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ABSTRACT

COLLABORATION AND COMPETITION IN PRESENCE OF IMPERFECT
INFORMATION AND NON-LINEAR PRICING

Karabasg, Siikriye
M.Sc., Department of Industrial Engineering

Supervisor : Assist. Prof. Dr. Segil Savaganeril

May 2012, 75 pages

In this thesis, a market is assumed with n competing buyers where price is an inverse
linear function of the quantity supplied to the market. The buyers get engaged in
Cournot competition, but may also collaborate on purchasing decisions from a sup-
plier. The supplier offers a quantity discount, as the quantity purchased increases unit
price decreases. Furthermore, the demand base in the market is uncertain, but the
buyers may get a signal of the demand. In this setting, the value of collaboration,

information sharing and non-linear pricing is analyzed.

Keywords:  Cournot Competition, Collaboration, Information Sharing, Non-linear

Pricing
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(V4

KESIN OLMAYAN BILGI VE Doé_RUsAL OLMAYAN FIYATLANDIRMA
KARSISINDA ISBIRLIGI VE REKABET

Karabag, Siikriye
Yiiksek Lisans, Endiistri Mithendisligi Boltimii

Tez Yoneticisi  : Yrd. Dog. Dr. Secil Savaganeril

Mayis 2012, 75 sayfa

Bu tezde, rekabet eden n adet alici ve bir tedarik¢inin bulundugu bir pazarda alicilarin
isbirligi kararlar1 calisilmaktadir. Uriin fiyat1 pazara arz edilen miktar arttikca azal-
maktadir. Alicilar pazarda Cournot rekabeti iginde olmakla beraber ortak bir tedarikgi-
den satin alma kararlar: iizerine igbirligi yapabilmektedirler. Tedarik¢inin uyguladig:
birim fiyat artan satin alma miktari ile diigmektedir. Piyasadaki talep belirsiz olmasina
ragmen, alicilar talep hakkinda ongoriidde bulunabilmektedir. Bu piyasa kogullar
altinda, igbirligi, bilgi paylagimi ve dogrusal olmayan fiyatlandirmanin alicilar ve

tedarikci tizerindeki etkisi analiz edilmektedir.

Anahtar Kelimeler: Cournot Rekabet, Isbirligi, Bilgi Paylasimi, Dogrusal Olmayan

Fiyatlandirma
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CHAPTER 1

INTRODUCTION

Business climate has rapidly changed because of globalization. Firms should become
more effective and efficient in operations to survive over many years when compared
to the last century. The main goal of businesses is not only decreasing cost, but
also becoming more responsive to the demand of end customers. In order to conquer
difficulties of market, firms should collaborate with each other. Collaborative firms

succeed to stand out in the market easily.

According to Prakash and Deshmukh [1], ¢ collaboration is a negotiated coopera-
tion between independent parties by exchanging capabilities and sharing burdens to
improve collective responsiveness and profitability. Specifically, inter-organizational
collaboration is defined as: a process in which organizations exchange information,
alter activities, share resources and enhance each other‘s capacity for mutual benefits
and a common purpose by sharing risks, responsibilities and rewards. Thus, com-
panies tend to focus on streamlining the cross-company processes from an extended
perspective of supply chain. The actual economic context forces the enterprises to

b

collaborate together to survive against an increasingly aggressive competition.

In the literature, collaboration is defined as being either horizontal or vertical. Types
and differences of collaboration can be seen in Figure 1.1. Horizontal collaboration
means that companies with similar characteristics (potential competitors) collaborate.
For example, Unilever and Kimberly Clark came together because they had similar
delivery addresses as 60-70 %. With this collaboration, combined deliveries to retail
outlet decreased logistic cost of them and increased delivery frequencies of outlets,

in-full and on-time performances. Vertical collaboration is coordination between the



buyers and the supplier in a supply chain. For example, Shell Chemicals Europe and
Bertschi AG, a Swiss Intermodal Transport company based in Diirrenédsch, successfully
redesigned the supply network of Shell’s petrochemical plant in Wilton/UK. System
infrastructure that allows real-time exchange of information between the collaborative
enterprises was an essential component of the collaborative relationship. By means of

vertical collaboration strong innovative impact, lower costs were achieved.

1. Vertical (chain)

1 external
SUPPLIERS
external internal external
COMPLEMENTING OWN COMPETITORS
COMPANIES, COMPANY R
y 2. Horizontal
fvg‘;tc“;?rk- external
+
Horizontal) v ST

Figure 1.1: Form of supply chain collaboration adopted from [2]

Many firms hesitate to share information with other firms although such a collabora-
tion provides important performance increase in the supply chain. The main reason of
lack of sharing is scare about abusing of the information. In fact, many supply-chain
related problems can be related to the lack of information sharing among supply chain
members. For example, sharing of demand information enables each of supply chain
firms to forecast accurately based on real demand. If all members of chain are willing
to share information with the others, each member will have less uncertainties and

more information about other parts of supply chain.

New systems and services that support collaboration and information sharing between
members in supply chains are more famous nowadays. These systems are examplified
as Quick Response (QR), Vendor Managed Inventory (VMI), Sales and Operations
Planing (S&OP), Collaborative Forecasting (CF), Just-in-time Management (JITM),
Collaborative Procurement, Collaborative Logistics, Collaborative Planning Forecast-

ing Replenishment (CPFR) etc.



Focus in this thesis is on analyzing benefits of collaborative procurement among com-
peting buyers in the presence of information sharing with the supplier. Information
sharing is a type of vertical collaboration (between the buyers and the supplier) in
this study. Through collaborative procurement, the buyers leverage their purchasing
power and obtain quantity discount from the supplier. Monopoly, collaboration and

no collaboration is analyzed separately.

The rest of the thesis is organized as follows. In Chapter 2, the related literature
is reviewed. Next, the structures of the model depending on information type is
characterized in Chapter 3. In this chapter, different settings such as deterministic,
no information for buyers and supplier, imperfect information for buyers and sup-
plier, imperfect information for buyers and no information for supplier is analyzed in
subsections. During these settings, buyers always compete with each other. Finally

summary of models and insights are pointed out in Chapter 4.



CHAPTER 2

LITERATURE REVIEW

In our study, we consider several concepts related to collaboration, competition and
information sharing. In this chapter, the previous works on the concepts most of which
are taken as a basis to this thesis are presented. They are grouped under separate
titles such as collaborative practices in the supply chains, collaboration and competi-

tion, non-linear pricing and channel coordination and information sharing.

Before starting the discussion on the previous or prior studies, it can be stated that
this thesis extends two papers in the literature. Firstly, it extends the study of Ke-
skinocak and Savaganeril [3] by determining the optimal procurement costs and infor-
mation sharing with supplier. Secondly, it extends the study of Li [4] by investigating

collaboration and non-linear pricing.

2.1 Collaborative Practices in the Supply Chains

There are different collaboration and information sharing reasons in the supply chains.
For example, firms can collaborate for procurement, forecasting or logistics etc. In

this section, different articles are reviewed.

Firstly, collaborative forecasting is reviewed. In the study of Aviv [5], the objec-
tive of Collaborative Planing, Forecasting and Replenishment (CPFR) is stated as
“to provide trading partners with the potential for streamlining their supply chain
operations, via the sharing of information, and the use of this information in opera-

tional planning and product replenishment.” In the study of Aviv [5], the potential



benefits of Collaborative Forecasting partnerships (one retailer- one manufacturer) are
stated when production capacity is the important concern. Aviv [5] enables to study
the potential benefits of collaborative forecasts by means of Linear Quadratic Gaus-
sian model which consists of inventory holding, shortage penalty costs, etc. Results

are listed as decreases in inventory levels and faster replenishment cycles.

Secondly, specific problems about collaborative logistics are studied in the paper of
Ergun et al. [6] and Krajewska and Kopfer [7]. Shippers and carriers collaborate
successively and they can be thought as buyers and suppliers. In [6], collaborative
logistics takes place when two or more shippers share lanes. The authors focus on
finding a set of tours connecting regularly executed truckload shipments with Lane
Covering Problem in mathematical model. The authors state that collaborative logis-
tics identifies and reduces costs that none of them are controlled individually in the
logistic system. With collaboration, the empty movements of trucks can be decreased
easily. For example, members in the network of Nistevo make 20% more profit when
the routes are combined. Krajewska and Kopfer [7] is different from Ergun et al. [6],
[7] deals with suppliers of operations while [6] deals with buyers. The paper presents
a model for the collaboration among independent freight forwarding entities. Model
is based on operational research game theory. The collaborative-integrated freight
forwarding firms can reduce the costs by subcontraction. The collaborative freight

carrier planning is of high practical importance in the modern transportation branch.

Finally, in the paper of Fry et al. [8], the model about Vendor Managed Inventory
(VMI) agreements is reviewed. There are lots of reasons such as reducing lead times,
delaying allocation of scarce products for implementing VMI. Retailers do not place
orders to the supplier because supplier can observe the customers’ demands and stocks
of retailers in VMI. In other words, retailers share information about demands and

stocks with supplier and this helps to increase performance of suppliers and retailers.

As stated in the introduction chapter, there are two types of collaboration such as
horizontal and vertical. The paper of [5], [8] has vertical collaboration (between the
buyers and supplier) , the other papers [7] and [6] have horizontal collaboration (be-

tween only the buyers or the suppliers). Collaboration between firms can be possible



about different subjects such as forecasting, logistics and procurement also. This
thesis makes a contribution about horizontal and vertical collaboration at the same

time.

2.2 Collaboration and Competition

Game theoretic analysis of collaboration and competition is reviewed in the papers
below. With substitutable product, competition between players is obtained. The

results of cooperation between players are analyzed in detail.

In model of Parlar [9], there are two decision makers competing for substitutable
products having random demands. Three different solutions are analyzed. These are
Nash Solution for two player, Maximin solution for players and solution with cooper-
ation between players. Firstly, in Nash solution, the players want to make maximum
profit so they play rationally in the game. Namely, the player will not lower his objec-
tive function for the purpose of lowering the other player’s objective function. Players
know all the parameters in the problems. Secondly, in Maximin solution, players be-
have irrationally. Specifically, the player will lower his objective function for lowering
the competitor’s objective function. Damaging value of objective function is possible
by acting irrationally. When first player wins the maximum value in game, the second
player will be damaged with maximum possible value also. Finally, in cooperation
between players, players cooperate to maximize a joint objective function of problem.
Cooperation means that there is no penalty cost for unit that is not satisfied for cus-
tomer’s demand. The other player will help to satisfy the quantity of demand. To sum
up, there are three solution examples for inventory problem with two substitutable
products having random demands. There are different situations in solutions such as

rationality, irrationality and cooperation between players.

Wang and Parlar [10] want to solve the lack of model in [9], in reality, the num-
bers of retailers are more than two. So that motivates them to model three-person
game theory model. The authors study the substitutable product inventory problem

when three or more retailers are present by using game theory concepts. When there



are three or more retailers, there may be two way demand transfers and coalitions
between players. This makes model very sophisticated so the purpose of introducing
this model to see optimal ordering decisions when substitutability and competition
exist instead of complexity. In non-cooperation part, players must make decisions
independently. There is no communication among retailers. In this case, when there
is substitution, the retailers order more than no substitution. When the difference
between sales price and salvage price is big, optimal order quantity is also big. When
m players act irrationally, the other players continue to game. In cooperation part,
the supplier may not incur lost sales penalty cost. So the players can switch their
excess inventory with other players to maximize joint objective functions. It can be
stated that when there is no substitution, the joint profit equals the own independent
profit, but when there is substitution, players save lost sales penalty cost by switching
inventory. In this part, the important result is that the optimal order quantity is less
than that when all the players work independently because of reduction of inventory.
To sum up incentive to cooperation is the saving in lost sales penalty costs and the
variability of demand of retailers. By means of three person game theory model, more
person model can be introduced easily. Optimal order quantities are changing accord-

ing to cooperation and side payments.

The paper of Keskinocak and Savaganeril [3] deal with a game theoretical approach
to study the interaction between two firms who are competitors at the end market.
[3] helps to understand which companies collaborate under which conditions and in
which time collaboration is attractive for companies. Horizontal collaborations are
analyzed between uncapacitated and capacitated companies. Uncapacitated buyer
means that there is no restriction on the procurement quantity. Supplier benefits
from procurement through increased sales and revenues when buyers are uncapaci-
tated. Capacitated buyer means that there is restriction on the procurement quantity
of buyers. According to buyers’ size, willingness of collaboration, impacts of collabo-

rations, benefits change.

Li [4], Zhang [11], Ha et al. [12], Li [13], Shang et al. [14] will be reviewed in the
information sharing part in detail, but it can be stated that, collaboration between

firms is obtained with sharing information in these papers.



2.3 Non-linear Pricing and Channel Coordination

Quantity discounts are fundamental pricing strategies. Quantity discounts related
with pricing has important roles about channel coordination in the supply chains. In

this thesis, pricing function is non-linear like in [3].

In the paper of Keskinocak and Savaganeril [3], cost, wholesale structure is similar
when compared with this thesis. The procurement cost is composed of supply price
for the first unit and the coefficient of discount. When the procurement quantity in-
creases, total procurement cost decreases. So quantity discount provided by supplier

results in collaborating procurement between two firms.

To develop pricing function and quantity discount model in this thesis, the papers
below are important also. In the paper of Abad [15], supplier encourages buyers with
quantity discounts. A model is formulated of the buyer’s response when the supplier
offers a temporary reduction in price. The buyer has price-sensitive demand like this
thesis and buyers want to optimize selling price and procurement quantity simulta-
neously while supplier also want to maximize its own profit. In the paper of Weng
and Wong [16], the model derives the optimal price schedule for a supplier whose
customers face price-sensitive demand. In the other paper of Weng [17], coordination
between the supplier with n buyers is modeled to analyze the impact of joint decisions

of players.

During the channel coordination in the supply chain, quantity discounts and contracts
have importance in the literature. Capacity- demand allocations are also important.
Because when there is a capacity problem in the market, firms are more competitive

for capacities and allocation rules are followed to solve the allocation rules fairly.

The paper of Heijboer [18] helps to allocate the profit or cost savings by modeling
game theoretic cooperation. Contribution to development of collaborative game the-
ory and clarification of member’s savings are analyzed. By means of Cooperative
Purchasing Game model, opening up the new prospects to players is very easy. The

advantages can be seen and setting up consortium can be easier. It is important that



the trust level will be increased by means of the model by reducing fear of setting up

consortium.

2.4 Information Sharing

In literature, there are variety of papers related with information sharing, but papers
that have vertical information sharing and game theory between supplier and buyers

are reviewed.

