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ABSTRACT

DESIGN OF A COMPLIANT BISTABLE LOCK MECHANISM FOR A
DISHWASHER USING FUNCTIONALLY BINARY INITIALLY CURVED
PINNED-PINNED SEGMENTS

Unverdi, Uygar
M.Sc., Department of Mechanical Engineering
Supervisor: Prof. Dr. Eres Soylemez

June 2012, 118 pages

The aim of this study is to design a compliant lock mechanism for a
dishwasher, using a systematic approach. Functionally binary pinned-
pinned segment that exhibits bistable behavior is utilized. Pseudo-rigid-
body model of the whole mechanism and the half segment is developed
separately and the corresponding calculations are carried out. Among
current solutions a different method namely “arc fitting method” is
developed and it is utilized to construct the model. A software code is
written to get the exact solutions, which require the evaluation of elliptic
integrals. Results are compared with the analytical model and confirmed
with physical prototype. Predefined tip forces are seen to provide the
transition from one stable position to other. Durability, reliability and

compactness characteristics are particularly considered.

Keywords: Compliant Mechanisms, Functionally Binary Pinned-Pinned

Segments, Pseudo-Rigid-Body Model, Bistable, Locking Mechanisms
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ISLEVSEL OLARAK IKIiLi, KIVRIMLI VE PIM BAGLANTILI KISIMLAR
KULLANAN, ESNEK BIR BULASIK MAKINESI KiLIDI TASARIMI

Unverdi, Uygar
Yiiksek Lisans, Makine Miihendisligi Boliimii
Tez yoneticisi: Prof. Dr. Eres Soylemez

Haziran 2012, 118 sayfa

Bu calismanin amaci, bulasik makinesi i¢in esnek bir kilit mekanizmasini,
sistematik yOntemler kullanarak gelistirmektir. Cift denge konumu
bulunan, islevsel olarak ikili, pim baglantili kisimlar kullanilmistir. Biitiin
ve yarim kisimlar igin ayr1 ayr1 katimsi cisim modelleri olusturulmus ve
gerekli hesaplamalar yapilmistir. Mevcut ¢oziimlerin Otesinde “cember
yay1 benzestirme” isimli yeni bir yontem gelistirilmis ve modelleme i¢in bu
yontem kullanilmistir. Eliptik integral ¢oziimii gerektiren kesin ¢oziimiin
bulunmasi i¢in bir bilgisayar kodu yazilmistir. Sonuglar analitik model ile
karsilastirilmis  ve fiziksel prototip ile dogrulanmistir. Ongériilen
kuvvetlerin denge konumlar1 aras1 gegisi sagladig1 gortilmiistiir. Uzun
omiir, giivenilirlik ve kompaktlik nitelikleri Ozellikle g6z Oniinde

bulundurulmustur.

Anahtar kelimeler: Esnek Mekanizmalar, Islevsel Olarak Ikili Pim
Baglantili Kisimlar, Katims1 Cisim Modeli, Cift Denge Konumlu, Kilit

Mekanizmalari
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CHAPTER 1

INTRODUCTION

1.1 On Compliant Mechanisms

Compliant mechanisms are flexible link mechanisms that gain at least some
of their mobility from the deflection of flexible members [1]. Flexibility of
links also provides flexibility in design stages. Keeping in mind that the
deflection is a tool that may give the desired motion or force requirements,

capabilities that compliant mechanisms provide are countless.

They have been utilized systematically for a few decades although their
origin dates back to thousands of years ago. Since they do not depend on
rigid joints in order to get mobile, quiet a lot of advantages come together.
In the competitive industrial market, the need for both economical and
reliable designs is of high importance. Compliant mechanisms, despite of
challenging theory behind them, is an opportunity to provide such designs.
Hence, designing with compliance deservedly gets widespread every day,
eventually research on the subject become intense nowadays. Both the
improvements on the materials science and the analytical tools that are

being developed accelerate the utilization of compliant mechanisms.



1.2 Scope of the Thesis

The main aim of the thesis is to design a compliant bistable locking
mechanism that accomplishes the force requirements. Input force and
design space are strictly specified beforehand. Coming up with a reliable

and compact final working prototype is intended.

The starting point of the idea is the bistable nature of functionally binary
pinned-pinned compliant segments. Among stability, due to the practical
reasons such as their convenience to be designed planar and single piece,
this concept is chosen. Their symmetrical nature and the mobility of the
middle pinned section are also causes of the selection of initially curved
functionally binary pinned-pinned segments. Different configurations will
not be utilized but will be offered for future work. They are to be

synthesized with similar methods that will be mentioned in the thesis.

Synthesis procedure will be carried out by using exact elliptic integral
solutions but also simplifying the design stages via rigid body replacement
method. The pseudo-rigid-body models (PRBM) will be constructed stage

by stage and then their difference with the real case will be discussed.

Material selection and segment design procedures will be carried out.
Parameters from the PRBM will be utilized and corresponding calculations
will be presented. Possible living hinge replacements at the pin joint

locations will be discussed.



Moreover, strength and life requirements are to be paid precise attention.
Static and fatigue failure criteria will be considered and the results will be

verified with a finite element software.

Experimentally measuring the output forces, the study will be finalized as
soon as the requirements are met. Finally, discussions on the physical
prototype measurements and the analytical results of exact calculations and

pseudo-rigid-body model will be presented suitably.

1.3 Outline of the Dissertation

The outline of the dissertation is as follows:

In Chapter 2, a detailed survey on compliant mechanisms and stability is
conducted. Description, classification and synthesis methods of compliant
mechanisms are presented; stability, multistability and compliant bistable

mechanisms are investigated in detail.

In Chapter 3, functionally binary pinned-pinned segments are defined;
their pseudo-rigid-body models are constructed and evaluated. Using exact

solutions and models, the tool for the design stages is built.



In Chapter 4, first, the design space to fit the mechanism in is described.
Then, the segment is designed according to that design space, meeting the
force and strength requirements. From segment design to mechanism
construction every parameter is selected and discussed. Force and energy

charts are illustrated and the finalized model screenshots are presented.

In Chapter 5, firstly, finite element model (FEM) analysis is conducted. It is
shown that the critical areas are safe and the force requirements are
achieved. Secondly, fatigue life analysis is conducted and the desired life
requirements are proved to be satisfied. At the end of the subchapter,
physical prototype and experiment setup construction is described.

Experiment results are evaluated and discussed.

In the final chapter, conclusion and discussion on this study are presented

and suggestions on future work are given.



CHAPTER 2

LITERATURE SURVEY

2.1 Introduction

In this chapter, a survey on compliant mechanisms is presented. A general
overview is introduced and synthesis methods are explained. The
description of stability concept and multi-stable behavior are presented.
Two subcategories that are bistable compliant mechanisms (BSCM) and

compliant locking mechanisms (CLM) are defined.

2.2 Compliant Mechanisms Overview

In this chapter, definition and classification of compliant mechanisms are

given, benefits, challenges and some applications are counted.

2.2.1 Definition and Brief History

“A mechanism may be defined as a group of rigid bodies connected to each
other by rigid kinematic pairs (joints) to transmit force and motion [2].”
This definition excludes any deflection of links (since they are rigid) and
also force and motion transmission is said to be achieved only by joints.
Traditionally, designers stick to this definition and see the elastic

deformation of links as a handicap. However, if the definition is extended



to include flexibility and the deflection of the flexible members can be used
for the benefit of purpose, the risk may turn into an opportunity. This idea
generated a new class of mechanisms called compliant mechanisms.
Compliant mechanisms are flexible link mechanisms that gain at least some
of their mobility from the deflection of flexible members [1]. The term
compliance is referred to the quantity that is reciprocal of the spring rate.
Therefore, by definition, compliant refers to the structures having the

property of compliance.

Neglecting friction, a rigid link mechanism is conservative, that is the sum
of potential and kinetic energy is constant over time. Compliant
mechanisms however; store energy in the form of strain energy through the
deflection of flexible members. That energy can then be released at a
predefined state, in order to accomplish the required force or motion
requirement. Hence the total amount of potential and kinetic energy plus

the strain energy is conserved for this case.

For instance, the bow and arrow example (Figure 2-1) illustrates the storage
of strain energy as the deflection of the bow. While the bow is pulled by the
external force F, it stores strain energy until the archer releases the arrow.
At that predefined moment, energy is transferred to the arrow as kinetic

energy, giving the initial speed for shooting.



Elastic potential energy

Figure 2-1: Bow & Arrow Analogy

Historically it is known that, compliance has been utilized for over 10.000
years, in the form of bows, according to cave paintings in “Les Dogues”.
Subsequently, war requirements demand stronger weapons that are bigger
and stronger, causing the invention of the first catapult (Figure 2-2) by
Greek engineers (800 BC). After these inventions, compliant mechanism
applications were limited with the war machines, until last century [3].
Recently, several examples that make use of compliance can be seen in

daily life or in industrial applications.



Figure 2-2: The Greek Palintonon Weapon!

2.2.2 Some Applications

Utilization of deflection of any flexible member to fulfill force, displacement
or motion requirements, can be interpreted as an application of compliant
mechanisms, among them; some daily examples are illustrated in Figure

2-3.

Thttp:/fwww.mlahanas.de/Greeks/images/Palintonon.gif,Last accessed 05.04.2012
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Figure 2-3: Common Compliant Devices. A Binder Clip, Paper Clip,
Backpack Latch, Lid, Eyelash Curler and Nail Clippers.

In various disciplines, compliant mechanisms found area of application. A
patented invention, compliant bistable spring to be used as a medical stent,
is shown in Figure 2-4. A compliant mechanical switch that exhibits bistable

behavior is also show in Figure 2-5

Figure 2-4: Bistable Medical Stent Apparatus [4]



Figure 2-5: A Compliant Bistable Mechanical Switch

Although simple deformable (compliant) structures such as beams and
diaphragms have performed adequately in many micro devices, more
sophisticated micromechanical functions can be realized by fully
exploiting the preferred uses of elastic deformation via compliant

mechanisms [5].

That statement brings out the fact that the utilization of compliant theory in
MEMS (microelectromechanical systems) applications is a necessity.
“Examples of MEMS application are medical instruments for in-body
surgery, hearing aids, air-bag sensors, micro pumps and optics and tilting
mirrors for projection devices [6].” Some other applications of MEMS that
are bistable have also been presented in literature ([7],[8] and [9]). Some

basic examples on the field can be seen on Figure 2-6 and Figure 2-7.
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Figure 2-6: A Micro Compliant Four-Bar Mechanism with Lumped

Compliance [5]

Figure 2-7: Titanium Mirrors Bulk Micromachined Using Deep Etching of a

Titanium Substrate?

2 http:/lcompliantmechanisms.byu.edu/sites/compliantmechanisms.byu.edu/files/image/Fig2.jpg,
Last accessed on 19.04.2012
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2.2.3 Classification

For the conventional rigid link mechanisms, link identification is quite
straightforward since the kinematic pairs separate every link from each
other. However for compliant mechanisms mobility is partially or fully
caused by the deflection of the links, not from the joints. For example, in
Figure 2-5 the mechanical switch has no joints, hence has also no links. Such
mechanisms are called monolithic or fully compliant mechanisms. If it had
at least one rigid-body joint, then it would be called non-monolithic, hybrid
compliant or partially compliant. Monolithic compliant mechanisms are
also classified as distributed and lumped compliant mechanisms, by the
characteristics of motion (Figure 2-8). Motion of the lumped compliant
mechanisms are mainly based on the flexures that behave like rigid-body
joints, however distributed compliant mechanisms utilize most of their

links to store and release energy throughout the motion.

