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ABSTRACT

SENSITIVITY ANALYSIS USING FINITE DIFFERENCE
AND ANALYTICAL JACOBIANS

Ezertag, Ahmet Alper
M.S, Department of Aerospace Engineering
Supervisor : Assoc. Prof. Sinan Eyi

September 2009, 150 pages

The Flux Jacobian matrices, the elements of which are the derivatives of the flux vectors
with respect to the flow variables, are needed to be evaluated in implicit flow solutions
and in analytical sensitivity analyzing methods. The main motivation behind this thesis
study is to explore the accuracy of the numerically evaluated flux Jacobian matrices and
the effects of the errors in those matrices on the convergence of the flow solver, on the
accuracy of the sensitivities and on the performance of the design optimization cycle. To
perform these objectives a flow solver, which uses exact Newton’s method with direct
sparse matrix solution technique, is developed for the Euler flow equations. Flux

Jacobian is evaluated both numerically and analytically for different upwind flux
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discretization schemes with second order MUSCL face interpolation. Numerical flux
Jacobian matrices that are derived with wide range of finite difference perturbation
magnitudes were compared with analytically derived ones and the optimum perturbation
magnitude, which minimizes the error in the numerical evaluation, is searched. The
factors that impede the accuracy are analyzed and a simple formulation for optimum
perturbation magnitude is derived. The sensitivity derivatives are evaluated by direct-
differentiation method with discrete approach. The reuse of the LU factors of the flux
Jacobian that are evaluated in the flow solution enabled efficient sensitivity analysis. The
sensitivities calculated by the analytical Jacobian are compared with the ones that are
calculated by numerically evaluated Jacobian matrices. Both internal and external flow
problems with varying flow speeds, varying grid types and sizes are solved with different
discretization schemes. In these problems, when the optimum perturbation magnitude is
used for numerical Jacobian evaluation, the errors in Jacobian matrix and the sensitivities
are minimized. Finally, the effect of the accuracy of the sensitivities on the design
optimization cycle is analyzed for an inverse airfoil design performed with least squares

minimization.

Keywords: CFD, Newton’s method, Flux Jacobian, Sensitivity Analysis, Inverse Design

Optimization



(074

SONLU FARKLAR VE ANALITIK JACOBIANLAR
KULLANARAK DUYARLILIK ANALIZI

Ezertag, Ahmet Alper
Yiiksek Lisans, Havacilik ve Uzay Miihendisligi Boliimii
Tez Yoneticisi: Dog¢. Dr. Sinan Eyi
Eyliil 2009, 150 sayfa

Elemanlar1 aki vektorlerinin akis degiskenlerine gore tiirevleri olan aki Jacobian
matrisinin hesaplanmasi, akisin kapali ¢oziimiinde ve analitik duyarlilik analizinde
gereklidir. Bu calismadaki ana hedefler: sayisal Jacobian matrisinin dogrulugunu
arastirmak ve Jacobian matrisindeki hatanin, akis ¢oziiciisliniin yakinsamasina, duyarlilik
analizinin dogruluguna ve tasarim en iyilestirilmesi dongiisiiniin verimliligine olan
etkilerini arastirmaktir. Bu amaglar dogrultusunda Euler akis denklemleri i¢in, Newton
metoduna dayali akis coziicii, seyrek matris ¢oziicli kullanarak gelistirilmistir. Ak1
Jacobian matrisi farkli aki bolme teknikleri ve yiiksek dereceli ayristirmalar icin sayisal
ve analitik yontemlerle hesaplanmistir. Farkli sonlu farklar degistirme miktarlariyla

hesaplanan sayisal Jacobian matrisleri analitik Jacabian ile kiyaslanmis, sayisal Jacobian
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matrisindeki hatay1 en aza indirgeyen en iyi degistirme miktar1 aragtirillmistir.  Sayisal
Jacobianin dogrulugunu diisiiren etkenler analiz edilmis ve en iyi degistirme miktari icin
basit bir formiil tiiretilmistir. Duyarlilik tiirevleri, ayrik yaklasimla direkt-tiirev yontemi
kullanarak hesaplanmistir. Akis ¢oziimiinde elde edilen LU c¢arpanlarinin yeniden
kullanimiyla duyarlilik analizinin verimliligi arttirilmistir. Sayisal Jacobian kullanarak
hesaplanan duyarhlik tiirevleri analitik Jacobian ile hesaplanan tiirevlerle kiyaslanmistir.
Ic ve dis akis problemleri; cesitli akis hizlar1 icin, farkli ¢oziim ag1 bicimleri ve
boyutlartyla, farkli ayristm semalar1 kullanarak c¢oziilmiistir. Bu problemlerin
coziimiinde sayisal Jacobian en iyi degistirme miktariyla hesaplandiginda, sayisal
Jacobian matrisindeki ve duyarlilik analizindeki hata miktar1 en kiigiik degerlere
diigmiistiir. Son olarak, duyarlilik tiirevlerinin tasarim en iyilestirme dongiisiine olan
etkisini incelemek maksadiyla en kiiciik kareler yontemiyle tersine kanat profili tasarimi

gerceklestirilmistir.

Anahtar Kelimeler: Hesaplamali Akigkanlar Dinamigi, Newton metodu, Aki Jacobiani,

Duyarlilik Analizi, Tersine Tasarim En iyilestirmesi
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CHAPTER 1

INTRODUCTION

1.1 Background

Temporal discretization techniques have always been one of the most popular research
areas in Computational Fluid Dynamics (CFD) since the choice of the discretization
methodology directly affects the cost and efficiency of the flow analysis. Three decades
ago explicit schemes were the main alternatives due to the limitations on computational
speeds and memory but by the beginning of the nineties the usage of implicit methods
became common with the developments in computational science. Explicit schemes are
easy to program with simple algorithms however they lack of stability. On the other hand
the implicit schemes provide more stability. Today CFD has much wider range of
application area than that is intended earlier. Most of the recent design tools are CFD
based and they are coupling the solution of multidiscipline problems in a single analysis.
In a design process, multiple flow solutions may be needed therefore the efficiency of the
flow solver becomes a greater concern. Although the usage of explicit multigrid schemes
can still be more favorable in some class of unsteady problems, today implicit methods

based on Newton’s method have taken the dominant role in the flow analysis.

Newton’s method is a well-known implicit method and has been used extensively for
finding the root of the non-linear system of equations. In a steady-state flow solution, the
objective is to evaluate the flow variables that result in zero flux residuals. Hence
Newton’s root finding technique for the nonlinear systems can be applied to the steady
state flow solutions. Newton’s method is a powerful method due to the quadratic
convergence rate it provides. However, for this superior convergence performance, the
exact linearization of the residuals is needed. The linearization of the residuals requires
the calculation of flux Jacobian matrices, which compose of the derivatives of the flux

vectors with respect to the flow variables. The evaluation, factorization and the storage



of the Jacobian matrix are the main concerns in the solution with Newton’s method. For
example, in three-dimensional problems that require large number of grid points, the size
of the Jacobian matrix can be enormous and large computer memory may be needed. The
techniques used to deal with these concerns directly influence the efficiency and the

accuracy of the Newton’s method.

The cost of the Newton’s method in solution of the large linear system of the flow
equations prevented it from being a widespread technique although; they were robust and
providing quadratic convergence. Moreover the promising results obtained with quasi
Newton methods encouraged the researchers to completely leave the direct solution
method. By the end of the 90’s almost all the research on the implicit techniques were
shifted into quasi Newton’s methods since the exact Newton’s method was extremely
expensive with available computer technology level. Quasi Newton methods perform the
solution of the large linear systems iteratively at each Newton’s step. The quasi Newton
methods which has approximations only in solutions of linear system is called
approximate-Newton methods whereas the methods which also use simplified Jacobian
with approximate linearization is called in-exact Newton methods. With the
simplifications made in quasi Newton’s method the demand on CPU can be much
smaller but the penalty will be the drop down to linear convergence rate from quadratic
rate. Moreover there is a need on preconditioner, which is derived from simplified
Jacobian, and it can be crucial on the performances of the iterative solution of the linear

system.

In last decade there was intensive research in applied mathematics focusing on
development of efficient algorithms to solve large sparse systems. The motivation of
developing faster solver with smaller memory demand resulted with various sparse
matrix solvers. UMFPACK, WMSP, MUMPS and PARDISO are the some of the solvers
that can perform effectively with various types of sparse matrices. The combination of
advances in hardware and algorithms makes it possible to solve those sparse linear
systems quickly and easily that might have been considered too large until recently.
Hence the usage of direct methods in flow solution can regain attention in next decade

although they have not been used since early 90’s.



The common point in the Newton’s method base flow solution techniques is the need of
flux Jacobian evaluation whether the method is exact or quasi. Although the Jacobian
matrix is not even constructed in some quasi Newton methods such as Jacobian free
GMRES, the elements of the Jacobian is still needed to calculate matrix-vector products.
The accuracy of the Jacobian is important since the accuracy may determine the
exactness of the linearization. It will be possible to obtain better convergence rates with
more accurate Jacobian. One of the main objectives of this study is to analyze the effects
of the accuracy of the numerical Jacobian on the convergence of the Newton method. In
order to eliminate the effects of the approximation made in Jacobian, an exact Newton

method is used.

There are mainly two alternatives for calculating the Jacobian matrix: analytical and
numerical methods. Analytical evaluation is more accurate but differentiating by hand or
using symbolic manipulators needs effort and it is time consuming. Moreover for each
different flux discretization scheme, Jacobian derivation procedure needs to be re-
performed. Numerical Jacobian can be evaluated easily by finite differencing the residual
vector. Although this method is simple and independent from the complexity of the flux
scheme, numerical evaluation has a lack of accuracy. Errors in the numerical Jacobian
calculations, which strongly depend on the finite difference perturbation magnitude, may
hamper the convergence of Newton’s method. The error is large for both small and large
perturbation magnitudes. In small magnitudes of perturbation, condition error is
dominant whereas truncation error becomes dominant in large magnitudes. In order to
evaluate the most accurate numerical Jacobian, the optimum perturbation magnitude

should be used.

Gradient-based optimization algorithms are very popular techniques used in the
aerodynamic design. Although there are more robust alternatives such as genetic
algorithms they are still chosen by many researchers since they are much faster. The
efficiency and the accuracy of the design optimization with gradient-based methods
mainly depend on the performances of the solution methods used for flow and sensitivity
analyses. The derivatives of design objective function with respect to design variables
are called sensitivities. The reliability of design results depends on the ability to

accurately calculate the flow and sensitivity variables. In a design process, multiple flow



and sensitivity evaluations may be required; therefore, the efficient methods for flow and

sensitivity analyses may improve the performance of the design optimization.

In early design applications, sensitivities were evaluated by brute-force method, which
was based on finite differencing. Although the brute-force method was easy to
implement it suffers from accuracy due to errors rising from finite differencing.
Moreover the requirement of multiple flow solution for each design variables makes this
method expensive and impractical. The major advance in aerodynamic design
optimization area was the introduction of the analytical methods, which provides
accurate evaluation of sensitivities in an efficient manner. In analytical methods,
sensitivities are calculated by differentiating the governing equations with respect to the
design variables. There are two approaches in analytical evaluation. In the first that is
called discrete approach, the discretized flow equations are differentiated. Continuum
approach is the second one in which the differentiation is performed prior to
discretization. Both approaches is subdivided into the direct-differentiation and adjoint
methods. In direct differentiation method, the discretized residual equations are
differentiated with respect to design variables, and the resulting equations are solved for
flow variable sensitivities. In adjoint method, the discretized residual equations are
introduced as constraint functions, and the system of equations is solved for adjoint
variables. In the design problems where the number of system responses of interest is
larger than the number of design variables the direct-differentiation method is favorable
in terms of computational work. Otherwise the adjoint method is more advantageous
since the solution for adjoint variable is independent from the number of design

variables.

In implicit methods, analytical sensitivity calculations require the construction of
Jacobian matrix and the solution of linear systems. Therefore, using Newton’s method
for flow analysis is especially profitable since the Jacobian matrix which is constructed
for flow analyses can also be used for sensitivity analyses and the same solution scheme
can be used for the flow and sensitivity equations. Resulting from this behavior, the most
of the researchers who were dealing with Newton’s method for flow solution are also
interested in the aerodynamic design optimization today. However, there is not much

research on sensitivity analysis with the direct flow solver although it has some



significant benefits. Most of the today’s direct sparse solvers stores the LU factors and
allows the reuse of them with different right-hand side vectors. Hence sensitivities can be
calculated very efficiently by using the LU decomposed Jacobian matrix with different

right hand side vectors for various design variables.

In the solution of flow equations with Newton’s method the flux Jacobian is used as a
driver to the iterative procedure. Even tough the accuracy of flux Jacobian affects the
convergence behavior of Newton’s method; it does not affect the accuracy of converged
solution. However, in calculation of flow variable sensitivities with analytical methods,
the flux Jacobian is the part of linear systems of sensitivity equations. Therefore the

accuracy of the sensitivities strongly depends on the accuracy of the flux Jacobian.

1.2 Objectives

This thesis study has multiple objectives. One of the objectives is to examine the
applicability of the exact Newton’s method with the recent direct sparse matrix solvers.
UMFPACK multi-frontal solver is used in the study. Another objective is to analyze the
errors involved in numerical Jacobian calculations. The entries of the numerically
evaluated Jacobian are compared with the ones correspond to analytically evaluated
Jacobian. The other objective is to evaluate the optimum finite difference perturbation
magnitude that minimizes the error in numerical Jacobian evaluation. The effects of the
perturbation magnitude on the accuracy of numerical Jacobian are studied. The other
objective of this thesis study is to analyze the effect of the accuracy of the numerically
evaluated flux Jacobian on the convergence of the flow solver, on the accuracy of the

sensitivities and on the performance of the design optimization cycle.

1.3 Literature Survey

In early nineties with the improvements in computational science the interest in implicit

methods and coupling of implicit flow solutions with the design optimization were born.



The most promising technique among the implicit techniques was the Newton’s method
with its appealing quadratic convergence performance. Moreover the usage of Newton’s
method was bringing great flexibility for coupling the equations of multidisciplinary
problems and also sensitivity analysis could be performed very efficiently with usage of

Newton’s method.

One of the first implementations of Newton’s algorithms for flow solutions was
performed by Wigton [1]. In his study Newton’s method was applied for transonic flow
solution over multielement airfoils since he faced with convergence problems with the
conventional techniques. Wigton used symbolic derivation tool for the evaluation of flux
Jacobian matrices. In the solution of large linear sparse system he described the nested
dissection node reordering technique, which provided efficient results, and this method is

still forming the basis for the some of modern sparse matrix solvers.

Bender and Khosla [2] dealt with the initial conditions of Newton’s method, which
directly affect the convergence behavior. They suggested variational time step method
and modified Newton scheme to reduce the sensitivity of Newton iterations to initial

condition of the Jacobian matrix.

In 1989 Venkatakrishnan [3] published his research on Newton solution of inviscid and
viscous problems. His detailed research guided most of the post researches on Newton’s
method. Compared to Wigton’s study, he used improved sparse matrix solution
technique with diagonal term addition to increase the stability of the scheme.
Venkatakrishnan’s work showed that Newton’s method was robust with quadratic
convergence rate. However, he stated that the Newton’s method was impractical due to
its large memory demand as the size of the problem increases for the application such as
three-dimensional solutions. This problem firstly stated by Venkatakrishnan and in the
following years researchers directed into quasi Newton methods, which were cheaper to

use with the convergence rate reduction penalty.

After the Venkatakrishan’s study, there are a few researches performed with exact
Newton’s method. Van Dam et al.[4] used direct solution technique for separating

viscous flows. Orkwis [5] developed a Newton’s method to solve flow around



axisymetric/planar geometries [6] with inviscid and laminar/turbulent flow equations [7].
In those studies, 2" order Roe discretization scheme whose corresponding Jacobian
matrix is hard to derive was used. Orkwis implemented MACSYMA symbolic
differentiation package into his code for analytical evaluation of Jacobian. He reported
that the outputs of the symbolic manipulation system should be simplified with care to
prevent round-off errors. Orkwis [8] compared the performances of the exact and quasi
Newton methods in his later work and showed that quasi Newton methods are much
more efficient in terms of CPU time spent although their convergence rate was linear
compared to exact method which has quadratic convergence. Moreover in his following
work with Kim [9], Orkwis analyzed the feasibility of using modified Newton methods

with frozen Jacobian.

Whitfield and Taylor [10] are among the first researchers who use numerically evaluated
flux Jacobian in Newton’s method solver. They solved 3-D incompressible and
compressible flows with high order ROE discretization. Vanden [11], [12] presented 3-D
flow solutions with direct and iterative methods and showed that the iterative ones
outperformed in terms of time required for solution. Vanden and Orkwis [13] compared
the performances of numerical and analytical Jacobian matrices in exact Newton method
solution. Analytical Jacobian was derived by MACSYMA as it was done in earlier
research of Orkwis and the numerical Jacobian matrices are evaluated by finite
differencing. That study showed that the convergence performance of the numerical and
analytical Jacobian matrices were almost identical. Authors stated that for simple linear
systems analytical evaluation can be favorable whereas for the linearization of complex

schemes numerical evaluation will be the best choice.

In quasi Newton’s method, approximation is made on the solution of large linear system
arising from Newton’s formulation. Moreover The Jacobian matrix can also be
simplified. Hence the range of options available in the quasi Newton’s method is very
wide depending on the choice of iterative procedure, choice of the preconditioning
technique and the way of simplifying the Jacobian matrix. Hence there are great varieties
of publications in the literature relevant to quasi Newton’s methods. The most popular

class of techniques is the Newton-Krylov methods with GMRES [14] iterative solver.



Venkatakrishnan [15], Mavriplis [16] and Rogers [17] used approximate Newton’s
method by applying GMRES with first orderly approximated Jacobian. Forstyh and
Jiang [18] compared the quasi Newton methods and presented the outcomes of the
simplifications made on the Jacobian. They showed that an inexact Newton method,
which uses same order of discretization in the residual and the Jacobian, is more
effective than approximate methods although the required preconditioner is more
expensive to store. Brown and Saad [19] introduced matrix free GMRES method. The
method proposed by them does not require the storage of the Jacobian matrix hence it
permits the true linearization of the residuals without storage limit. However, the
requirement on Jacobian factorization cannot be avoided totally since it is needed by the
defined ILU preconditioner. Nielsen [20] and Barth [21] used first order Jacobian in their
preconditioner for their matrix free GMRES solvers. Although the studies mentioned in
this paragraph are associated with quasi Newton methods and they are not directly
related to the objective of this thesis, they present valuable information on the

importance of the accuracy of linearization of the residual vector.

In the recent decade there were almost no research using direct solution for Newton’s
method in CFD area. It was shown that that direct solution was unaffordably expensive
in terms of required time and memory. Due to this fact today quasi Newton methods are
the common ones that the researchers are focusing on. However in last decade the
applied mathematicians have introduced new sparse matrix solvers with advanced
algorithms. By the end of nineties Davis [22] introduced his multifrontal sparse matrix
solver UMFPACK. Amestoy and Duff [23] introduced MUMPS for distributed memory
parallel machines. These two were widely used in various research areas till the
introduction of the WSMP and PARDISO developed by Gupta [24] and Schenk [25],
respectively. In their publications, Gupta and Schenk reported that WSMP and
PARDISO outperform the other solvers in the solutions of systems with variety of sparse
matrix patterns. There is an intense research going on for upgrading the available sparse
matrix solvers and those studies with recent results are promising that direct solution of

Newton’s method may regain attention in next decade.

Eyi and Onur [26] used UMFPACK for the exact Newton solution of Euler equations for

a supersonic flow problem on a ramp geometry. In their research the analytical Jacobian



is derived from first order Steger-Warming fluxes and compared with the numerically
evaluated Jacobian. Recently Gelfgat [27] argued the benefits of using direct solution
algorithms in terms of stability and he utilized the MUMPS for the sparse matrix
inversion in his study. T’ien and Raju [28] demonstrated the performance of multifrontal
solvers for combustion problems. They used UMFPACK to solve the fully coupled linear
system and showed that use of direct solvers can significantly reduce the computational
time (subject to its memory limitations). They also discussed the feasibility of using

multifrontal solvers for three-dimensional problems.

