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ABSTRACT

COVARIANT SYMPLECTIC STRUCTURE AND CONSERVED CHARGES OF NEW
MASSIVE GRAVITY

Alkag, Gokhan
M.S., Department of Physics
Supervisor : Prof. Dr. Bahtiyar Ozgiir SARIOGLU

August 2012, 79 pages

We show that the symplectic current obtained from the boundary term, which arises in the first
variation of a local diffeomorphism invariant action, is covariantly conserved for any gravity
theory described by that action. Therefore, a Poincaré invariant two-form can be constructed
on the phase space, which is shown to be closed without reference to a specific theory. Finally,
we show that one can obtain a charge expression for gravity theories in various dimensions,
which plays the role of the Abbott-Deser-Tekin charge for spacetimes with nonconstant cur-
vature backgrounds, by using the diffeomorphism invariance of the symplectic two-form. As
an example, we calculate the conserved charges of some solutions of new massive gravity and

compare the results with previous works.

Keywords: symplectic two-form, conserved charges
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NEW MASSIVE GRAVITY TEORISININ KOVARYANT SIMPLEKTIK YAPISI VE
KORUNAN YUKLERI

Alkag, Gokhan
Yiiksek Lisans, Fizik Bolimi

Tez Yoneticisi : Prof. Dr. Bahtiyar Ozgiir SARIOGLU

Agustos 2012, 79 sayfa

Lokal ve difeomorfizmler altinda degismez olan bir eylemin birinci varyasyonunda beliren
sinir teriminden elde edilen simplektik akimin, bu tiir bir eyleme sahip herhangi bir kiitlecekimi
kuramu i¢in kovaryant bicimde korundugu gosterildi. Bu sayede Poincaré doniisiimleri altinda
degismez olacak bi¢cimde faz uzayinda tanimlanabilen simplektik iki-formun kapali oldugu
belli bir kurama baglh kalmaksizin ispatlandi. Ayrica, simplektik iki-formun difeomorfizm-
ler altindaki degismezligi kullanilarak korunan yiikler i¢in bir ifade elde edilebilecegi ve
bu ifadenin egriligi sabit olmayan arka-plana sahip uzay-zamanlar i¢in Abbott-Deser-Tekin
(ADT) yiikiine denk oldugu gosterildi. Son olarak, New Massive Gravity kuraminin bazi

¢Oziimleri i¢in korunan yiikler hesaplandi ve daha 6nceki calismalarla karsilastirildi.

Anahtar Kelimeler: simplektik iki-form, korunan yiikler
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CHAPTER 1

INTRODUCTION

In canonical formulation of gravity theories one faces a major obstacle at the very beginning.
The definition of momenta, which seems to be needed in order to construct the phase space of
the theory, requires an explicit choice of time coordinate. The Arnowitt-Deser-Misner (ADM)
formalism of General Relativity [1] is an important example, where spacetime is decomposed
into spacelike hypersurfaces parametrized by the time coordinate. The induced metric of the
spacelike hypersurface and its conjugate momentum are used as dynamical variables to put
field equations into the canonical form. Moreover, the Hamiltonian of General Relativity
obtained through this way can be used to calculate the conserved charges. Doing the same for

higher curvature theories is obviously much harder to perform.

In this thesis, we attack this problem in a different way. It was shown in [2, 3, 4] that it is
possible to construct the phase space from the solutions of the classical equations instead of
choosing coordinates and momenta. The symplectic two-form defined on the phase space
contains all the relevant properties of the phase space in an invariant manner, which can be
used for the geometric quantization of the theory under consideration. What is more im-
portant for our purposes is that the diffeomorphism invariance of the symplectic two-form
leads to a closed expression for the conserved charges of solutions of the theory, when the
diffeomorphisms are restricted to be the isometries of the background spacetime. The most
important result proved in this work is that the conserved charges obtained through this pro-
cedure is equivalent to the Abbott-Deser-Tekin (ADT) [5, 6, 7] charge definition for quadratic

curvature gravity theories on constant curvature backgrounds.

Computation of conserved charges by employing this procedure was first given for Topolog-

ically Massive Gravity (TMG) [8] in [9]. Here, we will work on a three-dimensional gravity



theory, called New Massive Gravity (NMG) [10, 11], which is obtained by the addition of a
particular higher curvature term (aR? + ﬁRib with 8a + 38 = 0) to the usual Einstein-Hilbert
action. This combination makes the theory tree-level unitary [12] but not renormalizable
[13]. It is a valuable model for us to study because of its interesting solutions with AdS; and

arbitrary backgrounds.

The organization of this thesis is as follows: Chapter 2 starts with the definition of the funda-
mental objects on the phase space and the construction of the symplectic two-form for a scalar
field theory. Then, the symplectic structure of General Relativity is constructed. The main
novelty here is that the diffeomorphism invariance of the symplectic two-form can be estab-
lished, which is also related to the conserved charges. In Chapter 3, we consider a generic
local gravity action and some general remarks about the procedure are made. Chapter 4 is

devoted to the study of theories arising from the action

/= f dPx \/@(%(R +2Ao) + aR® + BR2,).

Finally, the energy and angular momentum of some solutions of NMG are computed in Chap-

ter 5 using the formulas derived in the previous one.

The results of this thesis has already been published in [14]. Chapter 2 is included to discuss

the basic ideas from previous works better and all the other chapters are mainly based on [14].

Conventions used throughout are: The signature of the metric is (—, +, - - - , +). The Riemann
tensor is defined through [V,, V]V, = Rupe “V4 and Ry, = RE 40p. For the symmetrization
and antisymmetrization of tensors, the factors and signs are chosen so that, e.g. T =

YTab + Toa)s Tiab) = 3(Tap — Tha)-



CHAPTER 2

CONSTRUCTION OF THE SYMPLECTIC TWO-FORM AND
ITS RELATION TO CONSERVED CHARGES

At first glance, it might seem impossible to develop the canonical formulation of a geomet-
rical theory because manifest Poincaré invariance is lost by the choice of an explicit time
coordinate, which is necessary to define momenta conjugate to coordinates. However, it was
shown in [2, 3, 4] that one can construct phase space without defining the momenta and there-
fore the canonical formulation can be developed in a way that preserves Poincaré invariance
manifestly. To demonstrate the basic ideas, we start with a very simple case, i.e. a scalar field

theory . In what follows, we will employ the construction and notation of [3].

2.1 Scalar Field Theory

For a theory with N degrees of freedom, one can introduce coordinates ¢' and momenta p;,
where i = 1,...,N. As is well known, the Poisson bracket of any two functions A(g, p) and

B(q, p) is defined by

[A,B]:a—A_a—B.—a—A.a—B_. 2.1

A two-form on the phase space can be defined as
w=dp; Adq'. (2.2)

When ¢'and p; are combined in a new variable Q' (where I = 1,...,2N and Q' = p; for

i<N,Q = qi_N for i > N), w can also be written as

1
w= oy do' A dQ’. (2.3)



The components of w can be seen as an antisymmetric 2N X 2N matrix wy; with the only
non-vanishing elements given by w; 4y = —wjty; = 1. This matrix is invertible, and the
1

Poisson bracket of the functions A(Q) and B(Q) can be written using its inverse w

oA 0B

4.8 =o' 5525

2.4)

It is easy to see that (2.1) and (2.4) coincide. The advantage of using the definitions (2.3) and

(2.4) is that it allows one to describe the fundamental features of w in an invariant way.

w is a two-form on the phase space Z of the theory under consideration with coordinates ps

and gs. It is closed

1
dw = 3 Ikwy dQX AdQ' A dQ’ =0, (2.5)

since its components are all constant. It is also non-degenerate, i.e. the matrix wy;(z) is
invertible at each point z € Z. However, the converse is more important for our purposes.
Let w be any two-form on the phase space Z of a classical theory. Darboux’s theorem states
that if w is closed (dw = 0) and non-degenerate, it is possible to introduce local coordinates
on Z such that w can be put in the form (2.2). A non-degenerate closed two-form on Z is
called a symplectic two-form. In order to obtain the canonical formulation of a theory, one
can simply construct a symplectic two-form on the classical phase space of the theory ,instead

of choosing ps and gs, because it includes all the essential properties of the phase space.

Now, the problem is to find a new way to construct the phase space, which can be achieved
by making use of the fact that classical solutions of a physical theory are in one-to-one cor-
respondence with the initial values of ps and gs. We define our phase space as the space of
solutions of the classical equations of motion to maintain the covariance. One can always pick
a coordinate system and work with the ps and gs with their initial values corresponding to the
classical solutions but there is no need to do this and to destroy the manifestation of Poincaré

invariance.

For the construction of the symplectic two-form on this phase space Z, we first need to discuss
the fundamental objects on Z, which are functions, tangent vectors and differential forms.
Exterior derivatives on Z must also be defined to obtain the differential forms of rank higher

than 1. Let us consider a scalar field theory derived from the following action
D 1 a
5= [ ax (Eaaasa o- V<¢>), 26)

4



whose first variation gives

58 = — f P (O + V() 66 + f AP 0,(8°6 6), 27
———

Aa

where [1 = 9,0 and V'(¢) = ‘é—g. Therefore, the field equations are
O¢ +V'(¢) =0, (2.8)
and a point in Z is a solution of the classical equations (2.8).

In order to define functions on Z, consider a function ¢, which is a solution of (2.8). When it
is evaluated at a spacetime point x, the result is a real number ¢(x). We can define a function

on Z, denoted by ¢(x), as the mapping from the function ¢ to the number ¢(x).

For the tangent vectors at a point on Z, we consider a small variation in ¢. If ¢ = ¢ + 6¢
preserves the field equations (2.8) to the first order in the variation, d¢ is a vector at the point

¢ on Z. Therefore, vectors are the solutions of
[O+ V" (¢)] 6¢ = 0. 2.9)

A one-form on Z maps a solution 6¢ of (2.8) into d¢(x), the number obtained by evaluating
0¢ at a spacetime point x. One can generalize this to define p-forms as “wedge functions” of

the one-forms 6¢(x)

Q= f dxp -+ dx, O(xy, -+, xp) 0(x1) A -+ ASP(x)p), (2.10)

where O(xy,- -, xp) is a zero-form, a function of p-tuple of spacetime points xy, - - , x,. The

last term in (2.10) is the wedge product of one-forms d¢(x;), which is anti-commuting as usual

0¢(x1) A 6p(x2) = = 6¢(x2) A 6p(x1). 2.11)

We use the following exterior derivative operator which maps p-forms to (p + 1)-forms

00(xy, -+, xp)

6Q:fdxp+1 dxy ---dx, HC)
p+

OP(xp+1) A OP(x1) A -+ A 6¢(xp), (2.12)

% is the functional derivative of ® with respect to d¢(x). Note that the exterior
P

derivative of (2.12) is

where

82O(x1, -+, Xp)

5%Q d
P 56200 (1)

f dxp+2 dxp+1 d)C1 .
0

0(xp12) A 6P(xps1) A OP(x1) A= -+ Abp(xp) =0,

(2.13)



since the functional derivative is symmetric and the wedge product is anti-symmetric in
0¢(xp+1) and ¢(x,42), and thus this operator obeys the Poincaré lemma (6% = 0). The exterior

derivative of the wedge product of a p-form A and g-form B is
6(AAB)=06AAB+(—-1)’A A 6B, (2.14)

since the operator moves through p one-forms and each gives a factor of —1. Thus, it also
obeys the (modified) Leibniz rule and can be safely used as an exterior derivative operator on

the phase space Z.

Now, we are ready to define a symplectic two-form using the “symplectic current” obtained

from the boundary term in the first variation of the action (2.7)
J4 = =6A = 6¢p A 0U6¢. (2.15)
It is easy to show that J“ is conserved in its spacetime dependence
0gJ" = 0,60 N 3"6¢p + 5 A d¢ = 0. (2.16)
The first term in (2.16) vanishes by the anticommutation of wedge products
8abp N 3P = 000,60 A Opod = 86 A 86 = —0.6¢ A 8°6¢ = 0. (2.17)
For the second term in (2.16), one should also use (2.9)
6 N6 = =V (9) 6 NS¢ = V"' (¢) ¢ A 6¢p = 0. (2.18)

Since J“ is a conserved current on the spacetime manifold, its integral over a spacelike hyper-

surface X is independent of the choice of X and is Poincaré invariant

w= f dx, J = f dX, 66 A 0°6. (2.19)
z

In order to prove this, we consider the integral of a covariantly conserved vector over a space-
time with the metric g,;, where the integration over the Minkowski spacetime is a special

case
f dPx gl VI = 95 dz,J¢ = 0. (2.20)
Zl

Here X' is any closed hypersurface. Choosing X’ as the composition of two spacelike hyper-
surfaces X1 and X, which extend to infinity, and a (D — 1)-cylinder at infinity, on which J¢

vanishes, leads to

f dZaJ“+f dz,J* =0. (2.21)
% s

6



Since we have used Stokes’ theorem in (2.20), the normal vector of X; is past directing and
that of X, is future directing (outward normal vectors of ¥'). Using the future directing normal

vectors for both changes the sign of the integration over £; and we have

deaJ“:deaJ“. (2.22)
% s

Therefore, the result of this integration is independent of the choice of the hypersurface over

which the integration is performed and it is also Poincaré invariant.
Note also that w is closed as a result of the Poincaré lemma
Sw = f dZ, 6% A 8°6¢ + 6¢ A 3°6%¢p = 0. (2.23)
pX

Choosing X as the surface defined by ¢ = 0 with a normal vector n = § gives

S
I

f dz, J* = f dxngdp A 0%6¢ = f B xn’se A 0,6¢
z z b

f dx 6 A 66, (2.24)
z

where ¢ = %. This expression coincides with the standard definition (2.2) of the symplectic
two-form (apart from a minus sign). Therefore, we conclude that w in (2.19) is the symplectic
two-form of the scalar field theory given by the action (2.6). Our next aim is to apply the same

procedure to General Relativity.

2.2 General Relativity

In this section, we follow closely [3] and expand the computation given there to find the

symplectic two-form of General Relativity. We start with the Einstein-Hilbert action
S = f dPx+/gIR, (2.25)
and its first variation
58 = f dPx+igl (Rab - % gabR) 5% + f dPx/igl a(VIglg?sTe. — iglg®™oTs,). (2.26)
The field equations and the boundary term read

1
gab = Ruw-— EgabR =0= Rup = 0,

ViglgboTe. — /lglg®oT,. (2.27)

Aa



This time, the symplectic current is given by

SA? R , 1
J = ——— = 6T} A (68" + Egh‘ Slnlgl) — 6TE, A (68" + Eg“”éln lgD), (2.28)

Vgl
where 6 1n|g| = g°6g., = —gap0g®® and

1
oI, = Eé’ad(vﬁgcd + V68 = Vadge)- (2.29)

We need to compute the covariant divergence of this current and show that . The terms with

Oln|g| are
1 be a 1 be cra 1 ab ¢
A = 78 VoI, Adln|gl+ 78 oIy, AVyoln|g|— 78 VoI, Adln|gl
b'¢ B C
1 .
~ 58" 0T} AVaSInlgl. (2.30)
D
From (2.29) we obtain
1 1
0Ty = 58" (Vs08ad + VaOgha = Vadgra) = 58" VsOgad
1
= 5 Vpolnlgl (2.31)

Using this we can write

g ory. aord

D

—g® T AoT?, = 0. (2.32)

The term C can be written with the help of 6Ry, = V.01, — V0l as

1 :
C = —Eg“b(vcar;b — 6Ru) ASIn|g|
1 1
= - 5g“” V.ore, Adlngl +5gab SRap A S1nlgl. (2.33)
X

Terms X cancel each other and we get
bc a d 1 ab
A=g" ol Aol , + zg ORp A Oln|g|. (2.34)
The terms that do not contain the factor 6 In|g| are

E =V T4, A 8g" +6T% A V88" + V.00, A 6g™ + 6T, A V58" . (2.35)

X F G H




For the terms F and H, we need a relation between the covariant derivative of the inverse

metric and the variation of the Christoffel symbols. We first write (2.29) as

28ae 0T, = Vpogee + VeOghe = VeOgbes
284c 01, = Vpogec + Vedgoe — VeOgbes (2.36)
which together yield
Vi0gec = 8aeOl'}y, + gac 61,
878" Vidgee = 878" (8ae 0T, + 8ac TS,
~Vpog!t = gheT) + gl oT . (2.37)
The desired relations can be written as
Vg™ = —g®ore, - ger’,
Vg = —gtere - ghort . (2.38)
Thus, we find that
F = —g®erg Aorc,—g™ors Aérd, =0
H = g®eorg anor®, +g% T, Aolb , = g%eTq Ao,
=0
G = —(VeoTC, — 6Raw) A S8 = =V, AS6g™ +6Rup, A g™ (2.39)
X

Terms X again cancel and
E = g% T AOT?, + 6Ra, A 6g™.
Finally

a

: 1
VoJ* = A+E =gl Ao, +g%ers Ao, +§g“h 6Rap A S1n |g| + ORap A 5™

=0

1
5g“” 6Rap A 510 g + 6Rap A 8% (2.40)

which clearly vanishes on-shell (R;; = 0 = 6R,, = 0). As a result, the following Poincaré

invariant two-form can be defined

fdza ViglJe,
>

1 , 1
f d=, gl [5rgc A (687 + Egbc(sm lgl) — OT%. A (5g° + Eg‘”’aln lgh|,(2.41)
>

S
Il

9



whose exterior derivative is

bw = f d=, (5 /Igl A T + igl6J9), (2.42)
z

where ¢ \/l(ng = % \/@6 In |g|. The second term is

1 1
61" = 3 68" A oT% A SInlgl - 3 68> Ao, A dlnlgl, (2.43)
which is equal to
1 a 1 a bc 1 bc c1a
—EJ Adln|gl = —E(srmeSg Aélnlgl—zg oI, . ANdlnlgl Adln|g|

=0

1 1
+5 oIS, A dg™ A In|g| + Zg“b TS Adlnlgl Adlnlgl,

=0

1 1 .
3 68" A oI, ASln|g| - 3 68" A TS, A S1nlgl. (2.44)

Since J¢ is a two-form, 6\/|gT| ANJY = J4A 6\/@ = % \/IgTIJ“ A d1n|g|, and therefore (2.42)

vanishes.