2
Compliant Mechanisms 1
s | s
B |
s D | ithi
Non=-monolithie L Moot 1
(Hybrid compliant) | -~
# | |
Distributed compliant Lumped compliant

Revolute joints Flexural pivots

\@FT /v ==

{ | / 1
| \ ; (
- g - o ™ bl

Figure 2-8: Classification of Compliant Mechanisms [10]
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Link identification of compliant mechanisms is identical with the rigid-
body mechanisms; rigid-body joints split each link. The structural type of
the link is also the same; a link that has two rigid-body joint connections is
structurally binary, a link that has three rigid-body joint connections is
structurally ternary and so on... That classification only depends on the
number of joints. Functional type on the other hand, can only be
determined by determination of the force and motion characteristics. Since
the motion of the mechanism depends on the deflection of the links, the
application point of the force alters the motion characteristics. That point
refers to a “pseudo-joint”. The total number of rigid-body joints and
pseudo-joints determines the functional type of a link. For example if a
compliant link has two rigid-body joints and a force is applied on it, then

the link is said to be structurally binary and functionally ternary [11].

Links can be classified into two categories as compliant and rigid links by
deciding whether the deflection of the links can be neglected with respect to
the rest of the mechanism. Then the compliant links can be categorized into
two groups as simple and compound. The necessary and sufficient
properties of a link to be simple are being initially-straight, having constant
material properties and constant cross section. Links that do not have these
properties are called compound links. Compound links composed of two
subcategories as homogeneous and non-homogeneous. Homogeneous
means that the link is either fully-rigid or fully-compliant; in this case,

compound link must obviously be fully-compliant (Figure 2-9).
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Figure 2-9: Component Characteristics of a Link [11]

For the compliant mechanisms, the shape of the link is noticeably
significant in contrast with the rigid-body case. Inspecting the links, one can
notice different “segments” that are combined to embody the link. The
transition of the segments can be caused by the change of cross-section,
material property or the force-displacement characteristics. The
determination of segments within a link is generally intuitive and difficult
unless it is designed in obviously separated segments. Each segment should
have distinct motion characteristics and their endpoints must all be at a
physical discontinuity. They can be rigid or compliant; moreover compliant
segments may be simple or compound, in a similar way that is described in
link classification. However compound segments must be homogeneous
since the rigid and compliant sections are defined as different segments

(Figure 2-10).
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Figure 2-10: Component Characteristics of a Segment [11]

2.2.4 Benefits and Challenges

The reason for the extensive areas of applications of compliant mechanisms

to take place is obviously their countless advantages.

Manufacturing of a single piece compliant mechanism is quite simple, since
it can be injection molded or extruded rapidly. The post assembly process is
eliminated and number of parts to perform the same task is considerably
reduced (Figure 2-11). They are generally more compact compared to their
non-compliant equivalents. Hence their weight and size are lower, that also

leads to reduction of cost.
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(b)

Figure 2-11: Macro-scale Examples of a Monolithic (a) Stapler and (b)
Windshield Wiper Developed by the Kota Group at the University of

Michigan, Using Compliant Mechanisms?

Since compliant mechanisms do not depend on the rigid kinematic joints in
order to be mobile, wearing due to dry friction at the joints, backlash and
lubrication problems are eliminated. Hence, they are more precise and
reliable that is the main reason of compliant mechanisms to be used in

micro-electro-mechanical systems (MEMS).

Despite their many advantages, compliant mechanisms have some
challenging points in design stages and during operation period. First of all,
compared to rigid-link mechanisms, synthesis steps are considerably
complex and time consuming. Since the elastic deformations of linkages are
considered to be design parameters in synthesis procedure, more variables
must be taken into account that requires the solution of complex equations

and longer periods of calculation. Secondly, compliant mechanisms are

3 http:/fwww.flxsys.com/images/Flexsys_wiperblade.jpg,Last accessed 05.04.2010
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more likely to suffer from creep and stress relaxation. Creep is defined as
the increase in strain of a specimen with time under an applied stress [12].
It may occur in long periods of time due to molecular chain sliding. If the
elastically-deformed part is kept in that stressed state for a long time, strain
of the material will exceed an allowable value i.e it will fail. That stress
relaxation phenomena is more critical in plastics, which is the common
material group in compliant mechanisms. Third disadvantage comes from
the basic nature of the compliant mechanism that they depend on the
deformation of their flexible members. That property leads to the
transformation of some of the input energy to strain energy in the flexible
members; hence sum of the potential and kinetic energy is not conserved.
Finally, their limited motion capability and the possibility of axis-drift are

challenging risks unless the mechanism is designed accordingly.

2.2.5 Synthesis Methods

Howell [1] classifies compliant mechanism synthesis methods into two
categories that are rigid body replacement synthesis and synthesis with
compliance. This classification is reasonable since the two main categories
accomplish the design based on dissimilar methodologies. These two kinds

of methods will be described in this chapter.

First kind of methods is rigid body replacement synthesis. The methods on
this category are first introduced by Midha and his associates. Some uses
kinematic techniques such as graph theory [13] and Burmester theory [14],

some are based on loop closure theory [15].
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Basically, the idea under the rigid body replacement method, as can be
understood from its title, is to convert the rigid-body mechanism satisfying
the path, function or motion requirements into its compliant equivalent.
The rigid-body mechanism that is to be converted is called pseudo-rigid-
body model (PRBM) of the compliant mechanism. That mechanism can be
synthesized by one of the many existing methods that are out of the content

of the thesis.

While converting the mechanism, it must be kept in mind that only
kinematic properties of the PRBM is carried to the next level, that also
explains the reason of the synonym of this method: kinematic synthesis.
The underlying risk that must be considered is the incompatibility of the
model with the compliant equivalent. For instance, relative rotation of the
links at the joints must be checked because there is a limit of maximum
rotation of the flexures. Another critical point is the stress levels since the
motion is somehow dependent on the deflection of the flexible members. In
other words, flexures must rotate without exceeding their rotation capacity
and flexible members must deflect without exceeding their yield stress
level. The intersection of any link throughout the motion must also be
prevented and the connection of the final mechanism to the design space

must be ensured.

Any compliant mechanism can be described by various different PRBMs,
one example is shown in Figure 2-12. In this example, a compliant bistable
slider mechanism is modeled with a double slider with a spring attached.
One must keep in mind that the spring accounts for the forcing due to the

deflection and the new-slider displacement is due to the positional change
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of the deflected link. Here since the only concern is to match the kinematic

characteristics, spring is just placed for representative purposes.
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Figure 2-12: A Bistable Double-Slider Mechanism with a Pin Joint, Joining
The Sliders, and a Compliant Equivalent. [16]

The second kind of synthesis methods is synthesis with compliance. This
type of synthesis is basically the combination of kinematic synthesis with
the energy requirements. Since the kinematic aspects of the synthesis
problem is considered together with the static force requirements, these
methods are also called kinetostatic synthesis methods. Energy and force
considerations such as input force or torque, output force or torque, stored
strain energy, total potential energy, mechanical advantage etc. are design
parameters in these methods. One way to analyze the energy stored is to
use virtual work method that is based on the principle that the net virtual
work of all active forces is zero if the mechanism is in equilibrium. With
this rather straightforward method, only the necessary forces are taken into
account that simplifies the process. Another elementary way is to use

pseudo-spring potential energies of PRBMs.
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Some basic constraints must also be considered different than rigid body
replacement synthesis. The spring constants must be positive and the
thickness of the flexible beams must be reasonable. Force directions or
magnitudes must be checked for validity and the final mechanism must be

operable.

Coupling of the kinematic equations with the energy equations is
necessary. Generally the energy equations are nonlinear and if the
kinematic and energy-storage equations are coupled (they can only be
solved simultaneously) the effort to solve them is highly increased. The
coupling of these sets of equations must be reduced as possible in order to
simplify the evaluation process. In order to ensure the “weakly coupled”
condition (kinematic equations can be solved separately, after that energy-

storage equations are solvable) equation (2.1) must be satistied:

2m =n (2.1)

Where m is the number of flexible segments and n is the number of

precision points.
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2.3 Failure Criteria

2.3.1 Introduction

Inspecting the all possible causes of failure, i.e. the stress types, bending
stress is the most dominant one, since compliant mechanisms are composed
of flexible elements that are mostly subjected to bending deformations. The
effect of axial loading is usually lower but still effective. These two stresses
causes the principle stresses if the mechanism is considered to be two
dimensional. Shear stress is not a concern since it gets its maximum value at
the middle of the cross section where bending stress is zero. Comparing
these two locations, stress evaluation of the edge of the section would be
much more reasonable because bending stress is at its highest level there.
Torsion is another stress type that occurs in a 2-D system if only there exists
out of plane forces. Neglecting these forces, torsional stresses can also be

neglected.

Although it is not a requirement, generally ductile materials are more
convenient then brittle ones in compliant mechanism applications, due to
their elastic behavior under large deformations. Hence this is also the case
for the thesis application, meaning that only the stress theories that are

convenient to ductile materials will be used.

At critical points (locations where output force is applied, thin sections as

flexural hinges etc.), design must be re-evaluated considering both static
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failure and for fatigue failure. Convenient failure theories must be selected

and utilized with a secure factor of safety.

2.3.2 Static Failure

As mentioned, for the static failure a method that is applicable to ductile
materials will be chosen. Two possible theories are Maximum Shear Stress

Theory and Distortion Energy Theory [17].

Maximum Shear Stress Theory also known as the Tresca Yield Criterion,
assumes that the yielding will begin after the shear stress of the part
exceeds the shear stress in a tensile test specimen at yield. So for the

material not to yield, the necessary criterion is:

Sy

Here Tmax is the maximum shear stress that the material is exposed to and Sy
is the yield strength. Considering the factor of safety, the theory can be

formulized as:

SF = = (2.3)

Safety factor (SF) can be calculated and manipulated with the preceding

relation. 01 and 02 are the principal stresses on the part.
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Distortion Energy Theory also known as the Von Mises Yield Criterion
assumes that the strain energy is composed of two parts that are volumetric
strain energy and distortion strain energy. Yielding is said to be occurred
after the distortion strain energy exceeds the one in a tensile test specimen
at yield. For the application, an effective stress (Von Mises Stress) is
evaluated and compared with the yield strength of the material. The

criterion for the material not to yield for 2-D stresses is:

o = \/ze + 0,2 — 0,0, + 375, < S, (2.4)

Here 0’ is the effective stress. 0x and Oy are the equivalent stresses on the x

and y directions respectively. Txy is the shear stress on x-y plane.

Both the distortion energy theory and the maximum shear stress theory are
applicable to stress evaluation of the ductile materials but maximum shear
stress theory is relatively more conservative (Figure 2-13). Hence during

computations, its criteria will be considered.
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Figure 2-13: Safe Stress Areas According to Maximum Shear Stress Theory
(Tresca Yield Criterion) and Distortion Energy Theory (Von Mises

Criterion)

Generally, to account for the materials” property of stress increase on the
sharp edges, a factor named stress concentration factor (K¢ is used.
Nevertheless, ductile materials do not have that stress concentration in

considerable amounts due to their nature [17], therefore it will be neglected.

2.3.3 Fatigue Failure

Due to cyclic loading of the part, a gradual decrease in the strength of the
material is observed. When the strength value gets lower than the applied
stress level, the fatigue failure is said to be occurred. Stress that is exerted
on the material obviously decreases the life of the part. An example of that

relation can be seen on Figure 2-14.
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Figure 2-14: S-N Diagram Plotted from the Results of Completely Reversed
Axial Fatigue Tests. Material: UNS G41300 Steel, Normalized;
Sut = 110.3MPa; Maximum Sut = 861.8MPa. * [64]

In many applications, life of the part is considered to be a design constraint.
Life expectancy differ for each application, it may even be infinite. The

stress level of the material at which it has an infinite life is named the

endurance limit (Se).

