


PARAMETER ESTIMATION IN GENERALIZED PARTIAL LINEAR MODELS
WITH TIKHANOV REGULARIZATION

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF APPLIED MATHEMATICS
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

BELGIN KAYHAN

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF MASTER OF SCIENCE
IN
SCIENTIFIC COMPUTING

SEPTEMBER 2010



Approval of the thesis:

PARAMETER ESTIMATION IN GENERALIZED PARTIAL LINEAR
MODELS WITH TIKHANOV REGULARIZATION

submitted by BELGIN KAYHAN in partial fulfillment of the requirements for the
degree of Master of Science in Department of Scientific Computing, Middle
East Technical University by,

Prof. Dr. Ersan Akyildiz
Director, Graduate School of Applied Mathematics

Prof. Dr. Biilent Karasozen
Head of Department, Scientific Computing

Prof. Dr. Biilent Karasozen
Supervisor, Department of Mathematics, METU

Prof. Dr. Gerhard-Wilhelm Weber
Co-supervisor, Institute of Applied Mathematics, METU

Examining Committee Members:

Committee Member 1 Assoc. Prof. Dr. Inci Batmaz
Department of Statistics, METU

Committee Member 2 Prof. Dr. Biilent Karastzen
Department of Mathematics, METU

Committee Member 3 Assist. Prof. Dr. Cem Iyigiin
Department of Industrial Engineering, METU

Date:




I hereby declare that all information in this document has been obtained
and presented in accordance with academic rules and ethical conduct. I
also declare that, as required by these rules and conduct, I have fully cited
and referenced all material and results that are not original to this work.

Name, Last Name: BELGIN KAYHAN

Signature

iii



ABSTRACT

PARAMETER ESTIMATION IN GENERALIZED PARTIAL LINEAR MODELS
WITH TIKHANOV REGULARIZATION

Kayhan, Belgin
M.S., Department of Scientific Computing
Supervisor : Prof. Dr. Biilent Karastzen

Co-Supervisor : Prof. Dr. Gerhard-Wilhelm Weber

September 2010, 101 pages

Regression analysis refers to techniques for modeling and analyzing several variables
in statistical learning. There are various types of regression models. In our study,
we analyzed Generalized Partial Linear Models (GPLM s), which decomposes input
variables into two sets, and additively combines classical linear models with nonlinear
model part. By separating linear models from nonlinear ones, an inverse problem
method Tikhonov regularization was applied for the nonlinear submodels separately,
within the entire GPLM. Such a particular representation of submodels provides both

a better accuracy and a better stability (regularity) under noise in the data.

We aim to smooth the nonparametric part of GPLM by using a modified form of Mul-
tiple Adaptive Regression Spline (MARS) which is very useful for high-dimensional
problems and does not impose any specific relationship between the predictor and
dependent variables. Instead, it can estimate the contribution of the basis functions
so that both the additive and interaction effects of the predictors are allowed to de-

termine the dependent variable. The MARS algorithm has two steps: the forward
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and backward stepwise algorithms. In the first one, the model is built by adding basis
functions until a maximum level of complexity is reached. On the other hand, the
backward stepwise algorithm starts with removing the least significant basis functions

from the model.

In this study, we propose to use a penalized residual sum of squares (PRSS) instead
of the backward stepwise algorithm and construct PRSS for MARS as a Tikhonov
regularization problem. Besides, we provide numeric example with two data sets; one
has interaction and the other one does not have. As well as studying the regular-
ization of the nonparametric part, we also mention theoretically the regularization
of the parametric part. Furthermore, we make a comparison between Infinite Kernel
Learning (IKL) and Tikhonov regularization by using two data sets, with the differ-
ence consisting in the (non-)homogeneity of the data set. The thesis concludes with

an outlook on future research.

Keywords: Generalized Partial Linear Model, Tikhonov Regularization, CMARS, It-

eratively Reweighted Penalty Methods, Kernel Learning



(V4

GENELLESTIRILMIS PARCALI DOGRUSAL MODELLERDE TIKHANOV
DUZENLEME ILE PARAMETRE TAHMINI

Kayhan, Belgin
Yiiksek Lisans, Bilimsel Hesaplama
Tez Yoneticisi : Prof. Dr. Biilent Karastzen

Ortak Tez Yoneticisi : Prof. Dr. Gerhard-Wilhelm Weber

Eylil 2010, 101 sayfa

Regresyon analizi, istatistiksel 6grenmede ¢ok sayida bagimsiz degiskenin modellendigi
ve analiz edildigi bir yontemdir. Birgok regresyon model gesidi vardir. Bu ¢alismada
biz, genellestirilmis pargali dogrusal modelleri inceledik. Genellegtirilmig pargali dogrusal
modeller bagimsiz degigkenleri iki kisma ayirarak, klasik dogrusal modellerle dogrusal
olmayan modelleri eklemeli olarak birlestirir. Dogrusal modelleri dogrusal olmayan
modellerden ayirarak, tiim genellegtirilmis parcali dogrusal modeller arasinda, dogrusal
olmayan kisim igin bir ters problem yontemi olan Tikhonov duzenlemesi uygulanmistir.
Alt modellerin bu sgekilde gosterimi giiriiltii iceren verilerde daha iyi bir tutarlilik ve

dogruluk saglamaktadir.

Bu calismada, dogrusal olmayan kismi diizenlemek igin ¢ok degiskenli uyarlanabilir
regresyon egrilerini (MARS) degistirerek kullanmay: amaglamaktayiz. Cok boyutlu
problemlerin ¢oziimiinde elverigli bir yontem olan MARS, bagimsiz degiskenlerle bagimli
degisken arasinda belirli bir iligki bigimi éngérmez. Onun yerine, bagimh degiskeni

tanimlamak i¢in bagimsiz degigkenlerin eklemeli ve etkilegimsel katkilarina yer verir.
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MARS algoritmasi ekleyerek ve eleyerek ilerleyen iki agamali bir algoritmadan olugsmaktadir.
Ik agamada en yliksek karmagiklik diizeyine ulagincaya kadar temel fonksiyonlar ek-
lenerek model yapilandirihr. Ikinci agsamada ise modele katkisi en az fonksiyonlar

eklenir.

Bu galismada biz, MARS’in ikinci asamasini olugturan geriye dogru eleme yontemi yer-
ine penalt1 yontemini kullanmay1 6nermekteyiz. Bu amagla, bir Tikhonov diizenlemesi
problemi olarak MARS icin cezalandirilmis hata kareler toplami olugturmaktadir.
Bununla birlikte, etkilesimli ve etkilesimsiz iki veri kiimesi kullanarak sayisal bir 6rnek
vermekteyiz. Parametrik kismin diizenlenmesi caligmasina ek olarak parametrik ol-
mayan kismin diizenlenmesinden de teorik olarak bahsetmekteyiz. Ayrica, sonsuz
gekirdek 6grenimi (IKL) ile Tikhonov, homojen ve homojen olmayan iki kiimesini seti
kullanilarak karsilagtirilmaktayiz. Tez, ileriki caligmalara bir bakis acisi saglayarak

sonlanmaktadar.

Anahtar Kelimeler: Genellestirilmig parcali dogrusal modeller, Tikhonov diizenleme,

CMARS, Tekrarli ve yeniden agirliklandirilan ceza yontemi, Cekirdek 6grenimi
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CHAPTER 1

INTRODUCTION

Regression analysis refers to techniques for modeling and analyzing several variables,
when the focus is on the relationship between a dependent variable and one or more
independent variables. There are various types of regression models. Familiar methods
such as linear regression and ordinary least-squares regression are parametric ones,
because it is possible to define the regression function in terms of a finite number of
unknown parameters that are estimated from the data. Nonparametric regression,
however, refers to techniques that allow the regression function to lie in a specified set

of functions, which may be infinite-dimensional.

The most widely known regression model is Linear Regression Models (LRM). Gen-
eralized Linear Models (GLM) are an extension of the linear modeling process that
allows models to be fit to data that follow probability distributions other than the
Normal distribution, such as the Poisson, Binomial, Gamma, etc.. Generalized Linear
Models also relax the requirement of the constant variance equality which is required

for hypothesis tests in traditional linear models [61].

However, GLM being a linear technique shares the common shortcomings of the linear
modeling (LM) approach. Firstly, both need the assumption that data has a distribu-
tion of exponential family. Secondly, they are affected by multi-collinearity, outliers
and missing values in the data. Besides, it is difficult to use GLM for selecting im-
portant predictors and their interactions. Finally, categorical predictors with large

numbers of categories can lead to unreliable results due to sparsity-related issues [49].

Data mining is a very popular approach dealing with these problems effectively. Data

mining techniques are typically fast, and easily select predictors and their interactions.



Besides, they are minimally affected with missing values, outliers or collinearity. As
well, they effectively process high-level categorical predictors [49]. As a data mining
technique, Multiple Adaptive Regression Spline (MARS) is very useful for high dimen-
sional problems and does not impose any specific relationship between the predictor
and dependent variables. Instead, it can estimate the contribution of the basis func-
tions so that both the additive and interaction effects of the predictors are allowed to

determine the dependent variable.

The use of MARS to enhance GLM building makes the model-building process consid-
erably faster and more efficient [49]. In this study, we will analysis an extended form
of GLM, which is known as Generalized Partial Linear Models (GPLMs). In GPLM,
the usual parametric terms are augmented by a single nonparametric component. In
other words, GPLM decomposes input variables into two sets and additively combines

classical linear models with nonlinear model part.

Generalized partial linear models have a great advantage that consists in some grouping
which could be done for the input dimensions or features in order to assign appropriate
submodels specifically [92]. There are linear, nonlinear ones as well as parametrical and
nonparametrical ones. By separating linear models from nonlinear or nonparametrical
ones, inverse problem methods such as Tikhonov regularization [3] can be applied
for the linear submodels separately, within the entire GPLMs. Such a particular
representation of submodels provides both a better accuracy and a better stability

(regularity) under noise in the data.

In this thesis, we aim to integrate GPLM with a modified form of MARS. The MARS
algorithm has two steps to estimate the model function: these are the forward and
backward stepwise algorithms. In the first one, the model is built by adding basis
functions until a maximum level of complexity is reached. Whereas, in the backward
stepwise algorithm, it starts removing the least significant basis functions from the
model. In this study, we propose to use penalized residual sum of squares (PRSS)
to the control complexity and accuracy of the model instead of the backward algo-
rithm and treat it as an optimization problem. This alternative method to the back-
ward stepwise algorithm provides an alternative modeling approach for MARS, named

Conic Multivariate Adaptive Regression Splines (CMARS). Here ‘C’ represents not



only the word conic but also convex and continuous.

By using penalty terms, we built PRSS changing the form into a Tikhonov regular-
ization problem and solve it by using regularization toolbox of MATLAB. As well as
studying the regularization of the nonparametric part, we also mention theoretically
the regularization of the parametric part. However, for the sake of simplicity, we
disregard the parametric part, knowing, however, how to deal with in the presence
of linear part. Besides, we provide numerical examples for the regularization of the
nonparametric part with two data sets; one has interaction and the other does not

have.

Furthermore, we also focused on a classification technique, Infinite Kernel Learning
(IKL) which is a modern method of Machine Learning (support vector machines).
Classification is easier if the data is linear. However, if it is not, then, kernels are very
helpful as it is possible to project data into a higher dimensional feature space where
usual linear classifiers can be applied to classify the data as if the data is linear. If
the data is huge, there is need for many kernels and multiple kernel learning is used
for heterogeneous and large-scale data. Our method, Infinite Kernel Learning (IKL),
is based on the motivation of multiple kernel learning. Besides, we analyze three
data sets and display the results. Besides, we make a comparison between the two
methods; IKL and Tikhonov regularization. For this aim, we use two data sets with
the difference consisting in the (non-)homogeneity of the data. After analyzing the
data sets, we compare the results of the methods by using some statistical performance

measures. We conclude with an outlook to future studies.



CHAPTER 2

LITERATURE SURVEY AND BACKGROUND

2.1 Linear Regression Models

Linear Regression is a statistical technique that correlates the change in the dependent
(response) variable to the independent (regressor) variable(s). In linear regression, the
model is not necessarily linear in the independent variables. Instead it depends linearly
on the unknown parameters and has a linearly additive relationship. The general form

of a Linear Regression Model (LRM) is as follows [66]:

y = Bo+ B1x1 + Powa + ... + By + €.

Here, y represents the response variable, z; (i = 1,2,..., k) represent the independent
variables and ¢ is the unobserved random error term. It is assumed that errors are
normally distributed and mutually independent zero mean random variables, each
with the same variance o2. Besides, 3y is the intercept term, also known as ‘bias’ in
some fields, and the parameters 3; are unknown regression coefficients measuring the
strength of the relationship between independent and dependent variables. In other
words, they explain the expected change in y corresponding to the one unit change in

x; assuming ceteris paribus. If it is positive, y increases as x increases.

In general, the goal of linear regression is to find the line that best predicts the
dependent variable from a set of data. Numerous procedures have been developed
for this purpose but least-squares estimation (LSE) is the most popular one by far.
However, in some cases it is not useful and it is preferred to use a more general form of
it, which is called as mazimum likelihood estimation (MLE) [39]. Both methods find

the line that minimizes the sum of the squares of the vertical distances of the points



from the hyperplane.

2.1.1 Least-Squares Estimation Method

The least-squares method is a simple but powerful prediction method. It can be
interpreted as a method of fitting data. For the simple univariate linear model with

N observations, the model is
yi = Bo + Pra; +¢ for i=1,2,... N,

where N is the number of the data with E(g;) = 0 and Var(e;) = 0. The least-squares
estimates of By and 1 can be found by minimizing the function of the residual sum

of the squares (RSS) between y and its expected value:

N N

RSS(Bo, 1) = > (vi — Ew:))* =D _(vi — Bo — Bri)*.

i=1 i=1

To estimated values of By and £ can be found by minimizing the following equations:

ORSS _ = ORSS _
96 0B '

The LS estimators are often referred to as Best Linear Unbiased Estimators (BLUE's),

since the LS estimators have minimum variance among all linear unbiased estimators
[5].

There can be more than one regressor variable, let us say k variables, then, we use
Multiple Linear Regression (M LR) model. In MLR, the data looks like as in Table
2.1 [63]:

Table 2.1: Data for Multiple Linear Regression

Yy x1 x2 Tk

U1 Z11 Z12 e T1k
Y2 x21 x22 cee T2k
YN TN1 TN2 cee TNk




The model can be written as:
k
yizﬁo-f-Zle‘ij-f-Ei fori=1,2,..., N,
j=1
where errors are assumed to be uncorrelated random variables with E(g;) = 0 and
Var(e;) = 0. In MLR, RSS is as follows:

2
N

k
RSS(B) =Y |vi—Bo—>_ wiB

i=1 j=1
Since there are N equations with £+ 1 unknown parameters and also it is a quadratic

function of the parameters, it is more practical to write in matrix form [39]:
y=XB+e. (2.1)

Here, y is the N x 1 response vector; 3 is the (k 4+ 1) x 1 regression coefficients

vector including the intercept; € is the NV x 1 random error vector; NN is the number of

observations in the data set, and X is the N x (k + 1) independent variable (design)
matrix, defined as follows by the input data X;; (i =1,2,...,N;j =1,2,...,k):

1 X1 ... Xik
1 Xo1 ... Xop
X =
_1 Xn1 o . XNk |

Then, RSS can be represented as follows [39]:
RSS(B) = (y = XB)"(y — XB) = lly - XBI3. (22)

Here, ||.||5 is the Euclidean norm.

Differentiating RSS with respect to 3 results in
VRSS(B) = —2XT(y — X1).
After setting the first derivative of RSS to zero, we get the normal equations [39]
XTxpg=Xx"y.
If X7 X is nonsingular, the unique solution can be obtained and the fitted values are
defined as
§=XB=X(XTX)'XxTy.
However, if XT X is singular, then the Singular Value Decomposition (SVD) method

is used to obtain solutions for the normal equations.



2.1.2 Maximum Likelihood Estimation Method

Least-squares estimation is a very convenient method, however, in some cases it does
not make much sense. If the distribution of the errors is known, then MLE is an
alternative estimation method. In fact, it is a more general approach and has better
statistical properties than LSE [39]. For example, while Least Square(LS) estimators
have minimum variance among only linear estimators, Maximum Likelihood (ML)
estimators have minimum variance when compared to all other unbiased estimators,

so this method is more efficient than LS method.

The likelihood of a set of data is the probability of obtaining that particular set of
data, given the chosen probability distribution model. The values of the unknown pa-
rameters that maximize the sample likelihood are known as the Maximum Likelihood

Estimates or MLE’s [73].

In LS method, we do not need any distributional assumption, whereas in MLE we
need to know the distribution. By assuming that random errors of data points are
uncorrelated and normally distributed with variances 03 (i = 1,2,...,N), we can
derive the ML estimates of the equation (2.1). The probability density function for y;
(t=1,2,...,N) is as follows:

1B ) =~ exp |~ B) (23)

2770242 @

where o is a diagonal matrix with diagonal entries o1, o9,..., oy, that is assumed to
be equal to a constant term, o. As the likelihood function consists of the joint mul-
tiplications of each density function y;, when o; = ¢ (i = 1,2,..., N), the likelihood

function of the equation (2.3) looks like :
N

LB.oly) = T[fw)
i=1
N
= (2n0Y) M 2exp [Z <2;12(yz‘—(X,3)i)2> :
i=1

It is more practical to take the logarithm of the likelihood function. Thus, the log-
likelihood is:

L = 5 I (2n0%) — oy~ XB)'(y ~ XB)

_ N In (27m0?) — — RSS(B),
2 o



where RSS((3) is same as in equation (2.2). Obviously, the first part consists of
constant terms like IV, 7 and o, so we can ignore it. In the second part, on the other
hand, RSS is not constant and to maximize the log-likelihood function, we need to
minimize RSS with respect to 3. Then, it turns to the same least-square problem
mentioned before. This means that the MLE method gives identical estimates with

LSE when the errors are random and normally distributed [5, 39, 73].

When there is heteroscedasticity (o; # o; for all i # j) among uncorrelated error terms
that follow a multivariate normal distribution with a known covariance matrix, then
we should also consider standard deviation o; in equation (2.4). Our new minimization

problem looks like

i=1 i
By using a diagonal weight matrix W := diag(1/01,1/09,...,1/0x), the new system

of equations is

Yw :Xw:B+€7

where X, := WX and y,, := Wy. If Xng is nonsingular, then the MLE of 3 for

a weighted system is obtained by the following equation:
B =(XTx,)'xLy,.

Although both MLE and LSE methods provide parameter estimators that have many

good properties, they are sensitive to the presence of outliers [73].

2.1.3 Nonlinear Regression Models

In real life, it is not always possible to see a linear relationship between variables.
Sometimes the true relationship to be modeled may be curved, rather than a straight
line or a flat plane. Then, to fit something like this, we need nonlinear regression

models.

