in the following
excerpts. [4]

AHMET: “It is for five people, it'll be multipliedby three for the cake prepared for 15
people. | will find the amount of vegetable oil bywltiplying - with 3. An integer can be

considered to be a fraction with a denominator ofThere is no cancelling for this
operation...l multiply the numerators, it is 3 andltiply the denominators, it is 2. Then the

product is- which equals to - cup of vegetable oil” (see Figure 4.5) (PN) (RE) [

Figure 4.5Symbolic representation used by Ahmehtmv multiplication of a fraction by a whole
number

As can be seen in Figure 4.5, Ahmet did the otheltiptication - ) the way as in the

previous excerpts in order to find the amount dkmised. He also multiplied a mixed number by a
whole number to find amount of the sugar and fleeing used in the cake. He converted each mixed
number to an improper fraction and then did muttgdion as in the following excerpts. He positioned
at property noticing level (PN) and used symbaddijgresentations (see Figure 4.6) (RS) [4]
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AHMET: “ - equals te- which is necessary for multiplication. Then | npllf it by 3. The
result is— which equals to - cup sugar ....I find 7 cup flour.” (see Figure 4BN) (RS) [4]

Figure 4.6 Symbolic representation used by Ahmshtmwy multiplication of a mixed number by a
whole number

Ahmet finally found the proportion of eggs and isgkpowder by just multiplying them by 3
(See Figure 4.7).He had primitive knowledge (PK)wbfractions [5] and he used symbolic

representations (RS). For instance, he was askadl lve understood from- cup flour, he told that

“2 cup flour and a cup with an amount nearly filledf it". He drew the figure to illustrate his
explanation and used visual representation (Sag ¢} 9) (RV)

Figure 4.7 Symbolic representation used by Ahmehtmv multiplication of a whole number by a
whole number

Figure 4.8 Visual representation used by Ahmehtmsa fraction

Figure 4.9 Symbolic representation used by Ahmsthtww addition of proper fractions with the same
denominator
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Ahmet talked about the half cup ercup. He knew the meaning of denominator and the

numerator of a fraction. He also identified an gae can be considered to be a fraction with a
denominator of 1 and he defined improper fractiand mixed numbers and he was able to convert
them to each other. Ahmet also talked about th@ection between addition and multiplication when
a fraction was multiplied by a whole number. He desirated his ability to verify multiplication was

a form of repeated addition which showed he pasétibat formalizing level (F). He used symbolic
representations (RS) for this verification as seethe following excerpts [6]. (See Figure 4.9)

AHMET: “Multiplication equals to repetitive additio For example, wher is multiplied by

3, we are adding three together and finding which equals to - (Figure 4.9). But, We
multiply - by 3 a short way of adding threeconsecutively since this multiplication means
three times-. So, we are multiplying by 3 as a short way of repeated addition.” (F))(8%
(See Figure 4.9)

More evidence can be found in Ahmet's journal (Bégure 4.10) and activity sheet (see
Figure 4.11).

Figure 4.10 Symbolic and visual representations l.yeAhmet to show multiplication of a fraction
by fraction in the journal

Figure 4.11 Symbolic and verbal representationd bgeAhmet to show the relationship between
multiplication and repeated operation in the attigheet

The third question was a word problem related fiftling a part of a whole number. Ahmet
was asked to find and - of 45.Ahmet verified his knowledge of multiplyirgfraction by a whole

number in different settings which pointed at Hifity to operate at property noticing level (P)e
used symbolic representations (RS). See the fatigwikcerpts.
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AHMET: “~ of teacher’'s book means multiplyirdy 45. | give 1 to the denominator of 45

in order to do this multiplication since a wholenmher can be considered to be a fraction
with a denominator of 1. | can simplify 45 and 5 diyiding them with 5. Then, | find the
product by multiplying the numerators together atehominators together and find the
product 36. So, the teacher has 36 novels.” (sgar€&i4.11.) (PN) (RS). [7]

RESEARCHER: “Why did you do multiplication here?”

AHMET: “l found - of 45. | can divide 45 by 5 and multiply the radny} 4. It is the same as
multiplying the- by 45. It means adding 45 timesogether (PN) (RW) [8].

Ahmet knew the meaning of multiplication and hesvaavare of multiplication was a form of
repeated addition. He also knew that multiplyingteole number by a fraction meant finding a part of
a whole. More evidence can also be seen in higigcsheet (see Figure 4.14.) and his journal. €hes
evidences pointed that he was at formalizing I€kl He used verbal representations (RW) for these

explanations [8]. He did the same operationsifatifig - of 45 and found 30 for the doctor’s novels.

(see Figure 4.12.) He also modeledof 45 books (see Figure 4.13.). He verified hiewledge of
multiplying a fraction by a whole number. See tblofving excerpts.

AHMET: “l draw a square and divide it into 5 equudces and take 4 parts of it. | divide 45
by 5, | find each part has 9 books inside. | takgafts which means 4 times 9 equal to 36
books. (see Figure 4.13.) (RW).”

Figure 4.12 Symbolic representations used by Alimehow multiplication of a whole number by a
fraction.

Figure 4.13 Visual representation used by Ahmahtmw a part of a whole
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Figure 4.14 Symbolic and verbal representationd bgeAhmet to show a part of a whole in the
activity sheet

The fourth question was a word problem relatedh wiultiplication of a mixed number by a
whole number. It was related with finding a partiixed number) of a whole number. The number of
egg cartoons in a grocer and the number of egégeirmch egg cartoons were given. How many eggs
there were in these egg cartoons were asked to Bliredemonstrated his knowledge of connecting
fractions with natural numbers. He knew what a ligttion means and used this knowledge by
connecting the multiplication of fractions with oedl numbers. He used symbolic representations
(RS) while solving this question. He positionedf@imalizing level (F) since he was aware of the
connection between natural numbers and fractionsH® knew what a half fraction meant. He had an
idea about the fractions of quantities. Let's deefollowing excerpts.

AHMET: “I multiply 13 by 12 since there are 13 pages except fractional part and each
package has 12 eggs inside. | find the result 1581d 156 with 6 since there is also a
half package and the half of 12 is 6. Then, | firt@2 eggs in all egg cartoons (see Figure
4.15). (RS)”

Ahmet was asked if he can solve this question iffierént way, he used fraction
multiplication. He converted the mixed number troper fraction and then did multiplication and
found the same result. He used symbolic representafRS) as in the following excerpts. Moreover,
he did similar operations in his activity sheetidgrthe lesson and his journal. He positioned at
property noticing level (PN) since he just did riplitation [10]. He also expressed what an improper
fraction and a mixed number.

AHMET: “— is multiplied by—. | simplify 12 and 2. | find the result 162, thense as the

first result... This multiplication means adding fithes — . There are 12 eggs in each

package and we should use multiplication in orddind the number of eggs in 13 and a half
package (see Figure 4.16). (RS)”

Figure 4.15 Symbolic representations used by Ahménhd a mixed number of a whole
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Figure 4.16 Symbolic representations used by Ahménhd a mixed number of a whole

The fifth question was related with the modelirfgnaultiplication operation with a whole
number and a fraction. It was related with modetinges of fractions. A shape was given as a whole
in rectangular units and Ahmet was asked to modelkiplication operation in rectangular units by
thinking this whole. Ahmet tried to model the mplitation operation. He first tried to model it by
using cubic blocks and then tried to draw and esgiie on the given shape (see Figure 4.17). It
initially seemed he modeled correctly. He positibia¢ image having level (IH). More evidence can
also be seen in his journal, and activity sheetfodeling and knowing the meaning of multiplication
of a whole number by a fraction (see Figure 4.H#).used concrete materials as representation (RC)
while modeling [11]. But, while drawing it in reigular units (see Figure 4.18), he seemed that he
could not notice he modeled it correctly as inftilowing excerpts (RV).

AHMET: “This equals to- (he divided 3 rectangular units into 6 equal pseaad hatched a

piece in order to show). If 4 of them are put side to side, the resulthi$ operation (he is
counting) 1,2,3,4,.....24. 000 wait a minute 24. \Wewd not find 24 since the result of this
multiplication is-. 4 times- are added together. | found the resulfrom the model which

means 24 times come together. But, this does not give the sarmsltrésee Figure 4.17)
(RV).”

Although he initially modeled the operation cothgche could not notice this. He made
several attempts but, he was unsuccessful sintieolight 4 wholes instead of one whole and divided
4 wholes into 6 equal pieces. He knew multiplicati® a short way of repeated addition but, he could
not connect this knowledge with modeling. So, hd tficulty in finding the correct modeling. All
the aforementioned evidence pointed at his abititpperate at image making level (IM). He folded
back to image making level (IHtoIM). He used synibakepresentations (RS) for expressing his
model [12].

AHMET: “l divided the whole shape into 6 equal mec... The denominator should not be
added....the denominator must be the same. Sou#l®tp- which means 4 times added
together. It is the short way of repeated addifsse Figure 4.18) (RS and RV)”

Figure 4.17 Modeling of the operation 4 times-@f rectangular units
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Figure 4.18 Symbolic and visual representationsl liyeAhmet to find 4 times of

Figure 4.19 Symbolic and visual and verbal repriegiems used by Ahmet to show multiplication of a
whole number by a fraction in Ahmet’s journal

The second part of the interview consisted of qaestrelated with multiplication of two
proper fractions, two improper fractions and twoad numbers. The first question of this part simply

asked multiplication of two fractions. Ahmet wased to find- of -. It emphasized the meaning of

multiplication operation with two fractions. Ahmshowed an awareness of multiplication of a
fraction by a fraction meant finding a part of atpas in the following excerpts. He used symbolic
representation (RS) for finding the result. He posed at formalizing level (F). [1].

AHMET: “The operation we can do while finding adtmn of a fraction is multiplication. |
can multiply - by - and find the result- (see Figure 4.20).”

After that he decided to use transparent fractiars to model this multiplication. But, the
following dialogue showed that he had some diftiguh modeling and explaining the meaning of
multiplication of two fractions on this model. S was not prepared to operate at formalizing level
He folded back from formalizing to image making éé\(FtolM). He used concrete material as
representations (RC) for modeling [2].

AHMET: “l put this card over the other in oppositirection (he is putting transparent
fraction cards one is over the other in a posittbat one is vertical and the other is
horizontal). | count in order to find how many pscit is divided equally. It is divided 15
pieces and then | can count the darker area- thesattion area of them. The darker area has

8 pieces, and then the result of the multiplicat®s (RC).”

The researcher asked Ahmet why he took the intiosearea. But, he confused the meaning
of multiplication with division of two fractions. & just memorized how to model multiplication
operation by using transparent fraction cards.rtiersected the transparent fraction cards horiflgnta
and vertically for getting equal pieces and he todkrsection area for the result of multiplication
However, he had some problems while drawing theghofimultiplication of two fractions as seen in
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the following excerpts. He divided the numeratortted fraction- into 3 parts in order to show the

intersection area while drawing a shape withouhgidraction cards (see Figure 4.20). Although he
showed an understanding of multiplication of twactions means finding a part of a part, he did not
constantly show his awareness of modeling muli@ion of two fractions and interpreting the result
of this multiplication from the model. He positi@hagain image making level (IM) and used visual
representation (RV) for modeling [3].

AHMET: “- is divided by- which means is put over-.... It is something like finding how

many- is there in-. but, it is different operation.....I can show jyt irawing a model (see
Figure 4.21). | divide this shape into 5 equal p&and hatched 4 pieces and | divide these 4
pieces into 3 parts and | can findhside - (RV).”

Figure 4.20 Symbolic representations used by Atimehow a fraction of a fraction

Figure 4.21 Visual representation used by Ahmendoalel multiplication of two fractions

The second question was related with modeling amtting the meaning of the multiplication
operation with two proper fractions. It asked todmotwo multiplication operations with two unit
fractions changing the orders and then asked atbmutmeaning of these multiplications. While
answering this question, Ahmet showed an understgn@f the commutative property of
multiplication operation. So, he positioned at pdp noticing level (PN). But, he misinterpretee th
meaning of two multiplication operations. He useganbolic representations (RS) for doing this
multiplication [4]. He modeled the multiplicatiorperation correctly (see Figure 4.22), but, he could
not connect his knowledge for modeling it with sparent fraction cards as seen in the following
excerpts. He used visual representations (RV) fadeting the multiplication [5].

AHMET: “A half is multiplied by a fourth and it e@ls to-. The result of this operation
means an half of a fourth. | can show it immediatéHe divided a rectangular shape into
four parts and then divided each part into two galitained eight parts as in figure 4.22).
This equals te. (RV)”

RESEARCHER: “How about the other one?”

AHMET: “A fourth is multiplied by an half and it emls to-. We can say a fourth of an half.
We can say that multiplication has commutative prop The product does not change when
the order of the multiplicands are changed (seerEi@.24). | can show this operation by

dividing a whole into two parts and then divide legart into four equal parts (see Figure
4.23). (RV)
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Researcher: Are these two models the same or natimet: No. We are modeling of -

and- of -.”

After that he tried to show these operations wirfdmsparent fraction cards. He put the
transparent cards on each other; one is on vegiwhthe other on horizontal position. He counted t
parts in order to find the denominator and fourghtparts. He counted the overlapped part to find

numerator. He finally found he result He did this as a routine procedure. He did naivk the

reason why he put them in vertical and horizontaiton. He said “it is meaningful if we put them
crossing over each other in multiplication opematioHe puzzled for a while and he put the

transparent fraction cards on each other and hadfthe result. He also tired other fractions with the

fraction cards and saw that putting the cards Ihottizontally or vertically was not meaningful for
these fractions, non-equal parts were obtainedwate unaware of the meaning of the multiplication
with modeling it by using transparent fraction cardde had just memorized how to model
multiplication operation with transparent fractioards. So, he folded back to image making level
(PNtolM). He used concrete material as represemsifRC) [6]. He had some effort, but he could not
connect his knowledge of modeling with the mearhgultiplication operation. More evidence can
be seen in the activity sheet and video recordsfiatiinotes. He wrote he had some difficulty while
learning modeling of multiplication of fractions &elf-evaluation form.

Figure 4.22 Symbolic representation used by Ahmehbw multiplication of two unit fractions and
modeling of that multiplication

Figure 4.23 Symbolic representation used by Ahmshbw multiplication of two unit fractions and
modeling of that multiplication

Figure 4.24 Verbal representation used by Ahmehtmv commutative property of multiplication of
fractions

In the third question, a multiplication operatiavith two mixed numbers was given;
estimating the product and then comparing the podnd the estimation result with each other was
asked in this question. Ahmet constantly showed avimreness of multiplication of two mixed
numbers. He converted them to the improper frastionorder to do the multiplication (see Figure
4.25). He used symbolic representation (RS) whiliegl this multiplication. He operated at property
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noticing level (PN) [7]. Ahmet also showed an urstiending of how to estimate the result of the

multiplication of two fractions. He estimated tletors and the product by using number line styateg

(see Figure 4.26). He used visual representati@d and verbal representations (RW) [8]. He also

rounded some fractions by using the strategy tbat ¢lose they are to the number zero. Ahmet also
compared the result of this multiplication operatisith the estimation result and he found the same
results in both operations as seen in the folloveirgerpts. more evidence can be seen in the activit

sheet and journal he did before. He did similangki(see Figure 4.27). This discussion suggests tha
he positioned at formalizing level (F) [8]..

AHMET: “We convert them to improper fractions totaim the correct result. Two times
nine plus one equals 19, it4s and three times eight plus seven equals 31, iswill do
this multiplication. They are not simplified, thénmultiply 19 with 31 and find 589, |
multiply nine with eight and find 72. The resultuads to—. | convert it to a mixed number
by dividing 589 to 72, | find —. (Figure 4.26) (RS)”

RESEARCHER: “Why did you convert mixed numbersrtpioper fractions?”
AHMET: “It is the correct solution to convert thetm improper fractions, there is no other
way to solve it.”

AHMET: “ -is close to 2 sinceis close to zero and we have already 2 whole mdhH |
show it on the number line, we can see that itaser to 2. - is close to 4. When | draw a
number line, | divided 7 parts between 3 and-4is close to 3 (Figure 4.27). Then, 4 is
multiplied by 2 and the result is 8. (RV) Anywakietresult — is close to 8 since- is close
to 8. We can show- by dividing 72 parts between 8 and 9 on the nurfiber It is closer to

8. In another way, | can say is close to zero, we have also 8 whole. When vee&dhole
with zero, we obtain 8. So, it is close to 8. (RW)”

Figure 4.25 Symbolic representations used by Ahmshow multiplication of two mixed numbers by
converting them to improper fractions

Figure 4.26 Symbolic and visual representationsdlsy Ahmet to estimate the result of
multiplication of two mixed numbers
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Figure 4.27 Symbolic representation used by Ahmeftstimate the result of multiplication of two
mixed numbers in his journal

The fourth question dealt with equivalent fracsoff the result of- - operation equaled
to - or not was asked in this question. Ahmet did tivergmultiplication operation in order to see its

result equal te- or not. He knows how to multiply two fractions. Haultiplied the numerators and

then denominators of the fractions and placed toeyrt of the numerators over the product of the
denominators. He demonstrated his ability of sifgjplg the fractions. He said “it is quicker first
simplify the fractions and then multiply the framis”. He showed his awareness of using greatest
common factor while simplifying two fractions (sd€gure 4.28. and Figure 4.29.). He said
“simplification is to find the smallest fraction @igalent to the given fraction by dividing the bdtie
numerator and denominator by the common factorhefnt. He knows that simplification means
obtaining smaller fractions equivalent to the giViattion at the beginning. So, he has an ideatabou
equivalence fractions. All aforementioned evidepoeted that Ahmet showed his ability to operate
at property noticing level (PN). He used symbolapresentations (RS) while dealing with this
guestion [9]. Let's see the following excerpts.

AHMET: “I can simplify the factors before doing ntiplication. The common factor of 3
and 6 is 3. Then, | simplify the denominator of first factor with the numerator of the
second factor by their common factor 3. The resfiithe multiplication is- (see Figure
4.27.). (RS)”

RESEARCHER: “How did you do this simplification?”

AHMET: “While doing multiplication, the numeratond denominator of a fraction can be
simplified by a common factor of them or the denwadr of the first factor with the
numerator of the second can be cancelled by the gaotor. The common factor can be
found by the Greatest Common Factor of these nwnfdre simplification is finished, we
can do multiplication. We can first multiply theaftions and then simplify the result. | found
the result of the multiplicatior- and simplified it by 3 and found the result agai(see

Figure 4.28.). (RS)"
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Figure 4.28 Symbolic representation used by Ahmehbw multiplication of two proper fractions

Figure 4.29 Symbolic representation used by Ahmehbw multiplication of two proper fractions

The fifth question was related with finding theguct with 3 multiplicands. The result of the
multiplication - - - was asked to Ahmet. He showed his ability to de thultiplication. While

dealing with this question, he first multipliedsfiirtwo factors and then multiplied the productharm
with the third factor (see Figure 4.30.). He imglihe associative property of multiplication in the
following excerpts.. He showed his understandindy@iv to multiply fractions and how to simplify
them. Later, he did multiplication with 3 multipinds and found the same result as in the first
operation (see Figure 4.31.). More evidence carsdmn in Ahmet's activity sheet, journal. All
aforementioned evidence showed that he operatpbperty noticing level (PN). He used symbolic
representations (RS) [10].

AHMET: “First, | can do- - and then multiply the result with The order of the factors
does not matter in multiplication operation. So,ca@ multiply the second and third factors
and then multiply the product of them with theffii@ctor and so on. The multiplication -of

with — equals to—. Then, | multiply— with -. | can simplify 2 and 4 by 2. The result equals

to — (see Figure 4.30.).(RS)”

RESEARCHER: “Can you multiply three of factors ttggr and find the same result?”
AHMET: “Yes, | can. The product equals-ta | multiplied the numerators and wrote the
result as the numerator of the product and mudtipthe denominators and wrote the
denominator of the product. | cancel the numeratar the denominator with 6 and firel

The result of the first operation also equals toesaesult when | simplify it (see Figure
4.30.).”
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Figure 4.30 Symbolic representation used by Ahmshbw multiplication of two proper fractions

Figure 4.31 Symbolic representation used by Ahimehbow multiplication of three proper fractions

The sixth question was related with comparing rdsult of multiplication operations with
the multiplicands in proper and improper fractioAbmet was asked to do a multiplication operation
with two proper fractions and then comment thatgreduct was less or greater than each of the two
fractions he multiplied. He was also asked to dogAme things with multiplication of two improper
fractions. Ahmet showed his understanding of mlyltig the improper and proper fractions during
this question. He positioned at property noticiegel (PN) and he used symbolic representations (RS)
for this multiplication [11]. (see Figure 4.32 aRidjure 4.33).

Figure 4.32 Symbolic representations used by Atimehow multiplication of two proper fractions

Figure 4.33 Symbolic representations used by Ahmshow multiplication of two improper fractions

Ahmet also showed his awareness of how to contbareroper and improper fractions. He
used a strategy that how close the fractions athdiw wholes, halves and the number zero in the
number lines (see Figure 4.34). Moreover, as arrative strategy, he found the least common
multiple of the denominators and expanded theifvastaccording to that number and then compared
the fractions with the same denominators (see EiguB5 and Figure 4.36). All aforementioned
evidence suggested Ahmet's ability to operate fdimimgy level (F). He used symbolic and visual
representations (RS and RV) for comparing the ivast[[12].

See the following excerpts.

AHMET: “The result of- - equals te-. There is no cancellation (see Figure 4.31).”

RESEARCHER: “Can you compare this product withfemeors?”
AHMET: “Yes, | can compare. The product is lessntlthe other two factors. Shortly, the

fraction - is close to zero less than a halfis close to a whole andequals to a half. (He

showed these fractions on number lines to show teseness to a whole, a half or zero)
(see Figure 4.34).... | can also show these fractignsiathematical sentences by expanding
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the denominators of them to 8.equals to- when expanded by 2 andequals to- when

expanded by 4 (see Figure 4.35). Then, we can-sisethe smallest one among these

fractions. If the fractions have common denomirgtdhan the fraction with the bigger
numerator is greater than the others. Becausediyide a whole 8 pieces and take 6, 4 and 3
pieces. Then, of course 6 taken-pieces are bidgar the other pieces. (he drew figures to

compare the fractions) (see Figure 4.36). The reduhe other multiplication equals te. It

is bigger than the factors. | can expand the denatois to 12 (see Figure 4.33). Then, we
can see that the product is bigger than the fagthen improper fractions are multiplied; it is
smaller when proper fractions are multiplied.”

Figure 4.34 Visual representations used by Ahmebtopare fractions

Figure 4.35 Symbolic representations used by Atimehow multiplication of two proper fractions
and compare them

Figure 4.36 Visual representations used by Ahmebtopare three fractions

When Ahmet was asked what he would say aboutdmeparison of these fractions, he
demonstrated his awareness of the comparison ofptbeuct with the multiplicands in the
multiplication of proper and improper fractions. Heed to prove his conclusion by giving different
examples (see Figure 4.37). He also used symbeticesentations (RS) for this proof. Then, he
generalized that the product is less than the pliginds when proper fractions were multiplied; the
product is greater than the multiplicands when wpper fractions were multiplied. As a result he
positioned at observing level (O).See the followaxgerpts [13].
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Figure 4.37 Symbolic representations given as amgle by Ahmet to show multiplication of proper
and improper fractions in different settings

The seventh question was a word problem requitiegime conversion related with finding
a part of a part. How many minutes there weredh - hours was asked. It was expected to fird

- hours and then to convert the result into minutghis question. It was a daily life question.nAdt
demonstrated his understanding of finding how manigutes there were in of - hours and he

showed his ability to verify it in a different stegy. He first found of 60 minutes and then fourdf

the obtained result in order to solve this ques(gee Figure 4.37.). After that he tried a difféneny
that he found- of - by multiplying them and then multiplied the reswith 60 minutes (see Figure
4.40.). He knows how to multiply two fractions, @whole number by a fraction. He knows how to
simplify the fractions while multiplying them. Adiforementioned evidence showed that he positioned
at property noticing level (PN). He used symbobkpresentations (RS) for these solutions [14]. In
addition, he explained why he used multiplicatigei@tion in this question and he drew a rectangular
shape in order to explain his reasons. He imphed multiplying a whole number by a fraction means
“finding a part of that number” multiplying two ftdons means “finding a part of a part” which
demonstrated his ability to operate at formalidegel (F). He used visual representation (RV) fos t
explanation (see Figure 4.39.) as in the followingerpts [15] More evidence can be seen in his
journal that he wrote a problem from daily life amdlved the question by multiplying a whole
number by a fraction in order to find a part oftthamber (see Figure 4.40).

AHMET: “The question is required to convert hourgoi minutes. An hour equals to 60
minutes. So, | multiply with 60. | can simplify 60 and 5 with 5. It equats48.- of an hour

equals to 48 minutes. Then, it is askeaf 48 minutes. | multiply them. | can simplify 48d

3 with 3. I find the result 32 minutes (see Figdras).”

RESEARCHER: “Why did you use multiplication in thgsiestion? What do you understand
from the first multiplication you did?”

AHMET: “A whole is divided into 5 equal pieces ardch pieces equals to 12. 4 pieces is

taken in order to find of 60. It is the same as multiplying 12 with 48dd-igure 4.39.).”
RESEARCHER: “Can you solve this question in a défe way?”

AHMET: “l may try but | am not sure it is true oon | multiply - by - in order to find- of -
and find—. Later, | multiply it with 60 and | find 32, theasie result as the first try (see
Figure 4.40.).”

Figure 4.38 Symbolic representations used by Ahmehow fraction of 60 minutes
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Figure 4.39 Visual representation used by Ahmshimw a fraction of 60 minutes

Figure 4.40 Symbolic representations used by Atimehow a fraction of a fraction

Figure 4.41 Symbolic representations used by Atimehow a part of a whole

The eighth question was a problem related witldifig the number of apples in two
multiplication operations by taking into accounafples equaled teof the all apples in a basket. It
required finding the whole of a given quantity dimtling a part of that quantity. It was a dailyelif
question. Ahmet did the first multiplication and pezzled since he could not a whole number (see
Figure 4.42) (RS). Then, he tried to find the numbieapples in the basket (see Figure 4.43) (RS).
After that he multiplied the result of the first tplication with the number of the apples in thesket
(see Figure 4.44) (RS). But, he could not find agaiwhole number. He did the same operations in
the second multiplication (see Figure 4.45) (RS).oA his attempts showed that he positioned at
property noticing level (PN) and used symbolic eggntations (RS) [16]. He also used visual
representation (RV) while finding the number of l@ggn the basket by using chickpeas [17]. But, he
puzzled again with these results. He thought Hewgdbng by using multiplication. Then, he tried to
find the results - and - equal how many apples. He found correct answer affew try (see Figure
4.46) (RS). He showed his awareness of operatirfgratalizing level (F). He also used symbolic
representations (RS) [18]. Later, he was askethtb-fof 12 apples and of 12 apples. He found by
multiplying them (see Figure 4.47) (RS). He muléglthe results and found the same result with the
previous one. He noticed thatand- of 12 apples have the same value since they weitpia of
each other. So, he demonstrated his knowledge woifva&gnt fractions and multiplying a whole
number by a fraction means a part of that humber.demonstrated his knowledge to operate at
observing level (O) and used symbolic represemiatidRS) as seen in the following excerpts [19]
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More evidence can be found from Ahmet’'s activityeesshand journal about multiplying a whole
number by a fraction and knowing the meaning of thultiplication and also finding a fraction of a
given quantity (see Figure 4.48)

AHMET: “l can simplify these fractions. | find ....l can find the number of the apples in the

basket- of the apples equal to 3 apples, then there apples and then 9 and then 12 apples
in the basket (He first showed them with chickpaad then showed as in the Figure 4.43).
But, 12 is not divided by 9. Then, | multiply 12danand find— which equals to - apples

(see Figure 4.44). | find the seconrdby cancelling 12 with 3. Then as | did in the poes
one, | multiply— by 12. | simplify 12 and 16 with 4 and find thesuét — which equals to -
(see Figure 4.45)...... - equal to 64 apples since 5 whole equal 60 apphestiplying 12
with 5) and- equals to 4 apples (multiplying 12 by 3 and divateto 9). | add 60 with 4. |

find 64 apples. - equal to 45 apples since 3 whole equal to 36 appha- equals to 9

apples, adding them together. The result is 45esgpl
RESEARCHER: “Can you solve this question in diffdrevay?”
AHMET: “l may not.”