Li [4] studies a model with vertical information in horizontal competition. The paper
states that vertical information sharing has two effects namely direct and indirect ef-
fect. Direct effect occurs between parties which share the information. Indirect effect
occurs between other competing firms which do not share information and may only
infer the information from parties that involved in sharing information. The author
proposes a model of a two level supply chain in which there is one upstream firm,
the manufacturer, and many downstream firms, retailers. The downstream firms are
engaged in a Cournot competition such as this thesis. The retailers can choose to
share information or not. Moreover, the retailers behave different from each other
but in this thesis, the retailers give the same decision about information sharing. The
author states that the indirect effect of vertical information sharing is not analyzed
before his own paper. The results can be listed as: First, indirect effect encourages
the retailers if the shared information is about cost. In direct contradiction, when
the information shared is about demand, the retailers are discouraged. Second, the
direct effect always discourages the retailers from sharing the information. This thesis

extends Li [4] by adding collaboration and non-linear pricing.

Model of Zhang [11] is more restrictive than Li [4] in that it deals with only two
retailers while Li considers an arbitrary number of retailers. On the other hand, it
allows for differentiated goods and/or Bertrand competition, while Li [4] assumes iden-
tical goods and Cournot competition. The products can be independent, complements
or substitutes. After analysis, they have shown that, the type of downstream compe-

tition (Cournot or Bertrand) does not affect the optimal price of the manufacturer.



Different from [4], [11], this thesis, Ha et al. [12] study a setting with two manufac-
turers and two retailers. The authors study the incentive for information sharing in
the competing supply chains with production technologies that exhibits diseconomies
of scale (the forces that cause larger firms to produce goods and services at increased
per-unit costs). Two supply chains each consisting of one manufacturer selling to
one retailer and in this paper, Cournot and Bertrand competition is analyzed at the
same paper such as [11]. The results part of this paper show that information sharing
in one supply chain triggers a competitive reaction from the other supply chain and
this reaction is damaging the first supply chain under Cournot competition but may
be beneficial under Bertrand competition. Furthermore, for linear production costs,
information sharing hurts a supply chain under Cournot competition but may benefit

a supply chain under Bertrand competition when the information is accurate.

Li [13] studies the incentives for information sharing among firms in an oligopolis-
tic industry (in which a particular market is controlled by a small group of firms).
There is some uncertainty about either the demand function or the individual cost
functions. That paper proposes a model of a two level supply chain in which there
is one upstream firm, the manufacturer, and many downstream firms, retailers such
as [4]. The downstream firms are engaged in a Cournot competition. In the model,
effects of demand uncertainty, cost uncertainty are analyzed. As a result, when the
uncertainty is about a cost, there is the unique equilibrium. When the uncertainty is

about a demand, no information sharing is the unique equilibrium.

Shang et al. [14] consider the problem of sharing retailer’s demand information in a
supply chain with two competing manufacturers selling substitutable products through
a common retailer. Different from this thesis, competition is between manufacturers
not retailers. The paper proves that a larger production diseconomy (production cost
is increasing in volume, due to the limited capacity or input) or higher competition
intensity induces more information sharing. [14] is different from this thesis, because

there is information contracting in the supply chain.

10



2.5 The Contribution of the Thesis

As stated in the start of this chapter, it can be stated that this thesis extends two
papers in the literature. Giving the detailed similarities and dissimilarities between

these helps us understand the contribution of this thesis to this area of research.

Firstly, it extends the study of Keskinocak and and Savasaneril [3] by determining
the optimal procurement costs and information sharing with supplier. In the study
of Keskinocak and and Savasaneril [3], similar price and wholesale functions are used.
But different from this thesis, in wholesale functions, there is a spillover factor which
determines the additional discount buyer gets from the quantity purchased by the
other buyers. In this thesis, the spillover factor is equal to one. Procurement costs
that compose the wholesale prices are obtained optimally in this thesis. And infor-

mation sharing between supplier and buyers is one of the biggest differences.

Secondly, it extends the study of Li [4] by investigating collaboration and non-linear
pricing. The sequences of the models, price functions are very similar. Two models
have information sharing between supplier and buyers also. Dissimilarities are listed
as follows: (i) While information sharing decisions of buyers can be different in the
study of Li [4] (one buyer decides to share the information, the other decides to not
share), all buyers have same decision in this thesis. (ii)In the study of Li [4], while
there is a linear wholesale function, in this thesis with nonlinear wholesale function,

collaboration is added to the models also.

11



CHAPTER 3

MODEL

In our model, there is one supplier and a set of N = {1,....,n} buyers. Here, n
also denotes the cardinality of N. The buyers sell a homogenous product and they
are engaged in single-period Cournot competition. It is assumed that total quantity
supplied to the end market affects the price. As quantity in the market increases,
the price decreases. Buyers are allowed to consolidate their purchasing power to have

volume discount from the supplier.

Market price is modeled by P = a + 6 — bQ when 6 is a random variable with mean
0 and variance o2, E[f] = 0, Var(f) = 0?. The maximum value 6 can take is smaller
than a. Total supply provided by the buyers in the market is equal to Q = """, ¢;.

When price is equal to zero, total expected demand base in the market is 7.

Each buyer purchases from the supplier exactly the amount it will sell in the end
market. The only cost of buyers is the procurement cost from supplier. The sup-
plier offers a quantity discount to the buyers, the unit wholesale price is of the form
w(qi,q2, . qn) = 1 — c2(d_1-; ¢i) in collaboration setting and w(q1,q2,- - ,qn) =
€1 — c2q; in no collaboration setting. The unit wholesale price decreases depending on
both the procurement quantity of the buyer itself and the procurement quantity of the
other buyers. When total quantity procured is increased, wholesale price decreases

independent of which buyer increases the quantity (see Fig. 3.1)
The sequence of events is as follows:

1. Buyers may obtain a signal Y on the unknown parameter 8, and decide whether

to share it with the supplier. It is assumed that the buyers simultaneously decide

12
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Figure 3.1: Supply prices under collaborative procurement

whether to share information or not, and their decisions are aligned. The signal
received is the same for all buyers. Buyers also decide whether to collaborate or

not.
2. The supplier offers ¢; and co to the buyers.

3. Buyers decide on the corresponding quantities to purchase from the supplier.
The quantities are determined considering that there is Cournot competition in

the end market.

This is a three-stage game where the buyers and the supplier play sequentially and
the buyers in stage-3 play simultaneously. Buyers are the first movers. In the thesis,
stages 2 and 3 are studied as a two-stage Stackelberg game, called subgame, whereas
stage 1 is analyzed under a combination of scenarios. There are four different scenar-
ios depending on information type of the buyers and the supplier, and each scenario
is composed of three subscenarios, namely; monopoly, collaboration and no collabo-
ration. The outline of the scenarios is presented in Table 3.1. Under each scenario

(for instance, perfect buyer- perfect supplier vs collaboration) the game is analyzed as

13



Table 3.1: Scenarios

Deterministic No Info Imp. Buyers- Imp. Buyers-
Buyers-No Imp. Supplier No Info Sup-
Info Supplier plier
Monopoly D-M NBNS-M IBIS-M IBNS-M
Section 3.1.1 Section 3.2.1 Section 3.3.1 Section 3.4.1
Under Coll. D-C NBNS-C IBIS-C IBNS-C
Section 3.1.2 Section 3.2.2  Section 3.3.2 Section 3.4.2
No-Coll. D-NC NBNS-NC IBIS-NC IBNS-NC

Section 3.1.3

Section 3.2.3

Section 3.3.3

Section 3.4.3

follows. In the first stage of the subgame, the supplier determines the wholesale price,
i.e., ¢ and co values, that will maximize her profit. The supplier’s profit function
consists of only the revenue obtained from the buyers. The supplier is uncapacitated
and produces the total amount purchased by the buyers, > | ¢; = Q.

In the second-stage of the game under the corresponding ¢; and co values the buyers
get engaged in a game and decide how much to purchase. The profit function of a
buyer i is a function of ¢; and ¢;, j # 7. It is composed of Revenue-Cost, where the

cost is due to the wholesale price of the supplier.

Revenue; = (a+ 60 — bz i) Vie N
i=1
Cost; = (c1 — ¢ Z i) Vie N

i=1
Li=(a+0-bY a)a—(c1—c2)_ 4 Vie N
i=1 i=1

The second stage of the subgame between the buyers is a simultaneous game. In
the simultaneous game, for given c¢; and co values the best response functions of
the buyers, and the Nash equilibrium is determined. The equilibrium implies the
quantities that will be purchased by the buyers to be sold in the end-market. In the

two-stage subgame, first the decisions under the second stage are determined and then
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the decisions under the first stage are determined.

Under each scenario, the profit of the supplier and the buyers are as follows.Note that
in supplier’s profit function, depending on the information sharing scenario, ¢;, Vi €

N, can be a random variable.

Deterministic Model:

(i) Monopoly:

II,, = (a — bqg — c1 + c2q)q (3.1)
IL; = (c1 — e2q)q (3-2)

(ii) Collaboration:
Il; = (a — bz gi —c1+c2 Z qi) % (3.3)

o= (e a) > d (3.4)

(iii) No Collaboration:

II; = (a - bz ¢ — (1 — 244))qi (3.5)
I, = 3 (e — 2?) (3.6)

i

No information for the Buyers and the Supplier:

(i) Monopoly:

E[L,] = E[(a + 60 — bg — c1 + q)q] (3.7)
E[ll] = (1 — e29)q (3.8)
(ii) Collaboration:
E[IL] = E[(a + 0 — quz- — ¢ +CZZQi)Qi] (3.9)
E[ll] = (a1 —12012 da)d in21 (3.10)
i=1 =1

(iii) No Collaboration:
E[HZ] :E[(a—i—Q—qui —C —|—02qi)qi] (3.11)
Bl = Z(lczll— C2Gi)qi (3.12)

i=1

Imperfect Information for the Buyers and the Supplier:
(i) Monopoly:
BllL|Y] = El(a +0 — bg — e + c2)qlY] (3.13)
E[IL|Y] = (e1 — ca(alY))(q]Y) (3.14)

15



(i) Collaboration:

E[IL|Y] :E[(a"i'g_bz%_cl+C2Z(]i)qi|y] (3.15)
EL|Y] = (a - S‘Z quY)ZfﬂlY (3.16)

(iii) No Collaboration:

E[IL;]Y] = E[(a +0 - b i — 1+ c2q0) il Y] (3.17)
EILY) =3 (e = ea(@lY)(glY) (3.18)
=1

Imperfect Information for the Buyers, No information for the Supplier:

(i) Monopoly:

Ellln|Y] = Ef(a+0 —bg — c1 + c2q)q|Y] (3.19)
By [IL] = By[(c1 — c2q)q] = 1By [q] — 2By ¢] (3.20)

(ii) Collaboration:
E[IL|Y] = E[(a—I—O—qui —c +CQZQi)qi|Y] (3.21)

BylIL) = Byl - Y )Y d S abr(Y d - aby (Yo% (322

(iii) No Collaboration

EILY] = El(a+0 -5 g — 1 + eag)ilY] (3.23)
Ey[IL] = By[(cr — 2q) 3 d] (3.24)

It is assumed that in Stage 1 of the main game the buyers may obtain a signal Y,
where Y is an unbiased estimator of 8: E[Y|0] = 6. It is further assumed that the
expectation of 6 given signal Y is a linear function of the signal. Ericson [19] has
shown that E[f|Y] is a weighted average of prior mean E[f], if  and Y follows certain
distributions such as normal-normal. Below equation adopted from Shang et al.[14] is

used in the thesis:

1 ao?

FlolY|=—F|0 —_—
o1Y] 1+ ao? H+1—i—a02

Y = B(a,0)Y

where E[f] = 0 assumed earlier. The signal accuracy is « defined as o = W.

It is assumed that the signal is imperfect. This implies, it is assumed that E[0]Y] =

13_‘2202 Y. B(«a, o) is used instead of lf_‘g; for simplicity. When « approaches to infinity,
B(a, o) goes to 1 and in direct contradiction, when « is equal to zero, S(a, o) goes to

0. This means that S(«,0) € (0,1).
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In the analysis, the summary of the notation used is as follows.

P : Market price

a : Maximum reservation price in the market

b : the market sensitivity to quantity

¢; - Quantity that buyer i procures Vi e N

q—i:
C1 .

Co .

The

Al

A2

A3

A4

A5

Quantity that other buyers procure —i = N\:
Cost parameter (Supply price for the first unit)
the coefficient of discount in wholesale price

the response of buyeri Vie N

: Profit of supplier
: Profit of buyeri Vie N

following assumptions are made throughout the analysis:

a,b > 0. These parameters that determine price are greater than zero. Buyers’
goal is to get profit from sales, so to avoid trivial cases these parameters should

not be zero or negative.

c1,c2 > 0, Supplier’s goal is to maximize own profit. The wholesale price should
not be negative because of quantity discount. If ¢y is negative, the wholesale

price will be increased with increasing procurement quantity.

b — € > co, where 0 < € < b. This assumption serves the purpose of allocating
the profits to the supplier and the buyer. As the analysis show, if ¢ = 0 then
this may leave the buyer with zero profit. As € increases so is the profit of the
buyer. Here, € can be thought of a agreed upon parameter that determines the
“depth of the discount” provided by the supplier to the buyers. How the e will

be determined may depend on the power of the parties.

a > c1. Maximum reservation price in the market is greater than or equal to

the supply price for the first unit to prevent negative procurement quantity.

P(® > —a) = 1. The random variable § can be negative or positive. It is
assumed that in either case, a is greater than 8. If 6 is normally distributed, it

is assumed that o2 is sufficiently small.
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3.1 Deterministic (D)

First as a building block, the analysis is made under the deterministic scenario. In
this part, there is no uncertainty on 6 i.e., Var(f) = 0. The procurement decisions
of n buyers and wholesale price decision of the supplier under collaboration and no

collaboration settings are analyzed successively.

3.1.1 Monopoly (D-M)

We first analyze the single supplier-single buyer (monopoly) model, where the supply
price is ¢; — coq. Under the deterministic monopoly setting, the profit of buyer is

expressed in equation (3.1).

Proposition 1 Under deterministic monopoly setting with one buyer, the purchasing

quantity is ¢ = (2&—_?2))'

Proof. The objective function is concave in q, hence, first derivative of II,, function

is taken with respect to ¢ to find optimal monopoly quantity.

OlL,,
dq

= (3-e0)

By assumptions A3 and A4, ¢ > 0.

=a—c —(b—c2)2q

a

Next we move on to analyze the decisions of the supplier. Profit function of supplier

is expressed as in equation (3.2).

