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ABSTRACT

AN EXTENSION TO THE VARIATIONAL ITERATION METHOD FOR
SYSTEMS AND HIGHER-ORDER DIFFERENTIAL EQUATIONS

Altintan, Derya
Ph.D., Department of Scientific Computing

Supervisor : Assoc. Prof. Dr. Omiir Ugur

June 2011, 80 pages

It is obvious that differential equations can be used to model real-life problems. Al-
though it is possible to obtain analytical solutions of some of them, it is in general
difficult to find closed form solutions of differential equations. Finding thus approxi-

mate solutions has been the subject of many researchers from different areas.

In this thesis, we propose a new approach to Variational Iteration Method (VIM)
to obtain the solutions of systems of first-order differential equations. The main
contribution of the thesis to VIM is that proposed approach uses restricted variations
only for the nonlinear terms and builds up a matrix-valued Lagrange multiplier that

leads to the extension of the method (EVIM).

Close relation between the matrix-valued Lagrange multipliers and fundamental solu-
tions of the differential equations highlights the relation between the extended version

of the variational iteration method and the classical variation of parameters formula.
It has been proved that the exact solution of the initial value problems for (nonho-
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mogenous) linear differential equations can be obtained by such a generalisation using

only a single variational step.

Since higher-order equations can be reduced to first-order systems, the proposed ap-
proach is capable of solving such equations too; indeed, without such a reduction,
variational iteration method is also extended to higher-order scalar equations. Fur-

ther, the close connection with the associated first-order systems is presented.

Such extension of the method to higher-order equations is then applied to solve bound-
ary value problems: linear and nonlinear ones. Although the corresponding Lagrange
multiplier resembles the Green’s function, without the need of the latter, the extended
approach to the variational iteration method is systematically applied to solve bound-

ary value problems, surely in the nonlinear case as well.

In order to show the applicability of the method, we have applied the EVIM to vari-
ous real-life problems: the classical Sturm-Liouville eigenvalue problems, Brusselator
reaction-diffusion, and chemical master equations. Results show that the method is

simple, but powerful and effective.

Keywords: Variational Iteration Method, Lagrange Multipliers, Restricted Variations,

Fundamental Matrix



oY/

VARYASYONAL iTERAsYON METODUNUN SiSTEMLER VE YUKSEK
DERECELI DIFERANSIYEL DENKLEMLER ICIN GENISLETILMESI

Altintan, Derya
Doktora, Bilimsel Hesaplama Boliimi

Tez Yometicisi : Dog. Dr. Omiir Ugur

Haziran 2011, 80 sayfa

Giinliik hayatta karsilagilan bircok problemin modellenmesinde diferansiyel denklem-
ler kullanilmaktadir. Bu denklemlerinin bazilarinin analitik ¢oziimleri bilinmesine
kargin diferansiyel denklemlerin kapali formda ¢oziimlerinin bulunmas: genellikle zor-
dur. Dolayisiyla bu tip denklemlerin yaklagik ¢oziimlerinin bulunmas farkh alanlardan

birgok aragtirmacinin ¢aligma alanini olusturmaktadair.

Bu tezde birinci derece diferansiyel denklem sistemlerinin ¢oziimlerini elde etmek
i¢cin Varyasyonal Iterasyon Metoduna (VIM) yeni bir yaklagim onerilmektedir. Tezin
Varyasyonal Iterasyon Metoduna ana katkisi 6nerilen metodun siirh varyasyonlari
yalnizca lineer olmayan kisimlarda kullanmasi ve matris degerli Lagrange carpanlar

elde ederek metodun genislemesini saglamasidir (EVIM).

Matris degerli Lagrange ¢arpanlar: ve diferansiyel denklemlerin temel ¢oziimleri arasindaki
baglant1 varyasyonal iterasyon metodunun genislemis versiyonu ile klasik parame-

trelerin degigimi formiilii arasindaki baglantinin vurgulanmasini saglamaktadir.

vi



Ayrica, boyle bir genellegtirme ile homojen olmayan lineer diferansiyel denklemler
iceren baslangi¢c deger problemlerinin ¢oziimlerinin sadece bir iterasyon ile bulun-

abilecegini ispatlanmaktr.

Yiiksek dereceli diferansiyel denklemler birinci derece diferansiyel denklem sistemler-
ine indirgenebildigi i¢in Onerilen metod yiiksek dereceli diferansiyel denklemlere de

uygulanabilmektedir.

Calismamizda boyle bir indirgeme olmadan da varyasyonal iterasyon metodunun ytiksek
dereceli diferansiyel denklemler icin genellestirilebilecegi ve karsilik gelen birinci derece

sistemler ile baglantis1 sunulmaktadir.

Metodun yiiksek dereceli diferansiyel denklemler i¢in elde edilen bu geniglemesi lineer
ve lineer olmayan sinir deger problemlerini ¢6zmek icin kullanilmaktadir. Elde edilen
Lagrange carpani Green’s fonksiyonuna benzemesine ragmen bu fonksiyona ihtiyag
duyulmadan genisletilmis varyasyonal iterasyon metodu lineer ve lineer olmayan sinir

deger problemlerinin ¢éziimlerinin elde edilmesi icin sistemli olarak uygulanmaktadir.

Metodun uygulanabilirligini gostermek i¢in EVIM, klasik Sturm-Liouville 6zdeger
problemleri, Brusselator denklemi ve Master denkleminden olusan farkli problemlerin
yaklagik ¢ozlimlerinin bulunmasi i¢in kullanilmaktadir. Elde edlen sonuglar metodun

oldukga kolay ve giiclii bir metod oldugunu gostermektedir.

Anahtar Kelimeler: Varyasyonal iterasyon Metodu, Lagrange Carpani, Siirli Varyas-

yonlar
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CHAPTER 1

INTRODUCTION

Many problems in different disciplines, for instance, biology, physics, chemistry, are
modelled by differential equations. Solutions of these problems are used to make
predictions about the future behaviour of the physical systems. Although it is pos-
sible to solve some simple models analytically, finding approximate if possible closed
form solutions of complex models can be very difficult. Different methods have been
proposed to obtain approximate solutions of differential equations. Apart from the
classical discrete Runge-Kutta methods, there are others such as Adomian decompo-

sition method [4] and homotopy perturbation method [29].

The Variational Iteration Method (VIM) [24,25,27] which was introduced by Chinese
mathematician J.H. He in 1997 is one of the methods that obtains approximate solu-
tions of differential equations. This method is a modification of the general Lagrange
multiplier method which was proposed by Inokuti et al. in 1978 [30]. The key ele-
ment of VIM is to construct a correction functional using Lagrange multiplier which
can be identified via variational theory [26] for the corresponding differential equa-
tion. By using an initial function a better approximate function within the domain
of the problem is obtained by the method. The method, in general, does not use any

discretisation, linearisation and perturbation techniques [50].

The VIM has been successfully applied to a large class of problems from different areas.
For example, He used the method to solve autonomous differential equations [27].
In [40], Momani, Abuasad and Odibat implemented the method to obtain the solution
of nonlinear boundary value problems and in [37], they used the method to obtain the

solution of two point boundary value problems. The method has also been applied



to integral equations [60], nonlinear singular boundary value problems [34], prey and
predator problems with variable coefficients [62]. Moreover, the method is successfully

applied to find eigenvalues of Sturm-Liouville type differential operators [5].

Over the years, modifications of the variational iteration method have been proposed:
in [7], Batiha et al. proposed the Multistage Variational Iteration Method (MVIM).
In [50], Soltani, Shirzadi proposed a new modification of VIM which aims to get the
Lagrange multiplier more efficiently. In [14], piecewise variational iteration method
was introduced for Riccati differential equations. In [15], an effective modification of
the method which does not use any unknown parameters in the initial function was
proposed. In [2], Abassy et al. proposed a new modification of the VIM which tries
to reduce the computational work. In [45], Odibat developed modifications of VIM
to approximate the solutions of nonlinear problems; in [56], Turkyilmazoglu proposed
an optimal variational iteration method; in [49], Salkuyeh applied the method to
linear systems of ordinary differential equations with constant coefficients; another

modification of VIM was proposed in [1].

The aim of the present work is to introduce the extension of variational iteration
method (EVIM) for first-order systems and higher-order initial as well as boundary
value problems; and then, to apply the method to different types of problems in order

to show advantages of the new approach.

In this chapter, we will investigate the basic principles of VIM and its multistage
version, MVIM. Also, we will summarise some properties of calculus of variations. An

illustrative example will be given to make a comparison between the VIM and MVIM.

1.1 Calculus of Variations

Calculus of variations is a branch of mathematics that analyses the extreme values
of functionals that use functions as variables. Since VIM is based on calculus of

variations, it will be useful to summarise some of the properties of it.

In this section, we will state some basic theory of calculus of variations; for more

details we refer to [11,46].



Let F(t,z,2') be a given three times differentiable function with respect to all its
variables and x = z(t), 2’ = 2/(t) are continuous in the interval a < ¢ < b. Our aim is

to find x = x(t), where the following integral takes its minimum (maximum):

J = /bF(t,x,m’)dt. (1.1)

To find the function where (1.1) takes its minimum (maximum) value, we must know
the basics of variations of functions. The variation of any function z(t) is denoted by
dx and

ox = x(t) — z(t),

where Z(t) is any function whose properties depends on the given problem. The

derivatives of variation dz is defined as follows

(ox) = 2'(t) —7'(t) = 0a,
(0x)" : 2" (t) — '(t) = 6a”, 12)

(6x)®) = 2B () — 2R () = s2(k),

for all kK € N.

After these definitions, let us investigate the integral (1.1). Suppose that this integral
has its extreme value at x = () and define z(t) € C1([a, b], R) which is different from

x(t). The variation of z(¢) will then be dz = x(t) — z(¢) and we let
z(t; ) = x(t) + adx. (1.3)
If we redefine the integral (1.1) as

b
¢@—/ﬂwm%ﬂqu

it is obvious that ¢ = ¢(«), as a function of «, takes its extreme value when o = 0.

Therefore,
_ 4
 da

¢'(0)

a=0
Note that we also use ¢ to denote the derivative of ¢(a)) with respect to a to avoid

the abuse of notation, for simplicity. Hence,
d b
#(0) = 2 [ Flt.altia). o' (a)dr (1.4)
« a

3



Since the function F' has continuous derivatives, we get

b
gb’(a):/ ;}F(t,x(t;a),m’(t;a))dt. (1.5)

Hence, this yields

b
¢ (o) = /a <Fx;()1x(t; a) + Fx/;ax'(t; a)> dt,

where

0 o
F, = B—F(t,x(t, ),z (t; o)), (16)
F, = %F(t,x(t;a),x'(t;a)).

By using the definition
z(t; o) = z(t) + adx,

we get,
0 0
—z(t;a) = —(2(t) + adx) = oz,
L(t0) = o (alt) + ad) .
Y. _ Y N — S/
50 (t; @) 5 (' (t) + adz’) = ox'.
Now, (1.5) takes the form
b
¢ (a) = / (Fpéx + Fyoa') dt,
so that the integration by parts yields
b B b
¢ (a) = / <Fx - Otéxe/) dt + (Fpdx) (1.8)
Then, ¢'(0) = 0 implies
b o b
/ (Fx - OtFx/) dxdt + (Fpdxz)| =0. (1.9)

If we impose the conditions Z(a) = z(a), Z(b) = x(b), then the second term on the

left hand side of the equation (1.9) will vanish, namely (F,/dz) ‘Z = 0. Furthermore,
we have
d
E—2F, =0, 1.1
o 0 (1.10)

which is the so-called Euler equation.

In previous equations we assume that z(a) = z(a), z(b) = =z(b), that is, dz(a) =
dz(b) = 0, so that the boundary term (F,dx) }Z vanishes. On the other hand, in the
case of Z(a) # x(a) and Z(b) # x(b), or Z(a) # z(a) and Z(b) = z(b), or Z(a) = x(a)



and z(b) # x(b), in order to obtain the equality in (1.9) one should impose the
conditions,
d

b
F,— 2 Fu=0, (Fyér)| =0.

See [11] for details.
In general we investigate the extreme values of the integral
b
J:/ F(tjx,x/,x”,...,x("))dt, (1.11)
a

subject to the boundary conditions

z(a) = x4, 2'(a)=al, ..., 2" V()= 2D

(1.12)
2(b) =, @) =apy .., 2D(B) =Y,

and the function F being (n+2) times differentiable with respect to all of its variables.
The argument in the preceding paragraphs will henceforth yield the so-called Euler-

Poisson equation:

d d? ar

Fy— —Fyd o Fuyd ()" F () = 0. 1.1
gl T gale + o+ D g B =0 (1.13)

The general solution of equation (1.13) includes 2n arbitrary constants to be identified

by imposing the boundary conditions (1.12).

1.2 He’s Variational Iteration Method

In the present section, we will describe the basic concepts of variational iteration
method. The results in this section can also be found in [26] and the references

therein.
Now, let us consider the following system
Tz(t) =g(t), tel, (1.14)

where T is a differential operator, x is a continuous function for ¢ € I and g¢(t) is a
given function. The key factor of VIM is to split the differential operator T into its
linear and nonlinear parts:

Lz(t) + Nz(t) = g(t). (1.15)

where L and N denote the linear and nonlinear operators, respectively.



The VIM is a modification of the Lagrange multiplier method [30]. In the following,
we will give a short description of the Lagrange multiplier method and explain the

relation with the VIM. This part is taken from [26].

0

The Lagrange multiplier method uses 2 as an initial function that satisfies Lz" = 0.

Then, by using the functional

t1

z(t) = 2%(ty) —i—/ /\{on(s) + N2%(s) — g(s)}ds, (1.16)

to

an approximation at a special point ¢; is obtained. Here, \ is called the Lagrange

multiplier.

J. H. He constructs the correction functional as follows:

z"Ht) = 2™ (t) + /tt /\{L:U”(s) + Nz"(s) — g(s)}ds, (1.17)

0

where A = A\(s;t) is referred to as the Lagrange multiplier which can be identified via
the variational theory [25,26]. The iterates z"(¢) represent the nth order approximate
solution and the 2" (s)’s denote the restricted variations, that is, 6z"(s) = 0 for all

n € N, see [12].

The intuitive idea of the method (see [28]) is to define the Lagrange multiplier which

satisfies the following equation

t
S (1) = 527 () + & A{Lx"(s) + N3"(s) — g(s)}ds ~0. (1.18)

to
For nonlinear differential equations, in order to obtain the Lagrange multipliers re-

stricted variations are used. The less usage of restricted variations leads to more

accurate Lagrange multiplier which causes faster approximations.

Although VIM has gained much interest, there has not been sufficient improvements
of the method to systems of differential equations, especially the ODEs. Many papers
in literature use the method as if the systems are uncoupled, or made uncoupled by
forcing restricted variations. In this study we tried to improve the applicability of the
method to systems without the need for unnecessary restricted variations so that the

coupled systems can also be easily solved by the variational iterations.



