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ABSTRACT

RAPIDLY ROTATING ULTRACOLD ATOMS IN HARMONIC TRAPS

Ghazanfari, Nader
Ph.D., Department of Physics

Supervisor : Prof. Dr. Altug Ozpineci
Co-Supervisor : Assoc. Prof. Dr. Mehmet Ozgiir Oktel

June 2011, 67 pages

In this study we investigate the properties of trapped atoms subjected to rapid ro-
tations. The study is divided into two distinct parts, one for fermions, another for
bosons. In the case of the degenerate Fermi gas we explore the density structure
of non-interacting cold atoms when they are rotated rapidly. On the other hand, for
rapidly rotating two component Bose condensate, we search for new lattice structures

in the presence of contact and dipolar interactions.

First, the density structure of Fermi gases in a rotating trap is investigated. We focus
on the anisotropic trap case, in which two distinct regimes, two and one dimensional
regimes, depending on rotation frequency and anisotropy are observed. Two regimes
can be illustrated by a simple description of maximum number of states between two
Landau levels, which is strongly related to the dimensionality of the system. The
regimes are separated from each other by a minimum point in this description. For
small anisotropy values the density profiles show a step structure where each step is
demonstrated by an elliptical plateau. Each plateau represents a Landau level with
a constant density. The local density approximation describes the two dimensional

regime with a perfect similarity in the structure of fermion density. The case for
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one dimensional regime is a little different from the two dimensional case. For large
anisotropy values the Friedel oscillation is the dominant aspect of the density profiles.
The density profiles show gaussian structure along the direction of strong trapping,
and a semicircular form with prominent oscillations along the weak confining direc-
tion. Again, the system is nicely described by local density approximation in this
regime. A smooth crossover between two regimes is observed, with a switching from
a step structure profile to a soft edge transition with Friedel oscillations. At finite tem-
peratures, the step structures are smeared out in two dimension. In one dimensional

regime the Friedel oscillations are cleaned as soon as the temperature is turned on.

The second part of the study is devoted to the investigation of different lattice struc-
tures in two component Bose condensates subjected to very fast rotation, this time
in the presence of interactions. We explore the existence of new vortex lattice struc-
tures for dipolar two component condensates scanning a wide range of interaction
strengths. We introduce a phase diagram as a function of intra and inter-component
interactions showing different type of vortex lattice structures. New types of lattice
structures, overlapped square and overlapped rectangular, emerge as a result of dipo-
lar interactions and s-wave interaction for a two component condensate. The region
where the attractive inter-component interactions dominate the repulsive interactions,
the overlapped lattices are formed. The intra-component interactions, which defines
the behavior of each component inside, result in different type of lattices by changing
the strength of interactions. Two different limits of phase diagram reproduce the re-
sults of ordinary two component and dipolar one component Bose condensates. The
results of calculation are in agreement with the results of previous studies for two

regimes.

Keywords: Degenerate Fermi gas, Bose-Einstein condensate, rapidly rotating, fermion

density, vortex lattice
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HARMONIK TUZAKLARDA HIZLI DONEN ULTRASOGUK ATOMLAR

Ghazanfari, Nader
Doktora, Fizik Boliimii

Tez Yoneticisi : Prof. Dr. Altug Ozpineci
Ortak Tez Yoneticisi : Assoc. Prof. Dr. Mehmet Ozgiir Oktel

Haziran 2011, 67 sayfa

Bu calismada hiz1 donmeye tabi tutulan harmonik tuzaklardaki atomlarin 6zellikleri
incelenmektedir. Caligsma fermiyonlar ve bosonlardan olugan iki farkli boliime ayril-
mistir. Dejenere Fermi gazlarda etkilesmeyen ultrasoguk atomlarin yogunluk profil-
leri hizli donme altinda incelenmigtir. Hizli donen iki bilegenli Bose-Einstein yogusm-

asinda ise yeni girdap orgiileri kontakt ve dipol etkilesimleri altinda arastirilmistir.

Ik nce, Harmonik tuzaklarda donen Fermi gazlarin yogunluk profilleri incelenmistir.
Calismada esyonsiiz tuzaklar lizerine yogunlasildi. Bu durumda esyonsiizliikle donme
hizina bagl olarak iki farkli rejim gézlenmekte. Bu rejimler iki ve bir boyutlu rejim-
ler olarak goriimektedir. Bu iki rejim ardigik olan iki Landau diizeyinin arasindaki
durumlarin maksimum sayisin1 tanimlayan parametre ile aciklanabilir. Bu parametre
sistemin boyutu ile iligkili. iki rejim soz konusu parametrenin minimum degerinde
bulusmaktadir. Kiiciik esyonsiizliikler i¢in yogunluk profilleri basamakli yap1 or-
taya koymaktadir. Her basamak ise elips seklinde olan sabit yogunluktan olusan
diizliiklerden ibarettir. Lokal yogunluk yaklasimi iki boyutlu rejimi kusursuz benzer-
likle agiklamaktadir. Bir boyutlu rejim, iki boyutlu rejime gore onemli farkliliklar

ortaya koymaktadir. Biiyiik esyoOnsiizliiklerde Friedel salinimlari yogunluk profil-
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lerinin baskin yoOniinii olusturmaktadir. Yogunluk profilleri giiclii tuzaklama yoniinde
gausiyen bir yapiya sahiptirler. Diger yonde ise, yani zayif tuzaklama yonunde,
Friedel salinimlari belirgin oldugu yar1 daireseller goriinmektedir. Bu rejimde de
lokal yogunluk yaklagimi sistemin yogunlugnu numerik hesaplarla uyumlu bigimde
aciklamaktadr. Iki rejim arasinda diizgiin gegis gozlenmektedir. Yiiksek sicakliklarda
iki boyuttaki basamakli yapi ortadan kalmakta, bir boyatta ise Friedel salinimlar1 or-

tadan kalkmugtir.

Calismanin ikinci boliimiinde hizli donmeye tabi tutulmus iki bilesenli Bose-Einstein
yogusmasinda farkli girdap orgii yapilarinin olugumlarini incelenmistir. Burada bir
diger onemli konu ise etkilesimlerin var olmasidir. Genis etkilesim araliklar tara-
narak iki bilesenli yogusmada ortaya ¢ikan girap orgiileri tespit edilmistir. Sonug
olarak kontak ve dipol etkilesimlerinin sundugu yeni 6rgii yapilari bulunmustur. Etkil-
esimlerin dogasi, yani etkilesimlerin g¢ekici veya itici olmalari, bu yeni Orgiilerin
olusumunda 6nemli rol oynamaktadir. Bu gazlarin ortaya koydug genel orgii yapilari
ise bir faz diagraminda sunulmustur. Faz diagraminin iki limitinin sonuglari, dipol
etkilesimine sahip olan tek bilesenli Bose yogusmasi ve dipol etkilesimi olmayan iki

bilesenli Bose yogusmasi olmak tizere, daha onceki ¢aligmalarla birebir ortiismektedir.

Anahtar Kelimeler: dejenere Fermi gazi, Bose-Einstein yogusmasi, hizli donen, fer-

miyon yognlugu, girdap orgiileri
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CHAPTER 1

INTRODUCTION

Dramatic progresses in laser-based techniques in cooling and trapping of alkali atoms
started a new era in condensed matter physics, both theoretically and experimen-
tally. Decades after the first theoretical demonstration of Bose-Einstein condensation
(BEC) [1, 2, 3], the experimental observations of the macroscopic occupation of a
single particle state were carried out [4, 5, 6]. The achievement was not only the
manifestation of an interesting phenomena, but also provided a great opportunity to
make bridges to study the nature of some other exotic many body systems, such as
superfluidity. Although the early years of the field were devoted to investigate the
important properties of BEC and its consequences, the theoretical and experimental
efforts were accelerated to study the fermionic nature of ultracold atoms, as soon as
the difficulties in cooling of Fermi gases due to the Pauli exclusion principle were

overcome.

Interactions play a very important role in determining the properties of ultracold
atoms. Dynamics and stability of trapped atoms as well as ground sates properties
of these quantum gases are highly influenced by the strength and quality of the in-
teractions [7]. The systematic study of the nature of such many body systems, with
the interaction present needs a powerful theoretical tool. The need for a fine theo-
retical description of ultracold atoms with a good agreement with the experimental
results was met by the Gross-Pitaevskii equation (GPE) [8, 9, 10]. This theory gives
a zero-temperature description of atomic Bose gases when conditions for its validity
are satisfied [7, 11]. The existence of other interactions like the dipole-dipole interac-
tion enriches the topics of the field to go even beyond, and investigate the properties

of long range interactions in more detail.



Ultracold atoms have some important features that make the system a rich subject of
study. One of the most significant properties of the cold atoms is the unprecedented
degrees of control over some vital parameters, such as interactions, and dimension-
ality, which serves physicists a clean, and flexible environment to simulate various
many-body systems ranging from solid crystals to relativistic particles [12]. Thanks
to the observations of Feshbach resonances in ultracold atoms [13, 14, 15], the tuning
of the interactions, either quantitatively or qualitatively is carried out during the ex-
periments, in a relatively easy manner. Such an ability provide the chance to go from
attractive to repulsive interactions, even create strongly correlated systems. On the
other hand, optical potentials provided the possibility of generating different trapping
geometries and its combination with Feshbach resonances results in realizing very
interesting systems or quantum phenomena [16, 17, 18]. The theoretical suggestions
[19, 20, 21] and afterward observation of a Tonks-Girardeau gas [22, 23], and the
quantum transition from superfluid phase to Mott-insulating state [24] are examples

of cooperations discussed above.

Another important feature of ultracold atoms is their response to external potentials.
The rotation of ultracold atoms, especially Bose gases was a matter of interest from
early days of the BEC era. Theoretically, the response of superfluids to the rotations is
widely studied and well known since the first predictions of quantized vortices when
exceeding a certain critical velocity [25, 26]. The attempts to observe the vortices in
atomic condensates succeeded only a few years later after observations of BEC [27,
28, 29]. The equivalence of the Coriolis force and the Lorentz force when appearing
in a Hamiltonian also opened a new page in the field of atomic gases. The exploration
of quantum Hall physics in rapidly rotating ultracold atoms started with first signs of
connection between two fields [30, 31]. In order to have a better understanding of the
physics of rapidly rotating ultracold atoms for both bosons and fermions along with
the interactions, we review the basic ideas of ultracold atoms, especially those who

help us follow the main ideas discussed in the next chapters.



1.1 Interactions in dilute ultracold atoms

Ultracold atoms are dilute gases, i.e. the interatomic separation, determined by av-
erage density of the gas, is much larger than the range of interatomic interactions.
Quantitatively speaking, the density of ultracold atoms is about 10'> — 10'° particle
per cm?, which gives an average interparticle spacing of 0.1 — 1 um. This particle
separation is at least one order of magnitude larger than the atom-atom interaction
length scales. The dilute nature of trapped atoms allows to consider only the binary
collisions and neglect three or more particle interactions. Moreover, the temperature
is sufficiently low, then the de Broglie wavelength is so large that the specific na-
ture or physical details of finer interatomic interactions are not important anymore.
Therefore the low energy two-body scattering is sufficient to describe the system and
one can express the interaction potential in terms of a single parameter, the scattering
length [7, 11, 32, 33]. In order to introduce the scattering length it would be better to

have a short review of basic aspects of the scattering theory.

