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ABSTRACT

LEPTON FLAVOR VIOLATING RADION DECAYS IN
THE RANDALL-SUNDRUM SCENARIO

Korutlu, Beste
M. Sc., Department of Physics
Supervisor: Prof. Dr. Erhan Onur Iltan

December 2007, 118 pages.

The lepton flavor violating interactions are worthwhile to examine since they
are sensitive to physics beyond the Standard Model. The simplest extension of
the Standard Model promoting the lepton flavor violating interactions are the
so called two Higgs doublet model which contains an additional Higgs doublet
carrying the same quantum numbers as the first one. In this model, the lepton
flavor violating interactions are induced by new scalar Higgs bosons, scalar h°
and pseudo scalar A%, and Yukawa couplings, appearing as free parameters, are
determined by using the experimental data. On the other hand, the possible
extra dimensions are interesting in the sense that they ensure a solution to the
hierarchy and cosmological constant problems and also result in the enhancement
in the physical quantities of various processes. In the present work, we predict
the branching ratios of lepton flavor violating radion decays r — e*, u*, r —
e*, 7% and r — p*, 7% in the two Higgs doublet model, including a single extra
dimension, in the framework of the Randall Sundrum scenario. We observed that
the branching ratios of the processes we study are at most at the order of 10%
for the small values of radion mass and it decreases with the increasing values of
the radion mass. Among the LFV decays we study, the r — p*, 7% decay would

be the most suitable one to measure its branching ratio.

v



Keywords: Standard Model, Lepton Flavor Violation, Branching Ratio, Radion,
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OZ

RANDALL-SUNDRUM SENARYOSU CERCEVESINDE
LEPTON CESNI BOZAN RADION BOZUNMALARI

Korutlu, Beste
Yiiksek Lisans, Fizik Bolimi
Tez Yoneticisi: Prof. Dr. Erhan Onur iltan

Aralik 2007, 118 sayfa

Lepton gesni bozan etkilesmeler, Standart Model otesi fizige duyarl olmalar se-
bebiyle incelemeye deger etkilesmelerdir. Standart Modelin lepton g¢esni bozan
etkilesmelere izin veren en basit uzantisi, Standart Model Higgs dubletiyle aym
quantum numaralarini tagiyan ek bir Higgs dubleti iceren iki Higgs dublet mod-
elidir. Bu modelde, lepton ¢esni bozan etkilesmeler yeni skalar Higgs bozonlari,
skalar h° ve sozde skalar A° tarafindan saglanir ve serbest degisken Yukawa ku-
plajlara deneysel veriler kullanilarak karar verilir. Ote yandan, mumkiin yeni
boyutlar, hiyerarsi ve kosmolojik sabit problemine ¢oziim getirmesi ve ¢ok sayida
etkilesmelere ait fiziksel biiyiikliiklerin degerlerinde artis getirmesi agisindan il-
ginctir. Bu calismada, lepton cesni bozan r — e*, u*, r — e*, 7 ve r — pF, 7F
radion bozunumlarinin dallanma oranlarini iki Higgs dublet modelinde, tek yeni
boyut icererek ve Randall Sundrum senaryosu cercevesinde inceledik. Uzerinde
caligtigimiz dallanma oranlarmin radion kiiciik kiitle degerleri icin en fazla 1078
mertebesinde oldugunu ve artan radion kiitle degerleri i¢in azaldigim1 gozlemledik.
Inceledigimiz lepton cesni bozan bozunumlar arasinda r — pE, 7 bozunumunun

dallanma oranini, 6lgmek i¢in en uygun bozunum olugunu gordiik.

Anahtar Kelimeler: Standart Model, Lepton Cesni Bozulmasi, Dallanma Orani,
Radion, Iki Higgs Dublet Modeli, Randall Sundrum Senaryosu.
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CHAPTER 1

INTRODUCTION

The major goal of physics has always been the simplification and the unification of
seemingly diverse and complicated natural phenomena. In the second half of the
twentieth century, as a result of successful approaches, a significant progress has
been made in the particle physics, in the identification of fundamental particles
and the unification of their interactions. Glashow-Weinberg-Salam [1, 2| com-
bined the quantum electrodynamics (QED) and the weak interactions into the
electroweak (EW) theory and the Standard Model (SM) of elementary particles
has emerged, which can be considered as a good example satisfying this major
goal of physics. Being a quantum field theory (QFT) based on the gauge group
SU3)c ® SU(2);, ® U(1)y, the SM describes all of the known elementary con-
stituents of the universe together with the three out of four fundamental forces:
the strong force, the weak force, and the electromagnetic force. In the QFT, all
interactions are mediated by means of force carrier particles, mediators. In the
case of electromagnetic interaction the mediator is the photon (7), one of the
four gauge bosons of the group SU(2), ® U(1)y, and for the weak interactions,
there exist the remaining gauge bosons of the same group, the so called W+, Z°
bosons. In addition to this, for the strong interactions, the mediators are eight
gluons (G;), the gauge bosons of the group SU(3)c. The remaining force, called
as the gravity, is far too weak to be of any consequence at the experimentally
accessible energy scales that are relevant to particle physics. In addition to the
mediator particles, the SM contains matter particles: the Higgs boson and the
fermions, namely leptons and quarks which fall into three generations. The first
generation contains all stable stuff of which the stable matter is composed. The
second and third generations of particles decay, therefore, they are not present

in the stable matter and physicists are still trying to understand their role in the



underlying theory. For each quark and lepton there exists a corresponding anti-
quark and antilepton. This is all adding up to an embarrassingly large number
of elementary particles: 12 leptons, 36 quarks, 12 mediators, and, as we will see
later, Glashow-Weinberg-Salam theory calls for at least one Higgs particle, so we
have a minimum of 61 particles to content with. In the next chapter, we will
see how this structure leads to the first consistent and self-contained theory. The
energy range which defines this theory extends up to several hundreds GeV. For
the details of the model construction see for example textbooks [3, 4], and the
review [5] existing in the literature.

The SM has been very successful in explaining many diverse experimental
results in the energy range available at present. However, behind this energy
range it possesses some conceptual problems which motivate us to look physics
beyond. The big issues in physics beyond the SM can be conveniently grouped
into four categories. The Unification: What is the reason beyond the hierarchy
of fundamental forces? The problem of Flavor: Why are there so many different
types of quarks and leptons? The Mass problem: What is the origin of masses of
fundamental particles and their mass hierarchies? Does the Higgs boson exist?
The cosmological constant problem. In addition to the conceptual problems of
SM, there also exist phenomenological hints obtained from measurements of fla-
vor changing neutral currents (FCNCs), including lepton flavor violating (LFV)
interactions which also indicate the need for physics beyond the SM since the SM
predictions differ from the upper limits coming from current measurements.

There are various alternative extended models proposed for solving these prob-
lems of the SM such as the multi Higgs doublet model (MHDM) [6, 7, 8, 9],
the minimal supersymmetric model (MSSM) [10, 11, 12, 13], left-right (super)
symmetric model [14], the Zee Model [15], the see-saw model [16], technicolor
model [17], extra dimensional models; large extra dimensions [18, 19], universal
extra dimensions (UED) [20, 21, 22], non-universal extra dimensions (NUED)
23, 24], split fermion scenarios [25, 26, 27], the Randall-Sundrum model (RS
model) [28, 29].

Based on the phenomenological hints, the violation of flavor symmetry in

the leptonic sector is of special interest to physicists. In the SM, the FCNCs



with massless neutrino, are not allowed in the lepton sector and, in the quark
sector, they are prohibited at tree level, despite they seem not to violate any
fundamental law of nature. The negligibly small branching ratios (BRs) of the
decays based on the FCNCs stimulate one to go beyond the SM and they are
worthwhile to examine since they open a window to test new models, to ensure
considerable information about the restrictions of the free parameters, with the
help of the possible accurate measurements. An elegant framework to open up
the possibility of the tree level FCNCs is proposed through the general two Higgs
doublet model (2HDM) (see [7, 8, 9] for details), the most primitive candidate of
MHDM, which is obtained by adding a second Higgs doublet, having the same
quantum numbers as the first one. This doublet may lead to FCNCs in its Yukawa
sector, representing interactions between the Higgs fields and fermions (see for
example [9]). In this model, the lepton flavor (LF) violation is driven by the
new scalar. In addition, the mass hierarchy problem among third generation of
quarks, namely the top and bottom quarks, also could be solved in the scope of
2HDM, such that, unlike in the SM where both quarks gain mass through the
interaction with the same Higgs doublet, there is a possibility that the bottom
receives its mass from one doublet (say ¢;) and the top from the another one (say
¢2). Then the hierarchy of their Yukawa couplings could be more natural.

A theory which consists of the SM, combined with gravity, contains two enor-
mously different energy scales. One is the EW scale mpgy ~ 10° GeV at which
EW symmetry is broken, and the other is the Planck scale Mp, ~ 102 GeV
which determines the strength of gravitational interactions. Newton’s laws state
that the strength is inversely proportional to the second power of that energy,
and because the strength of gravity is so small, the Planck scale mass (related
to the Planck scale energy by E = mc?) should be very large. Generally, when
making predictions in particle physics, we can ignore gravity since the gravita-
tional effects on particles in the EW energy scale are completely negligible. But
that is precisely a question which particle physicists try to find an answer: Why
is the gravity so weak? A solution to this problem comes from models with ex-
tra dimensions where gravity becomes strong and cannot be neglected. In 1998,

Nima Arkani-Hamed, Savas Dimopoulos and Gia Dvali [18, 19] proposed a model



(called as ADD Model) with n compact extra spatial dimensions of large size to
bring the Planck scale down to TeV scale. Depending on the details of their im-
plementation, the space in their model contains two, three or more compact extra
dimensions. For two extra dimensions, the hierarchy problem in the fundamental
scales could be solved and the true scale of quantum gravity would be no more
the Planck scale but of the order of EW scale. This is the case that the gravity
is spreading over all the volume including the extra dimensions and thus it is
diluted by a large volume of them so much that it will be very feeble in the lower
dimensional effective theory!, although it is very strong in higher dimensions. On
the other hand, the matter fields together with the electromagnetic, strong and
weak forces are restricted in four dimensions, called four dimensional (4D) brane.
Unlike gravitational force, these forces will not be accessible to the higher dimen-
sions. As mentioned above, in ADD model, the extra dimensions are compact
and their compactification leads to the appearance of towers of heavy Kaluza-
Klein (KK) modes [30] of particles such that, in 4D effective theory, the existence
of the extra dimensions are felt by the appearance of these KK modes. How-
ever, since the matter fields do not travel along the extra dimensions but bound
to 4D brane, they will not carry extra dimensional momenta. In other words,
none of the SM particles will have the KK partners. The only particle that will
have KK partners is the graviton, the force carrier particle of the gravitational
force. Since the KK partners of graviton also interact with gravitational strength
(i.e., as weakly as graviton itself), it would be no easier to produce or detect KK
partners of the graviton than to observe the graviton itself which also has never
directly seen by anyone up to now. This means that, gravity, being the only force
which lives in higher dimensions, the existence of large extra dimensions will not
contradict with the experimental results. Despite the success of ADD proposal
in solving the hierarchy problem, there exist also some weaknesses of the theory.
In fact their model do not actually solve the hierarchy problem, because one still
have to solve why the size of extra dimensions are so large.

An alternative approach is introduced by Randall and Sundrum (RS1 model)

I Effective theory is a theory describing those elements and forces that are in principle ob-
servable at the distance or energy scales over which it is applied.



28, 29] to explain the huge discrepancy between m gy and Mp; without the need
for a large extra dimension, or for any arbitrary large number at all. In this
scenario, the geometry is a non-factorizable one where the gravity is localized
in a 4D brane, so called Planck brane, which is one of the boundary of the
extra dimension and away from another 4D brane, TeV brane, which is the other
boundary where we live?. Theory also includes a finely tuned 5D cosmological
constant A which serve as sources for 5D gravity and in 4D, with the help of
opposite tensions on boundaries, it vanishes.

The review topics we include in this thesis is, broadly, divided into three cat-
egories: In Chapter 2, we give a brief review of the SM. Chapter 3 is devoted to
the simplest extension of the SM, the so called the 2HDM. In Chapter 4, we give
a summary of models with extra dimensions. In Chapter 5, we investigate the
branching ratios of lepton flavor violating radion decays r — e*, u*, r — e*, 7+
and r — p*, 7% in the 2HDM, in the framework of the Randall Sundrum sce-
nario (RS1). Chapter 6 represents our conclusions. In Appendix A, we present
the global and local gauge invariance. Appendix B is devoted to the detailed cal-
culations of Einstein equations, that we use in our review. Appendix C represents

the calculation of spin connection.

2The extra dimension is compactified to S1/Z5 orbifold with two 4D brane boundaries which
reside at the orbifold fixed points.



CHAPTER 2

THE STANDARD MODEL

In the second half of the twentieth century physicists made an impressive contri-
bution to the progresses in particle physics with complementary theoretical and
experimental studies, whereupon the SM of elementary particles has emerged
[1, 2]. The SM, being a QFT (see for example [31]), describes all of the known
elementary particles together with the three out of four fundamental interac-
tions of nature. According to the SM, the elementary particles constituting the
universe are called as fermions (i.e., they have spin one-half), namely quarks
and leptons and the fundamental interactions are the electromagnetic force, the
weak force (responsible for radioactive decay) and the strong force (which holds
atomic nuclei together). The SM is based on the principle of gauge symmetry
(see Apendix A), which means that the properties and interactions of elementary
particles are governed by certain symmetries which are related to the conserva-
tion laws. Therefore, the electromagnetic, weak, and strong forces are all gauge
forces and they are mediated by the exchange of certain particles, called gauge
bosons (i.e., they have spin one) which are the photon, the W* and Z° bosons,
and eight gluons, respectively. Several attempts have been made to fit gravity,
the remaining force, into this gauge framework but these attempts are resulted in
failure. However, the gravity is too weak to change particle physics predictions
in the current experimental energy scales.

With these in mind, it is worthwhile summarizing the Fermi theory [32] which

describes the weak interaction phenomenology in the mid-1950.



2.1 The Fermi Theory

The progress in the field theory of the weak interaction was rather stagnant for

many decades, from Fermi’s attempt to describe the § decay
n—p+e +70, (2.1)

in 1933, to the advent of the gauge theories in the 1970s. Fermi expressed this
decay mathematically as, at a single point in the space-time, the quantum me-
chanical wavefunction of a neutron is transformed into the wavefunction of a
proton, and that the wavefunction of an incoming neutrino is transformed into

that of an electron. He wrote the phenomenological Lagrangian as

Grp
E‘];had

where Gr = (1.16639 & 0.00002) x 10~° GeV~? is the Fermi coupling constant,
T} pad(@) = 1p()Tatha(x) and J2,(x) = de(x)T%,, (). This action, from very

start, was known to suffer from a series of problems. First of all, the I', ma-

Lp= (z) St () + hec, (2.2)

trices, that contain the essence of the weak interaction, consist of all possible
combinations of the 16 Dirac matrices. It took many years to narrow down the
choice. In 1958, Feynman and Gell-Mann [33] with the help of further experi-
mental data proposed that the correct combination of I', matrices should only
contain a mixture of vector and axial-vector! (V-A) quantities written in the form
['s = 7a(1—75) to incorporate the parity-violating effects of the weak interaction.

Since the weak force is of extremely short range, Fermi’s theory of point-like
interaction yields excellent approximate results at low energies. However, at high
energies the theory suffers from additional problems. The main problem is the
violation of unitarity. v, +e~ — v, + e~ scattering is one of the simplest example
of the weak interaction processes. The Feynman diagram for this scattering in

the Fermi’s picture of four point interaction is given in the Fig. 2.1. In the

Lan axial vector (or a pseudovector ) is a quantity that transforms like a vector under a
proper rotation, but gains an additional sign flip under an improper rotation (a transformation
that can be expressed as an inversion followed by a proper rotation).



Figure 2.1: The four point v, + e~ — 1, + e~ scattering.

center of mass frame (CM), the differential cross section is found as

do  G%E*
= _TFY 2.
with CM four momentum k, and
2 7.2
o — AGrk : (2.4)
T

where k? > m?. Since the four fermion interaction takes place at a single point in
space-time, the differential cross section is a pure s-wave. Partial wave unitarity
for s-wave requires that
7
o< —. 2.5

Using the above equation, k is obtained as

7T2

< —.
e

(2.6)
Then, above a certain energy (i.e., & > 300 GeV), Fermi theory violates unitarity.
Thus, we can say that it is an effective theory up to the energies k < 300 GeV.
Another problem in this theory is the non-renormalizability. Unfortunately,
even in the lowest order approximation in four fermion interactions, one encoun-
ters horrible divergences which cannot be eliminated by proper renormalization.
The Feynman diagram of the four point interaction including the lowest order

correction for the scattering v, + e~ — 1, + e~ is shown in the Fig. 2.2 below



which is generated by multiplying the current-current interaction with itself and

d*k

the amplitude for this scattering is proportional to oc %" = oo?. To eliminate

Figure 2.2: One loop correction to the v, + e~ — v, + e~ scattering .

these problems, the idea is that the weak interaction is mediated by intermediate
massive vector boson exchange. The Feynman diagram for this process is shown

in the Fig. 2.3. Therefore, we replace Lr defined in the eq. 2.2 with

e \'A

Figure 2.3: The v, + e~ — 1, + e~ scattering mediated by intermediate massive
vector boson exchange.

