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ABSTRACT

TACTICAL INVENTORY AND BACKORDER DECISIONS FOR SYSTEMS WITH
PREDICTABLE PRODUCTION YIELD

Mart, Turgut
M.S., Department of Industrial Engineering
Supervisor : Assist. Prof. Dr. Serhan Duran

Co-Supervisor : Assist. Prof. Dr. Ismail Serdar Bakal

May 2010, 42 pages

We consider a manufacturing system with stochastic demand and predictable production
yield. The manufacturer has predetermined prices and limited production capacity in each
period. The producer also has the option to save some inventory for future periods even if
there is demand in the current period. The demand that is not met is lost or may be back-
ordered for only one period. Our objective is to maximize the expected profit by choosing
optimal production, save and backorder quantities in each period. We formulate this problem
as a Markov Decision Process where the state of the system is represented by the net inven-
tory and the efficiency parameter. We show that a modified (Y, S, B) policy is optimal in each
period. At the end, we have some computational analysis to examine the effects of yield on

the optimal decisions.

Keywords: tactical inventory, production yield, dynamic programming
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0z

ONGORULEBILEN VERIM ILE CALISAN URETIM SISTEMLERINDE TAKTIK
ENVANTER VE SONRADAN KARSILAMA KARARLARI

Mart, Turgut
Yiiksek Lisans, Endiistri Miihendisligi Boliimii
Tez Yoneticisi : Yrd. Dog. Dr. Serhan Duran
Ortak Tez Yoneticisi : Yrd. Dog. Dr. Ismail Serdar Bakal

Mayis 2010, 42 sayfa

Calismamizda ongoriilebilir verimle ¢aligan ve rassal talep ile karsilagan bir iiretim sistemini
ele aldik. Bu sistemde iireticinin her periyot icin belirli bir liretim kapasitesi ve 6nceden
belirlenmis {iriin fiyatlar1 vardir. Ayrica, iireticinin iiriinlerini mevcut periyotta talep olsa dahi
ileriki periyotlarda kullanmak iizere saklama opsiyonu bulunmaktadir. Karsilanmayan talep
kaybedilmekte ya da yalnizca bir periyot i¢in sonradan karsilanabilmektedir. Burada bizim
amacimiz en iyi iiretim, saklama ve sonradan karsilama miktarlarin1 secerek beklenen kari
en yiiksek degerine ulastirmaktir. Bu problemi sistem parametreleri net envanter seviyesi ve
verim parametresi olan bir Markov Karar Siireci olarak tasarladik ve modifiye edilmis (Y, S, B)
politikasinin her periyot i¢in optimal oldugunu gosterdik. Son olarak verimin modelimizi

nasil etkiledigini gostermek icin sayisal analizler yaptik.

Anahtar Kelimeler: taktik envanter, imalat verimi, dinamik programlama
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CHAPTER 1

INTRODUCTION

In modern production systems, due to highly competitive markets, it is extremely essential to
follow and optimize all stages of the production. From raw material to the final customer all
processes have to be designed very carefully. Hence, vast numbers of studies were conducted
on supply chain systems, many of which are about inventory control systems. Inventory re-
lated costs such as holding costs, lost sales etc. have a significant part in total costs explaining

the particular interest in inventory problems.

Demand uncertainty is one of the main problems faced in inventory systems. The trade off
is between lost (or backordered) sales and inventory holding costs. Almost all inventory
strategies are conducted to overcome this problem and minimize costs by controlling this
trade off. In traditional inventory control systems the producer meets the demand with all
products at hand. However, sometimes it may be more profitable not to sell all items at
hand and allow some lost sales. That is especially true for systems with varying prices and
production costs. In recent years, an alternative inventory control policy considering this fact
has been improved. This policy is mentioned as rationing. With this policy the producer
have the option to reserve some of the products for future periods even if there is any demand
at current period. Although there are lots of studies in supply chain and inventory control
literature, only a few of them are about systems with rationing. Almost none of these studies

considers production yield.

In this study we consider a system including a single item producer with production capacity
restrictions and one customer class. He has the option to save some inventory for future use
and backorder some demand to be met in the following period. The producer determines

the prices for each period at the beginning of time horizon. However, these prices are not



known by the customers before the beginning of that period. Hence, the customers do not
act tactically. This is a general assumption considered in recent studies on rationing such
as Federgruen and Henching [7], Chen and Simchi Levi [3], Chan et al [2], Duran et al [5].
Different than the pervious studies, there is a predictable production yield rate in each period
in our study. In each period, the producer has to decide how much to produce, save and

backorder.

Our model may be adopted successfully for a production system with a new product intro-
duction. In such a system the producer is the only supplier and can decide prices over a time
horizon. There are no substitutes and customers may accept backordering. We limit the back-
order time as one period to simplify the problem. Also, the firm may reserve products for
future use if there are restrictions such as capacity deficiency. Change in the production yield
and production costs can be forecasted as they are affected by learning effect and seasonality.
In such a system production and inventory policies have to be decided. For a real life exam-
ple, consider the time Apple introduced i-phone to the market. Before the product launch, the
price and probably prices for the following few months were already decided by the firm. In-
troductory price was set to be a bit higher than the next period prices. That is because people
had waited for the product for months and they were much more eager to buy initially. Also,
they easily accepted backordering. It is obvious that customers will accept backordering up
to a specific time, for example one month. For the costs, we can say that the firm can forecast
the labor costs, electronic material costs etc. with past data sets. Lastly, the firm probably had

a production yield trend affected by learning effect like we have in our model.

Remainder of this study is organized as follows. In Chapter 2 we review the related literature
and discuss recent studies about rationing and yield. Then we present the notation and the
assumptions in Chapter 3. We present the profit-to-go function and elaborate this function.
In Sections 3.2 and 3.3, we discuss save inventory and backlog demand models respectively.
After that we conduct some numerical analysis in Chapter 4 and share some insights. Finally,

we present our findings briefly and give some extension ideas in Chapter 5.



CHAPTER 2

LITERATURE REVIEW

In this chapter we present and discuss recent studies related to our study. We review the

literature in two main streams; discretionary sales and production yield.

2.1 Studies on Discretionary Sales

Although there are lots of studies conducted on inventory theory, only a few of them con-
siders discretionary sales. We review the literature and present the studies conducted on

discretionary sales below.

The earliest study considering discretionary sales is the work of Scarf [16]. Scarf [16] focuses
on an inventory planning problem in a multi-period, single-item production system with pro-
duction capacity limits and fixed production setup costs. He shows that the expected profit
functions with discretionary sales are K-concave and the optimal inventory policy is of (s,.S)
type. He also demonstrates that the optimal discretionary sale amount is dependent on re-
alized demand. Hence, the producer has to wait for the demand realization before deciding

discretionary sales.

Chan et al [2] integrate pricing and production decisions in a multi-period, single-item sys-
tem with discretionary sales. As in Scarf [16], there is a production capacity limit for each
period and unsatisfied demand is assumed to be lost. In this study, customers are assumed
to act myopically, not strategically. The authors aim to maximize the total profit over a finite
horizon by focusing on partial planning strategies; delayed production strategy and delayed
pricing strategy. In the former strategy, the pricing decision is made at the beginning of the

time horizon and the production decision is made at the beginning of each period. In the sec-



ond one, the production decision is made at the beginning of the time horizon. The delayed
production strategy is in our interest and it is highly related to Scarf [16]. Different than Scarf
[16], Chan et al [2] show that the optimal policy is independent of the realized demand and

initial inventory.

Duran et al [5] discuss inventory policies in a multi-period, single-item system with two cus-
tomer classes and rationing among these customer classes. Rationing may be considered as
a type of discretionary sales; the difference is that rationing also takes the customer classes
into account. In this paper, customer classes are differentiated according to their willingness
to pay and wait. There is a production capacity for each period and the unmet demand may
be backordered for one period. Prices are determined at the beginning of the horizon and
production decision is made in each period. The profit-to-go function over a finite horizon
problem is given and discussed in the paper. The authors show that a modified order-up-to
policy is optimal and backorder and reserve decisions are independent of the realized demand.
Hence, the manufacturer is able to decide the optimal reserve and backorder decisions before
demand realizations. A similar study is conducted in Duran et al [6] where customers differ

in their patience and one of the classes never accepts backlogging.

Yang et al [20] develop a game theoretic model in an EOQ system with one supplier and two
retailers facing demand uncertainty. The pricing, service level and lot sizing decisions are
considered together in this paper. The risk sensitivity of the retailers, production capacity
and holding costs complicate these decisions. The authors discuss the annual expected profit
and certainty equivalent functions and demonstrate the effects of environment change. In
this paper, it is shown that the expected profit is increasing in risk aversion and service level

investment.

Smith et al [17] consider a joint pricing and inventory planning problem in a multi-period,
single-item system with both capacity and inventory constraints. The authors aim to deter-
mine the optimal price, production quantity and sales amount for each period. First, the
problem is solved exactly with an exponential demand function for a single period using a
linear programming model. Then, with this exact solution, a dynamic programming solution
is developed to solve the multi-period model. This paper extends Chan et al [2] by solving

pricing and production problem simultaneously.

Yan and Liu [19] determine replenishment and discretionary sales jointly in a system with



limited capacity, uncertain demand, lost sales and random yield. In this study stochastically
proportional yield is used. The objective is to minimize the total cost by choosing optimal re-
plenishment and discretionary sales policy. The authors show that the optimal ordering policy
is not a order-up-to, but a threshold type. They also compare the results under random yield
with those under certain yield for finite and infinite horizon problem and analyze the effects
of random yield on the optimal policies. They present that the reorder and the discretionary
sales points are smaller in systems with deterministic yield than those in systems with ran-
dom yield. This paper is highly related to our study. The main difference is that we consider
backordering in addition to lost sales. Also we show that a modified order-up-to policy is

optimal.

