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ABSTRACT

COVARIANT SYMPLECTIC STRUCTURE AND CONSERVED CHARGES OF NEW
MASSIVE GRAVITY

Alkaç, Gökhan

M.S., Department of Physics

Supervisor : Prof. Dr. Bahtiyar Özgür SARIOĞLU

August 2012, 79 pages

We show that the symplectic current obtained from the boundary term, which arises in the first

variation of a local diffeomorphism invariant action, is covariantly conserved for any gravity

theory described by that action. Therefore, a Poincaré invariant two-form can be constructed

on the phase space, which is shown to be closed without reference to a specific theory. Finally,

we show that one can obtain a charge expression for gravity theories in various dimensions,

which plays the role of the Abbott-Deser-Tekin charge for spacetimes with nonconstant cur-

vature backgrounds, by using the diffeomorphism invariance of the symplectic two-form. As

an example, we calculate the conserved charges of some solutions of new massive gravity and

compare the results with previous works.

Keywords: symplectic two-form, conserved charges
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ÖZ

NEW MASSIVE GRAVITY TEORİSİNİN KOVARYANT SİMPLEKTİK YAPISI VE
KORUNAN YÜKLERİ

Alkaç, Gökhan

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi : Prof. Dr. Bahtiyar Özgür SARIOĞLU

Ağustos 2012, 79 sayfa

Lokal ve difeomorfizmler altında değişmez olan bir eylemin birinci varyasyonunda beliren

sınır teriminden elde edilen simplektik akımın, bu tür bir eyleme sahip herhangi bir kütleçekimi

kuramı için kovaryant biçimde korunduğu gösterildi. Bu sayede Poincaré dönüşümleri altında

değişmez olacak biçimde faz uzayında tanımlanabilen simplektik iki-formun kapalı olduğu

belli bir kurama bağlı kalmaksızın ispatlandı. Ayrıca, simplektik iki-formun difeomorfizm-

ler altındaki değişmezliği kullanılarak korunan yükler için bir ifade elde edilebileceği ve

bu ifadenin eğriliği sabit olmayan arka-plana sahip uzay-zamanlar için Abbott-Deser-Tekin

(ADT) yüküne denk olduğu gösterildi. Son olarak, New Massive Gravity kuramının bazı

çözümleri için korunan yükler hesaplandı ve daha önceki çalışmalarla karşılaştırıldı.

Anahtar Kelimeler: simplektik iki-form, korunan yükler
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CHAPTER 1

INTRODUCTION

In canonical formulation of gravity theories one faces a major obstacle at the very beginning.

The definition of momenta, which seems to be needed in order to construct the phase space of

the theory, requires an explicit choice of time coordinate. The Arnowitt-Deser-Misner (ADM)

formalism of General Relativity [1] is an important example, where spacetime is decomposed

into spacelike hypersurfaces parametrized by the time coordinate. The induced metric of the

spacelike hypersurface and its conjugate momentum are used as dynamical variables to put

field equations into the canonical form. Moreover, the Hamiltonian of General Relativity

obtained through this way can be used to calculate the conserved charges. Doing the same for

higher curvature theories is obviously much harder to perform.

In this thesis, we attack this problem in a different way. It was shown in [2, 3, 4] that it is

possible to construct the phase space from the solutions of the classical equations instead of

choosing coordinates and momenta. The symplectic two-form defined on the phase space

contains all the relevant properties of the phase space in an invariant manner, which can be

used for the geometric quantization of the theory under consideration. What is more im-

portant for our purposes is that the diffeomorphism invariance of the symplectic two-form

leads to a closed expression for the conserved charges of solutions of the theory, when the

diffeomorphisms are restricted to be the isometries of the background spacetime. The most

important result proved in this work is that the conserved charges obtained through this pro-

cedure is equivalent to the Abbott-Deser-Tekin (ADT) [5, 6, 7] charge definition for quadratic

curvature gravity theories on constant curvature backgrounds.

Computation of conserved charges by employing this procedure was first given for Topolog-

ically Massive Gravity (TMG) [8] in [9]. Here, we will work on a three-dimensional gravity
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theory, called New Massive Gravity (NMG) [10, 11], which is obtained by the addition of a

particular higher curvature term (αR2 + βR2
ab with 8α + 3β = 0) to the usual Einstein-Hilbert

action. This combination makes the theory tree-level unitary [12] but not renormalizable

[13]. It is a valuable model for us to study because of its interesting solutions with AdS3 and

arbitrary backgrounds.

The organization of this thesis is as follows: Chapter 2 starts with the definition of the funda-

mental objects on the phase space and the construction of the symplectic two-form for a scalar

field theory. Then, the symplectic structure of General Relativity is constructed. The main

novelty here is that the diffeomorphism invariance of the symplectic two-form can be estab-

lished, which is also related to the conserved charges. In Chapter 3, we consider a generic

local gravity action and some general remarks about the procedure are made. Chapter 4 is

devoted to the study of theories arising from the action

I =

∫
dDx

√
|g|

(1
κ

(R + 2Λ0) + αR2 + βR2
ab

)
.

Finally, the energy and angular momentum of some solutions of NMG are computed in Chap-

ter 5 using the formulas derived in the previous one.

The results of this thesis has already been published in [14]. Chapter 2 is included to discuss

the basic ideas from previous works better and all the other chapters are mainly based on [14].

Conventions used throughout are: The signature of the metric is (−,+, · · · ,+). The Riemann

tensor is defined through [∇a,∇b]Vc = Rabc
dVd and Rab = Rc

acb. For the symmetrization

and antisymmetrization of tensors, the factors and signs are chosen so that, e.g. T(ab) ≡

1
2 (Tab + Tba), T[ab] ≡

1
2 (Tab − Tba).
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CHAPTER 2

CONSTRUCTION OF THE SYMPLECTIC TWO-FORM AND

ITS RELATION TO CONSERVED CHARGES

At first glance, it might seem impossible to develop the canonical formulation of a geomet-

rical theory because manifest Poincaré invariance is lost by the choice of an explicit time

coordinate, which is necessary to define momenta conjugate to coordinates. However, it was

shown in [2, 3, 4] that one can construct phase space without defining the momenta and there-

fore the canonical formulation can be developed in a way that preserves Poincaré invariance

manifestly. To demonstrate the basic ideas, we start with a very simple case, i.e. a scalar field

theory . In what follows, we will employ the construction and notation of [3].

2.1 Scalar Field Theory

For a theory with N degrees of freedom, one can introduce coordinates qi and momenta pi,

where i = 1, . . . ,N. As is well known, the Poisson bracket of any two functions A(q, p) and

B(q, p) is defined by

[A, B] =
∂A
∂pi

∂B
∂qi −

∂A
∂qi

∂B
∂pi

. (2.1)

A two-form on the phase space can be defined as

ω = dpi ∧ dqi. (2.2)

When qiand pi are combined in a new variable QI (where I = 1, . . . , 2N and Qi = pi for

i ≤ N, Qi = qi−N for i > N), ω can also be written as

ω =
1
2
ωIJ dQI ∧ dQJ . (2.3)
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The components of ω can be seen as an antisymmetric 2N × 2N matrix ωIJ with the only

non-vanishing elements given by ωi,i+N = −ωi+N,i = 1. This matrix is invertible, and the

Poisson bracket of the functions A(Q) and B(Q) can be written using its inverse ωIJ:

[A, B] = ωIJ ∂A
∂QI

∂B
∂QJ . (2.4)

It is easy to see that (2.1) and (2.4) coincide. The advantage of using the definitions (2.3) and

(2.4) is that it allows one to describe the fundamental features of ω in an invariant way.

ω is a two-form on the phase space Z of the theory under consideration with coordinates ps

and qs. It is closed

dω =
1
2
∂KωIJ dQK ∧ dQI ∧ dQJ = 0, (2.5)

since its components are all constant. It is also non-degenerate, i.e. the matrix ωIJ(z) is

invertible at each point z ∈ Z. However, the converse is more important for our purposes.

Let ω be any two-form on the phase space Z of a classical theory. Darboux’s theorem states

that if ω is closed (dω = 0) and non-degenerate, it is possible to introduce local coordinates

on Z such that ω can be put in the form (2.2). A non-degenerate closed two-form on Z is

called a symplectic two-form. In order to obtain the canonical formulation of a theory, one

can simply construct a symplectic two-form on the classical phase space of the theory ,instead

of choosing ps and qs, because it includes all the essential properties of the phase space.

Now, the problem is to find a new way to construct the phase space, which can be achieved

by making use of the fact that classical solutions of a physical theory are in one-to-one cor-

respondence with the initial values of ps and qs. We define our phase space as the space of

solutions of the classical equations of motion to maintain the covariance. One can always pick

a coordinate system and work with the ps and qs with their initial values corresponding to the

classical solutions but there is no need to do this and to destroy the manifestation of Poincaré

invariance.

For the construction of the symplectic two-form on this phase space Z, we first need to discuss

the fundamental objects on Z, which are functions, tangent vectors and differential forms.

Exterior derivatives on Z must also be defined to obtain the differential forms of rank higher

than 1. Let us consider a scalar field theory derived from the following action

S =

∫
dDx

(
1
2
∂aφ ∂

aφ − V(φ)
)
, (2.6)

4



whose first variation gives

δS = −

∫
dDx

(
�φ + V ′(φ)

)
δφ +

∫
dDx ∂a(∂aφ δφ︸ ︷︷ ︸

Λa

), (2.7)

where � ≡ ∂a∂
a and V ′(φ) = dV

dφ . Therefore, the field equations are

�φ + V ′(φ) = 0, (2.8)

and a point in Z is a solution of the classical equations (2.8).

In order to define functions on Z, consider a function φ, which is a solution of (2.8). When it

is evaluated at a spacetime point x, the result is a real number φ(x). We can define a function

on Z, denoted by φ(x), as the mapping from the function φ to the number φ(x).

For the tangent vectors at a point on Z, we consider a small variation in φ. If φ̃ = φ + δφ

preserves the field equations (2.8) to the first order in the variation, δφ is a vector at the point

φ on Z. Therefore, vectors are the solutions of

[
� + V ′′(φ)

]
δφ = 0. (2.9)

A one-form on Z maps a solution δφ of (2.8) into δφ(x), the number obtained by evaluating

δφ at a spacetime point x. One can generalize this to define p-forms as “wedge functions” of

the one-forms δφ(x)

Ω =

∫
dx1 · · · dxp Θ(x1, · · · , xp) δφ(x1) ∧ · · · ∧ δφ(xp), (2.10)

where Θ(x1, · · · , xp) is a zero-form, a function of p-tuple of spacetime points x1, · · · , xp. The

last term in (2.10) is the wedge product of one-forms δφ(xi), which is anti-commuting as usual

δφ(x1) ∧ δφ(x2) = − δφ(x2) ∧ δφ(x1). (2.11)

We use the following exterior derivative operator which maps p-forms to (p + 1)-forms

δΩ =

∫
dxp+1 dx1 · · · dxp

δΘ(x1, · · · , xp)
δφ(xp+1)

δφ(xp+1) ∧ δφ(x1) ∧ · · · ∧ δφ(xp), (2.12)

where δΘ(x1,··· ,xp)
δφ(xp+1) is the functional derivative of Θ with respect to δφ(x). Note that the exterior

derivative of (2.12) is

δ2Ω =

∫
dxp+2 dxp+1 dx1 · · · dxp

δ2Θ(x1, · · · , xp)
δφ(xp+2)δφ(xp+1)

δφ(xp+2) ∧ δφ(xp+1) ∧ δφ(x1) ∧ · · · ∧ δφ(xp) = 0,

= 0 (2.13)

5



since the functional derivative is symmetric and the wedge product is anti-symmetric in

δφ(xp+1) and δφ(xp+2), and thus this operator obeys the Poincaré lemma (δ2 = 0). The exterior

derivative of the wedge product of a p-form A and q-form B is

δ(A ∧ B) = δA ∧ B + (−1)pA ∧ δB, (2.14)

since the operator moves through p one-forms and each gives a factor of −1. Thus, it also

obeys the (modified) Leibniz rule and can be safely used as an exterior derivative operator on

the phase space Z.

Now, we are ready to define a symplectic two-form using the “symplectic current” obtained

from the boundary term in the first variation of the action (2.7)

Ja = −δΛa = δφ ∧ ∂aδφ. (2.15)

It is easy to show that Ja is conserved in its spacetime dependence

∂aJa = ∂aδφ ∧ ∂
aδφ + δφ ∧�δφ = 0. (2.16)

The first term in (2.16) vanishes by the anticommutation of wedge products

∂aδφ ∧ ∂
aδφ = ηab∂aδφ ∧ ∂bδφ = ∂aδφ ∧ ∂aδφ = −∂aδφ ∧ ∂

aδφ = 0. (2.17)

For the second term in (2.16), one should also use (2.9)

δφ ∧�δφ = −V ′′(φ) δφ ∧ δφ = V ′′(φ) δφ ∧ δφ = 0. (2.18)

Since Ja is a conserved current on the spacetime manifold, its integral over a spacelike hyper-

surface Σ is independent of the choice of Σ and is Poincaré invariant

ω =

∫
Σ

dΣa Ja =

∫
dΣa δφ ∧ ∂

aδφ. (2.19)

In order to prove this, we consider the integral of a covariantly conserved vector over a space-

time with the metric gab, where the integration over the Minkowski spacetime is a special

case ∫
dDx

√
|g| ∇aJa =

∮
Σ
′
dΣaJa = 0. (2.20)

Here Σ
′

is any closed hypersurface. Choosing Σ
′

as the composition of two spacelike hyper-

surfaces Σ1 and Σ2, which extend to infinity, and a (D − 1)-cylinder at infinity, on which Ja

vanishes, leads to ∫
Σ1

dΣaJa +

∫
Σ2

dΣaJa = 0. (2.21)

6



Since we have used Stokes’ theorem in (2.20), the normal vector of Σ1 is past directing and

that of Σ2 is future directing (outward normal vectors of Σ
′

). Using the future directing normal

vectors for both changes the sign of the integration over Σ1 and we have∫
Σ1

dΣaJa =

∫
Σ2

dΣaJa. (2.22)

Therefore, the result of this integration is independent of the choice of the hypersurface over

which the integration is performed and it is also Poincaré invariant.

Note also that ω is closed as a result of the Poincaré lemma

δω =

∫
Σ

dΣa δ
2φ ∧ ∂aδφ + δφ ∧ ∂aδ2φ = 0. (2.23)

Choosing Σ as the surface defined by t = 0 with a normal vector na = δa
t gives

ω =

∫
Σ

dΣa Ja =

∫
Σ

d3x naδφ ∧ ∂
aδφ =

∫
Σ

d3x naδφ ∧ ∂aδφ

=

∫
Σ

d3x δφ ∧ δφ̇, (2.24)

where φ̇ ≡ ∂φ
∂t . This expression coincides with the standard definition (2.2) of the symplectic

two-form (apart from a minus sign). Therefore, we conclude that ω in (2.19) is the symplectic

two-form of the scalar field theory given by the action (2.6). Our next aim is to apply the same

procedure to General Relativity.

2.2 General Relativity

In this section, we follow closely [3] and expand the computation given there to find the

symplectic two-form of General Relativity. We start with the Einstein-Hilbert action

S =

∫
dDx

√
|g|R, (2.25)

and its first variation

δS =

∫
dDx

√
|g|

(
Rab −

1
2

gabR
)
δgab +

∫
dDx

√
|g| ∂a(

√
|g|gbcδΓa

bc −
√
|g|gabδΓc

bc). (2.26)

The field equations and the boundary term read

Gab = Rab −
1
2

gabR = 0⇒ Rab = 0,

Λa =
√
|g|gbcδΓa

bc −
√
|g|gabδΓc

bc. (2.27)
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This time, the symplectic current is given by

Ja = −
δΛa√
|g|

= δΓa
bc ∧ (δgbc +

1
2

gbc δ ln |g|) − δΓc
bc ∧ (δgab +

1
2

gab δ ln |g|), (2.28)

where δ ln |g| = gabδgab = −gabδgab and

δΓa
bc =

1
2

gad(∇bδgcd + ∇cδgbd − ∇dδgbc). (2.29)

We need to compute the covariant divergence of this current and show that . The terms with

δ ln |g| are

A =
1
2

gbc ∇aδΓ
a
bc ∧ δ ln |g|︸                     ︷︷                     ︸

X

+
1
2

gbc δΓa
bc ∧ ∇aδ ln |g|︸                     ︷︷                     ︸

B

−
1
2

gab ∇aδΓ
c
bc ∧ δ ln |g|︸                     ︷︷                     ︸

C

−
1
2

gab δΓc
bc ∧ ∇aδ ln |g|︸                     ︷︷                     ︸

D

. (2.30)

From (2.29) we obtain

δΓa
ba =

1
2

gad(∇bδgad + ∇aδgbd − ∇dδgba) =
1
2

gad ∇bδgad

=
1
2
∇bδ ln |g|. (2.31)

Using this we can write

B = gbc δΓa
bc ∧ δΓ

d
ad,

D = −gab δΓc
bc ∧ δΓ

d
ad = 0. (2.32)

The term C can be written with the help of δRab = ∇cδΓ
c
ab − ∇aδΓ

c
bc as

C = −
1
2

gab(∇cδΓ
c
ab − δRab) ∧ δ ln |g|

= −
1
2

gab ∇cδΓ
c
ab ∧ δ ln |g|︸                     ︷︷                     ︸
X

+
1
2

gab δRab ∧ δ ln |g|. (2.33)

Terms X cancel each other and we get

A = gbc δΓa
bc ∧ δΓ

d
ad +

1
2

gab δRab ∧ δ ln |g|. (2.34)

The terms that do not contain the factor δ ln |g| are

E = ∇aδΓ
a
bc ∧ δg

bc︸            ︷︷            ︸
X

+ δΓa
bc ∧ ∇aδgbc︸            ︷︷            ︸

F

+∇aδΓ
c
bc ∧ δg

ab︸            ︷︷            ︸
G

+ δΓc
bc ∧ ∇aδgab︸            ︷︷            ︸

H

. (2.35)
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For the terms F and H, we need a relation between the covariant derivative of the inverse

metric and the variation of the Christoffel symbols. We first write (2.29) as

2gae δΓ
a
bc = ∇bδgce + ∇cδgbe − ∇eδgbc,

2gac δΓ
a
be = ∇bδgec + ∇eδgbc − ∇cδgbe, (2.36)

which together yield

∇bδgec = gae δΓ
a
bc + gac δΓ

a
be,

ge f gch ∇bδgec = ge f gch
(
gae δΓ

a
bc + gac δΓ

a
be

)
,

−∇bδg f h = gch δΓ
f
bc + gc f δΓh

bc. (2.37)

The desired relations can be written as

∇aδgbc = −gdb δΓc
ad − gdc δΓb

ad,

∇aδgab = −gdb δΓa
ad − gda δΓb

ad. (2.38)

Thus, we find that

F = −gdb δΓa
bc ∧ δΓ

c
ad − gdc δΓa

bc ∧ δΓ
d
ad = 0

H = gdb δΓc
bc ∧ δΓ

a
ad︸              ︷︷              ︸

=0

+gda δΓc
bc ∧ δΓ

b
ad = gda δΓc

bc ∧ δΓ
b
ad

G = −(∇cδΓ
c
ab − δRab) ∧ δgab = −∇cδΓ

c
ab ∧ δg

ab︸            ︷︷            ︸
X

+δRab ∧ δgab. (2.39)

Terms X again cancel and

E = gda δΓc
bc ∧ δΓ

b
ad + δRab ∧ δgab.

Finally

∇aJa = A + E = gbc δΓa
bc ∧ δΓ

d
ad + gda δΓc

bc ∧ δΓ
b
ad︸                                       ︷︷                                       ︸

=0

+
1
2

gab δRab ∧ δ ln |g| + δRab ∧ δgab

=
1
2

gab δRab ∧ δ ln |g| + δRab ∧ δgab (2.40)

which clearly vanishes on-shell (Rab = 0 ⇒ δRab = 0). As a result, the following Poincaré

invariant two-form can be defined

ω =

∫
Σ

dΣa
√
|g| Ja,

=

∫
Σ

dΣa
√
|g|

[
δΓa

bc ∧ (δgbc +
1
2

gbc δ ln |g|) − δΓc
bc ∧ (δgab +

1
2

gab δ ln |g|)
]
,(2.41)
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whose exterior derivative is

δω =

∫
Σ

dΣa (δ
√
|g| ∧ Ja +

√
|g| δJa), (2.42)

where δ
√
|g| = 1

2

√
|g|δ ln |g|. The second term is

δJa =
1
2
δgbc ∧ δΓa

bc ∧ δ ln |g| −
1
2
δgab ∧ δΓc

bc ∧ δ ln |g|, (2.43)

which is equal to

−
1
2

Ja ∧ δ ln |g| = −
1
2
δΓa

bc ∧ δg
bc ∧ δ ln |g| −

1
4

gbc δΓa
bc ∧ δ ln |g| ∧ δ ln |g|︸                              ︷︷                              ︸

=0

+
1
2
δΓc

bc ∧ δg
ab ∧ δ ln |g| +

1
4

gab δΓc
bc ∧ δ ln |g| ∧ δ ln |g|︸                              ︷︷                              ︸

=0

,

=
1
2
δgbc ∧ δΓa

bc ∧ δ ln |g| −
1
2
δgab ∧ δΓc

bc ∧ δ ln |g|. (2.44)

Since Ja is a two-form, δ
√
|g| ∧ Ja = Ja ∧ δ

√
|g| = 1

2

√
|g|Ja ∧ δ ln |g|, and therefore (2.42)

vanishes.

The final task is to show the gauge invariance of ω in the space of classical solutions Z and in

the quotient space Z̄ = Z/G, where G denotes the group of diffeomorphisms (xa → xa + ξa).

The first one is trivial since all the objects in ω are tensors. For the latter, we should check the

behavior of ω under the following transformation

δgab → δgab + ∇aξb + ∇bξa, (2.45)

where we assume that ξ is asymptotically a Killing vector field at the boundary of the space-

time (∇aξb + ∇bξa = 0 at infinity). We need the transformation of the following quantities

δgab → δgab − ∇aξb − ∇bξa,

δ ln |g| → δ ln |g| + 2∇dξ
d, (2.46)

which can be obtained using δgab = −gabgcd δgcd and gab δgab = δ ln |g|, and also δΓa
bc.

Inserting (2.45) into (2.29) gives

δΓa
bc →

1
2

gad [
∇b(δgcd + ∇cξd + ∇dξc) + ∇c(δgbd + ∇bξd + ∇dξb) − ∇d(δgbc + ∇bξc + ∇cξb)

]
= δΓa

bc +
1
2

(∇b∇cξ
a + ∇b∇

aξc + ∇c∇bξ
a + ∇c∇

aξb − ∇
a∇bξc − ∇

a∇cξb). (2.47)
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Using

∇b∇cξ
a = ∇c∇bξ

a + Ra
dbcξ

d,

∇b∇
aξc = ∇a∇bξc + R a

cdb ξ
d,

∇c∇
aξb = ∇a∇cξb + R a

bdc ξ
d (2.48)

in (2.47) gives

δΓa
bc → δΓa

bc +
1
2

2∇c∇bξ
a + (Ra

dbc + R a
cdb + R a

bdc )︸                      ︷︷                      ︸
=Ra

dbc+Ra
bdc+Ra

cdb

ξd

 , (2.49)

which can be written in a simpler form with the help of

Ra
dbc + Ra

bcd + Ra
cdb = 0⇒ Ra

dbc + Ra
cdb = −Ra

bcd = Ra
bdc, (2.50)

as

δΓa
bc → δΓa

bc + R a
dc bξ

d + ∇b∇cξ
a,

δΓc
bc → δΓc

bc − Rbdξ
d + ∇c∇bξ

c. (2.51)

Therefore, under (2.45), the symplectic current given in (2.28) transforms as

Ja → (δΓa
bc + R a

ec bξ
e + ∇c∇bξ

a) ∧ (δgbc − ∇bξc − ∇cξb)

+
1
2

gbc (δΓa
bc + R a

ec bξ
e + ∇c∇bξ

a) ∧ (δ ln |g| + 2∇dξ
d)

− (δΓc
bc − Rbeξ

e + ∇c∇bξ
c) ∧ (δgab − ∇aξb − ∇bξa)

−
1
2

gab (δΓc
bc − Rbeξ

e + ∇c∇bξ
c) ∧ (δ ln |g| + 2∇dξ

d), (2.52)

and the change in the symplectic current, which we denote 4Ja to avoid a confusion, is given

by

4Ja = −2δΓa
bc ∧ ∇

bξc︸          ︷︷          ︸
Fa

+ (gbcδΓa
bc︸  ︷︷  ︸

Ea
1

− gabδΓc
bc︸  ︷︷  ︸

Ca
1

) ∧ ∇dξ
d + Rec

a
bξ

e ∧ δgbc + Re
aξe ∧ δ ln g

+ (∇c∇bξ
a) ∧ δgbc︸              ︷︷              ︸
Ba

2

+
1
2
�ξa ∧ δ ln |g|︸             ︷︷             ︸

Aa
1

+ δΓc
bc ∧ (∇aξb + ∇bξa)︸                     ︷︷                     ︸

Ca
2

+ Rebξ
e ∧ δgab

− ∇c∇bξ
c ∧ ( δgab︸︷︷︸

Ba
1

+
1
2

gabδ ln |g|︸       ︷︷       ︸
Aa

2

).