Lw = gwJ*(x)Wy(x) + h.c., (2.7)

where W, (z) is the weak intermediate vector boson. Now, in the lowest order

diagram the differential cross section of the v, + e~ — v, + e~ scattering is found



as
do 204, k?

- m2(q2 — m#,)"’ (28)
for again k% > m?. Here, my and ¢ are the mass and the momentum transfer
vector of the W boson, respectively. As ¢?> — 0, the new Lagrangian in the eq.
2.7 reduces to Fermi Lagrangian given in the eq. 2.2 provided

9124/ Gr

m_%v = E (2.9)
However, the interaction is no longer point-like, but mediated by the force carrier
particles. In the scope of the SM, all fundamental interactions are mediated by
the exchange of gauge bosons. These interactions together with the corresponding

gauge bosons which mediate the forces are listed in the following table in order

of decreasing strength.

Table 2.1: The four fundamental forces in nature.

Force Strength | Range Theory Mediator
Strong 10 < 107**m | Chromodynamics | Gluon
Electromagnetic | 102 00 Electrodynamics Photon
Weak 1075 < 107¥m | Flavordynamics W= Z
Gravitational 1072 00 Geometrodynamics | Graviton

According to the QFT, the short range of the weak force could mean only one
thing: the weak gauge bosons had to have non zero masses. The mechanism that
gives rise to the masses of gauge bosons is known as the Higgs mechanism [34]
which relies on the phenomenon of spontaneous symmetry breaking (SSB) which

we will consider in the following section.

2.2 Spontaneously Broken Symmetries

Symmetry is one of the most important aspects of theoretical particle physics,

since the basis of our current description of nature originate in symmetries so

10



that every continuous symmetry leads to a conservation law. A system is said
to be symmetric if it remains invariant after applying a set of transformation
rules that constitute a mathematical group. Symmetries are categorized into two:
spatial symmetry and internal symmetry. In the case of spatial symmetry physics
threats all directions and all positions as the same, internal symmetries tell us
that physical laws act the same way on distinct, but effectively indistinguishable
objects. The fundamental forces, electromagnetic, weak, and strong forces all
involve internal symmetries. (Gravity is related to the symmetries of space and
time). Exact symmetries are fairly rare in nature. Thus, the symmetries that the
usual 4D theories possess can be broken explicitly or spontaneously. In the case
of SSB of gauge symmetries, which is one of the crucial ingredients of the SM, if
the broken symmetry is global, the Goldstone theorem [35] applies, whereas if it
is local, then we have Higgs mechanism [34]. In general, the phenomenon of SSB
is simply stated as follows.

“A system is said to possess a symmetry that is spontaneously broken if the
ground state of a dynamical system does not possess the same symmetry properties
as the Lagrangian”. Here, the ground state -its vacuum state- is the state in which
the field has its lowest possible energy. Now, we will use a toy model (see [4] for

details) to explain the Goldstone theorem and the Higgs mechanism.

2.2.1 The Goldstone theorem

Let us consider the following Lagrangian density which describes a couple of self

interacting complex scalar fields ¢(z) = ¢ (x) +ipa(z) and its complex conjugate

¢"(x) = ¢i(x) —id5(x)
L = (9u0)(0"9") — u*d¢" — Mod"), (2.10)

where 2 is regarded as the bare mass of the field quanta and ) is the term
for self interaction. It is clear that the Lagrangian remains invariant under the
group U(1) of global gauge transformations (see Appendix A for details). For

SSB, we should check whether the ground state of the system will be invariant

11



under global gauge transformations or not. For constant ¢ the kinetic term,
(0,¢)(0"¢*) vanishes. Then, the ground state is obtained when the potential term
Vg, ¢*) = p?¢pg* + M¢p*)? corresponds to the minimum. Since the potential
term is a function of ¢ and ¢* only in the combination of ¢¢*, we can make a
change of variables so that, p = ¢¢*. Substituting this into V' (¢, ¢*) we get

V(p) = 1?p+ \p*. (2.11)

The minimum of the potential can be obtained only if A > 0, which we take to
be so. However, ;2 can have both positive and negative values if we do not insist
on interpreting p as mass. To find the minimum of the potential, we take the

derivative of V'(p) with respect to p and equate this derivative to zero such that,

dV(p)

=124+ 2\p = 0. 2.12
g T (2.12)

Since p = ¢¢* = (¢1 + idn) (9} — id) = (|61]> + |9a]?), p can only take positive
values. Therefore, for y*> > 0 a unique minimum occurs at the origin p = 0,

i.e., at ¢ = 0 and the function V' (p) looks like as in figure 2.4. Then, we have

V(rho)

\

= rho

Figure 2.4: The potential function for positive y%.

a symmetric ground state configuration under the group U(1) of global gauge
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transformations for g2 > 0. On the other hand, for u? < 0, ¢ = 0 is not a
minimum. Instead, the minimum is at p = —u?/2), ie., at |¢| = v/v/2 with
v = \/TQ//\ Any value of ¢ satisfying this relation will give us a true ground
state such that

U

¢vac = Eel s (213)

where A is real. Then, we have a continuum degenerate set of ground states for

negative values of p?. In this case, the function V(¢) looks like as in figure 2.5.

Each will not be symmetric under the global gauge transformation defined in the

V(phi)

A

Im(phi)

Figure 2.5: The potential function for negative u?.

eq. A-2. Then, using the definition of SSB made above one can simply conclude
that the symmetry of the Lagrangian has been spontaneously broken. We are
free to choose any point on the ring of minima since they are equivalent. Let us
choose this point to be on the real axis such that

o(x) = —=[v +&(x) +ix(x)], (2.14)

Sl
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where (), x(z) are real fields and &(x) = x(z) = 0 in the ground state. Substi-

tuting into the eq. 2.10 and ignoring constant terms we get
1 2 1 2 242 2 2 Ly eo 212
L= 50,8 + 500 = W€ = We(€ +x) = TAE XD (215)

Then, we end up with a massless y(z) field and a field {(z) with a spontaneously
generated mass

me(z) = 2 0% (2.16)

Let us now examine a less trivial example [5] given by
Lo igu i Lo Ly
L= 50,006 — JiP'd — NG, (217)

where ¢ is an n-component real scalar field and £ is invariant under the orthogonal
group in n dimensions, O(n). Again for y? < 0 we find a whole ring of minima
whenever Y. ¢'¢" = —p? /) is satisfied. In this case, we are free to choose one of
the ¢’ to be non-zero in the ground state. Let it be the n'* component of ¢ such
that,

d)vac = . . (218)

0

v

The number of generators that original symmetry group O(n) possesses is sn(n—
1). There is also a non-trivial subgroup O(n—1), which has 5(n—1)(n—2) number
of generators leave the vacuum invariant. Let L;; be the %n(n — 1) independent
matrices that generates O(n) and l;;[l;; = L;; for 7,5 # n] be the 1(n—1)(n — 2)
matrices generating O(n — 1). There remains n — 1 independent matrices which
are denoted by k;[k; = L;,] with 1 < i < n — 1. Defining n and §; with again
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1 <1< n—1we get

b= eli€iki/v) ' ) (2.19)
v+
Note that in general,
(Lij)w = —i[0w0j — 6udjr). (2.20)
For j=n we have
(Lin)et = (ki)g = —i[0ir6n — Git0ni]- (2.21)

Operating k; on the column vector v; = vd;, we get

(kiv)j = (k‘z 5101
5ij5nl - 5il5nj]vl

= —i[
= —Z[dwvn — (5njvi]
= —i[éijvém — 5njU5in]

Thus, in the lowest order ¢; = &;(i < n) and ¢, = v + 1. Then, the Lagrangian

density in terms of & and n can be presented as
1 L, 2 4
L= 5[6“nﬁun) + 0"&,0,&] — H (v+n)?=Av+n)*+.. (2.23)

Looking at this Lagrangian, we can say that the field n has a positive mass of
—2p% and the (n — 1) & scalar fields remain massless. These massless bosons are
called as Goldstone bosons. In conclusion, for every broken generator that leaves

the vacuum invariant there exists a massless Goldstone boson.
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2.3 The Higgs Mechanism

Now, we will use the same Lagrangian in the eq. 2.10 but impose invariance
under U(1) of local gauge transformations (see Appendix A for details). To make
the Lagrangian invariant under this transformation we must replace the partial
derivative 0, by the covariant derivative D, = 0, —ieA, and add a kinetic term

—iF w . Then, the Lagrangian density becomes

L= —EFWF“” +((0" +ieA")§" (0, — ieAu)d] — '¢"d — A(¢"9)*,  (2.24)

where A, is the massless gauge field. Under local gauge transformations we have,
o(x) — ¢'(x) = exp™ @ ¢ (),
¢ (x) = 0" (x) = exp™™ ¢(w), (2.25)
1
Ay — Al (r) = Ay(z) — g@ﬁ(m).
Again we will look at the minimum in the potential. For A > 0 and p? > 0 we

obtain a symmetric ground state at ¢ = 0. However, when pu? < 0 there exists

again a ring of degenerate ground states. Proceeding as before we set

1 :
¢(x) = E[U +&(x) +ix(a)], (2.26)

with v = y/—u2/X so that ¢yee = v//2. Substituting this into 2.24, we obtain
the following Lagrangian density

1 22 1 1
L=—-F,F"+ ﬂANA“ + _(3#@2 + —(a“X)Q
if 2 2 2 (2.27)
— 5(2)\02)52 —evA, 0" x + ...

It is surprising that the gauge field A, seems to acquire mass in the quantum
picture. The Lagrangian density in the eq. 2.27 now seems to describe the
interaction of a massive gauge field A, and two scalar fields. To ensure the gauge

invariance, the gauge transformations in terms of £(x) and x(z) should be in the
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following form

{(z) = (z) = [v+&(x)] cos O(x) + x(z) sinO(z) — v,
x(x) = X'(z) = x(z) cos O(z) — [v + &(z)] sin (z), (2.28)
A= A () = Au(x) — -0,0().

We are free to choose 6(z) to be the phase of ¢(x) since the theory is invariant

under any choice of transformation of this function. Then,
#(a) = exp™" g(a) = v+ n(2)], (2.29)
V2

will be real, with n(z) is real. Substituting these into the eq. 2.24 the Lagrangian

density becomes

1 1 1
L=— ZFI’WF"“’ + 58“178“77 + §€2U2ALA/“
! ' (2.30)
+ 562(14’#)2(21)77 + 1) — M — Z)\n‘l...

with F} F'™" = 0,4, — 0,A],. By writing the Lagrangian density in this form,
we can say that it describes the interaction of the massive vector field A, with
the massive, real, scalar field n. This field is called as Higgs field with a mass
of 2 \v? = —2u2. In this way, all massless particles completely disappears. Con-
sequently, in spontaneously broken symmetries the gauge boson acquires mass
due to disappearing Goldstone boson. Therefore, for each massive gauge fields
we need a complex scalar field, one piece of which disappears and reappears as
the longitudinal mode of the vector field. Scalar part of this complex field, the

so called Higgs boson, remains.

2.4 The Standard Model Lagrangian

Having discussed the ingredients of the SM, let us turn our attention to the SM
Lagrangian, Lg)s. As mentioned above the SM is based on the principle of gauge

symmetry. The overall gauge group of the SM, under which the SM Lagrangian
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remains invariant, contains both the Quantum Chromodynamics (QCD) and the

unified EW interaction and is written symbolically as

The first group, SU(3)¢, represents QCD. The subscript C' indicates that the
gauge bosons of QCD, the eight gluons, couple only to colored particles, quarks.
The remaining part SU(2); x U(1)y represents the EW interaction, proposed
by Glashow-Weinberg-Salam [1, 2], with the subscripts L and Y indicating that
the group SU(2), couples only left handed particles and that the group U(1)y
couples to weak hypercharged particles where the hypercharge is obtained using
the Gell-Mann-Nishijima relation [36] Q) = T3 + Y/2. The EW theory, developed
by Glashow-Weinberg-Salam, predicted the masses of the gauge bosons W* and
ZY to be about 80 GeV and 90 GeV, respectively. In 1983, physicists at CERN
[37] led by Carlo Rubia were able to produce and measure the masses of the W=
and Z° which were in complete agreement with the predictions of EW theory. The
discovery of these particles may be considered as the first experimental evidence
of the SSB. In the minimum formulation of the SM, a complex scalar doublet
(the Higgs field) is required, which is denoted by ¢, so that by interacting with
the gauge bosons, it produces the desired breaking

GSM — SU(3)C & U(l)Q, (2.32)

where U(1)q is a subgroup of SU(2),®@U(1)y. This breaking of symmetry occurs

due to the non-zero vacuum expectation values (VEV) of the scalar field ¢ of the

0
(¢) = <N§> (2.33)

The reason for why this type of breaking occurs is as follows. The W# and Z°

form

gauge bosons are massive. Therefore, SU(2);, ® U(1)y can not be a symmetry
of the vacuum, whereas the photon, being massless, reflects that U(1)¢ is a good

symmetry of the vacuum.
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Now, let us write the most general renormalizable EW SM Lagrangian. It can

be divided into five parts:

LSM = ‘Ckznetzc + [’kznetlc + ‘Ck'metzc + Epot + EY' (234>
The Ekmetw term corresponds to the fermionic sector of the SM Lagrangian.
It includes both the left-handed and right-handed chiralities and can be presented
as
[’ginetzc - Z ¢LW“D wL + Z T?RZ’Y“D ¢Ra (235)
YL

where ¢, = 1(1 — 5)¢ stands for the left-handed weak isodoublets and g =
%(1 + 75)¢ for the right-handed weak isosinglets. The normal derivative, d,, is

replaced by the covariant derivative, D,:

D, =0, —|—ng%+223 Y, (2.36)

to preserve the gauge invariance. Here, g and ¢ are the coupling constants
associated with the groups SU(2), and U(1)y gauge groups, respectively. The
corresponding generators to each gauge group are 7; and Y in order. Moreover,
W; are the three weak interaction bosons and B, is the single hypercharge boson.
Here, the gauge boson fields W, W2, W2 couple to weak isospin and B, couple
to weak hypercharge.

The second part of the SM Lagrangian is the kinetic term for the scalar Higgs
field, ¢ and is responsible for the interaction of the gauge and Higgs fields. It can

be written as

‘Cklnetzc = (DH¢)T(DH¢>7 (237>

with D, is defined in the eq. 2.36.

The corresponding kinetic term for the gauge fields reads

k:metzc - Z FMVFZ MVB;U/; (238)
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where F., = 9,W} — 9,W) — ge?*WJW} is the antisymmetric field strength
tensor of the group SU(2); with €% being the group structure constant and
B,, = 0,B, — 0,B,, is that of the group U(1)y. After a proper normalization of
the gauge fields, the photon, the neutral weak boson, Z° and the charged weak

boson Wj fields are obtained as

A, =sin QWWE’ + cosOw B,

Z,, = cos GWVVL3 — sin 0w B,,, (2.39)
1
+ _ 1 112
WN = E(WM :FZWM),
where )
. o g ) _ g
sin Oy = —\/W ; cos Oy = —92 e (2.40)

with Oy being the weak mixing angle. Finally, the photon becomes massless and
the mass eigenstates for W= and Z° bosons are obtained as
v g2 _|_g/2

g
. My =Y2 7 4
M{/Vi = 2 5 70 2 (2 1)

The Higgs potential denoted by £7 in the SM Lagrangian reads
Ll = 1*(67¢) + M0'9)?, (2.42)

where 12 and )\ are the free parameters. For p? < 0 the scalar field ¢ develops a
non-zero vacuum expectation value at |¢lpae = v/v/2 with v = y/—p2/\. Thus,
the Lagrangian gains a set of ground states for negative values of ;2. As a result,
symmetry of the Lagrangian is spontaneously broken. In addition, through the
Higgs mechanism, the Higgs mass is yielded to be equal to my = v/2Av. Notice
that, all the terms explained up to now in the SM Lagrangian are CP invariant.

The final piece of the SM Lagrangian, £3* called the Yukawa Lagrangian

describes the interaction among the fermions and the Higgs field. The general
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form can be expressed as?

LY = ﬁgQi,L¢Dj,R + UZQi,LéUj,R + ngi,L¢Ej,R + h.c., (2.43)

U,D,E;
ij
and leptons, respectively. In addition, @; 1, U; g and D; i denote the left handed

where é = 110" and 7 s are responsible for the masses of up-down quarks

doublet, right handed up and right handed down quarks, respectively. Similarly,

l;;;, represent the left handed leptons and E;r the right handed ones. These

fermions are presented in a more elegant way in the following table:

Table 2.2: The known fermions.