Since Scarf [16] introduced discretionary sales, not too many studies have been conducted on
this area. Chan et al [2] consider a special case of Scarf [16] and show the optimal policy is
independent of the realized demand. Duran et al [5] extend Chan et al [2] to a system with
two customer classes and backorder. Yan and Liu [19] include random production yield to the
problem with lost sales. Our study is highly related to this study. However, we assume that
unsatisfied demand can be backlogged and the yield is predictable. Our objective is to char-
acterize the optimal inventory policy and analyze how the optimal production, discretionary
sales and backorder decisions are affected by changes in production yield. We also aim to

provide managerial insights on our findings.

2.2 Studies on Production Yield

Production yield is an important issue in production planning and inventory control problems,
and studied extensively in literature. Yano and Lee [21] present a detailed literature review on

this area. They classify and describe the studies up to their time.

Henig and Gerchak [11] provide an extensive analysis of a periodic-review single-item pro-
duction system with stochastically proportional yield. The authors provide analysis of single
period, finite horizon and infinite horizon models, and show that the infinite horizon order
point is lower when yield is uncertain. They also show that the order point is independent of
yield in single period model. We have similar results indicating that the efficiency in current

period does not have impact on the optimal policy of the current period.



Wang and Gerchak [18] consider a production planning problem in a periodic review system
with unpredictable capacity, random yield and stochastic demand. The authors discuss simul-
taneous effects of both uncertain capacity and yield on the lot sizing decision. Their objective
is to minimize the expected costs and they show that the objective function is quasi-concave.
They prove that the optimal policy is characterized by a single reorder point in each period,

but is not of an order-up-to type.

Another study considering yield in a different setting is conducted by Gerchak and Grosfeld-
Nir [8]. They study the conformity yield of a product having multiple functionalities with dif-
ferent degrees of conformity to standards when demand is upward-substitutable. The authors
model the problem as a complex multiple-lot-sizing production-to-order problem. Expected

cost is modeled in dynamic programming and results of numerical examples are provided.

Hsu and Bassok [12] consider a system with n different products and » different customer
classes. The products are full downward substitutable and demand is stochastic. The system
has a random production yield with a continuous yield coefficient. Probability distributions of
the yield coefficients are known. Demand that is not filled is assumed to be lost. Production
and delivery lead times are assumed to be zero. The authors present the total profit function

and three methods to describe the optimal production decision that maximizes the total profit.

Bollapragada and Morton [1] present three heuristics to decide optimal inventory policy
in a single-item periodic review inventory model with stochastically proportional yield and
stochastic demand where unsatisfied demand is backlogged. They show that a myopic policy
is a good approximation to the optimal policy under fairly general conditions and give some

numerical results to show performances of their heuristics.

Duenyas and Tsai [4] consider a continuous review production system with stochastic de-
mand, stochastic production times and random production quality yield. There are two quality
classes. The quality of the end product is uncertain and the demand is downward substitutable.
However, the manufacturer has the option to refuse satisfying low class customers with high
quality goods. The problem is modeled as a Markov Decision Process in the context of a sim-
ple M/M/2, make-to-stock queue with multiple customer classes, and a heuristic is proposed

and numerical analysis is made to test this heuristic.

Grosfeld-Nir et al [9] include inspection costs to a “multiple lot sizing production to order”



model with random production yield. The problem is to minimize the total costs by optimizing
lot sizing and inspection simultaneously. Three yield patterns are considered; binomial yield,
interrupted geometric yield, discrete uniform yield. The authors show that the lot size with
costly inspection is smaller than the one with free inspection. They also show that the lot
size is independent of inspection costs when yield is binomial, and decreasing in the unit

inspection cost for other yield patterns.

Kazaz [13] adopts the production planning problem with random yield to the agriculture in-
dustry in the context of olive oil production. A two stage decision making process is consid-
ered, growing season and selling season. Demand and yield uncertainty are the main problems

considered in the paper.

Gupta and Cooper [10] use a stochastically proportional yield rate model and show that a
stochastic improvement on yield rate is not always advantageous. To support this idea, the
authors employ stochastic comparison techniques. They provide distribution free bounds on
the expected profit in a single period problem and identify properties of yield rate distribu-

tions.

Li and Zheng [14] extend combined pricing and inventory control problems to systems with
random yield. A single-item, periodic review model is considered in this paper. Demand is
independent and price sensitive. Unsatisfied demand is fully backlogged. Production yield
is uncertain and a stochastically proportional yield model is used. The aim of the paper is to
find optimal dynamic policies that simultaneously determine the production quality and price
in each period. The authors explore the operational effects of uncertain yield on the optimal
policy and value function. They show that the order threshold is higher in a system with

uncertain yield in the multi-period case.

Li et al [15] discuss on infinite horizon decision problem in a single-stage, single-item, peri-
odic review system. Production yield and demand are uncertain in the system. The authors
derive bounds for both the optimal order quantities and order threshold, and then develop
a heuristic based on these bounds. In this paper, again stochastically proportional yield is
used, and purchasing cost is charged only to the successful units produced and the unsatisfied

demand is backlogged.

There are various studies on production yield in production systems. However to the best of



our knowledge none of them except Yan and Liu [19] considers discretionary sales which is
discussed in Section 2.1. Another important point is that most of the studies use stochastically

proportional yield. Hence, we use stochastically proportional production yield in our study.



CHAPTER 3

MODEL ASSUMPTIONS AND DESCRIPTION

We focus on a single product sold at a single manufacturer over a multi-period time horizon,
where the manufacturer has limited production capacity in each period. The manufacturer
serves a single customer class and makes decisions over a multi-period time horizon, ¢ =
1,2,...,T, with T representing the end of the horizon. Production in each period ¢ is limited
by the capacity, ¢;, and the manufacturer pays a production cost per each produced unit of
k;. Inventory holding cost is linear, and a charge per unit, 4,1, is assessed to carry inventory

from period fto ¢ + 1.

The manufacturer has predetermined prices, p;, that may be different in each period. This is a
realistic assumption because separation of pricing and production decisions is very common in
current practice. In some companies, pricing decisions are given by the marketing department
before the start of a selling season, while production decisions are given by the operations

department.

The penalty cost per unit of demand that is rejected and lost is ¢;,. We define the net revenue
of selling to a customer from current inventory as p; + h;1 + {;. Here the producer gains
revenue from sold item and saves holding cost of the item and lost sale cost. Manufacturer
also has the option of backordering the demand in current period to be (definitely) satisfied
in the following period. S, is the penalty cost per unit of demand that is backlogged at period
t. Therefore the net revenue from backlogging a unit demand at period ¢ is p; + € — f5;.
Demand function is a general non-stationary stochastic function, d;, with known probability
and cumulative distribution functions ¢, and ¥,, respectively. We assume that the demand
function in each period is continuous and differentiable, but no other assumptions are made

on the shape of the demand function, so a wide variety of demand models could be used.



Production is a decision made at the beginning of each period and the production leadtime
is zero. The net inventory (on hand inventory - backlogs) at the beginning of period  is I;,
and let Y, represent the inventory plus successful production in period 7 in the presence of an

efficiency parameter &;.

The sequence of events in every period is as follows. At the beginning of a period, the manu-
facturer checks the net inventory level /, and decides the production quantity. Products arrive
immediately, but only a fraction (&;) of them is successful production. Then the demand in
the current period is revealed and the manufacturer decides the amount to reserve from the
demand, S;, and the amount to promise for sale in the following period, B;. The demand is
satisfied according to the Y,, S;, and B, values. The notations that we defined so far is pro-
vided in Table 3.1 for ease of reference. We model the problem as a Markov decision process,

Table 3.1: Notation

q; Production capacity at period ¢

Dr Unit selling price at period ¢

ky Production cost per produced unit for period ¢

his1 Holding cost per unit for period ¢

v Salvage value of any item left at the end of the horizon

7 Lost sale cost for period ¢

Bs Penalty cost per unit of demand that is backlogged at period ¢

d; Random demand for period ¢

& Efficiency parameter at period ¢

I Net inventory at the beginning of period ¢

Y, Inventory after backorders are satisfied and production is realized at period ¢
S Max. amount of inventory to reserve in period ¢

B, Max. amount of demand to be backlogged in period ¢

Ji(I;, &) Expected profit from period ¢ to the end of the horizon

G«Y,)  Expected profit-to-go with Y, units of product available after production
A, Realized backorder amount at period ¢

where the state of the system is represented by the net inventory and the efficiency parameter.
For clarity of exposition, we present the model with the S, and B, decisions given ex ante.
However, in our analysis we show that the optimal (S, B;) decision is the same whether they

are made before or after demand revelation.