4 Taken from NACA Technical Note 3866, December 1966
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When the literature is inspected, studies are seemed to be focused on the
fatigue life of metals. That is natural since the life estimation of metals is
quite simpler then the polymers. Stress relaxation and creep are not much
of a problem and temperature dependency of the metals is much lower.
Nevertheless, a rough estimate for the endurance limit of a polymer can be

made as proposed in [18] as:

Here, S¢’ is called the uncorrected endurance limit that must be multiplied
by some modification factors (Marin factors) in order to come up to
endurance limit. That value is found by testing the specimen on a standard
rotary test. The details of the correcting factors will not be included on this
study since they are explained in detail on many sources as [65],[66]. These
factors are directly multiplied by the uncorrected endurance limit to give

the endurance limit, as follows [18]:

Se = kakbkckdkekfsé (2.6)

Where:
ka = surface condition modification factor
kv = size modification factor

ke =load modification factor
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ka = temperature modification factor
ke = reliability factor

k¢ = miscellaneous-effects modification factor

The expectancy from the dynamic failure analysis, for this case, is to design
the system for the specified life. Fluctuating stress state assumption (Figure
2-15) will be made and the corresponding minimum (Omin) and maximum

(Omax) stresses will be converted into mean (Om) and alternating (0.) stresses

as follows:
(02 +0.i
O = maxTOmin 2.7)
2
(02 —O0Omi
o, = max2 min (2.8)

Stress

0 Time

Figure 2-15: Stress over Time for Fluctuating Stress State [18]
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The method that will be utilized is the quite common one, named Modified
Goodman Approach. In Figure 2-16, a diagram showing the approach for
estimating the factor of safety is shown. Point P is the design point,
representing the current stress state. The point is in the area enclosed by the
Modified Goodman line and the x-y axes, which shows that the stress level
is acceptable. Out of that area, every point is either above yield point or has

a finite life. Hence, the factor of safety to endurance limit can be evaluated.

The theory implies that:

1 o (o}
=24+ (2.9)

Stress amplitude, o,

Mean stress, o,

Figure 2-16: Mean Stress and Stress Amplitude Diagram According to

Modified Goodman Approach [19]
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2.4 Stability

Stability concept is highly beneficial in synthesis, especially in compliant
mechanisms. Since a compliant mechanism is capable of storing and
releasing energy throughout its motion, it is rather simple to design the
mechanism as multistable, using the flexibility of the segments, in the favor

of the desired energy curve.

In this subchapter, definition of stability and multistability will be made

and utilization of these concepts in synthesis procedure will be explained.

2.4.1 Definition

There are various definitions of stability from different aspects, one of
which is being related with the elastic stability of the structures. “If . . .
‘small” external disturbances are applied and the structure reacts by simply
performing oscillations about the . . . equilibrium state, the equilibrium is
said to be stable [20].” Moreover, if this reaction is to diverge from the
equilibrium state, then the equilibrium is called an unstable equilibrium.
Although the structure reacts the disturbance if it does not diverge from but

stays in the disturbed position it is a neutral equilibrium position.

Among different explanations, Lagrange-Dirichlet theorem defines the
stability concept on the context of concern. It states that “when the potential
energy ... has a minimum for an equilibrium position, the equilibrium
position is stable [21, 22]”. Thus, total potential energy curve of the
mechanism describes the stability nature of that mechanism, such that, the

local minima of the curve indicate the stable equilibrium positions.
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To clarify the energy curve and stability correlation, an illustration is given
in Figure 2-17 [1]. In the figure, different states of the system (ball on a hill
in the gravitational field) can be seen. It can be thought that the form of the
hill also represents the curve of the potential energy change. States A & D
are stable equilibrium states, meaning that, after small disturbances the ball
is effected but it reacts as an oscillation around the stable position. This is
true for every small force that is under a limit, which is called critical force
(Fer). When a forcing beyond Fe is applied, the system tends to switch to
another equilibrium state. State B is unstable equilibrium position since a
small disturbance causes the ball to fall (diverge from the equilibrium). E is
a neutral equilibrium point. At that point, ball changes its equilibrium state
to the disturbed position when exposed to a disturbance. Here a new state
is seen, namely, externally constrained stable state. It can be understood by
visualizing the behavior of the ball at point C. Although the form of the hill
is downwards, an external obstacle causes the ball to stop, hence creating a
stable state there. That is also an opportunity in the design stage of a real

mechanism.

Figure 2-17: Ball on the Hill Analogy [1]
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2.4.2 Multistability

As Oh clarified, definition of multistability is made in different fields as
physics, dynamics, chemistry, etc [23]. Though, a common definition can be
made on the mechanical point of view that, multistability of a mechanism
means that the system has more than one stable position throughout its

range of motion.

Rigid mechanisms cannot be multistable since the ability to store and
release energy is a necessary condition to have a potential energy change
thus enabling the possibility of a stable position. In order to overcome that
obstacle, conventional mechanisms are designed with springs together with
rigid linkages. However, compliant mechanisms contain the properties of
springs within them; hence, with the proper utilization of the flexibility,
one can achieve stable positions at predefined positions. An example is
given on Figure 2-18, showing a compliant tristable four-bar mechanism in
fully compliant and partially compliant forms. Also the energy curve with

respect to the rotation of its coupler link is seen.

31



(reverse)

(undeflected position)

(forward)

0.3 -

0.25
3
>
>
:
w 01\. T
s
T
2 0.
[o]
a

0.05

-180  -135 -90 -45 0 45 90 135 180
6 (degrees)

Figure 2-18: A Compliant Tristable Four-Bar Mechanism and its Potential

Energy Curve [24]
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2.4.3 Bistable Compliant Mechanisms

Bistable mechanisms are a subclass of multistable mechanisms that have
two stable equilibrium positions. For a compliant mechanism to be bistable
three conditions must be met. Firstly, the first derivative of the total
potential energy of the system must be zero at three positions (equilibrium
positions) at least. Secondly, second derivative of the same function must
be zero at two positions (stable equilibrium positions). These two
conditions are the results of the fact that the potential energy of a system is
a local minimum at the stable equilibrium position. There must be one and
only one unstable state between two successive stable states that makes the
minimum number of equilibrium points three. Third condition is kinematic
rather than kinetic; the mechanism must be movable between the

equilibrium states smoothly.

A straightforward method to design a compliant bistable mechanism
satisfying the stability and force requirements starts with the building of a
PRBM that meets the motion requirements. After placing pseudo springs at
the joints, potential energy equation for the full motion is derived
parametrically in terms of geometric parameters and stiffness values.
Equations then can be solved in order to satisfy the positions of the stable
positions and/or the critical force requirements. One application of the
method can be found in [25]. An example from that study is shown in

Figure 2-19.
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Figure 2-19: A Bistable Compliant Four-Bar Mechanism (a), Its Pseudo-
Rigid-Body Model (b) and Its Potential Energy Curve (c) [25]

2.5 Compliant Locking Mechanisms (CLM) [26]

The task of the compliant locking mechanisms (CLM) is to prevent the
mobility of an element at a specified position, in one-way or two-ways
temporarily. They can be classified functionally as automatic, semi-
automatic and commanded mechanisms. Automatic CLMs lock and release
the part when a specific forcing is exceeded. Locking and releasing forces
(or torques) and displacements can be manipulated separately as desired

and the mechanism is functional once it is installed. Commanded CLMs, on
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the other hand, need another command to lock or unlock the part. An
external positive contact or friction is applied on the locking element. The
actuation force can be provided in various ways as; mechanically,
magnetically, electrically, chemically, thermally, etc. Semi-automatic CLMs
exhibit automatic behavior during locking or unlocking and commanded at

the reverse motion.

CLMs are capable of restraining linear or rotational motion. Some examples
of CLMs for rotational motion and linear motion are shown in Figure 2-20
and Figure 2-21 respectively. There are some labels on the figures showing

the parts of the mechanisms:
e 1:Anchor

e 2:Latch
e 3:Profiled Blocked Element

The mechanism shown in Figure 2-21-k, is a good example of the utilization

of FBPP sections in locking mechanisms.
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Figure 2-20: Compliant Locking Mechanisms for Rotational Motion [26]

Figure 2-21: Compliant Locking Mechanisms for Linear Motion [26]
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CHAPTER 3

FUNCTIONALLY BINARY PINNED-PINNED (FBPP)
SEGMENTS

3.1 Introduction

As explained, compliant mechanisms are composed of segments, one kind
of which is being functionally binary pinned-pinned (FBPP) segments
(Figure 3-1). This kind of segment is being utilized widely in compliant
mechanism design. Both ends of this segment are connected with pin joints,
thus the only possible way to deflect the segment is to apply a force whose
direction is intersected with the joints. Except that force, every force and
moment causes the rigid-body motion (rotation) of the segment. Hence; if
the force-deflection characteristics are specified, the segment can be

employed as a nonlinear spring.

Figure 3-1: A Functionally Binary Pinned-Pinned (FBPP) Segment [27]
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In order to evaluate and formulate the force-deflection characteristics
practically, the initial shape of the FBPP segment is chosen to be circular
(Figure 3-2). Pseudo-rigid-body model of the segment will be constructed

and the force deflection behavior will be formulated accordingly.

On Figure 3-2, the segment is plotted on the global coordinate system (x/,
y’). Initial curvature (Ro), total length (L"), width (a”) and height (b") of the
whole segment are illustrated. Horizontal force that is the only force that

causes the segment to deflect is shown with F.

Figure 3-2: A Functionally Binary Pinned-Pinned (FBPP) Segment Whose
Shape Is a Circular Arc [27]

“... the problem can be simplified by realizing that the segment is symmetric
about a vertical line through its center. This symmetry can be used to
divide the complete FBPP segment into two equivalent half-segments [28].”

(Figure 3-3). A local coordinate system (x, y) is used and some parameters
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such as the horizontal force (F) and initial curvature (Ro) remains the same.
Obviously, vertical component of the pin joint (b) is equal to height of the
whole segment (b") and horizontal component of the pin joint is half the
width of the whole segment. Length of the half segment (L) is also half of

the length of the whole segment (L").

«E_
|

I g

Figure 3-3: FBFP Half-Model of FBPP Segment [27]

This half-segment will be analyzed with elliptic integrals (exact solution)
and with rigid body replacement method (the pseudo-rigid-body model).

Results will be compared and evaluated.

3.2 Exact Solution [28]

According to Bernoulli-Euler equation the curvature in the deflected

position is as follows:
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Where, on this equation, 0 is the angle of the curve tangent with respect to
horizontal axis. s is the distance along the segment and Mzx(s) is the internal

moment at the distance s. That moment can then be computed as:

My(s) = F(b - ) (32)

where b is the vertical distance of the pin joint at the deflected position

(Figure 3-4). a is similarly the horizontal distance.
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Figure 3-4: Deflected Shape of the FBPP Segment [27]
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Inserting equation (3.2) into equation (3.1) and differentiating, one can get:

@0 _ _ray y
ds?2  Elds (3:3)

Left hand side of the equation (3.3) can be manipulated by the chain rule in

order change the parameter s to K.

o _ 4 (doydo _de, 4 (i) ”
ds2  df\ds)ds do ~ de (3-4)

Following two equations (3.5) and (3.6) hold true by definition of

differentiation, since the distance ds is infinitesimal.

dx

— = cos 6 (3.5)
ds

d .

2 =sing (3.6)
ds

Inserting equations (3.4) and (3.6) into the left and right hand sides of the

equation (3.3) respectively, one can get:

a (K—Z) = — % sinf (3.7)
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By separating the variables and integrating with respect to 6, equation

becomes:
K2 F
—=—cosO0+C (3.8)
2 El

Integration constant C can then be evaluated by using the boundary
condition at the end, i.e. at the pinned connection there is no internal

moment. Using this condition, equation (3.1) can be rewritten as:

1

Ko=6o = %, (3.9)

Inserting this condition into equation (3.8), integration constant C can be
evaluated as in equation (3.10). Using equation (3.10), in equation (3.8), the

relation that gives the curvature K, can be obtained as in equation (3.11).