Generation Quarks Leptons

Charge 2/3 Charge —1/3 | Charge —1 | Charge 0

Color (R G B) | Color (R G B) | Colorless Colorless
First u (up) d (down) e (electron) | v, (electron neutrino)
Mass(GeV) | 0.0015 — 0.003 | 0.003 — 0.007 | 0.000511 <3x107
Second ¢ (charmed) s (strange) p (muon) | v, (muon neutrino)
Mass(GeV) | 1.25 £+ 0.09 0.095£0.025 | 0.106 <190 x 107°
Third t (top) b (beauty) 7 (tau) v, (tau neutrino)
Mass(GeV) | 174.2£3.3 | 4.24£0.07 1.777 <182 x 1073

In this table, quark masses given correspond to the approximate rest mass
energy of quarks confined in hadrons since free quarks have not been observed yet.
For each quark and lepton given in the table there is a corresponding antiquark
and antilepton.

As mentioned before, in the SM, the fundamental fermionic constituents of the
matter are quarks and leptons. All properties of these particles are summarized
in the Table 2.2. These particles are placed into SM as left-handed doublets and

. . . - . . SM
%In the case of massive neutrinos, there is an additional term in the Lagrangian: £’y =
ng’jlingzSVj_,R + h.c.
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right-handed singlets. The left handed doublets for quarks are given by

(), (), () e

and the right handed singlets for quarks are
dg. ;5 wur ; Sk ; cr ; br ; ig (2.45)

On the other hand, the lepton doublets are

/L ) /L
and the right handed singlets for leptons are

er i MR 3 TR (2.47)

In the charged weak interactions of leptons, the coupling of W¥ takes place
strictly within a particular generation in the case of massless neutrinos . In
other words, upper members of left handed lepton doublets couple to the lower
members in the same doublet. That is, only the vertices e"v. W™, p v, W,
and 77, W™ appear , however, there is no cross generational vertices such as
e"v,W~. The coupling of W* to quarks is not quite so simple since there exist
cross generational vertices as well, such as sulW/~. The idea is that, the quark

generations are rotated for the purposes of weak interactions such that

U c t
(), ) ) e

where d’, s/, and b/,the linear combinations of the d, s, and b, are obtained by
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using the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix Vj;

d/ Vud Vus
S ! = ‘/cd chs
v Via Vis

Vb d
Vo s | (2.49)
Viy b

where the off-diagonal elements of the CKM matrix allow flavor transitions be-

tween different generations. The experimentally measured values of the matrix

elements are [38]

0.97377 = 0.00027
0.230 £ 0.011
0.0074 £ 0.0008

Vi =

23

0.2257 £ 0.0021
0.957 £0.017 £ 0.093  0.0416 £ 0.0006
0.0406 £ 0.0027

0.00431 4 0.0003

> (.78
(2.50)



CHAPTER 3

BEYOND THE STANDARD
MODEL

The SM has been extremely successful in describing the behavior of all known
particles in elementary particle physics up to the EW energy scale at the order
of 10® GeV. However, behind this energy scale, it possesses some conceptual
problems which motivates us to look physics beyond the SM. There are various
alternative extended models proposed for solving these problems as indicated
in the introduction part. MHDM [6] is one of them. In this chapter, we will
introduce the simplest extension of the SM, the so called the 2HDM [7, 8, 9].

3.1 The Two Higgs Doublet Model

Let us first present the motivation for examining the 2HDM,;

e In the SM, it is assumed that the Higgs sector must be minimal having only
one physical neutral Higgs scalar. However, there is no fundamental reason
favoring this minimal choice. The 2HDM, being the simple extension of the
SM, possesses five physical Higgs bosons, namely, a charged pair (H¥), two
neutral CP even scalars (H? and h%), and a neutral CP odd scalar (A?).

e The ratio between the masses of top and bottom quarks is m;/m;, ~ 174/5 ~
35. According to the SM, both quarks gain mass through interactions with
the same Higgs doublet. Then, we end up with an unnatural hierarchy
between the corresponding Yukawa couplings. In the scope of the 2HDM,

there is a possibility that the bottom receives its mass from one doublet
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(say ¢1) and the top from the another one (say ¢5). Then the hierarchy of

their Yukawa couplings would be more natural.

e In the framework of the SM the flavor is conserved in the lepton sector
for massless neutrinos. The LFV interactions, carried by the FCNCs, exist
in the extended SM, the so called ¥SM, at least at one loop level, which
is constructed by taking the neutrinos massive and permitting the lepton
mixing mechanism [39, 40]. However, even in the #SM, due to the smallness
of the neutrino masses, the theoretical predictions of the BRs of the LEV
interactions are too small to reach the experimental limits. In addition, in
the quark sector the FCNCs are prohibited at tree level despite they seem
not to violate any fundamental law of nature. In that aspect, the 2HDM
is an elegant framework to open up the possibility of the tree level FCNCs
in both lepton and quark sectors which is driven by the new scalar Higgs
bosons S, the CP even scalar h°, and the CP odd scalar A°, and controlled
by the Yukawa couplings.

e The 2HDM is a minimal extension in that it adds the fewest new arbitrary
parameters. Instead of one free parameter of the SM, this model has six
free parameters: the four Higgs masses, the ratio of the VEVs, tan 3, and
a Higgs mixing angle, a. Notice that v + v3 is fixed by the W mass

_ 2 (WP4vd)
Having stated our motivations for an additional scalar doublet, our next task is

to introduce the 2HDM. In the 2HDM, a second Higgs doublet having the same

quantum numbers as the first one is introduced such that,

oF by
@:<é) ; %=<é>, G.)
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with hypercharges Y = 1. Parameterizing the doublets in a more convenient way

we can write them in the following form

Y+ ‘ H+
@1 - < U1+H0+ixo ) 9 @2 - ( UQ+H1+iH2 > 9 (32)
V2 V2

with the VEVs

1 0 1 0
(@) = 7 ( o ) ; (®y) = NG ( o > ; (3.3)

where v = (v? + v2)Y/? = (V/2Gr)™Y/? = 246 GeV. Here, H° and H' are the
CP even, H? is the CP odd neutral Higgs bosons, and H* is the charged Higgs
boson.

In the 2HDM, the Higgs part of the SM Lagrangian should be extended to
include the interaction with the second Higgs doublet. Then, the kinetic term in

eq. 2.37 becomes
(D@ 1) (D#0) + (D, ) (D ), (3.4)

and the most general renormalizable CP invariant Higgs potential potential is

written in the form

V(®y, Dy) = Al(qﬂcpl — 0% 4 M (BLD, — 02)?

(1D, —v?) 4 (DI Dy — 02))?

(@]P1)(DhPy) — (B]y)(011)] (3.5)
+ A5 Re(<D1<I>2) — V10?2

+ Ae[Im(@]D,)]?,

3

+ X\

[
[
[
[

where the parameters \; are real.
Then, what remains is the Yukawa piece of the SM Lagrangian in the presence

of the two scalar doublets which is written as follows:

Loy = ngQiL&)lUj,R + ngéi,Lq)leﬁ + ngi,L&)2Uj,R + gi?Qi,L(I)QDj,R

Er ET (3.6)
+ni;litP1Ej R + &5l 1 P2Ej R + hec.,
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where ®@;, for i = 1,2 are the two scalar Higgs doublets, ®; = ioy®;, nZ’D’E

and £Z’D’E are off diagonal 3 x 3 matrices of the Yukawa couplings where i, j
denote family indices (see Chapter 2 for the definitions of terms appearing in the
Lagrangian).

As stated before, FCNCs with massless neutrino are naturally suppressed in
the tree level in the SM. To avoid FCNCs at tree level, one can explicitly impose

the following ad hoc discrete symmetry sets

(I) o - -9y, Py — Dy, Djr— —Djr, Ujr— —Ujg,
(I1) & — Py, Py — Dy, Djp— —Djr, Ujr— +Ujr,
(3.7)

into the Yukawa Lagrangian, £);,,,. Imposing these discrete symmetry sets,
the so called model I and model II are obtained depending on whether the up-
type and the down-type quarks are coupled to the same or two different scalar
doublets, respectively. If no discrete symmetry is implemented into the L35,
both up-type and down-type quarks and also leptons will have flavor changing
(FC) couplings. This type of 2HDM is called as model III where we should take
into account all the terms in the Yukawa Lagrangian given in eq. 3.6.

It is possible to make a rotation of the doublets in such a way that only one

of the doublets acquire VEV so that

0
<P >= < v ) ; < ®y >=0. (38)

V2

The two doublets in this case arise of the form

Xt H+
®; = ( vt HO4i” ) ; ®, = ( H'4il? ) : (3.9)
V2 V2
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Here HY and H' are not the neutral mass eigenstates. The neutral mass eigen-

states are obtained from (H°, H', H?) as follows

o = [(H® — v)cosa — H'sinal,
R = [—(H° —v)sina+ H'cosal,
A = H? (3.10)

where « is the mixing angle. It is also possible to express H°, H' and H? as

functions of mass eigenstates

H = (Hocosa — hsina) + v,

H' = (h%cosa + ﬁosina),

H? = A° (3.11)
Choosing a = 0, H; becomes the well known mass eigenstate hy. As mentioned

before, the model III version of the 2HDM opens up the possibility of FCNCs at
the tree level and the FC part of the Yukawa Lagrangian reads

Lol = €lQ, 1 oU; g+ €0Q, 183D, g + €51, 1 @2y g + hoc. (3.12)

There is another version of the 2HDM, the so called Model IV such that ¢,
couples and give masses to up-type quarks and ¢, couples and gives masses to
the down-type quarks and the VEV of the doublets are chosen

0 0
<Py >= ; <Py >= - (3.13)
U1 Ve’

In this case the term containing A is replaced by \g(Im(¢] ¢2) —v1vg sin €)?) and

is responsible for the CP violation in the Higgs sector.
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CHAPTER 4

EXTRA DIMENSIONS

In recent years, models with extra dimensions, not yet experienced and not yet
entirely understood, have been studied extensively in the literature (see for ex-
ample [18]-[29]). The strong motivation to study these scenarios comes from
the fact that they resolve some of the most basic mysteries of our universe such
as the hierarchy problem between the two fundamental energy scales, the EW
scale (mpw ~ 10° GeV) and the Planck scale (Mp; ~ 10') GeV, where the
strength of gravity becomes comparable to the one of other gauge interactions.
In fact, there is an important difference between these two energy scales. While
the electroweak interactions have been probed at distances ~ myy,, gravitational
interactions has not remotely been probed at distances ~ Mp/': it has only been
accurately measured in the 1 cm range. Apart from the hierarchy problem, the
cosmological constant problem (for reviews see [41, 42]), the puzzle of why the
vacuum energy is driven to be a very small number, has also been tried to be
solved within the extra dimensional scenarios. One possible explanation for the
smallness of the cosmological constant problem can be stated as, if there is a 4D
theory with only 4D sources, these will necessarily lead to an expanding universe.
However, if there is 4D sources in 5D, the effects of brane sources can be balanced
by a 5D cosmological constant to get a theory where the effective 4D cosmolog-
ical constant would be vanishing. In this way, for an observer on a brane, the
universe will still appear to be static and flat. The 5D background, however, will
be curved since there exists a bulk cosmological constant in there. Such extra
dimensional theories are called as warped extra dimensions, where the brane is
kept flat and the extra dimensions are curved. This solution to the cosmological
constant problem first pointed out by Rubakov and Shaposhnikov [43]. Finally,

the extra dimensional scenario, named as the split fermion scenario [25, 26, 27],
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provides an alternative view for the fermion mass hierarchies by assuming that
the fermions were located at different points in the extra dimensions with the
exponentially small overlaps of their wavefunctions.

Among the models with extra dimensions, emergence of the ordinary four
dimensional SM as the low energy effective theory of more fundamental theory
lying in higher dimensions found acceptance. The process of passing from a
fundamental theory to the effective theory includes the compactification of the
extra dimension(s). This compactification leads to the appearance of towers of

heavy KK [30] modes of particles in 4D effective theory.

4.1 Large Extra Dimensions

In 1998, Nima Arkani-Hamed, Savas Dimopoulos and Gia Dvali [18, 19] tried to
explain the hierarchy problem between the scales mgy and Mp; by assuming
the existence of n extra compact spatial dimensions of large size. According to
this model (called as ADD Model), the SM fields are confined to the 4D brane
while gravity is free to propagate in large extra dimensions. In other words, the
gravitational field has extra components in n large extra dimensions and this
extra components cause it to be weaker than the other forces at long distances
because it would have been diluted by the large volume of the extra dimension.
In this scenario, since the SM particles are confined to a 4D brane, everything
that does not involve gravity would look exactly the same as it would without
the extra dimensions, even if the extra dimensions were extremely large. These
extra dimensions, being compact, lead to the appearance of towers of heavy KK
modes. However, since the SM particles, which are confined to a brane, would
not have KK partners. The only particle in this model that must have the KK
partner is the graviton. However, the graviton’s KK partners interact far more
weakly than the SM KK partners (see for example [44] and the references therein).
Therefore, the KK partners of graviton would be much harder to be observed.
One question ADD wanted to address with their set up is how large the size of the
extra dimensions can be without getting into conflict with observations made up

to date. To answer this question we need to match the 4D effective theory to the
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fundamental higher dimensional one. Let us assume that the higher dimensional

action takes the same form with Einstein-Hilbert action:
San ~ /d4+”x\/g(4+”)R(4+"). (4.1)

Here \/gm and R are the metric' and curvature scalars in 4 4+ n dimen-
sions. The action should be dimensionless and we need to multiply the higher
dimensional Lagrangian by the appropriate power of the fundamental Planck
scale (M,) , to make the action dimensionless. Since terms d*™"x, \/W and
R®*) carry dimensions of —n — 4, 0 and 2, respectively, the power of M, has to

be n + 2. Thus, we write the higher dimensional action as

Spin = =M / dgy/ glatn) RN, (4.2)

Now, we will try to find how the usual 4D action

Sy = —M3, / diz\/ gD RW), (4.3)

is contained in the higher dimensional expression. For time being, it is assumed
that the space-time is flat, and the extra dimensions are compact. So the metric

1s written as
ds* = (N + hy)datda” — rde%n), (4.4)

where z,, is a four dimensional coordinate with p = 0,1,2,3, dQ%n) is the line
element of the flat extra dimensional space, r corresponds to the radius of the
extra dimension, 7, is the flat 4D metric and h,, is the 4D fluctuation of the
metric around its minimum. Since our goal is to find out how a 4D theory emerges

from a higher dimensional one, we put only 4D fluctuation into the metric. Then,

'Metric is a quantity that establishes the measurement scale that determines the physical
distances and the angles. A metric on 3D space can take the form ds? = a,dxz? +aydy2 +a,dz?,
where x, y, z are the three coordinates of space, and a,, ay, a, can be numbers or functions
of x,y, z. If a = ay = a, = 1, we have flat space. More complicated metrics can have cross
terms, such as dxdy. In that case, the metric must be described by a tensor with two indices
that is denoted by the coefficients a;; which is the coefficient in front of dz;dx;.
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the expressions for 1/¢™+4) and R™tY are obtained as

VgWtn) =y /g® : R — R, (4.5)

Substituting these expressions into the eq. 4.2 we get
Sipn = —M!M? / A" / d*z\/ g RW, (4.6)

where the factor [ d€Q,r™ is simply the volume of the extra dimensional space,
Vin). Comparing the eqs. 4.3 and 4.6, we obtain the matching relation for the

gravitational couplings as
M}, = M2V, ~ r" M2 (4.7)

Now, we will find the matching relation for gauge couplings. Based on the as-
sumption that every field propagates in all dimensions we can write the action

as

1
glatn) _ —/d4+nx@FMNFMN g(4+n), (4.8)

Here, Fy;n with M, N = 0,1,...3 + n is the higher dimensional field strength
tensor and g, is the fundamental gauge coupling. Taking the integral over the

extra dimension we get

Vin
SW = / d'z 4(92) Fo " /@), (4.9)

Then, we obtain the matching of gauge couplings as

1 Vi

—_—= (4.10)
ngf g2

Notice that, in the eq. 4.8, d**"x, 1/g(t™ and Fyn carry dimensions —n — 4, 0
and 2, respectively. Thus, the mass dimension of g, has to be —n/2 so that the

action remains dimensionless. Looking at the mass dimensions of g, and M, we
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can write

1
Gsx ~ —x- (4.11)
M2
Substituting this into the eq. 4.10 we get
1 n n n
—— =V, M} ~ "M} (4.12)
erf
Using the eq. 4.7 we obtain an equation for M, as
s
M5t
M, ~ —£. (4.13)
Tn+2
If we substitute this into the eq. 4.12 we get
2771,2
1 M5
= T (4.14)
Gepr 1 nt2
Then, r becomes
1 n+2
T~ _gefnf . (4.15)

Mp;
Since r ~ 1/Mp; there would be no hope of finding out about the existence of
these tiny extra dimensions in the near future.

