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ABSTRACT

DENSITY FUNCTIONAL THEORY FOR TRAPPED ULTRACOLD FERMIONS

Akyar, Özge

M.S., Department of Physics

Supervisor : Assist. Prof. Dr. Hande Toffoli

August 2009, 32 pages

Recently a new outlook on dealing with dipolar ultracold fermions based on density

functional methods has received attention. A Thomas-Fermitreatment coupled with

a variational approach has been developed for a collection of fermions trapped in a

harmonic potential interacting via dipole-dipole forces.In this thesis, firstly our alter-

native formalism for Thomas-Fermi method by performing some calculations based

on the Kohn-Sham formalism which is one of the main idea of density functional the-

ory is investigated. Furthermore, density distributions are obtained dependent to the

parameters; rescaled interaction strength, dipole-dipole energy and the trap parame-

ter which determine the trap geometry based on this theory. The thesis starts with

a brief outline of the density functional theory and theory of our system, continues

with calculations based on this theory, which are free of anyvariational assumptions

for the density profile. Moreover, results of density graphics for harmonic trap will

be followed by discussion of comparison and contrast with Thomas-Fermi method

based on the paper of Goralet al.. These discussions are mainly about the shape of

the density distribution, variation of the cloud parameters and energy behaviours ac-

cording to the rescaled interaction strength. The thesis concludes with an analysis of
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contribution of density functional theory to this fermionic system.

Keywords: ultracold fermions, density functional theory
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ÖZ

TUZAKLANMIŞ ULTRASOĞUK FERMİYONLAR İÇİN YOĞUNLUK
FONKṠIYONELİ TEOṘISİ

Akyar, Özge

Yüksek Lisans, Fizik B̈olümü

Tez Yöneticisi : Yrd. Doç. Dr. Hande Toffoli

Ağustos 2009, 32 sayfa

Son d̈onemde yeni bir bakış açısı olan yoğunluk fonksiyoneli metodlarına dayalı

olarak iki kutuplu ultrasŏguk fermiyonlarla ŭgraşmak oldukça ilgi çekiyor. Değişim

yöntemi ile birleştirilmiş bir Thomas-Fermi yöntemi, iki kutuplu-iki kutuplu (dipol-

dipol) kuvvetlerle etkileşen bir harmonik potansiyelde hapsedilmiş fermiyonlar topla-

mı için geliştirilmiştir. Bu tezde,öncelikle yŏgunluk fonksiyoneli teorisinin ana

fikirlerinden biri olan Kohn-Sham formalizmine dayalı olarak yapılan bazı hesapla-

malarla Thomas-Fermi metoduna alternatif bir formalizm incelenmiştir. Buna ek

olarak yeniden̈olçeklendirilmiş etkileşim parametresi, iki kutup-iki kutup enerjisi,

tuzak parametresine bağlı yoğunluk dagılımları elde edildi. Tez yoğunluk fonksi-

yoneli teorisinin ve sistemin teorisinin̈ozet bir şekilde anlatımıyla başlar ve bu teoriye

dayalı yŏgunluk profili için herhangi bir dĕgişkenden băgımsız hesaplamalarla de-

vam etmektedir. Bundan başka, harmonik tuzak için yapılanyoğunluk grafiklerinin

sonuçlarını, Goral grubunun makalesine dayalı olarak yapılan karşılaştırmalar ve tar-

tışmalar izlemektedir. Bu tartışmalar temelde yoğunluk dăgılımlarına, bulut para-

metrelerine veölçeklendirilmiş etkileşim parametresine göre incelenmiş enerjinin

davranışına băglıdır. Tez, yŏgunluk fonksiyoneli teorisinin bu fermiyonik sisteme
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katkılarının incelenmesiyle son bulmaktadır.

Anahtar Kelimeler: ultrasŏguk fermiyonlar, yŏgunluk fonksiyoneli teorisi
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CHAPTER 1

INTRODUCTION

Over the past decade, ultracold atoms have become very popular among quantum op-

tics, atomic physics and solid state physics such that the observation of Bose-Einstein

Condensation [1], [2], [3] has become the starting point. Those studies with both

ultracold fermions and bosons composed the theoretical andexperimental literature.

Experimental literature have concentrated on trapped atoms by simply laser cooling

of atoms [4]. There are several candidates for experiments to realize the dipolar quan-

tum gas and the pioneering ones are Rydberg atoms [5] having a large electric dipole

moment and Chromium atoms with a permanent magnetic dipole moment [6].

From a theoretical point of view, fermionic atoms present aninteresting challenge

since unlike the Coulombic case, their attraction can be attractive or repulsive de-

pending on their orientation [7]. In other words when atoms are on top of each other,

their interaction is attractive but when they are side by side the interaction is repul-

sive.

Previous treatments of the problem of ultracold atoms in a harmonic trap have mostly

been carried within the Thomas-Fermi approximation [8]. The mostly analytical

treatment of Goralet al. involves the solution of the resulting Thomas-Fermi equa-

tions via a two-parameter variational Gaussian density. The two parameters while

providing much insight into the general size and aspect ratio of the resulting cloud,

they do not account for the possibility of a non-Gaussian shape.