10



3.1 Base Model

Let J,(1;, &) be the total expected profit from period ¢ to the end of the horizon, or the profit-
to-go with the efficiency parameter ;. Let G,(Y;) be the expected profit-to-go with Y, units of
product available after production. We can now write the optimal expected profit in period ¢

and onward for the problem as the following recursive equation.

ke — _
J,e) = _ max [-=(: = 1)+ G(¥))] 3.
Y;max{0,1,}<Y,;<I;+&q; €t
G(Y) = _max { f [p(min(d,, Y, = S, + B.))
81:0<8,<Y;, B;:0<B;<&141q1+1

— (S, +max(0,Y, - S, — dy))
— 4 max(0,[d, - Y, - S, — B,]) - By min([d, - Y; + S,]*, B,)

+ Ji1(S; = By + max(0, ?t -S;—d; + By), 8t+1)]d\Pt(dt)} (3.2)

In Equation (3.1), the objective is to maximize the profit by the production decision. The
produce-up-to level ¥; is greater than or equal to max{0, /,} since backorders need to be fully
satisfied at the current period and less than or equal to /; + &g, since the production is limited
by the capacity and the efficiency parameter. The first term is the production cost, that is
charged to all produced products. Next term is the profit-to-go function of the remainder from

the horizon with the inventory after the backorders are satisfied and the production is realized.

In Equation (3.2), the profit-to-go function is maximized over the reserve and backorder deci-
sions. The constraints ensure that the reserve decision can not be greater than the inventory at
hand and no more than the capacity times the efficiency factor of the following period can be
backlogged. The first term is the revenue from both sold and backlogged items. The second
item is the inventory holding cost of the items reserved and the items that are not sold. Next
term is the lost sale cost incurred from the demand that is neither satisfied nor backlogged.
The fourth term is the penalty cost to be paid for the backlogged demand. Finally, the last
term is the maximum expected profit in future periods with the available inventory. In the last

period, when t = T, J;,1 is replaced by v(?, — d;)* which is the salvage revenue.

According to this model at each period the manufacturer have to decide the amount of items
to reserve and the amount of demand to backorder. This is not an easy problem to solve,
however we show that in an optimal policy for a period at least one of these decisions must

be zero.

11



Lemma 3.1.1 In an optimal policy, S;.B; = 0foranyt=1,2,...,T.

That means if it is good to reserve some items in a period, it is not reasonable to backorder

items at the same period or the opposite. We will use contradiction to prove this.

Proof. Assume that there is an optimal solution, (S, B;), where both §; > 0 and B, > 0. We
will show that there exists an alternate policy that is at least as good as and sometimes better
than the “optimal” solution. Let V; and Vt/ be the expected profit starting from period ¢ under
the optimal policy and the alternate policy, respectively. We will consider two main market

environments;

1) current net revenue from selling out of inventory > future marginal expected profit,

2) current net revenue from backlogging < future marginal expected profit.
Case 1: Since current net revenue from selling out of inventory is bigger than future marginal
expected profit, we do not have a motivation to reserve items to sell in the following periods,
thus the alternate policy is chosen to be reserving one less item. We can represent the alternate
policy as (S; — 1, By).

o Whend, <7[_St

Vi ptdt_hHl(Yt_dt)+‘]t+l(?t_dtv8t+l)

’

Vi

Didy — b1 (Y — dp) + Jt+1(?l —dig1) =V,
e WhenY,—S,<d, <Y, —S,+B,

Vi Ptdz —h1 Sy —,Bt(dz - (?z -8+ Jt+1(Yt —d;, &141)

V, = pdi—hu1(S; = 1) =Bildi =Y + (S = D) + Ju1 (Y, — dy, &141)

Vit hr + 5 > Vi,

e Whend, >Y,-S,+B,
Vi = Pt(?t_St+Bt)—ht+ISt—€t(dt—?t"'Sz—Bt)_,BtBt+Jt+1(St—Bt,8t+1)
V, = p(¥;=(S:=D+B)=hui(S;—1)—€(d,~ Y, + (S, — 1) = B) - BB,
+ J1(Sr— 1= Br,&41)

= Vi+(pr+h +4) - [Jt+1(St - B, &1) = Ji1 (S — By — 1’81+1)] > V.

12



Case 2: Since current net revenue from backlogging is smaller than future marginal expected
profit, we do not have a motivation to backorder items to sell the future capacity in period
t, thus the alternate policy is chosen to be backordering one less item. We can represent the

alternate policy as (S, B, — 1).

L Whend,<?,—5;

Vi = pidi =1 (Y —dp) + J1 (Y — dp, £041)

’

V, pedy = he1 (Y —dp) + I (Yr — dpy &041) = Vi,

° Whenl_/,—S,Sd;<1_’t—Sz+Bt

Vi pids — hi1 Sy _Bt(dt - (?t =S+ Jt+l(?t —d;, &41)

’

Vt pidy — he1 S — Bi(d; — (?t -8+ Jt+l(?z —dp, 1) = Vi,

e Whend, >Y,-S,+B,

Vi = pt(?t_St+Bt)_ht+lSt_€t(dt_7t+St_Bt)_ﬁtBt+Jt+l(St_Bt>8t+l)
Vi = p(Yi=Si+Bi=1)—h1S—b(d— Y, + S, = (B, — 1)) = Bi(B; — 1)
+ J1(S: = (Br— 1), &041)

= Vi+ [Jt+l(St —Bi+1,841) = Jis1(S: — Bt,81+1)] —(pi+ =B >V,

For all cases we have the same or better performance from the alternate policy. Then the

policy with both decisions positive can not be optimal, at least one of them must be zero. W

By Lemma 3.1.1, the problem can be simplified into two candidate policies, GIS (Y;) and
G,B(?,), where, Gf (?t) is the “save-inventory” policy with positive S; value and G?(E) is
the “backlog-demand” policy with positive B, value. Then the base problem can be rewritten

as
G(Y;) = max{G; (Y,), GE(Y))}.

This simplification means that the better policy among those two policies will be chosen in
each period. The result that is proven formally is also true intuitively. It is better to choose the
save-inventory policy in an environment where the marginal expected profit from selling each

reserved item in the following period is greater than the net revenue from selling each item in

13



the current period. For example, in a system with prices increasing by periods save inventory
policy is better. Because selling an item in future is more profitable. On the other hand,
when the net revenue of backlogging an item is greater than the marginal expected profit from
selling an item in the following period, the backlog-demand policy is the best one to choose.

A system with prices decreasing by periods would be a good candidate for this situation.

9 G(Y) \
m ay
Pith,+e,
kq
£t
0J s (l, €4e1)
al
% Y S I
(a) 7,* Decision (b) S; Decision
i\ pe+e B
0Jui(l, €41)
al
B.*

(c) B; Decision

Figure 3.1: Optimal Unconstrained Decisions

In Sections 3.2 and 3.3, we will prove some structural (e.g. concave, non-increasing, etc.)
properties of the profit-to-go functions. The decision variables Y;, S; and B, are all constrained
variables and they are limited by parameters and state variables of period ¢ as seen in Equations

(3.1) and (3.2). But if we let 7,* S and By to be the unconstrained optimal decisions and

14



define them as;

v V. k o 0GX ek 0G0
o= ma(V g < S i<t

A1 (,E41) } 3J141(0,841)
al ol

S;( = maX{I Ny 2 +hl‘+1 +€t < lf Pt +€[ +hl‘+1 <

’

B =min{l: p, + ¢ — B < H1Clen)y ifpt+€t—ﬁz>%

al
where the decisions are zero if the corresponding conditions are not satisfied, we will be able
to prove the desired structural properties of the policies. Unconstrained optimal decisions and

how they are determined are illustrated in Figure 3.1.

Note that the choice of ?,* decision can easily be verified by taking derivative of unconstrained
Equation (3.1) with respect to ¥,. However the verification for S* and B} decisions are not
trivial. But we can observe that when p; + ¢, + ;| (net revenue from selling out of inventory)
crosses the marginal expected profit curve in period ¢ + 1 ( W) at a positive / value, we
have a positive S value but since p; + €; + hye1 > p; + € — By, we have B; = 0. Similarly,
when p, + {; — B, crosses the the marginal expected profit curve in period ¢ + 1 at a negative
I value, we have a positive B; decision but a zero S; value. These relations comply with
Lemma 3.1.1 and verify the choice of S; and B* decisions. Now we can discuss the two

models representing these two candidate policies.

3.2 Save-Inventory Policy

For the save-inventory policy, the optimal expected profit can be written as;

G;S (Yt) = max _{f[l’t(min(dt, ?t =84) = h1(S ¢ + max(0, ?t -Si—dp))
S§:+:0<8,<Y;
- {;max(0, [d; - Yt =S D+ I (S + maX(O,Yt -8, —dy), 8t+1)]d‘Pt(dt)} (3.3)
Y,—S, 00 00
= [ paario+ [ p@-sorvo -6 [ - @-soar
0 Y-S; Y,-S:
Y,—S, 00
+ f [Jt+1(?t - X,E41) — (?t — ) |d¥(x) + f [Ji+1(S 1 €141) — S i1 |dPo(x).
0 Y-S,

In Equation (3.3) the profit-to-go function is maximized over the reserve decision. It is a
simpler version of Equation (3.2) since there is only one decision to be considered in this
equation. The constraint ensures that reserve decision can not be more than the inventory

level after the production realization and can not take a negative value. The first term in the

15



equation is the revenue gained from sold items. The producer reserves S, items for future
periods, and makes the remaining items on hand (Y; — S ) available to the customers in period
t. Obviously the producer can not sell more than the current demand. The second term is the
inventory holding cost to be paid for reserved items and items that are not sold. Next term
is the lost sale cost from unsatisfied demand. Last term is the maximum expected profit in
future periods with the available inventory. This term is replaced with salvage revenue in the

last period.

It is important to note that we start period ¢ with I; units and then decide Y;, which is limited
by I; + &q;. Therefore G5 is independent of the &, Next we will show that the profit-to-go
functions are concave and the optimal decisions are not dependent on the current period’s

efficiency parameter.