The final task is to show the gauge invariance of w in the space of classical solutions Z and in
the quotient space Z = Z/G, where G denotes the group of diffeomorphisms (x4 — x% + &%).
The first one is trivial since all the objects in w are tensors. For the latter, we should check the

behavior of w under the following transformation
6gab - 6gab + Vaé:b + Vb‘fa, (245)

where we assume that £ is asymptotically a Killing vector field at the boundary of the space-

time (V,&p + Vpé, = 0 at infinity). We need the transformation of the following quantities

5gab — 5gab _ Vafb _ bea,

Slnlgl — &lnlgl+2V.&9, (2.46)

which can be obtained using 6g? = —g% g §g.s and g’ 5g,, = Sln|g|, and also o, .
Inserting (2.45) into (2.29) gives

1
ory,. — Eg“d [Vp(08ca + Veéa + Vate) + Ve(08ba + Viéa + Vaép) — Va(0gpe + Vpée + Veép)]

1
= (51—‘(;%' + E(vacfa + vaafc + chbfu + chu.fb - V“ngc - V“chb). (2.47)

10



Using

VpVel® = V.Vué" +RY, &,
VpVe¢, = VOVuéc+ R 41,
chaé‘:b = Vavcé:b + Rbdcafd (248)
in (2.47) gives
1
6T = 0T + 5 | 2VeVot™ + Ry + Rogy' + Ryg) €| (2.49)

—pa a a
=Rt R R

which can be written in a simpler form with the help of
Ripe + Ryeq + Regpy = 0= Ry + Rigy = =Ry g = Ry (2.50)
as
oTY,. — o9 + R, &+ VyV.el,
oIS, = OTG, — Rpaé” + V. Vpet. (2.51)
Therefore, under (2.45), the symplectic current given in (2.28) transforms as
J* = (@19 + R, &+ VeVpEh) A (087 — VP& — Vegh)
1
- Egbc OT%, + R, & + Ve Vpe™) A (S1n gl + 2V ¢%)
= (0T = Roel + VVipt) A (387 = V&7 = VP67
1
= 58" (0T = Ryeb” + VeVpE) A (0 In gl + 294, (2.52)
and the change in the symplectic current, which we denote AJ“ to avoid a confusion, is given
by

AJY = =26T% A VPE + (gPTY, — g1 ) A V& + Roc“pe A 5g™ + R ASIng
— —

Fa E c

1 .
+ (Vo Vpeh A 6ghe + 3 D& ASlngl + 0T, A (VAEP + VP€%) + Rope® A 68
~——/ ™ ™ ™

\__H/.___./ a
Bg Alf Cz
1
— Vo Vit A (68 + g5 Ingl).
N—— 2
B T

2

(2.53)
Our aim now is to write this expression as the covariant derivative of an antisymmetric tensor

plus some additional terms which vanish on-shell.
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We start with A‘f

A}

1 1 1
5 D6 AGlnlgl = Vo5 V€ ASInfgh — 5 V€ A Vednlgl

1 1
= V(3 Veeisingl) — E(v%“)ar’gb. (2.54)
Its antisymmetric part comes from AJ
a 1 ab C 1 agc 1 a &
A5 = —Eg V.VpéS Adng = _VC(EV & Nolng)+ EV ENViolng
1_. . .
= V(5 VI ASIng) + V£ A or’,, (2.55)
so that
A9+ AS = Vo (VI A §ng) + (V€€ — V™) A OTD,. (2.56)
—— e
05
For B‘I‘ and B‘2‘, we have
BY = —V V& A 6™ = —V (Vpe A 5g™) + Vit A V,.68), (2.57)
B} = V. Vpe" A 68" = Vo(Vpt® A 5gP) — Vi A V.58, (2.58)
which give
BY + BS = V. .2Vpél A 5g) + V€ A V.58 — Vi A V58" (2.59)
e
0%
Now we write C‘f as
Cé = 28T AV + g oTS, AV
= —V.(2g™ T, AEY +2g VST A E + g 0T, A V¢!
= —V(V'SIng A &)+ 28 VoI, A& + g™ oT% A V¢! (2.60)
We take Cg‘ + A‘ll + Ag
C4 + A9 + AS = V.04 + 20T VP&
= V0% + VP26, AVEY) —2VP6T5 A g (2.61)
= V(0% +VSIng A &) —2VP6TE A&
Together with C¢, these give
CO+Ci+AT+AS = VA(QF +2VIng A &) + 28 V. oTY, A £+ g™ 6T¢ A V¢!
————
0%
—2VPeTS A& (2.62)

12



We need to consider the last term in B‘l‘ + Bg:

V& A V585 = =V, .4 A V687
= —V(& A Vp08") + &1 AV V68"
= Vo2& A Vp08") = V(€ A Vi6g™) + £V, V68"
= Ve (2E° A V,pog™P) + V(8" & A 0T, + g0 €5 A oTY)
— & AV (g 6T, + g ot )
= V(2 A Vpog™P) + (Vo £9)[g" 0T, + g0 oTd 1 + g & AV, 0TY,
0

+ gV ENVOTY, - gh £ AV ST, — E A VST,
(2.63)

Now, we can write Ci‘ + Cg + A‘I‘ + Ag + B‘I‘ + B‘z‘ + E‘I‘ as

4
Z Vo0 + 28 VT8 A€+ g™ 6T A Vagh) = 2VP6TG, A % + Vpt A V08"
N— —

i=1
X3

+ &PV E NI, + g V£ N STY + g" ¢ AV 0T, + g%¢° AV OTY,

X{ X3
— g AVOTE, — &4 AVISTY, + g" 0T A V7 (2.64)
N e’
XLI

1

Terms X{ and X7 vanish. Now for the last part of the antisymmetric tensor, we take
: 1 ,
“= 20T}, AVPE = =28 (Vh0gea + Vedgha = Vadgne) A V'€
= V,68% A VP& + V680 A V&€ — V9687 A V8,
= V.68 A VE, + V58" A VS — V58" A VL,

= V(V68™° A & — V68 A &) — 6™ A& + V. V08P A &,

0t
+ V.68 AV,
(2.65)
Then, the whole result Ci‘ + C;’ + A‘f + Ag + Bfl’ + Bg + E? + F%is
gV T, AE +E N (VPSTS, — gV oT% ) + g7 € AV oTY,
S —— ——— e
Ad Be (2.66)
+ 8P & AVOTY, —Tog™ A&y + V V08P A &
We write A and B? as
1 1 :
A% = gV ST, AE = Eg“b V.Vpyslng A& = 3 V.VéIng A &, (2.67)
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1
B =g e AV OTY, = Egbdgae E N (VeVpogae + VeVibgbe — VeVebgha)
1
=58N (=VVp08% — V. V468 — V.V Ing) (2.68)

1.
= —& AV Vp08% - 3 EAV.Vng.

with

A%+ B = —&E AV V68" — & AV VeIng, (2.69)

and finally (2.66) becomes

5
Z V0% + £ A (VPSTS, — PV .6TS ) — £ AV, V,58™ — 068 A &
i=1
+V V5P A &, + V.V 1Ing A &€
5
= D VeQI + g £ A (VasTy, = VedTh,) + VeVpog™ A £+ V V05" N &,
i=1

068 A &, + V.V961Ing A &€

5
= > V0! = g Ry - 88" VeVb0gea N E° — 88" VOV oSgea N E°
i=1
—gaegbd VVOgea N Ep + g% 06gep A fb + g%V .V.8Ing A&
5
_ ZVQQC_‘fa bd(SR _ pae  bd V.V c _ jae bdvv c
= 0 8 “0Rpa — 88" ([Ve¢, Vpl0gea) N E° — 8787 ViV 0gea A E°(2.70)
i=1
—8% VIVeOgap A Ep + g D68 NE" + g% VpV5Ing NE"
5
_ Vac_bda 6R_aebdvv c
= Qi — 8 E NORpy — 8787 ([Ve, Vplogea) A €
i=1

8% (V/V08ea + V! Vg — Dger = VsVesIng) A &,
For the last term, we need the following relation

SRupy = V6T, — V6T,

1 1
= Egadvc(vadgbd + V08ad — Vadgan) — EngVa(Vbégc'd + Ve68pa — Vadgan)
——— ——
-0
1
= E(Vdvaégbd + VIV,680a — O68ar — VoV 10 g). Q.71)

14



Using this, (2.70) becomes

5
V08 - &M A 5Rba — 8" IV, V1108ea) A E° = 28 Rop A &
i=1

5
D V08 - 8" £ N 6Rpa — 88" Ree! 68ar N E — 88" Repa 6gep N E° = 28° OR "
i=1

5
= > V0 = g N SRy — R 6870 A E + Reap0gart” — 28 SRap A E°
i=1

VCQ;JC _ gbdéga A 5Rbd _ Rebac 6gbc A ge — Rcb 5gab A fc — zglle 6R€b A é‘:b

DM 1D

V0% — g" &9 A GRpg + Rep”c 68be A E° — Rep 680 A E° — 28 6Rop N E°. (2.72)

1

1l
—_

Finally, the change AJ“ in the symplectic current is

A=Y V0% — g E A SRpg + Rep” 08" N &€ — Rep 087 N E° = 28 6Rop A E° + Roe® € A 587

5
i=1
+ R E N SIng + Ry £ A 5g™

= VT + g" 6Rpq A E* + 2R & A S8 + 287 €% A SRy + RAEE A SIng
(2.73)

where

Faco = 28 AV,6gP — 28, A VISP — 2568 A Ve — 2619 A VS In gl

—§1n|g| A Vg, (2.74)

Being the covariant derivative of an anti-symmetric tensor, the first term in (2.73) gives no
contribution when inserted in the integral (2.41) for w. Since the other terms already vanish
on-shell, w defined in (2.41) is gauge invariant, and thus is the symplectic two-form of General

Relativity.

2.3 Conserved Charges

It was shown in [9] that the boundary term in (2.74) can be used to calculate conserved charges
of a theory. Note that V,(AJ%) = V, V.74 = 0 from the antisymmetry of #%“. Therefore,
we can try to construct a conserved charge expression from AJ%. At this point, we restrict
diffeomorphisms to isometries of the spacetime and linearize the metric as g,p = gap + hap, aS

a sum of the background g,;, and perturbation h,;, parts, where A, should vanish sufficiently

15



slowly at “infinity”!

. We identify £’s as the Killing vectors of the background metric g,p.
Index raising/lowering and covariant derivatives are also defined using the background metric
Za4p. The variation is identified as 6gqp — hap, 6g“b — —h®_ Therefore, tensors in AJ“ are
taken as the background ones whereas their variations are identified as the ones to the first
order in h;,. For example, we do the following replacements for the Ricci tensor: Ry, — Ry
and 0R,, — (Rgp)r, where the subscript L is used to denote the linearized version of a quantity.
At the end, all the € terms are put into the right hand side of the wedge products, which are
finally dropped to get a vector in spacetime. After all these identifications, we obtain a charge
expression as

_ 1 - 1 _
0@ = -z f dPx Vol (AT = —= f dPx Vol n, V.0%
2 Js 2 s

1
S f 2 \Jlo @) n, 5. 0%, (2.75)
2 Jas

where the second line follows from Stokes’ theorem. X is an arbitrary (D — 1)-dimensional
spacelike hypersurface with induced metric o, unit normal vector n“ and dX is the boundary
of X, which is a (D — 2)-dimensional hypersurface with induced metric o, unit normal s¢.

AJ? is the vector obtained from AJ? as a result of the above mentioned identifications and

Q% = 2V, mblagel — oylepdbg, 1 apPley, 291 4 2(Vlep)zal — pylegal, (2.76)

Note that it is conserved up to a multiplicative constant and the factor —% is introduced in [9]

to “normalize” the results. We will give an explanation to this in the next chapter.

We now apply this result to solutions of General Relativity. Let us start with the Schwarzschild

black hole described by the metric

r

oM oM\
ds? = — (1 _ _)dtz + (1 - _) dr® + r*(d6* + sin 0 d¢?), (2.77)
p
with the background metric (M — 0)
ds* = —di* + dr* + r*(d6* + sin® 0 d¢?), (2.78)

which is the Minkowski spacetime in spherical coordinates. We use its Killing vector & = —§4
to calculate the energy. The timelike and spacelike normals can be found from the normal-

ization conditions® nn, = —1 and s%s, = +1 as n® = 09 and s = 69. The measure of the

! This condition is put to guarantee non-zero results.

2 Since the integral is performed over the boundary, the background metric is used in normalization (n%n, =
5 b
gahnan )
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integral in (2.75) is v/|c@®)| = r| sin 6|. Finally, we compute the energy as

21
Egep=—= hmf f dfd¢r|sin 6] Q" = (2.79)

r—00

as expected. Next, we consider the Kerr black hole with the metric

2
2 0
ds? = —(1 - %r)dr%%dr%pzdez (r +a? + % in 9) d¢*+ wd 1dd, (2.80)
P p?
where

re =2M, a:%, p2=r2+a200520, A=r’—rg+a® . (2.81)

The background metric is obtained by taking M, J — 0

0

ds* = —di* t 5 ———dr? + p*d6* + (* + o?)sin” 0dg”, (2.82)
Its Killing vectors are & = —§4, 9 = 6“ . For the normals, we first write n“ = A¢9 and

“=PBéand findA =1, B = N2+a? from the normalization condition. The measure is

VIo@®)| = p Vr2 + 2| sin 6. Then, the energy and the angular momentum can be computed as

27
Ekerr = —= hm f f dode (r* + )| sin6] Q" = M,
27
Jkerr = —= hm f f dode (% + )| sin6| Q" = Ma = J. (2.83)
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CHAPTER 3

APPLICATION TO A LOCAL GRAVITY ACTION

So far, we have reviewed the construction of the symplectic two-form as described in [3] and
the procedure to obtain the conserved charges, which was given in [9]. In this chapter, we

consider a local gravity action

S = dex Vigl £(g.R,VR,R?,---) (3.1)

where £ is a function of a metric, its Riemann tensor, its contraction and covariant derivatives.

