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ABSTRACT

APPLICATION OF FULLY IMPLICIT COUPLED METHOD FOR 2D
INCOMPRESSIBLE FLOWS ON UNSTRUCTURED GRIDS

Zengin, Seyda
M.Sc., Department of Engineering Sciences

Supervisor: Assoc.Prof. Dr. Isik Hakan Tarman

September 2012, 59 pages

In the subject of Computational Fluid Dynamics (CFD), there seems to be small number of
important progress in the pressure-based methods for several decades. Recent studies on the
implicit coupled algorithms for pressure-based methods have brought a new insight. This

method seems to provide a huge reduction in the solution times over segregated methods.

Fully implicit coupled algorithm for pressure-based methods is very new subject with only
few papers in literature. One of the most important work in this area is referenced as [1] in
this thesis. Another source of information about the method comes from a commercially
available code FLUENT which includes the algorithm as an option for pressure-based solver.
However the algorithm in FLUENT does not seem to be a fully implicit with a little

information in its manual.

In this thesis, a fully implicit coupled pressure-based solver is developed mainly based on the

available literature. The developed code is succesfully tested against some test cases.

Keywords: CFD, Pressure-based coupled solver, Fully implicit solver, Incompressible flow.
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IKi BOYUTLU SIKISTIRILAMAZ AKISLARDA TUM ORTUK AKUPLE YONTEMIN
YAPISIZ AG KULLANILARAK UYGULAMASI

Zengin, Seyda
Yiiksek Lisans, Miihendislik Bilimleri Bolimii

Tez Yoneticisi: Assist. Prof. Dr. Isik Hakan Tarman

Eyliil 2012, 59 Sayfa

Hesaplamali Akigkanlar Dinamigi (HAD) alaninda, basing temelli yontemler iizerinde son
yirmi ile otuz senedir 6nemli gelismeler gézlenmemistir. Basing temelli yontemler igin tam
ortiik akuple ¢oziiciiler lizerine yeni ¢alismalarin gergeklestirilmesi bu galigma alanina yeni
bir bakis agist getirmistir. Bu metod sirali ayrik ¢6ziicii metodlara gore ¢6ziim zamanini

o6nemli dlciide kisaltma avantaji saglamaktadir.

Basing temelli yontemler i¢in tam Ortiik akuple coziiciiler, literatiirde ¢ok yeni ve bir kag
¢alismanin yer aldig1 bir alandir. En 6nemli ¢alismalardan birini de bu tezde referans [1]
olarak verilen yaymn saglamaktadir. Diger bir kaynak ise ticari bir yazilim olan FLUENT
saglamaktadir. Fakat FLUENT kullandig1 algoritmay1 detayli belirtmemekle birlikte, bu

yazilimdaki yontem literatiirde s6zii edilen basarimi saglayamamaktadir.

Bu tez ¢aligmasinda agik literatiirde bulunan kaynaklar kullanilarak tam ortiik akupla basing

temelli yonteme dayanan bir yazilim gelistirilerek bazi test durumlari basariyla sinanmigtir.

Anahtar Kelimeler: HAD, Basing temelli akuple ¢oziicli, Tim ortiik ¢oziicli, Sikistirllamaz

akis.
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CHAPTER 1

INTRODUCTION

1.1 Aim of the Study

The aim of this thesis is to develop a Computational Fluid Dynamics (CFD) code which is
based on a fully implicit pressure-based coupled method for the solution of steady two
dimensional laminar incompressible flow problems on unstructured grids. The implicit
pressure-based coupled algorithm is developed by assembling the momentum and continuity
equations for velocity and mass and then using the Rhie—Chow interpolation to derive a
pressure equation. The coefficients of the momentum and pressure equations are assembled
into one diagonally dominant matrix. The equations are solved simultaneously for the
convergence of the equations with an ILU preconditioned GMRES method with false
transient time stepping. The algorithm used in this thesis is based on a recent paper referenced
in [1]. The code is tested on some test cases and compared with a commercial CFD solver,
FLUENT.

1.2 Review of Relevant Works

Computational Fluid Dynamics uses numerical methods and algorithms for analyzing and
solving the problems that involve fluid flow. Large number of work on CFD have given rise
to the developments of various algorithms and these work have established reliable and robust

simulation tools of fluid flow processes.

In the growing usage of CFD during the past few years, several issues are addressed. The
concerns releated to the accuracy are met by the development of the High Resolution (HR)
schemes [27, 28, 29]. One of the main concerns in CFD world is the computational cost of
the algorithms and solvers. Better solution algorithms [30, 31, 32], solvers [33, 34], and
multigrid techniques [35, 36, 37, 38] have lowered the computational cost and brought the

feasible solutions to real life fluid flow problems. Over the past decades the work on pressure-



based algorithms [4, 6, 7, 12, 30, 31, 32, 36], extended the techniques to solve flow problems
in various Reynolds and Mach number regimes using both structured and unstructured grid
methods. The density-based algorithms have provided the means for getting more robust and

higher performance.

The coupled solvers [6, 7] delivers lower run times and better copes with the convergence
problems experienced by segregated solvers when used with dense computational meshes [8].
In the segregated approach, each equation is solved separately using the results obtained in the
previously steps in solving the equations. On the other hand, the coupled approach discretizes

and solves the conservation equations as one system.

The pressure-based algorithms, which are also used in this thesis, originated first in the work
of Harlow and Welch [9] and Chorin [10]. The widely known segregated SIMPLE algorithm
(semi-implicit method for pressure linked equations) for incompressible flows was developed
based on a new trend immediately after [11] followed by SIMPLEST [40], SIMPLEC [30],
SIMPLEM [41], PISO [39], PRIME [42], and SIMPLEX [32] algorithms, to cite a few. The
velocity field is obtained by numerically solving the momentum equations and the pressure
field is extracted by solving a pressure correction equation which is obtained by manipulating

continuity and momentum equations in the pressure-based approach.

In this thesis, collocated grid approach is used to handle the velocity and pressure data in
which pressure and velocity values are computed at the same grid point. Simple averaging of
cell velocities in the collocated grid approach leads to unphysical checker-boarding pattern of
the pressure values. This problem is a result of storing the pressure and velocity values in the
same location on the solution grid. In this study, Rhie-Chow Interpolation of the face

velocities is used to avoid pressure checker-boarding [16].

The resulting linear system of equations from unstructured finite volume discretization is a
diagonally dominant non-symmetric sparse matrix system. This system is solved by using an
Incomplete Lower Upper (ILU) pre-conditioned Generalized Minimal Residual Method
(GMRES) solver.

In this thesis, cell centred Finite VVolume (FV) method is used for discretization. The FV
method has been extended by a number of authors into forms which allow the discretization

of the conservation equations over unstructured meshes. Chow [12, 13] employed the FV


http://staffweb.cms.gre.ac.uk/~ct02/research/thesis/node111.html#Chow96
http://staffweb.cms.gre.ac.uk/~ct02/research/thesis/node111.html#Chow93

method, using polygonal element types, triangles through to octagons, to solve simple flow
and heat transfer problems. Thomadakis [14] used a staggered mesh approach, solving the
velocity components at the element centres and the pressures at the element vertices, to
simulate low Reynolds number flow problems. Pan et al. [15] used an unstructured mesh

consisting of triangular elements to solve a variety of laminar flow problems.

1.3 Outline of the Thesis

The study is documented in five main chapters and an appendix. An outline of the thesis is

briefly given below:

Chapter 1: Introduction chapter that is including aim of the study and review of the relevant
work.

Chapter 2: Theoretical background on which the thesis is based on.

Chapter 3: Solution procedure; methods, approaches used in the study.