Proposition 2 Under the deterministic monopoly setting, optimal c¢1 and ca values

that maximizes the supplier’s profit function are c¢j = b“—fe and c5 = b —e.

Proof. To find the ¢; and ¢y values that maximize II; under the monopoly setting,

the first order conditions (FOC) and second order conditions (SOC) are analyzed.
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The FOC yields,

ab + c1(ca — 2b)
2(b — 62)2

Olls/0cy = =0,

observing that 2(b — ¢2)? > 0, equivalently,

ab+ c1(cy —20) =0

ab
= 2
C1 o0 — e (3 5)
(a —c1)(c1(=3b+ c2) + a(b+ ¢2))
Olls/0cy = — =0
/ 2 4(b — 02)3
observing that 4(b — ¢3)® > 0, equivalently,
—(a—c1)(c1(=3b+c2) +a(b+c2)) =0
4a
=b(3— 3.26
@ ( a—+ 01) ( )

To find ¢; and ¢y that maximize II;, the following steps are taken. First note that, for
a given ci, say cl, the ¢z value obtained from equation (3.26), say ca(cl) will satisfy
the following:

I(e1, e2(et)) > (et c2).

Now consider the c; value obtained from equation (3.25) by placing ca(cl) to the right

hand side (RHS), call this ¢Z = c1(ca(cl)). Tt is obvious that ¢? will satisfy,

Iy(cf, ca(et)) = Ms(er, ez(er))-

Iterating over ¢; and co in this manner, in every iteration the value of Il will be

non-decreasing. Observing this it is now shown that ci** > ¢} and c5** > cb.

ab
a+cy
_ala+er)
 3a-—c
4a
5 = caler(dh)) =(b(3 - m))
2b—co
_b(b + CQ)
C 3b—c
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c1(ca(ch)) >" cf

ala+ci) - g
3a—c} !

ala+c1) > d(3a—ch)?
a? — 2act + (¢})? > 0

(a—c)2>0

Note that, from equation (3.25) ¢} < a for any cé_l < b. Next, we check whether cé“

)

ca(e1(ch)) > b holds.

ca(er(ch)) > b

blb+ec2) o,
3b — C2 = ©
(b* — 2acy + (c5)?) >7 0

(b—ch)(b—c5) >0

t+1

Since ¢! > ¢} and 4t

> cb, this implies ¢; values assume values on their upper
bounds (As stated in assumptions A3 and A4). However, note that it is possible that
either ¢ or ¢y approaches the boundary closer than the other. To check whether ¢y

or ¢y attains the boundary first, the following is checked.

1. Suppose, ¢ = a. Then ¢y is obtained as:

4a
2 26(3_ a—i—cl)
4a
:b<37 a+a)
=b

Note that the upper bound on ¢y is b — ¢ < b. This implies, co reaches the

boundary before ¢;. This is verified in the following.
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2. Suppose, co = b — €. Then ¢ is obtained as:

ab
2b — Cc2
B ab
T2 (b—e)
ab
b+e

=

ab
Note e < Q.

Thus the values that maximize II; are ¢5 = b — € and ¢} = ﬁbg.

O

Corollary 1 Under the deterministic monopoly setting the supplier is always willing

to give a discount, unless € = b.

Proof. If optimal ¢ > 0, then this means supplier is willing to give a discount. For

4a
a+tcy

cs < 0 to happen, the condition b(3 — ) < 0 must hold. This is equivalent to
c1 < §. However, note that when ca = 0, ci(c2) = §, which violates the condition
c1 < § Thus ¢y is always greater than zero.

a

: * * * a % __ a(b+2e) — a? R a?e
Under optimal ¢ and ¢, ¢" = 558, P* = S5 s = g i = e as

derived below,

«_ a—C _ a — (baji) _ a
T T o0 —c) 20-(b-e) 20+
a a(b+ 2e)
a=ba) ==t 5) = 5059
2
I = (c1 — c2q)q = (c1q — c2g?) = —
5 4b + 4e
* 2 2 (I26
ITY = (a —bg — c1 + c2q)q = aq — bq” — c1q + caq :m
Note that, limesoq = g5, limeyo P = 5, limesolls = Z—z, lim._,oII; = 0 while

lime_,9c1 = a, lim_,gco = b.
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3.1.2 Collaboration (D-C)

We start the analysis with determining equilibrium quantities. As stated in introduc-
tion collaboration between buyers is horizontal. In collaboration model, the buyers
pool their needs to obtain more reduction in wholesale price. When there is a collabo-
ration, quantity discount is obtained according to total purchasing quantity. Under the

deterministic collaboration setting, the profit of buyer i is expressed in equation(3.3).

Proposition 3 Under deterministic collaboration setting with n buyers, there is only
one equilibrium point expressed as (qn) = <(nﬁ)(§102)>
Proof. To obtain best response function of buyer 4, first derivative of II; function is

taken with respect to g;.

olIl;
dq;

—a—c1—(b—c2) 2+ ) g) =0
i#i

The best response of buyer i, ¢;, which maximizes II; given ¢_;,is as below:
qi(q—i) = ri(q—i)*
where 7 = max{x,0}.

a—ci—=by g +e2d g a—c 2yl

i(q—i) = = — Vi#ie N (3.27
Note that; when all buyers’ purchasing quantities are non-negative, r;(q—;) = 2‘;:;(1:2

which is equal to monopoly purchasing quantity.

Solving the system of equations in (3.27) yields,

a — C1

= T D)0 — )

given that under equilibrium Zj# q; < 7==. Consider the set of buyers C' C N.

Cc2

When the buyers get engaged in a game, the equilibrium quantity for buyer ¢ € C' is

expressed as,
a — C1

T D)
Note that for any C, under the condition b > ¢o (it s assumed that in A3), > jecly =

a—c a—c

ICliornt—e < b

;.This implies there cannot exist a group of buyers who will

come together, get engaged in a game and procure a quantity that will leave the other
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buyers with zero procurement quantity at equilibrium. Thus, in equilibrium all buyers

procure positive quantities as stated in the proposition.

Under 2 buyers setting, response functions can be seen in Figure 3.2

q2
Best response of ]
........... Best response of {2
il > q1
a—cy a—cj a—Cy
3(b—c2) 2(b—e2) (b—cz2)

Figure 3.2: Best Response Functions under a two-buyer setting for Deterministic
Model in Collaboration
a
When the g; is analyzed with respect to a, b, ¢; and ca:
e When b or ¢; increases, ¢; decreases. High b implies lower demand base (§) in
the market, and high ¢; implies high base wholesale price, both leading to low

purchasing quantity of the buyers at equilibrium.
e Similarly, when a or ¢y increases, ¢ increases. The parameter co denotes the

depth of the discount which leads to an increase in g;.

Next we move on to first stage of subgame and analyze the decisions of the supplier.

Profit function of supplier is expressed as in equation (3.4).

Proposition 4 Under the deterministic collaboration setting, optimal c1 and co val-

ues that maximizes the supplier’s profit function are ¢ = g<2bn;n(::1)€) and ci =
b—e.
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Proof. To find the ¢; and ¢y values that maximize I1; under the collaborative setting,
the first order conditions (FOC) and second order conditions (SOC) are analyzed. The
FOC yields,

n(—2c1(b+bn —c2) + a(b — c2 + bn — can))

Ol /dc; = =0,
/oer (b— c2)2(1 + n)?
observing that (b — ¢2)?(1 4 n)? > 0, equivalently,
n(—2c1(b+bn —c2) +alb—ca+bn—con)) =0
a,b—co+ (b+ca)n
= — 3.28
A= 0atm (3:28)
A1, /ey = _n(a—ci)(ez(er +an) —b(er — an + 2¢1n)) _0

(b= 21 + )2
observing that (b — ¢)?(1 4 n)? > 0, equivalently,
—n(a—c1)(ea(er +an) —b(e; —an + 2¢1n)) =0

(01 —an + 26171)

co=b (3.29)

an + c1
Note that the system of equations in (3.28) and (3.29) does not have a solution. When
the SOC are analyzed, it is observed that the II; function is not necessarily convex, or

concave. However it is conjectured that IIg is unimodal in ¢; and ¢y (See Figure 3.3).

Iterating over c¢; and cg in this manner, in every iteration the value of II; will be

non-decreasing. Observing this it is now shown that c’i‘H > ¢} and ct2+1 > .

1 _ iy @ b—cat (b+c)n
Cl —01(62(61)) _2( (b—02+bn) )
_a b B(REE) + (b (i) n
2 (b— (b(2=55)) + bn)
_ alatan)
“a(24+n) -

c1 —an+ 2cin
b= co(er(ch)) :b(an——l—cl)
arb—co+(b+co)n a s b—co+(b+co)n
O —on + 2 CHRIE
- a b—co+(b+c2)n
an + (§(S5EEEAn)
b(b+ c2(2n — 1))

- b—co+ 2bn
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Figure 3.3: II; under D-C setting, a = 10, b = 5, and two-buyers

c1(ca(ch)) > cf
alatdn)
a(2+n)—c !

2

(a* = 2ac) + (¢})?) >7 0

(a—c)a—c)>0

Note that, from expression 3.28 on page 15, ¢! < a for any ct2_1 < b. Next, we check

that bt ca(e1(ch)) > b is searched.

ca(c1(ch)) > b
b(b+ch(2n—1)) 4 ,
b—ch+2bn -

(b* — 2acy + (ch)?) >7 0

(b—ch)(b—cb) >0

Since ctl+1 > ¢} and cgﬂ > cb, this implies ¢; values assume values on their upper
bounds (As stated in assumptions A3 and A4). However, note that it is possible that
either ¢; or cp approaches the boundary closer than the other. To check whether ¢;

or ¢ attains the boundary first, the following is checked.
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1. Suppose, ¢; = a. Then ¢y is obtained as:

e :b(cl —an + 201n)

an + ¢
_b(a— an+2an)
- an + a

=b

Note that the upper bound on ¢y is b — € < b. This implies, co reaches the

boundary before c¢;. This is verified in the following.

2. Suppose, co = b — €. Then ¢ is obtained as:

b—C2+(b+C2)7’L>
2(b—ca2+bn)

~ab—(b—e)+(b+b—e€)n

=3 2(b— b+ e+ bn)

_af2m—(n—1)e
2 bn + €

a

5(

‘i

)

2bn—(n—1)e
Note (21<bn+e> < a.

Thus the values that maximize II; are ¢5 = b — € and ¢} = CQL(W)

O

Corollary 2 Under the deterministic collaboration setting the supplier is always will-

ing to give a discount, unless € = b.

Proof. If optimal co > 0, then this means supplier is willing to give a discount. For

co < 0 to happen, the condition b(m) < 0 must hold. This is equivalent to

an—+cy

c < li—gn However, note that when co = 0, ¢1(c2) = §, which violates the condition

an 3
c1 < 143,- Thus ¢ is always greater than zero.

a
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. bn+2e 2 2
Under optimal cf and c5, 4" = yzsy, P* = 29 11, = a1, = e as
derived below,
2bn—(n—1)
. a—c a—(%( s 6)) a
T =i Db—c) b—b+te G ED)
a a(bn + 2e¢)
P*=a-b =a—2> =
a (ql +q2 + +Qn) a (n (bn+e)) 2(bn+e)
*
T = (e = e Z% qu 4bn—|—4€
2
« a‘e
07 = (a — b( Z% (e1 —ea( Z(h qi T—I—e)
Note that, limes0q = 5, lime o P = &, lime oIl = %, limeoTl; = 0 while

lime_9c1 = a, lime_,gco = b.

Observe that as € increases, the supplier’s profit decrease while the buyers’ profit
increase. For € = b, the supplier does not give any discount, wholesale price w =
c1 = 5, and suppliers attains the lowest profit level. As e approaches 0, the discount
given by the supplier increases, however the buyers’ profit approaches to 0. As the

discount given by the supplier gets deeper (¢ — 0) the quantity purchased by the

buyers increase, and the maximum amount a buyer would purchase from the supplier

: a
1S Sbn

3.1.3 No Collaboration (D-NC)

In this part, there is no collaboration between the buyers. No collaboration brings
on the changes to functions, II; and II;. Buyers procure the quantities separately, so

wholesale price for each buyer is obtained accordingly.

Proposition 5 Under deterministic no collaboration setting, the number of equilib-
rium point changes depending on relation between b and cs.

(i)If b > 2cy , then there is only one equilibrium point on (nﬁﬁiﬁm

1 < 2¢9 en there are 2™ — 1 equilibria. The equilibrium points are character-
i) If b < 2co , then th 2" — 1 equilibria. The equilibrium point h t

iZ@daSm (CCN C#{})
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Proof. Profit function of buyer i is given in equation (3.5). To obtain the best

response function of ¢;, FOC is analyzed first.

oll;
dq;

=a—c1 + 2c2q; — b(2¢; + Z%’)
J#

qi(q-i) = ri(g—i)*

The best response function of buyer 4 is then,

B a—cl—sz#(f— a—c ij;ﬁiQ‘
rile-) = (—55 o ]—Q(bi;)— Q(bi@; ), (3.30)

The equilibrium is characterized as follows.
(i) b > 2¢y. Solving the system of equations in (3.30) yields,

a—cy

%= (n+1)b—2cy’

given that under equilibrium Zj 24 < “*. Consider the set of buyers C C N.
When the buyers get engaged in a game, the equilibrium quantity for buyer ¢ € C' is

expressed as,
o a — C1
O+ )b - 2¢5°
a—ci

Note that for any C, under the condition b > 2¢s, Zjec q; = |C| (‘0@5%17202 < %5

This implies there cannot exist a group of buyers who will come together, get en-
gaged in a game and procure a quantity that will leave the other buyers with zero
procurement quantity at equilibrium. Thus, in equilibrium all buyers procure positive
quantities as stated in the proposition.

(ii) b < 2c9. Under this condition, it is possible to show that for any C' C N, except
the empty set, the buyers in |C| may procure the equilibrium quantity ZjeC qj =

a

|C |m which is greater than 5. This quantity leaves the buyers j € N\C
with zero equilibrium quantity. This implies for every C' C N except {}, there will be
an equilibrium. For n = 2 the possible equilibria under b > 2co and b < 2¢5 is shown
in Fig.3.4.

a
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a2 — BEstresponse of g1 a2

........... Bestresponse of 9

> 11

a—c1  a—cy a—cy a—cy _a—cy a—ecy
3b—2co [ 2(b—ea) 36—2c5 2(b—ca) b

fa) (o)

Figure 3.4: Best Response Functions of ¢; for Deterministic Model in No Collaboration
(a) Multiple Equilibriums when b < 2¢; (b)Single Equilibrium when b > 2¢y

In the remainder of the thesis, it is assumed that under b < 2¢y and b > 2c¢y the
equilibrium quantity for buyer i is ¢; = (nfﬁiﬁm.