RESEARCHER: “Can you find of 12 apples and of 12 apples?”

AHMET: “Yes, - of 12 equals te- or 8 apples- of 12 apples also equals to 8 apples. They

have the same value, so, they are equivalent dretiThey are simplified or expanded by a
number. When they are multiplied, 64 apples aredaas in the previous operation.”

Figure 4.42 Symbolic representations used by Atimehow multiplication of two fractions

Figure 4.43 Symbolic representations used by Alménd the number of all apples in the basket
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Figure 4.44 Symbolic representations used by Atimshow a fraction of all apples in the basket

Figure 4.45 Symbolic representations used by Ahmehow multiplication of two fractions and
show this fraction of all apples in the basket

Figure 4.46 Symbolic representations used by Arimehow the number of apples in both of the
multiplication operations

Figure 4.47 Symbolic representations used by Ahmshow equivalent fractions
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Figure 4.48 Symbolic representations used by Alménd a fraction of a given quantity in a word
problem from Ahmet'’s activity sheet

The ninth question was related with finding thecfrons modeled as square units. 3 squares
representing of a whole was given and it was asked to findualeie of two fractions modeled with

square units by thinking the whole they found a tieginning. It was related with the relation
between multiplication and repeated addition whilgng to find the modeled fractions. Ahmet
showed an understanding of finding the fractionslehed with squares in the next question. In the

first art of the question, he tried to find the ratetl fraction. He marked 3 squares-and counted

them. He counted 4 timesand he added them. He also multiplied 4 arak a short way of this

addition (see Figure 4.49.). He linked his knowkedd multiplying and adding fractions with the
given model during the question. He showed his tstdading of how to multiply and add fraction.
He knows multiplication is a short way of repeasattiition. All aforementioned evidence showed
that he operated at formalizing level (F). He uBeth visual (RV) and symbolic representations (RS)
in this question as seen in the following excefpt§

AHMET: “In (a), 3 boxes equals ta Then, these squares equals to (counting the esjuar

plus- plus- plus- which means 4 times(see Figure 4.49). The result-isvhich equals to

In the second part of the question, he again tadithd the modeled fraction. He marked and
counted the squares as he did in the first parer& was a square remained. He tried to find what
fraction this square represents. He drew 2 morarsguto complete it to 3 squares (RV). He noticed

that a square representsf -. He found this result mistakenty He did addition and then found the

fraction as-. He noticed his mistake as a result of researafigestion and he found the fraction by
using multiplication (RS)(see Figure 4.50). He atempleted the figure given at the beginning to its
whole and showed the fraction of a square @®e Figure 4.51). He demonstrated his abilityetafy

them in different settings and he showed his undedsng of operating at —observing level (O). He
used both visual (RV) and symbolic (RS) repres@natas seen in the following excerpts [21]

AHMET: “In (b), - plus - (counting the squares) and the last one equalsitadd 2 squares
to the last square. Then, a square equal®fe, that is-.”

RESEARCHER: “How did you find?”

AHMET: “I| multiplied - with -. | multiplied numerators together and multiplieehdminator

together. Then; plus- plus- equals to.....expandby 2 and ...it equals ta”
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RESEARCHER: A square in this question shows howymgarts of its whole?

AHMET: “A square shows of its whole as | did before. | equal®f -. | can find the same
result by adding each square together...(he is cogintOh, no | cannot do it in that way. It
gives different result. There are 7 squares arsdfdund- when multiplying 7 and.”

RESEARCHER: “Why did you find different results?”
AHMET: “They should be the same. The logic behimg @f the solutions should be wrong,

then... yes, | did an error while multiplyingwith -. It equals to-. Then, the result of the

question equals te. | edited the first solution and found the samsultealso (see Figure

4.50).”

RESEARCHER: “Can you draw the whole of the pieceegi at the beginning of the
question?”

AHMET: “This piece equals te and the other equals tcand the other equals toWe have

9 squares totally. Then, each square equalgsee Figure 4.51).”

Figure 4.49 Symbolic and visual representations liyeAhmet to find the modeled fraction

Figure 4.50 Symbolic and visual representations liyeAhmet to find the modeled fraction

Figure 4.51 Visual representation used by Ahmdintbthe whole of the modeled fraction
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According to the results from the interview, thadarstanding maps for the first and second
part of the interview were generated. You can bedfitst part in Figure 4.52. As you can see, seven
activity points over 12 were at symbolic region andst of these activities were at property noticing
and outer than that level. Moreover, this map aardithe initial analysis that shows the trends on
using symbolic representations by Ahmet.

Figure 4.52 Understanding map of Ahmet for thet fort

Understanding process of the second part candseisd-igure 4.53. At this part, we can see
that Ahmet performed higher level understandingiviaigs and reached the observing level.
Moreover, the trend on using symbolic represematis still valid here. However, at this second,par
the visual representations are also dominant.
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Figure 4.53 Understanding map of Ahmet for the sdquart

4.2 The Case of Volkan’s Understanding and UseegfrBsentations

As detailed in Section 3.2, Volkan was one of teetlstudents in his class. He participated
the lessons actively and told his ideas aboutelaed topic. He sometimes got excited while sgvin
the questions and solved the questions incorreketting the lessons. The mathematics lessons were
video-taped during the fractions unit. In additidolkan was observed during these lessons and field
notes were taken during the observations. Theigctheet was also filled by Volkan in the lessons.
Moreover, student journal and self-evaluation forrare filled by Volkan just after finishing the
related topic. In this instructional sequence Valksed symbols, drawings as well as verbal language
for the majority of his answers to the questionstli®e activity sheets and the journal. The
observational data during the lessons revealedubidan mostly used symbolic representations. He
also used concrete materials and diagrams as rejbesentation types (see Figure 4.54).
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Figure 4.54 Activity levels vs. type of represeittas from Volkan's first observation

As stated before, primary data source for theyana students’ understanding was the data
gathered from the semi-structured interviews. Thestjons in the interview were divided into 2 parts
First part was related with multiplying a fractibg a whole number, multiplying a mixed number by
a whole number. 5 questions were asked in this. Jdrty emphasized the relationship between
multiplication and repeated addition. The first sfien was related with trying to find out what came
to one’'s mind about the fractions. The purposehid fjuestion was to find out the relationship
between multiplication and repeated addition wbitgaining the fraction. Volkan was asked to find

out how he could obtain the fractien Volkan showed an awareness of obtaining a fractio

different settings. He used chickpeas as concratenmls to show the fraction as in the following

excerpts. He used concrete representation (RC)déteonstrated his ability to operate at image
making level (IM). [1]

VOLKAN: “I divide (chickpeas) into 5 pieces. Eachtbhem represents one piece. Then, 4 of
them show the fraction taking 4 pieces.(he showed this by using chickpg&C)”

While Volkan was further explaining the fractione demonstrated the fraction with
mathematical expressions. At that stage, he egdiathe fraction as operations. He used addition,
multiplication and subtraction operations to obthia fraction- (see Figure 4.55., Figure 4.56, Figure

4.57.). He used symbolic representations (RS).ri¢el to explain that multiplication is a form of
repeated addition in fractions. But, he could nobvg this explanation in his operations. He used
verbal representation (RW) for this. He demonsttétis ability to operate at image having level (IH)

(2]

RESEARCHER: “How can you obtain the fractie?
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VOLKAN: “l can use addition. | can addwith - and find-. | can find by multiplication. If |

multiply - with 2 whole, | will find-. | can also use subtraction. | subtradty - to find -.
(RS)”

RESEARCHER: “Why did you multiply with 2 whole?”

VOLKAN: “I wrote 2 whole as a fraction by giving ¢hdenominator 1. This multiplication
means 2 times since multiplication is a form of repeated additigRW)”

Figure 4.55 Symbolic representations used by Votkashow a fraction with addition

Figure 4.56 Symbolic representations used by Votkashow a fraction with multplication

Figure 4.57 Symbolic representations used by Votkashow a fraction with subtraction

In the second question, ingredients to make a ¢akdive people were given and the
proportion of each ingredient was asked in ordenéde a cake for fifteen people. It was relatedhwit
finding the multiplication of multiplication of a kwole number by a proper fraction, an improper
fraction and by a mixed number. It also emphasibedrelationship of multiplication and repeated
addition. Volkan started with finding appropriateltiplier to find the ingredients for fifteen peapl
He showed an awareness of multiplying a fractionabwhole number and multiplying a mixed
number by a whole number. He multiplied the nunmgtof the fractions and multiplied the
denominators of the fractions and placed the prodfiche numerators over the product of the
denominators (see Figure 4.58., Figure 4.59.).ddd®e used rules that can be easily memorized and
applied to all multiplication operations. Howevére field notes, Volkan's activity sheet and joudrna
validated that he did this operation consciouslgee( Figure 4.62). He also demonstrated his
knowledge of converting improper fractions to mixedmbers and converting mixed numbers to
improper fractions. He converted mixed numbersmproper fractions before multiplying them (see
Figure 4.59.). He converted whole number to fradtidy giving 1 to their denominators. He
surprisingly gave the denominators 1 while multipdy two whole numbers (see Figure 4.60.). He
was also successful for multiplying a mixed numbéth a whole number without converting the
mixed number to improper fraction (see Figure 4.8l aforementioned evidence proved that he
positioned at property noticing level (PN) sincedxamined his multiplication image of fractions for
relevant properties. He used symbolic represemsi{iRS). [3]

RESEARCHER: “How did you conveftto -?”
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VOLKAN: “| divided 3 to 2. There was only one 2 ide 3, it was the whole part of the
mixed number. 1 remained, it was written as the emaor. The denominator remained the
same.”

VOLKAN: “I multiply - with 3 and find - cup milk is needed for 15 people.”
VOLKAN: “I convert - to improper fraction and fined. Then | multiply it with 3 and find

- cup sugar for 15 people”

Figure 4.58 Symbolic representations used by Votkashow multiplication of a fraction by a whole
number

Figure 4.59 Symbolic representations used by Votkashow multiplication of a mixed number by a
whole number

Figure 4.60 Symbolic representations used by Votkashow multiplication of a whole number by a
whole number

Figure 4.61 Symbolic representations used by Votkashow multiplication of a mixed number by a
whole number
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Figure 4.62 Symbolic representations used by Volkahis activity sheet to show multiplication of
fractions and the meaning of this multiplication

Volkan also showed his awareness of that mulagitin is a form of repeated addition. He
illustrated this knowledge as seen in the followexgerpts. He positioned at formalizing level (Rila
he used symbolic representations (RS) (see Fig6R).44]

More evidence about the relation between multiiiceand addition can be seen in Volkan’s activity
sheet (see Figure 4.64)

RESEARCHER: “Can you do the multiplication efby 3 with different way?”

VOLKAN: “Yes, | can add 3 times the same fractiomcg multiplication is a form repeated
addition. It is a short way of addition. Both résukill be the same.”

Figure 4.63 Symbolic representations used by Votkashow addition of fractions

Figure 4.64 Volkan's logic about addition and nplltation of fractions in the activity sheet

Volkan also had a primitive knowledge about frawt. He defined what the numerator and
the denominator of a fraction mean. He also expkss cup and a half cup when he was asked as
seen in the following excerpts. He used verbalgspntations (RW) [5]

Volkan: The denominator shows the divided partsc@s or groups for a whole or a quantity.
The numerator shows the taken parts, groups.

Researcher: What do you understand frontup flour?
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Volkan: 2 cup flour and of a cup.

The third question was a word problem related \itlding a part of a whole number.
Volkan was asked to find and - of 45. He demonstrated his knowledge of findirgpat of a whole

number (see Figure 4.65., see Figure 4.66.). ldefiiund- and- of the books and then founrdand

- of the books by using division and multiplicatiasith whole numbers. More evidence can also be

seen in the activity sheet (see Figure 4.67.). bitipned at property noticing level (PN). He used
symbolic representations (RS). See the followingeepts. [6]

VOLKAN: “I divide 45 to 5 in order to find- of teacher’s book. It is 9 books. Then, |
multiply 9 with 4 since- of the books are novel. | find the result 36. B, teacher has 36
novels. | also divide 45 to 3 in order to findbf doctor’'s book. It equals to 15. After that |
multiply 15 in order to find- of the books. | find 30 novels. (RS)”

Figure 4.65 Symbolic representations used by Votkdind a part of a whole number

Figure 4.66 Symbolic representations used by Votkdind a part of a whole number

Figure 4.67 Symbolic representations used by Votkaiind a part of a whole number in the activity
sheet
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Later, Volkan was asked to if he could solve tistion by using fraction operations. His
answer was surprisingly the same as the previoas.dfie only gave 1 to the denominators and did

the same things (see Figure 4.68.). He used symbepiresentations (RS). He knows how to find

and - of 45. But, he could not link his knowledge withultiplication operation in fractions. He folded
back to image having level (PNtolH). See the folloyvexcerpts. [7]

RESEARCHER: “Can you solve this question by ugragtion operations?”

VOLKAN: “Yes. | write 1 to the denominator of 5 amlivide 45 to-. While doing division
operation with fractions, the second fraction igersed and multiplied by the first fraction.
Then, | find the resuk— which equals to 9. After that | give 1 to the demator of 4 and
multiply it with 9. The result is 36. (RS)”

Figure 4.68 Symbolic representations used by Votkafind a part of a whole number by giving the
denominators 1

The fourth question was a word problem relatedh wiultiplication of a mixed number by a
whole number. It was related with finding a partiixed number) of a whole number. The number of
egg cartoons in a grocer and the number of egégeirmch egg cartoons were given. How many eggs
there were in these egg cartoons were asked toavolke tried to solve this question by using
operations with natural numbers. He showed histahd operate at property noticing level (PN). He
used symbolic representations (RS) [8] (see Figus8). He knew what a half fraction means. He had
an idea about the fractions of quantities. Letts the following excerpts.

VOLKAN: “There are 13 packages and a half packagest, | multiply 13 by 12 and find
146 eggs. Second, | divide 12 by 2 and find 6 eggsally, | add 146 and 6 and find 152
eggs in all egg cartoons. (RS)”

Figure 4.69 Symbolic representations used by Votkaimd a mixed number of a whole

When Volkan was asked if he can find the sameltresth a different way, he showed his
unawareness of multiplication of a mixed numberabyhole number. For example, in the following
excerpts Volkan considered that when you multiplieided number and a whole number, you were
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doing the same operations as in the natural nuntlyegéving 1 to the denominator and converting the
whole numbers to the fractions as seen in theatig excerpts (see Figure 4.70). He knew what a
mixed number means. He had primitive knowledge afraations and mixed numbers. He solved the
problem correctly by using this knowledge. But, dwild not relate it with fraction multiplication.
More evidence can be seen in the field notes, hadattivity sheet. He was unaware that he was
finding a part of a whole number. So, Volkan foldsatk to image having level (PNtolH). He used
symbolic representations (RS). [9]

VOLKAN: “I could convert 13 whole and 12 into a &téon by giving the denominators 1
and multiply them. The result was- which equaled to 146. Later, | could convert 11? ia

fraction and multiplied it with a half and founde@gs. | could add 146 and 6 eggs. | found
the result 152 eggs.”

Figure 4.70 Symbolic representations used by Volkafind a mixed number of a whole by giving
the denominators 1

The fifth question was related with the modelirfgnaultiplication operation with a whole
number and a fraction. It was related with modetinges of fractions. A shape was given as a whole
in rectangular units and Volkan was asked to madalultiplication operation in rectangular units by
thinking this whole. While modeling the questionlkém did not care the whole part in rectangular
unit as given in the question, instead he triechtmel the question by himself (see Figure 4.71). He
randomly took a whole and divided the whole inte éhparts and then took one piece in order to show

- . He found the result at the beginning. The researcher asked him ifébalt of this multiplication

operation and the result he found in the modeliegenthe same or not to make him notice his fault.
The following excerpts showed that he was unawéthis fault. He used visual representations (RV)
while modeling. He positioned at image making lg¥l). [10]

RESEARCHER: “What is the result of this multiplizat operation?”
VOLKAN: “-"

RESEARCHER: “But, the result you found from modglig) is different from-. Why they

are different from each other?”
VOLKAN: “l do not know.”

Volkan knew the meaning of the multiplication ogtéwn -. When the researcher asked

him to the meaning of this operation, he said “ - means 4 times’. More evidence can be seen in
the activity sheet, field notes taking during theservations. But, he was not aware of this meaning
while modeling of this multiplication operation ée€igure 4.71). Later, he was asked to medsmid

then model “4 times” instead of asking to model -. He modeled correctly (see Figure 4.72). He

used visual representations (RV) while modeling. Hiemonstrated his ability to operate at
formalizing level (F). See the followings excergfil]
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RESEARCHER: “How can you show of the whole part given in rectangular units ie th

guestion?”
VOLKAN: “I can show them by dividing each part inteo pieces. It has 6 pieces and one

piece shows.”
RESEARCHER: “Then, how can you model 4 tim@%
VOLKAN: “I divide the whole part into 6 pieces améch part showsand | take 4 parts in

order to modet.”

Volkan seemed to model the multiplication givernihia question. But, he could not notice his
first model was wrong. He thought he modeled cdlydén both models. He failed to recognize the

whole part given in the question in rectangulartai@nd he focused the resultas seen in the

following excerpts. He used verbal representati(iR®/). He folded back to image making level
(FtolM). [12]

RESEARCHER: “You modeleddifferent in both models.”

VOLKAN: “No, they are the same. | divided both diem into six equal parts and took 4
parts for showing of the whole part.”

RESEARCHER: “Do- in both figures show the same whole?”

VOLKAN: “Yes, | divided both of them into six equphrts and took 4 parts”

Figure 4.71 Modeling of multiplying 4 within rectangular units

Figure 4.72 Visual representation used by Volkafirtd 4 times of

The second part of the interview consisted of fjoes related with multiplication of two
proper fractions, two improper fractions and twoea numbers. The first question of this part simply
asked multiplication of two fractions. It emphasizbe meaning of multiplication operation with two

fractions.Volkan was asked to find of -. He showed his awareness of multiplication of fwoper
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fractions and considered that multiplying a fractlny a fraction means finding a part of a part. He
multiplied the numerators and multiplied the deneedrs and then wrote the new numerator over the
new denominator. More evidence can be seen inquewxamples, in activity sheet and in field notes
taken during the observations. He used symbolizesentations (RS) for finding the result. He
positioned at property noticing level (PN) (seeufig4.73). Let's see the following excerpts. [13]

VOLKAN: “I do multiplication since it is asked a ifim of fraction of a fraction. | get, |

multiplied the numerators of the fractions to ge¢ thew numerator, and multiplied the
denominators of the fractions to get the new denator.”

The researcher asked Volkan what was the mearfifigding a part of apart. He tried to
demonstrate his knowledge by using transparentidracards. He modeled and expressed the model
correctly. He proved that multiplying a fraction hyfraction means finding a part of a part. More
evidence can be seen in his journal (see Figu®)4.He showed his ability to operate at formaligzin
level (F). He used concrete representations (R€x.tBe following excerpts. [14]

RESEARCHER: “You said “fraction of a fraction”. Whdid you mean?”

VOLKAN: ““Fraction of a fraction” means for example- of - . | divide- into 3 parts.
There are 1,2,3,4.....15 parts totally and | takeatpwhich mean 8 pieces (he is using
transparent fraction cards). It4s”

Volkan was asked to multiplywith — which was a multiple of. He simplified the 12 and 4
and found the result of multiplication (see Figure 4.74). He told that he found the seewalt since
- and— were equivalent fractions. He said “equivalentfi@ns are fractions that have the same

value”. He also did cross-multiplication in orderunderstand and— were equivalent fractions and

found the results of both multiplication 24 (segufe 4.75). He knew how to simplify the fractions.
He had also knowledge about equivalent fractions.uded symbolic representations (RS) and he
confirmed his knowledge at property noticing le@gN). [15]

Figure 4.73 Symbolic representations used by Votkashow a fraction of a fraction

Figure 4.74 Symbolic representations used by Votkashow the equivalent fractions
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Figure 4.75 Symbolic representations used by Votkasrross-multiplication of fractions

Figure 4.76 Symbolic, verbal and visual represémat used by Volkan to show fraction
multiplication

The second question was related with modelingfimaéhg the meaning of the multiplication
operation with two proper fractions. It asked todmotwo multiplication operations with two unit
fractions changing the orders and then asked atbheutmeaning of these multiplications. Volkan
modeled these operations and said “the product thassame regardless of the order of the
multiplicands”. He stated about the commutativeperty of multiplication. He also told about the
meaning of these operations. He positioned at ptppeticing level (PN) in which he was aware of
the consequences of his thoughts. He used verpadsentations (RW). [16] He said for the first

product “it means of - or a fourth of an half” (see Figure 4.77). He nmedehis operation by using

transparent fraction cards. He used concrete repratson (RC). [17] After that he modeled it onto
the paper with the request of the researcher. ke“sdivide the whole part into two pieces andrhe
took one part for the half. | divide the half irfftur parts and then take one part of it for showtimg

fourth of it. It equals te"( see Figure 4.77). He did similar things for $econd product. He said it

means “an half of a fourth” and then he modeletyitusing transparent fraction cards and then
modeled (see Figure 4.78). He knows the commutapinaperty of multiplication operation in
fractions. He said “changing the order of factoogginot change the product” which showed he was
in the property noticing level (PN). He used verbgpresentations (RW) [18] for explaining and
visual representations (RV) [19]for modeling. Heols how to model the multiplication operation in
fractions and explains its meaning. He also cordiimthese conclusions by doing another
multiplication with the transparent fraction cartifore evidence can also be seen in his journal (see
Figure 4.79). He confirmed his knowledge in differsettings and positioned at formalizing level (F)
He used concrete representation (RC). [20]



71

Figure 4.77 Symbolic representation used by Volikashow multiplication of two unit fractions and
modeling of that multiplication

Figure 4.78 Symbolic representation used by Volikashow multiplication of two unit fractions and
modeling of that multiplication

Figure 4.79 Symbolic representation used by Voli@rshow multiplication of two fractions and
modeling of that multiplication in the activity stte

In the third question, a multiplication operatiavith two mixed numbers was given;
estimating the product and then comparing the prodnd the estimation result with each other was
asked in this question. Volkan estimated the pro8usee Figure 4.80). He showed an understanding
of how to estimate the factors and the productréisded the factors to the nearest whole number
while doing this he used a strategy that the factegre how close to zero, their half and their whol
in order to estimate the nearest value of fractidies thought about the properties of fractions and
abstracting them which suggested his ability torafgeat formalizing level (F). He used symbolic
representations (RS). [21] See the following exterp

VOLKAN: “ - is close to 2 whole sinceis close to zero and we have 2 whole.is close

to 4 whole since is close to one whole and we have also 3 wholghdle was obtained by
adding them together. Then, the product is clogwdole.”

Volkan also compared the result of this multiplica operation with the estimation result.
Firstly, he did this multiplication operation withbconverting each mixed number to an improper
fraction. He multiplied the whole number parts anmdte as whole number part of the product and he
also multiplied fraction parts and wrote as fractpart of the product (see Figure 4.81). He sHits"
product is close to 7. He could not do the correaiution for the multiplication. This discussion
suggested that he was not prepared to operateopénty noticing level. Suddenly he changed his
mind and he said “I can do it by converting theniniproper fractions. The product may perhaps be
closer to the estimation result. | may do it in eomg way.” This evidence pointed at his ability to
operate at property noticing level (PN). He usenhlsylic representations (RS). [22] Then, he did the
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multiplication operation by converting each mixagnber to an improper fraction. He multiplied the
two numerators together and multiplied the two deimators together. He found the result (see

Figure 4.82). He converted the first result to mprioper fraction and found— (see Figure 4.81) and

compared the first and second product. He realihatithey were different and he realized that the
first solution was wrong. He said “I think we mpli the whole parts together and also multiply
whole parts with fraction parts”. As in the prew#odialog he had an idea about how to do this
operation, but; he could not do it. In addition, s in trouble about the division operation and he

could not convert the improper fractioa— to a mixed number. The researcher asked him difter

divisions, but; he could not do this division. Thigy because he got worried since in previous works
and previous questions he had no problem abousidivi As a result he could not compare the
estimation result and the product. This discussioggested that he had primitive knowledge about
fractions but had some problems about dividingrhighbers to each other. This discussion suggested
that he was not prepared to operate at properigingtlevel. He folded back to image having level
(PNtolH). He used symbolic representations (R3] [2

Figure 4.80 Symbolic representations used by \folikaestimate the result of multiplication of two
mixed numbers

Figure 4.81 Symbolic representations used by Volikashow multiplication of two mixed numbers
together

Figure 4.82 Symbolic representations used by Volikashow multiplication of two mixed numbers
by converting them to improper fractions

The fourth question dealt with equivalent fractiotf the result of- - operation equaled
to - or not was asked in this question. Firstly, Volldd this multiplication and found the resut

and then said “I can use cross products in ordentterstand if the resul- equals te- or not. | can

multiply 15 by 8 and 24 by 5. Both results are 1&®the cross-products are equal. It can be said th
fractions are equivalent” (see Figure 4.83). Hevkhew to multiply two fractions. He multiplied the
numerators and then denominators of the fractiowispdaced the product of the numerators over the
product of the denominators. He knew the proporéiod cross multiplication. He preferred cross
multiplication instead of simplifying the result tife multiplication and he demonstrated his abitity
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verify the fractions— and- were equivalent. But, he could not notice thatwas a multiple of.

Although he could not think to simplify the fraatie-, his responses showed his ability to operate at
property noticing level (PN) and he used symbddjgresentations (RS). [24]

Figure 4.83 Symbolic representations used by Volkashow multiplication of two proper fractions
and equivalence fractions

The fifth question was related with finding the@guct with 3 multiplicands. The result of the
multiplication - - - was asked to Volkan. He was capable of doinggtosluct. He knew how to

multiply and simplify fractions as in the followingxcerpts. He used symbolic representations (RS).
He demonstrated his ability to operate at propeotjcing level (PN) [25] (see Figure 4.84).

VOLKAN: “l can group the first and second factoogéther and multiply them. | multiply
the numerators and multiply the denominators aadepthe product of the numerators over

the product of the denominators. | multiply thisguct with- and find the resuk-."

RESEARCHER: “Can you simplify the result?”
VOLKAN: “Yes. | divide both the numerator and derioator by the common factor 6 and

then 2. | find the result”

Volkan had an error at the end of his solutiont, Be could not notice this. When he was
asked why he grouped the factors, he said “ | ¢sm group the other two factors firstly since itis
multiplication operation”. He implied the associatiproperty of multiplication. More evidence can be
seen in the field notes taken during observatidtes.demonstrated his ability to operate property
noticing level (PN). He used verbal representat{&\). [26]

Figure 4.84 Symbolic representations used by Votkashow multiplication of three proper fractions

The sixth question was related with comparing rdsult of multiplication operations with
the multiplicands in proper and improper fractiovielkan was asked to do a multiplication operation
with two proper fractions and then comment thatgreduct was less or greater than each of the two
fractions he multiplied. He was also asked to doghme things with multiplication of two improper
fractions. Volkan showed his understanding of mlythg two improper and two proper fractions.
More evidence can be found from activity sheet #ld notes. He demonstrated his ability to operate
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at property noticing level (PN) and he used syntbmpresentations (RS) [27] (see Figure 4.85 and
Figure 4.86). See the following excerpts.

VOLKAN: “l find the first product- by multiplying numerators with numerators and
denominators with denominators. | also find theoselcproduct— in the same way.”

In addition, Volkan demonstrated his awarenessoaiparing proper and improper fractions.
He first compared the fractions by equating theodanators with least common multiple of
denominators (see Figure 4.85 and Figure 4.86udée symbolic representations (RS) [28] for these
comparisons. He also compared them by thinking ttleseness to their halves, wholes and the
number zero (see Figure 4.87 and Figure 4.88).9dd raction strips for these comparisons. He used
concrete representations (RC) [29]. He noticed thatproduct is greater than the multiplicands in
improper fractions and smaller than the multiplatsin proper fractions. He positioned at formaligzin
level (F). See the following excerpts.