Chapter 4: Test cases

Chapter 5: A brief summary, and conclusions.


http://staffweb.cms.gre.ac.uk/~ct02/research/thesis/node111.html#Thom94
http://staffweb.cms.gre.ac.uk/~ct02/research/thesis/node111.html#Pan94

CHAPTER 2

THEORETICAL BACKGROUND

2.1 The Navier-Stokes Equations

The Navier-Stokes equations are a set of nonlinear partial differential equations that govern
the evolution of the velocity, temperature and the density of the moving fluid. This set of
equations mainly describes the flow of fluids. The Navier-Stokes equations include
conservation of mass as continuity equation, time dependent conservation of momentum with

three time-dependent equations, and a conservation of energy equation [2], [3]:

Continuity:

9p , 9pu)  o(pv)  o(pW) _,
ot ox oy oz

X Momentum:
2 0
opy) , Apu) , opw) , o) _ 2P | 0%y | O | 0Ty |, 0
ot OX oy oz OX OX oy 0z
Y Momentum:
2 0 0 0
a(PV)+a(PUV)+6(PV )+8(pVW):_@+ Ty N Ty + Ty + pg
ot OX oy oz oy OX oy oz Y
Z Momentum:
2 0
olpw)  o(puw) . o(pww)  o(pw) _ _p |07, 9Ty  OTy | 00,
ot OX oy oz oz OX oy oz
Energy:
O(pE;) | O(puE;)  O(pvE;)  O(pWE;) _
ot OX oy oz

1)

)

@)

(4)

()


http://www.grc.nasa.gov/WWW/k-12/airplane/thermo1f.html

_0(up) _a(wp) _o(wp) | O(x0T/ox) o(x0T/dy) o(xaT/cz)|
OX oy 0z OX oy 0z

0 0 0
+ & (ur, + VT, + wr,, )+ 5 (uryx +vr, + W‘[yz) + E (ur, + VT, + wt,,)

wherez, E; and x are stress, total energy and thermal conductivities respectively.

The independent variables in the Navier-Stokes equations are; X, y, and z spatial coordinates
of some domain, and time t. The six dependent variables are listed as; the pressure p, density
p, temperature T (which is contained in the energy equation) and three components of the
velocity vector; the u component is in the x direction, the v component is in the y direction,
and the w component is in the z direction. The ideal gas law, p V =n R T (as an equation of

state), the six equations can be used to determine the six dependent variables [2], [3].

The thesis deals with steady, laminar incompressible Newtonian fluid flow which means
equations are time independent and density values are constant. The time derivative terms
become zero in Eqns. (6) through (10) for a steady flow. The Navier-Stokes equations then

take the form;

a_u+@+@zo (6)
ox oy oz
2 2 2 2
a(u)+a(uv)+6(uw):_£@+ﬁ 8_[21+6_L21+8_lzj+gx )
OX oy oz pOX p|lox® oy 0z
2 2 2 2
6(uv)+8(v )+6(VW):—£@+£ 6_\2/+6_\2/ +6_\2/ +9, 8)
OX oy oz poy ploxt oy oz
2 2 2 2
6(uw)+6(vw)+8(w):_l@+£ 6_\2v+6_\/2v+6_\£v +0, 9
OX oy oz poL p| oX oy oz


http://www.grc.nasa.gov/WWW/k-12/airplane/vectpart.html
http://www.grc.nasa.gov/WWW/k-12/airplane/vectors.html

O(uE;) . O(VE;) . O(WE;) _

ox oy oz (0
+1{8(K&T/6x)+ o(xaT/oy) | a(KaT/ﬁz):|+2_lu{(a_uj2 . (@jz . (@ﬂ
Yo, OX oy oz o | \Lox oy oz

ﬂ{[&v aqu [a/v av]z (8u a/vjz}
+5| —+— | ]| —F+— | +| —+—
plilox oy oy oz oz oX

A Newtonian fluid has a linear relation between the applied shear stress and velocity gradient

which is defined in Egn. (11) for an incompressible fluid;

ou ov
Ty = ﬂ(a‘"&] (11)

where u the viscosity of the fluid, z,, can be interpreted as viscous flux of x-momentum in y-

direction. The other shear stress components can be written similarly. Viscosity may depend

on pressure and temperature for Newtonian fluids.

2.2 Finite Volume Method

The finite volume method is a humerical method which calculates values of the dependent
variables averaged across the volume for solving partial differential equations. Volume
integrals of the partial differential equation, which contain divergence terms, are converted to

surface integrals, using the divergence theorem.

The finite volume method is generally preferred in CFD solvers for successes of solving the
problems over unstructured grids those have geometrical features of arbitrary complexity and
steep orography. The comparison between the finite volume method and the finite difference
method is mainly resulted in favour of the finite volume method which can be used over both
structured and unstructured meshes. Finite volume methods are also successful at calculations
for moving mesh applications such as for tracking the shocks. It carries the conservation of
physical laws in the continuous problem to the discretized problem. This is especially
important in the numerical solution of diffusion-convection equations. Finite volume method
stores the conserved variables values within the volume element instead of at nodes or

surfaces and this allows applying boundary conditions noninvasively directly on the control

6



volume surfaces [4], [5]. On the other hand, it does not allow higher-order approaches, unlike
finite element method that has so-called p-version. The mathematical analysis, such as

stability and convergence, is generally difficult in comparison.

2.2.1 Finite Volume Discretization

The conservation equations governing steady, laminar incompressible Newtonian fluid flow
are given [1]:

V-(pv)=0 (12)

V-(pw)= V-(uVv)- V-(pl) (13)

where v is the velocity vector v =[u,v,w]", p is the pressure and 1 is the identity matrix in

Egns. (12) and (13).

These equations can be expressed in the general conservative form as in Egn. (14).

V-(pvg)=V-(I'Vg) +Q (14)

where, ¢ is the transported quantity I" is the diffusion coefficient and Q is the general source

term in the equation.

In the Finite VVolume discretization, the quantity ¢ =¢(x) is approximated to have linear

variation within the control volume

) = o + (X =%:) - (VY)p (15)

around the nodal point P with coordinate x, , which amounts to second-order accuracy.

Integrating the general transport equation over the control volume displayed in Figure 1 (a)

and transforming the volume integrals of the diffusion and convection terms into surface



integrals through the use of the divergence theorem, the semi-discretized form of the

governing conservation equation is obtained as

Cj)agz(pv¢)-d8 = Sﬁw(rw)‘dS* j _[QQdQ. (16)

Thus, the finite volume method takes evaluation of volume and surface integrals over the

control volume Q and its surface 6Q. The assumed linear variation of ¢ leads to the

following volume integral:

[ #09dQ~ ][4 +(x-%,) (V4),]d0

~ 4.0 +| [ (x-x.) 42| (79), (17)
=4 Qp

where Q, is the volume of the control volume and X, is taken as the centroid of the volume

thus the integral in the second line vanishes.

Similarly, assuming that 6Q is composed of flat faces and @ is a vector quantity assumed to

have linear variation over the faces, the surface integral thus becomes as defined in Eq. (18):

®.ds~ 3 ®,-S +[ (x—x )dSJ:(V(I)) - Y @, .8
Iag f:%%P) Y IQ f f f:%;p) Y (18)

where f =nb(P) refers to values at the faces obtained by interpolating between grid point P
and its neighbour, and the face area vector S, points outward having the magnitude of the
face area. The second integral vanishes due to the consideration that x, lies at the center of

the face f.

In this light, the evaluation of the integrals in Eq. (10) using the second order integration

scheme yields

Z (pv¢_rv¢)f -S4 =Qpr (19)

f=nb(P)



Finally, the equation is expressed in algebraic form by representing the variables at the control

volume faces in terms of nodal values. The resulting equation is written as

ag¢P+ Z a£¢F =bg

F=NB(P)

where, F =NB(P) refers to the neighbours of the grid point P, a’s are the coefficients in the

discretized equation for ¢ and b is the source term.

