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ABSTRACT

NUMERICAL ANALYSIS, DESIGN AND TWO PORT EQUIVALENT
CIRCUIT MODELS FOR SPLIT RING RESONATOR ARRAYS

Yasar Orten, Piar
M. Sc., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Goniil Turhan Sayan

February 2010, 95 pages

Split ring resonator (SRR) is a metamaterial structure which displays negative
permeability values over a relatively small bandwidth around its magnetic
resonance frequency. Unit SRR cells and arrays have been used in various novel
applications including the design of miniaturized microwave devices and antennas.
When the SRR arrays are combined with the arrays of conducting wires, left handed
materials can be constructed with the unusual property of having negative valued

effective refractive indices.

In this thesis, unit cells and arrays of single-ring multiple-split type SRR structures
are numerically analyzed by using Ansoft’s HFSS software that is based on the
finite elements method (FEM). Some of these structures are constructed over low-
loss dielectric substrates and their complex scattering parameters are measured to
verify the numerical simulation results. The major purpose of this study has been to
establish equivalent circuit models to estimate the behavior of SRR structures in a
simple and computationally efficient manner. For this purpose, individual single
ring SRR cells with multiple splits are modeled by appropriate two-port RLC
resonant circuits paying special attention to conductor and dielectric loss effects.

Results obtained from these models are compared with the results of HFSS

v



simulations which use either PEC/PMC (perfect electric conductor/perfect magnetic
conductor) type or perfectly matched layer (PML) type boundary conditions.
Interactions between the elements of SRR arrays such as the mutual inductance and
capacitance effects as well as additional dielectric losses are also modeled by proper
two-port equivalent circuits to describe the overall array behavior and to compute
the associated transmission spectrum by simple MATLAB codes. Results of
numerical HFSS simulations, equivalent circuit model computations and

measurements are shown to be in good agreement.

Keywords: Split ring resonator (SRR), metamaterials, two-port networks,

equivalent circuit modeling, resonance frequency, HFSS simulations.
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YARIKLI HALKA REZONATOR DIZILERININ SAYISAL ANALIZI,
TASARIMI VE iKi KAPILI ESDEGER DEVRE MODELLEMESI

Yasar Orten, Pinar
Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii

Tez Yoneticisi: Prof. Dr. Goniil Turhan Sayan
Subat 2010, 95 sayfa

Yarikli halka rezonatorii (YHR) manyetik rezonans frekansi etrafindaki goreceli
olarak dar bir bantta etkin negative manyetik gecirgenlik 6zelligi gosteren bir
metamalzeme yapisidir. YHR birim hiicre ve dizileri, kiiclik boyutlu mikrodalga
gerecleri ve antenlerin tasarirmimi da igeren ¢esitli Ozgilin uygulamalarda
kullanilmaktadirlar. YHR dizilerinin iletken tel dizileri ile birlikte kullanilmasiyla,
olagan dis1 bir gekilde, negatif etkin kirilma indisine sahip olma 6zelligi gdsteren

sol-elli malzemeler tasarlanabilmektedir.

Bu tezde, ¢oklu yarikli tek halkali YHR birim hiicreleri ve dizileri, sonlu elemanlar
yontemine dayal1 bir yontem kullanan Ansoft firmasinin HFSS yazilimi ile sayisal
olarak analiz edilmistir. Bu yapilarin bazilar1 diisiik kayipli dielektrik levhalar
iizerinde gerceklestirilmis ve sayisal benzetim sonuglarini dogrulamak igin
kompleks S-parametreleri 6l¢lilmiistiir. Bu ¢alismanin esas amaci, YHR yapilarinin
davranigini basit ve etkin bir sekilde tahmin edip hesaplayabilmek icin esdeger
devre modelleri kurmaktir. Bu nedenle, ¢oklu yarikli tek halkali YHR birim
hiicreleri ve dizileri, iletken ve dielektrik bolgelerden kaynaklanan kayip etkilerinin
de Ozenle hesaba katildigi uygun iki kapili RLC rezonans devreleri ile

modellenmistir. Bu modellerden elde edilen sonuglar, sinir kosul olarak miitkemmel
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elektrik iletken/miikemmel manyetik iletken veya miikemmel uyumlu tabaka tipi
sinir kosullariin kullanildigit HFSS benzetim sonuglari ile karsilastirilmistir. YHR
dizilerinin elemanlar1 arasindaki karsilikli endiiktans, kapasitans etkileri ve ilave
dielektrik kayiplar gibi etkilesimler uygun iki kapili esdeger devre yapilari ile
modellenerek dizi davraniglar1 tahmin edilmis ve ilgili dizi yapisinin iletim
spektrumu yalin  MATLAB kodlar1 ile hesaplanmigtir. Sayisal HFSS
benzetimlerinden, esdeger devre modellerinin hesaplamalarindan ve dlgiimlerden

elde edilen sonuclarin birbirleriyle uyumlu olduklari gosterilmistir.

Anahtar kelimeler: Yarikli halka rezonatérii (YHR), metamalzemeler, iki kapili

devreler, esdeger devre modellemesi, rezonans frekansi, HFSS simiilasyonlari.
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CHAPTER 1

INTRODUCTION

Research on metamaterials, which are engineered materials with unusual properties
not occurring naturally, has become increasingly important over the last decade.
The first and one of the most important contributions to this topic was made in 1968
by V.G. Veselago who showed that materials with both negative permittivity and

negative permeability are theoretically possible. Veselago used the term “left-

handed medium” for such materials as the E, H and kvectors of plane wave
propagation form a left-handed mutually perpendicular vector set instead of a right-

handed one. In his paper, it is also indicated that in left-handed media wave vector
k and the Poynting vector S are in opposite directions. Because of the reversed

direction of k vector, phase velocity is also reversed in these materials. Veselago
implied that as a result of these reversals, Doppler Effect, Snell’s Law and
Cherenkov radiation will all be reversed in left-handed materials [1]. The next
important contribution was made almost 30 years later, in 1999, by Pendry et al.
They demonstrated experimentally that “Split-Rings” are useful to obtain negative
effective permeability perr [2]. The following year, in 2000, Smith et al
experimentally demonstrated that the use of thin wire arrays in addition to SRR
(Split Ring Resonator) arrays provided negative effective permittivity, €er, and

negative effective permeability, L., sSimultaneously over a common frequency band

[3].

The conventional split-ring resonator unit cell suggested by Pendry et al was
composed of two circular coplanar metallic rings each with a split displaced by 180
degrees. These rings were printed on a low-loss dielectric substrate having the same

center and separated from each other by a short gap distance as shown in Figure 1-1



(a). Bianisotropic behavior of this SRR unit cell structure was investigated in 2002
by Marques €t al in [4]. A modified version of SRR (later called as broadside
coupled (BC) SRR) was suggested in the same paper to avoid bianisotropy. Next
year, in 2003, comparative analysis of the conventional (or edge-coupled) SRR and
BC-SRR was given in [5] where metallic rings of the BC-SRR were printed on both
sides of the dielectric substrate and aligned in such a way that their splits were
displaced by 180 degrees as shown in Figure 1-1 (b). SRR unit cells with multiple
rings were suggested and analyzed later by Bilotti et al in 2007 [6]. These and many
other studies on the theory and analysis of SRRs have appeared in the metamaterial
literature so far. In the mean time, SRRs have been used in diverse applications at

microwave and optical frequencies extending from superlenses [7, 8] to cloaking

[9].

h
a) z,LI )

Figure 1-1: Unit cell geometry for a) Conventional SRR, b) BC-SRR.



Most of the investigations on SRRs have involved either measurements or
numerical simulations of SRR unit cell or array topologies. Studies for developing
equivalent circuit models for SRR structures are still in their crawling phase. The
results obtained and reported in literature in this important area are neither complete

nor fully consistent yet.

Describing SRR structures by their equivalent circuit models is important for two
major reasons: First of all, transmission/reflection spectra obtained by
measurements or by highly complex commercial simulation tools do not provide
enough insight about the operational mechanism of the SRR topology under
investigation. When an equivalent circuit model is available, it is much easier to
establish explicit relationships between the physical properties (i.e. electrical
parameters, dimensions, etc.) of the SRR structure and its frequency dependent
transmission/reflection behavior. Secondly, use of equivalent circuit models makes
a computationally efficient optimization approach possible in metamaterial design.
Using commercial full-wave electromagnetic solver packages such as Ansoft HFSS
or CST Microwave Studio is not feasible in the analysis phase of an optimization
process since such solvers would have intolerably long run times at each iteration.
Instead, the analysis of a metamaterial structure can be completed in a fraction of a
second in each iteration of the optimization process if an equivalent circuit model is
available for the metamaterial topology to be designed. Hence, not only the
resonance frequency but also the overall S-parameter spectra of an SRR array can
be optimally estimated (or simply calculated without optimization) by using
sufficiently accurate equivalent circuit models which account for the loss effects

also.

In recent years, several researchers have contributed to the area of SRR modeling
[5, 6, 10-17]. In 2003, following the work done in [4], Marques et a proposed a
simple RLC equivalent circuit model for conventional SRRs in the presence of a
dielectric substrate [5]. In 2005 Baena et al analyzed SRR and complementary SRR

(CSRR) structures coupled to planar transmission lines and proposed equivalent



circuit models for the SRR and transmission line combinations. SRR unit cells are
represented by simple resonant LC circuits in their work [10]. In 2005, Qun Wu et
al [11] suggested an equivalent circuit model for a conventional SRR cell based on
the quasi-static approach. In 2006, Johnson et al analyzed two elements of SRR
array with co-planar and parallel plate capacitance approach [12]. In 2007, Bilotti et
al introduced multiple SRR structures and modeled them using as LC resonance
circuits. They also provided total inductance and total capacitance expressions [6].
In 2008, Wang et al modeled a modified SRR structure where the resonance
frequency of the structure could be changed by rotating the inner ring of the SRR
[13].

The main objective of this thesis is to establish useful equivalent circuit models for
SRR unit cell and array topologies. Extension of metamaterial applications from
microwave frequencies to terahertz (THz) and optical frequencies [18, 19] requires
geometrical simplicity as the wavelengths become very small (in the order of
submilimeters and microns) in the optical range and the SRR cells must be of
subwavelength size. For that reason, single ring SRR topologies are investigated in
this thesis. Square shaped single metallic rings with multiple gaps and their array
forms are analyzed, designed and modeled by lumped circuit elements. Use of two-
port equivalent circuit representations of these elements is suggested in particular to
compute the complex S-parameters for SRR arrays. The transmission spectra (i.e.
magnitudes of Sy; spectra) estimated by equivalent circuit models and computed by
simple Matlab codes are compared with transmission spectra computed via HFSS
simulations. The results are found to be in good agreement in most cases, although
the equivalent circuit models can describe the SRR array topologies only
approximately. For a selected square ring SRR structure resonating in 10-13 GHz
band, experimental results are also obtained. An SRR unit cell and a four-element
SRR array, extending in the propagation direction are manufactured and measured

within a metallic waveguide environment.