VOLKAN: “ - is less than the other two factors. The producis greater than the two
factors.”

RESEARCHER: “Then, what can you say about the texfuhe multiplication operation in
fractions?”

VOLKAN: “I multiplied proper fractions in the firsbperation and improper fractions in the
second operation so that the product was lessditl@r factors in the first operation and the
product was greater than either factors in thersgoperation.”

RESEARCHER: “Could you compare each product wittcheaf the fractions you
multiplied?”

VOLKAN: “Yes, | can. | could compare them by equatithe denominators with least
common multiple of denominators. The least commauitiple was 8 for the first product
and 12 for the second product. | equated the dematonis with 8 for the first product and 12

for the second product. | expandedith 2 and- with 4. So,- was greatest and thencame

and- was the smallest one.”

RESEARCHER: “How did you compare these fractions?”

VOLKAN: “If the fractions have common denominatothan the fraction with the bigger
numerator is greater than the others”.

RESEARCHER: “Can you compare them without equatiiregdenominators?”

VOLKAN: “Yes, | can think about how close the framis to their half and the whole

fractions...- is close to a whole since its whole-is- is a half of a whole since a whole is
cut into two pieces and a piece of it is takenfbing fraction strips). The produeis close

to a half since its half is produetWhen | compare themis less than a half andis greater

than the others.”
RESEARCHER: “How about the other multiplication ogtton?”

VOLKAN: “ - is close to a whole since its whole-ind 7 is close to 6. is close to 2.
Because, 2 whole equal t0o— is close to 3 since 3 whole equakHo Then, the biggest one

is— since it is close to 3 whole.”
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Figure 4.85 Symbolic representations used by Volkashow multiplication of two proper fractions
and comparison of these fractions

Figure 4.86 Symbolic representations used by Volkanshow multiplication of two improper
fractions and comparison of these fractions

Figure 4.87 Symbolic representations used by Votkagstimate the fractions

Figure 4.88 Symbolic representations used by Votkagstimate the fractions

The seventh question was a word problem requitiegime conversion related with finding
a part of a part. How many minutes there wereah - hours was asked. It was expected to fird

- hours and then to convert the result into minuteshis question. It was a daily life question.

Volkan demonstrated his awareness of finding atifracof a fraction. He multiplied and- (see

Figure 4.89). Then, he tried to convert this pradotm minutes. He used unit fraction for solvirtg t
guestion as seen in the following excerpts, themidiplied the result with 8 in order to find the
result (see Figure 4.89). He preferred to join @perations with natural numbers and fractions. He
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demonstrated his ability to operate at propertycimaj level (PN). He used symbolic representations
(RS). [30]

VOLKAN: “ - of - hours was asked. It was a fraction of a fracgon| multiplied them
with each other | found the resuit . | divided an hour which equals to 60 minuteslbyin
order to find— of it. | multiplied the result by 8 and found 32nutes”.

Later, the researcher asked Volkan if he can findf 60 minutes a different way or not. He

did the same operations as he did before by gititg the denominators of the numbers (see Figure
4.90). He thought he used fraction operations. dldcdcnot notice that his first and second solutions
were the same. Although he knew how to productoper fraction with a whole number, he did not

multiply — by 60 in order to find— of 60. He had primitive knowledge about fractiobst; he could

not link it with fraction operations. An examplein the activity sheet also proved that he preferred
operations with natural numbers while finding atpera whole (see Figure 4.91). He folded back to
image having level (PNtolH). He used symbolic reprgations (RS). [31]

RESEARCHER: “Could you fing- of 60 minutes with a different way?”

VOLKAN: “I could do it with converting them into &ctions. | gave 1 to the denominators of
60 and 15 and did division. | multiplied the muligative inverse of the second fraction with
the first one and found the result 4. Then, | rplikd 4 by 8 giving 1 to the denominators.

The result was— which equaled to 32. | found the same result agaidid division and

multiplication in order to find— of 60.”

Figure 4.89 Symbolic representations used by Votkashow a fraction of 60 minutes

Figure 4.90 Symbolic representations used by Votkashow a fraction of 60 minutes
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Figure 4.91 Symbolic representations used by Volikafind a part of a whole by using operations
with natural numbers in a word problem in his atfigheet

The eighth question was a problem related witldifig the number of apples in two
multiplication operations by taking into accouna@ples equaled te of the all apples in a basket. It

required finding the whole of a given quantity dimtling a part of that quantity. It was a dailyelif
guestion. Volkan found the least common multiplelehominators and equaled the denominators in
both of the operations and did addition insteadaifig multiplication. Volkan'’s solution strategy sva
a good strategy except adding the given fractids. equated the denominators with the least
common multiple of them and found correctly the tvemof apples demonstrated by these fractions

by thinking— of the apples equals to 1 apple as a main po@et Fsgure 4.92). He found the number

of all the apples in the basket as 12. He showea@wareness of finding the whole of a given qugantit
and finding the value of a quantity when it is giva fraction format. So, he positioned at formialiy
level (F) and he used symbolic representations.(RB3) He tried to find the number of apples intbot
of the operations. His strategy seemed to be dodwging addition; but, he could not use this stggt
while doing multiplication. He just did multiplidah with the expanded fractions in the second
operation. But, he could not find the number oflappn the basket by doing this multiplication (see
Figure 4.93). See the following excerpts.

VOLKAN: “l can find the least common multiple ofdim to make the first operation simple.
| expand them with 12 equals te— , - equals te— and - equals te—. If - of the all apples

equals to 3 apples;- of the apples equals to 3 apples. Thenpf the apples equals to 1
apple. Then, | add all of them and firdwhich equals to 19 apples.-H of the apples equals
to 1 apple, then;— apples equals to 8 apples—.should not be added, it is not asked in this

question. | find 16 apples since bethapples equal to 8 apples.”
RESEARCHER: “Why did you add them?”
VOLKAN: “I can also multiply them... In the second enation,— of the apples equals to 5

apples because of the apples equals to 1 apple.of the apples equals te. Then, | add
them and find— which means 14 apples.”

Figure 4.92 Symbolic representations used by Vollashow multiplication of two fractions and
show this fraction of all apples in the basket
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Figure 4.93 Symbolic representations used by Volicashow multiplication of fractions and show
this fraction of all apples in the basket

Volkan tried to multiply the given fractions withbequating the denominators. He was again
unsuccessful for finding the correct answer ahafollowing excerpts (see Figure 4.94). He folded
back to the property noticing level (FtoPN) anddusgmbolic representations (RS) [33] in order to
do the multiplication operations. Although he knkew to find a part of a given quantity as seen in
his previous questions, activity sheet, and jourhal could not demonstrate his knowledge in this
guestion. In addition, Volkan showed his awarengfsequivalent fractions (see Figure 4.96). He

simplified - with 2 in order to find-. He knew how to simplify and expand the fractioHg. did

multiplications given in the question but he wasware of the number of apples represented in these
multiplication operations. So, he folded backhe tmage making level (PNtolM) and he drew the
figure in order to show the whole number of thelappn the basket and tried to solve the question
(see Figure 4.95). He used visual representadf).([34]

RESEARCHER: “It is a multiplication. But, you adtithem. Why?
VOLKAN: “oh yes, | can multiply them quickly....thesult equals te—.

RESEARCHER: “How many apples it equal to?”
VOLKAN: “It cannot be simplified. | may multiply t fractions without expanding them. |

find the result— when multiplying— and-. The denominator of the result equals to 4 times
12. It equals to a quarter of an apple. 15 equmls-tapples, that is 3 apples andf an
apple...”

RESEARCHER: “How many apples are there in the biai§keof apples equal to 3 apples?”

VOLKAN: “If — of the apples equal to one apple, then the whidlei®equals te—, so there
are 12 apples in the basket.... | can draw a shkpdHat.”
RESEARCHER: “You found and- of the apples equal to 8 apples. Is it true?”

VOLKAN: “Yes, they are equivalent fractions. Whewe wimplify- with 2, we find-.”

Figure 4.94 Symbolic representations used by Votkdind a fraction of all apples in the basket
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Figure 4.95 Visual representation used by Volkashow the number of all apples in the basket

Figure 4.96 Symbolic representations used by Votkashow the equivalent fractions by simplifying
them

The ninth question was related with finding thecfions modeled as square units. 3 squares
representing of a whole was given and it was asked to findvilkele of two fractions modeled with

square units by thinking the whole they found a tieginning. It was related with the relation
between multiplication and repeated addition whilging to find the modeled fractions. Volkan

showed his awareness of finding the whole of thetion modeled at the beginning of the question
and he demonstrated his knowledge of finding thetions modeled in this question. In the first part

of the question, he hatched 3 squares aisd counted 4 times He used visual representation (RV).

He first added them and then multiplied 4-bgs a short way of addition (see Figure 4.97). bkdu

symbolic representations (RS). Volkan demonstrdtisdknowledge of multiplication is a form of
repeated addition that can also be seen from hiidtgsheet, previous questions. He was also able
find the modeled fraction. He linked his knowledfeadding and multiplying fractions with the given
model. All the aforementioned evidence pointed iatdbility to operate at image formalizing level
(F). [35] Let's see the following excerpts.

VOLKAN: “l am hatching 3 and then the other 3 sagsa...the addition of them equal+d
RESEARCHER: “Can you do it with a different metR6d
VOLKAN: “Yes, | can do it by using multiplication.can multiply 4 by- and find the same

result since multiplication is a form repeated &ddi | do several operations while doing
addition, but, | do a single operation while domgltiplication.”
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Figure 4.97 Symbolic and visual representationsl iseVolkan to find the modeled fraction

Later, Volkan tried to find the fraction modeled the second part of the question. He
hatched the squares and he noticed that a squarained (see Figure 4.98). He used visual
representation (RV) while doing this. He used prtipao in order to find the value of the remaining
square. He cross multiplied them and divided tleetions. He found the value of the remaining

square-. He added the fractions represented by the hatetpegres. He equaled the denominators and

found the result- (see Figure 4.98). All aforementioned evidencewstb that he operated at
formalizing level (F). He used symbolic represeanta (RS) [36]. He also found 9 squares as the
whole of the given shape at the beginning of thestjan and he noticed that each square sheveéd

this whole. Then, he solved this question by usempated addition and also using multiplicatiomas
result of researcher’s question. So, he showedw&eness of multiplication was a form of repeated
addition. As a result, he demonstrated his ahitityerify them in different settings and he showéx
understanding of operating at observing level (@9. used both verbal representations (RW) and
symbolic representations (RS) [37]. Let’s see tilfing excerpts.

VOLKAN: “In (b), 3 squares equal te, the other 3 squares equal-taand a square is

remaining. | can find the value of it by using pooton.”
RESEARCHER: “How?”

VOLKAN: “If 3 squares equal to-, 1 square equals which number? | do cross
multiplication... | find the result te. Then, a square equals-tol can add- with two -s. |

expand the denominators of them with 9 and find | add all of them, | find-."

RESEARCHER: “Can you find the same result by usingther way?
V: No, | can do like this.”

RESEARCHER: “Ok. If 3 squares equalt@s given at the beginning of the question, then,
its whole includes how many squares?”

VOLKAN: “I multiply 3 squares with 3 and find 9 sgtes. Then, each square represets
the whole.”

RESEARCHER: “Can you find another way for the qigstin (b) by thinking- for each
square.”

VOLKAN: “There are 7 squares, so it equals-fo

RESEARCHER: “Can you show it by using an operation?

VOLKAN: “I can use addition. | can add 7 timesind also multiply 7 by and find-.”
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Figure 4.98 Symbolic and visual representationsl iseVolkan to find the modeled fraction

Mapping is a technique offered by Pirie and Kief&889) in order to visually trace learners’
understanding. Here, Volkan’'s growth of understagdiepicted with these technique. Additionally,
as stated before, use of representations was edltm this technique. Each number on the maps
shows significant points at the growth of studentaderstanding on multiplication of fractions.
Volkan's growth of understanding was depicted witlo parts. The first part can be seen in Figure

4.99.

Figure 4.99 Understanding map of Volkan for thetfpart
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The second part of Volkan’s understanding canglae $n Figure 4.100. In general, it can be
said that Volkan tended to use concrete materialetihan Ahmet. However, Volkan preferred to use
symbolic representations as much as Ahmet did.

Figure 4.100 Understanding map of Volkan for theosel part
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CHAPTER 5

DISCUSSION, CONCLUSIONS, AND IMPLICATIONS

This chapter includes discussion of the resultsnckusions, implications, and
recommendations for further researches.

The current study was conducted to investigatehsgiade students’ understanding of
multiplication of fractions in terms of Pirie andigken’s model of the growth of mathematical
understanding with the focus on its effectivenasassessing mathematical understanding in Turkish
context and propose a multi-dimensional mappindrigpie to substitute and improve current
mapping feature of the theory. In this section, bsults of the study was discussed around several
dimensions such as students’ understanding of ptichition of fraction, effective use of Pirie and
Kieren model of understanding, mapping feature tué ttheory, and representation usage and
understanding.

5.1 Discussion of the Results

In this study, the researcher reviewed the relditedature to find a working theory for
mathematical understanding in order to assess gistte students’ understanding of multiplication of
fractions. In the end, it was decided to applyRivéee—Kieren Theory of Understanding, also known as
Pirie and Kieren’s model of the growth of mathemetiunderstanding, (Pirie & Kieren, 1989) as the
theoretical lens of the study. Almost for 20 yeamseral researchers used Pirie and Kieren's nafdel
the growth of mathematical understanding as a #tmal framework in their studies (e.g. Borgen,
2006; Cavey, 2002; Grinevitch, 2004; Manu, 2005rtiMa& LaCroix, 2008; Meel, 1995; Tsay, 2005)
and some others used this model for curriculum ldgweent (Allan, 2006; Hunter, 2006). These
researches proved effectiveness of this frameworkrtalyze learners understanding on different
subjects in mathematics such as trigonometry (Ca2892), abstract algebra (Grinevitch, 2004),
patterns and relations (Manu, 2005), mathematicsviok (Martin & LaCroix, 2008), basic calculus
concepts (Meel, 1995), and multiplication of whalembers (Tsay, 2005). However, there is no
comprehensive study on multiplication of fractidosnd by the researcher. Therefore, the results of
this study will be discussed in the light of thedies conducted on other topics.

In the current study, it was found that the studletituggled with several issues which acted
as an obstacle at the process of understandingabie foundations of multiplication of fractions.
These were (1) establishing connection betweeniptia#tion of fraction concept and real life usage
of these concepts, (2) visual problems vs. wriggmbolic problems/word problems, (3) extending
whole-number multiplication to the multiplicationittv the fractions. For example, when students
were asked to find the number of apples in a midafion operation by taking into account 3 apples

equaled to- of the all apples in a basket, they had difficattyfinding the number of apples in this

multiplication. They did multiplication and thened to find the number of apples. But, they puzzled
to find the number of apples from the result of tiplitation. So, they had difficulty in establiskgin
connection between multiplication of fractions anehl life usage of fraction multiplication.
Moreover, although students solved a symbolic domestelated with multiplication of two unit
fractions correctly, they had some problems whillviag a question which was related with finding

the fractions modeled in square units when threarss representingof a whole was given.

Students think that fractions act as an operatitrdAn change the size of a physical quantity
(Behr et al., 1993; Lamon, 2011; Streefland, 199hjs was also seen at the results of the current
study pointed out at (1). The results of the curtndy related with the question type which is
mentioned at (2) confirm the results of the stufiyraber (2001). In the current study it was found
that the presentation of the question was a sigifi factor to affect students’ understanding. For
example, a shape with three rectangular units wenas a whole and students were asked to model
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multiplication operation - in rectangular units by thinking this whole. Thestudents had

difficulty in modeling this multiplication at a §t glance. When the students were asked to moafel

that whole, and to model the multiplication by t#iitg meaning of it, they were able to model this
multiplication accurately. So, the presentation tbé question was important in this question.
Furthermore, the problems worded to reflect rdel-évents helped students’ to move from inner
layers to outer layers more easily. For instandegsmstudents were asked a real life problem related
with finding the number of eggs in the egg cartoahsy were able to find the answer easily by
connecting it with their daily life. This also che seen in the maps in Section 4.1 and 4.2. Moreove
it was found that at the process of understandinlgipfication of fractions, the students were reqdi

to re-conceptualize their understanding on wholeimer operations (3), this result is also confir@ th
conclusion of the study of Hiebert and Behr (1983gren (1988) states that the operation with the
fractions is not just extended version of whole-bemoperations. Indeed, they are built up with the
experiences involving fractional quantities andragiens with them. Moreover, in the current study,
it was found that some of the students used diwiaizd multiplication operations with whole numbers

to find a fraction of a whole number. For examplben those students were asked to findf 45,

they divided 45 with 5 and multiplied the value lw#. This result also confirms the results of Taber
(2001) and Taber (2007). In the current study, dsveeen that the students need to understand
multiplication with whole numbers to understand tiplication fractions. However, extending their
understanding on whole numbers also can act asbataade to understand the multiplication of
fractions. Because they just try to apply repeaitgdition to the fractional concepts. On the contrar
Mack (2001) found that the students had no trotdktate a fraction of a fraction as multiplicatioi

fractions. This can also be seen in the currerdyst$tudents were asked to firdof - and they

multiplied the fractions in order to find of -. Moreover, it was seen that students tend to use

algorithms without showing any evident of underdiag at the interviews. For example, students
were asked to multiply three fractions togetheeythust used the algorithm and find the resulthaf t
multiplication operation. This was not in the ca#een they try to solve questions in the class teefor
teaching algorithms to them. Therefore, we can lemlecthat teaching algorithms can be an obstacle
to develop understanding of multiplication of fiaas. The one who want to teach multiplication of
the fraction with understanding should not teadjordthms before asking real life questions and
visualizing it with visual representations. If theacher uses different representations to teach the
multiplication of fractions, the students can gembre easily. Similarly, when the students work on
the problems with the use of multiple representatidghey can go from inner level to outer level muc
more easily. For example, in some questions stedeete used transparent fraction cards or drew
figures to model multiplication of fractions. Sdiey could use concrete and visual representation
together during question and could go image maldangl to formalizing level more easily.

The next point that should be discussed the resfittse current study around the use of Pirie
and Kieren theory of understanding. The reviewhaf literature (See Section 2.3) showed that the
studies in which they utilize the Pirie and Kierhreory of understanding can be categorized as
follows: probing understanding (e.g. Cavey, 200&)ecking validity of the theory in different
contexts (Cave, 2008; Manu, 2005; Meagher, 2005pl@ying it as a comparison method (Cave,
2008; Meel, 1995), and checking efficiency of thedry (Warner, 2005). In the current study, sixth
grade students’ understanding of multiplicationfraictions was explored. However, Cavey (2002)
and similar other studies reviewed in Section 2dsthy probed understandings of participants from
higher education levels or teachers. Moreover, igdiyethey explored understanding of advanced
topics rather than fundamental topics of mathemafitierefore, results of the current study can't be
discussed in terms of findings on understandingnoftiplication of fractions with respect to the
studies mentioned above. However, it can be mestidhat the current study employed Pirie and
Kieren theory of understanding in the way the otsienilar studies did. Manu (2005) checked the
validity of the Pirie and Kieren theory of underglang by comparing different language usages. It
was seen from the study that this theory is vatidlifferent languages. In the current study, the
researcher worked with native Turkish learners; &mgl theory worked as expected.

The other point that should be discussed is theltsesf the improvement efforts on the
mapping feature of the theory. The Pirie—Kierendrigeof Understanding has an important claim to
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depict students’ understanding process over the tith the help of the mapping feature proposed by
Pirie and Kieren (1989). However, except Tower9@)9Borgen (2006), and Manu (2005), the other
researchers, who employed the Pirie—Kieren TheofyUaderstanding to analyze learners’
understanding, did not depict it with the mapsizédl by Pirie and Kieren (1989). Moreover, Towers
(1998) and Manu (2005) slightly changed the mapféagure when they apply it to their study. They
just worked on the shape of the map and used a-li&kl layout for the maps. This usage makes
easier to depict learner’'s understanding procesk wiap; however, it is difficult to interpret it
because it takes much space and it is hard towfdhe stream. Moreover, as pointed out by Borgen
(2006), this change criticized in the way that mimihishes the embedded structure of the
understanding proposed by Pirie and Kieren (1988)he current study, the researcher just applied
some new icons and design elements to make the maps interpretable. Moreover, one more
dimension, representation types, was added toimgistap. The new version of the maps preserved
its original embedded rings shape. The improvedigarof the maps can be seen in Chapter 4. Pirie
and Kieren (1994) emphasize the power of mappinstates that the drawing understanding maps
allows to depict the growth of understanding chealth the current study, the researcher tried nid fi
why the other researchers did not apply this feat@ome of the studies showed that attending to
representations is crucial for communication angettgment of mathematical understanding (Behr et
al., 1993; Kilpatrick et al., 2001; Taber, 2001urthermore, Pirie and Kieren also emphasize the
importance use of representations at their sty@esujkova, 2004; Wilson & Stein, 2007). Therefore
use of representations was added as a second dmenghe current mapping feature. Several other
researchers were also modified the mapping featfithe theory. The most significant change was
made by Towers (1998). In the current study, undeding maps of Ahmet were also depicted with
the map suggested by Towers (1998) (see Figuraril 5.2).

Figure 5.1 Tabulated growth of understanding of &hat the first part of the interview



86

As you can see from Figure 5.1, it increases ¢laglability of the map if we compare it with
the original map layout published by Pirie and Kier(1989). You can see the growth of Ahmet’s
understanding depicted as with original layout igufe 5.3 and 5.4. Mapping style proposed by
Towers enables to check details question by quesfibis is surely gives a handy report to work
with; however, when these questions increasesettase like map also increases in length. That
makes hard to follow the stream through the obsksessions.

When we check the Figure 5.1 and 5.2 we can see Ahmet engaged higher level
understanding activities at the second part ofriterview. Moreover, at the second part he conltant
goes inner and then outer levels. However, Toweraiot suggest a separate notation for folding back
activities; therefore, the current shape of the rdaps not give any information on whether that
activity is folding back or not. Moreover, as padtout by Borgen (2006), this layout does not

represents the nature of the Pirie—Kieren Theorynflerstanding which claims embedded eight
levels of understanding.



Figure 5.2 Tabulated growth of understanding of &hat the second part of the interview
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Figure 5.3 Original map of Ahmet’s growth of undarsling at the first part of the interview

Furthermore, the maps in Figure 5.1 and 5.2 dofiet more details than the maps in Figure
5.3 and 5.4. Nonetheless, it is much more easifrimetable than the mapping technique offered by
Pirie and Kieren (1989).
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Figure 5.4 Original map of Ahmet’s growth of undarsling at the second part of the interview

We can say that the maps produced in this study fggure 4.99 and 4.100) give more
insight about understanding process than the aligind previously suggested other modes of maps.
Incorporating the representation types to the magpstransferred the power of communicating with
representations to this depiction (Behr et al.,3t®dIpatrick et al., 2001).

In addition, the results of the current study shdweat students can solve the questions even
without understanding. Therefore, it is not enodgHollow just their responses to say something
about their understanding in multiplication. Thésalso emphasized by Hiebert and Carpenter (1992,
p. 89). However, tracking their use of represeotetj allowed the researcher to track the
understanding as well. This issue also pointedbyuseveral other researchers (Lesh et al., 1983;
Taber, 2001). Moreover, as pointed out by Lamor0Q20f a student uses a representation different
than the teacher used, than we can say that tdergtunderstand that topic. Therefore, tracking the
students’ use of representations with respect &r thnderstanding level provides us valuable
information on their understanding process.

5.2 Conclusion
The conclusions made in this section can only lmeiggized to the similar settings described
in Section 3.2.
The data support that the use of the Pirie—Kierbaofy of Understanding is an effective
way to probe students’ understandings of multipigsaof fractions.



90

The data support that there is a relationship betwstudents’ preference on the use of
different type of representations and attained tstdading level. The specific actions related
with the use of representations can be seen ireTalhl

Context used in the questions affects studentfemrce on the use of different type of
representations.

Previous activities those includes the use of obfie type of representations positively
effects maximum understanding level reached bysthéents.

Folding back occurs when a student need to coiféotmation from inner level to support
his/her understanding at outer levels. Moreovee can work on different topic (previous
related topics) than the one being studied wheshleefbld back.

Table 5.1 Understanding levels using representaaapted for the Pirie-Kieren model for growth of
mathematical understanding

Level of understanding Activities & use of represgions

Primitive knowing Can use any representations talfgrior knowledge

Image making / image having Can connect the reptasens to the problem being studied

Property noticing Can connect the representatiomsathematical meanings and can
compare representation properties

Formalizing Can describe mathematical meanings thighuse of

representations to generate patterns and algorithiostly uses
symbolic and verbal representations.

Observing Can connect representations to a thedwostly uses symbolic
and verbal representations.

5.3 Implications
The following suggestions can be made based dfnilngs of the current study.
Both of the results of interviews and activity siseghowed that the ones who were able to
use variety of representations to convey their sdeaached upper level of understandings
much more easily. Therefore, in order to help sttsleto reach higher level of
understandings, teachers should use differentafpepresentations in their classrooms more
frequently.
It was seen that the representations used in thstigus affects students’ preference on the
use of representations. Therefore, in order towalkiudents to use different type of
representations at the process of solving a prghileenproblem context should be prepared
with the use of different type of representations.
As it was seen from the literature and the resaftdhe study, we can track students’
understanding with observing their use of repred@ns. However, as stated in the
discussion section, if a student uses a differeptasentation that the teacher used in the
class, this can be an evidence for understanditngrefore, while analyzing students’
understandings, we can also check the teacher'sfuspresentations and compare the both.
The results show that the students need for a dederstanding of multiplication of whole
numbers. Therefore, the teacher should connectideas to what the students have already
learned.
The teacher should direct students’ to use differepresentations to explain an idea in
mathematics.
The one who want to teach multiplication of thecfian should not teach algorithms before
asking real life questions and visualizing it wifBual representations.
Use of “times” can confuse students while they némdsolve a question related with
multiplication of fractions. Therefore, the teachanould use alternative language and
representations such as number lines in orderrtilifaize the students with the different
way of saying “times”. This can help overall undargling of multiplication of fractions.
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Since each student in a class is at different le¥elnderstanding, multiple representations
are important. Appropriate representations are egéal improve understanding.

5.4 Recommendations for Further Researches
The following suggestion can be made for futureists.
In the current study it was seen that there is latiomship between question type and
students’ use of representations. This should tibduinvestigated with experimental studies
at different grade levels and different topics.
This study concentrated at the topic of multipiiwatof fractions. The improvements of the
understanding map should be tested at differemtsop
The current study offered a new technique to degiiaients’ growth of understanding. This
technique was tested with multiplication of fraoto Since different concepts can require
different type of representations, this map shdngldested on different topics too.
In the current study, the understanding of studerits are at higher level of achievement
was investigated. Understandings of students &trdift level of achievements should be
investigated.
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APPENDIX A

FRACTION INTERVIEW INSTRUMENT

MULAKAT SORULARI

1.BOLUM
1) - kesrini nas | elde edebilirsin?

2) A a dab5 kiilik bir kek yapmak icin kullan Imas gereken matae miktarlar verilmitir.
Bu keki 15 kiilik haz rlamak isteseydik, kulland m z malzeme miktarlar ne kadar olurdu?

—su barda sv ya

- su barda st

- su barda eker

—su barda un

2 yumurta
10 g kabartma tozu

3) Bir 6 retmenin 45 tane kitab ve bir doktorun da 45 tkiteo vard r. O retmenin
kitaplar n n - U ve doktorun kitaplar n r si roman ise ¢retmen ve doktorun roman
say larn ayr ayr bulunuz.

4) Bir bakkalda - yumurta kolisi vard r. Bir kolide 12 yumurta olduna gore bu bakkalda
toplam ka¢ yumurta vard r?