1 F
C =— ——cos0, (3.10)
2RZ  EI
do 2F 1
K=—= |— (cosf — cosB,) + Z (3.11)

For the equation (3.11) to be solved, substitution of some parameters is
necessary. Following three equations, (3.12) to (3.14) give the corresponding

relations.
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Ko = e (3.12)

a2 =2 3.13

= I (3.13)
K§

A= 2~ COS 0, (3.14)

Where Ko is the non-dimensionalized curvature at the free end and a2 is the
non-dimensionalized load factor. A is a parameter in order to transform
accordingly. Changing the parameters as described in the previous three

equations, equation (3.11) becomes:

do _ 2a
F T\/)]. + cos 6 (3.15)

Separating the variables and integrating, one can get:

deo

ff VA+coso (3.16)

Equation (3.16) resembles the form of an elliptic integral. Incomplete elliptic

integral of the first kind is defined as the following:

aé
Flp. ) =y fm

(3.17)

sinZ2 0
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Where ¢ is defined as the amplitude and k is the modulus of the integral.

One more time, some change of parameters is necessary. Following four

equations, (3.18) to (3.21) are the required relations for the substitutions.

p=— (3.18)

t = (3.19)

. 1-cos6

Y = asin /Tlo (3.20)
. ’A+1

r = asn — (3.21)

Substituting the aforementioned intermediate parameters, following

relations can be written for a:

a:{tF(,B,t) for A>1

F(¥,r) for A < 1 (3:22)

Following two constrains are required for each interval, in order to ensure

the validity of equation (3.22).

0<6y<m for 1>1 (3.23)
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0 <6, < acos(—A1) for ||l <1 (3.24)

Although not straightforward, a solution for the load factor becomes
available. It requires the evaluation of the corresponding elliptic integrals.
A numerical process named “Landen Scale of Increasing Amplitudes”, that
converges to the solution rather quickly, is described in Appendix-A. Also
in Appendix-B, a VBA code is presented to solve for the integrals using that

method.

Now that a is known, calculations will be directed to solve for a and b.

Inserting equation (3.5) into equation (3.1), one can get:

Y 3.25
" ds dxds dx (3.25)

Now using the previous equation in equation (3.15), it can be written that:

%cos 6 = %\//1 + cosb (3.26)

Separating the variables and integrating result in the following relation of

the horizontal distance of the pin joint, a:

a 1 6o cosOdb
) (3.27)

L V2a’0 A+cos6
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Equation (3.27) does not have an elementary solution hence it must be
converted into another form. It involves two types of elliptic integrals that
are; “Incomplete Elliptic Integral of the First Kind” that is shown in
equation (3.17) and “Incomplete Elliptic Integral of the Second Kind” that is

described as follows:

E(p, k) = [/ VI—kZsin?6 (3.28)

Using the described elliptic integrals, equation (3.27) can be manipulated to

get a form that is possible to evaluate:

% (3.29)

_ {i[(t2 —2)F(B,t) + 2E(B,t)] for A>1
2E(Y,r) —F(¥,7)] for|i <1

For equation (3.29) to be valid, following four constraints, that are the

equations (3.30) to (3.33), must be satisfied.

a+0 (3.30)
A>—1 (3.31)
0<fy<m for 1>1 (3.32)
0 <6, <acos(—A1) forl|l] <1 (3.33)
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Evaluation of b, vertical component of the pin joint, is rather simple. It

begins by inserting equation (3.6) into equation (3.1) and manipulating;:

de déd de .
=2 =22 —ing (3.34)

K = = =
ds dy ds dy

Equating the right hand side of the equation (3.34) with the left hand side of

the equation (3.15), it is possible to write:

ae . _V2a
Esm@— - VA + cos 8 (3.35)

Separating the variables and integrating result in the following relation:

b 1 J-Ho sin6de

- = - 3.
L V2a’0 +A+cos6 (3.36)

Following equation can be obtained by using integration by substitution.

=2 [@+1) — /(A + cosbp) (3:37)

a

Again some conditions must be satisfied in order to ensure the validity of
equation (3.37). These constrains are defined by the following two

equations, (3.38) and (3.39).

47



a+0 (3.38)
A > —cos 0, (3.39)
Using equations (3.29) and (3.37) the path of the pin joint at the tip, can be

sketched for different Ko values (Figure 3-5). This path illustrates the

deflection characteristics of any FBPP segment clearly.

0.8
0.6 =N
AN
rrrrr K0=0.5
b/t o4 | K0=0.75
k0=1 .
0.2 + k0=1.25
k0=1.5
0 .
-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
a/L

Figure 3-5: Non-Dimensional Pin Joint Paths at Different Curvatures

3.3 PRBM Analysis of the FBFP Half-Model of FBPP Segment

Complicated calculations for determining the pin joint path throughout the
deflection can be eliminated by modeling the segment as its pseudo rigid

body model (PRBM). One can notice that the shape of the path given in
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Figure 3-5 resembles a circular arc; that is the starting point of building the

model.

Edwards et al. modeled the segment as two rigid links connected with a
torsional spring between them (Figure 3-6). Fixed link is forced to be
directed through the x-axis and the second link is subjected to rotate with
the applied force at the tip. To evaluate the link lengths they used an
optimization procedure. Golden Section Method is carried out for the
maximization of the allowable rotation amount of the second link, subjected

to a predefined maximum relative error constraint [28].

RBM deflection
N path

NANNNN L

Figure 3-6: PRBM of the FBFP Segment Constructed by Golden
Section Method [28]
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A new method is proposed for the link length determination. The idea is
based on relaxing the constraint that the fixed link must be on the x-axis
and determining the link lengths by fitting a circular arc to the path of the
pin joint. Resulting PRBM resembles the current one but a little bit different
(Figure 3-7).

PRBM deflection

/ path

.0 . . Nl . .

Figure 3-7: PRBM of the FBFP Segment Constructed by Arc Fitting Method

The PRB angle (©) and its initial value can then be computed from

following relations:

IS
h|ot°

® =tan™?! (3.40)

~Q
L-|o:‘>
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=&

1

0; = tan™ (3.41)

~|
|
L~|g>h|§’

Before starting the arc fitting method, the path of the pin joint is located
from the exact elliptic integral solution. Thus as long as the center point
(AoBo) and the radius (R) of the arc is evaluated, the process will be
accomplished. For the evaluation, least squares method will be utilized

over the function F, such that:

F=Y",d? (3.42)

Where F is the objective function to be minimized and di is the geometric
distance from the data point to the hypothetical arc. di can then be

evaluated as such:

di - \/(xl — Ao)z + (yi - Bo)z —R (3.43)

Where xi and yi are horizontal and vertical coordinates of the data points
and Ao and Bo are the horizontal and vertical coordinates of the

hypothetical arc, respectively. R is the radius of the same arc.
In order to reduce the number of variables in the objective function, R must

be eliminated from the expression. This step is necessary in order to

decrease the calculation time in numerical evaluation process and increase
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the possibility of convergence. Also the examination of the function
behavior is rather easy since it has two variables which can be sketched on
a 3-D plot [29]. To eliminate R, it will be written in a form that suggests R is
the arithmetic mean of all the individual radii corresponding to each data

point.

R =237\ (i = Ag)? + (7 — Bo)? (3.44)

Hence, by inserting equation (3.42) into equation (3.41) and plug the result

into equation (3.40) the objective function will be as follows:

F = {\/(xl - Ao)z + (yi - Bo)z

—% }1:1\/(3@- —AO)2 + (y; — BO)2 }2 (3.45)

Now the minimization of the objective function will be taken care of. To
accomplish the process three most successful and common methods will be

evaluated [30]:

v' Levenberg-Marquardt method [31]
v Landau algorithm [32]
v' Spéth algorithm [33, 34]

Levenberg-Marquardt method is known to be stable, reliable and rapidly

converging. Landau algorithm is very stable but converging rather slow.
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Theoretically Spath algorithm is converging to the solution certainly but it

also has a slow rate of convergence.

As a result, Levenberg-Marquardt method will be utilized during iterative
calculations. A software program (MATHCAD 14 ®) that is capable of
using that method for iterative processes is used. Plugging in the
coordinates of the data points (elliptic integral solution outputs for the end
pin joint coordinates) the result is taken as the center point coordinates
(Ao,Bo) and the radius (R) of the arc. Related software snapshot samples are

provided in Appendix-C.

According to comparative analysis of the results a table summarizing the
related values is presented in Table 3-1. Corresponding values acquired by
the method described in [28] is also given in Table 3-2. The data ranges are
directly taken from Table-1 of [28] in order to eliminate the mismatch

resulting from calculation interval.

Table 3-1: Radius and the Center Coordinates of the Fitted Arc for Different

Curvature Values

Ko P i Ao Bo

0.50 0.79784 i 0.20152 -0.00554

0.75 0.79132 1 0.20670 -0.00696
|
i
i

1.00 0.78639 | 0.21121 -0.01015
1.25 0.78163 | 0.21614 -0.01390
1.50 0.77745 1 0.22171 -0.01862
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Table 3-2: Radius and x-Coordinate of the Arc Path Acquired by Golden
Section Method [28]

Y Ao
0.79305 0.20695
0.78753 0.21248
0.78320 0.21680
0.77888 0.22113
0.77455 0.22545

Ko p
0.50 0.79076
0.75 0.78289
1.00 0.77559
1.25 |0.76781
1.50 0.75960

Since the link lengths of the PRBM of the segment are known, the
remaining work is to determine the spring constant of the torsional spring
between two links. The procedure is straightforward; relation between the
PRB angle difference (A®) and tangential non-dimensionalized load factor

(a) will be evaluated. These terms are defined as:

AO =0 —0; (3.46)
a? = a?sin® (3.47)

Tangential non-dimensionalized load factor (a¢) stands for the only force
that crates moment on the torsional spring hence its value is that matters.
The related values are evaluated and the relations are interpreted to be
appropriate to be approximated by a polynomial of the 2" degree as

described on equation (3.46) as:

o = Kg1A0 + Kg, (A0)? (3.48)
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The values of the coefficients that describe the spring stiffness are tabulated
on Table 3-3 and Table 3-4 for both methods. The graphs of the related
force-deflection characteristics are given in Appendix-D and one of them
that is obtained by arc fitting method, with Ko=1, is given as an example on

Figure 3-8.

A

y = 2.93302x

; R? = 0.99075 /,se*}d
) y = 0.57808x2 + 2.36746x

a, , R? = 0.99971

=" | ArcFitting

ﬂf
0
0 0.2 0.4 0.6 0.8 1 1.2 1.4

AO

Figure 3-8: Force (Non-dimensionalized Load Factor [0¢]) — Deflection
(Pseudo-Rigid-Body Angle Difference [AG]) Characteristics for Ko=1
Obtained by Arc Fitting Method

Table 3-3: Spring Stiffness Coefficients for the Golden Section Method

Ke1 Ko 2 r’

2,24 0,45 0,99999
2,30 0,48 0,99977

2,34 0,55 0,99980
2,40 0,63 0,99984
2,48 0,72 0,99987
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Table 3-4: Spring Stiffness Coefficients for the Arc Fitting Method

Ko1 Ko2 r’

2,25 0,47 0,99949
2,32 0,50 0,99969
2,37 0,58 0,99971

2,44 0,67 0,99975
2,53 0,79 0,99979

Correlation coefficients (r?) of the preceding tables imply that 2" order

polynomial fitting is quite accurate and applicable.

3.4 Comparison and Evaluation of the Models

The motivation behind the study of a new method to describe the deflection
characteristics of FBPP segments is based on this specific application. The
current model developed by Edwards et al. is quite suitable for the practical
applications where the purpose is to analyze an available mechanism or to
design the mechanism in the provided interval of motion. As the A® value
increases, error introduced is also increased. The purpose is to provide a
method that optimizes the path approximation for a fixed tip angle rotation
(AB). If ABo is constant over the design phase then the arc fitting method
provides the optimum PRBM giving the opportunity to ignore the error
caused by neglecting the complex deflection characteristics. For instance, in
this application AByis kept on the value of 45°. Corresponding error values
for ke=1 is given as an example on Figure 3-9. For remaining curvature

values corresponding error distributions are provided in Appendix-E.