Next, optimal ¢; and ¢y is determined for the supplier. Note that, II,, as expressed in

equation (3.6).

Proposition 6 Under the deterministic no collaboration setting, optimal c1 and ca

values that mazimize the supplier’s profit function are ¢} = g(%ZL}Z;’) and c5 =b—e.

Proof. It is observed that, similar to the deterministic collaboration setting, Il is

not a concave function, but is possibly unimodal. First order conditions yield,

81_[5/861 = 0, 8H5/802 =0.

n(ab(l 4+ n) — 2¢1(b — ca + bn))

(n+ 16— 20,2 =0

81_[5/861 =

observing that ((n 4 1)b — 2¢9)? > 0, equivalently,

n(ab(l +mn) —2c1(b—ca+bn)) =0

_ _ab(n+1) af bn+1)
O —cattn) 2 (b(n—l— ) —02> (3:31)
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b+ 2co +bn) + c1(2c2 — 3b(1 +n)))
((n+1)b— 2¢)?

A1, /ey = — L= cnlal =0

observing that ((n 4 1)b — 2¢2)? > 0, equivalently,

— (a—c1)n(a(b+2ca +bn) 4+ c1(2c2 —3b(1 +n))) =0

b(3c1 —a)(1+n)
2(a+ 1)

Cy = (3.32)
Note that the system of equations in (3.31) and (3.32) does not have a solution. The
II; function is not necessarily convex, or concave. However it is conjectured that Il

in Figure 3.5 is unimodal in ¢; and ¢o. Note that for co =0, ¢; = % When ¢; in no

Figure 3.5: Il graph in D-NC model for given a = 10, b = 5, two-buyers

collaboration is compared with ¢; in collaboration model, there is a decrease.
Iterating over ¢; and co in the manner of deterministic collaboration, in every iteration

the value of Il will be non-decreasing, also.

+cb)
Ct+1261(62(6t)): a(a 1
! ! 3a—c

1+ n)b((n+ 1)b+ 2}
Cé+1 :02(61(03)) — ( ) (( ) 2)

6b(1 + n) — 4c,
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Observing this it is now shown that ¢ > ¢ and 5™ > cb.

c1(ca(ch)) >" cf

(@atch) o
3a—c} - 4

(a)(a+cf) >" ¢l (Ba—d})
a® — 2ac; + (c})? > 0

(a—c)*>0
Note that, from (3.31), ¢} < a for any c5 ' < b. bt = ca(c1(ch)) > b is searched.

ca(ci(ch)) >" e
(1+n)b((n + 1)b+ 2ch) St
6b(1 4 n) — 4ch 2

(14 n)b((n+ 1)b+2¢h) >7 b (6b(1 +n) — 4ch)

((n+1)b—2c5)((n +1)b—2c5) > 0

Note that it is possible that either c¢; or cs approaches the boundary closer than the

other. To check which ¢; attains the boundary first, the following is checked.

1. Suppose c¢; takes value at its upper bound: ¢; = a. Then,

b(3c;1 —a)(1+n)
2(a+c1)

b(3a —a)(1+n)
2(a+a)

—(1.5)b

Cy —

Since ¢; = a, co must take value outside the boundary, it is concluded that co

attains a value at the boundary, whereas c¢; does not.

2. cg is set to its boundary: co = b — €. Then,

a=3(RE) -5 ()

sit=r)

Note that ‘21< (”+1)b> < a, given that 0 < e <b. It is concluded that ¢; = b — € and

2(bn+e)

* a n+1)b
‘=3 (2((bn+)e)>
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Corollary 3 Under the deterministic no collaboration setting the supplier is always

willing to give a discount, unless € = b.

Proof. Supplier is willing to give a discount, if optimal co > 0. The condition

b(3c1—a)(14+n)
2(a+c1)

that ca =0, c1(c2) = % As a result, co is always greater than zero.

Cco = < 0 must hold, for co < 0 and this implies ¢; < % However, note

O

P — a(bn+2e¢) M. — a’n Il — a?e as

. * * * a
Under optimal ¢] and ¢3, ¢* = FCEDE 2nte) 115 T Tontde’ 11 T [dnte)?)

shown below:

. a—cq 2 2(bn+e a

T T (nt+Db—2c) (m+1)p—20—¢) 2(bn+e
nab  a(bn + 2e)
2(bn+e€)  2(bn+e)

n a a a2n
(nt Dby (o ) -

P=a-blg+q@+..+q)=a

IT; = 2(01 — 2;)(qi) = n(%(

2(bn +¢€) 2(bn+¢)'2(bn +e€)  4bn + 4de
CL26
I} = (a - bzﬂh‘ —c1+ )¢ = oy
i (4(bn + €)2)
Notease = 0, g = &, P =& T, = & TI; = 0 while lim. 0 ¢; = %) lim e = b

3.2 No Information for the Buyers and the Supplier (NBNS)

Under no information, buyers do not get any signal on 6 and so does the supplier. The
analysis shows that the results of this model is the same as the deterministic model.

Under imperfect information, only E[f] is defined.

Algebraic calculations are omitted in this section because of the same results in D-M,

D-C and D-NC model. Only the important results are stated again.
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3.2.1 Monopoly (NBNS-M)

Under no information, one buyer maximizes his expected profit (E[f] = 0) function

in equation (3.7). Purchasing quantity for one buyer, g, is obtained as below.

a — C1

) (3.33)

q:

Note that ¢ is not a random variable. Considering the buyer equilibrium purchasing

quantity in equation (3.33), under imperfect info, supplier maximizes his (expected)

profit in equation (3.8). Note that g and Il are invariant to realization of 6, thus these

functions are the same with deterministic ones. The ¢; and ¢y values that maximize
ab

IIg are ¢f = 2~ and ¢ = b —e.
1 b+e 2

3.2.2 Collaboration (NBNS-C)

Under no information, buyer i maximizes his expected profit (E[f] = 0) function in

equation (3.9). Equilibrium quantity for buyer i,q; is obtained as below.

a — C

CEmy 334

q; =

Considering the buyer equilibrium purchasing quantity in equation (3.34), under im-
perfect info, supplier maximizes his (expected) profit function in equation (3.10). Note
that ¢; and Il are invariant to realization of 6, thus these functions are the same with
deterministic ones.The ¢; and ¢y values that maximize 1l are ¢] = g(W)

and ¢ =b—e.

3.2.3 No Collaboration (NBNS-NC)

Under no information, buyer ¢ maximizes his expected profit function in equation

(3.11). Equilibrium quantity for buyer i, ¢; is obtained as below.

a=1 i (3.35)

n+1)b— 2co
Considering the buyer equilibrium purchasing quantity in equation (3.35), under no in-

formation, the supplier maximizes his expected profit function in equation (3.12).The

c1 and cg values that maximize Il are ¢ = § (2(bn+€)> and ¢ =b—e.
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3.3 Imperfect Information for the Buyers and the Supplier (IBIS)

Buyers obtain a signal Y about 6, where Y is an unbiased estimator of §: E[Y'|0] = 6.

It is assumed that the signal is imperfect. This implies, it is assumed that E[0]Y] =

ao?
1+ao?

Y = B(a,0)Y. The buyers share the signal with the supplier.

3.3.1 Monopoly (IBIS-M)

Buyers have imperfect information so expected profit function of buyers in equation

(3.13) can be expressed as:

Ell,|Y] =Ela+0 —b(q) —c1+c2(q))qlY] = a+ E[0]Y] —b(g) — c1 + c2(9))q

=(a+ B(e,0)Y = blg) — e1 + ca(q))g

Proposition 7 Under imperfect information, given signal Y under monopoly the pur-

a+p(a,0)Y —c1

=) if a+ B, 0)Y > ¢1 and otherwise quantity is equal

chasing quantity is

to zero.

Proof. To obtain the purchasing quantity for one buyer, function for buyer is ob-

tained.
oIL,|Y
6q| =a+B(a,0)Y —c1 — (b—c2)(2¢) =0
FOC implies,
a+t Blo,0)Y — e
Y p—
0 2(b—c2)
atBlao)Y—cr L B G)Y > e
gy = 2(b=c2) seo) 1
0 otherwise
o

Proposition 8 Under the IBIS monopoly setting, optimal ¢1 and co values that maz-

b(a+B(a,0)Y)

imize the supplier’s profit function in (3.14) are ¢f = b

and c5 =b—e.
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Proof. It is observed that, similar to deterministic scenario, Il is not concave func-
tion, but it is possibly unimodal. First order conditions yield,

aﬂs/acl = 0, 31_[5/862 =0

ab+ crca — b(—2cl + (e, 0)Y)

H - =

0 8/601 2(()—02)2 0,

observing that 2(b — ¢2)? > 0, equivalently,

ab + crea — b(—2cl + B, 0)Y) =0

_ bla+ B(a,0)Y)
Ccl1 = 2b . (336)
81'[8/602 =
_(a—c+B(a,0)Y)(a(b+ c2) + b(=3c1 + B(a, 0)Y) + ea(c1 + Bla, 0)Y)) 0
4(b — 02)3 N

observing that 4(b — ¢2)® > 0, equivalently,

—(a—c1+ Bla,0)Y)(a(b+ c2) + b(—=3c1 + B, 0)Y) + ca(c1 + B(a,0)Y)) =0

461
a+c+ pla,0)Y

co=b(—1+ ) (3.37)

Iterating over ¢; in equation (3.36) and ¢ in equation (3.37) in this manner, in every
iteration the value of II; will be non-decreasing. Observing this it is now shown that
At > and bt > o
(a+ B(a,0)Y)(a+ B(a,0)Y +¢1)

(a+ B, 0)Y)3 — 1

b(b+ c2)
3b— Cc2

= ci(ea(ch)) =

5 = caler(ch)) =

It is observed that in every iteration c¢; increases:

c1(ca(ch)) >" cf

(a+ B(a,0)Y)(a+ B(a,0)Y + ) Lt
(a+ B(a,0)Y)3 — ¢} 1

(a—c + Bla,0)Y)? >0
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Next, we check c5™ = ca(c1(ch)) > cb.

eafci(ch)) > ¢
b(b+ cé) 7t
3b — 2
(b* — 2bch + (c4)?) >7 0
(b—c)(b—cb) >0

The increasing behavior of ¢; and cs implies, either ¢; or ¢co, or both, will attain values
at their upper bounds. Thus, the boundary conditions are checked as follows. Suppose

1 takes value at its upper bound: ¢; = a+ S(«,0)Y. Then,

461
a+cy+ 5(a,a)Y))

4(a+ p(a,0)Y) )
a+ (a+ B(a,0)Y) + B(a,0)Y

ch=b(—1+

=b(—1+
=b(2—1)

Since when ¢; = a+ (o, 0)Y, co must take value outside the boundary, it is concluded
that co attains a value at the boundary, whereas ¢; does not. To verify, c¢s is set to its

boundary:co = b — €. Then,
o _bla+ B(a,0)Y
r= 2b — C
_bla+ B, 0)Y)
20— (b—e¢)
_bla+ B(a,0)Y)
B b+e

b(a+B(a,0)Y)
b+e

It is concluded that ¢ = b — € and ¢] =
a

When a signal is obtained on 6, it is relevant to discuss ex-post and ex-ante profits. Ex-
post profit corresponds to the profit after the signal Y, whereas ex-ante profit is profit
before signal is realized, considering the actions taken after the signal. Besides the

profit, ex-post and ex-ante purchasing quantity and market price are also presented.
a+B(a,0)Y —c1  a+p(a,0)Y

N =—n e T 20+o
Pl — (a+ B(ggl}fﬁ))(b + 2¢)
- e lnay
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(a+B(a,0)Y)?

atBle.0) , limeyo Iy = 10 )

Y . _ at+B(a,0)Y
2b , limeyo P = - 9

Note that, lim.,gq =
lim¢_, I1,, = 0 while lime,oc1 = a+ (e, 0)Y, limc,pco = b

Ex-ante values are expressed as follows:

Eyla = 2(516)

Before finding ex-ante Ey[II5] and Ey [IL;], the below equation helps.
1
E[E[Y?0]] = E[Var[Y|0]] + E[E[Y|0]%] = ~+ o? (3.38)

Using equation (3.38),

>  (1+0%)B(a,0)
Ey[Il,] = 4b + 4e a(4b + 4e)

_ a’e (1+0%a)B(a,0)%
EY[Hm|Y] - 4(b + 6)2 O[(4(b + 6)2)

3.3.2 Collaboration (IBIS-C)

Buyers have imperfect information so expected profit function of buyers in equation

(3.15) can be expressed as:

EL|Y] =Ela+0 -5 q) — a1+ a))ailY] (i€ N)
=1 =1

=a+ EWY] - b3 @) — a1 + (> a))ai

i=1 i=1

=(a + e, 0)Y =b(Y_ai) — 1 + 2D ai))ai

=1 =1

Proposition 9 Under imperfect information, given signal Y under collaboration the

a+p(a,0)Y —c1

equilibrium quantity is 1) (b—c2)

if a+ B(a,0)Y > ¢1 and otherwise quantity is

equal to zero.
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Proof. To obtain the equilibrium quantity for buyer ¢, best response function for

buyer ¢ is obtained.

oL |Y
oq

=a+B(a,0)Y —c1 — (b—c2)(2q: + »_¢;) =0
j=1

FOC implies,
ai(a:) = ri(a:)™
a+Bla,0)Y —¢;  (b—c2)(X0 45))

e S e T
_a+ B, 0)Y —c > i=14j ,
= 20— c2) - 5 Vie N

The equilibrium quantity is expressed as below:

a+p(a,0)Y —c1

gly = @FDl-e) if a+ Bla,0)Y > e

0 otherwise

Equilibrium follows from a similar analysis as in Prop. 3 and from the observation
that if ¢; = 0 and a + (o, 0)Y < ¢1, then ¢; = 0.

a

Proposition 10 Under the IBIS collaboration setting, optimal ¢1 and co values that

mazximize the supplier’s profit function in (3.16) are ¢ = a+6(¢21,a)Y <2bn;n(_t€_l)e) and

*o__
CQ—b_f.