1.3 Multistage Variational Iteration Method

In order to extend the validity of VIM for larger time intervals Batiha et al. pro-
posed the MVIM [7]. According to MVIM, the solution of equation (1.15) in [to,T")
is obtained by dividing the interval into subintervals [to,t1), [t1,t2),. .., [tn,T) and

applying the following correction functional in each subinterval as

*

2" THt) = 2™ (t) + /tt )\{Lx"(s) + Nz"(s) — g(s)}ds, (1.19)

where t* takes the values tg,t1,to,...,t, successively. Here, the initial function in
[t*,t,) is the approximate solution of the previous interval [¢,_1,t*) at the point t*,
namely, z°(t) = 2"(t*). In the sequel, it will be observed that the Lagrange multipliers
of both VIM and MVIM are the same. See [7,12,22, 23] for more details on the

multistage version of the method.
In the following example, we will apply the VIM and MVIM to the Lorenz system.
1.4 An Example: the Lorenz System

The first chaotic system was proposed by Lorenz [36] in 1963. Equations in Lorenz

system are

1 = o(ry — x1), (1.20a)
iig =Trry — T2 —IT1T3, (1.20b)
.%"3 = T1T2 — b.l‘g, (1.20C)

where 0,7, b are positive real constants and @; denote the time derivative dz;/dt for

i=1,2,3.

In our application, we choose 0 = 2.4, r = 0.1, b = 5 and start with an initial condition
(21(0), 22(0), 23(0))T = (=1.6,—2,3)T.

According to the classical VIM, that is commonly used in literature, the following



correction functionals are constructed:

t
) = ot + [ n{(@)(6) + ots) - o) s,
0
t
) = a3+ [ (@)~ rF () 33 (6) + T T s, (121
0
t
0 = w30+ [ daf @) 6) - T +ba(s) fas
where (27') denotes the derivative dz]'/ds for i = 1,2,3. There, \; = \;(s;t) are the
Lagrange multipliers and z'(s) are the restricted variations, that is, 6z} (s) = 0 for
i =1,2,3 and for all n € N. It must be noted that 627(0) = dz5(0) = dz5(0) = 0,
for all n € N. However, it is important to observe that there are many linear terms

n (1.21) that are used as restricted variations: this makes the equations easier in

order to solve for each of the Lagrange multipliers.

Indeed, to obtain the Lagrange multipliers we take the variation of correction func-

tionals as follows:

st ti(t) = +5/ AL (@) (s) + o2 (s )—afg(s)}ds,
saptie) = oaB(t) + / 2o (g —r?ﬁ?(s)+x§(s)+:?f(s):¥§(s)}ds,
w0 = 050+ [ Aa{@)(6) — T + (o) s

Having used the integration by parts and the calculus of variations, the Lagrange

multipliers are thus obtained as
A(sit) = =D Ao(sit) = =7, Ag(s;t) = —PB7D, (1.22)
Hence, the correction functionals of VIM are given by

O = a0+ [ @) ) +oat(s) - aab(s) fas,
50 = a0+ [ e {(@)(6) —rat(s) + 23(o) +at(s)ah(o) s
) = )+ /0 —e ] (@) (s) = @ (s)a5 (5) + ba(s) }ds.

Having obtained (n + 1)st approximation for the component z1, one can use this to
get (n 4+ 1)st approximation for z9 and x3; likewise, once the (n + 1)st approximation

for x9 is obtained, it can be used in (n + 1)st approximation for x3. More precisely,



we consider, for instance the following recursive correction functionals:

0 = w0+ [ @) ) +oat(s) - aa(s) fas
O = )+ [ D@ (6) —ral I (0) + a(s) + T s)a () s,
) = 230+ /0 e (@) (5) - a7 ()5 (s) + ba(s) fd.

Such a formulation of VIM may be referred to as recursive VIM (rVIM). Clearly,
approximate solution in rVIM will depend on the order of equations written in the
system. Although this is out of the scope of the thesis, herewith, we prefer to give
Table 1.1 to compare the approximate solutions obtained by VIM and rVIM. We use

the following notations:

VI (1) = [oB(1) — oV ()], VM) = [oB @) — 27V (1)

for i = 1,2,3, where 27 (¢) denotes Runge-Kutta solution of x;; and x} M (t) , and

i
x;-"VI M(#) denote the approximate solutions of x; at the point ¢ obtained by VIM, and
rVIM, respectively.

Table 1.1: Comparison of VIM and rVIM for Lorenz equation for nth-order approxi-
mation with 2 (1) = —0.5938, 2¥(1) = —0.2906 and x¥ (1) = 0.0848.

€¥I]V[(1) 671"VI]W(1) €¥IM(1) €§VIM(1) 6:‘;””(1) 5§VIM(]_)
1.0062 1.0062 1.7094 1.7094 2.9152 2.9152
1.3716 1.3716 2.4914 2.9976 0.5224 0.9361
1.5399 1.8353 0.5148 0.0538 0.7260 0.0547
0.2956 0.0635 0.0025 0.0052 0.0050 0.0114
0.0505 0.0009 0.0200 0.0011 0.0040 0.0039
0.0137 0.0001 0.0024 0.0035 0.0112 0.0046

Tl W N~ O3

Now it is time to go back to our original problem which has the correction functionals
presented in (1.21). By inserting ¢* instead of the lower limits of integrations in the
correction functionals, we get the correction functionals for multistage version of the
method as follows:
t
) = a4 [ e {@) (o) + oui(s) - oah(s) s,
t*
t
D) = ab) [ e - o)+ ah(s) +af (o)) s,
t*

) = 20+ / =] (@) (5) — a()a%5(s) + ba(s) }ds.

It must be noted that, unlike the case in VIM, we have 627 (t*) = dz5(t*) = dx5(t*) =0

for all n € N in the case of the multistage variational iteration method. Here, t* €



{0,t1,ta,...,t,}, and the interval [0,7T) is divided into subintervals [0,¢), [t1,t2), ...,
[tn, T).

Numerical comparison between the Runge-Kutta solution, VIM and MVIM for the

fifth order approximate solutions for the Lorenz system is depicted in Figure 1.1.

\ *  Runge-Kutta
2.5\ - — —VIM
MVIM

0.5F N ~

Figure 1.1: Comparison of VIM, MVIM and Runge-Kutta solution for the fifth-order
approximation for the chaotic Lorenz system.

To be more specific, in Table 1.2 some numerical results are presented to show the

advantage of using MVIM in practice when compared to the standard VIM. Here,

el 1M (1) = |27 () — ="M (1)

MV (1) = 2B (1) — 2}V IM (1

? 1

)

E

for i = 1,2,3 where z;”(t) is the solution of z; obtained by Runge-Kutta method,

o) M (), aMVIM (1) denote the approximate solutions of x; obtained by VIM, MVIM

for the fifth-order approximations, respectively.
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Table 1.2: Comparison of the VIM and MVIM for the fifth-order approximation for
(1.20).

t EYI]\I E{WVIM Eé/]]% 5éMVIM EZ\))/I]\/I EéMVIM

0 0 0 0 0 0 0
0.3 || 0.0285  0.0000 | 0.3463  0.0003 | 0.1235  0.0002
0.6 || 0.1683  0.0003 | 0.0106  0.0005 | 0.0421  0.0004
0.9 || 0.0346  0.0001 | 0.0136  0.0004 | 0.0290  0.0002
1.2 || 0.0411  0.0002 | 0.0007  0.0002 | 0.0298  0.0001
1.5 || 0.0985  0.0002 | 0.0102  0.0002 | 0.0214  0.0000
1.8 || 0.1440  0.0002 | 0.0572  0.0002 | 0.0126  0.0000
2.1 | 0.1865  0.0001 | 0.1639  0.0001 | 0.0055  0.0000
2.4 ] 0.2320  0.0001 | 0.3385  0.0001 | 0.0002  0.0000
2.7 1/ 0.2752  0.0001 | 0.5832  0.0001 | 0.0003  0.0000

3] 0.3482  0.0001 | 0.8668  0.0001 | 0.0262  0.0000
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CHAPTER 2

EXTENDED VARIATIONAL ITERATION METHOD

In the previous chapter, we have seen that variational iteration method is based
on splitting the differential operator into linear and nonlinear parts. Although this
method is applicable for many problems, when a system of differential equations is
considered it can be difficult to split the linear and nonlinear parts in order to find

the Lagrange multipliers.

Let us consider the following system of m first-order nonlinear differential equations

dx

L = anzi +ar2 + -+ e, + fit, T, 22,0 Tm),

dxo

E = aglxl+a22x2+~-—l—azmxm+f2(t,331,l’27--~,$m), (2'1)
dxm,

— am1Z1 + a2 + - -+ QT + fin(t, 1, T2, .0 T),

with initial conditions

xl(to) = o, wg(to) = Q2,... ,ZL‘m(to) = Q- (2.2)

Here, A(t) = (a;j)(t) is an m x m matrix and f; : I x R™ — R are given nonlinear
functions for all 1 < 4,5 < m. The correction functionals of the system in the classical

approach of the variational iteration technique, however, are given separately by

0 = a0+ [ {6 - 0T ) - aa@Fe - -
—ak,k—1(8)Tg_1(5) — ark(s)2E(s) — app+1(5)TR 1 (s) =
s ()75, (5) = S5, 71 (5), T3 (5), - T () s,

subject to the initial condition

:Ug(t) = oy,

12



where p;, = pu(s;t) denote the Lagrange multipliers for k = 1,2,...,m, z7'(s) repre-
sent the restricted variations for all i = 1,2,...,k—1,k+1,...,m and (27)'(s) is the

derivative dzj(s)/ds. See the example given in Section 1.4.

It must be noted that the classical approach employs the restricted variations not
only to the nonlinear terms, but also to the linear ones. Accuracy of such an approach
clearly depends on the order of the equations placed in the system. In order to
overcome such an inconsistency and apply the method correctly, we present a new
approach to VIM, and consider the system (2.1) as a whole. Such an investigation

yields theoretically interesting results, and generalises the Lagrange multipliers.

2.1 Generalisation of the Lagrange Multipliers

It is possible to write system (2.1) and (2.2) as follows:

x=A(t)x+£(t,x), x(to) = v, (2.3)
where
ail a2 - Gl filt,x, 22, ... )
a1 a2 a2m f2<t7x17x27"'7xm)
At) = _ o , , ft,x) = _ ,
Aml Am2 - Qmm fm(t,.%l,xg,...,l'm)
x = (21,22, .. ,:pm)T, x(ty) = ap = (a1, o, .. .,am)T,

and x represents the derivative dx/dt of the state vector x.

The correction functional of system (2.3) is written in the form

X)) = x" (1) + ‘A ne t){Lx”(s) + Ni”(s)}ds. (2.4)

to

Here, A4(s;t) denotes the Lagrange multiplier. Since the new system (2.3) is con-
structed by vectors and matrices, it is trivial that A4(s;¢) is an m x m matrix-valued
function. L and N are the linear and nonlinear operators, respectively. Finally, X" (s)

is the restricted variation.

Linear and nonlinear terms in (2.3) can be written as follows:

Lx = % —A(t)x, Nx=—f(t,x).

13



By using the calculus of variations and the integration by parts, we find that the

Lagrange multiplier must satisfy the system

N,(s;t) = —Aa(s;t)A(s),
W58 = —AalsiDAG) s
AA(t7 t) = _E7
. ) . . , OA A
where E is the m x m identity matrix and Ay(s;t) = 95
s
Before solving system (2.5), we consider the following differential equation
X = A(H)X, (2.6)

subject to the initial condition

X(s)=FE.

It is known that the solution of system (2.6) satisfies the equation
X(t) = ®(t;5) :== D) (s),

where ®(t) is the fundamental matrix of the corresponding homogeneous system

x = A(t)x. (2.7)
From the theory of ordinary differential equations, the adjoint of (2.6) is of the form

Yy = —AT ()Y, (2.8)

and we impose the following initial condition to the adjoint system (2.8):

Y(s)=—-E.

Hence, the unique solution of the adjoint system satisfying the initial condition is
given by
Y(t) = =U(t;s) = —0()¥ ' (s),

where ¥(t) denotes a fundamental matrix for the adjoint system
y=-A"(t)y

for (2.7). It is not difficult to prove W7 (t;s) = ®~1(¢;5). Furthermore, if we use the

transpose of the system given in (2.8), we obtain
YT =—vTA®r), YT(s)=-E.

14



This, however, coincides with (2.5); therefore, the Lagrange multiplier can be written
as follows:

YT (t) = Aa(t;s) = =0T (t;5) = = (t; ).
Since ®~1(¢; 5) = ®(s;t), we thence prove the following theorem.

Theorem 2.1. Let As(s;t) be the Lagrange multiplier associated with the correction

functional form (2.4) for the differential equation in (2.3). Then,
Aa(sit) = 00D (s) = —(t;9), (2.9)

is true for any fundamental matriz ®(t) of the corresponding linear homogeneous

equation (2.7).

Corollary 2.1. Let A(t) = A be a constant m x m matriz in (2.3). Then, the

corresponding Lagrange multiplier in (2.4) is given by

Aa(s;t) = —e~ ALY,

Proof. Since ®(t) = 4! is a fundamental matrix, it follows from Theorem 2.1 that
Aa(s;t) = —D(t;8) = —eAtemAs = ALY,
This completes the proof. |

The corollary above gives us the opportunity to use linearisation of the systems con-
sidered in certain cases, for instance, about (hyperbolic) equilibrium points. Not only
due to such applications, but also due to its theoretical importance, we will investigate

first, in the next section, the case when the linear operators have constant coefficients.

2.2 Lagrange Multipliers associated with the Jordan Forms

In this section, we illustrate the alternative approach to VIM in order to solve systems
of the form

x = Ax+f(t,x), x(to) = ao, (2.10)

where A is m xXm constant matrix and f : I xR™ — R™ are known nonlinear functions.

Moreover, we wish the new approach should solve the system (2.10) by avoiding the

15



restricted variations in the linear terms. In fact, such systems as in (2.10) are of great
importance in applied nonlinear dynamics when it is linearised about a hyperbolic

fixed point.

In the previous section we have seen that by using Corollary 2.1 it is possible to obtain
Lagrange multiplier of the system (2.10) directly. In this section, however, we will try
to obtain Lagrange multiplier of system (2.10) by using Jordan canonical form of the

matrix A.