56



- 0.0008
xxx‘xxx xxxxxx‘xx 0.0007
- - 0.0006
- “apt 0.0005
L . Ab/L
. 0.0004
- x Arc Fitting
. - 0.0003
S - Golden Section 0.0002
£ 0.0001
. x*xy*xx**’f***X>fxxxx*gxyx¥xxxxﬁ<xxxx§xxyx*xxxx 0
0 5 10 15 20 25 30 35 40 45
A8,

Figure 3-9: Error Comparison for ABr=45° and Ko=1

Golden section method introduces an application range that may or may
not be suitable for a specific application. As the required rotation amount
gets far (lower or higher) away from provided, error of the model gets
much more increased. The application ranges are illustrated on Figure 3-10.
For arc fitting method on the other hand, if the design requirement on the
tip rotation is known, the optimum path approximation can be achieved.
One must go through the exact calculation steps for once, and then utilize
the coefficients obtained, on further design stages. The disadvantage is
obviously the need for the exact solution to be carried out for one time that

is considered to be a necessary effort if the error minimization is critical.

57



Ke=1.50
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Figure 3-10: 60 Range (in degrees) for the Validity of Golden Section Method

3.5 PRBM Analysis of the Whole Binary Segment

The designed full mechanism is composed of two segments, each having
two half segments. These half segments are modeled as two-linked parts
which are interconnected with torsional springs. Each segment is joined to
the other and to ground by pin joints. The pin joint at the middle is the area
where the input force is applied. It will be locking or unlocking force
depending on the situation. Mentioned full model can be seen on Figure

3-11 as a sketch.
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Figure 3-11: PRBM of the Whole System: (a) 1t Stable Position, (b) Unstable

Position, (c) 2n Stable Position
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3.6 Conclusion

On the first subchapter, the definitions of functionally binary pinned-
pinned (FBPP) segments and its functionally binary fixed-pined (FBFP) half

model were presented.

Starting with the Bernoulli-Euler equation one can carry out the calculation
steps and finalize the exact solution by solving elliptic integrals for the
determination of the deflection characteristics of the described FBPP
segment. The process was presented on the second subchapter of this
chapter. Nevertheless, the process is quite complicated and not suitable for
trial and error manipulation. Rather if the PRBM is used as a middle step,
the design stages can be made easily and parametrically. These steps were

given on the third subchapter.

The proposed method (arc fitting) is a beneficial option for the PRBM
construction if the rotation of the tip pin joint is predefined. The method
reduces the error (deviation of the tip positions from the actual path)
considerably and applicable to any rotation amount by fitting the “best arc”
that can be fitted on the path. The disadvantage is that one must carry out
the exact calculation steps at least once for a specific rotation amount.
Comparison of the “golden section” and “arc fitting” methods for PRBM

construction was provided on the fourth subchapter
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After getting a suitable PRBM of the mechanism parametrically (link
lengths and spring constants in terms of input parameters), one can easily
move further calculation steps to achieve the final shape design. The design
parameters will be used as constraints on the PRBM relations and the final
model will be constructed based on manufacturing and physical
limitations. The PRBM of the whole mechanism (presented on the 5%

subchapter) can be used to analyze the designed mechanism to be certain.

61



CHAPTER 4

DESIGN OF THE LOCKING MECHANISM

4.1 Introduction

The aim of the design stages is generally to come up with a solution that
safely accomplishes the design requirements. These requirements (technical

specifications of the company) can be counted as follows:

* Locking and unlocking forces (50N [+20/-10]) are determined
beforehand by the safety regulations and should not vary from the
nominal value beyond tolerances.

* The solution must be feasible in order to be attainable in real life. For
that reason the mechanism must be compact and for practical
reasons it better be suitable for injection-molding.

* The safety of the lock mechanism is of high importance. It means

that, life (50.000 cycles) and strength must be considered precisely.

4.2 Description of the Design Space and Physical Constraints

The design space that can be used to place the mechanism is shown in
Figure 4-1. The off-plane distance (height of the mechanism, p) is 23mm. at

maximum.
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Figure 4-1: Design Space for Installation

Since the part will be injection molded, wall thickness (h) cannot exceed a
maximum value (varies depending on the material) and it must be
constant. Length of the mechanism must be of reasonable size for practical

reasons such as transportation, handling and storing considerations.

Rotation of the pin joint (ABo) must be high enough to grasp the locking
element and low enough to enable the releasing. It has been selected as 45°.
This free parameter is picked as an application example but it can take

other values that satisfy mentioned limitations.

4.3 Segment Profile Design

The aim of this subchapter is to give the procedure to determine the height
of the segment (p) for the given forcing and physical constraints. First of all,
general sketch of the mechanism is given on Figure 4-2. Estimated initial
position of the segments (a) and an intermediate position of one segment
(b) are illustrated parametrically. Final position is just the rotated shape of

the initial position (they are both stable positions of the segment). The
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length of each half-segment is called L and the full length of the mechanism
(including both segments) refers to L’. Hence L’ is 4 times L. { is the angle
of connection (the value that defines the connection of the two segments),
Fin is the input force and Feaw is the force component that effects each one of
the segments. As indicated in the figure, the angle w that determines the
rotation amount of the segment takes the value “AB0/2” in the beginning.
Then it decreases and at the unstable equilibrium position it becomes zero.

Its final value is the negative of initial one, namely “-A60/2”.

(b)

Figure 4-2: (a) Estimated Initial Position of Both Segments (Symmetrical),

(b) Estimated Intermediate Position of the Left Segment
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{ and Feacn that are seen on Figure 4-2 can be evaluated geometrically as:

A®,

(= Ko—— (4.1)

_ 2 Feqch
Fp = —cach

sin(w) (42)

¢ only changes with the change of curvature. But Feach must be calculated
throughout the deflection. To analyze the deflection characteristics, some
more parameters are required which are illustrated on Figure 4-3. a' is the
distance between two pin joints. The change in that value determines the
deflection amount on the segment. d is the vertical displacement of the

middle pin joint.

Figure 4-3: Illustration of the Parameters that Define Deflection

Characteristics
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Now, from the difference of the initial and final distances between pin
joints, PRB angle difference (A®) must be calculated. The method will be
based on geometry. The difference between the lengths a'imital and a'tina is
simply the total horizontal displacement of the tip. Hence the single half
segment horizontal end displacement (Ax) is equal to the half of that
distance. Accordingly, following relation can be obtained from the

geometry on Figure 4-4.

. —1 (r-cos0;—Ax

® = cos (—r ) (4.3)
— cos—1 _1 M

® = cos (cos 0; > L) (4.4)

Figure 4-4: Initial and Final Positions of the PRBM of the Half-Segment
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Finally, from the specified AO®, thickness of the segments will be
determined. Procedure is rather straightforward. Equation (3.40) gives O,
summation of © and AO gives ©. Tangential non-dimensionalized load
factor (0¢) can be calculated from calculated spring coefficients (Ke: and
Ke2) and PRB angle difference (A®) using equation (3.47). To sum up,

following equations (4.5) and (4.6) are to be used;

0 =0, + A0 (4.5)

1
sin ®

Assuming a wall thickness of h and height p, the moment of inertia of the

cross-sectional area (I) can be computed as:
1

| = —ph3 4.7
=D (47)

To get moment of inertia (I) from o2 equation (3.13) is rewritten as:

I _ FeachLZ

= (4.8)

Once I is known, height (p) can be evaluated for any thickness (h), from the

following relation:

I
p = 12ﬁ (4.9)
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4.4 Replacement of the Pin Joints with Living Hinges [35]

The purpose is to discuss the replacement of the pin joints with living
hinges; then the mechanism may be monolithic. The stress levels will be
compared with the yield point. The replacement methods will be explained
in detail and the possibility of constructing a reliable design will be left to

the next sub-chapter at which the design parameters will be clarified.

Living hinges are designed basically by reducing the thickness of the cross
section (Figure 4-5). There are many aspects to be taken care of. These will
be explained further in this subsection. Since the most critical hinge is the

one at the middle, only that one will be analyzed. Others can easily be

designed with the same procedure.

Figure 4-5: Undeflected Shape of the Living Hinge
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First of all, the sharp edges must be removed to eliminate stress
concentration effects. Larger radius must be used on the back side (opposite
side of the rotation path) to let the material deflect without plastic
deformation. Secondly, the recess left on the top of the hinge is critical. It is
designed as such in order to give space between two sides at the folded
position. Otherwise there would be a notch at the bottom tip that will create

concentrated stress (Figure 4-6).

- "H\.-
ACts as a noich \

W

Figure 4-6: An Example of the Wrong Designed Living Hinge without

Leaving Recess

The parameters as thickness (2t), recess or radii on different corners are
provided roughly in literature [35]. The design parameter to be determined
is the hinge length (La). To evaluate this value some assumptions, that are

proven to hold true, are used as:

* The hinge can be approximated by a circle at the folded position.
* The neutral axis of the hinge is assumed to be coincident with the
middle section of the circle thickness. In other words, the neutral axis

does not drift during deflection.
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* Maximum tension occurs in the outermost fibers and the maximum
compression occurs in the innermost fibers.
*  Maximum tension must be compared with the yield strength of the

material in order get the safety factor of the hinge.

By using the predefined assumptions, one can sketch the deflected shape of

the hinge basically as described on Figure 4-7.

Figure 4-7: Deflected Shape of the Living Hinge

To determine the length of the hinge (L«), these steps will be carried out.

Ley =— (4.10)
Leg = ——— (4.11)
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Bending strain on the outer fibers is as follows:

€pending = (Lf(z;ffl) (4.12)
Using equations (4.10) and (4.11);
€pending = % (4.13)
Opending = % (4.14)

where Esec is the secant modulus of elasticity of the material that is defined

as the ratio of yield stress to yield strain. Now that bending stress (Obending)

has been calculated, axial stress (Oaxial) will also be written as:

(4.15)

O _ F each_max
axial 2t
Inserting the relation for R, equation (4.10), and combining the previous

two equations one can get;

(4.16)

o __ tmEgsec Feach max
tatal 2 Lfy 2t
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Comparing the total stress (Owta) with yield stress of the material (oy), and
plugging the safety factor (SF), following relation can be used to get the

hinge length (Ln):

Oy _ UTEsec | Feach.max
SF~ 2Lgp 2t p

(4.17)

To analyze the feasibility of flexural hinge replacement procedure, equation
(4.17) must be investigated with the corresponding parameters. These
parameters will be determined on further sub-chapters, so the decision will be

made then.

4.5 Material Selection and Final Shape Design

The shape design of the mechanism will be covered in this subchapter.
Starting with the material selection, determination of different parameters

in design phases is presented.

Before proceeding with the design, material selection must be made. At
least a first estimate must be done to carry on. Material properties to be
taken into account in the selection process are elasticity, yield strength,
fatigue strength, manufacturability, and cost. Considering these values,
different materials are analyzed, some have high yield strength but too stiff,
some are elastic but expensive. Final selection was made on the favor of
POM (polyoxymethylene). It has high elasticity (low elastic modulus)
compared to its yield strength (Appendix-F). It is known that POM has a

high flexural fatigue and impact strength. As a first estimate, this relatively
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expensive material is chosen due to its improved mechanical properties. In
case of high factor of safety values, the material will be replaced with

cheaper ones. Some of its mechanical properties are given below:

* Yield Strength: 73MPa

* Yield Strain: 0.12

* Modulus of Elasticity: 3400MPa

* Ultimate Tensile Strength: 80MPa

Further analyses are based on the provided values. Fix=50N is provided by
the technical specifications of the company and AB8=45° was assumed
beforehand. By fixing the A8 value, the shapes become fully defined for
each different curvature (Ko) value. Changing the length (L) only scales the

mechanism. Those shapes are illustrated on Figure 4-8.