In this work, we adopt the two-parameter form of Goralet al. into a three-dimensional

harmonic confinement potential and go beyond a prescribed form of the density and

present a general density-functional treatment of the system by using Density Func-

tional Theory.
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This thesis is divided into four chapters. In the second chapter, the theoretical back-

ground of studied systems have been explained. In the third chapter, the construction

of the Hamiltonain of the system and the performed calculations will be presented. In

the last chapter, a brief summary of the thesis and the obtained results will be given.
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CHAPTER 2

THEORETICAL BACKGROUND

2.1 Density Functional Theory

Density Functional theory is a strong quantum mechanical approach to the many body

problem. The main idea is to determine the ground state properties of the many-

body system via electronic density rather than many-body wave function by using

functionals, which mean function of another function. DFT method is nowadays

popular among solid state physics calculations.

2.1.1 Hohenberg-Kohn Theorems

Density functional theory is based on two theorems put forward by Hohenberg and

Kohn [9]. The first theory basically states that for a given external potentialVext(~r)

in any interacting system, the ground state densityn(~r) can be determined uniquely

except for a constant. The proof is elementary and can be carried out by variational

principle:

We assume a second external potentialV ′ext(~r) which clearly differs from the other

except by a constant with the groundstate wavefunctionΨ′ext(~r) since it has a different

Ĥ′ext and Schr̈odinger equation but same ground state density,n(~r). Then if we write

energies with the help of the minimal property of the ground state,

E′ = 〈Ψ′|Ĥ′|Ψ′〉 < 〈Ψ|Ĥ′|Ψ〉 = 〈Ψ|Ĥ + V ′ext(~r) − Vext(~r)|Ψ〉 (2.1)

E′ < E +
∫

[

V ′ext(~r) − Vext(~r)
]

n(~r)dr (2.2)
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exchanging primed and unprimed variables gives,

E < E′ +
∫

[

Vext(~r) − V ′ext(~r)
]

n(~r)dr (2.3)

Adding equations 2.2 and 2.3, we obtain

E + E′ < E′ + E (2.4)

obviously gives us a contradiction.

The second theorem states that the functionalE[n] is universal and can be defined in

terms of densityn(~r) for any external potentialV(~r). This densityn(~r) that minimizes

energy is the ground state density. The proof can again simply be illustrated.

As a starting point we write energy as a functional ofn(~r)

E[n] = T [n] + Eint[n] +
∫

Vext(~r)n(~r) + EII (2.5)

whereT [n] is the kinetic energy,EII is the interaction energy of the nuclei andEint is

the internal energy.

Then the first two terms can be written as the universal function E[n], since kinetic

and internal energies are only functionals of density.

E[n] = F[n] +
∫

Vext(~r)n(~r) + EII (2.6)

Then the ground state energy is defined in terms of the ground state densityn(~r) as

E = E[n] = 〈Ψ|Ĥ|Ψ〉 (2.7)

Then by variational principle as in 1st theorem,

E = E[n] = 〈Ψ|Ĥ|Ψ〉 < 〈Ψ′|Ĥ|Ψ′〉 = E′ (2.8)

If we minimize the total energy with respect ton(~r), it gives us the exact ground state

density.

2.1.2 Kohn-Sham equations

In 1965, Kohn and Sham [10] provided an approach for the results of Hohenberg-

Kohn theorems with the orbitals instead of density and determine the exchange-

correlation energy as a density functional. For an arbitrary n(~r), one can not give

4



an exact expression forExc[n]. However if we assumen(~r) is slowly varying,Exc[n]

is approximated as;

Exc[n] =
∫

n(~r)ǫxc(n(~r))d~r (2.9)

where ǫxc(n(~r)) is the exchange and correlation energy per electron of a uniform

electron gas. This approximation is referred to as the localdensity approximation

(LDA) [9]. In the Kohn-Sham formalism, the density is written in terms of an un-

specified set of orbitals.

n(~r) =
N

∑

i=1

|ψi(~r)|2 (2.10)

where {ψi(~r ′)} are referred to as the Kohn-Sham orbitals andN is the number of

electrons. The total energy of this system can be written as

E = −
1
2

∑

i

∫

ψ∗i∇
2
i ψid~r+

∫

Vext(~r)n(~r)d~r+
1
2

∫ ∫

n(~r)n(~r ′)
|~r − ~r ′|

d~r+Exc[n(~r)] (2.11)

as a functional of Kohn-Sham orbitals. To minimize the energy, we evaluate the

variational derivative,
δE
δψ∗i

of the total energy with respect to the orbitals since one

can prove that it does not matter whether to takeψi, ψ∗i , then set it equal to zero

∫

δn(~r)

{

φ(~r) + −
1
2
∇2 + µxc(n(~r))