Up to now, we have assumed that every field propagate in all dimensions.
Now, we will deal with the restrictions on the size of extra dimensions when the
SM particles are localized to 4D brane while the unobserved fields such as gravity
are to propagate in extra dimensions. However, in distances as small as the size of
extra dimensions, it is impossible to test gravity. Because, in such short distances
electromagnetic and weak forces become more dominate than the gravitational
force and the gravitational interactions have been tested at the distances of the
order of millimeter. Therefore, the real bound on the size of extra dimensions

becomes
r < 0.1mm, (4.16)

if only gravity propagates in the extra dimension. From the relation M]%l ~

M 2™ we know that if we increase the value of the radius r, the fundamental
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Planck scale M, decreases. If M, < 1TeV, we would have observed some effect of
quantum gravity in the collider experiments. Thus, one has to impose the lowest
possible value to be M, ~ 1TeV. Therefore, one can say that being equal to the
fundamental Planck scale, mgy is the only fundamental short distance scale in
nature and Mp; is valid in a 4D scenario is an effective scale derived from mgy .
Such models are called as Large extra dimensions, proposed by Arkani- Hamed,
Dimopoulos and Dvali.

Let us check, how large a radius one would need for the lowest possible value

of M,, using the eq. 4.7 the value of radius would be

M,

1 2 32
- =M, n=(1TeV)10" n. 4.17
- = M) = (TeV) (4.17)
Using
1GeV ™t = 2.10"*em, (4.18)
we get
r~ 21077107 % em. (4.19)
For n = 1, the value of r = 2.10'® cm. Since this value is larger then the

astronomical unit of 1.5 x 10'® cm, we can conclude that there cannot be one
flat large extra dimension. If there are two extra dimensions, » ~ 2 mm. This is
just a borderline for the currently probed gravitational experiments. For n > 2,
r < 1075 ¢cm. This value is so small to be measured in the near future. Then, the
hierarchy problem between the fundamental Planck scale and the scale of weak
interactions would have been solved so that gravity would be weaker than the
other forces at long distances because it would have been diluted by the large

volume of the extra dimension.
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4.2 Universal and Non-Universal Extra Dimen-

sions

As mentioned above, the compactification of the extra dimensions to a circle Sy
with a small radius R makes them imperceptibly small. But can an extra dimen-
sional universe hide its nature so completely that none of its features distinguishes
it from a 4D world? That would be hard to believe. If there are extra dimen-
sions, fingerprints of them sure to exists. Such fingerprints are called as KK [30]
particles. These new particles originate in extra dimensions, but appear to us
as extra particles in our 4D space-time. In other words, they are manifestations
of particles, which are in higher dimensions, in 4D such that every particle that
travel in higher dimensional space is replaced by KK particles in our 4D space.
A universe with extra dimensions contains both familiar particles and their KK
relatives that carry extra dimensional momentum. However, a 4D dimensional
space-time does not include information about higher dimensional position or
momentum. This extra dimensional momentum would be seen in our 4D world
as mass. Thus, KK particles should be like the ones we know (having the same
charge), but heavier. If the universe contains additional dimensions, these heavier
KK particles will be the first real evidence of them.

The wavefunction of a KK particle is written as Fourier decomposition of the
higher dimensional wavefunction. To be concrete let us imagine a space with
only one additional spatial dimension which is compactified on S'/Z, orbifold
(Zy 1y — —y). Then, the KK decompositions of the five dimensional (5D) fields
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can be written as follows,

o(,y) = \/71T—R¢(0)($) T \/%Z¢(n)(x) COS<%)7
Aey) = ) + % D AR() cos(),
V2 o o ny
As(z,y) = N ;Aé )(:U) sm(ﬁ), »
1 (0) \/§ = (n) ny () ny ’
Qavy) = =1 (@) + = ) Q1" () cos(F) + Q" (@)sin(),
Ulz,y) = \/jT—RU}(%O) (x) + % Z[UI(%TL) (z) COS(%/) + Ué") (x) sm(n—]g)],
D(z,y) = %D%W )+ J% S ID (@) cos(Y) + UL (@) sin( 5]

Fields even under the Z, symmetry will have zero modes and they correspond to
the SM particles in our usual 4D world whereas fields odd under Z, symmetry
will only have KK modes and will be absent in the low energy spectrum so that,
in the four dimensional Lagrangian, we get rid of the the zero modes of wrong
chirality (i.e., Qr, Uy, and Dy) and the fifth component of the gauge field, As. If
we could measure and study their properties, they would tell us everything about
the higher dimensional space.

The elecroweak, SU(2);, x U(1)y, part of the SM Lagrangian in 5D can be

written as follows
TR
‘C = / dy<££inetic + EH + ‘CkGinetic _'_ EY)’ (421)
0

where y = 2* is the coordinate along the extra dimension. The fermionic piece

of the 5D Lagrangian is defined as
Lo = QUETMDy)Q + UGTM Dy )U + DGETM Dy ) D, (4.22)

where, M, N = 0,1,2,3,4 corresponds to the five-dimensional Lorentz indices.
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The fermionic fields Q, U and D denotes five dimensional generic quark doublet,
up type quark singlet, and down type quark singlet, respectively. Unlike in the
SM, these fermionic fields have both chiralities and are all vector type. The
covariant derivative, Dy is defined as Dy = 0y — igW§,T® — ig’ By Y with g is
the five dimensional gauge coupling constant of the group SU(2), and ¢’ is that
of U(1)y. Here, T® and Y are the corresponding generators. In addition, 'y,
are the five dimensional gamma matrices with I', = v, and I'y = ivys. The Higgs

piece of the 5D Lagrangian is

L = (Dy¢) (DY) — V(9), (4.23)
and the gauge piece is
1< 1
‘Cginetic = _Z ZF;MNF]Z\/[N - ZFMNFMN- (424)

i=1
The field strength tensors associated with the SU(2), and U(1)y gauge group
can be expressed as
Fin = OuWie — ONWi, + ge "W Wk, (4.25)
and
Fuy = 0y By — Ox B, (4.26)

respectively. Finally the Yukawa piece reads
LY = QYU + QYy¢4D. (4.27)

In the above equation, the fields ¢ and ¢¢ = iT2¢* stand for the standard Higgs
doublet and its charge conjugated field as each refers to each in order. Finally,
ffu and ffd correspond the Yukawa matrices in the five dimensional theory which
are responsible for mixing different generations. For simplicity lepton or gluon
indices are not included.

Substituting the KK decompositions of the five dimensional fields given above
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into the eq. 4.21 and integrating over the extra dimension y, we obtain the effec-
tive four dimensional Lagrangian. One can realize simply that the KK excitations
receive mass not only due to the vacuum expectation value of the zero-mode Higgs
but also from the kinetic energy term in the five dimensional Lagrangian. The
mass of the n'* KK particle is given by m&% = \/m. Here m corresponds
to the zero mode mass and m,, = n/R.

Depending on the underlying fundamental theory, extra dimensions may or
may not be accessible to all fields in the model. According to this accessibility,
extra dimensions can be grouped into two, including ”universal extra dimensions”
(see for example (UED) [20, 21, 22] and the references therein) and "non-universal
extra dimensions” (NUED) (see for example [23, 24] and the references therein),
respectively. In a theory with universal extra dimensions, all fields in the model
feel the extra dimensions. Conservation of extra dimensional momentum leads to
the key future of such theories that KK number at each elementary interaction
vertex is conserved. As a result of this feature, production of an isolated KK
particle at colliders is forbidden. Instead they are produced in pairs. This, in
turn, implies that there is no tree-level contribution to weak decays of quarks and
leptons. They enter into the calculations only through loop corrections. However,
in a theory with non-universal extra dimensions, some of the SM fields are con-
fined to a 4D brane and the others live in the bulk. In this case, the Lagrangian
contains localizing delta function which permits KK number violating couplings.
Then, the tree-level interactions of KK modes with the ordinary particles can

exist.

4.3 The Randal-Sundrum Model

The large extra dimensions which are discussed in the previous section took the
advantage of the fact that branes could trap particles and force but neglected
the energy that the branes themselves could carry. However, according to Ein-
stein’s theory of general relativity, gravitational field is induced by means of
energy, which means that when branes carry energy, they should curve space and

time. Lisa Randall and Raman Sundrum [28; 29] tried to explain how space-time
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would be curved in the presence of two 4D energetic branes that bounded the
extra dimension of space where the bulk? geometry is anti-de Sitter3, by solving
Einstein’s gravity equations based on the assumption that both the bulk and and
the branes have energy. In this space-time the 4D branes and any single slice
along the fifth dimension are completely flat. But the 5D space-time under con-
sideration is nonetheless curved. The technical term for this type of geometry is
‘warped’. This section focusses on a warped five-dimensional world that provides
an alternative approach to explain the huge discrepancy between mgy and Mp;
without the need for a large extra dimension. In this scenario (called as Randall-
Sundrum (RS1) Model), the geometry contains two 4D flat branes, the Planck
brane where the gravity is localized and the TeV brane where all SM particles are
confined, that bound a fifth dimension which is compactified to S*'/Z, orbifold.
The two 4D flat branes with opposite tensions, which reside at the orbifold fixed
points together with a finely tuned non-vanishing 5D cosmological constant A,
serve as sources for 5D gravity. Since the two branes are completely flat, the
induced metric at every point along the extra dimension has to be the ordinary
flat 4D Minkowski metric, and the components of the 5D metric depend only on
the fifth coordinate, y. Thus, the most general space-time metric satisfying these

properties is given by
ds* = e~ "Wy, datdz” — dy?, (4.28)

where e~4®) is called as the warp-factor which determines the amount of cur-
vature along the extra dimension. It is also possible to write this metric in a
conformally flat form where there is an overall factor. To go into the conformally
flat frame, all we need to do is to make a coordinate transformation of the form

z = z(y) such that dy and dz are related by

e A2y = dy. (4.29)

2Full higher-dimensional space.
3Space-time with constant negative curvature.
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Then, the metric in the eq. 4.28 becomes
ds* = e~ (n,, datdz” — d2?),

and we get

A(z)

gun =€ gun,

where gpsn is the flat metric, gy ny = nun-

4.3.1 The Einstein tensor and the brane tensions

The starting point is the action (see [46] for example)

S = /d5x\/§(MER),
where M, is the 5D Planck scale, R = ¢™~ Ry;n and Rj;n reads
Run =Ty — Uhivge — Daen Uk + Do Ui
with the connections

KL(

1
FJ\K/IN =g Trun = 59 9LM.N + 9LN.M — GMN,L)-

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

After the variation of this action with respect to gy (see [45] and [46] for details)

we get
58S = / d°z[6\/gM2R + \/gM25g™" Ry,

where
1
5\/g = 559MN9MN\/§ ;oMY = —gME NS gt

Finally we obtain

1
58S = M3 / dx(RMN — §gMNR)\/§6gMN,
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with the Einstein tensor Gyny = Rynx — %gMNR. Now, we will calculate this
tensor for the special metric given in eq. 4.31. From now on, since gyn = nun,
all covariant derivatives Vj; (which are with respect to the metric §) will be
replaced by the normal derivative dy;. Let us calculate Ry, y term by term. The

first term is:

FJ\KU(,N = {QKSFSMK},N
1

= §{QKS[QSM,K + gskm — GMKS|EN

1 _ _ _
= §{€A77KS[(€ nsu) x4+ (e nsk) o — (e k) s} on

1, s (4.38)
= 5{77 [—nsmOx A — NskOm A + N OsAl} N

1
= 5{77KS[_778M8N8KA — NskONOMA + NurOnOsAl}

1 1 1
= —57’]]\]26]\]8]{14 — 57]56]\181\4/1 + 577}?/[8]\[85/1,
where
my=0un My =d, (4.39)

with the space-time dimension d. Substituting these equations into FﬁK’ N We

obtain the first term in Ry;n as

d
Ty = —5OnOuA. (4.40)
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By using the same procedure we get the other terms as:

vk = {9" Tsunt} .k

1
= —{QKS [9sm,N + gsnv — 9uns|} i

2
= %{eAnKS[(e_AUSM),N + (e Mnsn) = (e nn) 5]} i
= %{UKS[—TZSMaNA — NsnOmA + nun0sAl} K (4.41)
= (0 s On A — msnOicOu A+ munids Al)
= —%nﬁ@KﬁNA — %nﬁ@KaMA + %UKSUMNE)KE)SA

1
= —8M8NA + 577]\/1]\78214,

FﬁNF%{L = gKSFSMNgLPFPKL

1 1

= §9KS [9sm,N + gsn,m — gMN,S]EgLP[gPK,L + 9pL.K — 9KL.P|
1 _ _ _

= zleATIKS[(e AUSM),N + (e AUSN),M — (e AT]MN),S]

x e'n"l(e  npw).r + (e "npr).x — (e nxr),p)

1
= 5 [nspONA — nsnOMA + NunOs A

1 (4.42)
X " [=nprOLA = npLdk A+ 1k LOp Al

_ i[—nﬁaNA — x O A+ 0 s Al

x [~nEOLA — nkox A+ nEopA]

_ }l[_nﬂf;aNA — B0y A + a0 A|[-dOk A]

d d
= §8MA8NA — ZnMN(ﬁA)Z,
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A TNk = " Tonmr g™ Trng

T2
L A ks

=27 (e nsar) . + (e nsz) v — (e *narr) 5]

x e l(e ™ npn) .k + (e npr) v — (e Nk ) P]

1

= ZUKS[_USMaLA — NsLOmA + nur0sAl

x M [—npnOx A — nprONA — Nk OpA] (4.43)
= (a0 A — O A+ a0

X [0k A = ngdn A+ " v dp Al

= i[—nﬁ@LA — nEon A + 0% A

X [—nNOx A — ngONA + vk Op Al

1 1
_ 1(2 + d)Oy Ady A — EnMN(aA)Q'

1 1
gKS[ LP[

9sm,L + gsL,.m — gML,S]ﬁg gPN.K + 9PK.N — gNK,P]

Finally Ry becomes

2— 2—
Ryn = TdaMﬁNA + TdaMA(‘)NA
d—2 1
+ TnMN(E)A)Q — 57’]]\/[1\78214

(4.44)

Now, we will find R using R = ¢V Ry as follows:

R = BAUMNRMN

Pl 2 oay
=1 - apa+ 22020 dl(l =4

d(d — 2)
4

(0A)7].

(04 - S5 (4.45)

=€

Substituting the eqs. 4.44 and 4.45 into the Einstein tensor we get

2—d 1
Gun = T{éaMAaNA—l—aMaNA

o [0F 0 A — ¥6KA6KA]}.

(4.46)
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Here d = 5 stands for the number of dimensions. Using this expression we can

evaluate the non-vanishing terms G5 and G,,. Let us start with Gs:
3,1 2 " " 1 2

where A’ = 054 and 1755 = —1 and we get

Gss = —gA’? (4.48)
G, can be obtained in the same way:
3.1 % 1,k
G = —5{58“148,,14 + 0,0,A — 1, [0" O A — 56 A0k Al}. (4.49)

Since A = A(z), the terms including 4D differentiation vanish and we obtain,

3 1 1 /
GMV = 577/“,(—14 + §A2) (450)

Now, we consider the 5D Einstein action for gravity with a bulk cosmological

constant A:
S = /d5:c\/§(M,f’R —A). (4.51)

Taking the variation of the action with respect to metric
68 = / dx[0\/gM3R + \/gM35g™N Ry — 61/gA], (4.52)
we get (see eq. 4.37 for the variation of the first term in eq. 4.51)
0SS = /de[—MfGMN - %AgMN]\/g(SgMN. (4.53)
Then, we can simply write the Einstein tensor as

1

Gun = —
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The 55 component of Einstein tensor will then be:

3
_A/2 —
2 2M.,

| —A
A = 2 Mse—A<Z>/2. (4.56)

There exists a solution if and only if A < 0. This means that the important case

1 1

gs5 = _2M AeiA(z). (455)

and A’ reads,

for us will be considering anti-de Sitter spaces, that is the spaces with negative
cosmological constant. Now, let us take f = e~4(*)/2 and, therefore, f' = %A’(z)f

Substituting them into the eq. 4.56 we obtain

1 | =A
Solving this differential equation we get a relation for f such that,
f=e40 = - (4.58)
(kz + co)?’
where k? = ﬁ If we choose e~ 40 =1,
1
e 40 = 2 =1, (4.59)
c
we get ¢g = 1 and, finally, we obtain
1
—A(z) __

This solution must be symmetric under z — — 2z reflection since we are on a S*/Z,

orbifold and, therefore, we take

1
R S S— 4.61
= W (4.61)
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The RS metric is then obtained as

1

ds? = ————
SR TE e

(Nuda'dz” — dz?). (4.62)

Using the eq. 4.29, we obtain A(z) as follows:

dz

=d 4.63
klz| +1 Y (4.63)
and solving for y we get
In(k|z| + 1)
= —= . 4.64
kefle] (4.64)
If we choose y = 0 to correspond to z = 0 the constant ¢; becomes ¢; = 0. Then,
we have .
= e Wl 4.65
(e + 17 (465)

and the final form of the RS metric in y coordinates becomes
ds® = e_2k|y|77u,,dx“dx” — dy?, (4.66)

where y corresponds to the physical distance along the extra dimension, since in
that metric there is no warp factor in front of dy? term and the Planck (TeV)
brane is located at y = 0 (y = ro).