The above equation could equivalently be written as

¢ b¢
¢P+ z a_‘F”(/jF:a_Z or ¢P+ Z M¢F=Bg

F=NB(P) Ap P F=NB(P)

while for the continuity equation the following discrete form is used:

> my =0 With m, =pv,-S,.

f=nb(P)

For the momentum equation, the pressure gradient term is explicitly displayed as

Ve + z A\F/VF :B\; —DpVp,

F=NB(P)
where
% 0
aP
D, = o
O \
aP

(20)

(21)

(22)

(23)

(24)



Figure 1: (a) Control volume with the nodal point P at the centroid and neighbouring points
F, (b) normal velocity v, and tangential velocity v, components at a wall, and (c)

decomposition of the surface into two components one aligned E with the grid and one

normal T to the surface vector [5].
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2.3 Discretization Methods for a Transported Scalar

Finite Volume discretization technique is briefly explained in this chapter. The technique is
applied to an unstructured mesh by discretization of the general conservation equation. The
method used in this thesis can also be applied to any equation describing the transport of a
scalar quantity. Source, diffusion and convection terms in the conservation equation are
detailed in the chapter. Rhie and Chow Interpolation method is used to calculate face

velocities in the convection term discretization [16].

2.3.1 Discretization on an Unstructured Mesh

The conservation equation is discretized with an assumption of fully non skew mesh.
However for non-simple geometry which cannot be meshed with structured meshes, there is
always some degree skewness. Due to this skewness a cross diffusion correction is always
needed in disretization of the diffusion terms, which will be explained later in the next section

and in Section 3.1.

A non skew mesh (Fig. 2) is simply defined as;
e The line connecting the centroids of the adjacent elements is parallel to the normal of
the face between the elements, termed orthogonality.
e The line connecting the centroids of the adjacent elements intersects the face between

the elements at the face centroid, termed conjunctionality [17].

* g

fc F

\

Figure 2: Non-Skew Mesh
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The conservation equation, for a scalar quantity ¢ is written in the form [17];

A2, div(pug) - div(r grad () + S, (25)

Transient + Convection = Diffusion + Source

and with the suitable approximations, Eqn. (25) can be expressed as a linear matrix equation

in the form;
AD=Db (26)

where @ is the vector of the unknown values of ¢ at the nodal points. The technique is

applied for discretization of the various conservation equations and it is based on the cell
centred Finite - Volume formulation. The first step in solving the problem over the defined
domain in this method is dividing the domain into a set of non overlapping control volumes.

A unique single node is defined at the centre of the each volume elements.
The equation, which is in linear form, contains unknown values of the scalar quantity at the
node in the control volume also in the neighbouring control volumes. These linear equations

can be identified in a matrix equation of the form as in Eqn. (26) [17].

The conservation equation only contains convection and diffusion terms in this thesis as a

result of the steady state and zero source conditions.

2.3.2 Diffusion Term

The discretization of the diffusion term starts with the use of the divergence theorem to

convert the volume integral into the surface integral as shown in Eqn. (27) [17]

jv div(F)dV = L F-nds. (27)

Inserting the expression I",grad(¢) in place of F, Eqn. (27) can be written as in Eqn. (28),

12



jv div(T, grad(¢))dV = L T, grad(¢)-nds (28)

where n is the unit outward normal to the surface.

Since polyhedral control volumes have a set of faces, the surface integral in Eqn. (28) can be

written as a sum of surface integrals over each face bounding the control volume
o¢
—ds. 29

If the grid is orthogonal as in Fig. 2, the derivative of ¢ in the normal direction to the face is

approximated as Eqn. (30),

% ¢F _ ¢P (30)

onl; dFP
where d, is the distance between the centres of neighbouring elements F and P .

The discretized form of Eq. (29) becomes

>'r,S, ¢Nd;¢P (31)
f NP

where S, is the area of face f .

The coefficient I', can be calculated on the face, by the means of an arithmetic mean:

(F¢)f =0y (F¢)P + (1_af)(r¢)F;
def (32)

oy =——.
de +de

The method has a drawback when (I, ) is equal to zero. In Equation (32) the diffusion flux

at the interface of the control volumes Fand P includes an approximated value for I,

13



between the nodes which will not normally be expected to be 0. If (I,). is relatively much
less than (T',), there will be relatively little resistance to the flux of ¢ between P and the
interface in comparison to that between F and the face. In this case, it is expected that (T',),
would depend on (I';). and inversely on «, whereas equation (32) would lead to
(I',); =a;(L,)p . These drawbacks can be eliminated by a better model using the harmonic

mean between the nodes for the variation of T , s follows:

(r,), (T,),
ai([)p +@—a)(,)e .

(T = (33)

This formula gives ([,); =0 if either (I';). or (I',), is zero and for (T';), >(I',):

(T,); =(T,)e /e, asrequired.

In the case of a skew mesh like in Figure 1, the face normal vector S; comes with two

components:
S;=E+T
S, S S, S 34
=Sf df dPF+(Sf_f—dfdPFJ ( )
f "YpF f " YpF

where d,. is the vector from point P to F as shown in Figure 1, S, is the surface normal
vector which has a length equal to the area of the surface. Thus, a correction term should be

added to the approximation in Eqgn. (30) which is called cross diffusion term,

9SSy g yivg s, oS
s ()8 (sf S dppj (35)

where V_¢f is the average of gradients at the cell centres P and F:
Vo =a, (VP +(1-a,) (V9): (36)
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with

1
(V¢)P :Q_sz:sf ¢f' (37)

2.3.2.1 Convection Term

Divergence theorem is used to transform the volume integral of the convection term into

surface integral as in diffusion term [17]

jv div(pug)dV = L p(u-n)gds. (38)

The surface integral is split into a set of surface integrals over each of the faces bounding the

control volume. The integrand values are estimated on the face to give:

pr (u-n);F ¢. (39)

In Eqgn. (39), the value of p, is given by the value in the upwind element:

Pt = Pp if (u-n); >0,
(40)
Pt = Pk if (u-n), <0.

The normal component of the velocity (u-n), at the face is evaluated by the Rhie - Chow

interpolation method [16] which will be explained in the next section. There is only one step
left to complete the discretization of the convection term; the calculation of the face value of

¢ . One of the widely used methods is the arithmetic averaging;

¢ =a s +(1_af)¢F' (41)

The discretized form of the convection term becomes (after the arithmetic averaging is

introduced)
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Yo ) N [ady +(1-a;)é: | (42)

This simple averaging of the transported scalar ¢ on the control volume faces leads to

unbounded solutions and non-physical wiggles near steep solution gradients. In order to
demonstrate this, an example solution to a simple one dimensional convection equation (43) is
given in Figure 3 [21].

P (43)

ot ox

u u

Figure 3: Exact solution to the simple convection equation (Eqn. (43)) (Left), and the

solution found by using Eqn. (41) (Right).

In order to overcome this problem an up-winding method similar to Egn. (40) is used

¢ . ¢Pv (u'n)f >0 (44)

"4, (u-n), <0
The solution found using upwind interpolation as in Eqgn. (44) is shown in Figure 4. The
discontinuity in exact solution is smeared with simple upwind interpolation. Since, in this
study, only incompressible flow is considered, this smearing property of simple upwind

interpolation is not a problem due to the lack of high gradients in the solution profiles.
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u u

S

oo X - X

Figure 4: Exact solution to the simple convection equation (Eqn. (43)) (Left), and the

solution found using simple upwind method as in Eqn. (44) (Right).

