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ABSTRACT

AN ASSESSMENT OF A TWO-ECHELON INVENTORY SYSTEM AGAINST
ALTERNATIVE SYSTEMS

Ozpamukeu, Serkan
M.Sc., Department of Industrial Engineering
Supervisor: Asst. Prof. Dr. I.Serdar Bakal

Co-Supervisor: Asst. Prof. Dr. Z.Pelin Bayindir

December 2011, 82 pages

In this study, we focus on a real life problem that involves a single item which is
used in military operations. The items in use fail according to a Poisson process
and lead times are deterministic. Four alternative inventory control models are
developed. Among these models, a two-echelon system consisting of a depot in
the upper and several bases in the lower echelon is operated currently. This
system is compared to a single-echelon system that consists of several bases. The
comparison reveals the importance of the holding cost incurred for the items in-
transit between the depot and the base which is ignored in most of the studies in
literature. Both the two and single-echelon models are also extended to have
repair ability. A continuous-review base-stock policy is used for all models.
Exact models are formulated. The results are obtained under various lead time,
unit costs and demand parameters. Results of four different settings are compared

and the findings are reported.

Keywords: Stochastic inventory control, single-echelon, multi-echelon, repair

ability, exact model, continuous review
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IKi KADEMELI ENVANTER SISTEMININ ALTERNATIF SISTEMLERE
KARSI DEGERLENDIRILMESI

Ozpamukeu, Serkan
Yiiksek Lisans, Endiistri Miithendisligi Bolimii
Tez Yoneticisi: Yrd.Dog¢.Dr. I.Serdar Bakal

Ortak Tez Yoneticisi: Yrd.Dog¢.Dr. Z.Pelin Bayindir

Aralik 2011, 82 sayfa

Bu ¢alismada, askeri operasyonlarda kullanilan bir malzemeyle ilgilenen gergek
hayat kaynakli envanter problemine odaklanilmistir. Kullanilan malzemeler
Poisson siirecine uygun siklikta bozulmaktadirlar ve on zamanlar degisken
degildir. Dort farkli envanter kontrol modeli gelistirilmistir. Bu modeller arasinda,
iist kademede depo alt kademede ise bir ¢ok iis bulunan, iki kademeli sistem
giincel olarak igletilmektedir. Bu sistem bir ¢ok iisten olusan tek kademeli bir
sistemle karsilagtirilmistir. Karsilagtirma sonucu; pek ¢ok calismada goz ardi
edilen depo ile iis arasinda tasinmakta olan malzeme icin harcanan maliyetin
Onemi ortaya c¢ikmistir. Ayrica, hem iki hem de tek kademeli sistemler, tamir
yetenegi kazanacak sekilde gelistirilmiglerdir. Tiim modeller igin, siirekli takip
edilen, baz stok seviyesini 6ngoren bir poli¢e kullanilmistir. Kesin sonug veren bir
model formulize edilmistir. Sonuglar, degisik 6n zaman, birim maliyetler ve talep
degerleri i¢in elde edilmistir. Dort farkli envanter modeli sonuglar1 karsilastirilmis

ve tespitler raporlanmistir.

Anahtar Kelimeler: Rassal envanter kontrolii, tek kademe, ¢cok kademe, tamir
yetenegi, kesin model, siirekli takip
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CHAPTER 1

INTRODUCTION

In this study, a real life inventory control problem of a single item, which is being
used in the military operations, is considered. The item has a critical importance
in the operations and it is supplied by a single domestic supplier. In the current
system, there is a two-echelon inventory setting which consists of a single stock
point, a central depot, in the upper echelon and several stock points, bases, in the
lower echelon. The users are the military units which are very close to the
operation sites. The demand originates from the item failures in the users, which
are regarded as the end customers, and it is stochastic. User demand occurs first in

the lower echelon, and then it is reflected to the upper echelon (See Figure 1).
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Figure 1-Two-echelon model



The depot replenishes the bases and orders from the outside supplier. The depot
and the bases are connected via military ring services. The items are transported
using these links incurring a holding cost for the items in-transit. Any unsatisfied
demand is backordered at all stock points. The lead times are assumed to be
deterministic. The goal is to operate the inventory control system at the minimum
expected long run average cost. The stock levels, lead times, unit procurement,
holding and backorder costs are the key drivers of this cost. For the rest of the
study; the expected long run average cost is denoted by cost.

The headquarters are aware that the current system has room for improvement.
For instance, although the items require high technology to be produced; since the
outside supplier is a domestic firm, the repair ability, which would enable some
portion of the failed items be repaired, can be acquired in the system. This repair
ability at the stock points would replace the procurement lead times with
relatively shorter repair lead time. Moreover the repair costs for each item

repaired is expected to be lower than the procurement costs.

The current system is centralized due to the nature of the system and it is
advantageous as the risk of backorder occurrences is reduced. This enables the
headquarters to maintain an easy control on the system-wide inventory as the risks
of the demand uncertainty are pooled. However, the ring services that are being
used throughout the system are a bit risky, since the services have close proximity
to the military operation sites, and the transportation lead times are long and the
transportation process is very costly due to inventory holding cost of the items in-
transit which is ignored in most studies in the literature. This makes the
headquarters analyze the option of not operating the depot to reduce the risks and

costs involved in transportation and to avoid the transportation lead time.



Considering these possible changes, we consider four different alternative
inventory systems. The first one is the actual model which consists of two-
echelons, including one depot in the upper and several bases in the lower one. In
the two-echelon model with repair ability, only the depot is improved to have the
repair ability. Another alternative considered by the headquarters is not to operate
the depot, which corresponds to the single-echelon model with no repair ability.
Finally, the bases in the single-echelon model are granted the repair ability which
entails the analysis of single-echelon model with repair ability. The models
considered in this study are presented in Table 1.

Table 1- Models in the study

Model Representation Explanation

Two-echelon model TE model Current model that is operated.

Depot is granted with repair
TR model ability; the failed items can be
repaired with probability p.

Two-echelon model with
repair ability

Depot is closed and the bases
Single-echelon model SE model replenish from the outside
supplier themselves.

Depot is closed; the bases
Single-echelon model replenish from the outside

. S SR model :
with repair ability supplier and they are also granted
with repair ability.

As the items are very critical for military operations, if the considered stock point
is granted with repair ability, a technician would always be available for each
failed item due to criticality. Therefore, ample capacity assumption would be
valid for repair facilities in the models. The ample capacity assumption also holds
for the outside supplier; that is, any order placed to the outside supplier will be

received exactly in the procurement lead time.



The main goal of the study is to ensure the minimum cost. Therefore the basic
research questions are stated as follows:

I What are the effects of operating a single-echelon system, instead
of a two echelon system, on the performance of the inventory system?

ii. What are the effects of acquiring repair ability on the performance
of both two and single-echelon models?

iii. What are the effects of the changes in cost, demand and lead time

parameters on the system performance?

The study is organized as follows: In Chapter 2, literature survey on inventory
control systems that are related to this study is presented and the problem is
defined. In Chapter 3, the models are introduced and analyzed. Furthermore the
algorithms that are used to optimize the models are introduced. In Chapter 4, we
perform a detailed computational analysis and present our findings. Through the
computational study the improvements of the models in consideration are assessed
under different lead time, unit cost and demand settings. Finally, we conclude in

Chapter 5 by summarizing the findings and providing future research directions.



CHAPTER 2

LITERATURE REVIEW & PROBLEM DEFINITION

In this study, we deal with four different inventory control systems, including both
single and two-echelon systems with and without repair ability, and we restrict
our attention to the related studies in the inventory management literature.

2.1. Literature Review

In Hadley and Whitin (1961), a single-echelon, multi-facility model for low
demand items is developed, where, the demand follows a Poisson process and
lead times are constant. Hadley and Whitin (1963) is the first to give the exact
costs for a single echelon inventory system facing Poisson demand and constant
lead times. Das (1977) optimizes a single-echelon base stock model in which
customers are willing to wait for backorders for a fixed amount of time. It is stated
that relaxation of the time limit does not necessarily reduce the costs. Smith
(1977) obtains an approximate solution for a single echelon system that follows a
base stock policy for a consumable item. The facilities may have emergency
shipments and no backorders are allowed. In this model, how to evaluate and find
optimal (S-1,S) policies for a system with zero replenishment costs and stochastic
lead times is demonstrated. Schmidt and Moinzadeh (1991) consider a single
facility that can have emergency shipments with a shorter lead time and higher
costs than regular orders. In this paper both backorder and lost sale cases are
considered. Schmidt and Nahmias (1985) deal with a model considering a single
perishable item. The excess demand is lost. This model becomes similar to the

model in Smith (1977) when the life time is assumed to be infinite. Moinzadeh
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(1989) analyzes a model with Poisson demand and constant lead times. The
excessive demand is either backordered or lost. This model is a generalization of
Smith (1977) and Hadley and Whitin (1963) when lead times are assumed to be

constant.

Among the papers that consider single-echelon models; some of them have
repairable items. Phelps (1962) considers the decision when to repair versus when
to procure in a single facility system with multiple items. Schrady (1967)
determines the optimal procurement and repair quantities by examining a single-
facility model, which allows item condemnation and has deterministic demands.
In this model, repair process is considered as a separate model and repair orders
are batched in two or more. Allen and D’Eposo (1967) consider a single facility
model with (r,Q) policy. In this model the items are repairable and approximate
steady state distributions are derived for stochastic demand and constant lead

times. Simon (1968) derives the exact results for this model.

There are few papers that consider the comparison of two and single-echelon
models. Muckstadt and Thomas (1980) compare these two systems for a multi-
item situation where demands are Poisson and the lead times are stochastic. The
lead times are represented with independent but not identically distributed random
variables. They model the two-echelon model under budget constraint and a fill
rate constraint is used for the single-echelon model. They conclude that the use of
two-echelon model is a better alternative. Haussmann and Erkip (1994) consider a
single-item inventory system with Poisson demand where the lead times are
constant and all facilities follow (S-1,S) policy. It is a more relevant study to ours.
It is stated that if all information about the system is available and reflected in the
objective function, optimal results for two-echelon systems will always dominate
the single-echelon systems; however, when managerial and organizational issues
are considered, this may not be always true. The study explores the improvement

of a two-echelon system against a single-echelon one. They obtain optimal results
6



subject to a fill rate constraint and stated that single-echelon model can be 3-5%
sub-optimal against the two-echelon.

Two-echelon models are the most common models that have been analyzed in the
literature of inventory control. Axsater (1990) presents recursive procedures to
determine exact costs and discusses the determination of optimal results for a two-
echelon system having a single item with independent Poisson demand and
constant lead time. The item flow is very similar to that of our two-echelon
models. Unsatisfied demands are backordered. The study does not provide any
information on steady state distributions. Compared to approximation models like
Sherbrooke (1968) and Graves (1985) have presented, the model in Axsater
(1990) requires a longer time to obtain an optimal solution. Svoronos and Zipkin
(1991) consider a system that has more than two-echelons, with a central depot
that procures from an outside supplier which has an ample capacity. Differently
than many other models in the literature, this model considers the transportation
lead times between the hierarchical facilities. They obtain approximate results for
expected inventory and backorder levels and shows that transportation time

variances significantly affect the system performance.

Nahmias (1981) state that there are two key components in the design of a multi-
echelon system with repairable items: Those are: (i) characterization of the service
performance for a given stock level and (ii) searching systematically over possible
stock levels and finding the best. In this study, we follow such a procedure to find

the optimal base stock levels and policy parameters.