At this stage, we would like to check whether the 4D components of the
Einstein tensor given in eq. 4.50 are also satisfied or not. Using the eq. 4.61,
A(z) is obtained as

A(z) = In(k|z| + 1)2 (4.67)

The derivative of A(z) with respect to z gives

vy 2Kz F DEz/|2]  2ke(2)
A@ =m0 G+ (4.68)

where % = &(z) = (0(z) — 6(—z)) and one more derivative of A(z) with respect
to z reads
2k? 4k

A =~ T

5(z) — (2 — z1)). (4.69)
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Substituting A" and A” into eq. 4.50 we get

3 { 4k 4k[5(2>—5(2—21)]}. (4.70)

G v — — = -
b = T I (2 1) Kz + 1

Here the first term is the contribution of the bulk cosmological constant into the
energy momentum tensor. The remaining delta functions should be compensated
by the additional sources onto the branes. To do this we need to find the enenrgy-

momentum tensor of a brane tension term V' using the action

S = /d4xV\/gmd = /d5xV

\/§556<y)’ (4.71)
g

N

for a flat brane at y = 0. Taking the variation of this action with respect the

metric g, we get

1
0S = /d4xV§gw59“l’wgmd, (472)
and by using the energy-momentum tensor for a brane
1 468
w=—=—-, (4.73)
V9 ogh
we obtain T, as
1
T, = (4.74)

wv 2—\/9E£JWV5(Q)-

Therefore, at the branes we need to have two brane tensions to compensate the

delta functions. Thus, we need the equality

3 [ - SO 3G 2] [V LV 2y

gl Kz + 1 ~ oM Kz + 1

Then, one can simply conclude that, the brane tensions at the two fixed points

will have opposite signs and they are given by

Vo = —Vi = 12kM2. (4.76)

Finally, using the expression k? = o 1\[/}3 the bulk cosmological constant is obtained
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as V2
A= —12]?43 o Vi=—W. (4.77)

4.3.2 The Radion

There is a potential gap in this scenario that needs to be filled. In the Randall-
Sundrum scenario, it is assumed that the brane dynamics would naturally lead to
branes to be located at a modest distance apart but it is not explicitly explained
that how the distance between the two branes is established since their solution
is valid for any choice of ry. If the distance between the two branes remains
undetermined, when the energy or the temperature of the universe evolves, the
branes will have the potential to move toward or against to each other. If the
brane separation could change, the universe would not evolve in the way it is
supposed to in 4D and thus the warped 5D universe would not agree with the
cosmological observations. Goldberger and Wise (GW) [47] did the important re-
search that closed this gap in the theory by fixing® ry ~ 30/k without introducing
any large finetuning. They suggested that, in addition to the graviton, there is a
massive particle that lives in the 5D bulk for which the equilibrium configuration
for the field and the branes would involve a modest brane separation. Denoting
the scalar field in the bulk by ¢, the action under consideration will be (see for
example [44] and [45])

s= [ @ayER+ [ Eoya(ver - Vo) - [ ateymano

(4.78)
- /d%\/ﬁ)\T(ﬁﬁ)?

where the first term is the usual 5D Einstein-Hilbert action and the second term
is the bulk action for the scalar field, while the next two terms, with /g; being
the induced metric on the branes, are the brane induced potentials for the scalar

field on the Planck and on the TeV branes. We will look for an ansatz of the

“In the negative tension brane where we live all mass scales are exponentially suppressed,
e~ %70 Mp, ~ 1 TeV. Therefore, krg ~ In10'® ~ 30 since the Planck scale Mp; = 1016 TeV.
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background metric again of generic form as in the RS case such that,
ds* = e Wy, datdz” — dy?. (4.79)

The Einstein equations will be exactly the same as we have derived for the RS
case, except the energy momentum tensor that is derived from the action of the
scalar field. Let us take the variation of this action with respect to metric term
by term. The variation of the first term is given in eq. 4.37. The metric variation

for the second term

[ Eevil; 9096 - Vo) = [ Eoilzganeone - Vie).  (ws0
reads

5 1 _ 5 1 2
o [ Eeva5veve - V) = [ Eaoyalz002 - Vi)
+/d5x\/§%59MNaM¢aN¢

. ) (4.81)
= /d5x(§\/§gKL59KL>[§(a¢)2 — V()]
_ / P/ (6" s ) 600
By making simplification, we obtain the variation as,
1 1 1
s & 1 . _ Bl =gEKL= 2 _
[ Eevalgveve - vie) = [ daza <t 007 - Vo) o)

560" 6} /g

Finally, we will look at the metric variation of the last two terms which can be

written in a more compact form as

/d%@AP(@ +/d4x\/a)\:r(¢) = \/Q?Z)\ My —vi), (4.83)
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where i denote TeV and Planck branes. If we do the metric variation to the

combination of third and the fourth terms we get

ZA oy — i)
-/ d5$(§5gmg“\/_ 7 A )

/ Ao\ /Girp(0) + / d*a/Girr () = / 6 /G —

955

/ 59 gyg“”ZA 3(y — )/ 909K L

(4.84)
Replacing K and L with M and N, respectively, we obtain TMV as
my _ Loyl R4S
T = g 00~V o)
1oy o , (4.85)
50790079 ——gugyg“ ZA 6y — vi)-
By considering the equality (see Appendix B for its derivation)
Run = £*Tuw, (4.86)
where
~ 1
TMN = TMN — ggMNT, (487)
we get
4A”% — A" = ——v (¢0) — = ZA $0)0(y — i) (4.88)

On the other hand, the 55 component of the Einstein equation is obtained as

2
K
Gss = 3%2 - “zv(%)a (4-89)
and we get
P () (190)
DA '
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In these equations ¢y denotes the solution of the scalar field, which is assumed to
be only a function of y: ¢ = ¢o(y). In addition to these two equations, the bulk

scalar equation of motion is found by using

o oc
o) 06 o

as 8V
(/99" One) = “as Vo (4.92)

We can write the term 9y (,/gg™"dy¢) also in the form

On (V99" On ) = 9,(\/99" 0,0) + 05(\/997°050)
= 0,(e7€*19,0) + 95 (e~ (—1)050)
= e7240,0,¢0 — 2¢7240,A0,¢ — e 05050 + 4e 405 AD5 .

(4.93)
Since ¢ = ¢p(y) and A = A(y) we get
—4A 1 —4A A1 1t ov —4A
—e oy +de A Yy = ———e (4.94)
99
Including the brane tensions we can write
OV (¢o) OAi(o)
"o I — s

The metric itself have to be continuous. However, there is no requirement that
the derivative of the metric to be continuous. In the first Einstein equation given
in 4.88 there exists the explicit delta function term —%2 > iepr Ail@0)0(y — i)
at the branes. It seems not the be balanced by anything else unless there is a
jump in the derivative A" at the branes. If the derivative jumps from A’(0 — €)

to A’(0 + €), this implies that locally A’ contains a term of the form

Aly=0)~[A(0+¢€) — A(0—¢)|e(y), (4.96)
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where €(y) is the unitstep function. Taking one more derivative with respect to
y we get
A'(y=0) ~[A(0+¢€) — A(0—€)]o(y). (4.97)

Thus, the delta function is proportional to the jump of the derivative of A’. In
the same way, the delta function in the bulk scalar equation of motion will be
proportional to the jump of the derivative ¢f. Therefore, the boundary conditions,
(or jump equations) will be given by
2
K
(A = 5 i),

o0l = o)

(4.98)

These are coupled second order differential equations. So, they are quite hard

to solve. Only for specific potentials solution can be simplified. Defining the

function W (¢) such that

12
A = EW(%),
yy = Low o
072 0¢”
and substituting these equations into the 55 component of Einstein equation we
get
1, 0W K2
V() = =(=—)" — —=W(e)*. 4.100

This is called as the consistency equation since when we plug in the expressions
for A" and ¢}, into the Einstein and scalar equations, we will find that all equations

are satisfied. Then, the jump equations are given by

W (00)]i = Ai(9o),

L OW. — 0X\i(¢o)
§[a¢ Ji = o6

N | —

(4.101)
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If W were given, the coupled second order differential equations would be reduced
to first order equations that are easy to solve. We can simply start with a super-
potential that will produce V' with the required properties. In our case, we would
like the bulk potential to include cosmological constant term (independent of ¢)
and mass term (quadratic in ¢) in its simplest form. So we choose

W(¢) = i—lj — ug?®. (4.102)

where the first term is just one needs for cosmological constant and the second

one is for the mass term. Then,

10W
A 4.103
¥ = 355 = —ub (4.103)
Substituting ¢ = C'e™ we get m = —u. If we use the boundary condition that

at y =0, ¢ = ¢p, we find that C' = ¢p. Then we have
¢ = ppe Y. (4.104)
From this value of the scalar field at the TeV brane at r it is determined to be
or = ppe” . (4.105)

This means that the radius is no longer arbitrary but given by,

1
T = —ln¢—P. (4.106)

u  or

This is the GW mechanism. The background metric will then be obtained from

the equation

2 2
2= B = - S g o)
given by the solution
/{2¢2
Aly) = ky + —=Le™2w, (4.108)

12
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where the first term is the usual RS warp factor, while the second term is the
backreaction of the metric to the non-vanishing scalar field in the bulk. Since
we want to generate the right hierarchy between the Planck and Weak scales we

need to ensure that kr ~ 30 from which we get

ko gp
“n(Z2) ~ 30, 4.109
“In(50) (1109)
which is the ratio that will set the hierarchy in the RS model. Since ¢p/¢r is

constant, so u is kept constant.

4.3.3 The coupled field equations and the radion mass

Once we have established the mechanism for the stabilization of radion, we realize
that the radion is no longer massless. Then, the question is what will be the value
of the radion mass in the GW stabilized RS model? For this we consider spin-0
fluctuations of the coupled gravity-scalar system over the background. This can

be parameterized in the following way

ds? = e AW 2@y detdr” — (1+ G(z,y)) dy?,

(4.110)
o(z,y) = do(y) + (2, y).

It looks like as if there would be three different fluctuations, namely F', G, p. We
will use this ansatz to linearize Einstein and scalar field equations. Then, some
coupled equations for F, G, and ¢ will be obtained. The linearized Einstein eq.

B-4 (see Appendix B for details) equations read

5RMN = HQ(;fMN, (4111)
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and by using this equation together with the ansatz given in eq. 4.110 where

— o 2AWY)2F(zy)

v Nuv

g = €2A(y)+2F(wvy)nw,

955 = —(14+ G(z,y))

(4.112)
y))?,
9 =—-(1+G(z,y)7%,

the linearized form of the R, is obtained as (see Appendix B for the detailed

calculations)

5R;w = _28,[/,81/F + @&/G - %VDF + 6_2A77MV
% [F” _8AF — AG —2F A" + 8FA’2 —2G A" + SGAIQ](4113)

Inspecting the 0 R, equation, we realize the 0,0, term must vanish since to linear
order in perturbations all the terms in 7, v (see eq. B-61) are proportional to 7,

Then, one can immediately conclude that G = 2F' since
OR, = ... —20,0,F +0,0,G + ....... (4.114)
Substituting this into the equation for R, we get,
6Ru, = —1uwOF + e 2" — 104 F — 6F A" + 24A”F). (4.115)
Similarly, 0,5 and 055 is obtained as
OR,5 = —30,F' + 6A'0,F, (4.116)

and
ORss = —4F" — 2¢*A0F + 16A'F'. (4.117)
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(see Appendix B for details). Now, we will present the linearized source terms

5Tuw oT, w5, and 0Ts5 (see Appendix B for their derivations):

5T;uz = %Q_QAUMV[QOV/(¢O) - 2V(¢0)F]

+ ée‘”‘mw zi:[méf())so — 4Xi(00) F16(y — wi),
5T = — %%(’%% (4.118)
s = = SV(00)F = 50V'(60) — 6}

— %Z[méif()) o+ 2X:(60) F18(y — ys).

Finally, we present the linearized scalar field equation for completeness:

0%V (¢v) 0*Xi(¢o) OXi(¢o)
2AD e/ 4Al / - _ ? 2 2 F 5 —
0p — ¢ AN =5 > o T2y POy —w)
A%
— 6¢yF' — 4—F.
6¢0 a¢
(4.119)
Using the equation §R,5 = k26T )5 we get
3(0,F — 2A'0,F) = k*¢,0,.p. (4.120)
This can be integrated immediately to obtain
/ 3 / /
b = P(F —2A'F) + C(y), (4.121)

where C(y) is the integration constant. We set this constant as zero since we
require that the fluctuations F' and ¢ are also localized in x. Let us find the

boundary conditions for F' and ¢ on the two branes. Now, we use the equation
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0 Rss = k20755 which leads to,

2240 F + AF" — 16A'F' = k2{2¢)0' + gV’(gzﬁo)go + §V(¢O)F
4 O, (4.122)
+ 3 S L onon) Floty - i),

7

and, taking in to account the continuity of the metric but not its derivative, we

get the equation

2 2 9y
2h %ml(%) 0. (4.123)

F, - —)\Z F
[F7] 3 (¢o) F + ey
Here the delta function is proportional to the jump of the derivative of F”,
F'(y = 0) ~ [F'(0+) - F'(0 - )a(y) (4.124)
with
Fl(y=0) ~ [F'(0+¢) — F'(0—€)]e(y), (4.125)

where €(y) is a unitstep function. In the same manner, by using linearized scalar
field equation, eq. 4.119, we can take
0 Ni(oo) O\

[l = T&SOJFQ(%

F (4.126)

Using the jump equations, eqs. 4.98 and 4.121, with C'(y) = 0 we get
/ KJ2 / /
) = Zlogle + 24P

2 O\i(¢o)

; (4.127)
3 06

22
= 7)\z‘<¢0)F +

Thus, it provides no new constraints. Then, only the second boundary condition
must be taken into account. For a convenient limit 823#(2%) > 1, the second
boundary condition is simply ¢|; = 0. Then, in this limit the first boundary
condition is just

(F' —2A'F)|; =0. (4.128)
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Now a single equation for F is obtained as follows. Considering the combination
e* 6 R, + 1,0 Rss in the bulk we get

AR, + N0 Rss = 30, [ 0F + F” — 2A'F' + 2F (A" — 4A™)],  (4.129)

where A" —4A” = %V((bg). Here, we do not take into account the ¢ terms since

we work in the bulk. The similar combination for the source terms reads
eQAHQ(STW + 77WI£25T55 = 4/{277WV(¢0)F + 2m2npygz56g0’, (4.130)
and equating them to get
2A " ARl 2’€2 /o
e“0OF + F" —2A'F' = ?%(p. (4.131)

Using eq. 4.121, ¢’ can be obtained in terms of F as

3 F' - 2AF

= 4.132
i a— (4.132)
If we take one more derivative with respect to y we get
3 (F" =2AF —2A"F)o, — (F' — 2A'F) ¢}
('0/:_2< = 0 ( 07 (4133)
K 0
and by making some arrangements in this equation we obtain,
2k2 0
T(bégp’ =2(F" —2A'F' —2A"F) — 2(F' — 2A’F)¢—6. (4.134)
If we substitute into the eq. 4.131 we get
¢// (b//
F' —2A'F —4A"F — 220 F' 1 4A' 20 = 240F, (4.135)

o %
to be solved in the bulk. It is important to note that each eigenmode OF,, =

—m?2F, to this equation has two integration constants and one mass eigenvalue.

The first constant corresponds to the overall normalization. while the remaining
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one is fixed by the boundary condition on the Planck brane, and the mass is
determined by the boundary condition on the TeV brane.

Now we are ready to calculate the radion mass. In the following we will show
how backreaction generates a non-vanishing mass for the radion field by using eq.