2.3.3 Rhie-Chow Interpolation Method

The usage of weighted linear interpolation may lead to the possibility of checker boarding in
the velocity and pressure fields on collocated grids [18]. The Rhie-Chow interpolation method
[16] overcomes this problem by adding a correction term to the arithmetic interpolation of the
velocities. This correction term is written in terms of pressure gradients. The derivation of

Rhie-Chow interpolation is given below.
After the discretization of the momentum equation, the resulting system of equations can be

written as in Eqn. (45). Derivation of Eqn. (45) is detailed in the next chapter. The pressure

gradient is not discretized intentionally:

aUp +(Vp)p = (Zanbunb)P +SP

where a, and a,, are the coefficients of the unknown velocity values at the centres of the cell

P and its neighbour cell nb respectively. The linear interpolation can also be used to obtain a

discretized equation on the face as in Eqn. (46)

a;u; +(Vp)f :(Zanbunb)f +Sf'
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Rhie-Chow interpolation method uses Eqn. (46) to approximate it in the form of Eqn. (47). It
is assumed that the right hand side of Eqgn. (47) may be approximated by using a weighted
linear interpolation of the corresponding terms in Eqn. (46). Thus

au, +(Vp), = ayuy,); +S; =au, +(Vp), 47)

where overbar denotes weighted interpolation. Assuming that a, ~a, then

u; =u, +d, (Vp, - Vp,) (48)

where the interpolated values on the face f are written as

c

f=aU, +(1-a)u.

<

P =aVp, +(1-a)Vpe

Vp, = an(pF - pp) (49)
a =aa, +(1-a)a:

-1
f_af

o

and « is used as the weighting factor. The simplest choice for « is 0.5 which results in a

simplification in solving the resulting linear system of equations.

2.4 General Approaches in Flow Solvers

The Flow Solvers in the CFD world are based on two numerical approaches: pressure-based

and density-based.

The significant difference between the two approaches is that the density-based approach is
mainly developed for high-speed compressible flows on the other hand the pressured-based
approach is first developed for low-speed incompressible flows. The increased attention on
numerical methods leads to studies for extension to wide range of flow conditions by

reformulations.

A brief summary of the pressure-based approach may include the following:
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e The velocity field is obtained from the momentum equations.
e The pressure field is obtained using a pressure correction procedure or using a
modified continuity equation as in the coupled solver in this thesis.

On the other hand the density-based approach may include:

e The velocity field is obtained from the momentum equations.

e The continuity equation is used to obtain the density field.

e An energy equation should be solved to obtain the temperature distribution.

e Pressure is extracted from the equation of state (EOS) formulation using the density
and the internal energy values obtained by solving the continuity and the energy

equations.

The control-volume based techniques are mostly preferred for the integral form of the
continuity and momentum equations. The technique is also used for the equation of energy,

equations for the turbulent flow and for other scalars (under appropriate conditions) [20], [21].

2.4.1 Pressure-Based Solver

The pressure-based algorithms consist of deriving the pressure equations from the continuity
and the momentum equations. The constraint of mass conservation (continuity) of the velocity
field is satisfied by solving a pressure (or pressure correction) equation. The entire set of
governing equations is solved and reiterated until the solution satisfies a convergence criteria

due to the non-linearity and the coupling characteristics of the equations [19, 20, 21].

The pressure-based solver algorithms are further classified as being segregated or coupled

algorithms.

2.4.1.1 Pressure-Based Segregated Algorithm

The individual governing equations for the dependent variables are solved one after another in
the pressure-based segregated algorithm. The governing equations are non-linear and coupled,
thus, the solution loop must be carried out iteratively in order to obtain a converged numerical

solution. The segregated solution method in the pressure-based flow solvers involves a
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predictor—corrector iteration in which fluid velocities are first calculated (predicted) from
fully nonlinear momentum equations and the pressure is computed by solving the pressure
correction equation [20, 21, 22],

As an example, in order to show how the segregated algorithm is implemented in the CFD
solver software FLUENT [21], the iteration steps are illustrated in Figure 5 and outlined

below:

Step 1: The fluid properties are updated. (e,g, density, viscosity, specific heat)

Step 2: The momentum equations are solved by using the recently updated values of the face
mass fluxes and pressure.

Step 3: The pressure correction equation is solved by using the recently obtained mass-flux
and velocity field values.

Step 4: The pressure correction obtained from Step 3 is used to correct the pressure, the face
mass fluxes, and the velocity field.

Step 5: The equations for additional scalars are solved such as turbulent quantities, energy,
species, and radiation intensity using the current values of the solution variables if
they are included in the problem.

Step 6: The interactions among different phases results in the source terms that should be
updated. (e.g., source term for the carrier phase due to discrete particles).

Step 7: Check the convergence of the equations. If the convergence criteria are not met,

continue to Step 1.

2.4.1.2 Pressure-Based Coupled Algorithm

The momentum equations and pressure based continuity equation involved in a coupled
system of equations is solved by pressure-coupled algorithm. As in the previous case of the
pressure-based segregated algorithm, the corresponding FLUENT CFD program steps are

shown in Figure 5.

The difference between the pressure-based segregated and coupled algorithms can be seen in
the steps 2 and 3 of the coupled algorithm. In the case of the segregated algorithm, these steps
are replaced by a single step of solving the momentum and pressure-based continuity
equations simultaneously. The remaining equations are solved in the same fashion as in the

segregated algorithm.
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The main advantage of the coupled algorithm when compared to the segregated algorithm is
the rate of convergence (since the momentum and continuity equations are solved in a closely
coupled manner) and requiring fewer places for the storage [20, 21, 22].

Pressure—Based Segregated Algorithm Pressure—Based Coupled Algorithm

= Update properties = Update properties

Solve sequentially:
U, Y. W ‘

o Solve simultaneously:
systerm of momentum
and pressure—based
continuity eguations

Solve pressure—correction

{continuity) equation

! L

Update mass flux, Update mass flox
pressure, and velocity

| |

Solve energy, species, Solve energy, species,
turbulence, and other tarbulence, and other
scalar equations scalar equations

J ¥
No Converged? Yes No Converged? Yes @

Figure 5: Overview of the Pressure-Based Solution Methods
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2.4.2 Density-Based Solver

The density-based solver involves solving the governing equations simultaneously (the
continuity, the momentum and in appropriate cases, the energy and species transport coupling
together). Additional scalars are preferred to be solved subsequently due to the governing
equations being nonlinear (and coupled). The density-based method requires the linearization
of the discrete, non-linear equations resulting in a set of equations for the dependent variables
in all control volumes. The linear system is then solved to obtain an updated solution for the
flow field.

In density-based algorithm, several iterations of the solution loop must be performed before a

converged solution is obtained as illustrated in Figure 6 and outlined in steps below:

- Update properties

Solve continuity, momentur, energy, and

species equations simultaneously

L

Solve turbulence and other scalar equations

¥

No [ Converged? }L-

Figure 6: Overview of the Density-Based Solution Methods
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Step 1: The fluid properties are updated (e, g, density, viscosity, specific heat). For the first
iteration at the beginning of the solution procedure, the fluid properties will be
updated based on the initial solution.

Step 2: The momentum, continuity and also in appropriate cases, the energy and species
equations are solved simultaneously.

Step 3: The equations for additional scalars, such as the turbulent quantities, energy, species,
and radiation intensity, are solved using the current values of the solution variables if
they are involved in the problem.

Step 4: With a discrete phase trajectory calculation method, the source terms should be
updated while interphase coupling is to be involved.

Step 5: Check for the convergence of the solution, and if the convergence criteria are not met,

continue to Step 1.

2.4.3 Implicit and Explicit Iterative Methods

Although the steady-state forms of the governing equations are solved in this thesis, an
iterative method with a relaxation should be used to get converged solution due to non-linear
nature of the governing equations. Successive iterations may need to be performed similar to
solution of time dependent problems which will be explained in Section 3.1.5. Relaxation is

used to control the change in the solution variable ¢. Using a relaxation factor «, the

simplest relaxation formulation can be written as,

P=¢y TaAP (50)

where A¢ is the computed change in ¢.