(2.53)

Our aim now is to write this expression as the covariant derivative of an antisymmetric tensor

plus some additional terms which vanish on-shell.
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We start with Aa
1

Aa
1 ≡

1
2
�ξa ∧ δ ln |g| = ∇c(

1
2
∇cξa ∧ δ ln |g|) −

1
2
∇cξa ∧ ∇cδ ln |g|

= ∇c(
1
2
∇cξaδ ln |g|) −

1
2

(∇cξa)δΓb
cb. (2.54)

Its antisymmetric part comes from Aa
2

Aa
2 ≡ −

1
2

gab ∇c∇bξ
c ∧ δ ln g = −∇c(

1
2
∇aξc ∧ δ ln g) +

1
2
∇aξc ∧ ∇cδ ln g

= −∇c(
1
2
∇aξc ∧ δ ln g) + ∇aξc ∧ δΓb

cb, (2.55)

so that

Aa
1 + Aa

2 = ∇c(∇[cξa] ∧ δ ln g︸           ︷︷           ︸
Qac

1

) + (∇aξc − ∇cξa) ∧ δΓb
cb. (2.56)

For Ba
1 and Ba

2, we have

Ba
1 ≡ −∇c∇bξ

c ∧ δgab = −∇c(∇bξ
c ∧ δgab) + ∇bξ

c ∧ ∇cδgab), (2.57)

Ba
2 ≡ ∇c∇bξ

a ∧ δgbc = ∇c(∇bξ
a ∧ δgbc) − ∇bξ

a ∧ ∇cδgbc, (2.58)

which give

Ba
1 + Ba

2 = ∇c(2∇bξ
[a ∧ δgc]b︸            ︷︷            ︸
Qac

2

) + ∇bξ
c ∧ ∇cδgab − ∇bξ

a ∧ ∇cδgbc. (2.59)

Now we write Ca
1 as

Ca
1 ≡ −2gab δΓc

bc ∧ ∇dξ
d + gab δΓc

bc ∧ ∇dξ
d

= −∇c(2gab δΓd
bd ∧ ξ

c) + 2gab ∇cδΓ
d
bd ∧ ξ

c + gab δΓc
bc ∧ ∇dξ

d

= −∇c(∇aδ ln g ∧ ξc) + 2gab ∇cδΓ
d
bd ∧ ξ

c + gab δΓc
bc ∧ ∇dξ

d (2.60)

We take Ca
2 + Aa

1 + Aa
2

Ca
2 + Aa

1 + Aa
2 = ∇cQac

1 + 2δΓc
bc ∇

bξa

= ∇cQac
1 + ∇b(2 δΓc

bc ∧ ∇ξ
a) − 2∇bδΓc

bc ∧ ξ
a

= ∇c(Qac
1 + ∇cδ ln g ∧ ξa) − 2∇bδΓc

bc ∧ ξ
a.

(2.61)

Together with Ca
1, these give

Ca
1 + Ca

2 + Aa
1 + Aa

2 = ∇c(Qac
1 + 2∇[cδ ln g ∧ ξa]︸             ︷︷             ︸

Qac
3

) + 2gab ∇cδΓ
d
bd ∧ ξ

c + gab δΓc
bc ∧ ∇dξ

d

−2∇bδΓc
bc ∧ ξ

a. (2.62)
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We need to consider the last term in Ba
1 + Ba

2:

−∇bξ
a ∧ ∇cδgbc = −∇cξ

a ∧ ∇bδgbc

= −∇c(ξa ∧ ∇bδgbc) + ξa ∧ ∇c∇bδgbc

= ∇c(2ξ[c ∧ ∇bδga]b) − ∇c(ξc ∧ ∇bδgab) + ξa∇c∇bδgbc

= ∇c(2ξ[c ∧ ∇bδga]b) + ∇c(gbd ξc ∧ δΓa
bd + gab ξc ∧ δΓd

bd)

− ξa ∧ ∇c(gbd δΓc
bd + gcd δΓb

bd)

= ∇c(2ξ[c ∧ ∇bδga]b︸            ︷︷            ︸
Qac

4

) + (∇cξ
c)[gbdδΓa

bd + gabδΓd
bd] + gbd ξc ∧ ∇cδΓ

a
bd

+ gab ξc ∧ ∇cδΓ
d
bd − gbd ξa ∧ ∇cδΓ

c
bd − ξ

a ∧ ∇dδΓb
db.

(2.63)

Now, we can write Ca
1 + Ca

2 + Aa
1 + Aa

2 + Ba
1 + Ba

2 + Ea
1 as

4∑
i=1

∇cQac
i + 2gab ∇cδΓ

d
bd ∧ ξ

c + gab δΓc
bc ∧ ∇dξ

d)︸               ︷︷               ︸
Xa

2

− 2∇bδΓc
bc ∧ ξ

a + ∇bξ
c ∧ ∇cδgab

+ gbd ∇cξ
c ∧ δΓa

bd︸             ︷︷             ︸
Xa

1

+ gab ∇cξ
c ∧ δΓd

bd︸             ︷︷             ︸
Xa

2

+ gbd ξc ∧ ∇cδΓ
a
bd + gabξc ∧ ∇cδΓ

d
bd

− gbd ξa ∧ ∇cδΓ
c
bd − ξ

a ∧ ∇dδΓb
db + gbc δΓa

bc ∧ ∇dξ
d︸             ︷︷             ︸

Xa
1

. (2.64)

Terms Xa
1 and Xa

2 vanish. Now for the last part of the antisymmetric tensor, we take

Fa ≡ −2 δΓa
bc ∧ ∇

bξc = −2
1
2

gad (∇bδgcd + ∇cδgbd − ∇dδgbc) ∧ ∇bξc

= ∇bδgac ∧ ∇bξc + ∇cδgab ∧ ∇bξ
c − ∇aδgbc ∧ ∇bξc

= ∇cδgab ∧ ∇cξb + ∇cδgab ∧ ∇bξ
c − ∇aδgbc ∧ ∇bξc

= ∇c(∇cδgab ∧ ξb − ∇
aδgcb ∧ ξb︸                            ︷︷                            ︸

Qac
5

) −�δgab ∧ ξb + ∇c∇
aδgcb ∧ ξb

+ ∇cδgab ∧ ∇bξ
c

(2.65)

Then, the whole result Ca
1 + Ca

2 + Aa
1 + Aa

2 + Ba
1 + Ba

2 + Ea
1 + Fa is

gab ∇cδΓ
d
bd ∧ ξ

c︸             ︷︷             ︸
Aa

+ ξa ∧ (∇bδΓc
bc − gbd ∇cδΓ

c
bd) + gbd ξc ∧ ∇cδΓ

a
bd︸             ︷︷             ︸

Ba

+ gab ξc ∧ ∇cδΓ
d
bd −�δg

ab ∧ ξb + ∇c∇
aδgcb ∧ ξb.

(2.66)

We write Aa and Ba as

Aa = gab ∇cδΓ
d
bd ∧ ξ

c =
1
2

gab ∇c∇bδ ln g ∧ ξc =
1
2
∇c∇

aδ ln g ∧ ξc, (2.67)
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Ba = gbd ξc ∧ ∇cδΓ
a
bd =

1
2

gbdgae ξc ∧ (∇c∇bδgde + ∇c∇dδgbe − ∇c∇eδgbd)

=
1
2
ξc ∧ (−∇c∇bδgab − ∇c∇dδgad − ∇c∇

aδ ln g)

= −ξc ∧ ∇c∇bδgab −
1
2
ξc ∧ ∇c∇

a ln g.

(2.68)

with

Aa + Ba = −ξc ∧ ∇c∇bδgab − ξc ∧ ∇c∇
a ln g, (2.69)

and finally (2.66) becomes

5∑
i=1

∇cQac
i + ξa ∧ (∇bδΓc

bc − gbd∇cδΓ
c
bd) − ξc ∧ ∇c∇bδgab −�δgab ∧ ξb

+∇c∇
aδgcb ∧ ξb + ∇c∇

aδ ln g ∧ ξc

=

5∑
i=1

∇cQac
i + gbd ξa ∧ (∇dδΓ

c
bc − ∇cδΓ

c
bd) + ∇c∇bδgab ∧ ξc + ∇c∇

aδgcb ∧ ξb

−�δgab ∧ ξb + ∇c∇
aδ ln g ∧ ξc

=

5∑
i=1

∇cQac
i − gbd ξaδRbd − gaegbd ∇c∇bδged ∧ ξ

c − gaegbd ∇c∇eδged ∧ ξ
c

−gaegbd ∇c∇eδgcd ∧ ξb + gae�δgeb ∧ ξ
b + gae ∇c∇eδ ln g ∧ ξc

=

5∑
i=1

∇cQac
i − ξ

agbdδRbd − gaegbd([∇c,∇b]δged) ∧ ξc − gaegbd ∇b∇cδged ∧ ξ
c(2.70)

−gae ∇d∇eδgdb ∧ ξb + gae�δgeb ∧ ξ
b + gae ∇b∇eδ ln g ∧ ξb

=

5∑
i=1

∇cQac
i − gbd ξa ∧ δRbd − gaegbd ([∇c,∇b]δged) ∧ ξc

−gae (∇d∇bδged + ∇d∇eδgdb −�δgeb − ∇b∇eδ ln g) ∧ ξb.

For the last term, we need the following relation

δRab = ∇cδΓ
c
ab − ∇aδΓ

c
ac

=
1
2

gad∇c(∇aδgbd + ∇bδgad − ∇dδgab) −
1
2

gcd∇a(∇bδgcd + ∇cδgbd − ∇dδgab︸               ︷︷               ︸
=0

)

=
1
2

(∇d∇aδgbd + ∇d∇bδgad −�δgab − ∇a∇bδ ln g). (2.71)
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Using this, (2.70) becomes

5∑
i=1

∇cQac
i − gbdξa ∧ δRbd − gaegbd([∇c,∇b]δged) ∧ ξc − 2gae δReb ∧ ξ

b

=

5∑
i=1

∇cQac
i − gbd ξa ∧ δRbd − gaegbdRcbe

f δgd f ∧ ξ
c − gaegbdRcbd

f δge f ∧ ξ
c − 2gae δRebξ

b

=

5∑
i=1

∇cQac
i − gbd ξa ∧ δRbd − Rc

da f δg f d ∧ ξ
c + Rc

d
d f δga f ξ

c − 2gae δReb ∧ ξ
b

=

5∑
i=1

∇cQac
i − gbd ξa ∧ δRbd − Re

bac δgbc ∧ ξ
e − Rcb δgab ∧ ξc − 2gae δReb ∧ ξ

b

=

5∑
i=1

∇cQac
i − gbd ξa ∧ δRbd + Reb

a
c δgbc ∧ ξ

e − Rcb δgab ∧ ξc − 2gae δReb ∧ ξ
b. (2.72)

Finally, the change 4Ja in the symplectic current is

4Ja =

5∑
i=1

∇cQac − gbd ξa ∧ δRbd + Reb
a

c δgbc ∧ ξe − Rcb δgab ∧ ξc − 2gae δReb ∧ ξ
b + Rec

a
b ξ

e ∧ δgbc

+ Re
a ξe ∧ δ ln g + Reb ξ

e ∧ δgab

= ∇cF
ac + gbd δRbd ∧ ξ

a + 2Rcb ξ
c ∧ δgab + 2gae ξb ∧ δReb + Re

a ξe ∧ δ ln g
(2.73)

where

F ac = 2ξ[c ∧ ∇bδga]b − 2ξb ∧ ∇
[cδga]b − 2δgb[c ∧ ∇bξ

a] − 2ξ[a ∧ ∇c]δ ln |g|

−δ ln |g| ∧ ∇[cξa]. (2.74)

Being the covariant derivative of an anti-symmetric tensor, the first term in (2.73) gives no

contribution when inserted in the integral (2.41) for ω. Since the other terms already vanish

on-shell,ω defined in (2.41) is gauge invariant, and thus is the symplectic two-form of General

Relativity.

2.3 Conserved Charges

It was shown in [9] that the boundary term in (2.74) can be used to calculate conserved charges

of a theory. Note that ∇a(∆Ja) = ∇a∇cF
ac = 0 from the antisymmetry of F ac. Therefore,

we can try to construct a conserved charge expression from ∆Ja. At this point, we restrict

diffeomorphisms to isometries of the spacetime and linearize the metric as gab = ḡab + hab, as

a sum of the background ḡab and perturbation hab parts, where hab should vanish sufficiently
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slowly at “infinity”1. We identify ξ’s as the Killing vectors of the background metric ḡab.

Index raising/lowering and covariant derivatives are also defined using the background metric

ḡab. The variation is identified as δgab → hab, δgab → −hab. Therefore, tensors in ∆Ja are

taken as the background ones whereas their variations are identified as the ones to the first

order in hab. For example, we do the following replacements for the Ricci tensor: Rab → R̄ab

and δRab → (Rab)L, where the subscript L is used to denote the linearized version of a quantity.

At the end, all the ξ terms are put into the right hand side of the wedge products, which are

finally dropped to get a vector in spacetime. After all these identifications, we obtain a charge

expression as

Q(ξ̄) = −
1
2

∫
Σ

dD−1x
√
|σ| na (∆J̃a) = −

1
2

∫
Σ

dD−1x
√
|σ| na ∇̄cQac

= −
1
2

∫
∂Σ

dD−2x
√
|σ(∂Σ)| na sc Qac, (2.75)

where the second line follows from Stokes’ theorem. Σ is an arbitrary (D − 1)-dimensional

spacelike hypersurface with induced metric σ, unit normal vector na and ∂Σ is the boundary

of Σ, which is a (D − 2)-dimensional hypersurface with induced metric σ(∂Σ), unit normal sc.

∆J̃a is the vector obtained from ∆Ja as a result of the above mentioned identifications and

Qac = 2∇̄bhb[aξ̄c] − 2∇̄[cha]bξ̄b + 2hb[c∇̄bξ̄
a] + 2(∇̄[ch)ξ̄a] − h∇̄[cξ̄a]. (2.76)

Note that it is conserved up to a multiplicative constant and the factor − 1
2 is introduced in [9]

to “normalize” the results. We will give an explanation to this in the next chapter.

We now apply this result to solutions of General Relativity. Let us start with the Schwarzschild

black hole described by the metric

ds2 = −

(
1 −

2M
r

)
dt2 +

(
1 −

2M
r

)−1

dr2 + r2(dθ2 + sin2 θ dφ2), (2.77)

with the background metric (M → 0)

ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θ dφ2), (2.78)

which is the Minkowski spacetime in spherical coordinates. We use its Killing vector ξ̄a = −δa
t

to calculate the energy. The timelike and spacelike normals can be found from the normal-

ization conditions2 nana = −1 and sasa = +1 as na = δa
t and sa = δa

r. The measure of the

1 This condition is put to guarantee non-zero results.
2 Since the integral is performed over the boundary, the background metric is used in normalization (nana =

ḡabnanb).
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integral in (2.75) is
√
|σ(∂Σ)| = r| sin θ|. Finally, we compute the energy as

ES ch = −
1
2

lim
r→∞

∫ π

0

∫ 2π

0
dθdφ r| sin θ|Qtr = M (2.79)

as expected. Next, we consider the Kerr black hole with the metric

ds2 = −

(
1 −

rsr
ρ2

)
dt2+

ρ2

∆
dr2+ρ2dθ2+

(
r2 + α2 +

rsrα
ρ2 sin2 θ

)
dφ2+

2rsrα sin2 θ

ρ2 dtdφ, (2.80)

where

rs = 2M, α = J
M , ρ2 = r2 + α2 cos2 θ, ∆ = r2 − rsr + α2 . (2.81)

The background metric is obtained by taking M, J → 0

ds2 = −dt2 +
ρ2

r2 + α2 dr2 + ρ2dθ2 + (r2 + α2) sin2 θ dφ2, (2.82)

Its Killing vectors are ξ̄a = −δa
t , ϑ̄

a = δa
φ . For the normals, we first write na = Aδa

t and

sa = Bδa
r and find A = 1, B =

√
r2+α2

ρ from the normalization condition. The measure is√
|σ(∂Σ)| = ρ

√
r2 + α2| sin θ|.Then, the energy and the angular momentum can be computed as

EKerr = −
1
2

lim
r→∞

∫ π

0

∫ 2π

0
dθdφ (r2 + α2)| sin θ|Qtr = M,

JKerr = −
1
2

lim
r→∞

∫ π

0

∫ 2π

0
dθdφ (r2 + α2)| sin θ|Qtr = Ma = J. (2.83)
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CHAPTER 3

APPLICATION TO A LOCAL GRAVITY ACTION

So far, we have reviewed the construction of the symplectic two-form as described in [3] and

the procedure to obtain the conserved charges, which was given in [9]. In this chapter, we

consider a local gravity action

S =

∫
dDx

√
|g| L(g,R,∇R,R2, · · · ) (3.1)

whereL is a function of a metric, its Riemann tensor, its contraction and covariant derivatives.

Its first variation is

δS =

∫
dDx

√
|g|Φab δgab +

∫
dDx ∂aΛa(g, δg,∇δg · · · ). (3.2)

Here, Φab = 0 is the field equation and Λa is the boundary term. Considering it as a one-form

on the phase space Z, we start by taking its exterior derivative

δ2S =

∫
dDx

√
|g| δΦab∧δgab−

1
2

∫
dDx

√
|g|Φab δgab∧δ ln |g|+

∫
dDx ∂aδΛ

a = 0, (3.3)

which vanishes by the Poincaré lemma. The first two terms vanish on-shell and the third one

gives

−δ2S =

∫
dDx

√
|g| ∇aJa = 0, (3.4)

where

Ja ≡ −δΛa/
√
|g| (3.5)

is the “symplectic current”, which was used in the previous chapter. Since its covariant

derivative vanishes on-shell (∇aJa = 0), the following Poincaré invariant two-form can be

constructed

ω =

∫
Σ

dΣa
√
|g| Ja, (3.6)
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where Σ is a (D−1)-dimensional spacelike hypersurface. In order to prove that (3.5) gives the

symplectic current of any theory derived from an action of the form (3.1), we need to show

that the two-form given in (3.1) is closed and gauge invariant. We first consider the exterior

derivative of (3.6)

δω =

∫
Σ

dΣa (δ
√
|g| ∧ Ja +

√
|g| δJa), (3.7)

which is exactly what we had in (2.42). This time, we will show that ω is always closed with

the definition of the symplectic current given in (3.5). The exterior derivative of (3.3) reads

δ3S =

∫
dDx

√
|g| (

1
2
δ ln |g| ∧ δΦab ∧ δgab −

1
2
δΦab ∧ δgab ∧ δ ln |g| )

+

∫
dDx

√
|g| (

1
2
δ ln |g| ∧ ∇aJa + δ(∇aJa) ) = 0. (3.8)

The first two terms cancel each other out by the antisymmetry of the wedge product. There-

fore, using δ(∇aJa) = ∇aδJa + δΓb
ab ∧ Ja, we obtain

δ3S =
1
2

∫
dDx

√
|g| δ ln |g| ∧ ∇aJa +

∫
dDx

√
|g|(∇aδJa + δΓb

ab ∧ Ja ) = 0. (3.9)

First, we write the last term as

δΓb
ab ∧ Ja =

1
2
∇aδ ln |g| ∧ Ja

= ∇a

(
1
2
δ ln |g| ∧ Ja

)
−

1
2
δ ln |g| ∧ ∇aJa, (3.10)

and then insert into this (3.9) to get

δ3S =

∫
dDx

√
|g| ∇aδJa +

1
2

∫
dDx

√
|g| ∇a

(
1
2
δ ln |g| ∧ Ja

)
= 0. (3.11)

This can be written with the help of Stokes’ theorem in the desired form∫
Σ

dΣa
√
|g| δJa = −

1
2

∫
Σ

dΣa
√
|g| Ja ∧ δ ln |g|, (3.12)

which confirms δω = 0 for any theory derived from (3.1). Note that we have shown that

ω is closed in general without the use of any field equations and that throughout no explicit

calculation is required.

Our next task is to show the gauge invariance of the symplectic two-form. Transformations

of some basic quantities were given in the previous chapter. Indeed, we can write a general

rule for the variation of a tensor Ta···
b···

δTa···
b··· → δTa···

b··· + ξc∇c Ta···
b··· + Td···

b··· ∇aξ
d + · · · − Ta···

d··· ∇bξd + · · ·

= δTa···
b··· +LξTa···

b···, (3.13)
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where LξTa···
b··· denotes the Lie derivative of the tensor Ta···

b··· along the vector ξ. Knowing

how one-forms transform, the transformations of p-forms can be obtained by substituting

the expressions for one-forms and keeping the terms linear in ξ. Then, the change in the

symplectic two-form is

∆ω =

∫
Σ

dΣa
√
|g| ∆Ja. (3.14)

As we know from our work on General Relativity, if ∆Ja can be written as the covariant

derivative of an antisymmetric tensor plus some additional terms that vanish on-shell, then

∆ω = 0 and ω is gauge invariant. It was actually shown in [15] that this is true for a generic

gravity theory derived from an action with local symmetries. However, we need to calculate

∆ω explicitly to obtain the conserved charges.

For the conserved charges, we consider the transformation of (3.3) under (2.45)

0 =

∫
dDx

√
|g|

(
δΦab +LξΦab

)
∧

(
δgab − ∇aξb − ∇bξa

)
−

1
2

∫
dDx

√
|g|Φab

(
δgab − ∇aξb − ∇bξa

)
∧

(
δ ln |g| + 2∇cξ

c)
−

∫
dDx

√
|g| ∇a(Ja + ∆Ja), (3.15)

Using (3.3) and the symmetry of Φab, we get

0 = −2
∫

dDx
√
|g| δΦab ∧ ∇

aξb +

∫
dDx

√
|g| LξΦab ∧ δgab −

∫
dDx

√
|g|Φab δgab ∧ ∇cξ

c

+

∫
dDx

√
|g|Φab∇

aξb ∧ δ ln g −
∫

dDx
√
|g| ∇a(∆Ja). (3.16)

Applying the identifications described in the previous chapter, all the terms, except the first

and the last one, drop as a result of Φ̄ab = 0 and (3.16) becomes

0 = 2
∫

dDx
√
|ḡ| (Φab)L ∇̄

aξ̄b +

∫
dDx

√
|ḡ| ∇̄a(∆J̃a), (3.17)

where ∆J̃a is the vector obtained from the two-form ∆Ja. Since ∇̄a (Φab)L = 0 as a result of

the Bianchi identity, (Φab)L ∇̄
aξb = ∇̄a

(
(Φab)L ξ

b
)

= ∇̄a
((

Φab
)

L
ξb

)
and hence (3.17) can be

written as ∫
dDx

√
|ḡ| ∇̄a

((
Φab

L
)
ξ̄b

)
= −

1
2

∫
dDx

√
|ḡ| ∇̄a(∆J̃a). (3.18)

The left hand side of (3.18)

∇̄a
((

Φab
L
)
ξ̄b

)
= ∇̄a

(
Φab

)
L
ξ̄b +

(
Φab

)
L
∇̄aξ̄b

= ∇̄a
(
Φab

)
L
ξ̄b +

(
Φab

)
L
∇̄(aξ̄b) = 0 (3.19)
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vanishes by the Bianchi identity and the Killing equation for the background metric (∇̄(aξ̄b)) =

0. It is the conserved current used in the ADT charge definition [5, 6, 7]. Here, we use the

right hand side of (3.18) to construct the conserved charges as

QADT (ξ̄) = −
1
2

∫
Σ

dD−1x
√
|σ| na ∇̄cQac = −

1
2

∫
∂Σ

dD−2x
√
|σ(∂Σ)| na sc Qac , (3.20)

where Qac is the tensor obtained from the two-form F ac and Stokes’ theorem was used with

the identifications given after (2.75). This charge expression is completely equivalent to the

ADT charge and explains the factor of − 1
2 used in (2.75), which was introduced in [9].
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CHAPTER 4

APPLICATION TO THE QUADRATIC ACTION WITH

L ≡ κ−1(R + 2Λ0) + αR2 + βR2
ab

In this chapter, we apply the procedure described in the previous chapter to the following

quadratic action

I =

∫
dDx

√
|g| L ≡

∫
dDx

√
|g|

(1
κ

(R + 2Λ0) + αR2 + βR2
ab

)
, (4.1)

where NMG is a special case (8α + 3β = 0 and D = 3). Its first variation is

δI =

∫
dDx

√
|g| (

1
κ
Gab + αAab + βBab) δgab +

∫
dDx

(1
κ
∂aΛa

κ + α∂aΛa
α + β∂aΛa

β

)
, (4.2)

where

Gab ≡ Rab −
1
2

gabR + Λ0gab, (4.3)

Aab ≡ 2RRab − 2∇a∇bR + gab(2�R −
1
2

R2), (4.4)

Bab ≡ 2RacbdRcd − ∇a∇bR +�Rab +
1
2

gab(�R − RcdRcd). (4.5)

The boundary terms

Λa
κ ≡

√
|g|

(
gbcδΓa

bc − gabδΓc
bc

)
,

Λa
α ≡

√
|g|

(
2RgbcδΓa

bc − 2RgabδΓc
bc + 2∇aR δ ln |g| + 2∇bR δgab

)
,

Λa
β ≡

√
|g|

(
2Rcb δΓa

bc − 2RabδΓc
bc +

1
2
∇aR δ ln |g| + 2∇cRa

b δgbc − ∇aRcb δgcb
)

yield the following symplectic current

Ja = Ja
κ + Ja

α + Ja
β , (4.6)

with

Ja
κ = −

δΛa
κ√
|g|

= δΓa
bc ∧ (δgbc +

1
2

gbc δ ln |g|) − δΓc
bc ∧ (δgab +

1
2

gab δ ln |g|), (4.7)
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Ja
α = −

δΛa
α√
|g|

= δΓa
bc ∧ (2R δgbc + Rgbc δ ln |g| + 2gbc δR)

−δΓc
bc ∧ (2R δgab + Rgab δ ln |g| + 2gab δR)

−δ ln |g| ∧
(
∇bR δgab − 2δ(∇aR)

)
+ δgab ∧

(
2δ(∇bR) − 2∇bR δ ln |g|

)
, (4.8)

Ja
β = −

δΛa
β√
|g|

= δΓa
bc ∧ (Rbc δ ln |g| + 2δRbc) − δΓc

bc ∧ (Rab δ ln |g| + 2δRab)

+δ ln |g| ∧ (
1
2
δ(∇aR) − ∇cRa

b δgbc +
1
2
∇aRcb δgbc)

+δgbc ∧
(
2δ(∇cRa

b) − δ(∇aRcb)
)
. (4.9)