Its first variation is

5§ = f dPx +/1g| Dap 58 + f dPx8,A%g, 5g,Vog--+). (3.2)

Here, @4, = 0 is the field equation and A? is the boundary term. Considering it as a one-form

on the phase space Z, we start by taking its exterior derivative

1
§%S = f dPx /gl 6CDab/\6g“b—§ f dPx gl @ap 58 ASIn |g| + f dPx8,6A% = 0, (3.3)

which vanishes by the Poincaré lemma. The first two terms vanish on-shell and the third one
gives

—6%§ = f dPx /|g| V.J* = 0, (3.4)
where

J = —6A%/ +lgl (3.5)

is the “symplectic current”, which was used in the previous chapter. Since its covariant
derivative vanishes on-shell (V,J¢ = 0), the following Poincaré invariant two-form can be

constructed

w= dea Vigl 74, (3.6)
z
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where X is a (D — 1)-dimensional spacelike hypersurface. In order to prove that (3.5) gives the
symplectic current of any theory derived from an action of the form (3.1), we need to show
that the two-form given in (3.1) is closed and gauge invariant. We first consider the exterior

derivative of (3.6)
Sw = f A=, (5 /Igl A T4+ gl 6J%), (3.7)
z

which is exactly what we had in (2.42). This time, we will show that w is always closed with

the definition of the symplectic current given in (3.5). The exterior derivative of (3.3) reads
1 1
§s = dex \/@(5 Slnlg| A 6@y A 5% — 5 5%ap A 5g° Asln|gl)
1
+ dex Vigl( 5010 lgl A Vol + 6Vl ) = 0. (3.8)

The first two terms cancel each other out by the antisymmetry of the wedge product. There-

fore, using 6(V,J%) = V,0J + ST 4 A J%, we obtain
1
58 = 3 dex ViglsIn|gl AV + | dPx |gl(VasJ® + 6T? y AJ*)=0.  (3.9)
First, we write the last term as

ST 4y A J°

1
5VadInlgl A J°

1 1
v, (Eéln gl A J“) ~ 50Inlgl A VaJ*, (3.10)

and then insert into this (3.9) to get

1 1
538 = dex Vgl VasT® + 5 dex \/@Va(zaln gl A J“) = 0. (3.11)

This can be written with the help of Stokes’ theorem in the desired form

1
fdza Vigl6J¢ = -5 fdza Vigl J* A5Inlgl, (3.12)
z z

which confirms dw = 0 for any theory derived from (3.1). Note that we have shown that
w is closed in general without the use of any field equations and that throughout no explicit

calculation is required.

Our next task is to show the gauge invariance of the symplectic two-form. Transformations
of some basic quantities were given in the previous chapter. Indeed, we can write a general

rule for the variation of a tensor 7,,... 7

6Tt = 6T, b + &V Tt + Ty V7V + o =T & VP 4 -

= OT,.0" + L£:T,.0, (3.13)
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where L:T,... b denotes the Lie derivative of the tensor T,.. > along the vector £, Knowing
how one-forms transform, the transformations of p-forms can be obtained by substituting
the expressions for one-forms and keeping the terms linear in €. Then, the change in the

symplectic two-form is
w= dea Vigl age. (3.14)
)

As we know from our work on General Relativity, if AJ can be written as the covariant
derivative of an antisymmetric tensor plus some additional terms that vanish on-shell, then
Aw = 0 and w is gauge invariant. It was actually shown in [15] that this is true for a generic
gravity theory derived from an action with local symmetries. However, we need to calculate

Aw explicitly to obtain the conserved charges.
For the conserved charges, we consider the transformation of (3.3) under (2.45)
0 = f dPx Vigl (6@ap + Le®as) A (5% = V& - VP&
; dex VIgI ap (68 = V&" = VP&") A (81 |g| + 2 V&)

- f dPx \/|gl Va(J* + A%, (3.15)

Using (3.3) and the symmetry of @, we get

0 = -2 f dPx \/|g| 6®up A VIEP + f dPx /gl LeDyp A 5% - f dPx gl @ 58 A V. £°

dPx /gl ©pVE" A SIng — f dPx \/|g| Va(AJ?). (3.16)

Applying the identifications described in the previous chapter, all the terms, except the first

and the last one, drop as a result of ®,; = 0 and (3.16) becomes

0=2 f dPx |zl (@), V& + | dPx /gl Vu(ATY), (3.17)

where AJ® is the vector obtained from the two-form AJ%. Since V¥ (®,;); = 0 as a result of
the Bianchi identity, (), V%£” = V(@)1 €”) = Vo (), &) and hence (3.17) can be

written as
f dPx izl Vo ((0L) &) = —% dPx /gl V(AT (3.18)

The left hand side of (3.18)

(@m)E) = (), &+ (07), T4
=V (0), & +(2™), Viury = 0 (3.19)
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vanishes by the Bianchi identity and the Killing equation for the background metric (V,&p)) =
0. It is the conserved current used in the ADT charge definition [5, 6, 7]. Here, we use the

right hand side of (3.18) to construct the conserved charges as

_ 1 _ 1
Oaor® =~ f a5 lgTn, 9.0 = —3 f P2 Jlr@ln, 5.0, (3.20)
> oz

where Q% is the tensor obtained from the two-form 7 and Stokes’ theorem was used with
the identifications given after (2.75). This charge expression is completely equivalent to the

ADT charge and explains the factor of —% used in (2.75), which was introduced in [9].
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CHAPTER 4

APPLICATION TO THE QUADRATIC ACTION WITH
L=« (R+2Ap) +aR* + R,

In this chapter, we apply the procedure described in the previous chapter to the following

quadratic action

I= f dPx Vgl £ = f dPx \/@(%(R +2A0) + aR” + BR2,). (4.1)

where NMG is a special case (8« + 38 = 0 and D = 3). Its first variation is

1 1
51 = f 4 VI8l (- Gan + Py + Bay) 58 + f A7 Bal\y + Q0N + BOAG). (42)

where
1
Gy = Rap— EgabR + Aogab, (4.3)
1
Aa = 2RRup —2V,V,R + gup(20R — ERZ), (4.4)
1
Bab = 2RacbdRCd - V.VpR + DRab + Egab(DR - RcdRCd)- (45)

The boundary terms

A = Vigl(gory, - 86T,
A = lgl(2Rg" 6T, — 2Rg™ 8T, + 2V“R51n|g| + 2V,R 55°°),
1
Aj = VIgI(2R? oT), — 2R6T;, + SV'RGIn|g] + 2VeR" 68" ~ VVRes 55)

yield the following symplectic current
J= I T T (4.6)

with

SAY 1 1
Jé = ———£ = 6T A (68" + =g" 61nlgl) — T, A (68 + Eg“béln lgh,  (4.7)

\/@ 2
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oA
Jo = ——% =T}, A (2R + Rg" 51nlgl + 28" 6R)

Vgl

—6T¢ A 2R g™ + Rg* 61n|g| + 2g*° 6R)

—6In gl A (V5R 88" = 26(V'R)) + 68 A (28(V,R) — 2V,RS1Ingl),  (4.8)

SAY
Ig = £ _ ST A (R* S1n|g| + 26R™) — 6T% . A (R §1n |g| + 26R™)

lsl
1 1
+61n|g| A (Eé(V“R) — VR, 68" + EV“RC;, 68")
+68" A (20(VeR" ) = 5(V“Re)). (4.9)
As shown in the previous chapter, it is covariantly conserved on-shell. Now, it remains to

check the gauge invariance. After a tedious calculation, the change in the symplectic current

can be found as

AT = V. F 4+ 20p 5 A 68 + D .5 AS1n|g| + Dpe £ A 587, (4.10)
where
1
F = —F = —F 4 aF 3+ BFSC, (4.11)
K
with
Tl = 28 AV,08Y - 28, A V6 — 258" A V£
284 AVS51n|g| — S1n|g| A V€&, (4.12)
FI¢ = DRF + 46g°1C A EIVLR + 46R A VI9ET + 8VICGR A £, (4.13)

F5¢ = 2RSIn|gl A VyET + 4 gM6Rg, A VIET + 26T gl AEPVIRT + 46 AVLETR”
—4R VT A 58" + ARPEY A T g + ARMUET N T g — 487 A 5gVIRy,
—4&, A 6g"V,RY + 4g1 gV S(V Ryp) A " = 28 A VISR + 268" A EUV,R
26"l A VISR, + 48196 A VPSR, + 48P°R, 1€ A 6Ty,

+4RNasT L A EP. (4.14)

The first term in (4.10) gives no contribution when inserted into (3.14) for sufficiently fast
decaying metric variations and the other terms vanish on-shell. Following the discussion in

the previous chapter, the charge expression (3.20) can be written as
1
0" = -0 = — 0 + a Qi + O, (@.15)
K
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where

Q% = 2V, WPzl — oVlepalbg, 4 opbley g4l 4 p(VlepyEd — pulegd), (4.16)
Q% = 2RO — 4V, R WPICZ 1 4R, VI9E) + (VIR )E, (4.17)

2RPRT L ET 4+ 4 gNUR ) VIIET + 2 VIR L hEP — 4 p119, ER

o
+4 RV hpe VEIE" — ARMIIC ) 8 = AR ) ) — 4nT9ENNVIRy,
—4hb[c§?evbl_?a]e + 4§d[u§c]e(VeRdb)LEb + 2(v[cRL)ga] _ 2hb[c5u]ﬁb1§
+28"1V1 (Ryg), & — 45V VPI(Ry)  E) — 457 Ry (T ) EY

+4RANe(rel ) &P (4.18)

This charge expression is equivalent to the ADT charge for theories with arbitrary back-
grounds, which was given in [16]. While (4.16) and (4.17) are identical to their counterparts,
some computation is necessary to show the equivalence of the third one. In the next chapter,

we calculate the conserved charges of some solutions of NMG with the help of (4.15).
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CHAPTER 5

CONSERVED CHARGES OF SOME SOLUTIONS OF NMG

Having the charge expression (4.15) at hand, we first consider solutions of NMG, which are
asymptotically AdS3 and then the ones which are not spaces of constant curvature. All these

examples have been studied before in [17, 18, 19], with which the results will be compared.

5.1 The BTZ black hole

Our first example is the BTZ black hole [20] described by the metric

ds? = (‘l_ip N %)dtz + (41%2 - (1‘42124—_J2))_1c1,o2 ~ Jdidg +(2p + MTZZ)dqﬁZ, (5.1)

which is a solution of NMG with

1 1 +41%m? 3
K = 167TG, ﬁ = —w, AO S W’ a = —gﬁ (52)

The background spacetime can be obtained by setting M — 0, J — 01in (5.1)

dsz——@dz%id%zdz (5.3)
- 12 4p2p p¢ .

This is AdSs spacetime with two globally defined Killing vectors & = —¢¢ and 9¢ = 6‘;,
used in the calculation of the energy and angular momentum, respectively. The timelike and
spacelike normal vectors are obtained by employing the normalization conditions nn, = —1

and s%s, = +1 as

¢ 2
nt=———g, 0= Lsa (5.4)

NoTs

The measure of (2.75) is /|c@®)]| = \/Z and using (4.15) there gives
1 ) M

1\ J
22m2)16G” )

Eprz = (1 Jprz = (1 "3 TeG (5.5
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These “renormalized mass and angular momentum” are identical to the ones given in [18],
where ADT charge definition was used and in [19], which employed the boundary stress

tensor method.

5.2 The “logarithmic” black hole in [21]

Our second example is the solution given in [21]
2

00 qllnlp/po| . 1> (*dp?
ds* = - dr* + f(p)|dp - ———dt| + , (5.6)
2 f(p) flp) 4p?
where

f(p) = 2p + qt* In|p/pol. (5.7)

This solves NMG with

202 3
k=81G, B=-"——, Ag = (5.8)
K

202
The background spacetime is taken to be AdSs3 in the form (5.3) and the same Killing vectors,

normals and induced metric as in the BTZ case can be used in the computation, which yields

27
_ 2
E = lim | ~2pns,0P@do = Eq, (5.9)
p—)OO 0
2
_ 2
J = lim 2o s, 0°(@dep = 4. (5.10)

These result coincide with the ones given in [21], which are obtained through ADT definition.

5.3 The rotating black hole in [22]

Now, we consider a stationary solution given in [22]

ds® = (= N(OF(r) + PK(r)?)df* + ;f(z) + 27K (r)dt d¢ + r* d¢?, (5.11)
where
N = |1+ 4H() \/_)] (5.12)
F(r) = H(r) [H(r) g(1+ \/E)H(r)+%(l— VE) -4GMVE|,  (5.13)
K(r) = —(4GM—qH(r)), (5.14)
H(r) = [ -26ME(1 - «/_)——(1— \/_)2]”2 (5.15)
= = 1-p*/0, (5.16)
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with parameters
1 20* 3
Ao = ﬁ’ ﬁ = T, a = —gﬁ, k = 167G. (517)
The rotation parameter p should lie between —¢ < p < ¢ and the parameter g is the “grav-
itational hair” where ¢ = 0 gives the BTZ blackhole. The background spacetime (¢ — 0,

M — 0) is AdS;3

r2 12
ds* = ——=di* + —dr’* + r*d¢?, (5.18)
2 2
with the timelike and spacelike normals
a 4 a a I (0%) 2
nt =--=¢/, s =-0;, o =r". (5.19)

r

The energy and angular momentum are found to be

27

E = lim rn; s, Q"(E)dp = M, (5.20)
21 _

J = lim rng s, Q" (de = Mp. (5.21)

Note that the parameter g does not appear in the conserved charges, which is why it is called

the “gravitational hair”.

5.4 Three-dimensional Lifschitz black hole

Our first example with a nonconstant curvature background is the three-dimensional Lifshitz

black hole [23]

6 2 2 2 2
), T Mty 5, ¢ M \-1 5 7,
ds —{—6(1 - 7)dt + r—2(1 - 7) dr’ + d2, (5.22)
which is a solution of NMG with
13 202 3¢2
A = —, = —, = -, :16 G.
0=5p B= 5 a=g k=lon
The background metric is (M — 0)
6 52 2
ds? = - af + “a + Tal,
£ r2 £2

The timelike, spacelike normals and one-dimensional induced metric can easily be found as

2
nt = —50 4= g 0_(82) _ I"_
R A 7



For the energy, the timelike Killing vector £& = —§¢ can be employed and

2l 2
r - ™
E=1li - "Edx = —. 5.23
lim | Gnes Q7@ = S (5.23)
This result agrees with the given in [16] that was calculated through the ADT procedure for

arbitrary backgrounds, however it differs from the expression in [19].

5.5 The Warped AdS; black hole

Our final example is the warped AdSs black hole [18] which reads

2_ .2
I I"O

+(0-Po 2 1 dr?
ds* = —12——L2af + F(|dg - 2 4|+ — , 5.24
T (|de - —F—— ] + 5 o - (5.24)
where
22
F(r):r2+2a)r+w2(1—,u2)+ 02.
—H
This is a solution of the NMG theory with
1 3
= 8 C;7 = -, = ,
= o A mi’ ¢ 8mk
5 9m? +21A¢ — 2m~3(5m2 — TA) 5 8m?
U= and ("= ——,
4(m? + Ao) 21 — 4u?

with m? as the NMG parameter. In order to have a causally regular black hole, x> and Ay

must be [18]
2 2

m m
> Ao > ——.

9 =70="721

The background spacetime of this black hole can be defined by taking w — 0, rp — 0 in

(5.24)

0<u®><1 and

dr* = 2rd¢ dt + r*de?. (5.25)

ds®> = (1 - ) di* + Y

The timelike, spacelike normals and the measure is apparent considering the standard ADM

1
ng=—pd, sq=—208,, Jlc@®|=r
urg

To find the energy, one again has to choose the timelike Killing vector as & = —§¢ and for the

form of the metric (5.25)

angular momentum one has to use 9% = 6;. Then,

) 27 B 4 2(1 _ 2)6()
E o= lim [ rns 07@ae = MK (526)
o 2,2 )
. S 4 lorgu™ (1 —p?) 2 4 2
J =1 0" (D)dp = - + 21 —29u~ + 24, )
lim | s QO = —gemr s |G @12 + 24
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The values for the energy and angular momentum agree with the ones given in [deniz2],
however angular momentum is in conflict with the one in [18]. The discrepancy of these

results, and the validity of the charge expression are discussed more explicitly in [17].
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CHAPTER 6

CONCLUSIONS

In this thesis, we first reviewed the construction of the symplectic two-form and its relation
to conserved charges. Then, we have shown that consideration of a generic local gravity ac-
tion with the same procedure yields some general and useful facts. Using the boundary term
appearing in the first variation of the action, it is always possible to obtain a covariantly con-
served symplectic current, whose integration over a spacelike hypersurface gives a Poincaré
invariant two-form on the phase space. It was also proved that this two-form is always closed,
which is one of the conditions that must be satisfied for it to be the symplectic two-form of the
theory. The other condition, the invariance under the diffeomorphisms, yields the conserved
charges, which was shown to be equivalent to the extended ADT formalism for arbitrary

backgrounds with at least one global Killing isometry [16].