In early design optimization practices, the finite difference method had been widely used
for the evaluation of the sensitivities because of its simplicity. However that kind of
approach is not only expensive but it is also erroneous. Hence in early nineties some
research focused on the analytical calculation of the sensitivities. Analytical sensitivity
evaluation was firstly developed by researchers dealing with structural design
optimization. The studies presented in [29-32] are well known references in this area.
The works presented by Frank and Shubin [33] and later by Narducci et al.[34] are the
some of the earliest applications of analytical sensitivity evaluation in fluid flow
problems. Rizk [35] published his approach on the simultaneous iterative solutions of
flow and design variables. Verhoff and Stookesberry [36] developed an analytical
sensitivity calculation for two dimensional Euler equations. Most of the analytical
sensitivity evaluation studies were performed by discrete approach which differentiates
the discretized flow governing equations to evaluate sensitivities with respect to the
design variables. El-banna and Carlson [37] used a discrete method to obtain sensitivities
from transonic small disturbance equations. Baysal et al.[38] applied the discrete
approach to the two dimensional Euler equations. Korivi et al.[39] used an incremental
strategy for calculating discrete sensitivities using the thin-layer Navier-Stokes
equations. Jameson [40] introduced and the concept of adjoint method by the usage of
control theory for the optimum aerodynamic design. Following the work of Jameson lots
of studies performing the aerodynamic design optimization by adjoint method are
published. A broad review of sensitivity analysis and shape optimization can be found in

[41].



The AGARD report [42] presents many good examples of inverse design optimization
applications. Sobieczky [43] published a detailed survey on the methods used in inverse
design optimization. Giles and Drela [44] developed an inverse design method based on
Euler flow coupled with boundary-layer equations. Malone and Narramore [45] and
Brickelbaw [46] published inverse design applications performed with Navier-Stoke’s
equations. Zingg and Nemec [47],[48] published aerodynamic design applications for
airfoils performed with the usage of Newton Krylov approach in flow solutions. Zingg
and Leung [49] presented the efficiency gained in design optimization of a wing by the
usage of Newton-Krylov approach. Eyi and Lee [50] performed the accuracy study on
the inverse design performed by finite difference sensitivities and Eyi [51] investigated
the effects of accuracy of finite difference sensitivities on the efficiency of the airfoil

design.

1.4 Outline

Chapter 2 introduces the basic theory of the Euler flow equations. The spatial
discretization used in the study is explained in detail by the presentation of the
formulations used for upwinding schemes and face reconstruction. The ways of Jacobian

matrix evaluations are introduced.

Chapter 3 mainly presents the tactics that are followed in the construction of Newton’s
method. The way of the implementation of boundary and initial conditions are given.
Results of the flow solutions performed for the commonly used test cases are presented.
Plots which present, the mach contours and the pressure coefficient variation on the
geometry are given and compared with reference results. The convergence histories of
the solutions performed by the analytically evaluated Jacobian are given. The reaction of
the convergence histories to the initial conditioning of the Jacobian and to the

deactivation of the limiters in the smooth flow regions, are analyzed.
Chapter 4 presents the detailed error analysis performed for the numerical Jacobian. The

source of the errors in the numerical Jacobian is presented. The derivation of the simple

formulation, which estimates the optimum finite difference perturbation magnitude and
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magnitude of the resulting minim relative error, is given. The variation of the optimum
values by the change of different factors such as flow regime, grid resolution, order of
discretization etc. is analyzed. The effect of the accuracy of the numerical Jacobian on
the convergence of the flow solution is analyzed and the variation of the CPU time spent

is tabulated.

In Chapter 5 the objective was to analyze the effect of the accuracy of the numerically
evaluated Jacobian on the sensitivity analysis. Both of the numerical and analytical
Jacobian matrices are utilized in the sensitivity analysis which is performed by the direct
differentiation method. The error plots are given to compare the flow sensitivities
calculated by the numerical Jacobian matrices with the one calculated by analytical

Jacobian.

Chapter 6 presents the inverse design applied on the airfoil geometry. The sensitivity
analysis performed in Chapter5 is used to evaluate the required pressure gradients by the
optimization algorithm. The effect of the geometry parameterization on the efficiency of
the design is presented by the given results that are calculated using the variety of shape
functions. Finally the effect of the finite differencing used in the numerical Jacobian

evaluation on the efficiency of the aerodynamic design optimization cycle is presented.
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CHAPTER 2

FLOW MODEL

2.1 Introduction

The solution of complex flow physics problems requires advanced flow models with
advanced spatial and time discretization techniques. The cost of the analysis amplifies
with the increase in the level of complexity of the scheme that is used. Moreover
accurate solution for complex flow problems generally demands on advanced
computational meshing strategies and highly resolved grids. In this thesis study for the
time discretization implicit direct solution technique, which was shown to be
computationally expensive by the previous research in literature, is used. Direct solution
technique requires the flux Jacobian matrix and as the size of the Jacobian enlarges the
requirement on both of the memory and solution time will magnify. The number of flow
equations solved and the grid size mainly defines the size of the Jacobian. To prohibit
further increase in computational cost of the analysis, relatively simpler flow problems
that are modeled with two dimensional Euler flow equations are solved. Usage of
inexpensive flow model brought the opportunity for examining the effects of several
dependents through the study. Different upwind spatial discretization schemes with
varying flux limiters are used for subsonic, transonic and supersonic flows on grids with

varying sizes.

The finite volume method with the Steger-Warming [52], Van Leer [53], AUSM [54]
and Roe [55] upwind schemes is used for discretization of the Euler equations. The
second order accurate face reconstruction of the flow variables are performed by
MUSCL [56] interpolation with the utilization of Van Albada’s [57] and
Venkatakrishnan’s [58] continuous limiters. The structured mesh topology is used for

both external and internal flow applications at subsonic, transonic and supersonic free-
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stream conditions. The usage of structured mesh enabled the simple storage for the

elements of the Jacobian matrix and resulted with favorable matrix bandwidth

Besides preventing the high analysis cost, the additional motivation for using Euler flow
equations is enabling the analytic hand derivation of flux Jacobian. Therefore it is
prevented to use schemes that include discontinuous algebraic expressions, such as those
appearing in limiter functions and turbulence models. Although Euler equations are
simpler flow model compare to Navier-Stokes equations with turbulence modeling, Euler
equations still capable of capturing many high level flow phenomena such as rotational

flow and embedded shock waves in transonic flows.

2.2 Governing Equations

The conservation laws of mass, momentum and energy for an arbitrary control volume

can be presented by Navier Stokes equations as below:
0
Ejgw v+ (F.n)dS— (F,n)ds=0 @.1)

In Equation 2.1 the bold characters w,F and Fj, denotes vector of conservative flow field

variables, and convective and dissipative fluxes vectors respectively. In steady flow
problems, flow variables inside the control volume do not change with time, hence the
first term in Equation 2.1 drops. Moreover in Euler flow modeling, the fluid is assumed
to be inviscid and there will be no dissipative flux terms. Therefore, for steady-state

Euler equations can be simplified as follow:
36 (F..n)dS =0 2.2)
aQ

The elements of convective flux vector F , which is a function of conservative flow

variables w , is given in Equation 2.3
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w=|” F =| P TP 23)
pv pvU +1,p
pe, (pe, +p)U

In Equation 2.3 p is density, # and v are components of velocity vector, p is pressure, e; is
total energy per unit volume and U is the contravariant velocity aligned in the direction

of unit normal vector of the face.

U=nu+ny 24)

where 77, and 77, are the components of the unit normal vector.

The system of equations is closed with the introduction of the ideal gas relation for the

pressure.
1
p= (7—1>p{e, —5<u2 +v2)} (2.5)

Today the most common way of the numerical solution of the flow governing equations
is the technique called method of lines [59]. This method introduces the separate
discretization in space and in time. In its application, firstly the control volumes are
constructed by the proper meshing strategy. Secondly the flux integrals and the spatial
derivatives are calculated from the initial conditions. Finally the resulting solution is
advanced in time. The solution obtained in last step will be used in the second step to
evaluate new fluxes and finally last step will be re-utilized for the updated variables. By

this way an iterative procedure will be driven to perform the flow analysis.

2.3 Spatial Discretization

Euler flow equations are discretized by finite volume method by dividing the flow

domain into quadrilateral cells. The flow variables are stored at cell centers and for flux
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calculation interpolation to the cell faces is applied. The integral formulation given in

Equation 2.2 can be written for a mesh cell as :

# face

> (F,.ds)=0 (2.6)

n=1

The storage of the data corresponding to a structured mesh is simple. Data can be stored
according to directions in which cells are aligned. This will be essentially useful in
attaining high order discretization accuracy and in ordering the elements of Jacobian
matrix. The high order accuracy in spatial discretization can be achieved by the
assumption of the varying flow variables in grid cells. Therefore, the gradients of the
flow variables are required for the application of high order face interpolation. In
structured meshes, these gradients can be evaluated with simple algorithms by using
neighboring cells aligned along a continuous mesh lines. The demonstration for the cells

and their indices used in this study is given below.

Figure 2.1 Grid cell indices

The results of the vector product of the fluxes with faces normal vectors, which are
aligned in i and j directions are called as F and G fluxes, respectively. Using these

definitions Equation 2.6 can be re written as:
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F,

(F' i—1/2,j ) + (Gi,_j+l/2 - Gi,j—l/2 ) =0 (2.7

i+1/2,j

The indices %2 denotes the cell interfaces and it is assumed that the variables are constant
along the interface. In structured mesh, a typical control volume is given below with the

flux and node indices.

Gi, j+172

i+1/2, j+1/2

i-1/2, j+1/2

. e
—> e, F;+1/2,j

i-1/2,j

i-1/2, j-1/2 li i+1/2,j-12

i, j-1/2

Figure 2.2 Control volume formed by the mesh and the flux vectors

In finite volume method, the spatial discretization of the fluxes can be performed in two
ways. First alternative is the central schemes. Central schemes are simple and based on
averaging the conservative flow variables to the left and to the right in order to evaluate
the flux. Although central schemes are simple to implement, they necessitate the usage of
artificial dissipation since they cannot recognize and suppress an odd-even decoupling of
the solution [60]. Second alternative for the spatial discretization is the usage of upwind
schemes which are developed basing on convective physics of the Euler equations.
Upwind schemes are capable of capturing the discontinuities such as shocks precisely.
However, strong discontinuities cause oscillations in the solutions performed with high
order spatial accuracy and to prevent it usage of limiter functions may be required.
Limiter functions switch the high order spatial discretization to first order discretization

near the discontinuities.
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2.3.1 Upwinding Schemes

Upwinding schemes are basically decomposed into two groups:
Flux Vector Splitting schemes

Flux Difference Splitting Schemes

2.3.1.1 Flux Vector Splitting Schemes

The flux vector splitting is based on the fact that convective fluxes are homogenous

function of degree one in conservative flow variables.

Fo=Feygw (2.8)
ow

where, J, is the Jacobian matrix evaluated by convective fluxes.

The special property given in Equation 2.8 forms the basis for all the flux vector splitting
type methods. The splitting can be performed in terms of the wave speeds [52], in terms
of Mach number [53] or alternatively in terms of both of Mach number and pressure after

decomposing the flux vector as convective and pressure parts[54].

Considering the wave splitting procedure, convective flux Jacobian matrix can be

diagonalized as follows:

J.=0,A0] (2.9)

A is the diagonal matrix that includes the eigenvalues of the Jacobian matrix, J,, and
0, is the matrix formed by the corresponding right eigenvectors. Splitting the

eigenvalues into two in terms of their signs, Jacobian matrix becomes:

J.=0,A, 0] =0,A0/+0,A,0] =J!+J; (2.10)

Then the flux vector can be splitted as

Fo=Jw={[J:]+[s:}w=F+F; 2.11)
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F! and F, are the subvectors associated with the positive and the negative eigenvalues
respectively. The F/carries information from upstream to downstream. Similarly, F,

carries information from downstream to upstream. The left-side flow variables, w’ that

are located in the upstream of the face are used in the computation of theF).

Consistently the right-side flow variables, w that are located in the downstream of the
face are used in the computation of the F,” . Therefore the formulation of the splitted flux

can be written as:

F+ = J +w L
¢ ¢ (2.12)
F =] w"
Implementing the splitting procedure into the Equation 2.6 and 2.7 upwind discretized

form of the steady, 2-D Euler equations can be written for a quadrilateral cell as follows:

# face

Z (Fc dS) = [F+(WL1‘+1/2,_;‘) + Fi(wRiJrl/Z,j):I - |:F+(wLi—l/2,j) + Fi(wRi—l/Z,j):I

n=1
(G )+ G W5 ) =[G )+ G ")) =0

(2.13)

The resulting flux splitting formulation given in Equation 2.13 is derived by the wave
splitting strategy which was introduced by Steger and Warming. Nevertheless this
formulation is also valid for any type of flux vector splitting scheme such as Van Leer,
AUSM or CUSP schemes. This formulation provides simple analytical derivation
strategy for the flux Jacobian which will be presented in next chapter. In this thesis study
flux Jacobian corresponding to Steger-Warming, Van-Leer and AUSM flux vector
splitting schemes are evaluated by both analytical and numerical methods. In solution of
Newton’s method, numerically and analytically calculated Steger-Warming, Van-Leer

and AUSM flux Jacobian matrices are used.

23.1.1.a Steger-Warming Scheme

The convective fluxes vectors can be evaluated by Steger-Warming scheme as follows:
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7y (2(r-1) A"+ 4 + 4" )v+e( 4 -4 )n, (2.14)

(Z(y—l)ﬂf+ﬂ§ +ﬂ§)u erv +cU(ﬂ§—ﬂ§)+c2

In Equation 2.14 7,andn, are the components of the face normal vector. The

eigenvalues 4, , 4, , 4, and the speed of sound c is defined as:

c:\/g/(y—l)(et —%(u2 +v2)j (2.15)

A=U, 4L=U+c, AL =U-c

In the calculation of positive signed fluxes, F'; velocities, speed of sound and energy will
be evaluated from the left state flow variables. Similarly negative signed fluxes are
calculated from right state variables. Steger Warming schemes defines the flux splitting
with splitting the eigenvalues in terms of their signs with below formulation:

P 11

1

(2.16)

(\

The above formulation can cause some problems in the calculation Jacobian matrices at
stagnation and at sonic points. At these points, the derivatives of flux vector with respect
to flow variables may be discontinuous. If the proper precautions is not implemented the
solution will have oscillations around those singularities and there will be large

differences between the numerically and analytically evaluated Jacobian matrices.

2.3.1.1.b Van Leer Scheme

Van Leer proposed a scheme based on Mach number splitting. His scheme does not face
the problems that occur in the usage of Steger-Warming scheme at sonic and stagnation

points. In the scheme advection Mach number is defined at the cell face:

M, =M} +M, (2.17)

19



the splitted mach numbers are defined as
M, if M, 21 0 if Mp =1

M= L) <t M= -1 i<t @)

0 if M, <-1 M, if Mp<-1

The Mach numbers, M; and My, are calculated by the contravariant velocities that are

evaluated with left and right flow variables.

YL U (2.19)

In the case of subsonic flows where, |M n| <1the splitted flux are defined as:

_ N _
-V +
fr:ass[u-i-nx V_2Cj
F'= 4 ) (2.20)
-V +
fnfam(v—i_ny Ve cj
Y
L f.eiergy i
The mass and energy components are defined as:
M, +1)?
fr:lrasx = pLCL g
4
M, -1y
fn;ass ZpRCR ( R4 ) (221)
P {((7—1)Ui2c)2 W —Uz}
energy mass _ 2
27 -1 e
In the case of supersonic flow, where |M,|>1, the fluxes are evaluated as:
F'=F. F =0 ifM, =1
’ (2.22)

F'=0  F =F  ifM,<-1

20



23.1.1.c AUSM scheme

The Advection Upstream Splitting Method, AUSM, was introduced by Liou and Steffen.
The splitting is performed similar to Van Leer scheme with the additional splitting for
the pressure. The AUSM scheme decomposes the flux into two as: the scalar quantities
part that convected by contravariant velocity and the pressure part that is governed by

acoustic wave speed.

Mach number splitting is same as the Van Leer scheme and the flux splitting formulation

is given below:

pe 0 pe 0
+ -
C X - — C X
Fr=m: P 4 "pi Fr=my| P 4| PR (2.23)
IOCV 7]pr pCV npr
pehr 1,10 pehy 1,10
and pressure is splitted as follows:
P M, 21
P 2 .
pr = TL(ML+1) (2-M,) if|M,|<1
0 if M, <-1
(2.24)
0 if Mp =1
- _|p 2 .
Pr= TR(MR—l) (2-My) if [Mg|<1
Pr if Mp<-1

2.3.1.2 Flux Difference Splitting
2.3.1.2.a Roe Scheme

Roe solved an approximate Riemann problem by linearizing the Jacobian matrix by the
constant matrix Ag;. The Roe’s averaged Jacobian matrix also satisfies the homogeneity
property. The flux is splitted into the two parts by left and right state flow variables as

below:
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F.=Jpw

2.25
FC:|JRL|(WR_WL):FL_FR (225)
The Roe’s Jacobian matrix can be diagonalized as:
Jr = QA [\J Q~Al
< 1 (AL (2.26)
|JRL| :QA‘AJ‘QA

A, and Q , are the diagonal matrix composed of eigenvalues of the Roe’s Jacobian and

the corresponding matrix of right eigenvectors respectively. Inserting the Equation 2.26

into the Equation 2.25:
F=F(w*)-F(w")=> 0, 4|0 (w" - w") (2.27)
Considering the sign of the eigenvalues, the flux vector can take the below form:

F, :F(WL)"‘ ZQA‘ZJ‘Q}(WR_WL)

A;<0

Fo=F (W)= 2 0. (07 (w" - ')

A;>0

(2.28)

Averaging the two flux vectors given by the Equation 2.28 the final flux vector proposed

by Roe can be written as:
FC=% F(wL)+F(wR)—ZQ~A‘ZJ‘Q/]I(WR—wL)} (2.29)

Roe’s Jacobian matrix and the Roe’s averaged variables are given below:

1 0
-3
In=| Tuy CIE S (230)
y—1)u;
T RL ( 2) = hTRL_<7_1)“12eL Vg
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N PrUR T PLYL

Upp = \/E*‘\/Z

_\/EhR-i- pLhy 2.31)

hTRL_ \/E"‘\/Z
Pre =~ PrPL

In this study, flux Jacobian corresponding to Roe’s flux difference splitting schemes is
evaluated by only numerical methods. In solution of Newton’s method, numerically

calculated Roe’s flux Jacobian matrices are used.

2.3.2 High Order Reconstruction

Flux vector splitting and flux difference splitting schemes which is explained in previous
section are first order accurate in space due to the assumption of non-varying flow

variables along the cell:

L _ R _
w i+1/2 T wi > w i+1/2 T wi+1 (232)

wLi—l/Z =W wRi—l/Z =W
Higher order accuracy can be achieved by the assumption of varying flow variables in
each cell. The Monotonic Upstream Centered Scheme, MUSCL, which was introduced
by Van Leer [56] is a common technique for the interpolation of the cell center flow
variables to the cell faces as left and right states. The interpolation formula is given

below:

Wi, =W, +1{¢(r)[(1 -V +1+ A}
4 (2.33)

wRi+1/2 =Wia _%{¢(’”)[(1 +K)V+(1- K)A]}

i+1

In above equation,A and V are the forward and backward operators and the r is the ratio

of these operators.
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A. (2.34)

In the Equation 2.33, the parameter x defines the order of the accuracy of the
interpolation. For x= -1, purely one sided upwind interpolation; for x= 0, linear
interpolation between one upstream and one downstream cell, for x=1/3 three cells
interpolation; are obtained with second order accuracy. For k= 1 the upwind influence is

lost and face values are calculated by the arithmetic mean of the neighboring cells.

Mechanisms such as shock waves produce large gradients in flow. The large gradients
can cause significantly diverse left and right interpolated state variables on the same face.
This diversity is mainly due to the over and undershoots of the interpolation and
generates oscillations in the solution. Those oscillations can be constrained by reducing
the slopes that are used in the interpolation. The nonlinear functions that are called
limiters are used for this purpose. At strong discontinuities where the gradients are large,
the slopes are reduced to zero by the limiters to switch into the first order discretization.