Nonlinear Estimation is a general fitting procedure that will estimate any kind of
relationship between dependent and independent variables. The dependent variables

are modeled as a nonlinear function of model parameters and one or more independent



variables. In general, all regression models may be stated as:

Y= f(mv 0) + ¢
where 0 is a (k x 1)-vector of unknown parameters 8=(61,0s,...,0;)7, € is an un-
correlated random error term with variances o? (i = 1,2,...,N) and a zero of

mean, f(x;0) is the expectation function for the nonlinear regression model and
x = (z1,72,...,75)" is an input vector [66]. Entire equation can be comprised in

vector notation by the following system:

y =n(0) + ¢,

where 1(0) = (f(x1,0), f(22,0),..., f(zn,0))T and € is the vector of residual.
There are many methods for nonlinear regression models: Nonlinear Regression meth-
ods, Maximum Likelihood Estimation method, the Gauss-Newton method and the

Levenberg-Marquardt Method [104].

2.2 Generalized Linear Models

Generalized Linear Models (GLM) are used in many areas of prediction, in regression
and classification as well. It makes it possible to flexibly look for linear and nonlinear
relationships between a continuous, or binomial, multinomial categorical dependent
variable and categorical or continuous predictor variables. This approach is used when

the normality and constant variance assumptions are not satisfied [66].

A number of widely used types of analysis can be considered as special applications
of generalized linear models, such as binomial and multinomial logit and prohibit re-
gression models. In generalized linear models, the mean value of a dependent variable
depends on a linear predictor through a nonlinear link function and allows the re-
sponse variable Y'; its probability distribution to be any member of an exponential

family of distributions which has the basic structure
wi = h(n) = WXTpB), where pu; = E(Y;), fori=1,2,...,N. (2.4)

Here, N is the number of data, h denotes the smooth link function, XzT is the ith row

of the model matrix X and 3 is the vector of unknown parameters.



A GLM usually makes the distribution assumptions that the response variable is
independent and can have any distribution from an exponential density family. It has
the following form [103]:

y0 — b(0)
a(¢)

where b, a, ¢ are arbitrary functions, ¢ is an arbitrary, so-called scale parameter and

folw) = oo +el.9)). (25)

# is known as the canonical parameter of the distribution.

Many widely used statistical models are belonging to GLMs. For example: classi-
cal linear models with normal errors, logistic and prohibit models for binary data,
log-linear models for multinomial data, Poisson, Binomial, Gamma and Normal Dis-
tribution, etc.. These can be formulated as a GLM by selecting an appropriate link
function and a response probability distribution. If the identity function is chosen as
the link along with the normal distribution, then ordinary linear models are recovered

as a special case.

2.2.1 Properties of the Exponential Family Distributions

Before finding the mean and variance of Y in 6, we give the following to properties:

° E(B‘%l(y,&,qb)) =0, where (y,0,¢):=log(f(y,0,9)),
o B(Z1(y,0,0) = —~E(Zl(y,0,0))>

Both statements follow from the well-known result that the integral of a probability

function is always equal to one over the whole range:

/f(yﬁ, P)dy = 1.

The first property can be derived by taking the derivative with respect to 6

/Wdy =90, / <alog(f8(z’ ’ ¢))> f(y.0,6)dy = 0.

The right-hand sight correspond the expectation of w. Thus,

E <8 log(ggy’g’ ¢)> —0. (2.6)
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The second property is obtained taking the second derivative with respect to 6:

0 [ (“eEEF2) [ (4,6, ¢)dy

90 =0
?U(y,0,9)f(y,0,p)dy oy, 0,0)0f ,
/ 062 + / a0 0™ = O
82l(y7 97 ¢) _ al(y7 07 ¢) 2
(P00 __y (0001 o

It is easy to find the mean and variance of Y by means of §. From the form of the
exponential density (2.5), it follows that

y0 — b(0)

l(y,0,0) = a(0)

+ c(y, P). (2.8)

By taking the derivative and using the expectation of (2.8), we get:

E< 90 )‘ @)

The left-hand side is zero by (2.6). Hence,

The variance can be found by taking one more derivative:

O%(y,0,6) V(0
002 ae)

From (2.7), we obtain

() o () 5 (58)

By evaluating the derivative of (2.8), we get:

_E(Lbl(e)y _ V) E(y—p)? _ b(0)
a(9) a(@)’  a?(9) a(d)
Var(y) =b"(0)a(s). (2.10)

This form covers all the cases of practical interest here. For example, it allows the

possibility of unequal variances in models based on the normal distribution.
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2.2.2 Estimation

While the maximization of likelihood turns out to need an iterative least-squares
approach, the estimation and inference for GLM are based on the theory of MLE. Even
though the estimation needs a numerical approximation, each step of the iteration
can be given by a weighted least-squares fit. Since the weights are varying during
the iteration, the likelihood is optimized by an iteratively reweighted least squares

algorithm IRLS.

2.2.3 Maximum Likelihood and Deviance Minimization

As stated before, Y is a vector of N response variables denoted by Y = (Y1, Ya,..., Yy)T
and member of exponential family distribution with canonical parameter 6;, which is
determined by p; (via equation (2.8)) and, hence, by B ultimately. Given a vector Y,

maximum likelihood estimation of 3 is possible.
The sample log-likelihood of the vector Y is
N
— _ T
E(Y7l~‘l‘7¢) _ZE(E7927¢)7 where H = (/’L17ﬂ27"‘7MN) ) (211)
i=1
with 6; is a function of n; = Xl-T,B and 0(Y;,0;, ¢) = log(Yi, 0;, 0).

Although the estimation method of choice for 8 is maximume-likelihood, there exists an
alternative method, the so-called Minimization of Deviance [64]. The scaled deviance

is defined as follows:

D(Yau’v ¢) = 26( Y’ “maz7¢) - E(KH’) ¢)

max

Here, is the vector that maximizes the saturated model. Since the term ¢( Y, u™** )

does not depend on 3, the minimization of the scaled deviance is equivalent to the

maximization of the sample log-likelihood (2.11).

The non-scaled deviance is shown with the following equation [64];

D(Y,p) = D(Y, p, )a(®). (2.12)
The non-scaled deviance D(Y, ) can be thought as the GLM equivalent of the residual

sum of squares (RSS) in linear regression, since it compares the log-likelihood ¢ for

the model p with the maximal achievable value of ¢ [64].
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The maximum likelihood representation of (2.12) can be found by using (2.8) in equa-

tion (2.11). Thus,
N

Y g) = S
i=1

As seen before, neither a(¢) nor ¢(Y;, ¢) depends on the unknown parameter vector 3

— (Y3, 9)). (2.13)

(through 0). Therefore, it is sufficient to consider

N

> (it — b(6;)) (2.14)

=1

for the maximization. By taking derivative of (2.14) and denoting it as the gradient

N N
0 0
= 2[-2> (Y6 —0(6:)] = =2 Y (Y —V'(6:) 530
V(B) 8,6'[ ;:1( 0; — b(0:))] ;:1( b'(6 ))659
our optimization problem becomes V(8)=0. This is a nonlinear system of equations

in B and an iterative solution has to be computed.

2.2.4 TIteratively Re-Weighted Least Squares Algorithms

Iteratively Re-weighted Least Squares Algorithm (I RLS) is a method to find the max-

imum likelihood estimates of a generalized linear model.

Two well-known iterative maximum likelihood algorithms are Fisher-scoring and New-
ton-Raphson. Both algorithms give the same parameter estimates; however, the esti-
mated covariance matrix of the parameter estimators may differ slightly. This is due
to the fact that the Fisher-scoring method is based on the expected information ma-
trix while the Newton-Raphson method is based on the observed information matrix.
In the case of a binary logit model, the observed and expected information matrices

are identical, resulting in identical estimated covariance matrices for both algorithms.

In our optimization problem, the smoothness of the link function allows us to compute
the Hessian of D(Y,u), denoted by H((3), so that Newton-Raphson algorithm can be
applied using the following iteration steps [64]:

snew  sold ~old 5 old

B =8 —(HB )'V(EB).

By replacing the Hessian by its expectation, it turns out to be the Fisher scoring

algorithm [64]:
~old

)T'V(BT).

~new

A =g — (BHB

old
)

13



For these iterations, there exists some simple representations. We have the following

equation (from (2.4) and (2.9)):
pi = hin;) = M(XTB) =b'(6).

By taking the derivative of the right-hand term with respect to 3, we get:

0
WXTBX: = V'(6:)550i
(X5 8) (6 55%
90, W),
op Vi)™ "
where V(u;) = b"(6;). Now, one more derivative is taken:
0, _ W)V (ps) = W () V' (i)
0BT V(1i)?

Hence, the gradient and the Hessian of the deviance can be expressed by [64]:

X, x7I

_ ZN M)
i=1 ¢
B ZN Rm)? o R ) V() — R0V (), o ot
H(IB) - 2121(‘/(”2) _(Ytb_ Z) V(,Ufl)2 )X'LX'L .

The expectation of H(83) in the Fisher scoring algorithm equals

N

EH(B) =2 (

=1

W (n;)?
V(i)

Then, the Fisher Scoring iteration step for B can be expressed with the following

formula [64]:

\D.€P. ¢

grev =g+ (XTWX)'XTY = (XTWX)'XTwz,

with the weight matrix is W := diag(}i;({lzll))2 e I};((Z’Q; ) and with the vectors Y =

Vi V)T, Z = (Zh,.., Z)T, by Vi = et and 2, = m; + Y, = X701 4 i
(i=1,2,...,N).

Since the weights are recalculated in each step, it is called as the iteratively reweighted
least squares (IRLS) algorithm. For the Newton-Raphson algorithm a representation
equivalent to above can be found, only the weight matrix W' is different in our case

of the Fisher scoring iteration.

The iteration will be stopped when the parameter estimate and/or the deviance do not

change significantly anymore. Then, B is the final parameter of the iteration process.
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2.3 Generalized Partial Linear Models

A Generalized Partial Linear Model (GPLM) extends the GLM in that the usual

parametric terms are augmented by a single nonparametric component.

2.3.1 Introduction

The GPLM model is given by [92]
E(Y|X, T) = G(XT8 +~(T)), (2.15)

where B = (B1,52,...,8m)T is a finite dimensional parameter and 7(-) is a smooth
function which we try to estimate by B-splines. Here, X denotes an m-variable
random vector which typically covers discrete covariables, and T is a g-variate random

vector of continuous covariables to be modeled in a nonparametric way.

Straightforward maximization of the log-likelihood function L, which is written in the
composite form L(6(3,7)) to emphasize the roles of predictors, parameters, and of
the unknown curve is no longer appropriate as a method of estimation. This leads
to overfitting in the absence of any constraints on 8. Indeed, it typically renders
the parameters B unidentifiable. But progress is possible by maximizing instead a
penalized version of log-likelihood, if we are willing to place weak constraints on the
form of 4 by assuming that it is smooth. Thus, we maximize the penalized log-

likelihood [92]

1

b
£n.9) = LOB.A) - 57 [ (0Pt

where H(p) := n(X, T) = XTB+~(T), and G := H ' is a link function which links

the mean of the response variable to the predictors.

Here, ¢ represents the log-likelihood of the linear predictor and the second term is the
penalizing part, and 7 is a smoothing parameter that controls the trade-off between
accuracy of the data fitting and its smoothness (or complexity) [14]. By smoothing, it
is desired to guarantee that the estimation is sufficiently robust with respect to noise

in data and other forms of perturbation [92].
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2.3.2 The Mathematical Tool of Splines

Models that closely fit the data is preferable in any regression procedure. Transfor-
mations of the response variable is a method to improve the fit and may help to fix
violations of model assumptions such as constant error variance. Also a predictor vari-
able can be divided into logical categories (e.g., weight categories), or additional terms
that are functions of the existing predictors such as quadratic or cubic terms can be
added. Nonetheless, methods such as spline modeling, taking into consideration the
variation in the relationship between the predictor variable and the response variable,
may provide a better fit both within and between levels of the predictor variable. Still
no one is the best approach, as some modeling methods may produce better results
for predicted values (e.g., narrower confidence intervals) than other methods, depend-
ing on the data. Greenland (1995) [28], indicating that categorical analysis does not
make use of within category information and is based on an unrealistic model for
dose-response and trends, propose to use spline regression (and fractional polynomial
regression) as an alternative method to categorical analysis for dose response and
trend analysis. Spline regression is based on more realistic category-specific models

that are especially beneficial when subjected to nonlinearity [45].

Splines either line or curve are usually required to be continuous and smooth. Univari-
ate polynomial splines are piecewise polynomials in one variable of some degree k with
function values and the first k-1 derivatives that agree at the points where they join.
These points that mark one transition to the next are referred to as break points, inte-
rior knots, or simply knots [23, 80]. Knots provide the curve freedom to turn as well as
follow the data more closely. Although splines with few knots are generally smoother
than splines with many knots, the fit of the spline function to the data increases by
allowing more knots [32]. For any given set of knots, the smooth spline is computed
by multiple regression on an appropriate set of basis elements, or basis functions rep-
resenting the particular family of piecewise polynomials. The truncated-power series
basis is a simple choice of basis functions for piecewise splines [92]. Although concep-
tually simple, truncated power series are not attractive numerically, because they can
allow big rounding problems. Despite there are many types of splines and estimation

procedures [23, 30], in this thesis we will focus on GPLM by using B-splines. B-spline
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bases, on the other hand, allow for efficient elegant computations even when there is

a huge number of knots [8].

2.3.2.1 B-Splines

The term B-spline was introduced by Isaac Jacob Schoenberg and is the short form of
basis spline. B-spline functions have a minimal support regarding over a given degree,
smoothness, and domain partition. According to a fundamental theorem, every spline
function of a given degree, smoothness, and domain partition, can be outlined as a
linear combination of B-splines of that same degree and smoothness, and over that

same partition [8].

B-splines consist of polynomial pieces having a special connection among pieces. In a

B-spline, each control point is connected with a basis function. The curve is [92]
I8
Y(t) =D NBx(t)  (t€[a,b]),
j=1

where A1, A2, ..., A, are r control parameters, B; 1 (t) are basis functions of degree £,
t= (t1,t2,...,t5)7 is a knot vector with a < t; < ;41 < b, and must be specified by

k =q —r — 1. This determines the values of ¢t at which the pieces of the curve join.

Let us note some important examples:

e Zero-Degree B-spline:

L, t; <t<tj, ,
Bjo(t) = for j=1,2,....¢
0, otherwise,

e k-degree B-spline [92]:

t—1 Livkyr — 1
Bjx(t) = *-Bjp-1(t) = - ———Bjx-1(t)  (k=1);
livk — t; Litk+1 — tjt1
for k > 2, its derivative is
d k k
TBwt)= —— By )+ ——— B pa(b).

B-spline bases overlap with each other. For example, first-degree B-spline bases over-
lap with two neighbors, second-degree B-spline bases with four-degree ones, and this

continues like this.
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Some properties of a B-spline are [92]:

e it consists of k£ + 1 polynomial pieces, each of degree k;
e the polynomial pieces join at k inner knots;
e at the joining points, derivatives up to order k — 1 coincide;

e a B-spline basis function is positive on a domain spanned by k+ 2 knots; outside,

it is zero;
e except at boundaries, it overlaps with 2k polynomial pieces of its neighbours;

e at a given point ¢, k + 1 B-splines basis functions are nonzero.

2.3.3 Estimation Methods

Although the maximization of likelihood turns out to require an iterative least-squares
approach, estimation and inference for GLMs are based on the theory of maximum
likelihood estimation. A particular semiparametric model of interest is the generalized
partial linear model (GPLM) which extends the generalized linear models in that
the usual parametric terms are augmented by a single nonparametric component.
Generally, the estimation methods for GPLM are based on the idea that an estimate
of 3 can be found for a known ~(-) and an estimate of 4(-) can be found for a known
(3. In this thesis, we will focus on different types of estimation of v(-) and 3 based on

B-splines.

2.3.3.1 Penalized Maximum Likelihood

Let us consider the GPLM model (2.15) in the introduction part, where it is assumed
that G = H~! is a link function. Here, however, the model can be thought as semi-

parametric GLM since all terms are linear except one; i.e.,
m
H(p)=n(X,T)=X"B+4(T)=>_ X;8;++(T) (i=12,...,N). (216)
j=1

For simplicity, the observation values t; of T' in GPLM are considered one-dimensional.
Then, u; = G(n;) and
i = H(pw) = X] B +~(t:). (2.17)
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We will use penalized maximum likelihood estimation to avoid overfitting. This
method is characterized through a score function 94(n,y)/0n. For this model the
penalized maximum criterion is given by [92]:

b
5B = ) - 57 [ 07 ). (215)

As we estimate the model by penalized maximum likelihood, we desire to maximize
(2.18) and for this we minimize the second part. We will do it by using B-splines
through the local scoring algorithm, so we write a k degree B-spline with knots at
the value t; (i = 1,2,...,N) instead of y(¢). There will be N — 2 interior points and

N + k — 1 unknown parameters.

Hence, we reach a representation
v
V(1) = Z AjBjk(t),
j=1

where \; are coefficients, B;; = B; are B-spline basis functions and v=N + k — 1.

The vector notation is as follows:

where v(t):= (v(t1),...,7(tn))" and B= (B;;)i=1,
J
Bj(ti), and A= ()\1, )\2, ey )\V)T.

...~ is a (N xv)-matrix of B;; :=

If we define a (vxv)-matrix K= (Kj)g =12, n matrix by Ky = ff Bl(t)B](t)dt,

then the penalized maximum criterion (2.18) can be written as

i(Bory) = (. y) — %T}\TK)\. (2.19)

By assuming N > v and that B has full rank, we insert the least-squares estimation
X = (BT B)"'BT~(t) into equation (2.19) and write M:=B(B”B)~"'K(B"B) ' B7,

then we get

J(By) =1l(n,y) — %T"/TM’Y- (2.20)

Now, to solve the minimization problem of (2.20), we need to find the optimal esti-

mators 3 and 4. Let us denote g1 :=X B and g, :=v(t); then (2.17) will be

H(p) =n(X,t) = g1 + g2,

19



where X is an (N x m)-matrix, and g; and g are N-vectors of entries X7 3 and (),
respectively. The following system of equations should be solved to maximize (2.18)

over g7 and go:

95(B,7) on \r0l(n,y)

_ —0, 2.21
0g1 (391) on (2:21)
2j(B,v) _,0n p0l(n,y)
= —7Mg, =0.
g2 (392) on T2

These system equations are nonlinear in 7 and g2. To reach a solution, they are

linearized around a current guess n° and obtain a Newton-Raphson type equation:

85(7%9) ~ 8€(T]7y) 825(7%?/) 0

By using (2.22) in (2.21), and putting r:=0¢(n,y)/0n and C:=—0%((n,y)/onn", we

reach the following matrix notation:

C C L _ g0 r
91 —91) _ ’ (2.23)
C C+m™™ g2' — g2° T—TMQg

where (g9.99) — (g1.95) is a Newton-Raphson step, and C and r are evaluated at
n°. To have a more simple form for the equation (2.23), let us put h:=n°+C~1r,
and Sp:=(C+7M)~'C that is a weighted B-spline operator. Then, (2.23) takes the

form
cC C 1 C
91 _ h. (2.24)
SB I g% SB
If we multiply the upper row with C~1 and the second row with (C + 7M)~!, we

can transform it to

1 X 31 h — gl
g _ (XPT) _ 92 ) (2.25)
93 e Sp(h—g7)
Here, 3 and 4 can be found explicitly with no iteration (inner loop backfitting); then,
fh=XB=XXTC(I-SpX 'XTC(I - Sp)h,

jo =4 = Sp(h — XB),

=

(2.26)

where X=(ij)i=12,. N; j=12,.m is the regression matrix for the values x; and h
is the adjusted dependent variable. Furthermore, Sp computes a weighted B-spline

smoothing on the variable ¢; with weights given by C=—0%¢ (n,y)/0 nmT.