As shown in the previous chapter, it is covariantly conserved on-shell. Now, it remains to

check the gauge invariance. After a tedious calculation, the change in the symplectic current

can be found as

∆Ja = ∇cF
ac + 2Φbc ξ

c ∧ δgab + Φa
c ξ

c ∧ δ ln |g| + Φbc ξ
a ∧ δgbc, (4.10)

where

F ac = −F ca =
1
κ
F ac
κ + αF ac

α + βF ac
β , (4.11)

with

F ac
κ ≡ 2ξ[c ∧ ∇bδga]b − 2ξb ∧ ∇

[cδga]b − 2δgb[c ∧ ∇bξ
a]

−2ξ[a ∧ ∇c]δ ln |g| − δ ln |g| ∧ ∇[cξa], (4.12)

F ac
α ≡ 2RF ac

κ + 4δgb[c ∧ ξa]∇bR + 4δR ∧ ∇[aξc] + 8∇[cδR ∧ ξa], (4.13)

F ac
β ≡ 2Rb[aδ ln |g| ∧ ∇bξ

c] + 4 gd[aδRde ∧ ∇
|e|ξc] + 2 δ ln |g| ∧ ξb∇[cRa]

b + 4 δgd[a ∧ ∇bξ
c]Rd

b

−4 Re
[a∇bξ

c] ∧ δgbe + 4Rbdξ[a ∧ δΓc]
bd + 4Rb[aξc] ∧ δΓd

bd − 4ξb ∧ δgd[a∇c]Rdb

−4ξe ∧ δgb[c∇bRa]e + 4gd[agc]eδ(∇eRdb) ∧ ξb − 2ξ[a ∧ ∇c]δR + 2δgb[c ∧ ξa]∇bR

−2gbdξ[c ∧ ∇a]δRbd + 4ge[aξc] ∧ ∇bδRbe + 4gbeRd
[cξa] ∧ δΓd

be

+4Rd[aδΓc]
bd ∧ ξ

b. (4.14)

The first term in (4.10) gives no contribution when inserted into (3.14) for sufficiently fast

decaying metric variations and the other terms vanish on-shell. Following the discussion in

the previous chapter, the charge expression (3.20) can be written as

Qac = −Qca =
1
κ

Qac
κ + αQac

α + βQac
β , (4.15)
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where

Qac
κ ≡ 2∇̄bhb[aξ̄c] − 2∇̄[cha]bξ̄b + 2hb[c∇̄bξ̄

a] + 2(∇̄[ch)ξ̄a] − h∇̄[cξ̄a], (4.16)

Qac
α ≡ 2R̄Qac

κ − 4∇̄bR̄ hb[cξ̄a] + 4RL∇̄
[aξ̄c] + 8(∇̄[cRL)ξ̄a], (4.17)

Qac
β ≡ 2R̄b[ah∇̄bξ̄

c] + 4 ḡd[a(Rde)L∇̄
|e|ξ̄c] + 2 ∇̄[cR̄a]

bhξ̄b − 4 hd[a∇̄bξ̄
c]R̄d

b

+4 R̄e[ahbe∇̄
c]ξb − 4R̄bd(Γ[c

bd)Lξ̄
a] − 4R̄b[a(Γ|d| bd)Lξ̄

c] − 4hd[aξ̄|b|∇̄c]R̄db

−4hb[cξ̄e∇̄bR̄a]e + 4ḡd[aḡc]e(∇eRdb)Lξ̄
b + 2(∇̄[cRL)ξ̄a] − 2hb[cξ̄a]∇̄bR̄

+2ḡbd∇̄[a(Rbd)L ξ̄
c] − 4ḡe[a∇̄|b|(Rbe)Lξ̄

c] − 4ḡbeR̄d
[c(Γ|d| be)Lξ̄

a]

+4R̄d[a(Γc]
bd)Lξ̄

b. (4.18)

This charge expression is equivalent to the ADT charge for theories with arbitrary back-

grounds, which was given in [16]. While (4.16) and (4.17) are identical to their counterparts,

some computation is necessary to show the equivalence of the third one. In the next chapter,

we calculate the conserved charges of some solutions of NMG with the help of (4.15).
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CHAPTER 5

CONSERVED CHARGES OF SOME SOLUTIONS OF NMG

Having the charge expression (4.15) at hand, we first consider solutions of NMG, which are

asymptotically AdS3 and then the ones which are not spaces of constant curvature. All these

examples have been studied before in [17, 18, 19], with which the results will be compared.

5.1 The BTZ black hole

Our first example is the BTZ black hole [20] described by the metric

ds2 =
(−2ρ

l2
+

M
2

)
dt2 +

(4ρ2

l2
−

(M2l2 − J2)
4

)−1
dρ2 − Jdtdφ +

(
2ρ +

Ml2

2

)
dφ2, (5.1)

which is a solution of NMG with

κ = 16πG, β = −
1
κm2 , Λ0 =

1 + 4l2m2

4l4m2 , α = −
3
8
β. (5.2)

The background spacetime can be obtained by setting M → 0, J → 0 in (5.1)

ds2 = −
2ρ
l2

dt2 +
l2

4ρ2 dρ2 + 2ρdφ2. (5.3)

This is AdS3 spacetime with two globally defined Killing vectors ξ̄a = −δa
t and ϑ̄a = δa

φ,

used in the calculation of the energy and angular momentum, respectively. The timelike and

spacelike normal vectors are obtained by employing the normalization conditions nana = −1

and sasa = +1 as

na = −
`√
2ρ
δa

t , sa =
2ρ
`
δa
ρ. (5.4)

The measure of (2.75) is
√
|σ(∂Σ)| =

√
2ρ and using (4.15) there gives

EBTZ =
(
1 −

1
2l2m2

) M
16G

, JBTZ =
(
1 −

1
2l2m2

) J
16G

. (5.5)
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These “renormalized mass and angular momentum” are identical to the ones given in [18],

where ADT charge definition was used and in [19], which employed the boundary stress

tensor method.

5.2 The “logarithmic” black hole in [21]

Our second example is the solution given in [21]

ds2 = −
4ρ2

`2 f (ρ)
dt2 + f (ρ)

[
dφ −

q` ln |ρ/ρ0|

f (ρ)
dt

]2
+
`2dρ2

4ρ2 , (5.6)

where

f (ρ) = 2ρ + q`2 ln |ρ/ρ0|. (5.7)

This solves NMG with

κ = 8πG, β = −
2`2

κ
, Λ0 =

3
2`2 . (5.8)

The background spacetime is taken to be AdS3 in the form (5.3) and the same Killing vectors,

normals and induced metric as in the BTZ case can be used in the computation, which yields

E = lim
ρ→∞

∫ 2π

0

√
2ρ nt sρ Qtρ(ξ̄)dφ =

2q
G
, (5.9)

J = lim
ρ→∞

∫ 2π

0

√
2ρ nt sρ Qtρ(ϑ̄)dφ =

2`q
G
. (5.10)

These result coincide with the ones given in [21], which are obtained through ADT definition.

5.3 The rotating black hole in [22]

Now, we consider a stationary solution given in [22]

ds2 =
(
− N(r)F(r) + r2K(r)2

)
dt2 +

dr2

F(r)
+ 2r2K(r) dt dφ + r2 dφ2, (5.11)

where

N(r) =
[
1 +

q`2

4H(r)
(1 −

√
Ξ)

]2
, (5.12)

F(r) =
H(r)2

r2

[H(r)2

`2 +
q
2

(1 +
√

Ξ)H(r) +
q2`2

16
(1 −

√
Ξ)2 − 4GM

√
Ξ
]
, (5.13)

K(r) = −
p

2r2 (4GM − qH(r)), (5.14)

H(r) =
[
r2 − 2GM`2(1 −

√
Ξ) −

q2`4

16
(1 −

√
Ξ)2

]1/2
, (5.15)

Ξ ≡ 1 − p2/`2, (5.16)
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with parameters

Λ0 =
1

2`2 , β =
2`2

κ
, α = −

3
8
β, κ = 16πG. (5.17)

The rotation parameter p should lie between −` ≤ p ≤ ` and the parameter q is the “grav-

itational hair” where q = 0 gives the BTZ blackhole. The background spacetime (q → 0,

M → 0) is AdS3

ds2 = −
r2

l2
dt2 +

l2

r2 dr2 + r2dφ2, (5.18)

with the timelike and spacelike normals

na = −
`

r
δa

t , sa =
r
`
δa

r , σ
(∂Σ) = r2. (5.19)

The energy and angular momentum are found to be

E = lim
r→∞

∫ 2π

0
r nt sr Qtr(ξ̄)dφ = M, (5.20)

J = lim
r→∞

∫ 2π

0
r nt sr Qtr(ϑ̄)dφ = Mp. (5.21)

Note that the parameter q does not appear in the conserved charges, which is why it is called

the “gravitational hair”.

5.4 Three-dimensional Lifschitz black hole

Our first example with a nonconstant curvature background is the three-dimensional Lifshitz

black hole [23]

ds2 = −
r6

`6

(
1 −

M`2

r2

)
dt2 +

`2

r2

(
1 −

M`2

r2

)−1
dr2 +

r2

`2 dx2, (5.22)

which is a solution of NMG with

Λ0 =
13
2`2 , β =

2`2

κ
, α = −

3`2

4κ
, κ = 16πG.

The background metric is (M → 0)

ds2 = −
r6

`6 dt2 +
`2

r2 dr2 +
r2

`2 dx2.

The timelike, spacelike normals and one-dimensional induced metric can easily be found as

na = −
`3

r3 δ
a
t , sa =

r
`
δa

r , σ
(∂Σ) =

r2

`2 .
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For the energy, the timelike Killing vector ξ̄a = −δa
t can be employed and

E = lim
r→∞

∫ 2π`

0

r
`

nt sr Qtr(ξ̄)dx =
7M2

8G
. (5.23)

This result agrees with the given in [16] that was calculated through the ADT procedure for

arbitrary backgrounds, however it differs from the expression in [19].

5.5 The Warped AdS3 black hole

Our final example is the warped AdS3 black hole [18] which reads

ds2 = −µ2 r2 − r2
0

F(r)
dt2 + F(r)

[
dφ −

r + (1 − µ2)ω
F(r)

dt
]2

+
1

µ2ζ2

dr2

r2 − r2
0

, (5.24)

where

F(r) = r2 + 2ωr + ω2(1 − µ2) +
µ2r2

0

1 − µ2 .

This is a solution of the NMG theory with

κ = 8πG, β = −
1

m2κ
, α =

3
8m2κ

,

µ2 =
9m2 + 21Λ0 − 2m

√
3(5m2 − 7Λ0)

4(m2 + Λ0)
and ζ2 =

8m2

21 − 4µ2 ,

with m2 as the NMG parameter. In order to have a causally regular black hole, µ2 and Λ0

must be [18]

0 < µ2 < 1 and
35m2

289
≥ Λ0 ≥ −

m2

21
.

The background spacetime of this black hole can be defined by taking ω → 0, r0 → 0 in

(5.24)

ds2 = (1 − µ2) dt2 +
1

r2ζ2µ2 dr2 − 2r dφ dt + r2dφ2. (5.25)

The timelike, spacelike normals and the measure is apparent considering the standard ADM

form of the metric (5.25)

na = −µ δt
a, sa =

1
µrζ

δr
a,

√
|σ(∂Σ)| = r.

To find the energy, one again has to choose the timelike Killing vector as ξ̄a = −δa
t and for the

angular momentum one has to use ϑ̄a = δa
φ. Then,

E = lim
r→∞

∫ 2π

0
r nt sr Qtr(ξ̄)dφ =

4µ2(1 − µ2)ωζ
G(21 − 4µ2)

, (5.26)

J = lim
r→∞

∫ 2π

0
r nt sr Qtr(ϑ̄)dφ = −

ζ

8G(21 − 4µ2)

[ 16r2
0µ

2

(1 − µ2)
+

(1 − µ2)
µ2 (21 − 29µ2 + 24µ4)ω2

]
.
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The values for the energy and angular momentum agree with the ones given in [deniz2],

however angular momentum is in conflict with the one in [18]. The discrepancy of these

results, and the validity of the charge expression are discussed more explicitly in [17].
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CHAPTER 6

CONCLUSIONS

In this thesis, we first reviewed the construction of the symplectic two-form and its relation

to conserved charges. Then, we have shown that consideration of a generic local gravity ac-

tion with the same procedure yields some general and useful facts. Using the boundary term

appearing in the first variation of the action, it is always possible to obtain a covariantly con-

served symplectic current, whose integration over a spacelike hypersurface gives a Poincaré

invariant two-form on the phase space. It was also proved that this two-form is always closed,

which is one of the conditions that must be satisfied for it to be the symplectic two-form of the

theory. The other condition, the invariance under the diffeomorphisms, yields the conserved

charges, which was shown to be equivalent to the extended ADT formalism for arbitrary

backgrounds with at least one global Killing isometry [16].

Then, we found the symplectic two-form of the theories described by (4.1), for which NMG

is a special case, and obtained a closed expression for conserved charges. The energy and

the angular momentum of several solutions of NMG were calculated through that expression.

The charges of black holes with AdS3 backgrounds agree with the previous works [18, 19,

22]. Our results for black holes with non-constant backgrounds, Lifshitz and warped AdS3

spacetimes, are in agreement with the ones given in [16, 17]. This was expected since they

were calculated using the ADT procedure for arbitrary backgrounds, whose equivalence to

our procedure was already proved. However, as was shown in [17], there is a discrepancy

between these results and the ones computed by other means [18, 19], which necessiates

further investigation regarding the validity of the charge expression for generic backgrounds.

It might also be interesting to perform a covariant, geometric quantization of the generic

theories arising from (4.1).
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APPENDIX A

VARIATION OF SEVERAL TERMS

We will consider some relations which will be frequently used in the calculation of the sym-

plectic current (Appendix C), where the formula Ja = − δΛa
√
|g|

is used, and in the calculation of

the exterior derivative of the symplectic current (Appendix E). The variation of the covariant

derivative of a tensor of rank (1, 1) is

δ(∇aT b
c) = δ(∂aT b

c + Γ b
daT d

c − Γ d
caT b

d)

= ∂aδT b
c + T d

c δΓ
b
da + Γ b

da δT
d
c − T b

d δΓ
d
ca − Γ d

ca δT
b
d

= ∇aδT b
c + T d

c δΓ
b
da − T b

d δΓ
d
ca.

Its generalization to tensors of higher ranks is obvious. Now, we can apply this rule to obtain

the following

δ(∇aRcd) = ∇aδRcd − Red δΓ
e
ac − Rec δΓ

e
ad,

δ(∇b∇aRcd) = ∇bδ(∇aRcd) − ∇eRcd δΓ
e
ba − ∇aRed δΓ

e
bc − ∇aRce δΓ

e
bd

= ∇b∇aδRcd − ∇bRed δΓ
e
ac − Red ∇bδΓ

e
ac − ∇bRec δΓ

e
ad − Rec ∇bδΓ

e
ad

−∇eRcd δΓ
e
ba − ∇aRed δΓ

e
bc − ∇aRce δΓ

e
bd,

δ(�Rcd) = δ(gab∇b∇aRcd) = gab δ(∇b∇aRcd) + ∇b∇aRcd δgab

= �δRcd − 2∇aRed δΓ
e
ac − 2Rec ∇

aδΓe
ad − Red ∇

aδΓe
ac − Rec ∇

aδΓe
ad

−gab∇eRcd δΓ
e
ba,

δ(∇b∇aR) = δ(gcd∇b∇aRcd) = gcd δ(∇b∇aRcd) + ∇b∇aRcd δgcd

= gcd ∇b∇aδRcd − ∇eR δΓe
ba − 2∇bRc

e δΓ
e
ac − 2Rc

e ∇bδΓ
e
ac − 2∇aR c

e δΓ
e
bc,
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δ(�R) = δ(gab∇b∇aR) = gab δ(∇b∇aR) + ∇b∇aR δgab

gcd�δRcd − gab∇eR δΓe
ab − 2∇aRc

e δΓ
e
ac − 2Rc

e ∇
aδΓe

ac + ∇b∇aR δgab

−4∇aRc
e δΓ

e
ac.
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APPENDIX B

FIELD EQUATIONS AND BOUNDARY TERMS

B.1 Einstein-Hilbert Term

S =

∫
dDx

√
|g|R,

δS =

∫
dDx

√
|g| δR +

∫
dDx R δ(

√
|g|) = 0.

The relevant terms are

δ(
√
|g|) = −

1
2

√
|g|gab δgab,

δR = δ(gabRab) = Rab δgab + gab δRab,

δRab = ∇cδΓ
c
ab − ∇aδΓ

c
bc = ∇c(δΓc

ab − δ
c
a δΓ

d
bd),

δR = Rab δgab + ∇c(gab δΓc
ab − gbc δΓd

bd),

= Rab δgab + ∇a(gbc δΓa
bc − gab δΓc

bc)︸                        ︷︷                        ︸
=gab δRab

.

The variation of the action becomes

δS =

∫
dDx

√
|g| (Rab −

1
2

gabR) δgab +

∫
dDx

√
|g| ∇a(gbc δΓa

bc − gab δΓc
bc) = 0.

Therefore, the field equations and the boundary term are

Gab = = Rab −
1
2

gabR Λa
κ =

√
|g|

(
gbcδΓa

bc − gabδΓc
bc

)
.

B.2 R2 Term

S =

∫
dDx

√
|g|R2

δS =

∫
dDx

√
|g| 2 δR +

∫
dDx R2 δ(

√
|g|)
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We start with

R δR = R δ(gabRab) = RRab δgab + Rgab δRab

= RRab δgab + R∇a(gbc δΓa
bc − gab δΓc

bc)

= RRab δgab + ∇a(gbcRδΓa
bc − gabRδΓc

bc) − gbc ∇aRδΓa
bc + ∇bRδΓc

bc.

The last two term should be written in the standard form (Aab δgab + ∇aBa = contribution to

the field equations + a boundary term). The first one is

gbc ∇aR δΓa
bc =

1
2

gadgbc (∇aR)(∇bδgcd + ∇cδgbd − ∇dδgbc)

=
1
2

(∇dR)∇cδgcd +
1
2

(∇dR)∇bδgbd −
1
2

gbc(∇dR)∇dδgbc

= (∇dR)∇cδgcd −
1
2

gbc(∇dR)∇dδgbc

= ∇c
(
(∇dR) δgcd

)
−

(
∇c∇dR

)
δgcd − ∇d

(
1
2

gbc(∇dR) δgbc

)
+

1
2

gbc�R δgbc

= −∇a
(
(∇bR) δgab

)
+ ∇a∇bR δgab + ∇a

(
1
2

gbc(∇aR) δgbc
)
−

1
2

gab�R δgab

=

(
∇a∇bR −

1
2

gab�R
)
δgab + ∇a

(
−(∇bR) δgab +

1
2

gbc(∇aR) δgbc
)
.

Using

δΓc
bc =

1
2

gcd(∇bδgcd + ∇cδgbd − ∇dδgbc) =
1
2

gcd ∇bδgcd

in the second one gives

∇bR δΓc
bc =

1
2

gcd∇bR∇bδgcd = ∇b

(
1
2

gcd(∇bR) δgcd

)
−

1
2

gcd�R δgcd

= −∇b

(
1
2

gcd(∇bR) δgcd
)

+
1
2

gcd�R δgcd

= ∇a

(
−

1
2

gbc(∇aR) δgbc
)

+
1
2

gab�R δgab.

With the help of

δ(
√
|g|)R2 = −

1
2

√
|g|gabR2 δgab,

the first variation of the action becomes

δS =

∫
dDx

√
|g| (2RRab − 2∇a∇bR + 2gab�R −

1
2

gabR2) δgab

+

∫
dDx

√
|g| ∇a

(
2gbcRδΓa

bc − 2gabRδΓc
bc + 2(∇bR)δgab − 2gbc(∇aR)δgbc

)
.

Therefore

Aab = 2RRab − 2∇a∇bR + gab(2�R −
1
2

R2),

Λa
α =

√
|g|

(
2gbcRδΓa

bc − 2gabRδΓc
bc + 2∇aR δ ln |g| + 2∇bR δgab

)
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are the field equations and the boundary term.

B.3 R2
ab Term

S β =

∫
dDx

√
|g|R2

ab,

δS β =

∫
dDx

( √
|g|RabδRab +

√
|g|RabδRab + RabRabδ(

√
−g)

)
.

The first term to deal with is

RabδRab = Rab(∇cδΓ
c
ab − ∇aδΓ

c
ac)

= Rab∇cδΓ
c
ab − Rab∇aδΓ

c
ac

= ∇c(RabδΓc
ab) − ∇cRab δΓc

ab − ∇a(RabδΓc
ac) + ∇aRab δΓc

ac

= ∇a(RbcδΓa
bc − RabδΓc

ac) − ∇cRab δΓc
ab + ∇aRab δΓc

ac.

Again, we should write the last two term in the standard form as follows

∇cRab δΓc
ab =

1
2
∇cRab gcd(∇aδgbd + ∇bδgad − ∇dδgab)

= ∇dRab ∇aδgbd −
1
2
∇dRab ∇dδgab

= ∇a(∇dRab δgbd) − ∇a∇
dRab δgbd − ∇d(

1
2
∇dRab δgab) +

1
2
�Rab δgab

= −∇a(∇bRa
b δgbc) + ∇a∇dRa

b δgbd + ∇d(
1
2
∇dRab δgab) −

1
2
�Rab δgab

= ∇a(−∇bRa
c δgbc +

1
2
∇aRbc δgbc) + (∇c∇aRc

b −
1
2
�Rab)δgab,

and

∇aRab δΓc
bc =

1
2
∇bR

1
2

gcd(∇bδgcd + ∇cδgbd − ∇dδgbc) =
1
4

gcd∇bR∇bδgcd

= ∇b(
1
4

gcd∇bRδgcd) −
1
4

gcd�R δgcd

= −∇b(
1
4

gcd∇
bRδgcd) +

1
4

gcd�R δgcd

= −∇a(
1
4

gbc∇
aRδgbc) +

1
4

gab�R δgab.

Using

RabδRab = Rabδ(gacgbdRcd)

= gacgbdRabδRcd + gbdRabRcdδgac + gacRabRcdδgbd

= RcdδRcd + Ra
dRcdδgac + Rc

bRcdδgbd

= RabδRab + 2Rc
aRcbδgab,
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and

δ(
√
−g)R2

ab = −
1
2

gabRcdRcdδgab,

gives

δS =

∫
dDx
√
−g

(
− 2∇c∇aRc

b +�Rab +
1
2

gab�R + 2Rc
aRcb

)
+

∫
dDx
√
−g∇a

(
2RbcδΓa

bc + 2∇bRa
cδgbc − ∇aRbcδgbc −

1
2

gbc∇
aRδgbc

)
,

from which the field equations and the boundary term can be written as

Bab = −∇c∇aRc
b − ∇c∇bRc

a +�Rab +
1
2

gab�R + 2Rc
aRcb,

=

Λa
β ≡

√
|g|

(
2Rbc δΓa

bc − 2RabδΓc
bc +

1
2
∇aR δ ln |g| + 2∇cRa

b δgbc − ∇aRcb δgcb
)
.

Employing the following useful relation

∇c∇aRc
b = ∇a∇cRc

b + Rc
dcaRd

b − Rd
bcaRc

b

=
1
2
∇a∇bR + RdaRd

b − Rd
bcaRc

b

=
1
2
∇a∇bR + Rc

aRcb − RacbdRcd,

the field equations can also be written as

Bab = 2RacbdRcd − ∇a∇bR +�Rab +
1
2

gab�R −
1
2

gabRcdRcd.
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APPENDIX C

SYMPLECTIC CURRENT

The symplectic current, which is necessary to construct the symplectic current, will be ob-

tained through the formula Ja = − δΛa
√
|g|

.

C.1 R2 Term

We start with the boundary term

Λa
α = 2

√
|g|Rgbc δΓa

bc − 2
√
|g|Rgab δΓc

bc + 2
√
|g|(∇bR) δgab + 2

√
|g|gab(∇bR) δ ln |g|,

whose exterior derivative is

δΛa
α =

√
|g|Rgbc δ ln |g| ∧ δΓa

bc + 2
√
|g|gbc δR ∧ δΓa

bc + 2
√
|g|R δgbc ∧ δΓa

bc

−
√
|g|Rgab δ ln |g| ∧ δΓc

bc − 2
√
|g|gab δR ∧ δΓc

bc − 2
√
|g|R δgab ∧ δΓc

bc

+
√
|g|(∇bR) δ ln |g| ∧ δgab + 2

√
|g| ∇bδR ∧ δgab +

√
|g|(∇aR) δ ln |g| ∧ δ ln |g|︸                            ︷︷                            ︸

=0

+ 2
√
|g|(∇bR) δgab ∧ δ ln |g| + 2

√
|g| ∇aδR ∧ δ ln |g|.