In the MUSCL formulation given in Equation 2.33 limiters are denoted by ¢(r). The

limiters are generally functions of the forward and backward difference operators and
there are various types of limiters in the literature. In this study, the continuous limiter
functions are used to enable analytical differentiation of the fluxes for the Jacobian

derivation. The two continuous limiter functions used in this study are given below:

#(r) = 22r for Kx=-1
r +; 1 (2.35)
.
or)=—s——  for K=
2r2—r+2 3

The usage of above slope limiters leads to Van Albada limiter for k = 0, and to Hemker-
Koren limiter for k =1/3. Even though the defined limiters are differentiable, it was
shown that their utilization results in convergence problems for steady solutions. The
reason of this problem is explained as the reaction of the limiter functions to even very
small oscillations in smooth regions of the flow domain which introduce high non-
linearity. Van Albada[57] tuned his limiter for k = 0 case to prevent the activation of the

limiter in smooth regions by introducing an additional parameter,e. With this
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modification interpolation formula reduces to unlimited MUSCL formulation in
smoothly varying regions by deactivation of the limiter. The limiter is activated only at
high gradient regions to reduce the accuracy of discretization to first order. Similar
modification is performed for k =1/3 scheme by Venkatakrishnan [58]. The formulation

of the tuned interpolations is given below:

L _ L
Wi =W+t 51'+1/2

. ' (2.36)
W = Wit — O
(@’+e)b, +(b*+€)a
Forkx=0 o= e (2.37)
24* 242
For = 1/3 =20 +p+( +26)a (2.38)
a +b"—ab+3e
a, =4, . b=V,
where (2.39)
ag =V . bp=4,

In above equations, € is a small number which is used to prevent the activation of the
limiter in the smooth regions of the flow domain. € is defined as 0.008 in Van Albada’s
work and for the Koren’s limiter, Venkatakrishnan defined it as the square root of the

cell area in 2-D problems.

24 Newton’s Method
After the spatial discretization is implemented, Euler equations can be written as:
R(w)=0 (2.40)

In above equation, R(w) is the residual vector of the spatial discretization. Residual is

non-linear function of conservative flow variables, w.

R(w)=¢ (F,.n)ds—_(F, n)ds 2.41)
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The system of non-linear equations given in Equation 2.40 is needed to be satisfied. The

linearization of the R ( w) in time, for the implicit solution of Equation 2.40 yields:

R"”W):R”W){j—ﬁj Aw" (2.42)

JR . . .
where — 1is the Jacobian matrix.
aw
Assuming that at the (n+1)" iteration the flow variables exactly satisfies the discretized

Euler equations, i.e. R""'(w)=0, the Newton’s Method can be derived as follows:

[‘9_") AW =—R(w") (243)
aw

In above equation, the increment in flow variable vector is calculated. The new values of

flow variable vector w at the (n+1/ )th iteration can be calculated as:

n+l

w' =w" + An" (2.44)

The above iterative procedure will be repeated until the residual drops below specified

tolerance.

2.4.1 Flux Jacobian

In the solution of Euler equations with Newton’s method, the evaluation of the flux
Jacobian matrix is needed. The entries of Jacobian matrix are the derivatives of the
residual vector with respect to the flow variables vector. In the calculation of these
derivatives, analytical or numerical derivation methods a can be used, and the resulting

matrices are called analytical or numerical Jacobian matrices, respectively.
24.1.1 Analytical Jacobian Derivation

Substituting Equation 2.13 into Equation 2.41, the discretized flux residual can be

calculated as:
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Ry =L F 0 ) W ) F O ) O ]
(G W)+ G W ) =[G )+ G w", ) =0

In above formulation, R;;, presents the residual of the cell at i and j coordinates. The

Jacobian matrix contains the derivatives of the residual calculated at each cell with

respect to the whole flow variables in the discretized domain. Differentiating the residual

R, ; with respect to a flow variable w, , , the residual Jacobian is defined as:

£

L R L R
aR,"j A+ awH—l/Z,j + _ awi+l/2.f + a1"}14/2 J _ awi—l/z,[
- i+1/2, ] i+1/2, ) - i—1/2,j - i-1/2,]
ow, T 9w, T 9w, T 9w T 9w
' ' ' ’ ' (2.46)
ow* owr ow’ ok '
+ Wi.f+]/2 _ wl,;+1/2 + wr./—]/Z _ wl,/—l/Z
+B i,j+1/2 P i,j+1/2 J -B i,j-1/2 J D gjn J
Wi Wi Wi W
G OFT L _OF 4 3G 4 3G
—_ — 5 :—’ = . —_ —
where, ow* ow” ow* ow” (2.47)

Analytical derivation of Residual Jacobian needs two sets of derivatives. The first set

composes of the derivatives of splitted fluxes with respect to the interpolated flow

. . + + + + .
variables at cell faces, which are A™,,, ;. A", ;s B ;112-B7,1,. Due to their

analytical relations, these derivatives are function of flux schemes but they are
independent of order of spatial discretization. In this study; Steger-Warming, Van Leer

and AUSM flux schemes are differentiated to evaluate those derivatives.

The second set consists of the derivatives of interpolated cell face flow variables with
respect to the main flow variables stored at cell centers. The analytical relation of these
derivatives varies according to order of spatial discretization but they are independent of
flux schemes. As shown in Equation 2.32, for the first order discretization, right (w*)
and left (w") flow variables are equal to the values at the cell center of the two cells that
are just located at the right and left of the corresponding cell face. Therefore, in first
order discretization k and / values in Equation 2.46 changes from i-/ to i+/ and j-1 to

Jj+1,respectively.
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_ R _
+12,j_w[,j ’ leyj _wi+1,j
i—1 LJ i-1,j ’ i—1 i ij
. 2 . 2 (2.48)
Wiy, =Wii 0 Wiy = Wi
L _ R _
Wiy, = Wi o Wiy = Wi
Jacobian matrices in first order discretization can be evaluated as:
oR. .
D= AY - A + B! - B
2 M o 7 B 5 7S N & A
oR, oR,
5 . 1/ 5 = Bi Y, (2.49)
wi+1,j 2 wi,jﬂ 2
R, . R,
ow =10 ow i.j-Y%
i-1,j i,j-1
where
.
¥ _ aF;‘;l/z,j A aFm/z j
iF1/2,j T a L ° iF1/2,j T a R
Wizi2,j Wizi,j (2.50)
A B .
+ an j+1/2 B7 aGt j+1/2
i,j¥71/2 = a L i i,j¥1/2 a L
l]+1/2 lj+l/2

For the second order spatial discretization, the flow variables at the cell faces are

calculated from the interpolation of flow

using MUSCL scheme. Therefore, in

variables at the center of the 4 neighboring cells

second order discretization k and [ values in

Equation 2.46 changes from i-2 to i+2 and j-2 to j+2, respectively. Thanks to the

continuous limiter functions used, the MUSCL

variables. Hence analytical Jacobian is

schemes

wly =wll
Wi =wi,
4, <o,
é‘i/VR i 11;//1? j

scheme is differentiable of flow

evaluated without any difficulty for high order

( 11/’ l/’é'L/Rg./')

(Wi 31 2.51)
( Wi oW tl/’wz/’wH—l/)

(w,lj’ 1]’ I+|j’wi+2,j)
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Jacobian matrices in second order discretization can be evaluated as:

L R L R
aRI’J _ + au)H»l/Z,/ +A7 awi+1/2,] + awl*]/Z,/ _ a‘4}!71/2,/
— .,. .,. - A_I’A—_ ,_l’A—
ow, ; Yoow, Yoow, T ow, T ow, 2.52)
ow! owk ow’ owr '
+ B+ wl,/+l/2 _ wl,]+]/2 + w)i.ffl/'.7 _ wr'.jfl/Z
A’. A’A—_ l,‘—l—_ A’._l—
Yoow, Moow, YT ow YT ow
OR. . owr,, . owr,, . owr,, owr .
ij o A+ i+1/2,j _ i+1/2,j + i-1/2,j _ i-112,j
3 =A iy +A Ny —A i —A H’ja— (2.53)
Wit Wiz Wiz Wiz j Wiz,
L R L R
aRi,_/- + awi,i+]/2 _ awwwz + BW,.j-l/z _ aW,,j-l/z
w0 w3
wi,jil wi,jil wi,jil wi,jII wi,jI]
L R
aRl’j _ A+ a‘4)1'+|/2Aj _ awi+]/2,j
/2,0 N i+1/2,j N
awi+2,j awi+2,j awi+2,j
L R
aRl’] _ A+ awi—l/l,j _ a‘4}[—]/2,j
— T4 i, A an,
awi—z,j awi—z,j awi—2,j (2.55)
L R ’
aRl,/ _ + awi.jH/Z _ aw:,ﬁr]/l
i,j+1/2 i, j+1/2
awi,_j+2 a i,j+2 awi,j+2
L R
aRl,] _ + a"vi,/'fl/z _ a"vi,/'fllz
— T2 2
oW, ;s W, ;s W, ;s

The main advantage of the analytical method is that the residual Jacobian can be
calculated accurately. The order of error in the analytical method can be as small as the
round-off error. Although the analytical method requires code development, run time of
an analytical code is short. However, as the complexity of the discretized residual
equations increases, the derivation of the analytical Jacobian becomes more complicated

and time consuming.

24.1.2 Numerical Jacobian Derivation

Another alternative for Jacobian evaluation is to compute the Jacobian numerically.
Using a small finite-difference perturbation magnitude,e the numerical Jacobian can be

calculated by the forward-difference as follow [61]

29



m

oR _AR,(w) _R,(w+ee)-R,(w)

ow Aw e

n n

(2.56)

where m=1,mmax and n=1,(mmax+ nbound)

where, R, is the m" component of the residual vector and the w, is the n™ component of

the flow variable vector, e, , is the n™ unit vector. The value of the n™ component of the
unit vector e, is one, and all other components are zero. The size of the residual vector is
defined by mmax, which is equal to 4 times the number of interior cells in 2D flow
problems. The size of the flow variable vector is larger as much as the summation of the
number of boundary cells, nbound and interior cells, mmax. In the numerical method,
Jacobian evaluation does not require the large coding effort as needed in the analytical
method. The same residual discretization can be used for both the original and perturbed
flow variables. This reuse of the same code is one of the important advantages of the
numerical approach. Moreover, for cases in which the analytical derivation is difficult,

numerical Jacobian can be obtained without any difficulty.

The inaccuracy and long computation time are the two main disadvantages of the
numerical Jacobian evaluation. The error in numerical Jacobian is function of the finite-
difference perturbation magnitude. The accuracy of the numerical Jacobian can be
improved with the usage of an optimum perturbation magnitude that minimizes the total
error in the finite difference evaluation. The main reason that causes long computation
time is the necessity of the residual vector calculation with each perturbed flow variable
in the whole domain. For a given cell, the residual is only a function of flow variables in
that cell and the neighboring cells according to the discretization used. In order to reduce
the computation time, the perturbed residual is computed only with flow variables in
these cells. For first-order discretization, in addition to the cell in which the flow variable
is perturbed, four neighboring cells are used. Considering four flow variables in each
cell, 20 perturbed residual vector evaluations are required for the given cell. In second-
order discretization, using eight neighboring cells in addition to the given cell, 36
perturbed residual vector evaluations are required. Although the speed and the accuracy
of the analytical method may not be reached, the numerical Jacobian evaluation method

may become faster and more accurate with some precautions.
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2.5 Boundary Conditions

The formulations given in previous sections are valid for the interior flow domain.
Special treatments are needed for evaluation of the fluxes at the domain boundaries. The
most common way to impose boundary conditions is adding ghost cells to the exterior of
the physical domain. In order to enforce the desired boundary conditions appropriate
flow conditions are specified in the ghost cells. In this thesis study one layer of ghost
cells are used and the order of spatial discretization is held at first order at the
boundaries. In this section the theory used for the boundary condition definitions will be
presented. The technique that is used for the boundary condition implementation is

detailed in the Chapter-III.

251 Far Field Boundary Conditions

Far field boundary conditions are used for enforcing the flow conditions such as flight
Mach number or angle of attack to the flow solver. Imposing the free-stream flow
conditions directly to the ghost cells will not be a proper implementation, since the
physical domain never extends to the infinity where the free stream flow conditions are
valid. Therefore, an approach based on the characteristics of the Euler flow equations is
used to define flow conditions at the far field. The approach is called characteristic based

boundary conditions.

In 2-D flows, two Riemann invariants, R* and R travel with two characteristic waves
whose velocities are A; and A, The definitions of the Riemann invariants and the

characteristic velocities are given below:

R =U+ 2
y—1

R =U— 201 (2.57)
}/_

21’2 =Uzc
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In above formulation U is the contravariant velocity normal to the boundary face and c is
the speed of sound. The remaining two characteristic waves convect the tangential

velocity, V, and the entropy, s = p* /P, with the speed U.

The normal velocity and the speed of sound that are going to be imposed at the
boundaries can be evaluated by the addition and subtraction of the two Riemann
invariants, respectively.

_R"+R”

boundary ~ 2

(2.58)

boundary :}/T_I(R+ -R7)

The propagation directions of the characteristic waves are defined by their velocities. For
2-D supersonic flows where the flow velocity is greater the speed of sound wave speed
all four characteristic waves propagates in the same direction with velocities U+c, U-c,
U and U. If the flow is subsonic the negative Riemann invariant, R™, will propagate in
the opposite direction with respect to other three waves since the sign of its speed is

negative.

For an inflow with supersonic velocity, all the characteristics will propagate into the flow
domain from the outside; hence free-stream conditions can be directly imposed to the
ghost cells. Similarly for an outflow with supersonic velocity all the characteristics will
propagate from inner flow domain to outside; therefore the flow conditions at the cells

adjacent to outflow boundaries will be imposed to the ghost cells.

For the subsonic inflow the three of the characteristics carrying the entropy, tangential
velocity and the first Riemann invariant, R* ,will propagate from free-stream to flow
domain. The second Riemann invariant, R~ ,will propagate from the inside of the flow

domain to free-stream. Conversely for subsonic outflow R~ will propagate from free-
stream to flow domains while other three waves propagate in to free-stream direction.

The resulting boundary conditions for subsonic inflow and outflow is given below.
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Subsonic inflow BC :

2c _ 2c,
R'=U_+—= ; R =U,,, ——mr
y-1 y-1
U — Uoo + Uinner + cw _ cinner
boundary
2 y—1
uhoundary = ﬂthoundary > vh(mndary = nyUhoundary
c — Uoo _ Uinner Co + Cinner
boundary —
2 y—1
4 r-1 7-1
_o P _|P _ | P
Sboundary =5, = P - RT - 7 P
o - ¢ J. (2.59)
! bpoundary = U’m

Subsonic outflow BC:

2c,
R+ inner + Clﬂﬂfr
y—1
R =y -2
y—1
Uoo + Uinner Cinner —C
Uhoundary = 2 +
y—1

U

uhoundary = nxU’ dary Y dary = ny boundary

— U — Uw + Co + Cirmer

inner

cbouna’ary - 2 -1
4 (2.60)

Sboundary = Sinner

! poundary Tinner

Using the definitions given in Equations 2.59 and 2.60 the flow conditions at the farfield

ghost cells can be imposed as:
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2 poay
sboundary Cboundary r
P /4

u
p = pGHOSTubaundary
2.61)
%
p p GHOST Vboundary
P E GHOST

2 2
pGHOSTC}?()undary + (pbt )GHOST + (pV)GHOST

y(y-1 2PGrost

2.5.2 Wall Boundary Conditions

The solid-wall boundary conditions are applied on the geometry surfaces to impose no
flow through boundary. That condition is satisfied by the application of the symmetry
condition on the velocity. The components of the velocity in the wall normal direction
are set to have equal magnitude of velocities but opposite sign in the ghost and interior
cells adjacent to wall. The density, tangential component of the velocity and enthalpy is

directly extrapolated to the ghost cells from the inner domain cells.

2.5.3 Computational Boundary Conditions

Computational boundary conditions are required to accommodate the use of
computational grids. One of the most common computational boundary condition is the
symmetry condition. This is used when the flow solution will be symmetric, so that only
half of the flow has to be computed. In symmetry boundary conditions density, tangential
velocity and enthalpy s directly extrapolated from interior cells to the ghost ones. The
normal velocity component is extrapolated by the same magnitude but in reverse

direction.

Wake boundary conditions are required to accommodate a grid of C mesh topology. The
ghost cells of the lower portion of the wake correspond to interior cells of the upper
portion. Similarly the ghost cells of the upper portion of the wake correspond to interior
cells of the lower portion of the wake. All the flow variables are extrapolated directly

from interior to ghost cell in wake boundary conditions.
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CHAPTER 3

FLOW SOLVER

3.1 Introduction

In this chapter, the details of the methodology followed in the development of the
Newton method flow solver are presented. The structure of the flux Jacobian matrix, the
imposed initial conditions, the assignment of boundary conditions and the technique used
for the factorization of the large sparse matrix is explained. In order to examine the
performance of Newton’s method, internal and external flow problems are solved at
different free-stream conditions. The efficiency of the method is demonstrated by the

convergence histories and the CPU time spent.

3.2 Structure of Jacobian Matrix

The Jacobian matrix is made up by the partial derivatives of residuals of each grid cells
with respect to the each flow variables in the flow domain. The flux Jacobian is a large
square matrix with dimensions equal to the total number of flow variables in the system
but it is highly sparse. Most of the entries of Jacobian are zero, because the residual of a
cell is only dependent on the flow variables stored in its neighboring cells according to

order of discretization.

For the solution of 2-D Euler equations, the residual evaluation of a cell requires five-
point stencil when first-order upwind discretization is used. Hence in Jacobian evaluation
5 point stencil produces a block diagonal matrix made up of five 4x4-blocks. In second-
order discretizations, a nine-point stencil is employed that produces a block diagonal
matrix made up of nine 4x4-block bands. Thus, all elements of the Jacobian matrix,

except for these block bands and the boundary entries, are zero. The number of nonzero
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elements in the Jacobian can be calculated by multiplying number of control volumes

created by the mesh with the stencil size and the number of elements in the 4x4 blocks.

J+I *
j ® *— ®
J-1 |
. |
i-1 i i+1

Figure 3.1 Representation of the first order stencil used in spatial discretization

Figure 3.1 presents the typical stencil used in the first order spatial discretization.

In the 2-D Euler equations the number of the flow equations and the number of the
unknown flow conservative flow variables equal to four. Hence the derivatives of the
four residual vector with respect four flow variables are needed, and those derivatives
forms the 4x4 blocks. The formulations of the 4x4 blocks on the first and second order

stencils are given in Equation 3.1 ad 3.2, respectively.

G oR,
awi.j-*—l
—  OR. . _ JR _  JdR, .
D=—2" A=—2"0 E= ! (3.1
ow,_, ; aw,.,j BWMJ
5o R,
Cow
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- awi,j+2
_ 3R,
o awl,jﬂ
_ JR. . _ OR. . — JoR. . _ oR. . _ JoR.
=—0 D o=— . A = p ot (3.2)
! awi—2.j ! awi—l,j N awi,j N awi+1,] N awi+2,j
_ R,
b ow, .,
_ 3R
F =t
2 aW,,j,g
4b | 8b 112b | 16b
ab | 4|8 12] 18] 160
ab |37 [11[15] 150
b | 216 [10]14] 140
1591312
b i5b | 9b{13b

Figure 3.2 A Typical structured grid which shows the fill in order of the Jacobian matrix

If the elements of the Jacobian matrix is entered into the Jacobian by the order given in
Figure 3.2, the resulting distribution of the 4x4 blocks in the Jacobian matrix can be
represented as in Equation 3.3 for the first order spatial discretization and as in Figure

3.3 for the second order discretization.

2] lrlz[4e]s

Figure 3.3 The distribution of the blocks in the Jacobian matrix row for the 2" order
discretization
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‘A C, o o E 1aw T [-R ]
B Zz 52 0 E, Aw, -R,
0 53 Z3 53 E, Aw, -R,
0 0 _4 _4 _4 _4 AW4 -R,
b, B, A, C. o o E Awg || Ry
D, B, A, C, o0 E, Aw, | | -R,

7 0 B A7 C7 E; AW7 -R,

D, 0o 0 B A G E, A || R

_9 _9 Zg _9 0 0 E) Aw, —R,

D, By, A, G, 0 E,, Aw,g Ry

_11 0 Ell Zn Ell Ell Aw, R,
__________________________ D, 0 0 By A, Gy Ey|Aw,| |-R,
513 _13 XB 613 0 0 || Aw, —R;

514 Em ‘Zm 614 0 Aw14 —R,

515 0 EIS le 615 Aws —R;s

L _16 0 o Elé» Zm_ [ Aws | [ Ry
(3.3)

Equation 3.3 shows the structure of the non-linear system that is solved by 1% order

Jacobian matrix.

3.3 Implementation of Boundary Conditions

In section 2.5 the relations between the ghost cells and interior cells adjacent to
boundaries were presented. Those relations can be used to impose the boundary
conditions explicitly by using the flow variables of the previous iterations. In this study,
boundary conditions are imposed implicitly. The change of the flow variables at the
ghost cells and the interior cells are solved simultaneously. To perform the implicit
implementation of the boundary conditions, the linearization of the relations that defines
the boundary conditions is required. The linearization of the boundary conditions will

result in a matrix relation as given below:

[A] AWerosr = [B ] AWinreRIOR (34)
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The evaluation of the above relation is simple for the supersonic inlet and outlet, wall
and symmetry type boundary conditions. For example, in supersonic inlet boundary

conditions the relation can be defined simply as:

[1] AWgrost = [1] AWinrERIOR (3.5)

However for the application of the far-field boundary conditions in the case of subsonic
flow, the coefficients A and B have to be derived from the linearization of Equation 2.61.
In the linearization the change of the variables that are interpolated from the free-stream
will be equated to zero. For example, at subsonic inflow the entropy is interpolated from

the free-stream and it will not change as the Newton iterations proceeds.