Let us introduce the transformation x = Py where P is m X m nonsingular matrix

which satisfies P~'AP = J. Substitution of the transformation into (2.10) gives us
Py = APy + {(t, Py),
and we obtain

y = Jy + F(t7Y) Y(tO) = P_lao = 60 = (61aﬁ27 s >ﬁm)T7 (211)

where F(t,y) = P~'f(t, Py). Then, the correction functional of the system (2.11) can

be written in the following form

t

y () =y (t) + / Ay(s; t){ﬁy"(s) + N?"(s)}ds, (2.12)
to

where A j(s;t) is the Lagrange multiplier and y"(s) is the restricted variation. Linear

and nonlinear terms are respectively defined by

dy
Ly = - 7Y Ny = —F(t,y).

Similar to Aa(s;t), As(s;t) is m x m matrix-valued function. By using the results of

the previous section, we can obtain A;(s;t) in the following form

Aj(s;t) = —e= 7670, (2.13)
On the other hand, if we did not use the transformation x = Py, we would obtain
the Lagrange multiplier of the system (2.10) as follows:

Aa(s;t) = —e A6,

We can see the following relation between the Lagrange multiplier of the new system

Ay(s;t) = —e=7=Y and the Lagrange multiplier of the original system A(s;t) =
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_e—A(s—t)

AJ(S; t) _ _e—J(s—t) — _e—PflAP(s—t) — —P_le_A(s_t)P _ P_IAA(S; t)P.

Hence, the relations between the linear and nonlinear terms of systems (2.4) and (2.12)
can easily be obtained as
t
Y0 =30+ [ Aslsit{£y"(s)+ A5 (s s,
to
so that the transformation x = Py yields
t
Pix" () = P7Ix"(t) + [ P1AA(s; t)P{c(P—lx"(s)) - N(P—lin(s))}ds,
to
and, hence,

x" (1) = x"(t) + tAA(s; t){P(E o P7Hx"(s) + P(N o P_l)in(s)}ds,
to

where o denotes the compositions
(LoP Hx=L(P'x) and (NoP ')x=N(P 'x).

Then, we get
L=P(LoP™) and N=PWNoP!).

Nevertheless, the following proposition is a consequence of (2.13).

Proposition 2.2. Let m = 2, then the followings are true.

, A0
Case I. if J = , then
0 Ao
A ( t) e—/\l(s—t) 0
J\S; - 0 e—>\2($—t) )
Case II. if J = S , then
-n &

Ap(s:t) = —e-E6D cosn(s —t) —sinn(s—1t)
’ sinn(s—t) cosn(s—t) ’
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Al
Case IIl. if J = , then
0 A

1 —(s—1)
0 1

Aj(sit) = —e A0

where A\, A1, A2, £, m are real constants depending on the eigenvalues of A.

The proof of the above proposition is straightforward from Corollary 2.1 and the use
of (2.13) with the definition of the exponential of a matrix. It is important to note that
the use of the restricted variations is only in the nonlinear term Ny = —f(t,y), but

dt
we can obtain the solution of the original system (2.10).

d
not in the linear one Ly = < — J> y. Finally, using the transformation, x = Py,

Meanwhile, direct extension of the proposition to higher dimensions is trivial since the

blocks of the Jordan form for an m x m matrix consist of the ones in Proposition 2.2.

Computationally, in order to obtain the Jordan form J of the coefficient matrix A
of the system in its linear part, one may use standard algorithms for computing
eigenvalues: by-products of such algorithms are the eigenvectors that form the columns
of the transformation matrix P. Practically, this is not a big problem. Nevertheless,
the variational iteration method assumes that the solution of the linear system is
known a priori. Without loss of generality, one may introduce an arbitrary linear
differential operator whose null-space is known, such as Lx = %, as is commonly
used in related literature. Unfortunately, however, this causes inaccurate results in

computational applications.

Following examples illustrate how important to consider the linear parts for each case

presented in Proposition 2.2.

Example 2.3 (Case I). Consider the following system

x=Ax = x, x(0)= , (2.14)
1 -1 1

the solution of system (2.14) has the following form
x(t) = ®(t;0)x(0) = ()2~ (0)x(0),
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where the fundamental matrix ®(¢) is given by

ot 2¢t 0
(t) = -
Therefore, this leads to the solution
el 0 1
x(t) =
% (et + e_t) e ! 1 (2.15)

— (et,% (et _~_€ft))T_

Classical: According to the classical VIM, we obtain the following correction func-

tionals of (2.14) separately as follows:
¢
o) = ah(t) +/0 ul{(x?)'(s) — x?(s)}ds, (2.16a)

wy () = aB(t) + /0 MQ{(OCZ)'(S)—%’f(s)Jra;S(s)}ds, (2.16b)

where p; = pi(s;t) and pa = po(s;t) denote the Lagrange multipliers, and z7(s) in
(2.16Db) is the restricted variation. It must be noted that dz7(0) = 625 (0) = 0. It is
not difficult to observe that although z7(s) is a linear term, it is used as restricted

variation in (2.16b).

The Lagrange multipliers in the classical sense, can be identified by
lsit) = —e 70 pa(sit) = —el0.
Substituting the Lagrange multipliers into the correction functionals yields
A0 = a0+ [ {6 - i) Jas
A0 = g+ [ e {6~ et + o500 s

with 2{(t) = 1 and 29(¢) = 1, as the initial approximations.

Extended: The eigenvalues of A are \y = 1, Ay = —1. Therefore, it is possible to

find the nonsingular matrix P as

2 0 p_ [ 1200
11 ~1/2 1

P =
Then, by using the transformation x = Py we obtain
y =P 'APy =Jy, y(0)=P 'x(0), (2.17)
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where

J = and  y(0) = (1/2,1/2)T.
0 —1

According to the Extended Variational Iteration Method (EVIM), correction func-

tional of system (2.17) is constructed to give

Y =y 0+ [ Assn{6m(9) = 7y }is (2.18)

where we do not use any restricted variations at all. The Lagrange multiplier A ;(s;t)
is
e~ (5=t) 0

Ay(s;t) = —e 7070 = —
J( ) 0 e(sft)

Meanwhile, by using the relation As(s;t) = PA(s;t)P~!, we have
_e_(s_t) 0

Aa(sit) = —

%(e(sft) _ ef(sft)) _els—t)

If we take y°(t) = y(0), we obtain y'(¢) in the following form

1/2 tf et 0 1/2
yi(t) = / +/ ‘ / ds
1/2 0 0 el ~1/2

et e\ 7
ey
1 T
Hence, by using the transformation x = Py, we obtain x!(t) = <et, i(et + e_t)>
which is the exact solution of (2.14).

Example 2.4 (Case II). Now, let us consider the system of the following form

-1 5 2
x=Ax = x, x(0)= . (2.19)
-1 3 3

The matrix A has complex eigenvalues 1 F ¢. The transformation x = Py yields to

the reduced system
y =P 'APy =Jy, y(0)=P 'x(0), (2-20)

where



In other words, we obtain
y= Y, (2.21)

subject to the initial condition

The correction functional of the reduced system (2.21) is given by

¢
Y =0+ [ A0 {) () = Iy} (2.22)
with y°(¢) = (-8, 6)T, where the Lagrange multiplier A (s;t) has the form

Aj(s;t) = _e—(s—1) cos (s —t) —sin(s —1)
; sin(s—t) cos(s—t)

By using the correction functional (2.22), we get

yl(t) = (—8e! cos(t) + 6e’ sin(t), 6e’ cos(t) + 8esin(t))L.
Hence,

21(t) = (2 cos(t) + 11e’ sin(t), 3¢’ cos(t) + det sin(t)) ",
which is the exact solution of (2.19).

Example 2.5 (Case III). Finally, we consider the following system

8 =3 1
x=Ax = x, x(0)= . (2.23)
12 —4 0

Since the matrix A has repeated eigenvalues ;2 = 2, it has the Jordan canonical

form J = P~'AP, where

2 1 6 1 1 0 1/12
J: s P: s Pi =
0 2 12 0 1 —1/2

The transformation x = Py gives the following differential equation

y=Jy= v, (2.24)

with initial condition



Hence, the corresponding correction functional is of the form

Y =y 0+ [ Ao {67(5) = Iy }is

where

Then, the first approximation is obtained as y'(t) = (e?t,e?)T. This result yields

1 (t) = (6e®t + €', 12e!t)T, the exact solution of (2.23).

In the next section, illustrations and verifications of the results will be presented.
Firstly, we will apply EVIM to an equation with constant coefficients, namely Lorenz
equation. Secondly, the method will be used to obtain the solution of Cauchy-Euler
equation which has variable coefficients. It is shown that unlike the classical VIM,
EVIM obtains the solution with a single iteration. Finally, we will approximate the so-
lution of a (nonlinear) Bernoulli equation and compare it with the modified variational

iteration method for solving Riccati differential equations proposed by Geng [13].

2.3 Illustrative Examples for the Extended Variational Iterations

2.3.1 Lorenz System — revisited

In this section of the thesis, we will apply EVIM to autonomous systems, but of the
form

x(t) = Ax(t) + £(x(t), tel, x(0) = ap, (2.25)

where x is an m vector, A is an m X m constant matrix, and f : R™ — R™ is a

function that is generally nonlinear in the components of x.

The Lorenz system is described by the following differential system

i:l = O'(:L’Q — xl),
Ty = TT1— Ty — T1T3, (2.26)
.’tg = T1x2 — b$3,

where o, r, b are positive real numbers.
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In our example, we will use the same values for the parameters and initial conditions

that were used in Section 1.4, namely, 0 = 2.4, r = 0.1, b =5 and

(21(0), 22(0), 23(0))! = (-1.6,-2,3)T.

Equation (2.26) can be written as follows:

x = Ax +f(x), x(0)=(-1.6,-2,3)T, (2.27)
where
T —24 24 0 0
x=| a2 |, A=] 01 -1 0 |, fx)=| —z23
T3 0 0 -5 122

Introducing x = Py fory = (y1,%2,%3)", the system (2.27) can be transformed to the

following equation

—2.5544 0 0 Y1
y = Jy+F(y) = 0 —0.8456 0 Yo
0 0 -5
v (2.28)
+ —1.6699y1y3 - 1.4045y2y3 )
—0.0641y? + 0.4886y1 2 + 0.4563y3
and the initial state of the system (2.28) is given
y(0) = (—1.3564, 3.5189, 3.0000)~ .
Here, the transformation matrix P has the form
—0.9979 —0.8393 0
P = 0.0642 —0.5436 0
0 0 1
Hence, we can construct the following correction functional
t
0 =30+ [ As0{6m ) - Iy - FE ) s, (229)
0
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with y9(¢) = y(0), and y"(s) is the restricted variation vector. The Lagrange multi-

plier As(s;t) is as follows

Aj(s;t) = diag (_62.5544(54)7 _(0-8456(s—1) _65(5725)) _

It must be noted that there are differences between A (s;t) and the Lagrange multi-

pliers Ai(s,t), Aa(s,t), A3(s,t) obtained in Section 1.4: see (1.22) on page 8.

Furthermore, using the multistage version of the VIM, we divide the interval [0,T)
into subintervals [0,¢1), [t1,t2), ..., [tn, ) and rewrite the correction functional (2.29)

as

t

n+1 _on
y <t>—y<t>+/t

As(s{ ") (5) = Jy"(s) = F(F"(s) pds,  (2:30)
where t* € {0, t1,t2,..., tn}.
Figure 2.1 illustrates the results of Runge Kutta solution, EVIM, MEVIM for the fifth

order approximate solution. Further, we use the following notations in Table 2.1

el VM (t) = |27 (8) — =PV (1)

eMEVIM gy _ ’l‘f(t) _ xiWEVIM(t)‘ 7

? 1

EVIM(t)’ xg\JEVIM (t),

fori = 1,2, 3, where 2 (t) denotes Runge-Kutta solution of z; and z!

denote the fifth-order approximate solutions of z; obtained by EVIM, MEVIM, respec-

tively.

Table 2.1: Comparison of the EVIM and MEVIM for the fifth-order approximation
for (2.26).

t ElEVIM 6{\4EVIM 82E'VIJV] Eé\JEVIJ\/I

0 0 0 0 0 0 0
0.3 || 0.1882 0.0005 | 0.3152 0.0004 | 0.1382 0.0001
0.6 || 0.1064 0.0001 | 0.0494 0.0003 | 0.0229 0.0004
0.9 || 0.0342 0.0001 | 0.0061 0.0002 | 0.0003 0.0002
1.2 || 0.0178 0.0001 | 0.0110 0.0001 | 0.0060 0.0000
1.5 || 0.0092 0.0001 | 0.0161 0.0001 | 0.0125 0.0000
1.8 || 0.0075 0.0001 | 0.0181 0.0001 | 0.0160 0.0000
2.1 || 0.0095 0.0001 | 0.0185 0.0001 | 0.0215 0.0000
2.4 || 0.0122 0.0001 | 0.0172 0.0001 | 0.0344 0.0000
2.7 || 0.0143 0.0001 | 0.0099 0.0000 | 0.0574 0.0000

3 || 0.0333 0.0001 | 0.0208 0.0000 | 0.0762 0.0000

MEVIM EVIM
2 €3
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*  Runge-Kutta
— — — EVIM
MEVIM

Figure 2.1: Comparison of EVIM, MEVIM and Runge-Kutta solution for the Lorenz
system.

2.3.2 Cauchy-Euler Equations

Example in Section 2.3 demonstrates that EVIM can be applied to first-order differ-

ential equations of the form
x(t) = Ax(t) + f(x(t)), tel, x(0)= ap. (2.31)

Here, x is an m—vector, A is an m X m constant matrix and f : R™ — R™ is given

nonlinear function.

We must recall that approximate solutions of (2.31) are obtained via the following

correction functional

X" () = x" t— :5)q (x™)(s) — Ax"(s) — f(x"(s s
(0 =)+ [ =itz {(x) () = Ax"(0) = 1" (5) .

where ®(t;s) = ®(t)®!(s), and ®(¢) is the fundamental solution of the linear homo-

geneous equation, x(t) = A(t)x(t).
The EVIM is surely applicable to the systems of the form
x(t) = A(t)x(t) +£(t), tel, x(0)=ayp, (2.32)
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in particular. The difference between (2.31) and (2.32) is that in the former A is a
constant matrix while in the latter it is an m x m matrix of functions defined on I.

However, (2.32) is linear, but (2.31) is in general nonlinear.

In Chapter 2, it is seen that EVIM obtains the exact solution of x(t) = Ax(t) with only
a single iteration. This example shows that when the initial approximation satisfies
the initial condition then the first approximation obtained via EVIM is the exact

solution of (2.32). This fact will be proved in Theorem 2.6.

Consider the following Cauchy-Euler equation,
2% — 3t +4x =1t, te[l,00), (2.33)

subject to the initial condition (1) = 2, #(1) = 2. By using the transformation

] = x, ro = &, equation (2.33) and the initial conditions can be rewritten as
x(t) = A(t)x(t) +£(t), x(1) = (2,2)", (2.34)

where

0 1 0
£t
—4/t% 3/t 1/t
The fundamental matrix ®(¢) of the homogeneous system x = A(t)x(¢) is

2 2In(t)
2t 2tn(t) +¢

P(t) =
and hence, the solution of (2.34) is found to be

x(t) = (£ = 2 In(t) + 1, t —2tIn(t) +1)" .