Therefore, the symplectic current is

Ja
α = −Rgbc δ ln |g| ∧ δΓa

bc − 2gbc δR ∧ δΓa
bc − 2R δgbc ∧ δΓa

bc

+ gabR δ ln |g| ∧ δΓc
bc + 2gab δR ∧ δΓc

bc + 2R δgab ∧ δΓc
bc

− (∇bR) δ ln |g| ∧ δgab − 2∇bδR ∧ δgab − 2(∇bR) δgab ∧ δ ln |g|

−2∇aδR ∧ δ ln |g|

39



C.2 R2
ab Term

Λa
β = 2

√
|g|Rbc δΓa

bc − 2
√
|g|Rab δΓc

bc +
1
2

√
|g|(∇aR) δ ln |g| + 2

√
|g|(∇bRa

c) δgbc

−
√
|g|(∇aRbc) δgbc

δΛa
β =

√
|g|Rbc δ ln |g| ∧ δΓa

bc + 2
√
|g| δRbc ∧ δΓa

bc −
√
|g|Rab δ ln |g| ∧ δΓc

bc

− 2
√
|g| δRab ∧ δΓc

bc +
1
4

√
|g|(∇aR) δ ln |g| ∧ δ ln |g|︸                              ︷︷                              ︸

=0

+
1
2

√
|g|δ(∇aR) ∧ δ ln |g|

+
√
|g|(∇bRa

c) δ ln |g| ∧ δgbc + 2
√
|g| δ(∇bRa

c) ∧ δgbc −
1
2

√
|g|(∇aRbc) δ ln |g| ∧ δgbc

−
√
|g| δ(∇aRbc) ∧ δgbc

Ja
β = −Rbc δ ln |g| ∧ δΓa

bc −2 δRbc ∧ δΓa
bc︸             ︷︷             ︸

Aa

+Rab δ ln |g| ∧ δΓc
bc

+ 2 δRab ∧ δΓc
bc︸             ︷︷             ︸

Ba

−
1
2
δ(∇aR) ∧ δ ln |g|︸                   ︷︷                   ︸

Ca

−(∇bRa
c) δ ln |g| ∧ δgbc

−2 δ(∇bRa
c) ∧ δgbc︸                 ︷︷                 ︸

Da

+
1
2

(∇aRbc) δ ln |g| ∧ δgbc +δ(∇aRbc) ∧ δgbc︸                ︷︷                ︸
Ea

We need to rewrite some terms as follows

Aa = −2 δ(gbdgceRde) ∧ δΓa
bc

= −2gceRde δgbd ∧ δΓa
bc − 2gbdRde δgce ∧ δΓa

bc − 2gbdgce δRde ∧ δΓ
a
bc

= −2R c
d δg

bd ∧ δΓa
bc − 2Rb

e δg
ce ∧ δΓa

bc − 2gbdgce δRde ∧ δΓ
a
bc

= −4Rc
d δg

bd ∧ δΓa
bc − 2gbdgce δRde ∧ δΓ

a
bc,

Ba = 2 δ(gadgbeRde) ∧ δΓc
bc

= 2gbeRde δgad ∧ δΓc
bc + 2gadRde δgbe ∧ δΓc

bc + 2gadgbe δRde ∧ δΓ
c
bc

= 2R b
d δgad ∧ δΓc

bc + 2Ra
e δg

be ∧ δΓc
bc + 2gadgbe δRde ∧ δΓ

c
bc,

Ca =
1
2
δ ln |g| ∧ δ(∇aR) =

1
2
δ ln |g| ∧ δ(gab∇bR)

=
1
2

(∇bR) δ ln |g| ∧ δgab +
1
2
δ ln |g| ∧ ∇aδR,

Da = −2 δ(gad∇cRdb) ∧ δgbc = −2(∇cRdb) δgad ∧ δgbc − 2gad δ(∇cRdb) ∧ δgbc

= −2(∇cRdb) δgad ∧ δgbc − 2gad (∇cδRdb − Reb δΓ
e
dc − Rde δΓ

e
bc) ∧ δgbc

= −2(∇cRdb) δgad ∧ δgbc − 2gad ∇cδRdb ∧ δgbc + 2gadReb δΓ
e
dc ∧ δg

bc + 2Ra
e δΓ

e
bc ∧ δg

bc,
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Ea = δ(gad∇dRbc) ∧ δgbc = ∇dRbc δgad ∧ δgbc + gad δ(∇dRbc) ∧ δgbc

= ∇dRbc δgad ∧ δgbc + gad (∇dδRbc − Reb δΓ
e
cd − Rce δΓ

e
bd) ∧ δgbc

= ∇dRbc δgad ∧ δgbc + gad ∇dδRbc ∧ δgbc − gadReb δΓ
e
cd ∧ δg

bc − gadRce δΓ
e
bd ∧ δg

bc

= ∇dRbc δgad ∧ δgbc + ∇aδRbc ∧ δgbc − 2gadReb δΓ
e
cd ∧ δg

bc.

Then, the symplectic current becomes

Ja
β = −Rbc δ ln |g| ∧ δΓa

bc + Rab δ ln |g| ∧ δΓc
bc − (∇bRa

c) δ ln |g| ∧ δgbc +
1
2

(∇aRbc) δ ln |g| ∧ δgbc

− 4Rc
d δg

bd ∧ δΓa
bc − 2gbdgce δRde ∧ δΓ

a
bc + 2R b

d δgad ∧ δΓc
bc + 2Ra

e δg
be ∧ δΓc

bc

+ 2gadgbe δRde ∧ δΓ
c
bc +

1
2

(∇bR) δ ln |g| ∧ δgab +
1
2
δ ln |g| ∧ ∇aδR − 2(∇cRdb) δgad ∧ δgbc

− 2gad ∇cδRdb ∧ δgbc +2gadReb δΓ
e
dc ∧ δg

bc︸                      ︷︷                      ︸
Xa

1

+2Ra
e δΓ

e
bc ∧ δg

bc + ∇dRbc δgad ∧ δgbc

+∇aδRbc ∧ δgbc −2gadReb δΓ
e
cd ∧ δg

bc︸                      ︷︷                      ︸
Xa

1

Terms Xa
1 cancel each other.
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APPENDIX D

COVARIANT DERIVATIVE OF THE SYMPLECTIC

CURRENT

Although we have shown that the symplectic current is covariantly conserved for any theory

derived from a generic local gravity action, we will show this explicitly for the action which

is quadratic in Ricci scalar and Ricci tensor.

D.1 R2 Term

The covariant derivative of the symplectic current is given by

∇aJa
α = −gbc(∇aR) δ ln |g| ∧ δΓa

bc − gbcR∇aδ ln |g| ∧ δΓa
bc − R δ ln |g| ∧ ∇aδΓ

a
bc︸                 ︷︷                 ︸

F

− 2gbc ∇aδR ∧ δΓa
bc − 2gbc δR ∧ ∇aδΓ

a
bc︸                ︷︷                ︸

B

−2(∇aR) δgbc ∧ δΓa
bc − 2R ∇aδgbc ∧ δΓa

bc︸            ︷︷            ︸
=0

− 2R δgbc ∧ ∇aδΓ
a
bc︸                ︷︷                ︸

D

+(∇bR) δ ln |g| ∧ δΓc
bc + R∇bδ ln |g| ∧ δΓc

bc︸                 ︷︷                 ︸
G

+ R δ ln |g| ∧ ∇bδΓc
bc︸                  ︷︷                  ︸

E

+2∇bδR ∧ δΓc
bc + 2δR ∧ ∇bδΓc

bc︸           ︷︷           ︸
A

+2(∇aR) δgab ∧ Γc
bc

+ 2R∇aδgab ∧ Γc
bc︸               ︷︷               ︸

H

+ 2R δgab ∧ ∇aΓc
bc︸               ︷︷               ︸

C

−(∇a∇bR) δ ln |g| ∧ δgab

− (∇bR)∇aδ ln |g| ∧ δgab︸                      ︷︷                      ︸
L

− (∇bR) δ ln |g| ∧ ∇aδgab︸                      ︷︷                      ︸
I

−2∇a∇bδR ∧ δgab

− 2∇a∇bδR ∧ δgab − 2∇bδR ∧ ∇aδgab︸              ︷︷              ︸
M

−2(∇a∇bR) δgab ∧ δ ln |g|

− 2(∇bR)∇aδgab ∧ δ ln |g|︸                        ︷︷                        ︸
J

− 2(∇bR) δgab ∧ ∇aδ ln |g|︸                        ︷︷                        ︸
K

−2∇a∇
aδR ∧ δ ln |g|

− 4∇aδR ∧ δΓb
ab,
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where

A + B = 2gbc δR ∧ (∇cδΓ
d
bd − ∇aδΓ

a
bc) = 2gab δRab ∧ δR,

C + D = 2R δgab ∧ (∇aδΓ
c
bc − ∇cδΓ

c
ab) = 2R δRab ∧ δgab,

E + F = gabR δ ln |g| ∧ (∇aδΓ
c
bc − ∇cδΓ

c
ab) = gabR δRab ∧ δ ln |g|,

G = 2gabR δΓd
ad ∧ δΓ

c
bc = 0,

H = 2R δΓc
bc ∧ (gde δΓb

de + gdb δΓe
de)

= 2gdeR δΓc
bc ∧ δΓ

b
de + 2gdbR δΓc

bc ∧ δΓ
e
de︸                 ︷︷                 ︸

=0

= 2gabR δΓc
bc ∧ δΓ

d
ab,

I + J = (∇bR) δ ln |g| ∧ ∇aδgab = (∇bR) (gdeδΓb
de + gdbδΓe

de) ∧ δ ln |g|

= gab(∇cR) δΓb
de ∧ δ ln |g| + (∇aR) δΓb

ab ∧ δ ln |g|,

K + L = (∇bR)∇aδ ln |g| ∧ δgab = 2(∇bR) δΓc
ac ∧ δg

ab,

M = 2∇bδR ∧ (gdeδΓb
de + gdbδΓe

de)

= 2gab ∇cδR ∧ δΓc
ab + 2∇aδR ∧ δΓb

ab,

which give

∇aJa
α = − gbc(∇aR) δ ln |g| ∧ δΓa

bc︸                        ︷︷                        ︸
I

− 2gbcR δΓd
ad ∧ δΓ

a
bc︸                 ︷︷                 ︸

B

− 2gbc ∇aδR ∧ δΓa
bc︸                ︷︷                ︸

G

− 2(∇aR) δgbc ∧ δΓa
bc + (∇bR) δ ln |g| ∧ δΓc

bc︸                   ︷︷                   ︸
K

+ 2∇bδR ∧ δΓc
bc︸           ︷︷           ︸

D

+ 2(∇aR) δgab ∧ Γc
bc︸                 ︷︷                 ︸

M

− (∇a∇bR) δ ln |g| ∧ δgab︸                      ︷︷                      ︸
N

−2∇a∇bδR ∧ δgab

− 2(∇a∇bR)δgab ∧ δ ln |g|︸                        ︷︷                        ︸
O

−2�δR ∧ δ ln |g| − 4∇δR ∧ δΓb
ab︸          ︷︷          ︸

E

+2gab δRab ∧ δR

+ 2R δRab ∧ δgab + gabR δRab ∧ δ ln |g| + 2gabR δΓc
bc ∧ δΓ

d
ab︸                 ︷︷                 ︸

A

+ gab(∇cR) δΓb
de ∧ δ ln |g|︸                        ︷︷                        ︸

H

+ (∇aR) δΓb
ab ∧ δ ln |g|︸                   ︷︷                   ︸
J

+ 2(∇bR) δΓc
ac ∧ δg

ab︸                  ︷︷                  ︸
L

+ 2gab ∇cδR ∧ δΓc
ab︸                   ︷︷                   ︸

F

+ 2∇aδR ∧ δΓb
ab︸           ︷︷           ︸

C

.

This can be put into the final form using

A + B = 0 C + D + E = 0 F + G = 0 K + J = 0 L + M = 0,
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H + I = 2gab(∇cR) δΓc
ab ∧ δ ln |g| N + O = (∇a∇bR) δ ln |g| ∧ δgab,

as

∇aJa
α = −2(∇aR) δgbc ∧ δΓa

bc − 2∇a∇bδR ∧ δgab − 2�δR ∧ δ ln |g|

+ 2gab δRab ∧ δR + 2R δRab ∧ δgab + gabR δRab ∧ δ ln |g|

+2gab(∇cR) δΓc
ab ∧ δ ln |g| + (∇a∇bR) δ ln |g| ∧ δgab.

We will show that it is equal toF = 1
2 gab δAab ∧ δ ln |g|+ δAab ∧ δgab which vanish on-shell.

The field equation and its variation are

Aab = 2RRab −
1
2

gabR2 + 2gab�R − 2∇a∇bR,

δAab = 2Rab δR + 2R δRab −
1
2

R2 δgab − gabR δR + 2(�R) δgab

+2gab δ(�R) − 2δ(∇a∇bR).

Using the following relations derived in Appendix A

δ(∇a∇bR) = ∇a∇bδR − (∇cR) δΓc
ba,

δ(�R) = δ(gab∇a∇bR) = (∇a∇bR) δgab +�δR − gab(∇cR) δΓc
ab,

we have

δAab = 2Rab δR + 2R δRab −
1
2

R2 δgab − gabR δR + 2(�R) δgab

+ 2gab(∇c∇dR) δgcd + 2gab�δR − 2gabgcd(∇eR) δΓe
cd

− 2∇a∇bδR + 2(∇cR) δΓc
ba,

through which we obtain

1
2

gab δAab ∧ δ ln |g| = R δR ∧ δ ln |g|︸          ︷︷          ︸
D

+gabR δRab ∧ δ ln |g| +
1
4

R2δ ln |g| ∧ δ ln |g|︸                   ︷︷                   ︸
=0

−
D
2

R δR ∧ δ ln |g|︸              ︷︷              ︸
E

+�R δ ln |g| ∧ δ ln |g|︸                  ︷︷                  ︸
=0

+D(∇a∇bR) δgab ∧ δ ln |g|

+ D�δR ∧ δ ln |g|︸              ︷︷              ︸
B

−Dgcd(∇eR) δΓe
cd ∧ δ ln |g|︸                          ︷︷                          ︸

I

−�δR ∧ δ ln |g|︸          ︷︷          ︸
C

δ ln |g|

+ gab(∇cR) δΓc
ab ∧ δ ln |g|︸                        ︷︷                        ︸

H

,
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δAab ∧ δgab = 2Rab δR ∧ δgab + 2R δRab ∧ δgab −
1
2

R2δgab ∧ δgab︸              ︷︷              ︸
=0

+ R δR ∧ δ ln |g|︸          ︷︷          ︸
F

+ 2�R δgab ∧ δgab︸               ︷︷               ︸
=0

−2(∇a∇bR) δgab ∧ δ ln |g| − 2�δR ∧ δ ln |g|︸             ︷︷             ︸
A

+ 2gcd(∇eR) δΓe
cd ∧ δ ln |g|︸                         ︷︷                         ︸

G

−2∇a∇bδR ∧ δgab + 2(∇cR) δΓc
ab ∧ δg

ab.

With the following simplifications

A + B + C = (D − 3)�δR ∧ δ ln |g|,

D + E + F =

(
2 −

D
2

)
R δR ∧ δ ln |g|,

G + H + I = (3 − D)gab(∇cR) δΓc
abδ ln |g|,

Fbecomes

F = gabR δRabδ ln |g| + D(∇a∇bR) δgab ∧ δ ln |g| + 2Rab δR ∧ δgab + 2R δRab ∧ δgab

−2(∇a∇bR) δgab ∧ δ ln |g| − 2∇a∇bδR ∧ δgab + 2(∇cR) δΓc
ab ∧ δg

ab

+ (D − 3)�δR ∧ δ ln |g| +
(
2 −

D
2

)
R δR ∧ δ ln |g| + (3 − D)gab(∇cR) δΓc

abδ ln |g|.

We need to get rid of the quantities whose coefficients depend on D. For that, consider the

trace of the field equations and its first variation

A = gabAab = 2R2 −
D
2

R2 + 2D�R − 2�R =

(
2 −

D
2

)
R2 + 2(D − 1)�R,

δA = 2
(
2 −

D
2

)
R δR + 2(D − 1)

[
(∇a∇bR) δgab +�δR − gab(∇cR) δΓc

ab

]
,

which give

1
2
δA ∧ δ ln |g| =

(
2 −

D
2

)
R δR ∧ δ ln |g| + (D − 1)(∇a∇bR) δgab ∧ δ ln |g|

+ (D − 1)�δR ∧ δ ln |g| − (D − 1)gab(∇cR) δΓc
ab ∧ δ ln |g|.

Finally, we write

F =
1
2
δA ∧ δ ln |g|︸           ︷︷           ︸
=0 (on-shell)

− (∇a∇bR) δgab ∧ δ ln |g|︸                      ︷︷                      ︸
A

− 2�δR ∧ δ ln |g|︸            ︷︷            ︸
B

+ 2gab(∇cR) δΓc
ab ∧ δ ln |g|︸                         ︷︷                         ︸

C

+ gabR δRab ∧ δ ln |g|︸                  ︷︷                  ︸
D

+ 2Rab δR ∧ δgab︸            ︷︷            ︸
H

+ 2R δRab ∧ δgab︸            ︷︷            ︸
I

− 2∇a∇bδR ∧ δgab︸              ︷︷              ︸
F

+ 2(∇cR) δΓc
ab ∧ δg

ab︸                  ︷︷                  ︸
G

,
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which is identical to the covariant derivative of the symplectic current

∇aJa
α = − 2(∇aR) δgbc ∧ δΓa

bc︸                  ︷︷                  ︸
G

− 2∇a∇bδR ∧ δgab︸              ︷︷              ︸
F

− 2�δR ∧ δ ln |g|︸            ︷︷            ︸
B

+ 2gab δRab ∧ δR︸            ︷︷            ︸
H̃

+ 2R δRab ∧ δgab︸            ︷︷            ︸
I

+ gabR δRab ∧ δ ln |g|︸                  ︷︷                  ︸
D

+ 2gab(∇cR) δΓc
ab ∧ δ ln |g|︸                         ︷︷                         ︸

C

+ (∇a∇bR) δ ln |g| ∧ δgab︸                      ︷︷                      ︸
A

.

All the terms from A to G are the same. For the last term we have

δR ∧ δR = gab δRab ∧ δR + Rab δgab ∧ δR = 0⇒ H = H̃.
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D.2 R2
ab Term

This time, the covariant derivative of the symplectic current is

∇aJa
β = −∇aRbc ln |g| ∧ δΓa

bc − 2Rbc δΓd
ad ∧ δΓ

a
bc︸               ︷︷               ︸

B

− Rbc δ ln |g| ∧ ∇aδΓ
a
bc︸                   ︷︷                   ︸

K

+
1
2
∇bR δ ln |g| ∧ δΓc

bc + 2Rab δΓd
ad ∧ δΓ

c
bc︸               ︷︷               ︸

=0

+ Rab δ ln |g| ∧ ∇aδΓ
a
bc︸                   ︷︷                   ︸

K

− (∇a∇cRa
b) δ ln |g| ∧ δgbc − 2∇cRa

b δΓ
d
ad ∧ δg

bc︸                  ︷︷                  ︸
D

− ∇cRa
b δ ln |g| ∧ ∇aδgbc︸                       ︷︷                       ︸

X1

1
2
�Rbc δ ln |g| ∧ δgbc + ∇aRbc δΓ

d
ad ∧ δg

bc︸                 ︷︷                 ︸
E

+ ∇aRbc δ ln |g| ∧ ∇aδgbc︸                       ︷︷                       ︸
X2

− 4(∇aRd
b) δgcd ∧ δΓa

bc︸                     ︷︷                     ︸
F

− 4Rd
b ∇aδgcd ∧ δΓa

bc︸                   ︷︷                   ︸
X3

− 4Rd
b δgcd ∧ ∇aδΓ

a
bc

− 2gcdgbe ∇aδRde ∧ δΓ
a
bc − 2gcdgbe δRde ∧ ∇aδΓ

a
bc︸                       ︷︷                       ︸

L

+ 2(∇aRd
b) δgad ∧ δΓc

bc︸                     ︷︷                     ︸
D

+ 2Rd
b ∇aδgad ∧ δΓc

bc︸                   ︷︷                   ︸
X4

+ 2Rd
b δgad ∧ ∇aδΓ

c
bc + (∇dR) δgbd ∧ δΓc

bc︸                ︷︷                ︸
G

+ 2Ra
c ∇aδgbc ∧ δΓe

be︸                  ︷︷                  ︸
X5

+ 2Ra
d δgbd ∧ ∇aδΓ

c
bc + 2gbc ∇dδRde ∧ δΓ

c
bc

+ 2gbcgbe δRde ∧ ∇
dδΓc

bc︸                       ︷︷                       ︸
L

−
1
2

(∇a∇bR) δgab ∧ δ ln |g| − (∇bR) δgab ∧ δΓc
ac︸                ︷︷                ︸

G

−
1
2

(∇bR)∇aδgab ∧ δ ln |g|︸                         ︷︷                         ︸
X6

−
1
2
�δR ∧ δ ln |g| − ∇aδR ∧ δΓb

ab − 2(∇a∇cRdb) δgad ∧ δgbc

− 2(∇cRdb) ∇aδgab ∧ δgdc︸                         ︷︷                         ︸
X7

− 2(∇cReb) δgae ∧ ∇aδgbc︸                        ︷︷                        ︸
X8

− 2∇d∇cδRdb ∧ δgbc

− 2 (∇cδRdb) ∧ δ∇dδgbc︸                     ︷︷                     ︸
X9

+ (∇dR) δΓd
bc ∧ δg

bc + 2Ra
d ∇aδΓ

d
bc ∧ δg

bc

+ 2Ra
d δΓ

d
bc ∧ ∇aδgbc︸                   ︷︷                   ︸
X10

+ (∇a∇dRbc) δgad ∧ δgbc + (∇bRdc) ∇aδgab ∧ δgdc︸                       ︷︷                       ︸
X11

+ (∇bRdc) δgab ∧ ∇aδgbc︸                       ︷︷                       ︸
X12

+�δRbc ∧ δgbc + ∇aδRbc ∧ ∇aδgbc︸               ︷︷               ︸
X13

.

We first write

X1 = ∇cRad δ ln |g| ∧ δΓc
ad + ∇dRa

b δ ln |g| ∧ δΓb
ad︸                    ︷︷                    ︸,

H
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X2 = −
1
2
∇aRd

c δ ln |g| ∧ δΓc
ad︸                      ︷︷                      ︸

H

−
1
2
∇aRb

d δ ln |g| ∧ δΓb
ad,︸                       ︷︷                       ︸

H

X3 = 4gecRd
b δΓd

ae ∧ δΓ
a
bc︸                   ︷︷                   ︸

A

+ 4Reb δΓc
ae ∧ δΓ

a
bc︸               ︷︷               ︸,

=0

X4 = −2geaRd
b δΓb

ae ∧ δΓ
c
bc − 2Red δΓa

ea ∧ δΓ
e
dc︸               ︷︷               ︸,

=0

X5 = −2gdbRa
c δΓ

c
ad ∧ δΓ

e
be − 2Rad δΓb

ad ∧ δΓ
e
be︸               ︷︷               ︸,

B

X6 =
1
2

gea(∇bR) δΓb
ae ∧ δ ln |g| +

1
2

(∇eR) δΓa
ea ∧ δ ln |g|︸                     ︷︷                     ︸,
C

X7 = 2gea(∇cRdb) δΓb
ae ∧ δg

bc + 2(∇cRd
e) δΓa

ea ∧ δg
dc︸                     ︷︷                     ︸,

D

X8 = 2(∇cRe
d) δgae ∧ δΓc

ad︸                     ︷︷                     ︸
F

+ 2(∇dReb) δgae ∧ δΓb
ad,

X9 = 2gadgeb (∇cδRdb) ∧ δΓc
ae + 2gad (∇eδRdb) ∧ δΓb

ae,

X10 = −2gebRa
d δΓ

d
bc ∧ δΓ

c
ae︸                   ︷︷                   ︸

A

− 2gecRa
d δΓ

d
bc ∧ δΓ

b
ae︸                   ︷︷                   ︸,

A

X11 = −gea(∇bRdc) δΓb
ae ∧ δg

de − (∇eRdc) δΓa
ea ∧ δg

dc︸                   ︷︷                   ︸,
E

X12 = −(∇dRe
c) δgad ∧ δΓc

ae − ((∇dRb
e) δgad ∧ δΓb

ae︸                    ︷︷                    ︸,
E

X13 = −(∇dRe
c) δgad ∧ δΓc

ae︸                   ︷︷                   ︸
I

− (∇dRb
e) δgad ∧ δΓb

ae,︸                    ︷︷                    ︸
I

X14 = −geb ∇aδRbc ∧ δΓ
c
ae︸                ︷︷                ︸

J

− gec ∇aδRbc ∧ δΓ
b
ae︸                ︷︷                ︸

J

.

We now have

D = 2(∇cRe
d) δgdc ∧ δΓa

ea F = −2(∇cRd
e) δgae ∧ δΓc

ad,

K = Rab δRab ∧ δ ln |g| L = −2gcdgbe δRbe ∧ δRbe = 0,

I = −2(∇dRe
c) δgad ∧ δΓc

ae J = −2geb ∇aδRbc ∧ δΓ
c
ae,
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and A = B = C = E = G = H = 0. Therefore,

∇aJa
β = −(∇aRbc) δ ln |g| ∧ δΓa

bc︸                     ︷︷                     ︸
F

− (∇a∇cRa
b) δ ln |g| ∧ δgbc +

1
2

(�Rbc) δ ln |g| ∧ δgbc

− 4Rd
b δgcd ∧ ∇aδΓ

a
bc︸                   ︷︷                   ︸

V

− 2gcdgbe ∇aδRde ∧ δΓ
a
bc + 2Rd

b δgad ∧ ∇aδΓ
c
bc︸                   ︷︷                   ︸

V

+ Ra
d δgbd ∧ ∇aδΓ

c
bc + 2gbe ∇dδRde ∧ δΓ

c
bc −

1
2

(∇a∇bR) δgab ∧ ln |g|︸                       ︷︷                       ︸
Y

−
1
2
�δR ∧ δ ln |g|︸              ︷︷              ︸

I

− ∇aδR ∧ δΓb
ab − 2(∇a∇cRdb) δgad ∧ δgbc︸                        ︷︷                        ︸

M

− 2 (∇d∇cδRdb) ∧ δgbc︸                    ︷︷                    ︸
N

+ (∇dR) δΓd
bc ∧ δg

bc︸                ︷︷                ︸
D

+ 2Ra
d ∇aδΓ

d
bc ∧ δg

bc + (∇a∇dRbc) δgad ∧ δgbc︸                      ︷︷                      ︸
K

+�δRbc ∧ δgbc︸          ︷︷          ︸
J

+ (∇cRad) δ ln |g| ∧ δΓc
ad︸                      ︷︷                      ︸

F

− 2gea(∇cRdb) δΓb
ae ∧ δg

dc

− 2gdbRa
c δΓ

c
ad ∧ δΓ

e
be +

1
2

gea(∇bR) δΓb
ae ∧ δ ln |g|︸                          ︷︷                          ︸

G

+ 2gea(∇cRdb) δΓb
ae ∧ δg

dc︸                         ︷︷                         ︸
S

+ 2(∇dReb) δgae ∧ ∇aδΓ
b
ad︸                        ︷︷                        ︸

O

+ 2gadgbe ∇cδRdb ∧ δΓ
c
ae + 2gad∇eδRdb ∧ δΓ

b
ae

− gea(∇bRdc) δΓb
aeδg

dc︸                   ︷︷                   ︸
L

+ 2(∇cRd
e) δgdc ∧ δΓa

ea − 2(∇cRe
d δgae ∧ δΓc

ad︸                    ︷︷                    ︸
R

− 2(∇dRe
c δgad ∧ δΓc

ae︸                    ︷︷                    ︸
T

− 2geb ∇aδRbc ∧ δΓ
c
ae + Rab δRab ∧ δ ln |g|︸                ︷︷                ︸

A

.