5) A a daki ekil bir bitiini gostermektedir. Ayn butlini dierek aa da verilen ilemleri
dikdortgensel kat tzerinde modelleyerek yap n z.
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2. BOLUM
1) -in-dkacgtr?

2) - - ileminin sonucu ne anlama gelir’femi aa da modelleyerek gdsteriniz.

- - ileminin sonucu ne anlama gelirfemi aa da modelleyerek gosteriniz.
Bu iki i lemin sonucunu kada t rabilir misin? Bu konuda ne sdylersin?

3) - - ileminin sonucunu tahmin ediniz.

4) - - ileminin sonucu e eit midir?

5 - - -ileminiyapnz.

6) - -, - - yandaki carpmalemlerini yap nz. Carp m carpanlar n her birinden

biyik mi yoksa kicik mi? Buna goére kesirlerle ¢carplaminin sonucu hakk nda ne
soyleyebilirsin?

7) - saatin- U ka¢ dakikad r?

8) Ay e Han m pazardan elma alnve elindeki sepete koymiur. Sepetteki elmalar fai 3

elma olduuna gére- - ve— - ilemlerinde kag tane elma vard r? Cevabnz
ac klay n z. Gerekirseekil ciziniz.

= sepetteki elmalar i i

9) A a daki ekil bir batiinin - ini gdstermektedir. Ayn btini dinerek aa da
modellenen kesirleri bulunuz.
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APPENDIX B

ACTIVITY SHEET

KES RLERLE CARPMA LEM
1)

2)

3) Etkinlik: Kesir tak m kullanarak ¢carpmalémi yapma
Arac ve gerec: Kesir tak m
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a) - lik kesir parcas n i ini nas | bulabiliriz?

b) Bu i lemi yapmak icin 1 lik ve lik parcalar ekildeki gibi alt alta yerlgirelim. Di er
parcalar deneyerek hangisiniiin - i kadar olduunu bulunuz.

C) Yapt nzilemi matematiksel olarak nas | ifade edebilirsiniz?

d) -in-ini ve-in-ini ayn yontem ile bulup, sonuglar kda trn z.

4) Etkinlik: Ka tkatlama ile carpmaliemi yapma
Arac ve gerec: K&

a) Ka tince bir erit haline getirilir.

b) -in-ini bulmak icin 6nce kad 3 e parcaya katlay n z.

c) 3 parcaya katlanmké t tam ortadan ikiye katlay n z.

d) Katlanm k& tac larak en kic¢uk bolimi kesir olarak ifade &di®@lu an ekli ¢iziniz.

e) lemi matematiksel olarak ifade ediniz.

5) Etkinlik: effaf kesir kartlar ile carpmalemi yapma
Arac ve gereceffaf kesir kartlar

a) -luk effaf kesir kart n n Gzerinelik effaf kesir kart n yerldiriniz. Olu an ekil kac e
parcad r?



103

b) kirengincakt yertim eklin kacta kag d r? Verilerekil Gzerinde gdsteriniz.

c) -Uun-sikactr? lemi matematiksel
olarak ifade ediniz.

6) Ay e ¢ arkadaile do um guniini kutlad . Ay pastay 6nce ikiye béldd, yar s n anne, baba
ve kardeine ay rd . Dier yar sn da U¢ arkadale paylat .

a) Ay e'nin arkadalar ndan biri pastan n ne kadar n yedi?

b) Ay e’'nin annesi pastan n ne kadar n yedi?

7) Birc¢ocuk 12 fnd n -'Gn0 yemitir. Cocuk kag tane f nd k yentir?

8) A a daki carpma ilemlerini yap n z ve ¢arp mlar en sade bicimde gaz

a) - C) R

by - — d - -

9) A a daki modellerde gésterilen carpméemlerini ve sonucglarn yaz n z.

10) A a daki 6rne e inceleyiniz. Dier sorular da érne uygun olarak tamamlay n z ve
sonuglarn yaz nz.

11) A a daki ifadelerde verilen iemleri yap n z. Doru olanlar n yan na “D”, yanl olanlar n
yan na “Y” yaz n z.



104

12) 24 kalemin- ini Kerem,-ini Asl, geriye kalan n da Banu alnir. Banu ka¢ kalem almt r?

13) Mehmet, smail ve Mustafa ortak olarak ald klar arsay naiieide vermek istiyorlar. Arsann

i Mehmet'in, -i smail'in,- i Mustafa’n nd r. Arsa sahipleri miteahhidle anlar. Buna gore

arsan n yar s muteahhide verilecektir. Dairelerastaklar aras nda payliacakt r. Arsaya her
kat nda 3 daire olan 8 katl bir bina yap lacaktr.

a) Ortaklar n paylar n gésteren biema ciziniz.

b) Bina yap Id ktan sonra arsa sahiplerinin her birikac dairesi olacan bulunuz.

14) 240 kapasiteli yolcu uca, stanbul aktarmal olarak Ankara’dan Frankfurt’aegidktir.
Ankara’da ucgaktaki koltuklar A si sat Id . stanbul'da ise kalan koltuklari sat Id . Buna gore;

a) Problemdeki verileriema cizerek gdsteriniz.

b) Ucakta ne kadar boser kald n bulunuz.
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APPENDIX C

STUDENT JOURNAL

MATEMAT K GUNLU UM

Kesirlerle carpma lemini yapmay o6rendiniz. Bu konuyla ilgili saa da verilen sorular a¢ klayarak
cevaplay n z.

1) Kesirlerde carpma llemi sana ne ifade ediyor?

2) Gunluk hayatta kesirlerle carpmdeimi nerelerde karm za ¢ kar?

3) Kesirlerle carpma konusunuréndi i giin, hastalan p okula gelemeyen bir arkadau
konuyu anlamak icin senden yard m istiyor. Senuaé&dnuda arkadana yard mc olmaya
karar veriyorsun. Bu arkadaa kesirlerde carpmalémini nas | anlat rs n? Ornek verip,
modelleyerek gdsterebilir misin?

4) Ayn arkada natam say | kesirlerle carpmddmini nas | anlat rs n? Bu konuda
soyleyecein en 6nemli ey ne olur? Ornek vererek ag klay p, gerekiyorskil cizebilirsin.

5) Ayn arkada na bir bitinin belirtilen kesir kadar n bulmaysi anlat rs n? Ornek verip,
modelleyerek gdsterebilir misin?



6)

7

8)
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Kesirlerle carpma lemi ve toplama iemi aras ndaki ilikiyi nas | a¢ klars n?

Kesirlerle carpma leminin sonucunu strateji kullanarak nas | tahrmdersin? Ornek vererek
ac klayabilir misin?

Kesirlerle carpma lemini kulland n bir problem yaz p, ¢6zebilir misin?



1)

2)

3)

4)

5)
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APPENDIX D

STUDENTS’ SELF-EVALUATION FORM

Oz De erlendirme

Kesirlerle carpma lemiyle ilgili neleri biliyorum?

Kesirlerle carpma leminde neleri kolayca @gendim?

Kesirlerle carpma leminde neleri érenirken ve yaparken zorland m? Bu zorluklar nas |
atm?

Kesirlerle carpma leminde neleri severek yapt m veréndim?

Kesirlerle carpma leminde baka neleri de yapabilmeyi isterdim?
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Oz De erlendirme Formu
Bu form kendinizi deerlendirmek amac yla haz rlanrhr. Her bir ifade icin sizi en iyi tan mlayan
secenei (X) ile i aretleyiniz.

Emin
Kesirlerle Carpma lemi Evet De ilim Hayr

Bir battintin belirtilen kesir kadar n bulabiliyorum

Bir kesrin belirtilen bir kesir kadar n bulabiliyom.

Kesirlerle carpma leminin anlam n biliyorum.

Kesirlerle carpma lemini yapabiliyorum.

Tam say | kesirlerle carpmalémi yapabiliyorum.

Bir butuintin belirtilen kesir kadar n modelleyerek
gOsterebiliyorum.

ki kesrin carp m n modelleyerek gdsterebiliyorum.

Kesirlerle carpma lemi ve toplama iemi aras ndaki
ili kiyi a¢ klayabiliyorum.

Kesirlerle carpma leminin sonucunu strateji kullanarak
tahmin edebiliyorum.

Kesirlerle carpma leminin de i me 6zelli ini
ac¢ klayabiliyorum.

Kesirlerde carpma liemi gerektiren problemler ¢6zip,
kurabiliyorum.
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APPENDIX E

TRANSCRIPT OF INTERVIEW WITH AHMET

O: (soruyu okuyor)Dért bolii bekesri hani bir butiinii yani bekilde de tan mlanabilir. Bir bitiinin
Oyle bir butiin diyelim biz buna. Bir, iki, ¢, doré be. Bunlar n her biri &t. Bir, iki, ¢, dort, be
parcaya boélup dordini almak demektir. Eedi bunu eer ekil olarak gosterecek olursaky her iki

taneyi bir olarak kabul ederim. Clnka ... Bir olata@bul ederseku bir bolu betir. ki béla be, U¢
boll be ve dort bolu... dort bolu bér. Yani e er uralar saymazsak bir, iki, ¢ dort, b&ir
bitini be parcaya boliinmibunun dérdi al nm. Hani elde edilmi. Ayr ca hani dért boli be
sudur da.. Hemen yine bu sefenlarla birlikte gosterelim. dyle.. Her bir nohuta bir bdli belersek
ne oluyor. Bir béll be iki béll be, t¢ boli be ve dért boli be Hani yani bunu iem olarak da bir
boll be art bir b6l be art bir béli be art bir bolu be e ittir, dért bdli be ya da bunun daha k sa
yoluyla parantez iginde bir boli bearp dort. Onu da paydas na ekleyelim. Bu diireyine dort
bolu betir. Yani dort bolu be kesrini bu ekilde de ey yapabiliriz. Bir batiint be bélip dort

ksm n almak. Bee it pargcaya bélup..(materyal kulland )

A:H m. Peki orda ey gene u ¢carpmadan ne anlad n? Bir boli leed6rt bola biri ¢carpt n ya?
O:Dort boli bir zaten dordeittir. Hani urda da gosterdim gibi yine dort tane bir bolu bekesrinin
yani toplanmas d r. Bir bolu bert bir b6l be art bir boli be..

A:Dort tane bir bole be

O:Evet.

A:Peki devam edelim der sorudan.

O: (soruyu okuyor)Burda beki ilik, bunu on be ki ilik yapmak icin (¢ kat olacak. O yiizdeimdi
batasv ya ne kadar kullanacam z bir béli ikiyi Ucle carparak gorelim. Bir bibiki carp ee ¢
diyelim. Her zaman bir dal kesrin eeey do al say n n ki paydas birdir. Carpmaemini yapraken
sadeleecek say lar m z olmad icin sadeletirmiyoruz. Ug bélii iki oluyor. Bu da étir, bir tam bir
bolu iki ee ey sv ya, su barda sv ya . Gelelim ikinci k smaimdi Gi¢ boli dort su bardasut
bunu bizim Ugle carpmam z gerek yine bulmam z gtinki ¢ kat n yapcaz. Ee Ug¢ bolu dort carp Ug
bolu bir o da dttir.  imdi bakca m zda yine sadelecek bir ey olmad icin boyle yaz yoruz. Ug
kere ¢ dokuz,6yle dokuz boli dort bu daidir iki tam bir boli dorttir. ki tam bir bola dortte su
barda sit. Gelelim ikinci soruya iki tam bir béll ikusbarda ekeri bata hani biz bunu séama
almak icin zaten carpmaléminde bu gerekiyorki tam bir bola iki eittir, be bdola ikidir. Onu da
yine Ucle ¢arpal m. On bédlu iki. O da eittir, yedi tam bir bdli iki ee ney, su bardaeker. Hemen
una bakal m.ki tam bir b6l tg ee iki tam bir b6l Ggitir, yedi bolu Ggtiir. O da étir bir dakika
pardon eittir diyorum. Carp (i¢ bolii bir diyelim. Ug keregli yirmi bir, (ic bu da dttir bize yedi
say s n verir. Yedi su barda barda un. ki carp zaten iki carp (¢ o daitir, ee alt d r. Alt
yumurta. Ve on gram ¢arp eey Ug eittir, otuz gram da kabartma tozulém yapt )

A:Peki bu carpma sana ne ifade ediyou?mesela bir béla iki carp Gc.

O:Ug. imdi (i tane bir bolu iki. Yani (¢ tane bir boliirikn toplanm . Yani u ekilde bir bolii iki
art bir bolu iki art bir bolu iki bu da étir zaten bir tam bir bolu iki ya da bunlarigir bir bolu ¢arp
U¢ bolu birdir.

A:H m. Neden bdyle?

O:Cunki hani bizim nolmalde de normal carpniernimizde de iki carp (i¢c dedimizde iki kere (¢
yani iki tane ¢ burda da U¢ tane bir boli iki agén.

A:H m. Yani bu bunun k sa yolu mu?

O:Evet dyle oluyor.

A:Peki orda carparken ee ¢ béli bir dedin ya hepgiaydas na bir veririz dedin.

O:Hh evet.

A:Niye oyle yapt n?

O:Cunku ucu hangi say ya bolersem bir say y bsikee nas | desem.imdi ti¢ do al say s n bire
boldu timizde Ug ¢ k yor. Ug hani biz hani bizim kesrirnaim z igin pay paydaya bolilyorduk ya.
A:H mm.

O:Bu yuzden Ugli bire bolunce (g ¢ ktigin hani o ylizden bitiin dal say lar n paydalar birdir.
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A:Peki o carpma lemini nas | yap yorsun?

O:Bu carpma iemini hani buraya bir ekledikten sonra zaten amaya yaz yoruz t¢ bolii bir. Ee
yukardakilerle paylar carp yoruz ¢, paydalar ppgoruz iki. Bu da ¢ bola ikiyi veriyor bize.
A:Neden boyle oluyor peki carpmada paylar paya pydpaydaya yaz | r?

O:Ee paylar paya paydalar... Ee nedeni giinkii mnzdien toplamada da paylar payla topluyorduk,
eyleri onla topluyorduk. Hani heey elmayla armut nas | toplanmazsa biz paydalatata yoruz o
yuzden.

A:H h . Burda payda nedenidemiyoruz? Paydalar nedenigemiyoruz?

O:Cunku asl nda bu kesrin kesrini bulmad r. Harsrkekesrini bulmak icin de paydaitemeye
gerek yoktur. Clnku bir kesrin icinde beyi ay r yoruz. Yani bir eyi icinde ne kadar birey

oldu unu ar yoruz. O yiizden ilersek zaten sonug yank kar.

A:H m. Peki orda mm (¢ boli iki su bardas v ya buldun ya. Ne anl yorsun bundan?

O:H h . Ug boélii iki nerde yaz yor du?

A:Burda.

O:Heh. Ug bolu iki yani bir daha dousu onu hani tam olarak bir bélii bir tam bir bikii Dierk ben
size unu ac¢ klayay m. Hani bir su bardavar. Yan nda birde bir su bardadaha var ama o su
barda nntamam deil yar s yar s, hani bir tam su barddle bir yar m su barda ee ey ee sv

ya dan bahsediyor.

A:Peki urda ee iki tam bir bolu ikiyle G¢ carparken.

O:Hh.

A:Be bdli iki dedin. Sonra tgle carpt n. Niye boyle yap

O:Bu bu be bélu iki dememin nedeni; hani iki tary iki tam bir boli ikinin hani bebolii ikinin tam
say | kesri olmas . Hani bu bunaittir zaten. Sadece tam say | kesir halidir. O géiz 6yle yapt m.
Kesirlerde bu ekilde hani yap Im yor.

AHm.

O:Ee eye cevirerek carp yoruz.

A: ki tam bir bola ikiyle ¢t carpamaz m yd k norma?dBe boli iki carp Uic zaman yazmadan?
O:Ee hay r carpamazd k.

A:H m. Peki o carpmadan ne anl yorsukPtam bir bolu iki carp Ugten?

O:H ? Yani iki tam bir boli yine iki tam bir bolikiiart iki tam bir boli iki art iki tam bir boliki.

A:H mm. Tamam. Peki burdan yani ¢carpma ve toplaraa adaki ili ki hakk nda o zaman ne
soyleyebilirsin?

O:Carpma asl nda itir ard k toplamad r. Hani mesela ardk toplama hani siirekli ayn say yla

toplama zaten burdan hani goériyoruz bir boli ikpcéic = bir bola iki art bir béld iki art bir H&
iki. Zaten bir tam bir b6l ikiye dtir. Hani bu bunun ard d r. Hani bir stirii bir bl ikiyi boyle
uzun uzun yazmaktansa direk Ug¢le ¢carp yoruz sorugog.

A:H mm. Peki ee urda mesela eee on bebli iki su barda eker buldun sonucu.

O:Hh.

A: Burdan ne anl yorsun?

0O:0n be bélii iki o da eittir, zaten yedi tam bir bolii iki. Bir bolii ikiybiz hani normalde yar m
olarak nitelendiririz. Yedi tane tam su bardearm . Bir de yar m su barda eker varm . Yani

yedi bucuk su barda eker.

A:H m. Peki iki tam bir b6l Gi¢ su bardaundan ne anl yorsun?

O: ki tam bir bolii (ic su bardaun. ki tane tam su bardaun var. Bi de iistiine ustliik yine yan nda
bir bardak var ama o barda hani tahminen tice boliinmilJ¢ k s mdan biri doldurulmuunla.

A:Onu cizebilir misin o barda uraya mesela?

O:Hh. uraya.. O iki barda da gizeyim mi?

A:H h . kitam bir boli G¢t cizebilir misin su bardalarak.

O:H h . (ekil giziyor) 6yle bu bizim iki tane tam m z¢ini hemen karalayal m. Bu iki tane tam m z.

Otekine geldiimizde hani u bir bolii tigliik k sma. dyle tahminen bunlar n hepsiitir. Hani eydir.
Buray uksmn al nm. Geriye kalan ama doldurulmamO manada.

A:H h . Ee peki urda mesela iki carp Uc¢ alt diye yumurta buldan y

O:Evet. Evet.

A:Orda mesela onlar n paydas na bir vermeden ganiye dyle yapt n?
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O:Cunki ikisi de zaten tam say d r. Hani versekteug yine dei meyecektir. Yani oekilde de

yapt m zda hani sonu¢ de meyecek. Alt boli bir olcak. Alt béll bir de zatalt ya eittir. Hani
bunlar n ikisi de doal say olduu icin béyle yapt k. Eer kesir olsayd hani yine dyle bir verecektik.

A:Tamam. Di er soruyla devam edelim.

O:H h . (soruyu okuyor)imdi biz burda baa 6 retmenin kitaplar n n roman say lar n bulal m. an

ee bir dakika ee sonra doktorun bulal m. Bir daklitia saniye heh tamam ikisinin de k rk datab

oldu una gére hani burda béyle deitie gére toplam elde doksan kitap var. Hani k rk lxek be
bolinmu . Neyse dretmenin kitaplar n n bée dordui k rk bein be te dordi demek; kr k begarp

be bolu dort demek. Carp bédlu dort bu da k rk bén sdyledi im pardon uras dort dyle

olacakt . Dort béli bezaten buras . Heh bu béyledir. Bleimi yapmadan 6nce bunu direk k sa bir

yol yapal m. K rk bei be e bélelim ve bunlar sadelirelim. K rk be i be e bélersek dokuz, biebe e
bolersek bir. Eeimdi hemen buraya lemimizi yapal m. Dokuz kere dort otuz alt , zatauras bir

oldu u icin bu da dittir, otuz alt boli bir de zaten itir, otuz alt . Ee bu éretmenin eeey
romanlar . Doktorun romanlar na bakm zda ise; k rk bebdli bir carp iki boli G¢. imdi hemen
bunu da bir yapal m. Ee k rk bdice bdldiimiizde on beg kar. Hemen k rk be tice bdlelim on

be , bunu da tg¢e béldiimizde bir on bekere iki otuz bolu bir olur bir kere birden. Ee tha eittir,

otuzdur. Doktorun kitaplar d r. Bu datmenin romanlar d r. Daha dasu kitaplar demeyeyim ee
ey doktorun romanlar , detmenin romanlar .

A:H m. Peki burda mm k rk bekitab n bete dérdini ¢carpma yaparak buldun.

O:Evet.

A:Neden carpma yapt n?

O:Ee ciinkii bir dakika.. Ee k rk bie be te dordii ¢iinkii k rk bén icinde ne kadar dort boli be

oldu unu bulmaya calt k.

A:H m. Eee peki bu mesela ¢carpmadan ne anl yorsun? K rk lgarp iki boli Ggten?

O: te krk be tane iki bélii Uiglin Ust (iste toplanmas d r. Hanbiiii ti¢ art iki bolil tic art iki boli
bundan boyle k rk betane iki b6l (¢ aralar na art koyarak toplanmdasHani bu k rk be carp ..

A:He krk be tane iki béla dg.

O:Evet.

A:Oda otuz kitapt r diyorsun. H mm.

O:Evet.

A:Ee peki mesela bu k rk bé&itab n dort bolt beni orda modelleyebilir misin?

O:Ee kag n k rk bekitab n..

A:Dort bola beini.

O:Dort bolii beini.. hemen modelleyelim.imdi buna biz tamam k rk bediyoruz. Alt na da zaten

yazal m k rk be diye. Dért boli bani modellerken bunu bee it parcaya bélcez. Cok it olmad bir

tane daha olucak. Asl nda bunlar n hepdi eYani ben uan bdylece yapt m. Bunun dort béli hemen
ey yapal m. Boyayal m. Ee bey dort boli betir. Hani imdi k rk bei ey de yapabiliriz. Bebélip
dortle de carpabilirdik.

A:H mm.

O:Hani k rk bei be e boliip dortle de carpabilirdik. Ama asl nda yamh z i lem yine dyle. K rk be
carp dort bolu be k rk be yine bee bdldik dortle carpm gibi olduk. Yine ayn ey oldu
sadeletirince de. Ya da dortle carp p leede bolebilirdik. Ayn eyi yapm olucaz yine. Hani hi¢
sadeletirmesek bile k rk becarp dort boli beyapacakt k sonucu bulmak igin. O yizden hani yine
ayn ilem modellemesi de budur.

A:Peki onun otuz alt kitap oldwnu o modellemeden nas | goriicez?

O:Hemen 6yle imdi k rk be boélcez. Bir tanesinin ne kadar oldunu bulucaz. K rk beé o yiizden
be e bolucez. O da bize k rk beey vercek; dokuzu vercek. Dokuz, dokuz, dokuz, @okaidokuz.
Bunun biz bu kadar n alnt k. Bu kadar romansa doért tane dokuz, dort kerleud yani o da dttir
otuz altdr.

A:H mm. Peki devam edelim dér sorudan.

O:(soruyu okuyor)imdi direk bu ilemi on (i¢ carp on iki diyelim ¢iinkii hani on tigéskolimiz var.
Bdyle on U¢ tane boyle koli gidiyor. Bunlar n herifsde on iki tane varsa bia ne kadar olcan
bulcaz bu kesir k sm hari¢. Hemen carpal m on éiglon iki yirmi alt ee bir ¢ bunu da toplarsak
zaten yuz elli alt . Yuz elli alt artimdi bir de yar m koli vard bir béla iki. On ikiyiey on ikinin de

yar s alt olduuna gore ¢inku bir bolu iki alt olduna goére yuz elli alt art alt o daitir, yiz

altm iki. YUz altm iki koli ee yumurta vard r bakkalda.
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A:H mm. Peki bunu b&a turlt yapabilir miydin?

O:Bunu baka tiirlii yapabilir miydim. Haniey yapaca m yine deneyecém. Ee yirmi alt , yirmi

yedi boli iki carp on iki bolu birden deneyelimru imdi direk bata bir alt olsun buras bu
ekilde bunlar bi sadelérelim. Alt kere yedi bir dakika alt kere yedirlsaniye kafam durdu. Heh
Oyle iki dort alt kere iki on iki. Dort daha ontake buras da zaten bir olduicin yiz altm iki

bolu evet yine ayn sonucu elde ettik. Hagy bu da dttir yiz altm ikidir. Sonucla ayn .

A:Hm.

O:Carpma ilemi de yaparak bulabilirdik.

A:Peki o carpma leminde ne anl yorsun? Ne yaptikndi o ¢carpma ileminde?

O:Bu carpma leminde ite yirmi yedi bolii iki carp on iki. Yani on ikiyyirmi yedi bolu iki art

yirmi yedi boli iki art ondan on iki tane ekilde gidiyor.

A:He on iki tane. Neden peki carpma yapt n orda?

O:Cunki hani burda da zaten ¢carpma yapka Bir tanesinin iginde on iki tane varsa on énésinin
icinde kag tane vard r diye biey de oluuyor zaten. Onu yapmak icinde zaten carpma kullamma
gerekiyordu. Burda da aynlémi yapt k.

A:Peki orda mm yirmi yedi béla ikiyi nas | buldun?

O:Burda yirmi yedi boli ikiyi nas | buldum. Heln on dicle ikiyi capt m. On (icle ikiyi carpt m Usgin
bir ekledim yirmi yedi bolu iki oldu. Bu da zatéoinun ey halidir. Imm nas | bilék kesir birle ik
kesre cevrilmi halidir.

A:H mm. Peki bileik kesir ne demek?

O:Bile ik kesir, pay paydas naieya da pay paydas ndan biyik olan kesirlerdir.

A:H mm. Tam say | kesir peki ne demek?

O: Tam say | kesir, eezy hani bu bir tane biitiinii kullan p onun yan ndavbya daha fazla bitiini
kullan p, onun yan nda bka bir bittin daha kullan lan kesirlerdir.

A:H mm. Peki devam edelim dér sorudan.

O:Hh.

A:He pardon on tg¢ tam bir bolu iki yumurta kolisindiyor ya.

O:Hh.

A:Ne anl yorsun bu on ¢ tam bir bolu iki yumurw@likinden?

0O:0n u¢ tane yumurta kolisi yani tamam vartirde bir yumurta kolisinin yar s varm Bir bolii

iki cinkd yar m demektir. Ya date bir koliyi yine ikiye bélmaler onun yar k sm n doldurmiar
diye de hani on ¢ kolinin yan nda bir de o kolidra. Hani bdylede ey yapabiliriz.

A:H m. Tamam devam edelim.

O:Hh.

O: (Soruyu okuyor)imdi bu bir biitiin olarak diiniirsek hani bunu bir bélii alt bulmak icin e@yle
bunlar kullanal m. u ekilde hani bunlar béyle yapar z. Bu bir butins@in bir bolu alt s n
bulmak icin biz hani bunu alt parcaya bolcez ya,iB i te bir,iki,lc,d6rt,bealt parca oldu. unun
bir k sm bir boli eydir alt d r. Yani 6yle yapal m. unu yazal m. uras bir boli alt d r. Doért tane
bundan yan yana gelirse ne olur diye soruyor beradn eeey bunlar n dort tanesinbyle yapmaya
cal al m. dyle giziyoruz. Ee dyle yine. Ee undan yine bir tanesini ondan sonégle undan bir
tanesini 6yle undan 6yle bunlar eit olcak bir tanesini. Buna baktm zda ilemin sonucunun
bir,iki,t¢,dort ee bir dakika bir,iki,uc,dort,beir dakika iki,dort,alt ,sekiz,on,on iki,on domalt bir
dakika..Bir,iki,i¢,dort,bealt ,yedi,sekiz,dokuz,on,on bir,on iki,on Ug¢,ontidén be, on alt, on
yedi,on sekiz,on dokuz,yirmi,yirmi bir,yirmi iki,igmi G¢,yirmi dért..Yirmi dort mi? Bir saniye...
A: imdi orda onlar n her biri bir b6l alty m modedlik? Ne yapt n orda?

O:Ee imdi u mesela 6rnek veriyorum (icii bir bolu alt d r. Adarcaya boltinmiibiri al nm .
Bunlar n dort tanesini yan yana getirdik.

A:H mm.

O:Dort tane buekilde.

A:Dort tane bir bolu alt diye dedin.