Proof. It is observed that, similar to deterministic scenario, Il is not a concave
function, but it is possibly unimodal. First order conditions yield,

8HS/801 == O, 3H5/802 =0

81_[3/361 =

n(2ciea + a(b—ca+ (b4 c2)n) — b(1 +n)(2¢c1 + B, 0)Y) + ca(n — 1)B(a, 0)Y)

n+ 120 — )2 =0

observing that (n + 1)3(b — ¢)? > 0, equivalently,

n(2cica + a(b—ca + (b+c2)n) — b(1 +n)(2¢1 + B, 0)Y) + ca(n — 1)B(e,0)Y) =0
a+ B(a,0)Y b—co+ (b+ cz)n)

‘= 2 ( (b—Cg—i—bn)
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n(a —c1 + pla,0)Y)(c2

(n+ 1)
_nla—c1+ B(a,0)Y)b(—c1(2n + 1
(’I’L + 1)2(b — C2

—

c1 +n(a+ B(a,0)Y)))
b— 62)3

+n(a+ B(a,0)Y))
3

GHS/BCQ = —

—~

=0

~— [

observing that (n +1)%(b — ¢)® > 0, equivalently,
—n(a—c1+ B(a,0)Y)(ca(c1 + n(a+ B, 0)Y)) + b(—c1(2n + 1)

+n(a+ B(a,0)Y))) =0

(01 —(a+ B(a,0)Y)n + 201n)
(a+ Bla,0)Y)n+ ¢

Iterating over c¢; and co in this manner, in every iteration the value of II; will be
non-decreasing. Observing this it is now shown that c¢i™ > ¢} and ¢4 > .
(a+ B(o,0)Y)(a+ B(a,0)Y + cin)
(a+ B(a,0)Y)(2+n) —
b(b+ c2(2n — 1))
b—co+2bn

it = ci(ea(c])) =

B = coler(ch)) =

It is observed that in every iteration c; increases:

ciea(c)) >" e

(a+ B(a,0)Y)(a+ B(a,0)Y +cin) r
(a+ B(a,0)Y)(2+n)—c} !

a? — 2act + 2aB(a,0)Y + ()2 — 28(a, 0)Y ¢t + B(a,0)Y? >7 0

(a—c + Bla,0)Y)? >0
Next, we check c5™ = ca(e1(ch)) > cb.

ca(e1(ch)) > b

b(b+c5(2n — 1)) St
b—ch+2bn 2

2

(b* — 2ach + (c5)?) >0

(b—cb)(b—cb) >0

The increasing behavior of ¢; and co implies, either ¢q or ¢z, or both, will attain values

at their upper bounds. Thus, the boundary conditions are checked as follows. Suppose
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¢1 takes value at its upper bound: ¢; = a+ S(«,0)Y. Then,

c1— (a+ B(a,0)Y)n + 2cln)
(a+ B(a, 0)Y)n + 1
a+ B(a,0)Y — (a+ B(a,0)Y)n + 2a + B(a,a)Yn)
(a+ B, 0)Y)n +a

s =b(

:b(

=b(2 1)

Since when ¢; = a+(a, 0)Y, co must take value outside the boundary, it is concluded
that co attains a value at the boundary, whereas ¢; does not. To verify, co is set to its

boundary:co = b — €. Then,

7a+5(a,a)Y(b— c2 + (b+cz)n)
N 2 (b—CQ—l—bn)
7a+5(a,a)Y(b— b—€e)+(b+b—e€n
B 2 (b—(b—¢€)+bn)
_a+Bla,0)Y (2bn—(n—1)e

B 2 ( bn + € >

a

)

It is concluded that ¢ = b — € and ¢} = a+5(;’a)y <2bnbn(ﬁel)6> . Note that ¢} <
a+ B(a,0)Y, since otherwise qg; = g2 = 0, and the supplier makes 0 profit.

O

Ex-post and ex-ante values are also presented in IBIS-Collaboration.

a+ B(a,0)Y — (“AEe0)Y <2bn—(n_1)6>)

| _a+Bla,0)Y —c1 a—cy B bnte
(n+1(b—c)  (n+1)(b—cy) b—b+e
_a+ B, 0)Y
 2(bn+e)
Ply = (a + B(a,0)Y)(bn + 2¢)
2(bn +¢€)
(a+ B(a,0)Y)’n
LY =
| 4bn + 4e
(a+ Bla,0)Y)%e
Ly =
| 4(bn + €)?
Note that, lim. ,oq = “E@DY iy o p — HHQOY iy 17, — (atBleol)?

lim,_,o II; = 0 while lim. 9 c; = a + B(a,0)Y, limcs9co = b

Ex-ante values are expressed as follows, Ey[Il], Ey[II;|Y] is analyzed by means of

40



equation (3.38):

Byla = 2(bna+ €)
Ey[P]= a2((bl:f;2e§)
By [IL,] a’n (14 c%a)B(a, 0)?

T 4bn + 4e + a(4bn + 4e)
a’e (14 02a)B(a, o)
(bn +¢€)? a(4(bn + €)?)

Ey[IL|Y] =

3.3.3 No Collaboration (IBIS-NC)

When there is no collaboration between the buyers, expected profit of buyers in equa-

tion (3.17) are obtained as follows:

E[IL|Y] =Efa+0 — b(z ¢i) —c1+c2(qi))a| Y] (i € N)
i=1

=a+ E[Y] =) _a) — c1 + ca(a))ai
=1

n
=(a+ B(e, )Y =D q;) — 1 + e2(a:))ai
i=1

Proposition 11 Under the imperfect signal 5(a,0)Y, under no collaboration equi-
librium quantities are as follows:

(i)If b > 2cq , then there is only one equilibrium point on % ifa+B(a,0)Y >
c1 and otherwise quantity is equal to zero. (n + 1)b — 2co is always bigger than zero,
because of assumption AS3.

(ii) If b < 2cy , then there are 2™ — 1 equilibria. The equilibrium points are character-

1zed as % if a + B(a,0)Y > ¢1 and otherwise quantity is equal to zero.

Proof. Profit function of buyer i is given below. To obtain the best response function

of ¢;, FOC is analyzed first.

E[L|Y] = (a+ﬂ(a,a)Y—qui —(c1 — 24))as (i € N)

OIl;
0q;

=a+ B(a,0)Y —c1 + 2c2q; — b(2¢; + ZQj)
J#
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Gi(q-)Y = (ri(g-a)|Y)"

The best response function of buyer ¢ is then,
a—f—ﬁ(a,U)Y—cl—ij#q]' a+ B(a,0)Y —c1 ij;Ai

2(b— c2) )= 2(b— c2) _2(b—cQ(é)39)

ri(g—i)[Y = (

(i) b > 2¢2. Solving the system of equations in (3.39) yields,
_a+ B, 0)Y —c

i =

(n+1)b—2c ’
given that under equilibrium Zj 2 < %. Consider the set of buyers

C C N. When the buyers get engaged in a game, the equilibrium quantity for buyer
i € C' is expressed as,
a+ fa,0)Y —c1

(IC] + 1)b—2¢o
Note that for any C, under the condition b > 2c¢a, ZjeC g = |C|
a+l3(aa§)y—c1 )

qi =

a+p(a,0)Y —c1

O Db—2es <

This implies, when a + (o, 0)Y > ¢; there cannot exist a group of
buyers who will come together, get engaged in a game and procure a quantity that
will leave the other buyers with zero procurement quantity at equilibrium. Thus, in
equilibrium all buyers procure positive quantities as stated in the proposition.

(ii) b < 2cy. Under this condition, it is possible to show that for any C' C N, except

the empty set, the buyers in |C| may procure the equilibrium quantity Zjec g =

‘C’ a+,8(Ot,O')Y—Cl

a+B(a,0)Y —c1
(IC+1)b—2c2 b

which is greater than . This quantity leaves the buyers
j € N\C with zero equilibrium quantity. This implies for every C' C except {}, there
will be an equilibrium.

Equilibrium follows from a similar analysis as in Prop. 5 and from the observation
that if ¢; = 0 and a + B(a,0)Y < ¢1, then g; = 0. Next, optimal ¢; and ¢ is deter-

mined for the supplier.

O

Proposition 12 Under the IBIS no collaboration setting, optimal c1 and co values

that maximize the supplier’s profit function in (3.18) are ¢} = a+6(;’0)y <((Z:+12§7> and

—
c;=b—e

Proof. Similar to deterministic scenario, Il is not a concave function, but is possibly

unimodal. First order conditions yield,
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81_[5/861 =0, 81_13/862 =0

_ n(2c1(b — 2¢2 + (b + c2)n) + a(2c2(n — 1) + b(1 + n))
Ol [Ocy = (n+1)b— 2c)2
n(QCQ(TL - 1) + b(l + n))ﬂ(ava—)y =0

((n+1)b— 2¢9)?
observing that ((n + 1)b — 2¢2)? > 0, equivalently,
n(2¢1(b —2c2 + (b+ c2)n) + a(2c2(n — 1) + b(1 +n))
+ (2c2(n — 1) +b(1 +n))B(a,0)Y) =0

. a+p(a,0)Y b(n+1)
“a= 2 <b(n+1)—02>

8]:[5/862 =

_ (a+ B, 0)Y —ci)n((a + B(e, 0)Y) (b + 2c2 +bn) + c1(2¢2 — 3b(1 + n)))

((n+ 1)b — 2¢y)3 =0

observing that ((n 4 1)b — 2¢2)® > 0, equivalently,

— (a+ Bla,o)Y — er)n((a + Bla,0)Y)(b-+2es + bn) + c1(2c2 — 3b(1 +n))) = 0
o= b(3c1 —a — B(a,0)Y)(1+n)
2 2(a+ Ba,0)Y +¢c1)

Iterating over ¢; and co,in the manner of deterministic collaboration, in every iteration

the value of II; will be non-decreasing, also.

(a+ Bla,0)Y)(a+ B(a,0)Y + )
3a — ctl
(1+n)b((n+ 1)b+ 2c¢h)
6b(1 4+ n) — 4,

= ci(ea(ch)) =

A = ca(cr(ch)) =

ci(ea(ch)) >"

(a+ B(a,0)Y)(a+ B(a,0)Y + ) STt

3a—c}
(a+ Bla,0)Y)(a+c1 + Bla,0)Y) >7 ¢ (3a — 1 + 38(a, 0)Y)
a® = 2act + ()% + 2aB(ov, 0)Y — 2B(a,0)Y ek + (B(a,0)Y)2 >7 0

(a—c + B(a,0)Y)? >0
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It is observed that in every iteration cy increases:

ca(ci(ch)) >" cb

(1+n)b((n + 1)b+ 2ch) St
6b(1 4 n) — 4ch 2

(1+n)b((n+1)b+2¢4) >7 4 (6b(1 + n) — 4ch)
((n+1)b—2ch)((n +1)b—2c5) >0

The increasing behavior of ¢; and cs implies, either ¢; or ¢co, or both, will attain values
at their upper bounds. Thus, the boundary conditions are checked as follows. Suppose

¢y takes value at its upper bound:

1. ¢1 =a+ B(a,0)Y. Then,
b(3c1 —a — B, 0)Y)(1 +n)
2(a+ B(a,0)Y +¢1)
:b(3(a + B(a,0)Y) —a—B(a,0)Y)(1+n)
2(a+ B(a,0)Y +a+ B, 0)Y)

—(1.5)b

Cy =

Since ¢; = a+f(a,0)Y, co must take value outside the boundary, it is concluded

that co attains a value at the boundary, whereas c¢; does not.

2. To verify, co is set to its boundary: co = b — €. Then,

" :a+5(a,J)Y<bb(n+1) ) :a+6(a,o—)Y<bb(n+1) )

2 —cy+bn 2 (b—¢€)+bn
_a+B(a,0)Y ((n + l)b)
B 2 (bn+¢€)

It is concluded that ¢; = b — ¢ and ¢ = 2 (; ’”)Y<(Z:jzb>. Note that ¢f =

a+ﬁ((2170)y <((Zr:2;)> < a+ B(a,0)Y, given that 0 < e < b.

O

Under optimal ¢; and cg, ex-post ¢*, P*, II} and II] are obtained as follows:

a+p(a,0)Y —c1 a4+ p(a,0)Y

qlY = (n+1)b—2c5)  2(bn+e)
ply = (0F B(ZE;B};) 6(;m +2¢)

mly = +4i§?fij)2n

iy =
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Note that, lim, g = “2@Y jiy o p — By i, oy = (@Bay)?
limeﬁo Hl = 0 while limeﬁxo Cc1 = w, limeﬁxo Cy = b

Ex-ante values are obtained as follows, Ey[Ils], Ey[IL;|Y] is analyzed by means of

equation (3.38):

R
_a(bn + 2¢)
Ey[Pl= 2(bn + ¢)
EY [Hs] a2n (1 + 0'204)5(04, 0)2

T Wntde T a(dbn + de)
a’e (1+0%a)f(a,0)%
(bn + €)? a(4(bn + €)?)

Ey[M|Y] =

3.4 Imperfect Information for the Buyers, No Information for the

Supplier (IBNS)

In this scenario, the buyers have imperfect information about 6, but they do not share

the signal with the supplier.

3.4.1 Monopoly (IBNS-M)

Under imperfect information, the monopoly maximizes the expected profit function

in equation (3.19)given signal Y,

E[ll,|Y]=(a+ E[0]Y] —bg —c1+ c29)g= (a+ f(a,0)Y —bg — c1 + c2q)q

Proposition 13 Under IBNS monopoly setting the purchasing quantity is

a+pB(a,0)Y —c1

5(b—c2) if a4+ B(a,0)Y > c1 and otherwise quantity is equal to zero.

Proof. To obtain the equilibrium quantity for one buyer, the function for buyer is
obtained.
oMLY
dq
FOC implies,

a+ f(a,0)Y —c1
2(b — 02)

=a+f(a,0)Y —c1 — (b—c2)(29) =0

qlY =
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The equilibrium quantity is expressed as below:

a+p(a,0)Y —c1
q‘ Y — 2(b702)
0 otherwise

ifa+ f(a,0)Y > ¢

Equilibrium follows from a similar analysis as in Prop. 7, and from the observation
that if ¢; = 0 and a + B(o, 0)Y < ¢, then ¢; = 0.
a
Under no information sharing, the supplier’s profit function in equation (3.20) is an-
alyzed as follows.
I Bl
Byla = [, SR a4 [T g ay

iy Ao =

_a—-—a —« 1 0
_MFY(Cl - CL) + m /Bc(la—,g) 5((1,0’)yfy(y) dy

Where fy(y): fgfyﬂ(y,e) d9, and fng(y, 0):fy(y\9)f9(0)

Brldll = [, (T )
B(a,0)

:4(b—lc2)2 /Olo— ((a—c1)* +2B(a,0)y(a — c1) + Bla, 0)y*)fy (y) dy
B(a,0)
(a—c1)?’Fy(a—c1) | 2(a—c1) [
- + Bla,o)yfy (y) dy
1 o0
ey /;(1%;) (Bl 0)y)*fv (y) dy

Finding optimal ¢; and ¢y of Ey[II,] in closed form is difficult, so Ey [I1X?] is used in

the analysis, which is defined below.