Theorem 3.2.1 For the profit-to-go functions,

. 6T

t

is non-increasing in Y, and G;g (Yy) is concave in Yy,

011,80 . L . .
o i ’((,I’ &) g non-increasing in I, and J,(I;, &) is concave in I,,
t

—sxgl —x&? 2GS
U2y e e PG
o forany (g;,&7)pair; Y, =Y, " ( 61,55, =0),

2 2
_ o*& 0 S U1,8m1)
- St ( 0l1410¢; - O)

gl

e for any (8,1, stz) pair; Sta’
Proof. We use induction for this proof. We first focus on GtS (Y;) and start with period 7.
Obviously S = 0, and Jr41(-, -) = O since there is not any meaningful decision in last period.

We see from Equation 3.3 that,

Y_T 00 Yr

G3(Yr) = f prxd¥r(x) + f pr(Yr)d¥r(x) + v f (Y7 — x)d¥7(x) - b1 f (x = Y7)d¥r(x)
0 Y_T 0 Y_T

where v is the salvage value per item at the end of the horizon. Using Leibnitz’s rule we

obtain,
0G5 (Yr) — — —
o = pr(=Y¥r(Y7)) + {r(1 = ¥7r(Yr)) + v¥7(¥7),
T
A*G3.(Yr) _
—12 = (W—L0r—prr(Yr)
977
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PGy (YT)

Since by the assumption pr + {r > v, < 0 Therefore G;(Y_T) is concave in Y7 and

T
aGS<Yr)

T

1s non- 1ncreasmg in YT

OGS (O)

T

Now we show that J7 (I, &7) is concave. Define I_/; as 0 if I;—; > , otherwise as max{Y

g
ke o aGT_(Y)
er ay

}. Because GST(Y_T) is concave in Y7 and by the choice of l_/;, l_/; maximizes

Jr(Ir, er) with production realization of max{ergr, ()_/; — I7)}. Hence,

—krqr + G3(r +erqr) if Ir <Yr - erqr

Jr(r.er) =3 ~kr(Yy —Ir) + G3(Y7) if Yy —erqr <Ir < Yp
GS.(Ir) if Yr<Ir.
Therefore,
dGy(Ir+erqr) _ ky . —
oIy er) . a2 e lf ;7; <Yr- 8TC;T - o
olr Z_?;;UT) . l'f Yr- erqr <Ir <Yr :
S if Yrp <lIr.

3Gy(Yr) .
L s
oYr
non-increasing in Y, W is also non-increasing in I and Jr (I, er) is concave in I7. It
aJT(IT er) -

The two inequalities in Equation 3.4 hold due to the choice of I_/*T decision. Since

is seen that is biggest when I7 is small (> j) then decreases as I increases. Thus,

8Jrr, . . . .
% is non-increasing and J7 (I, €7) is concave for all I values.

1 J——"

Also noting that ° T( YD) ; is independent of &7, for any (£}, £2) pair, we have 7;8T = Y;ET, and
1 2
*er _ ¥t _
ST = §T =0,

GS (Y1) .
5:1

show that Gf_l (Y,_)) is non-increasing. We have two GtS_1 (Yi-1) equations for the following

Now assume that is non-increasing and Jr (I, er) is concave for period t = ¢...T, we

cases,

e Case 1: When Y,_; < S

(o)

[Jt(?t—ls &) — ?t—lht] =1 fXd\Pt—l(X)
0

GS (Y1)

5Gf_l (?t—l) a\]t(?t—l , &)

— = — - h’l
8Y,_1 aYt 1
PG (Yi)  PaY
z—_12( U (Fio1. ) <0 (due to induction hypothesis)
Y, o7,
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e Case2: When Y, > S;k_‘g’l*‘:

?H_S;:l

9GS (Y, r Vi -
W) f (Pr-1 + G-D)d¥ro1 () + f e T e

87[— 1 671— 1

Y-S,

0*GY |(Yi-1) dJ(S7 |, &)

= | = (pr-1 + I + ft—l)]lﬁt—l(?t—l =S

6?3_1 a?t—l
?H_S;l > S
0“J(Y._1 —
+ f ( S &) 1w,(x) < 0
0 aYt—l

Inequality is due to the induction hypothesis and the choice of Sff’l" decision; which is 0 if

Pr—1 + hy + €21 > %, otherwise is equal to max{/ : p,_1 + by + {;_1 < %}. Thus,
GS  (Y,-1) . . . .= = . I
% is non-increasing in Y;_g, and Gf_l(Y (—1) 1s concave in Y,_i.
t—1
s . aGS_ (0) . = G (Y)
Now define Y,_; as O if ko s T otherwise as max{Y ke < %} Because
€r-1 [) ) Er-1 Y

Gf_ 1(1_/,_1) 1s concave in 17¢—1 and by the choice of 7:_ 1> )_/:_1 maximizes J;_1(I;_1, &—1) with

production realization of max{e;—1q;-1, (I_/:_] —1,_1)}. Hence,

OGS (I_1+&-1q1-1) ki— . v
————— > L <Y, — &1

a7 (1 ) ol Er-1
—1U-1,8-1) | T Y
(91—1 B ﬁ if Yiy —&-1gi-1 <Ii-1 <Y, 3.5)
-
4GS (1) k sy
=17 1—1
ol < &1 lf Yt_l <t

. S . . =+ . . 4GS | (Yr-
The two inequalities in Equation 3.5 hold due to the choice of Y,_; decision. Since 91 Yi)
=1

is non-increasing in Y,_j,

erEet) . . )
W is also non-increasing in l;_; and J,—(l;—1, &—1) is

concave in I;_1. This is true for all I,_; values as mentioned before.

. oGS (Y.-1) . . . —sgl
Again, we see that —=—"" is independent of &,_;, for any (stl_1 , stz_l) pair, we have ¥, ' =
-1
2
A
Y, [
. . *81 *82 .
Similarly, to see whether S, ' = S | or not, we need to check if M’f+]’r‘9‘) depends on &,

for any 7;. We have

02GS (I+&:1q; ~ Y
Polne) _ | Tt =0 if li+ea <Y,
altagt—l 0 lf ?: < It + &q1,

since for period ¢, we have,
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e Case 1: When I, + &g, < S,

Gf Ui +&q) = [Jt+1(1t + &4, Er41) — (I + 8t61t)ht+1] -4 fxd‘I’;(x)

0
9G (I; + £.q;) _ O0i + &g, &111) h
al, - al, oo
azG,S (I +eq) 0
01,0, -

e Case 2: When [, + &g, > S ;™"

6Gf U; + &4q1)

f (pr + £)AV, ()

ol
Liteqi=S;|
Ii+&q,=S}
oJ I + - X
4 f [ [+1( t Etqt x 8[+1) — ht+]]d\P[('x)
ol,
0
81;(')8;_1
xgl *e?
Thus 012(9# does not depend on &;_1 and S tftl_l =S :ll_] -

We show in Theorem 3.2.1 that the optimal unconstrained reserve and production decisions in
Save-Inventory policy are independent of the current period’s efficiency parameter and current
demand. It is intuitively true, because the efficiency parameter is known at the beginning of
the period and the producer takes this value into consideration. The producer would change
the production amount to compensate the change in the efficiency parameter. Hence, as we
assumed, the producer can decide the optimal policy at the beginning of each period before
demand and production realization. Theorem 3.2.1 implies the optimal policy for the Save-

Inventory policy; thus we have the following corollary.

Corollary 3.2.2 Given a vector of prices, there exists an optimal modified base stock policy
for the Save-Inventory policy with an optimal reserve-up-to level (S}) and optimal produce-

up-to level ( I_/: ).

In an optimal policy, the realized production level (Y,) and reserve (S,) decisions may not be
equal to the optimal produce-up-to (I_/;k) and the optimal reserve-up-to (S7) levels. Capacity
and efficiency parameter may limit the production and if it is not possible to produce up to

(1_/:) then the producer should produce as much as possible. Similarly the (§,) decision is
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limited by (Y,). If there is not enough inventory on hand to reserve (S;) units then as much
units as possible should be reserved. Next, we discuss how decisions in period ¢ changes with

Etl-

Theorem 3.2.3 Under the save-inventory policy

. PG
67t65t+]

X7 F . . . . . .
< 0VY;andY, decision is non-increasing in &;,1.

[}
6[r+1 a€1+1

—%k
<0Vl and S, decision is non-increasing in €.

. 3G (¥, i
Proof. We will show that ;)_E 2 and aj’“gl’:l’g’“) curves are never shifting upwards (for any

or;

I, or I_/, value, respectively) as &4 increases. Figure 3.2 depicts that when this is the case,

% %k . . . . .
both Y, and §, decisions are non-increasing in & 1.

— —_— / Pith g +€,
8denlheu) N/ N\ 2wlh &)
Yo (¥ ) +— Y (e ) Y S (enr)  —— S ) I
(a) Change in 7,* Decision (b) Change in S} Decision

Figure 3.2: g4 effect on decisions in period ¢ under Save-Inventory Policy

We use induction for this proof. First we focus on G*;(IT + erqr) and period T — 1

1T+£TqT (o]

GS(Ir + erqr) = f prad¥r(x) + f pr(lr + erqrd¥r(x)
0 Ir+erqr
IT+8TqT 0
+ v f Ur +ergr — x)d¥7r(x) — tr (x = It — erqr)d¥r(x)
0 It+erqr

then we obtain,
0G5t + £rqr)
olr
OG5t + &rqr)
ol TaST

(pr + tr)(A = ¥Y7r(7 + erqr)) + VW71 + e7qr)

qr(v —pr — tp)rr + qrer) <0 V. (%)
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The inequality is true since pr + €7 > v by assumption. Then,

PGS (Ir+ ) . =*
- : %<O (from =) if It <Yr —erqr
,E " —
gITVT-ST) _ _k_§<0 lfYT—ETqT<ITSYT (%)
Olroer e
>GyUr) _ T
6176.97 — 0 lf YT < IT.