4
Ky =1 =
bound Pm (3 .6)
Asboun(l = 0

To demonstrate the methodology followed in the implicit boundary conditions
implementation, the linearization of the density term for the subsonic inflow boundary

condition is formulated in below equations:

1

5 .
S OUn ¢ OUT }/_1
pGHOST:( S d]
4 3.7)
A
ApGHOST =2 pGHOST ( Chound j
V- 1 Chound
The c,,,,, Will be evaluated from the linearization of the Riemann invariants as
-1 . -
Cbuund = }/T (R -R )
(3.8)

Ay = 77_1 (AR* —AR")

where
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R =U_+-—= (3.9)
y—1
R* — U,',, _ 2cin
-1

Since AR is evaluated from the free stream its change will equal to the zero. Hence

AC,yymiary €N be calculated as

— 1_ 7 in
Acbound - |:T (AUm) +_:| (310)

Using the interior flow variables, the evaluation of the speed of sound and its

differentiation can be performed as :

P PE _(pu)’ +(pv)’
R . P PRI
p,-n\/ p 200

-1 *+(pv)’ pE
pe, = {7(21 ){(pw (o) _pz} } AP,
i p p in

m

yr-D[_pu yy=D[_pv
+{ 2¢,, { len}A(pu)’"Jr{ 2¢,, { Pz}in}A(pv)'"

+{ﬂ7—_p}A(pE)in

(3.11)

Ui, is the contravariant velocity normal to the boundary, and it can be calculated from the

inner cells as:

(8] 4(2)

Finally U;, can be linearized as:

AU, =1, (M—ﬂm} -7, [M—ﬂmj (3.13)

p ? p P
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Inserting Equations 3.8 to 3.13 into the Equation 3.7 the change of the density at the far-

field ghost cell with respect to change of flow variables at the interior cells can be

defined as:
1 v |(pu) +(pv) _pE
+{ 77)71 + 2}/ _ (puz)m JA(IOM)M
A/Oghosz =2 pghost (7_ )p Cin L Pin i

(7/_1)p 2cin L Pin a

Y
A(pE).
(2pincin j (p )m

Cbound B T
nx (/0 v)in
—( L JA(P%

(3.14)

3.4 Implementation of Initial Conditions

Using the method of lines, the initial solution is required by the spatial discretization for
the evaluation of the flux integrals. The residuals calculated by initial solution will be
integrated in time by the temporal discretization scheme, which is Newton method in this
study. Newton’s method requires a good initial guess for convergence. The common way
of implementation of initial conditions is usage of the free-stream values for whole
domain. Although this kind of implementation is very simple, the initial guess it provides
is poor for most of the flow problems. Hence in order to improve the stability of the
solution, some modifications are required in initial iterations. Several ideas are available
to modify the Newton’s method in literature. The most efficient and widely used one is
the time-like term addition to the diagonal of Jacobian matrix. This approach is based on
the fact that diagonally dominant matrices are more stable in solutions of nonlinear
systems. With the implementation of the time like term, the modified Newton’s method

becomes:

1 RY
(E[mj—wj AW" =—R(w") (3.3)
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For finite At values; Newton’s method becomes inexact, since the left hand side of
implicit operator of Equation 3.3 is not consistent with exact linearization of the residual.
As At — oo, the original Newton’s method can be reconstructed. The modification to
Newton’s method is performed by addition of small initial value At, for the first iteration

and At values for new iterations are calculated using L,-norm of the residuals as:

— (34)

The penalty of the modification mentioned above is the reduction of the convergence
rate. Pulliam[62] mathematically showed that with the diagonal term addition
convergence rate is reduced to linear, whereas quadratic convergence rate can be

obtained as time like term approaches to infinity.

The modification in Newton’s method is required in the early stages of iterations. As the
iterations proceeds the solution gets more accurate and the diagonal term addition may
not be needed. Therefore, the withdrawal of the diagonal term from the matrix as it gets
satisfactorily large will be favorable to get rid of the convergence rate penalty of the
modification. The proper choice for initial time like term, Aty, and its withdrawal value,
Aty will significantly boosts up the convergence performance of the solver. However, the

right choices for the values of these terms can only be made by trial and error.

3.5 Solution Method

The flow solution with Newton method requires the construction and the factorization of
the Jacobian matrix in order to evaluate the change in the flow variables. The entries of
this matrix are non-linear function of the changing flow variables, hence at each
Newton’s iteration the Jacobian matrix has to be reconstructed and solved again. The size
of this matrix can be very big even for small sized problems. The storage of this matrix
may be difficult for large sized problems. However, most of the entries of this matrix are
zero, and sparse matrix solution and storage techniques may be useful in the solution of

Jacobian matrix. There are different methods to solve sparse matrices. In this study, the
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Jacobian matrix is solved by using an LU decomposition method. The advantage of this
method is that the same matrix can be solved for different right-hand-sides very
efficiently. This property is very useful for sensitivity calculations, because the
calculation of sensitivities for each design variables require the solution of the same

Jacobian matrix with different right-hand-sides.

This study proposes the usage of modern multifrontal sparse matrix solvers for the
reduction of the cost of the factorization. The storage cost of the Jacobian can also be
reduced by the usage of compressed row storage or compressed column storage formats.
UMFPACK (Unsymmetric-pattern MultiFrontal PACKage) sparse matrix solver package
[22] is used in order to solve Jacobian matrix. In this method, the full matrix is converted
into sparse storage mode and then factorized using a sequence of small dense frontal

matrices by LU factorization.

3.6 Solver Performance

In this section flow solution results calculated by the developed solver are presented.
Performance of the solver is examined in terms of the accuracy of the solutions and rate
of the convergence. CPU time spent in the flow solution is given to present the cost of

the direct solution procedure.

3.6.1 Verification of Flow Solver

Commonly used 2-D internal and external flow test cases are used to validate the
accuracy of the developed flow solver. For internal flow application, flow over circular
arc geometry, which is also known as Ni bump, is used. The solution domain consists of
a channel. The width of the channel equals to the length of the circular arc bump. The
total length of the channel equals to five times of the bump’s length. Results are
presented for subsonic, transonic, and supersonic flow conditions at zero angle of attack.

For subsonic and transonic calculations, the thickness-to-chord ratio is 10% and for
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supersonic flow calculations it is 4%. The solved test cases are summarized in Table 3.1

below.

Table 3.1 Flow problem cases for bump geometry

thickness/chord length Inlet Mach number
Bump case-1 0.1 0.5
Bump case-2 0.1 0.675
Bump case-3 0.04 1.4

Flow domain is discretized by an H type grid for the solution of flow over bump
problem. The mesh is constructed with three different level of resolution. The coarsest
mesh has 33x09 nodes, mid sized one has 65x17 and the finest one has 129x33 nodes.
The finest grid is presented in the Figure 3.4. Wall boundary conditions are used on the
bump geometry. The Riemann invariants are used to apply characteristic type boundary
conditions at the inlet and outlet boundaries. The symmetry boundary conditions are
applied at the remaining lower and upper boundaries. The mach contour plots evaluated
from the solutions of those three cases are given in Figure 3.5. The 2" order AUSM

scheme with Van Albada limiter is used to generate those results.

In the verification of the results obtained for bump geometry the Mach contour plots
given in reference [63] is used. In Figures 3.6 to 3.8 the evaluated mach contours are
presented in the lower part of the figures and the results given by [63] are presented in
the upper part. Figures 3.6 to 3.8 present subsonic, transonic and supersonic solutions
respectively. Those figures show that the developed flow solver performs well for
predicting the flow over bump test case. The evaluated mach contours are in good

agreement with ones presented in [63]
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Figure 3.4 Grid used for bump geometry

Mach #,,=0.5 Mach: 0.32 0.38 0.44 0.50 0.57 0.63 0.69
Mach #,,,=0.675 Mach: 0.41 0.58 0.74 0.90 1.07 1.23 1.40

Mach #,, =14 Mach: 0.88 1.02 1.15 1.28 1.41 1.55 1.68
R4

4

Figure 3.5 Mach contours of the cases of bump geometry
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Figure 3.6 Mach contour comparison for flow with 0.5 Mach inlet velocity
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Figure 3.7 Mach contour comparison for flow with 0.675 Mach inlet velocity
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Figure 3.8 Mach contour comparison for flow with 2.0 Mach inlet velocity

External flow simulations are performed by the airfoil geometries. The test cases are

chosen from the AGARD Advisory Report AR-211 [64]. The operating conditions and

the airfoil geometries that are used to generate flow solutions are summarized in Table

32.
Table 3.2 Flow cases for airfoil geometry
Airfoil Angle of attack Free stream Mach number
case-1 NACA 0012 1° 0.85
case-2 NACA 0012 7° 1.2
case-3 RAE 2822 3° 0.75

Flow domain is discretized by a C type grid for the solutions of flow over airfoil

problems. The meshes are constructed with three different level of resolution. The total

number of nodes in the finest grid is 257x65, and this grid has 160 nodes on the airfoil

surface. The mid size grid has 120 points on the airfoil geometry and 193x49 overall
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nodes. The finest one is constructed by 257x65 nodes by placing 160 nodes on the
airfoil. Wall boundary conditions are applied on the airfoil geometry and the Riemann
invariants are used to define farfield boundary conditions. The symmetry type boundary

condition is utilized for the wake cut.

The mach contours given by Reference [64] for the cases listed in Table 3.2 are
presented in Figures 3.9, 3.11 and 3.13. The mach contour plots evaluated from the
solutions of those three cases are given in Figures 3.10, 3.12 and 3.14. The 2™ order
AUSM scheme with Van Albada limiter is used to generate those plots. Results show
that, the developed solver generates reliable flow solutions. In all three cases the shock
capturing performance of the code is well enough that the evaluated location and the

strength of the shock is in good agreement with the ones given in [64].

The given evaluated contour plots show that, similar mach contours are evaluated with
respect to reference [64]. Besides examining the mach contour plots, the evaluated
pressure coefficient distribution along the chord is compared with the one given in
reference [64]. The case; flow over NACA 0012 airfoil with 0.85 Mach, 1 degree angle
of attack is used for that comparison. That comparison is given in Figure 3.15 where the
evaluated values are represented by lines and the values given in reference [64] is
represented by symbols. This case is selected deliberately to examine the shock capturing
performance of the developed solver. Figure 3.15 show that both of the limiters used in
the study performs pretty well in shock capturing. However the performance of the Van
Albada’s limiter seems to be slightly better at the region of the lower surface shock in the
solved case. More precise shock capturing can be performed by using finer meshes or
using adaptive mesh algorithms, however that kind of application is out of scope of this
thesis. Moreover the increase in the mesh size will significantly amplify the cost of the

direct flow solution.
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Figure 3.9 Mach contours given in AGARD AR-211 for NACA0012, M., =0.85, a=1°

Figure 3.10 Mach contours evaluated for NACA0012, M., =0.85, a=1°
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Figure 3.12 Mach contours evaluated for NACA00I2, M, =1.2, or=7"
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Figure 3.13 Mach contours given in AGARD AR-211 for RAE2822, M, =0.75, o=3°

Figure 3.14 Mach contours evaluated for RAE2822, M, =0.75, =3’
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Figure 3.15 Comparison of the evaluated Cp with the one given Reference[64]

3.6.2 Convergence Performance

In previous section the developed code is shown to be reliable in the solution of 2-D
Euler flow field equations for all flow regimes. In this chapter the convergence
performance of the direct solution algorithm is presented and the factors that affect the

convergence performance is analyzed.

The way of time like term addition to the diagonal of the Jacobian matrix is the most
critical factor on the convergence of the flow solution with Newton’s method. Actually
those terms have almost no affect on the rate of the convergence. Newton scheme will
always have quadratic convergence rate if there is no diagonal term addition and by the
addition the convergence will reduce to linear rate. The purpose of the diagonal term
addition was to improve the initial conditioning of the Jacobian and this term should be
withdrawn as the Jacobian is updated with new solutions. To be able to have converged
solution within minimum iterations the proper values must be chosen for the initial and
the withdrawal values of that diagonal term. However there is no explicit rule for the
selection of those values and generally good selection can be made by trial error like

procedure.
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To illustrate the response of the convergence behavior to diagonal term selection,
convergence histories obtained by variety of initial and withdrawal diagonal term values
are presented in Table-3.3. The given results are corresponds the flow solution over
NACAO0012 airfoil with 0.85 Mach freestream velocity. The solutions are performed by
AUSM scheme and the Van Albada limiter on the grid which is sized by 129x33 nodes

Table 3.3 Effect of At on convergence, NACA0012 airfoil

At At iterations required for convergence
2" order discretization 1* order discretization
1 3 Factorization is crashed 105
1 5 867 132
1 10 1097 265
1 25 Factorization is crashed 404
1 100 Factorization is crashed 463
1 1000 1259 478
1 10° 1267 481
1 10" 1268 483
10 100 98 36
10 75 1230 463
10 50 Factorization is crashed 6
100 1000 Factorization is crashed 13
100 5000 27 14
150 5000 23 12
200 2000 19 11
250 5000 Factorization is crashed 11
300 5000 20 12

The results tabulated above show that there is no explicit rule for the selection of the
initial and withdrawal values of the diagonally added term. The values presented in the
Table-3.3 are just given to demonstrate the variation of the required iterations for

convergence with respect to varying diagonal term addition. The convergence behavior
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can be significantly different for different flow solution cases although the same initial

and withdrawal time like term values are used.

The residual histories of the transonic flow solutions for the bump geometry and the
NACAOQ0012 airfoil are presented in Figure 3.16 and Figure 3.17 respectively. In those
figures the affect of the flux evaluation method on the convergence performance are
presented for both of the first and second order spatially accurate solutions. The initial
and withdrawal values of the diagonally added time like term used in the generation of
those results are summarized in Table 3.4. In the figures of residual histories it can be
seen that the residual decreases slightly in the initial iterations where the convergence
rate is linear due to the added diagonally added time like term. The convergence occurs
with the rapid decrement of the residual in the last three to five iterations. In both of the
figures it is shown that, it takes less number of iterations to converge when the accuracy
of the spatial discretization is first order. It can be also concluded that the all flux vector
splitting methods have approximately identical effect on the convergence of the

Newton’s method.

Figure 3.18 shows the effect of the parameter €, which is defined in the limiter function ,
on the convergence history of AUSM scheme. In Reference[65] the effects of the limiter
functions on the convergence was studied. The results show that, € is directly effective
on the convergence performance of the solver. Deeper study on the magnitude of the, €

is presented in Chapter-4.

Table 3.4 The initial and withdrawal values used for the diagonally added term, 1/At in
the generation of presented results

Aty Atg
1* order spatially accurate solution of flow over bump 3 5
2" order spatially accurate solution of flow over bump 50 1000
1*" order spatially accurate solution of flow over airfoil 300 10000
2" order spatially accurate solution of flow over airfoil 200 20000
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Figure 3.18 Variation of the Convergence History with € for Van Albada Limiter

3.6.3 Cost of the Flow Solution in terms of CPU time

The variation of the CPU time spent in the flow solution is presented in Figure 3.19. In
Figure 3.19, the upper left plot presents the CPU time spent in each Newton’s iterations
for the flux and the residual evaluation. Upper right plot gives the total CPU time spent
at each iteration. The lower plot presents the ratio of the time spent in Jacobian

construction and linear system solution to total time spent in each iterations.

The results presented in Figure 3.19 correspond to flow solution on NACAO0012 airfoil
by using the grid which has 257x65 nodes. That figure shows that the CPU time spent in
Jacobian construction and solution of the linear system is significantly larger than the
time spent in flux residual evaluation. In an iteration of Newton’s method, approximately
99.9 percent of the total CPU time is spent in the construction of the Jacobian matrix and
the solution of the linear system by sparse matrix solver. For first order discretization
time spent in solution of linear system and the construction of the Jacobian matrix is
found to be close. However for 2™ order spatial discretization, time spent by sparse
matrix solver is significantly larger. In the factorization and solution approximately 4
times greater CPU time is spent with respect to the construction of analytical Jacobian

matrix.
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Figure 3.19 CPU time spent in flow solution by Newton’s method

Tables 3.5 and 3.6 present the variation in CPU time spent in Newton’s method by the
change in grid resolution. The averages of the fluctuating values shown in above figures
are used in those Tables. Finally the effect of the grid resolution on the ratio of CPU
time spent in the Jacobian evaluation and factorization to the CPU time spent in flux

evaluation is presented in Figure 3.20.
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Table 3.5 Variation of the spent CPU time in an iteration by the grid size (1" order

discretization)
CPU time spent
Ratio of Ratio of time spent
NACA0012 for flux and
time spent in Jacobian by sparse matrix
M=0.85 residual
construction to time solver to time spent
a=1° evaluation
spent in flux evaluation in flux evaluation
1* order (seconds)
129x33 nodes 0.0025 2900 2190
197x49 nodes 0.009 4140 3100
225x65 nodes 0.011 6110 6270
256x65 nodes 0012 6770 9010

Table 3.6 Variation of the spent CPU time in an iteration by the grid size ( 2" order
discretization)

CPU time spent for Ratio of Ratio of time spent
NACADOI2 flux and residual time spent in Jacobian by sparse matrix
M=0.85 evaluation construction to time solver to time spent
a=1" (seconds) spent in flux evaluation in flux evaluation
2" order
129x33 nodes 0.0035 2350 3130
197x49 nodes 0.012 3135 5950
225x65 nodes 0.0145 5210 16500
256x65 nodes 0.016 5750 18200
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Figure 3.20 Variation in the ratio of the CPU time spent in factorization and
construction of the Jacobian to time spent in entire iteration
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CHAPTER 4

ACCUARCY OF NUMERICAL JACOBIAN

4.1 Introduction

The finite difference approach is the most practical alternative for the derivative
evaluation. It is independent from the complexity of the differentiated function.
Moreover, the effort needed to develop a numerical differentiation code is negligible
with respect to the effort needed for the one that evaluates the derivatives analytically.
However, the numerical evaluation is inaccurate and the associated error can be

unacceptably large due to the improper choice of the finite differencing step size.

This chapter mainly focuses on the effect of the finite difference perturbation magnitude
on the accuracy of numerical flux Jacobian evaluation. First, the sources of the error and
their dependencies on the perturbation magnitude are given. Next, the study which
intends to derive the formulation for the optimum perturbation magnitude is presented.
The optimum perturbation magnitude that minimizes the error in numerical Jacobian is
also searched by a trial-error like procedure. The variety of perturbation magnitudes are
used to calculate finite difference derivatives and the resulting Jacobian matrices are
compared with the analytically evaluated one. The variation of the error in the numerical
evaluation with respect to perturbation magnitude is plotted to find the optimum
magnitude that minimizes the error. The change of the error and the optimum
perturbation magnitude by variety of factors, such as grid size, flow regime,
discretization technique etc. is examined. The performance of the numerical Jacobian in
the flow solution is compared with the performance of the analytical Jacobian in terms of
the CPU time and convergence rate. Finally, the influence of the numerical Jacobian

error on the convergence of the flow solution is presented.
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4.2 Error Analysis

The derivation of numerical Jacobian by forward finite differencing was given in

previous chapter as:

oR, AR, (w) R (w+ege)—R (w)
ow, Aw, €

4.1)

In that kind of finite difference approximation of the differentiation, mainly two types of
errors occur. These are truncation and condition errors [61]. The truncation error occurs
due to neglected terms in the Taylor’s series and it grows up linearly with the
perturbation magnitude. The truncation error due to the neglected terms in the Taylor

series expansion can be written as:

IR, (5) €

ETer (8) = awz 2

(4.2)

where {=[ w, , w, +¢& ].

n 2

The condition error is caused by inaccuracies in the computed values due to the loss of
computer precision. As the magnitude of the perturbation gets smaller the accuracy of the
differentiation degrades and the error grows up due to the decrement in the denominator

of the Equation 4.1. Because of computational precision, the exact values of the m"

components of the vector R, (w)and their computed values R,(w) can be different by

the amount of round-off error, E, (w):

R, (w)=R,(W)+E, (w) ws)
R,(w+&)=R, (w+e)+E, (W+¢) '

By using the computed function, R, (w) Equation 4.1 can be written as:
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AR, (W) _R,(w+e,e)=R,(w)

Aw, £

R - E, (w+ee)—E, (w
AR, (W) _R(w+e)-R(w) Ep, (Wrese)—Ey (W) “44)
Aw, £ £
AR AR

(W) _ "’(w)+Ec @)

Aw, A "

where, E. (&) is the condition error. Considering an error bound

Ep = max{|ER(w)| ,|ER(w +&)

}, the maximum value of condition error can be

approximated as:

2F

E.(e)=—2 4.5)
£

The main source of the round-off error is the precision lost and it depends on the
computer processor and compiler. For the computations of normalized variables where
the magnitude of the computed values are around one, the precision error equals to

machine epsilon, &, . A reasonable calculation procedure forg,, can be given as

follows:
1
&y = bYl such that 1+¢, >1 (4.6)

where, m is the number of possible highest bits in the binary representation of the

mantissa.