Figure 4-8: Locked (Green) and Unlocked (Blue) Positions of the
Mechanism for ABo=45°
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As one can notice from Figure 4-8, for the curvature values of 1.25 and 1.50
the segment intersects itself in the unlocked position. That can also be seen
from the angle of connection ({) values. Mechanisms with ( larger than Ao
(45%) are self-intersecting (Table 4-1). Hence the larger curvature that can be

selected is 1.

Table 4-1: Angle of Connection ({) Values for Each Curvature

Ko ¢
(deg)
0.50 | 6.15
0.75 | 20.47
1.00 | 34.80
1.25 | 49.12
1.50 | 63.44

While choosing the curvature one must keep in mind that for the same
thickness and height values, locking force increases with the decreasing
curvature. Since the force requirement is quite high for the specific case and
there is a limitation on the wall thickness of the material due to the injection

molding criteria the curvature of 0.5 will be selected.

Length of the half segment (L) that determines the scale of the mechanism
will be chosen as to fit in the design space. By making the mechanism
shorter, a compact and stiff system will be obtained. On the other hand, the
mechanism must grip the locking part that has a limitation in thickness too.
Therefore it is appropriate to choose it as small as possible, considering a
reasonable locking part thickness. It is selected as 40mm accordingly.

General wall thickness of the mechanism (h) is chosen considering

moldability (for injection molding), elastic deformation capability and
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durability. When that value increases elastic deformation becomes harder
and moldability decreases. On the other hand, thickening the part stiffens
and shortens the mechanism. There is also a height limitation on the design
space, that the total height must be smaller than 23mm. By trial and error

3.1mm thickness (h) and 20.5mm height (p) are chosen to be convenient.

The variation of input force (Fin), the force on each segment (Fean) and
potential energy (PE) are illustrated on Figure 4-9. One can easily notice the

bistable behavior by inspecting the potential energy change characteristics.
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Figure 4-9: Input Force (Fin), Force on Each Segment (Feacn) and Potential
Energy Variation along Deflection Path of the 15t Mechanism (POM)

Now that the parameters that describe the shape of the mechanism are

obtained (Table 4-2) flexure hinge replacement option will be analyzed.
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Table 4-2: Design Parameters of the Mechanism (POM)

Angle of Rotation [deg] AB, 45
Curvature Ko 0.50
Angle of Connection [deg] 4 6.15
Wall Thickness [mm] h 3.1
Length of the Mechanism [mm] L 160
Total Height [mm] p 20.5
Max. Force on Each Segment [N] | Feach max | 136.2
Locking Force [N] Fin max 50
Secant Modulus [MPa] Ecec 608.3

Thickness of the living hinge is assumed as a minimum value considering
moldability (2t=0.4mm) and the safety factor is taken to be small (1.5) to
find any possible solution. Length of the living hinge is calculated

accordingly using equation (4.10) as;

Oy _ UTMEsec | Feach max

= 4.18
SF 2Lp 2tp (+.18)
L _ Oy F each_max 2 -1
fl — E - ot (419)
b t 7 Esec
Inserting the necessary parameters, hinge length can be found as;
Ly = 6.0mm (4.20)
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It must be kept in mind that 3 of these joints will be replaced, meaning that
more than 10% of the mechanism will consist of hinge areas. That would
distort the force and motion characteristics that was predicted. Considering
that situation, length of the hinge is considerably high relative to the total
length, although the inputs are chosen at the limits. Thinner hinge
thickness, longer segments or lower safety factor values are not possible,
because of moldability, force and life requirements respectively. Hence
replacement of pin joints with living hinges is not possible for this specific
application. However, for lower forces or other production techniques,

replacement can be achieved.

One design example will be presented in order to verify the theory.
Parameters will be altered for two intentions; decreasing the force
requirements and choosing a material capable of rapid prototyping. The
material is chosen among available materials considering its flexibility and
strength. It is Innov’'PA 1550 (Appendix-G). Considering the mechanical
properties of this material and other corresponding inputs, design

parameters are tabulated in Table 4-3.

Table 4-3: Design Parameters of the Mechanism (Innov'PA)

Angle of Rotation [deg] 2B, 45
Curvature Ko 1.00
Angle of Connection [deg] 4 34.8
Wall Thickness [mm)] h 2.6
Length of the Mechanism [mm] L 240
Total Height [mm)] p 18.2

Max. Force on Each Segment [N] | Feach max | 10.7
Locking Force [N] F; 3.50
E

In max
Secant Modulus [MPa] sec 375
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For the changed parameters, the variation of input force (Fin), the force on

each segment (Feach) and the potential energy (PE) are illustrated on Figure

4-10.
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Figure 4-10: Input Force (Fin), Force on Each Segment (Fean) and Potential

Energy Variation along Deflection Path of the 15t Mechanism (Innov'PA)

Inserting new parameters to equation (4.19) the living hinge length comes

out to be 4.Imm.

Lep, = 4.1mm (4.21)

By decreasing the locking force, the length of the living hinge is decreased.
For this situation, total living hinge length is nearly 5% of the mechanism,
which is considered acceptable. Hence modeling will be made with the

joints replaced by living hinges, as described previously.
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Finally the realization of the mechanisms is achievable. The 3-D modeling is
made by NX UG 5.0 ® and the design is finalized by drafting the technical
drawings. Top and isometric views of the finalized 3-D models (on the

locked stable position) can be seen on Figure 4-11 and Figure 4-12.

(a)

(b)

Figure 4-11: Top (a) and Isometric (b) Views of the 1st Mechanism (POM)
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(a)

(b)

Figure 4-12: Top (a) and Isometric (b) Views of the 2" Mechanism
(Innov’'PA)
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4.6 Evaluation and Conclusion

In this chapter; first, the design limitations specified by the company
regulations and design space constraints has been described. Then the
segment design has developed parametrically as a sketch. The design
calculations of the living hinge replacement of the pin joints have been
presented next. After that the proper material has been chosen and
according to its physical properties and obtained design calculations the
tinal shape has been constructed. Finally the fatigue life estimation of the

mechanism has been done.

As a result, the finalized shape of the locking mechanism is developed. It
consists of two pieces and suitable for injection molding. It is shown that for
this specific forcing, single piece construction (monolithic) is not possible. It
is expected to have infinite life and accomplishes the force and strength
requirements according to the theoretical calculations. On the next chapter,

the validation of these expectations will be made.
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CHAPTER 5

FINITE ELEMENT MODEL (FEM) ANALYSIS AND
PHYSICAL PROTOTYPE TESTING

5.1 Introduction

So far all the calculations about forcing and deflection characteristics were
theoretical. The validation of these calculations is critical before the design
is put into practice. For that reason, in this chapter, finite element analysis
and prototype testing procedures will be carried out. Both steps are
important with their different outputs. For example, although stress states
will not be an output of the prototype tests, their operation characteristics
will provide information about the behavior of the living hinges. Stress
output of -the FEM analysis will be an input to the fatigue analysis and that

is also critical to satisfy the life requirement.

5.2 Finite Element Model (FEM) and Fatigue Life Estimation

In order to confirm the results that are calculated theoretically FEM of the
mechanism will be constructed and analysis based on the design criteria
will be conducted. A commercial computer software for finite element

analysis (Ansys ®) will be used. Since the mechanism is symmetrical about
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vertical axis, only the right half (one segment) will be analyzed and the
force values will be doubled. Material properties are entered accordingly

and the FEM of the segment is shown in Figure 5-1.

Figure 5-1: FEM Model of the Right Segment

The mesh construction of the model is analyzed and it is seen that 4920
mesh elements (most of them are quad) and 15616 nodes are created. The
quality of the elements is also analyzed and average element quality comes

out to be 0.991 on the scale of unity Figure 5-2.
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Figure 5-2: Information on Mesh Element of the FEM

Next step is to define the boundary conditions and forcing. The segment

involves one cylindrical joint and one vertical force. The pin joint where the

"7

force is applied has degrees of freedom of translation at “y” and rotation at

“z” Figur

e 5-3.

Figure 5-3: Boundary Conditions and Forcing
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The outputs of the analysis are stress distribution and required force input.
Maximum stress on the segment occurs in the middle areas of the segment
and it is around 48.7MPa (Figure 5-4). Comparing with the yield strength of
the material, safety factor for static failure comes out to be 1.5 that is
acceptable. The fatigue life will be investigated based on this maximum

stress value on the next subchapter.

Figure 5-4: Stress Distribution of the Deformed Shape

The input force (Fin) and the force on each segment (Fean) which are
acquired from FEM analysis and theoretical calculations are plotted on

Figure 5-5.
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Figure 5-5: Variation of Input Force (Fin) and Force on Each Segment (Feach)

along Deflection Path (Theoretical and FEM Results)

Analysis results are consistent with the theoretical calculations hence the
forcing calculations can said to be quite accurate. Since the validation of the
calculations is done and the static failure risk is eliminated the FEM
analysis is accomplished. On the next subchapter fatigue analysis will be

carried out using the maximum stress level obtained from this analysis.

5.2.1 Life Estimation

The fatigue life of the mechanism is quite important for safety regulations
as stated before. Therefore the calculations will be carried on properly as
required. Maximum stress level that is obtained from the finite element
analysis will be utilized. Since the mechanism will be locked during most of
its life, it will be manufactured on that position. Thus stress relaxation and

creep effects are aimed to be minimized. This fact leads to the conclusion
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that the minimum stress occurred is zero. Using these values, alternating
stress (0a.) and mean stress (Om) can be evaluated from equations (2.7) and

(2.8), as follows:

Oy = 0, = J";“x = 42'7 = 24.35MPa (5.1)

Equation (2.8) can be rearranged to get the safety factor by taking the
endurance limit (S¢) equals 0.3 times Sur. That average value that is
explained on equation (2.5) is considered to be safe since the fatigue
strength of the material POM is known to be quite well. Also inserting

other parameters it can be written that;

SF = 22T

13 O-max

(5.2)

SF = 0,74 (5.3)

Safety factor that is smaller than unity points out to finite life. Now the life
must be checked whether it is safe for life requirements or not. The life of
the mechanism can be found by analyzing the curve given on Figure 5-4. By
matching the maximum stress amplitude with the number of cycles to
failure, one can find out that the life will be almost 2x10°. That life is safe

since the requirement dictates that this value must be larger than 5x10*.
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Figure 5-6: S-N Diagram of Extruded (Dashed) and Molded (Intermittent)

POM (Delrin) [36]

5.3 Physical Model (Prototyping)

The validation of the theoretical calculations has been carried out one more

time with the physical prototype. 3-D model described on the Figure 4-12 is

produced by rapid prototyping. Selective laser sintering (SLS) method is

utilized due its ability to cover wide range of materials. INNOV’PA 1550 is

chosen because of flexibility and strength requirements.

The experiment setup (Figure 5-7) is basically prepared to measure the

input force (Fin) that is required to deflect the mechanism for a specified

amount. A dynamometer is placed at a mobile platform right at the middle

of the mechanism.
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Figure 5-7: Experimental Setup

With the movement of the dynamometer the mechanism deflects and the
input force increases. The data are read for each Imm increment. The data

that are obtained are plotted with the theoretical expectations (Figure 5-8).
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Figure 5-8: Variation of Input Force (Fin) along Deflection Path (Theoretical

and Experimental Results)

Experimental results are in agreement with the calculations made from the
theoretical derivations. Slight deviations from the theoretical results may be
caused by the accuracy of the measurement device (dynamometer) and the

setup construction.