Newton-Raphson updates solve a weighted and penalized quadratic criterion. This

criterion is a local approximation of the penalized log-likelihood. From the updated
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(ﬁ, %), the outer loop must be iterated to update i and, thus, h and C. Then, the
loop is repeated until convergence is sufficient [27]. As the outer loop is simply a
Newton-Raphson step, a step size optimization is performed, and the outer loop will

convergence. Let us consider a trial value of the form

n®:=¢n' +(1- o)’ (2.27)

with gs (s = 1,2) defined. Thus, (2.27) becomes a Newton-Raphson step of size ¢
and we maximize j(n(¢)) over ¢ [92]. Convergence is ensured by the standard results

on the Newton-Raphson procedure [74].

The asymptotic properties of these models can be found in [27, 38]. By considering

the equations (2.26), we obtain

EB)=8+X"C(I-Sp)X} 'X"C(I — Sg)BA,
Cov(B) = (XTC(I - Sp)X} ' XTC(I - Sp)2X(XTC(I - Sp) X} 1,

where {XTC(I-Sp) X} ' XTC(I-Sp)BA is the estimated correction term.

Besides, considering the equations (2.25)-(2.26), the functions g1 and g2 are estimated
by linear mapping or the smoother applied to the adjusted dependent variable h, with
weight C' given by the information matrix. When Rp is the weighted additive fit

operator, then, by convergence,
i) = Rp(7 + C~'#) = Rph,

where f:éw(n,y)/ﬁn]ﬁ [92]. By changing from h, Rp and C to their asymptotic
versions hg, Rp, and Co, where h~hg has mean n° and variance C’O_lqb ~ C 1o

Then,

Cov(i) ~ Rp,Cy RE, ¢

Q

RBC_IquSv

and

Cov(ds) ~ Rp,C~ R} ¢ (s =1,2).

Here, Rp, is the matrix producing g; from h based on B-splines. Besides, 7 is

asymptotically distributed as N(ng, Rg,C{ ! Rgoqﬁ) [38].
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2.3.3.2 Penalized Iteratively Re-Weighted Least Squares

The penalized likelihood is maximized by the penalized iteratively reweighted least
squares (P — IRLS) method. By denoting B and 4 as the estimated parameter
vectors of B and ~, and ngp]:X?,@} + T, uz[-p] = H‘l(nz[p]), respectively, where G(nl-[p})
is the inverse function of the link at the pth iteration. Thus, we can express (2.24) as

the linear system that finds g; and g,. Finally, we minimize the following equation

to find the (p + 1)th estimate of the linear predictor nlP+1:
ICP (R — )2 + 7y M, (2.28)

where ||.||2 is the Euclidean norm and h!! is the iteratively adjusted dependent vari-

able. It is expressed by
W= P 1 () (s - ),

where H' is the first derivative of H with respect to 8 and C Pl is a diagonal weight
matrix with elements Ci[f] = 1/V(u£p])H’(M£p])2, where V(,ugp}) is proportional to the
variance of Y; according to the current estimate u[p ! By using vy(¢)=BAX in (2.28),

i

then it looks as follows:
ICP (Rl — X3 — BA||s + TATKA. (2.29)

Here we assume that K is of rank z < v [27]. It is possible to write JT KJ=I,
TTKT=0 and J'T=0, where J and T are two matrices with v rows and with full

column ranks z and v-z, respectively. Rewriting
A=T6+ Je, (2.30)

with vectors d and e of dimensions z and v-z, respectively. Now, the term (2.28)

becomes

B

|ICP/(RF — (X, BT _ BJe)||s + reTe.

We can split its minimization by separating to solution with respect to 3 and é from

the one on e, by using Householder decomposition [20]. Then, we can write
Qic¥(x BT =R, QjCF[X BT| =0,
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where Q=[Q1,Q2] is orthogonal and R is nonsingular, upper triangular and of full

rank m + v — z. Then, our problem turns to minimize the sum of

B

IQTC*h* — R — Q{C"BJe||2 (2.31)

with respect to (3,9), given € based on minimizing
IQE¥C*n* — QI C*BJe|y + 1eTe. (2.32)

By an appropriate choice of 3 and 6, given £, the term (2.31) can be set to zero. If
we take H:=QITC*h* and V:=QTC*BJ, (2.32) becomes the minimization problem

|H — Ve|g+rele,
that is a Tikhonov regularization problem [3]. The solution is
e=WVIV4+r1)"'VTH.

We can find other parameters as

B

0

= R'Qlc*(H - BJ?).

The vector A can be computed from (2.30) and thus, n[p+1}:X5+BX can be com-
puted. The matrices J and T can be computed via a Cholesky and Householder

transformation [20].

2.3.3.3 An Alternative to the Choice for Penalty Parameters

Penalized maximum likelihood method and also P-IRLS methods both contain the
smoothing parameter 7. To estimate this parameter, there are two commonly used
methods; Generalized Cross Validation (GCV') and minimization of an UnBiased Risk
Estimator (UBRE) [14]. However, here, we will mention an alternative method, called

conic quadratic programming [92].

If we turn back to equation (2.29) and use Cholesky Decomposition, where K is a

(vxv)-matrix K such that K=UTU, then, the equation is:
W —vll2 + 7| U3 (2.33)
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Here, @:=(87,AT)T, W:=CP/(X,B) and v:=CP|pl].

Then, the problem (2.33) turns into an optimization problem with constraints:
min G(g) subject to g(A) <0, (2.34)

where G(p) = |[W¢ — vl||2 and g(A):= |[UA|2 — M, and M > 0 which is chosen
with some tolerance before or adapted in a learning process. Then, the optimization

problem (2.34) can be equivalently written in the following form:

min ¢,
subject to W — o3 <2

U2 <M, t=0,

where W and V are (N x(m+v))- and (vxwv)-matrices, while ¢ and v are (m-+v)-

and n-vectors. Then, our optimization problem becomes:

min ¢,
subject to IWe —vl|2 <t,
[Tl < VA, (2.35)

By use of continuous optimization techniques, from conic quadratic optimization pro-

gramming [68]:

min cTa:,

subject to |[Dsx —dills <plax—q, (i=1,2,...,k).

it can be seen that the minimization problem is a conic quadratic programming prob-

lem with

C= (1 OT )T7 T = (t7 SOT)T = (tnBTv)‘T)Tv Dl = (ONa W)> dl =7,

y Ym—+v

b = (17 O> cee 70)T7 q = 07 Dy = (Ova vama U); do = Ova Po = 0m+v+1

and gg = —V M.
Equation (2.35) is reformulated for writing the dual problem to this problem and it
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looks as follows:

min ¢,
. ON 1%'4 t —v
subject to Y = + )
1 O%-ﬁ-v ¥ 0
0y Oyxm U t 0y
p = )
0 ol ol \¢ VM

where LNt Lv+1 are the (N 4 1)- and (v+1)-dimensional ice-cream (or second-order,

or Lorentz) cones, defined by:

Ll+1 = { T = (l‘l,l‘g, SERE) xl—i—l)T € RH_I |

T >+ 42} (1>1).
The dual problem to the latter problem is given by

max (v?,0)K; + (01, —VM)K,

ol 0
o, 1 1
such that K+ |0,x, 0,,| K2= )
WT Om-l—v T Om—I—v
U 0,

K, e LN+1,K2 € LU+1.

Classical polynomial time algorithms can be used to solve convex optimization prob-
lems such as semi-definite programming, geometric programming and, in particular,
Conic Quadratic Problems. However, these algorithms use only local information on
the objective function and have constraints. To solve “well-structured” convex prob-
lems like conic quadratic problems, Interior Point Methods [81, 70] firstly introduced
by Karmarkar in 1984, are used. These methods (also called Barrier Methods) are
based on both the given (primal) and the dual problem. They allow better complexity
bounds and performs better practical performance. As well, they guarantee feasibil-
ity throughout the entire iteration procedures, while penalty methods and Tikhonov
regularization can be regarded as Faterior Point Methods with possible infeasibility

[92].

Until now, it is explained that a spline regression problem can be presented either as

a Tikhonov regularization problem or as a conic quadratic problem. In the following
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chapters, we will explain about both Tikhonov regularization and Conic quadratic
problems which we connect with multiple adaptive regression splines (M ARS) for our
nonlinear arbitrary function ~(¢). This is called as adaptive because the selection of
basis functions is data-based and specific to the problem at hand. By this connection,

conic multivariate adaptive regression splines (CM ARS) will be introduced.

2.3.4 Motivations and Applications

Generalized partial linear models (GPLMs) has a great advantage that consists in
some grouping which could be done for the input dimensions or features in order to
assign appropriate submodels specifically [92]. There are linear, nonlinear ones as well
as parametrical and nonparametrical ones. By separating linear models from nonlinear
or nonparametrical ones, inverse problem methods such as Tikhonov regularization [3]
can be applied for the linear submodels separately, within the entire GPLMs. Such a
particular representation of submodels provides both a better accuracy and a better

stability (regularity) under noise in the data.

Among the real-word motivations which lead to GPLMSs, there are the following ones,

all of them related with important modern applications [92]:

(i) General empirical knowledge and data bases (contributing to a linear submodel)
and expert knowledge, e.g., in the financial or actuarial sectors, contributing to a
nonlinear model; in the field of understanding the role of expert knowledge, still too

little is understood yet.

(ii) Remaining in the area of financial markets and representing various processes by
stochastic differential equations and Lévy processes, the deterministic drift term could
be stated by a linear submodel whereas the (possibly simulated) stochastic diffusion
term and the compound Poisson processes on jump behaviour could be represented

by a nonlinear model.

(iii) While a linear submodel may easily represent given (open) information, a nonlin-
ear submodel could collect hidden information such as, e.g., Hidden Markov Models.
This model distinction between non-hidden and hidden can be used in speech pro-

cessing, image processing, in the financial sector of, e.g., loan banking and credit risk,
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and in physics.

The grouping of input dimensions or features mentioned above is in reality done by
the help of data mining, especially, by clustering and classification [100]. In fact,
firstly, Taylan, Weber and Beck (2007) [89] clustered time points of the change of
prices at some stock exchange. Secondly, Weber et al. (2007) [92] regressed credit
default to the features of the credit takers. Thirdly, in the modeling and estimation
work of Kropat, Weber and Pedamallu (2009) [53] on regulatory networks, a distinc-
tion is made between target variables (e.g., from biology, medicine or emissions) and
environmental variables (e.g., of toxic substances or from finance). In both categories,
items (variables, dimensions of features, or actors) are clustered according to whether
they are considered to be related with each other - stochastically dependent or corre-
lated. This is practically done by means of clustering via the geometrical positions of
all the given data points, and ellipsoids are raised on the clusters to represent these
mutual relationships. Let us underline that this idea also led to the introduction of

ellipsoid games by Alparslan Gok and Weber (2009) [1, 98, 99].

2.4 Tikhonov Regularization

1ll-posed problems are frequently encountered in many fields of science. The term
itself has its origins in the early 20th century and was introduced by Hadamard who
wrongly believed that ill-posed problems did not model real world problems, but later
it appeared that it was possible. According to Hadamard, a linear problem is called
as well posed if it satisfies the following three conditions: (i) existence, (ii) uniqueness,
and (iii) stability. However, if at least one or more of these conditions are not satisfied,
then the problem is said to be ill-posed [50]. Inverse problems, where the values of

some model parameters are obtained from the observed data, are often ill-posed.

There are some methods to turn these ill-conditioned problems into well-posed. These
methods are established on the so-called regularization techniques. The principal goal
of regularization is to incorporate more information about the desired solution in
order to stabilize the problem and find a useful and stable solution. One of the most
commonly used methods is Tikhonov regularization named by Andrey Tychonoff in

1984 [29]. In statistics, it is also known as ridge regression. The most basic version of

27



this method is as follows:
in || X8 - yl3+ B3 (2.36)
mﬁln Yl T 2 .
where ¢? = X\ € R, is the regularization or tradeoff parameter.

In Tikhonov regularization, the regularized solution is thought as a minimizer of a
weighted combination of the residual norm and a side constraint. As the weight
given to the minimization of the side constraint is controlled by the regularization
parameter, the quality of the solution is determined by that parameter. A parameter
that can fairly balance between the residual error and the regularization error, i.e.,
in stability of the approximate solution, is considered as an optimal regularization
parameter [50]. When the norm of the error in data or the norm of the solution of the
error-free problem is available, it is possible to consider and compute a suitable value

for the regularization parameter [25].

By the application of Tikhonov regularization to ill-posed equations, the regularization
parameter brings the optimal rate of convergence for the approximations. However,
when the rates of convergence are derived, assumptions about the nature of the sta-
bilization (i.e., the choice of the semi-norm in the Tikhonov regularization) and the
regularity imposed on the solution should be made [67]. Actually, there is a trade-off

between stabilization and regularity in terms of convergence rate.

2.4.1 Choosing the Regularization Parameters in Tikhonov Regulariza-

tion

A method incorporating information about the solution size as well as using infor-
mation about the residual size is a desired method for choosing the regularization
parameter for discrete ill-posed problems. In fact, it is desired to reach a fair balance

to keep both of these values small.

Although there are several possible methods to find a suitable choice of the regulariza-
tion parameter, it is possible to divide these methods into two main categories. The
first method is based on a posteriori strategy for choosing the regularization parame-
ter, i.e., knowledge or a good estimate of error norm is needed, while the second one

includes the methods that do not require any knowledge about error norm. In fact, it
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is based on a priori knowledge of a structure of the input error, meaning that the error
terms on the right-hand side can be considered as white noise, uncorrelated zero-mean
random variables with a common variance [50]. While the discrepancy principle is an
example of the first category, the Cross-Validation and L-curve are examples of the

second [33].

The L-curve criterion is a useful method for determining the regularization parameter
especially when data includes noise. It is first introduced by Lawson and Hanson in
1974 [55]. This method is established on plotting the norm of the regularized solu-
tion versus the corresponding residual norm, and to select a regularization parameter
related to the characteristic L-shaped ‘corner’ of the graph. The transition between
under- and over-regularization regions is taking place this corner. There are two
meanings of the ‘corner’: according to first meaning, it is the point, where the curve is
closest to the origin and to the second, it is the point, where the curvature is maximum
[37]. Specifically, the L-curve has two characteristic parts: “flat” part and an almost
“vertical” part [50]. In the more horizontal part, as the regularization parameter is
too large, the solution is dominated by the regularization errors and thus solutions are
oversmoothed. However, in the vertical part, the regularization parameter is too small
and the solution is dominated by the right-hand side errors and thus solutions are un-
dersmoothed. In other words, solutions are affected by the regularization parameter,
not by any other additional properties of the problem, e.g., a statistical distribution
of the errors [50]. Hence, an appropriate choice of this parameter is very crucial for

ill-posed problems.

In linear scale, it is difficult to view the features of the L-curve because of the large
range of values for the two norms. However, when drawn in double logarithmic scale,
it is possible to see the features of the curve. The corner of the L-curve is clearly seen.
As well, particular scalings of the right-hand side and the solution simply shift the
L-curve horizontally and vertically [50]. Thus, it is better to analyze the L-curve in

the double logarithmic scale.

As it shows how the regularized solution varies by the change in the regularization
parameter, L-curve is important for Tikhonov regularization in the analysis of discrete

ill-posed problems. The corner of the L-curve corresponds to a good balance between
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the minimization of the sizes because, at this corner, the solution changes from being
dominated by the regularization errors to being dominated by the errors on right-hand
side, and also the corresponding regularization parameter is a good parameter [50].
In fact, the value at this corner corresponds to the optimal value of the regularization

parameter [33].

2.4.2 Choosing a Good Solution in Tikhonov Regularization

Tikhonov solution can be expressed easily in terms of the singular value decomposition

(SV D) of the coefficient matrix X:

XB=y,

where X is an ill-conditioned matrix. There can be numerous least-squares solutions
for a general linear least-squares problem. When the data contain noise and noise is
not fitted exactly in any point, then, as long as the norm of the residual || X8 — y||2

is minimized enough, there can be many solutions that fit the data well.

In Tikhonov regularization, we consider all solutions with || X 3 — yl|2 under the dis-
crepancy principle [3], and select the one that minimizes the norm of 3. Since the
norm (length) [|3]|, represents the complexity of the possible solution, it is usually
preferred to obtain a solution minimizing the norm of 3. Besides, by minimizing, any
unnecessary features can be removed from the regularized solution and the model can

show a better fit to data.

Different kinds of Tikhonov regularization are represented as minimization problems.
Under the discrepancy principle, all solutions with || X 3 — y||2 are considered, and we

select the one that minimizes the norm of 3,
Irgn 182 such that || X8 — yll2 < 4. (2.37)

In the first optimization problem (2.37), as § increases, the set of feasible models

expands, and the minimum value of ||3||2 decreases.
Next, we introduce the problem

mBin X8 —yll2 such that ||B|l2 <e. (2.38)
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In this second optimization problem, as € decreases, the set of feasible solutions be-

comes smaller, and the minimum value of || X 8 — y||2 increases.

There is also a third option to consider: a dampened LS problem. This form is obtained

by applying a Lagrange multiplier to the problem (2.38). Then, we get

min X5 -yl + #1813, (2:39)

where A\ = ¢? is the Lagrange multiplier and ¢ is the regularization parameter

between the two parts.

These three problems can reach the same solution for appropriate choices of J, € and
¢ [34]. We will deal with the third option, solving the damped least-squares form of
the problem (2.39).

As ||B]|2 is a a strictly decreasing function of ¢ and || X8 — y||2 increasing function
of ¢, the curve of optimal values of these norms often looks like an L-curve on log-log

scale.