Since the iterative methods with relaxation that are used to solve steady non-linear
conservation equations resembles the solution procedure for time dependent problems, the
concepts of implicit and explicit solvers are still valid. For example the simple relaxation

formula in (50) is called an explicit relaxation [19] if A¢ is calculated using the values from
last iteration (not from the current unknown values). In this case, the computed change A¢ is

simply added to the solution from the previous iteration.
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In the case of a implicit iteration process, A¢ is written in terms of the current unknown

values Ag=F (¢) and (50) becomes a nonlinear system of equations,

¢_¢o|d = F(¢) (51)

This system of equations is again solved iteratively due to non-linearities at each time level

(between each outer iterations for steady problems).
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CHAPTER 3

PRESSURE-BASED COUPLED FULLY IMPLICIT SOLVER

3.1 The Coupled Algorithm

Explicit treatments of the pressure gradient in the momentum equations and also the velocity
field in the continuity equation have a negative effect on convergence. The main object of the
coupled algorithm is to treat both terms in an implicit manner. This could be achieved by
coupling the momentum equations and the pressure equation through a set of coefficients
which represents the mutual influence of the continuity and momentum equations on the

pressure and the velocity fields, as detailed in following sections.

3.1.1 Discretization of Momentum Equation

The momentum conservation equations for steady, laminar, incompressible Newtonian fluid

flow are given by,
V-(pw)= V-(uVv)- V-(pl). (52)
Using the divergence theorem and integrating momentum equation over the control volume,

the diffusion and the convection terms can be transformed into surface integrals over the

control volume surface and can be written in the form of Eqn. (53):

$(pw), -ds=P(uvv), -ds-p,ds (53)

aQ

where Q is the control volume, 6Q is the bounding surface of the control volume and S is the

surface normal vector.
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The surface integrals in Egn. (53) can be written in the discretizated form for a control volume
represented by P as in Eqgn. (54):

Z (PW—uVV)-S; + Z Py Sy =bpQp (54)

f=nb(P) f =nb(P)

where index f defines the surface between P and the neighbouring control volumes.

The pressure gradient term in the semi-discretized momentum equation has been integrated

over the faces of the control volume. At each face, the pressure is evaluated by averaging
D, = Pe + Pe (55)

f 2

where index F denotes the neighbouring control volume to P.

3.1.1.1 Discretization of Diffusion Term in Momentum

Equation

The diffusion term (qu)f on the face f can be approximated as in Eqn. (56):

S.-S N S.-S
(uvu), S, =k #(uF —Up )+ 4, VU, ~[Sf - dPFJ (56)
t "Upe

where the first term on the right side is the main diffusion flux, the second term is the cross

diffusion flux, uis the velocity component in the x direction, V_uf is the velocity gradient,

d,. is the vector from cell centers of Pto Fand S, is the surface normal.

If d,o and S, is in the same direction, then the grid is called orthogonal and the cross

diffusion flux vanishes. The same approximation can be applied for the velocity in the y

direction below in Eqgn. (57):
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S-S,

V' .S, = -
(l‘l V)f f /uf Sf ‘dPF

_ S. .S
(VF _VP)+/uf va '(Sf _ﬁdPFJ (57)
f THPF

wherev is the velocity component in the y direction and V_\/f is the velocity gradient.

The velocity gradients Vu, and Vv, are the averages of the gradient values of the

neighbouring cell centres, calculated as in Eqgn. (58),

NaTE (VU)P + (VU)F

Vu, =—>2—~—-F
. 2 . (58)
— V) +(Vv
vvf — ( )P ( )F .
2

The cell gradient values in Eqn. (58) at the cell centres are calculated using Green-Gauss
method as described below:

1 1
(Vu)y =22 uSp, (W),=— > VS,

1P f=nb(P) ]pj f=nb(P) (59)
(VV)F = 5 Z Vfo ' (VU)F :Q_ z Ufo,

F f=nb(F) F f=nb(F)
where Q, and Q. denote the volumes of the cell P and the cell F, respectively.
The face velocities in the equations above are calculated as the averages of the neighbouring
cell centre values as follows:
L (W), (),

f 1

2 (60)

L W),
f
2
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3.1.1.2 Discretization of Convective Term in Momentum

Equation

The convective flux (pwv), -S, in Eqn. (54) can be written as in Eqn. (61)

(pw), -S; =v, m; (61)
where m, is the total mass flow over the face f

m, =(pv), -S;. (62)

The convective flux v, m, in Eqn. (61) is calculated using a simple up-winding scheme

operator 0], defined by

(63)

||mf,o||vf :{vp m,, m >0

vem,, m, <0

where v, the velocity at the control volume P and Vv_ is velocity at the neighbouring control
volume F. Mass flux m, over the face f is calculated in the previous iteration or time step

using Rhie-Chow interpolation method which will be explained in section 3.1.2.

3.1.1.3 Fully Discretized Form of Momentum Equation

Using the derived discrete form of the convective and diffusive terms of the momentum
equation (Eqn. (54)), fully discretized momentum equation in the x direction for velocity

component u is written as:

. S-S +
z ||mf'0||uf_ Z 'ufsf df (uF_uF’)+ z pFZpP'Sf:X:
f=nb(P) EzybEz(PP)) f " YpF fzr':le((;))
s s (64)
vu, S, ———"d
F:NZB(P)IUf f [ f S, dy, PF]

f=nb(P)
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where S, | is the component of face area normal vector S, in x direction. The cross diffusion

terms are treated as source term in the explicit form.

The fully discretized momentum equation in the y direction for the velocity component v can

be written in the similar way:

S-S, Pe + P
Z "mf,O"Vf - Z H (Ve =Vp )+ S, =
f=nb(P) F-NB(P) S;-d FNB(P) 2
) . (65)
=T
D> Vv, | S, (o

F=NB(P) f 'dPF
f=nb(P)

Now, collecting the common coefficients of the unknowns u,, u., p,, p- in Eqns. (64) and

(65) above, the following system of equations are obtained in Eqgn. (66):

S, S S.-S
oo 3 [Im ol St ¥ (1m0 S5 o

F=NB(P) F=NB(P)
f=nb(P) f=nb(P)
uu agu
ap
(66)
L5 15 )= v |s, -2
Z 791x Pe [t Pp Z (E f,x)_ Z Hi VU; - T g e
F=NB(P) w f=nb(P) F=NB(P) f " YPpF
f=nb(P) ag ——————  f=nb(P)

up
a

p
bg

This can be rewritten as,

uu up uu up —h
alu, +alp.+ Y afu.+ Y. afp.=b (67)
F=NB(P) F=NB(P)

The same procedure is applied in the y direction by collecting the common coefficients of the

unknowns v, Vg, pe, P and the following system of equations are obtained in Eqn. (68):
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F=NB(P) F=NB(P) d
f=nb(P) f=nb(P)
ay R
— S.-S
1 1 _ f f

Z Esf,x Pe |+ Pp z (Esf,y)— Z ,usVf ' Sf - d dPF
F=NB(P) . f=nb(P) F=NB(P) Sf' PF
f=nb(P) a? %,p—/ f=nb(P)

ap

This can be rewritten as

w vp w vp _ RV
v, +arp,+ Y. afve+ Y. afpg =hy.
F=NB(P) F=NB(P)

The final form of the discretized momentum equations is expressed as

u

uu p uu up — hY
alu, +alp,+ Y. afu+ Y aPfpg=bp,

F=NB(P) F=NB(P)
w vp w. vp _hY
v, +afp,+ > alve+ Y. afp.=hby,
F=NB(P) F=NB(P)

where the coefficients are given by

S.-S
w AW f f
a =ap = mf'OH_luf S .d.’
f=nb(P) [
S.-S
uu . f f
ap'= > |m0 Fh
F=NB(P) f "YPF
f=nb(P)
w uu
a =, ,
up _ 1
aF - Esf,x’
f=nb(P)
vp_ 1
ac = Esf,y'
f=nb(P)
up 1
a = ESf,x’
f=nb(P)
up _ 1
ap = Esf,y'
f=nb(P)
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F=NB(P) Sf 'dPF
f=nb(P) -
[ S.-S
br= > ﬂfv\/f.(sf—#dppﬂ. (71)
Foobtoy L T