We consider the scattering of two atoms and aim to solve the Schrodinger equation
to obtain the wavefunctions. Since we deal with the a two-particle problem, we make
a transformation to the center of mass coordinates. The wavefunction for the relative
motion of the atoms contains the information about the scattering. One can find in
most text books of quantum mechanics that the wavefunction can be written as [34]

eikr

w — 1 [eik-r + Tf(k’ k/)]

(2m)32

1 or eikr
= G| IO (-0

which reduces to the plane wave solution when there is no scattering. Here f(k, k")
is the scattering amplitude with k, and k’ are the wave vectors for incoming and
scattered waves, respectively, both with magnitude k. Note that 6 is the angle between
two wave vectors. To determine the overall effect of scattering one needs to obtain

the cross section o-(E), which is calculated from the differential cross section

do

5 = O K)P. (12)

At low energies the s-wave scattering is the dominant part , and one can neglect the

other contributions to the scattering [32]. Such an approximation leads us to write the



cross section in terms of s-wave scattering length a as
o(E) = 4na’. (1.3)

We discussed the problem of scattering for distinguishable particles. To be more
specific in calculating the scattering cross section we may add the effects of indis-
tinguishability. Alkali atoms have different internal states arising from couplings of
electronic and nuclear spins, called atomic hyperfine states. Let us suppose that we
have two identical particles, i.e. atoms occupying the same hyperfine states. Then
we have to symmetrize or antisymmetrize the wavefunction due to the total spin of
atoms, when they are bosons or fermions. The differential cross section considering

the symmetrized wavefunction becomes

do

— =| f(O) £ f(r—0) I, 1.4
70 | f(0) + f(m—6) | (1.4)
the plus and minus signs refer to bosons and fermions, respectively. Again by inte-
grating the differential cross section over all final directions the total cross section is

obtained as

8ma? for bosons
o = (1.5)
0 for fermions

The result shows that two polarized fermions can be considered to be non-interacting.
However, the scattering is present when fermionic atoms occupy different hyperfine

states.

We discussed above that the diluteness of ultracold atoms allows one to ignore the
actual nature of interactions and replace the interaction with an effective potential
which gives the correct s-wave scattering length. A good candidate to such potential

may have the form of contact interaction which is proportional to scattering length

2nah?

Ueps(r) = 5(r). (1.6)

.
An important subject related to the scattering of two atoms is that the strength of the
interaction can be altered via a phenomenon called Feshbach resonances [35]. Tuning
the strength of the interaction in this method specifically is controlling the strength
of s-wave scattering length and its sign [13, 14, 15], which determines the nature

of interaction, whether it is repulsive or attractive. The use of magnetically tunable
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Feshbach resonances not only makes the study of the properties of the condensates
easier [36, 37, 38, 39], but also provides the chance of going to the state of strongly
interacting Fermi systems or study the nature of other physics [23, 24, 40, 41].

1.2 Theory of weakly interacting Bose gases

Sometimes it is difficult to handle a many-body system when considering a realistic
model. However, it can be approached by relatively easy approximate methods. The
symmetries with other features of the systems provide a ground to apply approxima-
tions, giving results in good agreement with the experiments. One of such approxi-
mations is the Gross-Pitaevskii theory of condensed Bose gases. Roughly speaking
the Gross-Pitaevskii theory is the Hartree-Fock approximation at 7 = 0 for a BEC
system. This theory treats the interactions in a mean field regime, which avoids the
heavy calculations of solving the many-body Schrodinger equation. We first derive
the Gross-Pitaevskii equation starting with the many-body Hamiltonian describing a

system of N interacting identical bosonic atoms in a trapping potential, V,,(r)

_ hz 2 2
H = f dr[WIV‘I’(r)I + Veu(D(r)|
+ f drdr’' ¥ (r)¥ () V(r - r)P@)¥(r). (1.7)

Where ¥(r), and W' (r) are the field operators (annihilation and creation, respectively)
obeying bosonic commutation relations, and V(r — r’) is the interaction potential be-
tween two atoms. The Hamiltonian itself gives the properties of the system but needs
a great amount of numerical calculations [42] even for moderately large number of
particles. However, in the case of atomic condensation one can obtain an equation
from time evolution of field operator, which is much more convenient for calcula-
tions. The Heisenberg equation of motion gives the time evolution for field operator

Y(r) as

e,
lhgt‘}’(r, 3] [P(r,1), H]

2

I
—sz‘P(r, 1) + Veu(r)¥(r, 1)

+ f ar'¥v (', HV(r - v P, )¥(r, 1). (1.8)
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For the case of dilute atomic gases we write an effective potential giving the same
characteristic length of the real potential, in the previous section (see Eq. (1.6)). Also
for a condensed Bose gas with a large number of atoms, one can replace the field
operator ¥ with the classical field function . With these replacements, the useful

equation of Gross-Pitaevskii can be established [11, 7, 32, 43]

0 h?
iha—tl//(l‘, 1= —mwd/(l" 1) + Ve (OW(r, 1) + gl (e, Py (x, 1) (1.9)

Here g = 4nh*a/M is the coupling constant related to the scattering for two identical
atoms. The equation was derived by Gross [8, 9] and Pitaevskii [10], independently
to investigate the properties of weakly interacting non-uniform Bose gases at low

temperatures.

The GPE has been used widely to study the condensate state both analytically and
numerically ensuring a good agreement with the experimental results. It is a great
theoretical tool to investigate the dynamics of condensates such as elementary excita-
tions, collective oscillations, and solitary waves [32]. Moreover, the static properties

of the system can be investigated using the time-independent GPE

h2
—mvzlﬂ(l’) + Ve (DW(r) + gy (0)Py(r) = pup(v). (1.10)
where u is the chemical potential.

The trap potentials in the experiments of ultracold atoms could be considered as har-
monic potentials when approaching the problem theoretically. With the known ex-
ternal potential, ground state properties of trapped bosons can be obtained either nu-
merically or analytically from Eq. (1.10). The analytical solutions could be obtained
with different methods such as variational methods, or Thomas-Fermi approximation

[44, 45, 46], however, its numerical solution are relatively easy to obtain [47, 48, 49].

1.3 Rotating Ultracold atoms

The response of the ultracold atoms to the rotation has been a matter of interest since
the first observations of BEC. The rotation of the superfluids gives rise to the existence

of quantized vortices well known for more than half a century [25, 26]. The same
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property was predicted for Bose-Einstein condensates as they exhibit the same con-
strained motions under rotation. The observation of vortices in atomic Bose-Einstein
condensates [50, 51, 52] is the most important achievement after the experimental
manifestation of BEC itself. Thus, let us first start with the quantum hydrodynam-
ics of the condensate in the presence of rotations. The most important property of a
condensate is that a macroscopic wavefunction can describe the condensed Bose gas,

which is written as
Y(r,t) = [P(r,1)e”™
= +/n(r, e, (1.11)

where n is the density of the condensate, and S is the overall phase of the condensate.

The velocity field can be obtained from the current density defined from GPE (1.9)

J n(r, Hv(r, 1)

h
— [P'VY - ¥V 1.12
| ] (1.12)

In the case of a classical fluid the velocity field rotating with the frequency € obeys

the relation for rigid body rotation

Ve =Q X, (1.13)
for which the vorticity is uniform, i.e.

VXve=2Q (1.14)

However, this is not the case for a condensate, since the velocity field is proportional

to the gradient of the scaler field S (r, )

V= %VS(I’, 7). (1.15)

Apparently the velocity field is irrotational, in other words the condensate vorticity

vanishes
h
VXVZMVXVS(I‘,I):O. (1.16)

Stokes’s theorem implies that for any close path in a simply connected geometry one

fov.dazggv.dl:O. (1.17)

7
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(a) (b)

Figure 1.1: (a) The condensate is irrotational when the phase of the condensate wave-
function has no singularity. (b) The rotation can be defined when there is hole in the
phase of the condensate wavefunction.

However, for a function which is not simply connected the rotation happens in a
different manner (see figure 1.1). Let us assume that the phase has a hole. Since the
condensate wavefunction must be single valued, the change in the phase around any

closed path must be an integral multiple of 2,

A¢:SEdI~VS(r,t):27rl (1.18)

where [ is an integer number. Again, defining the circulation

h
cdl = 1—, 1.19
9§v i (1.19)

reveals that the circulation is quantized in units of 4/M, called the vortex line. Phys-
ically speaking, a rotating condensed Bose gas lowers its energy by nucleating vor-
tices. One can create a large number of vortices by increasing the rotation velocity
Q[11,7, 32,53, 54] (see figure 1.2, for example). Along with the investigations of
quantized vortices in rotating atomic condensates which is an exciting phenomenon,
the hopes to reach a state of strongly correlated system in dilute atomic gases be-
come more realistic with the existence of traps especially when they are rotating. The
rotation increases the effect of interactions when the rotation frequency approaches a
limit, the frequency of the trap [55, 56, 57]. With the Feshbach resonances the interac-
tion between atoms can also be controlled quantitatively and qualitatively to even go
beyond the usual interaction ranges to obtain the novel states of strongly interacting

systems, which opens the horizons of studying the physics of quantum Hall effect in
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Figure 1.2: Vortex lattice

a system of particles different from original matter of subject [57, 58, 59]. The equiv-
alence of the Coriolis force to the Lorentz force when appearing in the Hamiltonian
is the first clue to construct a connection between two completely different systems
[30, 31]. The single particle Hamiltonian of an ultracold atom trapped in rotating

harmonic potential in the rotating frame

P? 1
H = w+§Mw2r2—LZQ
1 1
= 55 (P~ MQx r? + EM(w2 -, (1.20)

Here M is the mass of the particle, w is the trap frequency, and L, is the angular
momentum in the z direction. One can define an effective vector potential, A = %er

to show the explicit equivalence of two systems.

In the case of a rapidly rotating condensate, the regime of high vortex density when
the number of vortices is larger than number of atoms [57], the bosonic analogy of a
fractional quantum hall effect in semiconductors can be constructed [53]. Although
the s-wave interaction is absent for identical particles in the case of atomic Fermi
gases, the tunable p-wave interaction or dipole-dipole interactions also makes it pos-

sible to create the state of strongly correlated system with these atoms [58].



CHAPTER 2

RAPIDLY ROTATING FERMIONS IN HARMONIC TRAPS

The cooling of Fermi gases with alkali atoms is difficult since the identical fermions
are non-interacting. However, a two component Fermi gas, two atoms occupying dif-
ferent hyperfine states, can experience s-wave interaction between atoms. Another
possibility is a mixture of Bose-Fermi gases which ensure the existence of interac-
tions. The two methods were successfully implemented and the Fermi gases were
cooled below the Fermi temperature [60, 61, 62, 63, 64, 65]. The observation of
the degenerate Fermi gas provides an important tool to observe another exotic phe-
nomenon of Cooper pairs in BCS theory of superconductivity [66, 67], or study the
crossover between BCS and BEC regimes [12].