Then, we found the symplectic two-form of the theories described by (4.1), for which NMG
is a special case, and obtained a closed expression for conserved charges. The energy and
the angular momentum of several solutions of NMG were calculated through that expression.
The charges of black holes with AdS3 backgrounds agree with the previous works [18, 19,
22]. Our results for black holes with non-constant backgrounds, Lifshitz and warped AdS3
spacetimes, are in agreement with the ones given in [16, 17]. This was expected since they
were calculated using the ADT procedure for arbitrary backgrounds, whose equivalence to
our procedure was already proved. However, as was shown in [17], there is a discrepancy
between these results and the ones computed by other means [18, 19], which necessiates
further investigation regarding the validity of the charge expression for generic backgrounds.
It might also be interesting to perform a covariant, geometric quantization of the generic

theories arising from (4.1).
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APPENDIX A

VARIATION OF SEVERAL TERMS

We will consider some relations which will be frequently used in the calculation of the sym-

plectic current (Appendix C), where the formula J¢ = —2A< s used, and in the calculation of

Vigl

the exterior derivative of the symplectic current (Appendix E). The variation of the covariant

derivative of a tensor of rank (1, 1) is

SV.Th = 60,72 +15 1¢-T4Th)

9,6T 2 +Tdorb +18 5T -Th6Td ~T4 6T

b d b b d
VTl +1d6T —Th6T?,

Its generalization to tensors of higher ranks is obvious. Now, we can apply this rule to obtain

the following

5(VaRcd) = VaéRcd - Red 6Feac - Rec 5I“Ead’

6(VbVaRcd)

V56(VaRea) = VeRed 6T, — VaReq TS, — VR 6T,

VVadReq = VpRea 0T, — Req VT — VipRee 6T, = Rec VT,

~VeRea 6T, — VuRoq 6T, — VoRee 6T,

6(|:|Rcd)

S(8VpVaRea) = 80 5(VpVaRea) + Vi VaReq 5

D(SRCd - 2VaR@d 5Fizc - 2R€C Vaérild - Red Vaére;zc - Rec Vaérild

~8PV Ry 0TS,

8(VyV4R) 5(8“VpVaRea) = 8 6(VpVuRea) + VpVaReq 67

8 VyVu6R g — VoR 6T, — 2V,RS 6T, — 2RS Vol — 2V,RE ST,
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SOR) = 6(g™V,V4R) = g 5(V,V4R) + V, VR 5g%
g 00R g — 8"V R 6T — 2V RE, 6T, — 2R, V46T, + V,V,R 5g*

—4V“RE, 6T,
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APPENDIX B

FIELD EQUATIONS AND BOUNDARY TERMS

B.1 Einstein-Hilbert Term

S

dex \/@R,
dex \/@5R+dexR6(\/@)=O.

oS

The relevant terms are

s(+igh = —% Viglgas 55
6R = 8(g"Rap) = Rap 68 + ™ 6Rap,
ORwpy = VoI, = Vol = V(6T — 85619 ),
6R = Ruy g™ + V(" 6T, — g™ o1 ),

= Rup 8™ + V(g 614 — g oT%).

=8 ab ORap

The variation of the action becomes

1
58 = f dPx gl Rap — S8aR) 5g° + f dPx lgl Va(ghe oT% . — g* 6T5,) = 0.

Therefore, the field equations and the boundary term are

1

Gap = =Ry - EgabR AZ = \/@(gbc(sFZc_gabérzc)'
B.2 R’ Term
s = f P x gl B2
5S = dex \/|§|2(sR+dexR26(\/@)
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We start with

R6R R6(g"Rup) = RRap 68°° + Rg™ Ry,

RRa» 68" + RV (g7 6T% . — g 6T,

RRu» 08" + Vo (8"RTY, . — g’ RoT,) — 8" V,RoT  + VPRI, .

The last two term should be written in the standard form (A, 6g“b + V,B* = contribution to

the field equations + a boundary term). The first one is

g VRIS, = %g“f’g“ (VaR)(V588ca + Vedgha — Vadgne)
= %(Vf’R) V68ea + %(V"R) V2684 — %gbf(vdR) Vadghe
= (V'R)V“0gcq — %g“(vdR) Vadgpe
=V ((VOR) 0gea) — (VVVR) 680 — Va (%g”“(vdR) 6gbc) + 38 DR 3gse
= V. ((VoR)58™) + VoVpR 58" + Y, (%gbc(V“R) 6gb6) - %gab OR 6g
- (Vava - g DR) 55"+, (—(va> o5 + 381e(VR) 6gbf).
Using

1 1
TS = =8°“/(Vp08ca + Vedgba — Vadgse) = 58 Vi0ged
2 2

in the second one gives

VROT, = 38V RV0g0 = V) (%g“’(vbm 6gcd) - 38 DR ogeq
- v, (%gcdwbR) 6gcd) + 38 DR og"!
v (—%gbxvam 6g”“) + 58 CR 3.
With the help of

1
S(\IghR? = -5 ViglganR? 58,

the first variation of the action becomes
5§ = f dPx /gl @QRRap — 2V VR + 284 OR — % gapR?) 5%
+ f dPx gl Va (28" ROT, — 2g"°RoT,, + 2(V,R)58" - 281,.(V'R)68™).
Therefore

1
Awp = 2RRup —2V,V4R + gaup(20R — ERZ),

>
S
Il

VIgl(2g"°RoT, — 28" RoT, + 2V°RIng| + 2V,R 5g*°)
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are the field equations and the boundary term.

B.3 R? Term

sp = [ @xyiiRe,
8Sp = f dPx (igIR6Ra + \|gIRaOR™ + RupRPS(=g)).

The first term to deal with is
R6Ryp = RP(V.0T¢, — V,0T%,)
= RV 6T, — RV,6T%,
= V(R6TC,) = VR 6T, — Vo(R6T,) + V,R™ 6T,
= Va(R*6TY, — R6TC,) — V.R™ 6T¢, + V,R™ 6T%,.
Again, we should write the last two term in the standard form as follows
VR 6T, = %VcRab 8“(Vu0gba + V08aa — Vadgap)
= VIRV ,5gpa — %V"R“b Vabgap
= V(TR bg1) - VuT R 550~ Val5 V'R bgu0) + 3 OR b
= —Vu(VpR" 68") + V,VaR" 68" + vd(%vdm 6g™) - %DRab 5g

| i . 1
= Vu(-V,R, 6g" + 5 V"R 6g") + (V.V,R%) — EDRabwg“b,

and
VR 6T, = %VbR%g“’(Vbagcd + V88ba — Vabghe) = %gchvabégcd
= vb<%gchbR6gcd> - %g“’DR 08cd
- _vb(% 8caVPR6g) + %gcdDR 5g°
= VG2V ROE") + gaTIR 0"
Using

RaSR™ = Rupd(gg"'R*)
= §°8" RupORcq + 8" RupReadg™ + §“RupReadg™
= RSR oy + Ry Roa68° + RyR.q68"

= R6Ryp + 2R ;Rep08",
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and

SNTBIRY, = 5 2uReaR 55",
gives
58 = f dxN=g (= 2V.VaR, + ORy + %gubDR + 2R 4Ry
+ f dPx+\—=g Va(ZRbC(SI“ZC +2V,R4 68" — VORy.68" — % g;,cV“RégbC),

from which the field equations and the boundary term can be written as

) : 1 )
Bab = —VCVaRLb — VCVbRCa + DRab + Eg“bDR + ZRLaRCb,
a _ bc a ab crc 1 a a bc a cb
A = Igl(2R" 6T, — 2RSTS, + S VRS Inlg| +2VR" 58" — V'Rap 6 )

Employing the following useful relation
VeVaR b = VoVeRp + R geaR%p = R%peaRC
= %VaVbR + RaaR?y = R%pcaRC
= %Vava + R aRep ~ RachaR*,

the field equations can also be written as

) 1 1 )
Bab = ZRacbdRLd — VaVbR + DRab + Eg“bDR — EgabRcdRLd-
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APPENDIX C

SYMPLECTIC CURRENT

The symplectic current, which is necessary to construct the symplectic current, will be ob-

tained through the formula J¢ = —94%
g \/ﬂ

C.1 R?Term

We start with the boundary term
A% =2 /|glRg" 6T% . — 2 /|glRg™ 6T, + 2 /Igl(V5R) 68 + 2 /iglg™(V,R) § In |gl,
whose exterior derivative is

SAS = lglRg™ sInlgl A 6T4 . +2+/iglg™ 6R A 6T% . + 2 +/|gIR 68" A 6T,
~ lglRg™ 61n |g| A 6T, — 2 +/iglg®™ 6R A 6T, — 2 /lglR 5> A 6T,

+ \1gl(VoR) S 1n gl A 68 + 2+/1g] VSR A 68 + /|gl(V'R) 51n|g| A 51n|g]
=0

+2Igl(VoR) 68 A 51n gl +2+/igl VISR A §In |g].
Therefore, the symplectic current is

J¢ = —Rg™olnlgl AoT%, — 28" 6R A ST, — 2R 58" AT,
+g’Ré1nlgl A 0T, + 28 SR A 6T, + 2R 68" A 6T,
—(VpR)51ng| A 68" — 2V,6R A 58%° — 2(V,R) g% A 51ng|

—2VYSR A §1n|g]
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C2 R’ Term

: 1
Af = 2+/IglR" 6T, — 2+/IglR* 6T, + 3 VIgl(VR) § In|g| + 2 /|gl(V,R%) 5"

— VIgl(VRy) 68*

VigIR" s1ng| A 6T4 . +2+/Igl SR* A T4, — |gIR® §1n|g| A 6T,
~24/lgl 6R™ A 6T, + % VIgl(V'R)51n|g| A 51n|g] +% VIgls(VR) A 51n g]
=0
+ \1gl(V5R%) 61n |g| A 6% + 2+/1g] 6(V,R%) A 687 — % VIgl(V*Rpe) 6 In|g| A 6g*°

— Vgl (VY Rye) A 685

a
6Aﬁ

J§ = —R"5lnlgl AT, ~26R™ AT, +R™ 51n gl A 6T,
[ S—

Aa
1 ,
+26R™ A TS, -5 S(VOR) A §1In|g| —(V,R%) 51n|g| A 6g°
D e
Ba

Ca

1
—268(VpR9) A 5gbe +§(V“Rbc) 51n gl A 6% +6(VORye) A 58%¢

D4 Ea

We need to rewrite some terms as follows

AY = =258(8"gRye) A T,

~28%Rye 58" A T4, — 28" Ry4e 58° A 6T, — 2878 6Rye A 6T,

—2R [ 6g" A oI —2R% 5g° A oT% . — 28" 6Rye A ST,

—4RS, 68" A 614 — 28" g% 6Rye A ST,

Bll

265(gg"Rye) A 0T,

28" R0 6% A ST, + 28"/ Rye 687 A ST, +28° g% 6Rye A 6T,

2R} 68" A ST, +2R% 68" A 6T, + 2g"g" 6R 4o A 0T,

1 1
C* = 38Inlgl AS(YR) = 75 1nlg] A 5(g™’V,R)

1 1
= 5(VR)SInlgl A 5g°0 + 560 gl A V46R,

Da

~26(8“/V Rap) A 687 = =2(VRap) 58° A 58" = 28/ 6(VRap) A 58"

~2(VeRap) 58°* A 58" =28 (Vc6Rap = Rep ST, = Rae 6T,) A 68"

~2(VeRap) 8™ A 68" — 28" V. 6Rap A 68" + 28" Rep, 6T, A 587 + 2R4 6T, A 6g™°
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E = 88" ViRpe) A8 = VaRp 68 A 587 + §° 5(VRpe) A 58"
= VaRp 68 A 58" + g™ (VaORpe — Rep 0T, — R 0T, ;) A 587
= VaRp 68 A 58" + g% V46Rpe A 687 — g“Rop 0T, A 68" — g“/Ree 0T, A 587

= VaRp 68 A 587 + V96Rpe A 687 — 28" Rep, 6T, A 68
Then, the symplectic current becomes

1
Jg = —R"lInlgl AT, + R sInlgl A ST, — (VpR%) 61n gl A 68" + 5(V“R,,C) s1n|g| A 5g"
—4R¢, 68" A 0T%  — 28" 6% 5R4e A ST% . + 2R 5™ A 6T, + 2R% 587 A 6T,

1 1 '
+2g“g" 6Rye A ST, + 5 (VsR) & Ing] A 5g% + 0 1In gl A VSR = 2(V.Rap) 68°C A 55

— 28"V Ry A 587 +28"IRp ST, A 587 +2R% ST . A 587 + VaRp 68™ A 68
Xi
+ V9SRpe A 587 —28“Rep, 6T, A 687

Xj

Terms Xf cancel each other.
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APPENDIX D

COVARIANT DERIVATIVE OF THE SYMPLECTIC

CURRENT

Although we have shown that the symplectic current is covariantly conserved for any theory

derived from a generic local gravity action, we will show this explicitly for the action which

is quadratic in Ricci scalar and Ricci tensor.

D.1 R? Term

The covariant derivative of the symplectic current is given by

V. =

—8"(V,R)S1nlgl A ST, — g"RV,S1nlgl A STY . — RSIn|g| A VoI,
F
— 28" V,6R A 6T — 28" SR A V0T —2(V,R) 587 A 6T, — 2R V68" A oY,
N~————
B =0
— 2R 58" A V6T, +(V°R)S1ng| A 6T, + RV SIn|g A 6T,
D G
+ R&1In|g| A VPSTS, +2VP6R A 6T, + 20R A VPOTS, +2(V,R) 58" AT,
——— e
E A
+ 2RV 68" ATS +2R 58" AV, I, ~(V,VpR) S Ing| A 6
H C
— (VpR)V,S1n g A 8¢ — (V,R) S In|g| A V68" =2V, V,6R A 6g°
L I
— 2V, VR A 8P — 2V, 6R A V68" —2(V,V,R) 6¢% A S 1n|g|
~— —
M
— 2(VpR) V6™ A S1nlgl - 2(V,R) 68% A V,61n|g| —2V,VY6R A §1n g
J K
b
—4VISR A ST,
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where
A+B = 2g"6RA(VeoTY, —Vaol% ) = 28" 6Ru A OR,
C+D=2R5g" A (V0T — V.0T,) = 2RSR 4 A 68,
E+F =g"R&Inlgl A (V0T — VeI, = g’RORap A Slnlgl,

b d
G = 2¢"R T A 6T, =0,

H = 2RI A(g%or?, +g%ore,)

= 2g%RoTS, ALY, +2g"R6TS . AT, =28 RIS, ASTY,

=0

I1+J

(VpR) S 1In|g| A V08 = (VuR) (70T, + g%6T%,) A S1ng]

= g(V.R) oI, AdIn|gl + (V'R) T, Adlnlgl,
K+ L= (VR)V,51nl|g| A6g™ = 2(V,R) 6T, A 68,

M 2V,6R A (%1%, + g®oT%,)

28"’ VSR A ST, + 2V“SR A 6T,
which give

VoJe = —g"(V.R)SInlgl A ST —28"RoT?, A TS, — 28" V,6R A 6T,

1 B G

—2(V,R) 68" A T4+ (V°R) S 1n|gl A 6T +2VP6R A 6T,
K D
+ 2(V4R) 58 AT, — (V,VpR) S In gl A 6g* 2V, V,0R A 68
M N
— 2(V,VpR)58" A 51n gl —2006R A §Inlgl — 4VSR A 6T°, +2g% R4 A GR
S

o E

+2R 6Rap A 58 + g RO6Rap A S1n gl + 28R 6T, A ST,
A

+ gP(V.R)6Tb, A 5In|g|+ (V'R) 6T, A Slnlgl+2(V,R) 6T, A 5g*°

H J L
+2g%" VSR A 6T, +2V“SR A ST, .

F C

This can be put into the final form using

A+B=0 C+D+E=0 F+G=0 K+J=0 L+M=0,
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H+I1 = 2g°(V.R)oT%, AdInlgl  N+0=(V,VR)SInlg| A 5g°,

as

VoIS = =2(V.R)5g™ AT =2V, V,6R A 6g — 2006R A 51ng|
+28% 6Rup A SR + 2R 6Ryp, A 68" + g’ R 6R,p, A S1n |g]

+2g“°(V.R) 6T, A Sln|g| + (V,V,R) S In|g| A 5.

We will show that it is equal to % = 3¢ 6A, A 5 1n |g| + 6Au, A 5g°° which vanish on-shell.