In Chapter 2, basics of numerical HFSS simulations and equivalent circuit modeling
for SRR structures are presented. Importance of choosing proper boundary
conditions and proper computational volume dimensions to simulate SRR behaviors
are discussed and demonstrated by examples. In this context, effect of periodicity
parameters on the resonance frequency is investigated. Basics of two-port

equivalent circuit modeling for SRR structures are also discussed in Chapter 2.

In Chapter 3, unit cell structure and arrays of single loop square shaped SRRs with
four splits are analyzed and modeled. These SRR structures are found to have
resonance frequencies around 35 GHz. Using two-port circuit representations and
Matlab programming, transmission spectra of these topologies are estimated.

Modeling results are compared with HFSS simulation results for validation.

In Chapter 4, a four split single square loop SRR unit cell and a four-element SRR
array (named as 4x1x1 array) are designed and fabricated. In addition to examining
these structures via HFSS simulations and equivalent circuit modeling, their
transmission spectra are also measured over the frequency band from 10 GHz to 13

GHz. All these results are found to be in good agreement.

Finally, conclusions of this thesis work along with possible future work suggestions

are given in Chapter 5.



CHAPTER 2

BASICS OF NUMERICAL SIMULATIONS AND
EQUIVALENT CIRCUIT MODELING FOR SRR
STRUCTURES

2.1 Introduction

In this chapter, basics of numerical simulations and equivalent circuit modeling for
SRR structures (unit cells or arrays) will be discussed. First, examples of HFSS
simulations will be presented with special emphasis on the choice of boundary
conditions and on the dimensions of computational volume. Then, basics of the
equivalent circuit modeling for SRR unit cells and arrays will be introduced. The

notation used for array forms is shown in Figure 2-1.

Mumber of SRR

mXnxp — elementsin
A z-direction

—

Nlumhﬂf of SER Number of SRR z.H
elements i elemments in _ —
x-direction y-direction ¥, E Xk

Figure 2-1: Notation used to identify SRR array topologies.



2.2 Use of HFSS Simulations to Compute the Transmission

Spectra of SRR Structures

Use of commercial full wave electromagnetic solvers such as Ansoft’s HFSS or
CST Microwave Studio is very common in the analysis of metamaterial structures.
In this thesis HFSS, which is based on finite elements method (FEM), is used for
the analysis of SRR structures. Proper use of boundary conditions is very important
in HFSS simulations. To simulate the behavior of a single SRR unit cell in
isolation, perfectly matched layer (PML) type of boundaries must be implemented.
PMLs are frequency dependent structures. While using these layers as boundaries,
it is vital to define the minimum reference frequency of the simulation frequency
range. The use of perfect electric conductor (PEC) or perfect magnetic conductor
(PMC) type boundary conditions around an SRR unit cell, on the other hand, leads
to the simulation of infinite SRR array structures due to the formation of images of

the SRR unit cell with respect to the PEC and PMC boundaries.

It is well known in metamaterial literature that SRR structures are magnetic
resonators providing negative permeability (u-negative or MNG) regions around
their resonance frequencies. As to be discussed in this chapter, a single loop SRR
cell can be modeled by a simple RLC resonant circuit. The inductance “Lgf” refers
to the self inductance of the metallic loop and the capacitance “C” is created at the
split location as a result of magnetic induction. The incident time-varying magnetic
field vector must be perpendicular to the SRR plane to excite the SRR’s magnetic
resonances. To compute the complex S-parameters of an infinite (in the E-field and
H-field directions) SRR array by HFSS under plane wave excitation, PEC and PMC

boundary conditions are frequently used in literature.

Location of the PEC and/or PMC boundaries (i.e. the dimensions of the
computational volume) is also important as their distance to metallic inclusions
determine the parameters of periodicity of the SRR array. Computed

transmission/reflection spectra, values of the resonance frequencies (i.e. the



complex S-parameter spectra, in general) change according to the type of boundary
conditions and location of the boundaries. Similar concerns regarding the location
of PMLs are also important in the simulation of isolated SRR cells. All these issues

will be addressed in the following subsections.

2.2.1 Simulation Problem 1

In this subsection, transmission spectrum of the SRR unit cell shown in Figure 2-2
(a) is simulated via HFSS over the frequency range 30-40 GHz by using PEC and
PMC boundary conditions. Dimensions of this SRR unit cell are as follows: Side
length of SRR (L) is 2.8 mm, gap width (g) and metal strip width (w) are both 0.3
mm, substrate dimensions (D=D,=Dy) along the x and y directions are both 4 mm,
and substrate thickness (h) along the z direction is 0.5 mm. Gold is used for metal

inclusions and a low loss dielectric material with relative permittivity (&,) of 4.6
and dielectric loss tangent (tana ) of 0.01 is used as the substrate. The PEC
boundary conditions are applied at those surfaces of the computational volume

which are perpendicular to the E field vector. Similarly, PMC type boundary

conditions are applied at those surfaces of the computational volume which are

perpendicular to the H field vector. The remaining two surfaces are obviously

labeled as the input and output planes in Figure 2-2 (b).
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Figure 2-2: Schematic views of SRR unit cell and the HFSS simulation set-up a) Geometry and
dimensions of the SRR unit cell, b) Boundary conditions used for HFSS simulations.

Due to the imaging effects of PEC and PMC boundaries, the computed transmission

spectrum (i.e. |SZI| versus frequency curve) belongs to a two dimensional infinite

SRR array as explained in Figure 2-3 which shows periodicity of the array in E

fieldand H field directions, respectively.
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Figure 2-3: Two dimensional periodic SRR array implemented by the use of PEC and PMC
boundary conditions in HFSS simulation a) Array in E field direction, b) Array in H field
direction.

First, the transmission spectrum of this SRR array is simulated by using the

dimension Dy =1.75 mm where D, is the depth of the vacuum regions over and

under the SRR cell within the computation volume in the direction of H field as
seen in Figure 2-3 (b). The resultant transmission curve is plotted in Figure 2-4 (the
red one) with a resonance frequency very close to 34 GHz. Next, the simulation is
repeated by keeping all the parameters the same but doubling the value of the
parameter D, this time. The transmission spectrum of the SRR array with D, =3.5
mm is plotted in Figure 2-4 (the blue curve), indicating a shift of approximately 0.3

GHz in resonance frequency which is now 34.28 GHz. The periodicity distance D,
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in H field direction (along the z axis) is given by D, =2D,; + h where h=0.5 mm
is the substrate thickness. The periodicity distance D, is changed from 4 mm to 7.5

mm in these simulations resulting a negligible shift of only 0.3 GHz, which
corresponds to a (0.3/34)x100=0.88 % change, even less than one percent. This is
an expected observation as the array in z direction is relatively sparse leading to the
result that the inductive coupling effects between array elements are not strong

along this dimension of the SRR array. It should be also emphasized that there is no

capacitive coupling between the SRR elements stacked along the H field direction

of the array. Due to the PMC boundary condition, the image of the SRR unit cell is

simulated to form an array in H field direction but charges accumulated at the split
locations of an image cell have exactly the same polarity pattern as that of the

original SRR cell.

Next, similar simulations are performed by changing the distance Dg between the
PEC boundary and the outer border of the metallic strip, which determines the

periodicity distance D, =2Dg +L along the E field direction. Results will be

reported in the next subsection.
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Figure 2-4: Effect of vacuum length in H field direction on resonance frequency (red curve
D,, =1.75 mm, blue curve D =3.5 mm).

2.2.2 Simulation Problem 2

In this simulation problem, variation of the resonance frequency of the SRR array in

response to changing the periodicity distance along the E -field direction will be
investigated by changing length ( D) of the dielectric region from the metal strip to

the PEC boundary. The same square shaped SRR unit cell of the first simulation
problem is also used in this simulation. The SRR array is simulated for three

different values of the parameter Dg= 0.6, 0.9 and 1.2 mm corresponding to the
periodicity distance of Dy =4, 4.6 and 5.2 mm along the y-axis. Resulting

transmission spectra are plotted in Figure 2-5 below.
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Figure 2-5: Variation of transmission minimum with substrate length in electric field direction.

As observed in this figure, resonance frequency of the SRR array decreases from
33.96 to 31.58 GHz as the periodicity distance along the electric field direction
increases from 4 mm to 5.2 mm, which is an expected result. Because, due to the
perfect electric conductor (PEC) boundary shown in Figure 2-3 (a), the original
SRR cell and its mirror images carry induced currents in the same direction.
Therefore, a subtractive mutual inductance is created between the adjacent SRR

loops. As the parameter Dg gets larger, mutual inductance (M) obviously gets

smaller, leading to increased equivalent inductance (Lcq) values. In the mean time,
capacitive coupling between neighboring SRR cells also diminishes with increased
separation distance. Decreasing coupling capacitance Cpymar Will cause a smaller
equivalent capacitance (C.q) as the equivalent gap capacitance of each SRR cell and
the coupling capacitance between adjacent cells are in series. However, based on
the formulas given in [20], the coplanar component of the coupling capacitance,
which is dominant as compared to the parallel plate component, decreases by the

natural logarithm of the increasing separation distance between the adjacent SRR

13



elements while the mutual inductance term decreases almost linearly under the
same effect. Therefore, the increase in L¢q 1s found to be faster than the decrease in
Ceq and the product L., C. increases causing the resonance frequency
@y = (Lgg Ceq)’” % to decrease as D. gets larger. To demonstrate this discussion
graphically, a MATLAB code is written to compute the mutual inductance (M) and
coupling capacitance (Cmywal) for various values of the separation distance d=2 D

between the SRR cells in y-direction changing from 1.2 mm to 2.4 mm with 0.2

mm steps. Resulting curves are plotted in Figure 2-6 and Figure 2-7.
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Variation of mutual inductance with cell to cell separation distance along the

Figure 2-6:
electric field direction.
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Figure 2-7: Variation of mutual capacitance with cell to cell separation distance along the
electric field direction.

Rate of decreases of the mutual inductance and mutual capacitance curves (i.e. their
local slopes at the sampling points) are also computed and plotted against d=2 D,
in Figure 2-8 and Figure 2-9. It is indeed seen that mutual inductance decreases

more sharply than the mutual capacitance. Finally, the resonance frequency f, of
the array is plotted versus d=2 D¢ in Figure 2-10 showing the expected decrease in

f, with increasing separation distance d based on the calculated circuit parameters.
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Figure 2-9: Rate of change of mutual capacitance with d.
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Figure 2-10: Variation of resonance frequency with d based on calculated circuit parameters.