Classical: For an approximate solution using VIM in literature so far, the following

correction functionals are used:

aiti(t) = @

—3

0+ [ o) -6 s

570 = a0+ [ afpye+ T - g

(2.35)

Here, A1 = Ai(s;t), \a = Aa(s; t) are the Lagrange multipliers and z7(s), 75 (s) are the

restricted variations and that 0z} (1) = dx5(1) = 0 holds for all n € N.
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The Lagrange multipliers considered in the classical approach are in general
)\l(s;t) = _17 )\2(87t) = _17
and the initial approximations for (2.35) are in general z{(¢) = 2, 3(t) = 2.

Extended: Having generalised the Lagrange multipliers, the new approach used in

this thesis gives the following correction functional:
t ~
X0 =x(0) + [ Aals) {6 (6) - A (s) ~ F(s)ds
1

where f(s) denotes the restricted variation, and the Lagrange multiplier, in this setting,
is given by
t2 t 2 [t
—(1-2In| - —In|( -
AA(S, t) — S S S S

4t t t t
—2111( <1+21n(>>
s S s S

Starting with the initial approximation 2°(t) = (2,2)7 we immediately obtain the
exact solution

2'(t) = (P =2 n(t) + ¢, t —2tIn(t) +1)"

of (2.34). Consequently, the solution x(t) of (2.33) is the first component of z!(¢);
namely,

z(t) = t* — 2 1n(t) + t.

Table 2.2 shows the absolute error of the fifth-order iteration obtained by the VIM
for ¢t € [1,4]:
e M) = |« (8) — 2™ (1)),

)

for i = 1,2, where x}” M (t) denotes the approximate solutions obtained by VIM for
the fifth-order iteration and zZ(t) denotes the exact solution obtained by EVIM at

the point ¢ for i = 1, 2.

Furthermore, by

€VIM(t) _ Hl’E(t) _ xVIM(t)‘

2 )

we define the errors in the two-norm.

It must be noted that while EVIM obtains the exact solution at the single step,

however, error in VIM is accumulated when ¢ gets relatively large.
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Table 2.2: Comparison of the classical VIM and EVIM for the fifth-order approxima-
tion for (2.34).

t EYIM VIM VIM

1.5 || 0.0002 0.0005 | 0.0006
2 0.0084 0.0105 | 0.0134
2.5 || 0.0626 0.0417 | 0.0752
3 0.2399 0.0914 | 0.2567
3.5 || 0.6468 0.1445 | 0.6628
4 1.4081 0.1802 | 1.4195

2.3.3 Bernoulli Equations

In Cauchy-Euler equation, we apply the method to the system of the form
x(t) = A(t)x(t) +£(t), tel, x(0)=ap. (2.36)
In general, the method is also applicable to the systems of the form
x(t) = A(t)x(t) + f(t,x(t)), tel, =x(0)= . (2.37)
where f : I x R™ — R™ is a given function, A is m x m matrix and x is an m-vector.
In this part, extended multistage variational iteration method is used for solving a

Bernoulli differential equation. The results are compared with the modified variational

iteration method for solving Riccati differential equations proposed by Geng [13].

Bernoulli equation is a first-order nonlinear differential equation of the form
#(t) + P()(t) = Q1)a%(t), 2(0) = o, (2.38)

where P and @ are continuous functions on I = [0,7] and ¢ ¢ {0,1}. For this specific
example we let P(t) = Q(t) =t and ¢ = 2 so that (2.38) takes the following form

i(t) + ta(t) = ta?(t), z(0) = ag (2.39)

and the exact solution of which is easily found to be

1
x(t) = 1—e/2(1—1/ag)’

According to the extended multistage variational iteration method, we construct the

following correction functional

mn+1(t) — l‘n(t) +/

t*

t

)\{(x”)'(s) + sz (s) — s(fn)%s)}ds, (2.40)
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where A = A(s;t) is the Lagrange multiplier, z"(s) is the restricted variation. The
initial approximation is z°(t) = ag. Here, the interval [0,T] is divided into m + 1
subintervals, [to,t1), [t1,2),. - ., [tm, tm+1), With the convention that ¢ty = 0 and t,,+1 =
T. In (2.40), t* is chosen to be the left boundary points of the subintervals, and within
each subinterval [t*,t;) with 1 < k < m + 1, the initial approximate solution is z"(t*)

which is obtained from the preceding subinterval or the initial condition z(0) = «ay.

Either by using calculus of variations, but including all linear terms and that 02" (t*) =

0, or directly from Theorem 2.1, we obtain
)\(S; t) _ _6(527152)/2_
Then, the Lagrange multiplier yields the following correction functional

2" L(t) = 2"(t) + / t —e 2L (@Y () + a7 (s) = s(@™)(s) Jds,

t*
with the initial approximation z°(t) = ay.
In [13], Geng proposed a modification of VIM for equations of the type

#(t) = R@)+Pt)zt)+Q1t)x%(t), 0<t<T,
z(0) = «

(2.41)

where R(t), P(t),Q(t) are continuous functions in [0,7]. Geng defined the following

iteration formula to solve the system (2.41)

") = 2" () — t ") (s) — R(s) — P(s)z"(s) — Q(s)(z"™)%(s) tds
0 =)~ [ {9 - Rls) = Pl)a"() - Qo)) s,

for 0 <t < T, where 2°(t) = « and || is chosen to be relatively “small”, generally

less than unity [13].

In Table 2.3, we compare both methods for the system (2.41) for the fifth and the tenth
iterations with g = 1/2, T'= 4 and v = 0.001. It can be seen that the multistage
version of the new approach (MEVIM) is more effective than the method proposed

in [13], without the need for searching a (best) value for the artificial parameter ~.

One might have observed that the extended VIM can solve certain problems exactly in
one step. In fact, this is not a coincidence: the newly extended version of the method
solves linear equations in just a single step as long as the initial approximation satisfies

the initial condition. Of course, it cannot solve nonlinear ones within a single iteration.
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Table 2.3: Comparison of the extended multistage variational iteration method and the
proposed approach in [13] for v = 0.001 for the fifth- and tenth-order approximations.

S5TH-ORDER 10TH-ORDER
t Exact || Error MEVIM | Error VIM [13] || Error MEVIM | Error VIM [13]
0.5000 0 0 0 0

0.5 0.4688 0.0000 0.0310 0.0000 0.0309
1 0.3775 0.0017 0.1218 0.0000 0.1212
1.5 0.2451 0.0267 0.2535 0.0043 0.2520
2 0.1192 0.0890 0.3782 0.0375 0.3757
2.5 0.0421 0.1431 0.4539 0.0811 0.4500
3 0.0110 0.1680 0.4833 0.1036 0.4776
3.5 0.0022 0.1756 0.4901 0.1106 0.4824
4 0.0003 0.1772 0.4896 0.1122 0.4795

Thus, before the convergence analysis of such a functional iteration scheme, we close
this section by stating and proving the theorem on that solution to linear systems can

be solved by a single step of the extended version of VIM.

Theorem 2.6. Consider the following linear initial value problem
x(t) = A(t)x(t) + £(t), x(0)=ap, tel:=]0,4, (2.42)

where x is an m-vector, A(t) = (a;;(t)), aij € C(I) is an m x m matriz. Let x°(t) €
CY(I) such that x°(0) = g be a given initial approzimation. Then, x'(t) defined by
the correction functional

X1 :XO — t ;S XO/S — SXOS — S S. .
() =x(t) /0<1><t, {0 (5) = A()x(s) — £(s) }d (2.43)

is the exact solution of (2.42).

Proof. It is obvious that using the correction functional (2.43) we have

x'(0) = x%(0) = ap.

Upon calculating the derivative x! as

() = ) -0t { @) - AWx(E) - £(1)}
- /Ogtcp(t;s){(x”)'(s)A(s)x"(s)f(s)}ds

5(1

and using the fact that

o0(t;s) _
5 = Ale(s),
o(t;t) = E,
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we obtain

completes the proof. [ |

2.4 Convergence Analysis of EVIM

Variational iteration method has been used to approximate the solutions of different
problems. The method gives convergent successive approximations without using
neither linearisation nor perturbation techniques; and hence, the method reduces the

computational time in many applications.

The convergence of the method have been studied by researchers from different areas
and for different problems. For example; Torvattanabun and Koonprasert [55] studied
the convergence of the method for solving a first-order linear system of PDEs with
constant coefficients. Salkuyeh proposed a theorem for the convergence of the method
in solving linear system of ODEs with constant coefficients in [49]. Tatari and Dehghan
[54] investigated the sufficient conditions to prove the convergence of the method.
In [48], Ramos considered the first and second order time differentials and proved
that the iterative process of VIM can be obtained by using adjoint operators, Green’s
function, integration by parts and the method of weighted residuals. Ramos also
claimed that VIM is a specialised version of the Picard-Lindelof iterative process for
initial-value problems in ODE; the use of the Banach’s fixed point theory for initial-
value problems in PDE ensures the convergence of the method when the mapping is

Lipschitz continuous and contractive.

In this section of the present work we will investigate the conditions which guarantees
the convergence of EVIM and see the close relationship between the iterative process

obtained by EVIM and variations of parameters formula.
Now, let us consider the following system:
x = At)x(t)+£(t,x), tel:=]0,/ (2.44)
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subject to the initial condition

x(0) = a,

where x is an m—vector, A(t) = (a;;(t)), a;; € C(I) is an m x m matrix and f :

I x R™ — R™ for m € N.

Applying EVIM gives us the following iterative process:

K L(E) = X7 (1) + /0 Al { (Y () = A(e)x"(s) — B(s,%7(s)) bas, (2.45)

where x"(t) denotes the nth-order approximate solution and A4(s;t) is the m x m

matrix valued Lagrange multiplier. In Section 2.1, we have proved that
Aa(s;t) = =)@ (s) = —®(t; 9),

where ®(t) denotes the fundamental matrix of the corresponding homogeneous differ-

ential equation x(t) = A(t)x(t).
Then, the correction functional (2.45) can be rewritten as follows

XL(t) = X" (1) - /0 a( { (") (5) = A(s)x"(5) — £(5,x"(s)) s (246)
and the integration by parts yields
x" (1) = ®(t;0)x™(0) + /Ot {fl)/(t; s)x"(s) + ®(t; ) A(s)x"(s) + ®(t; s)f (s, x”(s))}ds.
Hence, by using the fact that ®'(¢;s) = —®(t; s) A(s), we obtain

x"H(t) = ;0)x" t ;9)f(s,x"(s s. .
(t) = @(5;0)x"(0) + / {@9)8(s,x"(5)) }d (2.47)

This formula is nothing else but the fixed point iteration for the variation of parameters
formula. However, f, in general, is a nonlinear function of the components of x.
Meanwhile, in the case when f is independent of x, but depends only on ¢, then

Theorem 2.6 becomes an obvious fact of (2.47).

To prove that the sequence {x"} | converges to the exact solution of (2.44), we state

the following theorem.

Theorem 2.7. Let x(t) € CY(I) fort € I = [0,4] be the exact solution of (2.44)
and x"(t) € CY(I) be the nth order approzimate solution obtained by the correction

functional (2.47) with x°(t) = ap, x*(0) = ag for alln € N. Let f € (C(I), Lip); that
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is f is a continuous function and it satisfies Lipschitz condition (with respect to x) in
I, with Lipschitz constant k > 0. Furthermore, | ®(t;s)|| < F, and ||f(s,x(s))|| < M

for all s € I. Then, the sequence {x"}>° | € CY(I) converges uniformly to x.

Proof. It is a known fact that the unique solution of (2.44) has the following form
t
x(t) = ®(t;0)x(0) +/ D(t; 5)f(s,x(s))ds. (2.48)
0

The proof of the theorem is based on three steps. Firstly, we will find an error bound
for Hx"“(t) - x"(t)” Secondly, we will prove that x"(¢) is a Cauchy sequence via

error bound obtained in the first step. Thirdly, we will show that x™(¢) converges to

x(t).
Let n = 0, then the subtraction of first and zeroth approximation is

)

') =<0 < @(6:0) - Breal + | [ @(eis)f(s.x(9)as

where F denotes the m x m identity matrix. Since we have ®(t;s) is bounded, the

(®(¢;0) — E) is also bounded, that is, ||®(t;0) — E|| < C. As a result, we obtain
|3 (t) = x°(t)|| < C'llewo]| + F M.
For n > 0,

X"t —x"(t) = @(t;O)X”(O)—i—/ O (t; 5)f(s,x"(s))ds
o . (2.49)
- (IJ(t;O)X”_l(O)—/O D(t; 5)f(s,x" " (s))ds

By using the fact that x"(0) = x"~1(0), we get
||x”+1(t) - x"(t)H = ’ / d(t; 5) (f(s,x”(s)) - f(s,x”_l(s))) ds
0 . (2.50)
x"(s) — x""1(s)]| ds.
< Fi s =x o) a

Now, iteratively we obtain

tn+1

t 2
[x2(t) —x'(t)]| < Fk/o [x!(s) — x(s)|| ds < Fk <C||a0|t+FM;
t 2 3
0 -0 < P [ s) —x o) ds < (07 (€l 5y + PO )
t 3 4
[x'(t) = x*(1)]| < Fk/o %3 (s) — x2(s)|| ds < (Fk)? <CHC¥0H;+FMZ!>
|[x"Hi(e) —x(t)|| < Fk/o " (s) — X"_l(s)H ds < (Fk)" (C o] g +FM
(2.51)
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, completing step one.

Now, we obtain an error bound for ||x"(t) — x"(t)

The second step is to show that x"(¢) is a Cauchy sequence. Suppose that m < n,

[x™(t) —x™ (@) = [[(x"(t) —x"71(t)) + (x"7H(E) = x"72(1)) + ...+ (xTH(E) — x™(1)) ]|
n—1
< Z ij"'l(s) - xj(s)H ds
]”iql i I tI+1
< S (ctoa s + P 2
n—1 ; 4 n—1 ; H+1
= j;n(Fk) (C [lvo| ],> +j;n(Fk) (FM(j " 1)!>

FEt By taking m sufficiently large it is

These sums are parts of Taylor series for e
possible to make [|x"(t) — x™(t)|| less than any € > 0. This shows that the sequence

x"(t) is Cauchy sequence.