Moreover, the properties of degenerate Fermi gases under rotation could also be in-
teresting. For a two-dimensional electron gas subjected to a strong magnetic field,
the energy spectrum reveals highly degenerate levels, so-called Landau levels. The
interesting physics of such a system may also be obtained in rapidly rotating ultracold
atoms, due to the physical equivalence of two systems. The system of rapidly rotating
Fermi gases in an isotropic harmonic trap has been studied [68], in which the density
profiles reveal a step-like structure, similar to the density profiles in quantum Hall

effect.

There are different methods in rotating the atomic gases in experiments. The most
common method is the pumping of angular momentum to the cloud and later trapping
the gas [51, 52]. In this method the isotropic trap is used to preserve the angular mo-
mentum. Other possibility is to create a rotating anisotropic trap with a fixed rotation

frequency, then the system settles in its ground state at some fixed rotation frequency
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[69]. The latter method in rotating ultracold atoms ensure that the anisotropy of the
system can also be controlled, which allows the study of the effect of anisotropy on
the cloud of atomic gases, specially to make a smooth change of dimension from
two dimensional regime for small anisotropies to one dimensional regime when the
anisotropy is very large. Later we will show that the single particle wavefunction for
a particle in an anisotropic harmonic trap has the interesting property of achieving
a smooth transition from a two dimensional regime to a strip-like quasi-one dimen-
sional system. Moreover, the anisotropy of the system in rapidly rotating condensates
allows the investigation of properties of interacting Bose gases in one dimensional
strip [70, 71, 72]. However the crossover from two dimensions to one dimension
would not be so easy, since the existence of interactions in the system complicates

the observation of such a transition.

Here we aim to study the effects of anisotropy on density profiles of rapidly rotating
ultracold fermionic atoms in a harmonic trap. Since spin polarized fermions are non-
interacting because of the Pauli suppression of s-wave scattering, there will be no
further parameters appearing in the equation which simplifies the evaluation of the
Hamiltonian, considerably. In the next section, a brief review of the results of rapidly
rotating fermions in an isotropic harmonic trap [68] is given, reproducing the density
profiles and the analytical description of density structure. The effect of temperature
on density of rapidly rotating Fermi gases is studied. Then the effect of anisotropy
on density profiles of fast rotating ultracold Fermi gases is investigated. A detailed
description of the solutions of a particle in a rotating anisotropic trap, already obtained
by A. L. Fetter [73] is given. Afterward, the results of our study on the effects of
anisotropy on density profiles of the rapidly rotating cold fermions are presented [74].
The chapter ends with the discussions of experimental consequences, and a short

conclusion of the study.

2.1 Rapidly rotating Fermions: isotropic case

We start with the single particle physics considering an atom in a two dimensional
rotating isotropic trap. We review the solutions for such a system, giving the expres-

sions for energy eigenvalues and corresponding energy eigenfunctions. The Hamilto-
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nian describing a particle in the rotating frame is

1 1
H = wp2 + EMa)zrz -QL., 2.1)

where r and p are the two dimensional position and momentum operators in the x —y
plane. The system is stable when the rotation frequency is smaller than the confining
frequency 2 < w. The Hamiltonian can be diagonalized applying two successive
canonical transformations. First, we apply the usual transformation of the position
and momentum operators to the annihilation and creation operators in the Hamilto-

nian Eq. (2.1), H. The new operators are given by
IMw Dy
2h (x i Ma))
Mw ipy
— v+ —]. 2.2
\ 2 (y Mw) (22)

a’, and a; can be easily obtained from above equations. Then the new Hamiltonian

Ay

ay

can be written as
H = hw [aiax + a;ay] — hQi (axa; - a;ay) + hw. (2.3)

Another transformation to new creation and annihilation operators leads to the diag-

onalized Hamiltonian

A

1 :
% (ax + lay)
1
B = —\a,—ia,). 2.4)
(- ia)
The operators A", and B' can be obtained using above equations. Eventually, the

diagonalized Hamiltonian is obtained which has the form
H=h(w+QA'A+h(w-QB'B+ hw. (2.5)
Now one can write the energy eigenvalues as
E,., = nhw_ + mhw, + ho, (2.6)

where w, = (w ¥ Q), n > 0 labels the so called Landau levels, and m > 0 counts the

sublevels in each Landau level. Figure 2.1 describes the graphical correspondence of
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Figure 2.1: Energy vs. number of states in each Landau levels. [ is the highest number
of states within LL’s before the next LL is excited.
the Landau levels and the substates between levels. The corresponding eigenfunctions

of the system can be obtained as well which have the form

1 29,2 2,2
— r</2a" qn qm _-r-/a
Grm B e ale (2.7

where 0. = (0, + id,), and a = Vh/Muw is the characteristic harmonic oscillator

length.

Since the space wavefunctions are known for the system, the density for non-interacting
fermions can be easily obtained by summing over single particle states. Then the den-

sity at zero temperature can be written as
P06 3) = " lun( V)P 0 = Ep), (2.8)

where the 6-function counts the number of states below the Fermi level, and u is the
chemical potential determined by the number of particles, N in the system with the

constraint

N = fdxdyp(x,y). 2.9)

The nature of the wavefunctions provides a relatively easy computational calcula-
tions, since they are composed of a gaussian multiplied by a Hermite polynomial.
The Hermite polynomials, like other orthogonal polynomials satisfy a recursion rela-
tion [75]

H,.1(x) = 2xH,(x) — 2nH,_;(x). (2.10)
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np

Figure 2.2: (a) Density profile for fermions filling three Landau levels. The Lan-
dau levels are represented by a disk like structure. (b) Density profile for fermions
occupying the lowest Landau level.

We reproduced the results for the density of fermions in harmonic traps with fast
rotation, which were already calculated in detail by Ho [68]. We do the calculations
in dimensionless units, using oscillator length @ = VA/Muw, frequency w, and energy
quantum hw, to scale the lengths, frequencies and energies, respectively. Density
profiles, in Fig. (2.2) reveals the step structure of fermion density in a rotating trap.
Each step in the density profiles is clearly linked with a Landau level, and defines a
disc like area of almost constant density. One can obtain the density contribution of
each Landau level, but before that let us look at some properties of the density profiles.
The first point observed in the density profiles is the existence of the oscillations
between two successive steps. The number of oscillations is related to the number of
Landau levels. In more explicit words, there are n oscillations in the density when
switching between the n'"* step and (n + 1) steps, a feature which can be clearly seen
in the figure. The other point is the maximum number of particles in each Landau
plateau, which can be easily determined from the energy eigenvalue expression Eq.

(2.6),

(2.11)

My = Int [,u/h — - a)] .

w4
The expression obviously shows the step structures of the density, since the maximum
number of the particles in lower plateaus is larger than those in upper plateaus. Figure

2.1 explains the phenomenon in more explicit language.
Another feature of density profiles is about the area that each plateau occupies. In
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order to calculate it we need to know the radii of the plateaus. Since the system is
rotationally symmetric, the function in Eq. (2.7) is also an eigenfunction of L,, the
angular momentum operator, with eigenvalue of i(m — n). The eigenfunction in Eq.

(2.7) also satisfies the relationship [36]

A d2 * _ <r2>
r¢*(r)L,¢(r) = h7 - h. (2.12)

Here ¢(r) is the wavefunction for the system. Thus one can simply find the radii for

the density of fermions as

Py, = az( 2.13)

u—2m+ 1)hQ
Mww, ) '
The above relation gives us a result about the density profile which shows that the
difference between areas of two successive plateaus is always constant. In more de-
tail, it is the difference between the square of radius for two successive plateaus and
determined as
2Q
Ta—Tag =a (w—+) (2.14)
We calculate the density sum of fermions in a more explicit form to obtain a better
understanding of the profiles. Here we focus on the lowest Landau Level (LLL), i.e.
when n=0 to avoid the mathematical difficulties in calculating the whole density sum.
Since the density is reduced to sum over the states in LLL we need to obtain the
eigenfunctions for this level. The eigenfunctions in LLL are composed of a Gaussian

multiplied by a polynomial. Then the density related to this level can be written as

Mynax

pur(r) = ) 1o

m=0

1 Mynax 1 r2 m i
= _— | — e a2
na? Z m! \a?
m=0

(o)

1 = ~In(m!) r\"
= @ 1—6:12 Ze : ; (215)

Mmax

Eventually the sum can be evaluated using the Stirling’s approximation [75], and then
integrating over m gives the final result for density in LLL as

2

2 _
1+ erf(r/“z—\/#‘)] (2.16)

PLLL = =
2ra?
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Figure 2.3: Density profile for fermions at different temperatures and at Q/w = 0.99.
The layered aspect of the profile is eliminated by temperature.

Note that the error function, erf(x), appearing in equation above ensures that the
contribution of LLL to the density is constant. Ho claims that the densities for higher
Landau levels can be obtained from the LLL density expression and shows that their
contribution to the density is also constant [68]. The density profiles given in the
previous calculations are all calculated at zero temperature. The effects of temperature

on density profiles can be calculated by including the Fermi distribution function as

(2.17)

— 2
p(x,y) = Zm] b e VP S

where 8 = 1/kgT is the inverse temperature.

We calculated density profiles at finite temperatures by choosing appropriate values
for inverse temperature. The step structure of the density profile is smeared out when
the temperature is high enough k3T ~ hw_, such that thermally excited particles can
occupy a higher Landau level, as can be seen in Fig. (2.3). The calculated density
profiles show that the step structure becomes indiscernible, as the transition regions
between the Landau level steps dominate the profile. For larger temperatures the

profile assumes the gaussian profile as would be expected from a Boltzmann gas.

The results for rapidly rotating fermions in an isotropic harmonic trap will help us to

understand the properties of rapidly rotating fermions in an anisotropic harmonic trap
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which is discussed in the next section.

2.2 Rapidly rotating fermions: anisotropic case

In this section, we consider a system of ultracold Fermi gas in a rotating anisotropic
trap. Density profiles for different control parameters of the system are calculated.
The discussions throughout the section will be limited to behavior in two dimen-
sions. However, before discussing the results for density profiles we will focus on
the physics of switching between one and two dimensional regimes. To extend the
results to the third dimension two limits must be noted; the strong confinement, or a
slowly varying potential along the third dimension [68]. With these conditions satis-
fied, which are also realized in experiments of ultracold atoms the extension to three

dimension could be carried out.