Graves (1996) considers a two-echelon system with Poisson demand and
stochastic lead times. He develops a new model with a new allocation scheme
called virtual allocation that increases tractability for a two-echelon system with
stochastic demand and deterministic lead times. It is stated in the study that

having a depot benefit the system in two ways: One is the joint order effect, which
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pools the risk of replenishment lead times and the other is the depot effect, which
balances the inventory levels at the bases and pools risks over backorder
occurrences. One of the findings in the study is that although both the depot and
the bases should hold safety stock, most of it should be in the bases. Moinzadeh
and Aggarwal (1997) consider a two-echelon model that has a consumable item
with Poisson demand and deterministic lead times. In this study, although the
unsatisfied demands are backordered; the depot can place emergency orders and
uses information of remaining lead time of the inventories on order to determine
whether to place an expensive but immediate emergency order or not. Axsater
(2001) provides a different cost structure that would be used in decentralized
control in two-echelon systems with a depot in the upper echelon and several
bases in the lower echelon. In this cost structure the depot also pays a penalty for
the backorder occurrences.

There are many studies that consider two-echelon models with repair ability.
Among them, METRIC can be regarded as a milestone study. Sherbrooke (1968)
presents METRIC for a two-echelon model with repair ability. The system is a
conservative one, i.e. all items are repaired and none procured, with compound
Poisson demand and stochastic lead times. In this study, he derives the
approximate net inventory distribution at each site. The objective of the study is to
minimize the backorder levels at the bases subject to a limited budget. METRIC is
a pioneering study for multi-echelon inventory systems; especially for the military
applications. Simon (1971) considers a model whose environment is similar to
METRIC except that lead times are assumed to be deterministic and demand is
Poisson. He provides exact analysis to derive the distribution of the backorder
levels in each facility in the system. Richards (1976) derives exact expressions for
the inventory levels and depot backorder level in an environment similar to
METRIC where demands are Poisson, lead times are stochastic and not all of the
items are repairable, i.e. item condemnation is included. The results of this study
are used by Graves (1985) and more accurate results with respect to METRIC are

obtained via two parameter approximation. Graves (1985) considers a two-
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echelon system in which the depot acts like a central repair facility. The demands
are Poisson but the conditional distribution of the outstanding orders is binomial
due to first come first serve policy. In the study, exact and approximate methods
are presented to determine steady state inventory level distributions at the bases
and the depot. The use of binomial disaggregation for specifying the backorder
levels in the bases in Graves (1985), encourages us to use the same method for
specifying the backorder levels in the bases. This method is also used in the
analysis of the two-echelon models in Axsater (2000).

Axsater (1993) reviews and compares his previous model in Axsater (1990) with
the model in Graves (1985) and METRIC. Instead of minimizing inventory
subject to a service constraint; he considers finding the optimal base stock levels
that minimize the holding and backorder costs. Recursive procedures are used to
evaluate the cost function and to find the optimal base stock levels.

Moinzadeh and Lee (1986) analyze a multi-echelon system that has a single
repairable item and they develop a decision rule to select between the base stock,
i.e. (5-1,5), and (r,Q) policies. It is stated that when the demand rate is high, (r,Q)
policy is better; however, when the lead times are long and/or there are many
bases in multi-echelon system, then (S-1,S) policy is better than the (r,Q) policy.
Lee (1987) considers a two-echelon model with repairable items. The demands
are Poisson and lead times are constant. The bases replenishes from the depot.
Unsatisfied orders are backordered. In case of any stock out at the base, the base

can place and emergency order to another base laterally.

Wang et. al. (2000) compares the METRIC model and the model in Svoronos and
Zipkin (1991) when the lead times are stochastic and represented by independent
but not necessarily identically distributed random variables due to dependency of

the lead times on the depot. As a result, he proves that shorter lead times results in
9



shorter delays and states that independent and identically distributed lead time
assumption results in greater errors when demand levels are low. Regarding this

result, we develop a model that allows non-identical lead times.

Caglar et.al (2004) deal with a two-echelon inventory system with repairable
items. In the model, the depot acts like a repair facility as in Graves (1985) and
they develop a heuristic to get an approximate solution. The steady state
distributions are similarly specified to our two-echelon model with repair ability.
Although we deal with an exact model to obtain the optimal policy parameters,
the algorithms that we develop in our study are similar to the ones used in Caglar
et.al (2004). They first solve the single depot problem for a given base stock level
of the depot, and obtain the optimal base stock level that give the minimum cost
for each of the bases. This procedure is called H1. Then, according to results
obtained, H1 is repeated for the newly given base stock level of the depot to
obtain better cost values. The algorithm is iteratively computed until maximum
iteration number is reached. In our study, we run a procedure similar to H1 and
repeat it until an intuitively given upper-bound is reached; thus we obtain the

optimal policy parameters.

The papers that are most relevant to our study are presented in Table 2.

2.2. Problem Definition

The item that is considered in this study has a critical importance in military use
and it is very expensive. There is a single domestic supplier. The demand
originates from the item failures in the users, which are the military units. The
military units are regarded as the end-customers. Currently, a two-echelon

inventory system is operated to support the users. There is a depot in the upper
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echelon and several bases in the lower echelon. User demand occurs at the bases.
The bases replenish the items from the depot and the depot replenishes from the
outside supplier.

The items are transported via military ring services between the depot and the
bases. Any unsatisfied demand is backordered at all stock points. The lead times
are assumed to be deterministic. The performance measure of the system is long
run average cost. In this study, to reduce the cost of the system, we consider
several modifications on the current system. For instance, although the items
require high technology, the repair ability, which would enable some portion of
the failed items be repaired, can be acquired in the system since the outside
supplier is a domestic firm. This repair ability at the stock points would replace
the procurement lead times with relatively shorter repair lead time. Moreover the
repair costs for each item repaired is presumably lower than the procurement

costs. Therefore, the models with repair ability are worth analyzing.

The advantage of having a two-echelon system is that it enables an easy and
reliable control over system-wide inventory and reduces the risk of backorder
occurrences as the risks of the demand uncertainty are pooled. However, the ring
services being used throughout the system are very close to the operation sites,
therefore there are noticeable risks for the items and that situation incurs high
holding costs for the items in-transit. Moreover, there are many other items, which
are not considered in this study, transported via these services; therefore the
transportation lead times can be unexpectedly long. This makes the headquarters
analyze the option of not operating the depot, along with the ring services, to
reduce the risks involved in transportation. This options requires that each stock
point in the lower echelon be responsible for its own inventory and procure items
from the outside supplier on its own. When this option is considered, the

transportation risks are entitled to the outside supplier.
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Therefore, four different alternative inventory control models are built to be
analyzed. The first one is the current system which consists of two-echelons,
including one depot in the upper and several bases in the lower one. The first
alternative is the two-echelon model with repair ability. In this model, the depot
acquires the repair ability and this enables the depot repair some portion of the
failed items.

The other major modification that should be considered is cancelling the depot
out, which would also cancel the use of ring services for the considered item.
Therefore, single-echelon model is created. The stock points in this model do not
have repair ability and they are entitled to control their own inventory individually
which includes supplying the items from the outside supplier. In this model, the
responsibility to deliver the items to the stock points is given to the outside
supplier. Finally, to see the effect of repair ability acquisition in the bases for

single-echelon model, single-echelon model with repair ability is considered.

In each of these models the main goal is to ensure the minimum system wide cost
through determining the optimal base stock levels for each stock point. Therefore
the basic research questions that will be answered throughout the study can be

stated as follows:

i What are the effects of operating a single-echelon system, instead
of a two echelon system, on the performance of the inventory system?

ii. What are the effects of acquiring repair ability on the performance
of both two and single-echelon models?

iii. What are the effects of the changes in cost, demand and lead time

parameters on the system performance?
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CHAPTER 3

MODELS

As expressed in the previous chapters, four alternative inventory systems are
considered throughout the study (recall Table 1 in Chapter 1). In both the TE and
SE models, failed items are discarded; and a replenishment order is placed to the
outside supplier by the depot in the TE model and by the bases individually in the
SE model. However in the TR and SR models, the depot and the bases have the
ability to repair some of the failed items, respectively. In these models, the
demand is satisfied either by repaired or procured items. Among these systems,

TE model is in operation currently.

In all models, a single item is considered and inventory is reviewed continuously.
A continuous review base stock policy (S-1,S) is followed by all facilities; that is,
the items are not batched for procurement or repair requests, but they individually
create an order as soon as demand occurs. The demand originates from the item
failures in the users, which are regarded as the end-customers. When an item fails,
the user immediately returns the item to the base; thus user demand occurs at the
bases and they are reflected to the depot in two-echelon systems. The demand
across bases is independent of each other. Lateral shipments between the bases are
not allowed and the unsatisfied demand at any stock point is backordered. The
demand that base i faces is a pure Poisson process with rate 4;. As all demands
that occur at the bases are reflected to the depot in two-echelon systems, the
demand process of the depot is the superposition of the demand processes of the
bases; therefore the depot demand also follows a Poisson process. The outside

supplier supplies the bases or the depot in the systems with a single or two-
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echelon structure, respectively. If the system has repair ability, there is a certain
probability that a return is repairable. The inspection for detecting return’s
reparability is performed by the bases. The inspection is assumed to require no
lead time; therefore, in the SR model, each base immediately places an order to
the outside supplier or starts the repair process after a demand occurrence. In the
TR model, if the item is repairable, it is sent to the depot by the bases to be
repaired; and the depot immediately starts the repair process. Both the outside
supplier and the repair facilities are assumed to have ample capacity; therefore no

queues occur in replenishment or repair processes.

There are three kinds of lead times: (i) the procurement lead time, which is the
time required for a facility to procure an item from the outside supplier; (ii) the
transportation lead time, which is the time required for items to be transported
from the depot to the bases or vice versa (iii) the repair lead time which is the time
required for an item to be repaired. The lead times of different bases are not
necessarily identical and all lead times are assumed to be deterministic. However,
the time required for a base to replenish its stocks from the depot can turn out to
be stochastic due to waiting time caused by the backorder occurrences at the

depot.

As the decision criterion, a long run average cost that includes the following is

considered:
o Inventory holding cost per unit per unit time
v’ for physical stock at all stock points

v’ for in-transit stock between the depot and the bases in two-echelon

systems

v’ for items in repair process for the systems where the repair ability
exists
16



o Backorder cost at the bases, which is incurred per unit per unit time

o Procurement cost that is incurred for each item procured from outside
supplier.

o Repair cost that is incurred for each item repaired in the systems with
repair ability.

The notation used in the thesis context is presented in Table 3:

Table 3- Notation

Index for stock points

Set of stock points, i=0 represents the depot in two-echelon

=01, Nj systems.

S Base stock level of the stock point i € |

Ci(S) Expected long-run average cost at stock point i for a given S; >
P 0 in the SE model.

cr () Expected long-run average cost at stock point i for a given S; >
P 0 in the SR model.

Ci(Si, So) Expected long-run average cost at base i € I-{0} for a given S;
i 90 90 > 0 and Sp> 0 in the TE model.

CiI(Si. S0) Expected long-run average cost at base i € I-{0} for a given §;
i (9iy 90 > 0 and So> 0 in the TR model.

{Di(1), 0} Poisson process governing demand at base i € 1-{0}.

{Do(?), =0}

Poisson process governing demand at depot in two-echelon
systems

Di(ty,t2] Demand for base i in the interval (ty,t,].
i Demand rate for the base i.

L Procurement lead time for base i.

Ri Repair lead time for base i.

17




Table 3- Notation (Continued)

Ti Transportation lead time for base i € 1-{0}.

NI;(t) Net inventory for base i at time t.

NI+ (t) Positive net inventory; stands for the inventory on hand for
! stock point i e I at time t.

NI~ (1) Negative net inventory, stands for the outstanding backorders
! for stock point i e | at time t.

10i(t) Inventory on order of base i at time t.