4.3 Optimal Perturbation Magnitude Analysis

The total error in numerical Jacobian equals to sum of truncation and condition errors.
The total error is highly dependent on perturbation magnitude, & For the small values of
perturbation magnitude the condition error is large and it dominates the magnitude of the
total error. On the other hand as the magnitude of perturbation gets larger, the truncation
error becomes larger and the condition error becomes negligible. As a result the total

error grows up both for the increasing and decreasing perturbation magnitudes. Hence,
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there should be an optimal value for the perturbation magnitude that minimizes the total

error in numerical Jacobian.

The total error matrix can be defined as the difference between the numerically and

analytically calculated Jacobian matrices.

SRAR AR ) (R R O
Aw, Aw, Aw, ow, ow, ow,
AR, AR, AR, IR, OR ~ _OR
[E total ] = AM)l AWZ AM}mmax - an aWZ a‘/meax
Nmmax Nmmax AINémmax aRmmax aRmmax vee aRmmax
AWI AWI Aw aM)l awZ aM)mmax

To minimize the norm values

(4.7)

of the total error matrix, each finite difference

computations can be performed with their own optimum perturbation magnitudes.

However this kind of approach will be impractical since the calculation procedure for the

optimum perturbation value for each element would be costly. Alternative way is to find

a single perturbation magnitude which minimizes the global total error arising from the

finite differencing of each element. The total error matrix for a single perturbation

magnitude, &, can be approximated with the following matrix:

ale 3 2ER11 ale £ 2ER1.2 ale £ 2ER1 ,,,,,,,,,
J— + —_— J— + —_ .. J— + z
w2 € om; 2 ¢ ow, 2 £
a ’ R2 £ 2 ERZ 1 a ? R2 £ 2 ERZ 2 a ? RZ £ 2 ERZ mmax
B E———— —+ e —+
[Etotal ] = awlz 2 £ aw12 2 & anz 2 E
a ’ Rmmax g 2ERmma X,/ a ? Rmmax 8 2 ERmmth 2 a ’ Rmmax g 2ER/WM xnmax
> 5t - 2 5t o > 5 '
ow, 2 £ ow, 2 £ ow, 2 £

Above matrix can also be written as a summation of two matrices

&
[Etotal] = [E .recder]§+ [E
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where

o’R, o’R, o’R,
awlz awzz awjl”‘lax
J’R, J°R, 0’R,
[E.u]=| oW} oW w? (4.10)
a ’ Rm’nax a ’ Rm’nax a ’ Rmmax
awl2 aw22 awi’nax
R, ER| ) ves E‘R1 o
[E round ] = F o ‘E‘ e N .Esz e (4 1 1)
E, E E

R,

‘mmax, 1

R,

max,2 Rimaxmmax

The optimum perturbation magnitude can be calculated by minimizing the Frobenius
norm of the total error matrix with respect to perturbation magnitude, €. In the Frobenius
norm, error is represented as the summation of the square of the error at each entry of
total error matrix. Since the residual vector at a given cell is only function of the flow
variables of neighboring cells, most of the entries of numerical and analytical Jacobian
matrices are zero. At these entries error becomes zero. Hence, the error matrices are also
a sparse. The total error comes from the differences between the nonzero elements of
analytical and numerical Jacobian matrices. Neglecting the zero entries of Jacobian
matrices, the Frobenius norm of the total error matrix can be written in the following
formulation. This formulation can also be achieved from the least square minimization of

total error.

Fe

£

total

. 2
5 (Z)(ZE LR 5} (4.12)

2
m=1 n=l1 £ aW" 2

In the Equation 4.12 the outer summation loop is constructed for the whole domain,
excluding the ghost boundary cells where the residuals are not computed. The inner loop
is constructed for the number of cells that are used in the evaluation of flux residuals.
The number of neighboring cells used in the residual calculation is represented by neigh;

it has a value of 4 in 1% order discretization and 8 in 2™ order discretization. The
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minimization of total error is performed by differentiation of the Equation 4.12 with

respect to perturbation magnitude.

NEual, _ 1 Rt ] (2B PR €N 2B PR
o€ 20E ], == = £ w2 £ ow. 2
el 21 w26, yR@e)( 2 RO 4
o€ £2E, ., = = £ ow> 2\ & ow 2

a"Etatal . 1 mmax 4(neigh+1) 82Rm(§) 2 > 4E1§m
de  €|E,l, Z‘ ; w4 &

otal

The optimum & which minimizes the total error is found by equating Equation 4.13 to

Zero;

a"Etorul F :0
o€ .
(4.14)
2 mmax 4(neigh+1) (2 2 mmax 4(neigh+1)
£ 0°R ({) 4 2
- — | == E =0
i = ,;[awjn 2 2 (B
The optimum perturbation magnitude can be evaluated as:
mmax 4(neigh+1) 5
28w
Eopr =2 = (4.15)

mmax 4(neigh+1) aZR (é/) 2
22w
Using the definition of the Frobenius norm, above equation can be simplified into the

following form:

(4.16)
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Substituting the optimum perturbation magnitude given by Equation 4.16 into the

Equation 4.12 the magnitude of the minimized error is evaluated as follows:
I’R(¢)
ow’

The formulations presented by Equation 4.16 and 4.17 well define the way of accurate

E . (Eopr) = "ER "F o’

nn

mmax 4(neigh+1) 2
2> > {ERM IR R’"(g)] 4.17)

F m=1 nn=1

evaluation and the source of the errors in the numerical Jacobian. However those
formulas are impractical to use for estimating the magnitude of the optimum perturbation
since calculations of the round-off error and the second derivatives of the flux vectors are
needed. The second derivatives can be approximated by the utilization of central
differencing, which requires the proper choice for perturbation magnitude. The round off
error in second derivatives can be estimated by proper scaling of the machine epsilon
value. The multiplication of the machine epsilon value with the cells face size can give a
reasonable estimate. The round-off error in single precision can also be estimated by
differencing the residual vectors that are calculated with single and double precisions.
Although those approximations can be used to evaluate the second derivatives and the
round-off error, performing such sequence of calculations, just to evaluate the optimum
perturbation value for numerical Jacobian derivation will be senseless due to its high
computational cost. Further assumptions are needed on evaluation of those terms to
obtain a straightforward formula for the estimation of optimum perturbation magnitude

and the resulting error.

The round-off error in the numerical Jacobian evaluation occurs due to the loss of
precision in computation of finite difference operations held on flux vectors. Hence the
norm of the round off error in whole Jacobian matrix can be defined as the multiplication

of the norm of flux vectors and the machine epsilon:

|Ee] =[]

e, (4.18)

As another approximation, the order of norms of second derivatives, flux Jacobian and

the flux vectors can be estimated to be equal to each other [66]
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Introducing the approximations given by Equations 4.18 and 4.19 into the Equation 4.16

J (4.19)

the optimum perturbation magnitude can be estimated as:

HER HF =2 "F”F " —2 e (4.20)

2r)) VI, "
ow’ .

Following the same assumptions the magnitude of the minimum relative error resulted

Eopr =

from usage of optimum perturbation magnitude can be estimated as:

Zeat

relative H azR(é,) H

B Ow?

nn

mmax 4(neigh+ 2
375 o, 720

E total (EOP'I‘ )

4.21)

mmax 4(neigh+1) 82Rm( )
\/ZHF” En +22 Z (E awng Je,
- m nn mn 52 gm
71

The formulas given in Equations 4.20 and 4.21 present that, both of the optimum
perturbation magnitude and the resulting minimum error can be estimated nearly as
square root of the machine epsilon. These formulas propose that, the number of correct
digits in numerically evaluated Jacobian element will approximately equal to the half

number of correct digits in the flux vector if the optimum perturbation magnitude is used.

The formulas presented in Equations 420 and 4.21 are derived with some
approximations and they do not present the exact values for optimum perturbation and
the resulting minimum error. However they are simple compared to Equations 4.16 and
4.17. Machine epsilon can be determined easily by the simple formulation given in 4.6,

hence the Equations 4.20 and 4.21 are handy to use.
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The computational analyses are performed by using the Linux workstations of the
METU Aerospace Engineering Department. The machine epsilon &, values of the

compiler-computer configuration are calculated by Equation 4.6. Values are found as

g,, =1.19x107 for single precision, and &,, =2.2x107" for double precision.

44 Accuracy Analysis

Numerical Jacobian matrices are calculated for a wide range of perturbation magnitudes
and the deviation between the numerical and analytical Jacobian matrices is defined as
error. Since the error itself is also a matrix, error in Jacobian is represented by matrix
norm definitions. The L;, L, induced matrix norms and Frobenius entry-wise matrix

norm are used through the study, and their definitions are given below:

m

m . . b
— — _ 2
IIAIIl—g];aS);;IaéiI IIAIIm—lr;l]g(an;Ialjl ||A||F_(22|alj| J (4.22)

i=l j=1

The change of the norm values of the error in Jacobian matrix with respect to
perturbation magnitude is plotted in Figure 4.1 for the flow over Ni bump case. The
given result corresponds to the solution of the transonic flow case, by 1* order AUSM
scheme. The computation is performed with double precision. The optimum perturbation
magnitude and the minimum relative error read from that figure are compared with the

values proposed by Equations 4.20 and 4.21 in Table 4.1.

Table 4.1 Estimated and evaluated optimum perturbation magnitudes

€opT €opT minimum relative error | minimum relative error
(Equation 5.15) (Plotted ) (Equation 5.16 ) (Plotted )
L, 297x10* 251x10° 297x10* 2.10x 10°
L. 297x10* 251x10° 297x10° 237x10°
Lg 297x10° 251x10° 297x10° 147x10°
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Figure 4.1 Variation of the error in numerical Jacobian by finite difference perturbation
magnitude

As it can be seen from Table 4.1 the result of the estimation performed for optimum
perturbation magnitude is very close to the actual optimum value obtained from trial
error procedure. Moreover the estimated magnitude of the minimum relative error also

agrees well with the actual relative error.

Table 4.2 Relative error values read from Figure 4.1 for the smallest and the largest €

Il Relative Error Il

Il Relative Error Il

Il Relative Error lIg

e=10"

0.0255

0.0237

0.0471

e=10"

0.0593

0.0418

0.0893

The result presented in Figure 4.1 can be also used to check the validity of the
assumptions made to simplify the Equations 4.16 and 4.17. As it was stated earlier; for
very small magnitudes of perturbation, the truncation error becomes negligible compared
to the condition error and for very large magnitudes of perturbation, truncation error
becomes dominantly large relative to negligible condition error. Hence in Figure 4.1 the

relative error presented for the smallest and largest € values correspond to condition and
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truncation errors respectively. Those error values are tabulated in Table 4.2 and they can
be used to detect the norm values of the round-off error and the second derivatives

relative to norm value of the Jacobian matrix.

The absolute truncation error was defined in Equation 4.2. That formulation can be

rewritten for the relative truncation error of the numerical Jacobian as:

IR, ({)
o | [28],
= . (4.23)
dR, (&) dR,(D)| 2
ow, ow,

Inserting the values given for £ =10 in the second row of the Table 4.2 to the left hand
side of the above equation, the ratio of the norm value of the second derivatives to the
norm value of the flux Jacobian is calculated as; 1.186 for L; norm, 0.836 for L, norm
and 0.942 for the Frobenius norm. Those calculated ratios shows that the assumption
made for the order of the first and second derivatives in Equation 4.19 is reasonable

enough.

The definition of the absolute condition error was given in Equation 4.5. That

formulation can be rewritten for the relative condition error of the numerical Jacobian as:

B |
R, <§>H

(4.24)
3R (§ )

Inserting the error values given for £ =10 in the first row of the Table 4.2 to the left
hand side of the above equation, the ratio of the round-off error to the norm value of the
flux Jacobian elements is calculated as; 1.28x10™' for L; norm, 1.19x10® for L, norm,
and 2.36x10™'® for the Frobenius norm. In previous section it was stated that the machine
epsilon was evaluated as 2.2x10™° for double precision computation. Those results
present that assumptions made in Equation 4.18 for the definition of round off error
performs very well with the assumption made for the relation in the order of norms of the

flux vector, Jacobian elements and the second derivatives.
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In previous paragraphs it is shown that assumptions made by Equation 4.19 for
simplifying the Equations 4.16 and 4.17 are meaningful. As a last check of the validity of
that assumption the second derivatives are calculated by finite differencing and the ratio
of their norm values to norm values of the analytical Jacobian is analyzed. In order to
find an appropriate finite difference step size for the second derivative evaluation,
various perturbation magnitudes are tested. The results are presented in Figure 4.2 and
they show that the norm values of second derivatives stayed almost constant in the
perturbation magnitude interval of 10® to 107, The estimation of the second derivatives
can be done properly with the choice of perturbation magnitude from that interval. The
ratio of the norm value of the approximated second derivatives to norm value of the
Jacobian matrix elements is found to be close to unity. The ratio is calculated as 0.66 for
L, norm, 0.69 for L, norm, and 0.54 for the Frobenius norm. These results also verify
that the assumption made on ratio of orders of second and first derivatives of the residual

vector in Equation 4.19 perform well enough.

In the following sections the performances of the formulation given in Equation 4.19 for
the estimation of the optimum perturbation magnitude will be examined for variety of
flow solution cases with varying flow regimes, mesh and discretization scheme. The
information presented in Equations 4.16 and 4.17 is used to analyze the cause of possible

inconsistencies in the calculated and the estimated results.
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Figure 4.2 Ratio of the norm of the numerically calculated second derivatives to norm of
analytically evaluated Jacobian
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4.4.1 Effect of the Precision on the Numerical Jacobian Error

In this section the variation of the error in the numerical Jacobian with the computer
precision is presented. Results are evaluated by using single and the double precision
computations for the solution of flow over the Ni-bump geometry with the inlet velocity

of 0.675 Mach. The computations are performed by 1* order AUSM scheme.

The change in the precision affects only the round-off error and has a negligible effect on
the magnitude of the second derivatives. The round off error in the single precision
computation approximately equals to the square of the round-off error in double
precision computation due to the change in machine epsilon. The Figure 4.3 shows that
with the change of the computation precision from double to the single, the optimum
values become the square root of the values obtained for double precision. In single
precision computation, the optimum value is read as 6x10™* from Figure 4.3 for both of
the L; and Lr norm definitions. That value agrees very well with the estimated 6.9x10™
value by Equation 4.19. The magnitude of the minimum relative error is estimated as
6.9x10™ by the Equation 4.20 and it is calculated as 3.2x10™ for Frobenius norm and as

4.1x10™ for L, matrix norm as presented in Figure 4.3.

The norm values of relative error calculated by the smallest perturbation magnitude for
the single precision computation are specified in Table-4.3. For that perturbation
magnitude the truncation error is small compared to the magnified condition error, hence
the computed relative error can be defined as the condition error. Using the Equation
4.24 with the values presented in Table-4.3 the magnitude of the relative round-off error
occurred in the single precision computations is calculated as 5x10™® for L; norm and
2.5x10™® for Frobenius norm. Comparing these results with the single precision machine
epsilon, which equals to 1.19x107, it can be concluded that the assumptions made in

Equation 4.18 for the definition of round-off error is good enough.

Table 4.3 Calculated relative error for the smallest ¢ by single precision

Il Relative Error Il Il Relative Error llg

e=10" 1.01 0.59
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Figure 4.3 Effect of the precision on the numerical Jacobian error

442 Effect of the Norm Definition on the Optimum Perturbation
Magnitude

In Equation 4.16, the norm values of round-off error and second derivatives are in
division, hence the optimum perturbation magnitude does not vary with different norm
definitions. However in Equation 4.17 the norms of round-off error and second
derivatives are in multiplication. Hence the absolute error will vary with the norm
definition. In previous section, the results were given for the relative error definition, and
in this section, the variation of the absolute numerical Jacobian error for the same flow

case is given in Figure 4.4 for different norm definitions.

The number of elements used in the L; matrix norm is small compared to the number of
elements used in the Frobenius norm definition since whole matrix elements are used in
the Frobenius norm definition. Therefore, in Figure 4.4 the Frobenius norm of the
absolute error is larger compared to the L; norm of the absolute error. The optimum
perturbation magnitude is same for both norm definitions whether the minimization is

performed for the relative or the absolute error of the numerical Jacobian
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Figure 4.4 Variation of absolute error in numerical Jacobian with perturbation
magnitude

4.4.3 Effect of the Size of the Grid Cells on the Numerical Jacobian Error

The geometries, grid topology and the boundary conditions used in the internal and
external flow computations generally vary greatly. Therefore, to analyze the effect the
size of the grid cells on the optimum perturbation magnitude, the accuracy of numerical
Jacobian is studied in both internal and external flow solutions. In both of the flow
solutions over bump and airfoil geometries, approximately similar transonic flow
conditions are used. The main difference between the two cases was the sizes of the cell

faces of the mesh.

For internal flow problem, the flow over Ni-bump is analyzed on an H-type grid, whose
inlet and outlet are located 1.75 chord length away from the leading and trailing edges.
For external flow problem, a C-type grid, in which distance between far-field boundary
and the airfoil geometry varies 20 to 60 chord lengths, is used. To be able to resolve the
gradients, nodes are clustered near to airfoil geometry and were expanded at the far-field.
The size of the cell faces of the grid used in flow over airfoil problem is significantly
larger than the ones used in H-type grid, except at the regions near to wall geometries. At

far field of the C-type grid, cell faces are approximately larger by two orders of
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magnitude than the ones used at the inlet and the outlet of the H-type grid. Due to the
larger cell faces it will be reasonable to expect larger flux values in the solution
performed for airfoil case compared to solution performed for bump geometry case. The
enlargement in the flux magnitudes may amplify the round-off error and will cause the
second and first derivatives of the flux vectors to grow. In Figure 4.5 the variation of the
absolute error in the numerical Jacobian for the flow over airfoil and flow over bump
computations is presented. In the computations of the both cases 1 order AUSM

discretization scheme is used.
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Figure 4.5 Variation of the absolute numerical Jacobian error for flow solutions with
different geometries and grids

In Figure 4.5 the absolute error is shown on the vertical axis and the error plots are
drawn for both L; and Frobenius norms. In both of the flow solutions on H-type and C-
type grids, the optimum perturbation magnitudes are found to be same and agree well
with the proposed value by Equation 4.19. One of the important conclusions from this
figure is that, although the grid type and size almost have no effect on the magnitude of
optimum perturbation, they significantly affect the magnitude of the absolute error. The
absolute error in the airfoil case is approximately larger by two order of magnitudes

compared to the bump case. The cause of this difference can be extracted from the
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Equations 4.16 and 4.17. In formulation which gives optimum perturbation magnitude,
the round off error and second derivatives are in division whereas in the formulation
which gives the total error, those two terms are in multiplication. An increase in the total
error without a change in the optimum perturbation magnitude can only be possible with

the proportional enlargement in both of round-off error and the second derivatives.
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Figure 4.6 Variation of second derivatives on grid used for Ni bump geometry

The second derivatives of the residual at a given cell depends on the flow variable at that
cell plus the 4 or 8 neighboring cells according to the order of discretization. The contour
plots of the averaged second derivatives of the residual vector are given in Figure 4.6 and
4.7. Those figures show that the second derivatives of the residual vector get larger as the
size of the cell face gets larger. The comparison of the values of second derivatives for
those two cases shows that in the regions closer to the wall geometries the size of the
cells are approximately equal and the second derivatives are in the same order of
magnitudes. However in the far-field regions of the C-grid the cells are approximately

larger by two orders of magnitude compared to the grid used on bump geometry and the
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resulting second derivatives of the residual vector are also larger by approximately 2

orders of magnitude.
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Figure 4.7 Variation of second derivatives of residual vector on grid used for
NACAO001?2 airfoil geometry

The effects of the cell size on the second derivatives and on the total absolute error in
numerical Jacobian are also shown by two other alternative ways. Firstly, comparison of
the absolute error resulted from flow solution over bump geometry and the flow over
airfoil geometry is performed by only using the small sized cells of C-grid that are close
to the airfoil. Secondly, the same flow over airfoil problem is re-solved with a C-grid
whose farfield is closer to the airfoil geometry with the same number of nodes. The grids

used in those two alternative approaches are given in Figures 4.8 and 4.9.
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Figure 4.10 Variation of the absolute error in numerical Jacobian by the size of the cell
faces

The absolute error plots of the numerical Jacobian for those two alternative cases are
given in Figure 4.10 with the error plot of the H-grid case. The small region chosen from
the C-grid has approximately equal sized cells compared to the grid used for bump
geometry. Hence the absolute numerical Jacobian error computed for that region is found
to be close to the absolute error calculated for the H-grid case. The results also show that
by using a grid with closer farfield boundaries, uniformly sized grid cells can be
constructed and the absolute error may become smaller due to the decrease in the size of

the cell faces.