O:H h . Dort tane tabi bu yaptm bir boli alt ya giriyorsa. Dort tane bir bolit alde ediyoruz. Dort
tane bir bolu alt bir,iki,tu¢,dort,belt ,yedi,sekiz,dokuz,on,on bir,on iki,on G¢,orrtiah be,on

alt ,on yedi,on sekiz,on dokuz,yirmi,yirmi bir,yifrki,yirmi t¢,yirmi dort bolti dort elde ediyor. Am
hani asl nda bdyle elde etmemiz gerek ¢clnlemi yapt m zda ilem doért bolu alty veriyor bize.
Dort tane bir bolu alt bir bolu alt art bir bo#lt art bir boll alt art bir béla altimdi bunlar nas |
yapcaz.
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A:Orda peki ne buluyorsun modelden sen?

O:heh modelden ne buluyorum. Dért bélii yirmi dértuyorum. Ya bu da hani dért tane bir boli

yirmi dérdiin bir araya gelmesi ama o da awy deil.

A:H mm. Neden peki boyle oldu?

O:Ee ¢uinkii ama biz butuni bekilde alt ya boldiik hani bir boli alt art bir kicheh ey olabilir.

Biz paydalar n asl ndaey yapcakt k. Paydalar n n hani bunlar toplamanzagerekirdi. Payda her
zaman ayn olcakt . Onu unuttuk. Bleimi yapt m zda asl ndaey hani unlar bir ekilde doért tane

var. imdi buraya bakt m da daha demin hatal biey oldu. imdi bunlara bakt m zda her birini

toplad m zda bir zaten bir bolu alt art bir bolu altt abir boli alt hemen zaten burda da yapay m.
Bir b6l alt art bir boll alt art bir bolu albiz burda eyi de i tirdik ee payday de tirdik. Asl nda
hicbir zaman payda de mez. Yani toplama ieminde. Dért bol alt d r. Hani burday budur. Dort

tane bir boli alt , bir béla alt , bir boli alt irtholu alt onun dért tanesinden ne kadar elddéiredini
dort carp bir béll alt kesri de ayreydir. Yine ard k toplaman n k salt Im dort tane bir bola

alt .( ekil izdi)

A:Yani o modellemeyi nas | modellersin orda? o aangani bu yapt n modelleme doru mu?
O:Evet doru.

A:Ordan dort tane bir bolu alty ..

O:Burdan dort tane bir bolu alty heayi silerek ben tekrardan gostereyim bunu burdan limdi
uras u ekilde ve u ekilde bu hani diiinerek dedii icin uras bir bélu alt d r dimi? Elimizde var
bir bolu alt art imdi u ekilde bir bolu alt d r ve onun bir k sm n al r Bir béli alt dyle art
buraya yazay m bandan devam edeyim. Ee yine ayakilde bdyle bir ekil ayn eyin Gzerine dyle
bunu da buekilin Uzerine yapt m zda yine bu bir boli alt y verir bize. Ee yinenu urdan cekip
unu u ekilde yapt m zda uras yine bir bolu alty vercek bize. Ee bu ddtie, dort bola alt .

Ayn ekilde bu ilem eittir, dort carp bir béll alt . kil ¢izdi)

A:H mm. Peki devam edelim.

O: (soruyu okuyor)Biz bu hani bir kesrin kesrinifmak icin kulland m z i lem ¢arpmayd .

A:H mm?

O:Dort boli be carp iki boli iic derken nerden yard m alal m? iNalde ilem olarak da yapabiliriz.
Evet hemen burdalemimize bakal m. D6rt bélt becarp iki bola G¢ bunlar ..

A: urda gosterebilirsin.

O:H h . Bunlar iki kesre boyleey yaparak yap yoruz.imdi say yoruz bakal m paydas ka¢ bunun.
Bir, iki, ¢, dort, be, alt, yedi, sekiz, dokuz, on, on bir, on iki, 8¢, on dort, on be Paydas on be

A: Peki orda nas | yap yorsun? Onlarla ¢arpmay Irgiisteriyorsun?

O:Bunlarla carpmay gosterirken bunu lakilde ya da buekilde bunu da ona tam z t yoniinde
birbirleriyle kesitirerek hani bak yoruz ka¢ parcaya bolinmiu da hani ne demek kag parcaya hani
biz bunu da hani kesir bir kesrin ne demek olthu derken ne kadara bolinip ne kadar al ndan
bahsediyorduk ya. Bunda da bu on parcaya bolinmi imdi sayd k. imdi bu koyu renkli yani
kesi tikleri yerleri sayal m. Bir, iki, U¢, dort, bealt , yedi, sekiz. Sekiz tanesi al nnjmateryal
kulland )

A:Peki o koyu renkli almalar n n mant ne? Yani ne anl yorsun ordan?

O:Yani bunlar n imdi bir, iki, ig, dort bolii bekesrini bu kesri eeey (¢ boli iki kesrine béliyor.
Yani dort boli nas | anlatsam? Dért bolu feér dakika.. dyle iki boll Gge onu nas | desem?
Diyece im eyi bir, iki, ¢, dort, be tstiine bunu koyunca hani dort boli e boll G¢.. He kac tane
iki bolu U¢ iki bolu Ug bir dakika... Ee dort bolu beder gibi asl nda soruda bunun ke bir i lemle

yap | drama hani bunurdyle hani dort bolu bén iginde iki kag tane iki bolu t¢ vard r gibi olay
dicem. Hani ona benziyor. Eandi yok tam olarak asl nda dyle de imdi burda dort bolu bén iki
bolu G¢linG carpma yapar z dedin .

O:Evet.

A:Ee iki kesrin kesrini bulmad r dedin.

O:Evet kesrin kesrini bulmad r.

A:Peki kesrin kesri bulma derken neyi kastediyofsiie demek?

O:Yani bir kesrin icinde.

A:H mm?

O:Ee yani mesela dort bolu tie, dort bolii bei dyle ben cizerek anlatmak istiyorum. Ee bir, ilg, U
0drt, be bunlar n her biri @t u dort k sm nda bunu da iki bolu G¢ Ustiine hanebkd bolu bunu da
bunlar n icinde de iki b6l G¢ yaniunlar n iginde iki béli G¢l ee kag tane iki bollaes bir dakika iki
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bolu G¢l bundauray da tge béliyoruz. Hani k sm . Ee bir tam olarak olmad ama hani hembiri
e it sayarsakdyle unlara da bakt m zda zaten hani bunun icinde bu nas Id r? Dol @

kesrinin icinde iki bolu t¢t bulduk.(soruyu okuyor)

AHm.

O:Hemen ilematik olarak yaparsak. Ee sekiz bolii on $ekiz bolii on behani burda bakt m zda
da bu sonucu elde ediyoruz.

A:H m. Peki eemm devam edelim @r sorudan. H mm bir dakika. Burda heh burda messlalort
bolu bele iki bolu ¢t carpt k dal mi?

O:Evet.

A:Burda iki b6l ¢ deil de sekiz bolu on ikiyle carpsayd k.

O:Evet.

A:Ne olurdu ilemin sonucu?

O: lemin sonucu..Hemen carparak gosterelim. Dort bélicarp sekiz bolii on ikiimdi bunu
yaparken yine ben ayn sonuc ¢ kaca inan yorum.

A:Neden?

O:Cunki bu bunun kat . Bu bunun zaten denk kesthildenk olduu igin yine ayn sonug ¢ kacak.
Zaten bu ilemi yapmadan 6nce bir saddleme yapal m. Dérdi on ikiye bdlelim. Buras ikidE ey
pardon. Buras birdir. Buras Ugtur. Hemeleimi yapt m zda zaten sekiz boli on bek yor. Yine
e it ¢ciinkil bunun denk kesirdir ki bunu hani kakilde sadeldirmeden de yapt m z da otuz iki béla
altm ¢ kar. Bu da zaterey eittir, sekiz b6l on bekesrine. En bunun en sade hali de sekiz bdli on
be kesridir.

A:H mm. Peki denk kesir ne demek? Bu bunun denkittiesledin ya. Ne demek?

O:Mesela iki bolii tic kesrinin bir say yla gdatilmi  hali. Veya bir say n n en sade hali,
sadeletirilmi  hali.

A:Peki orda sekiz béli on iki, iki béli Ggin?

O:Ee dort kat d r. Dortle gerietilmi  halidir.

A:He dortle geniletilmi hali.

O:Hehe.

A:O ylzden ¢carpma dé miyor diyorsun?

O:Evet.

A:Peki iki bolu tgle tg bolu ikiyi carpsayd k neuodu?

O: ki bolu tigle tig boli ikiyi carpsayd k eey burdan bizuras bir unlar bir zaten bir bolu bir o da
bize bir biri verirdi.

A:Neden bir ¢ kt peki bu?

O:Ee ciinkii zaten paydalaimdi birinin paydas ile étekinin pay ayn, birmpaydas ile 6tekinin
pay ayn hani zaten paydalar zaten birbirleriditgdikleri icin birinin pay yla birinin paydas
bibirini géturdr. Birinin pay yla birinin paydasitbirini gotirtr. Elde bir kal yor. Zaten 6teki tiir

i lem yapt m zda da hani carpmaléminin dei me 6zelli i vard r. Hani G¢ kere iki alt , ti¢c kere iki
alt. ki kere Uc alt, ¢ kere iki alt . Alt béll altadzaten bire é olaca icin hani béyle bir sonug
¢ kyor.

A:H mm. Peki devam edelim.

O: (soruyu okuyor) Bir bolu iki carp bir bolii déetittir, bir boli sekizdir. imdi bir béli ey imdi

i leminin sonucu ne anlama gelir. Ceyireyars anlam na geliyor.ey evet bir ceyrein yar s .
Hemen bunu normal biekilde de gdsterelim ceyrm yar s oldu unu. Bir,iki 6yle bir tane daha
evet boyle dort parca oluncendi bu ceyrek iseu ceyrek isedyle yapt m zda bunun herbirine iki
koydu umuzda 6yle evet bunueye bdldiimizde bu da ¢ceyrin yar s anlam na geliyor bir boli
sekiz. (ekil cizdi)

A:H mm?

O:zaten yr m carp bir bolu dorttey bir bolii dérdiin yar s bir bolii sekiz ey oluyor.

A:H mm. Peki di eri ne?

O:Di eri. (soruyu okuyor)Burda yine bir bolu dort capir bolii iki ee bir boli sekiz yine ayn
manaya geliyor. Bu seferde hani yar m n ¢eiddyebiliriz biz buna yada ¢eyrén yar m . Yani bu
iki i leme bakt m zda bir de unu goérilyoruz. Carpmaléminde dei me 6zellii vard r. Yerleri

de i ince hicbir ey dei miyor. Hemen bu iemi de eer gdsterirsek bir bittini ikiye béliyoruz. Bir,
bir dakika bunun birini.. Bir, iki, ¢, dortte bu da yar m bir boli sekiz yine dorde boldintizde
buray bir,iki,u¢,dort,bealt ,yedi,sekiz bir bolu sekiz. €kil cizdi)
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A:Peki orda bir boli sekizi nas | buluyorsun moatd

O: imdi modelde hani buray dérde boliiyoruz boyle biitésri. Biitiin kesri dérde bélilyoruz bir
b6l ikinin ee bir bola ikinin bir bdllt dordi oldunu buluyoruz.

A: imdi u, u modelle u model ayn m ?

O:De il. Burda bir bélii iki carp bir boli dortten balugor. Burda bir bolii dort carp bir boli
sekizden bahsediyor.

A:Yani bura neyi modelliyorsun burda neyi modelliyon?

O:Burda bir béli dérdiin bir bolii ikisini modelliyar. Burda bir béli ikinin bir béli dordini
modelliyoruz.

A:H mm.

O: oyle hemen..

A:Yani o aradaki fark gosterebilir misin? Cok anlanad .

O:Arada pek bir fark yok. Hanu bir bélii dort bunu béyle koydumuzda

bir,iki,t¢,dort,be,alt ,yedi,sekiz uras da zaten ortak nokta. Bir bolu sekiz ayyi dordiin haniu
ekilde e er koyarsak yine bir,iki,ic,dort,balt ,yedi,sekiz bir boli sekiz yine ayrey
olcak.(materyal kulland )

A:Peki imdi bir dakika. Birinci carpmay bueffaf kartlarla bir modeller misin? Nas | modelligoin
bir boli iki carp bir bolu dort.

O:Bir bolu iki carp onu da ters olarakyle koyal m bir béli dort. Modelledimizde bakal m
paydam z ka¢cm? Bir,iki,u¢,dort,be,alt ,yedi,sekiz burda ee bu hani ortak ¢arp lida oluan yerse
birdir. Bir boll sekizdir. (materyal kulland )

A:Peki bu carpmay burdan nas | yorumlars n?

O:Ee hangi carpmay ?

A:Bu carpmay burdan nas | yorumluyorsun?

O:Bir bolu ikinin bir boli dorda bir bolu sekizdir.

A:H m peki di erini nas | modelliyorsun? Bir bolt dort carp biblu ikiyi?

O:Di erin de ise bunu boyle koyuyoruz ee bunuwaekilde ee bir dakika bunuda ters bikilde
koydu umuzda yine bir,iki,i¢,dort,balt ,yedi,sekiz béll ee bir boli sekiz ¢ k yor. feyal
kulland )

A:Peki nas | modelledini bir anlat r m s n onlarla?

0O:Once bir boli dordiu ekilde koyuyoruz sonra tersine hani buna terséskilde bir birlerini
kescek ekilde koyuyoruz.

A:Neden 6yle yap yoruz?

O:Cunkii eer bu ekilde hani koyulursa bir anlam olmuyor. Birbirikéscek ekilde koyarsak sadece
carpma ilemince doru sonuca ulabiliriz.

A:He boyle koyduumuzda da gene biey olmuyor.

0O:Boyle koydu umuzda bir,iki,ti¢,dort bir bolii dort ortaya ¢ k y@dyle koydu umuzda hani bu

i lemde ey oluyor bunun sadelmi halini ortaya ¢ kart yoruz.

Ath mm.

O:Bu i lemde 6teki ilem igin gecerli mi?

A:Bilmem.

O:Deneyelim.

A:Deneyelim.

O:Hemen u ekilde ee bir ey ee iki bolii tic carp bir bolii iki kesrini 6ncee tu ekilde carpal m. Ne
oluyor? Ters bir dakika yanyana koyarsak bir,ikididgt,be,alt iki b6l alt oluyor. Bu ekilde
koyarsak ne oluyor? Hemeny yapal m. Zaten bakal nu ekilde koyduumuzda da eeey bu
ekilde koydu umuzda doru bir sonuca zaten eemiyoruz. Hani o ylizden bunu ekilde bir de
kescek ekilde koymal y z.

A:H mm. Peki eeimdi ee una ne diyoruz peki?

O: (soruyu okuyor)Burda ki lemin sonucu ayn d r. Bir boli sekizdir. Bunun nedgarpma

i leminde dei kenlik 6zelli inin olmas d r. Hani ha bir bolu dort carp bir Bdki ha da bir boli iki
carp bir boli dort hani biey dei mez.

A:Tamam yazal m oraya.

O:Ee ey.. Carpma leminin dei me 6zelli i vard r diyoruz.

A:H m. Devam edelim.
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O: (soruyu okuyor)imdi bunu ey yaparken carpmaléminde sonucun dou olmas icin ey

yap yoruz. Imm bunlar b#&a normla tam say y bilék kesre ceviriyoruz. Dokuz kere iki on sekiz, on
dokuz béli dokuz carp yirmi dort art yedi, otuz boli sekiz. imdi bu i lemi carpma olarak
yapaca z. Ee yaparken hemenyle bir ey deneyeceam. Hemen deneyelim. H mm hay r olmuyor.
On dokuzu dokuza bdlemiyoruz hay r. Evet. Neysedrenmdi Oyle bir ¢izgi cekelim bunun bana.
Dokuz kere sekiz yetmiki. Otuz birle de on dokuzu carpal m. Ee bir dakiDokuz kere ¢ ee bir
saniye dokuz kere U¢ yirmi yedi. Bir, U¢ ee dokekiz.. Be yuz seksen dokuz bélu yetmiki. He
ama bir dakika burdalemin sonucunu tahmin edin diyorm( lem yapt)

A:Tamam zaten lemi de yapacaz.

OHh.

A:Devam edelim .

O:Be yiiz seksen dokuz carp yetniki oldu. imdi be yiiz seksen dokuzu da yetnikiye bolelim
bakal m ne kadar oluyor. Bir dakika bgiiz seksen dokuz boli yetniki. imdi bunu ilemi yapmak
icin biraz zaman alacak. Yetmiki direk orda yoktur. Alt ker denesek alt keredi k rk sekiz. Ee

k rk dokuz direk boyle denesekuna bir yetmi iki daha eklesek bakal m ne oluyor? Ee san yorsam
evet yedi olmas gerek. Yedi kere yedi bir dakik& klokuz zatenimdi burda oldu. ey on k rk
dokuz. Elli oldu. Hemen buradan bir deneyelim ngyot? Dokuzdan dért ¢ karsa beekiz, deil. O
zaman sekiz olacak. Hemetfeimimizi batan yapal m. Silelimuray ee sekiz, sekiz kere iki on alt
yedi kere sekiz elli alt bir elli yedi. Hemen banl ¢ karaca z. Dokuzdan alt ¢ kt Ug sekizden yedi
¢ kard m zda bir. On ¢ oluyor. Sekiz tam o dattr. Sekiz tam on ¢ boli yetmiki.

A:Hm.

O: imdi daha deminki gibi tahmin edin diyordu bize.

A: imdi bir saniye. Burda eee iki tam bir bolii dokuzie cevirdin bileik kesre cevirip yapt n.
O:Evet.

A:Neden bileik kesre ceviriyoruz.

O:Evet. Cunkil hani buekilde bulma nas | carpma bulunmatr daha diyim. Ee hani bilék kesre
cevirerek ey yaparsak hem daha &m bir sonucu elde edebiliriz.

A:H m. Peki imdi birde tahmin edip bi carpmay yapal m.

0O:0nu tahmin ederek carpméi.tam bir bl dokuz éttir bir saniye..l ey iki tam bir bolii dokuz
yakla k olarak ee ey iki tamd r.

A:Neden?

O:Eee ¢inkii bir bolii dokuz s fra yak nd r. Hanierasay dorusunda da gosterirseki tam da
zaten elimizde vard .

A:Goterelim.

0O:Say dorusunda hemen bir bolii dokuzu gésterelim. Suras ..

A: ki tam bir bolt dokuz.

O:Pardon o zaman buras iki buras ug.

A:hh.

O:Bir,iki bir dakika ti¢, dort,bealt ,yedi,sekiz,dokuz. Bir,iki,ii¢,dort,balt ,yedi,sekiz,dokuz asl nda
aral klar eit. u bire bakt m zda buraya daha yak n oldunu gorilyoruz. Bu ikiye dtir. Uc tam
yedi bolu sekizde yaklsk olarak dorttir. Hemen yedi béli sekizinde nasy oldu una bakal m. Ee
buras ¢ burasey dort bunun aras n da sekize bolcéziic,dort,be,alt ,yedi,sekiz bunu boyle
boldi Umuizde bir,iki,uc,dort,bealt ,yedi,sekiz ey yediyi bulal m. Bir dakika

bir,iki,u¢,dort,be,alt ,yedi ee yedinin dorde daha yak n oldaou gériyoruz. Bu da #tir dort tamd r.
Dort art iki e ittir sekiz i lemimize bakt m zda sekiz tam..

A:Bir dakika dort art iki sekiz??

O:Pardon 6ziir dilerim alt eder.Eey yaln z carp olacakt bu buras art deiinki carpma iemi
yap yoruz. Sekiz olur. Sekiz tam zaten ee on @ pétmi iki de say dorusunda sekiz tama hani
yakla k olarak sekiz tamd r.

A: O neden peki sekiz tama yak n?

O:Bu sekiz tama. On (i¢ bélii yetniki say do rusundaimdi burda yetmi iki parcaya ey oluyorya
hani bu on ¢ tam yetmiki s f ra yak nd r on ¢ bolu yetmiki. Elimizde sekiz vard r. Hani s fra ar
sekiz, sekiz. O mant ktan gideredy yapabiliriz.

A:Ha o sekiz tama yak n.

O:hh.

A:Biz ona yakla k olarak zaten..
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O: ey sekiz olduunu..

A:Sekiz bulduk.

O:Bulduk.

A:Peki devam edelim.

O:H h . (soruyu okuyor) lemi yaparak gorelim. Bebolu alt carp ¢ bolii dért.imdi bata bu ilemi

yapmadan dnce sadeieelim uras iki oldu. uras bir oldu. Eeey dort kere iki sekiz. Beboli
sekize eittir. Zaten direk sonu¢ beb6lu sekiz ¢ k yor.

A:H h . Nas|yaptn o carpmay anlatal m.

O:Carpmay yaparken karkl say lar ya da altl ustlii say lar sadetielerek yap labilir carpma

i lemi. Alt mesela alt yla tg¢ birbirinin kat oldu icin bir birinin kat deil. Mesela burda U¢ oldu.
Burda on ey yani yine birbirinin kat oluyor da mesela daltt olsayd burda doért bu tarafta olsayd
iki ile sadeletirebilirdik. Hani bunlar n ortak olan biryini bulup bdlenini bulup ebobunu bulup ee
onlar béliyoruz birbirine sonra ondan sonra eredaaline getirdiimizde kesirleri carp yoruz. Ya da
Oyle bir ey yapabilirdik. Be boli alt carp ¢ béli dort dedimizde be kere (¢ on bealt kere
dort yirmi dort zaten bunu da hani bunu kagla satielyoruz bunu da zaten mm.. tgcle

sadeletirdi imizde yine bir ey hemen sadeltirelim. Bolu ¢ be béli ¢ sekiz yine bebolu sekiz
kesrini verecektir bize.

A:H mm.

O:Yani biz onu ilemin ba nda yapt k daha h zI olsun diye.

A:Sadeletirme yapmak ne demek yani?

O:Hani bir kesrin daha kiiciik denk kerini bulmak.

A:Peki devam edelim deriyle.

O:Hemen bakal mki bélii tic carp bir bolu bei te bu énce bunu ¢apar z. Sonra ti¢ boli dortle
carpar z. Farketmez ¢iinki carpmiaiminde hani bunu buraya koymuz énce bunun sonucunu bir
bolu Ggle carpar z. Ya da bunlar n sonucueyle ¢arpar z o farketmiyor. Hemen yapal m bu

i lemimizi on be bdoli iki ee evet. On bebdli iki carp U¢ boéla dért bu daittir, hemen unlar
sadeletirelim iki ic oluyor. U¢ bélii otuzdur lemin sonucu.

A:Ug bolu otuz. H m. Peki burda mm hani 6nce ikigiarpt n sonra deriyle carpt n ya.

O:evet.

A:Uclinii birden carpamaz m yd n?

O:Hani uguinii birden evet carpabilirdim.

A:Ayn sonucu mu bulurdun?

O:Evet ayn sonucu bulurdum. Carp bir bolii barp g boli dért hemen bunu deneyelikiyi
carpt m bir, Uic kere iki alt . Bekere Ui¢c on beon bele de dérdin carp m eey altm . Ama bunlar
sadeletirirsek bolelim ey alt ya ey bir, ee bdlelim alt ya bir, bélelim alt ya onir®6lG on bunu da
zaten bolelim Gce bir bélelim tcey on olur. Yine ayn sonug .

A:H mm. Yani ayn sonug ¢ Kk yor.

O:Evet ayn sonug ¢ k yor.

A:Peki orda o Uc¢li carpmay nas | yapt n bir arlata

O:Ugclii garpma yine ikiyle carpma yine 6nce ki cagtanda yapt m z gibi pay carp ey paylar
birbirleriyle ¢arp yoruz, paydalar birbirleriyleagp yoruz.

A: imdi bu i lemleri bir yapal m ¢carpmalemlerini.

O:H h . Uc bolii dort carp bir boli ikimdi bu i lemi yaparken hani sadeteme olmayaca igin ee
sekiz bolu g kesrini verir bizeey ¢ boli sekiz kesrini verir.

A:Uc bolu sekiz. Ne yapt k o carpmada?

O:Carpmada paylar pay paylay payday da paydayla carpt k.

A:H m. Peki imdi burda (¢ béli sekiz carpmdgmimizin sonucu ¢ kt . Carpmalémimizin
sonucunu c¢arpanlarla k yaslayabilir misin? Hanbd dortle bir béla ikiyle k yaslayabilir misin?
O:H h . K yaslayabilirim. Hani ti¢ boli dort bey ee carp m n sonucu egy bunlardan kiigiik ¢ kt ?
A:Nas | buldun hani nas | k yaslad n?

O:nas | k yaslad m. Ya direk buna hani kafadanidikéyle carparsak zaten hani ben direk dyle
buldum. Sekiz bu da burda vey@yle ben bunu daha k sa bir yol bu tama yak riglryar ma

yak nd r. Bu s fra yak nd r. Hani yak nl k olarddakt m zda da zaten bu en kugukleri oluyor sonug.
A:H mm.

O:Hani normal matematiklemi..

A:Onlar nas | yapt n tama yak n yar ma yak n har@sela uraya ¢arpar m s n onu nas | yapt n?
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O:H h . Mesela 6rndn urda 6yle bir ey cizelim. Hani bunu birdyle uraya s f r diyelim. uraya
da bir diyelim. uras neyse bir, iki, tg¢, dort.. Dort tanet @arca hani bunun bir, iki, G¢ctn alnbu
bire yak nd r.
A:O hangi kesir?
O:Bu ey ii¢ boli dort.
A:Ug bolu dort bire yak n.
O:H h . Bir bolii ikiye bakt m zda s frla bir aras iki parcaya bolinmiEe ey bunun buras al nm
bu ad yar md r zaten direk yar m n kendisidir. Balii iki. Ug boli sekize bakt m zda ama s f r bir
eee Oyle bir dakika buras da... Bir, iki, Gg, dort, balt, yedi, sekiz eparcadan eeey bir, iki,
Ucuncusuni ald m zda s f ra daha yak n oldunu goriyoruz. Normal lem olarak da esr bunlar
yaparsak hanidyle bir ey yapal m. Bunlar eeey bunlar genietelim ikiyle ve sekiz alt hani bu
budur. una eittir diyelim. Bunu da doértle gerletirsek e er ee ey dort boli sekiz oluyor. Ama bu
U¢ bolu sekiz hani arlar nda en kii¢in bu olduunu goriiyoruz.
A:Onlar nas | k yasl yorsun? En kigiiniin oldu unu?
O:En kiicii tinli bulduunda paydalar é olan kesirlerin pay bilyiik olan her zaman datigiiitiir.
Pay kiclk olan en kictktir. Clnk{ bir biitini béhsynuz sekize ee dort oldu onu dgle ikiye
bdlelim. Heh sekize bdéldiinizde imdi siz bunun eparcalara alt tanesini mi al rsan z daha blyuk
olur dort tanesini mi yoksa ¢ tanesini mi al rgaifabi ki de ¢ tanesini al rsan z daha buyuk.olur
Oyle de hemen gdsterelim zaten ayakil Gicerinde Ug¢ kesri.oyle..( ekil ¢izdi)
A:Tamam.
O:Hani 6yle 6yle u ekilde bunun {izerinde de zaten hememnu boyayal m ii¢,dort,beve alt
Oyle hani buna bakt m zda bir,iki,u¢,d6rt hani 6tekide..
A:Oburi de (¢ zaten.
0O:0Oteki de zaten hani ui¢ olacagin bir,iki i te ti¢ dort, bir, iki,iic,dért eey hani bundada zaten ti¢
olca icin bir,iki,t¢ arlar nda en kigiiin bu olduunu da bu ekilde gérebiliyoruz.(ekil ¢izdi)
A:H mm. Peki di er carpmay yapal m. Bir de onun sonucunu k yaslayearpanlarla.
O:Yedi boli alt carp bebélii iki dedi imizde sadelecek kesir ee var m yok mu diye bak yoruz.
Yok. Ee hemen ilerliyoruz. Otuz beey.. Otuz bebdlu on iki.
AHh.
O:Bu sefer eeey bir dakika. Biiyiik ¢ kt . Bu sefebyle bir ey oldu. Bunlar hemen deneyece
¢uinkid bu biraz dahay oldu u igin. Alt kere iki he alt kere beotuz boli ee kag¢ oldu bu? Otuz bdoli
on iki ee bunu daey ikiyle carpmam z laz m. On dért b6l on iki obry Arlar nda bu sefer en buyuk
ey oldu. Imm nas | desem carp m oldu.
A:H m. En buyik carp m oldu. Derlerinden buiyik.
O:Evet.
A:Peki yukardakinde en kii¢tik ¢ kt .
O:Evet.
A:A a daen blylk ¢ kt.
O:Evet.
A:Niye bdyle oldu.
O:Bu hani kesirlerin biiyukliikleri ve kuigikliikleteialakal . Birde Gyle bir ey var. Aa da kesirler
basit kesirlerdi. Burdakiler hani bili& kesirde hani basit kesir bil& kesirle alakal olduunu
di inmuyorum. Kesirlerin buyuklikleri ve kigukltkleri.
A:Nas | yani buyukltkleri ve kuguklukleri derken?
O:Bunlar mesela birbirleriyle carparkedyle bir ey var. Bu.. BU kesir bundan datey kiiciik yani
Oyle deil. Hani bu kesirlerin kendilerine nas | desem? Bumlaha kucik kesirlere bunlar daha biyuk
kesirlerdir. Hani carp m oekilde bir byiklik ¢ km olabilir.
A:H mm. O zaman burdan bir genelleme yapabilir migtaba? Ya da bazen blyuk ¢ k yor bazen
kiicUk ¢ k yor. Neye gore boyle ¢ k yor. Biey soyleyebilir miyiz?
O:Neye gore ¢ k yor. Eer hani baka i lemlerde de istisna olmuyorsa hani hic denemediigle bir
ey soyleyeceim. Bile ik kesirler ¢carp | nca sonu¢ kendilerindezy oluyor. Ee buiytk oluyor. Ee
normal basit kesirlerle ¢arp | nca da kicik oluglgrebiliriz. Ama bu hani ne kadar dai ne kadar
yanl tam olarak b&a i lemler de yaparak @enebiliriz bunu.
A:Mesela deneyehbilirsin orda.
O:H h . Hemen deneyelim..
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A:Peki ne unu soray m bildak kesirlerde neden buytk oluyor sonu¢ kendindem kendilerinden
blylk oluyor?