We need to calculateF = 1
2 gab δBab ∧ δ ln g + δBab ∧ δgab − 1

2δB ∧ δ ln |g| where

Bab = −
1
2

gabR2
cd + 2Re

bRa
e +

1
2

gab�R +�Rab − ∇c∇aRc
b − ∇c∇bRc

a

and B = gabBab is its trace. We need the following relations

δ(−
1
2

gabgcegd f RcdRe f ) = −
1
2

RcdRcdδgab −
1
2

gabRc
f Re f δgce −

1
2

gabRe
dRe f δgd f − gabRcdδRcd

= −
1
2

RcdRcdδgab − gabRc
f Re f δgce − gabRcdδRcd,

δ(2gceRcbRae) = 2RcbRaeδgce + 2Ra
cδRcb + 2Re

bδRae,

δ(
1
2

gab�R) =
1
2
�Rδgab +

1
2

gabδ�R

=
1
2
�Rδgab +

1
2

gab(∇e∇cR)δgce +
1
2

gab�δR −
1
2

gabgce(∇dR)δΓd
ec,

δ(�Rab) = �δRab + (∇c∇dRab)δgcd − (∇cRdb)δΓd
ac − Rcb∇

dδΓc
ad − (∇cRad)δΓd

bc − Rac∇
dδΓc

bd

− gcd(∇eRab)δΓe
dc − (∇cRdb)δΓd

ac − (∇cRad)δΓd
bc,
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δ(−∇c∇aRc
b) = δ(−gce∇c∇aReb) = −(∇c∇aReb)δgce − gce∇c(δ∇aReb) + (∇dRc

b)δΓd
ca

+ gce(∇aRd f )δΓd
ce + (∇aRc

d)δΓd
cb

= −(∇c∇aReb)δgce − ∇e∇aδReb) + (∇eRdb)δΓd
ea + Rdb∇

eδΓd
ea +

1
2

(∇dR)δΓd
ab

+ Red∇
eδΓd

ab + (∇dRc
b)δΓd

ac + gce(∇aRdb)δΓd
ce + (∇aRc

d)δΓd
cb.

Making use of the fact that

1
2

gabδ(−∇c∇aRc
b) +

1
2

gabδ(−∇c∇bRc
a) = gabδ(−∇c∇aRc

b),

δ(−∇c∇aRc
b) ∧ δgab + δ(−∇c∇bRc

a) ∧ δgab = 2 δ(−∇c∇aRc
b) ∧ δgab.

We understand that there is no need to calculate the variation of the last term in the field

equations. Hence, we obtain

1
2

gabδBab ∧ δ ln g = −
1
4

RcdRcd δ ln |g| ∧ δ ln |g|︸                         ︷︷                         ︸
=0

−
1
2
�Rc f Re

f δgce ∧ δ ln |g|︸                         ︷︷                         ︸
X1

−
1
2
�Rcd δRcd ∧ δ ln |g|︸                     ︷︷                     ︸

X2

+ Ra
eRc

a δgce ∧ δ ln |g|︸                    ︷︷                    ︸
X1

+ Rbc δRbc ∧ δ ln |g|︸                ︷︷                ︸
X2

+ Rae δRae ∧ δ ln |g|︸                ︷︷                ︸
X2

+
1
4
�R δ ln |g| ∧ δ ln |g|︸                    ︷︷                    ︸

=0

+
1
4

(∇e∇cR) δgce ∧ δ ln |g|︸                        ︷︷                        ︸
X3

+
1
4
�δR ∧ δ ln |g|

−
1
4

gac(∇dR) δΓd
ac ∧ δ ln |g|︸                          ︷︷                          ︸

X4

+
1
2

gab�δRab ∧ δ ln |g| +
1
2

(∇c∇dR) δgcd ∧ δ ln |g|︸                         ︷︷                         ︸
X3

−
1
2

(∇cRd
a) δΓd

ac ∧ δ ln |g|︸                        ︷︷                        ︸
X5

−
1
2

Rc
a ∇dδΓc

ad ∧ δ ln |g|︸                      ︷︷                      ︸
X6

−
1
2

(∇cRd
b) δΓd

bc ∧ δ ln |g|︸                        ︷︷                        ︸
X5

−
1
2

Rb
a ∇

dδΓc
bd ∧ δ ln |g|︸                      ︷︷                      ︸

X6

−
1
2

gcd(∇eR) δΓe
dc ∧ δ ln |g|︸                          ︷︷                          ︸

X4

−
1
2

(∇cRd
a) δΓd

ac ∧ δ ln |g|︸                        ︷︷                        ︸
X5

−
1
2

(∇cRb
d) δΓd

bc ∧ δ ln |g|︸                        ︷︷                        ︸
X5

−
1
2

(∇c∇eR) δgce ∧ δ ln |g|︸                        ︷︷                        ︸
X3

− (∇a∇bδRab) ∧ δ ln |g|

− (∇cRd
b) δΓd

cb ∧ δ ln |g|︸                      ︷︷                      ︸
X5

− Rd
b ∇eδΓd

cb ∧ δ ln |g|︸                   ︷︷                   ︸
X6

−
1
2

gab(∇dR) δΓd
ab ∧ δ ln |g|︸                          ︷︷                          ︸

X4

− gabRed ∇
eδΓd

ab ∧ δ ln |g| − (∇dRcb) δΓd
cb ∧ δ ln |g| −

1
2

gce(∇dR) δΓd
ce ∧ δ ln |g|︸                         ︷︷                         ︸

X4

− (∇aRc
d) δΓd

ca ∧ δ ln |g|︸                      ︷︷                      ︸
X5
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where

X! = (1 −
D
2

)RaeRc
a δgce ∧ δ ln |g| X4 = −(

3
2

+
D
4

)gec(∇dR) δΓd
ec ∧ δ ln |g|,

X2 = (2 −
D
2

)Rbc δRbc ∧ δ ln |g| X5 = −4(∇aRc
d) δΓd

ca ∧ δ ln |g|,

X3 =
D
4

(∇e∇cR) δgce ∧ δ ln |g| X6 = −2Rc
a ∇dδΓc

ad ∧ δ ln |g|.

Therefore, we have

1
2

gabδBab ∧ δ ln |g| =
D
4
�δR ∧ δ ln |g|︸              ︷︷              ︸

I

+
1
2

gab�δRab ∧ δ ln |g| − ∇a∇bδRab ∧ δ ln |g|

− gabRed ∇
eδΓd

ab ∧ δ ln |g| − (∇dRcb) δΓd
cb ∧ δ ln |g| + (1 −

D
2

)RaeRc
a δgce ∧ δ ln |g|

+ (2 −
D
2

)Rbc δRbc ∧ δ ln |g| +
D
4

(∇e∇cR) δgce ∧ δ ln |g|

− (
3
2

+
D
4

)gec(∇dR) δΓd
ec ∧ δ ln |g| − 4(∇aRc

d) δΓd
ca ∧ δ ln |g|

− 2Rc
a ∇dδΓc

ad ∧ δ ln |g|.

The next term to be considered is

δBab ∧ δgab = Rc
f Re f δgce ∧ δ ln |g| + Rcd δRcd ∧ δ ln |g| + RcbRae δgce ∧ δgab︸                  ︷︷                  ︸

=0

+ 2Ra
c δRcb ∧ δgab︸               ︷︷               ︸

X1

+ 2Re
b δRae ∧ δgab︸               ︷︷               ︸

X1

−
1
2

(∇e∇cR) δgce ∧ δ ln |g|

−
1
2
�δR ∧ δ ln |g| +

1
2

gce(∇dR) δΓd
ce ∧ δ ln |g| +�δRab ∧ δgab

+ (∇c∇dRab) δgcd ∧ δgab − (∇cRdb) δΓd
ac ∧ δg

ab︸                   ︷︷                   ︸
X2

− Rcb ∇
dδΓc

ad ∧ δg
ab︸                 ︷︷                 ︸

X3

− (∇cRad) δΓd
bc ∧ δg

ab︸                   ︷︷                   ︸
X2

− Rac ∇
dδΓc

bd ∧ δg
ab︸                 ︷︷                 ︸

X3

− gcd(∇eRab) δΓe
dc ∧ δg

ab

− (∇cRdb) δΓd
ac ∧ δg

ab︸                   ︷︷                   ︸
X2

− (∇cRad) δΓd
bc ∧ δg

ab︸                   ︷︷                   ︸
X2

− 2(∇c∇bRea) δgce ∧ δgab

− 2∇e∇bδRea ∧ δgab + 2(∇eRda) δΓd
eb ∧ δg

ab︸                     ︷︷                     ︸
X2

+ 2Rda ∇
eδΓd

eb ∧ δg
ab︸                  ︷︷                  ︸

X3

+ (∇dR) δΓd
ab ∧ δg

ab + 2Red ∇
eδΓd

ab ∧ δg
ab + 2(∇dRc

a) δΓd
bc ∧ δg

ab

+ 2gce(∇bRda) δΓd
ce ∧ δg

ab + 2(∇bRc
d) δΓd

ca ∧ δg
ab,

with

X1 = 4Ra
c δRcb ∧ δgab X2 = −2(∇cRdb) δΓd

ac ∧ δg
ab X3 = 0.
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It becomes

δBab ∧ δgab = Rc
f Re f δgce ∧ δ ln |g|︸                     ︷︷                     ︸

B

+ Rcd δRcd ∧ δ ln |g|︸                ︷︷                ︸
H

−
1
2

(∇e∇cR) δgce ∧ δ ln |g|︸                        ︷︷                        ︸
Y

−
1
2
�δR ∧ δ ln |g|︸             ︷︷             ︸

I

+
1
2

gce(∇dR) δΓd
ce ∧ δ ln |g|︸                          ︷︷                          ︸

G

+�δRab ∧ δgab︸           ︷︷           ︸
J

+ (∇c∇dRab) δgcd ∧ δgab︸                       ︷︷                       ︸
K

− gcd(∇eRab) δΓe
dc ∧ δg

ab︸                        ︷︷                        ︸
L

− 2(∇c∇bRea) δgce ∧ δgab︸                        ︷︷                        ︸
M

− 2∇e∇bδRea ∧ δgab︸                 ︷︷                 ︸
N

+ (∇dR) δΓd
ab ∧ δg

ab︸                 ︷︷                 ︸
D

+ 2Red ∇
eδΓd

ab ∧ δg
ab︸                   ︷︷                   ︸

P

+ 2(∇dRc
a) δΓd

bc ∧ δg
ab︸                     ︷︷                     ︸

R

+ 2gce(∇bRda) δΓd
ce ∧ δg

ab︸                         ︷︷                         ︸
S

+ 2(∇bRc
d) δΓd

ca ∧ δg
ab︸                     ︷︷                     ︸

T

+ 4Ra
c δRcb ∧ δgab︸               ︷︷               ︸

V

− 2(∇cRdb) δΓd
ac ∧ δg

ab︸                     ︷︷                     ︸
U

.

We also need the variation of the trace of the field equations. Starting from

B = gabBab = −
D
2

RcdRcd + 2RabRab +
D
2
�R +�R − 2∇c∇bRc

a︸      ︷︷      ︸
=�R

= (2 −
D
2

)RcdRcd + 2RabRab +
D
2
�R,

and using

δ(RbcRbc) = 2RbcδRbc + 2Rd
cRdeδgce,

δ(gbc∇b∇cR) = (∇b∇cR)δgbc +�δR − gbc(∇dR)δΓd
bc,

gives

δB = (4 − D)[RbcδRbc + 2Rd
cRdeδgce] +

D
2

[∇b∇cR)δgbc +�δR − gbc(∇dR)δΓd
bc],

which finally yields the relavant term as

1
2
δB∧δ ln g = (2−

D
2

)[RbcδRbc︸   ︷︷   ︸
A

+2Rd
cRdeδgce︸         ︷︷         ︸

B

]∧δ ln |g|+
D
4

[(∇b∇cR)δgbc︸         ︷︷         ︸
C

+�δR︸︷︷︸
D

−gbc(∇dR)δΓd
bc︸          ︷︷          ︸

E

]δ ln |g|.

We will show that χ = ∇aJa
β −F = 0. All the terms are denoted with capital letters vanish

except.

G = −
1
2

gea(∇bR) δΓb
ea ∧ δ ln |g|,

V = 4Rd
bδgad ∧ ∇aδΓ

c
bc − 4Rd

bδgcd ∧ ∇aδΓ
a
bc − 4Ra

cδRcd ∧ δgab = 0.
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Then,

χ = −(∇a∇cRa
b) δ ln |g| ∧ δgbc +

1
2

(�Rbc) δ ln |g| ∧ δgbc − 2gcdgbe ∇aδRde ∧ δΓ
a
bc︸                       ︷︷                       ︸

X1

+ 2gbe ∇dδRde ∧ δΓ
c
bc − ∇

aδR ∧ δΓb
ab − 2geaRb

d δΓb
ea ∧ δΓ

c
dc

− 2gdbRa
c δΓ

c
ad ∧ δΓ

d
be + 2gadgbe ∇cδRdb ∧ δΓ

c
ae︸                       ︷︷                       ︸

X1

+ 2gad ∇eδRdb ∧ δΓ
b
ae︸                   ︷︷                   ︸

X2

+ 2(∇cRd
e) δgdc ∧ δΓa

ea − 2geb ∇aδRbc ∧ δΓ
c
ae︸                   ︷︷                   ︸

X2

−
1
2

gea(∇bR) δΓb
ae ∧ δ ln |g|

−
1
2

gab�δRab ∧ δ ln |g|,

where the terms X1 and X2 also vanish. In order to show that the remaning terms are zero, we

first consider

δ(2gdcge f∇cRd f ) = δ(∇eR) ∧ δΓa
ea = (∇dR)δged + ∇eδR

= 2(∇cRd
e)δgdc + (∇ f R)δge f + 2gdege f δ(∇cRd f ),

which gives

0 = −∇eδR ∧ δΓa
ea + 2(∇cRd

e) δgdc ∧ δΓa
ea + 2ge f ∇dδRd f ∧ δΓ

a
ea − 2gdcRb

e δΓb
dc ∧ δΓ

a
ea

− 2ge f Rc
b δΓ

b
c f ∧ δΓ

a
ea.

Note that are the terms with δΓ in χ. For the terms with δ ln |g|, we take

δ(gacgbd∇c∇dRab) = δ(∇a∇bRab) =
1
2
δ(gac∇cR) =

1
2

(∇a∇cR)δgac +
1
2

gacδ(∇a∇cR)

=
1
2

(∇a∇cR)δgac +
1
2
�δR −

1
2

gac(∇dR)δΓd
ca

=
1
2

(∇a∇cR)δgac + (∇a∇dRab)δgbd + gacgbeδ(∇c∇eRab)

where

gacgbeδ(∇c∇eRab) = gacgbe
[
∇c∇eδRab − (∇cRdb)δΓd

ae − Rdb∇cΓ
d
ae − Rad∇cΓ

d
be − (∇ f Rab)δΓ f

ce

− (∇cR f b)δΓ f
ca − (∇eRa f )δΓ

f
cb

]
= ∇a∇bδRab − (∇aRd

e)δΓd
ea − gacRd

e∇cΓ
d
ae −

1
2

gbe(∇dR)δΓd
be − gbeRc

d∇cΓ
d
be

− (∇ f Rce)δΓ f
ce −

1
2

(∇ f R)gcaδΓ
f
ca − (∇bRc

f )δΓ
f
cb,

and

δ(gacgbd∇c∇dRab) =
1
2

(∇a∇cR)δgac +
1
2

gab�δRab +
1
2
�Rabδgab + ∇cRab∇

cδgab

+
1
2

Rab�δgab −
1
2

gac(∇dR)δΓd
ac

=
1
2

(∇a∇cR)δgac + (∇a∇dRab)δgbd + ∇a∇bδRab − 2(∇aRd
e)δΓd

ae − Rd
e∇aδΓd

ae

−
1
2

gbe(∇dR)δΓd
be − gbeRc

d∇cδΓ
d
be − (∇ f Rce)δΓ f

ce −
1
2

gca(∇ f R)δΓ f
ca.
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Using

(∇aRd
e)δΓd

ae = −
1
2

(∇cRab)∇cδgab , Re
d∇

aδΓd
ae = −

1
2

Rab�δgab

shows that the terms with δ ln |g| are also zero.
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APPENDIX E

EXTERIOR DERIVATIVE OF THE SYMPLECTIC

TWO-FORM

We show that δJa = − 1
2 Ja ∧ δ ln |g| and therefore δω = 0. Again, a general proof for theories

arising from a local gravity action was already given.

E.1 R2 Term

The symplectic current is

Ja
α = −Rgbc δ ln |g| ∧ δΓa

bc − 2gbc δR ∧ δΓa
bc − 2R δgbc ∧ δΓa

bc

+ gabR δ ln |g| ∧ δΓc
bc + 2gab δR ∧ δΓc

bc + 2R δgab ∧ δΓc
bc

− (∇bR) δ ln |g| ∧ δgab − 2∇bδR ∧ δgab − 2(∇bR) δgab ∧ δ ln |g|

−2∇aδR ∧ δ ln |g|,

whose exterior derivative is given by

δJa
α = −R δgbc ∧ δ ln |g| ∧ δΓa

bc − gbc δRδ ln |g| ∧ δΓa
bc − 2 δgbc ∧ δR ∧ δΓa

bc︸                  ︷︷                  ︸
Xa

1

− 2 δR ∧ δgbc ∧ δΓa
bc︸                  ︷︷                  ︸

Xa
1

+ R δgab ∧ δ ln |g| ∧ δΓc
bc + gabδR ∧ δ ln |g| ∧ δΓc

bc + 2δgab ∧ δR ∧ δΓc
bc︸                 ︷︷                 ︸

Xa
2

+ 2δR ∧ δgab ∧ δΓc
bc︸                 ︷︷                 ︸

Xa
2

− (∇bδR) ∧ δ ln |g| ∧ δgab︸                        ︷︷                        ︸
Xa

3

− 2∇bδR ∧ δgab ∧ δ ln |g|︸                        ︷︷                        ︸
Xa

3

− 2 δgab ∧ ∇bδR ∧ δ ln |g|︸                        ︷︷                        ︸
Xa

3

.

Terms Xa
1 and Xa

2 give no contribution and X3 = −(∇bδR)∧ δ ln |g| ∧ δgab. Therefore, we have

δJa
α = −R δgbc ∧ δ ln |g| ∧ δΓa

bc︸                       ︷︷                       ︸
Aa

− gbc δRδ ln |g| ∧ δΓa
bc︸                   ︷︷                   ︸

Ba

+ R δgab ∧ δ ln |g| ∧ δΓc
bc︸                       ︷︷                       ︸

Ca

+ gabδR ∧ δ ln |g| ∧ δΓc
bc︸                      ︷︷                      ︸

Da

− (∇bδR) ∧ δ ln |g| ∧ δgab︸                        ︷︷                        ︸
Ea

,
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which is equal to

−
1
2

Ja
α ∧ δ ln |g| = gbc δR ∧ δΓa

bc ∧ δ ln |g|︸                       ︷︷                       ︸
Ba

+ R δgbc ∧ δΓa
bc ∧ δ ln |g|︸                       ︷︷                       ︸

Aa

− gab δR ∧ δΓc
bc ∧ δ ln |g|︸                       ︷︷                       ︸

Da

− R δgab ∧ δΓc
bc ∧ δ ln |g|︸                       ︷︷                       ︸

Ca

+∇bδR ∧ δgab ∧ δ ln |g|︸                     ︷︷                     ︸
Ea

.

E.2 R2
ab Term

The symplectic current is

Ja
β = −Rbc δ ln |g| ∧ δΓa

bc + Rab δ ln |g| ∧ δΓc
bc − (∇bRa

c) δ ln |g| ∧ δgbc +
1
2

(∇aRbc) δ ln |g| ∧ δgbc

− 4Rc
d δg

bd ∧ δΓa
bc − 2gbdgce δRde ∧ δΓ

a
bc + 2R b

d δgad ∧ δΓc
bc + 2Ra

e δg
be ∧ δΓc

bc

+ 2gadgbe δRde ∧ δΓ
c
bc +

1
2

(∇bR) δ ln |g| ∧ δgab +
1
2
δ ln |g| ∧ ∇aδR︸               ︷︷               ︸

= 1
2 gab δ ln |g|∧∇bδR

−2(∇cRdb) δgad ∧ δgbc

− 2gad ∇cδRdb ∧ δgbc + 2Ra
e δΓ

e
bc ∧ δg

bc + ∇dRbc δgad ∧ δgbc + ∇aδRbc ∧ δgbc.

Its exterior derivative is

δJa
β = − δRbc ∧ δ ln |g| ∧ δΓa

bc︸                     ︷︷                     ︸
Aa

+ δRab ∧ δ ln |g| ∧ δΓc
bc︸                     ︷︷                     ︸

Ba

− δ(∇bRa
c) ∧ δ ln |g| ∧ δgbc︸                         ︷︷                         ︸

Ca

+
1
2
δ(∇aRbc) ∧ δ ln |g| ∧ δgbc︸                             ︷︷                             ︸

Da

− 4 δRc
d ∧ δg

bd ∧ δΓa
bc︸                    ︷︷                    ︸

Ea

−2gce δgbd ∧ δRde ∧ δΓ
a
bc

−2gbd δgce ∧ δRde ∧ δΓ
a
bc + 2δRb

d ∧ δg
ad ∧ δΓc

bc︸                   ︷︷                   ︸
Fa

+ 2 δRa
e ∧ δg

be ∧ δΓc
bc︸                   ︷︷                   ︸

Ga

+2gbe δgad ∧ δRde ∧ δΓ
c
bc + 2gad δgbe δRde ∧ δΓ

c
bc +

1
2

(∇bδR) ∧ δ ln |g| ∧ δgab

+
1
2
δgab ∧ δ ln |g| ∧ ∇bδR − 2 δ(∇cRdb) ∧ δgad ∧ δgbc︸                          ︷︷                          ︸

HA

−2 δgad ∧ ∇cδRdb ∧ δgbc

− 2gad δ(∇cδRdb) ∧ δgbc︸                      ︷︷                      ︸
Ia

+ 2 δRa
e ∧ δΓ

e
bc ∧ δg

bc︸                   ︷︷                   ︸
Ka

+ δ(∇dRbc) ∧ δgad ∧ δgbc︸                        ︷︷                        ︸
La

+ δ(∇aδRbc) ∧ δgbc︸               ︷︷               ︸
Ma

,

We need to expand some terms in this expression.

Aa = −(gbdgceRde) ∧ δ ln |g| ∧ δΓa
bc

= −Rc
d δg

bd ∧ δ ln |g| ∧ δΓa
bc − Rb

e δg
ce ∧ δ ln |g| ∧ δΓa

bc − gbdgce δRde ∧ δ ln |g| ∧ δΓa
bc

= −2Rc
d δg

bd ∧ δ ln |g| ∧ δΓa
bc − gbdgce δRde ∧ δ ln |g| ∧ δΓa

bc,
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Ba = δ(gacgbdRcd) ∧ δ ln |g| ∧ δΓe
be

= R b
c δgac ∧ δ ln |g| ∧ δΓe

be + Ra
d δg

bd ∧ δ ln |g| ∧ δΓe
be + gacgbd δRcd ∧ δ ln |g| ∧ δΓe

be.

Using

δ(∇bRa
c) = δ(gae∇bRec) = ∇bRec δgae + gae δ(∇bRec)

= ∇bRec δgae + gae ∇bδRec − gaeRc f δΓ
f
eb − Ra

f δΓ
f
cb,

Ca can be written as

Ca = −∇bRec δgae ∧ δ ln |g| ∧ δgbc − gae ∇bδRec ∧ δ ln |g| ∧ δgbc + gaeRcd δΓ
d
eb ∧ δ ln |g| ∧ δgbc

+Ra
d δΓ

d
cb ∧ δ ln |g| ∧ δgbc.

From

δ(∇aRbc) = δ(gad∇dRbc) = ∇dRbc δgad + gad δ(∇dRbc)

= ∇dRbc δgad + gad(∇dδRbc − Rec δΓ
e
bd − Reb δΓ

e
cd)

= ∇dRbc δgad + ∇aδRbc − gadRec δΓ
e
bd − gadReb δΓ

e
cd,

we have

Da =
1
2
∇dRbc δgad ∧ δ ln |g| ∧ δgbc +

1
2
∇aδRbc ∧ δ ln |g| ∧ δgbc −

1
2

gadRec δΓ
e
bd ∧ δ ln |g| ∧ δgbc

−
1
2

gadReb δΓ
e
cd ∧ δ ln |g| ∧ δgbc

=
1
2
∇dRbc δgad ∧ δ ln |g| ∧ δgbc +

1
2
∇aδRbc ∧ δ ln |g| ∧ δgbc − gadReb δΓ

e
cd ∧ δ ln |g| ∧ δgbc.

Ea = − 4Red δgce ∧ δgbe ∧ δΓa
bc︸                        ︷︷                        ︸

=0

−4gce δRed ∧ δgbd ∧ δΓa
bc,

Fa = 2Rde δgeb ∧ δgab ∧ δΓc
bc + 2geb δRde ∧ δgab ∧ δΓc

bc,

Ga = 2Rde δgad ∧ δgbe ∧ δΓc
bc + 2gad δRde ∧ δgbe ∧ δΓc

bc,

Ha = −2∇cδRdb ∧ δgad ∧ δgbc + 2Reb δΓ
e
dc ∧ δg

ad ∧ δgbc + 2Red δΓ
e
bc ∧ δg

ad ∧ δgbc.