}

d~r = 0 (2.12)

where

φ(~r) = υext(~r) +
∫

n(~r ′)
||~r − ~r ′||

d~r ′ (2.13)

and

µxc(n) =
d[nǫxc(n)]

dn
(2.14)

Then one can find orbitalsψi that satisfy a system of one-particle Schrödinger equa-

tions by introducing Lagrange multipliersǫi

δ

(

E −
∑

ǫi

∫

|φi|
2d~r

)

= 0 (2.15)

thus
{

−
1
2
∇2 + φ(~r) + µxcn(~r)

}

ψi(~r) = ǫiψi(~r) (2.16)

These equations are called as Kohn-Sham equations with the Kohn-Sham eigenvalues

εi and have to be solved by self-consistenly.
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2.2 Thomas-Fermi treatment

Thomas-Fermi [12, 13] treatment is a quantum mechanical solution of the many-body

problem with the electronic densityn(~r) variable that is mentioned as a precursor of

density functional theory.

Thomas-Fermi energy which is a functional of density can be written as:

ET F[n(~r)] = CF

∫

[n(~r)]5/3d~r +
∫

n(~r)Vext(~r)d~r

+
1
2

"
n(~r)n(~r ′)
|~r − ~r ′|

d~rd~r ′ (2.17)

This energy functional is formed by kinetic term, potentialterm and the Hartree-term

respectively where the potential term can be varied according to the system.ET F can

be minimized under the constraint,

N =
∫

(d~r)n(~r) (2.18)

whereN is the total number of electrons andd~r is the volume element.

Thomas-Fermi method has limited accuracy since it does not include exchange en-

ergy that is the conclusion of Pauli exclusion principle. Later on, Dirac [14] made a

correction to the Thomas-Fermi theory by adding an exchange-energy for an uniform

electric gas and this gives,

ET F[n(~r)] = CF

∫

[n(~r)]5/3d~r +
∫

n(~r)Vext(~r)d~r

+
1
2

"
n(~r)n(~r ′)
|~r − ~r ′|

d~rd~r ′ +Cx

∫

[n(~r)]4/3d~r (2.19)

This form is referred to “Thomas-Fermi-Dirac theory”. However this Thomas-Fermi-

Dirac theory still have an accuracy by the form of kinetic energy, exchange energy

and by neglecting the electron correlation.

2.3 Ultracold Dipolar Fermions

Most of the theoretical and experimental challanges on molecular and atomic physics

are based on ultracold weakly interacting dipolar quantum gases. In order to model

6



results of these studies, mostly mean-field theory and its extensions using Gross-

Pitaevskii equation and Bogoliubov-de Gennes equations forbosons are used [15, 16,

17].

In Fermi gases of dipolar particles due to the Pauli exclusion principle, only the con-

tribution of dipole-dipole effect is dominant since the short-range of interparticle dis-

tance is neglected. The dipole-dipole potential for these systems is

Vd(~r) =
d2

r3
(1− 3 cos2(θr)) (2.20)

whered characterizes the dipole moment,r is the interparticle distance andθr is

the angle between the direction of the dipole moments and~r. This interaction is

anisotropic and partially attractive and partially repulsive. Indeed when atoms are on

top of each other (θr = 0 or θr = 180), they attract but when particles are side by

side (θr = 90) they repel each other as shown in Fig. 2.1. This anisotropy creates

Figure 2.1: Dipole-dipole interaction

trap geometry that in a pancake trap (ωρ < ωz) which is flat enough, the interaction is

mainly repulsive and in an opposite situation that when theyare in cigar shaped trap

(ωρ > ωz), particles are mainly repulsive.

In literature there are many studies with ultracold atoms. Review of ultracold dipolar
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gases papers [7, 18, 19] and trapped atoms with dipolar interactions by S. Yi and L.

You [20, 21] have been published in recent years. In Lewenstein et al. [19] paper,

they work on shortly-weakly interacting trapped dipolar gases for both bosons and

fermions and also observe ultracold dipolar gases in optical lattice. Another pioneer-

ing paper is published by Goral, Pfau and Rzazewski [22] and a Thomas-Fermi study

by Goral group [8] which is our initiating point. In the paperof Goral et al. they

employ semiclassical Thomas-Fermi theory to a dipole-dipole fermionic system in a

harmonic trap and discuss the Dirac correction to this system. The harmonic trap is

described by the potential

Vtrap =
1
2

Mω2[x2 + y2 + (βz)2] (2.21)

whereM is mass of the atomic species considered,ω is the trap frequency andβ is

trap parameter which describes the shape of trap. In their work, Goralet al. calculate

the TFD energy through a Gaussian variational ansatz in a form

g(~r) ∝ κ3γ e[− 1
2κ

2(x2+y2+γ2z2)] (2.22)

whereκ is cloud size andγ is the aspect ratio for the density and a subsequent min-

imization. The ground state, together with several other properties are studied as a

function of trap parameters.