Since x"(t) is a Cauchy sequence of continuous functions and I = [0, ¢] is a compact

interval, then x"(¢) converges uniformly to a continuous function x(t), that is

x(t) = lim x""(t)

n—oo

t
= lim <I>(t;0)x”(0)+/0 ®(t; 5)f(s, x"(s))ds (2.52)

n—0o0
t

= &(t;0)p + lim / O(t; 5)f(s,x"(s))ds

n—~oo 0

Now,

t

lim [ @t $)E(s, x"(s))ds = /0 (1 5)E (s, x(5))ds

e Jo ; (2.53)
+ / D(t;8) (£(s,x"(s)) — £(s,%x(s))) ds.
0
Since x"(t) — x(t) converges uniformly to 0, then
t
‘ / D(t;s) (f(s,x"(s)) — f(s,x(s)))ds|| < Flk||x"(s) — x(s)|| — 0.
0
Finally,
t
lim x" () = ®(¢;0)a +/ D(t; 8)f(s,x(s))ds.
n—oo 0
which is the exact solution of (2.44). [ |

For more details of the convergence properties of successive approximations, we re-

fer [8].
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CHAPTER 3

SOLUTION OF INITIAL VALUE AND BOUNDARY
VALUE PROBLEMS BY THE VARIATIONAL
ITERATION METHOD

In this chapter of the present work, we will consider the mth order linear nonhomoge-
neous ordinary differential equations as well as nonlinear ones. We will mainly show
the existence of a close relation between the Lagrange multipliers and the adjoint

equations.

By using these relations, we will prove the basic properties of Lagrange multipliers
and show that it is also possible to obtain the solution of linear equations with only

a single variational iteration.

In the sequel, VIM represents the variational iteration method which does not use any
restricted variation while obtaining the scalar-valued Lagrange multiplier for an mth
order differential equations and EVIM represents the extended variational iteration
method which obtains the matrix-valued Lagrange multiplier for the corresponding

first-order differential equation.

3.1 Solution of Initial Value Problems

Let us consider the following higher order differential equation:

o) ™ (t) + pr(®)E™ V@) + pa ()i D (E) + - + pm ()2 (t) = 0, (3.1)

35



for t € I = [a,b] and subject to the initial conditions
z(a) = 4, #(a) = iq, P (a) =22, ..., 2m VD (a) = &M,

where p; € C™ (I, R) , po(t) > 0 for all t € I, and &) represents the ith derivative
d'z(t)/dt" for all i = 1,2,...,m

Let Ly, denotes the following differential operator:

m dm— 1 dmf2

Lint = po(t) G + P10 Ty + p(t) Sy

pr + ot pm(t). (3.2)

By using the VIM, we can construct the following correction functional for equation

(3.1)

pa(t) = )+ [ Amo(e)afVs) + ms)am V(s

()i D (s) - 4 pm(s)xn(s)}ds.

Here, A = A(s;t) is the Lagrange multiplier, x,(¢) represents the nth order approxi-

mate solution, and x(])( ) is the derivative d’z,,(s)/ds’ for j =1,2,...,m

By using integration by parts, it is easy to obtain the following equality [42]

t
/ Apm—r(8)2D (8)ds = Apmor(s)zl D (s) [

~(Apmr ()2 D (s) [2h + ..

i (3.9
+(_1)T_1(Apm—r(s))(r_l)xn(s) \i;Z
t
HE [ () s ()i,
for all r = 1,2, ..., m. Taking the variation of both parts of the correction functional
yields
0xpy1(t) = dzp(t) + (5/ ALy, s (s)ds
(3.5)

— un(t) / Mo oSm (s
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Using the equality in (3.4) and éz,(a) = 0, we obtain

s=t

brnia(t) = {(=1)" 1 Opo) )+ (—1)m 2 () )
Fo o APt + 1}5%(3)
(=1)"2(Apo) "= + (=1)" P (Apy) Y

e s P (@) (5)

+

{ _
+{(_ s=t
oo Apm—3}5(wn)”(8>

s=t

+Po /\5(:671) (

t
o+ / 82, (s)LE, Ads

where we have used A = A(s;t) and p; = p;(s) for alli =0,1,...,m — 1. Here, L;rn,S

is given by
m m—1 m—2
Lha() = (1™ o(s)) + (1" (pa()) + (1) (o))
+ o+ (pm(s)),
and hence,

LhaAsit) = (=1)™(po()A(5:0)™ + (=)™ (p1(s)A(s: )™~
(=12 (p2()A () 4 p(8)A(s3),

The operator Ljﬂ, s is called the adjoint of L, s in (3.2). Thus, the following conditions

makes the correction functionals stationary:

0 = {(=1)™ 1Al po(s) ™Y 4 (=12 (A (55 )pa (5)) ")
o A e (s) + HH’
0 = {(—1>m 2(A(s:)po(s)) " + (=13 (A (s )pa ()™
A DPm-a(9)f| .
0 = {(—1>m YAl po(5) ™ + (1) (A (55 )pa () Y |
A5 DPm-a(9)}|

)
=t

0 = po(s)A(s;t)

s=t
Consequently, we have

L, A(sit) =0, (3.7)
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and using the fact that A(¢,¢) = 0, by backward substitution in (3.6), we obtain

N
PAsit) - 0, forj=0,1,2,...,m—1,
-~ 883 s=t (3 8)
oM™ \(s;t) (=™ :
0sm—1 s=t B pU(t)

Without loss of generality we assume po(t) = 1 and write

dmzx dm 1y dm 2y
Lypgr = —— +p1(t) ——— +p2(t)W

g T + ...+ pm(t)z =0, (3.9)

for which the associated system of first order equations is

% = A(t)x, (3.10)
where x = (21,22, ...,2m)" = (&,2@, ..., 2™ NT and A(t) is the companion matrix
with the following form:

0 1 0 0
0 0 1 e 0
A=| . . . (3.11)
; : : |
—Pm —Pm-1 —Pm-2 - —P1
Initial conditions turn out to be
x(a) = (2q, &a, &2, ... &M= HT,

If we apply EVIM to system (3.10), we obtain the following functional

X1 (1) = Xn(t) + /a t A{(xn(s))’ - A(s)xn(s)}ds, (3.12)

where the Lagrange multiplier A = A(s;t) satisfies the following matrix differential

equation:
N(sit) = —A(s;t)A(s),
A(t;t) = —E.

(3.13)

Here, we recall that ' denotes the derivative with respect to s and ~ denotes the

derivative with respect to ¢.

In Section 2.1, it is proven that the solution of (3.12) satisfies A(t;s) = —W7(¢;s)

where W(t) denotes the fundamental matrix of the adjoint equation
§ = —AT(t)y, (3.14)
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with

0 0 0 Pm
-1 0 0 Prm—1

AT = 0 =1 - 0 pua |- (3.15)
0 0 —1 P1

The components of (3.14) give

yl = PmYm, yk = —Yk-1 +pm—]€+1yma k= 27 37 ceey My

by using (3.15). By differentiating the kth relation (k — 1) times we observe that v,

satisfies the adjoint differential equation

m m—1
LT _ —_1)m d -1 m—1 d
m,tym ( ) dem Ym + ( ) dtm_l (plym)
dam-
+(_1)m72 (prm) + -+ PmYm

dtm—Z
= 0.

Since the Lagrange multiplier A(s;t) of (3.3) will also satisfy Lin,s)\(s;t) =0, it is
obvious that A(s;t) and y,(t) solve the same differential equation but written with

respect to different variables: s and t, respectively.

If the fundamental solution of (3.14) is ¥(¢) then the components of the last row of
this matrix will be the linearly independent solutions of y,,(t). By using this fact, we

can write

At;s) = el W(t; s)e, (3.16)

where e, = (0,0,...,1)T.

I mand c=(ci,c2,...,cm)" where ¢; € Rfori=1,2,...,m.

By changing the roles of s and ¢t we get
As;t) = el W(s;t)e. (3.17)

Using the relation W(s;t) = AT (s;t), we obtain the following relation for the Lagrange
multiplier of the VIM and that of the EVIM

A(s;t) = el AT (s;t)c. (3.18)

This result can be reduced to the following summation:

A(s;t) = f:ci/\im(s;t), (3.19)
i=1
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with A = (Aim), 1 <i < m as the Lagrange multiplier. Using (3.13) we can write
A;j(s; t) = —(Ai(j,l)(s; t) — pm—j-i—lAim(S; t)), i,j = 1, 2, e,y (320)
with Ajp = 0. Equations (3.8) and (3.20) show that
ci=1¢=0, 1=23,...,m.

Hence,

A(s;t) = A (s;t).
Now, it is easy to find the derivatives of A(s;t) with respect to t. Firstly, we remember
A(s;t) = —®(t; s) so that

Als;t) = A(t)A(s:t),
A(s;s) = —F.

(3.21)

This yields immediately that
Ly A(s;t) =0 (3.22)

holds. In fact, equation (3.20) gives the derivative of the components A(s;t) as follows

Aij(sit) = Mgy (s3), Amj(sit) = =D pil\myr—p;(sit),  Ajjlsis) = —1.
i=1
By using the result A(s;t) = A1, (s;¢) and the derivative components of A(s;t), we
get

Ly A(s5t) =0,
subject to the initial conditions

DI\ (s;t) oI\ (s;)

SO Y o, 20 =1 j=0,1,...,m—2.
ot li=s o1 = J "

Recall that we have obtained that Lagrange multiplier A(s;t) satisfies adjoint equation

with respect to variable s; that is, L;rn,s)\(s; t) = 0, and the values of the derivatives of

A(s;t) with respect to s when s =t were given in (3.8).

By using the previous discussions, we can prove the following theorem which states
that if the initial approximation satisfies the initial condition then the solution of mth
order linear nonhomogenous ordinary differential equation can be obtained by a single

step of VIM. A similar result for EVIM was presented in Theorem 2.6.
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Theorem 3.1. Let

d™x d" g A" 2y
Lz =—— +p1 (t)W ~|—p2(t)W

dtm ot pm(t)z = f(1) (3.23)

subject to the initial conditions
2(a) = 24, 8(a) = iq, 3P (a) = 22, ..., 2" (a) = (",

where t € I = [a,b], p; € C"™ (I, R), for allt € I, and &) represents the derivative
diz(t)/dt" for all i = 1,2,...,m. Construct o € C(I,R) which satisfies the initial

conditions. Then,

n0) =)+ [ A Bmsrals) — 106) s

is the solution of (3.23).

Proof. By using the previous discussions, it is easy to prove that

00 =il 0+ [P 1 i) s)}as, =12 m 1

ST
and ™) = fém)(t)JrW)s:t{Lm,tfvo(t)—f(t)}
! / W{Lm,sm(s) ~ f(s) }ds.
Hence,

Long1(8) = Lingo(t) = { Lnawo(t) = £(5)} + / t Lin M55 8){ Lin s0(5) = £(5) }ds.
Since Ly, ¢A(s;t) = 0 from (3.22), then we obtain
Ly 1(t) = f(t)
and also jz(j)(a) = x'(()j)(a) for 5 =0,1,...,m — 1. This completes the proof. [ |
In order to illustrate the results of Theorem 3.1, we will consider the following example.
Example 3.2. Let us reconsider the following Cauchy-Euler differential equation
25 — 3ti + 4o = t, with (1) =2, (1) = 2. (3.24)
By dividing #?, equation (3.24) can be reduced to
Z— %m + ;1233 = % (3.25)
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In Section 2.3.2, this system is solved by EVIM and the Lagrange multiplier of the

extended version of the method is obtained as

2 2
;(1—211& i)) tgln(i)
Aa(s;t) = -

—4;tln<t t(1—|—21n<t>)

s s s s

Classical VIM constructs the following recursive functional
! 3 4 1

Tnt1(t) = 2n(t) "‘/1 A(s; t){(mn)”(s) - g(a?n)’(s) + ?xn(s) - f}ds.

By using the previous discussions, we obtain

Asit) = Apa(s:8) = — o In (t> .

S S

It is also possible to obtain A(s;t) via (3.7) and (3.8), that is

. / .
/\//(S;t) + (3)‘(57t)> + 4/\(? t) —0,
S S
OA(s;t)
0s

A(s:t) = jzln (Z) .

Let xo(t) = 2t that satisfies zo(1) = 2, 2o(1) = 2. Then,

(3.26)

s=t

)

which has the solution

z(t) = z1(t) =t — t*Int + >

is the exact solution of (3.24).

3.2 Solutions of Linear Boundary Value Problems

In Section 3.1, the following type of problems are considered

Lm,tw = f(t)7 (327)

subject to the initial conditions

z(a) = 24, #(a) = iq, P (a) =22, ..., 2V (aq) = &M=, (3.28)

It is proved that if the zeroth approximation of VIM satisfies the initial conditions
(3.28), then the first approximation of the VIM will be the (exact) solution of initial

value problem.
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In this section, we will propose an algorithm for the following type of systems
Sz = f(t) (3.29)
where S is a differential operator generated by
Lo sz = po()&™ (&) + p1 (2™ V() + pa(t)i ™D () + ... 4+ pu(t)z(t)  (3.30)
and the boundary conditions

Up(z) = MyzU D (a) + NyjzU= V() =0, v=1,2,....m, (3.31)
j=1

where I = [a,b], a,b € R, p;: I - R, and p; € C"J([,R) and f: I — Ris a
continuous function.

Before launching into the new algorithm, we will state some basic theory of nonho-
mogenous boundary value problems of type (3.29). For the definitions and theorems

given in the section, we refer [8,9,42].

Using matrices and column vectors to analyse the system (3.31) will simplify the
discussions throughout the section. Let # denotes the column vector with components,

z,&,2?, ..., ™D Namely,
#(t) = (x(t), 2(t), &2 @), ..., ™ De))T for tela,b).
Then, the boundary conditions

Up(x) =Y MyzU D (a) + NyjazU D (b) =0, v=1,2,...,m, (3.32)
7j=1

form the following system

where U = (U, Us, ..., Uy)T and M, N are mxm matrices with components M,;, Ny,

respectively.
Unless stated otherwise, we assume that M, N forms a matrix with property that
rank(M : N) =m,
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where (M : N) is defined by the matrix

My -+ My, Nito -+ Nim

The former condition, rank(M : N) = m, implies that the homogeneous boundary

value problem

Lm7tﬂ§‘ = 0, U(ZIJ) = O,

has m linearly independent boundary conditions and hence, the problem has only
the trivial solution. In that case, the solution of nonhomogenous boundary value

problem (3.29) is determined by means of the Green’s function:

The Green’s function of the operator S is the function which has the following prop-

erties:

e (i(t,s) is continuous and has continuous derivatives with respect to ¢ up to order

(m — 2) inclusive for all values of ¢ and s in the interval [a, b],

e For any fixed value of s in the interval (a,b) the function G(¢, s) has continuous
derivatives of orders (m — 1) and m with respect to t in each of the intervals
[a,s) and (s,b]; the (m — 1)th derivative is discontinuous at ¢t = s with a jump

of L,
po(s)

3m_1G am—lG

W(S—FO’S)_W(S_O?S):

po(s)

e In cach of the intervals [a,s) and (s,b], G(t,s), considered as a function of ¢,
satisfies the function ¢(G) = 0 and the boundary conditions U,(G) = 0 for

v=1,2,...,m.
Theorem 3.3. If the boundary value problem Sx = 0 has only the trivial solution,

then the operator S has one and only one Green’s function.