O:Ya ciinkii yukardaki say alttaki say damdi daha biiyiik olunca ee illaki hani biyiik bu gay
bdyle bliylk bir say yla ¢carp yorsunuz. Hani hilé olan daha bdyle Ust tam say | bir say yla
garp yorsun. Hemen deneyelim. Bir bolu iki carp ey hemen bir saniye bir bolu iki carp iki boli
be i carpal m. Hemen iki on bola iki oldu. On bélu #anlar n ikisinden de hemen haply yapal m.
Be le carpal m bebdli on oldu. Bunu ikiyle ¢arpal m dért boli ordol Bu daha kicik oluyor. Bir
bile ik kesri deneyelim. Eeey alt bolu dort carp iki boli bir diyelim. Burda yapmak i¢in hemen
bir sadeletirme yapal m. Buras bir olsun buras iki olsurit Aey alt oldu. ki oldu. Bunun sonucu
ee bu sefer ayneyle eit mi oldu? Bir saniye pardon bir dakika alt evBu sefer sonug & oldu.
Imm ilk ey bir dakika bir saniye ee hemamda bir dakika bir daha yapal nki evet. Bu sefer de
hani sonug alt bolu iki oldu. Buna bakim zda hani U¢ buras normalde bakal m daha m kiyu
¢ kcakt . Hemen hesaplayal m. Burayee alt ile yapmak istersek. On iki béli alt oluy@ani ey
mm iki bu da eittir. ki una bakt m zda doért bunu bir dakika iki hani bunu sadét&iz. Ug bolii
iki olur. Bu da eittir bir ama béli iki bu da bu daigtir ¢ yine ey daha biyik ¢ kt. Imm nas |
desem? Ee bilé kesirlerde sonu¢ daha blyuktdr.

A: urda da U¢ bolu ikiye dtir bir derken ne dedin orda?

O:H h . Pardon (g bolii iki étir ee bir mi.. Pardon bir tam bir boli ee bintdir boli iki. Ee ey ama
yine hani bir tam bir boli iki dahaydir kiiguktar.

A:O zaman genelleme yapabilir miyiz?

O:Evet u ekilde..

A:Ne diyoruz?

O:Bile ik kesriler bir birleriyle carp | rsa hani sonug gi@e bir bile ik kesir ¢ kar ve onlardan biiyiik
olur. Basit say | kesirler birbirleriyle ¢arp lassonug onlardan kicik olur, basit say | bir kediar.
O:Tamam. (soruyu okuyorymdi soruya bir de dakika cinsinden sordticin bir saat altm

dakikad r. Altm n dort béll hani altm n dért boli beinin iki boll G¢ln soruyor. Béa altm la
dort boéli bei carp yoruz. imdi bunu yapmadan énce tabi ufak bi heméen yapal m. Ee altm

be e bdlersek hemen bir saniyey on be.. de il on be de il. On iki. Be te bir olur. On iki ¢carp dort
ee ey k rk sekiz boélu bir. O da #tir, k rk sekiz. K rk sekiz dakika bir saatin ddy6li beidir k rk
sekiz dakika. K rk sekizimdi saati birde k rk sekiz dakikan n iki b6lu G¢uhizden istiyor. K rk
sekiz ee boli bir garp iki boll Ug dersek k rkigdke e er Gice bolersek hemen onu da bélelim.
Imm...Imm bir dakika. ey bir dakika burda biz kag yazd k? K rk sekiz bafiiolcak dimi? Buraya
bir olcak Oyle olcak. Tamam on sekizde ¢ alt kere ¢ ofizs€k alt d r. Hani buraya on alt
yazar z. Buraya bir yazar z. Bunun da ¢carp m daegeotuz ikidir. Otuz iki béla bir o da #tir, otuz
iki dakika. Hani bu sorunun cevabitéir, otuz iki. (i lem yapt)

A:H mm. Peki burda mm neden ¢carpmkemleri yapt n hani birinci carpmadan mesela ne

anl yorsun?

O:Hh . Ya daha demin de soruda da ¢ kgibi 6yle be bélii dordii gizelim. Bir, iki, tic, bunlar n
hepsi eit. Ee 6yle dérdini tarayal m.imdi dort boéli be.. altm dakika bunun tamam d r. Biz
bunun hani altm dakikay bee bélduk. Her birini bulduk. Eeey on iki, on iki, on iki, on iki, on iki
bunu da dortle carpt k. Burda yapm z i lem asl nda ayn . te altm be e béldik on iki. Dortle
carpt k ya da zaterdyle bir ey oluyor. Altm ddrtle carp nca béde birle ¢carp nca eeey mm bu
sonucu yine bee bunlar hani birbirlerine hangi say ya ul&lar n gérmek icin yine bélcektik. Yine
ayn i lemi yapcakt k. Hani yapcam z i lem yapt m z i lem asl nda altm boli be ¢arp dort bolu
dort ya da altm ¢arp dort bolu be

A:Peki o altm carp dort boli bene anlama geliyor?

O:H h . Ya bir biitiin haniey altm ee bir butiin altm imdi altm ee boli dort altm boli be carp
dort u manaya geliyor. Hani bir biitiin bparcaya bélindi tamam altrsa. Biri ne kadard r
diyebiliyoruz bee béldi imiuzde. Onu da dértle carp nceei doért tanesinin ne kadar oldunu

anl yoruz.

A:H mm tamam. Peki bu.. Bu problemi lka tirlt ¢ozebilir miydin?

O: Bu problemi baka tiirlii ee imdi bir ekilde daha denicem. Hani bilmiyorum ne kadarrdae
kadar yanl ama..

A:Tamam deneyelimurda yukar ya yapal m.

O:H h . Dort boli be carp iki bolii tig desek. Ee sekiz boli on briyor. Onu da altmla hani
carparsak belki olur diye diniyorum. Eeey on be altm ta dort kere vard r. Hememrras dort
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olur. uras bir olur. Otuz iki béll bir evet hani daharde di Gindi im ydntem de dau. Bata
bunun icinde ne kadar oldunu bulduktan sonra. E bunla pardon yargy oldu. Hani bu kesrin iki
bolu G¢l ne kadar oldunu bulduktan sonraeyin k rk bein ey kacgt say m z? Altm n da iki boli
ey bu sonucun ne kadar oldwu buluyor.

A:H mm. Ayn sonucu veriyor.

O:Hh . Evet.

A:H h . Tamam devam edelim.

O: (soruyu okuyorki bélii tic carp dort boli alt .imdi direk unlar sadeldirelim. Bir,iig,dort (¢
kere ¢ de dokuz ee dort bolu dokey oldu ee dort boli dokuz ee bir dakika...Bunukiagbir
ekilde bir dakika bir yerde hata m yapt k? Hereybakal m. Ee bir alt Ug¢ kere iki alt tamam didgt
kere ¢ dokuz evet. Eemdi dort bolu dokuz bir boli dérdi Gg tane mmre.BolG dérdl ¢ tane ise

tamam ne kadard r diye bakarsak. Eg ¢ carp bir béli doért olur. onun da alt nadditerim o da
e ittir. Ug bolu dort. Dorusu bir dakika ben niye boyle biey yapt m. Cokey oldu. Imm ey igcle
dort ee dyle urdan gosterelim. Mesela bir b6l dérdi G¢ tandobléi dordii Ug tane etti alt tane. Bir
boll dort daha (¢ tane etti dokuz tane. Bi bir it daha ¢ tane yani dért boli dort oldadi.
Bunlarda eittir bize on iki tane oldu. On iki tane elma vaarny sepette on iki tane elma var. (materyal
kulland )

A:He tamam on iki elmad r diyorsun.

OHh.

A:Oraya da birde modelleyebilir misin orda?

O:H h . ey bir boli dort eittir, tic. Bir boli dort eittir, Gig. Bir bolu dort eittir, (ic. Ve bir boli dort
e ittir, i¢. Yani bunlar n hepsinin topladm zda da zaten on iki ediyor.

A:H mm?

O:Ee imdi dokuz on iki bunlar birbirlerine ... al namayacagin bunu ee ey yapal m. Ne yapal m?
Imm kac tane elma vard rmdi buna bakt m zda nas | yapabiliriz bunu? On iki tane elmarey
on ikiyi dértle carpal m. Onu dokuza bdlelim. Biakika pardon niye dyle biey yap yoruz ki? On
iki carp dort béli dokuz yapal m. Imm on iki cagidrt bolli dokuz bolu bir eey eittir, dort kere
iki sekiz k rk sekiz boli dokuz.

A:K rk sekiz bl dokuz.

O:Evet. K rk sekiz bolu dokuzdaittir bir dakika ey bir dakika...Ee k rk sekiz bolii dokuz, iic, fadt
be krk betir. Ee ey buras dokuz beam ¢ boli dokuz elmad r.

A:H mm. Peki di er soruya bakal m.

O: Kag tane elma vard r? Yine ayn soru. Bélu on iki carp u¢ bolu dorde bakim zda imdi
sadelecek u say lar var. Ugey bu on ikiyi de eer (ice bolersek ey dort olur. ee bebolil sek ee
dort kere dort on alt elma.

A:h mm?

O:Ee imdi bunu da yine yukardaki gibi yapmaya casak ee bebdli on alt ¢arp on iki béli bir o
da eittir. Bunlar n ikisini birbirini dortte ey yapabiliriz. Dort, tic, on bédli dorttiir. On bebdlu
dortte eittir, ee ey ¢ tam bir dakika t¢ tam iki béléy dort bir saniye hehe ¢ tam ¢ boéll dorttir.
A:Peki burda neden carpt n mesela bélu on alt yla on ikiyi garpt n ya.

OHh.

A:Niye carpt n orda?

O:Cunki hani nas | desem? Imm bir saniye hani idki dokuz on iki bir saniye nas | olcak? Burda
heralde carpmaliemi kullanmamam z gerekiyordu yan Im yorsam.

A:Niye?

O:Cunki burda biz bunlar daha ¢ok hani ekledikr®| lemi mi olcakt acaba diye diiniiyorum.
Ama boélme ilemi de deil. Bir saniye bir ey..

A:Orda ¢carpmakla ne yapt n?

O: imdi burda carpma..

A:Yani iki i lemde de ayn eyi yapt n mesela birincide on ikiyle dort b6l dak carpt n. Neyi
bulmu oldun burda?

O:Hani on iki ey on iki ey bir dakika...Eeey dort bolii on iki tane dort boli dokuzun boyle
yanyana toplanmn buldum.

A:H mm?

O:Bana ne kadar etini be tam ii¢ boli dokuzu verdi.

A:H mm. Peki be tam ¢ boli dokuz..
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O:Evet.
A:Yani kac elmaya ét oluyor?

O: imdi be tam zaten eecy be on ikiyi carp be altm elma. On ikiyi de dok hani dokuzdu on ikiyi
ey yapsak bunu hani yirmi dort yapsak yine olmuytani dokuzlu gruplaraey ya da on ikiyi Ucle
carp p otuz alt boli dokuz yaparsak evet boyte dy yapabiliriz. Elimizde altm elma vard . Ee on
iki carp g, U¢ kere iki otuz alt boli dokuz. Ba bize dordu verir. Ee altmdért elma. Bu sorunun

cevab altm dort. E er buna bakarsak da hani li¢c tam zateregetuz alt . On ikiyi burda dérde
bolersek on iki kere Ug, U¢ kere Ugte dokuz edemehn bunu da bekil toplarsak dokuz, bek rk

be eder.

A:Krk be elma. Peki mm bu iki soruyu da yani ka turlt ¢ozebilir miydin?

O: ki soruyu da hani b&a tirli..

A:Mesela birinci soruyu b&a tirli ¢dzebilir miydin?

O: u birinci soruyu baka tiirlii ¢bzebilir miydim? Bu soruyu Hea tirlii bak y m nas | ¢6zebilirdim.
Co6zebilir miydim daha dausu? Bir dakikaey hay r. Yani ben ¢ézemezdim. Belki matematik akar
¢cozilebilir de..

A:Peki mm on iki elman n mesela birinci carpmaya bakarsak.

O:Evet.

A:O on iki elman n Ucte ikisi ka¢ elmad r?

O:0n iki elman n (icte ikisi bir dakika. Hemen omnekman n iki bolii ticuiey ee eittir, yirmi dort
bolu Ggtdr. O da dtir, sekiz elmad r.

A:Sekiz elma peki on iki elman n alt da dordi kémad r?

O:Ee on iki bolii bir carp dort béli aliey buraya iki bir dakika bir saniye evet burasbitaEe sekiz
bir dakika sekiz béli kag olabilir? Sekiz o da geddimad r.

A:H mm. Peki bu on iki elman n Gcte ikisiyle altadiérdi ikisi de &t ¢ kt .

O:Evet.

A:Neden?

O:Cunki bu bunun sadet&ilmi  yani bu bunun sadelégrilmi halidir. Bu da bunun zaten
geniletilmi  hali, denk kesirlerdir yani.

A:H mm o ¢arpma o zaman kag olucak?

O:Hangi carpma?

A: lem.

O:H m bu ilem. Hangi ilem?

A: urda imdi Ugte iki elma carp alt da dort elma.

O:Evet.

A:Kac elma olcak?

O:Bu kag elma olcak. Asl nda bir saniye bakal my ee ey altm doért elma ¢ k yor.

A:H mm. Sende zaten..

O:Altm  dort buldum.

A:Altm  dort elma bulmumuydun? Pekiu ikincisinde de gene bé&dli onla on ikiyi carpt n ya.
O:Evet.

A:Orda ne buluyorsun? Niye carpt n?

O: imdi be bolii onla on ikiyi carpt m zda hani bebélii on iki tane beb6lii onun toplam n
buluyorum ben orda yine.

A:Peki neden carp yorsun orda onu soruyorum? Tammalam n biliyorsun on iki ¢carp on iki tane
be bolu on da niye ¢arpt n orda? Ne buldun yani gaga

O:Carparak neyi buldum. Hani bbélii on, on iki ite on ikinin be boli onunu buldum.

A:H mm.

O:0n iki say s n n bebélii onunu buldum.

A:O da ne bulduk?

O:0 da on bebolu dort.

A:On be bdli dort. Onun da kag elma oldwu bulduk.

0O:0nun da kag elma k rk belma olduunu bulduk.

A:Tamam.

O: (soruyu okuyor)imdi “a” kesri eittir diyelim. imdi bu (i¢ tane kutu bir boli tic her birindeki tic
tane kutuya bakal m. Bu bir bolu ¢, bir bolu Gditnezde tutal m imdi. Bir,iki,t¢ bu bir bolu Uc.
Bir,iki,t¢ bu bir bélu tg¢. Bir,iki,u¢ bu bir bolugl Bu da eittir, bir boll G¢ art bir boll ¢ art bir bolu
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Uc art bir bolu Gguraya parantez icinde ne oldinu yazay m. Dért carp bir bolu Ggiteir, dort bolu

Uctlr. O da dttir, bir tam bir boli Ggtdr.

A:H m. Peki mm o dort carp bir béli G¢l nas | gaz?

O:Dért hani dort doal say s carp bir béli tic. Dért tane ébsay toplan yor ya.

A:Dort tane Ucte bir.

O:Evet. Dort tane icte bir.

A:Peki “b” kkn naslyaprs n?

O:“b” kknabakt mzda imdie er boyle bir eyse bir,iki, i bir bolii tic. Bir,iki,i¢ bir boli ii¢
imdi bu bdyle olcak olabilir. Bir bitiin olarak danhamlayal m eer ne olcak olabilir. Eer hani bu
ekilde olursa bu biraz yamuk oldu ama bir,iki heanu birde u ekilde gortrsek bu bir b6l Gguin

bir G¢l oluyor. O da bir béli alt oluyor.

A:Nas | buldun bir bolu alty ?

O: imdi hemen dyle diyim. 6yle hani onu bdyle olunca bir bélii tigtin bir bédii bir boli Gg carp

bir bolG Ggtlr. O da dtir, bir bolu alt d r. Hani o ekilde buldum. uras bir béli alt . Bir bolu g ..

A:O bir béla tgin bir boli Gedliemini nas | yapt n?

O:Yine paylar birbirleriyle carpt m. Paydalar birleriyle carpt m. Bu budur.u da bir sileyim.

Cunki oteki ilemi al cam. Onu & bir yere yine yazal m onu. Bir bolu ¢ carp bilu G¢ o da

e ittir bir bold alt . imdi burda bir bolu G¢ ar bir bolt Gg art birlb@lt bu da eittir, bir b6l tg

art bir bolu G¢ art unu ikiyle ey yaparsakki boli altd r. O da dttir bir.. ki.. dort dahaey pardon

bir dakika yanl oldu. Evet evet bir dakika. Bir saniye yanlar ey yapcakt k 6zUr dilerim. Ters
oldu. Buras zaten bir bolu alt . Gelgitece imiz say lar unlar olacakt . kiyle geniletelim. Bunlar

iki bolu alt olur. Hemen toplayal mki iki dort, bir de bir var burda beBe bdolu alt .

A:H m. Peki bakaa baka yoldan yapabilir miydin?

O:Baka yoldan bunu hani yapabilirim. Yine bir bolii iic k sm na kadar ayn tekrardan hanilbbmn
ekilde yapard m. B&a bir ekilde yapmazd m.

A:Peki ordaki herbir kare bu biitiintin kacta kac@stgrir?

O:Her bir kare haniurda da bulduumuz gibi bu butiinin bir béli alt s n gdsterir.

A:Neden?

O:He?

A:Neden?

O:Cunki hani bir bélu tgiin bir boli Gguinii buluyopazasl nda. Hani bu bir boli tic butiiniin, buras

da o bir bola G¢ln bir bola Ggl oldw icin bir boll alt y gdsterir. Ha aynekilde sizin dediiniz gibi

yapabiliriz. Bir boll alt carp bir béla alt carpir,iki,u¢,d6rt,be,alt ,yedi,sekiz hani ordan da

yap labilir.

A:Nas | yani?

O:Ee bir saniye. Yok dyle olmuyor.

A:Ba ka tirlt nas | yap yorsun?

O:Yok baka tirlii olmuyor pardon. Ben bir bolii aleklinde hani o ekilde olunca iler kar yor

olmuyor.

A:Nas | yani o bir bolu alt eklinde derken neyi kastediyorsun?

O:Bir bolu alt carp burdaki karelerin say s npyaca olmuyor.

A:Kac kare var orda?

O:Sekiz kare var. u benim gizdiklerim d nda. Bir dakika pardon bir,iki,u¢,dort,belt ,yedi kare

var.

A:H mm?

O:Bir bl alt carp yedi olunca hani ba bir sonug elde ediyoruz. Yedi bolii alt o ditie, bir tam

bir bdl alt oluyor ama biz burda bir béli beulduk.

A:Peki neden ikisi farkl ¢ k yor? Ayn ¢ kmas gdmiyor mu?

O:Ee evet. Demek ki hani burda kekilde bu bir bolu alt deldir demek ki baka bir say ya da

bizim burda haniunu yaparken diindi tmiz mant k yanl. kisinden birisi.

A:Orda bir bolu alt deilse di eri de bir bolu alt del o zaman ilk yapt n sonugta yanl oldu.

O:Evet yani evet bu boyleyse bu da olabilir.

A:Nerde hata yapm olabilirsin?

O:Nerde hata yapmolabilirim. Bir boli ti¢ garp bir boli tigte hatagt m. Gunki bir Ggey gok

yani ey dikkatsizlik butiin soruyu etkiledi. Ug carp it de ildir dokuzdur. E hatay orda yapt m. O

yuzden uras bir boli dokuz olcak.
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A: urada o zaman dizelicek.

O:Hh . Evet buras da diizelecek. Bir b6lii dokuzaél Buras bir b6l dokuz oldu icin buralarda
duizelcek. Bunlar {i¢ b6lii dokuz olcak. Ug boli dokuas dabir bl dokuz olcak. Bu datér, iic
tic alt, yedi bolii dokuz olcak. Otekinde de zat@rbblii dokuz bir bolii dokuz bir boli dokuz bir
bolu dokuz dicez hepsine. Bir boli dokuz carp yeilil bir o da dttir, yani daha demin benim
dedi im ey asl nda hani yedi bélu bir dakika.. Heh ne olely yedi boli dokuz oldu. Yedi boli
dokuz da zaten onumyi yoktur. Buras yanlt r. Han, yedi bolu dokuz.

A:Yani?

O: ey hani ayn sonug.

A:H h . Peki ee bunun birde bittni cizebilir misiraya?

O:Bunun hani biitiin olarak dindii imiizde nas Id r? Hanbyledir. Ee bu bir béli icii ise bir

saniye.. u onun iki bolu Gg¢udur. Bir dakikayle oldu. Bir de u var. Butindir. Cankiu bir béla G,
u bir béla G etti iki boll Gg. Art bir bolu ti¢ Ha ¢ boli ¢ o da bir tam oluyor.

A:Orda kag kare oluyor toplamda?

O: Bir,iki,li¢,dort,be,alt ,yedi,sekiz,dokuz kare olur. Her birine deerabir bélii dokuz dedimizi

dersek ey oluyor.
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APPENDIX F

TRANSCRIPT OF INTERVIEW WITH VOLKAN

O: (soruyu okuyor) Eee dort bole beesri ee yle gosteriyim. Mesela bunlar bparcaya ay rd k.
Hepsi birer tane. Eee dort boli Heesride bunlar n dort tanesi demektiyle dort tanesini almak
demektir.(materyal kulland )

A: He bee bolip dort parcas n .

O: Almak demektir veya cokluklar n almak demektir.

A: H m peki dort béle bekesrini bulmak isteseydin nas | bulurdun?

O:Nas I?

A:Yani dort bolu be kesrini nas | elde edersin?

O:Toplayarak elde edebilirim mesela.

A: Nas | toplayarak neyle neyi toplars n mesela.

O: Yani birden fazla iemle bulabilirim. 6yle gostereyim mesela e ¢ kesri ile bete bir kesrini
toplayabilirim. Yine dort bolu bekesrine ular m.

A: Peki baka turli nas | bulabilirsin dort bolu be

O:Ee yine.

A:Hani birden fazla yontemle bulabilirim dedin ya ka nas | yapabilirsin?

O:Evet. Toplamay yapar m, bunlar n say lar n idéririm. kisini iki de yaparsam bulabilirim.
Carparak da bulabilirim.

A: Carparak nas | bulursun?

O:Be te iki kesriyle ee iki tam carparsam yine dortibbe kesrini bulurum. C kartadabilirim.
A:Eee peki orda bé¢e iki kesriyle iki tam neden carpt k?

O:Eee ey iki tam kesre cevirdim. Clinkii iki tam carpma ak toplama olduu igin iki tane be yani
buna eittir. ki tane bete ikiyi toplamak gibidir. C kartarak da bulabitini

A:H mm. Tamam.

O: oyle de gosterebilirim. Eski bee (i¢ yaparsam buda beolii be kesrini ifade eder.

A:H m. Peki di er soruyla devam edelim.

O:(soruyu okuyor)Ee burda iki bolii bir yani yar mlsarda sv ya demi.be ki ilik ikin yar m
bardak gerekiyorsa on bei ili i bulmak icin ¢ ile carpar m.dal say lar kesre ceviririm(iem
yap yor).béylelikle ¢ boli iki kesrini bulurum.gekeki haz rlamak icin bir tam ikide bir su barda
sv ya a ihtiyac m vard r.dortte Gic s v yae ki ilik oldu u icin on be ki ilik haz rlanmak
isteniyor.Bunun icin bunu (cle ¢carpar m.yine dbsay y kesre ceviririm.bunda da dokuzda dért su
barda sit bulurum buda dtir iki tam dortte bir kesrine dttir.yani keki yapmak icin iki tam dértte
bir su barda sute ihtiyac m vard r.burda iki tam ikide bir barda eker on beki ilik istedi i icin
bunuda Ug¢le carpar m.ee ama bunu tam ikileesre ceviririm(ilem yapar).bebdlu iki yine tcle
carpar m.on beki ilik haz rlamak icin yedi tam ikide bir su bardaekere ihtiyac m vard r.ondan
sonra iki tam Ugte bir su bardaun istiyor. E bu beki ilik.on be ki ilik oldu u icin ticle carpar m
tekrar(i lem yapar).bileik kesre geviririm.ondan sonra bunu Ugle ¢arpaumdan da ee yedi tam
elde ederim.yani on béi ilik kek yapmak icin yedi tam pardon yedi bardalalntiyac m vard r.ve
iki yumurta denmi burda onu kesre c¢eviririm ve Ugle ¢arpar m.budtirealt tane yumurta gerektirir
on be ki ilik kek haz rlamak icin.on gram kabartma tozu taudh Gicli carpar m.budaittir otuz tam
yani otuz gram kabartma tozuna ihtiyac m vard r.

A:Peki u en bata yapt nbir bolu ikiyle G¢l carpt n Gic bolu iki sonra bam bir boli iki dedin
ya..Eee ne anl yosun bu ¢carpmiaminden?

O:Ya be ki ilik yani ti¢ kat na ¢ kart yorum kesirleri.

A: Orda peki paydas na neden bir verdik?

O: ey ee bunu verirsek buittir {igtiir ¢iinkii (ic tamd r bu.paydas birdir.ey pardon..

A:peki o carpma iemini nas | yap yosun?

O: carpma ilemi ee paylar birbirleriyle carp yorum ve paydada birbirleriyle carp yorum.
A:Hmm ¢ boli ikiyi bir tam bir bolu iki olarak ndyaz yosun?
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O:Bolme ilemi yaparak ticu ikiye bolilyorum.Bir defa vard bio tamd r ve bir daha artar kalan da
buraya yaz | r. Payda de mez.

A:hmm peki pay payda ne ifade ediyor sana?

O:Payda,bir eyin boliindiiii veya ee mesela payda onu bélmek mesela parddibmak veya

topluluklar bdlmek .Pay ise onlardan bir k sm hmak.

A:ee peki bu bir bolu iki carp Gc¢lemini baka turlt yapabilirmiydin?