The field equation and its variation are

1
Awp = 2RRu - Egasz + 28R — 2V, VR,

6ﬂab

1
2R, OR + 2R Ry — ERZ 08ab — &abR OR + 2(LIR) 6gap
+2g45 O(CIR) — 26(V,V,R).
Using the following relations derived in Appendix A
6(VaViR)

V.V56R — (V.R) 6T, ,

5(CR) 5(g"°V,V,R) = (V,V,R) 6g% + O6R — g°*(V.R) 6T€

ab’

we have

1
O0Am = 2R OR+2ROR,, — ERZ 08ab — 8abR OR + 2(LJR) 68 up

+28up(VeVaR) 68 + 28,5 ISR — 28,58 (V.R) 6T,

—=2V,V40R + 2(V.R) 01,
through which we obtain
1 ab ab 1 2
—gYO8Ap NSInlgl = RORASIn|g+gRORy AdIn|gl+ =R°51n|g| A dln|g]|
2 ———— 4
D

=0

D
~ ZROR A 6lnfgl+ RS In|g| A 51n lg| +D(VaV5R) 58> Ad1nlg|

————
E

+ DOSR A Slnlgl— Dg(V,R) 6T, A §1ln|g|— SR A 61n gl 5In|g|
B I C
+ g"(V.R) 6T, A dlnlgl,

H

=0
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1
SAu AP = 2R 6R A 5™ + 2R SRy A 58 — =R*6gap A 68" + RSR A 51ng|
2 —_—

_—
F
=0

+ 200R 6gup A 682 —2(V,V,R) 68" A S1n g — 2006R A §1In|g|
N— — N——
=0 A
+ 28°U(V.R) 6T ; A 51n gl =2V, Vp0R A 6% + 2(V.R) 6T, A 5g™.

G

With the following simplifications

A+B+C

(D-3)L0R Ad1Inlgl,

D
D+E+F (2—5)R5RA51n|g|,

G+H+1 = (3-D)g"(V.R)oT,51nlgl,
Y becomes

* = gRO6RyS1In|gl+ D(V,V,R) 58 A Slnlg| + 2Rup 6R A 587 + 2R SRy A 587
~2(V,VpR) 68" A S1n|g| — 2V, Vp0R A 68 + 2(V.R) 6T, A 55
D ‘

+(D—3)06R ASnlg| + (2 - E)RéR ASInlgl + (3 — D)g™(VeR) 6T, 61n [gl.
We need to get rid of the quantities whose coefficients depend on D. For that, consider the
trace of the field equations and its first variation

ab 2 Doy Dy »
A = g"Au=2R- IR +2DDR—2DR:(2—5)R +2(D - 1)OR,

OA

D
2 (2 - E)R SR +2D = 1) [(VaV5R) 68 + I6R — g**(V.R) 6T, |,
which give

i D
SOAAGInlg = (2 - E)R&R ASTnlgl+ (D — 1)(VoV5R) 5™ A 51nlgl

+(D - DOSR A Slnlgl — (D — 1)g™(V.R) 6T, A §1ngl.
Finally, we write

1 ,
* = S0AASIngl - (VaVsR) 68" A 81n|g|—206R A §Inlg| +2g°(V.R) 6T, A 5ln|g|

| S ——
=0 (on-shell) A B

+gPRS6R, A 510 gl + 2Rup SR A 58%° + 2R SRy A 658%° — 2V, V,6R A 5g%°
D H 1 F
+ 2(VeR) 6T, A 58,

G

c
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which is identical to the covariant derivative of the symplectic current

VoJe = —2(V.R) 68" A6T% . —2V,Vp0R A 6g™ — 206R A 51ng|
G F B
+ 28 6Ru, A SR+ 2R 6R 4, A 6% + g°PR SR, A 51 g]
)24 1 D
+28’(V.R) 6T, A SIn|gl+ (V,V,R) 5 Ing| A 6.

C A

All the terms from A to G are the same. For the last term we have

SR A SR = g° 6Ruy ASR + Ry, 68 N6R=0= H = H.
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D.2 R’ Term

This time, the covariant derivative of the symplectic current is

VaJ§ = =V4R" In|g| A 6§, — 2R* 6T, A 6T, — R 51n g A VaoTy,

B K

1
+ EVbRaln lgl A 8T, + 2R 6T, A 6T, + R §1n |g| A V,0T%,

=0 K
— (Vo VeR) 8 1n gl A g7 — 2V R%, 6T, A 68" = VR, 5 Ing| A V08"

D X1

1

EDR;,C S1nlgl A 5g% + V'Rye 6T, A 68" + VRp. 6 In gl A V58"
E X

— 4(VaR,") 58 A OTY . — AR,” V68 A ST, — 4R, 58 A V,0T%,

F X3

— 28"V 6Rye A 6TY. — 28167 6Rye A V,0T%, + 2(VRy") 5% A 6T,
L D
+2R" V408" A ST, + 2R, 6% A V015, + (V4R) 687 A 6T,

X4 G

+ 2R V08" A ST, + 2R 168" A V015 + 28" V45R 40 A ST,

Xs

+28"6" ORye A VOT}, — S (VaViR) g A dlnlgl — (VuR) g™ A o,

L G

1 1 :
- E(V”R) V.62’ ASln|g| — 3 OISR A 81n gl — VSR A 6T, — 2(V,VRap) 68° A 68"

X6

—2(VeRap) Vg™ A 58% — 2(VeRep) 68% A V468" — 2 V4V 5Ryp, A 587

X7 X3

—2(VeORap) A 5V458% + (VaR) 0TY . A 687 + 2Ry V,,0T% . A 5"

Xy

+ 2R 0TY. A V08" + (V,VaRpe) 68 A 587 + (VpRac) Vadg™ A g%

X0 X1

+ (VuRye) 68" A V68 + T6Rye A 685 + VSR A V468"
~—

X2 X3

We first write

X; = V.R“ §lnl|g| A 6T, + VYR, 5 In|g| A 6T2,

H
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1 1
X, = —EV“R‘iC(Sln gl A OTS, - EV“th §ln|gl A 6T,

H H

X3 = 4g°R," oT%, A 6T, + 4R 6T¢, A 6TY

A =0

Xy = —2g“R,’ 6T%, A TG, — 2R“ 6T¢, A 6T,

=0

Xs = —2g"R%. 6T, A 6T%, — 2R 6T" A 6T,
~—

B

1 1
Xo = 58“(VoR) ST A Slnlgl + S(VR) T, AdInlg,

C

X7 = 28V Rap) 0TC, A 687 + 2(V.R,) 6T, A 68%,

D

Xs = 2(VcR.") 5% A ST, + 2(VIRep) 68% A ST,

F

Xo = 2g%g" (V.6Ry) A TS, + 28 (VE6Ryp) A 6T

ae’

Xi0 = —28°"R%; 6T, A TS, — 28R 6T, A T,

ae’

A A

Xi1 = =g*““(VpRac) 6Th, A 58% = (VRye) ST, A 5%,

E

X12 = —(VgR%.) 68 A 6T, — (VaRy®) 6g° A 6T

ae’

E

X13 = —(VaR¢.) 68 A 6TC, — (VaR,®) 68 A 6T

ae’

1 I

X4 = =g VO6Rpe A OTC, — g% VISR A OT2,.

J J

We now have

D =2(V.R%)5g% noT%,  F=-2(V.R%) g% AoTC,,
K =R™®6Ry AS1nlg| L =-2g%g" 6Rye A SRpe = 0,

I=-2(V4R) 68 AT,  J =28 VSR A 6T

ae’
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and A=B=C =E =G = H = 0. Therefore,

: 1 ‘
VaJ§ = —(VaR") 5 Inlg| A 6T, — (VoVeR',) 6 1n [g| A 68" + E(DRbc)aln lg| A 65"
F
— 4R, 68 A V,0T%, — 288" VSRge A 6TY, + 2R,” 68 A V0T,

\4 \4

1
+ R 68" A V015, + 28" VI6R e A 6T, — 5 (VaViR) 68" Aln|g|

Y

1
— 5 O6R A &Inlg| - VSR A ST2, = 2(V,VRap) 5% A 68" = 2 (VIV . .6Rap) A 58"

| S —
M N
1

+ (VaR) 6T A 6% + 2Ry V6T A 68" + (V,VaRpe) 68 A 687

D K
+ O6Rpe A 58" + (VeR™) S1n gl A ST, — 28°/(VRap) 6T5, A 5%
J F
_ndbpa c e l ea b ea b dc
28" R 0T A 0Ty, + 58 (VoR) Tg, A 51n |gl + 28°(VeRap) 0T, A 3¢
S
G

+2(V9Rep) 68% A V0T, + 2867 V. 6Rap A 0TS, + 28“'VSR a4 A ST,

o
— 8°(VpRyc) T2,88% + 2(V.Ry%) 5% A 6T%, — 2(V R, 68 A oT,

L R

— 2(V4R®. 6g°Y A 6TC, — 28 VU6Rye A TS, + R 6R,y, A S1n |g.

T A

We need to calculate % = % g“b 0Bup ANOIng + 0By, A 6g“b - %68 A d1n|g| where

1 1
B = =3 gavR%, + 2R R + 58a0R + ORap = VeVaR ) = VeVpR,

and B = g“b Bp 18 its trace. We need the following relations
1 ce df 1 cd 1 f ce 1 e df cd
5(_§gubg 8 RcdRef) = _ERcdR 6gab - EgabRc Re,fég - EgabR dRefé‘g - gabR ORcq
1 cd f ce cd
= _ERcdR 6gab - gabRc Ref(sg - gabR ORq,
6(28°RpRye) = 2R pR 108 + 2R, “ORp + 2R ,OR 4,
1 1 1
6(§gabDR) = EDR(Sgab + Egab(Sl:lR
1 1 | 1 .

= 5URSgas + 58ab(VeVeR)O8™ + 58as[IOR ~ Egabgw(vdR)éch,

S(ORp) = O6Rap + (VeVaRap)58 — (VRap)oT?, = Rep VST ; — (VRua)OTY. — Ry V6T,

— 8UV Rup)ST,. — (VRap)STL, — (V Rug)oTL,
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6(_VcVaRch) = 6(_gcevcvaReb) = _(VcVaReb)égce - gcevc(évaReh) + (VdRCh)(SFLCia
+ 8°(VaRap)0TY, + (VR g)oT,
1
= —(VeVuR )58 — VOV ,16Re) + (VER )T + Ry VesTY + 5(VdR)(sr;fb

+ RegVe0T?, + (VaR )T, + §°(VaRap)OTY, + (VR g)oTY,.
Making use of the fact that

1 1
Eg“ba(—vcvaRCb) + ig“ba—vcvbiez) = g5(~V .V,R%),

8(—=V VR A 68 + 8(=V VLR, A 68 = 26(=V VR A 5.

We understand that there is no need to calculate the variation of the last term in the field

equations. Hence, we obtain

1 1 1 1
Eg‘”’aBah Aélng = —ZRcdRCd Sln|g| Adln|g| — EDRCJ-Ref 6g° ASln|g| - 5DR“’ 6R.q AS1n|g]

=0 X1 X

+ R,°R.A 68 A 51n gl + R 6Rpe A 81n g + R 6R4e A S1nlg|

Xi X> X

1 1 , 1
+ 70RSInlgl A SInlgl + 7(VeVR) 68 Anlgl + 7 CIGR Adlnlgl

=0 X3

1 1 1
- Zg‘”(VdR) 6T A6ln|gl + Eg“b O6Raw A 61n gl + 5(VCVdR) 6 A 51n|g|

X4 X3

1 1 1
- E(VCRd”)(SFZC Aélnlg| — ER‘.” V9T, Adlnlg - E(VCRdb)él“zc Adln|g|

X5 Xs Xs

1 : 1, 1
- 5R”a VIore, Adln|g - Eg‘d(VeR) 6Tqe A Snlgl = S(VRq") oT9. A Sln|g|

Xe X4 Xs

1 1
- E(che"d) oTd AsIn|gl - E(chele) 68 AS1n|gl — (V'VP6R,) A S1n|g|

Xs X3

1
— (V°R;) 6T, A 51n gl — Rys” V46T, A S1nlgl — Eg“b(VdR) or%, A dlnlg|

Xs Xo

Xy

1
— 8PRog V6T, ASIn|g| — (V4R?) ST A Slnlgl - Eg“(vdk) 6T A61n|g|

Xy

— (V'R°y) 6T%, A 51n|g|

Xs
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where

D 3 D_,.
X = (1= )RaeR 8 ASInlgl Xy ==(5 + )8 (VaR) 6T%, Adlnlg,
D
X, =(Q2- E)Rbc SRpe A S1n|g| X5 = —4(VR°y) 6T9, A 6In|g|,
D
X3 = 7 (VeVeR) 5 ASln|g| X = —2R.* V6T, A S1ngl.

Therefore, we have

1 D 1
Eg“béBab Adln|gl = 7 O6R A 81n|g| + Eg“b O6Ra, A Sln|g| — VEVP6R,, A 51n g

———
1

. D .
— 8PRoyg VoI, ASIn|gl — (V4R?) ST AdInlgl+ (1 - E)RMRC“ 6g° A Sln|gl
D bc D ce
+(Q2- 3)R SRpe A S1n|g| + Z(vevczfe) 68 A Slng|
3 D
-G+ Z)g“(vdie) 6T, A §1n|g| — 4(VR ) 6T, A SInlg|
— 2R V96T, A SIngl.
The next term to be considered is

6Bup A58 = R R, 6 ASIn gl + R 6R.q A SIn gl + RepRyae 58 A 58"
=0

1
+ 2R, SRy A 8% + 2Ry SRy A 58%0 — 5 (VeVeR) 5¢° ASln|g|

Xi Xi

1 1
= 306R A SInjgl + Egce(vdR) 6T A 81n|g| + O6R., A 6%

+ (VeVaRap) 68 A 68% — (V'Ryp) 0T A 68 — Repy VISTE, A 6

X> X3

— (V°Ruaa) 6T A 658%™ — Rae VST, A 58" — g“U(VoRap) 6T, A 5g°°

X2 X3

— (V'Rap) 6T, A 68" = (V°Raa) STY, A 6™ — 2(V ViReq) 68 A 5g%

Xz X2

— 2VVp0Req A 68 + 2(V°Rya) ST A 58° + 2Ryq V4OTY, A 55

X5 X3

+(VaR) 6T A 58" + 2Req VT, A 58°° + 2(V4R ) 6T%. A 58

+ 28°(VyRaa) TY, A 8™ + 2(VpR ) 6T, A 58,

with

X| = 4R,° R A 68" Xy = =2(V’Rgp) 6T, A 5 X3 = 0.
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It becomes

1
6By A 68" = R R,y 68 AS1n|gl + R 6Reg A Slng| - 7 (VeVeR) 88 A Slnlg|

B H

Y

1 1
— —O6R A S1nlgl + =g°(V4R) 6T% A S1n|g| + SR, A 6g%°

2 2 S—
J

1 G

+(VeVaRap) 58 A 58 — g°U(V Rup) 0T, A 58" — 2(V.VyReqa) 68 A 687
K L M

— 2V°V}0Req A 68 + (V4R) 6T, A 687 + 2Req V46T, A 55

N D P

+2(VaRC,) 6T A 58" +2g°“(VpRyua) 0T, A 58 + 2(VpRC ) 0T, A 68
R S T
+ 4R, SRy A 5™ = 2(VRyp) 6T, A 5.
1% U

We also need the variation of the trace of the field equations. Starting from

D D
B=g"By, = —=RReq + 2RpR® + =R + R — 2V, VR,
2 2 N———

=R

D D
=2- E)R“’Rcd +2R,RY + EDR,

and using

S(R*Rpe) = 2R" SRy + 2R R4,
8(8"VpVR) = (V,V:R)68" + O6R — g7 (V4R)TY. .,
gives
6B = (4 = D)[R"6Rpe + 2R .Ry008°] + %[VbVCR)égbc + O6R — g"(V4R)STY, 1,
which finally yields the relavant term as

1 D . ‘ D , ,
~6BASIng = (2= =) [R"6Ryc+2R" :Rye0g“1NS In |gl+—[(V,VR)6g" + 6R —g"*(V4R)STY 16 In |gl.
2 2 — ——— f— " —

A B C E

We will show that y = Vng — % = 0. All the terms are denoted with capital letters vanish

except.