It is possible to compute an appropriate value for the parameter of Tikhonov regular-
ization when the norm of the solution of the error-free problem is known or when the
norm of the error is known. However, in many important applications, the norm of the
error is not explicitly known. In this case, the L-curve is a popular approach for choos-
ing a suitable regularization parameter [34]. Actually, L-curve is used to control the
trade-off so that the regularization parameter could properly balance the two parts.
Besides, A also controls the sensitivity of the regularized solution (coefficients of basis
functions) to perturbations in y and 83, and the perturbation bound is proportional
to A1 [35]. Hence, this regularization parameter is an important quantity controlling

the properties of the regularized solution, A should therefore be chosen with care.

If we plot the optimal values of ||3]|3 versus || X3 — y||3 on a log-log scale, as ||3||3 is
a strictly decreasing function of ¢ and || X3 — y||3 is a strictly increasing function of

(, we can see that the curve has a characteristic L shape.
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2.4.3 Solution of Zeroth-Order Tikhonov Regularization Problems

In the previous part, different kinds of Tikhonov regularization represented by mini-
mization problems are mentioned and stated that for some appropriate choice of the
values d, € and ¢, these problems can have the same solution. These problems may

be solved by using singular value decomposition, or SVD [3].
In the SVD [54], an (N x m)-matrix X is defined as
X =USVv7T,

where U and V are orthogonal matrices and S is an (N X m)-matrix where the
nonnegative diagonal elements are called singular values. The SVD matrices can be

computed in MATLAB by the svd command.

The problem (2.39) is a damped least-squares problem with a penalization term ¢ and
it can be solved by the method of normal equations. The set of constraint equations

for a Oth-order Tikhonov regularization solution of X3 — y:
(XTX +’I)B=XTy. (2.40)
Applying SV D of X, the equation (2.40) can be written as
(VSTUuTusv? + o’ 1B = vSTUTy.

As (VSTSVT 4+ 213 = VST Uy is nonsingular for ¢ # 0, this problem has a

unique solution:

si  (U.)"y ,
Xo= Z 2102 s V. where k= min{N,m}.
i=1

Here, the quantities

87;2

Ji= 52 + @2

are called filter factors. The filter factors control the contribution of the singular
values (and their corresponding singular vectors) to the solution. If s; << ¢, then

fi=0andif s; >> ¢, then f; ~ 1. For more details of this application we refer to [3].

In many cases, however, instead of using SVD solution, a solution that minimizes the

norm of first- or second-order derivative of B3 is preferred. Here, the matrix L will
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be used to differentiate 8. Matrices that are used to discriminate G for the aim of

regularization are referred to as roughening matrices [3].

These first- or second-order derivatives are approximated from the first- or second-
order difference quotients of 3, regarded as a function evaluated at the “points” j and
j+1. All of them are composed of products L3 of 3 with matrices L representing the
discrete differential operators of first and second order, respectively. They are band

structure matrices with values -1, 1 and 1, -2, 1 on the band, respectively [3].

If the unit matrix (L = I) is used, then the optimization problem in (2.39) can be
considered as a special case of (2.41). This type of problem is called as Oth-order
Tikhonov regularization problem and it can be solved by the method of SVD. However,
in general, the matrix L is different from the identity matrix, and this type of problems

is known as higher-order reqularization problems.
In first-order Tikhonov regularization, the damped least-squared problem
i — X33+ || L3 2.41
min ||y — X813+ | 263 (2.41)

is solved by using the matrix L:

L= . (2.42)

In the second-order Tikhonov regqularization, the matrix L is as follows:

-1 -2 1

L= . (2.43)

In (2.42), || LB||2 is a finite-difference approximation proportional to the first derivative
of B3, while it is proportional to the second derivative of 3 in (2.43). As || L8|z is

zero for any constant model, not just for 3 = 0, it is a semi-norm. In (2.43), the

33



minimization of the seminorm ||L3|2 penalizes solutions that are rough in a second

order derivative sense.

To solve higher-order problems, the generalized singular value decomposition, or Higher-
Order Tikhonov Regularization (GSV D) is used [34, 36]. The GSVD enables the so-
lution to the damped least-squares equation (2.39) to be expressed as a sum of filter

factors times generalized singular vectors.

2.5 Regularization Toolbox

In this thesis, MATLAB Regularization toolbox is used [35]. It is a Matlab package

for the analysis and solution of discrete ill-posed problems.

Ill-posed problems and regularization methods for computing stabilized solutions to
the ill-posed problems occur frequently enough in science and engineering to make
it worth-while to present a general framework for their numerical treatment. The
purpose of this package of MATLAB routines is to provide the user with easy-to-use
routines, based on numerically robust and efficient algorithms, for doing experiments
with analysis and solution of discrete ill-posed problems by means of regularization

methods.

This toolbox contains a number of useful functions such as gsvd, cgsvd, discrep, dsvd,
Isqi, tgsvd, and Tikhonov for under-determined problems. Singular value decompo-
sition (SVD) is a commonly used numerical tool for analysis of discrete ill-posed
problems when there is only one matrix. However, when there is a matrix-pair, the
generalized singular value decomposition (GSVD) is used. The SVD reveals all the
difficulties associated with the ill-conditioning of a matrix while the GSVD of the
matrix-pair yields important insight into the regularization problem involving both

the coefficient matrix (basis function matrix) and the regularization matrix L [35].

Specifically, the useful commands for performing Tikhonov regularization are I_curve
for plotting the L-curve, [_corner for estimating the corner using a smoothed spline
interpolation method, and Tikhonov for computing the solution for a particular value
of A, where X\ = ¢? is the regularization parameter that controls the weight given to

minimization of the side constraint relative to minimization of the residual norm as
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in the equation (2.39). As this parameter controls the sensitivity of the regularized
solution (coefficients of basis functions) to perturbations in y and 3, it is an important
quantity and should therefore be chosen with care. The L-curve criterion can be used
to decide about this parameter. The corner of this curve, the point with maximum
curvature, corresponds to the place this parameter should be chosen. Thus, [_curve

and [_corner commands are helpful here.

2.6 Infinite Kernel Learning

2.6.1 Introduction to Support Vector Machines

Classifying data is a common task in machine learning. A major focus of machine
learning research is to automatically learn to recognize complex patterns and make
intelligent decisions based on data; the difficulty lies in the fact that the set of all
possible behaviors given all possible inputs is too complex to describe. Kernel-based
techniques such as support vector machines, Bayes point machines, kernel principal
component analysis, and Gaussian processes represent a major development in ma-

chine learning algorithms [46].

SVMs are a set of related supervised learning methods used for classification and re-
gression. A SVM constructs a hyperplane or set of hyperplanes in a high or infinite
dimensional space, which can be used for classification, regression or other tasks. In-
tuitively, a good separation is achieved by the hyperplane that has the largest distance
to the nearest training datapoints of any class (the so-called functional margin), since

in general the larger the margin the lower the generalization error of the classifier [44].

In the case of support vector machines, a data point is viewed as a p-dimensional
vector (a list of p numbers), and we want to know whether we can separate such
points with a (p — 1)-dimensional hyperplane. This is called a linear classifier. There
are many hyperplanes that might classify the data. One reasonable choice as the
best hyperplane is the one that represents the largest separation, or margin, between
the two classes. So we choose the hyperplane so that the distance from it to the
nearest data point on each side is maximized. If such a hyperplane exists, it is known

as the mazimum-margin hyperplane and the linear classifier it defines is known as a
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mazximum margin classifier [44].

Multiclass SVM aims to assign labels to instances by using support vector machines,
where the labels are drawn from a finite set of several elements. The dominating
approach for doing so is to reduce the single multiclass problem into multiple binary
classification problems. Each of the problems yields a binary classifier, which is as-
sumed to produce an output function that gives relatively large values for examples
from the positive class and relatively small values for examples belonging to the neg-
ative class. Two common methods to build such binary classifiers are where each
classifier distinguishes between (i) one of the labels to the rest (one-versus-all) or (ii)
between every pair of classes (one-versus-one). Classification of new instances for one-
versus-all case is done by a winner-takes-all strategy, in which the classifier with the
highest output function assigns the class (it is important that the output functions
be calibrated to produce comparable scores). For the one-versus-one approach, clas-
sification is done by a max-wins voting strategy, in which every classifier assigns the
instance to one of the two classes, then the vote for the assigned class is increased by

one vote, and finally the class with most votes determines the instance classification.

2.6.2 Kernel Learning

Machine learning algorithms can also be used to classify nonlinear data. Especially,
when the data is large-scale and heterogeneous, multiple kernel methods are helpful.
Note that a single kernel is used to map the input space to a higher dimensional
feature space. The logic of multiple kernel learning is to use finitely many pre-chosen

kernels together in a convex combination [83]

K
kg(xi, x;) := Zﬁ,ﬁkﬁ(wi, x;) , wherei,j=1,2,...,N. (2.44)

k=1

The sum in (2.44) is refined by an integral in the present study. A multiple kernel
reformulation is modeled via semi-definite programming for choosing the optimum
weights of corresponding kernels in [4]. However, this has some negative effects re-

garding computation time due to semi-definite programming. This reformulation is
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enhanced in [83] via semi-infinite linear programming by using optimization model

m%x 0 (eR,BecRK)

’

K
such that 8> 0, Z/Bn =1, (2.45)
K k=1 N
> BeSu(a) >0 Yo e RN with 0 < e < CLand Y o =0,
k=1 =1

where 1 = (1,1,1,...,1)T ¢ RV,

However, there is a limitation on the finite combinations of kernels such that they
are restricted up to a finite choice. This restriction does not permit always to display
the similarity or dissimilarity of data points, especially for large-scaled and highly
nonlinearly distributed ones. A finite combination may not work here. Thus, a new
combination of infinitely many kernels in Riemann-Stieltjes integral form is suggested
in [76, 78] by using infinite and semi-infinite programming considering all elements in
kernel space which is named infinitely kernel learning (IK L) [76, 77, 78]. Then, the
problem becomes infinite in both its number of constraints and its dimension; which
is known as infinite programming (IP). An infinite combination has the following

form:
kg(xi, xj) ::/Qk:(q:i,xj,w)dﬁ(w), (2.46)

with w € Q) being a kernel parameter and § being a monotonically increasing function
of integral 1, or just a probability measure on 2. Moreover, the function k(z;, z;,w) is
supposed to be a twice continuously differentiable function over w, e.g., k(z;, xj,-) €
C?. As infinitely many kernels is suggested to deal with the restriction of the kernel
combination composed by finitely many pre-chosen kernels, then, the questions on
which combinations of kernels and on the structure of the mixture of kernels appear,

and it may be solved, i.e., by homotopies [76, 77, 78].

This new formulation gives the chance to record (“scanning”) all possible choices of
kernels from the kernel space and, thus, it is possible to keep the uniformity. Infinitely
many kernels result in infinitely numerous coefficients and these coefficients are de-

scribed by an increasing monotonic function through positive measures [76, 77]. The
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formulation of IKL in [76, 77, 78] is as follows:

max 0 (0 €R, B: apositive measure on §2)

)

such that 0 — [;, T(w, @)dB(w) <0 (a € A), (2.47)
fQ df(w) =1,

where T(w,a) = S(w,a) — N | @i, S(w,a) := %Zf\gzl a;05yyik(xi, j,w) and

Q:=[0,1] and A:={a € RY | 0 < a < C1 and Zfil a;y; = 0} are our index sets.

There exist infinitely numerous inequality constraints due to the inequality constraint,
uniform in o € A, and the state variable 5 comes from an infinite dimensional space.
Hence, our problem becomes one of infinite programming (IP) [2]. The dual of (2.47)

can be represented as

min o (0 €R, p: a positive measure on A)
o.p

such that o — [, T(w,a)dp(a) > 0 (w € Q), (2.48)
Jadp(a) = 1.

Due to the conditions [, d8(w) =1 and [, dp(cr) = 1, positive measures § (or p) are
probability measures and these measures are parameterized in the present study by

the probability density functions as in [76, 77].

Here, we observe that the primal IKL formulation (2.47) and the dual one (2.48)
looks like each other except that minimization is replaced with maximization and the
direction of inequalities in the constraints are reversed in (2.48). Besides, the index
set A and the variable a becomes €2 and w, respectively. Both index sets are compact
and the objective functions of both the dual and the primal, § and o, are continuous.
Although there exists similarity, the primal and the dual problem are different on the

way how the sets of inequality constraints are described [79].

It is explained in [79] that after a parametrization, the primal (or dual) problem
has variables in finite dimension as instead of optimizing over the measure [, in an
infinite dimensional space, it is minimized over the pdf parameter vector @F. This
permits to express the infinite programming problem by semi-infinite programming
(SIP) as the variables are in a finite dimension and there are infinitely numerous
inequality constraints. Hence, the primal problem becomes the following SIP with

additional constraint functions Ul (p¥) and Vf(pp), coming from the definition of
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the parameter sets related to the specific pdf function of the primal problem [76, 77]:

(Primal SIP) min —60
0,0F

such that [, T(w, @) f7 (w; p%)d(w) —0 >0 (a € A),
uf(P) =0 (ielP),

Vi(pP)>0 (jeJ7).
(2.49)

2.6.2.1 Exchange and Conceptual Reduction Methods

To solve SIP problems, discretization [41] can be employed. It is based on a selection
of finitely many points from the infinite index set of inequality constraints. Here, these

infinite index sets, respectively, are A and {2 for the primal and the dual problems.

The discretized primal SIP problem of (2.49) can be expressed as follows:

P(Ay) énsgg —0
subject to ¢”((0, ¥ = [oT(w,a) fP(w; F)dw — 0 >0 (a € Ag),

UZ’(@ )=0 (ieI”),

VP(eF) >0 (jeJP).
(2.50)

Here, P(-) represents the primal, k& shows the iteration step (not a kernel function),
A, € RY is the discretized set. As well, €, can be expressed by a one-dimensional
uniform grid, which means discretfization of a chosen set where all elements x =
(w1,22,...,77)7 have same spacing over their ith coordinate (i = 1,2,...,l). For
instance, all columns have the same spacing and all of the rows have the same spacing,

but not necessarily the same as the column spacing, in R2.

An alternative, also more powerful method, to discretization is exchange method
(PEM) [40, 41, 86, 96]. It is a method between discretization and the reduction
ansatz [41] in the sense of refinement and complexity of the algorithm. The discretized
upper level problem P(Ay) (2.50) is approximately solved when a discretization Ay, is

given, whereas the solution of the lower level problem

min (0, 5), @) (2.51)

subject to a € A
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is achieved, firstly. The discretization points of Ay are updated in a next iteration. The
iteration stops when the algorithm terminates with regard to some stopping criterion.

The adaptive exchange algorithm to the algorithm primal problem is given in [79].

Another alternative method is the conceptual reduction method (PCRM) that is based
on local reduction starting with an arbitrary point z* (not necessarily feasible) for

the SIP problem. It solves the lower level problem at that point, e.g., it solves Q(z*)

to get all the local minima y',y? ..., y" of Q(z*) (finiteness of local minnima is
assumed):
Q(x) min ¢(Z,y)
y (2.52)

such that wui(y) =0 (k€ K) and v(y) >0 (¢ € L).

As the infinite index sets are compact, and the differentiability, nondegeneracy and
continuity assumptions hold, then, by Theorem of Heine-Borel there are finitely many
local minima of the lower level problem Q(z) indeed (cf. [101]). The adaptive algo-

rithm is given in [79].

In Chapter 3, we will analyze two data sets, homogenous and heterogenous, respec-
tively by IKL and by CMARS techniques. Then, we compare them over the two data

sets and observe which technique is good for which data.
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CHAPTER 3

METHODS

3.1 Multivariate Adaptive Regression Splines

Multivariate Adaptive Regression Splines (M ARS) is developed by Friedman in 1991
[25]. It is an important tool in statistics as well as in classification and regression. As
an adaptive regression procedure, it is useful for solving high dimensional problems
(many explanatory variables). Besides, it shows a great promise for fitting nonlinear
multivariate functions. MARS builds flexible models through piecewise linear regres-
sions, and nonlinearity of the models is approximated by having different regression
slopes in the corresponding intervals of each predictor. As the intervals underlying
those pieces, except of their boundaries, are closed and non-overlapping, the slope of
each regression line can change from one interval to another one if there is a “knot”

defined in between.

The search for finding the predictor variables in the final model and their respective
knots is a fast but intensive procedure. MARS searches variables one by one as well as
looking for interactions between variables in any degree [19]. The procedure of MARS
is simply a generalization of stepwise linear regression. It uses a stepwise procedure to
introduce and delete explanatory variables, but also it considers transformations and
interactions between the variables. In the algorithm of MARS, each of the explanatory
variables is partitioned into regions that each region has its own regression equation.
Besides, as MARS has an advantage to estimate the contributions of the basis func-
tions, both the additive and the interactive effects of the predictors are allowed to

determine the response variable [90].
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The algorithm of MARS includes a two-stage process to generate a model: forward and
backward. In the first stage, an overfitted model is produced including an extra large
number of basis functions (BF's). However, an overfitted model is not generalized
well to new data, even it has a good fit to the data used to build the model. Thus,
the backward step is used to prune the model and achieve a model that has a better

generalization ability.

The BF's represent distinct intervals of every predictor divided by knots, and every
possible knot location is tested. In fact, a MARS model is a linear summation of
certain BFs in each dimension, and interactions among them, if existing. The BF's
contributing least to the overall performance are removed from the model as initially
the model includes many incorrect terms in the forward step. Thus, this removing
in the backward step provides to reduce the “complexity” of the model without de-
creasing the fit to the data. Besides, by allowing arbitrary shapes of BFs and their
interactions, MARS is capable of reliably tracking very complex data structures that

often hide in high dimensions [19].

3.1.1 Word by Word Definition of MARS

The first word, “multivariate”, means that it is able to deal with multidimensional
data, examine individual features and possible interactions among them. The second
word “adaptive” means selective since MARS automatically deletes certain number of
predictors when their contribution to the final model is trivial. The word “regression”
indicates the commonly used statistical term, often represented as a general prediction
function (linear case):
k
Y:ﬁo—FZﬂjw]‘—i—e,
=1
where Y is the response variable, 3y is the constant term, §; are the coefficients and

x; are the predictor variables.

Finally, the last word “splines” means a wide class of piecewise defined functions used
in applications requiring data interpolation or smoothing. A spline can be developed
by dividing the region into a conventional number of regions and a knot is the boundary

between regions. By obtaining a sufficient number of knots, any shape can be well
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approximated [104].

3.1.2 The Procedure of MARS

Parametric modeling methods such as linear regression are relatively easy to improve
and interpret when compared to nonparametric ones. However, they have a limited
flexibility and work well only if the underlying assumptions are satisfied. Thus, to
overcome the drawbacks of the usual parametric approaches, nonparametric models
are developed locally over specific subregions of the data. MARS is one of the non-
parametric modeling approaches. The data are searched for an optimum number of
subregions and a simple function is optimally fit to the realizations in each subregion
[105]. The nonlinearity of a model is approximated by using separate linear regression

slopes in separate intervals of the independent variable space.