3.1.2 Discretization of Continuity Equation

The continuity equation for the steady, laminar, incompressible Newtonian fluid flow is given

by,

V- (pv)=0. (72)

Using the divergence theorem and integrating over the control volume, the continuity

equation can be rewritten in the following conservation form:

gS(pv)f .dS=0. (73)

oQ

The surface integral in Eqn. (74) can be semi-discretized to get the form of the continuity

equation given by Eqgn. (75):

Z PeVe oS, =0. (75)

f=nb(P)

One way of writing the face velocities v, in Eqn. (75) above is the simple averaging of the

neighbouring cell centred values which is,

v, =YetVe (76)

This simple averaging of cell velocities leads to unphysical checker-boarding pattern of the

pressure values. This problem is a result of storing the pressure and velocity values in the
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same location on the solution grid. In this study Rhie-Chow Interpolation of face velocity is
used to avoid pressure checker-boarding [16].

For an interior face f, the interpolated velocity is written using Rhie-Chow interpolation as,

VetV Qp+Q
' 2 a, +a.

(VP = Vp,) (77)

where a, is an average value of the coefficients of a* anda;’, and a, is an average value

of the coefficients of a-' and a’ in Eqn. (78). The average values are
uu w T uu w T
ap:[ap’ap] N aF:[aF’aF] Ny (79)

where n, is the face unit normal vector. Q, and Q. are the volumes of the neighbouring

cells P and F, respectively.

The discrete form of the continuity equation and Rhie-Chow interpolation are combined to get
Eqn. (80),

Z P (W_D_f(fo _V_pf))'sf =0 (80)
f=nb(P)
where,
E _ VP + VF (81)
2
and
D, = ﬁ_ (82)
a, +a;

V_pf is calculated by averaging pressure gradient values at the cell centres neighbouring face

f in Eqgn. (83),
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v—pf:w, (83)

The cell gradient values of pressure are calculated using Green-Gauss method as described in

Eqn. (84),

(W= T pSi (D=5 T piS: 84

Q, Zar) F f=nb(F)

The face pressure gradient term Vp, in Eqn. (80) is defined as,

S-S,

vp, -S, =
PrSi =5 q

— Sf 'Sf
(pF - pp)"'fo : Sf _S—dPF (85)

where the first term on the right side is the main pressure diffusion term and the second term

is the cross diffusion correction term for non-orthogonal grids.

Eqn. (80) is rewritten in the following form,

__ 5.5 _
Z pf[_Df f f(pF_pP)J+ z pfvf'sf:

F=NB(P) Sf ‘dp;: F=NB(P)
f=nb(P) f=nb(P) (86)
=Y 5 (B98,)S, ¢ Y 4 (D0, ) s -2t |

F=NB(P) F=NB(P) Sf ‘dpp

f=nb(P) f=nb(P)

Collecting the common coefficients of the terms of p,, pg, U, Ug, Vs, V-, EQN. (86) can be

rewritten as in Eqn. (87),
ai’pp +ag U, +ad'V, + Z ar’ pe + Z at'u + Z af've =bg (87)

F=NB(P) F=NB(P) F=NB(P)

with coefficients as in Eqgn. (88),
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_ .S
aP= Y D aPs- Y oAl af= Y dps,,
Sf'dPF '

f Znb(P) F-NB(P) f Znb(P)
f—nb(P)

= S ipS A= Y ipS.. af— Y ips (@)
F = 2Pi9¢yr dp = 2 Pt9% x p = 2Pt 9¢

f=nb(P) F=NB(P) F=NB(P)

f —nb(P) f _nb(P)

b = D,Vp,)-S bvp )5 -5 g
p =— Z pf( f pf)‘ ¢t z pf( f pf)' £ P |

F=NB(P) F=NB(P) S -dye

f—nb(P) f —nb(P)

3.1.3 Coupled System of Equations

The discretized momentum and continuity equations in Eqgns. (70) and (87) are combined to
get a fully coupled system of equations for each control volume cell in the computational grid.

This system of equations for a control volume cell is written as,

a ay a’ ||up ar  ar ag ||ug by
vu w vp vu w vp _ \
ay ay aP v, |+ D laf ar af | v |=[b|. (89)
pu pv PP F=NP(P)| _ pu pv pp p
ap ap ap Pe ar a  a Pe bP

These set of equations can be assembled to get the equations for all computational cells over

the entire computational domain

A®=B. (90)

All variables (u, v, p) which are expressed in the set of equations above are now solved for
simultaneously. The continuity equation is now written in terms of the pressure rather than the

pressure correction.

The steps in the coupled algorithm can be listed as follows:

1. The latest available values of (m{™,u®™ v, p™) are the starting values.

2. The next step is assembling and solving the momentum and continuity equation for the new
values of (u, v, p).

3. Assemble m, using the modified Rhie—Chow interpolation. [25]

4. Solve all the other scalar equations in the order.

5. These steps will be repeated starting from step 2 until convergence.
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3.1.4 Boundary Conditions

The coupling between the governing equations and the boundary conditions plays the most
important role towards the success of the proposed algorithm in this thesis. The type of the
boundary conditions is determinative for the limitations that control volume may face. The
details of the commonly implied boundary conditions at wall, inlet and outlet of the domain

are described in the following sections [1].

3.1.4.1 The no-slip boundary condition

The no-slip boundary condition at a stationary wall should be defined on the domain in order

to solve the problem.

The wall shear stress can be calculated by Eqn. (91):

—. (91)

The tangential velocity v, in the equation is the magnitude of the velocity vector v, at the
interior grid point shown in Fig. 1(b), and the other velocity vector v, is normal to the wall.
These vectors are designated by v, (=u,i+Vv j ) on the cell P shown in Fig. 1(b). Here,
d
unit vector normal to the wall with n,=n, i+n, j=S,/S,, where S, =|S,| and

is the distance vector between the internal and boundary grid point, n, is the outward

Pw

(dp, -N,,) is the normal distance to the wall.

The shear force F, can be calculated by using

F =-7,S,. (92)
The tangential velocity vector v, is given by
VI = VP - (VP : nw) r-]w' (93)

The two dimensional form of the shear force can be written by combining Eqgns. (91) and (93)

as follows:
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F u,(l—=n? )=v,n, . n
F =|: s,x:|=_ IUSW P( ;/x) P w,x " w,y i (94)
dg, N, | Ve@—ng,)-usn, N

WX W,y

The coefficients now can be defined in a form which includes the wall shear stress:

S
ad —al + 2 _(1n2 ),

d,, -n,
S
ay =ay + - F>(1-n}, ),
d,-n Y
pws " (95)
w uw H
ap =ap _d - W, X nw,y'
pw'nw
vu vu lLlS
a'P _aP _d—W W, X nw,y'
pw'nw

Mass flow rate is zero at the wall boundary which means no modification can be applied for
the pressure equations and its coefficients remain unchanged. The pressure at the wall can be
extrapolated from the pressure at the main grid point by using a zero order profile to yield
Eqn. (96):

P = Pp (96)

and the reflection of the participation to momentum equation can be written in the form:

a =ay +S
" (97)
a@ =ag +S,,,

where S, =S, ,i+S, ].