Then, the solutions of systems (3.29) for any continuous function f(t), ¢ € I can be

obtained via following theorem.
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Theorem 3.4. If the equation Sx = 0 has only the trivial solution, namely, x(t) =0
for all t € I, then for any function f(t) which is continuous in the interval I, then

there exists a solution of the equation St = f; this solution is expressed by the formula

b
x(t):/ G(t,s)f(s)ds,

where G(t, s) denotes the Green’s function for the operator S.

We have seen that the solution of nonhomogenous boundary value problems (3.29)

can be obtained with Green’s function.

Now, using the results of Section 3.1, we will prove the following theorem for boundary
value problems (3.29). Following the theorem, we will propose an algorithm to obtain
the solution of boundary value problem (3.29) without any need of Green’s function,

by an example.

Theorem 3.5. Let

Sz = f(t) (3.33)
that is
d™x d"lz dm 2z
Lyt = —— —_— ——+ ...+ pm = )
= () ) g+ () = S(0)
subject to the boundary conditions
U(z) =0,

where t € I = [a,b], a,beR, f: I — R isa continuous function. Let xy € C(I,R)

which satisfies the boundary conditions. Then,
z1(t) = 21(t) — p1(1), (3.34)

will be the solution of (3.33). Here, T1(t) is the approximation obtained by the following

correction functional of VIM

t
F1(t) = zo(t) + / )\(s;t){Lmsxo(s) - f(s)}ds.
a
Moreover, y1 : I — R is a function satisfies the following equations

Lm,t@/l = 07
Uly) = Ula).

(3.35)
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Proof. In previous section, it was shown that

Lin g1 (t) = [f(1).

Therefore,
Lt (£1 = y1) = Lmt(Z1) — Ling(y1) = f(2),
and
U(Zi(t) =3 (1) = U (@1(t)) = U (5a(t)) = 0.
Hence, the proof is completed. |

This theorem shows that for systems of the type (3.33), it is possible to obtain the
solution of boundary value problem via a modified algorithm for the VIM. Moreover,

the proposed method does not need Green’s function [42].

In order to illustrate the results of the theorem and to forecast the basics of the
modified algorithm in the next section, we consider the following boundary value
problem

F+ax=t> with 2(0)=0, @(x)=0 (3.36)

Let

xo(t) = cos(t) — 1

be the initial approximation that satisfies boundary conditions, namely xy(0) = 0,

#o(m) = 0. The VIM constructs the following approximation

F1(1) = zo(t) + /Ot )\(s;t){(xo)”(s) + zo(s) — 32}ds.

By using the previous discussions, we obtain the following equations for Lagrange
multiplier A\(s;t):
N (s;t) + A(s;t) =0,
(s5t) + Als; 1) (3.37)
)

At;t) =0, N(s;t) |, =1

Solving this gives

A(s;t) = sin(s — t)

so that
t
Z1(t) = cos(t) — 1 +/ sin(s — t){ -1- 52}d8 = 2cos(t) +t* — 2.
0
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However,

71(0) =0, Zi(n)=2rm.
Thus, our aim is to find a function y; that satisfies
1+ =0, y(0)=0and g (r)=2m

This is an easy task, and

y1(t) = —2msin(t)
will suffice. Consequently,
z1(t) = Z(t) — y1(t) = 2cos(t) 4+ t* — 2 4 2w sin(t)

is the exact solution of the boundary value problem in (3.36).

3.3 A New Algorithm for Boundary Value Problems

In the previous section, we analysed the nonhomogenous boundary value problems of
the type
Lz = f(t), U(z)=0, (3.38)

where t € I = [a,b], a,b€ R, f:I — Risa continuous function. It is proved that
the solution of such systems can be expressed by an approximate solution of VIM and

a function determined by the boundary conditions.

In this section of the current work, we will propose an algorithm for the systems of

the following form
L = f(t,x(t),2(t), 23 (t), ..., 2" V(1), Ux) =0, (3.39)

where t € I and f is a continuous function with respect to all its components. Al-
though the theory of (linear) boundary value problems of the type (3.38) is widely
known, the corresponding theory of nonlinear systems, such as (3.39), has not been
studied as much. Herewith, we shall introduce a new approach for solving such non-

linear boundary value problems.
Now, let’s consider the following boundary value problem
Lyny=0, Uly)=u (3.40)
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where u is a given m-vector. Let ¢1, ¢, ..., ¢, be linearly independent solutions of

differential equation L,y = 0 and ® is the fundamental matrix for Ly, 1y = 0 in the

following:
b1 G2 0 Om
& = (31, n. .. = 1 $2 o Om
-gm.—l) égn;—n N d-)gg;—l)

Further, the boundary conditions of (3.39) can be extended as follows [9]:
Ud = Md(a) + NO(b).

Before going back to the problem, finally, let us consider the solution of L,,;y = 0 in

the form

Y =c101 + 202 + -+ + P,

where ¢1, ca, ..., ¢y, are parameters identified by boundary conditions U(y) = w.

By using the fundamental matrix, it is possible to write
Uly)=Udc=u

where c is the column vector ¢ = (c1,c¢o,...,cn)’. We must recall that we have m
linearly independent boundary conditions, that is, the nonsingularity of U $. Hence,

the unknown parameter ¢ can be determined uniquely as
c= (Ud) .

Now, it is time to go back to our original problem (3.39). We will propose the new
algorithm to approximate the solutions of the (nonlinear) boundary value problems

in (3.39).
For systems (3.39), the VIM constructs the following correction functional
t
Eni1 () = 2n(t) + / A{Lm,s(xn(s)) - f}ds, (3.41)
where A = A(s;t) is the Lagrange multiplier and

= F(s,2als), () (), (@) P (), (@) "D (s))
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with z/() = diz/ds’ for i = 1,2,...,(m — 1). In our algorithm, we will modify

correction functional (3.41) as follows

Tt (t) = 2a(t) + / M L o(zn(s)) — f}ds. (3.42)

a
Here, x, shows the nth approximate solution that satisfies the boundary conditions
and Z,4+1 is the solution that does not necessarily satisfy the boundary conditions

U(z) = 0. So without loss of generality we assume
U(Tpt1) = Unsgi-
By the preceding discussions it is possible to construct a function y,41 so that
Lintyns1 =0, U(Ynt1) = Ung1-
Then, our proposed algorithm gives the (n + 1)th approximate solution as follows
Tn41(t) = Tnt1(t) — Ynt1 ().
It must be noted that

Lm,txn-‘rl = Lm,tin—i-l - Lm,tyn-i-l = f,

U(@n+1) = U(@nt1) = U(ynt1) = 0.

where f = Ly, tTp41. Recursive application of the procedure for n = 0,1,2,... will

yield the result.
As an illustrative example of the algorithm, consider the following system
i=—(2)* -1 (3.43)

subject to the boundary conditions

The exact solution of (3.43) subject to the boundary conditions is
x(t) = In(cos(t) + tan(1) sin(t)).

Let xg = 0 where x¢(0) = 0, #o(1) = 0. The modified correction functional will give

71 as follows: .
71(t) = xo(t) —i—/o (s —t){1}ds,
= —t?/2

(3.44)
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with Z1(0) = 0, Z1(1) = —1. Clearly, ¢; = 1 and ¢y = ¢ are the fundamental solutions
of § = 0. Therefore,

yi1(t) = co+ it

is also a solution of the homogeneous system ¢ = 0 where cg, ¢; are constants to be
determined from the relations y;(0) = 0 and 7;(1) = —1. Hence, we obtain ¢y = 0,
¢1 = —1 and thus y;1(t) = —t. So, the first variational iterate x; turns to be

2

nlt) =T1(0) () = 5+

that also satisfies the boundary conditions. Carrying out this recursive algorithm, we

approximate the solution to the boundary value problem.

Table 3.1 and Figure 3.1 show the approximate solutions z;(t) for ¢ = 1,3,5,7. There,
2P (t) denotes the exact solution at t. Namely, 2 (t) = In(cos(¢) + tan(1) sin(t)). One
can see that the proposed method gets very close results to the exact solution at the
7th variational iterate.

Table 3.1: The results of the proposed algorithm for (3.43).

t x1(t)  w3(t)  as(t) () wze()

0 0 0 0 0 0
0.1 || 0.0950 0.1352 0.1399 0.1402 0.1402
0.2 || 0.1800 0.2472 0.2539 0.2542 0.2542
0.3 || 0.2550 0.3398 0.3472 0.3475 0.3475
0.4 || 0.3200 0.4156 0.4233 0.4236 0.4237
0.5 || 0.3750 0.4769 0.4847 0.4850 0.4850
0.6 || 0.4200 0.5253 0.5330 0.5333 0.5334
0.7 || 0.4550 0.5618 0.5695 0.5699 0.5699
0.8 || 0.4800 0.5873 0.5951 0.5954 0.5955
0.9 || 0.4950 0.6025 0.6102 0.6105 0.6106

1 || 0.5000 0.6075 0.6152 0.6155 0.6156
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0.7

Figure 3.1: Comparison of the approximate solutions obtained by the proposed algo-
rithm and the exact solution of (3.43).
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CHAPTER 4

APPLICATIONS

In this chapter, we implement the variational iteration method to solve various types
of problems. In the first section, we will apply the method to linear Sturm-Liouville
eigenvalue problems. In the second section, we will apply the method to Brusselator
model, and in the third one, we will use the method to solve the Chemical Master

Equation (CME).

4.1 Variational Iteration Method for Sturm-Liouville Differential Equa-

tions

A linear Sturm-Liouville operator has the form,
Txz(t) ;== Lx(t) = Ar(t)x(t), (4.1)

where L = —% [p(t);ﬂ +q(t), t € I := [a,b]. Associated with the differential

equation (4.1) are the separated homogeneous boundary conditions

arz(a) + fiz(a) = 0,

agx(b) + Pax(b) = 0,

where aq, ag, $1 and o are arbitrary constants provided that oz% + @2 %0fori=1,2.
The values of A for which the boundary value problem has a nontrivial solution are
called eigenvalues of L. A nontrivial solution corresponding to an eigenvalue is called
an eigenfunction. We will assume that p(t), p(t), ¢(t) and r(¢) are continuous functions

such that p(t) > 0 and r(¢) > 0 for all ¢ € I [8,53], for simplicity.
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The main objective of this section is to implement VIM for computing eigenvalues of

Sturm-Liouville problems.

Example 4.1. Consider the Sturm-Liouville system
—&(t) — Ax(t) =0, tel=(—(1), (>0, (4.2)
with homogeneous boundary conditions
z(=0) =0, =z(f)=0. (4.3)
The correction functional of differential equation (4.2) has the following form:
Tnt1(t, A) = zp (8, A) + /te,u{ — 2 (s, A) — Azp (s, )\)}ds, (4.4)
where 1 = p(s;t, A) is the Lagrange multiplier [26,30]. Then, we have
OZpt1(t, N) = 0mp(t, A) + (5/1u (s;t, )\){ — 2l (s,A) — Az (s, /\)}ds.
Note that dz,(—¢, ) = 0. Calculus of variations and integration by parts give the
stationary conditions
W (sit, A) + Au(s;t,A) = 0,
L+ p(sit,A) |y = 0,
p(sitN) = = 0,

for which the Lagrange multiplier x4 should satisfy. Solving this system of equations

for u yields

p(s;t,\) = —\% sin(V (s — t)).

Thus, by inserting the Lagrange multiplier into (4.4) we obtain
Tnt1(t,A) = zp(t,N)
/ —— sin(VA(s — t)){ —a(s,\) — )\xn(s,)\)}ds. (4.5)
As an initial approximating solution, let us choose
zo(t,\) = A + Bt,

where A and B are constants that are going to be defined by imposing the boundary
conditions (4.3) on the iterates and normalisation of the corresponding eigenfunctions.

Substituting zo(t, A) in (4.5) gives

B .
z1(t, \) = Acos(VAt) + 7 sin(V/At).
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If the function x1 (¢, \) is now forced to satisfy the boundary conditions at ¢ = —¢ and
t = /¢, then we get

B
— —sin(VM) =0

YA

B B
z1(0,)) = Acos(VA) + 7 sin(vV/Al) = 0.

In order to have a nontrivial solution 1 (¢, \), the system yields two infinite sequences

z1(—=0,\) = Acos(VAl)

of eigenvalues A,

o2n + 1)1\ ?
An = <(”2+€)7r> n=0,12,...,

2
An = (%) n=1,2,....

The corresponding linearly independent eigenfunctions u,, and v,, are

up(t) = Acos<(2n2+€1)7rt>, n=0,1,2,...,

l
up(t) = B%sin<—t), n=12....

Here uy,(t), v, (t) € C(I,R); that is u,(t) and v, (t) are continuous real valued functions

on I = (—4,¢). The usual inner product on C(I,R) is defined by

4
(U, V) :/ Up(S)vp(s)ds,  up,v, € C(I,R),
¢

and the norm induced by the inner product is

1
tnlls = uuz(/ fun(s |ds>

Consequently, we obtain

1 nmw
A=—, B=—.
v 3
t
Therefore, the normalised eigenfunctions ¢, (t) = tn(t) and z,(t) = vn(t) have the

[[un]l2 [[onl2

forms

2
tn(t) = \}Z cos (@t) with A\, = <(2n2—;1)7r> , n=0,1,2,...,
zn(t):jzsin (@t) with A, = ("%)2 n=1,2,....

These eigenvalues and eigenfunctions are the exact eigen-pairs of the Sturm-Liouville

system in (4.2).
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Example 4.2. As another example consider the eigenvalue problem
—Z(t) —Xx(t) =0, tel=(-L1), (>0, (4.6)
with Neumann boundary conditions,
(=) =0, z(¢)=0. (4.7)

Using variational iteration method, we can construct the correction functional of (4.6)

as follows:

Tnt1(t,A) = xp(t,N)
+ / u{ —x;;(s,)\)—)\xn(s,)\)}ds, (4.8)

-/

where p1 = p (s;t, A) is the Lagrange multiplier. Note that dx,(—¢,\) = 0.
The Lagrange multiplier can be identified as

u(s;t, \) = —% sin(VA(s — 1)),

so that the iterations in (4.8) can be written as follows:

Tnr(t,A) = aa(t, )

. /_tg—\%sin(ﬁ(s—t)){—QJZ(SJ\)—)@n(Sa)\)}dS- (4.9)

We begin with an initial approximation zy(¢, \) = A+ Bt where A and B are constants

to be determined as before. By the correction functional (4.9), we get

B .
z1(t,\) = Acos(VAt) + 7 sin(V/At). (4.10)

Then,

2y (=0, \) = AVAsin(VA) + Beos(VA) =0,
2i(6,)) = —AVAsin(VM) + Bcos(VA) = 0.