4.135. Substituting ¢o(y) = ¢pe ™ into the above equation we get
F'" —2A'F — 4A"F + 2uF’ — 4uA'F + m*e* F =0, (4.136)

where A(y) is given in eq. 4.108. The backreaction will be treated as perturbation
such that 2
Aly) = Hly| + e, (1.137)

where | = k¢y/v/2. Then, we will look the solution in terms of the perturbative

series in . The solution is written as follows
Fo =W+ Pfy)  ; m?2=101m2 (4.138)

By substituting the solution into the eq. 4.136 and keeping only the leading terms
in 12 we get

4
Y42k + u) fh = —m2ell — §<k — w)ue 2, (4.139)

By solving this equation we get

~ 2
i) = Ce™ 2+l _ Qm_ezkm _olk—wu

—2uly], 4.140
(2k + u) 3k (4.140)

If we make the same substitution in the boundary condition F" — 2A’F = 0 we
get 5 A
Pfh+ guﬁe—?“'y' + gul‘* foe™2ull = 0, (4.141)

and by keeping only the leading terms in [? we obtain
/ 2 —2uly|
Jo+ ue Y=0. (4.142)

at the boundary, where |y| = ro. If we substitute this into the eq. 4.139, m is
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obtained as Lor
- 2k + _
o B Uu2€ 2(utk)ro

4.143
3 ]{: b ( )
and the radion mass reads
2 4[2(2]{f + U)U2 —2(u+k)7‘0
mradion = 3k’ € . (4144)

4.3.4 Coupling to SM fields and the normalized radion
field

In the previous section, including the backreaction, a mass scale O(TeV?) is

obtained for the radion mass. Then, the wavefunction can be written as
Fy(x,y) = (1 + P fo(y)) R(x). (4.145)

where fy(y) obtained using the integral in the eq. 4.140. Based on the as-
sumption /2 < 1, we see that the backreaction induces a small correction to
the unperturbed wavefunction. So for purposes of determining the coupling of
the radion to the TeV brane, we can use the unperturbed wavefunction, namely
F(z,y) = e®W R(x). Let us try to find the coefficient of (OF)? term in the La-
grangian (/gR with /g = e *4~*(1 + 2F), so that we are able to write the
normalized wave function R(x). R can be splited as R = g"”R,,, + ¢°° Rs5. Then,
using the R, (see Appendix B for details) read

8 a F 672A72F
vy = —2 L E A+ 2 e — LOF v
B OO+ 2o ~ M B E 0 G
2A + F)F'
A/l Fl/ . 4 Al F/ 2 o
x AT+ (A" 1) (11 2F) ]
0,Fd,F (OF)?
Y e 7 _99,FO,F +2 F)2. 4.14
AT or T Py o — 20, F0F + 20(0F)" (4.146)
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and multiplying by /gg"” from left, for the first term in R, including (9F)?, we
get

V99" Ry =2 €241 — 2F)(—4(1 + 2F)FOF — 4(1 + 2F)OF + 6(1 + 2F)(0F)?
— 4(0F)*...),
(4.147)

where FOF = F9,0"F = 0,(FO*F) — (OF)?. Substituting this quality into the

above equation we obtain,

9" Ry, =2 e (1 — 2F)(—4[0,(FO"F) — (OF)?(1 + 2F)
— 4(0,(FO"F) — (OF)*)F — 8[0,(FO"F) — (OF)?] (4.148)
—2(0F)* + ...).

Similarly, using the equation for Rs5 (see Appendix B for details) below

Rss = —4(A” + F") + 4€*472F (1 4+ 2F)(0F)?

—2e2AT2FOp(1 4 2F 4(A + F?

the second term in R is obtained as

_674A74F(1 + 2F)

(1+2F)? Hss

\/5955R55 =

4(14” + F//) 462A+2F(8F)2 N 262A+2FDF
(1+2F)2 1+2F 1+ 2F
/+F/)F/ 4(14/ —|—F/)2>

1+ 2F)3 | (L+2F)

= ¢~44(1 — 2F) (4(A" 4 F')(1 — 4F) — 4e*A(1 — 4F)(9F)?

— M1 2F)

8

—|

+2*A(1 — 4F?)(0,(FO"F) — (OF)*)F — 8(A' + F')F'(1 — 6F)
—A(A + F(1 - 4F)).
(4.150)

61



So, one can simply find the coefficient of (0F)? in /gR in linear order as e 246.

Then, a straightforward calculation gives

MS
—M3 / dy/gR D 6M3(OR)? / e~ 2Aethll — 67*(62’“”0 —1)(OR)%.  (4.151)

Therefore, the normalized radion r(x) is R(z) = r(z)e™*°//6Mp;, which is
obtained by using M2/k = M3,;/2.
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CHAPTER 5

LEPTON FLAVOR VIOLATING
RADION DECAYS IN THE
RANDALL-SUNDRUM
SCENARIO

The hierarchy problem between weak and Planck scales could be explained by
introducing the extra dimensions. One of the possibility is to pull down the
Planck scale to TeV range by considering the compactified extra dimensions of
large size [18, 19]. The assumption that the extra dimensions are at the order
of submilimeter distance, for two extra dimensions, the hierarchy problem in the
fundamental scales could be solved and the true scale of quantum gravity would
be no more the Planck scale but it is of the order of EW scale. This is the
case that the gravity spreads over all the volume including the extra dimensions,
however, the matter fields are restricted in four dimensions, so called 4D brane.
Another possibility, which is based on the non-factorizable geometry, is introduced
by Randall and Sundrum [28, 29] and, in this scenario, the extra dimension is
compactified to S1/Z, orbifold with two 4D brane boundaries. Here, the gravity
is localized in one of the boundary, so called the Planck brane, which is away from
another boundary, the TeV brane where we live. The size of extra dimension is
related to the vacuum expectation of a scalar field and its fluctuation over the
expectation value is called the radion field (see section 2 for details). The radion
in the RS1 model has been studied in several works in the literature [47]-[55] (see
[44] for extensive discussion).

In the present work, [60] we study the possible LFV decays of the radion field
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r. The LFV interactions exist at least in one loop level in the extended SM, so
called ¥SM, which is constructed by taking neutrinos massive and by permitting
the lepton mixing mechanism [39]. Their negligibly small Brs stimulate one to
go beyond and they are worthwhile to examine since they open a window to test
new models and to ensure considerable information about the restrictions of the
free parameters, with the help of the possible accurate measurements. The LEV
interactions are carried by the FCNCs and in the SM with extended Higgs sector
(the multi Higgs doublet model) they can exist at tree level. Among multi Higgs
doublet models, the 2HDM is a candidate for the lepton flavor violation. In this
model, the lepton flavor violation is driven by the new scalar Higgs bosons S,
scalar h° and pseudo scalar A°, and it is controlled by the Yukawa couplings
appearing in lepton-lepton-S vertices.

Here, we predict the BRs of the LE'V r decays in the 2HDM, in the framework
of the RS1 scenario. We observe that the BRs of the processes we study are at
most of the order of 1078, for the small values of radion mass m, and their
sensitivities to m, decrease with the increasing values of m,. Among the LFV
decays we study, the r — 7% u* decay would be the most suitable one to measure
its BR.

5.1 The LFV RS1 model radion decay in the
2HDM

The RS1 model is an interesting candidate in order to explain the well known
hierarchy problem. It is formulated as two 4D surfaces (branes) in 5D world in
which the extra dimension is compactified into S'/Z, orbifold. In this model,
the SM fields are assumed to live on one of the brane, so called the TeV brane.
On the other hand, the gravity peaks near the other brane, so called the Planck
brane and extends into the bulk with varying strength. Here, 5D cosmological
constant is non vanishing and both branes have equal and opposite tensions so

that the low energy effective theory has flat 4D spacetime. The metric of such
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5D world reads
ds* = e 24y, dat da¥ — dy* (5.1)

where A(y) = k|y|, k is the bulk curvature constant, y is the extra dimension
parametrized as y = R 6. The exponential factor e *% with L = R, is the warp
factor which causes that all the mass terms are rescaled in the TeV brane. With
a rough estimate L ~ 30/k, all mass terms are brought down to the TeV scale.
The size L of extra dimension is related to the vacuum expectation of the field
L(z) and its fluctuation over the expectation value is called the radion field r. In
order to avoid the violation of equivalence principle, L(z) should acquire a mass
and, to stabilize 7, a mechanism was proposed by Goldberger and Wise [47], by
introducing a potential for L(z). Finally the metric in 5D is defined as [48].

ds? = e 2AW2E@  dgt de’ — (142 F(x)) dy?, (5.2)

where the radial fluctuations are carried by the scalar field F'(x),

1
N \/BMPZ e kL

Here the field r(z) is the normalized radion field (see [45]). At the orbifold point

0 = m (TeV brane) the induced metric reads,

F(z) r(z). (5.3)

ind _ ,—2A(L)-22r(x)

G =€ Ny - (5.4)

Here the parameter v reads v = \/%’A with A = Mp;e *% and v is the vacuum

expectation value of the SM Higgs boson. The radion is the additional degree of
freedom of the 4D effective theory and we study the possible LFV decays of this
field.

The FCNCs at tree level can exist in the 2HDM and they induce the FV
interactions with large BRs. The FV r decays, r — [ l3, can exist at least in

one loop level in the framework of the 2HDM. The part of action which carries
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the interaction, responsible for the LFV processes reads

SY _ /d4l' /_gind<775liL¢1EjR‘l’gglz‘LQSQEjR+h-c~> s (55)

where L and R denote chiral projections L(R) = 1/2(1 F 75), ¢; for i = 1,2, are
E 1
ij

family indices i, j , are the Yukawa couplings and 5 induce the FV interactions in

two scalar doublets, ;;, (Ejr) are lepton doublets (singlets), and 7]5» , with
the leptonic sector. Here g™ is the determinant of the induced metric on the TeV
brane where the 2HDM particles live. Here, we assume that the Higgs doublet
¢1 has a non-zero vacuum expectation value to ensure the ordinary masses of
the gauge fields and the fermions, however, the second doublet has no vacuum
expectation value, namely, we choose the doublets ¢; and ¢5 and their vacuum
expectation values as

1 0 vaxtr |1 veE?
” (U—I—HO) +( ix° )] ’¢2_¢§<H1+¢H2>  (89)

V2

and

<¢1>:%<2>;<¢2>:0. (57)

This choice ensures that the mixing between neutral scalar Higgs bosons is switched
off and it would be possible to separate the particle spectrum so that the SM par-
ticles are collected in the first doublet and the new particles in the second one
2. The action in eq. (5.5) is responsible for the tree level S —1; — Iy (I; and Iy
are different flavors of charged leptons, S denotes the neutral new Higgs boson,
S = h AY) interaction (see Fig. 5.3-d, e) and the four point r — S — I} — Iy
interaction (see Fig. 5.3-c) where r is the radion field. The latter interaction is
coming from the determinant factor \/—gind = e~*A)=457(@)  Notice that the
term e 440 in \/W is embedded into the redefinitions of the fields on the

n the following, we replace £¢¥ with £5 where "N” denotes the word ”neutral”.
2Here H; (Hsy) is the well known mass eigenstate h° (A°).
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TeV brane, namely, they are warped as S — e

) Swarp, | —é? AL)/2 lwarp and in
the following we use warped fields without the warp index.

On the other hand, the part of new scalar action

S, = / dhu/=ga ( g8 (D, ) D, by — m3 6} 6 (5.8)
leads to
/ 1 4 2% Ly 0 0 0 0
82:§/dx e 2y (9,00, B0 + 0, A°9, A)
— e (M3 RO R 4 mPe A° A%) L (5.9)

which carries the S — S — r interaction® (see Fig. 5.3 1-b).
Finally, the interaction of leptons with the radion field is carried by the action
(see [49])

S3 = /d4x\/ —gind | gind w [y,i Dyl —myll ], (5.11)
where
1 ab
Dulzﬁul—f—gwu Sapl, (5.12)

with Y, = }1[%, ). Here wzb is the spin connection and, by using the vierbein

3In general, there is no symmetry which forbids the curvature-scalar interaction,

Se= [ da\/—gmERHYH, (5.10)

where £ is a restricted positive parameter and H is the Higgs scalar field [44, 45, 56]. This inter-
action results in the radion-(SM or new) Higgs mixing which can bring a sizeable contribution
to the physical quantities studied. Here, we assume that there is no mixing between first and
second doublet and only the first Higgs doublet has vacuum expectation value. Therefore, we
choose that there exists a mixing between the radion and the SM Higgs field, but not between
the radion and the new Higgs fields. This is the case that the lepton flavor violation is not
affected by the mixing since the SM Higgs field is not responsible for the FCNC current at tree
level.
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fields ef, it can be calculated (linear in r) as

a ’y 14 a rva
wub: —;8,,7“(6 beu—e e’), (5.13)
(see Appendix C for details). Notice that the vierbein fields are the square root

of the metric and they satisfy the relation
el e = g (5.14)

Using eqgs. (5.11)-(5.14), one gets the part of the action which describes the tree

level I — [ — r interaction (see Fig. 5.3-a) as

Sy — /d4x{_:%maz—3%zmrl+4%mlm}. (5.15)

Now, we are ready to calculate the matrix element for the LFV radion decay.
The decay of the radion to leptons with different flavors exits at least in one loop
order, with the help of internal new Higgs bosons S = h?, A°. The possible vertex
and self energy diagrams are presented in Fig. 5.2. After addition of all these
diagrams, the divergences which occur in the loop integrals are eliminated and

the matrix element square for this decay is obtained as

M2 = 2(m2 = (my; +my;)?) AP, (5.16)
where
A= fed el g frert o fusrt o freet 4 fuet (5.17)
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and their explicit expressions are given by

fsglf
h

l
!

fvgrt
h

1
Y 1% + )
d < — Dy, —nt 2
128 v 72 (wg—wh)/o xmho{ mi (@ = Dwn =0z

self 9
L 1,h0 Mpo

(3 wy, — 5wh> In "

s
(77;/ (z — 1) w) — U;rzih> <5w§1 - 3wh> In T} ;

1
g v + )
da (n (-1 * o
128117?2(w’A—wA)/0 v on{ M (= 1) wat zia

sel f 2
L1,A0 M 4o
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(5.19)
‘th th i , ™ m
with the parameters wy4) = oAt W4y = oAty Zrh(rA) = Th0(a0) Zih(iA) =
—™mi  and
"Th0(0)
[ = N, T ENILEN
n; - N,l;iS Nyl N,ili SN, a1 0
+ _
n; = szllfN ily T §N,zlz'§N,lgi- (5.20)

In eq. (5.20), the flavor changing couplings & f,’lj ; represent the effective interaction
between the internal lepton 4, (i = e, u, 7) and the outgoing j = 1(j = 2) lepton
(anti lepton). Here, we choose the couplings fﬁ,zjz‘ real.

Finally, the BR for » — I; [ can be obtained by using the matrix element
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square as

1 M|?
BR(r — I I) = ‘—l

= — 5.21
167m, I, ’ ( )

where I',. is the total decay width of radion r. In our numerical analysis, we

consider the BR due to the production of sum of charged states, namely

F(T — ([1 lQ + ZQ ll))

BR(r — IF1F) = T

(5.22)

5.2 Numerical Analysis and Discussion

In four dimensions, the higher dimensional gravity is observed as it has new states
with spin 2,1 and 0, so called, the graviton, the gravivector, the graviscalar. These
states interact with the particles in the underlying theory. In the RS1 model
with one extra dimension, the spin 0 gravity particle radion r interacts with the
particles of the theory (2HDM in our case) on the TeV brane and this interaction
occurs over the trace of the energy-momentum tensor 7% with the strength 1 /A,
Lons = Ai ™, (5.23)
where A, is at the order of TeV. The radion interacts with gluon (g) pair or
photon () pair in one loop order from the trace anomaly. For the radion mass
m, < 150 GeV, the decay width is dominated by r — gg. For the masses which
are beyond the WW and ZZ thresholds, the main decay mode is » — WW. In the
present work, we study the possible LF'V decays of the RS1 radion in the 2HDM
and estimate the BRs of these decays for different values of radion masses. We
take the total decay width I', of the radion by considering the dominant decays
r— gg(vy, ff,WTW™,ZZ,585) where S are the neutral Higgs particles (see [52]
for the explicit expressions of these decay widths). Here, we include the possible
processes in the I', according to the mass of the radion.
The flavor violating 7 decays r — [l can exist at least in one loop level, in

the framework of the 2HDM and the flavor violation is carried by the Yukawa
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couplings fﬁ,iﬁ. In the version of 2HDM where the FCNC are permitted, these
couplings are free parameters which should be restricted by using the present and
forthcoming experiments. At first, we assume that these couplings are symmetric
with respect to the flavor indices 7 and j. Furthermore, we take that the couplings
which contain at least one 7 index are dominant and we choose a broad range
for these couplings, by respecting the upper limit prediction of & }\«;}W (see [57] and
references therein) which is obtained by using the experimental uncertainty, 107,
in the measurement of the muon anomalous magnetic moment and by assuming
that the new physics effects can not exceed this uncertainty. For the coupling
3 ]’(J,Je, the restriction is estimated by using this upper limit and the experimental
upper bound of BR of y1 — ey decay, BR < 1.2 x 107! [58]. Finally, this coupling
is taken in the range 1073 — 107" GeV (see [59]). For the Yukawa coupling &% .,
we have no explicit restriction region and we use the numerical values which are
greater than & ]’(J,W. Throughout our calculations we use the input values given in
Table (5.1).

Table 5.1: The values of the input parameters used in the numerical calculations.