2.2.3 Simulation Problem 3

As discussed at the beginning of section 2.2, type of boundary conditions (whether
PEC/PMC or PML) changes the nature of the SRR simulation problem drastically
and produces different transmission spectrum curves. To observe the effect of
mutual interactions between neighboring SRR cells within an array topology, we
have simulated four different array structures of dimensions 1x2x1, 1x3x1, 1x4x1
and 1x5x1 (i.e. one dimensional arrays of SRR cells in E-field direction) in addition
to a single SRR unit cell by using HFSS software with PML boundary conditions.
The metallic strips of the SRR unit cell are made of copper with 0.035 mm
thickness and the 0.762 mm thick substrate is made of the AD350 dielectric
material with the relative permittivity of €,=3.5. Side length of the square shaped

SRR loop (L) is 8 mm, gap width (g) is 0.3 mm and metal strip width (w) is 0.6

17



mm. The dielectric substrate has dimensions of Dy=Dy=10 mm both in x and y
directions within one period of the array (see Figure 2-11). Transmission spectra of
the infinite SRR array (implemented by PEC boundary conditions) and that of the
isolated SRR cell (simulated by using the PML boundary conditions) were quite
different from each other, as shown in Figure 2-12. However, transmission
spectrum curves of the isolated “1x2x1 array” and isolated “1x3x1 array” looked
more and more similar to that of the infinite SRR array, as expected, due to the
included mutual interaction effects. Note that “isolation” condition is satisfied by
using PML boundary conditions in HFSS simulations. Obviously, the isolated
“lxnx1 array” should behave more and more similarly to the infinite array as n
(number of array elements in E-field direction) gets larger. To see further
convergence to the transmission spectra of the infinite array, the isolated “1x4x1
array” and “1x5x1 array” were also simulated. However, for these last two HFSS
simulations the expected “converging” transmission spectrum curves could not be
obtained (and the HFSS simulations needed extremely long run-times) due to
insufficient mesh numbers (see Figure 2-12 and Table 2-1) used in FEM

computations.
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Figure 2-11: Unit cell geometry used for comparison of boundary conditions.
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Figure 2-12: Comparison of transmission spectrum of different SRR configurations with PEC
and PML boundaries using Dg=1 mm and Dy=11.049 mm.

Table 2-1: Comparison of mesh numbers used in HFSS simulations with PML boundary
conditions for different number of array elements in electric field direction

Number | ole 1x2x1 1x3x1 1x4x1 | 1x5x1
of SRR SRR Arra Arra Arra Arra
elements Y y y y
Mesh 13711 19675 23425 24621 | 30522
Number

As seen in Table 2-1, number of elements of the 1x4x1 array and hence its
computational volume is doubled as compared to those for the 1x2x1 array, for
instance, but the mesh number is increased by only 25 percent. If these simulations
were run using a more powerful computer, much better numerical resolution would
be obtained as a result of using sufficiently large mesh numbers. Therefore the
transmission curves to be obtained for the 1x4x1 and 1x5x1 arrays would look

much more similar to 1xoox1 array result shown in Figure 2-12 which is obtained
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when the transmission spectra of an SRR unit cell is simulated by HFSS with PEC

boundary conditions.

So far, issues relevant to HFSS simulations of SRR structures have been discussed.
In the following section, basics of equivalent circuit modeling for SRR unit cells

and arrays will be presented.

2.3 Basics of SRR Modeling by Equivalent Lumped Circuit
Models

The need for developing equivalent circuit models for SRR structures has already
been discussed in the Introduction chapter. Most of the studies reported in literature
[5, 6, 10-12,16] have attempted to represent the conventional SRR or BC-SRR unit

cell structures by a simple LC resonant circuit so that the resonance frequency can
be obtained from the well-known formula f, =(27z+VLC)™"' where C is the

equivalent lumped capacitance and L is the equivalent lumped inductance of this
basic model. A few of these papers included the loss effects into the SRR cell
model by suggesting equivalent resistance expressions as well [5, 6, 11].
Expressions of L, C and R are functions of the SRR unit cell geometry, dimensions
and electrical parameters of the metal and dielectric substrate materials. The mutual
capacitance and mutual inductance values pertinent to the conventional two ring
SRR and multiple-ring SRR [6] unit cells are implicitly included in the equivalent
capacitance and inductance expressions used in the above mentioned references.
Johnson et al [12] provided the expressions for the mutual inductance and coupling
capacitance effects between two neighboring (single ring with single split type)
SRR unit cells resonating at infrared frequencies. The main purpose of equivalent
circuit modeling was the estimation of resonance frequency in all the studies
mentioned above except for the work in [11] where the estimation of the S-

parameter spectra was demonstrated by Wu et al.
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In this thesis, not only the resonance frequency values but also the transmission
spectrum of SRR unit cells (single square ring with multiple split type) and SRR
arrays are estimated by using two-port equivalent circuits to model individual SRR
behaviors and coupling effects resulting from array topologies. Ohmic loss effects
(taking place in conductors and dielectric parts) are also taken into account to
improve the accuracy of the equivalent circuit models. Then, transmission spectra
of the investigated SRR structures are computed with simple and fast Matlab codes
by using Z-parameter, Y-parameter and chain parameter matrices, whenever
needed. The results are converted finally to S-parameter forms since the
transmission spectrum is the magnitude of the complex S;; spectrum of the overall
SRR array. Accuracy of the resulting equivalent circuit models is tested by

comparing the modeling results with the results obtained from HFSS simulations.

2.3.1 Modeling an SRR Unit Cell by a Proper RLC Circuit

There have been attempts in literature to model individual SRR unit cells by LC
circuits and compute the resonance frequency from f, =(27z+/LC)™" formula.

Since our purpose is to compute the whole transmission spectrum (or the complex
S-parameters S;;, S;j, etc. in general), we should do more than that and suggest a
properly described two-port circuit representation for the SRR unit cell considered.
At this point, four possibilities have emerged: (i) Series RLC resonant circuit in the
shunt branch, (ii) Parallel RLC resonant circuit in the shunt branch, (iii) Series RLC
resonant circuit in the series branch or (iv) Parallel RLC resonant circuit in the
series branch of the two-port representation of the SRR. The feasible or most
suitable resonant two-port configuration is determined as outlined below. For
simplicity, but without any loss of generality, the loss effects are neglected in the

following investigation.

Case 1: If the SRR unit cell is represented by a resonant LC circuit as in the cases

(i) or (i) mentioned above, the corresponding equivalent two-port circuit
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representations will look like the one shown in Figure 2-13 where Z is the

equivalent impedance of the lumped elements in the shunt branch.

Figure 2-13: Two-port equivalent circuit representation of a single loop SRR cell with either
series or parallel LC resonant circuit in the shunt branch.

The Z-matrix representation of this two-port circuit is given as:

Vi _ Z, Zy || 1
Vv, - Z, Zy]ll, M

V
7Z1= —| =Z (2)
|1 1,=0
V.
Zo=—=| =Z 3)
1 lp=
V,
z=7"| =Z )
2 1,=0
V
Z22=_2 ‘ =Z (5)
2 1,=0
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Hence the [Z] matrix is obtained as:

Z Z
The Y-matrix representation of the same two-port is given by:
I 2 Y21 Y22 V2

However, the [Y] matrix is not defined for this particular two-port circuit as

[Y]=[z]" and det(2)=|Z|=0

As another alternative, chain [ABCD] matrix representation of this two-port circuit

m ) {é ﬂ [—Vl} ®)

can be obtained from:

Al | =1 )
V2 1,=0
V

B=—-| =0 (10)
_|2V2:O
|

C=—l =Y 11
V. | (11)
Ly

D | =1 (12)
_|2V2=0

A Bl [l 0
S ov o
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This representation will be used later in Chapters 3 and 4 for model computations.

It should be noted that the conversion between impedance parameters and chain

parameters is given by the rule [21]:

z, sz
A B — Zy 2y = L0
C D 1 ﬁ YZ 1
Z2l ZZl
where
AZ =det(Z)

(14)

(15)

It 1s also possible to obtain the scattering parameters of a given two-port network

from its Z-parameters as summarized below [21]:

(Z-2Z,)(Z +2,)-2°

(Zu _Zo )(Zzz + Zo)_ lezzl —
(Z+Z,)(Z+Z,)-2°

1=
(le + Zo )(Zzz + Zo) - ZIZZZI

-7
Sii= .
22+Z7,
S, - 27,7, B 2727,
21— -
(Zl1+zo)(zzz+zo)_zlzzz1 (Z +Zo)(z +Zo)_22
27
So1=
27 +Z,
S 22,72, _ 2727,
12— -
(le +Zo)(zzz +ZO)_ZIZZZI (Z +Zo)(z +Zo)_22
27
Sio= =S
12 2Z ZO 21

(le _Zo)(zzz +ZO)_ZIZZZI :(Z —ZO)(Z +Zo)_zz

2=
(le +Zo)(zzz +ZO)_ZIZZZI (Z+Zo)(z+zo)_22
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Spy=—0 =S, (19)

The parameter Z, used in equations (16)-(19) is the terminal impedance at the input
and output ports, by definition. Data for this normalization factor is provided by the
HFSS simulation of the analyzed SRR structure while comparing the HFSS
simulation results and the equivalent circuit modeling results. As mentioned earlier,
we have two possibilities for the topology of the shunt branch in Figure 2-13, a
series LC resonant circuit as shown in Figure 2-14 (a) or a parallel LC resonant
circuit as shown in Figure 2-14 (b). In both cases, the structure resonates at

1

Jic’

2, =0, =

I Iz I Iz

a) b)

Figure 2-14: Two different representations for the impedance Z a) Series LC circuit, b)
Parallel LC circuit.

For the first case in Figure 2-14 (a), Z becomes:

1 :l—a)zLC
joC joC

Z =jolL+ (20)
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Obviously, we have Z=0 at the resonance frequency f, = . Also, from

1
27/LC
equation (17), it can be seen that the transmission spectrum becomes also zero as
S21=0 at f=f,. It can be also concluded from equations (17) and (20) that Sy,
approaches to unity as frequency f approaches to both zero and infinity. In other
words, the two-port circuit topology shown in Figure 2-14 (a) has the expected
“band-stop” or “notch” type transmission spectrum with a minimum (at the zero

level in this lossless case) at the resonance frequency f,

For the second case shown in Figure 2-14 (b), on the other hand, the impedance Z

becomes:

I 1-&’LC @1)
jol

Obviously, Z approaches to infinity at the resonance frequency f= f,. Therefore,

S, approaches to unity at resonance based on the equation (17) which is not an
expected behavior for the transmission spectrum of the SRR unit cell. In
conclusion, parallel LC resonant circuit in the shunt branch of Figure 2-14 (b) is not
an acceptable circuit representation for the SRR while the series LC resonant circuit
in the shunt branch is a perfectly acceptable choice. Figure 2-15 shows an improved
version of this acceptable equivalent circuit model where the total conductor losses
are represented by the resistance, Rc, which is connected in series with the total self
inductance L, and dielectric losses around the gaps are represented by the

resistance, Rd, which is connected in parallel to the equivalent gap capacitance, C.
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Figure 2-15: A feasible two-port equivalent circuit representation for SRR unit cell including
ohmic loss effects.