3.1.4.2 Inlet boundary conditions

The pressure and the velocity can be specified at the inlet when solving for an incompressible
flow field.
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3.1.4.2.1 Specified static pressure

The calculation of the flux on a boundary face gives the function which is identical with the
control volume and the boundary face itself. On the other hand when the flux is calculated at
interior control volume face, the flux is a function of the two control volumes sharing the
same interior face. The corresponding boundary flux can be calculated and moved to the
source term if the value of the dependent variable is specified. If the static pressure is
specified at the inlet which means that the pressure is known but velocity and velocity
direction are not known, then the velocity can be calculated by interpolation while the

velocity direction has to be specified.

The modified coefficients of the momentum equations at the inlet boundary are defined in
Eqn. (98):

ay =ap' +|m, 0+ u—"—,

dpi'si
ay =al +| mi,0||+ﬂd5;i-'s; :
S .S (98)
b; :b; +(#VU'T)i "{” mi10"+:u¥:|ui - piSix’
dpi'Si '

pi i

b =b! + (uVv-T) {" rhi,0||+yji Sé }vi b,

The coefficients are written in the form in Eqn. (98) by the help of splitting the surface vector
S into two components E and T (i.e. S = E+T), with E being aligned with the distance vector
and T normal to the S vector (Fig. 1(c)) [1].

The modified coefficients of the pressure equation are given in Egn. (99). Now velocity is

extrapolated from the closest control volume and the pressure gradient term is obtained using

the known inlet pressure value considered explicitly for the pressure equation [1]:
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al =a +pS

al’ =a +pS, ,,
D.S)-S,
s —ap 4 (D)8,

S a (99)

02 =p DR T+p 00 5 B s

i pi

Where the averaged values 5, , V_pi are equal to cell center values of the boundary cells.

3.1.4.2.2 Specified velocity

The convection term can be used explicitly because the velocity is specified at the inlet. A
source term appears due to the involvement of the stress term and it effects the coefficients of
the interior control volume and the boundary itself. The pressure is extrapolated from the
interior as it is mentioned for the case of the wall conditions for the pressure gradient term in
the momentum equations. Now, the coefficients for the momentum equations at the inlet is

defined as in Eqgn. (100) as a result of these considerations [1].

uu uu - Si'Si

a)' =ap +||mi,0||+/4Olpi S
ay =al +| rr'1i,0||+ﬂoi;-.sSii :
agp =a;p +Si,x'
a@ =ag +S;
al' =al + .S}, (190)
ay’ =al’ +p,Sl,
b =bY + (uVu - T), +{||rhi,0||+/¢ 55, }ui,

dpi'Si

i'Si

b =b! + (4Vv-T), {"mi,o"ﬂ, > }vi.
dpi'si
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3.1.4.3 Outlet boundary condition

The outlet boundary boundary condition can be defined as a specified value for static
pressure. The coefficients are similar to which are detailed for inlet boundary conditions with
Egns. (98) and (99) [1].

3.1.5 False Transient Time Stepping for Under-relaxation of

Equations

False time step relaxation method modifies the finite-volume equations by adding an
additional, pseudo-transient term which is defined as the false time step At . This false time
step value can make the additional term small (light/loose relaxation) when it is big and a
small value makes the additional term large (heavy/tight relaxation). This method changes the

momentum equation to a new form in Egn. (101):

uu (pPVP ) uv up uv uv uv _
(ap + jup+apvp+ap Pet . afu.+ Y afve+ Y aip =

At F=NB(P) F=NB(P) F=NB(P)

(101)

w (pPVP) vu vp uv vu vp
(ap Jr—)vpﬁtap Up +aPpe+ > aVe+ > afu-+ > afp:

At F=NB(P) F=NB(P) F=NB(P)

bY +(pPVPuP)O
i At

where V is the volume of the specified cell. It should be noted that the single underlined
terms in Eqgn. (101) represent the pressure gradient in its implicit form; while the double
underlined terms account for the velocity component interactions with their values being zero

except at wall boundaries.
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CHAPTER 4

TEST CASES

4.1 Flow Over a Circular Bump
4.1.1 First Circular Bump Test Case

In this test case, flow over a circular bump, having 3 meters of length in x direction and a
maximum height of 0,3 meters in y direction, in a 2D channel with the dimensions of
x=15m and y=3m is considered. The fluid properties of air are used with density and
viscosity values of 1.225 kg/m® and 1.7894 kg /ms, respectively. The geometry and mesh

structure is given in Figure 7.

Figure 7: Mesh structure for first circular bump test case

Air enters the channel at 10 m/s and exit is given as pressure outlet. The results are

compared with the coupled solver of FLUENT code.
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The convergence is controlled with the following formulation,

¢In+1 _ ¢In

RES(¢) = :
@) max[ 7

] (102)

where i denotes the cell number and n is the iteration number. In this test case with a false
transient time step of 1.0, residuals reach to a value of 10° at below 100 iterations and

continue to decrease. FLUENT solver couldn’t reach to the value below 10 and stalled at
these values. The results are compared in Figure 8, Figure 9 and Figure 10. The two results
are in good agreement.

In each figure below, the top plot is from the code developed in this thesis and the other is the
result from FLUENT coupled solver.

x Velocity
4.00 4.z|10 4[.8[‘3 5.20 5<|59 6.00

||| | 1I_II||I||;IIIM

3.82 6.28

Figure 8: The contours plot of x velocity.
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y Velocity
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Figure 9: The contours plot of y velocity.

Pressure
—|8.0[[) -4.00 0.000

4.00
| | ]| Y

9.73 6.48

Figure 10: The contours plot of pressure.
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4.1.2 Second Circular Bump Test Case

In this test case, flow over a circular bump, having 3 meters of length in x direction and a
maximum height of 0.7 meters in y direction, in a 2D channel with the dimensions of
x=15m and y=3m is considered. The fluid properties of air are used with density and
viscosity values of 1.225 kg / m® and 1.7894 kg/ms, respectively. The geometry and mesh
structure is given in Figure 11. Air enters the channel at 10 m/s and exit is given as pressure

outlet. The results are compared with the coupled solver of FLUENT code. The convergence

is controlled as in Eqgn. (102).

Y
A

S X

Figure 11: Mesh structure for the second circular bump test case.

In each figure below, the top plot is from the code developed in this thesis and the other is the
result from FLUENT coupled solver.

X Velocity
5I 7.5 o 10 T I1‘2.5
4 14.5

Figure 12: The contours plot of x velocity.
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y Velocity

Figure 13: The contours plot of y velocity.

PRESSURE

/500 -50.00 -25.00 0.0000 25.00

LLLI III‘lIv_I_,.Il |

-97.95 38.95

<
i

Figure 14: The contours plot of pressure.

In this test case with a false transient time step of 1.0, residuals reach to a value of 10° at
below 400 iterations and continue to decrease. FLUENT solver couldn’t reach values below
107 and stalled at these values. The results are compared in Figure 12, Figure 13 and Figure

14. The two results are in good agreement.
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4.2 Step Test Case

In this test case, flow over a down step is considered. The geometry and the mesh structure of
this problem are given in Figure 15. The solution grid consists fully of triangle elements. The
convergence of the case is tested as given in Egn. (102).

> X

Figure 15: Grid structure for step test case.

Air enters the channel with speed of 1 m/s and exits from pressure outlet boundary. This
problem converges below 60 iterations with false time step of 0.7. Ccontinuity residuals from

FLUENT code do not get below the value of 10 Results are given in Figure 16, Figure 17
and Figure 18. They are in very good agreement.

x Velocity
-0.250 ?.OOO 0.250 0.500

0.750 1.00
i. Ll LLE | [WRRENER l |
l 02
1.09

-0.455

Figure 16: The contours plot of x velocity.

In each figure below, the top plot is from the code developed in this thesis and the other is the
result from FLUENT coupled solver.
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y Velocity
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Figure 17: The contours plot of y velocity.