The general model can be stated as follows:

Y = f(ZL‘l,ZEQ,...,$p)—|—E

= f(®)+e

where f is an unknown function, Y is a continuous or binary response variable, =

T

(x1,x2,...,2p)" is a vector of predictor variables and the error term e is white noise

(e ~ N(0,02)).

It is possible to express MARS in an expanded form of the piecewise linear basis
functions, (z—t)4 and (t—x)4 with a knotting value at t. The following two functions
are truncated linear ones, where z € R [39]:

r—t, if x>t t—x, if x<t,

(x—t)y = (t—x)y = (3.1)
0, otherwise, 0, otherwise.

In equation (3.1), (-)+ indicates the use of only the positive parts. These two truncated
functions are piecewise linear nonsmooth splines and they are called as a reflected pair.
Here, the aim is to form reflected pairs for each input x; with knots at each observed

value x;; of that input. Then, the collection of the BF's can be written as [11]

Ci={(zj —t)4,(t —zj)+ |t € {m1j, 725, .., 2Nn;}, € {1,2,...,p}}.
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There will be 2Np BFs in total when all input values are different from each other.
As well, even each BF depends only on a single x;, it is considered as a function over

the whole input space RP [39].

BF's that are the tensor products of univariate spline functions are used to generalize

spline fitting in higher dimensions. Thus, multivariate spline BF's are as follows:

Km

Bin(@) := [ (skm - (@uom) tom))
k=1

where K, is the total number of truncated linear functions in the mth BF, x4, is
the input variable corresponding to the kth truncated linear function in the mth basis

function, t,, is the corresponding knot value and s, € {£1} [104].

The model-building strategy looks like a forward stepwise linear regression. However,
here the functions from the set C and their products are used instead of the original

inputs. Thus, we reach the following model:

Y =f(z)+e=co+ Z cmBm () + €, (3.2)

where ¢ is the intercept term and M is the number of BFs in the current model [19].

The coefficients ¢, are estimated by least-squares method given some choices for the
B,, as in linear regression. Thus, the most important concept to generate the model
is the construction of the functions B,,. The model construction starts with only the
constant function By(x) = 1, and all functions in the set C' are candidate functions.

The possible function forms of BFs By, (x) are as follows [52]:

o 1,

o 1,

o (zj —tp)t,

® 115,

o (xj —tg)+x;, and

o (zj —tr)y(z—tn)+.
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Here, the point is that each BF must have different input variables in the MARS
algorithm. Therefore, the BFs above which are obtained from two multiplied BFs use
different input variables such as x;, x;, and tj, t; are their corresponding knots. At
each stage, we consider as a new basis function pair all products of a function B,,
in the model set M with one of the reflected pairs in C'. Then, the model set M is

extended with the terms of the form
CrumBi(@)(zj — t)4 + CrsaBiz)(t — ) 45

that provides the largest decrease in training error [39]. Here, the coefficients C’M+1,
C’M+2 and also all the other M+1 coefficients in the model are estimated by least-
squares method. The process finishes when the model set M has some preset maximum
number of terms. Thus, it is clear that the model set M has an iterative built up

procedure.

Some possible basis function candidates are as follows [52]:

(xj — tg)4, if z; is already in the model,

xyxj, if ; and x; are already in the model,

(xj — tg)4ay if 2yz; and (x; — tx)+ are already basis functions,

(xj —t)+ (21 — th)+, if (zj — ty)42; and (z; — tp)42; are already in the model.

Thus, linear terms are involved in the final model providing a better interpretability

of the model.

3.1.3 Lack-of-Fit Criterion

A large model equation (3.2) including some unnecessary variables and typically over-
fitting the data is obtained at the end of the procedure above. In order to detect
and remove these variables, a backward deletion procedure is necessary. In this pro-
cedure, the term whose removal leads the smallest increase in RSS is deleted at each

stage. At the end of this process, an estimated best model fM of each size (number
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of terms) M is obtained. Here, cross-validation can be used to estimate the optimal
value of M. However, for computational savings, the MARS procedure uses general-
1zed cross-validation. This criterion, also known as lack-of-fit criterion, is defined as

[25]

LOFfM = GOVFriedman =

C(M) = trace(B(BTB)™'BT) 1.

Here, N is the number of data samples, C'(M) is the cost penalty measures of a model
containing M basis functions, and B is an (M x N)-matrix. Indeed, C(M) is the
number of fitted parameters. The numerator is the usual RSS and it is penalized by
the denominator. This denominator helps to balance the increasing variance in the

case where the model complexity increases.

Besides, when there are r linearly independent BFs in the model and K knots were
selected in the forward stage, then, the cost penalty measure is C(M) = r+cK. Here,
the quantity c represents a cost for each BF optimization and it is generally equal to
3 [39]. However, if the model is additive, then a penalty of ¢ = 2 is used. Moreover,
a smaller C'(M) produces a larger model with more BFs while a larger C'(M) creates
a smaller model with less BFs. By the help of lack-of-fit criteria, the best model is

obtained along the backward sequence minimizing generalized cross-validation [19, 39].

The use of piecewise linear BF's and the particular model strategy it has, make MARS
a special procedure. The piecewise linear BFs are important because they can operate
locally; they are zero over a part of their range. If they are multiplied each other, the
result is nonzero only over the small part of the factor space where both component
functions are nonzero. Hence, the regression surface is built up by using nonzero
components locally - just where they are needed. Besides, other basis functions such as
polynomials can be used. However, this would produce a nonzero product everywhere,

and would not work well.

The limitation put on the formation of model terms that each input can appear at
most once in a product helps to avoid the formation of higher-order powers of an input,

which increases or decreases too sharply near the boundaries of the factor space. It is
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possible to approximate such higher-order powers in a more stable way by the help of

piecewise linear functions.

Moreover, the possibility to set an upper limit on the order of interaction is a useful
option in the MARS procedure. For instance, if we choose two as a limit, then
a three-fold or any higher way of products are not allowed. Instead, this limit just
allows pairwise products of piecewise linear functions which can be helpful to interpret

the final model. One as an upper limit brings about an additive model [39].

3.1.4 MARS Software Package

The MARS software used in this study is M ARS Version 2, Salford Systems, San
Diego, Calif., USA [104]. MARS helps to find the “best” model by allowing the user
to set control parameters to explore different models. Thus, the maximum number of
knots is determined by trial and error. Besides, there is no restriction on the maximum
number of interactions, it can be more than the degree of two (2-way interaction).
Moreover, MARS is a well designed software that implements MARS technique with
user-friendly graphical interface. Developed by Salford Systems, the MARS package

is available at [13].

Thus far, MARS is introduced and explained with details. In the following part,
however, we will mention about CM ARS, which is a modified form of MARS and
an integrated model-based approach. In this method, continuous optimization will
be used, in the form of a penalized optimization problem and then, optimization
techniques will be applied to solve the problem. This newly introduced method is

known as CM ARS and will be explained in the following section.

3.2 Conic Multivariate Adaptive Regression Splines

In this section, we introduce a modified version of MARS known as Conic Multivariate
Adaptive Regression Splines (CM ARS). Here, “C” represents the word conic as well

as conver and continuous.

Being a useful and flexible nonparametric regression technique, MARS has two algo-
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rithms to estimate the model function: the forward and the backward stepwise algo-
rithms. In CMARS, however, we can construct a penalized residual sum of squares
instead of the backward stepwise algorithm, and treat this function as an optimization

problem.

The notation for the piecewise linear BFs in CMARS is as follows:

@ r)=(+@-")+, (a,7)=((2-1))4 (3-3)

where [¢]+ := max{0, ¢} and 7 is an univariate knot. As well, the notation to represent

the relationship between input and response variables has the following form:
Y = f(X) +e, (3.4)

where Y is a response variable, X = (X1, Xo, ... ,Xp)T is a vector of predictor vari-

ables and the additive random variable ¢ is white noise.

Reflected pairs for each input X; (j = 1,2,...,k) with k-dimensional knots 7; =
(Ti1s Ti2s--- ,Ti,k)T at or just nearby each input data vectors &; = (Z; 1, %2, - ., ii,p)T
of that input (i = 1,2,..., N) are constructed. As in the previous section, such a
nearby placement indicates a slight modification so that knots’ values are not equal
to the input values. In fact, to prevent from nondifferentiability in our optimization
problem, it may be assumed that without loss of generality 7; ; # @; ; for all ¢ and j.

Even, the knots 7; ; far away from the input values Z; ; but providing a better data

fit can be selected.
The formulation for the set of BF's is as follows:
o:={(x; —7)y, (T — ;)47 € {Z15,225,.. ., 2N}, 5 € {1,2,...,k}}. (3.5)

When all the input values are different from each other, the number of total BFs will
be 2Np. Hence, it is possible to write f(X) as a linear combination of successively

built up basis functions and the intercept 6p. Then, (2.16) has the following form:

M
Y =00+ > 0mt,(X)+e (3.6)

m=1
where 6, is the unknown coefficient for the mth basis function (m = 1,2,..., M), 6 is
the constant term, ¥, (m =1,..., M) represents a basis function from g or product
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of two or more such functions, 1, is taken from a set of M linearly independent basis
elements. A set of eligible knots 7; ; is assigned separately for each input variable
dimension and is chosen to approximately coincide with the input levels represented
in the data. Interaction basis functions are created by multiplying an existing basis

function with a truncated linear function involving a new variable.

The form of the mth basis function provided the observations represented by the data

x; (i=1,...,N) is as follows [90]:

Km
Um(@) = [ (sup - (@ar — T“T>)+ , (3.7)
j=1

where K, is the number of truncated linear functions multiplied in the mth basis
function, Tm is the input variable corresponding to the jth truncated linear function
in the mth basis function, T is the knot value corresponding to the variable Tm,

and Skm is the selected sign +1 or -1.

As in the previous section, a lack-of-fit criterion can be used to compare the possible
basis functions. As well, we can restrict the search for new basis functions to a maxi-
mum order of interactions. For instance, if it is allowed up to two-factor interactions,

then, K, <2 is a proper limitation.

To decrease the complexity of the model together with not reducing the fit to the data,
the backward stepwise algorithm is used in MARS. Basis functions that contributes
to the smallest increase in the residual squared error are removed from the model at
each stage, producing an optimally estimated model f; with respect to each number
of terms, called a which expresses some complexity of our estimation. To estimate the
optimal value of «, generalized cross-validation can be used. This criterion is defined

as follows [14]:

_ SN = falw)?
V=R - Mia) /N

where M (a) := u + dK. Here, N is the number of sample observations, u is the

(3.8)

number of linearly independent basis functions, K is the number of knots selected
in the forward process, and d is a cost for basis-function optimization and also a

smoothing parameter for the procedure.

In this thesis, to estimate the function f(X), we propose to employ penalty terms,

instead of the backward stepwise algorithm, in addition to the least-squares estimation
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in order to control the lack-of-fit from the viewpoint of the complexity of the estimation.

3.2.1 The Penalized Residual Sum of Squares

For the MARS model with M,,,,; BFs having been collected in the forward stepwise
algorithm, let us use penalized residual sum of squares (PRSS) instead of backward

elimination. The PRSS form for the MARS model is as follows:

N Mmax 2
PRSS =3 (= f@)P+ > A > [G D) aen,
i=1 m=1 |a|=1 r<s

(3.9)
where V(m) = {KJM]j =1,2,..., K} is the variable set associated with the mth basis

function, v,,, t™

= (tmystmg,-- -+ tmg, )T represents the vector of variables which
contribute to the mth basis function v,,. The penalty parameter \,, is nonnegative
(Am > 0) for any value of m. This parameter establishes the tradeoff between both

accuracy, i.e., a small sum of error squares, and not too high a complexity.

The flatness of the model functions is measured with the integrals of the first-order
derivatives, and unstability and complexity inscribed into the model (via the model
functions) are measured with while the integrals of the second-order derivatives [39,

88]. Besides, we refer to

0 *,,
D (tm) = LY

= (" 1
Gergm e ) (3.10)

for a=(a1,a2)”, | o = a1 + a2, where aj,ag € {0,1}.

Note that, in any case where a; = 2, the derivative D,?jswm(tm) vanishes, and by
addressing indices r < s, we have applied Schwarz’s Theorem. Finally, since all the
regarded derivatives of any function ), exist except on a set of measure zero, the

integrals and entire optimization problems are well-defined [91].
By using the representations (3.6) and (3.7) in (3.9), the objective function (3.9) has
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the following form [91]:

Mmaz 2
PRSS = Z (y — 0 — Zemwm SEEDY Gm@bm(ﬁ”))

i=1 m=M+1
Mmax
2
Y Y Y [@paenPar ey
m=1 |a|=1 r<s
a=(a1,a)T 7sEV(m)
where the vector &; = (Z1,Zi2, .. .,ii,q)T denotes any of the input vectors while
T
Tt = (iim s i jegs v - ,jmK ) shows the corresponding projection vectors of &; onto

those coordinates that contribute to the mth basis function, ),,, which are related

with the ith link function y;. Here, we recall that those coordinates are collected in

the set V(m).

As the second-order derivatives of the piecewise linear functions ¢, (m =1,2,..., M)

and, thus, the penalty terms related are vanishing, we can rearrange the representation

of PRSS as follows:

N
PRSS = (yi —(d:)70)* +
v =1
Z Am Z > /92 S (87)] ™, (3.12)

|ae]=1 r<s
a=(aq,00)T r,s€V(m)

where 7/)(&@) = (]-a wl(izl)aqbQ(izQ)? s ,T,ZJM( ) ¢M+1( MJrl)? ceey qumaz(ii\/[max))T’

0:= (0y,01,...,0n,,. )" with the point d; := (&}, &2,..., &M, &M+ gMme)T iy

17 [t

the argument. The multi-dimensional integrals

/ 62, [D, % (t™))* dt™,

are approximated by using discretized forms of them instead [91]. Then, the form of

the integrals is as follows:

[ e D) ae S 02,

(09)je(1,2,.... Km)€10,1,2,.., N+ 1} Km
2
Km
wm( . R o )| I L
Un g aNKm’ Km j=1 m+17"5 Urcj ]

o1



We can rearrange PRSS in the following form:

N 2
> (wi—67p(d)

PRSS =~
i=1
2
Moz 2
2 (87 ~ ~
+ E Am E E E 0 Drslpm(‘r*ﬂm yeees L R )
— ’ R U Em e

m=1 lo|=1 Sy @) o o Km T

a=(aj,az)T ™€

Km
x KT — X KM 5 313
H (fl J Km xloj‘j 7H»r_n) ( )

j=1 oI+ J

where (6);eq19,p1 € {0,1,2,..., N + 1}5m_ There are some more notation related

with the sequence (c%) [91]:

Km
i‘:n: :i‘,ug"_n ,.-',in% , Aﬁ::n = | | SE,J.” —in'r_n . (3‘14)
U BT Loy KRR Foi g KT L. k™
YA Ky Km j=1 LR o3

PRSS can be approximated by using (3.14) as follows:

N
~ 2
PRSS ~ Y (y - 9T¢(di))

i=1

0y ek S S Y D%nEM) | A
m=l =1 a:(lz‘:;Q)T r,sé‘</s(m)

(3.15)
The approximate relation (3.13) can be written in a short form as follows:

PRSS ~ H —op(d 0” A, L2 62 3.16

where 1 (d) = (1/)(&1), e 1/)(&N)>T is an (N X (M +1))-matrix and the numbers

L?m are defined by their roots

1/2

2
~ 2 ~
Lim i= > > [DSYmEM] | Az
a:(‘gifolzg)T T7Sé§?m)
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3.2.2 Application of Tikhonov Regularization

Here, PRSS is considered as a Tikhonov regularization problem [3] by using the
equation (3.16) and it can be written as follows [91]:

PRSS ~ Hy W(d eH + Z Am Z 12 62
) Moas leem
_ Hy—q/)(d)OH 3 X | (B s Ly
m=1
L(N+1)Kmm9
~ Mmafl‘
= v - w@e| + 2 Al
= Hy /l/) 0” + )\1”'[/101”2 ° + )\MmazHLMmazaMmazH%7
where L,, := (le,...,L(N_i_l)Km’m)T (m =1,2,..., Myya,). By making a uniform

penalization by taking the same A for each derivative term, e.g., Ay = Ao = ... =
AMpoe =: A, where A\, > 0 (m = 1,2,..., Mpas), PRSS turns into a Tikhonov
reqularization problem with a single tradeoff parameter. Then, the approximation

becomes
PRSS =~ Hy W(d eH + M| L2 (3.17)

with @ being an ((Mq: + 1) X 1)-parameter vector to be estimated through the data

points and L is a diagonal (M,aq + 1) X (Mnee + 1)-matrix as follows:

_0 0 0 i

0 Ly --- 0
L=

_0 0 LMmaw_

Hence, the PRSS becomes a Tikhonov regularization problem (2.41), where A\ = 2
for some ¢ € R [3]. Our Tikhonov regularization problem has multiple objective

-2
functions through a linear combination of H Yy — ¢(d)9H2 and HLOH% The solution that

-2
minimizes both first objective function Hy - ¢(d)0H2 and second objective (HLBH%)
is a desired solution in the sense of a compromise (tradeoff) solution. We refer to [64]
for a new contribution to the dependence of locally linear embedding on regularization

parameter(s).
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In this section, we investigated CMARS model which is based on the regularization of
the nonparametric part in a GPLM. In the following section, however, we also mention

the regularization of linear part which is investigated in [87].

3.3 The Generalized Partial Linear Model with CMARS

Until now, we focused on the regularization of the nonlinear part of for a generalized
partial linear model (GPLM) by Tikhonov regularization. We did not deal with the
linear model part for the sake of simplicity, knowing, however, how we have to argue
and proceed in the presence of the linear part. In this section, however, we will make

an introduction to the regularization of the linear part by CMARS approach.

Previously, in Subsection 2.3.1, the GPLM model is given by the following formula
[92]:
E(Y|X,T)=G(X"B+~(T)),

where B = (81, B2, ..., Bm)" is a finite dimensional parameter, ¥(-) is a smooth func-
tion, X is an m-variable random vector typically covering discrete covariables, and T
is a g-variate random vector of continuous covariables to be modeled in a nonpara-

metric way.

There are many different methods to estimate the unknown parameters in a GPLM.
In this study, however, we focus on special types of estimation 7(-) by CMARS and

B by least-square estimation with Tikhonov regularization [87].