The impedance Z for this improved branch model is given as:

(22)

Inserting Z into the equations (16) and (17), S-parameters S;; and S;; can be

obtained as:

—(1+ joCR,)Z,

Sn= 5 , (23)
2R, + 2R, - 20°LCR, + jo(2CR.R, + 2L + Z,CR,) + Z,

. 2R, +2R, - 20°LCR, +2jo(CR.R, + L) o
*"2R. +2R, - 20’LCR, + j@(2CR.R, +2L + Z,CR,) + Z, @9

41

Ro=—

G52(W+1) 25)

_ g
(tan a)(we)wh (26)
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The parameters used in equation (25) are defined as follows: | is the side length of
SRR, o is the conductivity of metal, J is skin depth in metal, w is width of the metal
stripes and t is the thickness of metal layer. While modeling the conductor losses by
R., good conductor assumption has been made. The perimeter of the cross section
of square SRR is given by 2(w+t) and multiplying this expression by skin depth
gives the effective current carrying surface over the cross section of metallic strip.

For good conductors, skin depth 6 is given as

1

o (27)

5=

In the expression of R;, on the other hand, conductivity oy of the low-loss (good
dielectric) substrate is replaced by oy = wetana where @ =27 f is the angular
frequency, ¢ = g, &, is the permittivity of the substrate and tan ¢ is the loss tangent
of the substrate. As defined earlier, w is the width of metal strip and h is the
thickness of substrate. As the substrate thickness is small enough (only 0.5 mm) for
the present SRR geometry, electromagnetic waves in the gap (split) region are

assumed to penetrate into the substrate through its whole depth along the z

direction.

A Matlab code is written to compute the transmission spectrum of SRR unit cell
using Equations (24) through (27) for the SRR parameters used in section 2.2.3.
The resulting |SZI| versus frequency curve is plotted in Figure 2-16 together with the
transmission spectrum of this SRR obtained from the HFSS simulation with PML
boundary conditions. In this simulation, separation distance Dy is taken to be 5 mm
between the SRR surface and the PML layer. These two curves are found in good

agreement.
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Figure 2-16: Transmission spectrum curves of the isolated SRR cell, which are obtained by
HFSS simulation with PML boundary conditions (with Dg=1 mm and Dy=5 mm) and by
equivalent circuit modeling approach. Geometry and dimensions for the SRR cell are
described in Section 2.2.3. Equivalent circuit model is given in Figure 2-15.

As seen in Figure 2-16, the resonance frequency obtained from the equivalent
circuit model is 11.89 GHz while the HFSS simulation result gives 11.90 GHz.
Also, the overall shapes of these two waveforms of transmission spectrum are

reasonably close to each other over the whole computational frequency bandwidth.

Case 2: To model a single loop SRR with a two port equivalent circuit model, there
are two other possibilities; a series LC resonant circuit or a parallel LC resonant
circuit placed in the series branch of the two-port. Possibility of both cases can be

investigated using the two-port circuit shown in Figure 2-17.
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Figure 2-17: Alternative two-port equivalent circuit representation of a single loop SRR with
either series or parallel LC resonant circuit in the series branch.

The Y-matrix representation of this two-port is given as:

l _ Yoo Yo ||V
I, B Yy Y [V, %)

where
I
\1 =—1L =Y (29)
1, =
I
Yy = ==Y (30)
1v,=0
I
Yo =oF ==Y (31)
v, =0
|
Yo :V_2 =Y (32)
2Iv;=0

[Y]=I_YY _YYI (33)

The Z-matrix representation of this two-port is not defined as [Z]= [Y]_1 where

determinant of the [Y] matrix is zero.
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Also, the chain parameter representation of this two-port can be obtained as

o]

V
A=_1 =1 (35)
V2 1,=0
V
©2lv,=0
c=ul -0 (37)
V2 1,=0
|1
D= | =1 (38)
~ "2lv,=0

A B [1 2z
C D| |0 1 (39)

Conversion between the Y-parameters and the chain [ABCD] parameters is possible

according to the following rules [21]:

e 1]
A B — Y21 Y21 _ I =
[c D} A )
Y21 Y21
AY =|[Y]| = det([Y]) (41)

Finally, the S-Parameters can be obtained from the Y-Parameters [21] as described

below:
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:(Yo “ YD, +Y50) +YLY, :(YO _Y)(Yo +Y)+Y2
Vi + Yo (Yor +Y) =Y Yar (Y, +Y)(Y, +Y) =Y

Si= Y =S 42
vy, (42)
S, = -2Y,,Y, _ 2YY,
(Y11 +Yo)(Y22 +Yo)_Y12Y21 (Y+Yo)((Y+Y0)_Y2
2Y
Soi= =S
Tovry, 7 (43)
where the normalization term Y, = 1 is the terminal admittance seen at the
ZO

input/output ports, by definition. The magnitude of the S,; spectrum must result in a
transmission curve which is expected to be zero (in the lossless case) at the

1

for the SRR unit cell under consideration. Also,
27 LC

resonance frequency f, =

as seen from equation (43), Y=0 condition must hold at resonance to satisfy this
expectation. This point should be taken into account while evaluating the
possibilities of alternative two-port equivalent circuit topologies shown in Figure

2-18.

For the equivalent circuit shown in Figure 2-18 (a), the admittance Y is obtained as
1

27+ LC

causing S,; to approach to unity (see equation (43)). As zero transmittance is

given in equation (44) and it is seen that Y approaches to infinity at f, =

expected at resonance, this equivalent circuit can not be a feasible choice to

represent the SRR unit cell.
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Figure 2-18: Alternative representations of two-port network consisting of series impedance
a) Series LC circuit, b) Parallel LC circuit.

1_ jaoC
Z l1-o’LC

(44)

For the two-port equivalent circuit model shown Figure 2-18 (b), on the other hand,
expression for the admittance Y is given in equation (45) and it becomes zero at the

resonance frequency making the transmittance also zero, as expected.

Y_l_l—a)zLC 45
Z joL 43)

Therefore, this potentially useful equivalent circuit is investigated in more detail by
including the loss effects into the model as shown in Figure 2-19 where the

resistance R, represents the conductor losses and the other resistance R; represents

the dielectric losses occurring around the gap locations. The admittance expression

for this improved topology is given in equation (46).
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Figure 2-19: Improved version of the two-port circuit representation shown in Figure 2-18 (b)
with the inclusion of equivalent loss resistances.

1 _(joL+R)(1+ jwCR,) + R,
Z (joL +R)R,

Y:

(46)

Next, expressions for the scattering parameters Sy; and S;; can be computed using

equations (42), (43) and (46) to get:

_ Y,(joLR, + RR,)
2jol —20°LCR, +2jwCR.R, + 2R +2R, +Y,(joLR, + RR,)

_ ~2(joL - @’LCR, + joCR R, + R, + R,)
2jol —20°LCR, +2jwCR.R, + 2R +2R, +Y,(joLR, + RR,)

S11

(47)

S (48)

Where the loss resistances R. and R;are computed from equations (25) and (26).
Again a Matlab code is developed to compute the S;; and S,; parameters. The
magnitude of S,; spectrum is plotted against frequency in Figure 2-20. The |Szl|
spectrum obtained by an HFSS simulation is also plotted on the same figure for
comparison. Although these two curves are found similar, the agreement between

the results obtained by HFSS and equivalent circuit models are not found good

enough as compared to the case demonstrated earlier in Figure 2-16.
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Figure 2-20: Transmission spectrum curves of the isolated SRR cell, which are obtained by
HFSS simulation with PML boundary conditions (with Dz=1 mm and Dyg=5 mm) and by
equivalent circuit modeling approach. Geometry and dimensions for the SRR cell is described
in Section 2.2.3. Equivalent circuit model is given in Figure 2-19.

Based on the conclusions derived from the results of section 2.3, the two-port
equivalent circuit model shown in Figure 2-15, i.e the series resonant RLC circuit in
the shunt branch of the two-port circuit, is found to be the best lumped circuit
model to represent the single loop SRR unit cell structure. Only this equivalent
circuit topology will be used in the remaining chapters of this thesis to develop

equivalent circuit models of SRR arrays.
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CHAPTER 3

NUMERICAL SIMULATIONS AND TWO PORT
EQUIVALENT CIRCUIT MODELING OF SQUARE
SHAPED SINGLE LOOP SRR STRUCTURES

3.1 Introduction

In this chapter, unit cell and array topologies with square-shaped single loop four-
split SRR structures will be modeled using the novel two-port equivalent circuit
modeling approach presented in section 2.3 of the previous chapter. Individual SRR
unit cells of the arrays will be represented by the series RLC resonant circuit model
shown in Figure 2-15. Interaction effects (i.e. the inductive and capacitive coupling
effects between the array elements) and additional ohmic losses stemming from the
non-zero conductivity of the dielectric substrate will also be modeled using proper

two-port circuits.

Transmission spectrum of a given array structure will be computed to be the
magnitude of the S,; spectrum of the two-port circuit representation of the overall
SRR array. Z-parameter, Y-parameter and chain (ABCD) parameter representations
will be used whenever needed to obtain the S-parameter matrix of the given
topology. Results of equivalent circuit models will be compared to HFSS
simulation results for validation. Isolated SRR structures will be simulated using
PML type boundary conditions as shown in Figure 3-1 (a). Infinite SRR arrays, on
the other hand, will be simulated by using PEC/PMC type boundary conditions as
seen in Figure 3-1 (b).
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Figure 3-1: Boundary conditions for HFSS simulations: a) PML boundary conditions to
examine an isolated SRR unit cell, b) PEC/PMC boundary conditions to examine a two
dimensional infinite SRR array.

In this chapter, in addition to the SRR unit cell, arrays of SRR cells with sizes
1x2x1, 2x1x1 and 2x2x1 will be analyzed. The notation used to identify SRR array

sizes is previously given in Figure 2-1.

3.2 Single-Loop Square-Shaped SRR Unit Cell

In the first subsection to follow, transmission spectrum of a single-loop square
shaped SRR unit cell with four identical gaps will be estimated by using both
equivalent circuit modeling approach and HFSS simulation approach. Then, in the

next subsection, an infinite SRR array structure will be examined.

3.2.1 Numerical Simulation and Equivalent Circuit Modeling of the

Isolated SRR Unit Cell

The isolated SRR unit cell investigated in this subsection has four gaps (splits) of

equal width (g) placed at the middle of each side of its square loop as shown in
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Figure 3-2 (a) and (b). The copper strips forming this fully-symmetrical multi-split

ring are printed on a low-loss dielectric substrate with &, =4.6 and tan o =0.01.