Thus, the eigenvalues of this system have the form

o+ 1)\ 2
Ay = <(”;)”> n=0,1,2,...

An = (%)2 n=1,2,....
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Corresponding linearly independent nontrivial solutions are

B 20 N _(@n+Dm\? B
Un(t) = BmSll’l( )\nt) with )\n— <2€> s ’I’L—O,l,2,...,

vp(t) = Acos(@t) With)\nZ(%>2, n=12,....

So, the normalisation constants are

= 1 B (2n+ 1)m
¢ 205
Let t,(t) = ’T;L(ﬂl and z,(t) = ’1’};(?2, then
to(t) = jzsi <(2”2+€1)7Tt> n=0,1,2,...,
2 (t) = ;Zcos (%t) , n=1,2

Example 4.3. Now consider the following equation [53],
—@(t) + (2 = Nz(t) =0, tel=(—00,00). (4.11)
The solutions of the system (4.11) are in the following form

0 = Ane_tQ/Z.FIn(t)7 Al =2n+1, n=0,1....

n

where H,(z) denotes the Hermite polynomials and A, are normalisation constants

[53].

Let us consider system (4.11) in a truncated domain, —¢ < ¢ < ¢ for all £ > 0. The
new system is,

—&+ (2 = Nz(t) =0, (4.12)

with Dirichlet boundary conditions z(—¢) = 0, x(¢) = 0. To find the approximate
solution of equation (4.12) by means of variational method, the following correction

functional can be constructed as

l’n+1(t,)\) = l‘n(t, )‘)

t
+ / ,u{ — 2 (5,A) + 8°Tn (5, \) — A (s, )\)}ds,
¢

where = u(s;t, A) is the Lagrange multiplier and ,, denotes restricted variation that

is 0z, = 0. Following the discussions presented in the previous examples, we obtain
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the iteration formula

xn—l—l(t; )‘) — :Cn(ta )\)
+ t ———sin s—1 —J}” S —|—82.’L' S — S S

Let us start again with an initial approximation z(¢,\) = A + Bt, where A and B

are real unknown constants. Then,

n1(t,)) = A+ Bt
t 1 . 2
+ /—z_ﬁ sm(\f)\(s—t)){s (A+ Bs) —)\(A+BS)}d5-

In Table 4.1, we present the eigenvalues of system (4.12) for different values of ¢ and

they are compared with the exact values A7° =2n+1forn=20,1....

Table 4.1: Eigenvalues of equation (4.12) obtained by the variational iteration method
for £ = 2,7 and 4.5.

n £  Number of iterations A A= A% || ASe
0 2 3 1.0823  0.0823 1
) 1.0749  0.0750
6 1.0749 0.0749
7 1.0749 0.0749
T 3 1.3952  0.3952 1
) 1.0177  0.0177
6 1.0030 0.0030
7 1.0006  0.0006
4.5 3 NaN 1
) NaN
6 1.2771 0.2771
7 1.1007  0.1007
1 2 3 1.0823 1.9177 3
) 1.9177 1.9251
6 1.0749 1.9251
7 1.0749 1.9251
m 3 3.1665 0.1665 3
5 4.8576 1.8576
6 1.0030 1.9970
7 1.0030 1.9970
4.5 3 NaN 3
5 NaN
6 3.2916  0.2916
7 4.0764  1.0764
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4.2 Variational Iteration Method for Brusselator Reaction-Diffusion

System

In this section of the present work, we will investigate the dynamical behaviour of
Brusselator reaction system which was proposed by Prigogine and Lefever as a model
for chemical dynamics [47]. The mechanism of Brusselator system is as follows [3,35,

44,47,58,61]

A— X, (4.13a)

B+X —Y+D, (4.13b)
2X +Y — 3X, (4.13¢)
X - E. (4.13d)

Here, A and B denote the input chemicals, D and E are output chemicals and X,Y
are intermediates. It is a known fact that the reaction step (4.13c) can be observed in
the formation of ozone by atomic oxygen, inenzymatic reactions, in plasma and laser

physics [3,57,61]. The differential equations associated with (4.13) are given [47]:

0X
= 1A —c9BX + 3 X2%Y — 4D, V23X

I (4.14)
T coBX — c3X?Y D, V?Y,
where ¢1, ¢a, ¢3, ¢4 denote the reaction constants of (4.13a), (4.13b), (4.13c), (4.13d),

respectively.

Let v = u(x,y,t) and v = v(x,y,t) denote the concentration of products at time
t, A, B are the constant concentrations of two input chemicals and « is a constant

represents D, D, and L is the reactor length.

Then, the partial differential equations that represents the Brusselator model is as

follows [3,57]:

2 2
Gu = A+v?v—(B+Du+a @—l—@ ,
ot ox2 0y 415
ov B 9 v 0% (4.15)
a = U—UU—FCM(M‘FW),

for 0 < z,y < L, 0 <t <T. Then, we impose the Dirichlet boundary conditions of
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the following type:

u(t,z,0) = 0, o(t,z,0)=0, for O0<ax<L, 0<t<T,
u(t,z,1) = 0, w(t,z,1)=0, for O0<zx<L, 0<t<T,
(4.16)
u(t,0,y) = 0, wv(t,0,y)=0, for O<y<L, 0<t<T,
u(t,l,y) = 0, w(t,1l,y)=0, for O0<y<L, 0<t<T,
and initial conditions
u(0,z,y) =z, v(0,z,9)=xy> 0<zy<L. (4.17)

Semi-discrete methods which discretise in space and leave time variable continuous is

a way to approximate solutions of system (4.15).

Let the discretisation of the domain be such that x; = iA,, y; = jA,, 1 =0,1,...,n+1,
1 1

— A, = ——.
n+1 7Y m+1
Ugg, Uyy and vz,, vy, can be replaced, respectively, with the following differences:

j=0,1,...,m+ 1 with A, = Then, the second derivatives

U(t, Li41, y]) - 2U(t, Li, y]) + ’U,(t, Li—1, yj)

teeltinn) > (Ax)? ;

van(t, 2 y;) ~ v(t, Ti1,Y5) — 211((2996;),2%) +o(t, z-1, yj)’
and

Uyy (t, 2i,y;) R~ u(l, i, yj+1) — 2U((ij)72yj) otz yj_1)7

vyy(t i yj) = )= 21)((19;),2%) ot 2 yio1)

fore=1,2,...,nand j=1,2,...,m.

Let u;; and v;; denote the wu(t,x;,y;) and v(t,x;,y;), respectively. It is possible to

obtain a system of ODEs at mesh points x;, y; fori =1,2,...,n, 7 =1,2,...,m; such

as,
iy = A+uivi;—(B+ Dui
N <uz'+1,j —2uij +ui—1y | Uige1 — 2uij + Um‘l)
(Am)Q (Ay)z ’ (4.18)
vij = Buij—uivi;

—+

o [Vt T 20,5 +vi—1; X Vi1 — 205 + Vi1
(Az)? (Ay)?

Here,i; j, ¥;,; denote du; j/dt, dv; j/dt. From boundary conditions we know that

uio = 0, vio=0, i=0,1,....,n+1,

Uim+1 = 0, Vimp1 =0, i=0,1,...,n+1, (4.19)
w,; = 0, v;=0, j=0,1,....,m+1,

Upt1,; = 0, Upg1,;,=0, j=0,1,...,m+1
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and the initial conditions

uw(0,2,yi) = x;, 1=12,....n, j=12,...,m,
(0, 70-5) ' ’ (4.20)
v(0,2;,y;) = xiyjz, i=1,2,....,n, j=1,2,....,m.
To simplify the notation, let us write the system (4.18) as follows:
z =Sz + f(z), (4.21)

where z = (u; j,v; ),

2a 2
s | TPV @ T @y ’
- B B 2 - 20 )

(Az)?  (Ay)?

and

Uity T Wiztj | Wigal ¥ Wig=1) | o o

f(z) = ( (Az)? (Ay)? > T g
Vitlj T Vin1j | Vil T Vg1 o

(Ax)? (Ay)? e

Let, now, A=0.5,B=1,a=1/64, A, =025, A, =0.25, L =1 and T = 1 so that

(4.21) can be rewritten as

, -3 0 . 0.25 (1,5 + Uim1,j + i1 + ij—1) + 0.5+ uf vi 5
Z = Z
1 -1 0.25 (Ui-i-l,j + V-1, + Vij+1 + vm‘_l) — u%jvi,j

Transforming the variable z to w by setting w = Pz, we obtain a diagonalised system

in w as
w = Jw + P~ f(Pz), (4.22)
where
0 0.89 1 0.5 1 -1 0
P = , P = , and J =
1 —0.45 1.12 0 0 -3

Correction functional of the transformed system is

w (1) = w(s) + /0 A, )f (W) () = Jw"(s) + PTLF(W"(s)) |

for ¢t € [0, 1], and with w"(s) being the restricted variation. It must be noted that

initial conditions (4.20) and boundary conditions (4.19) are transformed to the new
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variable w, and initial condition of new variable is used as the zeroth approximate

solution. The Lagrange multiplier A (s, t) is

Aj(s,t) = —e 7670 =
7(s,1) . _o3m0)

If we divide [0, 1] time interval into subintervals [0, t1), [t1,t2), . .., [to, 1) where t; = i/,
with Ay = 0.1, for every ¢ = 1,2,...,9, then we can construct the following correction
functional of MEVIM:

t

*

W) = w(s) [ e (W) (5) — Twn )+ P ()
where t* € {0,t1,t2,...,t9} and

w(t*) = wh(t), (4.23)

where w at the right hand-side of (4.23) denotes the nth order approximate solution

in [tg,t*) where k € {0,1,...,%9}.

In Table 4.2, we compare the fifth order approximate solutions of MEVIM and EVIM

with results obtained by Runge-Kutta methods for solving system (4.18). We use the

notation
EVIM yBVIM E MEVIM yMEVIM E
vy @) = |uiy () —u(O)] ey () = |ugy (t) — ug;(t)
cEVIM (4 EVIM 4y _ yF MEVIM (4 MEVIM 4 E
vz 37 ‘ 7] (t) Vi ‘ /U'vj (t) ‘
Here, uE]VI M), U%EVIM (t), u; J( ) denote the approximate solutions of u at points

x;, Yj, t obtained by EVIM, MEVIM, and Runge-Kutta, respectively. Similarly,

EV]M (t) ’ ,UMEVIM

v e (t), and vZE](t) denote the approximate solutions of v at points

T, Y;, t obtained by EVIM, MEVIM and Runge-Kutta, respectively.

Now, let us consider the Brusselator system (4.15) with @ = 0 so that we have an

ODE case. Then, we get the following system

i = A—(B+1)u+ v,
( ) (4.24)
0 = Bu-—u?v,

where u and v denote the concentrations of two reactants at time ¢ and a,b € R with

A, B > 0. It is easy to observe that (u*,v*) = (A4, %) is an equilibrium point of the
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Table 4.2: Absolute errors for the fifth-order approximation of EVIM and MEVIM.

EVIM MEVIM EVIM MEVIM
i Cuy o Cus s Cvaa Cv4a
0 0 0 0 0

0.1 || 0.0198 0.0202 0.7727 0.8232
0.2 || 0.0320 0.0327 0.5856 0.2407
0.3 || 0.0379 0.0261 0.1699 0.1488
0.4 || 0.0392 0.0138 0.2272 0.0364
0.5 || 0.0370 0.0110 0.5621 0.1846
0.6 || 0.0325 0.0104 0.8188 0.0268
0.7 || 0.0266 0.0062 0.9857 0.1251
0.8 || 0.0200 0.0043 1.0656 0.1598
0.9 || 0.0132 0.0042 1.0731 0.1909

1 0.0065 0.0022 1.0228 0.1705

system. It is known that when 1 — B + A% > 0, the equilibrium point is a stable
one [57].

Classical: Let us suppose that A = 3 and B = 1, so that the equilibrium point is
stable; and let (u(0),v(0))T = (1,2)T be the initial state of the system. To find the
approximate solution of system (4.24) by means of variational iteration method, we

can construct the following correction functionals
u" TN = u"(t) —i—/o 1 {(u")/(s) + 2u(s) — (u"(s))*0"(s) — 3} ds,
w0 = 0+ [ {en6) =) + @) ds

where 1 = pi(s;t), uo = pa(s;t) are the general Lagrange multipliers and u"(s) and
v"™(s) are restricted variations, i.e., du"(s) = 0v"(s) = 0. We therefore calculate the

Lagrange multipliers as

p(sit) = =207, pp(sit) = —1.

By substituting the multipliers into the correction functionals, we obtain the following

formulae for the approximate solutions:
W) = () + /0 (0 (") (s) + 2u(s) = (u"(s))*v"(s) — 3} ds,
0 = 0+ [0 {006 -6+ ) s

with initial approximations u°(¢) = 1 and v%(¢) = 2.

Extended: Using matrices and vectors, x = (u,v)?, system (4.24) can be rewritten
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as follows

x = Mx +f(t,x), x(0)=(1,2)7, (4.25)
where
-2 0 3+ 2z
M = and f(t,x) = e
1 0 —2329

It must be noted that same as the classical VIM, we choose a = 1 and b = 3. Setting

x = Py, the transformed equation turns to be

0 0 3/2 — 2u2(y; —
v =Jy+f(ty) = L /2= 25— 1) . (4.26)

0 =2 Y2 3/2 4 2y3(y1 — y2)

together with the initial value

y(0) = (5/2,1/2)",

1/2 1
where P = and P! = / . The correction functional of sys-
1 -1 1/2 0

tem (4.26) can be written as

Y =y (0 + | (s O{ 57 (9) = Ty(s) — 15,57 (5)) s,

with initial approximation y"(t) = y(0), where y"(s) denotes the restricted variation

vector. Hence, we obtain the Lagrange multiplier A ;(s;t) as

1 0

Aj(s,t) = —
J( ) 0 e?(sft)

Then, by using the transformation x = Py one can construct an approximate solution

of original system (4.25).

Table 4.3 shows the absolute errors of the nth order approximations obtained from

the application of the classical and the extended approach. Henceforth, we define

82VIM — |xYIM o ‘TZE ’ 5lEVIM _ }CCZ-EVIM _xiE}7 i = 1’2’

E

7

tained by VIM and EVIM at ¢t = 0.5, respectively.

VIM

%

EVIM

where z; is the Runge-Kutta solution, and x and z; are the solutions ob-

Figure 4.1 illustrates a comparison between the two approaches for the tenth-order

approximation.
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Table 4.3: Comparison of the classical and the proposed approach to VIM for the
Brusselator system at point ¢t = 0.5.