The recent experimental results on dipolar quantum Bose gas of Chromium are stud-

ied by many groups [23, 24, 25] and realized important pointsabout Bose Einstein

Condensation of Chromium. In the paper of Griesmaieret al. [23] they realize the

generation of Bose Einstein Condensation in a gas of Chromium atoms. The rea-

son can be explained shortly with the large magnetic dipole moment property of

Chromium. It has a very high magnetic moment (6µB) since magnetic dipolar inter-

action is directly proportional with the square of magneticmoment, chromium makes

it available to observe the dipole-dipole interaction in a quantum gas. The group got

satisfactory results like observing BEC with 50.000 Cr atoms and determine temper-

ature values.
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CHAPTER 3

DESCRIPTION OF THE SYSTEM

3.1 Hamiltonian

The system studied in this work is a collection of fermions trapped in a harmonic

potential interacting through a dipolar potential. The Hamiltonian is given as

Ĥ = T̂ + V̂dd + V̂ext + V̂x (3.1)

whereV̂dd is the dipolar potential between the particles,V̂ext is the trap potential and

V̂x is the exchange part of the exchange-correlation potentialwhich are to be explained

in detail below. In this work we ignore the correlation potential. The dipolar part is,

V̂dd(~r,~r ′) = d21− 3 cos2 θ
|~r − ~r′|3

(3.2)

whereθ is the angle between the direction of dipolar moment and the vector of dis-

tance between the vectors~r and~r ′ andd is the dipole-dipole interaction strength. In

our work, the direction of the dipolar moment is chosen as thez direction and all

dipole moments are assumed to be aligned. The correspondingmany-body Hamilto-

nian is

Ĥ =
−~

2

2m

∑

i

∇2
i +

1
2

d2
∑

i, j

1− 3 cos2 θi j

|~ri − ~r j|
3
+

1
2

mω2
∑

i

(x2
i + y2

i + β
2z2

i ) (3.3)

In order to get dimensionless variables the Hamiltonian is rescaled with the harmonic

length

l =

√

~

mω
(3.4)

to give

~̃r =
~r
l
, ~̃p =

l~p
~

(3.5)

9



since [ri, p j] = i~δi j then these yield

[r̃i, p̃ j] = iδi j, p̃ =
1
i
δ̃ (3.6)

finally the Hamiltonian in terms of the rescaled variables

Ĥ =
∑

i

(

~
2

l2
p̃i

2

2m
+

1
2

l2mω2r̃i
2

)

+
1
2

d2
∑

i, j

(1− 3 cos2 θi j)

l3|~̃ri − ~̃r j|
3

(3.7)

rearranging the Hamiltonian gives

Ĥ =
∑

i

(

~ω
p̃i

2

2
+ ~ω

r̃i
2

2

)

+
1
2

d2

l3~ω
~ω

∑

i, j

(1− 3 cos2 θi j)

|~̃ri − ~̃r j|
3

(3.8)

and rescaling the energy by~ω

Ĥ
~ω
= H̃ =

1
2

∑

i

[▽̃i
2
+ r̃i

2] +
1
2

d2

~

mω

√

~

mω~ω

∑

i, j

(1− 3 cos2 θi j)

|~̃ri − ~̃r j|
3

(3.9)

Finally we drop the tildes for simplicity

Ĥ =
1
2

∑

i

[

−∇2
i + x2

i + y2
i + β

2z2
i

]

+
1
2

g
∑

i, j

(1− 3 cos2 θi j)

|~ri − ~r j|
3

(3.10)

where

g =
µ0µ

2

4π
1

l3~ω
(3.11)

is the rescaled dipole-dipole parameter. As an example to check the correctness of

rescaled parameterg, we take the example of Cr atoms which have a large magnetic

dipole moment,µ of 6 Bohr magneton in a harmonic trap which has a frequency

of ν = 10 Hz in a recent experiment. In this study, for the calculation of rescaled

interaction strengthg, quantities are defined in Table 3.1.
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Table 3.1: Rescaled parameters

Quality Symbol Value
Rescaled dipole strength g µ0µ

2/(4πl3~ω)
Permeability of vacuum µ0 4π 10−17

Dipole moment of the atom µB qe~/2me

Frequency of the trap ν 10 Hz

Rescaled length l
√

~

mω

Frequency of the trap ω = 2πν 62.8Hz

In Table 3.1,qe is electron charge,me is electron mass. With our rescaling parameters,

Cr which is among the species with the largest magnetic momenthave ag of 17. With

this value as our guide, we study a range ofg values between 1 and 20 in order to cover

all possible species. In our system,g has estimated as 7.66 with the variables given in

Table 3.1. Finally we note that the parameter denoted byg in this work corresponds

to ε

ε = (ωM3/~5)1/2 µ0

4π
µ2 (3.12)

in the work of Goralet al. [8] which helps to compare and contrast with this paper.