*ET-1

Therefore, as I increases, the reserve-up-to decision S

first decreases (where 0 < Iy <
I_/*T) and then remains unchanged. Moreover, there are two cases considered for the G*;_l (Yr_1)

function. We present derivatives of the function below;

e Case 1: When Y7_; < §77-1.

T-1
Gy_ (Y1) = [Jr(Yr-1,er) - Yroihr] — €24 f xdWr_1(x)
0
0G3_\(Yr-1) _ 3JT(17T—1,8T)_hT
8Y oY1y
Gy_ (Yr-1) PJr(Yr-1,er)

— = — <0 due to (xx).
aYT_188T 6YT_165T

e Case2: When Y7_; > Sy

(o8]

9GS._ (Yr_1)
o f (pr-1 + br—))d¥r-1(x)

Y1 _
Yro1=S7_,
7T‘]_S*T—1 —
oJr(Yr_1 —
N f [ 7( 11 X, E7) ~ byl (x)
oY1
0
PGS (Yr_1) AJr(S*: . er) — aS’;
T-1 T-1° « T-1
— = |(praithr+tro) - ————ro1 (Y21 = S+_)
V7 der [(pr-1 + hr + {1 T Wroi1(Yr—1 = S7_, Der
?T—l_Sfr—l 2=
0“J(Yr_1 —
+ f t(_T =% 8T)d‘I‘T(x) <0 due to (xx) and S7_, decision.
6YT_168T

Now for periods up to ¢ — 1, assume,

52G}9 U + &9q1)

1.
altagt <0 v ! (* * *)

Then we have,

8°GS li+eq: . —%
2 E);fﬁ:;gq) <0 (from * **) lf It < Y[ — &gy
altast 2 t tqt t =1y
PGiU) _ e
ar0s, = 0 if Y, <lI.
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Moreover,

02T, (Y1, . N
I 18) < if Yt—lﬁst_l

— oY,10s;,
w — ?”1_‘;;—1 — d t (* " **)
OY._10 B I (Y11 — x,&) . ue to )
1-10&; — <0 otherwise
o @Yt_last

To complete the proof it is enough to check whether

aZG}Q_I(It—l + &-191-1)

<0 VI_
Ol;_10g,-1 -
holds for period ¢ — 2 or not. We have two cases;
e Case 1: When I,y + &_19,-1 < S;°":
G (o1 + &1qm1) = [Ty + &-1Gi-1, &) — =1 + 8-1@-Dhi] — €1 f)Cd\Pt—l(x)
0
then we obtain,
aGf—l(If—l +&-191-1) _ OJ(Ii-1 + &-1G1-1, &) _n
aIt—l aIz—l !
82Gf_1(1t—1 + St—lqt—l) _ (92.11‘(1[71 + 8t71q17178t)
0l,_10g;1 01,1081 ’
where
kiq; + G}g (-1 + 2191 + &q1) if iy +é&-1qi-1 < 7[ — &1q;
Jili-1 + &-191-1, &) = —i—i(l_/j — Iy = &-1G1-1) + G (Y,) otherwise
G5 (I-1 + &-1q1-1) if Y, <I_1+&_1qi
and,
2SS —k
> TS <O if Iy + Em1qie1 <V, s
O J(li-1 + &-1q1-1,&1) .
=40 otherwise from (s = %),
0l;_10g, 265U )
_1+E-19Gi— P
# < O lf Y[ < It—l + Er—191-1

e Case 2: When [, + &_1q;-1 > S:‘ftfl:

(o)

OGS [(I-1 + £-1G1-1) B f
ol

(pr-1 + G-1)d¥r-1(x)
Li1+&-1q1-1 _S:—l

I-1+e-1g-1-S)_

+ f [ajt(lt—l +&-191-1 — X, &)
aIt—l

- ht]d\I]t— 1(x)
0
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0G5 |(I—1 + &-191-1)
Ol;_10g,1
oS, : (aJ,(S L&)
(98; 81,_1

I +&-19i-1-S |,

f 82]t(1t—1 + &-1qi-1 — X, &)
Ol;_10g;_

= (gr-1— —(pr—1 + b + ht))lrllt—l(lt—l + &-191-1 — S:_l)

d‘I’,_l(x) <0.
0

Therefore it holds. [ |

In this theorem we present that in Save-Inventory policy the current decisions are effected
by the efficiency parameter of the future periods. Initial inventory of the following period
is determined by current decisions and change in future periods effects the current decisions
because of the demand uncertainty. As efficiency parameter of the future periods increases
the producer can produce more in these periods and reserves less inventory to avoid holding

cost and lost sale cost. Therefore, there would be a lower S value.

3.3 Backlog-Demand Policy

Next model to consider is the model with positive B, value. In this policy reserve-up-to
decision S is zero and there will be a positive backorder-up-to decision B;. The profit-to-go

function will be as the following;

G?(Yt) = 3 .0<§n<ax . {f[pt(min(d,,Y, + By)) — ht+1(?t - dt)+
1 USD:S Er4191+1
— 4ld — (Y + B)Y = B, + Jin (Y = d)* = Ay, £041)]d¥i(d) (3.6)
?H'B,* 0o 0
= f pexd¥(x) + f (Y + B)d¥,(x) — 4, f (x = (Y, + B}))d¥:(x)
0 Y, +B: Y+B;
?,+B;‘ 00 Y
B f (= TNd¥,() - By f BidW,(x) - hy f (¥ - 0¥, ()
Y Yi+B; 0
Y +B; oo
+ f Jis1(Y; = X, &01)dP(x) + f Ji+1(=B;, £141)d¥(x)
0 Y, +B;

The profit-to-go function is maximized over the backorder decision in Equation (3.6). The
constraint means that the back-order amount is limited by the efficiency parameter and the

capacity of the following period. The first term in the equation is the revenue from the sold
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products and backlogged demand. The second term is again the inventory holding cost and the
third one is the penalty cost to be paid for unsatisfied demand due to capacity and efficiency
restrictions. Next term where A, = min([d, — Y,]*, B,) is the realized backlogged demand. The
last term is same as in the previous equations, the maximum expected profit in future periods

with the available inventory which is replaced with salvage revenue in period 7.

In backlog demand policy we have a similar theorem with the one in Save-Inventory policy.

Theorem 3.3.1 For the profit-to-go functions,

o aGE(Y) .
Y,

is non-increasing in Y, and G (Y,) is concave in Y,

At g - . N . .
) ’((3—1’8’) is non-increasing in I; and J;(I;, &) is concave in I,

#GEy)
0],(')8,

e for any (8,1, 8?) pair; 1_/: Y ( =0),

1 2 2
o forany (¢!, &) pair; B = B% (il J’g'lt(f’]*alj”‘) =0).

Proof. We follow a similar way in this proof. First, we consider G?(Y_T). Obviously Br =0,

and J741(-,-) = O then:

Yr oo

GE(Yr) = f prxd¥r(x) + f pr(Yr)d¥r(x) + v f (Y7 — x)d¥r(x) - b1 f (x = Y7)d¥r(x)

0 YT YT

using Leibnitz’s rule we obtain

dGE(Yr) — _ _
——— = pr(1 =¥7(¥Y7) + (1 =¥7(Y7)) + v¥7r (Y1)
oYr
&*GE(Yr) _ _
— = = (w—=~L€r —prwr(Yr) <0 (since pr +{r > v)
oYy

TN S 5(r) .
Hence, G?(YT) is also concave in Y7 and T— is non-increasing in Y 7. Now we focus on

T

— s _
Jr(Ir,er). Define Y,_; as O if ];’—‘; > w, otherwise as maX{Y : ’;’—‘11 < ﬂGfal(Y)} then
= -1 —
—krqr + GE(Ir + erqr) if Iy < Yy - erqr
Jrlr,er) =3 ~ke(Yy —Ir) + GB(Yy) if Yy —erqr <Ir <Yy

GE(Ir) if Yp <Ir.
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Therefore,

AGE(Ir+erqr) _ k . =*
P ) %Zi if It <Yr—erqr
rUr,€r T —
ol = ]z% lf YT —e&rqr < It < YT (37)
GBIy i .o
< ok if Y <Ir.

. o . . St GE(YT) . . .

The inequalities in Equation 3.7 hold due to the choice of Y*T. Since % is non-increasing
T

in Yr, W%TT’ST) is also non-increasing in Iy and Jy(Ir, er) is concave in Iyp. It is seen that

%TT’ST) is biggest when I7 is small (> I;—;) then decreases as I increases. Thus, %TT’ST) is

non-increasing and J7(Ir, er) is concave for all I7 values.

9GE(¥r) 2

—sel —a
Also noting that 7, is independent of er, for any (slT, 8%) pair, we have Y*Tgr = YTST’ and
1 2
*ST _ *ST _
B, =B," =0.
9GP | (Yie1)

Now assume that is non-increasing and J7(Ir, er) is concave for period ¢ = ¢...T,

=1

we show that GZ | (Y,_;) is non-increasing.