‘ Parameter | Value ‘
my 0.106 (GeV)
m, 1.78 (GeV)
mpo 100 (GGV)
m 40 200 (GeV)
Gr 1.16637107°(GeV 2)

In Fig.5.3 we present m, dependence of the BR (r — 7% u*). The solid-
dashed lines represent the BR (r — 7% p*) for £§ .. = 100GeV, &, = 10GeV-
&k .. = 10GeV, 5}377“ = 1GeV. It is observed that the BR (r — 7% u*) is of
the order of the magnitude of 1078 for the large values of the couplings and the
radion mass values ~ 200 GeV. For the heavy masses of the radion the BR is

stabilized to the values of the order of 1072,

4The dimensionfull Yukawa couplings 5}32 ; are defined as §J€Z i =/ 45{ fﬁw
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Fig.5.4 is devoted to m, dependence of the BR (r — 7%e*) and BR (r —
p* e*). The solid-dashed lines represent the BR (r — 7% ¢*) for £§ . = 100 GeV/,
&R e =01GeV-&F  =10GeV, & ., = 0.1GeV. The small dashed line rep-
resents the BR (r — p*e*) for 5, = 1GeV, &5, = 0.1GeV. This figure
shows that the BR (r — 7% u) is of the order of the magnitude of 107!2 for
the large values of the couplings and the radion mass values ~ 200 GeV'. For the
heavy masses of the radion, this BR reaches to the values less than 1074, The
BR (r — p*et) is of the order of 10715 for m, ~ 200 GeV and for the interme-
diate values of Yukawa couplings. These BRs, especially BR (r — u*e*), are
negligibly small.

Now, we present the Yukawa coupling dependencies of the BRs of the decays
under consideration, for different radion masses .

Fig.5.5 represents the £§ . dependence of the BR (r — 7= p*) for &5, =
10 GeV. The solid-dashed-small dashed lines represent the BR for the radion
masses m, = 200 — 500 — 1000 GeV'. This figure shows that the BR is sensitive
to the radion mass and, obviously, it is enhanced two orders of magnitude in the
range 10 GeV < fﬁﬂ <100 GeV'.

In Fig.5.6, we present the £& . dependence of the BR (r — 7% ¢*) for £F |, =
0.1GeV. The solid-dashed-small dashed lines represent the BR for the radion
masses m, = 200 — 500 — 1000 GeV. Similar to the r — 7F p* decay, the BR is
strongly sensitive to the radion mass.

As a summary, the LF'V decays of the radion in the RS1 model strongly depend
on the radion mass and the Yukawa couplings. The BR for r — 7% ¥ decay is of
the order of 1078 for the small values of radion mass m, and it decreases with the
increasing values of m,. On the other hand, the BRs for r — 7% e* (r — p*e*)
decays are of the order of 1072 (1071%) for the small values of m,.. These results
show that, among these processes, the LFV r — 7% u* decay would be the most
appropriate one to measure its BR. With the possible production of the radion
(the most probable production is due to the gluon fusion, gg — r [52]), hopefully,
the future experimental results of this decay would be useful in order to test the
possible signals coming from the extra dimensions and new physics which results

in flavor violation.
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5.3 The vertices appearing in the present work

In this section we present the vertices appearing in our calculations. Here S

denotes the new neutral Higgs bosons h° and A°.
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Figure 5.1: The vertices used in the present work.

76



(a) (b)

(c) (d

(e) ®

Figure 5.2: One loop diagrams contribute to r — I; I decay due to the neutral
Higgs bosons hg and Ay in the 2HDM. i represents the internal lepton, 17 (I3)
outgoing lepton (anti lepton), internal dashed line the hg and Ay fields.
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Figure 5.3: m, dependence of the BR (r — T+ /F).ﬁ The solid-dashed lines
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CHAPTER 6

CONCLUSION

Over the last thirty years or so, the SM has been subjected to many diverse
experiments and most of these experiments have been found to be consistent
with the predictions of the SM except the recently performed ones on the FCNCs
including LFV interactions. In the framework of the SM, LFV interactions exist
in the ¥SM by taking the neutrinos massive and permitting the lepton mixing
mechanism [39, 40] in order to accommodate the present data on neutrino masses
and mixings. However, the neutrino masses are so small that, the predicted BRs
of the LFV interactions are too small to explain the upper limits obtained in the
current experiments. Therefore, it is clear that there must be a theory which
goes beyond the SM, but which reproduces the results of the SM where the SM
has been shown experimentally to be correct. The LFV interactions have still
been probed at many experiments such as the MEG experiment [61], the MEGA
experiment [62], in the Belle detector at the KEKB [63], and BABAR detector
at the PEP-II [64, 65]. In addition, at CERN there is a particle accelerator,
which is currently under construction, namely the Large Hadron Collider (LHC),
is expected to operate in May 2008 [66]. The collider tunnel in LHC consists
of two pipes and each pipe contains a proton beam having an energy of 7.0
TeV which travels in opposite directions around the ring. This means that in
total the collision energy will be 14 TeV. Furthermore, the International Linear
Collider (ILC), which is also under construction, is planned to be completed in
the late 2010s [66]. The initial collision energy is planned to be 500 GeV and this
collision will be between electron and positron beams. It is expected that the
physics beyond the SM will be detected at the LHC and ILC.

The simplest extension of the SM, the so called the 2HDM, possesses five

physical Higgs bosons, namely, a charged pair (H*), two neutral CP even scalars
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(H° and R°), and a neutral CP odd scalar (A°). Observation of these particles in
the experiments would become a clear signature for the physics beyond the SM.

Beside this phenomenological hint, the incompatibility of the predicted BRs
of the LFV interactions with the experimental data obtained, the SM also pos-
sesses some conceptual problems which motivate us to look physics beyond, such
as the hierarchy problem between EW and Planck scales. This problem could
be achieved by introducing the extra dimensions. One possibility is proposed by
Arkani-Hamed, Savas Dimopoulos and Gia Dvali [18, 19] with n compact extra
spatial dimensions of large size. In this model, gravity spreads over all the vol-
ume including the extra dimensions while the matter fields are restricted in 4D
brane. Another possibility is introduced by Randall and Sundrum [28, 29]. In
this scenario, the extra dimension is compactified to S'/Z, orbifold with two 4D
brane boundaries. Even if the compactified extra dimensions are so small that
we perceive the universe as 4D, if there are extra dimensions, fingerprints of them
sure to exist and such fingerprints are the particles called KK particles which are
the additional ingredients of the universe with extra dimensions. The masses of
KK particles are determined by the higher dimensional geometry. In the large
extra dimensions, for example, the masses of the KK particles are proportional
to the inverse size of the extra dimension (for two extra dimensions, the size of
the extra dimension is ~ 1 mm). This tells us that, the current and future ac-
celerators should be able to discover them. Since in large extra dimensions, the
only particle that can travel along the extra dimensions is called as graviton and
thus, it is the only particle that has KK partners. However, the KK partners of
the graviton interacts as weakly as the graviton itself. Therefore, KK partners
of graviton would be hard to observe. In warped extra dimensions, however, we
cannot take just the the inverse size of the extra dimension as the masses of KK
particles which gives us the Planck scale mass and we know that on the TeV
brane, nothing much heavier than a TeV can exist. If one calculate the masses
of KK particles taking into account the warped space-time, the KK particles of
graviton turn out to have masses of about a TeV and these KK particles, not as
in the case of large extra dimensions, will interact sixteen orders of magnitude

larger than the graviton itself in this geometry. This is good news, since depend-
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ing on the ultimate energy reach in LHC, there is a probability of finding the KK
partners of the graviton. Apart from the graviton, in the Randall Sundrum sce-
nario, there exists an additional scalar field, that lives in the 5D bulk, such that
the size of extra dimension is proportional to its vacuum expectation value and
its fluctuation over this expectation value is called as the radion field. In order
to avoid the conflict with the equivalence principle, the introduced field should
be massive and to stabilize the distance between the branes, a potential for this
field is proposed by Goldberger and Wise [47]. The radion decays are interesting
since a considerable information about the scenario under consideration (the RS1
scenario) can be obtained with the help of accurate measurements.

In the present work we study the possible LE'V decays of the radion field r
and predict the BRs of the LFV r decays r — [, [ in the RS1 model. We observe
that the BRs of the processes we study are at most of the order of 1078, for the
small values of radion mass m, and their sensitivities to m, decrease with the
increasing values of m,. On the other hand, the BRs for r — 7% e® (r — p*e*)
decays are of the order of 1072 (1071°) for the small values of m,.. These results
show that, among these processes, the LFV r — 7% u# decay would be the most

appropriate one to measure its BR.
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APPENDIX A

The gauge invariance is an important concept in modern particle theories as it is
the origin of all of the known four fundamental forces described in Chapter 2. The
basic method to provide gauge invariance is to ensure that Lagrangian remains
invariant under certain symmetry transformations which reflect conservation laws
in nature. By applying these transformations, we end up with conserved physical
quantities. Since these conserved quantities should not depend on position in
space-time, theories of particle interactions have to be invariant under local as
well as global gauge transformations explained below. The transformations could

be written as

v — U, (A—l)

where U is unitarity. So, the symmetry is called U(1) gauge invariance.

A-1 Global Gauge Transformations

The expression for global gauge transformation (GGT) for a fermion field is
w - €i9¢7 (A_2>

where # is a real number. Thus, GGT represents an identical operation at all
points in space-time and causes a simple shift in the phase of a fermion wave
function. As a first step we can see how it works in QED. Equation of motion for

free fermions are obtained from Dirac Lagrangian

Lfree = w(Wuau - m)wv (A_3)

where 1 is the fermion spinor. It is clear that such a Lagrangian remains invariant
under GGT. So, the global phase symmetry is just a statement of the fact that

the laws of physics are independent of the choice of phase convention.
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A-2 Local Gauge Transformations

The expression for local gauge transformation (LGT) is
Y — Dy, (A-4)

where 6 is a function of x = (x,t). Thus, LGT corresponds to choosing a con-
vention to define the phase of the fermion wavefunction, which is different at
different points in space-time. Going back to the Dirac Lagrangian defined in eq.
A-3, one can simply realize that it is not invariant under this more demanding
symmetry transformation. However, it comes as a pleasant surprise that if we

introduce another field, A,, a Lagrangian which exhibits local gauge symmetry

s
can be obtained. The required field must have infinite range, since there is no
limit to the distances over which the phase transformations done. Hence, invari-
ance of Lagrangian requires this new field to be massless. In fact, this field is
not other than the long-range electromagnetic field: the photon. Therefore, we
should modify our Lagrangian to make it gauge invariant by replacing the normal
derivative 0, with the covariant derivative D, = 0, + igA,. So, the Lagrangian

in eq. A-3 reads
L = IZ(Z"V“D/L - m)¢ - QE(W”(()N - m)¢ - qAM/_W”@D = Lfree - JuA,ux (A_5)

It so happens that, the photon transforms under LGT as A, — A, 4+ 0,0(x) so
that, the changes in the Lagrangian resulting from the LGT is cancelled out by
the changes in A,,.

To see the complete picture, we should also add the gauge invariant kinetic

term to the QED Lagrangian
1 1w
LQED - Lfree —J AM - ZF Fum (A_6)
where F),,, is the electromagnetic field tensor defined as

Fo = 0,4, — 0,A,. (A-T)
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This Lagrangian expresses the interaction of Dirac fields with the massless pho-

ton.
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APPENDIX B

B-3 The Einstein Equation in Another Form

Here we show another form of the Einstein equation which we use in the text.

By using the equation Gy = Ryn — %gMNR = k2T N Wwe obtain Ryy as

1
Run = &*Tyn + §9MNR, (B-1)

and multiplying this equation by ¢M" from left we get

1
9"V Ry = k7gMN Ty + égMNgMNR, (B-2)
which is equal to,
R T+ tap = 2 1 (B-3)
B 27 2—-d’
where d is the number of dimensions. Substituting this into the eq. B-1 we obtain
Ryn as
1 2k2
R = KT — T
MN K MN+29MN2_d
= (T + gy —T)
MN T IMN G
= I€2TMN, (B'4>
with .
Tvn = Tun — ggMNT, (B-5)

where d = 5 in our case.
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B-4 The Derivation of the Linearized Einstein

Equations

Now, we consider the metric in eq. 4.110 and first we will derive the explicit form
of the curvature Ry ny and its linearized form. The curvature R, in terms of

connection coefficients can be written as
R/w = FEKW - F;Ifu,K - FquAK/[M + F;IL(MF]V%{' (B‘G)
Let us analyze this term by term. The first term is derived as follows

F;IA(K,V = {gKLFLuK},V

1
= §{QKL 91k + 9Lk — Juk,L)} o

1
= 5{9Kp [Gpuic + Gprc — Gurc.p) + 9K5 (9550 — Gurc,s) b

1
i{ggp[gpu,é + Gpep — Guep) 955 [955,) } 0

—2A-2F (6—2A—2F

Nt ) — Nue) o]

1
5{62A+2F77§p[(Q_ZA_Qanu),f + (e

+ (1+G) 21+ G)?H},y

1 Py oA_
§{B2A+2F77§p[(_26 24 QFaﬁanu) + (_26 A QFaanpﬁ)
— (=279, Fne) + (1 + G)7220,G(1+G)}

9,G
= {—n0:F — 40, F + n0,F + “—G},y

1+
= {-0,F —40,F + 0,F + fiGG},y
= {-49,F + ffG},,,
and for small fluctuations we have
FffKW = —40,0,F + 0,0,G(1 - G) — 0,GO,G(1 — 2G). (B-8)
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Then, the linearized form of the first term is obtained as

6Tk, =—40,0,F + 0,0,G. (B-9)

nK,v

The second term is

F;IJ/{I/,K = {gKLFL,uV},K

1
= 59" M9ruw + 10 — G}
1
- §{ng [ouw + Govp — Gup) + 9K5[_9W,5]},K

1 1
= §{g£p[gp,u,u + Govpw — guy,p]}ﬁ + 5{955(_.9#%5)},5
1

— 5{€2A+2F77€p[(6_2A_2F77pu),1/ =+ (6_2A_2F77pu),u . (6_2A_2F77,u1/),p]},§
1 9, —oA_

+ S+ G2 ) 5
1 9A_ Y.

— 5{62A+2F77£p[<_2€ 2A QFaanpu>+(_2€ 2A QFa,anpy)

1
B (_26_2A_2FapFnHV)}7f + 5{_2(1 + G)205(A + F>6_2A_2F77;w},5

e 2472y LOs(A+ F) !
(1+G)2 ?

= {050, F = S0, F + 010, F} e — {

= —nf;@g@VF - nﬁﬁgﬁuF + nﬁpnwagapF
,QA,2FUW{ —2(A"+ F")?+ A"+ F” B 204+ F)G'(1 + G)

- c 1+ G)2 1+ G) }
= —0,0,F — 0,0, F + 1,,,0:0°F
e R at
—2A—2F77!W
= —20,0,F +n,0F — W
X [—2A% —2F? —4A'F + A" + F" — w], (B-10)

(1+G)
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and for small fluctuations we get

e, = —20,0,F 41, 0F
— e, (1 -2F)(1 - 2G)
X [A"4+ F"—2A% —2F? —4A'F' —2(A'+ F')G'(1 - G)].(B-11)

The linearized form of the second term is obtained as

0Tl i = —20,0,F + 0 OF — e >y,

(B-12)
X [F" —4A'F' —2A'G' — 2FA" + 4FA”? — 2GA" + 4GA").
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The third term is calculated as

K M
FuVFKM

QKLFLWQMSFSKM
L ko
2g

1
ng[gpu,u + gpl/,u - guu,p]g

1 MS[

(9w + Loy — g,uu,L]ig gsk,M + 9sm.k — JKM,S]

1 M [9sKk,M + 9sm,k — 9KrM,S]
1 K5[
4

g _g,uu,5]gMS[gSK,M + gsm.x — 9r s

1
ggp[gpu,u + gpu,u - g,ul/,p]gMS [gSE,M + gsme — gEM,S]

55[

g _g,uu,S]gMS[gS&M + gsms — gsrs)

aS[

gfp[gp,u,l/ + Gpv — g,uzx,p]g gs¢,a + gSac — g&a,S]

ocS[

9= 959" (95,0 + G5as)

4
1
4
1
4
1
4
1

Zg&:p[gp,u,l/ + Gpv — gpu,p]955[955,5 + gS5,£]

1

_955[_guu,5]g

55
1 [

gss5 + 9ss5 — 9ss,5]

1 o
ggp[gp#,u + Gpv,p — g,m/,p]g ﬁ[gﬁéa + 9Bae — gﬁa,ﬁ]

55[

g _guu,S]gaB [gﬁa,S]

3

g p[gpu,u + gpu,u - g,uu,p]g55 [955,5]

55[

955[—%1/,5]9 955,5]

—2A-2F

4
1
4
1
4
1
4
1 —2A-2F
4

Z A ptp(pm2A2F M) ]

Nga) )

7701/)7;1 — (e
_2A-2F

M) w + (€

2A+2F77aﬁ[(e—2A—2F —2A—2F

e Nge),a + (€ Na)c — (€

1
Z(l n G)—Q(6—2A—2F77MV)7562A+2F77a6(€—2A—2F,I7Ba)75

i€2A+2Fn£p [(672A72F

[(14+G)*(1+G)]
1

T+ G e ) 5l (1+ )2 (14 G

—2A—-2F 72A72F77ul/),p]

Now) w + (€ Now) . — (€
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1
= <2050, F — 2050, F + 20, 0°F] x [~2n80oF — 80;F + 21/ 05 F]

4
1.16e>4 7, 05(A + F)95(A + F)

gl 11 G)? ]
1 0:G
Z[—ont —_ 9t 13 ¢
+ 4[ 20,0, F — 2030, F + 21,0~ F] [21 . G]
i 1[_46_2A_2F77W,a5(14 + F) 85G ]
4 (1+G)? 1+ G
4672A72F77 (A/—{—F/)2
80, F 0, F — 41,,0: FO* F + T4 07
 0GOF  0F0,G  nudFG e, (A + PG
1+ G 1+ G 1+ G (1+G)3

0,GO, F B 0,Fo,G B e*QA*QFnW
1+G 1+G (1+G)?