If we line up the differences between these two studies from a general look, in the

Thomas-Fermi study the resulting figures are in restricted shapes however in this

study we have no restriction. In addition, the Goral group made analytical calcula-

tions possible whereas this work is made up of completely numerical calculations. Fi-

nally they made possible of tunable parameters however our cloud shapes are not vari-

able. Our Hamiltonian in Eq. 3.10 gives the total energy in the Kohn-Sham scheme

as

E[n] =
1
2

∑

i

∫

ψ∗i (~r)∇2
i ψi(~r)d~r +

1
2

∫

d~r(x2 + y2 + β2z2)n(~r)

+
1
2

g
∫ ∫

n(~r)n(~r ′)
(1− 3 cos2 θ)
|~r − ~r ′|3

d~rd~r ′ + Ex[n(~r)] (3.13)

where the density as defined earlier in Eq. 2.10 is

n(~r) =
N

∑

i=1

|ψi(~r)|2 (3.14)

In Eq. 2.16, we obtained Kohn-Sham equations. For our Hamiltonian, the energy

equation Eq. 3.13 is minimized with respect toψ∗i (~r
′) and the Kohn-Sham equations

11



are obtained as
[

−
1
2
∇2 +

1
2

mω(x2 + y2 + β2z2) + g
∫

n(~r′)
|~r − ~r′|3

(1− 3 cos2 θ) + Vx

]

ψi = ǫiψi (3.15)

where the exchange potential

Vx(~r) = n(~r)
∂ǫhom

x (n)
∂n

+ ǫhom
x (n). (3.16)

which is derived from local density approximation.

3.1.1 Basis Expansion

In order to solve the Kohn-Sham system of equations, a basis set in the form of

ψi(~r) =
∑

i

fi(~r)Ciα (3.17)

has to be chosen as, wherefi(~r) are the basis functions andCiα are the expansion

coefficients. In calculations these bases sets can be chosen as plane-waves, Gaussian

orbitals and wavelets [26]. This choice motivated by the fact that the first two terms

of the Hamiltonian in Eq. 3.15 can be solved directly diagonal while the Hartree-like

term of the Hamiltonian and the exchange energy part are evaluated numerically. The

Hermite polynomials have two basic relationships [27] to facilitate the computational

formation of the Hermite polynomial.

First one is the recursion relation that Hermite polynomialH(x) satisfies

Hn+1(x) = 2xHn(x) − 2nHn−1(x) (3.18)

and the other is the orthogonality integral
∫ ∞

−∞

Hm(x)Hn(x)e−x2
dx = δnm (3.19)

The expansion of the Kohn-Sham orbitals include all Hermitepolynomials up to a

maximum total quantum numbernmax

φi(x) =
∑

n

ci,nun(x) (3.20)

in one dimensional and when we skip to the three dimenional case, the Kohn-Sham

orbitals become

φi(~r) =
nmax
∑

nxnynz

ci,nx,ny,nzunx(x)uny(y)unz(βz) (3.21)

12



whereu(x) is the Hermite function,n = (nx, ny, nz) andnx + ny + nz ≤ nmax. In the

basis set representation, the above equations reduce to an eigenvalue equation

H̄C̄ = εC̄ (3.22)

where

H =

















































〈φ1|Ĥ|φ1〉 〈φ1|Ĥ|φ2〉 · · · 〈φ1|Ĥ|φn〉

〈φ2|Ĥ|φ1〉 〈φ2|Ĥ|φ2〉 · · · 〈φ1|Ĥ|φn〉

...
...

. . .
...

〈φn|Ĥ|φ1〉 〈φn|Ĥ|φ2〉 · · · 〈φn|Ĥ|φn〉

















































The kinetic and trap terms immediately yield

〈φn|T̂ + V̂trap|φm〉 = Hnm = δnxmxδnymyδnzmz(nx + ny + nz +
3
2

) (3.23)

wheren = (nx, ny, nz) andm = (mx,my,mz) are understood to be combined indices.

For the Hartree integral which is of the form
∫

d~r
n(~r′)
|~r − ~r′|3

(1− 3 cos2 θ)Hi(~r)H j(~r) (3.24)

is evaluated numerically on a one(and then three) dimensional grid. This potential

needs a cutoff radius to avoid singularities. In order to assess the effect of the value

of this cutoff a series of test calculations for different cutoff radii were performed.

In these calculations, the factor g was taken to be 10 and the number of Hermite

polynomials was taken to be 8 . The results are presented in Table 3.2. For our

production runs, we takercut = 0.5 which is the smallest value ofrcut that gives us

a converged result. This cutoff makes a difference in the Hartree term as shown in

Fig. 3.1
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Figure 3.1: Cutoff for the Hartree term

After putting a cutoff value the Hartree-like term is evaluated numerically just because

(1− 3 cos2 θ) term only gives us a constant.