Since there is no practical way of round-off error representation for double precision
computations, the variation of round-off error according to the size of the cell face is
checked for single precision computation. To estimate the off error in single precision;
the flux residuals are computed both by single and double precision. The difference of
the residuals is defined as the round off error. Although the absolute error plots given in
Figures 4.5 and 4.10 were presented for double precision, the single precision
computation can also give satisfactory clues for the variation of round-off errors by grid
type. The round-off errors calculated by single precision are tabulated in Table 4.4 for

both the H-type and C-type grids with different norm definitions.
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Table 4.4 Single precision round-off error

imax—1 jmax—1
double single
> [REG~RY

=2 j=2

imax—1 jmax—1

double single
> (R =R

=2 j=2

2

65x17 H-grid

7.41x10”

1.3x10

129x33 C-grid

1.4x107

4x10°

If the assumptions made in Equation 4.18 were valid the resulting relative errors in both

bump and airfoil case would be approximately the same. Therefore to examine the

validity of that assumption the variation of the relative error in numerical Jacobian is

plotted in Figure 4.11 for the same case analyzed in Figure 4.5 for absolute error

variation.
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Figure 4.11 Variation of the relative numerical error in Jacobian for the flow solutions
with different geometries and grids

Figure 4.11 shows that the relative error in the numerical Jacobian is approximately same

for the flow solutions performed with bump and airfoil geometries except the small

discrepancy occurred in the usage of small perturbation magnitudes where the condition
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error is dominant. Comparing the results presented in Figure 4.11 with the estimated
values, it can be said that the approximation formulas given in Equations 4.20 and 4.21
produce very accurate results for the optimum perturbation magnitude and the resulting
minimum relative error is also guessed successfully for each type of grid and the

geometry.

4.4.4 Effect of the Flux Scheme on the Numerical Jacobian Error

The variation of the magnitude of the second derivatives of flux vector and the round-off
error with different flux evaluation method is analyzed to get the dependency of the
optimum perturbation magnitude on the flux evaluation method. The formulation for the
second derivatives of the flux vector that is obtained by differentiating the Equation 2.46

is given below:

2 2t L 2.1 2 - R 2. R
0 R,"j _ o°F i+1/2,) awi+1/2,f + a Wiin., o°F i+1/2,) awr+l/2.f _ a Wiin,
aw2 - L 2 aw + i+1/2,j awz + R 2 aw + i+1/2,j aw2
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2 ot L 2. L 2 - R 2. R
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L
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(4.25)

In first order accurate spatial discretization, the second derivatives of interpolated face
variables with respect to the cell center flow variables equal to zero. Hence the
magnitudes of the second derivatives of the fluxes depend only on the second derivatives
of the splitted fluxes. Applying the first order spatial discretization, the variation of the
second derivatives by the fluxes evaluation method is investigated. Second derivatives
are approximated by the central differencing and for each flux evaluation method the
magnitude of them are found to be approximately equal. The L, norm values of the
second derivatives of the residual vectors are given in Table-2 for the transonic flow over

bump case. The magnitudes of the flow variables and the fluxes will not change
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significantly as long as the solved flow problem or the used grid does not change. Hence

the amount of round-off error will also be identical in each flux calculation methods

Table 4.5 Second derivatives of the residual, calculated for the transonic flow over the

bump
9’R(w)
aW2 Frobenius
1* order Steger Warming 23.859
1" order Van Leer 25.186
1* order AUSM 24.405

The effect of flux evaluation methods on the relative numerical Jacobian error is
presented in Figure 4.12 for the first order accurate spatial discretization. The figure
shows that the magnitude of the error and the optimum perturbation magnitude do not

change with 1* order Steger-Warming, Van-Leer and AUSM flux evaluation methods.
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Figure 4.12 Effect of the flux evaluation method on the relative numerical Jacobian
error
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4.4.5 Effect of Order of Discretization on Numerical Jacobian Error

In second order accurate spatial discretization, the second derivatives of interpolated face
variables with respect to the flow variables are nonzero. Hence these terms will affect the
second derivatives of the residual vector. The formulation of the interpolated face
variables was given in Equation 2.36. Differentiating this equation with respect to the

flow variables twice gives:

2L 2 oL 2R 2 oR

a w iF1/2 a §iil/2 a w iF1/2 __a 51'?1/2 (4 26)
owl,  owl,  owl,  ow’ '
Wi Wi Wi Wi

The second derivatives of the interpolated face variables directly depend on the second
derivatives of the limiter functions. In smooth flow regions, difference of the flow
variables at the neighboring cells is nearly zero. Therefore backward and forward
differencing of flow variables (a and b in Equation 2.39) can be reasonably assumed to
be equal to each other. The formulation for the second derivatives of the limiter function
with this assumption will become very simple and it is given in Equation 4.27.

227‘3 = “e 4.27)

a=b  a+—
a

Limiters are known to stall the convergence of an iterative scheme, because of accidental
switching in smooth flow regions [59], [65], [67]. The remedy proposed by most of the
researchers dealing with this issue is the addition of a small number, € to the numerator
and denominator of the interpolation formulation to control the activation of the limiter.
There are different studies performed to define the proper values of €. [68], [69]. The
formulation given in Equation 4.27 presents that in smooth flow regions, the second
derivatives of the limiter functions will be large if the value of € is small. The effects of
the magnitude of € on the accuracy of numerical Jacobians are studied. In Table 4.6, the
change of Frobenius norm of the second derivatives of the residual vector with the
variation of the size of € is presented. The results given in Table 4.6 are generated by the
transonic flow solution over the bump geometry using 65x17 grid and 2" order AUSM
scheme with Van Albada Limiter. Consistent to Equations 4.25, 4.26 and 4.27, the

second derivatives of residual vector get larger as the size of the € gets smaller. The
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variation of the Frobenius norm of the relative error in numerical Jacobian matrix with
respect to the size of € is given in Figure 4.13 and 4.14 for the Koren and Van Albada

limiters respectively.

Table 4.6 Variation of the second derivatives of residuals by the € value used in limiters

2 2
o R(2W) ( Koren Limiter) J R(2W ) ( Van Albada Limiter)
ow - ow F
e=.,05Q,+Q,,,) 21.03 24.11
e =107 209.7 156.9
e =10° 10211.7 7705.6
e=10" 1627623 1247712
e =10" 3656442 355329.1
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Figure 4.13 Variation of the numerical Jacobian error for Koren limiter
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Figure 4.14 Variation of the numerical Jacobian error for Van Albada limiter

In second order discretization, the size of the second derivatives of the residual vector is
dominated by the second derivatives of the limiter functions for small € values. However
the value of € has no affect on the round-off error. Therefore, as the values of € become
smaller the magnitude of second derivatives increases while the round-off error stays
constant. As a result, according to Equation 4.17 the usage of small values of € will
result in magnified total error and smaller optimum perturbation magnitude. The results
show that limiter functions calculated with small € values significantly increased the
magnitudes of the second derivative of residual vector and the validity of the assumption
made in Equation 4.18 is lost. Hence the optimum perturbation magnitude deviates from

the one proposed by Equation 4.20 significantly.

The usage of very small € values is shown to be prohibitive due to the amplifying effect
on second derivatives. However the selection of large values for the € is also not
reasonable. In the case of using very large values for the €, the second derivatives of
interpolated face variables will become negligibly smaller compared to the second
derivatives of splitted flux vectors. Hence, the size of the second derivatives of the

residual vector will be significantly dominated by the second derivatives of the splitted
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flux vectors. The further enlargement in € will not affect the magnitude of the second
derivatives of the residual vector nor the accuracy of the Jacobian. Moreover, the usage
of very large € values in limiter function will be improper since the definition of the
interpolation with limiter function will be degraded. As a summary, the accuracy of the
second order numerical Jacobian is bounded by that of the first order numerical Jacobian.
In this study the most accurate evaluation for the second order numerical Jacobian is
achieved with the usage of the € values as proposed in Equation 4.28. € value that will
be used in the face variable interpolation is defined as the square root of the average of

the cell areas of the neighboring cells located at upstream and downstream of the face.

e= /%(Qi +Q,.,) (4.28)

4.4.6 Variation of Error with Resolution of Grid

Completing the search for the optimum perturbation magnitude for different flux
evaluation methods and for different flow problems with different grid types, the
variation of the error with grid resolution is studied. The analysis is performed both for
the H-type grid and C-type grid cases. The results are presented in Figures 4.15 and
4.16. Calculations are performed using AUSM scheme for first and second order spatial
discretizations. In second order discretization, limiter function of the Van Albada is used
with € value defined in Equation 4.28. For the bump geometry an inlet Mach number of
0.675 and for the airfoil geometry the free stream Mach number of 0.85 and 1 degree of
angle of attack is used. Like in the previous cases, for different grid resolutions, the
optimum perturbation locations for bump and airfoil geometries coincide with each
others, and they are in good agreement with value proposed by Equation 4.20. To make
the grid finer or coarser changes the magnitudes of the flux variables slightly but has no
significant effect on the ratios of magnitudes of the round-off error and the second
derivatives to magnitude of fluxes. As a result the optimum perturbation magnitude
minimizing the total error is identical for all coarse and fine grids. The minimum relative

error is approximately equal for all cases and in good agreement with Equation 4.21.
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4.4.7 Variation of Error with Flow Regime

As the last factor affecting the accuracy, the effect of the free-stream flow condition is

analyzed.
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Figure 4.17 Variation of the relative error with varying inlet Mach # (Ni bump)
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Figure 4.18 Variation of the relative error with varying free-stream Machi# (airfoil)
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For the Ni-bump geometry the inlet flow Mach numbers of 0.5, 0.675 and 2.0 are tested.
For the NACAOQO012 airfoil geometry, free stream flows of, 0.3 Mach, 0.85 Mach with 1
degree of angle of attack, and 1.2 Mach with 7 degrees of angle of attack are analyzed.
Figure 4.16 shows the change of relative error with perturbation magnitude for three
different flow conditions over Ni bump geometry. Similar results are shown in Figure
4.17 for three different flow conditions analyzed for NACAOQO012 airfoil. The presented
results are calculated by AUSM scheme with first and second order spatial
discretizations. Results show that the optimum perturbation magnitude is not sensible to
the free stream or inlet conditions of the flow problem. The optimum magnitude did not
varied significantly for the cases with varying flow regimes and it is in well agreement

with the magnitude proposed by Equation 4.20.

4.5 Performance of the Numerical Jacobian on Flow Solution

In previous sections, different factors which may affect the accuracy of the numerical
Jacobian are analyzed in detail. All the results show that usage of the finite difference
perturbation magnitude prescribed by Equation 4.20 is satisfactory enough to construct
accurate numerical Jacobian matrices compared to analytical ones. The Equation 4.20
was the simplification of the Equation 4.16 by assuming that norms of second
derivatives, Jacobian matrix and flux vectors equal to each others. Magnitude of the
round off error was assumed as the machine epsilon times the norm of the flux vector.
Those assumptions performed well for all the cases tried except the cases where the
proper tuning of the interpolation formulation is not done in second order accurate spatial
discretization. It is realized that the proper scaling of the small number, which is added to
face interpolation formulation in order to inactivate the limiter in smooth flow domain, is
needed. The addition of very small values of €, resulted in amplified magnitude of
second derivatives relative to norm of flux vector. The scaling of € by the neighboring
cell areas produced satisfactory results and the retained the reasonability of the
assumptions made in derivation of simple formula of optimum perturbation magnitude.
The proposed optimum perturbation magnitude is 3x10® for double precision

computations and 6.9x10™ for single precision computations. Analyzing the ways of
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accurate computation of numerical Jacobian, the effect of the accuracy of the Jacobian on

the convergence of the flow solution is studied.

I"order, AUSM flux

ofF omﬂ%ﬁ%
o F
: .
é _ \\{
3 | \
2 40 AN
:, Al (TSR g=10" \\\-\
=T e=10" I\
§ e=1 0"’:r AR
=  ———-&=10" oy
— ——————— g = 10-12 }‘“ \_\
M o] analytic (I
A\ .
| - TR 1
5 10 15
iteration #
I"order, Van Leer flux
oL
\Q

T

|| density residual ||,
z

———-&=10"

analytic

%
1
o]

5 10
iteration #

2"order, AUSM flux

W
o F
~
= —
5 oL
S 40 \
ol INETERPREE e=10" % \
=T e=10" ,\ \
= — g=10" ‘-,‘
= | ———-c&=10" 1y
f— e = 10" I‘I\ \\\"\7
A (o] analytic Y
\\ v o\ i
1 TR | L |
5 10 15 20
iteration #
2"order, Van Leer flux
O
T
~
a f—
3 N
2 Sk L
A\ ) !
& L eeeeeeee- e=10 \
g ge=1 0': 1‘ \
S L e=10 I
3 —— gm0 “.‘\',"'\
—_ . S, = 10-’ (I'). \
\Q'\ B (o] analytic \‘ )
1 L T I T - TR 1
5 10 15 20

iteration #

Figure 4.19 Residual histories for AUSM and Van Leer schemes in the solution of flow
over Ni-bump. M=0.675

The convergence performance of the flow solver using the analytically evaluated

Jacobian was given in Chapter 3. The convergence performance obtained by the

utilization of the numerical Jacobian, which is evaluated by optimum perturbation

magnitude, is compared with those results given for analytical Jacobian. Similar to the



strategy followed in accuracy analysis change of convergence performance by numerical

Jacobian matrices that are derived by the variety of the perturbation magnitude is

presented.
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Figure 4.21 Residual histories for AUSM and Van Leer schemes in the solution of flow
over NACA00I2. M=0.85a. = 1°

Figure 4.19 gives the history of the averaged density residual for the ASUM and Van
Leer schemes for both of the first and second order accurate spatial discretization.
Similar results are given for the Steger warming scheme in Figure 4.20. In those plots the
convergence history attained by the analytical Jacobian is represented by symbols and
the results correspond to the numerical Jacobian matrices are presented by lines. In
Figure 4.20 the residual histories resulted from the usage of Roe’s scheme are also given.
Although the analytical differentiation of the Roe scheme is not performed for Jacobian

evaluation, the results corresponding to numerical Jacobian matrices are given to present
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the effect of the perturbation magnitude on the convergence rate. Figure 4.19 and 4.20

presents the convergence histories correspond to solution of transonic flow solution over

bump geometry. Results correspond to the solution of transonic flow over NACA0012

airfoil is presented in Figure 4.21 and 4.22
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The residual history plots presented for the bump geometry are evaluated by the mesh

that has 65x17 nodes and the plots correspond to NACAO0012 airfoil are evaluated by the
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mesh that has 129x33 nodes. To eliminate the effect of diagonally added time like term
on the convergence, its initial and withdrawal values are kept constant for all numerical
Jacobian matrices evaluated with different finite difference perturbation magnitude.

Those fixed values for the flow over bump and airfoil geometries are listed in Table 4.7.

Table 4.7 The initial and withdrawal values used for the diagonally added term, 1/At in
the generation of presented results

Aty Aty
1** order spatially accurate solution of flow over bump 3 5
2" order spatially accurate solution of flow over bump 50 1000

1* order spatially accurate solution of flow over NACA0012 300 10000

2" order spatially accurate solution of flow over NACA0012 200 20000

In Chapter 3 it was shown that usage of smaller values of €, which is used to inactivate
the limiter in smooth flow regions, degraded the convergence performance of the flow
solver. In the section 4.4.5 it is shown that magnitude of the second derivatives of the
residual becomes significantly larger compared to the norm of the flux vector. The large
values of second derivatives of the residual may degrade the validity of the assumption
made in the linearization of the residual by neglecting the high order terms. The
inaccurate linearization will be caused due to the large values of second derivatives and it

may result in as a fall of convergence performance.

Figure 4.23 presents the change of the residual histories of the flow solutions evaluated
by variety of € used in MUSCL interpolation. The results evaluated by analytical
Jacobian is represented by the symbols and the residual histories resulted from the
utilization of the numerical Jacobian matrices are represented by the lines. The results are
generated by the transonic flow solution over bump geometry. Second order spatial
discretization is used with the Van Albada’s limiter. In Figure 4.14 it was shown that the
optimum perturbation magnitude for the numerical Jacobian evaluation changes

depending on the magnitude of € used. In the generation of the Figure 4.23 each
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numerical Jacobian is constructed by its own optimum finite difference perturbation

magnitude that is read from Figure 4.14.
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Figure 4.23 Variation of the residual histories by the value of the € that is used in
MUSCL interpolation

The last residual history type plot is given to present the effect of the exactness of the
Jacobian matrix linearization on the convergence performance. In references [70], [71],
[72] it was stated that for the best convergence performance the scheme used in the
linearization of the residual for Jacobian evaluation should be consistent with the one
used in the spatial discretization. In this study Roe scheme is implemented into the
developed code for spatial discretization but the analytical Jacobian derivation of the Roe
flux scheme was not performed. A trial case, where the Jacobian is evaluated by AUSM
scheme and the fluxes are calculated by the Roe scheme, is solved to observe the effect
of the inexact linearization on the convergence performance. The residual history given
in Figure 4.24 presents the significant reduction in the convergence rate due to inexact

linearization.

Results given in Figures 4.19 to 4.22 presents that using the optimum perturbation

magnitude given by Equation 4.20 for numerical Jacobian evaluation, convergence
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performance identical to one resulted from the usage of analytical Jacobian can be
obtained. However it is also shown that convergence performance of the Newton’s
method in the flow solution is not very sensitive to the accuracy of the Jacobian. The
reduction in the accuracy of the numerical Jacobian only caused a slight increment in the
number of iterations required for the converged solution. Moreover it is also shown by
Figures 4.23 and 4.24 that, the convergence performance degraded significantly in the

case of improper MUSCL limiter definition and in the case of inexact linearization.
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Figure 4.24 Effect of the inexact linearization of the Jacobian on the convergence rate

It can be concluded that as long as exact linearization is performed; the Newton’s
method is very robust scheme in terms of convergence and it is insensitive to the small
errors in the Jacobian matrix. Results also showed that numerical evaluation of the
Jacobian matrix can be very beneficial since Jacobian of complex schemes can be

constructed simply without a loss in convergence performance.
This chapter is concluded by the cost analysis of the choice made on analytical and

numerical Jacobian in the flow solution. The comparison of the cost is made in terms of

the CPU time spent.
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Figure 4.25 presents the ratio of the CPU time spent in evaluation and factorization of

the numerical Jacobian to total CPU time spent in an iteration of the Newton’s method.

As it can be seen from the plots almost entire computational effort in a Newton’s method

is demanded by Jacobian evaluation and the factorization. As the grid gets finer, the

percentage of the time spent in the factorization step increases.
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Figure 4.25 CPU time spent in numerical Jacobian evaluation and factorization in terms
of the percentage of the total time spent in iteration

Figure 4.26 presents the variation of the CPU time spent in evaluation and factorization

of both of the numerical and analytical Jacobian matrices by the change of grid
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resolution. Both of the cost of first and second order discretization is presented in that
figure. Figure 4.26 shows that the both of first and second order numerical Jacobian
evaluation require 5 times more CPU time than the one needed for the evaluation of
analytical Jacobian. Another conclusion is that, if the numerical Jacobian is used in flow
solution by a fine grid, great percentage of the computational effort will be spent on the
finite differencing. On the other hand if the analytical Jacobian is used the CPU time
spent in matrix factorization will be larger than the one required for the evaluation of the

analytical differentiation.
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Figure 4.26 Variation of the CPU time spent in one Newton iteration by the grid
resolution
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CHAPTER 5

SENSITIVITY ANALYSIS

5.1 Introduction

In recent years, the promising developments accomplished in the computational science
and enabled the usage of CFD as an efficient design tool. Today very complex aircraft
configuration can be designed effectively by the utilization of the CFD methods. Design
techniques applied by the researchers have continuously evolved, and resulted in variety
of available design techniques. Amongst the widely used design techniques, gradient
based optimization methods are the most commonly applied ones. The efficiency and the
effectiveness of the gradient based optimization methods are dependent on the technique

known as the sensitivity analysis.