IPi(t) Inventory position of base i at time t. IP;(t) = NIi(t) + 10;(t).

Cp Unit procurement cost.

Cr Unit repair cost.

hi Unit inventory holding cost for base i.

ht Unit inventory holding cost for in-transit inventory.

o] Unit backorder cost for base i.

Repair ratio. That is the probability that a failed item is repaired
P (for both TR and SR models).

Note that Dj(ty,t2] is Poisson with rate 4; (to-t1), since {Di(?), £>0} is a Poisson
process. Although the current system is the TE model; for the sake of simplicity,
we start with the simpler single-echelon models. The rest of this chapter is
organized as follows: In Section 3.1, the SE model is considered and analyzed. In
this model, the depot is not operated anymore. In Section 3.2; the SR model,
which is an extension of the model in Section 3.1, where the bases have partial
repair ability, is considered. In Section 3.3, the analysis of the TE model is
presented. Finally, in Section 3.4, the TR model, which is the extension of the
actual model, where only the depot has partial repair ability is considered and

analyzed.
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3.1. Single Echelon Model

The first model is the SE model with N-bases each of which independently
replenishes from an outside supplier. The system can be illustrated as shown in
Figure 2. Note that the (S-1,S) policy is a special case of the (r,Q) policy where
r=S-1 and Q=S; therefore there are many examples of the SE model developed in
this study. In Axsater (2000), models similar to ours can be found with given
optimization methods. Moreover the derivations in this model is based on the
expected average inventory levels; therefore they are similar to those in Das
(1977), Smith (1977) except that they considered a limited waiting time for
backorder occurrences and emergency order, respectively.

By
. i -~
w o | i :
e
Outsideﬁupplier Deterministic and
- dah independent
~ | ” procurement lead

“_times (L;for base /)

Base 1 Base 2 Base M

Poisson demand
A, A with mean A; for A
" base i e

Figure 2- Single-echelon model

When a demand occurs at base i, if there are any items available, the base
immediately meets the demand. In the case of a shortage, the base backorders the
demand and incurs a unit backorder cost, b;, per unit time. As demand occurs, the
base immediately places an order to the outside supplier and receives it in

procurement lead time, L;, and incurs a unit procurement cost; c,. Base i incurs a
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unit holding cost, #4;, for inventory on-hand per unit time. Events triggered by a

demand (failure) occurrence are illustrated in Figure 3.

Item fails, user places Basemeetsthe

orderto the bazes

Ttem

available? user demand

'

Baseplacesan
orderto the
outside supplier

Basebackorders

)

the uzer demand

Figure 3- Events for single-echelon model with no repair ability

Total cost of the system is the sum of the costs of individual bases, since bases
operate independently. The average cost of base i, Ci(S;) consists of average
holding, backordering and procurement costs over time. Therefore, the problem of

finding the optimal order-up-to levels can be formulated as:

N
Minimize ) C,(S,)

i=1

st. S, €{0,1,2,..}, Vie{l,..,N}

where; C,(S,) = hE[NI; 1+ bEINI; 1+¢,2, (3.1)

The objective function consists of holding, backorder and procurement costs of all
bases. The terms E[NI] and E[NI; ]in (3.1) stand for the expected inventory on-

hand and expected backorders per unit time in the long-run, respectively. For
deriving the long run average cost; we first need to observe the limiting behavior

of the net inventory, NI,.
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Recall that inventory position, IP(t), is, by definition, equal to the sum of net
inventory, NI(t), and inventory on order, 10(t) at time t, i.e. IP(t) = NI(t) + 10(t).
Since base stock policy, (S-1,S) is applied; the inventory position at time t, IP(t),
of any stock point always equals to its base stock level. Besides, the inventory on
order at time t, 10(t), is the orders that are placed but not received by time t. Let L
denote the lead time of a stock point to replenish an item. The orders that are
placed before t-L will be ready at the base by time t; whereas the orders placed in
the interval of (t-L,t] are in-transit to the base. Therefore, the inventory on order,
IO(t) is the orders placed in the interval of (t-L,t]; that is 10(t)=D(t)-D(t-L)=D(L).
As all of the orders are triggered immediately after a demand occurrence, the
inventory on order is equal to the demand during the lead time, which is Poisson
with rate AL, i.e., D(L)~Poisson (AL). Hence, the limiting distribution of 10(t) is
also Poisson with rate AL. From now on, we let D;(L;) denote the limiting behavior

of the inventory on order for base i,

Noting that, IPi(t) = S; Vt, and IP(t) = NI(t) + 10(t); we have
Si = NI; +Dj(L;), which results in;
N|i: Si —Di(Li).

Then, we have,

E[NI7] = E[(S,-Di(L))] = Z(Si -DPO(L)=1), (3.2)
E[NI;] = E[(D,(L)-8)'] = 2 (J-S)P(D(L) =), (3.3)
where,

—AL; j
P{Di(l-i):j}:e (JJ:LI) :

Therefore; using (3.2) and (3.3) in (3.1), the cost of a single base i becomes:
21



Ci(S)= hZ(S —P(D(L) =) +b ;l(J—S)P(D(L.)—J)JrC
j=S+

As the bases are independent of each other, the problem is separable to N
independent sub-problems, each of which corresponds to a single base problem.
To ensure that a local optimal is the global optimal in a single base problem; it
would be enough to show convexity of the objective cost function of a single
base. As the cost function, Ci(Si), is not continuous; we use the difference
functions to show the convexity of Ci(S;) with respect to the decision variable S;.

The 1% order difference function of Ci(S;) can be stated as follows:

h§(3 +1-J)P(D/(L) =i)+b, Z (i-S -DP(D,(L) = i) +¢,4
AC/(S)=Ci(5+D)-Ci(S) = =0 j=5+2

SI

—hiZ(Si - )P(Oi(L) = J')—bii(J' =S)P(D(L)=i)+c,4

[i(s +1=-J)P(Di(L) =)~ Z(S—J)P(D(L)—J)j

[Z(J—S “DP(D; (L) = 1) - Z(J—S)P(D(L)—J)]

h[(si-l-l)P(D(L) 0)+S,P(D,(L)=1)+..+1P(D,(L) = Si)+0P(Di(Li)=Si+l)j
! _SiP(Di(Li):O) (Si -1)P(D, (L) )_"'_OP(Di(Li):Si)

1P(D,(L) =S, +2)+2P(D,(L) =S, +3)+3P(D.(L) =S, +4) +4P(D.(L) =S, +5) +...
.[—1P(Di(|_i)=5i+1)—2P(Di(Li)=Si+2)—3P(Di(Li)=Si+3)—4P(Di(Li)=Si+4)+...]

= l:hi [i P(Di(L) = j)}"_bi (_ i P(Di(L)= J)j:| : (3.4)

j=0 j=S,+1

Similarly;
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AC(S;+1)=C,(S, +2)~C\(S; +1) =

0

{h{ipm(m: j)}bi (—_Z P(D,(L) = j)ﬂ.

j=5;+2

(3.5)

Using (3.4) and (3.5), one can show that the 2™ order difference function of Ci(S;)

IS:

A’C,(S;) =AC,(S; +1) - AC,(S,) =

542 i Al - [
hiz (/’11L|) € _bi z (21L|) €
=0 J! j=5;+2 J!
S+ i oAl ) Ja=4k
[h¥enet s an
i=0 J! =S, +1 J! |

(ﬂf, |-i)oefﬂ1'|'i (/lI Li)le’ﬂ*'* (ﬂflLi)Sﬁle*ﬂiLa (ﬂiLi)SiJrzefﬂiL‘ T
+ +..+ +
h 0* 1t (S, +1)! (S, +2)!
i _(/”LILi)Ue_i.L. _(ﬂiLi) g Al ~ _(;LILi)S,Jfle—AILI
0! il (S +D)!
= (ﬂi Li)5i+2e—ﬁi|-i (21 Li)5i+3e—;ﬁ|_i (ﬂil_i)siwe_ﬁil“
|G ey (544!
o GLtett (L) e (L) et
(S;+1)! (S;+2)! (S, +3)!

L [GL) e (L) e
(5 +2)! (S +)!

ﬂ >0 (3.6)

Therefore, we can conclude that C.(S,)is convex in Si>0 and the optimal base

stock level for base i, S, can be found from the first order optimality condition as

follows:

S"=min{Si €{0,1,2,...}| AC,(S,)> 0} (3.7)
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The optimal base stock levels are found by a local search procedure in which S;
levels are successively increased until optimality condition given in (3.7) is
satisfied. As the bases are independent of each other, the sum of the minimum

costs for each base ensures the minimum system wide costs.

3.2. Single Echelon Model with Repair Ability

In this case, we again have a single-echelon system consisting of N independent
bases; but this time, the bases have a limited ability to repair the returned items.
The system is illustrated in Figure 4. In this model, the environment is very
similar to the previous model, except the demand distribution due to repair ability.
The demand distribution in this model is inspired by the Simon (1971).

The failed items are Y B
ordered from the ‘ a-
outside supplier with
probability (1-p) Outsideﬁypplier Deterministic and
The failed items are /, | “~~ independent ead
repaired in repair lead time _—" T~ procurement leac
(R;for base i) with " . limes (L;for base j)
probability p ,’ L L, °
p Poisson demand A
' with mean A; for L S
base i "“

Figure 4- Single-echelon model with repair ability

Each base incurs a holding cost, h;, for inventory on-hand. When a demand occurs
at base i, if there are any available items, the base immediately meets the demand.
The inspection, which is necessary to determine whether the failed item can be

repaired or not, is performed in bases. With probability p, the item is repaired in
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repair lead time, R;, incurring a unit cost of repair, c¢,. Note that, items in repair
incur inventory holding cost as well. If the item is not repairable, then an order is
placed to the outside supplier and the order is received in procurement lead time,
L;, incurring a unit cost of procurement, c,. However, if there is no item available
when the demand occurs, the base backorders it incurring a unit backorder cost, b;,

per unit time. Events triggered by a demand (failure) occurrence are illustrated as

in Figure 5.
Ttem fails, user yes Baze meetzthe Bazeplacezan
places order to user demand orderto outside
bases supplier
¥ A
Basebackorders Betim Repair Item
the user demand repairable

Figure 5- Events for single-echelon model with repair ability

Since the bases are independent, total cost of the system is total of the costs of
each base. Therefore, the problem of finding the optimal order-up-to levels can be

formulated as:

N
Minimize ) C/(S,)

i=1

s.t. S, €{0,1,2,..}, Vie{l,..,N}
where; C/(S,)=h| E[NI1+ pAR |+bE[NI 1+ (1= p)c, A +pc, A, (3.8)

The objective function consists of holding costs of items in both stock and repair
process; backorder, procurement and repair costs for all bases. Similar to the
previous section, we need to observe the limiting behavior of the net inventory
levels of the bases for deriving the total average cost. The net inventory at time ¢,
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NI(t), is equal to the difference between the inventory position, IP(t) and the
inventory on order, 10(t), i.e. NI(t) =IP(t)- 10(t).

In this setting, it should be noted that the demand process, thus the inventory on
order, 10(t) splits into two independent Poisson processes: failed items that are
repairable arrive at base i according to a Poisson process with rate p/;, and they
are repaired in repair lead time, R;; whereas non-repairable returns at base i are
Poisson with rate (1-p)4; and as they are discarded, new ones are procured in

procurement lead time, L.

The inventory on order for base i equals, 10;(t)=Di(t-R;,t)+D;(t-L;,t), where Dj(t-
Ri,t) denote the repair orders outstanding at time t and D;(t-L,t) denote the

procurement orders outstanding at time t.