Proposition 14 A lower bound on E[I,] is the function E[TILP] defined as follows:

2b(a — c1)cra — co((a — c1)(a + c1)a + B(a, 0)?(1 + ac?))

E[IEE] = Talb— o)’ (3.40)
Proof.
BIES) =y pl DT 01y oy DT Z
iy o)+ BBy
— 2(b — ¢2) “ 4(b — c2)?
ey (0T ((a—01)2+5(0@0)2(#)
TN90 — ) T 4(b — c2)?
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Under the assumption that ¢; = %under equilibrium (i.e., ignoring a +

Bla,0)Y —c1 < 0), ¢f , ¢ and expected values of supplier profit is determined.
Call TI, obtained ignoring the probability of ¢ = 0, TIZB. Note that for all values of
Bla,0)Y, TEB < TI,. Thus E[IILP] < E[IL4).

O

Proposition 15 Under IBNS monopoly setting, optimal ¢i and co that maximizes

the suppliers’s profit in (3.40) are changing respect to a and o.

a 2b

. a? a,0)? aoc?
(Z)]fj>6( )(iH_ ) =

, then ¢} = and c5 =b—e.

(ii)[f% < w, c] is equal to § and c5 is equal to 0.

Proof. To analyze ¢; and cs, derivative of HSLB is analyzed.

ab + c1(ca — 2b)
2(b — 02)2

Olls/0cy = =0,

observing that 2(b — ¢2)? > 0, equivalently,

ab + Cl(CQ — 2()) =0

ab

T (3.41)
~ —=b((a—3c1)(a —c)a+ Bla,0)*(1 + ac?))
Ol /0ez = da(b — c9)3
ca((a—a)la+a)a+ Bla,0)*(1+ ac?))

* 4da(b — c9)3 =0
observing that 4a(b — ¢2)® > 0, equivalently,
—b((a —3c1)(a —c1)a + B(a,0)*(1 + ac?))
+ca((a—c1)(a+c)a+ Bla,0)* (1 + ac?)) =0

er = b(—1 + Ao —eaa ) (3.42)

(a—c1)(a+c1)a+ Bla,0)?(1 + ac?)

Thus ¢; in equations (3.41) and (3.42) that maximize II; may change depending on «,

o or B(a, o) different from other settings (c2 can be zero). So firstly limit value that
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cs changes sign is obtained as:

4(a — 1)1
(a—c1)(a+c1)a+ Bla,0)?(1 + ac?)

CQZb(—1+ )<0

4(a—c1)era < (a—ec1)(a+er)a+ B(a,0)*(1 + ac?)

Because of Assumption A2, the minimum value of ¢ is equal to zero, and when co = 0,

c1 = 5. Instead of ¢, § is put, and below condition is obtained.

a®>  Bla,0)*(1 + ac?)
— <
4 o

As a result, when the above condition holds, ¢; = a/2 and ¢; = 0. When the above
condition does not hold, it is possible that either ¢; or co approaches the upper bound-
ary closer than the other. To check whether ¢; or ¢y attains the boundary first, the

following is checked.

1. Suppose, ¢ = a. Then ¢y is obtained as:

4(a — c1)cra

e =b(1+ (a—c1)(a+cr)a+ B(a,0)?(1 + ao?)

)

=b

Note that the upper bound on co is b — ¢ < b. This implies, ¢y reaches the

boundary before ¢;. This is verified in the following.

2. Suppose, co = b — €. Then ¢ is obtained as:

« a b—ca+ (b+c2)
=5 Smon) )
_a b—(b—e)+(b+b—e)

X 2(2b — b+ €) )

_af 2
C2\b+e

Note g(ﬂ) < a.

B(a,0)?(14+ao?) )

are
a

Thus the values that maximize II; under second condition (“742 >

a 2b

* __ 1 *
g =b—eand ] = 547

a
In the comparison of the scenarios, to avoid the complexity, E[IIX5] is used in place

of E[Il,]. Accordingly, when comparing the ex-post and ex-ante ¢;, P, and II;, ¢; is
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assumed to take negative values and c; and ¢y values that maximize E[ITLP] are used

in the analysis.

€2 (a?a+pB(a,0)?(1+ao?))—b%(B(a,0)? (1+ao?)) if a? > B(a,0)?(14+ao?)
E[HLB] _ 4€2(b+e)a 4 a
s 02 .r a? B(a,0)%(14-ao?
2 it 2 BlaoP(ror)

B(a,0)?(14-ao0?)

Firstly, the condition of % > is analyzed. Under optimal ¢; and co,

ex-post ¢*, P*, I} and II}, can be obtained.

. 0+ pla,0)Y —c1  a +B(C¥,O’)Y
B 2(b — c3) ~ 2(b+e) 2¢
P a(b+2e)  p(a,0)Y(2¢ —b)
2(b+¢) 2e

I — e(a’a+ (o, 0)* (1 4+ ac?)) — b?(B(a, 0)?(1 + ac?))

5 4€?(b+ €)a
1 = (@? = ((b+)B(a,0)Y)?

m 4e(b+ €)?

To obtain ex-ante values under the first condition expected values of ex-post functions:

. a
T =301
«  a(b+2e)
~ 2(b+e)
o — a’e _ Bla, 0)%(1 + ao?)
" 4(b+ €)? deve

B(a,0)2(14+ac?)

a

Secondly, the condition of % < is analyzed. Under optimal ¢; = § and

c2 = 0, ex-post ¢*, P*, II} and II, can be obtained.

* _ a+B(a,0)Y —c1 a+28(a,0)Y

2(1) — CQ) 4b
P 3a —2B(a,0)Y
4
M=
e (@t 260 0)Y)(a — 26(0,0)Y)
moe 16b

To obtain ex-ante values, expected values of ex-post functions:

. a
=
o
4
. a? B(a, 0)%(1 4 ac?)
m™T16h 4bo
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3.4.2 Collaboration (IBNS-C)

Under imperfect information, buyer ¢ maximizes expected profit function in equation
(3.21) given signal ,

n n

E[L|Y] =a+ EB]Y] - b} a) — a1+ (D a)a

i=1 i=1

—(a+B(,0)Y =b>_q) —c1 + 2D ai))ai
=1 =1

Proposition 16 Under IBNS collaboration setting, the purchasing quantity is

a+B(a,0)Y —c1

ES D) if a4+ B(a,0)Y > c1 and otherwise quantity is equal to zero.

Proof. To obtain the equilibrium quantity for buyer i, best response function for

buyer ¢ is obtained.

oL |Y Y

a(ﬂ —a+B(e,0)Y —c1 — (b— )20+ Y _q;) =0
=1

FOC imphes7

qi(q-)|Y = (ri(g-9)[Y)*
a+Bla,o)Y —ci  (b—c2)(X 1 45))

e T
_a+f(,0)Y —c D1l
= 20— &) - 5 Vie N

The equilibrium quantity is expressed as below:

a+B(a,0)Y —c1
Qz’Y _ (n+1)(b—c2)

0 otherwise

if a + B(a,0)Y > 1

Equilibrium follows a similar analysis as in Prop. 9 and from the observation that if
¢i=0and a+ B(o,0)Y <c, theng;=0. O

Under no information sharing, the supplier’s profit function in equation (3.22)is ex-
pressed as follows.

c1—a

Ey[q] = / ToatBlaoyap g,y / " 0y () dy

aza (nA1)(b—c) _eo

v poe oL [T s,
“Ao-a) T GG /ﬁc(lajg) Blo, o)ufy (y) dy
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Where fy (y)= [,fv.o(y,0)df, and fy,e(y,0)=rfy (y|0)fo(0)

[ a4+ Bla,o)y—c
Ey[q]] —/q_a( D0 5) )fy (y)dy

Bla,0)
1 o
T+ 12— )2 /;@;:) ((a = e1)* +28(c, 0)y(a — e1) + Bla, o)y )y (y) dy

(a—c1)*Fy(a —c1) 2(a—c1) /oo Bla, o)yfy (y) dy

(n4+1)2(b — c2)? (n+1)2(b— c2)?

c1—a

B(a,0)

i (n+ 1)21(1) —9)? /OO (B(a, 0)y)*fy (y) dy

c1—a

B(a,0)

Finding optimal ¢; and ¢y of Ey [Il,] in closed form is difficult, so Ey [IT%5] is used in

the analysis.

Proposition 17 A lower bound on E[Il,] is the function E[TILP] defined as follows:

~ nlb(=a+c)a(l +n)a+ce((a —c)aa+n(ala — er)a + B(e, 0)*(1 + ac?))))
(n+1)2a(b — ¢3)?

(3.43)
Proof.
B[] :nclE[a + B(a,0)Y — 01] B CQE[(n(a + B(a,0)Y — 1) 2)
(n+1)(b—c2) (n+1)(b— c2)
B a—cy 9 (a—c1)? + Bla,0)2E[Y?]
= =) " =)
a—c n*(a — c1)? + n2B(a, 0)?(FF22)
=nci(—————+——) — ¢ 5 5
(n+1)(b— co) (n+1)2(b—c2)
Under the assumption that ¢; = %under equilibrium (i.e., ignoring that for

a+ B(a,0)Y —c1 <0), ¢f , ¢ and expected values of supplier profit is determined.
Call T, obtained ignoring the probability of ¢; = 0, TIZ®. Note that for all values of
B(a, 0)Y, TILB < TI,. Thus E[IILB] < E[I1,].

O

Proposition 18 Under IBNS collaboration setting, optimal c1 and co that maximizes

the suppliers’s profit in (3.43) are changing respect to a and Bla0)*(tac?)

«

(Z')If%>w,c’{=% W) and ¢y =b—e.

(11)If % < w holds, ¢ is equal to § and c3 is equal to 0.
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Proof. To analyze ¢; and co, derivative of IIX? is analyzed.

n(—=2c1(b+bn —c2) +a(b — ca + bn — can))
(b—c2)2(1+n)?

81_15/861 = = 0,

observing that (b — ¢2)?(1 4+ n)? > 0, equivalently,

n(—2c1(b+bn —ca) +ab—ca+bn—con)) =0

(e

Cl —

(3.44)

n(—(b+ c2)nB(a,0)? — (a — c1)(ca(cr + an) — b(cy — an + 2¢1n))a)

Ol /ey = (14+n)2(b—c2)3c

—n(b+ e)nac?f(a,0)?
(S

observing that (14 n)%(b — ¢3)%a > 0, equivalently,
n(—(b+ co)nB(a,0)* = (a — c1)(caler 4+ an) — b(er — an + 2¢1n))a)

—n(b+ c2)nac?B(a,0)?) =0

_ bla(=a+a)a+n((a—2a)(a—cr)a+ B(a, o)2(1 + ao?)))
C2 = (a —c1)era+n(ala — c1)a+ Ba,0)?(1 + ac?)) (3.45)

Thus ¢; in equation (3.44) and (3.44) that maximize IT; may change depending on «,

o or B(a, o) different from other settings (co can be zero). So firstly limit value that

¢y changes sign is obtained as:

b(ci(—a+c1)a+n((a—2c1)(a —c1)a+ B(a,0)?(1 + ac?)))
(a —c1)era +n(a(a — c1)a + B(a,0)?(1 + aoc?))

@ Bla,0)*(1+ac?)
<
4n o

<0

cy = —

As a result, when the above condition holds, ¢; = a/2 and ¢; = 0.When the above
condition does not hold, it is possible that either ¢; or co approaches the boundary
closer than the other. To check whether ¢; or ¢y attains the boundary first, the

following is checked.

1. Suppose, ¢ = a. Then ¢y is obtained as:

b(ci(—a+c1)a+n((a—2c1)(a—c1)a+ Bla, o)} (1 + ac?)))
(a —c1)era+n(ala — c1)a+ B(a, 0)2(1 + ac?))

Bla, 0)?(1 + ao?)

B(@,0)2(1 1 ac?)

=b

Cy = —

=b
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Note that the upper bound on co is b — ¢ < b. This implies, ¢y reaches the

boundary before ¢;. This is verified in the following.

2. Suppose, co = b — €. Then ¢ is obtained as:

. ab—co+ (b+c2)n
cf =5( )
2% 2(b—cy+bn)
_g(b— (b—e€)+ (b+b—e)n)
2 2(b—b+e+bn)
_a(2m—(n—1)e
2 bn + €
Note %7%";”(?_;1)6 < a.
If Zi > W holds, the values that maximize Iy are ¢; = b — € and ¢} =
a 2bn—(n—1)e
2 bn+e
O
n(—4b?n?B(a,0)?(1+ac?)+4b(n—1)neb(a,0)? (1+ac?))
4(1+n)2€e2(bn+e)a
LBy _ ne?(a?at+n(a?(2+n)a+48(a,0)? (1+ao?))) e a2 B(a,0)?(1+ac?)
E[HS ] B + 4(14n)2e2(bn+e) if in ~ «
a’n e a2 B(e,0)*(1+ac?)
4b(n+1) if In < @

2 2
Firstly, the condition of % > w is analyzed. Under optimal ¢; and co,

ex-post ¢*, P*, 1I; and IIj can be obtained.

« 0+ pB(a,0)Y —e1 a Bla,0)Y
 (n+1)(b-c2)  2bn+e)  (n+1e
P a(bn +¢€)  B(a,0)Y((n+ 1)e —nbd)
2(bn+¢€) (n+1)e
n(—4b*n?B(a, 0)3(1 + ao?) + 4b(n — 1)neB(a, o) (1 + ao?))
4(1+n)?e2(bn + €)a
n ne?(a’a +n(a®(2 +n)a + 48(a, 0)?(1 + ac?)))
41 +n)2e2(bn + €)a

I — (2bnfB(a,0)Y + (a + an + 28(a, 0)Y )e)(ae + n(ae — 25(a, 0)Y (bn + €)))
: 4(1 +n)%e(bn + €)?

H*

S
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To obtain ex-ante values under the first condition, expected values of ex-post functions:

. a
7= 2(bn +¢€)
«  a(bn + 2¢)
T 2bn+e)
I* — a’e B nBla,0)?(1 + ao?)
b 4(bn +€)? (14+n)%ex
Secondly, the condition of % < w is analyzed. Under optimal ¢; = § and

co = 0, ex-post ¢*, P*, II; and II} can be obtained.

. a+pB(a,0)Y —c1  a+28(a,0)Y

(n+1)(b—c2)  2(n+1)
pr_ 2a + an + 28(«a,0)Y
N 2+ 2n

. a’n
I = 4b(1 +n)

* (a + 26(aa O')Y)((I — 2715(&, U)Y)
I =

’ 4b(1 4+ n)?