To study the effect of anisotropy on the density of the fermions, it is instructive to
understand the physics of a single particle in a two dimensional rotating anisotropic
trap. We first start with the Hamiltonian describing such a system which can be

written as

1

1 1
=51 (pi + pf) + ~Mw*x* + ~Mw?y* - QL.. (2.18)

H
2 2

in the rotating frame. Here M is the mass of the particle, the angular momentum in the
z direction is given as L, = xp, — yp,, and Q is the rotation frequency. The trapping
frequencies along the x and y directions are w,, and wy, respectively. Without loss of
generality we take wy, > w,, and refer to the y and x directions as the strongly confined
and weakly confined directions. Since the stability of trapped systems depends on the
rotation frequency, the condition for stability enforce a smaller rotation frequency
with respect to the weak confining frequency Q < w,. The eigenenergies of the
system can be obtained by direct diagonalization of Hamiltonian [76] or applying

two successive Bogoliubov transformations [77]
1
E, . = nhw_ + mhw, + Eh(a)_ + wy), (2.19)

where n and m are positive integers. Two different frequency modes in the energy
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expression are defined to be

1 1 2
W = 3 (wi + a)}z) +Q°F \/4_1 (a)}z - a))%) +2(w? + w2 (2.20)

In the isotropic limit, energy eigenvalues are obtained by substituting w, = w, = w,
which results in the simple expression for w_ = w + Q, and w; = w — Q introduced
in the previous section. The frequency modes represent two different motions of the

particle in the trap, which have the form

X, (1) = xoe_iw+[ y(0) = iﬁ+x0€_iw+[

x_(1) = iB_yoe ! y-(1) = yoe ! (2.21)

where the anisotropy of single particle orbits are controlled by two dimensionless

parameters
Bs = wim w2 (2.22)
2Qw,
w? — a)§ +Q?
p- = 200

both of which vary in the [0,1] interval. For the symmetric case 5, = S_ = 1 reduces
the equations above to the known motions of a particle in a circular orbit with positive
and negative helicities for plus and minus modes, respectively. The parameters S,,
and _ are determined by a detailed analysis of equations of motion for both plus and

minus modes.

Although the Hamiltonian in Eq. (2.18) seems to be simple, the real-space functions
describing the system were introduced almost recently. Oktel [77] solved the problem
in the limit of fast rotation, and very small anisotropy and obtained the wavefunctions
for the system, but the general wavefunctions was later obtained by Fetter [73]. We
here review the solution in [73] in a relatively detailed fashion (to avoid any confu-
sion and increasing the number of parameters we prefer to follow the notation used
by Fetter in discussed paper). Since the diagonalization of the system by introduc-
ing usual creation and annihilation operators in quantum mechanics for this system
cost considerable algebraic complexity, a canonical transformation is used to solve
the problem. The canonical transformation expresses the Hamiltonian in terms of
new coordinates and momenta which satisfy the same Poisson brackets or commuta-

tion relations. Valatin [78] introduces a useful canonical transformation which gives
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a sum of two independent harmonic oscillators from originally rotating single par-
ticle Hamiltonian in an anisotropic harmonic trap. The canonical transformation is

generated from a generating function involving the old and new coordinates given by

S,y 04, Q) = =My [, A-0.0- + %(/ﬁ +A2)xy = A,0.y — A-0-x|. (223)

Here A, are dimensionless parameters defined as

A= — = (2.24)
Wy + B f-w+
and vy is a frequency with the definition
_eow (2.25)
Y = 20 . .

The canonical momenta corresponding to coordinates are obtained from generating

function derivatives [79] as follows

_os _os
Px = Ox Py = ay
oS oS
P, =- P =—. 2.26
+ 30. 30 (2.26)

A more detailed calculation give the relations between original coordinates and new

canonical variables as

P_
X = /1+Q+—W,
P,
= 10 - . 2.27
y 0~ 1T (227)

Now, by substituting the relations above into the Eq. (2.18), the Hamiltonian can be

diagonalized and rewritten in the form

H—Pi+1M 2Q2+P%+1M 20? (2.28)
Tom T 2R Ty T M '

The new Hamiltonian is a sum of two separated harmonic oscillators which is already

diagonalized. By defining the well known creation and annihilation operators for two

parts as
1 (0.  d.Px
a, = 7\ i -
. 1 (Q. .d.P+
; + 04+
L= — == 2.29
% \/i(d_ T ) (229



one can write the Hamiltonian in terms of these operators. Here d. = Vh/Mw..
Now we can write the ground state eigenfunction for the system in a straight forward

manner as we know from quantum mechanics

[0 Q%)

24> 2d*
The higher excited states are obtained by applying the creation operators on the

Poo(Q+, Q) o exp (— (2.30)

ground state wavefunction. Note that the eigenfunctions are in terms of new coor-
dinates and must be transformed to the original coordinates. Valatin uses the gener-
ating function S (x, y; Q,, Q) to carry out the transformation [78]. Let us here write

the transformation itself and leave the proof to be done in Appendix A. The relation

Poo(x, y) o f f dQ,dQ_etS@2+g(0., 0 ) (2.31)

gives the ground state wavefunction in original coordinates. Finally, evaluating the

integral gives the expression for the ground state as
1 x? y? Mxy 0% l{wy -
= -— == ] —=|=—+—=]; (2.32
o =~ P [ 242 2a2leXp{’ r|1+8.6. 2\B. B } (232)

S_L4BB b, L+Bp B
' B: My 7 B- My

(2.33)

The wavefunctions in the lowest Landau level (LLL) are found by applying the rele-

vant raising operator which are given by
1 c m/2 é‘:+
bno(x.9) = —= (5] Ha (—) fo0 (x.3). (2.34)
0 Vo \2 Ve 00
where H,, is the m” Hermite polynomial. Here
c= 1 _,8+ﬁ—
1+p.8-

which controls the switching between the one and two dimensional regimes as we

(2.35)

show in the following sections.

The relevant raising operators are applied to the ground state wavefunction, to obtain
the wavefunctions in lowest and higher Landau levels. We suggest a general form for
the wavefunctions in higher Landau levels as
1
Vn!m!
n

[(—i)n_k

0

Gun(X,y) = ©oo(x,y) (2.36)

2n—k n—k dn—k

n—k d
PRy Pn(f—)d”_kg+

X dn—k é‘:_

k

P&,
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where

Pa(En) = (%)"”Hm(%), 2.37)

&, are two complex coordinates which control motion in Landau levels

_ 2MyBs x+iB-y

£ = 4 W T1BA (2.38)
_ 2MyB- y+iBix

A Y

and p = B:B-/(1 +B.f-).

It is obviously seen from Hamiltonian Eq. (2.18), that the system is described by two

dimensionless parameters, the anisotropy

L Wy
Wy =—2>1, (2.39)
Wy
and the scaled rotation frequency
~ Q
Q=—<1 (2.40)
wx

Other quantities can be scaled and non-dimensionalized applying appropriate scal-
ings. In particular, we scaled the lengths by the oscillator length in the x direction
I, = Vh/Mw,, frequencies by w, and energies by hw,. The calculations in this sec-

tion are also done in dimensionless units.

The wavefunctions introduced above exhibit a remarkable structure. The anisotropic
cloud in the case of rapid rotation becomes almost one dimensional strip [70, 71].
The wavefunction also continuously connects the Hermite polynomials appearing in
wavefunctions of the two dimensional rotating anisotropic system to the usual one di-
mensional oscillator wavefunctions. To be more explicit, in the case of isotropic limit
an m" order zero settles at the origin for the m™ wavefunction. With the anisotropy
turned on, the m” order zero immediately breaks up into m first order zeros along the
weak anisotropy direction [77]. As seen in Fig. (2.4), by increasing the anisotropy
of the system the roots of the Hermite polynomial, which is an analytical function
in LLL, are separated. Such a separation of roots causes more anisotropy in density
profile. We discuss the transition between the two and one dimensional regimes in
more details in the next section, by introducing a parameter which corresponds to the

maximum number of states between two successive Landau levels.
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Figure 2.4: Density of fifth wavefunction at different anisotropies, and fixed rotation
frequency, Q/w, = 0.99. Increasing the anisotropy breaks up the fifth order zeros in
the origin to row of zeros along the weak trapping direction.
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2.2.1 One and two dimensional regimes

The number of states in a Landau level that have the energy value lower than the en-
ergy of any state in the higher Landau level is a good identifier to discuss the transition
from two to one dimensional regimes. The physical significance of this quantity is
embedded in the energy spectrum of the system given in Eq. 2.19. It would be quite
instructive to look at the energy spectrum of two limiting cases. One is the case for a

system of rotating isotropic trap expressed by

1 1
E.,..=h (n+§)(w+Q)+(m+§)(w—Q)], (2.41)
and the other one is the case for non-rotating anisotropic trap given by
1 1
Eyn = hl(n, + E)a))C + (ny + E)a)y] ) (2.42)

The spectra reveal an interesting fact, both have the same structures since they have
been expressed in terms of two non-negative integers. The structure can be graphi-
cally represented by figure 2.1. The number of the states between two levels is tightly
connected to the dimensionality of the systems. The rotating anisotropic trap system
interpolates between these two limits, and we expect that such number could be a
good identifier for this interpolation. Thus, we define

1= (2.43)

Wy

Let us study / in more detail, by demonstrating its behavior in terms of anisotropy,
an important parameter in changing the geometry of the system. Figure 2.5 explic-
itly shows the sort of changes in / as a function of anisotropy, w, at a fixed rotation

frequency, Q. It is clearly seen that / has a minimum value at a certain anisotropy. It

starts from its isotropic value

toll

1+

liso = = 2.44
) (2.44)
for @, = &, = 1, and decreases sharply as
1 - Q) (@, +Q
[ =l [ L@+ ) (2.45)
(I +Q)(wy - Q)

to reach its minimum of /,;, = v8/(1 — Q2), which occurs at the critical anisotropy

value

@, = V1 +402. (2.46)
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Figure 2.5: Solid line shows the behavior of /, maximum number of states within
two LL’s as a function of the anisotropy of the system w,/w,. Dashed lines are the
asymptotic results for one and two dimensional limits. Here w,. = (1 +4Q%/w?)'/? is
the critical anisotropy where | is minimum. The minimum number of states is given

by I = (5"

After this point the increase in anisotropy causes an enlargement in the number of

states between two successive Landau levels

[ = o (2.47)

which is linear in w, for large anisotropies.

An important point here is the high degeneracy of the Landau levels in the case of
the isotropic systems. Such a high degeneracy for an anisotropic systems is only
obtained for large asymmetries in trap frequencies. This large degeneracy for the
case of two dimensional regimes is caused by the Coriolis force canceling the trapping
force. This mechanism freezes the kinetic energy of the particles partially, and for a
larger rotation frequency the degeneracy will also increase. However, the case for the
large anisotropy is completely different. In this regime the energy spectrum is like a
subband quantization in a narrow channel where the states in each Landau level have

the same wavefunction along the tightly confined direction.

The form of the wavefunctions also support this identification based on /. For low
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anisotropy the wavefunctions peak around an ellipse in the x — y plane, while in the
one dimensional regime the density in the x direction shows prominent oscillations,
similar to one dimensional harmonic oscillator wavefunctions. Based on the discus-
sions here it is expected that the density of the fermionic system exhibits different

forms in these two regimes, the fact that we show in the next section.

2.2.2 Density Profiles

The procedure for calculating the density profiles is the same as was illustrated in
isotropic case. Here we consider N fermionic atoms which are non-interacting with
the wavefunction known from the previous section. Our task is only to sum over filled
single particle states controlled by the chemical potential. The density is calculated
using Eq. (2.8). The numerical calculations can be done with a very low compu-
tational cost, with high accuracy since the wavefunctions composed of a gaussian
multiplied by Hermite polynomials, benefit the recursive structure also discussed in
previous sections. This enables us to calculate the density profiles up to thousands of
particles rapidly. The parameters can be controlled to obtain the profiles with particles

in the lowest six Landau levels, which are given in Appendix B.