17,,1+B;11 00
Gl (Yio) = f pr-1xd¥;-1(x) + f pio1(Y1 + B )d¥,_1(x)
0 ?”I+B:—l
00 71_1+B:_1
- b f (x = (Yio1 + Bf_))d¥,-1(x) + f J(Y -1 = x, &)d¥,-1(x)
?,_1+B;:1 0
I_/,,]+B:1 00
- B f (x = Y-1)d¥-1(x) = Broi f B, d¥,-1(x)
?,,1 7,,1+B;‘_1
00 71—1
+ f Ji(=B! |, e)d¥-1(x) — by f (Yo = X)d¥,-1 (%)
7t—|+3:1 0
a B o ) oo ?f—ﬁ'B:—l —_
G, (Y- 0J (Yi—1 — x,&)
— = f (Pt + C1)d¥ -1 (x) + f Sl 2P, (x)
aY[_l _ Yl‘—]
Y-1+B" 0
Y1 Yio1+B;
~ ey f d¥_1(x) + Br1 f d¥,-1(x)
0 =
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A*GB (Y.-) AJ (=B ., &) _ _
Toolel) BT b — B Wit (T + B ) — (e + Br)Wr1 (Frot)

a?f_l aYI—]
Yia+B; 5 =
0°J,(Y;_1 — x,
+ f « S £ () < 0
0 aYt—l

Inequality is due to the induction hypothesis and the choice of B;‘f’l‘l decision; which is 0 if

pi-1 + -1 — B < %, otherwise equal to min{/ : p;—y + -1 — B—1 < %}. Thus,
dGB (Y1) . . . .= = . —
% is non-increasing in Y;_;, and Gf_ (Y;-1) is concave in Y;_;.
t—1
v* e ki G2, (0) : VvV . ke aGE ()
Now define Y,_; as 0 if == > —EI—, otherwise as max{Y D= < —_} Because
Er-1 Y, Er-1 oY

Gﬁ 1(I_G_l) is concave in Y,_; and by the choice of 17:_1, I_/:_l maximizes J;_1(I;_1, &—1) with
production realization of max{e;_1q;_1, (I_/:_l —1,_1)}. Hence,

OGE | (h-1+em19m1) kg - -
2 <Y - emdim

0Ji-1(Ii-1,&-1) —. _

_ — ki . * *
ol = ﬁ if Y —&1q1 <L <Y,

1‘_

8GE (1-) < ket
ol - &1

lf ?;k_l < It—l-

4GB (Y1) . . .=
%" is non-increasing in Y;_1, then
Ori—|

is concave in I;_1.

W is also non-increasing in /;_1 and J;_1(I;_1, &-1)

*E

aG? (Y1)
=l N

1 2
As seen before is independent of &,_;. Similarly, to see whether B:_s’l“ =B, ' or

=1

not, we need to check if (9],((?;;,8,) depends on &,_; for any /,. We have

PGB (L+&.q) . —
2 t L1 tYt)
(9 J[(I[, 8[) _ o0&, = 0 lf Il + Etqt < Yt

31158[_] 0 lf }_]j < It + &4,

since for period ¢, we have,

Ii+&:q:+By

f 0Jr1; + &G — X, &141)
ol

GBI, + &1q,)
ol,

d¥(x)

f (pr + C)AW, () +

Ii+&q,+B; 0

Li+&1q; Ii+&1q,+B;f

f hd¥(x) + B f d¥(x)

0 Ii+&q;

QZG?(L + &q1)
(9],(98;_1

el w2
Thus BTET = BTST =0. [ |

We show in Theorem 3.3.1 that the optimal production and backlog decisions under backlog-

demand policy are also independent of the current demand and the efficiency parameter of
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the current period. It is intuitively true, because as in the save inventory policy the efficiency
parameter is known and the producer takes this value into consideration. The producer would
change the production amount to compensate the change in the efficiency parameter. There-
fore the producer can decide the optimal policy at the beginning of each period. Theorem
3.3.1 implies the optimal policy for the Backlog-Demand policy; thus we have the following

corollary.

Corollary 3.3.2 Given a vector of prices, there exists an optimal modified base stock policy
for the Backlog-Demand policy with an optimal backlog-up-to level (B; ) and optimal produce-
up-to level ( ?: ).

We have mentioned that the realized production level (Y;) decision may be different than the
optimal produce-up-to level (I_/j) for the Save-Inventory policy. It is same for the Backlog-
Demand policy. In addition backlog (B;) decision may not be equal to the optimal backlog-
up-to level (B;). It is limited by the following period’s capacity and efficiency parameter.

Next, we discuss how decisions in period # changes with €.

Theorem 3.3.3 Under backlog-demand policy

o PG

— —%
7.0 < 0VY;andY, decision is non-increasing in &1.
10€1+1

[}
6[r+1 6514-1

% . . . . .
< 0V and B, decision is non-decreasing in &;.1.

aGF_(E) and Mes1is1.801)

Proof. We will show that o

curves are never shifting upwards (for any
!
I, or Y, value, respectively) as & increases. Figure 3.3 depicts that when this is the case,

* . . . . . —k o . . . .
Y, decision is non-increasing and B, decision is non-decreasing in &.1.

Induction is used for this proof. First we focus on Gl;(IT + erqr)

Ir+erqr )
G2(Ir +erqr) = prxd¥r(x) + f prr + erqr)d¥r(x)
0 Ir+erqr
Ir+erqr )
v [ rrergr-xavio-t [ @i -eranate)
0 Ir+erqr

G2 (It + erqr)
olr

(pr + tr)(A =¥7r(r + erqr)) + v¥7rU7 + €7qr)
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Figure 3.3: g, effect on decisions in period ¢ under Backlog-Demand Policy

*GEr + erqr)
81T83T

The inequality hold due to the assumption pr + {7 > v

= qr(v—pr—Crrlr + qrer) <0 Vir. (%)

PGB+ ) . v*
PIrIr,er) g <O (from =) if Iy < Yr —erqr
,E _ o -t
#: #<0 lfYT—gTqT<ITSYT (**)
Olrder “;T R
PGBIp) o
aeras; =0 if Yrp<lIr.

*ET

Therefore, as Ir increases, the backorder-up-to decision B ' first decreases and then re-

(9.]7"(—1,87")

mains unchanged since By._, is defined as min{/ : pr_j + {r—1 —Br-1 < 0—1}. Moreover,

0o

dGE_ (Yr-1)
Y7

vV, *
Yr +BT—1

V. *
Yro +BT—1

V. *
Yr +BT—1

= f (pr-1 + lr-)d¥Y7-1(x) + Br—1 f d¥7-1(x)

Yro

7T—l

Yo i —
. f 0Jr( -1 x’gT)d\PT_l(x)_hde\PT_l

oYr_
g T-1

0*GE_ (Y1)
— L7 = [~(pri + bro1 —Bro1) +
8YT_1387“ YT—]

V. *
YT—1+BT_]

3.]]"(—3;_1,87“)

0

*

T-1
(98]“

Wr-1(Yr-1 + By_))

01 (Y71 —
N f (Y71 = x, 8T)d‘I’T(x) < 0 due to (xx) and B}_, decision.

(9}_77‘_1887'

Up to period ¢ — 1,assume,

82G§(It + &1q1)

0 VI,
a0z, < o (% %)
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Then we have,

Gl +eq) . <*
—ai05,~ <0 (from xxx) if I <Y, — &4,

aZJt(It’St) —k e .
61{68, - ?}"B< O lf Yt - qut < It S Yl (* * **)
G ) "
1,05, = 0 if Y, <lI.

—k . . . . . . . . . -—
B,_, decision is non-decreasing in g; since it is defined as min{/ : p;—; + ;-1 =1 < %}.
Moreover,

2 ~B - ?t_l+B:—l —
"G (Y1) _ f PJ (Yot — x, &)

— — <0 due to (* % *x).
(9Yt_138, aY[_lagl

Finally for period 7 — 2 : it is enough to check whether

asz_l(It—l + &-141-1)

<0 VI_
01,1011 B !
holds or not.
oG8 (I,_i + &1-1G1-1) r
Sl _ f (Prot + Lo)d¥,1 ()
t_

L1+e1qi- +B;—l

li1+e1qi-1+B;_

+ f 0Ji(Ii-1 + &-191-1 — X, St)d\P[_l(X)
alt—l
0
Ii—1+&-1G1-1 [r—1+€1—1(11—|+3f_|
~ b [ avawesa [ ataw
0 Lo1+e1qi-1

52Gf_1(11_1 + &-14:-1)
Ol;_10g;-1

0By, (E)J,(—Bf_l,s,)

0&; ol

= (-1 + B=-Dge-1Y—1Ui-1 + €-1G1-1)

I +&-1q-1+B]_|

n f azjt(lt—l + E-191-1 — X, &)
0l,_10&-1

(g1 + = (pr-1 + G- —ﬁz—l))l//z—l(lz—l +&-1q-1 + B;_})

d¥,.1(x) <0,
0

due to the B, and since

kiq: + G?(It—l + &-1G1-1 + &q1) if I+ é&-1q-1 < ?: — &qt
Jilli-1 + &-19-1, &) = —%(I_/r — L1 —&-1q:-1) + G,B(Yt*) otherwise
G?(It—l + 8;—1611—1) lf ?: <L_1+ Er-191-1
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and,

PGB(L-1+er-1G1+ . v
0°Gy (li-1+&-1q-1+&q1) <0 lf It—l + &-1G1-1 < Yt - &4,

2 alt—laet—l
0°J(Ii-1 + &-1G1-1, &) .
=10 otherwise from (x  *).
Ol;_10,-1 58
Gy (L—1+&-1q1-1) R
tall,,llag;,:_’ =<0 if Y, <l +&-1q111
Therefore, it holds. m

In this theorem we present that the current decisions are effected by the efficiency parameter
of the future periods. Change in future periods effects the current decisions because of the
demand uncertainty. Also initial inventory of the following period is determined by the current
decisions. As efficiency parameter of the future periods increases available amount for the

backlogged demand increases and there would be a higher By value.
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CHAPTER 4

NUMERICAL STUDY

We conduct a numerical analysis and present the results in this chapter. Our aim is to obtain
insights about the model and how it is affected by parameter changes. We have built a pro-
gram (available upon request) in C++ and enumerate all possible solutions to find the optimal

policies in different problem environments.