1
G = ~58(VsR) 6T, A dIngl,

V = 4R;"6g AV 0T, — 4R, 68 A V0T, — 4R, 0Rcq A 68 = 0.
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Then,

1
x = —(VoV.R%)S1In|g| A 6g" + E(DRbc) Slnlgl A 5g" — 2" V,6R4e A STY,

Xi

+28" V96Rge A ST, — VSR A 6TC, — 2g“R,? 6T, A 0TS,

—2g%R%. 6T, A ST, +2g"g" V.5Rap A ST, +28" V°6Rap A ST,

X1 X2

. 1
+2(VRy) 68% A 6TY, — 26 VI6Rye A 6T, —58(VsR) oT2, A dln|gl

X>

1
- Egab O6Rapy A d1ngl,
where the terms X; and X; also vanish. In order to show that the remaning terms are zero, we
first consider
5(28% gV Ras) = S(V'R) A 6T%, = (V4R)Sg° + VSR
= 2(V R )58 + (VR)5g* +28% g 6(V Rap),
which gives
0= —V6R A 6T, + 2(VcR4%) 6% A T4, +2g% V96R p A 6T, — 287 R, 6T, A 0T,
- 2g°/R%y oY, A TS,
Note that are the terms with 0" in y. For the terms with ¢ In |g|, we take
1 1 1
8(8%g"V ViR ) = 8(V'VPRy) = E5(gf’CVCR) = E(VaVCR)(Sg”C + Egfwa(vavcze)
1 1 1
= 5(VaVeR)og™ + STI6R — Eg“(vdle)csrgfa
1 , :
= 5(VaVeR)Og™ + (V'VaRa)0g" + g8 6(VeV Rap)
where
88" 8(VVeRap) = 88| VeVeORuy — (VeRap)OTS, = Rap VIS, = RagV Ty, = (V fRap)OTY,
— (VeR7p)8TL, = (VeRap)oT?, |
: 1 .
= VIVP6R,p, — (V'Rs)OTY, — R4V IY, — 3 g7 (VaR)oTY, — gPR 4V .TY,
‘ 1 ot of ‘ -
— (V/R)sTY, - 5(VR) a6TL, — (VPR p)eT/,,
and
ac _bd 1 ac 1 ab 1 ab cc ab
5(8 8 VchRab) = E(VaVcR)‘Sg + Eg I:'CSRab + EDRabég + VCRabV 6g
1 1.
+ ERachSg“b - 5g“‘(vdle)argc
1 .
= E(Vach)ég“ + (VOV4Rup)08" + VOVP6Ry, — 2(VOR4)STY, — REV6TY,

1 , oo 1 :
) & (VR)STY, — g"R° 4V .6T%, — (V ;R)oT, — 8V FR)STL,.
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Using
ap e d 1 c ab e wacrd 1 ab
(V'Ri)OTG, = 5 (VRap)Vedg™ R4V6TY, = 5 RuyI5g

shows that the terms with ¢ In |g| are also zero.
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APPENDIX E

EXTERIOR DERIVATIVE OF THE SYMPLECTIC
TWO-FORM

We show that §J¢ = —%J“ A 6 In|g| and therefore dw = 0. Again, a general proof for theories

arising from a local gravity action was already given.

E.1 R? Term

The symplectic current is
J¢ = —Rg¢™olnlgl AoT%, — 28" 6R A ST, — 2R 58" AT,
+g’Ré1nlgl A 6T, +28” SR A 6T, + 2R 68" A 6T,
—(VpR)51ng| A 68" — 2V,6R A 58%° — 2(V,R) 8% A 51ng|

—2V“SR A S1nlgl,

whose exterior derivative is given by

6J% = —R&g™ ASInlgl ASTY, — g" SRS In gl A ST — 268" A SR A ST —26R A Sg™ A STY,
X{ X{
+R g™ ASIn|g A ST, + g"P6R A SIng| A ST, + 258" A SR A 6T, +26R A 68 A 6T,
X3 X3
— (V40R) AS1n|g| A 68" —2V,6R A 6g°° A S1n|g|—26g° A V,6R ASIn|g].
X3 X3 X3

Terms Xf and X7 give no contribution and X3 = —(V,6R) AdIn|g| A (5g“b . Therefore, we have

6J% = —R&g™ AdInlgl ASTY, — g™ SRS In|g| A OTY, +Rog™ Adlnlgl AT, +g™6R A Slng| A ST,
Aa B(I Ca Dll
— (Vp6R) A Sln|g| A 68,

Ell
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which is equal to

1
-5 JEASInlgl = g™ SRASTY, AdIn|gl+Rg™ AT AdInlgl—g SR A ST, Adlng|
B4 Ad De
— R5g“ AT, ASln|gl+ Vp0R A 6g™ A SIng|.
ca E

E.2 R’ Term

The symplectic current is

1
Jg = —R"lnlgl AT, + R sInlgl A ST, — (VpRE) 61n gl A 5™ + 5(V“R,,C) s1n|g| A 5g*
—4R¢, 68" A 6T%  — 2856 5R4e A ST% + 2R 5™ A 6T, + 2R% 587 A 6T,

o1 1 .
+2g“g" 6Rye A ST, + 5 (VsR) & In gl A 5g% + 5 0Inlgl A VSR =2(V.Rap) 58 A 6"

e
=1g% §1n|glAV,6R

—28“ V. 6Rap A 58" + 2R% 6T, A 587 + VaRpe 5™ A 687 + VSR A 5™
Its exterior derivative is

6J5 = —6R* ASInlgl A ST, +0R™ AdInlgl A ST, —(VyRE) AdInlgl A 6g™

A B ca

1
+ 5 0(V*Rye) A S Ing| A 08" — 4R, A 68" A 0T 28 58 A Rye A ST,

Ea

Dtl
~28" 68 A SRy A 6T+ 26R" A 6 A ST, + 26R A 5g™ A 6T,

Fa G4

1
+28" 5™ N 6R4e A 0T, + 28 587 5Rye A ST, + 5 (V50R) A 8Ing| A 5g%

+ % 68 A51n|g| A Vy0R — 28(VeRap) A 8% A 887 2658 AV 5Rap A 68
HA
— 28" 5(V.6Rap) A 68" +26R% A 6T A 587 + 8(VaRoe) A 6™ A 58"
I Ka La
+6(V6Rye) A 685,

Ma

We need to expand some terms in this expression.

A® = —(g""g“Rae) ASIn g A ST,
= —R 68" Aolnlgl A TS, — RE 5 ASlnlgl A ST, — g8 6Rae A Sng| A ST,

= —2RS 68" ASln|gl A ST, — g7 5R4e A S1nlg| A ST,
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B = (88" Rea) ASIn|g| A ST,

R’ 5g% ASIn|gl A ST, + R 68" A dlnlgl A TS, + g 8" 6Rea A SIng| A ST,
Using

o(VpR?)

6(gaeVbRec) = VbRec 6gae + gae 5(VbRec)

VsRec 08" + 8" VioRec = §"Rey ST, = RY T,
C*“ can be written as

C* = —VpR. 58" ASIn|gl A 5g" — % VoRe A S1nlgl A 687 + g%Rea 6T, A S1nlgl A 58"

+R% 6T, A 61nlgl A 5™

From
S(VRpe) = 6(8"VaRpe) = VaRpe 68 + g 8(VRpe)
= VaRpe 68" + gV 40Rbe — Rec 6T — Rep 6T)
= ViRpe 68 + VORpe — 8“'Rec 0T, — 8“'Repy 0T,
we have
a _ l ad bc l a bc_lad e be
D* = 2VdR;,c§g Aoln|gl A og™ + 2V ORpe N0 1nlg| A g 78 Rec 0, Ao n|gl A og

1
- Eg“dReb 6T, A dInlgl A 6g™

1 1
5 Ve 6g°? A 81n|g| A 6% + 5V%SR,,C ASlnlgl A 5g" — ™R 6T, A S1n gl A 6™

E“ = —4R.;68° A 6g" A 0T —48% 6Rea A 68" A 6T,
=0

F = 2Ry 68°" A 5g°° A 0TS, + 28 6Rye A 68" A ST,

G = 2Ry, g™ A 587 A ST, + 28 6Rye A 687 A ST,
H = =2V 6Rgp A 68™ A 587 + 2Re 0T, A 68°Y A 58" + 2Ruq 6T, A 58° A 587
Using
S(VSRap) = 8(0cORzp — T, 6Rep — T OR4e) = =0T, A SRep — 6T, A SRye,

I? becomes

I* = 2“1 6T, A 6Rep A 68" + 2% 6T A 6R4e A 587
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K® = 2Ry 68 A 6T, A 68" + 28! Ry A 0T, A 68",

Ld

Vi6Rpe A 6™ A 887 — Rpe 6T 4y A 5% A 68" — Roe 6T, A 68 A 58"

Va6Rpe A 6™ A 587 — 2Rpe 6T, A 8% A 5™
With the help of

5(8“V 46Rpc)

68! AV 40Rpe + §96(040Rbe — T4,/ 6Ree — T, ORpe)

68 AV 0Rpe — g1 0T A GRoe — 8 5T, A 6Rpe,
we get

M = 68" AVRp A Sg" — g 6T, A R A 587 — g% 6T, A SRpe A 68™°

08 A V0Rpe A 587 — 28 6T, A 6R,e A 58"
Therefore,

6J5 = —2g06g" AORge A ST, —28" 68 A ORae A ST, +28" 6"/ A 6Rge A ST,

Xy Xi X3

o1 1
+ 28" 6g" 6R4e A ST, + 5 (V50R) A S In gl A 5g° + 3 6g°® A SIn|g| A V6R

X¢

3 Xg X4
— 2688 AV SRap A 687 —2R, 68" A SIn gl A 6TY, — g7 6R4e A S1n gl A 6T,
Xg

+RP 68 ASInlgl ASTS, + R% 58" Adlnlgl AT, + g*g" 6Rea A S1nlg| A STS,

— VpRec 68% A S1n gl A 58% + g% VpoRee A S1n gl A 687 + g%Req 6T, A S1nlgl A 58"

Xip

1 1
+R4 6T, ASIn|g| A dg™ + 5 VaRhe 6 Asln|g| A 6P + EV“(SRZ,C Adln|gl A 6g"°

— 8“Rop 6T ; A SIng| A 68" — 48 5Req A 58" A ST+ 2Rq, 58 A 5™ A ST,

Xt X X

+ 28" 6Rge A 58" A ST, +2Rge 68°Y A 687 A ST, + 28" 6R 4o A 587 A 6T,
X3 Xg X3

— 2V:6Rap A 58" A 88" + 2R 5T, A 68 A 587 + 2R ST, A 6% A 58"
s X3 Xy

+ 28" 6T, A 6Rupy A 68" +28° 6T, A 6Rge N 68" +2R 40 6% A 6T, A 58™°
Xg Xio Xg

+ 28" 6Rge A ST, A 68"+ Va6Rpe A 681 A 58 — 2Rpe 6T, A 8% A 587
X?o X X4

+ 058 A Va0Rpe A 58" =2 6T, A 6Rec A 68™ .

X{| X5

9
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All the terms from Xi’ to Xi‘z vanish and we have

0I5 = —2R$ 68" ASInlgl A ST, —g"g* 6Rae A S1n gl A ST, +R6g“ AdInlgl AT,
A4 B ca
+ R% 68" A dlnlgl AT, + g 8" 6Rea A S1n gl A ST, — VpRe: 68 A S1nlgl A 58

Da Ea Fe

1
+8% Vp0R,e A S1ngl A 5g™ + RY 6T, AdIn|g| A 68" + 5 VaRbe 6g°Y A 81In|g| A 6g%
G4 Hea

Ia

1
+ EV“&R;,C ASlnlg| A 6",

K(t

which is the same as

1
—5 0I5 ndInlgl = 2R 68" A oT% A S1nlgl+g" g% 6Rge A ST, A SIn|gl— R 68 A ST, A dlnlg|
Ad B Cca
— R%6g" AT, ASlnlgl—g™g™ 6Rye A 6T, A S1ngl

D4 E“
+ (VeRap) 68°Y A 6% A 51n g+ g%V .6Rap A 687 A S1ngl|
Fa Ga

. 1 : 1 '
— R%6T% A 68" ASln|gl - 5 VaRbe 58° A 6g" ASln|g| - 3 V4SRye A 68" ASlnlgl.

Ha

19 Ke
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APPENDIX F

GAUGE INVARIANCE OF THE SYMPLECTIC TWO-FORM

For the calculation of the conserved charges, we need to find out how the symplectic current
changes under the gauge transformations. We will write the change in the symplectic current
as the covariant derivative of an antisymmetric tensor V,5 ab and some additional terms that

vanish on-shell.

F.1 R? Term

The relevant terms transform as
OTY — 6TY + ERpc’p + V. Ve SR — 6R + (V.R)&,
OTC. — TS, — R pé% + V Ve V4(SR) — VR + (VOV R)E + (V,R)VIEL,
slnlg| — 81n|g| +2V4&? Vu(6R) — Vu(6R) + (VVaR)EY + (V4R)V&e.
Therefore, the symplectic current transforms as
J¢— - %gbCR (01n gl +2Ve&%) A (015, + R pecé” + V. VpeEY)
— 8" [6R + (VeR)E] N[0T, + R%pect’ + VeVl
— R(88" = VP& = V&) AT, + Rpec’ + V. Vpé’]
+ %R(é Inlgl +2V4&%) A [6T%, = Rept” + V Vpé’]
+ 8 [OR + (VeR)ED A [0T, + R%ect” + V. Vpé]
+ R (68" = V& = VPN N[0T}, = Rap® + Ve V3]
~ 3 (R nlgl + 29,6%) A (3" - V&~ V')
+ (68" = V& = VP£Y) A [V40R + (Vo VaR)E! + (VaR) (V)]
— (VpR) (68" = V&" = VP&) A (51 [g] + 2V4¢7)

+(01ng + 2V,4EY) A [VYSR + (VAVLR)E + (V,R)VE],
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from which the change in the symplectic current can be written as

1 1
AJY = —ERR“e Slng A& — RO Inlgl A O — Rg" V& ATY, — R SR A &
_/_/ X(I
3

X3

— 6R AIE" — gP(V,R) £ A 6TY — RR" poe 587 A E° — R g A V,V &7

: 1 1 : :
+2RVPE A OTY, — ERR“b slnlgl A& + SR Slnlgl A Ve V9E + gPRV 469 A 6T,

X3

—R% SR AE” + 6R A VLV + g (V4R) € A 6T, — RRap 687 A &

X3

1
+ RS AVVPE + ROTS, A (VA2 + VP& + 5 (VoR) 51n gl A (Veeh 4+ vbeay

X3

+ (VpR) 58 A V& +(VpVaR) g™ A &7 + (V4R) 6% A Vp&?