The density profiles are calculated for different values of anisotropy for N = 1000
at fixed rotation frequency Q/w, = 0.999, all displayed in figure 2.6. We specially
calculated the density for very small anisotropy, critical value of anisotropy (where [
reaches its minimum value), and for high anisotropy. The profiles show a step struc-
ture for small anisotropy, the same as what we see for the isotropic density profiles,
but here, the disk-like plateaus are now elliptical. However, the step structure is only
observed in Fig. (2.6a). Each plateau corresponds to a Landau level, which are sep-

arated with a small region of switching. We show that these plateaus have almost

My

constant density proportional to 5.

Since the numerical calculations are given in

dimensionless units, each step in a profile has a density of an integer times 72—
X

The oscillations in switching between two successive steps exist here but in a more
noticeable form. For small anisotropy values the same behavior is observed, i.e. there
are n oscillations in the density when switching between the n' step and (n + 1)”

steps. However, for higher values of anisotropy oscillations in density along the weak
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Figure 2.6: Density profiles for fermions at different anisotropy values of the system
and fixed number of the particles N=1000, and fixed rotation frequency Q/w, =
0.999. The Friedel oscillations are observed in density profiles of anisotropic cases.
The number of LL’s that fermions fill at each anisotropy can also be determined by
counting the number of plateaus in the density profiles.
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confinement direction become more prominent. The anisotropy also changes the step
structure of the density profiles, smearing out the level structures. The change starts
around the critical anisotropy value, w,. as seen from Fig. (2.6¢) The transition be-
tween Landau levels do not take place with clear steps, but the oscillations become
dominant in profiles. These oscillations are related to sharp cutoffs in Fermi surface
in momentum space. In solid state physics, they are known as Friedel oscillations

[80].

A drastic change happens in density profiles when the anisotropy is very large. In
this limit, the density profiles exhibit new shape of being a gaussian along the strong
trapping direction and a semicircular shape along weak trapping direction. The shape
of density in weak direction is what we know from trapped fermions in one dimen-
sion. In the step structure one can easily count the number of Landau levels filled,
and here now can determine Landau levels with the semicircular shape of each level

in the density profile. This fact is obviously seen in Fig. (2.6e).

The change in the shape of density profiles when switching from two dimensional to
one dimensional regime can be seen for a profile with only one level filled, which nat-
urally is the LLL. We choose a small number of particles with respect to the previous
calculations to ensure that the particles settle only in LLL for any anisotropy of the
system. As seen in Fig. (2.7), the plateau form of density for the LLL changes to be
semicircular. The Friedel oscillations are also observed to be more prominent when
the anisotropy is increased. Again, the changes in the shape of the density and also in

the oscillations starts around the critical anisotropy value.

The analytical investigation of density sum Eq. (2.8) may help us to understand the
different aspects of profiles in more detail. To avoid the algebraic complexities we
focus on the case that all the atoms settle in the LLL. Then, we write the density sum

for N fermions which is explicitly
N
pxy) = ) gy (2.48)
m=0

L eime N L £ . &
. ””»mzzﬁ() =)

We concentrate in the limit N — oo, which enables us to evaluate the sum using
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Figure 2.7: Density profiles of fermions at different anisotropy values of the sys-
tem and fixed number of the particles N=200, and fixed rotation parameter Q/w, =
0.9999, when all the fermions are settled at the LLL. The Friedel oscillations are also
observed for density profiles of anisotropic cases.
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the generating function for Hermite polynomials. We now rewrite the sum in a more

compact form defining z = &,/ V2c, then we have

SG2) = i % (f)m Ho(DHy(2). (2.49)

m=0 2
Since the sum is composed of two Hermite polynomials, in which one is the com-

plex conjugate of the other, we use the generating function for Hermite polynomials

regarding ¢ = |t|e” to be a complex variable

(9]

- g ' m/2 n/2
T I Z m('Z) (2) D H, (‘Z) (2) , (2.50)
m! n!

An integration helps us to eliminate the extra terms and also one of the sums to obtain

the same infinite sum introduced in density expression. Then the right hand side could

be written as

o0

1 el T d
> Ha@H@(5) f dir2lre™ " f Leomm(@51)
= mln! 2 0 0 2m

which is exactly the infinite sum we need. Then we just need to evaluate the integral

in the left hand side

Ao [ _ _
S$(z,2) = f > f d|t|2|t|exp[—§(t2+t2)+ x/2c(rz+rz)—|z|2]. (2.52)
0 0

One may do a change of variables in order to evaluate the resulting Gaussian integral.

Defining new variables a, and b through ¢ = a + ib and integrating over a, and b

SG2) = (itz - )| exp [1—@ v22] @53)

1 1
NI-ot+o [21 21

and by replacing the z = &,/ V2c and using relation Eq. (2.38) for £, the sum can be

evaluated which gives a constant denisty

1 I My
Vi—2raa, 2rh’

Through the numerical calculations we observe that the density of the Landau lev-

p(x,y) = po = (2.54)

els is an integer times this constant value. The parameter y controls the density of
plateaus which goes to its isotropic value up to the first order approximation in eval-
uating the erf function appeared in Eq. (2.16) around the center of the cloud. Note
that the isotropic value for v is obtained from Eq. (2.25) which is y = 2w. For small

anisotropies the density reaches the value above quickly, even for small number of
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particles since the contribution to the density around the center from higher wave-
functions is very small. In the case of large anisotropy, the cloud goes through two
very different paths to reach the constant density, with prominent oscillations. As
we discussed above the presence of these oscillations are related to a sharp cutoff in
the Fermi surface of fermions in momentum space, but they are suppressed in two
dimensional regime as locally the maximum allowed density within a Landau level
is reached. The frequency of the Friedel oscillations can be obtained with a simple
scaling argument. We define two finite sums of Hermite polynomials which are only

different in the ¢ parameter,

N

Z H(QH,) ,

Swn(a,b,c;) i

(2.55)

n=

where i = 1,2, and z = a + ib. From the infinite sum Eq. (2.53) we can assume that

two finite sums to be related

~ l-¢ (I+ci)er (1—-cp)er
Sn(a,b,cr) = \/l — 2SN( \/(1 T o) a, 1= cz)clb’cl)’ (2.56)

for sufficiently large number of particles, i.e. N > 1. It allows us to choose ¢

arbitrarily close to one,

SN(a’b’ Cl)

i H,(D)H,({) ,

C
nnl 1
oy 2'p!

ZNl H,(D)H,(2)
oy 2mn!

Sn(a, b, 1), (2.57)

provided that (1 — ¢;)N < 1, or for a rapidly rotating trap. Here we have a sum over
two orthogonal functions, and using the Christoffel-Darboux formula [81] the sum

may be calculated exactly,

N H,)H,
Sn(a.b,1) = %
n=0 ’
_ Hyw(2)HN(z) — Hy1(2)HN(2)
- 2NV+INN(Z - 2) ' (2.58)

The exact evaluation along with a scaling assumption leads us to a relationship for

the wavevector of the Friedel oscillations near the center of the trap

1
p(x,y=0)=po (l + (—l)Nﬁcos(kFx) , (2.59)
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Figure 2.8: (a) Density for N=200 fermions at Q/w, = 0.9999, and w,/w, = 1.5. (b)
Density for N=200 fermions at Q/w, = 0.9999, and w,/w, = 5. The insets in both
figures highlight the Friedel oscillation in density profiles of the fermions.
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with

kil, = \8N/w, Jw, + w_B. S~ (2.60)

The local density approximation (LDA) is a useful tool to investigate the density
properties of the system when we have a smooth external potential. In the case of
isotropic trap one can describe the system with the Hamiltonian Eq. (1.20). The
first term in the Hamiltonian corresponds to a density with a step structure, each step
with a constant contribution of MQ/nh. For a rapidly rotating gas the second term,
an effective potential, could be supposed to be a slowly varying potential and can be
absorbed inside the chemical potential [68]. However, in the case of anisotropic trap,
to treat the different behavior of the system we need two different version of LDA,

one dimensional LDA (1DLDA), and two dimensional LDA (2DLDA).

The two dimensional regime is the same as the isotropic case, since the effective po-
tential in either strong and weak trapping directions are varying slowly over the range
of magnetic length defined by rotation. Such conditions provide us the possibility of
treating the system locally homogenous. As we described above each Landau level

contribute to the density with a constant value, then the local density in each point

will be given by
MQ
p(x,y) = k——, (2.61)
rh
where k itself is defined as
k = Z O|u - M/2(w? - Q) — 2n + DHQ|
1—M/2(w* — Q) + hQ
= Int . 2.62
" [ 210 (262)
One may need the useful identity
> 0latx - n) = Intx + 1], (2.63)

to evaluate the sum, where x, and « are positive definite. The numerical calculations

for 2DLDA are illustrated in figure 2.9a.

By increasing the anisotropy, the system undergoes a transition from two dimensional
regime to an almost one dimensional regime, losing the step structure in density pro-

files. In this regime the system can not be described by 2DLDA in a correct manner
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Figure 2.9: (a) Density of N=550 fermions obtained by direct numerical calculations
(solid line), and two dimensional LDA (dashed line) at Q/w, = 0.999, and w,/w, =
1.05. (b) Density of N=200 fermions obtained by direct numerical calculations (solid
line), and one dimensional LDA (dashed line) at Q/w, = 0.9999, and w,/w, = 3.5.
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since the effective potential is not smooth along the strong confining direction. Thus
we need a different approach to treat the density in this regime. The IDLDA lead us

to the semicircular profiles for the atoms along the weak trapping direction,

2
o(x,y = 0) = p(0,0) 41 — % (2.64)

Here, L is the radius of the cloud and is defined by

2ﬂ/hwx B w—/wx
L/l = = . 2.65
/ \/ - (269

the results for the 1DLDA is shown in Fig. (2.9b), in which the approximation intro-
duces the density profile in good agreement with the exact solution. The description
nicely illustrates the density profiles for higher anisotropy values, but the Friedel
oscillations are absent. The agreement in the density of the numerically calculated
profiles from exact solutions and the one from 1DLDA support our interpretation of
the sub-bands formed by the quantization in the strong trapping direction for highly

anisotropic Landau levels.