To obtain ex-ante values, expected values of ex-post functions:

. a
= 2(n+1)b
« _ 2a+an
- 2+42n
I — a? B nBla,0)?(1 + aoc?)
o 4b(1 +n)? ba(l + n)?

3.4.3 No Collaboration (IBNS-NC)

In this part, there is no collaboration between buyers. No collaboration brings on the
changes between the function of Il and II; in the collaboration model. By using profit

function of buyers in equation (3.23); the below analysis is done.

E[L|Y] =a+ E[0)Y] - b>_ a) — c1 + c2(@i))as
=1

=(a+ fla,0)Y =b(Y_ai) — 1 + e2(a))ai
i=1

Proposition 19 Under the imperfect signal, under no collaboration equilibrium quan-

tities are as follows:

a+pB(a,0)Y —c1

(i)If b > 2cy , then there is only one equilibrium point on CESN =T
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(ii) If b < 2cy , then there are 2™ — 1 equilibria. The equilibrium points are character-

a+pB(a,0)Y —c1

ized as m

Proof. Profit function of buyer i is given below. To obtain the best response function
of ¢;, FOC is analyzed first.

OIl;
0q;

=a+ B(e,0)Y — 1+ 2c2¢; — (20 + > _ qj)
J#i

The best response function of buyer i is then, ¢;(q_;)|Y = (r;(¢—:)|Y)"
Y

a+B(a,0)Y —c1 = b3, 4 a+ Bla,0)Y —c¢ b iz
ri(g-i)|Y = 710y = ( B L_ 71 (3.46)
2(b — ¢2) 2(b—¢2) 2(b—¢2)
(i) b > 2¢o. Solving the system of equations in (3.46) yields,
_a+tB(a,0)Y —c
" (n4+1)b—2c
given that under equilibrium Zj 244 < %;:)Y_cl. Consider the set of buyers

C C N. When the buyers get engaged in a game, the equilibrium quantity for buyer

1 € C' is expressed as,
_a+B(a,0)Y — ¢
T 10+ b — 2¢5
Note that for any C, under the condition b > 2cs, ZjeC g = |C]
a+B(a,0)Y —c1
b

a+p(a,0)Y —c1

(Cl+1)b—2es <

. This implies there cannot exist a group of buyers who will come together,
get engaged in a game and procure a quantity that will leave the other buyers with
zero procurement quantity at equilibrium. Thus, in equilibrium all buyers procure
positive quantities as stated in the proposition.

(ii) b < 2co. Under this condition, it is possible to show that for any C' C N, except

the empty set, the buyers in |C| may procure the equilibrium quantity Zjec qj =

‘C|a+ﬁ(o¢,0)Y—cl a—l—ﬁ(a,;)f)Y—q

TCTFDb—2¢5 which is greater than

. This quantity leaves the buyers
j € N\C with zero equilibrium quantity. This implies for every C' C except {}, there

will be an equilibrium.

At equilibrium point , buyers have positive procurement quantities.

a+pB(a,0)Y —c1

LY = ey if a+ B(a,0)Y > 1
;Y =

0 otherwise
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Note that if ¢; = 0, and a + B(a,0)Y < ¢ then ¢; = 0. It is assumed that under

atBla)V —e1  Noyy

b < 2co and b > 2¢y the equilibrium quantity for buyer ¢ is ¢; = CES T

optimal ¢ and ¢y is determined for the supplier.
Equilibrium follows from the observation that if ¢; = 0 and a + f(«,0)Y < ¢1, then
¢; = 0. Under no information sharing, the supplier’s profit function in equation (3.24)

is expressed as follows.

By (] = /ﬁ Z:) Ao O yay s [T o)y
S eSO /T) (o 0)ufy () dy
Where fy(y)= [,fve(y,0)dd, and fye(y,0)=Fy (yl0)fa()
Eylgf] = /i(@fi{f) Ty () dy
(CEm /T)(( 1)+ 28(0,0)yla — 1) + Bl o))y () dy
T (e 1o 3 e AP0
T / Z:) (e o)) fr () dy

Finding optimal ¢; and ¢y of Ey[II,] in closed form is difficult, so Ey [I1?] is used in

the analysis.

Proposition 20 A lower bound on E[I,] is the function E[TILP] defined as follows:

n(b(a —c1)e1(1+n)a — ca((a —c1)(a+c1)a+ B(a, 0)?(1 + ac?)))

LBy _
BI;"] = ool
(3.47)
Proof.
E[IP) =ne, B[ ?—nﬁioi,)z)l;éq] B CQE[(n(a(j; i(iy)’bg)ic_z s ]
=nc (&) — eon( (a— 01)2 + B(OéyU)QE[YQ]
TN+ 1)b — 20y 2 (n+1)b— 2¢y)2
=ncy ( a—cy )—CQ(n(a_cl>2+n/B(a,0)2(#)

(n+1)(b—co)

a+p(a,0)Y —c1
(n+1)(b—c2)

a+ B(a,0)Y —c1 <0), ¢f , ¢ and expected values of supplier profit is determined.

((n+1)b— 2c¢9)?

Under the assumption that ¢; = under equilibrium (i.e., ignoring that for
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Call TI, obtained ignoring the probability of ¢; = 0, TIZB. Note that for all values of
Bla,o)Y, TEB < TI,. Thus E[IILP] < E[IL4).

a

Proposition 21 Under IBNS no collaboration setting, optimal ¢1 and co that maxi-
B(a,0)?(14+aoc?)

o )

mizes the suppliers’s profit in (3.47) are obtained as follows. (i) If% >

= g<(n+1)b> and ¢35 =b—e.

(bn+e)

(i) If % < w holds, ci is equal to § and c3 is equal to 0.

Proof. Derivatives of II; with respect to ¢; and co are analyzed.

n(ab(1 +n) — 2¢1(b — ca + bn))

(0 + 1 — 2052 =0

6Hs/8c1 =

observing that ((n 4 1)b — 2c9)? > 0, equivalently,
n(ab(l+mn) —2c1(b—cy+bn)) =0

o abn+1) a bn+1)
1_2(b—62+bn)_2b(n+1)—02

(3.48)

n(—=b(1+n)((a - 3c1)(a — c1)a + B(a, 0)%(1 + ac?)))
((n+1)b—2c2)3c

_ n2c((a —a)(a+a)a+ B(a, )?(1 + ac?))

((n+1)b—2¢2)3

Olls/0cy =

=0

observing that ((n + 1)b — 2¢3)3a > 0, equivalently,

n(=b(1+n)((a — 3c1)(a — ¢1)a + B(a, 0)?(1 + ac?))]

—n2c2((a —¢1)(a+ c1)a+ Bla, 0)?(1 + ac?)) =0
b(1+n)((a—3c1)(a—c1)a+ Bla,0)?(1 + ac?))

€2 = — 2(((1_Cl)(a+cl)a+,3(a,0)2(1+a02)> (3.49)

Thus ¢; in equations (3.48) and (3.49) that maximize II; may change depending on «,
o or B(a, o) different from other settings (c2 can be zero). So firstly limit value that

cs changes sign is obtained as:

_ b1 +n)((a—3c1)(a—ca)a+ B(a, 0)%(1 + ao?)) <0
2((a —c1)(a+c1)a+ B(a,0)?(1 + ao?))

a?  Bla,0)*(1 + ac?)
— <
4 o
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As a result, when the above condition holds, ¢; = a/2 and ¢ = 0. Note that it is

possible that either c¢; or co approaches the boundary closer than the other. To check

which ¢; attains the boundary first, the following is checked.

1. Suppose c¢; takes value at its upper bound: ¢; = a. Then,

b(3c1 —a)(1+n)
2(a+c1)

b(3a —a)(1+n)
2(a+a)

=(1.5)b

Cy =

Since ¢; = a, co must take value outside the boundary, it is concluded that co

attains a value at the boundary, whereas ¢; does not.

2. cg is set to its boundary: co = b — €. Then,

1 :% <bb(1;++1?m> - g <b — lzl()nt)ll bn)

af(n+1)b
:2(®n+d)
If % > w holds, the values that maximize II; are ¢5 = b — € and ¢] =
a (n+1)
2 bnte -
O

n(4b(n—1)e(aa+B(a,0)2(14+ac?)))
4(bn+e)(b(n—1)+2¢)2a
. n422(l()a20¢~)#£§a,01))2(12+)020'2))
EITI — n—+e n—1)+2¢)“«
[ ] +nb2(a2a+n(a2(n—2)a—45(a,0)2(1+a02)))
4(bn+te)(b(n—1)+2¢)%a

if a2 » (00 Utac?)

[0}

a e a2 B(a,0)?(14+ac?)
(1+n) if o < o
« 0+ pB(a,0)Y —c1 a Bla,0)Y

(n+1)b—2ca  2(bn+e) bln—1)+2¢
P a(bn +2¢)  Bla,0)Y (b — 2¢)
2(bn + €) b—bn — 2e

o — n(4b(n — De(a?a + B(a, 0)?(1 + ao?)) + 4% (a’a + B(a, 0)%(1 + ac?)))

y 4(bn + €)(b(n — 1) + 2¢)%a
N nb?(a’a + n(a®(n — 2)a — 48(a, 0)?(1 + ao?)))

4(bn+ €)(b(n — 1) + 2¢)%a

T — e(ab(n — 1) + 2ae + 2(bn + €)B(a, 0)Y)?

’ 4(bn + €)2(b(n — 1) + 2¢)?
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To obtain ex-ante values, expected values of ex-post functions:

. a
¢ = 2(bn +¢€)
. a(bn 4+ 2e¢)
— 2(bn+e)
T — e(ab(n — 1) + 2ae) eB(a, 0)*(1 + ao?)

T A+ 2bn—D+20% T (bn—1)+ 2072

If 2 < w holds, the values that maximize Il are ¢5 = 0 and ¢] =

. a+B(a,0)Y —c1  a+2B(a,0)Y

(n+1)b—2c2  2(n+1)b
P 2a + an + 28(a, 0)Y
B 2+2n
oo @
® 4b(1+4n)
. (a+28(a,0)Y)?
H,L' —
4b(n 4 1)

To obtain ex-ante values, expected values of ex-post functions:

= —
2(n+1)b
« _ 2a+an
24 2n
o — a? B, 0)2(1 + aoc?)

T W12 ba(l+n)
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CHAPTER 4

RESULTS AND INSIGHTS

Four different models with two alternatives such as collaboration and no collaboration
are compared in this section. To see the difference of models, all equations about ¢;,c;
are shown in tables. Deterministic and NBNS is joined in one column always.

Condition column is only filled in IBNS scenario.

2

Abbreviation Cond. is as follows: (8(a,0) = 1$2)
_ Bla,o)* (1 +ac?) |, ac? 4 14+ac? 9
- a _(1—|—O(O'2) ( a )_B(OZ’O-)O-

Note that % in condition part is valid for Collaboration settings and for Monopoly

. 2 . . . .
and No collaboration % is true. To avoid more rows in tables, they are given in one

space.

In Table (4.1), ¢; values are listed for collaboration and no collaboration to maximize

profit of supplier:

When we compare ¢; Collaboration and No Collaboration separately,

IBIS-C ¢; = NBNS-C ¢; = IBNS-C ¢;

IBIS-NC ¢; = NBNS-NC ¢; = IBNS-NC ¢

NBNS-C ¢; > NBNS-NC ¢; if e < b

IBIS-C ¢; > IBIS-NC ¢; if e < b

IBNS-C ¢; > IBNS-NC ¢ ife <b

When we compare co Collaboration and No Collaboration, it can be stated that there

is no difference between two settings.
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Table 4.1: Comparison of c’s

Condition c; Coll ¢} No-Coll ¢ Coll ¢ No-Coll
2bn—(n—1)e (n+1)b
NBNS — g(EmEE) sl e b-c
IBIS ex-ante — g (2””1)71(161’6) 2+ 1)bbn+e) b—e b—e
IBNS ex-ante ¢~ > Cond. § (W) %(Z:igb b—e b—e
4 < Cond. 5 5 0 0




In Table (4.2), purchasing quantities are listed for Monopoly, Collaboration and No
Collaboration setting. When ¢ values are used to obtain ¢, differences between col-
laboration and no collaboration models are disappeared because of quantity discounts
except IBNS ex-post for first condition.

When it is explained that difference between ¢; values in IBNS ex-post for first con-
dition; 2(br(LL =t ﬁ((naﬁ))}; is equal to Q(bf: = T bgffﬁ)_:;e only € = b holds. However as

stated in A3, 0 < € < b holds,

e IBNS-C ex-post ¢; > IBNS-NC ex-post ¢; if e < b

Purchasing quantity in Monopoly setting is always greater than Collaboration and
No Collaboration settings which have more than one buyer. Because in monopoly
setting, one buyer has all purchasing power in the market. There is no other player

to compete.

e NBNS-M > NBNS-C = NBNS-NC if n # 1

e [IBIS-M ex-ante > IBIS-C ex-ante = IBIS-NC ex-ante if n #£ 1

e IBNS-M ex-ante > IBNS-C ex-ante = IBNS-NC ex-ante if n # 1

When Monopoly, Collaboration and No Collaboration for different settings are com-

pared separately, below results are obtained.

e NBNS-M = IBIS-M ex-ante = IBNS-M ex-ante Cond.1>IBNS-M ex-ante Cond.2

ife<bd

e NBNS-C = IBIS-C ex-ante = IBNS-C ex-ante Cond.1>IBNS-C ex-ante Cond.2

ife<b

e NBNS-NC = IBIS-NC ex-ante = IBNS-NC ex-ante Cond.1>IBNS-NC ex-ante
Cond.2ife<b
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Table 4.2: Comparison of ¢;’s

Condition Monopoly Collaboration No Collaboration
NBNS — ) 72(1),%6) 2(b§+5)
IBIS
+8(a,0)Y +8(a,0)Y +B8(e,0)Y
ex-post — % % a2(b++i)
IBIS
ex-ante — 2(()(:-6) m 2(b§+e)
IBNS
B(a,0)Y B(e,0)Y B(a,0)Y
ex-post z > Cond. 585+ 555 sHuga + il 30mig T Bl
+28(a,0)Y +28(a,0)Y +28(a,0)Y
i < Cond. N Ty =
IBNS
ex-ante - > Cond. ﬁ m 2(b5+6)
4 < Cond. 1 Q(Hil)b Q(nil)b




Changes of price can be seen below in Table (4.3). Depending on ¢; values, g; values
are obtained. And for obtaining price, ¢; values are used. Price function can be see
below:

P=a+0-0b),q

Price in Monopoly setting is always greater than Collaboration and No Collaboration
settings which have more than one buyer. Because in monopoly setting, one buyer
has all purchasing power in the market. There is no other player to compete. And

one buyer decides the price.