Xy

+ V6R A (VP + V2% = 2(V,R) 68% A V4&d + (VuR) (V&P + VPEY A 51n g

X¢ X¢

+(VYVR) 81n gl A &7 + (V4R) S 1n gl A V4L +2 V8% A VSR

where

X4 = ~(VyR) 68 A V4! X¢ = —RR%61n|g| A&,

1
X4 = —2R, R A & X = —E(VbR) sln|gl A (V9P + vbe),
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Therefore,

1
A = RO Inlgl A O — PRV £9 A 6T% —6R AT — g (VaR) €4 A 6T,
———

| —

A

: 1
— RRY ;. 68" A&7 —R68" A VpV &9+ 2R VPES A 6T+ SREIn gl A V V&

a
Al A Al

Ag Al AG

43

+ 8PRV 44 N ST+ 6R A VpVE" + g (VR) &1 A 6T, — RRap, 68 A &°

A Al Ay Afs

+ R AVaVpe? + ROTS, A (VPE" + VU¢P) + (VV.R) 68 A &€

A3 Af A%

+ (VeR) 68%° A V&€ + Vip6R A (VPE4 + VOE2) + (VOV,R) S In |g| A &

a a a
A12 Al9 A22

+(VpR) S 1n g A VI&" +2 V" A VSR — (V4R) 58°° A V£ — RRG SIng| A £

a a a
Afy A%, Als A%,

1
~2R}6R A&~ S(VpR)Slnlg| A (V6" + V7&).
S——

a
A24

A7

We will manipulate all the terms to construct the antisymmetric part. Then, we will show that

all the remaning terms vanish on-shell. We start with
a 1 bga 1 bga 1 bga
Al = Vb(_ER Olnlgl A VZEY) + E(VbR) Olnlgl A VZE" + ER Olnlgl A V7E7,
a 1 agb 1 agb 1 agb
A = Vb(ER olnl|gl A VIE”) — E(VbR) Olnlgl A VIE” - ER Vipoln|g| A VE7,
which give

1

4
A% = V(RS 1n|gl A V€MD) — (V,R) S1ng| A VOE" + 2R 6T, A VP&

=1 Q’Ilb
We proceed with
A = Vp(Rg™ &" A OTS.) — "/ (VuR) €0 A 6T, — ™R &" A V0T,

= Vp(2Rg™ &” A 0TY,) — 28°/(VpR) &” A 0T, — 28R &0 A V0T — Rg™ Vype” A 6T,
We first write

4
Z A% = V,09 — (VuR) 51n gl A VO&” + V,(2Rg™ 6T, A £%) = 2(VPR) 6T, A VP¢°
i=1

— 2RVP6TS A E°,
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and then add the contribution of A‘S’

5
DAL = V,0% + VRV 6lnlgl A £ ~ (Vo) Snlgl A V72" — 2V°R) 6Tg, 1 &°
i=1
o5

— 2RV, A €9 = 28U (VyR) £° A ST, — 28“R &7 A V0T, — Rg™ Ve A T,

Taking

Al = —R5g" A VRV = —V(RO™ A V£Y) + (VpR) 587 A V& + RVp08" A V£,

A% = R6g™ NVgVpe” = ViR AVLE”) = (VoR) 58 A V£” = RVp6g™ A V£,
gives

A2 + AS = V(2R 581 A V£P1) — (V4R) 68% A V&” — R V08" A V£ + (V,R) 587 A V&
—————
0%
+ RV,68" A V&9,
~—

AH

where we write the last term for further simplification as

A® = Vu(RV587 A EY) = (VoR) Vedg" N E* = RV,V.08" A &°
= V(R V08" A £%) + g™(VpR) 0T, A €% + (VpR)g™ 6T, A &
+ RV(g%oTh, + g™ ) A &
= V(2R V.58 A &) + V,(RV, 5% A £0)
+ (VpR)g™ oI5, A & + (VpR)g™ 6T, A & + RV,(g%oT, + g™ 6T%,) A £

= V0% + (VoR) €0 A 6TY, + %R Vpee” A ST, + g%R " A V,0T%, + g“/(V,pR) €8 A 6T,

cancels with Ag cancels with A¢

+8“R V¥ AT, + g“R &0 A VLT, + (VpR)g™ 6T, A &% + (VIR) 6T¢, A &

cancels with A{,

+8%R V0%, A E* + R VT4, A&,
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from which we get

12 4
DAL= V0 + 2AVPR) € A STy, + 2RE ANVSTG, — (VpR) 61nlgl A V¢
i=1 i=1 X X X¢

—28"(V,R) " A 0TS, — 28" RE” A VyoTS, — (VpR) 68° A V&8

a
X4 X4 X

— RVp08% A V£ + (VuR) 587 A VE + g% (VpR) " A ST, + g™“R V" A STY,

X3 Xi

+ §RE" A VOTY, + g(V,R) €7 A ST, + "R V" A 0TS,

a
X3

+8“R &' A VT4, + g™(V,R) 6%, A&+ 2(VIR) 6T, A STY,

X3 Xg

+ 8UR V0TS A& + RVISTE, A& — gPR V89 A 0T, — g7°(V4R) € A 6TY.

X¢ X4 Xg

+8P(V4R) & A ST, + (VpR)S In g A VIE” + (VcR) 68% A Vjpe<.

X4 X¢ X¢

All terms except the followings vanish
X¢=REAVOTE, X9 =-g“RePAVLTE, X4 =(VPR)& A ST,

and we have

12 4

DAL= V0 - RV,08% A V£ + (VyR) 687 AVet” = g“RE" A 6T,
i=1 i=1 va

+ 8%(VpR) 6TY, A &% + g“RV,oTh, A E* + R & A VOTP, — g™ REP A VTS,

+(VPR) & A 6T
‘We write A73 as

A9y = V(2R E. A V58P + (VuR) €, A VP6g™ + R, A 5% — (VpR) & A V687
N e’
o
—RE& AVpV95 — RVL,EE AV, 68,
N— —

Y(l
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12
and then add it to }; A? (terms Y* gives zero)
i=1

13 5
DAL= D VL0 + (VoR) 68" A Vet + g RE A V40T, + (VR T, A &°

i=1 Fa

+8%R VpoTh, A&+ R & ANVSTY, — g“R " A V0T, + (VPR) €4 A ST,

Aa Bll F(t
+ (VPR & A TS+ (VPR) €0 A Vg™ + R & A Tog™ — (VpR) &, A V45"
Da

—R& AV, V9585,
————
Ca

Here

1
A% + B* = Rg" 6Rp. A & E*=—R & AV,V.68% - §R§b AVpVeSIng,
1
F%= —5R EAVVSIng E“+ F'=-R & AV,V.68 —RE AV, VS Ing,

and we have

16 6

DAL= V08 + g (VpR) ST, A £+ (VIR) £ A 0Ty + 8"R SRye A £ = 28°°R SRy A &
i=1 i=1

— 2RRpe 68 A &8 + (VyV R) 68% A E° — (V.VuR) 687 A &% + gP(V R) 6T, A &

+ (VIR) 6T¢, A&+ 28“(V4R) " A 0TY,,

with Q% = 2(V.R) 6g1 A &%, Writing
A%, = V(R A VOEP) — V,6R A Vg Aly = —V,(5R A VPEY) + V46R A VPE,

gives

A%+ Al + Ay = Vip(20R A V€M) + 2 V,6R A VP
N—
oy

Together with A7,
A%y =2Ve” AVISR = V(26" AVISR) — 2 € A V,VR,

they read

20
Z A% = V0% + Vy(2Q VPSR A €9~ 2 VSR A EP) = 2006R A €9 - 22 A Y,V 6R,
=17

ab
&
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and we finally have

24 8
DAL= V08 + g (VR) T, A £+ (VPR)E A 6Ty + 8" R6Rpe A € = 28R 6Rye A €°

- -
’ ’ z z 4 X;

— 2RRpc 68 A E” + 2(VpVR) g% A & — (V.VuR) 687 A &% + g"(V.R) & A 6T,

xs x; X, 7

+(VIR)OTY, A& —2 TI6R A €4 =2 & A V,V96R + (V,V.R) 6g% A &
—_—

7 X¢ X¢ X4

+(V'V,R) Ing A¢” — RRY Ing A &" — 2R, SR A €0 + 28 (V,R) T, A &

X5 Xt X X4,

+28%(VaR) &> A 6TY

a
XIZ

Terms Z{ and Z§ vanish. We need the following expression to show that the remaining terms

are zZero.

1 1

*4 = Egbc 6Ape A EL+ Ape E A 67 + g% &8 A S A + Eﬂ“b E ASIng — AN E
Y B4 D4 N
ca A4

where
1
Aab = 2RRap = 58aR” +280IR = 2V, VR,
1
5Ape = 2Rp.OR + 2RSRpe — ERzégbc — 2beROR + 2(OR)Sgpe + 28be(VaVR)58%
+ 285 T06R — 2Rgpeg(V fR)ST — 2V, V.6R + 2(V4R)TY,,
and

D
sA=(2- E)RéR +(D = D[(VaVpR)5g* + 06R - g**(V R)ST, |-

Now we can calculate

1

A®=RR® & A SIng — ZRZ £ ASIng+ (OR) &4 AdIng —2(VVPR) &, ASIng,
~———— ——

~ Ka

K@ 2

1

B* = 2RRye £ A 5g% — ERZ & AN 68 + 2(0R) & A 68 — 2(V,V.R) & A 5%,
———— e

N Kll

a 3
Ky
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1 1
C*=ROERAE + "R SRy NE — —R* SIng A& — =(DR) SR A" + (OR) Slng A &°
N 4 2

& K K

+ D(V,VR) 68" A€+ D (O6R) A £° — Dg"(V4R) 6T4 . A &% — (TSR) A &
N————

K¢ K¢ K¢

+ 8" (V4R) 6TY, A &9,

Ky

1

D* =2R%, & A SR + 28R & A SRy + —R* &, A 6g°° — R £ A SR
2 —_—
— K¢

a 5
L

—2(CIR) &, A 68% + 2(V,VeR) & A 68" +2 & ATISR

k3 kg K3

— 28" (VaR) € N ST, —2 & A V,VU6R + 28 (V4R) £ A T4 .

When we calculate A + BY + C* + D all the K terms except the followings vanish

K¢ =(4-D)R 6R A & K¢ = 2(D = 2)(V,V.R) 6¢% A &9,

K$ = (2D - 6) SR A R K& = (2D - 6)g"(V4R) & A 6TY.,
and the result is

A%+ B+ C*+ D% = RR™ & A 6Ing — (VIVPR) & A 81Ing + 2RRpe & A 6g%°

X{ X3 X3

—2(VpV.R) & A 68 + g"R 6Rpe A &% + 2R%, €2 A SR + 28R &% A SRy

X4 X¢ X¢ X4

—2 & AVLVUR + 28 (V4R) £ A TY,
——————

X4 a
8 X

+[(2- %)R SRAE +(D—1)(V,VeR) 68" AE*+ (D —1) SR A &°

+ (D - 1)g"(V4R) & A 5rg’c] —2 O6R A & — 28" (V4R) €% A 6TY,
—— e

a
A9 A?l

— (VpVeR) 6g% A &7,

a
AlO

The term in square brackets is equal to 0.A A €. The other terms are equal to the extra terms
24

in 3 Af.
i=1
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F.2 R Term

The symplectic current transforms as

Jg — —R(SIn gl +2V4&%) A (T2, + Rec“bE° + V. Vpé®)
+ R(51n |g| + 2V,4£%) A (6T, — Rept” + V, Vpé®)
— (VeR%)(SIn [g] + 2V A (687 — VP&« - Veeh)
b 3(VR)G gl + 2V4") A (55 ~ V& - V&)
— 4R (68 = VET = VIE) A (0T, + R + Ve V%)
— 288" [6Rqe + (V fRae)E + RagV el + RepVaé'1 A (T5, + Ry pEl + V V&%)
+ 2R (6" = V& — VIEY) A (8T, — Repé® + V. Vpé°)
+ 2R,5(08"° — VP& = VE) A (0T, — Rapé” + V. V3é°)
+28“g"[6Rge + (V (Ra)E! + RpeVaé! + RpaVeél 1 A (6T, — Rep” + VeVpé©)
~ STRGE” ~ V€ ~ V'Y A (@ Inlgl + 25
- %[V‘QSR + (VIV.R)E + (V. R)VETA (6 |g| + 2Vdgd)
— 2(VeRap)(08" = V&1 — V&%) A (68 - V&> - V&)
— {28 1VeoRa + (VoY (Rip)E + (V Rap)V e + (VeRap)Vipé!
+ Ry VeVt + (VeRpp)Vae! + RypV Va1 A (697 = Vg - VPe%))
+ 2R%(0T%, = Rac’bE" + VeVp) A (68 = V&» - VP&°)
+ (VaRap)(08" = V&' — VY A (88" = VP& = V°eh)
+{[V0Reh + (V'Y [Rep)E + (VRep)VE + (V“Rep) Vs’

+ RepVVRE + (VRyp)V el + Ry VOV £ A (57 = Veg” = VP&,
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which gives the change in the symplectic current as

AJ§ == RPR., 5In|gl A& = R? 51nlgl A VeV — 2R Vae? A 6T,

a 0
E B B‘]’S

1 1
— 4R Ry 58 N EC — ARS” 5% AV VpEY + ARs” VE A STY, + 4R, VIES A ST,

E3 Bis L§ bis

— 2R 6Rye N €T =2 6Rye N VIVOEL — 2V RY) & A ST — 2R (VPEN) A 6T,

E By BY L3

— 2R s (VP& A ST, — RRep, S1n gl A &€+ R Sln gl A V. Vpé® + 2R V&9 A 6T,

L Es By B3,

— 2R Repy 68°Y A&+ 2R4" 68°T AV VpeS — 2R, (VOEY) A ST, — 2R, (VIE%) A 6T,

E§ B, Ly By

— 2R .Rpq 68" N €9+ 2R%, 687 AV VpE = 2R, (VP€°) A ST — 2R, (V€") A 6T,

Eg B Ly B¢

—28"“R% 6Rje N E + 28" 6Rye AV VE + 2(VR™) & A ST, + 2Ry (VP&)) A 6T,

E By Bly Ly

1
+ 2R (VDY A ST, — ViR 6™ A V& + Z(VpR) V" + VP& 1 A S1nlgl — VISR A V&

La B3 Lg B3 B3,

1 1 ' '
— —(VV,R) & ASIng — =(V,R) (VYY) ASIng + (V.RY) Sln gl A [ Ve + VP&
2 2 e e

E‘S’ L‘; B tIzO B g

— 2VR%) (Va&?) A 68" — (V'Rep) S1n gl A VPE + (VR ) Vaé? A 58P

a a a
329 B]] B3O

~ 2(VaaRp) 680 AVEL + (VaRep) 680 A L(VED) + (VIEY)] - 28" §(V Rpe) A VPE
—— =

B3, L By B3s

+ (VeRep) (V€)Y A 6% + (VUV Rpe) €9 A 887 + 2(VRee) Vié® A 687 + 2R, Ry’ € A 5"

Ly Eg B3 Efy

+ 2(VeRap) 6% A [(VPES) + (VEEP)] + 2(VeRap) [(VIEY) + (VO£D)] A 587
N—— N—— N——— N———

B, By, By, L

+ 28 8(VeRap) A [(VPES) + (VEEP)] = 2(V.Ry®) (V&%) A 687 = 2(V .V Ry) & A 687
N—— N——

— 2(VeRy) (VO&,) A 887 — 2(VeR™) (Vpée) A O8" = 2Recr iR £¢ A 58" — 2Ruc"tRy £ A 58" .

a a a
B Ef, B

We proceed as we did for the R? term. We will rewrite some terms to obtain an expression,
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which is the covariant derivative of an antisymmetric tensor.

' 1 .
BY = V. [-R? §ln|g| A V"] + E(V”R) 51nlgl A Vpé® + R V.51n|g| A Vpé?

b 1 C -
= V. [-R? §lng A V& + E(V”R) Slnlgl A Vpe® + 2R T A V9,

By

By

BS = V[R? §Ing A Vpe] - (V.R?) S1nlg| A Vpe© — R V.51Ing| A V€
= V. [R 61ng A Vpe] = (VeR™) Sinlgl A Vpe® — 2R 6T A Vpe“.