Sensitivity analysis was a well understood technique in the field of computational
structural mechanics prior to its applications in the fluid dynamics discipline. At the most
fundamental level sensitivity analysis is developed on the principle that, information
about the behavior of an unknown function in the neighborhood of a known point can be
approximated if the slopes in the neighborhood of the known point are defined. Roughly
speaking, a sensitivity analysis involves the calculation of slopes, known as sensitivity
derivatives. Those slopes are replaced by the gradients in the gradient based design

optimization applications.

Application fields of the of sensitivity analysis are not limited to design optimization, but
they are also effectively used; in the generation of better initial guesses for analysis, in
function approximation to predict trends in the response of a system as a consequence of
changes in the independent variables, and in error estimation. In this thesis performed
study is focused on the application of sensitivity analysis in the aerodynamic design

optimization.

99



5.2 Aerodynamic Design Optimization

Today the coupled efficient optimization algorithms with CFD solvers became a handy
tool to be used both in the aerodynamic design and the modernization of existing designs
for further performance enhancement. Generally the numerical optimization problem is

defined as

Minimize (Maximize): F(f)
subject to gj(ﬂ)SO j=1J. 5.1

Br<p <p’ i=11

where, F' is the objective function to be minimized (maximized), and g; are the J

inequality constraints. £ is the vector of design variables which has I /5, components.

,b’l.L and ,b’l.U are the side constraints which determine the lower and upper limits of the

design variables.

The gradient based optimization method is one of the most widely used techniques in
aerodynamic design optimization. The objective of the optimization is generally defined
as maximization or minimization of the aerodynamic loads. To be able satisfy this
objective, gradients of objective functions in design variable space is required. Those
gradients of aerodynamic loads are called as aerodynamic sensitivities. The efficient and
accurate computation of the sensitivities are vital since the procedure followed in the
sensitivity evaluation and the accuracy of them directly affect the quality of the design
and the performance of the design in terms of computational requirements. Sensitivity
analysis is also required in inverse design optimization where the objective is defined as
obtaining the aerodynamic geometry which produces the specified pressure distribution,
under specified flight conditions. In the iterative design process of the inverse design,
which starts from an initial baseline geometry and end up with target geometry, the

sensitivities of the surface pressure to the design variables are needed.
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5.3 Aerodynamic Sensitivity Analysis

Aerodynamic loads are functions of state flow variables, geometrical variables and the

design variables [73].
C,=C;{w(B).X(B).5] (5.2)

The sensitivities of the aerodynamic loads to the design variables can be defined by the

utilization of the chain rule as below:

= + + (5.3)
ap, | ow |13 | ox J|98.] |95,

Equation 5.3 shows that three group of derivatives are needed to evaluate the sensitivities

of the aerodynamic loads. In Equation 5.3, the second term represents the sensitivity of
the aerodynamic loads on the geometric variables. Geometric variables consist of the
coordinates of the analyzed geometry and the mesh used to discretize the flow domain. If
the aerodynamic optimization is performed with non-geometric design variables with
constant kept geometry and mesh, the second term in the right side of the Equation 5.3
becomes zero. If the geometric design variables are used to control the geometry and the
mesh, the third term in the right hand side of the equality will be zero equated to zero,
since the effect of the geometrical variables on the total derivative will already be stated

by the second term.

In the aerodynamic shape optimization geometry will be parameterized and the design
variables would be geometrical and directly related to the parameterization. There is
wide range of parameterization techniques available in literature and the most common
ones are the parameterization by shape functions and the method of B-spline control
points. During the shape optimization process to satisfy the targeted objective,
parameterized baseline geometry is distorted by applied perturbations. The amount of
those perturbations is controlled by design variables. For aerodynamic shape

optimization applications, the Equation 5.4 will be simplified to Equation 5.5
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ap, | ow ||9B, [ | ox ||9B,

where Cj, w, X, B are aerodynamic loads, flow variables vector, grid coordinates and
design variables, respectively. The aerodynamic loads have explicit dependence on the
flow variables and on the coordinates of the geometry. As an example, for Euler
equations, the lift coefficient, C;, and drag coefficient, Cp will be evaluated from the
pressure coefficient, C,, which explicitly depends on the flow variables and the geometry

coordinates. The explicit relations between the aerodynamic loads, pressure coefficient,

flow variables and the mesh coordinates are presented in Equations 5.6 to 5.10.

C,=C,cosa—C sine

. (5.6)
Cp=C,sina+C, cosax
C, and C, are the force coefficients in x and y directions and can be evaluated as:
NE NE
Cx = Zcxj Cy = chj (5 7)
J=1 j=1

In above equation, NE denotes the number of elements on the geometry constructed by

the mesh. The evaluation of the C,; and C,; will be performed by using C, as follow:
C.;=C,i (v~
(5.8)
C

Pressure coefficient can be calculated as:

P ..
C =i (5.9)

pj 1 2
—p V
) PV ool

Finally, the pressure on the geometry can be written in terms of the conservative flow

variables as below:
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2 2
(pu)wallj +(pv)wallj

(5.10)
2pwallj

Pwallj :(7_1) (pE)Wa”j -

Following the relations given in above equations the analytical evaluations of the
sensitivity of the aerodynamic load to the flow variables and to grid coordinates (0C;/ow
and 0C;/0X derivatives) can be performed effortlessly as follow:

aC, aC, ac, IC, C, C, AC,

J

= + (5.11)
ow dC,dC, dw dC, dC, ow

aC, aC,yc, aC, ac,

= + (5.12)
0X dC, dX dC, dX

The evaluation of the grid sensitivity term is also straightforward for most of the
practical cases. Considering the shape function usage in the aerodynamic shape
optimization, the geometry modification will be performed by the formulation given

below:

Xnew :Xold +ﬁk (fk(x)]max—:{j (513)

max

where f, (x)is the shape function used for geometric parameterization, j is the grid point

index which varies along the direction vertical to the geometry, £ is the weighting of the
shape function(design variable) , X,,.,, and X,;, are the coordinates of the grid points prior
to and after the perturbation respectively. Generally the modification to geometry is
applied such that the domain close to the wall geometry will be perturbed mostly and
effect of perturbation will be diminished away from the wall. The grid points on the
boundaries that are furthest to the wall are generally prevented from the modification to

keep the bounds of the flow solution domain constant.

Equation 5.13 shows that the grid coordinates have an explicit dependence on the design

variables; hence the grid sensitivities can be evaluated simply as:
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X .max -J
1 e

, (5.14)
aﬂk -]max -1

Although, the evaluation of the gradients; 0C; /ow, 0C; /0X, 0X/0f is straightforward
thanks to the explicit relations presented above, the evaluation of the derivative ow/0/ is
not simple since the relation between flow variables and design variables is implicit. This
derivative can be evaluated with a brute approach using the finite differencing, however
the evaluated sensitivities would be erroneous. More accurate evaluation can be
performed analytically by one of two common methods. First alternative is the direct
differentiation method where, the solution of linear system is performed for the
evaluation of flow state sensitivities. Adjoint method is the other alternative and it also
requires a solution of similar linear system for the evaluation of the adjoint variable.
Adjoint method bypasses the requirement for the evaluation of the flow sate sensitivities,
ow/0f. by introduction of Lagrange multipliers. The computational advantage of the
introduction of the adjoint method can be summarized as; requirement on multiple linear
system solutions for the evaluation of the sensitivity of flow variables with respect to
each design variables will be reduced to a single linear system solution for the adjoint
variable. Both of the adjoint and the direct differentiation method necessitate the
calculation of the flux Jacobian matrices in the solution of the linear systems. By
utilization of those two techniques the sensitivity of the aerodynamic loads can be
evaluated fully analytically, hence sensitivity derivatives can be obtained accurately
compared to the evaluated ones by finite difference. The choice between those two
analytical methods is made according to the size of the objective functions and the design
variables. If the number of design variables is larger than the number of objective
functions, the adjoint method is computationally more desirable compared to the direct
differentiation method. However the usage of direct solvers in flow solution will remove
the computational difference between those two methods. The Jacobian matrix which
was factored in the flow solution can be reused in sensitivity analysis; hence cost of the
application of both techniques will reduce considerably. In this study the direct
differentiation method is applied for sensitivity analysis and its formulation is given in
next sub-section. Detailed formulations for both of the direct differentiation method and

the adjoint methods can be found in References [78] and [79].

104



5.3.1 Direct Differentiation Method

Flux residual vector, which is dependent on flow variables and grid coordinates, equals

to zero at the steady state conditions.

[R(w(B).X(8,))}=10} (5.15)

Following the fact given in Equation 5.15 the flow state sensitivity, ow/0f, will be

evaluated from direct differentiation of steady state flow governing equations as follow

[75].[76].
[a—R} 9w {B—R} X | _g (5.16)
AN

-1
a_w:_{a_R} {B_R} E)_X (5.17)
B, Low] Lox|]agB,

The formulation given in Equation 5.14, shows the straightforward evaluation of the

0X / df, term. The dR/0dX term can be performed analytically or numerically. The

analytical evaluation is favorable and it can be generally performed simply. For most of

the cases the dependency of residual on the grid coordinates comes from the explicit

relations used in the definitions of the face normal vectors.

The solution for the systems of linear equations given by Equation 5.16 can be
performed with the same algorithm used in the flow solution. As it is stated earlier; using
the LU factors of the Jacobian that are computed in the flow solution, the sensitivity
vector can be evaluated efficiently. Simple backward and forward substitution operations

will be sufficient to obtain the solution vector.

5.4 Analytical Sensitivity Analysis

This section briefly summarizes the results obtained from the analytical sensitivity

analysis. To generate the results presented in this chapter the geometry was firstly
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parameterized by the utilization of Hicks-Henne shape functions. Application of smooth
perturbations on the geometry by adding set of Hicks-Henne functions is a commonly
used technique in geometry modification. The peak value of the each function in the set
occurs in different chord-wise locations, hence the geometry modification can be
controlled by adjustment of the weighting of each functions in the set. The weighting of
each Hicks-Henne functions are defined as the design variables in the generation of

results presented in this chapter.

Throughout this chapter the direct differentiation technique is used to evaluate the
sensitivities of flow state variables. Both of the numerically and analytically evaluated
Jacobian matrices are used in the solution of the system given in equation 5.16. In the
following sections the sensitivities evaluated by numerical Jacobian is compared with the
one that is evaluated using the analytical Jacobian. Before proceeding into such kind of
error analysis, the verification of the sensitivities evaluated by the direct differentiation
method is performed, in order to examine whether the developed code produces

reasonable analytical sensitivities or not.

Firstly, verification is performed by the comparison of the analytically evaluated flow
variables sensitivities with the ones evaluated simply by finite differencing. Although
finite difference results are erroneous, using the proper step size their results will not
differ from the exact results tremendously and they can be used to examine the
reasonability of analytical results. In the evaluation of the sensitivity derivatives by finite
differencing the magnitude of the step size is determined by the approach presented in

reference [74].
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Figure 5.1 The comparison of the sensitivities evaluated by direct differentiation method
and finite differencing (Upper halves: finite difference, lower half: analytical sensitivity
analysis)
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Figure 5.1 presents the comparison of the contours of the analytically evaluated flow
variable sensitivities and the ones that are evaluated by finite differencing. The
analytically evaluated sensitivity contours are presented on the upper half of the plots
whereas on the lower halves the sensitivities evaluated by brute method are presented.
The presented contour plots correspond to the sensitivities of the flow variables with
respect to the randomly selected Hicks-Henne’s function, whose peak value occurs at the
thirty percent of the chord. The contour patterns obtained from both of the analytical and
brute sensitivity evaluation looks similar with approximately equal magnitudes, hence it
can be referred from that figure that the developed solver works fine for the analytical

sensitivity computation.

Secondly, the cost of the application of direct differentiation method for sensitivity
analysis is presented. The utilization of the Newton’s method in the flow solution
brought out the efficient sensitivity evaluation. Using the LU factors obtained in flow
solution, flow state sensitivities formulated by Equation 5.17 are calculated in single
iteration by simple backward and forward substitution. The computational time spent in
the evaluation of the sensitivities is presented in Table 5.1. To present the cost of the
sensitivity evaluation relative to flow solution, the CPU time spent in the flow solution is
also given in Table 5.1. Results are given for the evaluation of sensitivities with respect

to one design variable.

Table 5.1 Comparison of time CPU time spent in flow and sensitivity analysis

CPU time spent in the evaluation
CPU time spent in flow
of flow variable sensitivities to one
solution
design variable
(seconds)
(seconds)

65x17 grid, 1" order 923 0.11
65x17 grid, 2" order 18.87 0.21

The advantage gained by the re-use of the LU factors is independent from the evaluation

method followed in the Jacobian evaluation. Although the utilization of the Newton’s
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method is expensive for flow solution in terms of computation time, the sensitivity
analyses can be handled very efficiently both by the numerical and the analytical

Jacobian matrices.

5.5 Accuracy of Sensitivity Analyses

In previous section it was explained that, the flow state sensitivities are the dominant
components on the accuracy of the objective function sensitivities. Hence, the accuracy
of the flow state sensitivities are analyzed in detail and results are presented in this
section. Equation 5.17 shows that, the calculation of flow state sensitivities requires the
evaluation of flux Jacobian matrix, OR/Ow. In Chapters 3 and 4, the analytical and
numerical evaluations of flux Jacobian were presented, and the accuracy of the numerical
Jacobian was analyzed. The main interest of this section is to investigate the effect of

accuracy of the numerical flux Jacobian on the accuracy of flow state sensitivities.

5.5.1 Condition Number

In linear algebra to find out the effect of small changes, which occurred in the right-hand
side vector or in left-hand side matrix, on the solution of the system the condition

number is defined. The linear system
Ax=b (5.18)

has a unique solution for every right-hand side only if the matrix, A is square and non-

singular. The exact solution of the system is defined as:
x=A"b (5.19)

Suppose that the left hand-side matrix is changed to A+ JA by a perturbation JA, and the

exact solution of the system with the perturbed matrix is calculated as x+dx, i.e.

(A+0A)(x+dx)=b (5.20)
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The deviation, o, resulted in the solution x due to the small change, JA4, in the matrix is

formulated as:
Ox=—A'SA(x+ Sx) (5.21)

Applying the vector and matrix norm definitions, the measure of the deviation, dx, can be

estimated by

Jox<|a”|| oA || e+ | (5.22)

Representing the amount of change ||5A|| relative to the”A" , the relative change in the

exact solution is given as:

o |o4]
|Ge+ 60|~ H HHA H“ n H (5.23)

Equation 5.23 represents that, for a linear system with non varying right hand side

vector, the relative change in the exact solution due to the relative change in the left hand

side matrix is bounded by a factor” A HH A71H . This factor is defined as condition number,

cond(A).The condition number is always greater than one, and it indicates the maximum
effect of the perturbation occurred in matrix on the exact solution. If the condition
number is large the matrix is called as ill conditioned. For ill conditioned matrices, even
a small amount of change relative to matrix can cause substantial variations on the exact

solution.

In this study the condition number definition is used to obtain an initial consideration on
the effect of the error occurred in numerical Jacobian on the analytically calculated
sensitivities. Following the above equations, the relative change in the left hand side
matrix is defined as relative Jacobian error in this study, and the relative change in the
solution is defined as the relative sensitivity error. The resulting formula derived from
Equation 5.23 to define the relation between the relative sensitivity error and the relative

Jacobian error is given below:
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ﬁ numeric ﬂ analytic < cond [a_Rj W llumeric w analytic (5 24)
ow ow oR
aﬂ analytic aW analytic
where
-1
cond (B_R) = a—R B_R (5.25)
ow ow ||ow

The condition number evaluation is not straightforward since the norm value of the
inverse of the large sparse Jacobian matrix is needed. In literature there are some
routines developed for the estimation of the condition number without any matrix
inversion algebra [77]. In this study the approximate condition number provided by the

UMFPACK sparse matrix solver is used.

The condition number alters slightly during the flow solution, since the Jacobian matrix
is updated at each Newton’s iteration. The average of the condition number evaluated in
the last three Newton’s iteration of the flow solution is used to estimate the maximum
bound of the sensitivity error. The variation of the condition number by the grid size,
order of spatial discretization and flow regime is presented in the Table 5.2 for the flow
over NACAOQOO012 cases. The approximation to the optimum perturbation magnitude and
the resulting minimum error was given by Equation 4.20 and Equation 4.21 in Chapter 4.
Inserting those condition numbers and estimated minimum numerical Jacobian error
values into the Equation 5.24; the maximum bounds of the relative sensitivity error,
which correspond to the numerical Jacobian evaluated by optimum perturbation

magnitude, are estimated. Estimated error bounds are given in Table 5.2.

The results presented in Table 5.2 propose that, the condition number varies significantly
by the change of order of the spatial discretization. Due to the relation between stencil
size and the order of discretization, the change in order of discretization will significantly

affect the structure of the Jacobian matrix. Hence it is reasonable to expect shifting
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condition number by that kind of change. Table 5.2 also presents that condition number
is sensitive to change in free-stream/inlet Mach number of the dealt flow case. In
supersonic flow all the eigenvalues of the Jacobian matrix would be positively signed;
hence the flux vectors would be calculated by the utilization of the downstream cells
only. However for subsonic case cells located both in downstream and the upstream
would be used in the flux evaluation. Therefore the structure of the Jacobian matrix may
slightly vary with the change in the flow regime. That kind of variation could be the

main reason for the change of condition number by the flow regime.

Table 5.2
Estimated maximum bound
Estimated
NACA 0012 for the relative sensitivity
condition number
error

129x33 grid, 0.85Mach 1* order 2.0x10* 6.3 x 10"
129x33 grid, 0.85Mach 2™ order 7.1x10° 2.1x107
257x65 grid, 0.85Mach 2™ order 8.3 x10’ 2.5x107
129x33 grid, 0.5Mach 2" order 24x10° 7.2x10°
129x33 grid, 1.20Mach 2" order 1.1x10° 33x 107

5.5.2 Effect of the Numerical Jacobian Accuracy on the Sensitivity
Accuracy

Expressing the effect of the condition number on the accuracy of the analytical
sensitivity evaluation the detailed error analysis is performed. Approach similar to one
followed in Chapter 4 is followed to examine the effect of the numerical Jacobian
evaluation on the accuracy of the sensitivity analysis. Numerical Jacobian matrices are
evaluated by variety of finite difference perturbation magnitudes and they are used in
sensitivity evaluation to calculate sensitivity vectors and they are referred as numerical
sensitivities in the following sections. The numerical sensitivities evaluated with those
numerical Jacobian matrices are compared with the ones that are evaluated by the

analytical Jacobian. The difference between the sensitivities that are evaluated from
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numerical and analytical Jacobian is defined as the sensitivity error. To be able to present

the total error in the sensitivity vector, vector norm definitions are used.

w

ow
(Brmoramons ), =| 55 -5 (5.26)
k numeric jacobian i k analytic jacobian i
4(imax)(jmax) aW aW
||Err0rsensitivity| 1 = Bﬁ - aﬂ
i=1 k numeric jacobian ; k analytic jacobian i
(5.27)
2
4(imax)(jmax) aW aW
"Error o " = — - —
sensitivity ||,
i=l aﬂ k numeric jacobian i aﬁ k analytic jacobian i
The relative error in the numerical sensitivity vector is defined as:
Error.__.... H
. sensitivity
(Errorsensitivity )relalive ) (5.28)
ow
aﬁk by analytic
jacobian

To be able to perform the accuracy analysis investigating the affect of the finite
difference perturbation magnitude used in Jacobian evaluation on the accuracy of

sensitivity evaluation, following procedure is followed by the developed flow solver.

Firstly, the flow equations are solved with Newton’s method for given operating
conditions. In the last Newton iteration, the LU factors of the analytical Jacobian
evaluated with converged flow solution is stored in the disk (UMFPACK provides an
option for this). The right hand side of the Equation 5.17 is evaluated analytically for
each design variable. Using the stored factors of analytical Jacobian, analytical
sensitivities are evaluated. A loop is constructed to vary the finite difference perturbation
magnitude. In the loop for the each perturbation magnitudes, numerical Jacobian
matrices are calculated and using those ones, numerical sensitivity vectors are computed.
For the each perturbation magnitude in the loop, calculated numerical Jacobian and
sensitivity are compared with the previously stored analytical Jacobian and the

sensitivity to generate the error plots given in following sections.