Using

δ(∇cδRdb) = δ(∂cδRdb − Γe
dc δReb − Γe

bc δRde) = −δΓe
dc ∧ δReb − δΓ

e
bc ∧ δRde,

Ia becomes

Ia = 2gad δΓe
dc ∧ δReb ∧ δgbc + 2gad δΓe

bc ∧ δRde ∧ δgbc.
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Ka = 2Rde δgad ∧ δΓe
bc ∧ δg

bc + 2gad δRde ∧ δΓ
e
bc ∧ δg

bc,

La = ∇dδRbc ∧ δgad ∧ δgbc − Rbe δΓ
e
cd ∧ δg

ad ∧ δgbc − Rec δΓ
e
bd ∧ δg

ad ∧ δgbc

= ∇dδRbc ∧ δgad ∧ δgbc − 2Rbe δΓ
e
cd ∧ δg

ad ∧ δgbc.

With the help of

δ(gad∇dδRbc) = δgad ∧ ∇dδRbc + gadδ(∂dδRbc − Γe
bd δRec − Γe

cd δRbe)

= δgad ∧ ∇dδRbc − gad δΓe
bd ∧ δRec − gad δΓe

cd ∧ δRbe,

we get

Ma = δgad ∧ ∇dδRbc ∧ δgbc − gad δΓe
bd ∧ δRec ∧ δgbc − gad δΓe

cd ∧ δRbe ∧ δgbc

= δgad ∧ ∇dδRbc ∧ δgbc − 2gad δΓe
bd ∧ δRec ∧ δgbc.

Therefore,

δJa
β = − 2gce δgbd ∧ δRde ∧ δΓ

a
bc︸                         ︷︷                         ︸

Xa
1

− 2gbd δgce ∧ δRde ∧ δΓ
a
bc︸                         ︷︷                         ︸

Xa
1

+ 2gbe δgad ∧ δRde ∧ δΓ
c
bc︸                         ︷︷                         ︸

Xa
2

+ 2gad δgbe δRde ∧ δΓ
c
bc︸                      ︷︷                      ︸

Xa
3

+
1
2

(∇bδR) ∧ δ ln |g| ∧ δgab︸                           ︷︷                           ︸
Xa

4

+
1
2
δgab ∧ δ ln |g| ∧ ∇bδR︸                        ︷︷                        ︸

Xa
4

− 2 δgad ∧ ∇cδRdb ∧ δgbc︸                        ︷︷                        ︸
Xa

5

−2Rc
d δg

bd ∧ δ ln |g| ∧ δΓa
bc − gbdgce δRde ∧ δ ln |g| ∧ δΓa

bc

+ R b
c δgac ∧ δ ln |g| ∧ δΓe

be + Ra
d δg

bd ∧ δ ln |g| ∧ δΓe
be + gacgbd δRcd ∧ δ ln |g| ∧ δΓe

be

−∇bRec δgae ∧ δ ln |g| ∧ δgbc + gae ∇bδRec ∧ δ ln |g| ∧ δgbc + gaeRcd δΓ
d
eb ∧ δ ln |g| ∧ δgbc︸                              ︷︷                              ︸

Xa
12

+ Ra
d δΓ

d
cb ∧ δ ln |g| ∧ δgbc +

1
2
∇dRbc δgad ∧ δ ln |g| ∧ δgbc +

1
2
∇aδRbc ∧ δ ln |g| ∧ δgbc

− gadReb δΓ
e
cd ∧ δ ln |g| ∧ δgbc︸                              ︷︷                              ︸

Xa
12

− 4gce δRed ∧ δgbd ∧ δΓa
bc︸                         ︷︷                         ︸

Xa
1

+ 2Rde δgeb ∧ δgab ∧ δΓc
bc︸                         ︷︷                         ︸

Xa
6

+ 2geb δRde ∧ δgab ∧ δΓc
bc︸                         ︷︷                         ︸

Xa
2

+ 2Rde δgad ∧ δgbe ∧ δΓc
bc︸                         ︷︷                         ︸

Xa
6

+ 2gad δRde ∧ δgbe ∧ δΓc
bc︸                         ︷︷                         ︸

Xa
3

− 2∇cδRdb ∧ δgad ∧ δgbc︸                       ︷︷                       ︸
Xa

5

+ 2Reb δΓ
e
dc ∧ δg

ad ∧ δgbc︸                         ︷︷                         ︸
Xa

7

+ 2Red δΓ
e
bc ∧ δg

ad ∧ δgbc︸                         ︷︷                         ︸
Xa

8

+ 2gad δΓe
dc ∧ δReb ∧ δgbc︸                         ︷︷                         ︸

Xa
9

+ 2gad δΓe
bc ∧ δRde ∧ δgbc︸                         ︷︷                         ︸

Xa
10

+ 2Rde δgad ∧ δΓe
bc ∧ δg

bc︸                         ︷︷                         ︸
Xa

8

+ 2gad δRde ∧ δΓ
e
bc ∧ δg

bc︸                         ︷︷                         ︸
Xa

10

+∇dδRbc ∧ δgad ∧ δgbc︸                     ︷︷                     ︸
Xa

11

− 2Rbe δΓ
e
cd ∧ δg

ad ∧ δgbc︸                         ︷︷                         ︸
Xa

7

+ δgad ∧ ∇dδRbc ∧ δgbc︸                     ︷︷                     ︸
Xa

11

− 2gad δΓe
bd ∧ δRec ∧ δgbc︸                         ︷︷                         ︸

Xa
9

.
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All the terms from Xa
1 to Xa

12 vanish and we have

δJa
β = − 2Rc

d δg
bd ∧ δ ln |g| ∧ δΓa

bc︸                           ︷︷                           ︸
Aa

− gbdgce δRde ∧ δ ln |g| ∧ δΓa
bc︸                              ︷︷                              ︸

Ba

+ R b
c δg

ac ∧ δ ln |g| ∧ δΓe
be︸                         ︷︷                         ︸

Ca

+ Ra
d δg

bd ∧ δ ln |g| ∧ δΓe
be︸                         ︷︷                         ︸

Da

+ gacgbd δRcd ∧ δ ln |g| ∧ δΓe
be︸                              ︷︷                              ︸

Ea

−∇bRec δgae ∧ δ ln |g| ∧ δgbc︸                            ︷︷                            ︸
Fa

+ gae ∇bδRec ∧ δ ln |g| ∧ δgbc︸                            ︷︷                            ︸
Ga

+ Ra
d δΓ

d
cb ∧ δ ln |g| ∧ δgbc︸                         ︷︷                         ︸

Ha

+
1
2
∇dRbc δgad ∧ δ ln |g| ∧ δgbc︸                               ︷︷                               ︸

Ia

+
1
2
∇aδRbc ∧ δ ln |g| ∧ δgbc︸                          ︷︷                          ︸

Ka

,

which is the same as

−
1
2
δJa

β ∧ δ ln |g| = 2Rc
d δg

bd ∧ δΓa
bc ∧ δ ln |g|︸                           ︷︷                           ︸

Aa

+ gbdgce δRde ∧ δΓ
a
bc ∧ δ ln |g|︸                              ︷︷                              ︸

Ba

−Rb
d δg

ad ∧ δΓc
dc ∧ δ ln |g|︸                         ︷︷                         ︸

Ca

− Ra
e δg

be ∧ δΓc
bc ∧ δ ln |g|︸                         ︷︷                         ︸

Da

− gadgbe δRde ∧ δΓ
c
bc ∧ δ ln |g|︸                              ︷︷                              ︸

Ea

+ (∇cRdb) δgad ∧ δgbc ∧ δ ln |g|︸                                ︷︷                                ︸
Fa

+ gad ∇cδRdb ∧ δgbc ∧ δ ln |g|︸                             ︷︷                             ︸
Ga

− Ra
e δΓ

e
bc ∧ δg

bc ∧ δ ln |g|︸                         ︷︷                         ︸
Ha

−
1
2
∇dRbc δgad ∧ δgbc ∧ δ ln |g|︸                               ︷︷                               ︸

Ia

−
1
2
∇aδRbc ∧ δgbc ∧ δ ln |g|︸                           ︷︷                           ︸

Ka

.
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APPENDIX F

GAUGE INVARIANCE OF THE SYMPLECTIC TWO-FORM

For the calculation of the conserved charges, we need to find out how the symplectic current

changes under the gauge transformations. We will write the change in the symplectic current

as the covariant derivative of an antisymmetric tensor ∇aF
ab and some additional terms that

vanish on-shell.

F.1 R2 Term

The relevant terms transform as

δΓa
bc → δΓa

bc + ξeRec
a

b + ∇c∇bξ
a δR→ δR + (∇eR)ξe,

δΓc
bc → δΓc

bc − Rec
a

bξ
e + ∇c∇bξ

c ∇a(δR)→ ∇aδR + (∇a∇eR)ξe + (∇eR)∇aξe,

δ ln |g| → δ ln |g| + 2∇dξ
d ∇b(δR)→ ∇b(δR) + (∇b∇dR)ξd + (∇dR)∇bξ

d.

Therefore, the symplectic current transforms as

Ja →−
1
2

gbcR (δ ln |g| + 2∇eξ
e) ∧ (δΓa

bc + Ra
becξ

e + ∇c∇bξ
a)

− gbc [δR + (∇eR)ξe] ∧ [δΓa
bc + Ra

becξ
e + ∇c∇bξ

a]

− R (δgbc − ∇bξc − ∇cξb) ∧ [δΓa
bc + Ra

becξ
e + ∇c∇bξ

a]

+
1
2

R(δ ln |g| + 2∇dξ
d) ∧ [δΓc

bc − Rebξ
e + ∇c∇bξ

e]

+ gab [δR + (∇eR)ξe] ∧ [δΓa
bc + Ra

becξ
e + ∇c∇bξ

a]

+ R (δgab − ∇aξb − ∇bξa) ∧ [δΓc
bc − Rebξ

e + ∇c∇bξ
a]

−
1
2

(∇bR)gab(δ ln |g| + 2∇dξ
d) ∧ (δgab − ∇aξb − ∇bξa)

+ (δgab − ∇aξb − ∇bξa) ∧ [∇bδR + (∇b∇dR)ξd + (∇dR)(∇bξ
d)]

− (∇bR) (δgab − ∇aξb − ∇bξa) ∧ (δ ln |g| + 2∇dξ
d)

+ (δ ln g + 2∇dξ
d) ∧ [∇aδR + (∇a∇eR)ξe + (∇eR)∇aξe],
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from which the change in the symplectic current can be written as

4Ja
α = −

1
2

RRa
e δ ln g ∧ ξe︸                ︷︷                ︸

Xa
2

−
1
2

R δ ln |g| ∧�ξe − Rgbc ∇eξ
e ∧ Γa

bc − Ra
b δR ∧ ξb︸        ︷︷        ︸

Xa
3

− δR ∧�ξa − gbc(∇eR) ξe ∧ δΓa
bc − RRa

bec δgbc ∧ ξe − R δgbc ∧ ∇b∇cξ
a

+ 2R∇bξc ∧ δΓa
bc −

1
2

RRa
b δ ln |g| ∧ ξb︸                 ︷︷                 ︸

Xa
2

+
1
2

R δ ln |g| ∧ ∇c∇
aξc + gabR∇dξ

d ∧ δΓc
bc

− Ra
b δR ∧ ξb︸        ︷︷        ︸

Xa
3

+ δR ∧ ∇b∇
aξb + gab(∇dR) ξd ∧ δΓc

bc − RRdb δgab ∧ ξd

+ R δgab ∧ ∇d∇
bξd + R δΓc

bc ∧ (∇aξb + ∇bξa) +
1
2

(∇bR) δ ln |g| ∧ (∇aξb + ∇bξa)︸                                   ︷︷                                   ︸
Xa

4

+ (∇bR) δgab ∧ ∇dξ
d︸                 ︷︷                 ︸

Xa
1

+(∇b∇dR) δgab ∧ ξd + (∇dR) δgab ∧ ∇bξ
d

+ ∇dδR ∧ (∇aξb + ∇bξa) − 2(∇bR) δgab ∧ ∇dξ
d︸                   ︷︷                   ︸

Xa
1

+ (∇bR) (∇aξb + ∇bξa) ∧ δ ln |g|︸                                ︷︷                                ︸
Xa

4

+ (∇a∇dR) δ ln |g| ∧ ξd + (∇dR) δ ln |g| ∧ ∇aξd + 2∇dξ
d ∧ ∇aδR

where

Xa
1 = −(∇bR) δgab ∧ ∇dξ

d Xa
2 = −RRa

b δ ln |g| ∧ ξb,

Xa
3 = −2Ra

b δR ∧ ξb Xa
4 = −

1
2

(∇bR) δ ln |g| ∧ (∇aξb + ∇bξa).
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Therefore,

4Ja
α =

1
2

R δ ln |g| ∧�ξa︸               ︷︷               ︸
Aa

1

− gbcR∇dξ
d ∧ δΓa

bc︸                ︷︷                ︸
Aa

8

− δR ∧�ξa︸     ︷︷     ︸
Aa

18

− gbc(∇dR) ξd ∧ δΓa
bc︸                  ︷︷                  ︸

Aa
9

− RRa
bdc δg

bc ∧ ξd︸              ︷︷              ︸
Aa

14

−R δgbc ∧ ∇b∇cξ
a︸              ︷︷              ︸

Aa
6

+ 2R∇bξc ∧ δΓa
bc︸             ︷︷             ︸

Aa
13

+
1
2

R δ ln |g| ∧ ∇c∇
aξc︸                   ︷︷                   ︸

Aa
2

+ gabR∇dξ
d ∧ δΓc

bc︸                ︷︷                ︸
Aa

5

+ δR ∧ ∇b∇
aξb︸          ︷︷          ︸

Aa
17

+ gab(∇dR) ξd ∧ δΓc
bc︸                  ︷︷                  ︸

Aa
10

−RRdb δgab ∧ ξd︸            ︷︷            ︸
Aa

15

+ R δgab ∧ ∇d∇bξ
d︸               ︷︷               ︸

Aa
3

+ R δΓc
bc ∧ (∇bξa + ∇aξb)︸                        ︷︷                        ︸

Aa
4

+ (∇b∇cR) δgab ∧ ξc︸                 ︷︷                 ︸
Aa

21

+ (∇cR) δgab ∧ ∇bξ
c︸                 ︷︷                 ︸

Aa
12

+∇bδR ∧ (∇bξa + ∇aξb)︸                      ︷︷                      ︸
Aa

19

+ (∇a∇bR) δ ln |g| ∧ ξb︸                    ︷︷                    ︸
Aa

22

+ (∇bR) δ ln |g| ∧ ∇aξb︸                    ︷︷                    ︸
Aa

11

+ 2∇bξ
b ∧ ∇aδR︸            ︷︷            ︸
Aa

20

− (∇bR) δgab ∧ ∇cξ
c︸                 ︷︷                 ︸

Aa
16

−RRa
b δ ln |g| ∧ ξb︸              ︷︷              ︸

Aa
23

− 2Ra
b δR ∧ ξ

b︸        ︷︷        ︸
Aa

24

−
1
2

(∇bR) δ ln |g| ∧ (∇aξb + ∇bξa)︸                                   ︷︷                                   ︸
Aa

7

.

We will manipulate all the terms to construct the antisymmetric part. Then, we will show that

all the remaning terms vanish on-shell. We start with

Aa
1 = ∇b(−

1
2

R δ ln |g| ∧ ∇bξa) +
1
2

(∇bR) δ ln |g| ∧ ∇bξa +
1
2

R δ ln |g| ∧ ∇bξa,

Aa
2 = ∇b(

1
2

R δ ln |g| ∧ ∇aξb) −
1
2

(∇bR) δ ln |g| ∧ ∇aξb −
1
2

R ∇bδ ln |g| ∧ ∇aξb,

which give

4∑
i=1

Aa
i = ∇b(R δ ln |g| ∧ ∇[aξb]︸               ︷︷               ︸

Qab
1

) − (∇bR) δ ln |g| ∧ ∇aξb + 2R δΓc
bc ∧ ∇

bξa.

We proceed with

Aa
5 = ∇b(Rgad ξb ∧ δΓc

dc) − gad(∇bR) ξb ∧ δΓc
dc − gadR ξb ∧ ∇bδΓ

c
dc

= ∇b(2Rgad ξb ∧ δΓc
dc) − 2gad(∇bR) ξb ∧ δΓc

dc − 2gadR ξb ∧ ∇bδΓ
c
dc − Rgad ∇bξ

b ∧ δΓc
dc.

We first write

4∑
i=1

Aa
i = ∇bQab

1 − (∇bR) δ ln |g| ∧ ∇aξb + ∇b(2Rgbd δΓc
dc ∧ ξ

a) − 2(∇bR) δΓc
bc ∧ ∇

bξa

− 2R∇bδΓc
bc ∧ ξ

a,
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and then add the contribution of Aa
5

5∑
i=1

Aa
i = ∇bQab

1 + ∇b(R∇[b δ ln |g| ∧ ξa]︸                ︷︷                ︸
Qab

2

) − (∇bR) δ ln |g| ∧ ∇aξb − 2(∇bR) δΓc
bc ∧ ξ

a

− 2R∇bδΓc
bc ∧ ξ

a − 2gad(∇bR) ξb ∧ δΓc
dc − 2gadR ξb ∧ ∇bδΓ

c
dc − Rgad ∇bξ

b ∧ δΓc
dc.

Taking

Aa
6 = −R δgbc ∧ ∇b∇cξ

a = −∇b(R δgbc ∧ ∇cξ
a) + (∇bR) δgbc ∧ ∇cξ

a + R∇bδgbc ∧ ∇cξ
a,

Aa
7 = R δgab ∧ ∇d∇bξ

b = ∇b(R δgac ∧ ∇cξ
b) − (∇bR) δgac ∧ ∇cξ

b − R∇bδgac ∧ ∇cξ
b,

gives

Aa
6 + Aa

7 = ∇b(2R δgc[a ∧ ∇cξ
b]︸              ︷︷              ︸

Qab
3

) − (∇bR) δgac ∧ ∇cξ
b − R ∇bδgac ∧ ∇cξ

b + (∇bR) δgbc ∧ ∇cξ
a

+ R∇bδgbc ∧ ∇cξ
a︸              ︷︷              ︸

Aa

,

where we write the last term for further simplification as

Aa = ∇b(R∇cδgbc ∧ ξa) − (∇bR)∇cδgbc ∧ ξa − R∇b∇cδgbc ∧ ξa

= ∇b(R∇cδgbc ∧ ξa) + gde(∇bR) δΓb
de ∧ ξ

a + (∇bR)gdb δΓe
de ∧ ξ

a

+ R∇b(gdeδΓb
de + gdbδΓe

de) ∧ ξa

= ∇b(2R ∇cδgc[b ∧ ξa]) + ∇b(R∇cδgac ∧ ξb)

+ (∇bR)gde δΓb
de ∧ ξ

a + (∇bR)gdb δΓe
de ∧ ξ

a + R∇b(gdeδΓb
de + gdbδΓe

de) ∧ ξa

= ∇bQab
4 + (∇bR) ξb ∧ δΓa

de︸              ︷︷              ︸
cancels with Aa

9

+ gdeR ∇bξ
bξb ∧ δΓa

de︸                   ︷︷                   ︸
cancels with Aa

5

+ gdeR ξb ∧ ∇bδΓ
a
de + gad(∇bR) ξb ∧ δΓe

de

+ gadR ∇bξ
b ∧ δΓe

de︸                ︷︷                ︸
cancels with Aa

10

+ gadR ξb ∧ ∇bδΓ
e
de + (∇bR)gde δΓb

de ∧ ξ
a + (∇dR) δΓe

de ∧ ξ
a

+ gdeR ∇bδΓ
b
de ∧ ξ

a + R ∇dδΓe
de ∧ ξ

a,
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from which we get

12∑
i=1

Aa
i =

4∑
i=1

∇bQab
i + 2(∇bR) ξa ∧ δΓc

bc︸               ︷︷               ︸
Xa

8

+ 2R ξa ∧ ∇bδΓc
bc︸             ︷︷             ︸

Xa
6

− (∇bR) δ ln |g| ∧ ∇aξb︸                    ︷︷                    ︸
Xa

4

− 2gad(∇bR) ξb ∧ δΓc
dc︸                    ︷︷                    ︸

Xa
3

− 2gadR ξb ∧ ∇bδΓ
c
dc︸                 ︷︷                 ︸

Xa
7

− (∇bR) δgac ∧ ∇cξ
b︸                 ︷︷                 ︸

Xa
5

− R∇bδgac ∧ ∇cξ
b + (∇bR) δgbc ∧ ∇cξ

a + gde(∇bR) ξb ∧ δΓa
de︸                  ︷︷                  ︸

Xa
2

+ gdeR∇bξ
b ∧ δΓa

de︸               ︷︷               ︸
Xa

1

+ gdeRξb ∧ ∇bδΓ
a
de + gad(∇bR) ξb ∧ δΓe

de︸                  ︷︷                  ︸
Xa

3

+ gadR∇bξ
b ∧ δΓe

de

+ gadR ξb ∧ ∇bδΓ
e
de︸                ︷︷                ︸

Xa
7

+ gde(∇bR) δΓb
de ∧ ξ

a + 2(∇dR) δΓe
de ∧ δΓ

e
de︸                  ︷︷                  ︸

Xa
8

+ gdeR∇bδΓ
b
de ∧ ξ

a + R∇dδΓe
de ∧ ξ

a︸           ︷︷           ︸
Xa

6

− gbcR ∇dξ
d ∧ δΓa

bc︸                ︷︷                ︸
Xa

1

− gbc(∇dR) ξd ∧ δΓa
bc︸                  ︷︷                  ︸

Xa
2

+ gab(∇dR) ξd ∧ δΓc
dc︸                  ︷︷                  ︸

Xa
3

+ (∇bR)δ ln |g| ∧ ∇aξb︸                   ︷︷                   ︸
Xa

4

+ (∇cR) δgab ∧ ∇bξ
c︸                 ︷︷                 ︸

Xa
5

.

All terms except the followings vanish

Xa
6 = R ξa ∧ ∇cδΓb

cb Xa
7 = −gadR ξb ∧ ∇bδΓ

c
dc Xa

8 = (∇bR) ξa ∧ δΓc
bc

and we have

12∑
i=1

Aa
i =

4∑
i=1

∇bQab
i − R∇bδgac ∧ ∇cξ

b︸              ︷︷              ︸
Ya

+ (∇bR) δgbc ∧ ∇cξ
a − gdeR ξb ∧ δΓa

de

+ gde(∇bR) δΓb
de ∧ ξ

a + gdeR∇bδΓ
b
de ∧ ξ

a + R ξa ∧ ∇cδΓb
cb − gadR ξb ∧ ∇bδΓ

c
dc

+ (∇bR) ξa ∧ δΓc
bc.

We write Aa
13 as

Aa
13 = ∇b(2R ξc ∧ ∇

[aδgb]c︸              ︷︷              ︸
Qab

5

) + (∇bR) ξc ∧ ∇
bδgac + R ξc ∧�δgac − (∇bR) ξc ∧ ∇

aδgbc

− R ξc ∧ ∇b∇
aδgbc − R∇bξ

c ∧ ∇cδgab︸              ︷︷              ︸
Ya

,
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and then add it to
12∑
i=1

Aa
i (terms Ya gives zero)

13∑
i=1

Aa
i =

5∑
i=1

∇bQab
i + (∇bR) δgbc ∧ ∇cξ

a + gdeR ξb ∧ ∇bδΓ
a
de︸               ︷︷               ︸

Ea

+ gde(∇bR) Γb
de ∧ ξ

a

+ gdeR ∇bδΓ
b
de ∧ ξ

a︸                ︷︷                ︸
Aa

+ R ξa ∧ ∇cδΓb
cb︸           ︷︷           ︸

Ba

− gadR ξb ∧ ∇bδΓ
c
dc︸                ︷︷                ︸

Fa

+ (∇bR) ξa ∧ δΓc
bc

+ (∇bR) ξa ∧ δΓc
bc + (∇bR) ξc ∧ ∇bδgac + R ξc ∧�δgac︸          ︷︷          ︸

Da

− (∇bR) ξc ∧ ∇
aδgbc

− R ξc ∧ ∇b∇
aδgbc︸              ︷︷              ︸

Ca

.

Here

Aa + Ba = Rgbc δRbc ∧ ξ
a Ea = −R ξb ∧ ∇b∇cδgac −

1
2

Rξb ∧ ∇b∇
aδ ln g,

Fa = −
1
2

R ξb ∧ ∇b∇
aδ ln g Ea + Fa = −R ξb ∧ ∇b∇cδgac − Rξb ∧ ∇b∇

aδ ln g,

and we have

16∑
i=1

Aa
i =

6∑
i=1

∇bQac
i + gde(∇bR) δΓb

de ∧ ξ
a + (∇bR) ξa ∧ δΓd

bd + gbcR δRbc ∧ ξ
a − 2gabR δRbc ∧ ξ

c

− 2RRbc δgac ∧ ξb + (∇b∇cR) δgac ∧ ξb − (∇c∇bR) δgbc ∧ ξa + gbd(∇cR) δΓc
bd ∧ ξ

a

+ (∇dR) δΓe
de ∧ ξ

a + 2gac(∇dR) ξb ∧ δΓd
bc,

with Qab
5 = 2(∇cR) δgc[b ∧ ξa]. Writing

Aa
17 = ∇b(δR ∧ ∇aξb) − ∇bδR ∧ ∇aξb Aa

18 = −∇b(δR ∧ ∇bξa) + ∇bδR ∧ ∇bξa,

gives

Aa
17 + Aa

18 + Aa
19 = ∇b(2 δR ∧ ∇[aξb]︸          ︷︷          ︸

Qab
7

) + 2 ∇bδR ∧ ∇bξa.