3.3.1 Least-Squares Estimation with Tikhonov Regularization

Assuming that G = H~! is a known link function connecting the mean of the depen-
dent variable, u = E(Y|X, T), to the predictors, the equation (2.15) can be written

as follows:

H(p)=n(X,T)=X"B+~(T Z iB; + (T (3.18)

This can be considered as a semiparametric generahzed linear model as all terms are
linear except one. In this equation, p; = G(n;) and n;=H (u;)=x! B+~(t;), where ~(-)

is a smooth function.
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The unknown parameter 3 of the parametric part is pre-estimated by linear least-
squares estimators with Tikhonov regularization. By the help of this method, we

minimize the residual sum of squares (RSS):

m
PrePToC — XTIBpreproc +e= B+ ZXj/Bj +e, (319)
j=1
where BP "¢ = (g, B1, B2, .. ., Bm) and yP"PT¢ are our given response data vector

y. Tikhonov regularization proposed an approximate solution to (3.19) by minimizing

the quadratic functional:

min Hypreproc _ X/@preprocH% + )\HLﬁpreproc”%, (3'20)

ppreproc

where A is a tradeoff parameter between accuracy and complexity. By solving Tikhonov
regularization problem (3.20), the response vector yP"*P"°¢ and the unknown coeffi-
cients BP"P"°¢ are found. Then, as the regression coefficients are obtained, the linear

least-squares model is subtracted (without intercept) from corresponding responses
y— XBrrree — g —n. (3.21)

Here, X is the design matrix X, except its first column, and ¥ is the resulting vector
of residuals, redefined as our new observations. We use § to determine the knots (via

MARS) for our CMARS application.

3.3.2 CMARS Technique for the Nonparametric Part

Now, to estimate the parameter v(-) of the nonparametric part, we use Conic Multi-

variate Adaptive Regression Splines (CMARS) approach.

The equation (3.18) can be rewritten by using basis functions as in the equation (3.6).
That’s, v(t;) can be written as a linear combination of successively built up by basis

functions and the intercept 6y as follows:

M
mi=Hp) =z B+0+ Y Ontbm(ts), (3.22)
m=1
where 1, (m =1,..., M) represents a basis function from g or a product of two or

more such functions, 1,,, is taken from a set of M linearly independent basis elements,

and 6,, are the unknown coefficients for the mth basis function (m = 1,..., M), 6y
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is the constant term. For each input variable dimension, a set of eligible knots 7; ;,
selected by MARS with reference to the residual vector, is assigned separately for
each dimension, and this set is chosen to approximately coincide with the input levels

represented in the data.

Here, the form of the mth basis function is same with the equation (3.6) in CMARS

except the variable t instead of . The form of BF is as follows:

Km
Ui (8) = [ [ (s - (b = 7)), (3.23)
j=1
where t; (i = 1,...,N) are the observations provided and b is the input variable

corresponding to the jth truncated linear function in the mth basis function, T is
the knot value corresponding to the variable trm, and Sk is the selected sign +1 or

-1.

As in CMARS, a lack-of-fit criterion can be used to compare the possible basis func-
tions and the search for new basis functions can be restricted to a maximum order of
interactions. For example, if only up to two-factor interactions are permitted, then
K, <2 would be our restriction. As explained in Section 3.2, this algorithm does this
by removing from the model basis functions that contribute to the smallest increase
in the residual squared error at each stage, producing an optimally estimated model
Yo With respect to each number of terms, called «, which expresses some complezity
of our estimation. Again, to estimate the lack-of-fit, GCV criterion can be used to
estimate the optimal value of «. In this GPLM with CMARS model, GCV is similar

to the equation (3.8) and can be defined as follows:

SN (i — 278 — Aa(ti)?
(1-M(a)/N)2

GCV = (3.24)

where M (a) := u + dK [87]. Here, N is the number of sample observations, u is
the number of linearly independent basis functions, K is the number of knots selected
in the forward process, and d is a cost for basis-function optimization as well as a

smoothing parameter for the procedure.

To estimate the function ~(t), we propose to employ the penalty terms in addition
to the least-squares estimation instead of the backward stepwise algorithm. Thus,
it is possible to control the lack-of-fit from the viewpoint of the complexity of the

estimation.
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3.3.3 The Penalized Residual Sum of Squares Problem for GPLM with
CMARS

The equation (2.16) can be written as follows:
n=H(w) ==z B+’ (t:)6, (3.25)

where 8=(6,01,...,0x)" and w(&i):(wl(ti),@/}g(ti), .y ¥ar(ti)). The form of the
penalized residual sum of squares (PRSS) for the GPLM with CMARS is as follows:

N
PRSS =Y (n:— =l 8- 9" (t:)8)"

e =1
+ Z Am Z > /02 S (8)] dt™, (3.26)
la|=1 r<s

a=(a1,00)T T ,seV(m

where V(m) = {KJMU =1,2,...,K,} is the variable set associated with the mth
basis function ¥, t™ = (tm,, tmys - - -5 tm Ko )T represents the vector of variables which
contribute to the mth basis function ¢,,. This equation is similar to the the PRSS
of CMARS, however, here, the parameter of the parametric part, :L'lT,B, is included in
the PRSS. Moreover, we refer to

9 Y

- my . _
Dristom () := garm gorgm
T S

(t™) (3.27)

for a=(ai,a2)”, | al = a1 + a2, where a, as € {0,1}.

The objective function PRSS has the following form when the representations (3.22)
and (3.23) are used in (3.26):

Minas 2
PRSS = Z < - iUTﬁ 90 - Zemdjm tm Z Hmwm(t;n)>

m=1 m=M+1
Mmaz

+ Z Am Z 3 /92 S (8] dE™, (3.28)

al=1 r<s
a—(al az)T TSEV(m)

where the vector t; = (¢;1,ti2,. .. ,ti,q)T denotes any of the input vectors while ¢]* =
T

(tim,tim, o ’ti’RK ) shows the corresponding projection vectors of ¢; onto those

coordinates that contribute to the mth basis function v,,, which are related with the

ith link function n; [91].
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As the second-order derivatives of the piecewise linear functions ¢y, (m =1,2,..., M)

and, hence, the related penalty terms are vanishing, we can rearrange the representa-

tion of PRSS as follows:

N
PRSS = Y (yi—x{B—v(d)"0)*
Mo 3
F Y w Y Y / 02, [D, % (8™)] dt™, (3.29)
m=1 |a|=1 r<s

a=(a1,a2)T TSEV(M)

where ¢(d;) = (1, 01(8]), ¥2(83), -, oar (817), oar 1 (870, 0ty (8777 )T
0:= (00,01,...,0h,,..)" with the point d; := (¢}, ¢2,... tM ¢MT1 . gMmen)T in

the argument. To approximate the multi-dimensional integrals
/031 [D,% 4 (8™)]? dt™,

the discretizations and model approximations are used. Then, the discretized form of

the integrals can be written as:

2 [ my]2 m 2

m .
Q (UJ)jE{I,Q ..... Km}e{07177N+1}Km

2

K
Do (& wm e F I R — &
e R , [ s

o J o Km m -]:1 U“j o J

The PRSS can be represented in the following form:

N 2
PRSS ~ 3 (ni—lB—1(d:)0)

=1
2
Mmaz 2
2
+ Y Y Ej >0 | DUl et )
T R Uom kR
m=1 lex|=1 (cr i) UN] 7 o Km m

a=(ay,a)T T QGV(m)

Km
11 <t T —t w)? (3.30)

j=1 la iR o'
where (0"9)cq12,..p0 €10,1,2,..., N + 1}, There are some more notation related

with the sequence (c%) [91]:
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It is possible to approximate PRSS by using (3.31) as follows:

PRSS ~ fj (78— w(d)"o)

=1

Mmaz (N+1)Hm 2|
IO Z 3 [ m)} AT

m=1 i=1 al= r<s

= (Otl a2)T r,s€V(m)

(3.32)

The approximate relation in (3.30) can be written with a shorter representation as

follows:

PRSS ~ Hn— X3 - (d )9”2 + Y )\m Z 12 62 (3.33)
m=1

~ ~ ~ T
where ¥ (d) = (1/1(d1), Cee 1/)(dN)) is an (N X (Mnae +1))-matrix and the numbers
Lfm are defined by their roots

1/2

b= || XX o] | aEr

|ae|=1 r<s
a=(a1,a2)T r,s€V(m)

3.3.4 Application of Tikhonov Regularization in GPLM with CMARS

The equation (3.33) can also be written as [91]:

PRSS =~ |n—X"B 3+ > Am Z L2 62 (3.34)
m=1

where X* = (X (d)) is a block matrix constructed by (N x p)-matrix X and
(N X (Mypaz + 1)) matrix 9(d), 8* = (87, 67)T is a vector constructed 8 and 6

vectors.

Then, we deal with the linear systems equations of n = X*3*, approximately. As
this problem may be ill-posed (irregular or unstable), we approach PRSS function as
a Tikhonov regularization problem [68]. A Tikhonov solution can be expressed quite
easily in terms of singular value decomposition (SVD) of the coefficient matrix X* of

a regarded linear system of equations n = X*3*.
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Hence, we consider formula (3.34) and arrange it as follows:

In— X815+ > Am L?.0%
1

m=1 =

PRSS

Q

Moz
m=1

Mma:c
= |n= X813+ D Al Lmbmll3, (3.35)

m=1
where Ly, := (Lim, Lom, - - - ,L(N+1)Km7m)T (m=1,2,..., Mypa,). By making a uni-
form penalization by taking the same A for each derivative term, i.e., Ay =X = ... =
AMpow =: A, where N\, > 0 (m = 1,2,..., Mynas), the equation 3.35 can be turned
into a Tikhonov Regularization Problem with a single tradeoff parameter. Then, it

looks as follows:
PRSS =~ |n—X*B*|3+ A|L6|3, (3.36)

where 0 is an ((Me: + 1) X 1)-parameter vector and L is a diagonal (M,a. +
1) X (Mymqz + 1)-matrix with first column Ly = 0y 415m and the other columns be-
ing the vectors L,, defined above. Let us consider the high-dimensional matrix
L* = (R*, L), where R* is an ((Myae + 1) X p)-matrix with entries being first
or second derivative of 3. These derivatives are obtained from first- or second-order
difference quotients of 3, considered as a function which is calculated at the points &
and 7+ 1. These difference quotients approximate first- and second-order derivatives;
altogether, they are composed of products R*8 of 3 with matrices R* that show,
respectively, the discrete differential operators of first- and second order. Hence, our
PRSS problem becomes a classical Tikhonov regularization problem [68] with ¢ > 0,
e.g., A = ¢? for some ¢ € R. Our Tikhonov regularization problem has multiple
objective functions through a linear combination of ||n — X *,B*Hg and || X *,8*”3 We
choose the solution which minimizes the objective function [l — X *8* |5 and also the
regularization objective || L*3*||3 in the sense of a compromise (tradeoff) solution. We
refer to [64] for a new contribution to the dependence of locally linear embedding on

regularization parameter(s).

Thus far, we explained the theory of the regularizing both the parametric and nonpara-
metric parts of a GPLM by CMARS approach. Herewith, for the sake of simplicity,

we disregard the linear model part, knowing, however, how we have to argue and
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proceed in the presence of the linear part. And thus, we restricted ourselves on the
regularization of nonparametric part in the numerical example of this thesis which is

explained with details in the following chapter.

3.4 Numeric Example

In this part, we provide two numeric examples to the regularization of nonparametric
part by Tikhonov regularization. For this aim, we use two different types of continuous
data; one has interaction between variables and the other does not have. As MARS
[25] is able to deal with complex data structures in high dimensions reliably by allowing
arbitrary shapes of BFs and their interactions [19], we are expecting better results for

data including interaction.

Basis functions are found by MARS version 2 developed by Salford Systems and

regression coefficients are estimated by using Tikhonov regularization in MATLAB.

3.4.1 Data with No Interaction

For this study, we used a data set with three predictor variables (z1,x2,x3) and 25
observations (taken from Mendenhal and Sincich (1994) [57], p. 678). As the MARS
model is constructed by trial and error, we set the maximum number of BFs to four,

i.e., My = 4. The basis functions constructed by MARS are as follows:
P1(x) = max {0,z; — 14.11},

o(x) = max {0,14.11 — 21},
3(x) = max {0,z; — 12.01},
Yy(xz) = max {0,12.01 — 1},

11 and 9o are standard and reflected BFs for the predictor variable x1, respectively.
The knot point for ¥, and for ¢ is 14.11. As well, 93 and 14 are the standard and
mirror image BF's for the predictor variable z;. The knot point for 3 and for 14 is

12.01.
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The knot values are selected to be very close to the input values of the data point,

not exactly same, so that it is possible to differentiate the optimization problem. The

selected knot values for corresponding BF's are stated below.

71,1 = 14.11, 711 = 14.10, which is not equal to 71,1 = 14.11 but very close

For 1);:

to it.

For vp: 711 = 14.10, where 711 = 14.11.
For v3: 7951 = 12.00, where 7251 = 12.01.
For ¢4: 7951 = 12.00, where 7351 = 12.01.

Then, the BFs of the form can be written as follows:

Y1t Ky

and



and

sz)?) : K3 = ]-a
‘Tﬁ“;’ — xl’
Ted = 12.01,
Se3 = +1,
K3
at®) = ] (s (g 7)),
j=1
- (Sn% (II’.H‘;’ _Tn‘;’))+a
and
sz)4 : K4 = ]-a
-'1:,.3‘11 = I,
Ted = 12.01,
Seb = -1,
Ky
ath) = ] (s @ —7),
j=1

Hence, the large model can be written as:

M
y = 0o+ > Omih,(x)+e
m=1

= 0p+ 0; max{0,z7 — 14.11} 4+ # max {0,14.11 — z; } + f3 max {0, x; — 12.01}

+04max {0,12.01 — x;} + €.
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The objective function PRSS in (3.9) can be written as:

25 4
~ m 2 m
PRSS =) (yi— f(&@))*+ D _Am Z > /92 S (E7)] 7 dt
=1 m=1 Jae|=1 r<s
a=(on,00)T r,8€Vm
25 9
= Z (yz - 9T¢(di)) + A\ Z Z /92 Sy (¢ } dtt
=1 a= (|Z\1 ;Q)T T;é‘g/1
m| YT [ 6 [D.2vate)] de?
(a‘lia2)T T‘géi/Q
| XX [l
i
+A4 Z > /64 (4] ditt.
a_(lg‘l 01[2)T T;é?/l;
All evaluations for the notations V;,, and " (for m = 1,...,4) in the above equation

are given below:

Vi = {sjli=1}={1}, t'=()" = (@),
Vo = {slli=1}={1}, =" = @),
Vi = {sllj=1}={1}, =" = (@),
i = {sili=1}={1}, t'=@)" = (@)".

Moreover, the corresponding derivatives for the BFs D, S, (t™) (for m = 1,...,4)

are written below.

As there is no interaction for 9, r = s = 1. The sum of indicated first- and second-

order derivatives for v is:

Z > [D%(tY)] 2 st

loe|=1 =
a= (041 ag)T r,seVy
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where

oy, 4 o1 1, if z; > 14.11 |
lal=1:  Dyyn(t) =5 7 (t) = 2 (1) =
‘%1 Iz 0, otherwise.
%Y &%y
= . 1 1 g =
|a|=2: ¢1(t ) atlatl (t ) 971071 (1‘1) 0 for all zj.

As there is no interaction for 1o, r = s = 1. The sum of indicated first- and second-
order derivatives for g is:

Z Z o (7)) % at2,

|ee]=1 r<s
a=(a,00)T r,s€Va

where
1, if xy < 1411
o=t Dla(?) = 22 = Py = T R
41 Z1 0, otherwise.
01y &4
— : D2 2 = 2 = = f 11 .
| a| =2 T1a(t%) 8t%8t%(t) ﬁmlaxl(x1> 0 forall

Again there is no interaction for the BF 3(¢3), so: r = s = 1. The sum of indicated
first- and second-order derivatives for w3 is:

Z > [D,%ws(t?)] % atd,

|ee]=1 r<s
a=(oq,00)T r,s€V3

where
P P 1, if o1 > 12.01
al=1: Dlys(#) = D) = 9 () =
1 Z1 0, otherwise.
&3 &3
-2 3 3 = =0 forall .
| | =2 D?i3(t3) = 8t38t3(t) axlaxl(xl) 0 for all a3

For the BF v4(t*), there is no interaction; so: » = s = 1. The sum of indicated first-
and second-order derivatives for 1y is:

Z > [D,%va(th)] % att,

|a|=1 T<;/
a=(a1, ag)T r,s€Vy

where
by Oy —1, if @y < 12,01
ol=1: Diga(t) = 5 (8) = 5 (o) =
L1 0, otherwise.
. s 4y 0%y _
|a|=2: D?ipy(th) = 6t48t4(t ) = 021001 (1) =0 for all z.
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Hence, the PRSS objective function in (3.9) becomes:

< \2
PRSS = > (yi—0Tp(dy)
i=1
4
D S D DD Sl [ AT R
m=1 lee|=1 r<s
a=(on,00)T 7,8€Vm
Assuming that A\ = X2 = ... = Ap,,., =: A, then PRSS turns into the Tikhonov

regularization form:
PRSS ~ Hy W(d eH AL

Here, the first parts of the PRSS objective function and the Tikhonov regularization

problem are equal to each other while the second parts are approximately equal.

25

> (u—0"wid) =
1

=

4

> Am Z 2/92 S (87)] 2 dE™ ~ X || LO)J3.

m=1 Je|=1 r<s
a=(ay,a2)T r,8S€EVm,

The RSS values are presented below (the complete form of RSS can be seen in Ap-
pendix A):

3 (y - 9%(&,-))2 = (13.6 — 0 — (max{0,14.1 — 14.11})¢; —
(max{0,14.11 — 14.1})6, —

(max{0,14.1 — 12.01} )63 —

(max{0,12.01 — 14.1})6,4)* +

(16.6 — By — (max{0,16 — 14.11})6; —

(max{0,14.11 — 16})6 —

66



(max{0,16 — 12.01})65 —

(max{0,12.01 — 16})64)? +

(14.9 — By — (max{0,12 — 14.11})6; —
(max{0,14.11 — 12})0y —
(max{0,12 — 12.01})05 —

(max{0,12.01 — 12})64)>.

By computing the maximum functions, the form of the RSS is as follows:

25 ~ 9
3 (y . Oqu(di)) — (13.6 — 6y — 0.0162 — 2.903)% +

=1
(16.6 — 6p — 1.896; — 3.9963)2 +

(14.9 — 6y — 2.1105 — 0.0164)*

= (13.6 — 6y — 0.0165 — 2.903)7(13.6 — 6y — 0.0165 — 2.963)+
(16.6 — By — 1.890; — 3.9903)7(16.6 — Oy — 1.890; — 3.9963)+

(23.5 — 6y — 15.776, — 17.8765)T(23.5 — 6 — 15.7761 — 17.8763)+

(13.9 — 6y — 1.096; — 3.1965)7(13.9 — 6y — 1.096; — 3.1963)+

(14.9 — g — 2.1165 — 0.0104)7 (14.9 — 6y — 2.1165 — 0.016,).