O: ey ee belki u yar m ifade ettii icin onluk kesir olarak carpabilirim.

A:he ondal k kesre ¢evirip ¢carpabilirdim diyosunekendan farkl bir yontemle peki yapabilirmiydin?

O:Hay r.ee toplayarak ii¢ tane ayn kesri toplayarak

A:neden?

O:Cunki carpma ardk toplamad r.

A:Carpma ard k toplamad r.nas | yapars n peki o arll toplamay ? Bi gdsterir misin orda?

O: oyle gosterebilirim(yaz yor).

A:ne yapt n imdi burda?

O:iki bolii bir kesrini yazd m.toplamada sadece paybplan r.payddalar oldu gibi yaz | r.paylar

toplad m. Hepsinin toplam (ctir. Paydada zatediikDe i mez.

A:Hmm peki bu ard k toplama carpmad r dedin ya neden bdyleliahdiin? Hani onu anlatr m s n ne

demek istediini?

O:ee carpma zaten toplaman n k salt lahr. Zaten bakt m zda ayn sonug ¢ k yor. Ve buna tek

i lem yaparken buna tekém yap yoruz.

A:hmm.Eee pekiu iki tam bir bolu ikiyle ¢t ¢carparken bii& kesre ¢evirden bebdli iki carp ¢
b6l birden on bebdli iki buldun ya. Orda neden bilk kesre ¢evirdin?

O: Daha basit olmas icin daha kolay olmas igin.

A:cevirmeden peki yapabilirmiydik?

O:Evet

A:Nas | yapard n?

O: u kesir demi?

A:H h. uilemden bahsediyorum.

O: ki tam iki bolu bir garp birde ti¢ buigtir iki tam oldu u gibi yazar z paylar garpar z paya

yazar z ve paydalar da carpar paydaya yazar z.

A:Ne yapt n?

O:Burda verildii gibi iki tam direk yazar z. Paylar garpar z paydalar garpar z. Paylar garpar
paya yazar z paydalar carpar paydaya yazar z.

A:peki o iki tam Ug¢ béll iki buldun orda dérinde iki tam yedi tam bir boli iki buldun. [Emi bunlar
birbirine?

O:Hay r.

A:Peki neden farkl ¢kt ?

O:Cunki eeey tam tam da carpmam gerekiyordu . tam da burnacgkt m.iki ile ticii carpar m alt .
Ee bu ikisini carpar m ve ikiyle biri carpar m iki.

A:Bu alt tam U¢ bolu iki yedi tam ikide bireiemi?

O:Evet.

A:Neden?

O:ee zaten alt tam m z vard . Uciin iginde iki thafa vard r o zaman yedi tam olur. Ve zaten kalanda
birdir.paydada kendinden yaz | r ve yedi tam ikidekesrini ifade eder.

A:Hmm peki bu ¢arpmadan ne anl yorsun?iki tam Bitibkiyi su barda ekeri icle carpt n ya
burda on bebdli iki buldun mesela sonrada. Bu carpmadan hgoson?

O:ee mesela iki buguk ile ticii carpmak.

A: ki bucukla Gicli carpmak.| m peki bunu ka tarli tarl yapabilirmiydin?

O: Hayr.

A:Ba ka bir ydontem kullanamaz m yd n? Ba bir ydntem ??

O:Bu al nabilir ama yani..

A:Mesela neyi kullanabilirdin?

O: Neyi kullanabilirdim. Baka bir eyi kullanamazd m. Veya kesirleri gelgitip yapard m. Oda ayn
ey.

A:Geni letip yapabilirdin..ee peki bir tam bir boéll iki $arda i te ey dedin ya burdasv ya
buldun ya sonucu. Ee ne anl yosun bu bir tam Hliii Bé su barda ndan?
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O:Bir bucuk su bardasv ya .

A:Bir bucuk su barda s v ya . Peki ee dierinden he urda iki tam bir b6lu ti¢ su bardaal n
demi bundan ne anl yosun?

O:iki tam ¢ boli umu?

A:Hehe iki tam Ugte bir.

O: E ondan ne anl yorumki bardak ve bir ban tigte biri.

A: ki bardak ve bir bardan tcte birini anl yosun.

O: oyle gosterebilirim.u bir tam u da bir tam ve iigte bir véyle (materyal kulland ). 6yle
gOsterebilirim. ki tam var ve Ugte bir.

A: He iki tam Ugte bir. Peki devam edelim i soruyla.

O: (soruyu okuyor) Eee burda bir doktor vaétmenin toplam k rk betane kitab varm.

O retmenin kitaplar n n bée dordii ve doktorun kitaplar n n iigte ikisi romann® retmen ve
doktorun kitap say lar n bulunuz. Ee o zaman hek le i be e bdlerim ve bee doérdi roman

oldu u icin bete biri de normal kitapt r. Be bolersem bée birini bulurum. Ve normal kitab itaplar
zaten k rk betanec kart r m ondan. K rk b icinde be dokuz defa vard r. Dokuz ee@tmenin
kitaplar n n bete biri dokuz tane kitapm Zaten bete dérdii romand . Ve geriye kalanda teebirdir.
Ve buda normal hikaye kitab d r. Kendi kitaplarqulmak istersek eeey neyse e bunu devam
ettirelim bunun kendi kitaplar zaten k rk biane. Onun eecy doktorun kitaplar n n tgte ikisi
romanm . Bunun iginde k rk be de tice boélerim. Ugte birini bulmak igini@m yap yor).

On be doktorun kitaplar n n tigte biri on béaneymi. Ugte ikisi de romanm. |k énce 6 retmenin
kitap roman say s n bulurum. Bu lte biriydi ve onun toplam kitaplar bte betir. Dokuzu bele
garpar m. Yok dortle carpar m ke dérdii roman oldw igin. Ve otuz alt sonucunu bulurum.

O retmenin otuz alt tane roman oldwinu bulurum. Oretmeninse (icte ikisidir. On bécte biri
oldu u icin bunu da ikiyle carpar m. Ve onunda otuz tesvan kitab n n olduwunu bulurum.

A: Orda niye ikiyle carpt n.

O: Clinki bunun tamam (¢ bolil Ggtir. Ve ben buida Birini bulmutum. Roman say lar iicte ikisi
oldu u icin Ucte biri ikiyle carparsam Ucte iki oldunu ey yapabilirim. Onun icin ikiyle ¢carpt m.
Burda iki tane olduu icin.

A: H mm. Peki bunu b&a turlt ¢ézebilirmiydin? Bu problemi?

O: Baka tiirli...Hay r.

A: Eee k kbe kitab n bete dordiin peki hangilemle bulursun?

O: Be te dorduinii,bes boliip dort ile carparak burda yaptn gibi.

A: be e bolup dortle carparsan. Peki bu ee kesirleltgn yapsayd n k rk bekitab n bete dérdiinu
nas | bulurdun?

O: Kesirlerle ilem yapsayd m ee k rk biekesre cevirirdim. dyle gosterirdim. Alt na bir koyar m .
zaten bee bolcektim. Kesirlerle bélmelemi yapar m. ey bee bdlcektim heh. Eee kesirlerle bdlme
i lemi yaparken ilk say durur ikinci say ters céivigarp I r. Ve k rk be béli be sonucuna ular m.
Buda dokuzdur. Yani burda buldum gibi dokuz. Ondan sonra da doértle ¢carpard m dolunuda
kesre ceviriyim. Buda détir otuz alt bolu bir oda ettir otuz alt d r. Yani sonucu buldum gibi otuz
alt.

A: Peki bu her zaman daumudur?

O:Evet.

A:Tamam devam edelim dér sorudan.

O: (soruyu okuyor) Zaten on i¢ koli on {i¢ tane $iolarm . Onun icin en bda on tcle on ikiyi
garpar m. Yuz k rk alt yumurta vard r on tg¢ kolide bir tane de yar m koli vard r yar m. Onun igin
on ikiyi ikiye bolerim. O ikiye bolind icin. Ve alt sonucuna ula m. Yani yar m kolide alt
yumurta vard r. Ve yiz k rk alt yla da alty toplan.

A:Yani yiz elli iki yumurtas vard r dersin. Pekith mm yani bunu b&a tiirli ¢ézebilirmiydin bu
soruyu?

O:Eee kesir kesirlerle.

A:Nas | yapard n kesirlerle?

0O:0n ugii kesre gevirirdim on {ic tam ve on iki yutawldu u icin onu da kesre gevirirdim.
Carpard m. On ikiyle o U¢u ¢arp nca yiz k rk altldrum. Ve birle biri carp nca birdir. Budaitir
yuz krk alt yumurtad r. Bir kolide on iki yumurtearm iki bolu yok tam tersi bir bolu ikiyle de
carp on iki bolu biri carpar m. Budaittir alt . Ve yiz krk alt yla da alty toplar mO da art eittir
yuz elli ikidir.
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A:Peki kesirleri kullanarak ¢ézebilir miydin bu sgu?

O:hayr.

A:Bdyle yapabilirdin.

O:Hh.

A:On ¢ tam bir bolu iki yumurta kolisinden ne galrsun?

0O:0n u¢ tane tam koli ve birde yar m koli.

A:On (¢ tane tam koli bir de yar m koli. H m pekKiamam devam edelim dér sorudan.

O: (soruyu okuyor)Dért carp alt da bir. Yani bu.ee

A: imdi soruyu anlad k m 6nce ne diyor bize?

O:Evet. Bir butiinii gostermektedir bizeaadaki yer. Ayn biitiinii diiinerek verilen lemleri
dikdortgensel alan tzerine modelleyerek yap n odiyani bu ilemi buraya modelliyecéz. Ee
bunu nas | eeey 6yle ya da bir dakika. Evebyle yapabilirim. dyle bolebilirim. Clnki dyle fazla
olur. Alt ya mesela alt ya bélerimdyle cizginin tizerinden iyice gideyim. Alt ya boier bu dort
tam zaten bir kesre ¢eviririm. Alt ya boldim. Bir,l¢,d6rt,be. Bir dakika yaa. dyle bir tane daha
¢ kartay m. ey bir dakika. Alt ya béldim bunu ve bir tanesitd@ m. Bir tanesi. Zaten biz bunu
bire bélmek zaten bir tam oldu i¢in. Yani ikiye boélseydik. dyle bélerdik ama bire bélmek diye bir
ey olamaz. Onun i¢in direk bunun dérdini al r mnivat da birin dérdd. Bunu nas | gdsterebilirim.

Alt da bir.( ekil cizdi)

A:Peki burda bir ey soracam. Alt ya boldin ya yar s n al r m dedin. Bu bilgli U neye gore
belirledin?

O:Buyukli U? u alt da bir kesrine gore belirledim.

A:Eee peki burda bir,iki,i¢,dort kare blyuklinde ald n ya.

O:He evet.

A:Neden at yorum tamam n almad n veya bir kareaaim? Onu soruyorum anlatabildim mi?

O: ey ee tamam n da alabilirim.

A:Yo silme bunu sdyledim soruyorum sadece nedee ald n?

O:Cunki zaten alt ya béldinuras n ve bunu istedimiz kadar uzatabiliriz.

A:Yani o buyukluk 6énemli del diyorsun?

O:Hehe.

A:Tamam onu soruyodum. Tamaimdi alt da biri buldun. Dort carp alt da biri nemodelliyorsun?
O:zaten bu s f ra boldik ve bunun dordiinii alava 6yle gésterebilirim onu da dort tanesiniyle

yapar m. Bide uray alay m(ekil ¢izdi).Yani bu ekilde alt da biridir. Alt da bir olarak buldum.

A:H mm? Yani? Sonug neyeiec kt ?

O:Alt da bire ama.

A:Sonug alt da bire. Peki bu ¢arpman n sonucu reeiy@

O:Dort bolu alt .

A:Alt da dort yani.

O:Hh.

A:Peki alt da dortle alt da bir farkl ¢ kt . Nedéarkl ¢ kt ?

O:Eee bilemiyorum.

A:Peki bu dort carp alt da birden ne anl yorsunPdarpmadan ne anl yosun?

O:Dort tane alt da bir.

A:Dort tane alt da bir.

OHh.

A:peki bunu modellerken dért tane alt da biri nasddellersin?

O:Dért tane alt da biri. Dordiirey alt ya bolip 6yle dért tanesini alarak modellerim.(gizdi)

A:Dort tane alt da bir oldwi icin her bir alt da bir oluyor.

O:Evet.

A:Dordinu ald n.

O: oyle olur.

A:Yani ne buldun?

O:Yani alt da dort buldum. Gunki alt ya boldiim ddmd ald m.

A:H m. Peki bu her zaman bdyle midir?

O:Her zaman bdyledir.

A:H m. Peki u bitiine geri donelim. Bu bitin ee hani orda kae t&; tane dikdértgenim var de
mi benim?
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O:evet.

A:O bir bitiini gdsteriyorsa. Bu bittiintn alt daipeki nas | gdsterirsin?

O:Bu butiinin alt da birini. 8yle bunlar ikier parcaya bolerek gosterebilirim. Alt sonugta
bir,iki,i¢,dort,be. ki,dért,alt . Alt da bir ise ura olur.

A:Alt da bir oras oldu. Neden?

O:Cunki bunu alt parcaya boldinoyle ibr,iki,lic,dort,be,alt ve birini ald m.

A:alt parcaya boldun, birini ald n. Peki bu bitieii inerek modelleseydin nas | modellerdin doért
tane alt da biri?

O:Butin diiiinerek. Dort tane alt da birdyle modellerdim. (gkil gizdi)

A:H m. Yani sonucum ne oldu?

O:Sonucumuz dé mezdi.

A: Yani ne olurdu?

O:Dort bolu alt .

A:Dort bola alt . Peki burda bdyle modelledin bumdtzha farkl modelledin. Neden?

O:Yoo asl nda ayn .

A:Nas|ayn ?

O:Cunki bunda alt pargaya boldiik. Cunki buyuklikieemlidir. Onemli deildir. Bunu da alt
parcaya boéldik dordiuni ald k. Bunu da alt pardaifdik dordini ald k.

A:Buyukli G neden 6nemli dé?

O: ey sadece buyikliikleri i olsa olur. Cunki sonugtaieolunca..

A:Ayn butind mu ifade ediyor peki burdaki ile baid alt da bir?

O:evet.

A:Neden?

O:Cunki bunada alt da dért deriz bunada alt da diériz. Ama bundan daha biiyiik cizebiliriz.
AHm.

0:0 yiizden.

A:Peki devam edelim der sorudan.

O: (soruyu okuyor)Yani burda kesrin kesri olduicin carpma ilemi yapar m(ilem yap yor). Burdan
da sekiz bolu on bekesrine ular m.

A:H m. Bu carpmay nas | yapt n peki?

O:Bu carpmay nas | yapt m. Paylar birbirleriylarpt m paya yazd m. Paydalar birbirleriyle carpt m
paydaya yazd m.

A:H m. Peki kesrin kesri oldw i¢in carpma yapar m dedin ya.

O:Evet.

A:Kesrin kesri ne demek? Ne anl yorsun?

O:Kesrin kesri mesela bte dordiin ey kesir kartlar yla gésterebilirim. Be dordiin igte ikisidir.
Ucte iki. Bete dordiin tcte ikisidir. yle de gosterebilirim.(materyal kulland )

A: uraya koyarsak daha rahat gériicem. Heh.

O:Bunlara bakarsak ikisini lstiine koyar z. Burdahyabiliriz burdaki ekilden. Eee bunda
bir,iki,u¢,dort,be.. on be tane vard r toplamda. Ve bunlar n ey sekizi ise yani sekizi ise cevaptr.
Eee yani on nas | diyim bte dort u ekilde onun Ugte ikisini istiyor. Onun igin Gge biim onuda
ikisini al r m. Yani uras n n Ugte ikisi.(materyal kulland )

A: He o koyu renk oluyor. Uge bolip ikisini al yors oda on bee sekiz diyorsun. Eee peki bu dort
bolu be carp iki bolu G¢ deil de mesela dort boli bearp sekiz bolu on iki olsayd . Sonucu nas |
bulurdun?

O:Dort bolii be carp ?

A: sekiz béli on iki olsayd ki bolu ¢ yerine sekiz boli on ikiyle carpsaydapard n nas | bulurdun
sonucu?

O: Yine ayn ekilde bulurdum. Bunlara ikisini sadefigebilirim dérde bélerim bunu bir bunu da
dorde bolersen ic. Buda ke licli carpar m on bévirle sekizi carpar m sekiz.

A: Ne oldu peki?

O:Ayn sonuca ula m.

A: Neden peki ayn sonug ¢ kt ?

O:Cunku ikisi birbirine denk kesirdir.

A: neyle ne denk?
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O:iicle iki sekiz bolii on ikiye étir. Bunu oyle anlayabilirim. Eeimdi u ikisini carpar m yirmi dort
eder bu ikisini de carpar m oda yirmi dért edetbuedan da ikisinin birbirlerine denk oldunu

anlar m.

A:H m peki denk kesir ne demek?

O: Denk kesir ee ayn kesir. Birbirleriyle ayn ola

A: Birbirleriyle ayn olan.

O:Ayn eyi ifade eden.

A:Peki bide iki bolu tgle ¢ boli ikiyi carpsayd n.

O: ki bolii tc.

A: ki bolu tgle tg boll ikiyi carpsayd n ne bulurdwnsecu?

O:Alt bolu alt o da eittir alt . Yok bir.

A:Neden peki bir oldu bu?

O:Eee bunun paydas alt oldu pay da alt olde Eayday paya bolersem yok pay paydaya
bélersem bir sonucuna ulam.

A:H m peki bu carpmadan ne anl yorsun?

O:Bir tam . Yani ee (icte ikinin pardon iki boli iigiic boli ikisi.

A: ki bolu tgtin Gg bolu ikisi o da bir tamaittir diyoruz. Peki devam edelim.

O: (soruyu okuyor) Yani bu yar m n bir boli ikinir boli dérdiidiir. Yani bu étir. Yar m n

ceyre idir. Modelleyerek gosteriniz diyor.unlardan da gosterebilirim.

A:Tamam.

O: kide bir.. ey ikide birin dortte biridir. Boyle bakt m zda ikide bire yanidyle ikiye boldik.
Dortte birini ald k. Dérde boldik ve birini ald kikide birin. kide bir uras yd . Buray dérde boldik.
Ve birini ald k. O da buraya #tir. Ve sekizde bir. (materyal kulland )

A:Yani sekiz de birdir.

O:Hh.

A:Peki orda onu modelleyebilir misin?

O:Evet.

A:Yani gizebilir misin oraya?

O:H h . 6yle bunuda dorde bélerim. Ve ikide birdi bu ve buta dortte birini al r m. Dort parcadan
birini al r m. Yine buras n n bulurumékil ¢izdi).Ayn burda gordiiimiiz gibi. Ust iiste gelen k s m.
A:H m. uray gosterelim sekizde bir diye. Peki eiiine bakal m.

O:(soruyu okuyor)Dértte bir kesri. Bunun ikide byine ayn kesre ifade gelmektedir. Cunkii carpma
de i ken olabilir. Dei ken 6zelli e sahiptir.

A:Peki burda nas | yapt n? Buemden ne anl yorsun énce?

O:Ceyreinyarm .

A:Ceyre in yar m . Orda peki gdsterir misin nas | yap | yggyre in yar m ?

O:Bir butiinu dort parcaya boldiik. Ve birini ald¥ani ceyreini ald k. Ve bunu iki parcaya boldiik.
Boldik oyle. Ve o dortte birindyle dortte birin bir,iki,lic doértte birin birini dlk.

AHm.

O: kide birini ald k.

A:Dortte birin yar s n ald k. O da..

O:Sekiz de bire dtir.

A:Sekizde bire dt oldu. Peki bunu da modelleyebilir misin?

O:Evet.

A:Anlatarak cizelim.

O:Ee dorde bolerim ilk énce. Dorde boélerim. Ondanra birini al r m. Ondan sonra bunu ikiye
bolerim. Ve bu taral k sm n yani iki tane parca gan alr m. uray da alabilirim farketmez. Ve
yine ayn ekilde kesiti i yeri oyle de olabilir.

A:Oras da sekizde bireieolur diyorsun yani. Peki bu ikillemin sonucu hakk nda ne séyleyebiliriz
peki?

O: kiside ayn d r. Ciinkii carpma dekenlik 6zelli ine sahiptir.

A:Ne demek peki bu dé kenlik 6zelli i?

O:Yani bu ikide birle dortte bir yer detirince de sonug ayn ¢ kar. Dietirmessek de yine ayn
sonug ¢ kar demektir.

A:Peki o effaf kesir kartlar yla sen bize Ha bir carpma yap p gosterebilir misin? Kendin
kurgulayaca n bir carpma.
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O:Evet.

A:Ne anl yorsun bu ¢carpmadan anlat p gosterebiigim?

O:Mesela alt da (¢ bir,iki,iic,dort,halt ,yedi,sekiz alt da ticiin yadéayle koyay m. Alt da tigiin
sekizde biri. imdi bir tane butiinu alt ya bélerim. Uclinii al r ®@ndan sonra bunu sekize bélerim. Bu
alt da u¢ olan k sm n sekizde birini al r m. Yaiiyle alt da bir pardon alt da ¢, onun sekizdenbiri
al r m. Sekizde birini al r mdyle. Ve kalan k s m buras d r.(materyal kulland )

A:Alt da tg¢un sekizde biri...

O:Burasdr.

A:Koyu yer.

O:Hehe. Koyu yer.

A:Yani kacta ka¢ olur?

O:Bir,iki,ic,dort, be, alt, yedi, sekiz. Bir,iki,iic,dort,bealt . K rk sekiz bélii iic. Pardon k rk sekizde
ug.

A:K rk sekizde U¢ olur. Peki hairaya bide ne sdyledimizi yazal m.

O:Carpma de kenlik 6zelli ine sahiptir. Bu yiizden iki tane carpmkimini de i tirirsek de ayn

¢ kar sonuc.

A: u sonucu da oraya yazal m sekizde bir diye.

O: (yazd)

A:Tamam devam edelim dér sorudan.

O: (soruyu okuyor)Tahmin ediyimki tam dokuzda bir yaklak olarak iki tama yak nd r. Ciinkii
dokuz da bir s fra yak nd r zaten iki tam m z dar@ . Bu yiizden iki tama yak nd r. Ug tam sekizde
yedi ise dort tama yak nd r. Bunun sebebi zatetaiitm z vard . Ve yedi boli sekiz bir tama yak n
oldu u icin eee ikisini toplarsak dort tamd r. Ve ikiatoplarsam alt tam eder.

A:Neden toplad n orda?

O:Pardon garpma.

A:He carpma olduwu icin carpt n.

O:Evet.

A:Yakla k olarak sekiz tama yak nd r dedin.

OHh.

A:Peki bu carpma lemini yapabilir misin bana? Sonugcla tahmini biydslayal m.

O: u ikisini carpar m. ki ile tigii alt bulurum. Dokuzla sekizi carpar miye iki. Eee ey birle
yediyi carpar m yedi bulurum. Ama bu pek yak n otma@u be tama yak n oldu.

A:Bu neye yak n? Alt tam yetmikide yedi be tama neden?

O:Bilmiyorum.

A:Be tama yak n nas | buldun? Alt tam yetniki bolu yedinin.

O: ey ben bunlar bide bilék kesre gevirerek bulabilirim. Belki o zaman dafak n ¢ kabilir. Bunu
yanl yapm olabilirim.

A:Peki onu daurdan heh tepeden.

O:Dokuzla ikiyi carpar m on sekiz. Bir eklerim onkdiz béli dokuz. Dieri ise {i¢ tam sekiz bélii
yedi. Sekizle U¢u ¢arpar m yirmi dort. Yedi ekler&®e yirmi dort, otuz bir bulurum. Bu ikisini
garpt mda on dokuz boélt dokudyle carpt mda otuz birle on dokuzu garparsam p&z seksen
dokuz bulurum. Ve dokuzla sekizi carptnda yetmi iki bulurum. Ee bunu tama ¢evirmek icin be
yuz seksen dokuzu yetmikiye bolerim. odyle yapay m. Yetmiikiye bélerim. Eee bedefa desem
be kere iki on ve yedi kere b®tuz be fazla gelir. Yok bir dakika bekere iki on onun sfrn
yazar m elde var bir. B yediyi carpar m yetmipardon otuz bebir eklerim. Bir dakika. Yerine
yazar m. Yedi kere beotuz be otuz alt. YUz otuz alt bulurum. Demek ki bunwomacu beten
fazlad r. Yediyle carpar m. Yedi kere iki on dog enun dordi yazar m. Elde var bir. Yedi kere yedi
k rk dokuz. Bir eklerim elli. Dort yuz elli bulurunbDemek ki yediden de biyiktir sonug. Dokuz
verirsem dokuz kere iki on sekiz. Aa bir dakikaaya yazcakt m.

A:Demin neden ba yazd n?

O:Kar Kl k yapt m. On sekiz. Kafam kat .

A:Neden kafan kart ?

O: ey ee hangisi oldwnu unuttum.

A:DU Un biraz. Nereye yazaca m kar trd n?

O:Evet.

A:Normalde nas | yap yorsun?
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O: te onu unuttum.

A:Ba ka bir bélme dilnebilirsin. Mesela  otuz alty on ikiye boldibsin.

0O:Ucg defa vard r da. Heey en baa yaz yodun. Tamam tekkiir ederim. Ee dokuzla ikiyi carpar m
on sekiz. Eee yok bir dakika. Sekizi yazar m burdyakuzla yediyi carpar m. Altm Ug.

A:Orda ne yapt nimdi?

O:Yok yanl yapt m. Ciinkii onla carparsam yedi yiiz yirmi ¢ lokuzla carp nca sekiz yiiz (¢

¢ kmaz.

A:Peki biraz 6nce otuz alty on ikiye boldin. Bidl bak y m nas | yapt n?

O:Uclecarpar m. Ug kere bir tig. Ug kere iki alt .

A:H m nas | yazd n onu. O kals n orda onu silme?

0:0 zaman dokuzla yediyi carpar m. Altniic. Dokuzla ikiyi yok bir dakika. Eee altmiig
aaa...Fazla ¢ k yor.

A:Fazla ¢ k yorsa demek ki sekizi dene birde oide

O:Yediyle sekizi carpar m. Yedi kere sekiz elli altey ee...

AH m?

O:Tamam. Sekizle yediyi carpar m elli alt . Bam m z var. Sekizle ikiyi carpar m on alt . Bam
da eklerim. Yirmi bir. Demek kiey az 6nce yanl yapt m. Sekiz de dd.

A:Onu bir dakika nas | yapt n. Sekizle yediyi camptElli alt .

O:Elli alt . Alty buraya yazd m. Betam kenara koydum. Sekizle ikiyi carpt m on ate i de
ekledim yirmi bir. Alt yuz yirmi bir ¢ k yor. Amae yiz seksen dokuzdan daha fazla bu yizden
yediyi deneyecam. Ee yedi kere yedi k rk dokuz. Dokuzu yazar mdya. Elimizde dért tam var.
Yedi ile ikiyi de ¢carpar m on dort. Bir dakika. Yiekkere yedi k rk dokuz. Uff...

A:Peki dyle bir soru soral m sana. Yetnikiyi yirmi dorde bdler misin?

O:ikiyi denerim. ki kere iki dort. Bir dakika.ki kere dort yok iki deil. Ucti deniyim. Ug kere iki alt .
Uc kere dért ..... Bu soruyu gecsek.

A:Tamam imdi gercek sorumuza donelim tekraki tam dokuzda biri tam say | kesre cevirdin. On
dokuz béli dokuzdur dedin. Ug tam yedi bolii settizicevirdin. Otur bir boli sekizdir dedin. Carpt n
bunlar . Paydalar carptn, paylar carptn.

O:Evet.

A:Be yiiz seksen dokuz béli yetniki dedin. Eee biraz 6nce de mesalalar caparken. Ug kere iki
alt dedin. Sonra tamlar carpt ne eee paylar carpt n, paydalar carpt n. Yedilb@tmi iki
buldun. imdi bu ikisini sonucunun ayn ¢ kmas n m bekliya?