Noting that, IPi(t) = S; Vt, and IP(t) = NI(t) + 10(t); we have

Si=NI+ Di(Ri)+Di(Li)

Let, D" be the random variable denoting the inventory on-order in base i for this
setting. Then E[D"]=E[D;(R)] + E[D,(Ly)] for base i. The demand during lead
time in steady state for repair and procurement processes, i.e. E[D, (R )]and
E[D. (L, )]are Poisson with rates pAiRi and (1-p)AiLi, respectively. Both processes

are independent and therefore, inventory on-order for the SR model is the

superposition of these two Poisson processes. Therefore E[D']= Z[(1-p)Li+pRi],

26



Using the analysis in Section 3.1; for the expected values of both the positive and
negative net inventory levels, i.e. E[NI."] and E[NI.] in (3.8), respectively, we

have;
E[NI.]=E[IRP - Dir]z E[S, — D:].

Therefore; both the positive and negative expected net inventory can be stated as:

E[NIT = ELS,~D))'T = D(8,~ DP(D] = ) (39)
E[NIT = ED/-S8)'T= Y, (J-S)P(D/ =) (3.10)

j=S;+1

e IV (oR + (1= p)L)]'
j! |

where P(D' = j) =
Inserting (3.9) and (3.10) to (3.8); the cost of a single base, say base i, becomes:

Cr(s) =[hi Hszi(si ~i)P(D/ = j)]wRiz.}bi > (j-S)P(D' = j>]+(1—p)cpz. +pe4

j=0 j=S;+1

Each base operates independently of the other bases in the system; therefore we
have N independent sub-problems, as we do in the SE model. Therefore, to ensure
that a local optimal is the global optimal in a single base problem; it would be

enough to show convexity of the cost function of a single base.

The 1% order difference function of C,"(S;) can be calculated as:

ACir(Si) :Cir(si +l)_Cir(Si) =
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h Hsz'(s. +1-i)P(D’ = j)}pRiz,,}bi S (-5 ~)P(D" = j)+ (- p)C, 4 + o€, A

1
i= j=S;+1

N+Q-p)c 4 +pcrﬂ,lJ

j=S;+1

—[hi [_Szi(si—i)P(D: - j)}pm}bi > (i-S)P(D =

h{ (S, +1- ))P(D" = i)—Z(Si ~j)P(D’ = j)J

j=0

(Z(J S;—1)P(D" = j)- Z(J S)P(D’—J)j

j=5;+2

(s +1)P(D' =0)+(S,)P(D’ =1)+..+1P(D' =S,)+0P(D’ =
~(S,)P(D" =0) (S, ~1)P(D’ =1)~..—OP(D' =S,)
=S, +3)—4P(D'

=S, +1)-2P(D] =$;+2)-3P(D; =S, +4)+...

ol £

~1P(D'

S;+1

=|h (Z P(D' =

(3.11)

Similarly;

S;+2

AC (8 +D =C/(8,+2)-C/ (S +1){hi [Z P(D! = j)}*bi [ > PO =)

j=s;+2

(3.12) .

Using (3.11) and (3.12), one can calculate the 2" order difference as:

S, +1)J ]

) [1P(Dir =S, +2)+2P(D" =S, +3)+3P(D' =S, +4)+4P(D" =S, +5)+... J
+b.
|

)

A’C(S,)=AC/(S,+D)-AC/(S,) =

=0 J! i25, +1 J!

[hsj+l(E[Dr])jeE[D] . . (E[Dir])je—E[Di']
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- (E[Dlr])oe_E[Dir]+(E[Dlr])le_E[Dir]+ +(E[Dlr]sl+1e—E[D|’]+(E[Dir])sl+2e_E[Dlr] -
h o u T (5! (S, +2)!
| EDe™™ (EDe™  (E[D>e ™!
B T T Y
(E[Dir])SiJrZe—E[Dir] (E[Dir])5i+3e—E[Dir] (E[Dir])si+Ae—E[Dir]
b (S, +2)! " (S, +3)! " (S, +4)!
| (EDD ™™ (E[D) e ™™ (E[D1) e !
B (S +Y! - (S, +2)! B (S, +3)! -
|, [ @D fED e | »
T s YT - (313)

Therefore, we can conclude that the function C'(S;)is convex in S; > 0 and the

optimal base stock level for base i, S; , can be found from the first order optimality

condition as follows

S'=min{S; €{0,1,2,...}| AC'(S,)> 0}. (3.14)

The optimal base stock levels are found by local search by increasing S; values
successively for each base until optimality condition given in (3.14) is satisfied.
As bases are independent of each other, the sum of the minimum costs of each

base ensures the minimum system wide costs.

In the previous model, i.e. when there is no repair ability, a procurement order is
given for each demand. However, when repair ability is acquired, some of the
items will be replenished by repair process in a shorter lead time than it could be
via procurement process. Therefore the risk of backorder occurrence would
decrease when the repair orders are in consideration. Thus, one can see that the
expected order up to levels, i.e. base stock levels, S;, in a model with repair ability
is expected to be lower than the model without repair ability when the repair lead
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time, Ro is lower than the procurement lead time, Lo; and, similarly the unit repair

cost, cp, is lower than the unit procurement cost, c,.

3.3. Two Echelon Model

In this section, the TE model, which consists of a central depot and N-bases is
considered. The model is illustrated as in Figure 1 in Chapter 1.

The environment considered in this model is similar to the one considered
Moinzadeh and Aggarwal (1997). In Axsater (1990) and Axsater (2000), models
very similar to our TE model are presented; however in these models the holding

cost for the items in-transit is assumed to be negligible.

The demand occurs in the bases due to item failures in the users. When a demand
occurs, the base immediately meets the demand if there are any available items. If
there are no items available, then the demand is backordered and unit backorder
cost, b;, is incurred per unit time. As soon as a demand occurs at base i, it places
an order to the depot. If there are any items available at the depot, demand of the
base is immediately met and the item is transported to the base in transportation
lead time, Ti. In-transit items in between the depot and the bases incur a unit
holding cost, h, per unit time by the depot which is ignored by most of the papers
in literature like Muckstadt and Thomas (1980), Moinzadeh and Aggarwal (1997),
and Caglar et.al. (2004).

Since each demand occurrence creates an immediate order due to (S-1,S) policy,
the demand faced by the depot is the superposition of the Poisson demand faced

by the bases. Therefore the sum of the base demands forms the depot demand
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N
which is also governed by a Poisson process with rate A, = Zﬂ,, . The depot and
i=1

bases incur a unit holding cost for inventory on-hand, ho and h; for base i,
respectively. In case of a shortage, the depot backorders the base demand.

As soon as a demand from a base is received, regardless of the inventory level, the
depot places an order to outside supplier and receives it in procurement lead time,
Lo, and incurs a unit procurement cost, c,. When the item arrives at the depot, if
there is any outstanding order, it is immediately sent to base; otherwise the item is
kept in stock. As Axsater (2000, p.168) states; there is no backorder cost for the
depot. It is assumed that the costs incurred by the backorders at the depot is
reflected to the backorder costs in the bases, as base backorders are caused by the
delays at the depot due to backorder occurrences. Replenishment of the items in
each system element is conducted according to first in first out policy. Events

triggered by a demand occurrence at a base are illustrated as in Figure 6.

Item fails, user . Bazemeetsthe Depot backorders
places order to user demand the base demand
bases

¥

Y

Any item
available
at depot?

Baszeplacesan
orderto depot
[

Any itemm
available

atbaze?

Depotplaces
an orderto

Depotmeetsthe
base demand

¥

Basze backorders

outside supplier

the user demand

Figure 6- Events for two-echelon model with no repair ability

In this setting, we have procurement process at the depot and the transportation

process for the items to reach from the depot to the base. The associated lead time
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for the depot is the procurement lead time, Ly; whereas the associated lead time
for base i is the transportation lead time, 7;. Thus, the demand during lead time in

steady state for procurement processes at the depot, D (L,), and transportation

process for base i, D,(T;) are Poisson with rates 4oL, and A;T;, respectively.

Total cost of this setting is the sum of the costs at the depot and the bases. The
cost of the depot, C,(S,), consists of holding costs of the items in stock and items
in-transit to the bases, and procurement cost. The cost of base i, Ci(Sy,S;), consists
of holding cost of the items in stock and backorder costs. Our goal is to minimize

total cost by specifying the optimal base stock levels of the depot and the bases.

The problem can be modeled as:

N
Minimize C =Cy(S,)+ Y C/(S,,S,) (3.15)

i=l1

st. S, €{0,1,2,..}

S, >0, Vie{O,l,...,N}

where;
N

Co(Sy) = MEINI, 1+ ¢, 2 +h, Y AT, (3.16)
i=l

and

(ji(SO’Si):hiE[NIiJr]_biE[NI;]' (317)

We start the analysis of the model by determining the limiting behavior of N/ in

(3.16), which stands for the net inventory at the depot. Similar to the analysis in

Section 3.1, the positive net inventory for the depot becomes

E[NI;1=E[S, —Dy(Ly)] = SZO(SO —m)P(D,(L,) =m) (3.18)

m=0
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where P(D,(L,)=m)= %Lor)ni%

Plugging (3.18) to (3.16) the cost of the depot can be stated as

co<so>=hosz°(so—m)wn—mf%+cpzo+htim (3.19).

The cost at the depot, (3.19), is a function of depot’s own ordering policy.
Therefore, it is only dependent on the base stock level of the depot; i.e., So.

We next consider the limiting behavior of net inventory at the base i, NI.. It

should be noted that the analysis differs from the one in Section 3.1 since the
replenishments of the bases are dependent also on the backorders at the depot.
Recall that we have NI;(t) = IP;(t) - 105(t), and IP;(t) = S; for all t. However, 10; (t)
is not equal to the demand during the transportation lead time since the depot may
not ship an item immediately when the base places an order. Hence, 10; (t), is the
sum of the number of backordered items at the depot that belongs to base i at time
t-T; and the demand that occurred in the base in interval of (t-T;, t]. Let’s define
Bi(t-T;) as the random variable that denotes the backorders at the depot at time t-T;
that belongs to base i; where zN:Bi (t-T.)=NI,(t-T,). Then, it is appropriate to
i=1

state the inventory on order of base i as;

10i (t)= Bi(t-Ti)+ Di(t-Ti,t).

Hence, the net inventory for base i becomes,

NIi(t) = IPi (1)- Bi(t-Ti) - Di(Ti).

Thus, the limiting behavior of the net inventory of base i can be observed as;
NI; =S;- Bi- Di(T).
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To obtain the Bi(t-T;) values, binomial disaggregation Graves (1985) is used. In
binomial distribution, the new backorder occurrences at the depot are caused by
base i with probability Ai/Ao due to Poisson demand, as the demands are filled
according to first-in-first-out policy; hence, as it is suggested by Axsater (2000,
p.164), the conditional distribution of the backorders at the bases is binomial,
given the total number of backorders at the depot. Then, we have

P(B :k):iP(NIO:a)(EJ(%J [1-%} N (3.20) fork >0

and

P(B =0)=1-3 P(B, =k).

The probability mass function of negative net inventory at the depot can be

expressed as;

L o B _(ﬁ.oLO)S"*ae*’%LO
P(NI,” =a)=P(NI, =-a)=P(D,(L,) =S, +a) = Goal (3.21)

Hence, plugging (3.21) into (3.20), we have

N 0 (20L0)80+ae—10|_0 a i k _ﬁ a—k
ra-0-Zea oz 2] o2

The expected on-hand inventory and backorder levels for the bases are
S

EINI'T=D]jP(NI =)  (3.23),
j=0

and
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-1

E[NI;T= > jP(NI =) (3.24),

j:—oo

respectively.