Together with Aa
20

Aa
20 = 2∇bξ

b ∧ ∇aδR = ∇b(2 ξb ∧ ∇aδR) − 2 ξb ∧ ∇b∇
aδR,

they read

20∑
i=17

Aa
i = ∇bQab

7 + ∇b(2∇bδR ∧ ξa − 2∇aδR ∧ ξb︸                             ︷︷                             ︸
Qab

8

) − 2�δR ∧ ξa − 2 ξb ∧ ∇b∇
aδR,
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and we finally have

24∑
i=1

Aa
i =

8∑
i=1

∇bQab
i + gde(∇bR) δΓb

de ∧ ξ
a︸                  ︷︷                  ︸

Za
2

+ (∇bR) ξa ∧ δΓd
bd︸              ︷︷              ︸

Za
1

+ gbcR δRbc ∧ ξ
a︸            ︷︷            ︸

Xa
5

− 2gabR δRbc ∧ ξ
c︸             ︷︷             ︸

Xa
7

− 2RRbc δgac ∧ ξb︸             ︷︷             ︸
Xa

3

+ 2(∇b∇cR) δgac ∧ ξb︸                  ︷︷                  ︸
Xa

4

− (∇c∇bR) δgbc ∧ ξa︸                 ︷︷                 ︸
Xa

10

+ gbd(∇cR) ξa ∧ δΓc
bd︸                  ︷︷                  ︸

Za
2

+ (∇dR) δΓe
de ∧ ξ

a︸             ︷︷             ︸
Za

1

− 2 �δR ∧ ξa︸        ︷︷        ︸
Xa

9

− 2 ξb ∧ ∇b∇
aδR︸             ︷︷             ︸

Xa
8

+ (∇b∇cR) δgab ∧ ξc︸                 ︷︷                 ︸
Xa

4

+ (∇a∇bR) ln g ∧ ξb︸                 ︷︷                 ︸
Xa

7

− RRa
b δ ln g ∧ ξb︸             ︷︷             ︸

Xa
1

− 2Ra
b δR ∧ ξb︸         ︷︷         ︸

Xa
6

+ 2gde(∇bR) δΓb
de ∧ ξ

a︸                   ︷︷                   ︸
Xa

11

+ 2gac(∇dR) ξb ∧ δΓd
bc︸                   ︷︷                   ︸

Xa
12

Terms Za
1 and Za

2 vanish. We need the following expression to show that the remaining terms

are zero.

Fa =
1
2

gbc δAbc ∧ ξ
a︸              ︷︷              ︸

Ca

+Abc ξ
c ∧ δgab︸           ︷︷           ︸
Ba

+ gac ξb ∧ δAbc︸           ︷︷           ︸
Da

+
1
2
Aab ξb ∧ δ ln g︸               ︷︷               ︸

Aa

− δA∧ ξa

where

Aab = 2RRab −
1
2

gabR2 + 2gab�R − 2∇a∇bR,

δAbc = 2RbcδR + 2RδRbc −
1
2

R2δgbc − gbcRδR + 2(�R)δgbc + 2gbc(∇d∇eR)δgde

+ 2gbc�δR − 2Rgbcgde(∇ f R)δΓ f
de − 2∇b∇cδR + 2(∇dR)Γd

bc,

and

δA =
(
2 −

D
2

)
RδR + (D − 1)

[
(∇a∇bR)δgab +�δR − gab(∇cR)δΓc

ab

]
.

Now we can calculate

Aa = RRab ξb ∧ δ ln g −
1
4

R2 ξa ∧ δ ln g︸             ︷︷             ︸
Ka

1

+ (�R) ξa ∧ δ ln g︸              ︷︷              ︸
Ka

2

− 2(∇a∇bR) ξb ∧ δ ln g,

Ba = 2RRbc ξ
c ∧ δgab −

1
2

R2 ξb ∧ δgab︸            ︷︷            ︸
Ka

4

+ 2(�R) ξb ∧ δgab︸              ︷︷              ︸
Ka

3

− 2(∇b∇cR) ξc ∧ δgab,
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Ca = R δR ∧ ξa︸     ︷︷     ︸
Ka

5

+ gbcR δRbc ∧ ξ
a −

1
4

R2 δ ln g ∧ ξa︸             ︷︷             ︸
Ka

1

−
1
2

(DR) δR ∧ ξa︸             ︷︷             ︸
Ka

5

+ (�R) δ ln g ∧ ξa

+ D(∇b∇cR) δgbc ∧ ξa︸                    ︷︷                    ︸
Ka

6

+ D (�δR) ∧ ξa︸           ︷︷           ︸
Ka

7

− Dgbc(∇dR) δΓd
bc ∧ ξ

a − (�δR) ∧ ξa︸       ︷︷       ︸
Ka

7

+ gbc(∇dR) δΓd
bc ∧ ξ

a︸                  ︷︷                  ︸
Ka

8

,

Da = 2Ra
b ξ

b ∧ δR + 2gacR ξb ∧ δRbc +
1
2

R2 ξb ∧ δgab︸            ︷︷            ︸
Ka

4

− R ξa ∧ δR︸     ︷︷     ︸
Ka

5

− 2(�R) ξb ∧ δgab︸              ︷︷              ︸
Ka

3

+ 2(∇b∇cR) ξa ∧ δgbc︸                   ︷︷                   ︸
Ka

6

+ 2 ξa ∧�δR︸        ︷︷        ︸
Ka

7

− 2gbc(∇dR) ξa ∧ δΓd
bc − 2 ξb ∧ ∇b∇

aδR + 2gac(∇dR) ξb ∧ δΓd
bc.

When we calculate Aa + Ba + Ca + Da all the K terms except the followings vanish

Ka
5 = (4 − D)R δR ∧ ξa Ka

6 = 2(D − 2)(∇b∇cR) δgbc ∧ ξa,

Ka
7 = (2D − 6) �δR ∧ Rξa Ka

8 = (2D − 6)gbc(∇dR) ξa ∧ δΓd
bc,

and the result is

Aa + Ba + Ca + Da = RRab ξb ∧ δ ln g︸              ︷︷              ︸
Xa

1

− (∇a∇bR) ξb ∧ δ ln g︸                   ︷︷                   ︸
Xa

2

+ 2RRbc ξ
c ∧ δgab︸              ︷︷              ︸

Xa
3

− 2(∇b∇cR) ξc ∧ δgab︸                   ︷︷                   ︸
Xa

4

+ gbcR δRbc ∧ ξ
a︸            ︷︷            ︸

Xa
5

+ 2Ra
b ξ

b ∧ δR︸          ︷︷          ︸
Xa

6

+ 2gacR ξb ∧ δRbc︸              ︷︷              ︸
Xa

7

− 2 ξb ∧ ∇b∇
aδR︸             ︷︷             ︸

Xa
8

+ 2gac(∇dR) ξb ∧ δΓd
bc︸                    ︷︷                    ︸

Xa
12

+
[(

2 −
D
2

)
R δR ∧ ξa + (D − 1)(∇b∇cR) δgbc ∧ ξa + (D − 1) �δR ∧ ξa

+ (D − 1)gbc(∇dR) ξa ∧ δΓd
bc

]
− 2 �δR ∧ ξa︸        ︷︷        ︸

Aa
9

− 2gbc(∇dR) ξa ∧ δΓd
bc︸                    ︷︷                    ︸

Aa
11

− (∇b∇cR) δgbc ∧ ξa︸                 ︷︷                 ︸
Aa

10

.

The term in square brackets is equal to δA∧ ξa. The other terms are equal to the extra terms

in
24∑
i=1

Aa
i .
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F.2 R2
ab Term

The symplectic current transforms as

Ja
β → −Rcb(δ ln |g| + 2∇dξ

d) ∧ (δΓa
cb + Rec

a
bξ

e + ∇c∇bξ
a)

+ Rab(δ ln |g| + 2∇dξ
d) ∧ (δΓc

bc − Rebξ
e + ∇c∇bξ

e)

− (∇cRa
b)(δ ln |g| + 2∇dξ

d) ∧ (δgbc − ∇bξc − ∇cξb)

+
1
2

(∇aRcb)(δ ln |g| + 2∇dξ
d) ∧ (δgbc − ∇bξc − ∇cξb)

− 4Rd
b(δgcd − ∇cξd − ∇dξc) ∧ (δΓa

bc + Rec
a

bξ
e + ∇c∇bξ

a)

− 2gcdgbe[δRde + (∇ f Rde)ξ f + Rd f∇eξ
f + Re f∇dξ

f ] ∧ (δΓa
bc + R f c

a
bξ

f + ∇c∇bξ
a)

+ 2Rd
b(δgad − ∇aξd − ∇dξa) ∧ (δΓc

bc − Rebξ
e + ∇c∇bξ

c)

+ 2Ra
e(δgbe − ∇bξe − ∇eξb) ∧ (δΓc

bc − Rdbξ
b + ∇c∇bξ

c)

+ 2gadgbe[δRde + (∇ f Rde)ξ f + R f e∇dξ
f + R f d∇eξ

f ] ∧ (δΓc
bc − Rcbξ

c + ∇c∇bξ
c)

−
1
2

(∇bR)(δgab − ∇aξb − ∇bξa) ∧ (δ ln |g| + 2∇dξ
d)

−
1
2

[∇aδR + (∇a∇eR)ξe + (∇eR)∇aξe] ∧ (δ ln |g| + 2∇dξ
d)

− 2(∇cRdb)(δgad − ∇aξd − ∇dξa) ∧ (δgcb − ∇cξb − ∇bξc)

−
{
2gad[∇cδRdb + (∇c∇ f Rdb)ξ f + (∇ f Rdb)∇cξ

f + (∇cRd f )∇bξ
f

+ Rd f∇c∇bξ
f + (∇cRb f )∇dξ

f + Rb f∇c∇dξ
f ] ∧ (δgcb − ∇cξb − ∇bξc)

}
+ 2Ra

e(δΓe
cb − Rdc

e
bξ

d + ∇c∇bξ
e) ∧ (δgcb − ∇cξb − ∇bξc)

+ (∇dRcb)(δgad − ∇aξd − ∇dξa) ∧ (δgbc − ∇bξc − ∇cξb)

+
{
[∇aδRcb + (∇a∇ f Rcb)ξ f + (∇ f Rcb)∇aξ f + (∇aRc f )∇bξ

f

+ Rc f∇
a∇bξ

f + (∇aRb f )∇cξ
f + Rb f∇

a∇cξ
f ] ∧ (δgcb − ∇cξb − ∇bξc)

}
,
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which gives the change in the symplectic current as

4Ja
β = − RcbRec

a
b δ ln |g| ∧ ξe︸                    ︷︷                    ︸

Ea
1

− Rcb δ ln |g| ∧ ∇c∇bξ
a︸                    ︷︷                    ︸

Ba
1

− 2Rcb ∇dξ
d ∧ δΓa

cb︸                ︷︷                ︸
Ba

18

− 4Rd
bRec

a
b δgcd ∧ ξe︸                    ︷︷                    ︸
Ea

2

− 4Rd
b δgcd ∧ ∇c∇bξ

a︸                    ︷︷                    ︸
Ba

16

+ 4Rd
b ∇cξd ∧ δΓa

bc︸                ︷︷                ︸
La

3

+ 4Rd
b ∇dξc ∧ δΓa

bc︸                ︷︷                ︸
b15

− 2R f
dae δRde ∧ ξ

f︸                ︷︷                ︸
Ea

3

− 2 δRde ∧ ∇
d∇eξa︸               ︷︷               ︸

Ba
8

− 2(∇ f Rbc) ξ f ∧ δΓa
bc︸                   ︷︷                   ︸

Ba
17

− 2Rc
f (∇bξ f ) ∧ δΓa

bc︸                   ︷︷                   ︸
La

3

− 2Rc
f (∇bξ f ) ∧ δΓa

bc︸                   ︷︷                   ︸
La

3

− RabReb δ ln |g| ∧ ξe︸                  ︷︷                  ︸
Ea

4

+ Rab δ ln |g| ∧ ∇c∇bξ
c︸                    ︷︷                    ︸

Ba
2

+ 2Rab ∇dξ
d ∧ δΓc

bc︸                ︷︷                ︸
Ba

20

− 2Rd
bReb δgad ∧ ξe︸                 ︷︷                 ︸

Ea
5

+ 2Rd
b δgad ∧ ∇c∇bξ

c︸                    ︷︷                    ︸
Ba

12

− 2Rd
b (∇aξd) ∧ δΓc

bc︸                   ︷︷                   ︸
La

6

− 2Rd
b (∇dξa) ∧ δΓc

bc︸                   ︷︷                   ︸
Ba

4

− 2Ra
eRbd δgbe ∧ ξd︸                 ︷︷                 ︸

Ea
6

+ 2Ra
e δgbe ∧ ∇c∇bξ

c︸                   ︷︷                   ︸
Ba

13

− 2Ra
e (∇bξe) ∧ δΓc

bc︸                  ︷︷                  ︸
La

6

− 2Ra
e (∇eξb) ∧ δΓc

bc︸                  ︷︷                  ︸
Ba

6

− 2gadRe
c δRde ∧ ξ

c︸                 ︷︷                 ︸
Ea

7

+ 2gad δRde ∧ ∇c∇
eξc︸                   ︷︷                   ︸

Ba
7

+ 2(∇ f Rab) ξ f ∧ δΓc
bc︸                   ︷︷                   ︸

Ba
19

+ 2Ra
f (∇bξ f ) ∧ δΓc

bc︸                   ︷︷                   ︸
La

4

+ 2Rb
f (∇aξ f ) ∧ δΓc

bc︸                   ︷︷                   ︸
La

− ∇bR δgab ∧ ∇dξ
d︸               ︷︷               ︸

Ba
33

+
1
2

(∇bR)[∇aξb︸︷︷︸
La

5

+ ∇bξa︸︷︷︸
Ba

3

] ∧ δ ln |g| − ∇aδR ∧ ∇dξ
d︸          ︷︷          ︸

Ba
27

−
1
2

(∇a∇bR) ξb ∧ δ ln g︸                     ︷︷                     ︸
Ea

8

−
1
2

(∇bR) (∇aξb) ∧ δ ln g︸                       ︷︷                       ︸
La

5

+ (∇cRa
b) δ ln |g| ∧ [∇cξb︸︷︷︸

Ba
10

+ ∇bξc︸︷︷︸
Ba

5

]

− 2(∇cRa
b) (∇dξ

d) ∧ δgbc︸                        ︷︷                        ︸
Ba

29

− (∇aRcb) δ ln |g| ∧ ∇bξc︸                      ︷︷                      ︸
Ba

11

+ (∇aRcb) ∇dξ
d ∧ δgbc︸                    ︷︷                    ︸

Ba
30

− 2(∇daRcb) δgab ∧ ∇cξb︸                       ︷︷                       ︸
Ba

23

+ (∇dRcb) δgcb ∧ [(∇aξd)︸ ︷︷ ︸
La

1

+ (∇dξa)︸ ︷︷ ︸
Ba

28

] − 2gab δ(∇dRbc) ∧ ∇bξc︸                      ︷︷                      ︸
Ba

25

+ (∇eRcb) (∇aξe) ∧ δgbc︸                      ︷︷                      ︸
La

1

+ (∇a∇eRbc) ξe ∧ δgbc︸                    ︷︷                    ︸
Ea

9

+ 2(∇aRec) ∇bξ
e ∧ δgbc︸                     ︷︷                     ︸

Ba
22

+ 2Re
a

c f Rb
f ξe ∧ δgbc︸                    ︷︷                    ︸

Ea
10

+ 2(∇cRdb) δgad ∧ [(∇bξc)︸ ︷︷ ︸
Ba

32

+ (∇cξb)︸ ︷︷ ︸
Ba

21

] + 2(∇cRdb) [(∇dξa)︸ ︷︷ ︸
Ba

14

+ (∇aξd)︸ ︷︷ ︸
La

2

] ∧ δgbc

+ 2gab δ(∇cRdb) ∧ [(∇bξc)︸ ︷︷ ︸ + (∇cξb)︸ ︷︷ ︸] − 2(∇eRb
a) (∇cξ

e) ∧ δgbc︸                        ︷︷                        ︸ − 2(∇c∇eRb
a) ξe ∧ δgbc︸                      ︷︷                      ︸

− 2(∇cRb
e) (∇aξe) ∧ δgbc︸                        ︷︷                        ︸ − 2(∇cRae) (∇bξe) ∧ δgbc︸                        ︷︷                        ︸

Ba
24

− 2Recb f Ra f ξe ∧ δgbc︸                   ︷︷                   ︸
Ea

12

− 2Rec
a

f Rb
f ξe ∧ δgbc︸                    ︷︷                    ︸ .
Ea

13

We proceed as we did for the R2 term. We will rewrite some terms to obtain an expression,
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which is the covariant derivative of an antisymmetric tensor.

Ba
1 = ∇c[−Rcb δ ln |g| ∧ ∇bξ

a] +
1
2

(∇bR) δ ln |g| ∧ ∇bξ
a + Rcb ∇cδ ln |g| ∧ ∇bξ

a

= ∇c[−Rcb δ ln g ∧ ∇bξ
a] +

1
2

(∇bR) δ ln |g| ∧ ∇bξ
a︸                       ︷︷                       ︸

Ba
3

+ 2Rcb δΓd
cd ∧ ∇bξ

a︸                ︷︷                ︸
Ba

4

,

Ba
2 = ∇c[Rab δ ln g ∧ ∇bξ

c] − (∇cRab) δ ln |g| ∧ ∇bξ
c − Rab ∇cδ ln |g| ∧ ∇bξ

c

= ∇c[Rab δ ln g ∧ ∇bξ
c] − (∇cRab) δ ln |g| ∧ ∇bξ

c︸                      ︷︷                      ︸
Ba

5

− 2Rab δΓd
cd ∧ ∇bξ

c︸                ︷︷                ︸
Ba

6

.

Then,

6∑
i=1

Ba
i = ∇cQac

1 + 4Rcb Γd
cd ∧ ∇bξ

a where Qac
1 = 2Rb[a δ ln |g| ∧ ∇bξ

c].

For Ba
7 and Ba

8 we have

Ba
7 = ∇c[2gad δRde ∧ ∇

eξc] − 2gad ∇cδRde ∧ ∇
eξc,

Ba
8 = ∇c[−2gcb δRbe ∧ ∇

eξa] + 2 ∇bδRbe ∧ ∇
eξa,

which gives

Ba
7 + Ba

8 = ∇cQac
2 − 2gad ∇cδRde ∧∇

eξc + 2 ∇bδRbe ∧∇
eξa where Qac

2 = 4gd[a δRde ∧∇
eξc].

With Ba
9

Ba
9 = 2gad δ(∇cRdb) ∧ ∇bξc = 2gad ∇cδRdb ∧ ∇

bξc − 2gad[Reb δΓ
e
cd + Rde δΓ

e
bc] ∧ ∇bξc

= 2gad ∇cδRdb ∧ ∇
bξc − 2gadReb δΓ

e
cd ∧ ∇

bξc − 2Ra
e δΓ

e
bc ∧ ∇

bξc,

they yield

Ba
7 + Ba

8 + Ba
9 = ∇cQac

2 + 2 ∇bδRbe ∧ ∇
eξa − 2gadReb δΓ

e
cd ∧ ∇

bξc − 2Ra
e δΓ

e
bc ∧ ∇

bξc.

Adding Ba
10 and Ba

11

Ba
10 = ∇c[∇cRa

b δ ln |g| ∧ ξb] −�Ra
b ln |g| ∧ ξb − 2∇cRa

b δΓ
d
cd ∧ ξ

b,

Ba
11 = ∇c[−∇aRb

c δ ln |g| ∧ ξb] + ∇c∇
aRb

c δ ln |g| ∧ ξb + 2∇aRb
c Γd

cd ∧ ξ
b,

gives

Ba
10+Ba

11 = ∇cQac
3 −�Ra

b ln |g|∧ξb−2∇cRa
b δΓ

d
cd∧ξ

b+∇c∇
aRb

c δ ln |g|∧ξb+2∇aRb
c Γd

cd∧ξ
b

70



where Qac
3 = 2∇[cRa]

b δ ln g ∧ ξb. We write Ba
12 as

Ba
12 = ∇c[2Rd

b δgad ∧ ∇bξ
c] − 2∇cRd

b δgad ∧ ∇bξ
c − 2Rd

b ∇cδgad ∧ ∇bξ
c

= ∇cQac
4 − 2∇cRd

b δgad ∧ ∇bξ
c − 2Rd

b ∇cδgad ∧ ∇bξ
c + 2∇cRd

b δgcd ∧ ∇bξ
a

+ 2Rd
b ∇cδgcd ∧ ∇bξ

a + 2Rd
b δgcd ∧ ∇c∇bξ

a,

where Qac
4 = 4Rd

b δgd[a ∧ ∇bξ
c], and Ba

13 as

Ba
13 = ∇c[2Ra

e δgbe ∧ ∇bξ
c] − 2∇cRa

e δgbe ∧ ∇bξ
c − 2Ra

e ∇cδgbe ∧ ∇bξ
c

= ∇cQac
5 − 2∇cRa

e δgbe ∧ ∇bξ
c − 2Ra

e ∇cδgbe ∧ ∇bξ
c + 2∇cRc

e δgbe ∧ ∇bξ
a

+ 2Rc
e ∇cδgbe ∧ ∇bξ

a + 2Rc
e δgbe ∧ ∇c∇bξ

a

where Qac
5 = 4Re

[a δg jbe j ∧ ∇bξ
c]. Their sum is

Ba
12 + Ba

13 = ∇c[Qac
4 + Qac

5 ] − 2∇cRd
b δgad ∧ ∇bξ

c + 2Rd
bgea δΓd

ec ∧ ∇bξ
c + 2Reb δΓa

ec ∧ ∇bξ
c︸                ︷︷                ︸

Ba
15

+ 2∇cRd
b δgcd ∧ ∇bξ

a.︸                     ︷︷                     ︸
Ba

14

Writing Ba
17 as

Ba
17 = −∇c[2Rbd ξc ∧ δΓa

bd] + 2Rbd ∇cξ
c ∧ δΓa

bd + 2Rbd ξc ∧ ∇cδΓ
a
bd,

gives

Ba
17+Ba

18 = ∇cQac
6 +2Rbd ξc∧∇cδΓ

a
bd−2(∇cRbd) ξa∧δΓc

bd−2Rbd ∇cξ
a∧δΓc

bd−2Rbd ξa∧∇cδΓ
c
bd

where Qac
6 = 4Rbd ξ[a ∧ δΓc]

bd. Ba
19 and Ba

20 gives

Ba
19 = ∇c[2Rab ξc ∧ δΓd

bd] − 2Rab ∇cξ
c ∧ δΓd

bd − 2Rab ξc ∧ ∇cδΓ
d
bd,

Ba
19 +Ba

20 = ∇cQac
7 −2Rab ξc∧∇cδΓ

d
bd +(∇bR) ξa∧δΓd

bd +2Rcb ∇cξ
a∧δΓd

bd +2Rcb ξa∧∇cδΓ
d
bd,

where Qac
7 = 4Rb[a ξc] ∧ Γd

bd. We also have

Ba
21 = ∇c[2(∇cRdb) δgad ∧ ξb] − 2�Rdb δgad ∧ ξb − 2(∇cRdb) ∇cδgad ∧ ξb,

Ba
22 = ∇c[2(∇aReb) ξe ∧ δgbc] − 2∇c∇

aReb ξ
e ∧ δgbc − 2(∇aReb) ξe ∧ ∇cδgbc,

Ba
21 + Ba

22 = ∇cQac
8 − 2�Rdb δgad ∧ ξb + 2(∇cRdb)gea δΓd

ec ∧ ξ
b + 2(∇cRe

b) δΓa
ec ∧ ξ

b

− 2∇c∇
aReb ξ

e ∧ δgbc + 2(∇aRe
d) ξe ∧ δΓc

cd + 2(∇aReb)gcd ξe ∧ δΓb
cd
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where Qac
8 = 4(∇[cRdb) δga]d ∧ ξb and

Ba
23 = ∇c[−2(∇dRc

b) δgad ∧ ξb] + 2(∇c∇dRc
b) δgad ∧ ξb + 2(∇dRc

b) ∇cδgad ∧ ξb,

Ba
24 = ∇c[2(∇bRae) δgcb ∧ ξe] − 2(∇c∇dRae) δgcb ∧ ξe − 2(∇bRae)∇cδgcb ∧ ξe,

Ba
23 + Ba

24 = ∇cQac
9 + 2(∇c∇dRc

b) δgad ∧ ξb − 2(∇dRc
b)gea δΓd

ec ∧ ξ
b − 2(∇eRc

b)gea δΓa
ec ∧ ξ

b

− 2(∇c∇dRae) δgcb ∧ ξe + 2(∇dRae) δΓc
cd ∧ ξe + 2(∇bRae)gcd Γb

cd ∧ ξe,

where Qac
9 = 4∇bRe[a δgc]b ∧ ξe. Two more contribution comes from

Ba
25 = ∇c[−2gadgceδ(∇dRbe ∧ ξ

b)] + 2gadgce∇cδ(∇dRbc ∧ ξ
b),

Ba
26 = ∇c[2gaegcdδ(∇dReb ∧ ξ

b)] − 2gad∇eδ(∇eRdb ∧ ξ
b),

Ba
25 + Ba

26 = ∇cQac
10 + 2gad∇cδ(∇dRbc ∧ ξ

b) − 2gad∇eδ(∇eRdb ∧ ξ
b)

where Qac
10 = 4gd[agc]e δ(∇eRdb ∧ ξ

b), and

Ba
27 = ∇c[−∇aδR ∧ ξc] + ∇c∇

aδR ∧ ξc

= ∇cQac
11 + ∇c∇

aδR ∧ ξc −�R ∧ ξa − ∇cδR ∧ ∇cξ
a,

where Qac
11 = 2∇[cδR ∧ ξa]. When Ba

28 is added to it,

Ba
27 + Ba

28 = ∇cQac
11 + ∇c∇

aδR ∧ ξc −�R ∧ ξa + 2Re
d δΓ

d
ec ∧ ∇

cξa + Rb
e δΓb

ec ∧ ∇
cξa

− (∇cRbd) δgbd ∧ ∇cξ
a − gbd ∇cδRbd ∧ ∇cξ

a + (∇dRcb) δgcb ∧ ∇dξa

= ∇cQac
11 + ∇c∇

aδR ∧ ξc −�R ∧ ξa + 2Re
d δΓ

d
ec ∧ ∇

cξa − gbd ∇cδRbd) ∧ ∇cξ
a.

Let us write Ba
29 + Ba

30 in a different way which was derived earlier.