Beyond numerical comparison, measurements indicated some non-numeric
facts. One point is the performance of the living hinges. Although life
expectancy from the prototypes is not possible, during experiments living
hinges operated quite well for tens of times. The off plane or transverse
deformations were not observed i.e. the middle hinge always translated
linearly. Another point is the importance of mounting the mechanism. The
force output can vary significantly by changing the position or the
orientation of the fixed parts. Last issue that must be pointed out is the

symmetrical deflection expectation that was successful during experiments.
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CHAPTER 6

CONCLUSION & FUTURE WORK

6.1 Conclusion

Here on this study, one application of compliant mechanisms on
functionally binary pinned-pinned (FBPP) segments has been presented. In
order to get the deflection characteristics of the segment, it has been
divided into two fixed-pinned parts and the exact solution is obtained. The
half segment is modeled by pseudo-rigid-body model (PRBM) through a
newly proposed method called “arc fitting”. Further calculations have been
carried on accordingly in order to get a feasible and durable locking
mechanism that will be utilized in dishwashers. Physical constraints such
as space limitations, forcing requirements and material supply have been
considered and the final model has been designed. It is composed of two
segments connected to each other and to the ground by pin joints. Static
and dynamic failure risks have been examined and ruled out. Finite
element model (FEM) analysis and physical prototype measurements have

been carried out in order to validate the theoretical results.
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The results obtained from the calculations and measurements were in
agreement. Starting with the PRBM construction to realizing the physical
model, the errors introduced were seemed to be negligible. Hence the
design method presented on this study has been shown its validity.

The application of bistable mechanisms as locking devices is common in the
market but systematic synthesis of a compliant bistable locking mechanism
is distinctive in literature. For different applications, one can carry out the
presented steps to design locking devices in accordance with their specific

requirements.

6.2 Future Work

As specified before only one application of FBPP segments is focused on
this study as a locking mechanism. There can be other applications of these
segments such as clutches, brakes, switches etc. One can chose a different

application area to design for different mechanisms.

The method of constructing the PRBM proposed here was called “arc
titting” and basically depends on fitting a circular arc on the deflection path
of the pin joint. Among this and other current methods one can develop a
different method by choosing any parameter as the input parameter.

Different modeling methods will obviously provide different advantages.

The final mechanism is designed to be lumped compliant (like rigid body
joints equivalent but the joints are living hinges) but that is apparently not a
necessity. The design can be non-monolithic (joints are indeed rigid pin

joints) as well. For further applications, this can be considered as an option.
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APPENDICES

APPENDIX A: ELLIPTIC INTEGRAL SOLUTION
METHODOLOGY

Incomplete elliptic integral of the first and second kinds are defined by the

following two equations respectively:

e deo
Flo, k) = 0 V1—-k2sin26

E(p k)= ff\/l — kZsin2 0

There are no known elementary solutions to these kinds of equations but
the numerical calculation process is straightforward. The method is
described by King [37]. He has also shown that the method converges to the
solution rapidly and as precise as desired by setting the calculation error

beforehand.

The numerical process takes the variables modulus (k) and amplitude (¢) as

the inputs and manipulates until the error reduced to the predefined level.

97



The iterations are carried out according to recurrence formula defined by

the Landen’s scale of increasing amplitudes as such:

bi
tan(@;41 — @;) = a—itan(%) Pi+1 > Py

1
Qiv1 =7 (a; + b;)
bi+1 =+ a;b;

1
Cit1 =5 (a; — b;)

The initial values of these coefficients are given as:

a0:1
b0=\/1_k2
Cozk

The iterations are carried out (n times) until cn becomes as less as desired.
During iterations to ensure that the correct ¢ is evaluated considering the

related constraints, a correcting procedure must be applied as such:
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((pi+1)corr = @iy Tt Mmn

Where;

20: — ©:
m = rounding of Pi” Pin to nearest whole number
/[

Then using the final coefficients, elliptic integrals are evaluated from the

following relations:

Flp,k) =25
1 .
E(p,00) = 2 (1 = 137 2icd)
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APPENDIX B: VBA CODE ON ELLIPTIC
INTEGRAL SOLUTION

The VBA codes written to evaluate elliptic integrals in MS EXCEL® are

presented below.

1. VBA CODE TO EVALUATE INCOMPLETE
ELLIPTIC INTEGRAL OF THE FIRST KIND

Function incomp_ell_int_second_kind_evaluate(modul, amp, Optional error As

Double = 10 ~ (-16))

‘Function that takes the module and the amplitude (and also calculation error if desired) as

the input and returns the incomplete elliptic integral of the second kind

Dim sum1, sum2, check_old, check, a(), b(), (), fi(), m(), fi_corr(), r As Double

Dim i, u, j, k As Integer

Dim comp_frst, incmp_frst, incmp_frst_corr, incmp_scnd_corr As Double

ReDim a(u), b(u), c(u), fi(u), m(u), fi_corr(u)
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r=1

If modul >1 Then

amp = WorksheetFunction.Asin(modul * Sin(amp))
modul =1/ modul

r =modul

End If

If amp > (WorksheetFunction.Pi / 2) Then
Do Until amp <= (WorksheetFunction.Pi / 2)
amp = amp - WorksheetFunction.Pi

j=j*1

Loop

End If

If amp <0 Then

Do Until (-WorksheetFunction.Pi / 2) <= amp
amp = amp + WorksheetFunction.Pi

j=j-1

Loop

If amp < 0 Then
amp = -amp
k=-1

End If

End If
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a(0)=1

b(0) = Sqr(1 - modul * 2)
fi(0) = amp

fi_corr(0) = amp
m(0)=0

suml = modul " 2

sum2 =0

check_old = amp

¢(0) = modul

Do While c(i - 1) > error

ai)=(a(i-1) +b(i-1))/2

b(i) = Sqr(ai - 1) * b(i - 1))

c)=(a@-1)-b@-1))/2

fi(i) = Atn(Tan(fi_corr(i- 1)) *b(i- 1) /a(i - 1)) + fi_corr(i - 1)

m(i) = Round((2 * fi_corr(i - 1) - fi(i)) / WorksheetFunction.Pi, 0)

fi_corr(i) = fi(i) + WorksheetFunction.Pi * m(i)

suml =suml+2"i*c(i) "2

sum2 = sum?2 + ¢(i) * Sin(fi_corr(i))

check = fi_corr(i) /2 ~ i/ a(i)

If check - check_old <-(10 * (-16)) Then
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Exit Function
End If
check_old = check

i=i+1

Loop

comp_frst = WorksheetFunction.Pi/ (2 * a(i - 1))
comp_scnd = comp_frst * (1 - sum1/2)
incmp_frst=fi_corr(i- 1)/ (a(i-1)*2 " (i- 1))

incmp_send = incmp_frst + sum2 - suml1 /2 * incmp_frst

incmp_frst_corr =r* (2*j* comp_frst + k * incmp_frst)

incmp_send_corr =2 *j * comp_scnd + k * incmp_scnd

If r=1 Then

incomp_ell_int_second_kind_evaluate = incmp_scnd_corr

Elself r = modul Then

*

incomp_ell_int_second_kind_evaluate = (1 / modul) (incmp_frst_corr +

incmp_scnd_corr)

End If

End Function
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2. VBA CODE TO EVALUATE INCOMPLETE
ELLIPTIC INTEGRAL OF THE SECOND KIND

Function incomp_ell_int_first_kind_evaluate(modul, amp, Optional error As
Double =10 * (-16))
‘Function that takes the module and the amplitude (and also calculation error if

desired) as the input and returns the incomplete elliptic integral of the first kind

Dim sum1, sum2, check_old, check, a(), b(), c(), fi(), m(), fi_corr(), r As Double
Dim i, u, j, k As Integer

Dim comp_frst, incmp_frst As Double

u=20

ReDim a(u), b(u), c(u), fi(u), m(u), fi_corr(u)

r=1

If modul >1 Then

amp = WorksheetFunction.Asin(modul * Sin(amp))
modul =1/ modul

r =modul

End If

If amp > (WorksheetFunction.Pi / 2) Then
Do Until amp <= (WorksheetFunction.Pi / 2)

104



amp = amp - WorksheetFunction.Pi
j=j+1

Loop

End If

If amp <0 Then

Do Until (-WorksheetFunction.Pi / 2) <= amp
amp = amp + WorksheetFunction.Pi

j=j-1

Loop

If amp <0 Then
amp = -amp
k=-1

End If

End If

a(0)=1

b(0) = Sqr(1 - modul * 2)
fi(0) = amp

fi_corr(0) = amp
m(0)=0

suml = modul " 2

sum2 =0

check_old = amp

¢(0) = modul
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Do While c(i - 1) > error

a(i)=(a(i-1)+b(@i-1))/2

b(i) = Sqr(a(i- 1) *b(@i- 1))

c@)=(a(i-1)-b@i-1))/2

fi(i) = Atn(Tan(fi_corr(i- 1)) *b(i- 1) /a@i - 1)) + fi_corr(i - 1)
m(i) = Round((2 * fi_corr(i - 1) - fi(i)) / WorksheetFunction.Pi, 0)

fi_corr(i) = fi(i) + WorksheetFunction.Pi * m(i)

suml =suml+2"i*c(i) "2

sum2 = sum?2 + ¢(i) * Sin(fi_corr(i))

check = fi_corr(i) /2 ~ i/ a(i)

If check - check_old <-(10 * (-16)) Then
Exit Function

End If

check_old = check

i=i+1

Loop

incmp_frst=fi_corr(i-1)/(ai-1)*2"(1-1))

comp_frst = WorksheetFunction.Pi/ (2 * a(i- 1))

incomp_ell_int_first_kind_evaluate =1 * (2 *j * comp_frst + k * incmp_frst)

End Function
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APPENDIX C: SNAPSHOT OF NUMERICAL

CALCULATIONS
X:= y =
1 1

1 0.837 1 0.466 --> Set of Data Points

2 0.83 2 0.474

3 0.824 3 0.483

4 4
n:=9t --> Number of Data Points
Xy j= 0. yg j==0.0! --> Initial Guesses

"Given-Find" routine to evaluate the equations numerically:

(** Nonlinear Lenenberg-Marquardt method is utilized.)

8 [T b= o] |-
oy 21 Js -0 u)2+(yi-YO_i)2—%!%J(ﬁ o * [y -YO_i)Zﬂz -

% . d( | i)_(0.211203
o =Findg Yo i) = -0.01015

n

= iuz J(xI ~xg)” + (v, - o) = 0.786387

i=1

107



APPENDIX D: a¢ vs. A© PLOTS FOR DIFFERENT
CURVATURE VALUES (Ko)

y = 2.80463x %

4 R? =0.98994
y = 0.45066x2 + 2.24013x
23 R?=0.99962
(xt

7

2 Golden Section
1 /
0

0 0.5 1 1.5 2

JAY)

6
5

.
= 2.83398x
v -

A =0.98935
y = 0.47129x2 + 2.24899x
atz 3 4 R? = 0.99949

2 = Arc Fitting

0 0.5 1 15 2

A

Figure D-6-1: Force (Non-dimensionalized Load Factor [a¢]) — Deflection
(Pseudo-Rigid-Body Angle Difference [A@]) Characteristics for Ke=0.50
Obtained by Golden Section and Arc Fitting Methods Respectively
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5
|

A y = 2.82061x -
R?=0.99171

3 1 y=0.47565x2 + 2.30182x |
2 R?=0.99977
at 2 /

e Golden Section

1
0
0 0.5 1 15 2
Ag
> |
y = 2.85465x
4 =

R?=0.99125
sl y = 0.49868x? + 2.31663x /

R? = 0.99969 -
a,? i /
e Arc Fitting

0 0.5 1 1.5 2

Ag

Figure D-6-2: Force (Non-dimensionalized Load Factor [a¢]) — Deflection
(Pseudo-Rigid-Body Angle Difference [A@]) Characteristics for Ke=0.75
Obtained by Golden Section and Arc Fitting Methods Respectively
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4 o5
y = 2.88620x =

5 R? = 0.99129 P

-
a2 y = 0.54539x2 + 2.34487x M
2 R? = 0.99980

= .
/ Golden Section
1
0
0 0.2 0.4 0.6 0.8 1 1.2 14
AY)
5
4 T L
y =2.93302x ~
R%=0.9907
: -
2 y = 0.57808x2 + 2.36746x %@q
o .
t 5 R*=0.99971
f"’f Arc Fitting
1
0 f
0 0.2 0.4 0.6 0.8 1 1.2 14