Dimensions of this SRR unit cell are given in Table 3-1. Figure 3-2 (b) shows the
instantaneous charge polarities induced across the gap locations, due to the
magnetic induction phenomena caused by a time-varying incident magnetic field as
discusses previously. Geometrical parameters of SRR cells are also indicated in
Figure 3-2 (b). The equivalent lumped circuit used to model an individual SRR cell
is given in Figure 3-2 (c) where the equivalent capacitance (Ccq) is equal to one
fourth of individual gap capacitance (Cgp) as all four of these equal gap
capacitances are connected in series. Computation of circuit parameters Lgr (total
self inductance of the metal ring), Cgqp, Rc (equivalent resistance representing
conductor losses) and Ry (equivalent resistance representing dielectric losses) will

be discussed later in this subsection.
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Figure 3-2: a) Unit cell geometry of a single square loop SRR, b) Parameters of the isolated
SRR cell, ¢) Equivalent two-port circuit model of the SRR cell.

Table 3-1: Geometrical parameters of the SRR unit cell shown in Figure 3-2

w (Width t(Thickness
Substrate L (Side length | g (Gap

of Metal of Metal
Dimensions | of the SRR) Width)

Strip) Strip)
D;=Dy=4mm

2.8 mm 0.3 mm 0.3 mm I pm.
h=0.5 mm

To calculate the gap capacitance, both coplanar (C.) and parallel-plate (Cpp)

capacitance contributions should be taken into account [12, 20].These capacitance
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contributions are calculated in this thesis by using equations (49) through (51).
Also, the total self inductance of the metal loop is calculated using equation (52) as

discussed in reference [22].

Ccp = (& +Dé, In 21+W F/m (49)
27 1-Vk'

- \/[l _( pfijzj w

wit
CIOIO=€E (51)

2u,L| .. L
Lot —2—| sinh | —— | -1 2
. V4 { [W/2j } 52)

Table 3-2: Calculated values of circuit parameters for the SRR unit cell

C.p (49) 17.01*10"° F

Cpp (51) 0.0407*10™° F

Coap=CpptCep | 17.0507*10"° F

Crota= Cgap/4 4263 * 10 F

Lgar (52) 58.71* 10" H

While calculating coplanar gap capacitance using equation (49) p is taken as the
gap width (g) and q is taken to be equal to (L-g)/2. Values of Ciom and L are
independent of frequency and computed values for these circuit parameters are
listed in Table 3-2. Values of equivalent loss resistances R, and Ry, however, are
functions of frequency. For that reason, they are not listed in Table 3-2. Typical
values of R, and Ry are in the order of 1 Q and 92 kQ around the resonance

frequency.
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Using all these circuit parameters, the transmission spectrum (i.e. |SZI| versus

frequency curve) of this unit cell is computed by equations (24) through (27) as
described in section 2.3. A simple Matlab code with a very short run time is
developed for this purpose. The resulting transmission curve is plotted in Figure 3-3
over the frequency range 15-40 GHz. Transmission spectrum of the isolated SRR
cell is also computed by HFSS using PML boundary conditions as described in
Figure 3-1 (a). The PML boundaries are placed Dy =2 mm above the SRR plane in
this HFSS simulation. In general, HFSS simulation results are found to be very

sensitive to the distance between the SRR plane and the PML boundary along the

H filed direction. The transmission spectrum computed by HFSS for Dy =1 mm
separation distance between the SRR plane and PML boundary is also plotted in
Figure 3-4. Resonance frequency of the infinite SRR array is known to be around
34 GHz and the resonance frequency of the SRR unit cell is expected to be close to
this value. Therefore, the transmission spectrum simulated for the isolated SRR cell
for Dy =1 mm case looks more reasonable as it has a resonance frequency around

f,=34 GHz. The normalization impedance Z, is calculated as an output of the

HFSS simulations. As experience has shown, Z, values change only slightly with
frequency when PEC/PMC boundary conditions are used to simulate SRR array
structures. On the other hand, Z, becomes strongly dependent on frequency when
PML boundary conditions are implemented to simulate the isolated SRR unit cell
behavior. In order to compare the transmission spectrum results obtained by HFSS
and equivalent circuit modeling approaches, we need to convert Z-parameters of the
two-port model to S-parameters as described in Chapter 2. At this step, the
normalization impedance (Zy) values must be used in equation (17) at each sample
frequency. The Z, output array provided by HFSS simulation is used for this
parameter conversion. Values of Z, arrays provided in Dy=2 mm and Dy=1 mm
cases are appreciably different from each other. Therefore, the transmission
spectrum curve estimated by the two-port model is also affected by the use of this

normalization impedance data as shown in Figure 3-3 and Figure 3-4. Variations in
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the transmission curves below 30 GHz, in particular, are thought to be spurious

effects caused by the use of PML boundary conditions.
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Figure 3-3: Estimated transmission spectra of the SRR unit cell using HFSS simulations with
PML boundary conditions and Dy=2 mm and using the equivalent two-port circuit given in
Figure 3-2 (¢).
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Figure 3-4: Estimated transmission spectra of the SRR unit cell using HFSS simulations with
PML boundary conditions and Dy=1 mm and using the equivalent two-port circuit given in
Figure 3-2 (¢).

3.2.2 Numerical Simulation and Equivalent Circuit Modeling of the

Infinite SRR Array along the Electric Field Direction

As discussed in Chapter 2 earlier, PEC/PMC type boundary conditions are useful
when infinite SRR arrays are simulated by HFSS, especially for these symmetrical
SRR unit cells. In this sub-section, we will estimate the resonance frequency of
infinite single square SRR array extending along the electric field direction by using
the equivalent circuit modeling approach. As discussed in section 2.2, the array
effect in magnetic field direction will be ignored as Dy is 1.75 mm, so the array in
that direction is sparse. Therefore, the SRR array to be investigated can be

considered approximately as a one dimensional infinite array of single-loop four-

gap SRR elements extending along the E field direction (along the y-axis) as
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shown Figure 3-5. In this figure, each block with impedance Z represents an SRR
unit cell and each block with impedance Z, serves to model the coupling
capacitance between neighboring SRR elements and the ohmic losses occurring due
to leakage currents which flow through the dielectric substrate in the region
between neighboring SRR unit cells [23]. It must be emphasized that the two-port
SRR model shown in Figure 3-2 (c) with equivalent impedance Z (specified in
general by equation (22)) is modified before being used in Figure 3-5 such that the
inductance term Lr is replaced by Lg-2M to account for the effects of subtractive
mutual inductance (M) caused by the neighboring SRR cells on both sides of a
given array member. Couplings from more distant members of the array are
neglected in this model. The mutual inductance effects act in the subtractive manner
as induced currents in all SRR loops of this array are in the same direction as
explained by the magnetic induction phenomena. This situation is simulated by the
mirror imaging effect of the PEC boundary conditions in HFSS computations used
to analyze such infinite SRR arrays. Impedances Z and Z,, can be calculated using
equations (53) and (54), respectively. The infinite array can be considered as the
limiting case of a finite length array with n SRR elements as n approaches to
infinity. Then, this finite length array can be represented by a two-port circuit as the
one shown in Figure 2-13, having an equivalent impedance Ziy, in the shunt
branch. As the blocks with impedances Z and Z,, can be considered as individual
two-port circuits connected in series, the equivalent impedance of the finite array
can be obtained as in equation (55), where n-1~n as n approaches to infinity. Then,

the real and imaginary parts of Z, can be obtained as in equations (56) and (57).
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Figure 3-5: Equivalent circuit model for the SRR array which effectively extends to infinity in
the electric field direction.
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R, . wR,’C
Z= _ Lsalf -2M) - —— ——
(R°+1+w2C2Rd2]+J(w( : 1+a)2C2Rd2j (53)

R,,(1- joR, C
Z — dm( 5 J . dm 2m (54)
l1+w°C "Ry,
Ztotal:n Z +(l’l- 1) Zm (55)
R Ry
Re{Z,., =N R+ d + = 56
{ ttaj} { 1+a)2C2Rd2 1+a)2Cm2Rdm2J (56)
RdZC Rd ZC
Im{ztotal}:ja)n (Les —2M) - e 2 zm 2m 2 (57)
l+o°’C°'R;” 1+w°C [ Rym

At the resonance frequency, Zi becomes real. Then the resonance frequency can
be solved by equating the right hand side of equation (57) to zero. In these
expressions, C is equivalent gap capacitance of an isolated SRR, Lgs is the total
self inductance of the metal loop, M is the mutual inductance between adjacent
SRR elements and Cm is the coupling capacitance. Lgr and C values are given in
Table 3-2 for the SRR cell used in this chapter. M is calculated using equation (60)
where L is the side length of SRR and dy=2D_ +w is the centre to centre separation
between the adjacent edges of SRR elements. R4 is calculated using equation (61)
which is similar to the equation (26) used for calculation of Ryq. As discussed earlier
R4 and Ry, are frequency dependent parameters. While solving for the resonance

frequency, Im{ZmJ }: 0 equation can be written as [23]

an' +bo* +d =0 (58)
a:(Lseﬁ _2M) RdszmZCmZC2

b:(l—self _2M) (Rd202 + Rdmzcmz)_ RdZCRdmZCm2 - RdZCZRdmZCm (59)
d=(Lg —2M)-R,’C-R,,’C,

where
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L / L2 / d’> d
M=02L(In(—+ 1+—)— 1+ +—%)uH 60
( (dO doz) E L)M (60)

and

2D,

Ran™ (tan a)(we)Lh (61)

Table 3-3: Calculated circuit model parameters of the infinite SRR array extending in the
electric field direction

C.p (49) 17.01*¥10"° F

Cpp (51) 0.0407*10°° F

Cgap =CpptCop

17.0507*10° F

Ctotal =Cgap/ 4

4263 * 10 F

Lo (52) 58.71* 10" H
Crutualep (49) 32.625 *10°° F
Crutualpp (51) 0.0424*10° F

Cmutual 32.67*10"° F
Cin =2*Crnutual 65.34*107° F

M (60) 4.39*%10"°H
f, 35.6 GHz

Parameter values needed in equations (57)-(59) are computed and listed in Table
3-3. Using these values, equation (58) is solved to compute the resonance frequency
to be f,=35.6 GHz. As a matter of fact, three more roots are solved from equation
(58), but two of which are turned out to be imaginary and the third one is found to

be negative. Only the fourth root is found meaningful to give f;=35.6 GHz. This
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result is compared to the resonance frequency value found by HFSS simulation of
the infinite SRR array (by using PEC/PMC boundary conditions). As shown in
Figure 3-6, the resonance frequency obtained by the numerical simulation approach

is f,=34 GHz. The approximation error is found to be about 4.7 %.
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Figure 3-6: Transmission spectrum of the infinite SRR array as estimated by an HFSS
simulation using the PEC/PMC boundary conditions.