The Kohn-Sham equations in Eq. 2.16 in matrix form are solvedself-consistently,

which means the density obtained from the calculation is again placed into the starting

point and this loop continues until the density is consistent with itself. At each step

the lowest number of electrons in the Kohn-Sham levels are populated and the sum

in Eq.2.10 is evaluated over these populated states. However this density is not used

directly as a result, it is used along with a simple mixing scheme to update the density

at step numberi + 1,

ni+1(~r) = αni(~r) + (1− α)ni+1(~r) (3.25)

with 0 < α < 1 in order to ensure nonoscillatory convergence. Thealpha value used

in our system is 0.4

3.1.2 Exchange energy

The exchange part of the Hamiltonian can be calculated with asecond quantized

Hamiltonian study with the perturbation theory. First the aim is to find the ground

state energy of the system that has a uniform densityn. We begin by taking the

Fourier transform of the dipolar potential. It is easier to take the Fourier transform of

14



∂2
z

1
r rather then interaction potential since we realize

1− 3 cos2 θ
r3

= −∂2
z

1
r

(3.26)

Now the next step is taking the Fourier transform of−∂2
z

1
r which can be calculated by

the general Fourier transform rules

V~q = d24πq2
z

q2
, q , 0 (3.27)

whered characterizes the dipole interaction strength,qz is the z-component og Fourier

variable andq = 0 component already equals zero since the average of the dipole

potential over any spherical shell is zero. Using this, we write the second quantized

Hamiltonian as

Ĥ = Ĥ0 + Ĥ1 (3.28)

whereĤ0 is the unperturbed Hamiltonian which represents the noninteracting system

andĤ1 is the (small) perturbed one. In second quantization representation

Ĥ =
∑

~k

~
2k2

2m
a†
~k
a~k +

4πd2

2V

∑

~k1, ~k2,~q

q2
z

q2
a†
~k1+~q

a†
~k2−~q

a~k2
a~k1

(3.29)

whereV is the volume of the system,~k′s are the wavenumbers anda, a† are the

fermionic creation and annihilation operators.

To facilitate the perturbative description we seek to identify a dimensionless parame-

ter. We start with the dipolar Bohr radius

a0 =
~

2

md2
(3.30)

and the interparticle distancer0 define in terms of the volume of the system

V =
4
3
πr3

0N (3.31)

whereN
V = n = constant, thus

r0 = n−1/3

(

3
4π

)1/3

(3.32)

The ratio of these two quantities gives us the dimensionlessmeasure of the dipole

interaction

rs =
r0

a0
(3.33)
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where clearly largers gives the non-interacting limit. The first order energy shift is

E(1) = 〈F|Ĥ1|F〉

= −
d2

2V

∑

k,q

4π
q2

q2
zθ(k f − |k + q|)θ(k f − k)

= −
d2

2
4πV
(2π)6

2
∫

d3k d3q q−2 cos2 θ q2 θ(k f − |k + q|) θ(k f − k) (3.34)

In the above equation|F〉 is the normalized ground state,Ĥ1 is the small perturbed

Hamiltonian mentioned before and in additionV/(2π)3 term comes from turning sum

to the integral, 2 factor arises from the spin sum andqz is replaced byq cosθ. Further-

more in Eq. 3.34 the Heaviside step function,θ(x) is used since the Pauli exclusion

principle allows that only two fermions, one with spin-up and one with spin-down in

each momentum eigenstate and the ground state|F〉 is obtained by filling the states

up tok f . In other words, the first-order energy shift,E(1) only survives whenk f > k.

Then the integral becomes with the volume elements

E(1) = −d2 4πV
(2π)6

∫

d3k d3q cos2 θ θ(k f − |k + q|)θ(k f − k) (3.35)

It is convenient to change variables from~k to ~P = ~k + 1
2~q to reduce the Eq. 3.35 into

a symmetrical form

E(1) = −d2 4πV
(2π)6

∫

cos2 θ d3q
∫

d3P θ

(

k f − |~P +
1
2
~q|

)

θ

(

k f − |~P −
1
2
~q|

)

(3.36)

The evaluation of

∫

d3P θ

(

k f − |~P +
1
2
~q|

)

θ

(

k f − |~P −
1
2
~q|

)

(3.37)

can be solved from the simple problem in geometry [28]. The step functions in the

integrals give us restrictions as

θ

(

k f − |~P −
1
2
~q|

)

=



















1 if k f > |~P + 1
2~q|;

0 if k f < |~P + 1
2~q|.

and same as the other one, thus for a nonvanishing integral there must be an intersect-

ing volume for this integral like in Fig. 3.2.
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Figure 3.2: Intersection of two spheres

From now on the integral turns to volume of an intersecting two spheres and easy to

calculate. This well known problem, “Intersection of two spheres” has a solution [29]

like

V =
1
12
π(4R + d)(2R − d)2 (3.38)

this is the case ofr = R wherer andR are the radii of the spheres. Thus, we imply

the volume equation into our problem and the integral in Eq. 3.37 turns into
∫

d3P θ

(

k f − |~P +
1
2
~q|

)

θ

(

k f − |~P −
1
2
~q|

)

=
4π
3

k3
f

(

1−
3
2

x +
1
2

x3

)

θ(1− x) (3.39)

wherex = q
2k f

. The first order energy shift integral is now elementary

E(1) = −d2 (4π)2V
(2π)6

k3
f

3

∫ 1

0

∫ π

−π

cos2 θ q2 dq sinθ dθ dφ

(

1−
3
2

x +
1
2

x3

)