In (3.23) and (3.24), P(NI. = j)denotes the probability mass function of the net

inventory level at base i in the steady state. Recalling that net inventory level can
be stated as NI; =S;- B; - D,(T;) , we condition on B; to obtain P(NI, = j):

P(NI; = j)=P(S; =B, - D;(T)) = j) =P(D;(T,)) =S, - j—k) , and

(AT)" et
(S, —j-k)!

P(DT) =S -i-K)= 3 P(B =K (3:25)

Plugging (3.22) in (3.25) we have

LG et (a) (A, A (AT e
ron -5 AR W5 3] G e

By plugging (3.26) to (3.23) and (3.24), the expected net inventory levels of the

bases can be expressed as

CAR AR SCADY [ﬂ(i} (1_%]“ (3:27)

Si

N2 ST & sl

S.

K)\ 4
and

L -1 .Si*i &Ti)si_j_ke_ﬂi.ri o (AOLO)SO*'ae—%Lo a i k _i ak
N2 02 6 S & e @(ﬂoj[l ﬂo} o2

respectively.
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Finally, plugging (3.27) and (3.28) to (3.17) the cost of the base i can be
expressed as

173
[

s, si—] (ﬂ’ITi)si—J'—ke—iiTi © (AOLO)SO*'ae—%Lo ﬁ 21
h'z% 6oio0r & 6 ra) U[%Mi ﬂJ
2l

B R (ﬂiTi)Si*j*k*e*/ﬁTi o (2{)'_0)504ra ~4bo (g A ak
biJ'=Z;ojk=0 (Si_j_k)! az=k: (So+a)' (kj(ﬂnj . ﬂ'oj

We now describe how to obtain the optimal base stock levels for the depot and the
bases in order to minimize the system-wide costs. We first check whether the cost
function is convex or not. First, we show that the cost function (3.15) is convex in

S; for a given value of Sy is shown. For this purpose, we define:

g o) te e ()4 AT
‘Z (S, +2)! [kj(zo] [1 ﬂoj (530

(/’LT_)Si*j*k g Al
SIS, — j—k)!

(3.31)

When (3.30) and (3.31) are plugged into (3.29), the cost of the base i becomes

S Si—i Si—j
Ci(SO’Si):(hiZj YSi—j X =D, Z JZYS —j—k ] (3.32).
j=0 k=0 -0 k=0

To investigate convexity of (3.32), we need 1% order difference function, which is

AG;(S,,5) =Ci(Sy, S +1) -G (S, S)

S;+1 S+
[h.ZJ

j=0 k

M%

Il
o

—] -1 _Si+1fj W
Ys 1ok X« —b, Z J z Ysi+1—j—kxkj
j=—0 k=0

S,—

S -1 Si-j
(hZJ YSi—j—ka_bi Z jZYSiijk} J
i

0 j=—o k=0

[

=~
1l
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B S;+1 S; 1 0
0D Yo X #1D Yo o Xy + S Y X + (S +D)D Yo X,
h| ko k=0 k=0 k=0
1 S; . 1 0
_OZYSi—k Xk _1ZYSi—l—k X - (Si _1)ZY14< Xk - Si ZYO—k Xk
k=0 k=0 k=0 k=0
- S;+2 S+3 S +4
_1ZYsi+2—ka _22Y8i+3—kxk +32YS,+4—ka to
b k=0 k=0 k=0
i s+l S;+2 S, +3
_£_1ZYS,+1—ka _22Y3i+2 k Z S;+3- k ]
L k=0 k=0
Si+1S;+1-j o Si+]
= h. YSi+1—j—ka _biz Ys L+ ik ]
j=0 k=0 j=1 k=0
Similarly:

AC,(S,,S, +1) =C.(S,,S, +2)—C.(S,, S, +1)

S;+2S;+2—] o Si+l+]j
=[hiz Z YSi+2—j—ka_b|z YS+1+] k ]

j=0 k=0 =1 k=

o

Then, the 2" order difference is:
AZCi(SO, S,)=AC(S,, S, +1)—AC,(S,,S,)

S;+2S;+2—]

© +1+
hiz Z YSi+2—j—ka_biZ z S;+L+ j—k
_ j=0 k=0 j=1 k=0
- i +1 S +1—-] o Si+]
_(hiz YSi+1—j—kxk _biz Ysi+j—kaJ
j=0 k=0 j=1 k=0
B S;+2 S;+1 S; 1 0
ZYS +2—ka +ZYSi+1—ka +ZYsi7ka +---+ZY17ka +ZYO—ka
h k=0 k=0 =0 k=0 k=0
T 541 1 0
ZYS +1- kX ZYS kX ZYl—ka _ZYO—ka
_ k=0 k=0 k=0
- 5,42 5,43 S +4
ZYSiJrZ—ka + ZYSiJrS—ka + ZYSi+4—ka +e
b k=0 k=0 k=0
i S, +1 S;+2 S;+3
_ZYSiH.—ka - ZYSiJerka _ZYSi+37ka +
k=0 k=0 k=0
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AsY; ., i+ Ys.and X, are non-negative, and we have positive cost parameters;

value of A’C,(S,,S;) is also non-negative and therefore C,(S,,S;) is convex with

respect to S; > 0, for a given Sp > 0 value.

However, Axsater (2000, p.267) states that the total cost, (3.15), is not necessarily
convex with respect to order-up-to level of the depot. This is shown with a
counter-example. In this counter-example, as we are searching whether the total
cost function is convex in So, for given values of S;’s; the parameters are set as

given in Table 4:

Table 4- Parameters for the TE model in the counter-example.

Parameters
Base Stocks (S) $1=5,S=5
Demand (1) =16, 11=8 1,=8
Lead Time (L) Lo=2,L;1=2,L,=2
Costs ho=1,h;=1,h,=1,h=1,b;=5Db,=5,¢,=3

In Figure 7. Co(So)+ 2Ci(So,Si) values for different Sy values are plotted. As it can

be seen in the figure Co(So)+ 2Ci(So,Si) is not convex in Sy for given S; values.

The plotted graph means that the local optimum is not necessarily the global
optimum. In this model, among the costs components that form the cost, only

holding and backorder costs are dependent on the base stock level of the depot, So.
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0 So ‘o 8 0y 5 Y
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Figure 7- Counter example for convexity of “Co(So) + ZCi(So0,Si)"

The procurement and in-transit inventory holding costs are related to demand
solely. As the base stock level of depot, Sy, increases, the probability of a
backorder occurrence decreases and becomes zero for sufficiently large So; this
results in no backorder cost for the bases in the long run as the base stock level of
the depot increases. However, as Sy increases, eventually the inventory on hand
increases; therefore it is expected that as Sy increases, the holding cost components
in total cost also increases. Regarding this, it can be said that as base stock
infinitely increases the total cost also increases to infinity; therefore using that fact
we can be sure that there is an upper-bound beyond which we can find a global

optimum for So.

At this point, the problem is divided into two parts. One is the base problem
which finds the optimal base stock levels for the bases, S;; and the other deals
with finding the optimal base stock level of the depot, S,. An iterative procedure

is used to deliver the optimal results for the problem. This procedure involves in

solving the base problem for a given value of So. As the objective function is

convex in S; > 0; the optimal base stock level for base i,S;, can again be found

from the first order optimality condition, i.e., S = min {Sie{0,1,2,..}
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AC.(S;) >0} for a given value of So. This procedure is repeated for all So
€{0,1,2,...} until an intuitively assigned upper-bound and the optimal order-up-to
level of the depot, S,, which ensures the minimum objective cost function value,

is found by evaluation of all order-up-to levels, So, with a local search procedure.
During the analysis, if the assigned upper-bound for Sy ever becomes binding, the
upper-bound is extended to a larger value and the local search procedure is
restarted.

3.4. Two Echelon Model with Repair Ability

The last case is a two-echelon system consisting of a depot and N independent
bases, but this time the depot has a limited ability to repair the returned items. The
system is illustrated as shown in Figure 8. The model is an extension of the model
presented in Section 3.3 where the depot acquires the repair ability and becomes a
central repair facility. The main difference between the two models is the demand
distributions. The demand distribution used in this model is similar to that is used
in Simon (1971). Furthermore, depot’s being the central repair facility is very
similar to the papers like Graves (1985), Wang et.al.(2000) and Caglar et.al.
(2004).

In this case, the events and the cost incurrence are almost the same as the TE
model. The difference is that some of the items are repairable with probability p.
The inspection, which is necessary to determine whether a failed item can be
repaired or not, is performed in the bases. If the item is repairable, then base i
returns the failed item to the depot in transportation lead time, T;; incurring a
holding cost for items in-transit. The failed item is repaired at the depot in repair
lead time, Ro, incurring a unit cost of repair, ¢,. The items in repair also incur a
holding cost of hy at the depot. After the item is repaired, it is returned to the base

that it belongs in transportation lead time T;. This time the in-transit inventory
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holding cost, h;, is incurred by the depot. Note that, the time required for
satisfying a repair order from a base, is the sum of repair and transportation lead

times, i.e. Ro+Ti; whereas it is Lo for a procurement order. The events are

illustrated in Figure 9.

The failed items are
ordered from the
outside supplier with

probability (1-p)
The failed items are

(R for base i) with
probability p

repaired in repair lead time

Military Ring
Service%___..--- 1

Outside Supplier l

@&
)

T

base i

times (T, for base i)

Poisson demand

with mean A for A
N

0<p£1

Deterministic
procurement lead
time

Deterministic and
independent
transportation lead

Figure 8- Two-echelon model with repair ability

Item fails, user

orderto depot

places order to
bases
B & D . Depotmeetsthe
asemeetsthe epotplaces
petp base demand
user demand anorderto
outside supplier
Any item Y
available
athase? Baseplacesan

Bazebackorders
theuzer demand

l

Sendthe
itemto depot

Amny item
available
at depot?

Depot
backordersthe
baze demand

Figure 9- Events for two-echelon model with repair ability
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The failed items can be repaired at the depot with probability p. The cost of the
depot, C;(S,) consists of procurement cost, repair cost and holding costs of both
the items in stock, repaired or being repaired and items in-transit; whereas the cost
of a single base i, C,(S,,S;) consists of backorder costs and holding cost of the
items both in stock and in-transit. Our goal is to minimize total cost by specifying

the optimal policy for base stock levels of both the depot and the bases; therefore

the problem can be modeled as:

N
Minimize C, =C, (S))+ Y_C/(S,,S,) (3.33)

i=1

st. S, €{0,1,2,...)
S, >0, Vie{0,1,... N}

Where;

N N
C) (Sy) = hEINI, 1+¢, 2 (1= p) + . Aop+h D AT +hy D" pAR, (3.34)

i=1 i=1

And  C/(S,,S)=hE[NI"1-bE[NI, 1+hpAL (3.35)

In the system, the depot demand is again the superposition of the base demands as
it is in Section 3.3; therefore it is governed by a Poisson process with rate 4.
However, it can be stated that as some of the items can be repaired in the depot
with probability p, the Poisson demand of the depot is split into two kinds of
demands; that is, a demand that occurs at the depot is either a repair or a
procurement demand which are also Poisson. The rate of the repair demand is p4y

and the rate of the consumable demand is (/-p)A.
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Let the inventory on order for the depot equals, 10¢(t)=Do(t-Ro,t)+Do(t-Lo,t),
where Do(t-Ro,t) denote the repair orders outstanding at time t and Dg(t-Lo,t)

denote the procurement orders outstanding at time t.

Noting that, IPy(t) = So Vt, and IPg(t) = Nlo(t) + 10¢(t); we have

So = E[N|o ]+ E[DO(R0)+D0(L0)].