3.3 An SRR Array Extending Along the Propagation Direction

In this section an SRR array of size 2x1x1 will be analyzed by both equivalent
circuit modeling approach and HFSS simulations. In the next subsection, the
structure will be investigated as an isolated 2-element array by using PML

boundary conditions in HFSS simulation.
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3.3.1 Analysis of the Isolated Two-Element Array of Size 2x1x1

In this section, HFSS simulations of the two-element SRR arrays of size 2x1x1 are
performed using PML boundary conditions. Resulting transmission curves are
compared with the results obtained from equivalent circuit modeling approach. In
Figure 3-7, the array structure, its schematic view and the corresponding equivalent
two-port circuit model are shown with substrate dimensions Dx= 8 mm, Dy=4 mm,

h=0.5 mm.
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Figure 3-7: a) Geometry of 2x1x1 SRR array, b) Elements of 2x1x1 array, ¢) Two-port
representation of 2x1x1 array (First alternative for the coupling two-port connection).

In this array topology, mutual inductance between the SRR unit cells is subtractive
due to the direction of the flux linkages. Therefore, the parameter Lgr of Figure 3-2
(c) needs to be modified as Ls~-M. The capacitive coupling effect and dielectric
ohmic loss effects occurring in the region between the SRR unit cells can be

modeled as a parallel two-port RC circuit with parameters C,, and R4m. Two
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possible configurations can be considered as shown in Figure 3-7 (c¢) and Figure 3-9
for this coupling two-port circuit. For the first coupling configuration shown in
Figure 3-7 (c), following the similar steps as in section 2.3, we obtain chain

(ABCD) parameters of the circuit.

As this two-element SRR array extends in the direction of propagation, the
equivalent circuit of the overall 2x1x1 array can be considered as the cascade
connection of three equivalent two-port circuits: The SRR two-ports and the
coupling two-port between them. Therefore, the chain parameters of the overall
two-port representation can be computed by making use of equation (13) and

equations (62) through (66) as shown below:

[A B} [ 1 0}{ 1 o}[ 1 0} .
- (62)
cCD cascade YfifStSRR 1 Ymutual 1 YsecondSRR 1

defining

Ytota1: YﬁrstSRR +Ymutual+YsecondSRR (63)

equation (62) becomes

ABl |1 0 64
C D cascade Ytotal 1 o
where
1
YﬁrstSRR = YsecondSRR = Rd
RO+ jor(lyg —M)+———— 65)
. gap
1+ joRd———
4
and
1
Ymu A 5
T R (66)
1+ joR,,C,,
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Finally, using the conversion rules between chain and S- parameters [21], the Sy;

parameter can be computed from equation (67) given below

2
Szl =

A+ZB+CZO +D 67)

0

As stated previously in section 2.3, frequency dependent Z, array data are taken
from the HFSS simulation output which is executed with PML boundary
conditions. The values of Cgup/4, Leeir, M and C,, are taken from Table 3-3. The
parameters Rgn, Rgq and R, are all frequency dependent and their values are
calculated by using equations (61), (26) and (25), respectively. In Figure 3-8, the
HFSS result along with the result of equivalent circuit model approach (computed

by MATLAB codes written in this thesis) are used to plot transmission spectra of

the 2x1x1 SRR array. The transmission spectrum is given by the |S2 1| curve and the

value of transmission can not exceed unity (corresponding to the zero decibel
level). Positive logarithmic transmission values seen in Figure 3-8 are not
physically meaningful but they are spurious effects due to the use of PML boundary
conditions. Also, the transmission spectrum obtained by HFSS simulation indicates
much higher losses which is an expected result as PMLs are highly lossy structures.
Two transmission curves shown in Figure 3-8 are similar around the resonance

frequency which is very close to 34 GHz.
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Figure 3-8: Estimated transmission spectrum of 2x1x1 SRR array using HFSS simulations
with PML boundary conditions and D=1 mm and using the equivalent two-port circuit given
in Figure 3-7(c).

The second possible coupling configuration is shown in Figure 3-9 where the
coupling two-port circuit has a parallel C,R4m combination in its series branch.
Now, the ABCD parameters of the overall two-port network can be obtained as

given in equations (68) and (69) below:

A B 1 / 0
= ual 68
|:C D:| cascade |:YfirstSRR :|[ m j||: sec OndSRR 1:| ©%)

1 + YsecondSRR 1
A B _ Ymutual Ymutual (69)
C D 4 v Y firstsrR Yeec ondsRR 1 Yiirssrr
cascade firstSRR secONdSRR Y
mutual mutual
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After converting these chain parameters to S-parameters [21], the estimated
transmission spectrum of the 2x1x1 array is obtained and plotted in Figure 3-10.
The transmission spectrum obtained by HFSS with PML boundary conditions is
also plotted in the same figure for comparison. The spurious effects caused by PML
usage are observed in these results. However, both transmission curves indicate the

expected resonance around 34 GHz.
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Figure 3-9: Two-port representation of the 2x1x1 array (Second alternative for the coupling
two-port connection).
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Figure 3-10: Estimated transmission spectrum of the 2x1x1 SRR array using HFSS
simulations with PML boundary conditions and Dy=1 mm. and using the equivalent two-port
circuit given in Figure 3-9.

3.3.2 Numerical Simulation and Equivalent Circuit Modeling of Two

Layer Infinite SRR Array

The SRR array to be examined in this subsection is assumed to be infinitely large in
the E field and H field directions. It has only two layers along the propagation
direction. The array parameters Dy and Dy are taken as 0.6 mm and 1.75 mm,
respectively, to have an array which is sparse along the H field direction.
Therefore, the array can be considered as an mxnxp array, effectively, where m=2,

p=1 (approximately) and n approaches to infinity. Such an array can be simulated
by HFSS using PEC/PMC boundary conditions as discussed in section 3.2.2. An
approximate equivalent two-port circuit model for this array is shown in Figure

3-11 where the capacitive coupling and dielectric losses in the region between
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neighboring SRR cells along the propagation direction are neglected for simplicity.
The inductive coupling between such SRR cells, however, is taken into account by
the (Lsr-3M-2M,) term. Here M is the mutual inductance between two adjacent
SRR cells along the incident electric field and propagation directions. M, is the
mutual inductance between two SRR cells in cross locations. The parameter M. is
computed using equation (60) with do= \/5(2DE + W) . Mathematical expressions
for the impedances Z and Z,, are given in equations (70) and (71), respectively.
Following the approach used in section 3.2.2., the real and imaginary parts of the
equivalent impedance Zi, for the overall two-port array representation are
obtained as in equations (72) and (73). The resonance frequency of the array can be
obtained by solving equations (74) and (75) after equating the imaginary part of

Zotal tO ZETO.
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Lseif - 3M - 2M¢ Lseif - 3M-2M,
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Zm Cm —L Ram Cm —L Rim

goes to infinity goes to infinity

Figure 3-11: An equivalent circuit model for the double layer SRR array (m x n x p) where
m=2, p=1 (due to sparse array approximation) and n approaches to infinity.

56



1 R, . wR,’C
Z=— — Ly —3M —2M )—-——3 —
2{(& +1+0)2C2Rd2]+ J[CO( ool ¢) szCszzﬂ (70)

_ Rdm(1 - ijdmCm
Z = o (71)

2(1+ w*C,'R,.%)

R
Ziotal (real): n &—’_ Td 2 2 + 2 - 2 2 (72)
2 2(1+0°C’R,>) 21+’C,’R,’)
Zon(imy= jor| =2 2 72 RC __ RuGCa (73)
tol(1m)= 2 2(1+ »*C*Rs*) 2(1+®*C°R,?)
aw' +bw?+d=0 (74)
a=(Lsar-3M-2Mc) Rd’R, 'C, °C?

b=(Lei-3M-2Mc)(R,’C* +R,.°C, *)-R,’CR,.’C* — Rd202 R,.'C,, (75)

d=(Lsar-3M-2Mc)-R,’C - R,,’C

The values of parameters in equation (75) are already calculated in section 3.2.2
and given in Table 3-3. Only the parameter M, is used for the first time here and it
is calculated using equation (60).All of the resulting values are given in Table 3-4.
The only meaningful root of equation (74) is found to be 39.7 GHz with about 12.5
percent error as compared to the resonance frequencies (34 GHz and 35.3 GHz)
estimated by the HFSS simulation with PEC/PMC boundary conditions. The error

in the equivalent circuit model estimation for the resonance frequency can be

explained by the fact that coupling effects along the H field direction and more
importantly, the capacitive coupling and loss effects along the propagation direction
are neglected in the equivalent circuit model. It should be also indicated that the
present approximate two-port model can estimate only one resonance frequency,
misses the other. The transmission spectrum of the SRR array is shown in Figure

3-12.
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Table

3-4: Calculated model parameters for the infinite SRR array in electric field direction

Cgap/4 4263*10° F
Lgar (52) 58.71* 10" H
Cmutual 32.6710° F

Cm 2*Cmutual) 65.34*10°° F

M (60) 4.39*10"°H
Mc(60) 3.3*%10"°H
o 39.7 GHz
00—
1 ‘—_—_\_‘_—_\_‘__‘—‘—-—._,_\_‘_.___,-"""\
1000 /\
& 2000
‘s
7
E
& 2000
= \/\
4000
¥
2500 2730 3000 32,50 3500 37.50 000
Freq [GHz]
Figure 3-12: Simulation of 2x1x1 array with PEC/PMC boundary.
3.4 An SRR Array Extending Along the Electric Field Direction
In this section, an SRR array of size 1x2x1 will be analyzed over the frequency

band from 25 GHz to 40 GHz. First, this small array will be considered in isolation
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and its transmission spectrum will be obtained by HFSS using PML boundary
conditions. Then, it will be analyzed by using PEC/PMC boundary conditions to

simulate an infinite SRR array.

3.4.1 Analysis of the Isolated Two-Element Array of Size 1x2x1

The 1x2x1 SRR array and its equivalent two-port model are shown in Figure 3-13

where the substrate dimensions are D,= 4 mm, Dy=8 mm, h=0.5 mm.