Ag

Figure D-6-3: Force (Non-dimensionalized Load Factor [a¢]) — Deflection
(Pseudo-Rigid-Body Angle Difference [A@]) Characteristics for Ke=1.00
Obtained by Golden Section and Arc Fitting Methods Respectively
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T
y = 2.96400x
R?=0.99131

3
y = 0.62540%2 + 2.40497x
R?*=0.99984
2

fﬁ Golden Section

0
0 0.2 0.4 0.6 0.8 1 1.2 1.4
5
4
y = 3.02691x
3 R? = 0.99067

y = 0.67305x2 + 2.43645x

2
at 5 L R?=0.99975 f

7 Arc Fitting
1 f
0
0 0.2 0.4 0.6 0.8 1 1.2 1.4

A

Figure D-6-4: Force (Non-dimensionalized Load Factor [0+]) — Deflection
(Pseudo-Rigid-Body Angle Difference [AG]) Characteristics for Ko=1.25

Obtained by Golden Section and Arc Fitting Methods Respectively
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y = 3.05556x ;5

3 R2=0.99156
y =0.71931x2 + 2.48376x /

2,5 R? = 0.99987 %"‘
Q,
1 #f Golden Section

0

0 0.2 0.4 0.6 0.8 1 1.2
4

-
3 y = 3.14012x A
R? = 0.99080 /
y = 0.78976x2 + 2.52747x f*"
2, - R? = 0.99979
a, yﬂf

) - _ Arc Fitting
0

0 0.2 0.4 0.6 0.8 1 1.2

Ag

Figure D-6-5: Force (Non-dimensionalized Load Factor [a¢]) — Deflection
(Pseudo-Rigid-Body Angle Difference [A@]) Characteristics for Ke=1.50
Obtained by Golden Section and Arc Fitting Methods Respectively
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APPENDIX E: ERROR VALUES FOR VARIOUS

CURVATURES (ko) AND FIXED PIN JOINT
ROTATION (AB0=45)

0.0011
0.0010 Ly -
0.0009 - e -
0.0008 -
0.0007 Txg
0.0006 o . Ab/L
X
0.0005 Arc Fitting . -
0.0004 - Golden Section
0.0003 -
0.0002 -
0.0001 *x
0.0000 . xy,l,xxxxfxxxx%xxx,(*wsE;;x“xxxxxxxxxxx*;exxxx* |
0 5 10 15 20 25 30 35 40 45
A8,
Figure E-1: Error Comparison for AB=45° and Ko=0.50
0.0009
0.0008 B SR
0.0007 . ., i
0.0006 x Tx -
0.0005 U S Ab/L
0.0004 ) x Arc Fitting e
0.0003 - Golden Section T
0.0002 -
0.0001 x.
0 Ko g XRKKKKXXKKK K K g KHKKKKKKKKKK K ey X KKK
0 5 10 15 20 25 30 35 40 45
N,

Figure E-2: Error Comparison for AB=45° and Ko=0.75
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0.0008 r

0.0007 -
0.0006 o -
0.0005 - T,
0.0004 * e *
0.0003 ) « Arc Fitting
00002 - Golden Section I
0.0001 -
0 I**xy*xX**T***mexxx**Xyx*xxxxfxxxmfxxyx\fx***
0 5 10 15 20 25 30 35 40 45
A8,

Ab/L

Figure E-3: Error Comparison for AB=45° and Ko=1.00

0.0008 .
0.0007 i
0.0006
0.0005 T '
0.0004 . « Arc Fitting -
0.0003 > - Golden Section | -
0.0002  * i
0.0001 = i
0 XXX I g I K X KK |
0o 5 10 15 20 25 30 35 40 45

X

Figure E-4: Error Comparison for AB=45° and Ko=1.25
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0.0010
0.0009
0.0008
0.0007
0.0006
0.0005
0.0004
0.0003
0.0002
0.0001
0.0000

x X XX XXX x o
%% x
xx‘ x!
=
=

.=~ x Arc Fitting I

L - Golden Section i
Wx%m&mwm%-
0 5 10 15 20 25 30 35 40 45

A8,

Ab/L

Figure E-5: Error Comparison for AB=45° and Ko=1.50
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APPENDIX F: MATERIAL SPECIFICATIONS OF
POLYOXYMETHYLENE (POM)

Product Information

11D
Delrin®

acetal resin

PRELIMINARY DATA
Delrin®* DE7057 NC010

Delrin® DET057 NCO10 is a modified medim viscosity resin for general purpose use.

Property Test Method Tnits Valme
Mlechamical
Yield Siress IS0 527-1/-2 MFa
F0mm/'min 73
Yield Sirain IS0 517-1/-2 %
50/ min 12
Mominal Strain at Break IS0 527-1/-2 %
S0mm/'min 15
Sirain at Break IS0 527-1/-2 %
F0mm/min 40
Tensile Modulus IS0 527-1/-2 MPa
Immmin 3400
MWotched Izod Inopact IS0 18V1A ETiml B
Thermal
Melting Temperature IS0 31460 “C 178
Flow
Mzl Flow Rate 150 1133 g'10 min 14
| Other
Density IS0 1183 kg/m3 1420
Processing
Meli Temperature Range IS0 204 “C 210220
Processing Moishure Content % <2
Hald Preszure Fange MFa B0-100
Coregact Dol for MEDS, genend juidss sadvor st inforon ayou vestilitios, bandling, purging, dryig, oo
M g 831 137 (THF) unless otherwise stnal.

The above data are preliminary and are subject to chanpe as additienal data are developed on subsequent lots.

Dﬂhn'nlmhnpmdtm 030728591117
The Telrmiation prrviae] 1 s Snl ol Sotapurncs 1 et kncon g o B vebjoct 41 B St o 13 bl it 1o Trdermut ity 1 Seljoet b e 4 o

=d becomes mvilable. The dets prerv ded fadd sethin the normeal mrge of prodact propertzo snd relaie oy 4o the speciic nussrial deigmiod;
b ey ot b e o suach e s i sorsburadson with way e Tuleriab or e o iy procos, uslon srprety mdicaiad attersin. The da
pronvi o nbwnld ok be ed 4o extabisd mecification it or wed alone u the bads of deege; fary a oo ietended o et (o s ieding yos ey o 0
sondect tn determine for yomrell the netabelity of & pasic mairial for oo mricus popes Smer Dl cemet aelicpat sl vrisbon 0 scus ond-oe
conditioes Dhufoni makes oo warmenises snd seemes oo Hebi by m commection with sy ese of this isformebon. Hotlbing in i publication i ks be comiderad e
licones ke operais under or & rocommendation W ixfrnge ey peomt Aght. Cautios: Do ol s Eis product m metc applsctions ol pomann impleon
im the heman bady. For aiber medical spplications soe *Thaifont Medicsl Castion Staierment®, H- 51459 or B-S0802
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APPENDIX G: MATERIAL SPECIFICATIONS OF
INNOV’PA 1550

-+ --— FE€E€ Mol Dt Shees
PFrotntygmana Exprrts

Polyamide fine compasite powder PFPO3:
Innov'PA 1550 for systems of Rapid Prototyping

Description, Applications :

Innovw'PA 1550 is = fine powder based on polyamide 12 (thermoplastic) especially formulated to
function on rapid protetyping systems by laser sintering or radiation. It enables to obtain productions
of models and functional parts in "plastic engineering” with long cycle of life and excellent chemical
resistance.

This polyamide powder gives final productions in natural color {white-cream towards the yvellow in
mass).

Innov'PA 1550 is based on a new formulation with improved medhanical characteristics. The whole of
the improvements of the mechanical properties gives a better cohesion of the layers invalving 3 more
plastic behavior and responsive mechanics of the parts manufactured approaching the injected one.

A simple blasting of the part obtain is enough, these parts can be finished and painted if neaded.

A refinad specifies granulometry, precise and very tightened allows to obtain an excellent resolution of
contour and surface,

These innovative properties make possible to consider Rapid Manufacturing.

The process ability of the powder on the rapid prototyping systems is optimized: thus all the powder
of a building can be re-used after sifting. The refreshing factor for regeneration, because of the
adapted formulation of Innov'PA 1550, is lowser than the usual rates used on the various systems of
rapid prototyping.

The typical applications of Innov'PA 1550 are parts and models of design, functional, predse,
requested mechanically, chemically and in temperature.

+*  Granulometry refined around 45 pm

* Excellent resclution of contour and surface for Rapid Manufacturing

= Mechanical properties and medchanical behavior such as injected parts
= Exploitable on any type of system of prototyping: Pluri-manufachurers
* Use continues powder cydes sifting-regenerating

* Regeneration factor lowered

+ Aspect and natural coloring of the product, cohesion of layer

* Chemical resistance of Polyamide 12

+  Economic cost of exploitation (ratio @ Powder/ Number of building)

*  Provisioning independent of the manufadurers

DMt St Snne'P, 1) ENG SEstOT 152 ERCERIEC ash
mmummﬁ

F-SSEA0 Chassisu
W enrellar oy Foee : «33 (B)472 938 E7L
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Prodntynang Expearts

1. Generml Progerties :

rEmrEE Mafrod B Crastion BT U

Average particle sive Daffraction lesar 0= _ =30 pm

powder packed Density 23°C Muthod ExcelTec 05 003 g'cm’

Part density 23°C Mathesd RucwiTes 0.98 +0.05 ofcm’

Maoleture sbsorption 24 hes, 500% MR, 23°9C ASTM DEPD 0.50 £0.05 %

2. Themnal Properties ;

 rh— Amsco & Cxvslen L LT

TH Melting point bsC 181 < _ < 185 °C

T°g Glazing polnt =4 M 2 aC

Heat Defisction Temperature at 1.82 MPa AETHM D4R B6 1 °iC

T© Process axing mathod -14 £2 ac

[P (o 174 SC = 2)

3. Mechanical Properties ©

e = Mafhed & Concion Blsirie Vialus

Tensile strength 120 527 45 +1 WPz "

Young Modubhes 180 827 1530 £150 MPz”

Elongation &t break 150 527 16 £2 L

Flesuial Modulus 180 178 1350 £25 MPa”

Charpy - Impact strength 0179 Bhay; +2 KIfm="
0 o 34 s

Charpy — Notched Impact strength 180 179 6 0.5 K)fm=~

Shore Test (Shore D) 150 R 868 6B +3 Shore D

atwrasior afer smerw view B8 e

4. Chemical Resistances ;
Matrix In Pelyamide 12 with & good chemical resistance to alkaline, hydrocarbons, oils, gasoling's, gas oll and solvents,
Attack by the acide. Sealing of wall starting from 1.6 mm hickness,

5. Hecical Properties ©

N TE AT Marhes & Consinien e e
Violunme regitivity S0% HR, 23°C cE g 14 F*" Ohms/m
Horizontal and Vertical Surface Volurme resistivity CE 93 1.7 E*® Ohms

1E*® 1YY 1E*Y 1E? 1E*Y 1EYY0 1EYY 1EY? 1EYT 1EYY 1EY 1Y 1EYY 1EY? 1EM

6. Surface Finish @

S TR Hmied & Cxasnion L 4T
mEtural Coloretion Wigual ‘Wil craama b ysllow in mass
Upper Fadng processed & blasting,

kcata Bk 180 4287 9+1  um
Ly Fi fter Fnish

RpeT FRCNg Biter Reiaing 180 4287 21 ¥0.5 pm

Surface Ra S Ra

Thee mischanical groperties Gan wary &oconding B the poaBioning of e tensile bars, operetny ondibions and expokure pansmeters of Me SySiems used.,
Troitas ANGE FESE & BN CLrABTL BLAGE O GUr kdwlBge. TRy o NOL (il e S3007 SRABCTErIETNS of Mbkerisl B A06S FOL OIS § QuirBabes.

it stvaat I, LIS END Sap0F a2 BXLELTEE Saud
Elilﬂﬂ-_.ll_.-ﬂﬂm

F-E9EA0 Chaesew
e e Pace = #23 {473 908 £TL
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