We consider a finite time horizon with six periods and assume that demand in each period is
normally distributed with an average of 50. The coefficient of variation of demand in a given
period is assumed to be CV,, = std(d,)/ E(d,), where std(d;) denotes the standard deviation and
E(d;) denotes the expected value of demand. In all cases we set the coefficient of variation of
demand as 0.2 and truncate the demand distribution to be < 3 standard deviations from the

mean. Hence, demand in each period is distributed between 20 and 80.

For the initial case we set the production capacity to 80% of the expected demand. Production
capacity is assumed to be same in each period. The production cost and the selling price are
considered to be 100 and 500 respectively. Both production cost and price are also constant
in the initial case. We assume the producer gives a 10% discount for back-ordered items and
set the penalty cost of back-ordered demand to 50. Holding cost is assumed to be 20% of
the initial production cost. For simplicity, lost sales cost per unit is assumed to be zero in the
initial case. These three parameters are also assumed to be constant over periods in the initial

case.

We also modify some parameters of this initial case and ran experiments with different prob-

lem settings. Our findings are presented in the following sections.

31



4.1 Marginal Expected Profit Curves

In this section we want to illustrate Theorem 3.2.3 and Theorem 3.3.3 numerically. We focus

on a production system with prices decreasing over periods and present the effect of efficiency

parameter on marginal expected profit curves. We start with the initial case setting and allow

prices to decrease with a rate of 10% of the initial price. We solve the problem for two cases;

in the first one we set the efficiency parameter of Period 3 to 0.4, others to 0.8 and in the

second one all efficiency parameters are considered to be 0.8 as in the initial case. Marginal

expected profit curves for Period 2 are given in Figure 4.1 and Figure 4.2 respectively.

600 -
400 -
200 - ’/
0
SN2 B R A
&>
—0J,(l,£"3=08) ——203J,(l,£°3=0.4)
al al

Figure 4.1: g3 effect on Marginal J curve in period 2
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oY oy

Figure 4.2: &3 effect on Marginal G curve in period 2

In this experiment it is observed that both curves are shifted to the left as efficiency parameter

of the following period increases. On the other hand the efficiency parameter does not have

any impact on the current or next periods’ curves. These findings are consistent with our

theorems.
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4.2 Decreasing Price

In this section, we assume that the selling prices have a decreasing trend with a rate of 10%
of the initial price as in the previous section. We ran our program for four cases with different
efficiency parameter values; 0.9, 0.8, 0.7, 0.6. These values are not allowed to differ by

periods. Optimal decisions are given in Table 4.1.

Table 4.1: Optimal Decisions for a System with Decreasing Prices

=09 | =08 g =0.7 g =006
Period | Y, | B-| Y, | B | Y, | B| Y, | B
1 [36]-36| 32[-32| 28|28 24 -24
76 |36 | 72]-32| 68| 28| 64| -24
98 | -36 | 108 | -32 | 108 | 28 | 104 | -24
85[-36 | 92[-32[100 | -28 [ 107 | -24
7136 75[-32| 79| 28| 83| -24

53 0| 353 0| 53 0| 53 0

QNN B WIND

While prices are decreasing the producer is expected to have a tendency to sell future capacity

in the current period and as we expect back-ordering strategy is used in this production setting.

At the beginning of the time horizon the optimal Y, amount is smaller because of the de-
mand uncertainty and holding cost. Hence, the producer decides to produce less and backlog
demand exceeding inventory on hand. By doing this the producer produces items after de-
mand realization and reduces demand uncertainty. In the later periods optimal production
amount is increased to satisfy the expected back-orders. Coming up to the final period pro-
duction decreases again to decrease inventory on hand. It is also seen in Table 4.1 that B; is

non-decreasing in efficiency parameter.

4.3 Increasing Price

In this section the selling prices are assumed to have an increasing trend with a rate of 10%
of the initial price value. As in the previous section we consider four efficiency parameter

values; 0.9, 0.8, 0.7, 0.6. Optimal decisions are given in Table 4.2.
In this setting reserve decision is more advantageous than back-order decision and it is seen
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Table 4.2: Optimal Decisions for a System with Increasing Prices

&=09 | =08 | &=07 | &=0.6

Period | Y, | SF| Y, |SF| Y, |SF| Y, |S:
1 36 140 | 32140 | 28|40 | 24| 40

2 76 | 38| 72 |54| 68|70 | 64 | 80
3 111 | 23 | 112 | 35 | 108 | 47 | 104 | 59
4 97| 9105 | 17| 113 | 25 | 121 | 33
5 81| 0| 8 | 3| 8| 7| 92111
6 591 0] 59| 0] 59| 0| 59| O

that S is non-decreasing in efficiency parameter. As in Section 4.2 the optimal ?,* amount is

higher in middle periods because of the same reason.

4.4 Increasing and Decreasing Price

In some production environments there may be both back-order and reserve decisions in the
optimal solution. In Section 4.4 we analyze a production system with both decreasing and
increasing prices. The optimal decision variables are given in Table 4.3. In the optimal solu-
tion there are both reserve and back-order decisions. It seems that in periods with decreasing
prices reserve decision is better and in others back-order decision is better which is intuitively
true.

Table 4.3: Optimal Decisions for a System with Increasing and Decreasing Prices

Period I_/:F S| Bf
1| 3240 O
21 72136 | 0
3011214 O
41 96| 0|-32
5/ 78| 0]-32
6| 54| 0| O
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4.5 Decreasing Cost

In Section 4.5 we let the production cost decrease with a rate of 10% of the initial cost. In
this case as the prices are constant it is not important when to sell an item and change in
the production costs effects the decision when to produce. In such a production system if
the capacity is tight, the producer would choose to produce as much as possible and sells all
inventory on hand at current period since demand is higher. There is not any other options.
However, if the capacity is higher, then the producer may choose to use previous (reserve) or
next (backorder) periods’ excess capacities. Hence, in this section we consider the production

capacity in each period to be 120% of the expected demand.

Optimal decisions are given in Table 4.4. It is observed that backlogging is better than re-
serving. This is also intuitively true since the costs are decreasing and it is more profitable to

produce later.

Table 4.4: Optimal Decisions for a System with Decreasing Costs

Period | Y, | S| B
1 [48] 0-16
2 [78] 0-14
3 [76] 0-20
4 73] 0]-16
5 [70] 0]-28
6 |63 0] O

4.6 Increasing Lost Sale Cost

In the initial case we assume lost sale costs to be zero and in Section 4.6 we analyze the lost
sale cost effect. In this case since the prices and the costs are considered to be constant we
assume the capacity to be 120% of the expected demand. Otherwise, as mentioned before in
Section 4.5 there would be no tactical decisions. In this section we ran experiments with four
different lost sale cost values; 25, 50, 75 and 100. Lost sale costs are assumed to be constant

over periods. Optimal decision variables are given in Table 4.5.
It is seen that as the lost sale increases optimal back-order amount decreases. This is intu-
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Table 4.5: Optimal Decisions for a System with Increasing Lost Sale Costs

6=25] ;=50 | ¢=75] ¢ =100
Period | Y, | B*|Y, | B |Y, |B | Y, | B
1 [48[-10[48] -7[48] 448 -1
791279 8|8 | -5[81] -3
77 -13 (7710178 778 -5
T4 -15 (74 -1 |75 975 7
70 [-15[70 [-11 [ 71| 971 -8
63| 063 0|64 0|64 O

QNN B WIN

itively true since as the lost sale cost increases the producer will be more likely to avoid lost
sales. Because of demand uncertainty the optimal back-order amount decreases, next period’s
capacity is used for next period’s demand. Changes in lost sale costs affect the optimal deci-
sion amount; however similar results are obtained with the existence of lost sale costs. Hence,

our assumption of zero lost sale costs does not invalidate our study.

4.7 Increasing Back-Order Penalty

We present the effects of changes in back-order penalty costs in this section. Capacity is con-
sidered to be 120% of the expected demand in this section as in Section 4.5 and Section 4.6,
because the prices and the costs are constant. We consider four production settings with dif-
ferent back-order penalty costs; 25, 50, 75 and 100. Back-order penalty costs are considered

to be constant over periods. Optimal decision variables are given in Table 4.6.

Table 4.6: Optimal Decisions for a System with Increasing Backorder Penalty Costs

Bi=25 ] B =50 | B;=75 | B = 100
Period | Y, | B: |Y, | B |Y, | B |Y, | B
1 |48 [-10[48| 7|48 -4[48]| 2
78 [-11[79| 8|80 | -6|81| 4
771277 -10 |78 -8 78| -6
741274 -1 [75]-10[75] 9
70 [ -11 [ 70 [ -11 [ 71 [ -11 | 71 | -11
63| 063 0[63] 0[63] O

QNN W

It is observed that as the back-order penalty cost increases the optimal back-order quantity
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decreases. This is also intuitively true because as penalty cost increases cost of backlogging

any item increases and the optimal amount decreases.