59



Caap# 5

V1

Coup/d =

<)

Figure 3-13: a) Geometry of the 1x2x1 array, b) Elements of 1x2x1 array, ¢) Equivalent two-
port circuit model for the 1x2x1 array.
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All of the circuit parameters shown in Figure 3-13 (¢) are calculated in section 3.2.2
and given in Table 3-3. In addition, expressions of loss parameters R., Rq and Ry,
are given in equations (25),(26) and (61), respectively. To obtain the transmission
spectrum of the 1x2x1 array, ABCD parameters of the equivalent two-port circuit
need to be obtained. Since the two-port circuit models representing individual SRRs
and mutual effects are connected in series along the electric field direction, their
individual Z parameter matrices are added to get the overall Z matrix of the array.
Chain matrices of each SRR unit cell are the same and given by equation (76) where
the admittance term Y is computed using equation (78). The chain matrix of the
coupling circuit is determined by the help of equations (77) and (79). Then, the

overall Z-matrix of the 1x2x1 array two-port is obtained using equations (80)

through (84).
{A B} {A B [1 0}
C D firstSRR C D_secondS?R Y 1
{A B} 1 o} .
= )
C D Tl LYm 1
where
1
Y=
. Rd
Re+ jo(lyy —~M)+———— (78)
1+ joRd —*
and
1
Yy oo
Rdm (79)
1+ joR,,C,,

Then, using the general conversion rule:
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AD - BC

|:le le:|: C
ZZI Zzz

Ol—0l>

b
C

Z matrices of the SRR cells and the coupling two-port are given as:

{le le:| — {le 212j| —
221 222 firstSRR 221 222 sec ondSRR

and

|:le ZIZ :| —
221 222 mutual

3_<|—‘3-<|’—‘
3_<|—‘3-<|’—‘

Then, defining:

Ziota=LfirsiSRRTZLimutual T ZsecondSRR

Z matrix of the overall array two-port is found as:

2 1 2 1
2RAR2RA
[Ztotal]: 2 lm 2 lm
—_ . — 4+ —
Y Y, Y VY,

<[=<|—
<=

(80)

@D

(82)

(83)

(84)

Next, the complex S-parameters are obtained using the [Z,,, ] matrix [21]. The

transmission curve ( |821| versus frequency curve) obtained via equivalent circuit

modeling is shown in Figure 3-14. This array structure is also analyzed with HFSS

using PML boundary conditions with D, =1.75 mm and the resulting curve is also

plotted in Figure 3-14 for comparison. This curve looks like a compressed and lossy

version of the transmission curve obtained by equivalent modeling. Resonance
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frequencies are found to be 33.6 and 34.6 GHz from the circuit model approach

whereas the resonances are observed at 34.6 and 35.1 GHz according to the HFSS

simulation results.
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Figure 3-14: Estimated transmission spectra of the 1x2x1 SRR array using HFSS simulations
with PML boundary conditions and D, =1.75 mm and using the equivalent two-port circuit
given in Figure 3-13 (c).

3.4.2 Numerical Simulation and Equivalent Circuit Modeling of Infinite

SRR Array Along the Electric Field Direction

When PEC/PMC boundary conditions are used instead of PML boundary condition,

an infinite array is formed in both E field and H field directions. As D,, is chosen

to be a relatively large value, the array is sparse in H field direction. Hence, the
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resulting array can be considered as an infinitely long, one-dimensional array of
size 1xoox1. In this section, the resonance frequency of this infinite SRR array will
be calculated and compared with the resonance frequency obtained from the HFSS
simulation results. In section 3.2.2, the resonance frequency of this infinite SRR
array has already been calculated to be 35.6 GHz. The transmission spectrum of this
array obtained by using HFSS with PEC/PMC boundary conditions is shown in
Figure 3-15, which is the exact replica of Figure 3-6. The resonance frequency
obtained by HFSS simulations is 34 GHz and very close to the result of 35.6 GHz,

which is obtained from the equivalent circuit approach.

0.00

-10.00
)
=
=
=
#
F -20.00

2500 21.50 30.00 32.30 3500 37.50 40.00

Freq [GHz]

Figure 3-15: Transmission spectrum of the 1x2x1 SRR array obtained by HFSS simulation
with PEC/PMC boundary conditions.

3.5 The 2x2x1 SRR Array

Combining two arrays of sizes 2x1x1 and 1x2x1, it is possible to form a 2x2x1
array. The geometry, dimensions and some parameters of this array are shown in

Figure 3-16, where the substrate dimensions are D,=Dy,=8 mm and h=0.5 mm.
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Geometry, dimensions and material properties of the SRR unit cell used in this
array are the same as those used earlier in Chapter 3. In this section, we will first
examine this 2x2x1 array in isolation. Then, we will extend investigation to an

infinite array form.
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Figure 3-16: a) Unit cell geometry of 2x2x1 array, b) Parameters of the 2x2x1 SRR array.




3.5.1 Analysis of the Isolated Four Element Array of Size 2x2x1

Equivalent two-port circuit model of the 2x2x1 array is shown in Figure 3-17. In
this model, cross mutual inductance effects are also considered and included in the
model via the parameter M. The SRR equivalent circuit shown in Figure 3-2 (c),
the coupling circuit (along the E field direction) shown in Figure 3-5 and the
coupling circuit alternative (along the propagation direction) shown in Figure 3-7
(c) are used to form the equivalent two-port circuit model of 2x2x1 array shown in
Figure 3-17. The chain parameter matrix and the corresponding Z-parameter matrix
of the overall 2x2x1 array structure are computed using equations (85) through (93).
Then, the complex S parameter (S;;) is computed from the Z-parameters using

equation (67). The |Sz1| versus frequency curve of the array is plotted in Figure

3-18. The transmission spectrum obtained using HFSS with PML boundary

conditions ( D, =1.75 mm) is also plotted in the same figure for comparison.
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Figure 3-17: Two-port model for 2x2x1 SRR array.
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{A B} _[A B} _[ 1
C D upper SRRblock C D lower SRRblock 2Y +Ym

0
1 85

= (50)
C D ol 2y, 1
where
Y= ! R
Rc+ja)(|—se|f -2M -M )+ d (87)
1+ joR,
and
1
Y=
Rim (88)
1+ joR,,C,,
Using
A AD-BC
le le _ E C
[zzl z,] |L D &)
C C

Z parameter matrices for the SRR unit cell and coupling circuit two-ports can be

obtained as:

1

1

2Y +Y,

| (90)

{Zu le} :{Zn Z12} _ 2Y+Ym
Z21 Z22 firstSRR Z21 222 sec ONdSRR 1

2Y +Y,

and
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Z, Z, 2, 2V,
= 1 o0
221 222 mutual _ —
A
Defining
Ziota=Lfirstolock T Zmutual™Lsecondblock (92)

The equivalent Z parameter matrix of the overall array can be obtained as:

2 2
Y +Y,  2Y, 2Y+Y, 2,
[Zow]- |7 5 | 5 | 93)
+ +
Y +Y, 2V, 2Y+Y, 2,
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Figure 3-18: Estimated transmission spectra of the 2x2x1 SRR array using HFSS simulations
with PML boundary conditions and D,, =1.75 mm and using the equivalent circuit model
shown in Figure 3-17.
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3.5.2 Numerical Simulation and Equivalent Circuit Modeling of Infinite

Two Layer SRR Array

When the 2x2x1 array is simulated by HFSS using PEC/PMC boundary conditions,
the resulting infinite array with two layers along the propagation direction turns out
to be exactly the same array examined in section 3.3.2. Therefore, exactly the same
transmission curve shown in Figure 3-19 and the same resonance frequencies at 34
GHz and 35.3 GHz are obtained with HFSS simulations. Also a resonance
frequency of 39.7 GHz is estimated by the equivalent circuit model. As the
capacitive coupling between the SRR cells in the propagation direction is neglected,

only one resonance frequency is estimated with this approach.

1000 /\
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Transmizsion [dB]
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Figure 3-19: Transmission spectrum for the 2x2x1 SRR array estimated by HFSS with
PEC/PMC boundary conditions.

71



CHAPTER 4

NUMERICAL SIMULATIONS, MEASUREMENTS
AND TWO PORT EQUIVALENT CIRCUIT
MODELING OF SQUARE SHAPED SINGLE LOOP
SRR STRUCTURES

4.1 Introduction

In this chapter, a single square loop SRR with four splits and its 4x1x1 array are
investigated. In addition to HFSS simulations and equivalent circuit modeling
results, these structures are also fabricated and their transmission spectra are
measured. Due to the limitations in our measurement setup, the SRR unit cell is
designed to resonate around 12 GHz and the measurements are carried on over the

[10 GHz -13] GHz frequency band.

Transmission spectrum of the SRR unit cell is obtained by HFSS using both PML
and PEC type boundary conditions as shown in Figure 4-1. The isolated unit cell
structure is analyzed when PML boundaries are used. Behavior of a single layer (in
the propagation direction) infinite SRR array within a metallic waveguide is
simulated when PEC boundary conditions are employed. The same approach is also
used to investigate the behavior of the 4x1x1 SRR array as to be presented in this
chapter. As the transmission spectra of these structures are measured within a
metallic waveguide, PEC boundary conditions are used in the associated HFSS

simulations for meaningful comparison of the results.
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In the fabrication of the SRR unit cell and the 4x1x1 array, copper inclusions are
formed over the low-loss dielectric substrate Arlon AD350, which has a thickness

of h=0.762 mm and relative permittivity of €, =3.5. Thickness of copper strips is
t=0.035 mm.

Figure 4-1: Boundary conditions used in HFSS simulations: a) Use of PML conditions to
examine the isolated SRR cell, b) Use of PEC boundary conditions to simulate SRR behavior
within a metallic waveguide.

4.2  Analysis and Measurements of the SRR Unit Cell

Geometrical parameters of the fabricated SRR unit cell are shown in Figure 4-2.

Values of these geometrical parameters are given in Table 4-1.
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Figure 4-2: SRR unit cell a) Geometry and excitation, b) Design parameters.

Table 4-1: Geometrical parameters of the fabricated SRR unit cell

Substrate L (Side length of w (SRR
g (Gap Width)
Dimensions the SRR) Width)
D,=Dy=10mm
8 mm 0.3 mm 0.6 mm
h=0.762 mm

4.2.1 Analysis of the Isolated SRR Unit Cell

Two-port equivalent circuit model for the isolated SRR unit cell is shown in Figure
4-3. The values of calculated circuit elements are given in Table 4-2. The

equivalent loss resistance values for R, and Ry are calculated using equations (25)
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and (26) as functions of frequency. The transmission spectrum of the unit cell is
computed using equation (24) based on this equivalent circuit model. Also, the
transmission spectrum of this SRR unit cell is computed using HFSS with PML
boundary conditions. Transmission curves obtained using both approaches are
plotted in Figure 4-4. In this figure, it is observed that the resonance frequency
values of these two transmission curves are very close to each other, both of which
are approximately at 11.90 GHz. The overall shapes of both transmission curves are

sufficiently close to each other as well.

Lzelf

43

]
s
u

Capfd =

Figure 4-3: Equivalent two-port circuit representation of the SRR unit cell.

Table 4-2: Model parameters of the fabricated SRR unit cell

C.p (49) 35.483*10"° F

Cop(51) 2.17%10° F

Cgap (CpptCep) 37.652*%10"° F

Ciota (Cgap/4) 9.413* 10 F

Lgar(52) 191* 10"°H
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Figure 4-4: Estimated transmission spectra of the SRR unit cell using HFSS simulations with
PML boundary conditions and Dy=5 mm. and using the equivalent two-port circuit given in
Figure 4-3.