Ba
29 + Ba

30 = 2gae ∇dξ
d ∧ ∇bδRbe − 2gbcRa

e ∇dξ
d ∧ δΓe

cb − gbc ∇dξ
d ∧ ∇aδRbc.

Using Ba
33 and Ca

Ba
33 = ∇c[−∇bR δgab ∧ ξc] + ∇c∇bR δgab ∧ ξc + ∇bR ∇cδgab ∧ ξc,

Ca = ∇c[∇bR δgcb ∧ ξa] − ∇c∇bR δgcb ∧ ξa − ∇bR ∇cδgcb ∧ ξa,

gives

Ba
33 + Ca = ∇cQac

12 + ∇c∇bR δgab ∧ ξc − ∇eR δΓa
ec ∧ ξ

c − ∇bRgae δΓb
ec ∧ ξ

c

− ∇c∇bR δgcb ∧ ξa + ∇dR δΓc
cd ∧ ξ

a + ∇bRgcd δΓb
cd ∧ ξ

a,
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where Qac
12 = 2∇bR δgb[c ∧ ξa]. Hence,

12∑
i=1

Ba
i =

b=12∑
i=1

∇cQac
i + 4Rcb Γd

cd ∧ ∇bξ
a︸              ︷︷              ︸

Pa
3

+ 2 ∇bδRbe ∧ ∇
eξa︸               ︷︷               ︸

Pa
13

− 2gadReb δΓ
e
cd ∧ ∇

bξc︸                    ︷︷                    ︸
Pa

4

− 2Ra
e δΓ

e
bc ∧ ∇

bξc︸                ︷︷                ︸
Pa

5

−�Ra
b δ ln g ∧ ξb − 2∇cRa

b δΓ
d
cd ∧ ξ

b︸                ︷︷                ︸
Pa

6

+ ∇c∇
aRb

c δ ln g ∧ ξb + 2∇aRb
c Γd

cd ∧ ξ
b︸              ︷︷              ︸

Pa
7

− 2∇cRd
b δgad ∧ ∇bξ

c︸                    ︷︷                    ︸
Pa

2

+ 2Rd
bgea δΓd

ec ∧ ∇bξ
c︸                    ︷︷                    ︸

Pa
4

− 2Reb δΓc
ce ∧ ∇bξ

a︸                ︷︷                ︸
Pa

3

− 2Ra
bgce δΓd

ec ∧ ∇
bξa︸                    ︷︷                    ︸

Pa
15

− 2∇cRa
e
δgbe ∧ ∇bξ

c︸                  ︷︷                  ︸
Pa

1

+ 2Ra
egdb δΓe

cd ∧ ∇bξ
c︸                    ︷︷                    ︸

Pa
5

+ 2Rad δΓb
cd ∧ ∇bξ

c︸                ︷︷                ︸
Pa

17

− 2Rc
e δΓ

e
cd ∧ ∇

dξa︸                ︷︷                ︸
Pa

9

− 2Rcd δΓb
cd ∧ ∇bξ

a︸                ︷︷                ︸
Pa

8

+ 2Rd
b ∇dξc ∧ δΓa

bc︸                ︷︷                ︸
Pa

16

+ 2Re
cRcb

a
dδgbe ∧ ξd2Rbd ξc ∧ ∇cδΓ

a
bd

− 2(∇cRbd) ξa ∧ δΓc
bd − 2Rbd ∇cξ

a ∧ δΓc
bd︸                ︷︷                ︸

Pa
8

− 2Rbd ξa ∧ ∇cδΓ
c
bd − 2Rab ξc ∧ ∇cδΓ

d
bd

+ (∇bR) ξa ∧ δΓd
bd + 2Rcb ∇cξ

a ∧ δΓd
bd︸                ︷︷                ︸

Pa
3

+ 2Rcb ξa ∧ ∇cδΓ
d
bd − 2�Rdb δgad ∧ ξb

+ 2(∇cRdb)gea δΓd
ec ∧ ξ

b + 2(∇cRe
b) δΓa

ec ∧ ξ
b − 2∇c∇

aReb ξ
e ∧ δgbc + 2(∇aRe

d) ξe ∧ δΓc
cd︸                  ︷︷                  ︸

Pa
7

+ 2(∇aReb)gcd ξe ∧ δΓb
cd + 2(∇c∇dRc

b) δgad ∧ ξb − 2(∇dRc
b)gea δΓd

ec ∧ ξ
b

− 2(∇eRc
b)gea δΓa

ec ∧ ξ
b − 2(∇c∇dRae) δgcb ∧ ξe + 2(∇dRae) δΓc

cd ∧ ξe︸                  ︷︷                  ︸
Pa

6

+ 2(∇bRae)gcd Γb
cd ∧ ξe

+ 2gad∇cδ(∇dRbc ∧ ξ
b) − 2gad∇eδ(∇eRdb ∧ ξ

b) + ∇c∇
aδR ∧ ξc −�R ∧ ξa + 2Re

d δΓ
d
ec ∧ ∇

cξa︸                ︷︷                ︸
Pa

9

− gbd ∇cδRbd) ∧ ∇cξ
a︸                   ︷︷                   ︸

Pa
10

+ 2gae ∇dξ
d ∧ ∇bδRbe︸                    ︷︷                    ︸
Pa

12

− 2gbcRa
e ∇dξ

d ∧ δΓe
cb︸                    ︷︷                    ︸

Pa
14

− gbc ∇dξ
d ∧ ∇aδRbc︸                  ︷︷                  ︸
Pa

11

+ ∇c∇bR δgab ∧ ξc − ∇eR δΓa
ec ∧ ξ

c − ∇bRgae δΓb
ec ∧ ξ

c − ∇c∇bR δgcb ∧ ξa

+ ∇dR δΓc
cd ∧ ξ

a + ∇bRgcd δΓb
cd ∧ ξ

a − 2(∇eRb
a) (∇cξ

e) ∧ δgbc︸                        ︷︷                        ︸
Pa

1

+ 2(∇cRdb) δgad ∧ ∇dξc︸                      ︷︷                      ︸
Pa

2

.

where

Pa
10 = ∇c[−gbd ∇cδRbd ∧ ξ

a] + gbd �δRbd ∧ ξ
a,

Pa
11 = ∇c[gbd ∇aδRbd ∧ ξ

c] − gbd ∇c∇
aδRbd ∧ ξ

c,

Pa
10 + Pa

11 = ∇cQac
13 + gbd �δRbd ∧ ξ

a − gbd ∇c∇
aδRbd ∧ ξ

c where Qac
13 = 2gbd ∇[aδRbd ∧ ξ

c],

Pa
12 = ∇c[2gae ξc ∧ ∇bδRbe] − 2gae ξc ∧ ∇c∇

bδRbe,
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Pa
13 = ∇c[2gce ∇bδRbe ∧ ξ

a] − 2gce ∇c∇
bδRbe ∧ ξ

a,

Pa
12 + Pa

13 = ∇cQac
14−2gae ξc∧∇c∇

bδRbe−2 ∇e∇bδRbe∧ξ
a where Qac

14 = 4ge[a ξc]∧∇bδRbe,

Pa
14 = ∇c[−2gbdRa

e ξ
c ∧ δΓe

db] + 2gbd(∇cRa
e) ξc ∧ δΓe

db + 2gbdRa
e ξ

c ∧ ∇cδΓ
e
db,

Pa
15 = ∇c[−2gbeRd

c δΓd
be ∧ ξ

a] + 2gbe(∇cRd
c) δΓd

be ∧ ξ
a + 2gbeRd

c ∇cδΓ
d
be ∧ ξ

a,

Pa
14+Pa

15 = ∇cQac
15+2gbd(∇cRa

e) ξc∧δΓe
db+2gbdRa

e ξ
c∧∇cδΓ

e
db+gbe(∇cRd

c) δΓd
be∧ξ

a+2gbeRd
c ∇cδΓ

d
be∧ξ

a

where Qac
15 = 4gbeRd

[c ξa] ∧ δΓd
be,

Pa
16 = ∇c[2Rcb ξd ∧ δΓa

bd] − (∇bR) ξd ∧ δΓa
bc − 2Rcb ξd ∧ ∇cδΓ

a
bd,

Pa
17 = ∇c[2Rad δΓc

bd] − 2(∇cRad) δΓc
bd ∧ ξ

b − 2Rad ∇cδΓ
c
bd ∧ ξ

b,

Pa
16+Pa

17 = ∇cQac
16−(∇bR) ξd∧δΓa

bc−2Rcb ξd∧∇cδΓ
a
bd−2(∇cRad) δΓc

bd∧ξ
b−2Rad ∇cδΓ

c
bd∧ξ

b

where Qac
16 = 4Rd[a δΓc]

bd ∧ ξ
b. Then,
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b=16∑
i=1

Ba
i =

b=16∑
i=1

∇cQac
i −�Ra

b δ ln g ∧ ξb + ∇c∇
aRb

c δ ln g ∧ ξb + 2Re
cRcb

a
dδgbe ∧ ξd︸                  ︷︷                  ︸
Aa

+ 2Rbd ξc ∧ ∇cδΓ
a
bd︸                ︷︷                ︸

Ka

− 2(∇cRbd) ξa ∧ δΓc
bd − 2Rbd ξa ∧ ∇cδΓ

c
bd︸                ︷︷                ︸

Ca

− 2Rab ξc ∧ ∇cδΓ
d
bd︸                ︷︷                ︸

Da

+ (∇bR) ξa ∧ δΓd
bd︸              ︷︷              ︸

Ea

+ 2Rcb ξa ∧ ∇cδΓ
d
bd︸                ︷︷                ︸

Ca

− 2�Rdb δgad ∧ ξb + 2(∇cRdb)gea δΓd
ec ∧ ξ

b

+ 2(∇cRe
b) δΓa

ec ∧ ξ
b︸                  ︷︷                  ︸

Ga

− 2∇c∇
aReb ξ

e ∧ δgbc + 2(∇aReb)gcd ξe ∧ δΓb
cd + 2(∇c∇dRc

b) δgad ∧ ξb

− 2(∇dRc
b)gea δΓd

ec ∧ ξ
b − 2(∇eRc

b)gea δΓa
ec ∧ ξ

b︸                      ︷︷                      ︸
Ga

− 2(∇c∇dRae) δgcb ∧ ξe + 2(∇bRae)gcd Γb
cd ∧ ξe

+ 2gad∇cδ(∇dRbc ∧ ξ
b) − 2gad∇eδ(∇eRdb ∧ ξ

b) + ∇c∇
aδR ∧ ξc︸         ︷︷         ︸

Ja

−�δR ∧ ξa︸     ︷︷     ︸
Ia

+ ∇c∇bR δgab ∧ ξc − ∇eR δΓa
ec ∧ ξ

c︸           ︷︷           ︸
Ha

− ∇bRgae δΓb
ec ∧ ξ

c − ∇c∇bR δgcb ∧ ξa

+ ∇dR δΓc
cd ∧ ξ

a︸            ︷︷            ︸
Ea

+ ∇bRgcd δΓb
cd ∧ ξ

a︸                ︷︷                ︸
Fa

+ gbd �δRbd ∧ ξ
a − gbd ∇c∇

aδRbd ∧ ξ
c

− 2gae ξc ∧ ∇c∇
bδRbe − 2 ∇e∇bδRbe ∧ ξ

a

+ 2gbd(∇cRa
e) ξc ∧ δΓe

db + 2gbdRa
e ξ

c ∧ ∇cδΓ
e
db︸                    ︷︷                    ︸

Ma

+ gbe(∇cRd
c) δΓd

be ∧ ξ
a︸                     ︷︷                     ︸

Fa

+ 2gbeRd
c ∇cδΓ

d
be ∧ ξ

a

− (∇bR) ξd ∧ δΓa
bc − 2Rcb ξd ∧ ∇cδΓ

a
bd︸                ︷︷                ︸

Ha

− 2(∇cRad) δΓc
bd ∧ ξ

b︸                  ︷︷                  ︸
La

− 2Rad ∇cδΓ
c
bd ∧ ξ

b︸                ︷︷                ︸
Da

− RcbRec
a

b δ ln g ∧ ξe − 4Rd
bRec

a
b δgcd ∧ ξe︸                    ︷︷                    ︸
Ba

− 2R f
dae δRde ∧ ξ

f − RabReb ln g ∧ ξe

− 2Rd
bReb δgad ∧ ξe − 2Ra

eRbd δgbe ∧ ξd − 2gadRe
c δRde ∧ ξ

c −
1
2

(∇a∇bR) ξb ∧ δ ln g

+ (∇a∇eRbc) ξe ∧ δgbc + 2Re
a

c f Rb
f ξe ∧ δgbc︸                    ︷︷                    ︸
Aa

− 2(∇c∇eRb
a) ξe ∧ δgbc − 2Recb f Ra f ξe ∧ δgbc − 2Rec

a
f Rb

f ξe ∧ δgbc︸                    ︷︷                    ︸
Ba

.
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Now, we need to use

−�δR ∧ ξa = ξa ∧�δR = ξa ∧ ∇c∇
cδ(gbdRbd) ;∇cδgbd = −gbeδΓa

ce − gaeδΓb
ce

= ξa ∧ ∇c∇
c[δgbdRbd + gbdδRbd]

= ξa ∧ ∇c[(∇cδgbd)Rbd + δgbd∇cRbd + gbd∇cδRbd]

= Rbd ξ
a ∧�δgbd + 2(∇cRbd) ξa ∧ ∇cδgbd +�Rbd ξ

a ∧ δgbd + gbd ξa ∧�δRbd

= Rbd ξ
a ∧�δgbd − 2(∇cRe

d) ξa ∧ δΓd
ce − 2(∇cRb

e) ξa ∧ δΓb
ce +�Rbd ξ

a ∧ δgbd + gbd ξa ∧�δRbd

= Rbd ξ
a ∧�δgbd − 4(∇cRe

d) ξa ∧ δΓd
ce +�Rbd ξ

a ∧ δgbd + gbd ξa ∧�δRbd,

which gives

Ia = 2Rb
e ∇cδΓb

ce ∧ ξ
a − 4(∇cRe

d) ξa ∧ δΓd
ce +�Rbd ξ

a ∧ δgbd + gbd ξa ∧�δRbd.

The other terms are

Ka = Rbd ξ
c ∧ ∇c∇

aδgbd − 2Rb
d ξc ∧ ∇c∇dδgba,

La = −2Rbc ξd ∧ ∇cδΓ
a
bd

= −2Rbc ξd ∧ ∇cδΓ
a
bd + 2Redgac ξb ∧ ∇dδΓe

bc − 2Redgac ξb ∧ ∇dδΓe
bc

= 2Red ξb ∧ ∇
d∇bδgae + 2Redgac ξb ∧ ∇dδΓe

bc

= 2Red ξb ∧ [∇d,∇b]δgae + 2Red ξb ∧ ∇
b∇dδgae + 2Redgac ξb ∧ ∇dδΓe

bc

= 2RedRdba
c ξb ∧ δgce + 2RedRdbe

c ξb ∧ δgac + 2Red ξb ∧ ∇
b∇dδgae + 2Redgac ξb ∧ ∇dδΓe

bc,

Ja = ∇c∇
aδR ∧ ξc = ∇c∇

a[δ(gbdRbd)] ∧ ξc = ∇c∇
a[δgbdRbd + gbdδRbd] ∧ ξc

= ∇c[(∇aδgbd)Rbd + δgbd∇aRbd + gbd∇aδRbd] ∧ ξc

= ∇c[(∇aδgbd)Rbd + δgbd∇aRbd + gbd∇aδRbd] ∧ ξc

=
[
(∇c∇

aδgbd)Rbd + ∇aδgbd(∇cRbd) + (∇cδgbd)(∇aRbd) + δgbd(∇c∇
aRbd) + gbd(∇c∇

aδRbd)
]
∧ ξc

= (∇c∇
aδgbd)Rbd ∧ ξ

c − 2(∇ f Re
d)gac δΓd

ce ∧ ξ
f − 2(∇aRe

d) δΓd
ce ∧ ξ

c + (∇c∇
aRbd) δgbd ∧ ξc

+ gbd (∇c∇
aδRbd) ∧ ξc.

With the following identities

gbdRa
e ξ

c ∧ ∇cδΓ
e
db = −2Ra

e ξ
c ∧ ∇c∇dδgde − Rae ξc ∧ ∇c∇eδ ln |g|

= 2Rae ξc ∧ ∇c∇
dδgde − Rae ξc ∧ ∇c∇eδ ln |g|

= 2Rae ξc ∧ [∇c,∇
d]δgde + 2Rae ξc ∧ ∇d∇cδgde − Rae ξc ∧ ∇c∇eδ ln |g|,

2Re
a ξb ∧ ∇dδΓe

bd = −Re
a ξc ∧ ∇d∇cδgde − Re

a ξc ∧�δgce + Re
a ξc ∧ ∇d∇

eδgcd

= Rea ξc ∧ ∇d∇cδged + Rea ξc ∧�δgce − Rea ξc ∧ ∇d∇eδgcd,
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We obtain,

2Rae ξc ∧ [∇c,∇
d]δgde + Rae ξc ∧ ∇d∇cδgde + Rea ξc ∧ ∇d∇eδgcd − Rea ξc ∧�δgce

− Rae ξc ∧ ∇c∇eδ ln g

= 2RaeRc
d

d
b ξc ∧ δgbe + 2RaeRc

d
e

b ξc ∧ δgdb

+ Rae ξc ∧
{
∇d∇cδgde + ∇d∇eδgcd −�δgce − ∇c∇eδ ln g

}
= −2RaeRc

b ξc ∧ δgbe + 2RaeRc
d

e
b ξc ∧ δgdb + 2Rae ξc ∧ δRce,

which gives

Ma = −2RaeRc
b ξc ∧ δgbe + 2RaeRc

d
e

b ξc ∧ δgdb + 2Rae ξc ∧ δRce + 2Re
a ξb ∧ ∇dδΓe

bd

= 2Ra
eRcb ξ

c ∧ δgbe − 2RaeRcdeb ξ
c ∧ δgdb + 2Rae ξc ∧ δRce + 2Re

a ξb ∧ ∇dδΓe
bd.
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As a result, we can write

b=16∑
i=1

=

b=16∑
i=1

∇cQac
i −�Ra

b δ ln g ∧ ξb︸              ︷︷              ︸
La

8

+ ∇c∇
aRb

c δ ln g ∧ ξb︸                   ︷︷                   ︸
La

9

− 2(∇cRbd) ξa ∧ δΓc
bd︸                  ︷︷                  ︸

La
10

− 2�Rdb δgad ∧ ξb︸               ︷︷               ︸
La

11

+ 2(∇cRdb)gea δΓd
ec ∧ ξ

b︸                      ︷︷                      ︸
La

12

− 2∇c∇
aReb ξ

e ∧ δgbc︸                   ︷︷                   ︸
La

13

+ 2(∇aReb)gcd ξe ∧ δΓb
cd︸                      ︷︷                      ︸

La
14

+ 2(∇c∇dRc
b) δgad ∧ ξb︸                      ︷︷                      ︸
La

15

− 2(∇dRc
b)gea δΓd

ec ∧ ξ
b︸                       ︷︷                       ︸

La
16

− 2(∇c∇dRae) δgcb ∧ ξe︸                     ︷︷                     ︸
La

17

+ 2(∇bRae)gcd Γb
cd ∧ ξe︸                     ︷︷                     ︸

La
18

+ 2gad∇cδ(∇dRbc ∧ ξ
b)︸                     ︷︷                     ︸

La
19

− 2gad∇eδ(∇eRdb ∧ ξ
b)︸                     ︷︷                     ︸

La
20

+ ∇c∇bR δgab ∧ ξc︸               ︷︷               ︸
La

21

− ∇bRgae δΓb
ec ∧ ξ

c︸                ︷︷                ︸
La

22

− ∇c∇bR δgcb ∧ ξa︸               ︷︷               ︸
La

23

+ gbd �δRbd ∧ ξ
a︸             ︷︷             ︸

La
3

− gbd ∇c∇
aδRbd ∧ ξ

c︸                  ︷︷                  ︸
La

4

− 2gae ξc ∧ ∇c∇
bδRbe︸                   ︷︷                   ︸

La
24

− 2 ∇e∇bδRbe ∧ ξ
a︸               ︷︷               ︸

La
25

+ 2gbd(∇cRa
e) ξc ∧ δΓe

db︸                       ︷︷                       ︸
La

26

+ 2gbeRd
c ∇cδΓ

d
be ∧ ξ

a︸                    ︷︷                    ︸
La

27

− 2(∇cRad) δΓc
bd ∧ ξ

b︸                  ︷︷                  ︸
La

28

− RcbRec
a

b δ ln g ∧ ξe︸                   ︷︷                   ︸
La

29

− 2R f
dae δRde ∧ ξ

f︸                ︷︷                ︸
La

30

− RabReb ln g ∧ ξe︸               ︷︷               ︸
La

31

− 2Rd
bReb δgad ∧ ξe︸                 ︷︷                 ︸

La
45

− 2Ra
eRbd δgbe ∧ ξd︸                 ︷︷                 ︸

La
6

− 2gadRe
c δRde ∧ ξ

c︸                 ︷︷                 ︸
La

32

−
1
2

(∇a∇bR) ξb ∧ δ ln g︸                     ︷︷                     ︸
La

33

+ (∇a∇eRbc) ξe ∧ δgbc︸                    ︷︷                    ︸
(extra−1)a

− 2(∇c∇eRb
a) ξe ∧ δgbc︸                      ︷︷                      ︸
La

34

− 2Recb f Ra f ξe ∧ δgbc︸                   ︷︷                   ︸
La

7

+ 2Rd
bRec

a
b ξ

e ∧ δgcd︸                    ︷︷                    ︸
extra−3

− 2Rbd ξaδRbd︸         ︷︷         ︸
La

35

+ 2Rab ξc ∧ δRbc︸            ︷︷            ︸
La

5

+ 2(∇bR)gcd δΓb
cd ∧ ξ

a︸                    ︷︷                    ︸
La

36

+ 2Rb
e ∇cδΓb

ce ∧ ξ
a︸                ︷︷                ︸

La
37

− 4(∇cRe
d) ξa ∧ δΓd

ce︸                  ︷︷                  ︸
La

38

+�Rbd ξ
a ∧ δgbd︸             ︷︷             ︸

La
39

+ gbd ξa ∧�δRbd︸             ︷︷             ︸
La

3

+ Rbd (∇c∇
aδgbd) ∧ ξc︸                    ︷︷                    ︸
La

1

− 2(∇ f Re
d)gac δΓd

ce ∧ ξ
f︸                       ︷︷                       ︸

La
40

− 2(∇aRe
d) δΓd

ce ∧ ξ
c︸                  ︷︷                  ︸

La
41

+ (∇c∇
aRbd) δgbd ∧ ξc︸                    ︷︷                    ︸

(extra−2)a

+ gbd (∇c∇
aδRbd) ∧ ξc︸                    ︷︷                    ︸
La

4

+ Rbd ξ
c ∧ ∇c∇

aδgbd︸                  ︷︷                  ︸
La

1

− 2Rb
d ξc ∧ ∇c∇dδgba︸                    ︷︷                    ︸

La
2

+ 2RedRdba
c ξb ∧ δgce︸                   ︷︷                   ︸

(extra−4)a

+ 2RedRdbe
c ξb ∧ δgac︸                   ︷︷                   ︸
La

42

+ 2Red ξb ∧ ∇
b∇dδgae︸                   ︷︷                   ︸

La
2

+ 2Redgac ξb ∧ ∇dδΓe
bc︸                    ︷︷                    ︸

La
43

+ 2Ra
eRcb ξ

c ∧ δgbe︸                 ︷︷                 ︸
La

6

− 2RaeRcdeb ξ
c ∧ δgbd︸                   ︷︷                   ︸

La
7

+ 2Rae ξc ∧ δRce︸            ︷︷            ︸
La

5

+ 2Re
a ξb ∧ ∇dδΓe

bd︸                ︷︷                ︸
La

44

,
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with
La

5 = 4Rab ξc ∧ δRbc,

La
6 = 4Ra

eRcb ξ
c ∧ δgbe,

La
7 = [−2RaeRcdeb − 2RcdbeRae] ξc ∧ δgbd = 0,

(extra − 1)a + (extra − 2)a = [∇a,∇e]Rbc ξ
e ∧ δgbc

= Ra
ebdRd

c ξ
e ∧ δgbc + Ra

ecdRb
d ξe ∧ δgbc

= 2Ra
ebdRd

c ξ
e ∧ δgbc

= 2Ra
ebcRc

d ξ
e ∧ δgbd,

(extra − 3)a = 2Rd
bRec

a
bRc

d ξ
e ∧ δgcd = 2Rd

cReb
a

cRc
d ξ

e ∧ δgbd,

(extra − 4)a = 2RedRce
a

c ξb ∧ δgce = 2RbcRcea
d ξe ∧ δgdb = 2RdcRcea

b ξe ∧ δgdb,

4∑
i=1

(extra − i)a = 2Rdc ξ
e ∧ δgbd[Ra

eb
c + Reb

ac + Rc
e

a
b]

= 2Rdc ξ
e ∧ δgbd[Ra

eb
c + Rac

eb + Ra
b

c
e]

= 0.

Therefore, extra part vanishes.

Qac
β = 2Rb[a δ ln g ∧ ∇bξ

c] + 4gd[a δRde ∧ ∇
eξc] + 2∇[cRa]

b δ ln g ∧ ξb + 4Rd
b δgd[a ∧ ∇bξ

c]

+ 4Re
a δg jbe j ∧ ∇bξ

c] + 4Rbd ξ[a ∧ δΓc]
bd + 4Rb[a ξc] ∧ δΓd

bd + 4(∇[cRdb) ga]d ∧ ξb

+ 4∇bRe[a δc]b ∧ ξe + 4gd[agc]e δ(∇eRdb) ∧ ξb + 2∇[c δR ∧ ξa] + 2∇bR δgb[c ∧ ξa]

+ 2gbd∇[a δRbd ∧ ξ
c] + 4ge[a ξc] ∧ ∇bδRbe + 4gbeRd

[c ξa] ∧ Γd
be + 4Rd[a δΓc]

bd ∧ ξ
b.
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