We can change the form of the above summation into vector notation and get the
representation below. Thus, RSS which is the first part of PRSS is as follows:

25

S (v—0"w(@) = (v-w@0) (v-p(@o)

i=1
= |y —%(d)8]3.

Thus, it can be seen that the first parts of the PRSS function and Tikhonov regular-

ization form are equal.
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Now, we focus on the second parts which are approximately equal. the multi-dimensional
integral in the second part of the equation (3.12) takes the form of (3.15) after dis-
cretization and this discretized form is denoted by L. Then, we reach the formulation

in equation (2.41).

The L, (m =1,...,4) values corresponding to BFs, 1, ¥, 13, 14, are calculated as

follows:
(N+1) K1 9 ]
Ly = > > > [Dr,‘i‘ (max{o,mlfm.u})] <:gl~% e 1)
= a:égl‘th)T r,gé% gf1 T or1 0
= 3.9243,
(N41)K2 2 ]
Ly = Y > > [D,«,o; (max {0, 14.11 _xl})} (if‘? e i, 2)
= a:(lgl‘,:,iQ)T 7",2292 okl AT SR
= 3.6878,
(N+1)Ks3 2 ]
Ly = Z Z Z [Dr,(: (max {0, z1 — 12.01})} (iz”;’ e i,lm;’ N3)
i=1 a:égl‘,:(iQ)T r,;és\/g o1 TR SR1 7T
= 4.1833,
and
(N+1)K4 2 ]
Ly = Y > [Dr,‘i‘ (max {0, 12.01 _;51})] <‘%ﬁ‘1‘ LY 4)
- a=égl,:o}2)T rseVa oL T oR1 71
= 3.3912,
[0 0 0 0 0
0 3.9243 0 0 0
L=10 0 36878 0 0
0 0 0 41833 0
L0 0 0 0 3.3912

In the L matrix, the first column elements of L are all zero and the diagonal elements

of this matrix L,, (m =1,2,...,5) are as given above. Then, L@ is as follows:
ILO|5 = (61 -(3.9243)) + (62 - (3.6878))% + (63 - (4.1833))% + (64 - (3.3912))%.
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3.4.2 Data with Interaction

For this study, we used a data set with five predictor variables (z1,x2,x3, 24, X5)
and 32 observations (taken from Myers and Montgomery (2002) [66] p. 71). The
MARS model is built by using the Salford MARS v.2 [58], and to construct the
model the maximum number of BFs (M,,,,) and the highest degree of interactions
are determined by trial and error. In this data set, M,,,, and the highest degree
of interactions are five and two, respectively. Hence, the largest model built in the

forward MARS algorithm by the software contains the following BF's:
P1(x) = max {0, x9 — 2.21},
Yo(x) = max {0,2.21 — zo},
Y3(x) = max {0,z4 — 0.26},
Yy(x) = max {0,2; — 1601} - max {0, 24 — 0.26} ,

Ys(x) = max {0,x5 — 0.71} - max {0, x4 — 0.26} .

Here, 11 and 9 are the standard and reflected BF's for the predictor variable x3. The
knot point for 1 and for v is 2.21. Besides, BF 14 uses the function 3 to express
the interaction between the predictor variables x1 and x4. As well, 5 represents the

interaction between the predictor variables x4 and xs.

As in the previous data set, we choose the knot values very close to the input values
of the data point so that it is possible to differentiate the optimization problem. The

selected knot values for corresponding BF's are written below.

For v1: T8 2 = 2.21, Tig 2 = 2.2, which is not equal to 718 2 = 2.21 but very close to it.

For wgi ?18,2 =2.20 Where, T18,2 = 2.21.

For v3: 714 = 0.25 where, 71 4 = 0.26.

For v4: 76,1 = 1600 where, 761 = 1601, and 71 4 = 0.25 where, 71 4 = 0.26.

For w52 7’:2575 =0.70 Where, 7255 = 0.71, and ?6,4 =0.25 Where, T6,4 = 0.26.
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Then, the BFs of the form can be written as follows:

i K o= 1,
T =
T = 221,
sg1 = +L

and
ot Ko = 1,
x,.;% = X2,
Te? = 2.21,
52 = —1,
Ko
2y _
¢2(t ) - (SH% (mn% — Tk2
Jj=1
= (Snf ’ (xn% - TH%
and

¢3 : K3 = ]-7
J:H? = T4,
T = 0.26,
8”‘;’ = +1,
K3
V(%) = (Skg (3
j=1



and

Yy Ky = 2,
xﬁlll = 1"17 l‘/@% - "'U47
Tet = 0.26, Tt = 2.21,
Sﬁzll = —+1, SK% =+1,
Ky
4
W(t ) = H [Sn;¥ ’ (xn?- - TH?)j|+
j=1
= ($n4 (l'/# - 7-/1‘11))+ 3n4'($n4 - Tn%))_i_ )
and
U5t K5 = 2,
T = Is, .%'Hg =I5,
Tep = 0.71, Tes = 2.21,
Sni) == +1, Sﬁlg == +17
K
5
Us(t?) = ] (s (@g 7)),
j=1
= <85§ (23 Tkg)) . {Sﬁg (g —T)|, -

Then, the large model can be written as follows:

M
y = b+ Z9m¢m($) + €,
m=1
= 6y + 01 max{0,x2 — 2.21} + fr max {0,2.21 — x2} + 3 max {0, z4 — 0.26}
+6, max {0, 27 — 1601} - max {0, z4 — 0.26}

+605 max {0, 25 — 0.71} - max {0, 24 — 0.26} + €.
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The PRSS objective function in (3.9) can be written as follows:

PRSS = Z(yz—ew )+Z)\ Z > /92 [D, % (t™)]? dt™

= ‘a| 1 r<s

a=(a1,00)T 7,5€EVm
32 o
=Y <y,~ —G)sz(di)) + A1 Z > /92 by (89 dt!
=1 |a|=1 r<s
a=(a1, OQ)T r,seVy
S D VI o LR R
i
+A3 Z > / 03 [D,%vs(%)]” dt?
ol sl
+A4 Z > / 03 [D,%¢a(tY)]” dt*
a_(lg‘l OIQ)T T’gé?/l;
+As5 Z > /95 s (£9)]7 dt5
|ex| r<s
a=(a1, ;2)T r,s€Vs
All evaluations for the notations V;,, and t™ (for m = 1,...,5) in the above equation

are given below:

Vi= {mli=1}=1{2}, ¢'=@)" = (@),
Vo = {sli=1}={2}, =0D"=(22)",
Vi = {&fli=1}={4}, =" = (a7,
Vi = {sjli=12}={1,4}, t' =17 = (21,20,
Vs o= {n]li=12} = {45}, t°=(].3)" = (z4,25)".

As well, the corresponding derivatives for the BFs D, %1, (") (for m = 1,...,5) are
stated below.

For the BF 1 (t'), there is no interaction; so: 7 = s = 2. The sum of indicated first-

and second-order derivatives for 1 is:
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Z > D% (Y] 2 att,
|ae|=1 r<s
a=(aq,00)T r,s€Vy
where
oY1 0y
=1: Dy () := — (¢ =
el=1: Dhun(e) = G0 = G = ¢
o %Yy
=2: D? by .= th =

-1,

if 29 >2.21

9

otherwise,

(z2) =0 for all wo.

For the BF 5(t?), there is no interaction; so: 7 = s = 2. The sum of indicated first-

and second-order derivatives for g is:

§ § o ()] 2 dt2,
|ae|=1 r<s
a=(a1,a2)T r,s€Va
where
8¢2 8¢2 1>
_ 1 — _
o = Data(#) = 5 () = 5, () =
| o = Do (t?) := o Vs (t%) = &y
*= 272 T 8t%8t% a 895283:2

it x9 <2.21

I

otherwise,

(x2) =0 for all xo.

For the BF 3(#3), there is no interaction; so: 7 = s = 4. The sum of indicated first-

and second-order derivatives for 3 is:

> Y DI
|ee]=1 r<s
o‘:(0117042)T r,s€V3
where
O3 O3 1,
3 3
al=1: Dis(t) = Ga(®) =5 ) =
6 ¢3 3 8%3
=2: D t°) =
‘a‘ 2 417Z} ( ) 8t38t3( ) 83}'46.%4

For the BF 1, (t*
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it x4 > 0.26

)

otherwise

(x4) =0 for all z4.

), interaction exists between the predictors x; and x4. Here, r =1



and s = 4 so: r < s. Then, the sum of indicated first- and second-order derivatives of
14 can be written as:

Z > [D%a(th)] 2 dtt

|ae]=1 r<s
a=(a, ag)T r,s€Vy

where
Oy Oy max {0, z4 — 0.26}, if z1 > 1601,
| a = 1: Dj ju(t?) := ot (th) = 87(361,364) =
o1 0, otherwise,
0y 0y max {O,xl — 1601}, if x4 > 0.26,

D1 gihy(t?) = By (t") = 3 (w1, 24) =

2 L4 0, otherwise;

8%4 0%y 1, if x4 > 0.26,
L1024 0, otherwise.

For the BF 15(t%), there is also an interaction between the predictors x4 and s,
and r = 4 and s = 5 so: r < s. Then, the sum of indicated first- and second-order

derivatives of 15 can be written as:

Z > [D%s(t)] 2t

|a|=1 r<s
a=(a1,az)T r,s€V5

where
o o max {0, z5 — 0.71}, if x4 > 0.26,
ol =1 Dlgts(t) i= T2 = 52y ) =
31 L4 0, otherwise,
o o max {0, z4 — 0.26}, if x5 > 0.71,
Dl (1) i= S2(E) = 2wy, as) =
t3 Z5 0, otherwise;
0? 0? 1, if x5 > 0.71,
ol =2 DY (87) = el (1) = 500y 25) =
t10t3 L40T5 0, otherwise.
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The PRSS objective function in (3.9) has the following form:

32
< \2
PRSS = Y (y - 0T¢(di)) (3.37)
i=1
5
+ D Am Z 3 /92 S (8] dE™, (3.38)
m=1 |a|=1 r<s
a=(a1,a2)T T5€Vm
If A1 =X = ... = A =: A, then PRSS looks like a Tikhonov regularization
problem as follows:
<~ 12
PRSS ~ Hy—@b(d)OHQ+)\||L9H§ . (3.39)

Again, as in the previous example, we observe that the first parts of the PRSS objective
function (3.37) and the Tikhonov regularization problem (3.39) are equal to each other.

However, second parts are only approximately equal.

32

S (- 07w(@n) =

i=1

5

> A Z > /92 [D, %4 (8™)] dt™ ~ X || LO||3 .

m=1 lee|=1 r<s
a=(0on,00)T r,S€EVm

The RSS values are presented below (the complete form of RSS can be seen in Ap-
pendix A):

> (vi- esz(Eli))Q = (0.013 — f — (max{0,0.58 — 2.21}); —
(max{0,2.21 — 0.58})62 —
(max{0,0.25 — 0.26})05 —

(max{0, 1650 — 1601})(max{0, 0.25 — 0.26})6 —
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(max{0,0.9 — 0.71})(max{0,0.25 — 0.26})05)* +
(0.016 — 6y — (max{0, 0.66 — 2.21})6; —
(max{0,2.21 — 0.66})6 —
(max{0,0.33 — 0.26})05 —
(max{0, 1650 — 1601}) (max{0, 0.33 — 0.26} )64 —
(max{0, 0.9 — 0.71}) (max{0, 0.33 — 0.26})05)? +
(0.015 — 6y — (max{0,0.66 — 2.21})6; —
(max{0,2.21 — 0.66})6s —
(max{0,0.33 — 0.26})05 —
(max{0, 1650 — 1601})(max{0, 0.33 — 0.26} )64 —

(max{0, 0.9 — 0.71})(max{0,0.33 — 0.26})65)* +

(0.068 — 6y — (max{0,18.5 — 2.21})6; —
(max{0,2.21 — 18.5})6 —

(max{0,1.5 — 0.26})f3 —

(max{0, 1700 — 1601})(max{0, 1.5 — 0.26})64 —

(max{0,0.7 — 0.71})(max{0, 1.5 — 0.26})03)2.

By computing the maximum functions, the RSS terms has the following form:

32

> (y - equ(&i))Q = (0.013 — 6 — 1.6369)* +

=1
(0.016 — Ap — 1.5505 — 0.0763 — 3.436, — 0.013365)% +

(0.068 — 6y — 16.296; — 1.2465 — 122, 766,)*

and writing into vector notation is as follows:

= (0.013 — 6y — 1.6362)7(0.013 — 6y — 1.6365) +

(0.016 — 6p — 1.5505 — 0.0765 — 3.4304 — 0.013365)”
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(0.016 — By — 1.5505 — 0.0763 — 3.430, — 0.013365) +
(0.015 — By — 1.5505 — 0.0763 — 3.436, — 0.013305)"

(0.015 — 6y — 1.5505 — 0.0763 — 3.4364 — 0.013365)+

(0.056 — o — 10.296; — 1.2405 — 122, 7660,)7 (0.056 — 6y — 10.296; — 1.2465 — 122, 766,)+

(0.068 — 6y — 16.296; — 1.24605 — 122, 76604)7 (0.068 — 6y — 16.296; — 1.24605 — 122, 766,).

As shown for the previous data set, we can change the form of the above summation
into vector notation and get the representation below. Thus, RSS which is the first

part of PRSS is as follows:

32

~ 2 ~ T ~
S (-0Twd)) = (v-w(de) (v-w(d?o)
=1
= [ly — %(d)6]5.
As mentioned in the previous example, the multi-dimensional integral in the second

part of the equation (3.12) takes the form of (3.15) after discretization and this dis-

cretized form is denoted by L. Then, we reach the formulation in equation (2.41).

The L,, (m =1,...,5) values corresponding to BFs 11, 12, 93, 14 and 15 are calcu-

lated as follows:

N+

L, = Z Z Z [ v (max {0, x27221})} (ffq , T 1)
i—1 |a|=1 Lory tLey lyr1 R
a:(&l,az)T r,sGVl
= 3.9497,
(N+1)K2
Ly = Z Z Z [ s (max {0, 221—232})] (flnf L z_ilnf 2)
vt = or1 TLKY o1 RT
a=(ay,a2)T T’SEV2
= 1.5875,
(N+1)Es
o= L || X X e (50 )
£ = ’*1+ Nl a“l’ﬁl
a=(a1, a2)T rs€V3
= 1.1958,
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Ly, =

(N+1)fa
4 ~ ~ ~ ~
E E E ¢4t <$H4 — T ,4 >.<az4 - >
=1 |x|=1 r<s l0'1€1 +1"‘i411 la"lﬁl"‘{le ! 22+1 52 ! ’%1”{%
a=(ay,a)T r,s€Vy
= 9.9015,
Ly =
(N+1)s 2
o 5v12 | (= - - -
2. 2. D DS <$ F o T > - (fﬁ 3 g T >
o1 o = ld,{1 +1,k3 lU,.Cl K] l %y t1, n2 l oR1 D
a=(a1,a2)T ™5EV5
= 0.1975.

Hence, the L matrix becomes a (6 x 6)-diagonal matrix as given below:

0 0 0 0 0 0 ]

0 3.9497 0 0 0 0
L0 0 s o 0 0

0 0 0 11958 0 0

0 0 0 0 99015 0

0 0 0 0 0 01975 |

In the L matrix, the first column elements of L are all zero and the diagonal elements

of this matrix L, (m =1,2,...,5) are as given above. Then, L@ is as follows:

ILO|3 = (61 -(3.9497))% + (0 - (1.5875))% + (05 - (1.1958))? + (64 - (9.9015))* +

(05 - (0.1975))* .

This matrix L is used as an input in MATLAB Tikhonov regularization toolbox and

the results are displayed in Section 3.5.

3.5 Validation Approach and Comparison Measures

In our applications, we use two different real-valued continuous data sets. In the

first data, there is no interaction between variables, however, in the second one, there
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exists interaction between variables. In order to evaluate the performance of Tikhonov
regularization, we used various measures [104]. These performance measures and their

general notations are as follows;

e g, is an +th observed response value,

e g, is an ¢th fitted response,

e 7 is a mean response,

e N is a number of observations,

e p is a number of terms in the model,

e {/ is a mean fitted response,

e 5(y)? is a sample variance for observed response,

. S(Ay) is a sample variance for observed response,

® ¢; = y; — ¥; is an tth ordinary residual,

e h; is a leverage value for the ith observation, which is the ith diagonal element of

the hat matrix, H. The hat matriz is H=X (XTX) ' X7T, where X : (N x p) design
matrix and rank (X) =p (p < N).

3.5.1 Comparison Measures

1. Correlation Coefficient r

Correlation coefficient is a measure to explain the linear relationship between the
actual and the predicted response values. There exists a strong positive or negative
relationship between the actual and the predicted response variables when 7 is close
to either 1 or -1, respectively. If it is zero, there exists no linear association between

actual and predicted values [95]. The formula of this measure can be written as follows:

s w0
po= 2L 0D Gch that — 1< ¢ < 41,

s(y)?s(9)

with y being the actual dependent variables, 7 being the predicted dependent variables
and g being the mean of actual values. Here, s(g) is the standard deviation of predicted

response variable and s(y) is the standard deviation of actual response variable.
Here, we expect a high r value so that our estimators are good enough to predict the
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response variables as the original ones.

ti. Prediction Error Sum of Squares (PRESS)

PRESS is a measure related with the predictive ability of the model. In fact, it
is simply the sum of squares of the prediction error so the smaller the error the better

the predictive ability of the model [95]. Its formula has the following form:

n 9
PRESS =Y (1?” )

=1

1i1. The Coefficient of Determination R?

R? is a measure to explain the ability of a model to predict new values. As the
value of R? increases, the model fit to data gets better [95]. The formula of the
coefficient of determination can be represented as follows:

o S (St
SSTotal Zi:l (yi — 7i)?

iv. Adjusted R?

Different from the R2, this measure adjusts regarding the number of explanatory
terms in a model. That’s, R? can increase when you add a new variable to the model
but the Adjusted R? increases only if the new term improves the model more than
would be expected by chance. Therefore, it is beneficial to compare models with dif-
ferent numbers of variables. Besides, the higher the Adjusted R?, the better the model

fits data [95]. Its formula is

MSE N i — U;)2 N —1
R,»24dj =1 M_l_ (Zzl(yA y) )( )

"~ MSTotal N—-p-1

v. Predicted R?