Let D, be the random variable denoting the limiting behavior of the inventory on-
order in depot for this setting, then E[D,]=E[D,(L,)]+ E[D,(R,)]. The expected
demand during lead time at steady state for procurement process, E[D,(L,)], and
the repair process at the depot, E[D,(R,)], is (1-p)icko and pAo(Ro+Ti),

respectively; Both procurement and repair in the depot are independent Poisson
processes. Therefore, the inventory on-order for the depot is superposition of

these two Poisson processes. Therefore;

E[D} 1= 4o[(1-p)Lo+p(Ro+T;)] for the depot.

The net inventory level for the depot, E[NI;], is derived regarding analysis in

Section 3.1.

EINI;] = (S, ~mP(D; =m)  (3.36)

— M a—4 (P(Ry+Ti)+(1-p)Ly)
Where P(D(t)’ :m): (ﬁ'o(p(RO+-|-|)+(1 ,O)I;o)) € )
m?

Therefore, plugging (3.36) into (3.34), the cost of depot can be stated as:
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(o (p(R, +T.) + (L= p)L,))"e P (RorT-p)lo)
m (3.37)

C,'(S,) = hOSZO(s0 —m)

N
+C 2 +hoz/1,Ti.
i=1l

Next, the limiting behavior of the net inventory level of base i is considered. The
analysis is the same as in Section 3.3. Note that the only difference is the
inventory on-order levels of the depot. The expected inventory on-order for depot
in this setting is E[D; 1= Ao[(1-p)Lotp(Ro+Ti)]; whereas it is E[D,(L,)]= AoLo in
the TE model. This difference has an effect only on the limiting behavior, as we
condition the optimal base stock level of a base to the base stock level of the
depot. Therefore, using the analysis in Section 3.3, the expected positive and

negative net inventory levels of base i can be stated as:

o AT e e DR e S (a4 () 4
E[Nli]_i:ojkzo (Si_J_k)' Z (So+a)! (kj[ﬂoj (1 ﬂoj

(3.38) and

AT e e D) e S (a) 4 [, 4 )
E[NI ]_ZJZ (SI_J_k)I Z (So+a)! (kj(Zj {1 Zj

=—w0 k=0

(3.39), respectively.

Finally, plugging (3.38) and (3.39) into (3.35), the cost function of base i becomes

Si Si— J( TI)S j-k f%T S (E[D ])So+a —E[D{] ﬂ’u _i a-k
"L e TR G U[%Ml ﬂoj

j=0 i

Si— ](ﬂ,T)S Jkg=ATi = (E[D ])So+a ~E[D§] (g a-k
bl'z—;ojkz(; (Si—-i-k! 3 Z (S, +a)! (kj( ][ }

]

Ci(S,,S)) =

(3.40)
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In the model, optimal base stock levels for both depot and the bases which ensure
the minimum system wide costs are searched. The function must be convex to
ensure that the local optimum is the global optimum. To show the convexity,
difference functions are used as the cost functions are discrete.

Here, as it is done in section 3.3. the convexity of the cost function is checked.
First, the convexity in S;, for a given value of Sy is shown. For this purpose, we
define:

& (E[Dg)™ e ™ fa)( 4
Xk_azzk: (S, +a)! [kj[ﬂo

) (AT_)Si*i*k e’ﬂiTi
Yoo T (s, Sk

! 3.41
ﬂoj (3.41)

N

%

/——
il
|-

(3.42)

When (4.41) and (4.42) are applied to (4.40), the total cost of the base becomes:

SI SI J

-1 SiZ]
Cir(so'si):(hi J Ys ~jk kr_bi Z jZYs:—j—kxI:] (3.43)
j

j=0 k=0 j=—0 k=0
To investigate convexity of (3.43), we need 1% order difference function, which is:

ACir (So’ Si) = Cir (SO’ Si +1) _Cir (So’ Si)

[ s+ §+1-] 1 Sl W
[hlzj kz YS+l—j k kr_bi Z J Z Ysri+1—j—karJ
j=0 =0 j=—o k=0
- S, S Si-
(hlzj YS Jk bZJZYSr j—k ]
=0 k=0 j— k=0 |
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Similarly:

AC/(S,,S, +1) =C'(S,,S, +2)—C/ (S,, S, +1)

S;+2S;+2—j
=(hiz Z Y5:+2—j k

o0 l

Z Z Si+1+j-k ]
j=0 k=0 j=L k=0
Then, the 2" order difference is:
A’C/(S,,S,) = AC/(S,, S; +1) - AC/(S,,S))
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S;j+2 S;+1
= [hi Z Ysri+2—k Xkr + bi zYs:u—k XI: j
k=0 k=0

AsYs ., Ys 1 cand X, are non-negative, and we have positive cost parameters;

value of A*C/(S,,S;) is also non-negative and therefore C(S,,S;) is convex with

respect to S; > 0, for a given Sp> 0 value. However, similar to the previous model,
the total cost, (3.33), is not necessarily convex in So. We show that with a counter-
example. In this counter-example, the parameters are set as given in Table 5:

Table 5- Parameters for the TR model in the counter-example.

Parameters
Base Stocks (S) 51=5,5=5
Demand (1) Jo=16, 11=8,7,=8
Lead Time (L) Lo=1,Li=1,L, =1 Ry=1
Costs ho=1,h;=1,h,=1,h=1b,=5Db,=51¢,=3
Repair ratio (p) p=02

In Figure 10 Co'(So) + 2Ci'(So,Si) values for different Sp values are plotted. As it
can be seen in the figure Co'(So) + XCi'(S0,Si) is not convex in Sy for given S;

values.

The plotted graph in Figure 10 means that the local optimum is not necessarily the
global optimum. But we can still optimize the model. For optimizing the model,
an upper-bound for base stock levels of the depot, So, is intuitively set and the

problem is divided into two parts as it is done in Section 3.3. One is the base

problem which deals with finding the optimal base stock levels for the bases, S ;

and the other deals with finding the optimal base stock level of the depot, S;. An

iterative procedure is used to deliver the optimal results for the problem. This

procedure involves in solving N independent base problem for a given value of S.
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As the objective function is convex in S; > 0 Vi ; the optimal base stock level for
base i,S;, can again be found from the first order optimality condition given in

(3.7), for a given value of Sy. This procedure is repeated for all So €{0,1,2,...}

until an intuitively assigned upper-bound.

Co'(So) +2C[(505)
%

So

Figure 10- Counter example for convexity of “Co'(So) + ZCi'(S0,Si)"

The optimal order-up-to level of the depot, S;, which ensures the minimum

objective cost function value, is found by evaluation of all order-up-to levels, So,
with a local search procedure. During the analysis, if the assigned upper-bound for
Sp ever becomes binding, the upper-bound is extended to a larger value and the

local search procedure is restarted.
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CHAPTER 4

COMPUTATIONAL STUDY

In this chapter, the computational study on the comparison of the alternative
models and observations about the research questions are presented. As analyzed
in Chapter 3; there are four alternative models to be considered. Among these four
models the two-echelon model is the one that is being operated currently. Due to
risks and costs in transportation process between the depot and the bases, the
management considers shutting down the depot and operating the single-echelon
model. In the base case parameter setting, the procurement lead time of a base in
single-echelon model is assumed to be equal to the replenishment lead time of a
base in the two-echelon model which is the sum of the procurement lead time of
the depot, Lo, and transportation lead time of base i, T;. Regarding the
transportation lead times and in-transit inventory holding costs, this assumption
could result in the single-echelon model outperforming the two-echelon model.
Recall that the first research question considers the effects of operating a SE
model, instead of a TE model. Therefore in Section 4.1, the improvement of the

system after such a change is considered.

Moreover, the stock points may acquire the ability to repair the failed items. The
procurement lead times in both two and single-echelon models will then be
replaced by the repair lead time which is presumably shorter than the procurement
lead times. Furthermore, the procurement cost will be replaced by the repair cost
which is expected to be lower. As, the second research question is about the effect
of the repair ability acquisition; the improvement caused by the repair ability in

both TE and SE models are considered in Section 4.2.
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The third research question seeks the effects of the changes in cost, demand and
lead time parameters on the system performance in all of the models. This may be
regarded as a sensitivity analysis for each of the models considered in this study.
Therefore, the computational study is conducted for the models under various
parameter settings and the findings are presented in both Sections 4.1 and 4.2.

In the base case scenario, there are 3 bases and 1 depot in two-echelon models;
and 3 bases in single-echelon models. The parameter values that are estimated in
accordance with the real life case are presented in Table 6:

Table 6- Parameters of the Base Case Scenario

Parameters
Demand (1) AM=9 h=3 =3 13=3
Lead Time (L) Lo=3;T1=1,T,=1,T3=1;Li=4;Ry=2; R =2
Costs (10.000$) C,=4,hi=0.02, bj=60,¢c, =1
Repair Ratio (p) p=04

The parameters are set in accordance with the actual data obtained from real life
case. Cost parameters consist of holding, backorder, unit procurement and repair
costs and they are assumed to be the same for all stock points in all models along
with the demand parameters for the bases. The unit time is a week and the mean
of the Poisson demand is 3 items per week. In the current system, procurement
lead time of the depot is 3 weeks; whereas the transportation lead time between
the depot and the bases is a week. For single-echelon systems, the procurement
lead time is 4 weeks. The repair lead time is assumed to be 2 weeks for all stock

points that have repair ability.
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The holding costs, hy for the depot and h; for base i, depend on the procurement
cost, cp, Via an interest rate. We assume that the holding cost per item per week in
base i, h;j, is 0.5% of the procurement cost. The in-transit inventory holding cost,
h, is assumed to be the same. The backorder cost per unit per week in base i, b;, is

set to be 15 times of the procurement cost.

Generally, it is assumed that the procurement lead time, Lo, may change due to
bureaucracy in the auction processes; whereas, distance is the key driver in
transportation lead time, T;, change. The change in repair lead time, Ry, depends
on the availability of the spare parts which are not considered in this thesis study.
Demand, A, may increase due to obsolescence or decrease by more careful use in
the military units. The procurement cost, c,, depends on the prices and may
change depending on the market. Similarly the repair cost, c;, is dependent on the
spare parts; and therefore, the market. Holding costs, hy and h;, changes according
to the interest rates; whereas the holding cost for the items in-transit is mainly

dependent on the safety and insurance expenses.

The optimization algorithms presented in Chapter 3 are implemented in Microsoft
Visual C# and the computational study is conducted on Intel(R) Core(TM)2 Duo
CPU P7350 2GHz processor and 3 GB of RAMs computer. The input parameters
and the logical structure are represented correctly and the code is checked and
verified to cover every step in the algorithm. The program is the accurate
representation of the real life case; as all the data are based on the real life case
and a Chi-square goodness of fit test is conducted for the Poisson demand (See

Appendix). Therefore, the model is valid.
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4.1. Two-Echelon Model versus Single-Echelon Model

As it is stated in Muckstadt and Thomas (1980) and Hausmann and Erkip (1994),
a two-echelon model outperforms the single-echelon model, especially when it is
provided that the demand distribution and total replenishment lead time are the
same along with the cost parameters. One of the main factors on this fact is the
risk pooling effect of the depot which is stated in Graves (1996) as the uncertainty
in demand can be controlled by the depot centrally. But in our two-echelon model,
a holding cost is incurred for each item being transported from the depot to the
base; therefore the improvement of the TE model over the SE model could be
hindered. In this section the effects of the changes in lead time, demand and cost
parameters are analyzed and the parameters presented in Table 6 are used as the
base case scenario, unless otherwise mentioned. Recall that two and single-
echelon models are referred to as TE and SE models, respectively, throughout the
study for the sake of simplicity.

The procurement cost, which constitutes over 95% of the total cost in most cases,
is only dependent on total demand and it does not have any effect on optimization.
As total demand is the same for both two and single-echelon models; the
procurement cost is also the same under both cases. Therefore the procurement
cost is excluded in the comparison of the performances of single and two-echelon

models for a more effective assessment.