4.2.2 Numerical Simulation, Equivalent Circuit Modeling and

Measurement of the SRR Unit Cell within Waveguide

As indicated earlier, transmission curve of the fabricated SRR structures are
measured within a waveguide. Therefore, to account for the imaging effect of the
metallic walls of the waveguide, PEC type boundary conditions are used in HFSS
simulations while estimating the transmission spectrum of the measured structures.
In other words, a single layer (in propagation direction) infinite SRR array is
effectively created by these simulations and measurements when the SRR unit cell

is placed within a waveguide. As the separation distance between the SRR surface

and PEC walls of the waveguide is large along the H field direction, the resulting
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array can roughly be considered as a one-dimensional infinite SRR array extending

in the E field direction. Equivalent circuit model of the resulting array structure is
suggested as shown in Figure 4-5 based on this one-dimensional periodical array
assumption. The equivalent circuit model in this figure has been previously

suggested and studied in section 3.2.2.

For the SRR parameters and materials used in the fabrication of the SRR unit cell,
parameters of the two-port equivalent circuit are calculated and listed in Table 4-3.
Then using the equations (53) through (61), resonance frequency of the effective
SRR array structure is estimated to be 13.3 GHz as shown in Table 4-3. The
transmission curve obtained with HFSS using PEC boundary conditions, on the
other hand, is given in Figure 4-6 which shows a resonance at 11.95 GHz. Finally,
the measured transmission spectrum is plotted in Figure 4-7 indicating a resonance

frequency of 12 GHz.

In conclusion, the measurement and HFSS simulation results are found in very
good agreement. The error made in the estimation of the resonance frequency by

the equivalent circuit model approach is about ten percent and it can be explained

by the fact that coupling effects along the H field direction are neglected in this

model.
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Figure 4-5: Equivalent circuit model of the effective SRR array formed by placing SRR unit
cell within the waveguide in measurements.
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Table 4-3: Calculated model parameters of the infinite SRR array extending along the incident

electric field direction

Cep (49) 35.483*10"° F
Cpp (51) 2.17%10"° F
Caap (Cpp+tCop) 37.652%10°° F
Crotal (Cgap/4) 9.413* 10° F
Lgar (52) 191* 10" H
Conutualep (49) 84.76 *10"° F
Crmutualpp (51) 2.085%10™"° F
Cmutual 86.85*10°° F
Cm (Z*Cmutual) 1737*10-15 F
M (60) 17.9%10"°H
fo 13.3 GHz
0.0a
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= 2000
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Figure 4-6: Simulated transmission spectrum of the fabricated SRR unit cell using HFSS with
PEC boundary conditions.
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Figure 4-7: Measured transmission spectrum of the fabricated SRR unit cell when it is placed
within a measurement waveguide.

4.3 Analysis and Measurements of the 4x1x1 SRR Array

The basic geometry and parameters of the four-element SRR array of size 4x1x1 is
shown in Figure 4-8 where the capacitive coupling effects are also schematically
indicated in Figure 4-8(b). This small sized SRR array is also investigated with
HFSS simulations, equivalent circuit model and measurements both in isolation and

within a waveguide in subsections 4.3.1 and 4.3.2, respectively.
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Figure 4-8: Four element SRR array of size 4x1x1 a) Geometry and excitation, b) Capacitive
coupling effects along the propagation direction.

4.3.1 Analysis of the Isolated 4x1x1 SRR Array

The equivalent circuit model suggested for the isolated 4x1x1 array is seen in
Figure 4-9. In this two-port model, all of the mutual inductance and capacitance
effects along with losses are considered using the coupling two-port model
suggested earlier in section 3.3.1 and Figure 3-7 (c). The only difference between
the equivalent circuit models given in Figure 3-7 (c¢) and Figure 4-9 is that the
inductance term L-M is replaced by L-2M for the SRR unit cells which have
neighboring SRR cells on their both sides.

Following the same computational steps as in section 3.3.1 and using equations (94)
through (98) (which are the adapted versions of the equations of (62) through (66) in
this four-element array case), the transmission spectrum curve is computed (using
equation (67) for Sy; calculation also ) and plotted in Figure 4-10. Transmission

spectrum curve of the same isolated SRR array is also obtained by HFSS using
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PML boundary conditions and plotted in Figure 4-10 for comparison. Ignoring the
spurious effects stemming from the use of PML, both curves in this figure resemble

each other around the expected resonance frequency of 11.90 GHz.
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Figure 4-10: Estimated transmission spectrum of the isolated 4x1x1 SRR array using HFSS
with PML boundary conditions and using the equivalent two-port model given in Figure 4-9.

4.3.2 Measurements and Numerical Simulations for the 4x1x1 SRR
Array Placed Within a Waveguide

In this section, transmission spectrum of the 4x1x1 SRR array is both measured and
estimated using HFSS (with PEC boundary conditions) within the measurement
waveguide. As discussed in section 4.3.1, the effect of placing this SRR array in a
waveguide is to create a four-layer (in the propagation direction) infinite SRR array
both in E field and H field directions. The transmission curves obtained by HFSS
simulations and by laboratory measurements are given in Figure 4-11 and Figure
4-12, respectively. Except for a shift in frequency, the overall variations of these
two curves are very similar to each other with resonance frequencies observed at
11.72 and 11.96 GHz in HFSS simulation results and 12 and 12.4 GHz in the

measurement results.
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Pictures of the fabricated SRR unit cell and the 4x1x1 SRR array are shown in
Figure 4-13 and Figure 4-14. Picture of a simple open-air measurement set-up using
a pair of probes and a network analyzer is shown in Figure 4-15. It should be noted
that this is not the actual waveguide-measurement set-up used in our experimental
studies. This picture is given just for giving a rough idea about the open air

measurement set-up.
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Figure 4-11: Transmission spectrum of the 4x1x1 array simulated by HFSS with PEC
boundary conditions.
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Figure 4-12: Measured (within a waveguide) transmission spectrum of the 4x1x1 SRR array.
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Figure 4-13: Fabricated SRR unit cell and probes used to measure its transmission spectrum.
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Figure 4-14: Comparison of the fabricated SRR unit cell and 4x1x1 SRR array.

Figure 4-15: A simple experimental set-up used to measure transmission spectrum of SRR
structures in air.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

Split ring resonator (SRR) is one of the main sub-wavelength components used to
design left handed metamaterials in microwave or optical frequencies. SRR arrays
provide engineered materials with negative values of effective permeability. In this
thesis, a simple and fully symmetrical SRR unit cell topology composed of a single
square-shaped metallic loop with four splits at the middle of each edge is
investigated. Geometrical simplicity is preferred in the design of such sub-
wavelength structures especially in millimeter wave, terahertz and upper optical
frequency ranges. Therefore, investigations in this thesis are restricted to this simple

but practically useful SRR unit cell geometry.

The basic purpose of this thesis research has been to establish equivalent lumped
element circuit models to describe the two-port circuit characterization of SRR
arrays with special emphasis on cell-to-cell coupling effects. Obviously, such
equivalent circuit representations can describe actual array behavior only
approximately. On the other hand, full-wave electromagnetic solvers making use of
numerical methods such as the FEM (finite elements method) or FDTD (finite
difference time domain) method provide much better accuracy in the expense of
highly increased computer memory and run time requirements especially for larger
array sizes. Availability of sufficiently accurate equivalent circuit models for SRR
arrays offer an approximate yet computationally efficient and fast way of analysis
for finite but large size arrays. This approach would also make the solution of
optimization problems possible for the design of metamaterials with specific design

requirements.
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In this thesis, the basic SRR unit cell topology is represented by a two-port
equivalent circuit model having a series RLC resonant circuit in its shunt branch.
Other than the self inductance of the metallic loop and the total capacitance
accounting for the equivalent effect of four individual gap capacitances (all
connected in series), the model has two equivalent resistances; a resistor serially
connected to the inductor to model conductor losses and another resistor connected
in parallel to the capacitor to model ohmic losses occurring within the dielectric
substrate. Values of the self inductance of the metallic loop, equivalent capacitance
and the values of loss resistances are computed using the geometrical and material
properties of the SRR unit cell. The electromagnetic coupling effects between two
neighboring cells of a given SRR array in the electric field and in the propagation
directions are modeled by a proper RC two-port coupling circuit in addition to the
mutual inductance parameter which is used to modify the self inductance values of

individual cells.

In this thesis, the basic SRR equivalent circuit model and the coupling circuit two-
port models are used to estimate the transmission spectra and resonance frequencies
of various array forms over two different frequency bandwidths; 10 GHz to13 GHz
band and 25 GHz to 40 GHz band. The finite size small arrays such as 1x2x1,
2x1x1, 2x2x1 and 4x1x1 arrays are simulated in isolation using HFSS with PML
boundary conditions. Transmission spectrum results from such simulations are
compared to equivalent circuit model results with good agreement especially
around the resonance frequency of the simulation bandwidth. Excess losses and
unexpected spurious effects are observed due to the use of PML boundary
conditions over very wide bandwidths. Results of these HFSS simulations are also
found to be very sensitive to the location of PML boundaries. Alternatively, such
basic arrays are turned into infinite array structures by using PEC/PMC boundary
conditions in HFSS simulations. This situation is also experimentally implemented
by measuring an SRR unit cell and its 4x1x1 SRR array within a waveguide due to
the mirror imaging effect of metallic walls of the guide. Resulting infinite array

effects are taken into account in equivalent circuit models as well. In the
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investigation of these array structures, the periodicity along the applied magnetic
field direction is taken to be large enough to omit the array effects coming from that
dimension. Then, the resulting arrays are simulated to be of infinite size along the
applied electric field direction with one or more layers along the propagation

direction of the incident excitation.

In a given array problem, the overall SRR array is eventually represented by a
single equivalent two-port circuit by considering the series, parallel or cascade
connections of smaller two-port units belonging to SRR unit cells or coupling
circuits. The complex S-parameter matrix of the overall array two-port is obtained
via conversions from Z-matrix or chain matrix representations appropriately. All

these computations are carried on by simple and fast MATLAB codes written

during this thesis research. The transmission spectrum (i.e. the |Szl(f)| Versus

frequency (f) curve) estimated by this approach is found to be in very good
agreement with transmission spectra obtained both by HFSS simulations and

measurements.

For the purpose of experimental verification, two of the investigated structures, the
SRR unit cell resonating around 12 GHz in the X-band and a 4x1x1 SRR array
(formed by four of such cells in the propagation direction) are fabricated by copper
stripes printed over a low loss dielectric substrate. Complex scattering parameters
of these two structures are measured within a metallic waveguide. Resulting
transmission spectra are compared with the transmission curves obtained by HFSS
simulations where PEC boundary conditions are applied at the surfaces of the
computational volume (surfaces which coincide with the walls of the waveguide
used in the measurement setup). Again, simulation results, equivalent circuit

estimations and measurement results are found in good agreement.

As future work, the novel equivalent two-port circuit models suggested in this
thesis can be further improved especially by including the coupling effects along
the magnetic field direction as well. Effect of asymmetry in the SRR unit cell
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geometry, concerning the number or locations of gaps for instance, may be
investigated in circuit modeling. Equivalent circuit models of SRR structures under
different excitation conditions can be studied. Finally, the suggested equivalent
circuit modeling approach can be applied to SRR array optimization to realize

special design requirements.
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