(3.40)

and evaluating the cosine integral

E(1) = −d2 4V
(2π)3

k3
f

3
−2
3

∫

q2 dq

(

1−
3
2

x +
1
2

x3

)

(3.41)

In the above partx was determined asx = q
2k f

, thus

q = 2k f x, dq = 2k f dx (3.42)

and so energy integral becomes

E(1) = −d2 V
(2π)3

8
9

k3
f

∫ 1

0
4k2

f 2k f dx

(

1−
3
2

x +
1
2

x3

)

(3.43)

The above integral simply gives the result

E(1) = −
d2V
π3

1
27

k6
f (3.44)
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In order to do a perturbation series in 1/rs, the maximum Fermi wavenumberk f must

be written in terms ofrs and it can be determined by computing the expectation value

of the number operator in the ground state|F〉 as it is done in [?]

N = 〈F|N̂ |F〉 =
∑

k

〈F|n̂k|F〉 =
∑

k

θ(k f − k)

=
V

(2π)3

∑

k

∫

d3kθ(k f − k) (3.45)

which yields

N =
V

3π2
k3

f ⇒ k f =

(

3π2N
V

)1/3

(3.46)

From Eq. 3.32 now it is possible to writek f in terms ofr0

k f =

(

9π
4

)1/3 1
r0

(3.47)

If we return back to the Eq. 3.44 and place thek f variable into this equation, it gives

an elementary first order energy shift result

E(1) =
d2

r0a6
0

(

1
rs

C2

)

(3.48)

whereC2 = −
16
3π

3.1.3 Preliminary results

In this study, convergence tests were conducted with respect to the cutoff radius and

the basis sets. The dipole-dipole energy were analyticallycalculated for a normalized

Gaussian distribution of unit width for a set of cutoff radii and data are token as
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Table 3.2: cutoff radius values

rcut Edd

0.2 0.8397
0.3 0.6017
0.4 0.5769
0.5 0.5729
0.6 0.5470
0.7 0.5054

As seen in Table 3.2 a cutoff radius of 0.5 length units yield a good compromise

between a rapidly changing potential near the origin and onethat is unrealistically

smooth and was chosen as a fixed cutoff value for all the following calculations. This

conclusion stems from the fact that aroundrcut = 0.5 there is a window of values

for which the dipole-dipole energy does not change appreciably. For rcut larger than

0.5, the energy begins to deteriorate due to a potential thatdoes not represent the

Coulombic one accurately.

The basis set used to expand the Kohn-Sham orbitals involvesa number of totaln =

nx + ny + nz of Hermite polynomials. Convergence of the total energy was checked up

to nmax = 10. Sufficient convergence was achieved fornmax = 8 and for cutoff radius

for the total energy as shown below
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Figure 3.3: Total energy convergence with respect toNg with rcut = 0.5 andg = 2.0
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Figure 3.4: Total energy convergence with respect to cutoff with Ng = 10 andg = 2.0

After the preliminary discussions and studies, results based on the density profiles are

obtained first in one dimension. For rather small numbers of electrons comparing with

the three dimension studies, we plot Fig. 3.5(a) and Fig. 3.5(b) for 2 electrons with

12 Hermite polynomials which is an enough number of basis vectors for showing

the density profile and plot Fig. 3.6(a), Fig. 3.6(b) for 5 electrons with 12 Hermite

polynomials.
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(a) g=0.01

(b) g=0.8

Figure 3.5: 1D density graphs forNe = 2
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(a) g=0.01

(b) g=0.8

Figure 3.6: 1D density graphs forNe = 5
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For the three dimensionel case, we both plot figures for different values of interaction

and particle number for trap aspect ratioβ = 1 which is the symmetric case as in

the form of contour plots and cloud shapes. In Fig. 3.7 and Fig. 3.8, contour plots

are plotted forNe = 2, Ne = 5 andNe = 40 which are ideal quantities for observing

the difference for the rescaled dipolar strength parameterg = 1, g = 3 andg = 40

respectively. Along with the increase in rescaled dipole-dipole strength parameterg

from 1 to 19, it can be observed that dipolar atoms which are chosen to be parallel in

our study, repel each other as expected and mentioned in Sec.2.3. However for the

small numbers of electrons there is not a Gaussian distribution like shape, rather an

hourglass-shaped one.

(a) Ne = 2,g=1 (b) Ne = 5,g=1 (c) Ne = 40,g=1

(d) Ne = 2,g=3 (e) Ne = 5,g=3 (f) Ne = 40,g=3

Figure 3.7: A few ground state density contour plots for different values of particle
number withg = 1 andg = 3 for trap aspect ratioβ = 1.
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(a) Ne = 2,g=19 (b) Ne = 5,g=19 (c) Ne = 40,g=19

Figure 3.8: A few ground state density contour plots for different values of particle
number and withg = 19 for trap aspect ratioβ = 1.