Pressure
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Figure 18: The contours plot of pressure.
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4.3 Cavity Test Case

In this test case, air enters with a speed of 2 m/s into 2D channel with the dimensions of

x =20 meters and y =1 meter, and in the middle of the channel there is a cavity of 2 meters

long and 2 meters in depth. Outlet of the channel is modelled as pressure outlet again. The

geometry and mesh of the test case are given in Figure 19.

The convergence of the case is tested as given in Eqn. (102). All the residuals reached below

10° again after 100 iterations. FLUENT coupled solver stalled around 10°°. The results are

given in Figure 20, Figure 21 and Figure 22.

Y

Figure 19: Mesh structure for cavity test case.

In each figure below, the top plot is from the code developed in this thesis and the other is the

result from FLUENT coupled solver.

x Velocity
0.000 | P\'doq []]]] O\'SDD [ 1]l |1‘.2|c|3 L1111 |1'6c\) Z00
e - ' om

-0.188 2.01

Figure 20: The contours plot of x velocity.
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y Velocity
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Figure 21: The contours plot of y velocity.
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Figure 22: The contours plot of pressure.



4.4 Driven Cavity Test Case

In this test case, the fluid motion in the cavity is driven by the shear forces due to the moving

wall boundary condition at the top of the cavity. The top face of the 1x1 meter cavity is
moving at V m/s speed given as in Figure 23 where the fluid density is taken as 1 kg/m3 and

viscosity 0.001 Pa s. The reference data for this case is from Ghia [26] which provides tabular

solution data for comparison.

Y

-

Figure 23: Geometry for driven cavity test case.

4.4.1 High Reynolds Driven Cavity Test Case

The top face of the 1x1 meter cavity is moving at 1 m/s speed and Reynolds number is 1000.

X Velocity

Figure 24: The contours plot of x velocity.
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Figure 25: The streamline of the velocity
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Figure 26: The comprasion of x velocity with Ghia [26].
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The convergence of the case is tested as given as in Eqn. (102). All the residuals reached

below 10°° again after 100 iterations.

The test case is solved with 50 x 50, 100 x 100, 150 x 150, 300 x 300 and 400 x 400 grid
resolutions. The result with the 400 x 400 grid resolution is matched exactly with the solution
given in [26] as shown in Figure 26. The contours plot of x velocity is given in Figure 24 for

400 x 400 grid resolution case.

4.4.2 Low Reynolds Driven Cavity Test Case

The top face of the 1x1 meter cavity is moving at 0,1 m/s speed and Reynolds number is 100.

The convergence of the case is tested as in Eq.(102). All the residuals reached below 10°°
again after 100 iterations. The result with the 400 x 400 grid resolution is matched exactly
with the solution in [26] as shown in Figure 28. The contours plot of x velocity is given in
Figure 27 for 400 x 400 grid resolution of the test case.

X Velocity
0.00 0025 0.050 0075
[HENEN IJ‘U;‘L‘J‘:‘%T‘ ol IIIIII#‘LUH
-0.024 0.099

Figure 27: The contours plot of x velocity.
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Figure 28: The comparison of x velocity with Ghia [26].
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CHAPTER 5

CONCLUSIONS

The fully implicit coupled pressure-based method is one of the most important improvement
in the pressure-based algorithms over the past 20-30 years. This coupled solver delivers
lower run times in the range between 10 and 100 times. One of the important work on this
method and the main source of this thesis is the work by Darwish, Sraf & Moukalled in 2009
[1]. This thesis is mainly based on the implementation of this algorithm developed in [1].
There are some differences between the equations presented in [1] and those derived in this

thesis. The correct forms of the disretized equations are presented in this thesis.

The power of the scheme comes from the full implicitness of the derived system of equations.
In the case of orthogonal grids, the only term on the right hand side of the equations is a
pressure gradient term for correction of velocity difference equations. In the case of non-
orthogonal grids, there are some cross diffusion correction terms on the right hand side of the

equations which are not easy to discretize.

5.1 Recommendations and Future Work

This fully implicit algorithm even without a multigrid solver is very efficient and converges
very quickly. However, better linear solvers with multi-grid capabilities will even improve the

current convergence behavior.

Another possible improvement (generalization) on the scheme would be adding compressible
flow solving capabilities. Currently there is no supersonic compressible implementation of
this scheme and compressible pressure based coupled fully implicit solver would be very

important as future work in CFD field.

The extension of this method to three dimensional geometries is straightforward and can

easily be implemented in the current code framework developed for this thesis.
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APPENDIX 1

ASSESMENT OF THE ALGORITHM IN CMPS CODE
INFRASTRUCTURE

The methods explained in this thesis are coded on the object oriented code structure of the
CMPS software developed by Bora Kalpakli. The code structure provides an easy to use
unstructured coding environment especially for CFD studies. The code base provides the user
with ready data structures and solution variables like gradients and allow the change in the

current algorithm without damaging the previous version.

In order to add a new implicit solver to the code, user should start with adding the new
algorithm by filling the following lines in the solver part of the code. User should put the
available functions in the "for" loop proper to the studied algorithm. Then user will change
the code in the provided functions (in fact the original code in these functions will not change

but the new code will be chosen at run time).

case PRESSURE_BASED_COUPLED:

{

// Create a new equtaion solver

pEgqSolver = new CEqSolver(pDomain, pGui);

// Update solution of Ax=b with the current solution variables

pEgSolver->Update_x(0);

for ( itNumber = ©@; itNumber < maximumIteration; itNumber++ )

{
// Cunstruct matrix A and vector b in Ax=b
pEgSolver->ConstructMatrix2D();
// Solve the equation Ax=b with one of the availabale
// solvers
//pEqSolver->GaussSeidel();
pEgSolver->GMRES();
UpdateCellPropertiesPressureBased(pDomain);
pEgSolver->Update_x(0);
CalculateVelocityAndPressureGradient2D(pDomain);
CalculateFaceMassFlow(pDomain);

}

delete pEgSolver;

}
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break;

The algorithm given above follows the following steps:

1. Construct matrix A and source vector B with the currently available solution variables.
2. Solve the AX =B for X using one of the methods available (Gauss-Seidel or GMRES).
3. Calculate required gradients of velocity and pressure values then calculate mass fluxes.

4. Return to 1 until convergence criteria is satisfied.

To fill the required functions, CMPS again provides some macros and methods. For example
to loop over all the cells and their faces in the fluid domains, the part of code below is

sufficient. This loop is used to calculate coefficients in the matrix A and vector B.

// Calculate momentum equation coefficients ------------------

ZONE_LOOP (zone, pDomain) // Loop on zones of the solution domain

{
if ( pDomain->zones[zone].BCType == FLUID )

{
CELL_LOOP(cell, zone, pDomain)

{
cell P = &pDomain->cells[cell];

// Loop on cell faces
for ( face = @; face < cell P->numOfFaces; face++ )
{

pFace = cell P->faces[face];

cell F = cell_F = pFace->c1;

// Calculate coefficients (a_F_uu,..) for neighbor cells and
a_F_uu = MAX(-pFace->mass_flow, 0) + ...... 5

// Update A matrix. Such as,
A[cell][cell f->index] = a_F_uu;

// Update coefficients (a_P_uu, ..) for the cell

¥
// Update A matrix. Such as,

Alcell][cell + 2] = a_P_up;
b[cell + 1] = b_P_v;
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To get variables such as velocity components,

u
\"

cell P->cellPropertiesPD[phase].velocity[0];
cell P->cellPropertiesPD[phase].velocity[1];

Velocity gradient,

du[@] = cell P->cellPropertiesPD[phase].gradXVelocity[@];
du[1] = cell P->cellPropertiesPD[phase].gradXVelocity[1];
(also cell P->cellPropertiesPD[phase].gradPressure)

Geometric variables,
S, S,

= cell P->Sf by D pf[face];
Sf 'dPF

a_f = pFace->area;
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