O:Hay r. Ciinki bir tahmin ediyoruz. Yuvarl yoruz seéa. Dokuzda biri iki tama yuvarl yoruz.
Birinde ¢o alt yoruz.

A:Yok onu sormad m. u yapt nda tahmin etmedin normal ¢arpt n. Alt tam yeditbyetmi ikidir
dedin. urda da beyiiz seksen dokuz béli yetnikidir dedin. Bunlar n sonucunun ayn ¢ kmasn m
bekliyorum?

O:Hay r.

A:Neden?

O:Clnku ee burda tahmin ediyoruz, yuvarl yoruz. Amoada yuvarlamadan yap yoruz. Onun igin
eksik yada fazla ¢ kabilir.

A:Tamam tahmin ettin ayr . Tahminden sekiz buldun yuvarlay p.

O:Hh.

A:Sonra bide carpman n kendisini yap dedim ben saraman da noldu bdyle yapt n birinci yol.
Bide dedin ki bileik kesre ¢evirerek de yapabilirim dedimnu yapt n.

O:Evet.

A: imdi bunun sonucunu bdyle buldun. Bunun sonucuniebiduldun. Bunlar n sonucunun ayn

¢ kmas n m bekliyoruz normalde? Onu soruyorum.

O:Evet.

A:Tahmin etmedik ¢clinkii sonu¢ yapt k.

O:Hh evet.

A:Peki unu peki bileik kesre ¢evirebilir misin? Ayn m ¢ k yor bir gélim.

O:Evet evet daha rahat olury uraya yapabilirim. Yetmiikiyle alt y carpar m. Alt yla ikiyi
carpar m on iki. Elde var bir. Yedi ile alty canpm k rk iki. Alt kere yedi k rk iki. Bide eldeard
krk Gc.

AHh.
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O:Dért yiiz otuz iki. Buna bide yediyi eklerim. Diiz otuz dokuz bulurum. Ama burda hgiz
seksen dokuz buldum.

A:Dort yiiz otuz dokuz béli yetmiki o da be yiiz sesken dokuz boéll yetniki. kisinin sonucun
ayn ¢ kmas n bekliyorduk demi normalde?

O:Evet.

A:Peki niye farkl ¢ kt?

O:Ya bunda yada bunda bir yahk yapm olabilirim.

A:Hangisinde yanll k yapm olabilirsin?

O: u olabilir.

A:Neden?

O:Eee cunkil tamlar tamlarla ¢arp yorduk amalarla ¢arp yorduk bide galiba 6yle hat rl yorum
ama?

A:Carpt n orda da ama. Tamlar carptn onlar carf®eki devam edelim dér sorudan.

O: (soruyu okuyor)Bunu iem yaparak anlayabilirim{iem yap yor). On bebélil yirmi dort kesrini
buldum. On bebdli ey yirmi dort kesrini buldum. B olmas n anlamak icin yine az énceki
yapt mi lemi yapar m. Bee yirmi dérdi carpar m. Eee yuz yirmi bulurum. Bale de sekizi
carpar m onla da yuz yirmi kesri yuz yirmiyi bulunu Demek ki bu iki kesir éttir.

A: Bu i lemin sonucu ona dtir diyosun. Peki bu iemden ne anl yosun b&d4lu alt carp ¢ boéla
dort eittir be bolu sekiz ileminden ne anl yorsun?

O:Eee bu ilemden ne anl yorum. Bir kesri yok biolii alt n n ti¢ boli dordini anl yorum.

A:Be boli alt n n tg¢ bolu dordinu anl yosun. Peki sonagfade ediyor garpman n sonucu sana?
Be bollu sekiz ne ifade ediyor?

O: Bir ¢oklu u veya bir biitiinii sekize boliip sekizparcaya béliip onun o sekiz pargadaririhe
almak.

A:Sekiz parcadan bmi almak. H m. Di er soruyla devam edelim.

O: (soruyu okuyor)Eee burda ilk 6nceilanlar carpar m.ki bélii G¢ ile bir bélii bee ittir on be .
A:Ne yapt n orda anlatarak yapal m.

O:Eee paylar carpt m paya yazd m. Paydalar garpaydaya yazd m.

AHh.

O:Eee ondan sonra bu kesri @g (g bolii dortle garpar m. On e dort altm eder.

A:Ne yapt n onu da anlatal m.

O:Yine paylar carpt m paya yazd m. Paydalar camgiaydaya yazd m. Ve on iki bolu altmkesrini
buldum.

A:H m peki bunun en sade halini bulsayd n nas Bbilirdin?

O:Alt ya bolerdim. Bunu alt ya bélersem iki bulurdsonu alt ya bélersem on bulurum. Bunu tekrar
ikiye bolerim. Bir bulurum bunu da tekrar bélersbe bulurum. Ve bir boéli bekesrini bulurum.
A:Eee peki burda niye 6nce ikisini ¢carpt n sonra onu carpt n.

O: ey ee ilk ikisini bu ikisini de carpabilirdim.u ikisini de carpabilirdim. Ama ilk olarak o ikigin
carpmak istedim.

A:Yani herhangi ikisini carp p sonra dirini de ¢arpabilirdin. Neden peki boyle yapabili?i
O:Cinku hepsi carpmalémi e er toplama olsayd bunun icinde ilk 6nce carpninlerini

yapard m. Cinki lem s ras nda ¢arpma ve bélme daha 6nde olur. @ik 6nce carpar ondan
sonra toplard m. Bunda hepsi ¢carpma oldigin zaten ikisiyle de ilk 6nce ¢arpabilirim.

A:Di er soruyla devam edelim. Once bu carprienilerini yapal m.

O:Tamam.

A:Nas | yapt mz anlatarak yapal m.

O:Eee payla pay carpt m iic. Paya yazd m. Paydasyday carpt m. Dortle ikiyi yani sekiz buldum.
Alt ndakine geceyim. Payla pay carpar m yani yégllyei carpar m. Otuz bebulurum. Payda slt yla
ikiyi carpar m. On iki bulurum.

A:H m. Peki imdi birinci carpmada te ¢arp m n sonucunu yani i¢ bdli sekiz olarak bldPeki bu
u¢ bolu sekizi ¢ bolt dort ve bir bola ikiyle kstayabilir misin?

O:Nas|?

A:Yani U¢ bolu sekiz G¢ bolu dortten buytk mu kigiik? Bir bolu ikiden bayik mi kiguk mi?
Bunu soruyorum hani k yaslayabilir misin ¢ bolkige?

O:K yaslar m. Paydalar n #leyerek.

A:Yapal m nas | yapars n?
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O:1 mm bunlar n ekokda birldiririm paydalar n bunlar n ekoku da sekizdir.

A: uraya bir ¢izgi cizelim ¢ekelim de kamas n 6bir soruyla. H h tamam.

O:Eee bunuda zaten sekiz olduigin birle carpar m. Dortle ikiyi carparsam dbrilurum. Pardon
sekiz bulurum.kiyle G¢l carparsam alt bulurum. Bunla ikiyle ddrghrparsam sekiz dértle biri de
garparsam dort bulurum. Bunu da zaten kesrin ayryazar m. Yani burda en blyii t¢ bolu dort
kesridir. Ondan sonra bir bolu iki ondan sonra difitsekiz.

A:Yani U¢ bolu sekiz sonug hepsinden kicik ¢ klyorda deil mi? Eee peki burdaunlar nas |

yapt n? Hani alt boéli sekizi nas | buldun?

O: kiyle geni lettim kesri. Bunda da dort ile gelsttim.

A:Peki di erini bide otuz bebdli on iki buldun sonucu bunu yedi boli alt e bl ikiyle

k yaslayabilir misin?

O:Evet. Eee bunlar n ekoku on ikidiki ile alt y carpar m on iki.kiyle yediyi carpar m on dort. Ee
alt yla ikiyi carpar m on iki alt ile be ¢arpar m otuz. Buda zaten on iki béli otuz.lHgunla da
sonug en blyuktdr.

A:Peki o k yaslamay nas | yap yorsun?

O:Eee ey paydalr zaten & paydalar eit olan kesirler de pay biiyiik olan drlerinden daha
blyuktir. Ona gore yap yorum.

A:H m. Burda sonug en blyik ¢ kt ama birinci yaptda da sonu¢ en kigik ¢ kt .

O:evet.

A:Niye boyle ¢ kt sence? Birinde biuyuk ¢ karkenitde kicik ¢ kt .

O:Eee ¢iinkii burda basit kesirleri carpt k. Bur@aliie ik kesirleri garpt k.

AH ?

0:0 yiizden.

A:Bu durumda c¢arpmalieminin sonucu hakk nda ne sdyleyebilirsin? Yanidgruma bunu
genelleyebilir miyiz? Her durumda da mudur?

O:Evet.

AYani hep basit kesirleri carptm da sonug te buyuk ¢ kacak.

O:Yok.

A:Kicuk ¢ k yor. Bile ik kesirle carpt n da biyuk ¢ kacak diye her duruma genelleyehiiyiz?
O:Hayr.

A:Neden?

O:Eee ¢linkil mesela bu alt yerine sekiz olsaydidyedi olsayd yine pardon bay alt da yedi
buda doért olsayd bu belsayd alt ile dordi ¢arpard m yirmi dort. Yeldi be i carpard m otuz be
bu sefer kesir daha kii¢ik olurdu.

A: unlarla k yaslad n da peki?

O:Onlarla k yaslad m da yine en biiyiik olurdu. Bence genelleyebiliriz

A:Genelleyebiliriz. Peki bunlar paydalar idgemeden k yaslasayd n k yaslayabilir miydin?
O:Evet.

A:Nas I?

O:Tama yak n yar ma yak n olarak.

A:Bide 6yle k yaslayabilir misin?

O:Alt pardon yedi bolii alt yaklak bir tama eittir.

A:Nas | buldun onun bir tamai¢oldu unu?

O:Bir tam alt da altdr. Ve alt da yedi en cok tama yak nd r bu yiizden o birdir. Bbol iki kesri
de yakla k iki tama yak nd r.

A:Neden?

O:Cunki ey iki tam, dort boli ikidir. Bu kesir de b&6li iki. Bu yizden iki tama daha ¢ok yak nd r.
ki tamd r. Ve bu bir tam la iki tam toplarsam igrt bulurum. Pardorey ya béyle ey yapabiliriz.
A:O bir tama yak n. O iki tama yak n. Peki?

O:0da...

A:Otuz be bolu on iki.

0:Ug tama yak nd r. Cuinkii (ic tam otuz alt boliikidir. 6yle gostereyim. Otuz alt bolii on ikidir
0 ise otuz bebdll on ikidir. Bu yizden ¢ tama yak nd r.

A:Ucg tama yak n. Peki k yasladn da.

O:En biiyiik yine bu.

A:Ucg tama yak n olduu igin. Peki unu yaparsak?
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O:Eee ey (¢ boli dort kesri bir tama yak nd r.

A:Neden?

O:Cunki ti¢ bolu dort pardon bir tam dért boli ditt/e bu kesir de ti¢ boli dort en yak n bir tama
en c¢ok bir tama yak nd r. Bir bolu iki kesri yar igak nd r. Ondal k kesir olaraldyle gésterebilirim.
Cunki ey bir,iki.. iki parcaya ay rm bir bitiini. dyle de burda iki parcaya ay rnbir bittiint boyle
koyay m. Ve bunun bir tanesini alm uras n. Ve buras da bir yar m ifade eder. O ygirglar ma
yak nd r..(materyal kulland )

A:H h . Peki G¢ bolu sekiz? Sonucu 6yle buldun ya.

O:li¢ bolu sekiz bu yar ma yak nd r.

A:Neden?

O:Cunki yar m dort bolii sekizdir bu kesir de iicibédkiz yaklak olarak yar md r.

A:Kyaslad nda peki bdyle.

O:K yaslad mda yakla k olarak k yaslad m da bir bolu ikiyle lic b6l sekiz igtir diye gozikiyor.
Ama gercek ilemde dyle deildir. Clnki ee bu bir tamd r. Tam yar md r. Bu g mdan bir
kicuktdr. O yuzden bir boli iki daha blyuktor.

A:H h . Peki di er soruyla devam edelim.

O: (soruyu okuyor)Eee ilk 6nce yine kesrin keshii giade edilmi. Onun igin ¢arpar m birbirleriyle.
Sekiz b6l on besonucuna ular m. Ve bir saati de yani altmdakikay on bee bolip yani on be
bolup sekiz ile carparsam otuz iki dakikay ifadiee

A:Otuz iki dakika. Peki burda neden on bddlip sekizle ¢arpt n.

O:Eee be dort yani bu saatin iki bolu tigii denyiani bu bir kerin keri olarak ifade etmiyani dortte
Ucin iki yok doért bola ben iki béla tgl olarak. Ve bunun igin carpma yapt®ekiz boli on be
kesrini buldum. Sekiz boli on béir saat altm dakika olduu icin sekize béldiim on ble carpt m.
Sekize bélmemin amac on be birini bulmak.

A: E orda on bee bdldiin sekizle ¢carpt n.

O:Eee ey ters oldu.

A: Peki neden sekize bélip on lecarpacaks n?

O:Cinki sekize bolersem on bebirini bulurum. Eeey on bele carparsam o on e biri onunla
da on bete on beini bulurum.

A:H m yapal m.

O:Eee yok dur bir dakikaey ee burda sekiz bolii on beesri zaten on be bélup sekizle carpmad r.
Cunki payday bélerim payday carpar m.

A:H m yani biraz 6nce yapt m do rudur diyosun.

O:Hehe. Bunu yapmak tamam n bulmak olur. Yani burdkesri bulmam z istiyor. Bir saatin bunun
Uzerindeki eyini bulmam z istiyor.

A:On bee bélince altm ne buluyorsun burdan?

O:Dort.

A:Yani neyi dort ne oluyor orda buldun?

O:Doért ee on bee boliince dort dakika oluyor.

A:Tamam bu dort dakika ne ifade ediyor sana? Yagi buluyorsun burda? On kebélip dort
dakika?

A: Tamam devam edelim.

O:Bunuda sekizle carpar m.

A: Otuz iki dakikad r dersin.

O:Evet.

A:Peki bu altm dakikan n on bde sekizi ne? te on bee béldim sekizle carpt m. Otuz iki dakika
bulurum dedin. Peki bunu bea turlt yapabilir miydin? Altm dakikan n on bee sekizini baka bir
yolla?

O:Kesre cevirerek yapabilirdim.

A:Nas | yapars n kesre cevirerek?

O:Sekiz bolii on bebunu on bee bolcektim. Onun icin altm kesre ceviririm. On béde kesre
ceviririm. Bolme ilemi yapar m. Ik say oldu u gibi yaz | r,ikinci say ters ¢evrilir carp | Burdan
da altm bdli on be ve buda dttir dort.

A:H mm sonra ne yapars n?
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O:Eee bu dérttiimdi sekizle carpmam gerekiyor. Onun icin dort kegeviririm. Sekizi de kesre
ceviririm. Carpar m. Bu da #tir otuz iki b6l bir oda dttir otuz iki. Yani yine ayn sonucu buldum.
A:Peki urda yapt n on bee bélmekle neyi buluyorsun? Dért buldun ya.

O: ey ee on bee bdlmekle on beparcaya ay r yorum. Sekizini al yorum. On lgargadan biri dort
parca pardon dorttiir. Bunun sekizini al rken dézdelcarpar m.
A:H m. Eee peki bunu o zaman altnm on bete sekizini kesirler de hangiémle bulursun?
0O:Bolme, carpma. Boélme ve carpma.
A:Once bélme yapt m sonra ¢carpma yapt m diyoruntmAln on bete sekizini

O:Bulmak igin.
A:Bblme ve carpmayla.

O:Hh.
A:Peki di er sorudan devam edelim.

O: (soruyu okuyor)Burda dért bolii biritir tic elmad r. Bunlar n ekokunu bulabilirim.
A:Neden ekok buluyorsun?

O: lemi basitletirmek igin.
A:Tamam yapal m.

O:Ee bunlar on ikide sadet@&ebilirim. On iki bolii sekiz, on iki boli sekizudla on iki bolu Ug.
Bunlar biz tekrar dortte bire sadedieebilirim bunlar yok hepsini dél ama bunlar dértte bire
sadeletiremem. Dortte bir (i¢ tane ise on ikide U¢ yindamgedir. Burdan anl yorum ki on ikide ¢
yani on ikide bir, bir elmaya @tir. Bunun icin bunlar n hepsini toplar m. On ali; eklersem on
dokuz béld on iki. Yani on dokuz tane elma varm
A:Nas | buldun onu?

O:Ee imdi bu dortte bir (ic elmaya iéti. Bunu genilettim on iki bolu tic yapt m. Bunda da gordiim ki
on iki bolu Gc, tc elmaya #mi . Ve ¢ elmada on ikide (i¢c de ic elmayi @du u icin. Yani on
ikide bir de bir elmaya @& olarak eit oldu unu gérdiim. Bu ylizden de on ikide sekiz, sekiz gima
ifade eder. Bu da sekiz elmay ifade eder. Ve blugalmay ifade yok bir dakikau ¢ kcak. On alt .
kisi de sekiz elmay ifade eder ikisi de birbiridenktir. Bu yiizden on alt elmadr.
A:Orda ug elmay yok iki elmay m ¢ kard n? On @&may nas | buldun?

O: ey burda ee sekiz elma vard . Buda sekiz elma vénd alt elma oldu.

A:Haa toplad n. Neden toplad n orda?

O:Carpabilirdim de.

A:Yani bu ¢carpma ieminde on alt elma vard r diye mi séyledik yoksaalt boli on iki elma m ?
O:On alt elma.

A:On alt elma.

O:Pay elma olarakey yapt k.

A:Peki di er soruyu nas | yapars n?

O:Be bolii on iki carp (i¢ bolu dortleminde kag tane elma vard r. On ikidgy.. On ikide be ey
demi tik zaten on ikide bir, bir elmayaiedemi tik. Ondan sonra bunu da on ikiyatgpaydas n on
iki yapabilirim. Ucle ¢arpar m dokuz. Bu da on ikitheti . Bu ikisini toplar m. On dértte on iki yani
on dort elma.

A:Neden toplad k orda?

O:Eee ey bunun pay bir tane elmay pardon on ikide liniypaydaki bir, bir elmay ifade ediyor.
Burda be tane var beelmay . Bu da dokuz elmay ifade ediydiisini toplay nca on dért elmay
ifade ediyor.

A:Peki bu carpma lemi sen toplama yap yorsun. Neden toplad n?

O:Aaa ey eee carpacakt m ben bunu toplama olarak yagtarparsam bée dokuzu carpar m k rk
be . On ikiyle on ikiyi carpar m yliiz doért mi yok.

A:Carpabilirsin orda.

O:Yiiz k rk dort elma. Pardon yiiz k rk dorttiir pagdda.

A:yani bu i lemin sonucunda kacg elma vard r?

O:Bu i lemin sonucunda kag elma vard r? Ee ben bunu saidigie. Ciinkii on ikide biri olarak
bulmu tum. On ikiyle sadelgiririm. Yine on iki bulurum. Bunu on ikiyle sadeliremem ama ee...
A:Peki burda on ikide bire gére neden diillyorsun? Hani niye on ikiyle saddlgyorsun?
O:Cunku sadeléyor ama aralar nda asal say lar. Ben bunu kicyapmadan da diinebilirim.

kisini ¢carpar m. On ikiyle bebunu bulurum.

A:peki bu kag elmad r?
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O:Bu kag elmad r?? Eee on ikide bir, bir elmay tgiigordu. Bu dort kat o zaman bu bir geyrek

elmay gosteriyor. Dért yani dortte birlik bir eljnagésteriyor. Bir elman n ¢ceyréi. On be tane de

ceyrek carparsak on e dort bir dakika bu ditir tic tam {i¢ b6l dort elmayaitir. Ug elma ve

bide dortte ¢ bir elman n doértte Gclnéte.

A:Bir elman n dortte Ug¢u. Peki bu on ikide bire gélem yap yorsun ya .

O:Evet.

A:Onu nas | buldun?

O:Burda buldum. Cunki dortte bir ti¢ tane elmayd .ile genilettim. On ikide ti¢ kesrini buldum.

A:Hm.

O:0n ikide (¢ pardon dortte bir (ic elmayd . On &iitte (ic elmay gosteriyor. Ve diindiim paydas

kac Uctli paydas o yizden de ¢ elmay ifade edBorytzden.

A:Tamam. Ucle genlettin on ikide (i¢ oldu. Dértte biri tic elmaysaigite (icii de tic elmad r dedin.

O:Hehe.

A:E on ikide bire nas | ula n?

O: ey on ikide (¢ pay (¢ oldw icin (i¢ elma olarak dylesy yapt m. On ikide bir de bir elmayaite

oldu unu goérdim.

A:He bir elma on ikide bire &.

O:Hh.

A:O zaman bunun tamam ka¢ elma oluyor? Bu sepedteialar n tamam ?

O:Nas | sepet?

A:Hani elma al yor ya pazardan ¢ elma dortte biiese bir elma on ikide bire &.

O:Evet.

A:Bir elma on ikide bire étse tamam kac¢ elmayait?

0O:0n iki elmaya.

A:On iki elmaya eit.

O:hehe.

A:Peki bu on iki elmay diiinerek ee iki béll G¢ carp dort béla alt n n kémaya eit oldu unu

bulabilir misin?

O:Eee tamam on iki elma...Bulamam.

A:Gene boyle yapard n.

O:H h . Mant k yuritirdim.

A:H m. Peki urda uyapt nilemde sekiz béli on ikiyle sekiz bolu on ikiyi tapln. On alt bdli

on iki dedin ya.

O:Evet.

A:O sekiz boli on ikiyle sekiz béli on iki kag elyzae it oluyor?

O:Sekiz bolii on iki, sekiz bélii on iki.. On alt aXi on alt da on iki elmaya i oluyor.

A:Peki bir tane sekiz boéli on ikiden ne anl yorgun

0O:Sekiz elma. Sekiz elmayaiir.

A:Neden?

O:Cunku on ikide biri bir elmad r. On ikide sekige sekiz elmaya & oluyor.

A:Sekiz elmaya. Peki bu Ucte iki ile alt da doikisini de o zaman sekiz elmayateébuldun.

O:Evet.

A:E it mi bunlar?

O:Evet.

A:Neden?

O:Birbirine denktir. Ciinkii bunu sadefiedi imizde yine (i¢ boli iki kesrini buluruz. Yine ikiye
bdlersek bu (¢ olur bunu da ikiye bolersek iki oiine ayn kesir.

A:Hm.

O:Birbirleriyle denktir.

A:Anlad m peki bu btiinin tamam n bana cizebilisim? Oraya (¢ elma dortte birse. Sepetteki

elmalar ? Ka¢ elmad r tamam ?

O:Bir dakika. Dorde bolersem bir bu da ¢ok kiicitolEe imdi dortte bir iic elmayd . O zaman
uras U¢ elmad r. Buras da u¢ elmad r. Hepsi é@a. Bu da (¢, bu da Ug¢, bu da ¢, burda da ¢

oldu u icin U¢ kere dortte on iki elmad r. Yani tamam iki elma.(ekil ¢izdi)

A:H m. Peki o Ucte iki ka¢ elmad r? Onu gosterebitisin?

O:Ugte iki?
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AHm.

O:Yani sekiz olarak buldum ama icte iki kac elmaekis elma.

A:Neden?

O:Yani u on ikide bir olarak diiiniiyorum ama.

A:Orda yapt n gibi.

O:hh.

A:Peki di er sorudan devam edelim.

O: (soruyu okuyor)Aa daki ekil yani bu ekil licte biri gostermekteymbu ekil. O a¢ dan bunlar
bulmam z istiyor. Yaniurda o ekilden var bir tanedyle. Yani bir tane Ugte biri varunu eklersek
buraya yani ikisini al r z.

A:Orda cizebilirsin, tarayabilirsin.

O: u ikisini ald k. Bu ticte birmi Ug tane ey. Eee bu ikisini al r z. Ve bunu da al rsak. Boeybir
Ucte bir eder. Ondan sonnaiki tane al r z. uda hani bir tane al r z. Buda bir tcte bir edes.(i¢
tane de geriye kalan onlar da al rsak bir taneadate bir eder. Ve bunlar n toplam yadyle

yap yorum, yap y m. Ee ¢ bolu dort.

A:H m. Peki bunu b&a tirlt bulabilir miydin?

O:Hay r. Bide carparak toplayabilirdim dyle.

A:Nas | carparak?

O:Cunki burda dort tane tigte bir var. Ucte birleddidcarpard m. Yine ayn sonucu bulurdum.
A:Neden ayn sonucu buluyosun peki?

O:Cunku toplama ardk pardon carpma ardk toplamad r. Yani bunu teklemle yaparken onu
birden fazla ilemle yapar z. Yine ayn sonug ¢ kar ama.

A:H m. Peki “b” kk nda hangi kesri ifade ediyor.

O: u ekilde bir tigte birdir. u ekilde de bir iigte birdir. Ama buras art yor. @mé kutucuk tigte
birse bir tane kutucuk ee denklem kurarak yapainilir

A:Nas | yapars n?

0O:Uc kutu ticte birse bir kutu sorwareti koyar m. Caprazlar carpar m vena bolerim birle tigte biri
carpar m. Eittri yine ayn Ugte biri buldum. Ve bu Ucte bigéibolerim. Bu da étir G¢ béla bir ters
cevirip carpar m. Buda dtir yine Ucte bir.

A:Nas | yapt n onu?

O:Ugte birle tigte biri carpt m.

A:H mm nas | carpt n?

O:Pardonuras dokuz olacak. Paylar carpt milk 6nce pagadym. Paydalar ¢arpt m paydaya
yazd m. Yani bir kutucuk dokuzda birmiO zaman ben bu icte birleri paydas n dokuz yapdadc
ile geniletirim. Bunu (gle carparsam zaten birde dokuztartiz vard . Ug kere (i¢ dokuz ii¢ dokuzda
U¢ bunlar n hepsi. Burda da dokuzla bir vard . Btoplarsam. Bu yedi bolu dokuzatér.

A:Yedi boli dokuza ettir. Eee peki bunu b&a tirli yapabilir miydin?

O:Hay r.

A:Bdyle yapard n.

OHh.

A:Peki bu hani en bga u ekil bir batindn tgte birini gésteriyorsa bu bitartimam kac kareden
olu ur?

O: Bu bituniin tamam Ugte birdir. Ugle carpar m.Kdge ise tigle garparsam dokuz karedir.
A:Dokuz kareden oluwir.

OHh.

A:O zaman her bir kare kacta kac# eluyor?

O:Nas I? Her bir kare?

A:Bir kare kacta ka¢ na & oluyor bu bitiiniin?

O:Dokuzda bir.

A:Dokuzda birine @t oluyor. Peki m bunu diiinerek “b” kk n ba ka trlt yapabilir miydin?
O:Bunu duiinerek.. ey yapabilirdim. Az 6nce dedmiz gibi bir biitiin dokuz tanedir. Bunu
bir,iki,0¢,dort,be,alt ,yedi tane var. O zaman bir butiin dokuz tamel@kuz da yedi diyebilirdim.
A:Dokuz da yedi.

O:Diyebilirdim.

A:He her biri dokuz da bir yedi tane olduicin dokuzda yedi.

O:Hh.
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A: Peki bunu hangi lemle yapard n?

O:Toplama.

A:Toplama. Baka bir i lemle yapabilir miydin?

O:Carpma.

A:Carpma. Nas | yapard n?

O:Toplamayaey yapard m. Dokuz tane pardon yedi tane dokuzrilgdn yana toplard m.
Carpmada ise dokuzda yedi ile dokuzda biri carpar€inku yedi tane var.

A:He yediyle dokuzda bir carpard n.

O:dokuzda bir carpard m.

A:Tamam teekkdirler.
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APPENDIX G

ACTIVITY SHEET OF VOLKAN
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APPENDIX H

SELF EVALUATION OF VOLKAN
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APPENDIX |

JOURNAL OF VOLKAN
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APPENDIX J

ACTIVITY SHEET OF AHMET
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APPENDIX K

SELF EVALUATION OF AHMET
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APPENDIX L

JOURNAL OF AHMET
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