2.2.3 Temperature effects

In order to add the effect of temperature we use the Fermi distribution function as we
did in isotropic case. We recall Eq. (2.17) to calculate the density profiles at finite
temperatures. Choosing the appropriate temperature values in our calculations, we
investigate the effect of temperature on structure of profiles, which are shown in figure
2.10. We expect from isotropic case that the temperature around the gap between
two landau levels, kgT ~ hw_, smears out the step structure in two dimensional
regime. However, in the case of one dimensional regime, a low temperature also
cause changes in density of fermions. As soon as the temperature is turned on, Friedel
oscillations are smeared out since the energy scale related to the Friedel oscillations is
the small value of Aw. The higher temperature values make the density profiles more
smooth. For both one and two dimensional regimes at room temperature a gaussian

profile is observed, the structure that we expect from a Boltzmann gas.
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Figure 2.10: (a) Density profile for fermions at different temperatures and at Q/w, =
0.99, and w,/Q, = 3.5. (b) Density profile for fermions at different temperatures and
at Q/w, = 0.99, and w,/Q, = 1.01. The oscillations (a) and the layered aspect of the
profiles (b) are eliminated by temperature. Here 8 =
temperature.

gf is the normalized inverse
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CHAPTER 3

VORTEX LATTICES OF RAPIDLY ROTATING
BOSE-EINSTEIN CONDENSATES

One of the most important properties of Bose-Einstein condensates is their response to
the rotation. The rotation in Bose condensates gives rise to the existence of quantized
vortices. An interesting property of vortices is their desire to form lattices when the
rotation is fast enough, due to the interactions between atoms. The property that is
also observed in superconductors with a lattice of magnetic quantized fluxes, called
the Abrikosov lattice. In the case of a Bose condensate composed of atoms occupying
the same hyperfine states (one component Bose gas), the lattice is the same as the
Abrikosov lattice for superconductors [36], which is known to be a hexagonal lattice
[82]. However, the number of components as well as the quality and sort of the
interactions introduce new types of vortex lattices [37, 38, 39]. Then it will be helpful
to study the effect of interactions on vortex lattice in the limit of fast rotation. The
effect of interactions are not only limited to the creation of new type of vortices, but
it is also known that the inter-particle interactions play an important role in stability

and dynamics of the condensates [11, 32].

Another feature of ultracold atoms that enriches this field is the existence of relatively
strong long range dipolar interaction. The magnetic moment of condensates of alkali
atoms is very weak (u = lug) with respect to the contact interaction. However,
the magnetic trapping of atomic chromium [83], which has higher magnetic moment
(u = 6up), and then observation of Bose-Einstein condensation of chromium [84]
caused new experimental and theoretical efforts in this field. The long range character

of this interaction also opens new horizons for researchers in the investigation of
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different quantum phases. Based on these facts, along with the researches on general
properties of the dipolar condensates, such as ground state [85], dynamics [86], and
stability [87, 88, 89], the investigations on realization and control of different quantum

phases in condensates with dipolar bosons [90, 91] are at the center of attention.

The effects of interactions on vortex lattices in rotating Bose gases have also been
investigated extensively [36, 37, 38, 39]. It is now well known that the formation of
different lattice types depends on the strength of interactions between particles. New
types of vortex lattices have been found as a result of interactions between atoms

[37, 38], and researchers are still seeking new types of lattices.

The properties of the single and two component rotating Bose-Einstein gases have
been studied analytically by Ho and Mueller [36, 37]. They show that the vortex
lattices differ under s-wave interaction and also new types of lattices rather than the
triangular lattice are determined because of this interaction between like and unlike
atoms. The method developed in [37] has been successfully used to investigate the
excitations [92], dipolar condensates [38], and also more complicated Bose systems
[93]. It is shown in [38] that the dipolar interaction along with s-wave interaction also
result in a new vortex lattice for one component Bose-Einstein condensate. Drastic
changes caused by dipolar interactions in fast rotating condensates [38, 39] motivated

us to study multi-component condensates with dipolar interactions.

In this chapter, the vortex lattice structures of two component Bose-Einstein conden-
sates with magnetic dipole-dipole interaction in the limit of large number of vortices
are investigated. The details of the method used to determine the type of vortex lat-
tices are given in the next section. Finally, a phase diagram which describes the
structure of lattices in terms of long-range dipolar interaction and short-range contact
interaction strength is presented. The detailed discussions of the different phases and
also the limits of single component with dipolar interaction [38] and two component

gas without dipolar interaction [37] are also given in this chapter.
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3.1 Mean field quantum Hall regime

The first attempts to understand the physics of rapidly rotating ultracold atoms re-
vealed the connection between very fast rotating atomic gas and quantum Hall effect
[30, 31]. The description was implied to a Bose-Einstein condensates with large num-
ber of vortices by Ho [36]. The importance of this regime is that the system is exactly
solvable in this limit which allows one to do the calculations analytically. In this sec-
tion we will review in detail the properties of condensates in quantum Hall regime

which is mainly carried out in [36].

We first consider a system of Bose-Einstein condensate in a three dimensional har-
monic trap. The system can be described by the Gross-Pitaevskii energy functional
which gives the wavefunction of the condensate, when the total number of particles
is constant. Thus we need to write the energy functional for the condensate in an
isotropic harmonic trap with a frequency of w, and rotating at angular frequency €

around 7z axis

2

E[¥(x)] = f &> x¥*(x) [;¥M+ %szRz—QLZ] ‘I‘(x)+%g f ExP)*, (3.1

where R and P are three dimensional position and momentum operators, respectively.
Before starting the minimization of the energy functional with the given condition it
is useful to explore some important properties of the system. The main feature of this
system is the similarity between the Hamiltonian of the rotating particles in a trap
and a two dimensional electron gas subjected to a strong uniform magnetic field. The
single particle Hamiltonian appearing in the first integral of energy functional can be

expressed in a different way to see this similarity in more explicit form.

Pl 22
H = M + EM(,() R*-QL, 32)
- L (p— MQX r)2 + lM(w2 - Qz)rz + P_f + lMa)212
M 2 oM 2 '

Here p = (p., py), r = (x,y), M is the mass of the particle, and L, is the angular
momentum in the z direction. The equivalence of two systems is obviously seen
in the second form of the Hamiltonian, which describes a charged particle, ¢, in an
effective magnetic field with a vector potential of A = %Q x r. This part of the

Hamiltonian can be diagonalized applying two successive canonical transformations,
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which is shown in chapter 2 in detail. The energy eigenvalues of the system can be

found which have the form
E,.. = iw+ Q)n + i(w — Qm + hw, (3.3)

where n > 0 labels the Landau levels and m > O counts the sublevels in each Landau

level. The corresponding eigenfunctions of the system are introduced in Eq. (2.7).

In the limit of very fast rotation i.e. w — Q is very small in Eq. (3.3), one can easily
see that two successive Landau levels are separated by 2Aw. Moreover, in this limit
the centrifugal force MQ?r nearly cancels the trapping force Mw?r. As a result, the
condensate almost becomes a flat cloud. The area occupied by the atoms increases
which gives a smaller density n for the system [94]. A smaller density means a smaller
interaction term and when the rotation is fast enough, or correspondingly when the
interaction energy is sufficiently small gn < hw, the system fills now the highly
degenerate n = 0 level, the well known LLL [30, 31, 36]. Abrikosov shows that
the wavefunction in this limit can be written as a linear combination of single particle
eigenfunctions, ¥, = ¥,, [95]. Then for an assembly of cold identical bosons rotating

at frequency Q ,

Y = ) et (3.4)

m
2

Z cpu"exp [%]

m

_p
f(wexp [Z] .

Here f(u) is a polynomial (an analytical function of u), and u = x + iy.

The LLL description of the Bose-Einstein condensation in fast rotation provides the
groundwork to study the vortex structures of condensates analytically. The polyno-
mial in the wavefunction can be written in accordance with the fundamental theorem

of algebra as
fay = | Jw—u, (3.5)

where u;’s are the zeros of the polynomial. These zeros are the position for the vor-
tices as f shows a phase change of 27 when u encircling u;, since they are complex

variables. It is supposed that the zeros of ¥ which are the zeros of f(«) form an infi-
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nite lattice. Our task is to find the structure of the vortex lattices which minimize the

energy functional with respect to wavefunction ‘.

3.2 Vortex lattices of dipolar two component Bose-Einstein condensates

In this section, we consider a disk-shape two component Bose-Einstein condensate
with contact and dipolar interactions, which is subjected to rapid rotation. Each com-
ponent can be considered as a different hyperfine state of the same atom. The trap
geometry is important in determining the nature of interaction. For disk shape con-
densates the atoms are settled side by side, additionally we assume that the magnetic
dipoles are aligned in the same direction. Thus the dipole-dipole interaction between
atoms is repulsive. The vortex structures are calculated by minimizing the energy
based on works done by Ho and Mueller [36, 37]. By changing the strength of the
interactions we observe that the vortex lattices go through different structural phase
transitions. Since the system is subjected to two different interactions, it is difficult
to interpret the effect of interaction on vortex structure. However the results of works
done in [37, 38] makes the interpretation a little bit easier. We show that the results
give the vortex structures in the limit of the two component regime studied in [37]

and one component regime with dipolar interaction handled in [38].

We consider that the components of the condensate are described with a wave function
Y;, where i = 1,2. The condensate is rotated at a fixed rotation frequency €2, which
is fast enough to consider the mean field quantum Hall regime. The Gross-Pitaevskii

energy functional of the system is:

R, 1
E¥] =) f &ry: [WV2 + Emuﬂr2 —QL.|¥; + E, + E,, (3.6)
i=1,2

where L, is the angular momentum along the rotation direction, and E and E; are the

scattering and dipolar interaction energies, respectively. These energies are defined
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Figure 3.1: Dipole-dipole interaction.

as
1
£ o= 1Y f LAY + g1 f LAV L,
=12
B, = .2 f drdn )PV () - ) ()P
i=1,2
+ lllllzfdi’ld”2|‘f'1(”1)|zv(l’1 — 1) P (), (3.7)

where g; = 4nh*a;/M and g, = 4nh*a;,/M are the the s-wave interaction coupling
constants between like and unlike atoms, respectively, and y;’s are the magnitudes of
magnetic dipole moment of each component. The magnetic dipole-dipole interaction
is given by expression

V(ri—nr) = _@3(m1 -e)(m;y - €) —my - My

, 3.8
Ar Ir; — rz3 38)

where m; and m, are unit vectors in the direction of magnetic dipoles yq and ps,.
Here e;,and e, are the unit vectors parallel to ry,, the line joining the centers of the
two dipoles. Figure 3.1 illustrates the picture explicitly. Here we assume that the
magnetic dipoles are parallel to each other, and perpendicular to ry,. In this case the
magnetic dipole interaction has a simple expression given by

_ Ho 1
V(l"l - 7"2) = ﬂm (39)
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The wavefunction of each component is normalized such that
f d*rl¥;* = N,, (3.10)

where we assume that the densities for both components are equal. Moreover, we
assume that for the s-wave interactions g; = g, # g12, and for the dipolar interactions
u1 = up. For a two component Bose gas in which both components are subjected
to the same rotation frequency, vortex lattices have the same structure, but one is
shifted with respect to another. Then the wavefunctions for both components can be
introduced by two basis vectors and one relative displacement vector. We assume
that the B; and B, are the basis vectors of the infinite lattice, and ry is the relative

displacement of the vortices of different kind. The area of the unit cell is
ve = |B; X B, (3.11)

It is shown that that |¥(r)|> can be written as a product of a gaussian and a function

g(r) which is periodic under lattice transformation [36]
_2
()] = Ae” g(r). (3.12)

Here o is related to the number of the vortices and is given by
1 1 n

Using Fourier transform, g(r) is written as
1 .
g(r)=— " gxe™, (3.14)
Ve 2
where K’s are the reciprocal lattice vectors. From the normalization of ¥ one can
obtain
1 .
WP = — ) ke e, (3.15)
o e
1 . =2
|\P2|2 =— Z gKezK.(r—ro)e o (316)
no 4
fr= — (3.17)
Yk gxe ?