Bg B

Then,

26: BY = V. Q¥ + 4R T, A V& where Q9 = 2R §1n|g| A V).
i=1
For B‘7‘ and B‘g we have
B} = Ve[28 6Rae A V°E] = 28" V6Rae A VE,
BY = V. [-28 6Rpe A VE] +2 VPSRye A VOE°,
which gives
BY + BS = V.05 — 28! V. 5Rge AVE +2 VP6Rp A V" where Q5 =47 6Rye A V€.
With B

B3 = 28" S(V.Rap) A VP& =28 VSRap A VPE — 28Ry, ST, + Rye 0151 A VP&
=28 V.6Rap A VPE — 28R, T¢; A VPES — 2R, 6T, A VPE,

they yield
Bj + Bg + By = V.05 +2 VP6Ry, A VE = 28Ry, 6T, A VPE = 2R, 6T, A VP&,
Adding B{, and B{,
BY, = V[V°R%, 5ln|gl A &"]— R, Inlg| A& — 2V°RY, T, A &,
B¢, = V[-VR," §1nlgl A%+ V.VOR,E Slnlgl A &” + 2VOR,E T A &P,
gives
Bjy+Bf, = VeQF ~0R, In|glAg®~2V R} 6T¢,AE"+V VR, Sn lg| A" +2V Ry T4 NE"
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where Q5° = 2VICR4, 5Ing A £°. We write B{, as

BYy = V2R, 6™ A VpE] = 2V R 5% A Ve — 2R, V.58 A V€
= V.04 = 2V Rs" 5% A Vit = 2R, V58" A Vpé + 2V R 68 A Ve
+2R;” V68 A VLE + 2R, 8% AV V&,
where Q4 = 4R,” 6g A V), and BY, as
BYy = V.[2R%, 68" A V) = 2V.R%, 6% A V€ — 2R, V. 587 A Vet
= V0% — 2V R%, 68" A Vpe® = 2R, V68" A Vpe + 2V R, 687 A V"
+ 2R, V.68 A V& + 2R, 687 A V.V,

where Q5° = 4R, 5gibei A V&), Their sum is

BYy + Biy = V[QF + Q%) = 2V R, 68 AV + 2R, g% ST A Vpe + 2R 6T9. A V€
N— —
Bis
+ 2V .Rsb 6% A V&9

)
By,

Writing B{, as
By, = =V [2R" & A STY,] + 2R V. A TS, + 2R & AV 0TS,
gives
a a ac bd s a bdy #a c _~Hpbd a ¢ _Apbd sa c
B{;+B{g = V Q¢ +2R" ENV 0T ,=2(VR™) ENOT ;—2R™ V E9NOT, ;) —2R™ E°NV 0T,
where Q% = 4R £la A 6T BY, and BS gives
By = V2R & A TY ] = 2R V&5 A 0T, — 2R & AV 0T,
a a ac ab sc d b a d ch a d ch #a d
Bly+B5, = V.07 2R & AV, +(V'R) ECNOTy ,+2R V £ NOTy ,+2R7 AV 01,
where 07 = ARPla gl A FZ 4+ We also have

BY, = V2(VRap) 68 A 21— 200Rgp 68°Y A €7 — 2(VRap) V.58 A €7,

B(zlz = Vc[z(vaReb) é:e A 6gbc] - zchaReb fe A 5gbc - 2(VaReb) é:e A Vcégbc,
BS, + BYy = V0% — 20Rgp 8% A E” + 2(V Rap)g™ 6T, A &" + 2(VER?p) 6T A &P

— 2V V'R £ A 58P+ 2(VOR,?) £° A TS, + 2(VR)g £ A 6T,
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where Q%° = 4(VR ) 6g“]d A f” and
BY, = V. [-2(VaRCp) 68°Y A EP]+ 2(V VaRCp) 6% A &0 + 2(VaRCp) V08" A &,
B3, = Ve[2(VR™) 68 A E,] = 2V VaR™) 68 A€o — 2(VpR™) V58 A &,

By + BS, = V.05 + 2(VVaR ) 68 A EP = 2(V 4R )8 ST A &8 — 2(VeR )% 6T A &

— 2(V,V4R™) 5P A&, + 2(VIR™) 6T, A&, + 2(VpR™)g“ TP A &,
where Q4 = 4V, R 5g"” A &,. Two more contribution comes from

BSs = V. [-28“"6(VaRpe N EV)] + 28" gV S(VaRpe A ED),
B = Ve[28°8“5(VaRep A EM)] = 28“VS(V Ry A EV),
Bis + Bl = Vo045 + 28"V S(VyRpe A E7) = 28°IV°5(V Rap A £7)

where Q46 = 4glag¥ 5(V Ry A %), and

B, = V.[~V96R A £] + V. VU6R A &

= V0§ + VVIOR A E —OR A E = VSR A V£,
where QS = 2VI6R A £9. When B, is added to i,

BS, + Bjg = VO + V. VISR A € — TR A & + 2Ry 6T9 A Vg + Ry 61D, A VE*
= (VRia) 08" A V£ = 8" VeSRpa A Vb + (VaRep) 587 A V€0

= V0% + V.VISR A — TR AE" + 2Ry 0T A V¢ — g% V. .6Rpa) A V£

Let us write B, + B, in a different way which was derived earlier.
By + BYy = 28% Va&? AVPSRye — 28" R V& A 6T¢, — 87 V& A VSR
Using B, and C*
BSy = Ve[-V,R 6% A £+ VeVuR 687 A E€ + VR V68" A&,
C* = V.[V,R 58P A& — V. V,R 68" A& — VR V.68 A &9,
gives

By + C* = V0% + V. VbR 68 A& — VR 6T A & — VPRg™ T2 A &€

~ V ViR 58P A€+ VIR 6T, A E* + VPRg 6TV A &9,
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where QF; = 2V,R 5gPe A &9, Hence,

12 b=12
DB =) V0 + AR T A VLE + 2 VISR, A VOE" — 28Ry 0T, A VPES = 2RY, 6T, A VO£
- N st

i=1 i=1 pe

P P73 L 5

4
—OR% Ing A&" = 2V°RY, 6T, A ¢" + V. VR, SIng A &P+ 2V9R, T A &8
—

P

P

— 2V R’ 6% A V€ + 2R P g ST A V&€ — 2R 6TC, A Vyé® — 2R,L g 6T, A VP4

P Py Py Pl

— 2V R® 68" A Ve + 2R, 6T¢, A V&€ + 2R 6TV, AV, — 2R, 6T, A V¢

Py Ps Pl e

— 2R ST A Ve + 2R" V9 A GTY + 2R, “Rop 408" A E92RM &8 AV, 6T,

Py Pis

— 2(V R &4 A ST, — 2R V.4 A 6T, — 2R €4 AV T%, — 2R ¢° AV 0TY,

Py

+(VPR) & A ST, + 2R? V& A ST, + 2R & AV ST, — 20R 4, 68 A E

Py

+ 2(VRap)g® oT9 A &2 + 2(VER®p) 6T% A &P — 2V, VR £ A 587 + 2(VOR,?) £° A ST,

P

+2(V'R)g & N OTY, + 2V VR p) 6% N &P — 2(VaRp)g™ T4, A &
— 2(VR )8 OT%, N E” = 2(VeVaR™) 68 N &o + 2(VIR) 6T, N éo + 2(VpR“)g™ TV N E,

P

+28%VCS(VyRpe A EP) = 28°UVS(V Ry A EP) + V. VOSR A &€ — R A &% + 2Ry 6T, A V&

Py

— &PV ORpg) AV £+ 28% V& AVPSRye — 28" R, V& A 6T¢, — g7 V& AV SRy,

Py P P, P

+ VeVpR 0% A& = VR 0T, A& = VIR™ 6Tg. A E° = VeV,R 88 A &°
+ VIR 6TC, A&+ VPR STV, A E° = 2V R, (Vo) A 68" + 2(VRap) 68 A VIE°.

Py P

where

Py = Ve[—g" Ve6Rpg A &1 + 8" T6Rpg A E°,

P, = V[g" V96Rpq A& — g V. V6Rpa A E,
pe PY =V .0% bd SR a _ bd V. VYSR C h ac _ o bd V[aéR c]
10+ Pl O5t¢ ba NE" =8 Ve pa NE© where Q75 =2g pa NE,

PYy =V, [28% & A VP6Rpe] — 28 ¢ A VVP6Rpe,

73



Py = V2% V6Rpe A E°1 = 2% V. V"6Rpe N E°,
Py + Py = V.01 =28 & AV NVP6Rye =2 VOV SRy NEY where Q5 = 4g°1% £ AV Ry,
a _n,bdpa C e bd a C e bd pa c e
P}, = Ve[-28"R%, & A 6T] + 28" (V.RY,) & A TS, + 28R, & A V6T,
a _y _2be crd a 2bev c 1—~d a 2be cy 1—~d a
P15— c[ ngébe/\f]"'g(cRd)6b€A§+ng cébe/\g,
P+ Pls = Vo Qis+28" (VRY,) E AT, +28" R, &NV 0T +8" (VR ) 64 AE“+287 RS V6T AE®
where Q5 = 4g7Ryl¢ €4 A oTY
P{s = V2R? & A 6TY ) = (VPR) € A 6T, — 2R €1 A V6T,
PYy = V2R 6T 1 — 2(V.R™) 6T¢, A " — 2R V.65, A&,
a a ac _ b d a _~pchb gd a _ ad c b _~pad c b
Plo+P{; = V04 —(VPR) &/ AT, —2R? AV 0T%,~2(V R™) 6T, A" —2RY V6T NE

- _apd 1 A ¢b
where Q¢ = 4R 6T A &P, Then,
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b=16

DB

i=1

b=16

= ) V0 —OR 5Ing A&+ VVR, 5Ing A€” + 2R, Rep ade” A &

i=1 A

+ 2R £ AV ST, — 2(VRM) € A ST, — 2R €4 AV 6T, — 2R ¢ AV 0TY,
K4 ca Da
+(VPR) €9 A 0T, + 2R & AV 0TS, = 20Rgp 68 A €+ 2(V Ryp)g® 0T, A &P
E¢ ca
+2(VER%) 0T% A EP =2V VRep £° A 68" + 2(V'Rep)g™ &° A ST2, + 2(V V4R ) 8% A &
Ga
— 2(V4R )8 ST A &P = 2(VeR )8 oTY, A &” — 2V V4R™) 68 N &, + 2(VpR“)g“ T2, N &,
Ga
+28°UVCS(V yRpe A E2) = 28%VS(V . Rap A EP) + V. VSR A &€ = SR A &
N e’ N——
Ja 14
+ V. VR 68% A& — VOR 6T A& — VPRg™ 6T A &€ — V. VR 6g° A &
e
Ha
+ VIR 6T, A €% + VpRg™ 6T, A &% + " TI6Rpa A &% — g7 V.V 6Rpg A &
E“ Fa

—2g8% & AV VP6Ry, — 2 VEVP6Ry, A &

+ 28" (VeR) & A ST, + 28" R%, £ AV 0T, + " (VeRy") 0Th, A €% + 287 Ry V0T, A E°
Me Fa
— (VPR) & A TY = 2R & AV 0TS, = 2(VRY) TS, A &P = 2R V615, N €
Hll LLI Dl,l
—~RPR, SIng AE — 4R Ry 58 N € — 2R 5Rye N ET — RPR,p Ing A E°

Ba

1
—2R"Rep 58% A € — 2R Rpg 687 A €% — 28% R, SRye N E — E(vava) & Aslng

+ (VIVRpe) € A 88" + 2R sRy £ A 587
Aa
— 2(VeVeRy™) £ A 687 = 2R s R &° N 687 — 2R Ry €° A 68"

Ba
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Now, we need to use
—[6R A & = £ AR = £ AV V8(g"Ryg) 1 V08" = —gheoTe, — goT?,
= £ A VeV[68" Rpa + 8" Rpa]
= & AV (V68" \Roa + 68"V R + "'V c6Rpa]
= Rpq & A6 + 2(VoRpg) £ A VS + ORpy €4 A 68" + " € A T6Rpg
= Rpq &% AI6GP — 2(VERy) & A 8TY, — 2(VER,S) &9 A T2, + ORpy &9 A 6g% + g2 &% A TSRy
= Rpg £ A 6gP — 4(VR¢ ) €% A 6T, + DRy € A 6877 + g% &9 A T6Rpg,
which gives
I = 2R, VOOT0, A E* = 4(VR ) € A OTY, + ORpq £ A 68" + g™ & A O6Ryg.
The other terms are
K% = Rpy & AV Vg — 2R, &€ AV V168",
LY = —2R™ ¢/ A V6T,
= —2R" &1 A V0T, + 2Reag™ & A VISTS, — 2Roag" & A V6T,
= 2Roq &p A VIVP 58" + 2R,ag™ £ A VST,
= 2R &p A [V, V21689 + 2R,q &p A VPVI68% + 2Roqg" &8 A VST,
= 2R, R, &5 A 68 + 2R R & A 68° + 2R, &p A VOVISGY + 2Rpqg™ &0 A VST,
J4 = V. VR A E = V.V Ryd)) A & = V V68" Ryd + gP6Rpg] A &
= V[(V'5¢")Rypd + 68"V Rpa + 8" V6Rpa] A £
= V. [(V96g"DRyd + 58"V Ryg + gPIV6Rpg] A E
= [(VeV68")Rpa + V58" (Ve Rpa) + (Ve0g")(V*Rpa) + 58" (Ve Rpa) + 8" (Ve V*0Rpa)| A £°
= (Ve V988" Rpg A E° = 2(V 1R 1)g" T, A&7 — 2(VOR%g) 6T, A €€ + (V. V Rpa) 68" A &€
+ g (V. V9Ru) A E°.
With the following identities
g"IR%, £ AV T, = —2RY, & AV V087 — R ¢ AV V,S1n|g|
= 2R™ & AV V9684, — R & AV V,S1ng|

= 2R% & A [V, V916g4e + 2R% & A VIV 5840 — RY & A V.V, S61n g,

2R & AVISTY, = =R, £ AV V. 58% — R ¢ AI6g™ + R, &0 A VV45g%

= R & A VIV, 580 + R & N 6gee — R & A VIV, S804,
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We obtain,
2R% & A [Ve, V916840 + RY & A VIVSg40 + R & A VIV,68cq — R & A 6gce
— R &€ AV V,51ng
= 2R“R.A," & A Sgpe + 2RRAY £ A Sgap
+ R £ N VIV 584 + VIV e08ea — 06gee — VeVeSIng)
= —2R%“R.Y £ A Sgpe + 2RUR.A L £ A Sgap + 2R £ A SR,
which gives
M = —=2R“R.” & A 6gpe + 2RR.P £ A Sgap + 2R ¢° A SRee + 2R, " A VST,

= 2R Rep & A 5g" = 2R“Reger & A 8™ + 2R™ £° A 6Ro + 2R, €7 A VST .
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As a result, we can write

b=16 b=16
D= V0 ~ORY 5lng A&+ VVR, 6Ing A€ — 2VRM) & A 6T},
i=1 i=1

LS Lg L‘fo

—20Rap 8% N E” + 2(VRup)g™ 6T, A &P = 2V .V Ry £ A 587 + 2(VRop)g™ & A ST,

a a a
L, L, Lis L,

+ 2(V.V4R ) 88 A &2 = 2(V4R ,)ge 6T A EP — 2(V.V4R) 50 A &,

Lis Lis L

+2(VpR g T2 A £, + 28“VS(VaRpe A €7) — 28°IV°S(V Rap A E°) + V VR 680 A &€

a a a
Lis Ly L5y L5,

— VPRg™ T2, A &6 = V.V4R 68 A& + g™ TI6Rpg A &9 — g2 V.V6Rpg A &€

Ly L L Ly

= 28% & NVVP0Ry — 2 VOVP6Rpe A €4 + 287 (VR ) & A ST, + 28" Ry” VooTY, A E°

a a a a
L, Lys L3 Ly

—2(VeR™) 6TG, A EP = RPR,“ 5Ing A E° — 2R 6Rye N — RRyp Ing A E°

1 a a a
L5, L3, L3, L

1
—2R"Rep 58% A € — 2R Rpg 687 A &% — 2g%Re. 5Rye N E€ — 5(V“V;,R) & Adlng

Lis Lg L5

L5
+ (VIV,Rpe) €6 A 88" = 2(V .V Rp™) €° A 58" — 2RoepsRY £ A 55"

(extra—1)@ Lg 4 Ls

+ 2R Ry €6 A 68 — 2RM £°5Rpg + 2R £ A SRy + 2(VpR)g™ ST2, A &°

—_ a a
extra—3 L LS LS,

+ 2Ry VEOTY, A &% — 4(VR%y) &9 A 6T, + OIRpy €% A 58" + g &9 A T6Rpg + Rpa (V. V6g9) A £

Ly L L5 L3 L

— 2(V R 4)g" T, A&l = 2(VOR%y) 6T A E° + (Vo V'Rpa) 687 A €€ + g™ (V.VORpg) A E

— a
Ly, le (extra=2)¢ Ly

+ Rpg & AV — 2R, € AV V368" + 2R, aR™ . & N 58 + 2R.qRY¢ . & A 68

L‘I’ LS (extra—4)? LZZ

+2Rea &p A VPV68% + 2R 048" €7 A VUOTE, + 2R Repy £ A 687 — 2R™Reqen £ A 5™

L L, L 5

2 7

+2R™ & A ORee + 2R, & A VSTY,,

a
LS LZ4
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with
L% = 4R £ A 6Ry,.,

L§ = 4R Rep & A 68",
L% = [~2R“Reder — 2ReapeR™] €5 A 68" = 0,
(extra — 1)* + (extra — 2)* = [V4, V,|Rpe & A 685
= R%paR" & N 58" + R caRp" & N 5"
= 2R%paR?c € N 58"
= 2R R g £ N 68",
(extra —3)" = 2R,"Roc“pR q € A 68° = 2R R R q &° A 687,

(extra — 4)" = 2RoqRee" &p N 08 = 2RpcR™ g &0 N 6™ = 2R4eR*y &0 N 58,
4
Z(extra — i)Y = 2Ry & A 6P R bC + Rup™ + R°p]
i=1

= 2Rge & N 68" IR + Rup + R
=0.
Therefore, extra part vanishes.
Q5 = 2R" 5Ing A VyeY + 457 5Rye A VED + 2VIRY), 6Ing A € +4Rs" 5™ A V&)
+ 4R, g7 A Ve + ARM {9 A STS) + ARP £ A 6T+ 4(VIRy) g™ A &P
+4VuRA 6V A £, + 4NN §(V Rap) A E” +2V1 6R A EY +2V,R 687 A £

+ 28"V 5Ryy A €V + 400 T NV 6Ry, + 487 RS Y ATY, + ARM 6T N £
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