a(b+2e) 4 a(bn + 2¢)
2(b+¢) 2(bn +€)

a(b+ 26)2(bn + €) > a(bn + 2€)2(b + €)

be(2n + 1) > be(n + 2)

n>1
As obtained as above, when n > 1 holds, price of monopoly setting is greater than
others.
e NBNS-M > NBNS-C = NBNS-NC if n # 1
e IBIS-M ex-ante > IBIS-C ex-ante = IBIS-NC ex-ante if n # 1
e IBNS-M ex-ante > IBNS-C ex-ante = IBNS-NC ex-ante if n # 1

When Monopoly, Collaboration and No Collaboration for different settings are com-

pared separately, below results are obtained.

e NBNS-M = IBIS-M ex-ante = IBNS-M ex-ante Cond.1<IBNS-M ex-ante Cond.2

ife<bd

e NBNS-C = IBIS-C ex-ante = IBNS-C ex-ante Cond.1<IBNS-C ex-ante Cond.2

ife<bd

e NBNS-NC = IBIS-NC ex-ante = IBNS-NC ex-ante Cond.1<IBNS-NC ex-ante
Cond.2ife<b
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Table 4.3:

Comparison of P*’s

Condition Monopoly Collaboration No Collaboration
(b42¢) (bn+2¢) (bn+2¢)
NBNS e somize i
IBIS
b b , b
ex-post — (a+5(02‘v(‘lf) 323( +2¢) (a+,3(024,(223;)€() n+2¢) (a+6(02é (sz:i)e() n-+2¢)
IBIS
(b+2¢) (bn+2¢) (bn+2¢)
ex-ante 3050 P (=
IBNS
2 b —b b —nb b b—
ex-post an > Cond. ag((b—:?;)) + 5(04,0);/6(26 ) ggbzig + B(Oﬁa)}(;(bg’?l'f)‘el)e nb) a;(;;:iﬁ)) + B(ng;):£2€2€)
% < Cond. 3a—2ﬂia,0)Y 2a+an2—4—+2é6’n(a,a)Y 2a+an2++22,6;§a,0')Y
IBNS
2 (b42¢) (bn+2¢) (bn+2¢)
ex-ante - > Cond. ‘Z(HE) a2(l)71L+e) (12(1:;+6)
2
in < Cond. s prur prur




Supplier’s profit is calculated by using ¢; and ¢; in Table (4.4). To avoid complexity,

monopoly setting is analyzed firstly and it can be generalized to the others:

e IBIS-M ex-ante> NBNS-M
IBIS ex-ante monopoly profits are higher than the profit under no informa-
tion (NBNS-M), when (a,0) converges to 1 (signal accuracy « is high), this

means that demand signal becomes perfect and the difference between profits

2 (+0%a)B(a,0)?
oo (o Cla o,0 be—

are higher. Furthermore, when 3(«, o) is replaced with 1 =g

ao4

comes 1°7—5.

This means that increase in « and o results in higher differences
between IBIS-M and NBNS-M. (Increase in ¢ results in more drastic differences
than increase in o) Same analysis is valid for others: IBIS-C ex-ante> NBNS-C,
IBIS-NC ex-ante> NBNS-NC.

e NBNS-M>IBNS-M ex-ante Cond.1
NBNS-M profits are higher than the profit under IBNS-M ex-ante Cond.1. While
buyer has imperfect information, supplier has no information so this results in
lower profit when compared with under no information for buyer and supplier.
In the buyer’s side, knowing more information than supplier reduces profit of
supplier.
(ITs NBNS-M)- (II; IBNS-M ex-ante Cond.1)

5B, 0)2(1 + o%a)

=(b-9 4ae? (b + ¢)

When the difference between b and e is higher, the difference between NBNS-M
and IBNS-M ex-ante Cond.l is higher also. (When b = € holds, there is no
difference) Same analysis is valid for collaboration and no collaboration setting
also.

(ITIy NBNS-C)- (IIs IBNS-C ex-ante Cond.1)

B n?(b — €)B(a,0)?(1 + o%a)
N (n+1)%¢)2a

(ITy NBNS-NC)- (IIs IBNS-NC ex-ante Cond.1)

5B, 0)2(1 + oa)
(b(n — 1) + 2¢)2«

=n(b—e)e

e IBIS-M ex-ante> NBNS-M >IBNS-M ex-ante Cond.1 When two above items

are combined, imperfect information for all market has the highest profit.Same
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analysis is valid for collaboration and no collaboration setting also.
IBIS-C ex-ante> NBNS-C >IBNS-C ex-ante Cond.1
IBIS-NC ex-ante> NBNS-NC >IBNS-NC ex-ante Cond.1

NBNS-M >IBNS-M ex-ante Cond.2 if € < b holds.

When Monopoly, Collaboration and No Collaboration for different settings are
compared separately, below results are obtained. Same is valid for collaboration
and no collaboration.

NBNS-C >IBNS-C ex-ante Cond.2

NBNS-NC >IBNS-NC ex-ante Cond.2

IBNS-NC ex-ante Cond.1>IBNS-C ex-ante Cond.1, because of the below posi-
tive difference.

(ITs IBNS-NC ex-ante Cond.1)- (II IBNS-NC ex-ante Cond.1)

(n — Dn(b —€)(b*(n — 1)n + 4bne — (n — 1)e?)B(a, 0)2(1 + ac?)
(n+41)2e2(b(n — 1) + 2¢)%a

This means that when buyers do not collaborate, profit of supplier is higher. So

supplier do not want buyers collaborate to have more profit in the market.

IBNS-NC ex-ante Cond.2=IBNS-C ex-ante Cond.2
When ¢z = 0 holds (linear price function), collaboration and no collaboration

settings have the same profits.
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Table 4.4: Comparison of II}’s

39

Condition Monopoly Collaboration No Collaboration
2 2 2
NBNS 4bC-Li-4e 4;;_:146 4b€rLL-&T-L4E
IBIS
Y)? Y)? Y)?
ccpon —  degnt  euagus gt
IBIS
2 | (140%0)Be0)  aPn |, (40’@)(e0)’ 2, (I+o%a)B(a0)’
ex-ante it T a(4b+4e) Tonide T a(dbn+4e) Tonide T a(dbn+4e)
2 e2(a?a+B(a,0)? (1+aa?)) n(—4b?n?B(a,0)?(1+ac?)+4b(n—1)neB(a,0)?(1+ao?)) n(4b(n—1)e(a?a+B(a,0)?(1+ao?)))
IBNS Zin > Cond. 4e? (b+e)a - 4(14n)2e2(bn+e) + 4(bn+e)(b(n—1)+2¢)%a +
b2 (B(c,0)? (1+ac?)) ne?(a?a+n(a?(24n)a+4B(a,0)?(1+ac?))) nde? (a?a+p(a,0)?(1+ac?))
12 (bt 10+n)23 (bnte)a Tbnta) (b(n—1)126%a +

nb?(a?a+n(a?(n—2)a—4p(a,0)?(1+ac?)))
4(bn+te)(b(n—1)+2¢)%a

IS]

+[=
2

(12 a a~n
< Cond. %

8b Ib(1+n) ab(1

—~




In Table (4.5), II; is analyzed under different settings.To avoid complexity, monopoly

setting is analyzed firstly:

e IBIS-M ex-ante> NBNS-M
IBIS-M ex-ante profits are higher than the profit under no information (NBNS-
M), when (B(«a,0) converges to 1 (signal accuracy « is high), this means that
demand signal becomes perfect and the difference between profits are higher.

Furthermore, when («, o) is replaced with 1_?‘;202, (1+o°a)(a.0)

2 4
oo
- becomes 7 oo

This means that increase in « and o results in higher differences between IBIS-M
and NBNS-M. (Increase in ¢ results in more drastic differences than increase in

@)

e NBNS-M>IBNS-M ex-ante Cond.1
NBNS-M profits are higher than the profit under IBNS-M ex-ante. While buyer
has imperfect information, supplier has no information so this results in lower
profit when compared with under no information for buyer and supplier. In
the buyer’s side, knowing information reduces profit of buyer because of no
information in the side of supplier.
(II; NBNS-M)- (II; IBNS-M ex-ante Cond.1)

B(a,0)?(1 + o2a)

dove
Same analysis is valid for collaboration setting.
(IT; NBNS-C)- (II; IBNS-C ex-ante Cond.1)

_ nf(a, 0)%(1 + o%a)
N (n+1)2%¢)c

However, when no collaboration setting is analyzed,

(II; NBNS-NC)- (II; IBNS-NC ex-ante Cond.1)

B(a,0)%(1 + o)
(b(n — 1) 4 2¢)2a

As a result, IBNS-NC ex-ante Cond.1> NBNS-NC. This means that buyers
have more profit during no collaboration when they have imperfect information

instead of no information. IBNS-NC ex-ante Cond.2> NBNS-NC is also valid.

e IBIS-M ex-ante>NBNS-M >IBNS-M ex-ante Cond.1>IBNS-M ex-ante Cond.2

ife<b
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IBIS-C ex-ante>NBNS-C >IBNS-C ex-ante Cond.1>IBNS-C ex-ante Cond.2 if
e<b

When two above items are combined, imperfect information for all market has
the highest profit. IBNS-NC ex-ante Cond.1>IBIS-NC ex-ante>NBNS-NC

Results of model under no collaboration setting differentiates from the others.

IBNS-NC ex-ante Cond.1 >IBNS-C ex-ante Cond.1. (II; IBNS-C ex-ante Cond.1)-
(I1; IBNS-C ex-ante Cond.1)

~(b?*(n —1)2n + 4b(n — 1)ne + (14 n(6 +n))e?) (o, 0)*(1 + ao?) 0
- (1 +n)2e(b(n —1) + 2¢)2a ”

This means that when buyers do not collaborate, profit of buyer is higher. So
buyers do not want collaborate to have more profit in the market under IBNS

setting.
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Table 4.5: Comparison of II;’s

Condition Monopoly Collaboration No Collaboration
aZe aZe a%e
NBNS E— I0bre)? 4(bn+e)? 4(bn+e)?
IBIS
(a+B(a,0)Y)2e (a+pB(a,0)Y)2%e (a+B(a,0)Y)2e
ex-post E— T4z T A(bnte? 4(bn—+e)?
IBIS
ae (1+02a)5(a,0)26 a’e (1+0204)6(0470)25 a’e (1+U20¢)5(O‘70)26
ex-ante — A(bre)? + a(d(b+e)?) 1(bn—+e)? + a(d(bn+e)?) 4(bnte)? + a(4(bn+e)?)
IBNS
(ae)?—((b+€)B(a,0)Y)? (2bnB(a,0)Y +(a+an+28(a,0)Y )e) (ae+n(ae—28(a,0)Y (bn+e))) e(ab(n—1)+2ae+2(bn+e)B(a,0)Y)?
ex-post - > Cond. de(bre)? A(14m)2e(bn+o)2 Aot 2(b(n—1)+2¢)2
a (a+28(a,0)Y)(a—28(c,0)Y) (a+2B(a,0)Y)(a—2nB(a,0)Y) (a+28(a,0)Y)?
in < Cond. 160 A1 m)? BMtDT
IBNS
a a’e B(e,0)*(1+ac?) a’e nﬁ(a,a)2(1+a0'2) e(ab(n—1)+2ac) eﬁ(a,U)Q(lJrach)
ex-ante in = Cond. Ibte? Zoe 4(bnte)2 (1+n)Zea 4(bn+e€)?(b(n—1)+2¢)? + (b(n—1)+2¢)%a
a a? B(a,0)?(14+ac?) a? npB(a,0)?(1+ac?) a? B(a,0)?(14+ac?)
i < Cond. 160 Iba W(1+n)2 ~ T ba(l+n)? BnFD)? T ba(in)?




CHAPTER 5

CONCLUSION

The model setting in this thesis can be described as, a market is assumed with n
competing buyers where price is an inverse linear function of the quantity supplied to
the market. The buyers get engaged in Cournot competition, but may also collaborate
on purchasing decisions from a supplier. The supplier offers a quantity discount, as
the quantity purchased increases unit price decreases. Furthermore, the demand base
in the market is uncertain, but the buyers may get a signal of the demand.

Firstly, when the profits of supplier for different settings are analyzed, the following

important results are obtained:

e Imperfect buyers,imperfect supplier scenario has the highest profit. Increase in
signal accuracy « and variance o results in higher differences between IBIS TI;
and NBNS II;. (Increase in o results in more drastic differences than increase
in ). When « approaches to infinity, S(c, o) goes to 1, and this means that

demand signal becomes perfect.

e NBNS profits are higher than the profit under IBNS ex-ante Cond.1. While
buyers have imperfect information, supplier has no information so this results in
lower profit when compared with under no information for buyer and supplier.
In the buyer’s side, knowing more information than supplier reduces profit of
supplier. Because the supplier is affected by order variability caused by demand

uncertainty.

e In imperfect information for the buyers, no information for the supplier scenario,
the profit of supplier in no collaboration is the higher than collaboration. This

means that when buyers do not collaborate, profit of supplier is higher because
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there is no quantity discount. So supplier does not want buyers to collaborate

to have more profit in the market.

Secondly, when the profits of buyers for different settings are analyzed, the following

important results are obtained:

e Imperfect buyers,imperfect supplier scenario has the highest profit. Increase in
signal accuracy « and variance o results in higher differences between IBIS 1I;
and NBNS II;. When the demand signal becomes perfect, profit of buyers will

be increasing.

e NBNS profits are higher than the profit under IBNS ex-ante Cond.1 except no
collaboration setting. For first part, while buyers have imperfect information,
supplier has no information, this results in lower profit when compared with
under no information for buyer and supplier. In the buyer’s side, knowing more
information than supplier reduces profit of buyer because of no information in
the side of supplier. This means that not sharing information is worse than
no information. For second part (no collaboration), this means that buyers
have more profit during no collaboration when they have imperfect information

instead of no information.

e In IBNS scenario, the profit of buyer in no collaboration is the higher than
collaboration. This means that when buyers do not collaborate, profit of buyer
is higher. So buyers do not want collaborate to have more profit in the market

under this scenario.

Future researches that develop our model can be listed as follows:In this thesis, it is
assumed that the buyers simultaneously decide whether to share information or not,
and their decisions are aligned. With different decisions of buyers can be input to
the our model also. Supplier is uncapacitated in our model. Total demands of buyers
are supplied. With capacitated supplier, this thesis can be improved. Each buyer
purchases from the supplier exactly the amount it will sell in the end market. There
are no inventories in the buyers and this may move away our model from the real
supply chain problems. The model in this thesis is a single-period model so it has

some disadvantages when compared with multi-period models.
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