The presence of [¥|* and |¥,|*|'W,|? in the energy function leads to the definition of

o f vl

o f A’ r|¥ P19, 2, (3.18)

quantities

~
Il

112
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to write the energy in a more compact form. One can obtain I’s using the expression

for [¥;|>’s

oo —o2|K+K' 2
1= gkgre * (3.19)
KK’
~ ~ iK' o2 IK+K' 2
L= ) BxBre ™ me™S (320
KK’

To obtain the lattice types we need to minimize the energy functional with respect to
lattice basis vectors. Thus we need to express gx’s in terms of the length of the basis
vectors. In order to obtain such expressions we introduce a complex representation
for the basis vectors, b; = (X + iy) - B;. If we choose the lattice vectors such that B,

lies on the x-axis, then b; will be real
B, =b% , B, =b(ux+vy), (3.21)
by = by(u +iv), (3.22)
Then the area of the unit cell is
ve = |By x By| = b?v. (3.23)

We substitute the periodic part of the wavefunction with the Jacobi theta function

which has the exact zeros of the analytical function f(u)
fw) = O, 1)e™ 1, (3.24)

where { = u/b, and T = b, /b;. Using the expression for the theta function the Fourier

coeflicients are derived to be [37]

—velk> [ Ve
gK — (_1)m1+m2+m1mze S 5’
2w
v.K? = (7) [(vml)2 + (my — uml)z] , (3.25)

where K = m K| + m,;K,, and m; and m, are integers. Here K, and K, are the basis

vectors of the reciprocal lattice and are given by

K, = —B,xz
Ve
2

K, = Z2xB,. (3.26)
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Noting that we deal with a large number of vortices, the expression for I and /;, take
more simple forms of
— 8k 2 _ 8k 2
I=>12P , In=) I**FcosK 1 (3.27)
x 80 . 80

The s-wave interaction energy then has the form

E, = ﬂ([ %1]2) (3.28)

no?
Following similar steps for the dipolar part of the energy expression, and also assum-
ing that u; = yu, = u, we obtain

2

2
Hop~ 1 8K
E, = —— § 22121 + cosK - 3.29
d in o7 & Igol( cosK - ro) (3.29)

—(rq +r2)2
o

e
X fdzr d*rye™ - rl)—3
Iry — 13

We do a transformation to the center of mass coordinates, writing the dipole inter-
action energy in terms of the relative displacement r = r, — r; and center of mass
coordinate 2R = r; + r,, then integrating with respect to R we have

‘To

o ZIgK (1 +cosK- ro)fd2 e (3.30)

81202

This leads to a radial integral for the energy expression as

2., 12 ©
g, = THH > 1BX2(1 + cosK - 1) f dr—|Jo(Kr)e 7 (3.31)
=~ 80 0 r

dro?

There is a problem in evaluating the integral with respect to » when it approaches

zero. To solve this problem we define a cutoff A and write the integral as

n*pop”
4o

1 1
X {X +£ drﬁ[.lo(l(r)e_rz/z‘r2 - 1]}.

Since we work in the limit of the large number of the vortices, we can neglect the

E,;

Z| |(1+cosK ro) (3.32)

gaussian term and make a change of variables to write the expression in a simple

form

_n “o” Z |—| (1 +cosK-ry) {% + Kf %C [Jo(x) — 1]} (3.33)
0

4o
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with an integral appearing in the energy expression, which is only equal to —1. Then,

the full interaction energy can be written as

2 2
En = 7%= [al + Bl = D)), (3.34)
o ~a
where
D = Z|g—K|2Ka(1+cosK-r0)
x 80
4
o M, a
Hop® A
4gpa a
= +—. (3.35)
P Hot* A

3.2.1 Vortex pattern

We obtain a variety of vortex lattice types as a function of parameters @ and g by
minimizing the energy in Eq.(3.34) numerically. The lattices are determined in the
unit of basis vectors B; and B, and also ryp = aB; + bB,. Lattice structures can
be specified in terms of aspect ratio 7 and lattice angle € such that u + iv = 7e”.
We introduce a phase diagram for the lattice types as a function of the @ and § in
Fig. (3.2). The new types of vortex lattices are obtained which can be described
as overlapped square and overlapped rectangular lattices. We expect that the phase
diagram includes the lattice types for two component Bose gas studied in [37] when
the dipolar interaction vanishes, and also the regime for the single component Bose

gas with dipolar interaction studied in [38], when we ignore the differences between

atoms of different species.

Since dipole-dipole interaction is the same between like and unlike atoms, in the en-
ergy expression Eq. (3.34) a, and 8 can be interpreted as the energy contribution for
intra-component and inter-component interaction, respectively. The « part contains
g, thus it dominantly governs the behavior of each component inside. Since @ could
be negative, it is important in the collapse of the condensate. It is known that the con-
densate may collapse for strong attractive interaction. The 8 part which contains g»,
determines the behavior of the two components with respect to each other. Although
the third part, i.e. D, is positive definite, with its minus sign in the expression there is

always an attractive part inside the energy.
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Figure 3.2: Phase diagram showing lattice structures for different values of interac-
tion terms a,and . Here, C corresponds to collapse region, and IR, IS, IO, IT, OR,
OT, and OS stand for interlaced rectangular, interlaced square, interlaced oblique, in-
terlaced triangle, overlapped rectangular, overlapped triangle, and overlapped square,
respectively. The inset figure indicates the region for overlapped square lattices, a
new type of lattice structure for rotating Bose condensates.
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Adjusting the strength of parameters «, and 3, also enables us to control the switching
between the regime of dominated dipolar condensate and the regime of ordinary two
component condensate. One can easily conclude from Eq. (3.34) that for small values
of @ and g the dipole-dipole interaction is the dominant part, however for large values

of @ and 3, the contact interaction dominates.

For large @, and 3, the last term D can be ignored and lattice structures are determined

by their ratio. Thus the work reduces to the minimization of the term

J=1+ éllz. (3.36)
[04
The behavior is similar to ordinary two component BEC energy expression introduced

in [37] (see figure 3.3a).

In the case of the dipole-dominant regime and when g = gi,, the two component gas
behaves like a one component gas. Thus the problem reduces exactly to the system

studied in [38] for which the interaction energy is

2, 2
Ep =~ (ol - D). (3.37)

2nota
For this case we obtained the vortex structures introduced in [38] (see figure 3.3b).
The detailed analysis of the different aspects of introduced phase diagram is given in

the following parts.

i) The dominant attractive interaction causes the condensate to collapse for a < 1.25.
The condensate collapses even for large 8 values, since it is not an important factor in

determining the stability of each component inside.

ii) For @ > 1.25, and § < 1.25, the inter-component attraction is strong enough to
overcome the dipolar repulsion between unlike atoms which result in overlapped lat-
tices. By increasing «, the vortex structures undergo structural phase transition from
overlapped rectangular to overlapped square lattice and then to overlapped triangular
lattices since a values, as « is the dominant part in determining the lattice structures

for each component.

ii1) For 1.25 < @ < 3.70 and 1.25 < 8 < 3.70; the comparison of these two parameters

determines the position of lattice points of one species with respect to another species.
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Figure 3.3: The parameters indicating the type of lattice structures as a function of
interaction interaction terms «, and 8. The phase diagram is reduced to different
regimes: (a) The limit for ordinary two component condensate. (b) The limit for
dipolar single component condensate. Here 7 and, 6 are the lattice parameters and
define the lattice structure, and a, indicates the displacement of the lattice structures

of one species with respect to another species.

48

(2b)

OROS OT I0IS/IR




In this region, when a < S interlaced rectangular lattice forms. On the other hand,

when a > f3, overlapped lattice form.

iv) When @ > 3.70 and 8 > 3.70, only interlaced lattices exist in the phase diagram.
This is an expected result as inter-component interaction is not attractive any more.
The repulsive forces between two different species cause the minima of one type to
move to maxima of another type. In this region by increasing « the structures of the
lattices changes from interlaced rectangular to interlaced square, oblique, and finally

triangle lattices.

We expect that the phase diagram to also cover two regimes studied in [37, 38]. For
such limits, two different cut lines can be taken on the phase diagram; @ = constant
line, and @ = B line, which are expected to give the ordinary two component, and
single component dipolar condensates, respectively. Note that if we fix @ and change
B, it corresponds to the variation of g;», and @ = 8 means that g = gy, and as dipolar
interaction exists the situation is like one component condensate with dipolar interac-

tion. Minimization along these lines is shown in Fig. (3.3).

In the case of ordinary two component limit, the cut line gives us all the phases ob-
served in [37] (see figure 3.3a). The interlaced rectangular, square, oblique, and tri-
angle and overlapped triangle lattices are obtained for this part. When a = 8 also we
observe the same vortex lattices which have been determined for the single compo-
nent Bose gas with dipolar interactions (see figure 3.3b). The results for this case are
a little complicated, then we illustrate them in a more explicit manner

a) @ > 4.54: In this region, the triangle vortex lattices are observed, but it is not easily
seen in the figure. The two component gas forms interlaced rectangular lattices, but
the combined lattices form triangular lattice together when one ignores the difference
between unlike species, as g = gy,. It is easy to observe this in figure 3.4 for IR
(interlaced rectangular) lattices.

b) 4.1 < @ < 4.54: In this region, square lattices are observed. The atoms of both
gases form interlace square lattices and when the atoms are taken to be same the com-
bined lattices again form square lattices.

¢) 3.73 < @ < 4.1: In this region, the resulted vortex lattices are determined to be

rectangular under dipolar interaction. The two component gas forms interlace oblique
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Figure 3.4: Lattice structures for dipolar two component condensates. Black and gray

dots corresponds to vortices of two condensates.
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lattices but the combined lattices form rectangular lattices when the atoms are taken
to be the same. This lattices also are clearly seen in figure 3.4 for IO lattices.

d) 2.02 < @ < 3.73: Since the lattice structure for two component condensate is over-
lapped triangles in this region, the combined lattices are also triangular.

e) 1.92 < @ < 2.02: In this region square lattices are formed when the differences be-
tween species are ignored. The lattice structure for two component gas is overlapped
square.

f) 1.12 < @ < 2.02: The resulted lattices are determined to be rectangular, as the
original lattices are also overlapped rectangular in the case of two component dipolar
gas.

g) @ < 1.12: In this region condensate collapses.
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CHAPTER 4

SUMMARY AND CONCLUSION

In this study we investigate the properties of trapped atoms subjected to rapid ro-
tations. The study is divided into two distinct parts, one for fermions another for
bosons. In the case of a Fermi gas we explore the density structure of non-interaction
cold atoms when are rotated rapidly. on the other hand, for rapidly rotating Bose con-
densate, we search for new lattice structures in the presence of contact and dipolar

interactions.