113



5.5.3 Effect of the Spatial Discretization Method on the Variation of the
Sensitivity Error

In this section, the effects of the flux splitting methods and the order of discretization on
the variation of the error in the numerical sensitivities are presented. In Figures 5.2 and
5.3 sensitivity error plots showing the variation of the error for different flux splitting
schemes are given. The plots are generated for the flow over Ni-bump and the
NACAOQ0012 airfoil cases respectively. In those plots, the identical cases used in the
generation of the Figures 4.11 and 4.12 are used. Comparison of the Figures 5.2 and 5.3
with the Figures 4.11 and 4.12 shows that; same perturbation magnitude minimizes both
of the error in the numerical Jacobian and sensitivity evaluations. The optimum
perturbation magnitudes presented by those plots are in good agreement with the one

approximated by Equation 4.11.
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Figure 5.2 Effect of the flux evaluation method on the variation of the sensitivity error
with respect to the finite difference perturbation magnitude used in numerical Jacobian,
bump geometry
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Figure 5.3 Effect of the flux evaluation method on the variation of the sensitivity error
with respect to the finite difference perturbation magnitude used in numerical Jacobian,
airfoil

In the Table 5.2 it was presented that; the condition number of the matrix does not vary
significantly with the change in the upwind method whereas it magnifies approximately
by an order of magnitude when the second order discretization is used. Basing on that
change in the condition number, relevant increase in the maximum bound of sensitivity
error was approximated. The results plotted in Figures 5.2 and 5.3 are also in consistent
behavior with those given in Tables 5.2. The magnitude of the error in the sensitivity

vector amplified for the higher order spatial accuracy.

5.5.4 Variation of Error with Grid Resolution

The effect of the grid resolution on the accuracy of the sensitivity analysis is studied.
Figures 5.4 and 5.5 present sensitivity accuracy analysis for bump and airfoil geometries,
respectively. In the flow solutions over both of the presented geometries the relative error
does not vary by the change of the grid resolution. Similar behavior was presented in
Table 5.2 where there was no variation in condition number by the change of the grid
resolution. The increment in the magnitude of the relative sensitivity error by the usage

of second order of spatial discretization can also be detected from those figures
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Figure 5.4 Variation of the relative error in sensitivity by grid resolution, bump
geometry
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Figure 5.5 Variation of the relative error in sensitivity by grid resolution, NACA00I2
geometry
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5.5.5 Variation of Error with Flow Regime
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Figure 5.6 Variation of the relative error in sensitivity by inlet Mach number, Ni bump
geometry
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Figure 5.7 Variation of the relative error in sensitivity by free stream Mach number,
NACAO0012 geometry
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The effect of the flow regime on the relative error of sensitivities is investigated both for
the flow over bump and flow over airfoil cases. For flow over Ni-bump case, the inlet
Mach number and for the flow over NACAOO12 airfoil case the free stream Mach
number is altered. The resulting changes in the relative error of the sensitivities are
presented in Figure 5.6 and 5.7. The optimum finite difference perturbation magnitude
which results in minimum relative sensitivity error is found to be identical in all cases.
Moreover the calculated relative error almost equals to the value that is estimated by
Equation 4.20. In Table 5.1, the condition number was presented to be smaller for

subsonic flow regime. Similar results were also shown by the Figures 5.6 and 5.7.

For all the cases investigated above, it is seen that magnitude of the relative sensitivity
error varies by the finite differencing perturbation magnitude used in Jacobian
evaluation. In all cases, relative sensitivity error is minimized by the identical
perturbation magnitude, which can be efficiently estimated by equation 4.20. Analyzing
the effects of the grid resolution, flux evaluation technique, order of discretization and
the flow regime on the variation of the sensitivity error it is found that, the increase in the
order of discretization amplified the error in all cases nearly by an order of magnitude,
whereas no significant outcome was observed from the other factors. For all cases the
magnitude of the upper bound of relative error was estimated by the condition number
definition. The variation in the both of the condition number and the relative sensitivity
error was found to be consistent. However, the magnitude of the calculated relative
sensitivity error is found to be significantly smaller relative to the estimated upper
bound. Those results show that although the error in the Jacobian matrix affects the
sensitivity error and it is possible to minimize the sensitivity error by the utilization of
the most accurate numerical Jacobian, the magnitude of the resulting relative error is still
small even for the usage of perturbation magnitudes significantly larger or smaller than

the optimum one.
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CHAPTER 6

INVERSE DESIGN

6.1 Introduction

The efficiency of the aerodynamic design optimization depends on many factors. The
choice of the design parameterization technique and number of the design variables used
in the parameterization significantly affects the quality of the design and the efficiency of
the optimization procedure. However to perform efficient design optimization, focusing
on the quality of the parameterization is not sufficient alone. If the optimization is
applied via gradient based methods, accurate evaluation of sensitivities and the accurate
modeling of the flow domain are also critical as much as the effort made on the
parameterization. In previous chapters the accuracy study performed both for the flow
solver and the sensitivity analysis was presented. The main focus of this chapter is the
investigation of the effect of the errors in the numerical Jacobian evaluation on the
efficiency of the aerodynamic design optimization. To perform this objective inverse
design of an airfoil is practiced. Various shape functions are used in the geometry
parameterization. The weightings of the components of the shape function are defined as
the design variables. Both of the analytical and numerical Jacobian matrices are used to
evaluate the sensitivities of the surface pressure that are required in the inverse design
optimization. The variation of the performance of the inverse design by the Jacobian
evaluation method is analyzed. The comparison of the design results evaluated with the
numerical Jacobian matrices that are evaluated by various finite difference perturbation

magnitudes is presented.
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6.2 Inverse Design Optimization

The objective of an inverse design optimization is to obtain the geometry which produces
a specified pressure distribution, under specified operating conditions. The design
process starts from initial baseline geometry and perturbations will be applied on it
iteratively till the desired pressure distribution is obtained. The iterative design
optimization process will be speeded up by the usage of an initial guess which has
pressure distribution already close to the targeted one. Figure 6.1 presents the numerical

procedure followed for the inverse design optimization.
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Figure 6.1 Flow chart of inverse design optimization process

In the design process the flow analysis step will evaluate the pressure distribution of the
latest geometry and it will be followed by the comparison step to check the closeness to
the targeted pressure distribution. If this check is failed new design cycle will start with
sensitivity analysis which gives the variation of the pressure distribution due to each
geometry parameter perturbation. The geometry is modified by addition of smooth
perturbations and the weighting of the each perturbation is determined through an

optimization process. The design cycle will be completed by the flow analysis step
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applied on the geometry which was modified according to the information obtained from

the optimization step.

6.2.1 Design Variables

The aerodynamic geometry is modified by adding a smooth perturbation, Ay, which is

defined as linear combinations of the shape functions, f; as below:

K
Ay(x) =Y B fi(x) (6.1)

k=1

where x is the normalized chordwise position, f; is the shape function and K is the
number of the shape functions. The design variables are defined as the weightings of the

each shape functions and they are symbolized as S, in the Equation (6.1). The design

variables mainly control the amount of the perturbation that will be applied on the
geometry by each shape functions. Variety of shape functions are used to examine the
affect of the geometry parameterization on the efficiency of the design cycle. Hicks-
Henne functions, Wagner functions, Legendre polynomials and the patched polynomials
are used in the study. Detailed explanations and formulations on the functions and

polynomials used in the shape parameterization are given in Appendix-B.

6.2.2 Least Squares Minimization Optimization

In this study, a least-square optimization method is used in the optimization step to
minimize the discrepancy between the pressure of the target and the designed airfoil. The

formulation for that objective function is given below:
n L T n 2 n—1
Fon (BN =Y | PT =P,(B" | AS,(B™) (6.2)
=

In equation 6.2 j is the location where the pressure is evaluated and AS;is the length of
the surface element of the designed airfoil that provides a proper scaling for the pressure

values which is necessary due to the varying size of computational cells. AS; is evaluated
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at design cycle n-1 hence, it is viewed as a constant in the differentiation of F(f') with
respect to design variables " .There are total of J elements on the airfoil. The pressure
distribution of the target airfoil and the pressure distribution of designed airfoil at design

cycle n are denoted by PJ.T and P;(f") respectively.

The pressure distribution at design cycle n can be evaluated by the Taylor series

expansion as below:

P(B")

P(B") =P (B + Z ¥

(8" -5") (6.3)

where, the OP; /0B; are the sensitivities. If Equation 6.3 is substituted into the Equation

6.2 the objective function can be approximated as

2

I nl
DO (g p)| as,p) 6

F(p")= Z P —P(f")- Z 35
The minimization condition with respect to " yields

(6.5)

aﬂk

Substituting Equation(6.4) into equation(6.5) gives:

I nl aP n—1
2Z{P P~ Z (ﬁ (- )} ;ﬁ Las, =0 66)
k

for j=1,K. This formulation can be rewritten as:

SRR LIV YN
Z‘{; 3B, B AS; (B )}(ﬂi -5

7 aP n—1
j=
(6.7)
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Solving the Equation 6.7 the weighting of the shape functions, §; will be determined.

In order to judge the design quality and to monitor the convergence of the design cycle, a
convergence parameter CP is defined. This parameter is based on the root-mean square
of length weighted pressure discrepancies between the target pressure and the pressure of

the designed geometry.

N |~

il(P,-T—P,- )

cp=|-
D As,

i=1

AS, (6.8)

where PiT is the targeted pressure the P is evaluated pressure on the point i. AS;is the

length of the surface element I is the number elements on the geometry.

In previous chapter the technique applied for the evaluation of the flow variable
sensitivities were given. Those sensitivities will be used to derive the surface pressure
sensitivities required by the aerodynamic design optimization, which is formulated above

by Equations 6.1 to 6.8.

2, 2
P=(7_1)W4_W2 A
2w,
(6.9)
w2y, M
a_P:(}/_) ow, o aﬂ+w2+w3%
o op W 2wl 9B

6.3 Results

The pressure distribution generated by the RAE 2822 airfoil was chosen as target
pressure and the inverse design is applied by using the NACA 0012 airfoil as the initial

geometry. The operating conditions are chosen as free-stream flow by 0.73 Mach with
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2.78 degrees angle of attack. The flow analysis is performed by 2" order AUSM scheme
with the usage of Van Albada limiter. Flow domain is discretized by the C-type grid
which has 129x33 node points. Each shape functions presented in the previous section is
examined in the same inverse design problem to observe the effect of the geometry

parameterization on the design.

Design with Hicks Henne Functions Design with Wagner Functions

baseline baseline
—QO—— f{farget —O—— target
design steps design steps

----- final design = = = = - final design
Design with Patched Polynomials Design with Legendre Polynomials

baseline baseline

—O—— target —CO—— target
design steps S { design steps
————— final design = = = = = - final design

Figure 6.2 Inverse Design of RAE-2822 airfoil by using NACAOOI2 as baseline
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Figure 6.2 presents the evolution of the airfoil geometry throughout the inverse design
cycle. The targeted geometry is presented by red solid line, initial geometry is presented

by black solid line and the geometry attained by design is presented by green dashed

lines.
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Figure 6.3 Change of pressure coefficient distribution throughout the inverse design
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Figure 6.3 presents the evolution of the pressure coefficient distribution throughout the
inverse design cycle. The targeted C, is presented by symbols, initial C, is presented by

solid line and the C, attained by the design is presented by dashed lines

Figures 6.2 and 6.3 shows that, performing the geometry parameterization by each of the
patched polynomials, Hicks-Henne’s and Wagner’s shape functions, the objective of the
design is successfully accomplished. However the utilization of Legendre polynomials is
found to be insufficient to capture the targeted pressure distribution at the vicinity of
trailing edge. The chordwise distribution of the Legendre polynomials causes that
insufficiency. As it can be seen by the formulations and figures given in Appendix-B the
Legendre polynomials have their peak values in the vicinity of leading edge and their
values get smaller near the trailing edge. Hence the smooth perturbations defined by

Legendre polynomials are ineffective in the vicinity of the trailing edge.

The inverse design results given in Figures 6.2 and 6.3 are evaluated by using analytical
Jacobian matrix in the sensitivity evaluation. The same inverse design is also performed
by the usage of numerical Jacobian matrices, to investigate the accuracy of the numerical

Jacobian matrix on the design cycle.

The variation of the surface pressure sensitivities relative to finite difference perturbation
magnitude is given in Figures 6.4 to 6.7 for each geometry parameterization technique.
In those figures, variations correspond to the 2™, 5™, 9™ and 12" design variables are
given. The design variables 2 and 5 modify the upper surface whereas 9 and12 are
effective on lower surface. The results presented in those figures shows that finite
difference perturbation magnitude used in the Jacobian evaluation almost have no effect
on the sensitivities of the surface pressure. Almost identical sensitivities are attained for
the wide range of perturbation magnitudes used. The reason behind that can be extracted
from the error plots given in previous chapter. In those plots it can be seen that the
relative error in the flow variable sensitivities are very small even for the perturbation
magnitudes significantly larger or smaller than the optimum one. For example in Figure
5.1, usage of any perturbation magnitude from 10™ to 10" resulted in a relative error

lower than 1072,
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Finally the effect of the finite difference perturbation magnitude on the efficiency of the
design cycle is studied. The variations of the convergence parameter of the designs,
which are performed with different numerical Jacobian matrices, are presented in Figure

6.8. The plots presented shows that, finite difference perturbation magnitude does not
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affect the convergence and design

design cycles.
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CHAPTER 7

CONCLUSION

In this thesis study, the Newton’s method was successfully applied for the solution of the
two dimensional Euler equations. The results are generated by the code developed
throughout the study. The finite volume method is used in the discretization of the
governing equations. Fluxes are evaluated by the upwinding methods and high order
accuracy in the spatial discretization is attained by MUSCL interpolation. The steady
flow solutions were performed for the varying flow regimes. The Jacobian matrix
required by the Newton’s method was evaluated both analytically and numerically. The
UMFPACK, unsymmetrical multifrontal sparse matrix solver is utilized to factorize the
Jacobian matrix, which is highly sparse. The gradient based optimization method is
applied for the inverse aerodynamic design. The gradients are evaluated analytically by

the sensitivity analysis using the direct differentiation method.

The one of the main objective of this thesis study was to analyze the accuracy of the
numerically evaluated flux Jacobian. The difference between the numerical and the
analytical Jacobian matrices is defined as error in the study. Detailed error analysis is
performed by considering the effects of the finite difference perturbation magnitude. The
variation of the error is examined for variety of flow solution cases by changing the
discretization technique, grid resolution, geometry and the flow regime. Simple formula
is derived for the approximation of the optimum perturbation magnitude which
minimizes the error in the numerical Jacobian. For all cases the derived formula
approximated the optimum finite difference perturbation magnitude successfully. The
effect of the limiters, which are used in the high order discretization, on the accuracy of
the Jacobian matrix is examined. Results showed that to deactivate the limiter in the
smooth flow regions, proper tuning on the limiter function is required. Significant
enlargement occurred in the magnitude of the second derivatives of the flux vector, in the
cases where the limiter was not tuned properly. The enlargement of the second

derivatives caused significant shift in the optimum perturbation magnitude.
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The convergence of the flow solution by the Newton’s method is analyzed. The
Newton’s method provides quadratic convergence as long as a good initial guess is
provided. The presented results show that, the number of iterations required for the
convergence will be tremendous or solution may even diverge if a poor initial guess is
used. To strengthen the initial guess, time like terms are added to the diagonal of the
Jacobian matrix in initial iterations. The initial and the withdrawal values of those added
diagonal terms are found to be most critical factors on the convergence of the solution.
Another factor which directly affects the convergence directly is the consistency between
the schemes used in the Jacobian and the residual evaluations. It is found that, if the
linearization of the Jacobian is not performed exactly the quadratic rate can not be
achieved anymore and the iterations required for the converged solution will drastically
increase. The effect of the accuracy of the Jacobian matrix on the convergence is also
analyzed. Compared to effects of initial conditioning and the exactness of the
linearization, the effect of numerical Jacobian accuracy on the convergence is found to
be negligible. To sum up the studies conducted on the convergence, it can be said that,
the convergence of the Newton’s method is insensitive to the errors in the numerical
Jacobian and quadratic convergence can be achieved independently from the Jacobian
evaluation technique as long as the initial conditioning and the linearization of the matrix

is applied properly.

The effects of the accuracy of the numerical Jacobian matrix on the accuracy of the flow
variable sensitivities are analyzed. The sensitivities evaluated by analytical Jacobian is
compared with one ones evaluated by numerical Jacobian matrices to define the error.
The upper bound of the relative error is estimated by condition number. The actual
relative error was found to be significantly smaller than that approximated bound.
Although the accuracy of the sensitivities varied by the finite differencing perturbation
magnitude used in Jacobian evaluation, the relative error was found to be very small

even for large and very small perturbation magnitudes.

The effects of the sensitivity accuracy on the efficiency of the inverse design

optimization were analyzed. Due to very small relative sensitivity error, identical
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designs and design convergence were obtained from the usage of numerical and

analytical Jacobian.

To conclude, the numerical evaluation of the Jacobian matrix can be very advantageous
since the occurring relative error is very small and do not introduces any practical
penalty. Moreover using the numerical evaluation, very complex schemes can be
linearized effortlessly compared to the analytical evaluation. The only penalty of the

numerical Jacobian usage is the increase in the CPU time spent.
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APPENDIX A

ANALYTICAL FLUX JACOBIANS FOR STEGER-
WARMING FLUX VECTOR SPLITTING SCHEME

The Steger-Warming scheme defines the convective fluxes vectors as follows:

2(7_1)/7'1 +/7'3 +/14
(2(7/—1)/11 +A4 +/14)u+c(/13 _,14)%
2y (2r-1)A +& + 44 )v+e(A =4 )0, (A1)

(20704 +4 + 4=+t 4 —/14)+02%

M+V

Where 7,and7n, are the components of the face normal vector. The

eigenvalues 4, , 4, ,4; and the speed of sound c is defined as:

cz\/y(}/—l)(%—%(”zwz)j (A2)

A=U, 4L=U+c, AL =U-c

Then taking the derivatives of each flux F; with respect to the each flow variable w; flux

Jacobians F; are obtained as follows:

11_

F
Qr=DA, + 4y, + Ay +—

P
2y
Fo =22y =0Ay + sy + 2
Y (A3)
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Where the derivatives of speed of sound ¢ and eigenvalues 4; with respect to flow

variables w;, being c¢; and 4;; respectively are defined as:
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The positive and negative flux vectors and their Jacobian matrices are obtained from
Equation (A.l1) to Equation(A.6) by substituting A’s by A™s and A’s respectively.

Here, /”Lf and its derivative with respect to the flow variables w; , /”t; are defined as:

4

i
=

i =

[\S]
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APPENDIX B

DESIGN VARIABLES

Airfoil Shape Modification

The geometry was modified by adding smooth perturbations. The perturbation was

defined as a linear combination of base functions f;
K
Ay(x) =D B, f, (x) (B.1)
=1

Where x is the normalized chord wise position, /3, is design variable, f; is the shape

function, and K is the number of design variables to be used.

Hicks-Henne Functions:

The sinusoidal shape functions are frequently used in airfoil optimization.

fi(x)= sin’ (zrx¢®))

log(0.5)

log(x,)
x,=0.05,0.15,03,0.5,0.65,0.8, 0.95

e(k)= (B.2)

Here x; are the locations of maximum height of the corresponding shape funtions.

Wagner Functions:

Wagner functions provide large variations with high harmonics.
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Patched Polynomials:

A cubic on one side of x; is patched with another cubic on the other side to produce a

smooth curve of second order continuity. x; is the location of maximum perturbation .

2
fk(x):l—(x_ka [1+ A i] for 0<x<x,

i (l_xk)2 M
2
- B 1-
fix)=1- o 1+ > al for x, <x<I
1-x, x, 1-x,
A=max(0,1-2x,) (B.4)

B=max(0,2x, -1
x,=0.05,0.15,03,0.5,0.65,0.8, 0.95

Legendre Polynomials:

The orthogonal functions can also be used as shape functions. The first seven shape

functions of the Legendre polynomials are given as follows

L) =01-x’Vx

f,(x0)=(01-x)"2x

f(x)=(1-x)*(6x* —6x)

f,(x)=(1-x)*(20x* =30x* +12x) (B.5)
£i(x)=(1-x)*(70x* =140x> +90x* —20x)

£, (x)=(1-x)*(252x° —630x* +560x° —210x> +30x)

£, (x)=(1-x)*(924x° —2772x° +3150x* —1680x" +420x> —42x)
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Patched Polynomials
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Figure B.3 Patched Polynomials

Legendre Polynomials
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Figure B4 Legendre Polynomials
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