4.8 Tactical vs. Traditional Inventory

As mentioned before there is no reserve option in traditional inventory control systems, the
producer meets the demand as much as there is sufficient inventory on hand. Also, in some
traditional systems backlogging is not allowed and unsatisfied demand is fully lost. In this
section, we compare tactical inventory control systems with such a traditional inventory con-

trol system.

Our objective is to present the efficiency of our tactical inventory policy over traditional inven-
tory control policy in different problem settings and determine the situations where tactical

inventory policies can provide significant improvements.

Four parameters (production capacity, efficiency parameter, cost and price) are allowed to
have three cases, so we have 81 different production settings. Production capacity is assumed
to be 60%, 80% and 100% of the expected demand. Efficiency parameter is assumed to be
0.6, 0.8 and 1. Both of these parameters are assumed to be constant over periods. Prices and

costs are assumed to have trends such as increasing, constant and decreasing.

Optimal total expected profit of six periods are computed and compared to those with tradi-

tional inventory control policy. Improvement percentages are given in the Table 4.7.

Table 4.7: Efficiency of Tactical Inventory Policy over Traditional Inventory Policy

q; = 60% 80% 100%

cost | price | & =0.6 0.8 1 0.6 0.8 1 0.6 0.8 1
dec 16.67 | 15.11 | 15.01 | 16.96 | 16.43 | 18.64 | 17.78 | 19.54 | 20.12
dec | cons 0.00| 001 ] 020| 0.02| 027 157| 023 | 1.64| 624
inc 17.85 | 11.84 | 7.67 | 13.32 | 672 | 228 | 920 | 244 | 290
dec 20.00 | 16.94 | 16.19 | 20.26 | 18.12 | 19.50 | 20.94 | 20.84 | 20.29
cons | cons 0.00 | 002] 022| 0.02| 029 166 | 026| 1.77 | 6.46
inc 2143 | 1333 | 839 | 16.00 | 7.59 | 2.57 | 11.08 | 2.83 | 2.84
dec 25.00 | 19.29 | 17.61 | 25.20 | 20.29 | 20.52 | 25.68 | 22.50 | 20.32
inc | cons 0.00 | 002] 023| 002 032 1.75| 030| 191 | 6.61
inc 26.78 | 1526 | 9.29 | 20.03 | 876 | 297 | 1393 | 340 | 298

37



As expected tactical inventory policy is always better than or at least equal to traditional inven-
tory policy. It is mostly efficient in a system with tight capacity, small efficiency parameter,
and increasing costs and prices. In cases with non-constant prices the policy is more effi-
cient. This is because reserve and backorder decisions are more effective in such production
environments. When the prices are constant over periods the backorder and reserve decisions
become less important. Efficiency in systems with decreasing prices is always better because

in such systems demand uncertainty is reduced by backlogging demand.

It is also observed that when there is an increasing trend in prices, tactical inventory policy
is more efficient in systems with lower capacity. When there is a decreasing trend in prices
tactical inventory policy is more efficient in systems with higher capacity. In a system with
increasing prices save inventory policy is better. In this policy producer produces an item at
current period and sells later. If the capacity is high the producer may produce and sell later,
and there would be no holding costs. Hence, it is not profitable to save much inventory and
the efficiency decreases. On the other hand, in a system with decreasing prices backorder
policy is better. In this policy backorder amount is limited by the production capacity and the
efficiency parameter of the following period. Then high capacity means more backlogging

option and more efficiency.
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CHAPTER 5

CONCLUSIONS

In this study we focused on a single-item multi-period production system with limited capac-
ity and predictable yield. The producer has the option to refuse to satisfy part of the demand
even when there is inventory on hand. This strategy is referred as discretionary sales and is
beneficial when costs and prices are variable. The producer also has the option to backlog
demand for one period. Demand across periods is assumed to be independent and unsatis-
fied demand that is not backlogged is lost. Prices are assumed to be predetermined and not
known by the customers before the period. Hence, the customers do not act tactically. The

manufacturer has to decide optimal lot sizing, reserve and backorder amounts in each period.

We analyze the profit-to-go functions and show that the optimal policy is of a modified
produce-up-to type. This optimal policy is characterized by three parameters (Y, S, B) where
Y is the produce-up-to level, S is the reserve and B is the backlog-up-to levels. We prove that
the reserve and backlog decisions cannot be positive at the same period which is intuitively
true too. Hence, we have two candidate policies to be optimal; save-inventory policy and

backlog-demand policy. In each period the better one is chosen to be the optimal policy.

We analyze and present how the optimal policy is affected by changes in the production yield.
The production yield of the current period is shown to have no impact on the optimal policy for
the remaining periods. On the other hand, in the save-inventory strategy the optimal reserve
decision is non-increasing while in the backlog-demand strategy the optimal backlog decision
is non-decreasing in the production yield of the following period. The production decision is

non-increasing for both strategies.

In order to support our findings and test the performance of the tactical inventory control

policy we conduct some computational studies. We consider an initial case and analyze how
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the optimal decision variables change when some of the parameters change. We also compute
the improvement of the optimal expected total profit in tactical inventory control policy over
the one in traditional inventory control policy. We present the results in different problem
settings and show when it is best to use tactical inventory policy. Moreover the numerical

analysis was very supportive to provide managerial insights on the model.

There are some potential extensions we suggest for future research. One may consider random
production yield and analyze how the policies are affected. Random capacity limits may be
included to the model as some industries have unpredicted capacities due to production line
problems. Another extension of our study may allow backlogged items to be satisfied till the

end of the time horizon.

40



REFERENCES

[1] S. Bollapragada, T. E. Morton, Myopic heuristics for the random yield problem, Opera-
tions Research 47 (1999) 713-722.

[2] L. M. A. Chan, D. Simchi-Levi, J.L. Swann, Pricing, production, and inventory policies
for manufacturing with stochastic demand and discretionary sales, Manufacturing and
Service Oper. Management 8(2)(2006) 149-168.

[3] J. Chen, D. D. Yao, S. Zheng, Optimal replenishment and rework with multiple unreli-
able supply sources, Operations Research 49 (3) (2001) 430-443

[4] L. P. Duenyas, C. Y. P. Tsai, Control of a manufacturing system with random product
yield and downward substitutability, IIE Trans. 32(9) (2000) 785-795.

[5] S. Duran, T. Liu, D. Simchi-Levi, J. Swann, Optimal production and inventory policies
of priority and price-differentiated customers, 1IE Trans. 39(9) (2007) 845-861.

[6] S. Duran, T. Liu, D. Simchi-Levi, J. Swann, Policies utilizing tactical inventory for
service differentiated customers, OR Letters 36(2) (2008) 259-264.

[7] A.Federgruen, A. Heching, Combined pricing and inventory control under uncertainty,
Operations Research 47 (3) (1999) 454-475.

[8] Y. Gerchak, A. Grosfeld-Nir, Lot-sizing for substitutable, production- to-order parts
with random functionality yields, International Journal of Flexible Manufacturing Sys-
tems 11(4) (1999) 371-377.

[9] A. Grosfeld-Nir, Y. Gerchak, Q. He, Manufacturing to order with random yield and
costly inspection, Operations Research 48 (2000) 761-767

[10] D. Gupta, W. L. Cooper, Stochastic Comparisons in Production Yield Management, Op-
erations Research 53(2) (2005) 377-384

[11] M. Henig, Y. Gerchak, The structure of periodic review policies in the presence of ran-
dom yield, Operations Research 38 (1990) 634-643.

[12] A. Hsu, Y. Bassok, Random yield and random demand in a production system with
downward substitution, Operations Research (1999) 47(2) 277-290.

[13] B. Kazaz, Production planning under yield and demand uncertainty with yield-
dependent cost and price, Manufacturing and Service Oper. Management 6(3) (2004)
209-224

[14] Q. Li, S. H. Zheng, Joint inventory replenishment and pricing control for systems with
uncertain yield and demand, Operations Research 54 (2006) 696-705.

[15] Q. Li, H. Xu, S. H. Zheng, Periodic-review inventory systems with random yield and
demand: Bounds and heuristics, IIE Trans. 40 (2008) 434-444

41



[16] H.E. Scarf, Optimal inventory policies when sales are discretionary, Cowles Foundation
Discussion Paper No. 1270, 2000.

[17] N.R. Smith, J. L. Robles, L. E. Cardenas-Barron, Optimal pricing and production mas-
ter planning in a multi period horizon considering capacity and inventory constraints,
Mathematical Problems in Engineering (2009) Article ID 932676, 15 pages

[18] Y. Z. Wang, Y. Gerchak, Periodic review production models with variable capacity,
random yield, and uncertain demand, Management Science 42 (1996) 130-137.

[19] X. M. Yan, K. Liu, Optimal Policies for Inventory Systems with Discretionary Sales,
Random Yield and Lost Sales, Acta Mathematicae Applicatae Sinica, English Series
26(1) (2010) 41-54

[20] D. Yang, T. Xiao, H. Shen, Pricing, service level and lot size decisions of a supply
chain with risk-averse retailers: implications to practitioners, Production Planning and

Control 20(4) (2009) 320-331

[21] C. A. Yano, H. Lee, Lot sizing with random yields: A review, Operations Research 43(2)
(1995) 311-334.

42