We start our analysis by considering the effects of the lead time. We first focus on
the effects of an increase in the total replenishment lead time. As replenishment
lead time increases, it is expected that both models get worse in terms of cost.
This is due to the increasing base stock levels as demand during lead time
increases. The replenishment lead time is the procurement lead time for the SE

model whereas it has two components for the TE model; procurement lead time of
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the depot and transportation lead times of the bases. Therefore, it should be noted

whether the increase in replenishment lead time is caused by the procurement or

transportation lead time. Figure 11 and Figure 12 illustrate the effects of the

increase in lead times on costs of the TE and SE models, respectively.
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Figure 11- Cost increase in lead time for TE model vs. Lo+T;
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For both models, it can be said that if replenishment lead time increases the costs
increase. This is due to increasing base stock levels and uncertainty in demand. As
it can be seen in Figure 11 if the increase in replenishment lead time is caused by
the transportation lead time, the effect is more dramatic because of the increasing
in-transit inventory holding cost. To see this effect more clearly, optimal results of
both TE and SE models are obtained and compared for different h; values. The
improvement of the TE model over SE model is assessed and plotted in Figure 13
for different h; values. The improvement is formulated as;

Costy. —Cost 100 (4.1)
N Al

Costye —C, > 4
i=1

where; Costse and Costre denote the costs of SE and TE model, respectively. In
the assessment of the improvement of TE model over SE model; the procurement
cost is excluded in(4.1) since it is the same for both models under the same

demand rates.
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Figure 13- Improvement of TE over SE model vs. T; (Lo=3, Li=Lo+T))

In Figure 13, the replenishment lead times for both single and two-echelon

systems are increasing. In the TE model, the procurement lead time for the depot,
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Lo, is constant and set as 3 weeks. The increase in replenishment lead time is due
to the transportation lead time, Ti. Although, expected costs of both models
increase in lead times, the effect is more pronounced for TE model as T; increase.
It can be seen in Figure 13 that as the transportation lead time increases the
improvement of the TE model over the SE model deteriorates, which means the
cost is increasing more rapidly in transportation lead time for TE. Moreover; as
long as holding cost is incurred for items in-transit; the single echelon model
outperforms the two-echelon model after some specific increase in T;. For
example; in the base case, if T; increases more than 6%, the SE model outperforms
the TE model When h; is 0.01, an 86% increase in transportation lead time is
necessary for TE model to be outperformed by SE model (See Figure 13).
However, in these assessments, h; is assumed to be decreasing while holding cost
rates, h;, for each base i, remain constant. If h; for each base i also changes in
accordance with h;; then the % improvement curves shift upwards for decreasing
hi (See Figure 14). This is also an effect of in-transit holding cost.
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Figure 14- Improvement of TE over SE model vs. T; (Lo=3, Li=Lo+T;)

As procurement lead time, Lo, gets smaller; i.e, set as 2 weeks or a week, while T;
& L increase; the % improvement curves presented in Figure 14 shift downwards.

In such a case, the effects of inventory holding cost for the items in-transit in the
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two echelon system become more pronounced and the single-echelon model
becomes more attractive. If inventory holding cost is not incurred for in-transit
inventory, the two-echelon model would outperform the single-echelon model, no
matter how large the procurement or in-transit inventory holding cost rates are,

due to risk pooling effects of the depot.
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Figure 15- Improvement of TE over SE model vs. Lo (Ti=1,Li=Lo+T;)

In Figure 15 the replenishment lead times are increasing for both SE and TE
models. For the TE model, Lo is increasing whereas transportation lead time for
base i, Tj, is constant and set as 1 week. Although, the expected costs are
increasing for both models, the increase in expected cost of TE model is less than
the increase in SE model. This is because of the increasing joint order and depot
effects presented by Graves (1996) as L, increases. In Figure 15, it is observed
that as Lo increases the improvement of TE model over SE model also increases.
But, if Lo decreases almost 10%, the SE model becomes more attractive against
TE model for the base case. However, if holding cost rates for items in-transit, hy,

decreases; this effect neutralizes (see Figure 15).

Up to this point, the expected costs of TE and SE models and the improvements of

TE model over SE model are compared as the lead time changes. It has been

56



observed that the improvement of TE over SE model is more sensitive to T;
change. Moreover, if the increase in replenishment lead time is due to L, increase;
although, the expected cost values increase for both models, the improvement of
TE model over SE model also increases. In all these comparisons and
assessments, the replenishment lead times of TE and SE models are consistent;
i.e, the same through the analysis. Hence, the individual effects of the changes in
lead times are not considered. Therefore, in this part of the analysis, the effects of
the lead times changes; such as, change in Lo and T; are considered, individually.

If the procurement lead time of the depot, Lo, increases while all of the other
parameters remains as they are in the base case; the optimal system wide base
stock levels and the expected cost increases as expected (See Figure 16). As, the
procurement cost does not change in Ly, it is excluded from the cost in Figure 16,
to see the effect more clearly.
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Figure 16- Cost and base-stock levels vs. Lo (Ti=1)

Furthermore, as L, increases while all other parameters constant, the improvement

of the two-echelon model over single-echelon one decreases. In the base case,
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after a 6% or more increase in Lo the TE model is outperformed by the SE model.
However, as h; decreases, more than 6 % increase in Lo is necessary for TE model
to lose its attractiveness to SE model. For example; when h; is assumed to be 0.01,
the TE model loses attractiveness against SE model after a 70% increase in L.

The graph that reflects the effect of procurement lead time increase can be seen in

Figure 17.
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Figure 17- Improvement of TE over SE model vs. Lo (Ti=1, Li=4)

If transportation lead time for base i, T;, increases while all other parameters
remain constant; the effects are more apparent, although they are very similar with
the effects of Lo increase. The effect of T; increase is more noticeable than the
effect of Lo increase due to holding cost incurred for in-transit inventory. For the
base case, a 5% increase in transportation lead time results in, SE model
outperforming the TE model. However the increase in T;, that is necessary for TE
model to be outperformed by SE model increases to 50% when h=0.01. The

related graph is plotted in Figure 18.
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Figure 18- Improvement of TE over SE model vs. T; (Lo=3, Li=4)

If demand increases, the costs increase for both models. The main factor in this is
the procurement costs. However, for increasing demand, holding costs both for
inventory in-stock and in-transit also increases. The increase in expected cost is
more pronounced for the TE model and that is expected. As demand increases, the
items in-transit also increases and this incurs extra holding cost for those items. In
Figure 19, %improvement curves are plotted in demand for various lead time
settings. It is observed in the graph that, as demand increases in the base case, SE
model becomes more attractive than the TE model. For increasing Lo, the
%improvement curve shifts upwards; however if T; increases, the %improvement
curve shifts downwards as expressed in the previous cases. It can also be observed
in Figure 19 that the worst % improvement of TE model over SE model is
observed when the share of the T; in replenishment lead time is the most. This is
mainly due to in-transit inventory holding cost. When Figure 19 is compared to

Figure 20, the undeniable effect of the h; can be observed.

To see the effects of the in-transit inventory holding cost, TE and SE models are

considered where no holding cost is incurred for items in-transit (see Figure 20).
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Figure 19- Improvement of TE over SE model vs. 4 (h=0.02)

Although the expected cost values increase in demand; it is observed that if no in-
transit inventory cost is incurred, then the improvement of TE over SE model
increases for most of the cases due to increasing risk pooling effects of the depot.
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Figure 20- Improvement of TE over SE model vs. A (h=0)

As holding cost rate, h;, increases; the expected cost values increase due to

increasing holding costs for items in-stock; although the system wide optimal base
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stock levels decreases in the base case scenario (See Figure 21). If h; increases in
accordance with h;, then the increase in expected cost becomes a bit more
significant. However, although the holding costs increase as holding cost rates, h;,
increase in the TE model; the improvement of TE over SE model seems not to be
affected much by h; change when no holding cost is incurred for items in-transit,
i.e. h=0 (See Figure 22). This indifference to h; change may be due to high
backorder cost rate, b;.
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Due to criticality of the items in military use; lack of a single item would result in
fatal problems; therefore, b; is assumed to be very high according to h;. Therefore,
the computations are conducted with lower b; values such as, 5 and 0.4. It is
observed that as backorder cost rate decreases, the system tends to hold fewer
items in stock and the system wide optimal base stock level decrease;
dependently, the holding costs decrease (See Figure 23).
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Figure 23- Cost and total base stock level vs. b;

The system wide cost decreases as b; decreases, and the in-transit inventory
holding cost increases relatively. Therefore, for significantly decreasing b, the
improvement of the two-echelon model also decreases (See Figure 24). It can be
observed that the improvement of TE model over SE model gets better as Lo
increases. This is mainly caused by the increasing risk pooling effects of the depot
in lead time. Furthermore, it can also be observed in Figure 24 that as T; increases,
the improvement of TE model deteriorates significantly for decreasing b;. That is

because of relatively increasing holding costs of the items in-transit.
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Figure 24- Improvement of TE over SE model vs. b; (h=0,02)

However, if no holding cost is incurred for the items in-transit; i.e, h=0, the
improvement of the TE model over SE shows no significant patterns as b; changes
(See Figure 25); although the expected costs are increasing in b;. When, Figure 24
and 25 are compared, the importance and the effect of the in-transit inventory
holding cost can easily be noticed.
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Figure 25- Improvement of TE over SE model vs. b; (h=0)
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Besides the changes in parameter settings, the environment of the problem can
also differ. In this part of the study, the case where TE model has 4 bases instead
of 3 bases is considered. The parameter setting for the system with 4 bases is
presented in Table-7.

Table 7- Parameters of the Base Case Scenario with 4 Bases

Parameters
Demand (1) A =9, 1=225 =225 A3=225 1=225
Lead Time (L) Lo=3;Ti=1;Li=35Re=2,Ri =2
Costs (10.000$) ¢, =4,hj=0.02, bj=60,¢c, =1

When an additional base is being operated in the base case, the expected optimal
costs increases along with the system wide base stock levels (Figure 26).
Although, system wide demand is not changed; demand faced by each base is
decreased. Hence, the optimal base stock levels per base decrease. However, a
new base can be regarded as a risk factor for potential backorder occurrences in
the system. Therefore, the system wide optimal base stock levels increase with the
new setting. As the items in stock increases, the holding cost incurred for the
items in stock also increases and eventually, the system with 4 bases incurs higher

expected cost than the current system (See Figure 26).
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Figure 26- Cost and total base stock level vs. Ly and T;

64



When, the improvements of the TE models with 4 bases and 3 bases over the SE
models are compared, it is observed that the TE model with 4 bases is more
tolerant to T; increase compared to the current model (See Figure 27). This may be
due to increasing base stock levels; regarding that, the holding cost incurred for
items in stock increases in base stock levels and the increase in holding cost
relatively decreases the in-transit inventory holding cost which reduces the
negative effects of the holding cost incurred for items in-transit.
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Figure 27- Improvement of TE over SE models vs T; (3 Bases vs. 4 Bases)

It is observed in Figure 28 that the TE model with 4 bases presents better
improvement against the SE models not only in T;, but also in Lo. This is mainly

due to increasing the risk pooling effects of the depot in L.