(a) Ne=2,g=1, β=1 (b) Ne=5,g=13,β=3

(c) Ne=40,g=1, β=1 (d) Ne=40,g=13,β=3

Figure 3.9: A few ground state density cloud shapes for different values of interaction,
particle number and tcutoff radii and data are token as rap aspect ratio.
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For the whole picture of the contour plots which are in the form of clouds in Fig. 3.9,

it is more difficult to observe the density profiles rather than contour plots. The above

figures are again for the numbers of particles and dipole strengths but now for different

aspect ratios.

Furthermore in addition to these figures, we do some comparison tests in order to

check the reliability of this study by plotting the figures inthe work of Goralet al.

which is mentioned in Sec. 2.3. All those figures below are plotted depending on the

relation between theε in Eq. 3.12 and theg factor mentioned in the paper of Goralet

al. [8] in FIG.4.
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(a) Ne=2

Figure 3.10: Dipole-dipole interaction energyEdd as a function of the interaction
strengthg for number of electronsNe = 2. The solid line is for trap aspect ratioβ = 1
and the dashed line is for trap aspect ratioβ = 3.
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Figure 3.11: Dipole-dipole interaction energyEdd as a function of the interaction
strengthg for number of electronsNe = 40. The solid line is for trap aspect ratio
β = 1 and the dashed line is for trap aspect ratioβ = 3.
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Figure 3.12: Total energyET as a function of the interaction strengthg for number of
electronNe = 2. The solid line is for trap aspect ratioβ = 1 and the dashed line is for
trap aspect ratioβ = 3.
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Figure 3.13: Total energyET as a function of the interaction strengthg for number of
electronNe = 40. The solid line is for trap aspect ratioβ = 1 and the dashed line is
for trap aspect ratioβ = 3.

In order to see the behaviour of dipole-dipole energy in terms of rescaled dipole-

dipole strength, we figured it for different numbers of electrons as shown in the

Fig. 3.10 and Fig. 3.11. For these two figures, one can say thatthe increase of theEdd

with the increasing dipole-dipole interaction can not be observed easily in Fig. 3.10

according to Fig. 3.11 since the electron number is not satisfying enough. However, in

Figure 3.11 the bigger the dipole-dipole strength factor, the bigger the dipole-dipole

energy as expected. On the other hand for s special case of trap aspect ratioβ, that

if its value is large enough,Edd will turn out to negative values except some critical

points. The reason is for the large values, the trap becomes aprolate trap and the

attraction dominates the trap because of the position of theparticles mentioned in

Sec. 2.3.

Furthermore, we take a look at the total energy, in terms of the rescaled dipole-dipole

strength as figured out in Fig. 3.12 and Fig. 3.13. It can be observed that that there is

an decreasing energy with increasingg parameter since in our system the exchange

energy is a dominant factor which has a negative value and affect the whole energy in
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this way.

Finally, we look at the normalized total energy which means that total energy divided

by the non-interacting dipole-dipole energy as shown in Fig. 3.14 and observe that

the non-interacting energy has a direct behaviour with the total energy.
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Figure 3.14: Normalized total energy as a function of the interaction strengthg for
number of electronNe = 40. The solid line is for trap aspect ratioβ = 1 and the
dashed line is for trap aspect ratioβ = 3
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CHAPTER 4

CONCLUSION

In this thesis, we studied ultracold dipolar fermions in a harmonic trap and analyze

the behaviour of the density. In this work, different from the other ultracold atom

studies, a density functional treatment has been investigated. Calculations for the ex-

change energy of the dipolar fermions show that the exchangeterm is very large and

unlike Coulombic systems it is mostly responsible for the behaviour of the system.

For instance, in the absence of the exchange energy and forβ > 1, the density cloud

is seen to collapse into a very narrow disc and inclusion of the exchange effectively

pushes electrons apart countering the flattening. In addition, the correlation part of

the Hamiltonian has been ignored in this work.

The fermionic atoms different from the Coulombic case, show repulsive property in

the dipole-dipole energy and total energy graphs where bothenergies are figured out

as a function of the interaction strength as expected since the dipolar atoms are cho-

sen to be parallel. For the dipole-dipole energy, it shows anincreasing trend because

of the increasing effect of dipolar strength. However for the total energy case with

the dominance of exchange energy it has an decreasing trend as a function of rescaled

dipole-dipole parameter.

For a small number of electrons, we get an hourglass-shaped density profile which

is quite far from the Gaussian expectations. However, for larger numbers of elec-

trons the density assumes the form of a large ellipsoidal cloud recovering partially

the Gaussian-like shape.

The aim of this thesis is to propose an alternative formalismto Thomas-Fermi treat-

ment to the work of Goralet al.. We adopt the two-parameter form of external po-

tential energy of the harmonic trap of paper into a three-dimensional form, occur a
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common unitless interaction strength term and plot efficacious figures for the com-

parison and contrast with their study. In the light of obtained results from the density

functional theory calculations, we get density distributions with non-restricted shape

contrary to the paper of Goral group.
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