E}/IIW gf'VIM EXIM eé’ﬂVIM

0.969744  0.969744 | 0.899420 1.175330
0.171587 0.045379 | 0.062814 0.078816
0.034040  0.046744 | 0.004173  0.046531
0.011708 0.008104 | 0.006337 0.008572
0.001194 0.001062 | 0.000142 0.001055
0.000402  0.000083 | 0.000199  0.000087
0.000042  0.000006 | 0.000004 0.000006
0.000008  0.000000 | 0.000003 0.000000
0.000001  0.000000 | 0.000000 0.000000
0.000000  0.000000 | 0.000000 0.000000

S 00 No ok w S

In the previous applications, we have applied EVIM to the differential systems of the

form

x(t) = Ax(t) + £(t,x(t)), tel, x(0)=ap.
where A is 2 x 2 matrix, f : I xR? — R? is a given nonlinear function and x is 2-vector.

In the next example, we will illustrate that EVIM and MEVIM is more suitable than
the classical VIM and MVIM for systems where A is an n x n matrix, where n is larger

than 2.

To prove the efficiency of the method for such systems, we will use the Brusselator
model which was proposed by Tyson [58] in 1972. This system is constructed by using
two Brusselators. In this model the outputs of the first Brusselator model are used as

the inputs of the second one. The reactions of the new models are given by [61]:

A— X, B+X—Y+D, 2X+4Y —3X, X —FE

(4.27)
DtE-—F+G, 2E+F —3H, H—K.
The differential equation associated by (4.27) are [58,61]
1 = fl(Z,A, B) :A*le + (21)222 — 21,
22 = fg(z, A, B) = BZl — (21)222,
i3 = [f3(z,A,B) =2 — 23, (4.28)
2y = fu(z,A,B) = Bz — z324 + (24)%25 — 24,
i5 = f5(z, A, B) = 2324 — (24)*25,

where z = (21,29, 23,24,25)7 = (X,Y,D,H,F)T, A and B are real constants and
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Figure 4.1: Comparison between the classical and the proposed approach to VIM for

the tenth-order approximation.

t€[0,7],T >0.Let A=1, B=0.5. Then, (4.28) can be written

z=Mz+ f(z)
where
-15 0 0 0 O
05 0 0 0 O
M = 1 00 0 0 and f(z) =
05 0 0 -1 O
0 00 0 O

Let us impose the initial conditions to be

z(0) = (0.8,0.4,1.8,0.4,3.75)".

(21)%20 4+ 1
—(21)%2
—(23)24

—z324 + (24)%25

2324 — (24)?25

(4.29)

Since the matrix A is a constant matrix, it is possible to introduce w = Pz transfor-
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mation where

0 0 0 06255 0
1 1 0 —-0.208 O
P = 0 01 —-04170 0
1 0 0 —0.6255 0
0 0 O 0 1
Then, (4.29) is transformed to
w = Jw + f(w), (4.30)

with w(0) = (1.2000, 0.6667, 2.3333, 1.2789,3.7500)”. To obtain the approximate so-
lutions of system (4.30) by means of EVIM, the following correction functional will

be constructed

W) = w(s) [ =) () < W) @) (43

0

for t € [0,1]. If we want to apply MEVIM, correction functional (4.31) takes the

following form,

t

w' (1) = w"(s) +/

t*

—e T WY (5) = IW () [ (s) } (4.32)
where t* € {t1,t2,...,t,} where [0,1) = [0,¢1) U [t1,t2)...[tn,1). It must be noted
that for both cases w” = w(0) = (1.2000, 0.6667, 2.3333,1.2789, 3.7500)” and the nth
approximate solution of the original system (4.28) is obtained using the transformation

z" = Pw". In our application we divide [0, 1] interval into subintervals with same

width, At = 1/10.

In Table 4.2 one can see absolute errors of EVIM, VIM, MEVIM, MVIM for the fifth

iteration for z3, respectively. Here

VM) = ) -], I = B -],
MVINGE) = |V ) )], MEVIN (1) = [N () - 2 ()
where 23 IM(t), EVIM (4) MVIM (1) ;MEVIM (1) denotes the fifth approximate so-

lution for VIM, EVIM, MVIM, MEVIM respectively and Z3E (t) denotes the solution

obtained by Runge-Kutta methods at point ¢ for zs.
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Table 4.4: Absolute errors for the fifth-order approximation by VIM, EVIM, MVIM,
MEVIM.

VIM EEVIM &.MVIM EJWEVIM

0 0 0 0
0.1 || 0.010190 0.005771 | 0.012240 0.000067
0.2 || 0.038577 0.001077 | 0.044447 0.000079
0.3 || 0.081152 0.003066 | 0.090494 0.000074
0.4 || 0.136741 0.006963 | 0.146617  0.000062
0.5 || 0.204848 0.014039 | 0.210261  0.000049
0.6 || 0.285255 0.025837 | 0.279576  0.000037
0.7 || 0.377684 0.044410 | 0.353155 0.000027
0.8 || 0.482068 0.071853 | 0.429895 0.000019
0.9 || 0.595540 0.110339 | 0.508911  0.000013
1 0.722966  0.156493 | 0.589486  0.000008

t €

4.3 Variational Iteration Method for the Chemical Master Equation

There are two popular approaches for modelling the biological and chemical processes:
deterministic and stochastic. Deterministic approach assumes the dynamics of these

processes are continuous and deterministic [18].

This traditional approach defines the dynamical behaviour of reactions by using system
of ODEs called Reaction Rate Equations (RRE) [41]. A reaction system includes d

active species and r reactions; deterministic approach obtains the following RREs:

dyl/dt = fl(y17y27“'7yd)7
dy?/dt = f2(ylay27 R 7yd)7

dyd/dt = fd(y17y27 < 7yd)7

with the initial conditions

y1(0) = &1, 2(0) = &a, .-, wa(0) = &a- (4.34)

Here, y; denotes the concentration of each species, f; are given nonlinear functions
constructed by the reaction rates ¢; for 1 = 1,2,...,r, and concentrations of species

are denoted by y; for j =1,2,...,d.

Although this approach is valid for many systems, it is not appropriate when the
concentrations of some species are low and stochastic fluctuations may also effect the
dynamical behaviour of the system, for instance, gene expression [6,10,39], separation

of infectious [33,51].
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Therefore, stochastic approach is proposed by Gillespie [17-19,21]. This model as-
sumes the dynamics of processes are discrete and stochastic [18]. Stochastic approach
assumes a Markov process modelled by the Chemical Master Equation (CME) which
is a single differential equation of probability function in which time and population
of molecules are independent variables [17,19]. For a system with d species and r

reactions, stochastic approach produces the following CME

r

2P(JU, t|zo,to) = Z (ap(x —vu) Pz — vy, tlao, to) — apu(z)P(z, t|zo, to))

ot o
with initial condition
1, ifx=ux
P(l‘,t :to‘l‘o,to) == (435)
0, if x # xo.
Here, = = (xl,xg,...,xd)T where the components z; denotes the number of jth

species, and «,(z) is the propensity function which represents the probability that
one R, reaction will occur in the infinitesimal time interval [t,t +dt). The vector v, is
the stoichiometric vector that v,,; is the change in the number of jth species produced

by one R, reaction for p=1,2,...,7 and j =1,2,...,d.

Although the deterministic and stochastic approach are based on the different ideas.
In certain special cases the time derivative of expected value of CME is as the same
as the one in the RRE [59]. In this section of the present work, we will apply EVIM
to Chemical Master Equation (CME). In our application, we consider the reactions in

Table 4.3.

Table 4.5: Reactions, propensity functions and stoichiometric vectors.

Reactions ‘ Propensity function ‘ Stoichiometric vector
Ry :S =5 S, a1(x) =1 vy =(-1,1)7T

Ry : Sy 2 5, as(z) = caxs vo = (1,-1)T

Ry:x 28 | az(w) =c3 vy = (1,0)T

Ry: Sy x| au(x) = camo v = (0,-1)T

The stochastic approach obtains the following CME for reaction system in Table 4.3

0
%P(t,$1,$2) = 01(1'1 + 1)P(t, 1+ 1,29 — 1) — Cl$1p(t,l’1,$2)

+ co(xo + 1)P(t, 21 — 1,20 + 1) — cowa P(t, 21, 22) (4.36)
+ CgP(t, r] — 1, 1’2) - CgP(t, X1, 1‘2)

+ cg(xg + 1) P(t,z1, 20 + 1) — cyxo P(t, 1, x2).
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In this part of the application, rather than using stochastic approaches [16,17,20], we
will use EVIM to obtain the solution of CME in (4.36). Hence, we rewrite equation

(4.36) as an equivalent matrix-vector form as follows [38]:

p(t) = Ap(1), (4.37)

subject to the initial condition
p(0) = po.

In this setting we assume that we have a restricted domain €2,,41 41, meaning that
there can be maximum m numbers of species S; and n numbers of species Ss. In

(4.37), p(t) represents a column vector
p(t) = (P(t,0,0), P(t,0,1),...,P(t,0,n),..., P(t,m,0), P(t,m,1),..., P(t,m,n))".

The matrix A = (a;;) is called the infinitesimal generator matriz or the transition

rate matriz for ¢,5 = 1,2,...,mn. If i # j then, a;; denotes the propensity where
state of the system ¢ is changing to j. In case when i = j, we have a;; = — Zaij'
i#]

See, for instance, [43,52,59].

Hence, EVIM gives the following correction functional for system (4.37).

) = B0+ [ Antoi){p(6) — Ap"(s) s,

with

p’(t) = po.

Let there be exactly one S; molecule and no Sy molecule initially so that the initial

state of the system is 2(0) = (1,0)” and the initial probability function is

P0) =4 ifz= 1,07 (4.38)
0, ifx#(1,0)7.

Let our truncated domain be {21919 and the reaction rates are given as ¢; =1, ¢ =

0.02, c3 = 0.3, and ¢4 = 0.4.

It must be noted that system (4.36) is a linear system. Therefore, EVIM will yield
the exact solution at the first step. In our specific example we have a very small

domain, 219,10 and we have only monomolecular reactions which is the reason for
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obtaining linear system. Although we construct such an example, in many cases
domain can be very big and all reactions cannot be monomolecular. In order to cover
such cases, many algorithms are proposed to obtain realisations of Chemical Master

Equation [16,17,20,31].

Figure 4.2 shows the expected number of species S; and S5 obtained by EVIM and by
the method in [31] with Strang splitting. One can easily see that the results are very
close to each other, however, the proposed approach (EVIM) yields the exact solution

at a single iterate without the need for a stochastic method.

(€
0.9 |
0.8} |
0.7+ ‘O‘ ‘()
i
06l -9 ,
i o © 1
0.5 o° 5
®¢
04 [ @ s T
7’
03+ ,@ Expected number of SEV'M
ozl ’, g = = = Expected number of SEV'M
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g v — © - Expected number of S1
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(15 L
0 0.5 1 15

Figure 4.2: Expected number of species obtained by EVIM and the method in [31]
with Strang splitting.

In [31], Jahnke and Altintan proposed an efficient simulation algorithm. The authors
divide the system into subsystems. Since the reaction channels in some subsystems
are monomolecular, their realisations are obtained by convolution of Multinomial and
Poisson distributions [32]. If it is not possible to reduce the reactions into monomolec-
ular ones, then SSA [17,18] is used to obtain realisations of such subsystems. The

state of the system is then updated by using Strang and Trotter Splitting.
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CHAPTER 5

CONCLUSION

In this thesis, we introduced a new approach to Variational Iteration Method which
generalises the Lagrange multipliers and computes approximate solutions of system
of differential equations more rapidly when compared with the classical variational

iteration method.

The Variational Iteration Method is a modification of the Lagrange multiplier method.
It is based on the splitting differential operator into linear and nonlinear parts and
constructing the correction functional. The key element of the correction functional is
the Lagrange multiplier which is obtained via variational theory. If the system is cou-
pled, restricted variations are used to make the system uncoupled, and unfortunately
the accuracy of the approximate solution depends on these restricted variations. Less
usage of restricted variations gives better approximate solutions which causes faster

convergence.

In this study, we propose a new approach for the first order differential equations.
Since higher order differential equations can be reduced to first order systems, the
method is applicable to higher order differential equations, too. In the method, by
using matrices and vectors we rewrite differential equations and construct correction
functional for this new system. Restricted variations are only used for nonlinear terms.
Also, the Lagrange multipliers are defined as matrix-valued functions. It has also been
proved that there is a close relation between the Lagrange multipliers and fundamental
matrices of homogeneous system. This relation leads to obtaining Lagrange multipliers

rather easily.
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There are two main advantages of the new approach to the classical one: The first is
that the proposed approach defines the Lagrange multipliers as matrix-valued func-
tions while the classical approach defines them as scalar-valued. The second, as a
consequence of the first, is that the new approach uses restricted variations only for
the nonlinear terms while the classical one uses also the linear terms, beside the non-

linear ones, as restricted variations.

Meanwhile, to speed up calculations, we showed that the Jordan canonical forms can
also be used to obtain the Lagrange multipliers for systems with constant coefficients.
Although the Lagrange multiplier of such systems are obtained via calculus of vari-
ations and side conditions, the proposed method presents an alternative, but easier

way to compute them by using eigenvalues of the coefficient matrix.

Not only the case when the coefficient matrix is constant, but also the case when the
system has variable coefficients is illustrated by several examples within the context.
Particularly, the Cauchy-Euler and Bernoulli differential equations are easily solved

via the proposed approach accurately.

The proposed method is shown to have a close relation with the variation of parameters
formula. Hence, the convergence of the method is analysed via convergence of fixed

point iteration for variation of parameters formula.

It is also proved that Lagrange multiplier of the classical VIM and extended approach
are related to each other. Moreover, it is shown that for higher order differential
equations, VIM obtains the solutions of initial value problems with a single iteration
whenever the initial approximation satisfies the initial conditions. By realising this
fact, VIM is modified to obtain the solutions of linear nonhomogeneous boundary
value problems. Similar to the initial value problems, it is shown that when the initial
approximation satisfies the boundary conditions the exact solution of the problem
is obtained via the first approximation. The advantage here is that the proposed
approach does not use the theory of Green’s functions. Naturally, the algorithm is

also extended to the nonlinear boundary value problems.

As a consequence of boundary value problems, the method is applied to Sturm-

Liouville eigenvalue and boundary problems, including the harmonic oscillator. For
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such type of problems, an initial approximation is constructed that includes parame-
ters to be determined from the boundary conditions with just a single iteration cor-
responding eigenvalues and eigenfunctions of Sturm-Liouville problem can be found.

However, due to unbounded domain of the harmonic oscillator, this is not the case.

In order to show the validity of the method for huge matrices, the method is applied to
Brusselator equation that models the Brusselator reaction system and chemical mas-
ter equation that models the real-life problems with stochastic approach. Numerical
results show that the method is very powerful and easily applicable to different type

of problems from different research areas.
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