With 4 bases instead of 3 bases in the lower echelon, a TE model is more robust
against being outperformed by a SE model due to change in parameters. Because,
although the expected holding and backorder costs increase as an additional base
is operated; the increase in costs of TE model is less than the increase in SE. This
is mainly due to more noticeable risk pooling effects of the depot in TE model

with 4 bases.
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Figure 28- Improvement of TE over SE models vs L, (3 Bases vs. 4 Bases

4.2. Models with No Repair Ability versus Models with Repair Ability

The second research question requires the comparison between the systems with
and without repair ability. In the two-echelon model the repair ability is acquired
only by the depot whereas it is acquired by all bases in the single-echelon model.
After the repair ability is acquired, there are two types of orders: One is
procurement orders and the other is repair orders. Before starting the analysis,
note that the repair ability acquisition creates two main changes in the model. One
of them is the new cost parameters such as repair cost, repair holding cost for
items in repair and extra in-transit inventory holding costs for items being sent to
the depot for repair. The other change is in the lead times as for each repair order

the procurement lead time is replaced by a presumably lower repair lead time.

In the analysis of the effects of repair ability acquisition, the two and single-
echelon models are considered separately. Recall that the TE model with repair
ability is represented as, TR; whereas the SE model with repair ability is referred
to as SR for the sake of simplicity and convenience. First, the computational

results related to TR are presented.
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Two Echelon Models

When the systems with repair ability are considered, the key factor in the models
with repair ability is the ratio of repairable items in total demand; i.e. repair ratio,
p. Itis observed in Figure 29 that the % improvement of TR model over TE model
increases in p. This is because the procurement cost, ¢, and lead time, Lo are
exchanged by presumably lower repair costs, ¢, and lead times, Ry, for each repair

order. The % improvement is formulated as;

Cost,. —Cost,, *100 (4.2)
Cost.. '

where; Costre and Costrr denote the costs of TE and TR model, respectively. In
the assessment of the improvement of TR model over TE model; the procurement
costs cannot be excluded in (4.2) because they are not the same for both models

anymore.
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Figure 29- Improvement of TR over TE model vs. p

Although, the improvement of the system with repair ability over the system with

no repair ability increases as repair ratio increases, the % improvements seem to
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be indifferent both for Lo and T;. However, with a closer look in the base case, it
can be seen that there is an increase in the % improvement in Lo, and a decrease

in the % improvement in T; (See Figure 30 and 31, respectively).
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Figure 30- Improvement of TR over TE vs. Lo
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Figure 31- Improvement of TR over TE vs. T;

The increase in the % improvement in Lo is a result of both the decreasing effect
of in-transit inventory holding cost and relative decrease in repair lead time as
procurement lead time increases. However, the decrease in the % improvement in
T; is caused by increasing effect of the holding costs for items in-transit which is
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additionally incurred for the items sent from base to depot to be repaired. It can be
seen in both graphs in Figure 30 and 31 that the %improvements are changing
very slightly. This is not surprising; because, on the contrary to the previous
section, the procurement cost cannot be excluded in this analysis.

It is previously expressed that for increasing Ti, SE model can become a better
alternative instead of TE. However In Figure 32, it is observed that for increasing
Ti, TR model outperforms both models even with a repair ratio of 20%; i.e, p=0.2.
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Figure 32- Cost for TR, SE and TE model vs. Lj and Lo+L; (Lo=3, p=0.2)

Besides the repair ratio, p, the effect of the repair lead time, Ro, change is also
considered. It can be seen in Figure 33 that the % improvement decreases in Ro;
because it takes longer time for an item to be repaired and this increases the
holding cost for item repaired or being repaired. In Lo, % improvement curves
shift up very slightly; that is because, for increasing Lo, Ro decreases relatively.
However, as T; increases, the % improvement curves noticably shift downwards.
The reason is that as T; increases, the holding costs incurred for items in transit
increases, when it is recalled that this cost is incurred both for items being sent

from depot to base and for items that are sent from base to depot for repair.
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Although the % improvement decreases in Ro, the TR model is more attractive
than the TE model and the increase in Ry does not affect the preference of the TR
model against TE model. In Figure 34, the % improvements seems indifferent in

Ro increase. However, the repairable model is extremely sensitive to an increase in

Cr.
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Figure 34- Improvement of TR over TE model vs. ¢, (c,=4)
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If the repair cost per item, c, increases while procurement cost per item, c, remains
constant the % improvement of the TR model over the TE model significantly
decreases and when ¢, = ¢p; TR model is outperformed by the TE model.

Single-Echelon Models

Similar to the comparison of TE and TR models, when repair ratio increases, the
% improvement of SR model over SE model, increases significantly. In Figure 35,
the % improvement curves in L; shift upwards as p increases. The % improvement

is formulated as;

Cost,. —Cost
Cost.

R %100 (4.3),

where; Costse and Costsg denote the costs of SE and SR model, respectively. In
the assessment of the improvement of SR model over SE model; the procurement

cost cannot be excluded in (4.3) because they are not the same for both models
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Figure 35- Improvement of SR over SE model vs. L;
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Although the % improvement seems to be steady in L;, with a closer look in the
base case parameters, it can be seen in Figure 36 that it decreases as lead time
increases. This is expected, because; as L; increases, R; decreases relatively which
reduces the difference in the expected costs of SR and SE model. Therefore the
improvement of the system with repair ability is hindered.
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Figure 36- Improvement of SR over SE model vs. L; (0=0.2)
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Figure 37- Improvement of SR over SE model vs. R;
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As repair lead time, R;, increases; the decrease in % improvement of SR over SE
shifts downwards. as it is seen in Figure 37. This is also expected as it is in two-
echelon case; becasuse shorter repair lead times than the procurement lead time is
one of the main advantages of the repair ability acquisition.

As R; increases and becomes closer to L;, the advantage of SR model decreases.
However, due to lower repair cost per item, c,, than the procurement cost per item,
Cp; the SR system remains the better alternative against the SE model. But, as c,
increases and get close to c; the SR model loses advantage against the SE model.
In Figure 38, when c,=c,, the SE model becomes the better alternative against the
SR model no matter what R;
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Figure 38- Improvement of SR over SE model vs. R;
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CHAPTER 5

CONCLUSION & FUTURE WORK

In this study, we deal with a real life problem that is encountered in the inventory
control system being operated in military. A single item, which has a critical
importance in military use, is considered. Currently, a two-echelon system, which
consists of a depot in the upper and several bases in the lower echelon, is
operated. The demand is stochastic and Poisson; and the lead times are assumed to
be constant. Three alternative exact models are developed and presented along
with the current system in Chapter 3. One of the alternative models considered is
a single-echelon model that has several bases but a depot. The other alternatives
are two and single-echelon models with repair ability. All of the models are
optimized. The optimal results are compared and the models are experimented
with parameter changes such as lead times, demand and cost rates in Chapter 4.
The focus is on determining the conditions under which the current two-echelon
model. The analyses are conducted accordingly and the findings are reported. The
main contribution of the study is that two-echelon models are benchmarked with
single-echelon models in an environment where the in-transit inventory holding
cost cannot be ignored. Moreover, the importance of the repair ability for

inventory systems is assessed.

Throughout the analysis, it is observed that in all of the models the system wide
optimal base stock levels increase along with the total cost; as the lead time,

backorder cost rate or demand increase.
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In two-echelon models, the most critical observation is that as long as a holding
cost is incurred for the items in-transit; the two-echelon models could lose its
preference over the single-echelon model; especially when transportation lead

time increase or procurement lead time decreases.

Although the increase in cost rates increases the costs for both models, they do not
affect the improvement of the two-echelon models over single-echelon models.
However, as long as the holding cost is incurred for items in-transit the changes in
other cost rates become significant. For example, when backorder cost rate
decreases or holding cost rate for items in stock increases, the improvement of the
two-echelon model over the single-echelon model deteriorates. Furthermore,
increasing demand effects the two-echelon model negatively as long as holding
cost is incurred for items in-transit although the contrary is valid when there is no

holding cost for the items in-transit.

It is observed that if the holding cost rate for items in-transit increases, while the
holding cost rate for items in-stock remains the same; the performance of the two-
echelon model deteriorates against the single-echelon model. But if the holding
cost rate for items in-stock changes in accordance with the holding cost rate for

items in-transit, the effect of the holding cost rate for items in-transit vanishes.

If four bases are operated instead of three bases, the expected long run average
cost increases in both models. Moreover; the improvement of the two-echelon
model over the single-echelon model increases and the two-echelon model
becomes more robust against being outperformed by the single-echelon models

due to changes in parameters.
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In both two and single-echelon models, the acquisition of repair ability is
preferable as long as unit repair cost is lower than unit procurement cost and
repair lead time is lower than the procurement lead time. However, if repair cost is
lower than the unit procurement cost, then the effect of the changes in other
parameters on the improvement of the repairable models over no-repair models is
very slight. Therefore unit repair cost’s being lower than the unit procurement

cost would be more than enough for repairable model to be preferable.

As future research direction, the bases can be allowed to ship laterally among
themselves as Lee (1987) presented and finally the depot could be allowed to
place emergency orders like in Moinzadeh and Schmidt (1991) and Moinzadeh
and Aggarwal (1997). Besides, stochastic lead times can be allowed in all of the
models.
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APPENDIX A

GOODNESS OF FIT TEST FOR DEMAND

In this thesis study, a real life inventory control problem of a single item is
considered. Demand is originated from the item failures in the bases and it is
assumed to be Poisson. To ensure that this assumption is valid; a goodness of fit
test is conducted on the data obtained from the current system. We use the chi-
square, y°, distribution for testing the goodness of fit of the data to Poisson
distribution. The unit time in study context is a week, therefore to obtain the
demand data, we classify the demand occurred in the current system weekly. The
demand data of a base in the past 3 years (156 weeks) is checked and presented in

Table 7. Among 156 weeks there are 39 weeks in which 3 items are demanded.

Table 8- Demand Data of the Current Model

Demand/ Frequency Demand/ Frequency
Week (k) | observed (f,) | Week (k) | observed (f,)
0 11 5 12
1 25 6 7
2 36 7 1
3 39 8 2
4 23

To determine whether the observed data fits to Poisson distribution or not, we first

hypothesized the data as follows:
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Ho : The demand follows a Poisson distribution
H; : The demand does not follow a Poisson distribution

To test the hypothesis, we need the theoretical frequency. Since we, assumed that
the demand is Poisson with mean 3 items/week, we test the hypothesis with A=3.
Recall that the Poisson probability mass function of Poisson distribution is:

_e'@)
-

P{D=j} (D),

where, D is a random variable denoting the demand. In Table 8, the theoretical

frequency is calculated using (1); whereas, theoretical frequency is the product of
probability of distribution and total number of weeks observed, which is 156.

Table 9- Actual and Theoretical Frequencies

Demand/ Frequency Probability of Theoretical
Week (K) observed (f,) | Distribution (A=3) | Frequency (f;)
0 11 0.0497 7.7667
1 25 0.1493 23.3003
2 36 0.2240 34.9505
3 39 0.2240 34.9505
4 23 0.1680 26.2129
5 12 0.1000 15.7277
6 7 0.0504 7.8638
7 1 0.0216 3.3702
8 2 0.0081 1.2638
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In the computation of chi-square test to validate the Poisson assumption, equation
in (2) is used.

fo_ ft

Zkz—p—l = Z f
k

(2),

t

where k—p-1 denotes the degrees of freedom and p denotes number of the
parameters estimated from the data. Since the only parameter denoting both mean
and the variance in Poisson distribution is A and it is not estimated using the

sample data, p=0. Therefore, the degrees of freedom are:

k-p-1=9-0-1=8.

Using the standart table of chi-square distribution, with 0.05 level of significance,
the critical value of * for 8 degrees of freedom is 15.51. Therefore, the decision

criteria will be;
Reject Hy if x> > 15.51; otherwise do not reject Ho.

Using the data in Table 8 and (2); for the current model, x* = 4.3763 < 15.51.
Thus, we fail to reject Hy and cannot conclude that the demand does not fit a

Poisson distribution.
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