The predicted R?> measures the ability of the model to predict responses for new obser-

vations. The predictive ability of the model gets better when the Predicted R* value
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increases [95]. Its formula can be written as follows:

N €5 2
PRESS 2in1 (khi )
R%*(pred) :=1— ———— =1— ~ —.
55T otal 1= 370 (v — 0)?

vi. Mean Square Error (MSE)

MSE measures the difference between predicted and actual values. If it is small,
it means that the error is small and the estimates are good enough. Therefore, the
smaller the MSE, the better it is [95]. Its formula has the following form:

N

1 N
MSE = N;(yi — Ui)-

vii. Root Mean Square Error (RMSE)

RMSFE also quantifies the difference between predicted and actual values. It is fre-
quently used to measure the precision of the model. Again, as its value gets smaller,

the precision gets better [95]. A model independent formula is

N
1
= = B . ) 2
RMSE := VMSE N o 1;:1(3/@ 9i)?

viii. Average Absolute Error (AAE)
AAF is a quantity used to measure how close predictions are to the actual outcomes.

As it is the average magnitude of error, it is better when its value gets smaller [95].

The formula can be represented as follows:

1 N
AAFE = — Z’—AZ'.
N;:l\y gil
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3.6 Numerical Results of the Tikhonov Regularization Problems

3.6.1 Introduction

In our numerical examples, we used MATLAB programming language (MATLAB
R2007a) and Tikhonov regularization toolbox introduced in Section 2.5. In the ap-
plication, we firstly employ the command generalized singular value decomposition
(GSV D) and use the matrices BF and L as inputs of this command. Moreover, we
benefit from the outputs of GSV D in Tikhonov solver (with the command ‘Tikhonov’)
together with the vectors y and A. Then, this command returns us the unknown re-

gression coefficients.

In this study, as the regularization parameter A plays a key role in the estimation
of coefficients, it should be chosen with care. The L-curve criterion can be used to
decide this parameter. The corner of this curve, the point with maximum curvature,

corresponds to the the place this parameter should be chosen.

In this study, we run the program many times, each time with a different A value
(A > 0), and observe how it changes. For each solution, we calculated the RSS and
||LO||2 values. We decided the range of A as the points where these two, RSS and
| LB||2 are stabilized. For example; at the upper bound, as alpha increases, ||L6||2 is
always zero. As well, in the lower bound of A, it starts from the point after which

||L6||2 starts to change.

We examined two different types of data; with and without interaction and measured

the performance of our solver by using some statistical tools such as R? Adj, T, RMSE

and AAFE.

3.6.2 Numerical Results of the Data with No Interaction

Tikhonov regularization is usually preferred for huge dimension data sets. In this
study, we first applied this technique to the data with no interaction. Firstly, we
examined it at end and corner A values. Then, we observe the changes by using the

following performance criteria given in the following table:
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Table 3.1: The performance results at the end points

No Interaction

Measure )\first Acorner ANast
AAFE 0.9571 | 0.9548 | 3.6566
R2adj 0.9264 | 0.9260 | —0.2631

RMSE | 1.2861 | 1.2895 | 5.3269

r 0.9704 | 0.9704 | 0.9703

By looking at this table, it is observed that the measure value of RMSE is increasing
as the tradeoff parameter \ increases. Correlation coefficient (r) is high for all A values
which means that there is a good linear relationship between actual and predicted y
values for all solutions coming from Tikhonov regularization for this data set. Besides,
as \ increases, the RMSE gets bigger while the R? Adj decreases. This means that our
model gets worse to explain the variation in response variable and does not have a
good fit as it has before. This is due to the over regularization as the larger the A
(equivalent to a large amount of regularization), the smaller the solution seminorm at

the cost of a large residual norm, while it has a reverse effect for a small A.

Moreover, we get the following loglog curve for this data set:

Loglog cure

L L L L L L
01,7457 017450 07431 01,7453 07485 01,7457

1o 10 10 1o 10 1o
RS

Figure 3.1: The Loglog curve for the data with no interaction
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3.6.3 Numerical Results of the Data with Interaction

In this part, we applied the Tikhonov solver to the data with interaction. We examined

it at the end and corner A values, then we observe the following results:

Table 3.2: Tikhonov Regularization for the two data sets

Interaction
Measure )\first Acorner Nast
AAFE 0.0014 | 0.0015 | 0.0079
R2adj 0.9663 0.96 —0.2072
RMSE | 0.0022 | 0.0024 | 0.0130
r 0.9863 | 0.9838 | 0.9318

In this table, the measure value of RMSE and AAE is increasing as the tradeoff pa-
rameter A increases. Even the correlation coefficient (r) is decreasing as A increases,
it is very high for all A values which means that there is a good linear relationship
between actual and predicted y values for all solutions coming from Tikhonov regu-
larization for this data set. Besides, we observe a decreasing R2adj. This is due to the

over regularization again.

Moreover, we get the following loglog curve for this data set which is:

Loglog curve

Lg

Figure 3.2: The Loglog curve for the data with interaction
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3.6.4 Comparison of the Results Regarding Data Types

We can compare results of the two data sets and see which one has better results
when Tikhonov regularization is employed. The results are illustrated in the following

table:

Table 3.3: Tikhonov Regularization for the two data sets

Interaction No Interaction
Measure )\fz'rst Acorner Alast Afirst Acorner Alast
AAE 0.0014 | 0.0015 | 0.0079 | 0.9571 | 0.9548 | 3.6566
Rzadj 0.9663 0.96 —0.2072 | 0.9264 | 0.9260 | —0.2631
RMSE | 0.0022 | 0.0024 | 0.0130 | 1.2861 | 1.2895 | 5.3269
r 0.9863 | 0.9838 | 0.9318 | 0.9704 | 0.9704 | 0.9703

From Table 3.3, we see that the error rate ( AAE and RMSE) is lower for data set
with interaction than the set without interaction indicating that the accuracy rate is
higher for interaction data. Besides, other performance measures (r and Rgadj) are
also higher for the data with interaction. Both data sets have high R? criteria values

which shows that the model fit is good for both data sets at Ar;.q and Ajgs;-

3.7 IKL Analysis

In Chapter 2.6, we introduced one of classifying techniques used for heterogeneous
and large-scale data sets; infinite kernel learning. Here, we apply IKL on some data
sets and compare it with Tikhonov regularization. These data sets, Votes, Bupa
and Hepatitis, are from the well-known standard UCI machine learning repository!.
Except the homogeneous data set Votes, all are heterogeneous which means that data
set includes both discrete and continuous variables. Data descriptions are given in te

following table:

Here, in Table 3.4, first column shows the name of the data set, second is the number
of data, third is the number of features, and fourth one represents the types of data

sets, respectively.

! available from http : //archive.ics.uci.edu/ml/
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Table 3.4: Data set description

Data set | # instances | # attributes attribute characteristics
Votes 52 16 categorical

Bupa 345 6 integer, real and categorical
Hepatitis 155 19 integer, real and categorical

In this study, we focused on PCRM and PEM algorithms with 5-fold cross-validation
and used Knitro solver on normalized data sets. Besides, active set, interior CG and

interior direct are the algorithms of the solver Knitro. The results are displayed in

Table B.1 in Appendix B.

In Table B.1, the values of Mean AUC, Std Dev Error and Mean Error show that
there are small differences between two methods except that the run time of PEM is

longer than that of PCRM.

Moreover, we like to see how the performance of Tikhonov regularization and IKL
differs compared to each other. In order to observe this, we applied them on two data
sets; Votes and Hepatitis, and compared the methods over these data sets. In the

following part, we share the results of this comparison.

3.8 Comparison of the Results for Tikhonov Regularization and IKL

In previous parts, we make separate analysis using Tikhonov regularization and IKL
on different data sets. However, in this part, we focus on the comparison of these
methods and for this aim, we also applied Tikhonov regularization on Votes and

Hepatitis data sets. We share the results in Table 3.8.

In both techniques, normalized data sets are used and a 5-fold cross validation is
applied. In IKL analysis, we used Primal Conceptual Reduction Method (PCRM)

and active set algorithm for both data sets.

We make the comparison over some performance measures which are automatically
obtained from IKL toolbox; Mean Error rate, Std Dev Error and Mean AUC. Here,
the Std Dev Error is the standard deviation of errors over 5-fold cross-validation.

However, for Tikhonov regularization we calculated these values by hand so that we
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can compare them over the same scales. The results are displayed in the following

table:

Votes Hepatitis
Measure IKL | TIKHONOV | IKL | TIKHONOV
Mean Error 0.2091 0.0020 0.1936 0.0019
Std Dev Error | 0.1469 0.0010 0.0456 0.0003
Mean AUC 0.81 0.65 0.64 0.98

Table 3.5: Comparison of the methods IKL and Tikhonov Regularization

Here, AUC denotes the true positive rate and as AUC tends to 1, the prediction
accuracy gets better [24]. From table above, it is seen that Tikhonov solver performs
a lower error rate for Votes data. However, prediction accuracy is smaller than that
of IKL. For the Hepatitis data set, on the other hand, Tikhonov solver has a higher
prediction accuracy with a smaller error rate. Thus, Tikhonov regularization gives

more accurate results for Hepatitis data set than IKL.

Performance measures are closer in each method, however, Table 3.8 shows that
Tikhonov regularization provides a better accuracy for the heterogeneous data Hep-

atitis while IKL displays a better performance for the homogenous data Votes.
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CHAPTER 4

CONCLUSION AND FUTURE RESEARCH

The search to define the relationship between a response variable and its predictors
and modeling it is a commonly studied field. Regression analysis and classification
techniques are just some of them. In this thesis, both methods, a regression and a

classification, are studied.

We analysis Generalized Partial Linear Models (GPLMs) in which there is a sin-
gle nonparametric component together with usual parametric terms. Indeed, GPLM
decomposes input variables into two sets and additively combines classical linear mod-
els with nonlinear model part. Thus, it has a great advantage that consists in this
grouping which could be done for the input dimensions or features in order to assign

appropriate submodels specifically [92].

In this thesis, we combined GPLM with a modified form of MARS, named as Conic
Multivariate Adaptive Regression Splines (CMARS). We propose to use penalized
residual sum of squares (PRSS) to control complexity and accuracy of the model
instead of the backward algorithm. Then, we turn this PRSS function into a Tikhonov

reqularization problem and solve it by using the regularization toolbox of MATLAB.

As well as studying the regularization of the nonparametric part, we also mentioned
theoretically the regularization of the parametric part. However, in the numerical
example, we disregard the parametric part for the sake of simplicity. We provided
two numeric examples by using two different data type; one has interaction between

variables and the other does not have.

In the numerical example, we observed that Tikhonov solver gave better results for
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both data at the first parameter values. At that points, estimation errors were small
and adjusted R?s were high which show a good model fit for both data. However,
as we increased the parameter value, we saw that error was increasing while model
fit was decreasing. Besides, compared two data with each other. For the data with
interaction, estimation error was smaller and adjusted R? was higher than that of
data with no interaction at all parameter values. Actually, this is expected because

CMARS gives better results for huge and complex data sets.

Furthermore, we made an analysis by using a modern method of Machine Learn-
ing tool, Infinite Kernel Learning (IKL). To observe how this method differs from
CMARS with Tikhonov regularization, we compared their results on two data sets;
homogeneous data set Votes and heterogeneous data set Hepatitis. The data are dif-
ferent in that heterogeneous data set includes both discrete and continuous variables
while homogeneous data set can include just one type. Besides, to compare the two
methods, we used some statistical performance measures; Mean Error, Std Dev Er-
ror and Mean AUC which are automatically achieved from IKL toolbox. Then, we
calculated these values for Tikhonov regularization and compared the two methods.
Numerical results of these two data sets show that IKL gives more accurate results for
the homogenous data set, Votes. Even its error is bigger, it has a bigger Mean AUC
value than that Tikhonov solver. However, for the nonhomogeneous data set Hepati-
tis, Tikhonov solver has better results. It has a smaller error rate with a higher Mean
AUC value, showing that prediction accuracy of Tikhonov regularization is better for

the heterogeneous data set, Hepatitis.

In the following, there can be done more studies on the comparison of IKL and
CMARS. Moreover, future analysis and if possible, partial combination of GPLMs
and IKL can be studied.

In this thesis, we focus on Generalized Partial Linear Model and CMARS with Tikhonov
regularization. We analyze several data sets and display comparisons. It is also pos-
sible to do more studies on the comparison of CMARS by using Tikhonov solver and
conic quadratic programming CQP [69], an optimization technique. As CQP can em-
ploy the structure of the problem and allow better complexity bounds for the generic

problems, it can exhibit a much better practical performance [104]. Moreover, as well
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as comparing the performance of CMARS with Tikhonov and CQP each other, there

can be made comparisons together with IKL. on many data sets.

Furthermore, as a future study, a further analysis and algorithmical development of the
special subclass of GPLMs of this thesis can be done. In the near future, the utilization
of these results and further implementations of the methods to various application
areas is possible. Besides, identification and investigation of further important model

subclasses of GPLMs can be searched.
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APPENDIX A

RSS in Numerical Examples

When the maximum functions are computed, the terms of the RSS with a tabular

form are as follows:

Table A.1: Function RSS became addressed in Subsection 3.4.1

Y 0o 01 0 03 04
dp | 136 | 1 0 0.01 2.9 0
de | 166 | 1 | 1.89 0 3.99 0
ds | 235 | 1 | 15.77 0 17.87 0
dg | 10.20 | 1 0 6.11 0 4.01
ds 5.4 1 0 10.01 0 7.91
dg 15 1| 0.89 0 2.99 0
dr 9 1 0 5.31 0 3.21
dg | 123 | 1 0 1.71 | 0.39 0
dg | 16.3 | 1 | 2.49 0 4.59 0
dio| 154 | 1 | 0.79 0 2.79 0
di1 13 1 0 0.41 | 1.69 0
dia | 144 | 1 | 0.99 0 3.09 0
di3 10 1 0 6.31 0 4.21
dig | 102 | 1 0 2.71 0 0.61
dis | 9.5 1 0 5.11 0 3.01
dig | 1.5 1 0 13.11 0 11.01
di7 | 185 | 1 | 2.89 0 4.99 0
dig | 126 | 1 0 1.31 | 0.79 0
dig | 175 | 1 | 1.69 0 3.79 0
dao | 4.9 1 0 9.61 0 7.51
do1 | 159 | 1 | 0.39 0 2.49 0
do2 | 8.5 1 0 6.81 0 4.71
dosz | 10.6 | 1 0 5.51 0 3.41
dog | 139 | 1 | 1.09 0 3.19 0
dos | 149 | 1 0 2.11 0 0.01
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When the maximum functions are computed, the terms of the RSS with a tabular

form are as follows:

Table A.2: Function RSS became addressed in Subsection 3.4.2

Y 0o 01 02 03 04 05
di | 013 | 1 0 163 0 0 0
da | 0.016 | 1 0 1.55 | 0.07 | 3.43 | 0.0133
ds 10015 | 1 0 1.55 | 0.07 | 3.43 | 0.0133
dy 10016 | 1 0 1.55 | 0.07 | 3.43 | 0.0168
ds | 0015 | 1 0 1.55 | 0.07 0 0.0203
dg¢ | 0.016 | 1 0 1.55 | 0.07 0 0.0203
dr 10014 | 1 0 1.21 | 0.24 | 11.76 | 0.0216
dg | 0.021 | 1 0 1.04 | 0.32 | 15.68 | 0.0288
dg | 0018 | 1 0 1.04 | 0.32 | 15.68 | 0.0288
dio | 0.019 | 1 0 1.04 | 0.32 | 15.68 | 0.0288
dip | 0.021 | 1 0 1.04 | 0.32 | 15.68 | 0.0608
di2 | 0.019 | 1 0 1.04 | 0.32 | 15.68 | 0.0608
diz | 0.021 | 1 0 1.04 | 0.32 | 15.68 | 0.0608
dig | 0.025 | 1 0 1.01 | 0.84 | 41.16 | 0.0756
dis | 0.025 | 1 0 0.21 | 0.74 | 36.26 | 0.0666
dig | 0.026 | 1 0 0.21 | 0.84 | 41.16 | 0.0756
di7 | 0.024 | 1 0 0.01 | 0.84 | 41.16 | 0.0756
dig | 0.025 | 1 0 0.01 | 0.84 | 41.16 | 0.0756
dig | 0.024 | 1 0 0.01 | 0.84 | 41.16 | 0.0756
doo | 0.025 | 1 0 0.01 | 0.84 | 41.16 | 0.1596
doy | 0.027 | 1 0 0.01 | 0.84 | 41.16 | 0.1596
do2 | 0.026 | 1 0 0.01 | 1.24 | 60.76 | 0.2356
doz | 0.029 | 1 | 0.79 0 1.24 | 60.76 | 0.1116
dag | 0.03 | 1 | 0.79 0 1.24 | 60.76 0
dos | 0.028 | 1 | 0.79 | 1.24 | 1.24 | 60.76 | 0.0496
dos | 0.032 | 1 | 0.79 0 14 68.6 0.196
deo7 | 0.033 | 1 | 1..12 0 1.24 | 60.76 | 0.1116
dog | 0.039 | 1 | 1.79 0 1.24 | 122.76 0
deg | 0.04 | 1| 1.79 0 1.24 | 60.76 0
dgo | 0.035 | 1 | 1.79 0 1.24 | 60.76 | 0.1736
ds; | 0.056 | 1 |10.29 | O 1.24 | 122.76 0
ds2 | 0.068 | 1 |16.29 | O 1.24 | 122.76 0
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APPENDIX B

IKL Analysis of Three Data Sets

Figure B.1: Results of normalized data sets

DATA |METHOD |ALGORITHM MEAN ERROR| STD DEV ERROR|MEAN Auc| RUN TIME
Active Set 02091 0,1468]  0,8080[23min 12 sec

PCRM | oniugate Gradient 02473 01011 0.7851|22 rnin 54 sec

VOTES Prirmal-Dual Interior Paoint 02873 00591 0, 7405|22min 35 sec
Active Set 02527 0,0958|  0,7500[B5min 33 sec

PEM  lconjugate Gradient 02091 01338 08170[B4 min 31 sec

Prirmal-Dual Interior Point 02073 0,1138 08110]64 min 32 sec

Active Set 04783 00571 0,4599]197 rmin 31 sec

PCRM | conjugate Gradient 05304 00729]  pas15|205min 35sec

BUPA Prirmal-Dual Interior Point 0 4609 00574 0 4906]140min &7 sec
Active Set 04754 0,055  04620|233min 8 sec

PEM  |conjugate Gradient 04638 oposs2|  04815|245min 3Bsec

Primal-Dual Interior Point 04341 00628 0. 4915]229min S55ec
Active Set 0,1935 0,0456)  06401[27 min S3sec
PCRM |0 njugate Gradient 02000 00421 0 5414]28min 49sec
HEPATITIS Prirmal-Dual Interior Point 02085 0,0540 0 G4 16]29min 11sec
Active Set 05774 02912 03841[79min 52sec
PEM | conjugate Gradient 08268 00433]  03072078min 25sec
Prirmal-Dual Interior Paoint 0,7032 0,3055 0,3580]79min 23sec
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