First, The density structure of Fermi gases in a rotating traps are investigated. We
focus on anisotropic trap case, in which two distinct regimes depending on rotation
frequency and anisotropy are observed. Two regimes can be illustrated by a simple
description of maximum number of states between two Landau levels, which are sep-
arated from each other by a minimum point, w,. in the this description. For small
anisotropy values, when w, < w,,, the density profiles show a step structure each
step is demonstrated by an elliptical plateaus. Each plateau represents a Landau level
with a constant density. The local density approximation describe the two dimen-
sional regime with a perfect similarity in structure of fermion density. The case for
one dimensional regime is a little different from the two dimensional case. For large
anisotropy values, w, > wy,, the Friedel oscillation is the dominant aspect of the
density profiles. The density profiles show gaussian structure along the direction of
strong trapping, with a semicircular forms with prominent oscillations along weak
confining direction. Again, the system is nicely described by local density approxi-
mation in this regime. A smooth crossover between two regimes is observed, with a
switching from a step structure profile to a soft edge transition with Friedel oscilla-

tion. At finite temperatures, the step structure are smeared out in two dimension. In
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one dimensional regime the Friedel oscillations are cleaned as soon as the temperature

is turned on.

The smooth switching between two regimes is present in the nature of the wavefunc-
tions for the rotating anisotropic trap. Such smooth transition provides a mapping
between states of two dimensional system to the one dimensional system. The study
can be extended to the case of interaction Fermi, or even Bose gases to investigate the

properties of states in an extremely elongated trap.

The cooling of fermions during the experiments is one of the major difficulties in the
study of cold Fermi gases in the labs, since the fermionic atoms are non-interaction
[60, 61, 62, 63, 64, 65]. However, the observation of some properties, like step
structure of fermion in rotating traps is within the capability of current experiments.
The other issue about the experimental possibility of our system is the usual use of
isotropic traps for cooling and rotating atoms. nevertheless, the implementation of the
rotating process with anisotropic trap [69], lights the hopes of experimental demon-

stration of the system discussed in this study.

The density profile measurements are carried out by the method of expansion imag-
ing. This method enable us to observe the main aspects of the density profiles such
as the step structure of two dimensional rotating Fermi gas or the semicircular profile
of a fermionic gas in a rotating highly anisotropic trap. However, the more detailed
features, such Friedel oscillations needs a more complicated methods such as Bragg

spectroscopy [96].

It also worth to remark that the addition of the interaction to the system would be
interesting. Specially, the presence of relatively strong dipole-dipole interaction in
some atomic gases [84] makes it more favorable to study the effect of such interaction

on the density profiles.

The second part of the study is devoted to the investigation of different lattice struc-
tures in two component Bose condensates subjected to very fast rotation, this time in
the presence of interactions. The bosonic atomic gases enjoy the presence of contact
interactions. Moreover, the observation of dipole-dipole interaction in atomic gases

[84] improves the richness of the system.
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We explore the existence of new vortex lattice structures for dipolar two component
condensates scanning a wide range of interaction strengths. We introduce a phase
diagram as a function of intra and inter-component interactions showing different
type of vortex lattice structures. New type of lattice structures, overlapped square
and overlapped rectangular, are determined as a result of dipolar interactions and
s-wave interaction for two component condensate. The region where the attractive
inter-component interactions dominates the repulsive once, the overlapped lattices
are formed. The intra-component interactions, which defines the behavior of each
component inside, results in different type of lattices by changing the strength of

interactions.

Two different limits of phase diagram reproduce the results of ordinary two compo-
nent and dipolar one component Bose condensates. Ordinary two component conden-
sate are produced by fixing intra-component s-wave interactions for a constant value
of dipole moment, and changing inter-component s-wave interaction. The dipolar
one component condensate is obtained by equalizing intra and inter-component s-
wave interaction, which enable us to get rid of differences between like and unlike
atoms. The results of calculation are in agreement with the results of previous studies

for two regimes [37, 38].
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APPENDIX A

Canonical transformation in quantum mechanics

The most important issue when dealing with quantum mechanics is how to diago-
nalize the Hamiltonian to obtain the eigenvalues and their corresponding eigenstates.
There are number of techniques in solving problems, some with relatively easy and
some with sophisticated calculations. Usually we use direct diagonalization tech-
niques or some other like Bogoliubov transformations. However, there are some other
tools that we do not use them often in quantum mechanics, one of which is the canon-
ical transformation that connects the classical mechanics to Quantum mechanics. The
interesting analogy between canonical transformation in classical mechanics with the
unitary transformation in quantum mechanics is known from early life of quantum
mechanics with works of (perhaps not surprisingly) Dirac. He pointed out that any
transformation like (g|Q), or {(g|P) between old and new canonical variables is con-

nected with their corresponding generating functions, or more explicitly

(qlQ) = elifieenl,
Py = eliFaro], (A1)
In this part, we aim to construct the connection between a canonical transformation in

quantum mechanics with classical mechanics. We start by defining a linear canonical

transformation in classical mechanics as follows

Q
P

aq + bp

cq +dp. (A.2)

The condition for canonical transformation is implied by Poisson brackets, i.e. [Q, P] =

1, which gives the relation
ad — bc = 1. (A.3)
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Since we want to construct the generating function for such transformations, we write

the generating function derivatives

- %4 p=-25 (A.4)

p_a_q, 6Q-

To find F; we integrate over the first equation above, which gives us

F = f pdq + g(0) (A5)

Writing the p in terms of ¢, and Q from the equation system A.2 helps us progress

the integration and obtain the result

1 1
F, = 5 (Qq - anz) +8(0). (A.6)

The result of integration can be used in second equation A.4, in order to obtain the

generating function. Finally we obtain the generating function which has the form

1
Fi= 1290 - ag® - dQ?. (A7)

Since we know the generating function for our canonical transformation, we get back
to the quantum mechanics with the same linear canonical transformations, this time
obeying the well known commutation relations for position and coordinate operator.
We introduce the ket |Q) to be the eigenstate of the Q operator. Then we try write the
g-representation of a function when the Q-representation of that is known, in other

words

(i) = f (q10)(Ql$)d0. (A8)

We know (Q|¢), hence our task is now to construct (g|Q). We also know that

(9l010) = Q{q10). (A.9)

and

(ql010) (gl (ag + bp) Q)

0
aq — ihb——(qlQ) (A.10)
q

then equating two equations, and integrating over the new equation one can obtain

(qlQ) = p(Q)etl5@0a-a)], (A11)
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The task is now reduced to finding integral constant ¢(Q). In order to obtain it we

consider a matrix element of P operator with any arbitrary state ¢

(QIPly)

f dq{Qlq){q|Plyr)

0
f dq{0\q) (cq - iﬁd%) (qly). (A.12)

We use integration by parts defining

u = (Olg
0
dv = a—<ql¢f>dq, (A.13)
q
and since we know
0 _ _i(Q-aq
50 =~ (55) 0w (A.14)
we obtain
d ad
(OIPly) = ZQ(QI!//) + (C - 7) fq<Q|q><q|w>dq- (A.15)
We use the condition for the canonical transformation Eq. (A.3) to write the result as
d 1
(OIPly) = EQ(QI!/’) ~3 fq<Q|q><qll//>dq- (A.16)
Now let us have a look at the first derivative of (Q|g) with respect to Q
0 1 dp"(Q) g
— = - — A.17
5Q<qu> ‘p*(Q)(QIq) 90 bh<Q|CI> (A.17)

By extracting out the value for —g/b{Q|g) and substituting it into the integral in equa-

tion A.16 one can find

d 8  ih g
Py =|=0 - ih—
(P bQ l 5Q+90*(Q) 00

(Oly). (A.18)

On the other hand from derivative representation of P in Q space

. 0
(QIPly) = —lﬁ@@ld/)- (A.19)

Equations A.18, and A.19 lead us to the differential equation for ¢*(Q), which helps

us to obtain the integral constant ¢ as follows

—idQ?

p(Q)=e2". (A.20)
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We reach the point to write (g|Q) explicitly by putting ¢ into equation A.11
(qlQ) = efl5(20-ar~d0)], (A21)
This result take us to the final form of (g|¢)
(alg) = f el G010 Qlp)ag. (A.22)

Comparing the equation for generating function F, A.7 with the equation A.22 lead
us to construct the important connection between the classical mechanics and quan-

tum mechanics

(ql¢) = f et 142 Qlp)dQ. (A.23)
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APPENDIX B

Wavefunctions of higher Landau levels for a particle in a rotating

anisotropic harmonic trap

Since we have the ground state wavefunction, the excited states can be obtained by
applying the relevant raising operators on ground state wavefunction. We give the
wavefunction for six Landau level that we used in calculations during this study. (All
the parameters used here are already defined in the main text.) The ground state wave
function of the system is written as

ex x y2 ex {,Mxy
_— - i
P 2a2  2al PV

$oo =

1 1 -
Y _{&+&m.@n

Vra.ay, L+B8- 2\B+  B-
Operator a, gives the excited sates wave functions in each Landau level, and the other

one 1.e. @_ gives the higher LL states wavefunctions. The wave functions in LLL are

obtained to be

1
Gmo(X,y) = Mwoo(x,y)Pm(é) (B.2)
where
_ (¢ n/2 &L
Pa&) = (5) H(—@) (B3)

The wavefunctions in higher excited Landau levels also are found to be

omi(5,3) = ——poo(c, y)[g_Pm<§+> - 2imme_1(§+)], (B4)

1
Vim!

1
b)) = =l (€ - c)Pucen)
4impé_Pyy1(£,)

dm(m 1>p2Pm_z<§+>}, (B.5)
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1
fu(ry) = thao(x,y){(gi ~3c6 )Pl

~ 6imp(£ ~ ¢)Pur(€)
— 12m(m — 1)p*E_P,, (&)

b SimGm = 1D = 2)* Py (€ (B.6)
1
pmle) = gl (e - 68 +3¢)Puce)

— Bmip(& = 3¢ )Ppor(é)

= 24m(m — Dp*(& = ¢)Pya(é.)

+ 32im(m — 1)(m — 2)p°¢_Pyu3(&.)

b 16mOn = 1)on = 2)m = 3)p* Py oE)| (B.7)

1
fus(6) = el (€ - 1068 + 152 )P

— 10imp(£" - 6¢£% + 3¢)P,u1(£)

— 40m(m - DP*(& = 3c£-)Ppa(ér)

+ 80im(m — 1)(m ~ 2)p°(&2 ~ ¢)Pu-s(&1)

+ 80m(m — 1)(m — 2)(m — 3)p*E_P,_a(£.)

—  32im(m — 1)(m - 2)(m — 3)(m — 4)p5Pm_s<§+>} (B.8)

We also suggest a general form for the wavefunctions of a particle in a rotating
anisotropic harmonic trap in the main text, and one can obtain the same wavefunction
introduced above for any state in any Landau level using the general form

o 2
‘Poo(x,Y)kZ:(;[(—l) oo

n—k n—k dn—k

PAE) g

(pmn(x7y) = Pm(§+) (Bg)

1
Vn'!m!
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