A"+ F)G
—4(A + F)? (—
< AN E

= 80,F0,F —

PHFO:G
1+G

]+ N [—4(0F)? + ], (B-13)

and for small fluctuations we have

Ay = 80,FO,F —0,Go,F(1—G)—0,F0,G(1—-G)
— e 2, (1 -2F)(1 - 2G)
X [—4A? —4F? —8A'F + (A + F)G'(1 - Q)
+ N [—4(0F)? + O FO:G(1 — G)]. (B-14)

Then, the linearized form of the third term is obtained as

ST TH) = —e 2, [-8A'F + A'G' + 8FA™ + 8GA"]. (B-15)
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Finally, we will derive the fourth term in the same manner as

F,IfMF%( = gKLFLuMgMSFSVK
= %QKL [9Lun + graru — guM,L]%gMS (950, + 9K — GuK,S]
= ifWMwM+%M#—mmﬂfmw&K+%my—%Kﬂ
+ }lgm (501,00 — Gune5)9™  [gsvic + sk — Guk.s]
= }Lgép [Gpunr + Gprtp — g,uM,p]gMS [9sve + gsew — Gue,s)
+ 2955 95010 — Gunr 519" [gsv,5 + gs5.0]
= }lgﬁp [Gopa + Gpap — gua,p]gas[gsu,g + gser — Gue,s]
+ 2955L_gua5]ga5[gSVb + gss.]
* Zl195” [901.519° (9506 + 9.0 — Gue: 8]
+ }1955 (955,97 (9505 + 9s5.0]
= %195” [Gpma + Gpo = Iuapl9°’ [980e + 9o — Gue o)
+ }1955[—%&5]9&5 [950,5]
+ %@MMWWﬂ%d
+ %1955[955#]955[955,”]
I ) o () — (),

> €2A+2F7]a6[(6_2A_2FT]51,),5 + (6_2A_2F77,8§),y . (6_2A_2F77y5),ﬁ]

1
v+ G)—2(6—2A—2F77Ma)7562A+2Fna,8(6—2A—2F775V) .

4 I
1 oA o, 94

+ Z_lezAJrﬂ?nEp(e 24 2F77p,u),5(1+G> 2(6 2A 2F7M)75
1

+ Z(1+G)‘2(1+G)?M(1+G)‘2(1+G)?V
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1
= 2[=2050aF = 2050, F + 20,a0° F) X [=2130¢ F — 200, F + 2n,¢0°F]

4
N 1[46*2’4*”7]”@7]3‘35(14 + F)05(A + F)]

4 (1+G)?
N 1[46*2A*2F77£77V585(A + F)O5(A+ F)

4 (1+G)?
N 1[48MG&,G]

4' (1 + G)?

277 6_2A_2F(A' 4 F/)z

= 60,F0,F — 21, (0F)? + 21

60, F0, N (OF)* + 11 0)

0,Go,G

s B-1

* (14 G)? (B-16)

Since we have small fluctuations, we can write

Iy = 60,F0,F — 21, (0F)” + nue (1 — 2F)(1 - 2G)
x [2A% +2F? + 4A'F'] + 0,GO,G(1 — 2G). (B-17)

As a result, the linearized form of the fourth term is obtained as
STy Tote) = nue 2 [AA'F — 4A”F — 4A”G). (B-18)
If we add these four terms, we get dR,, as

OR,, = —20,0,F + 8,0,G —1,,0OF + e,
X [F"—4A'F —2A'G' —2F A" +4FA” — 2GA” + AGA”
— BA'F + A'G' + 8FA” + 8GA” + 4A'F' — 4A”F — 447G
= —20,0,F 4+ 0,0,G — 0, OF + e *'p,,
x [F'—8A'F — AG —2FA" +8FA? — 2GA” + 8GA”]. (B-19)

Now, we will calculate the curvature R,; which can be written in terms of con-

nection coefficients as

Rys =Tl s —Th o — Doy + Di ok (B-20)
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Let us analyze the R,5 also term by term. The first term is obtained as

K
F/LK,S

{gKLFLuK},S

1

§{QKL@LmK'¥9LKw'—QuKJJk5

1

5{9Kp (o i + Gprc — Gurc,p) + g"° (955, — Gurc 5]} 5

1
5{9@[9;)#,5 + Gpeu — gﬂi,p] + 955 [955,u]},5
1

2
(1+G) 1+ G)2%)s

2
(—2e7247279 Fe) + (1 4+ G)7220,G(1+ G)} 5

9,G
{—nﬁa,gF — 40, F + 100,F + 1 jr G},5
o

.U‘G}
1+G77°

{~0,F — 40,F + 0,F +

9,G )

1+q’°

0,G’ G'0,G

_4 F/ 12 _ M )
Ou 1 G (1+G)?

{—40,F +

Since G = 2F we get

20, F' 4F'0, F
142F (1+42F)¥

Thes = —40,F +

and taking into account the small fluctuation we obtain

TEe s & —40,F +20,F (1 — 2F) — 4F'9,F(1 — 4F),

Then, the linearized form of the first term will be

0Tl = —40,F' +20,F
= —20,F.
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_{€2A+2F77€p[(6_2A_2F77pM),E 4 (€—2A—2an§)7u . (6_2A_2F

1
_{62A+2F775P[(—26_2A_2F85F770u) + (_26_2A_2Faanp£)

Nue) o)

(B-21)

(B-22)

(B-23)

(B-24)



The second term can be calculated as follows

F;%K = {¢"'"Tr} K
1
= 5{9[@ (9rus + 95} K
1
= §{ng[gpu,5] + gK5 [955,u]},K

1 1
= 5{95’)[9/)#,5]},5 + 5{955(955,u)},5
1

= Leanrgear, g on o N6 60

2
1
_ 5{€2A+2F77£p[(—26_2A_2F85(A 4

+ %{(1 +G)72(1+ G)0,G} 5

= (oAt F) et {2C

29.G'  G'o.G
N A e o A e
W Tre Urar

Substituting G = 2F' we have

20, F'
Ffl;,K — _aMF, + =

2
F)npu)]}{

(1+ G)}’5

AF'9,F

(1+2F)

(1+2F)

and due to the small fluctuation in F' it can be written as

ik = —0.F +20,F'(1—-2F)—4F'0,F(1 — 4F).

We get the linearized form of the second term as

0Tl = —0.F +20,F

= 0.F.
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The third term is

F;{{’JF%M = QKLFLM59MSFSKM
— %gKL [grus + gL5,H]%gMS [9srm + gsax — 9K M,S]
- }Lng [gpuﬁ]gMS[gSK,M + gsm, ik — 9K
+ }lgm) [955,u]gMS[gSK,M + gsmx — 9rms]
— }Lgfp[gp”"r’]gMS (gse,m + 9sme — Yemrs]
+ 411955 [955,u19™ (955,01 + gsn5 — g5aa.5]
+ }1955 (955,119 [955.0 + gsa5]
+ }lg’gp (9005197 (9565 + gs5.¢]
+ }1955 (955,419 (9555 + 95,5 — 955.5]
= ;lgg” (90519 [95¢.0 + G — Gears]
+ }1955 [955,u]9aﬁ [gﬁa,S]
+ ;lggp[gpuﬁ]g%[g%,ﬁ]
+ }1955 [955#]955 [955,5]
B 41162A+2F77§p[(€_2A_2F77W>,5]
X QRAYREaB(om2ASE Y ) 4 (omRASRE (7242 ) o]
+ i(l +G) (L4 G I (e ) 5
n ;162A+2F77£p[(62A2F77Pﬂ>’5(1 +G) 1+ G)%
N }1(1 +G) 1+ GE1+G) 21+ G)}
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1

= —[-20505(A+ F)] x [~2nf0uF — 80:F + 21/ 03 F]

4
1

—160,G05(A+ F)

i
1

+ —[—47]585(14 + F)

4

1, 0,G 85G]
1+G)1+G

~14
+ 4[

— 49, F(A'+ F)—
0,G(A + F)

]

0:G
1+G

]

10,G(A" + F")
1+G
G'0,G

1+G

By using G = 2F we get

ATy = 40, F(A' + F') -

and for small fluctuations we have

(1+@G)*

100, F (A’ + F')

AF'8,F

1+2F

(14 2F)%

ATy = 40, F(A' + F') — 100,F (A" + F')(1 — 2F)
+ 4F'0,F(1 —4F),

Then, the third term in the linearized form is obtained as

O(T s inr)

= 4A'9,F — 104’0, F
— —6A'D,F.
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The last term is calculated as

FffMF%{ = ¢""T g Tssi
= %QKL [9Lp0 + grar, — guM,L]%gMS (9555 + 955 — 95K.5)
= ;LQK’) (GopMt + Gorap — guM,p]gMS (985, + 9sk,5 — J5k.s]
+ ;lgm (9501, — QHM,5]9MS (985, + 9sk5 — g5k ]
= }195’) (Gopnr + Gorip — g,uM,p]gMS (955, + gse 5
+ 411955 953 — Gunr5)g" 19555 + gs5,5 — G55.6]
= legﬁp [Gpma + Gpo — gua,p]gas[gsaé + gse 5]
+ ig55[—gua,5]gas[2955,5 - 955,8]
+ ;lgép (991519 [955.¢ + gse.5]
+ }1955 [9557;1]955 [2955,5 - 955,5]
= %ngp[gpu,a + Gpaun = Iuapl9™ [95¢.5]
+ }1955[—%%5]9"5 [—9s5,5]
+ igﬁp{gm]g“[%s,s]
+ }1955[%5,”]955[955,5]
_ %L62A+2Fn§p[(6—2A—2anM>,a + (6_2A_2F77pa),u . (G—QA—QFUMG)W]
X HREB(em2A 50) 5]
+ }1(1 +G) 72 (e ) s (14 G
+ ;162A+2F77£p(€2A2F?7pp),5(1 + G)fz(l + G)?5
b1+ E) T+ ERA+ 02+ O
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1
= —[2050aF + 2050, F — 20,,0°F) x [-2n805(A + F))]

4

1[ —de _2A_2F77ua62A+2F77a685(A—|— F)aﬁG]
4 (1+G)

1
4

—4n05(A + F)0:G  40,G05G
1+G (1+G)? ]

2(A" + F)0,G N G'0,G
1+ G 1+G)?*

= 40,F(A' + F') —

Substituting G = 2F, for small fluctuations, we get

4(A"+ Fo,F  AF'0,F
14 2F (1+2F)?
~ 40,F(A'+ F') —4(A" + F")0,F(1 — 2F)

+ 4F'9,F(1 — 4F).

rfergﬁ{ = 490,F(A'+F') —

We obtain the linearized form of the fourth term as

S(fyTik) = 4A'0,F —4A'9,F
= 0.

If we add these four terms, the linearized form of R,5 reads

0Rus = —20,F —9,F +6A'0,F 40
— —30,F +6A0,F.

(B-33)

(B-34)

(B-35)

(B-36)

Finally, we will derive the curvature Rs5; and, in terms of connection coefficients,

it reads

Rss = F?K,s - Fgg,K | I R

104

(B-37)



Now, we start with the first term in Rs; which reads

F?K,s = {QKLFL5K},5

1
= é{gKL (95, + 9Lk 5 — G5k,L) } 5
1
= §{ng[ng,5 - g5K,p] + 9K5 [955,1{ + g5k, — 95K,5]},5

1
= 5{9@[9;)5,5] + ¢°°[g55,5) } 5
1

= S ) 5 + (14 G) (1 + G)3ls
1 205G
= —{- A+ F
2{ 805 (A + )+ 1+G}5
G/
= {—4(A+F
{4+ F) + o
G// G/Q
= —4(A"+ F" — : B-38
W F Y T ~ T op (B-38)
Since G = 2F we get
o 4F/2
ey = —4(A"+ F” — : B-39
PIGS (A7 )+1+2F (1+2F)? (B-39)
For small fluctuations we have
Iles = —4(A"+ F")+2F"(1 —2F) — AF?(1 — 4F). (B-40)
Then, one can simply write the linearized form of the first term as
K _ " "
= 21 (B-41)
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The second term is

Fgg,K = {QKLFL55},K

1
= i{QKL (9155 + 9r55 — gss,0} K }
1

= 5{91(’)[—955,,;] + 9"°[2955.5 — gs5.5) } i

1 1
= g{gép[—%s,p]},é + 5{955(955,5)},5

1 1
= —{e2AT2ptr(1 4 G)}e+ 5{(1 +G) 1+ G)3)s

2
_ Lysatar g 1, ¢
= H{MP20,GO+ O+ Sl o) s
_ 32A+2F[28§F8£G(1 4 G) + 3685(}(1 + G) + agGafG]
el G/2

T Ire T arae (B-42)
Substituting G = 2F we get
Tisc = e HAOF)*(1+ 2F) + 20F (1 + 2F) + 4(0F)?]
/ 2
* 12+F2/F Q inm?’ (B-43)
and for small fluctuations we have
TE x = e (1+2F)[4(0F)*(1+ 2F) + 20F(1 + 2F) + 4(9F)?
+ 2F"(1 —2F) — 4F"(1 — 4F). (B-44)
Then, the linearized form of the second term is obtained as
0Ts5 = 2> OF + 2F”. (B-45)
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The third term in the curvature Rsg is

KM
F55FKM

9" T 1559™ Tsrear

%gKL[gL&B + G55 — 955’L]%gMS[gSK,M + gsm,x — 9xm,s]
leng[_g%,p]gMS[gSK,M + gsmx — 9K Ms)

;lgm (29555 — 955.519™ *lgsrcar + gsaric — grcars]
}lgg”[—%s,p]gMS[gS&,M + gsae — gears]

111955 (955.519™ % gss.01 + gsars — goas]
}lgg”[—%s,p]gas[gséa + gsae — Jeas]
}195’)[—955,/)]955[95575 +9ssel

}Lgép[—%s,p]gaﬁ (95¢.0 + 9pag — Geas]

2955 [955,5]9aﬂ[9ﬁa,5]

}lgf’)[—gsg,,p]g“[%s,s]

;1955 [95575]955[955,5]

Z1162,4+2Fn§p(1 + G)?peM”FT}aﬁ

(€747 nge) o + (72472 5a) ¢ — (€747 ea) ]
;1(1 + @) (14 G5 (e ) 5
L1 4 62,00+ )21 + )Y

HHE) 1+ G461+ 6)
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1

= —[**"2(1 + G)O*G] x [~2nf0uF — 80 F + 20/ 05 F]

4
1
n
1

o —[2ATF(1 + YOG

4
1

n

+ 2PHHGOG +

—16G"05(A + F)

1+G1+G
= —4*M (1 4+ G)OFGOF —

(1+G) )
20:G
14+G

]
G 9sC

]

4(A + FG'

W
G/2

(1+G)?

and by using G' = 2F, the third term is obtained to be equal to

PEDM,, = =822 (1 4-2F)(0F)? -

8(A+ F')F'
14 2F
4F/2

42A+2F aFQ
+ AT OF S e

and, considering the small fluctuation, we get

KM ~
F55FKM =

_|_

—8e*4(1 4 2F)(1 + 2F)(0F)? — 8(A' + F')F'(1 — 2F)
4e*A(1 4 2F)(0F)? + 4F"*(1 — 4F).

Then, the linearized form of the third term is obtained as

S(TEMY,,) = —8A'F.
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(B-47)

(B-48)

(B-49)



Finally, the fourth term is derived as follows:

TETh = 0" Trsarg™ Tssi
= %QKL (95,0 + grms — gSM,L]%gMS 955, + 9sk,5 — 95k,
- ing [9pnr5 — 95ar0)9" 955, + 9515 — G5K.5)
+ igm [955,M]9MS[9357K + 95K — Yok ]
_ igﬁp[gpm — g5rpl9" 5 [gss.¢ + gse.5]
+ EQSS[QSS,M]QMS (9555 + 9555 = go5.5]
= %ggp[gpaﬁ]gas[gsag + gse 5]
+ 3955[955@]9%[2985,5 - 955,5]
+ iggp[gss,p]gf’s[g%vf + gses)
+ 3955[955,M]95S[2955,5 - 955,5]
= iggp[gpa;)]g“ﬁ [98¢.5]
+ 3955[955,01]96“6[_955,6]
+ iggf’[—ggap]g%[%s,g]
+ 3955[955,5]955 [955,5]
_ i€2A+2FU§p[<62A2F?7pa>7562A+2Fnﬂa<62A2F?7B£>’5]
n %(1 +G) (14 G814+ Q)
n %[62A+2F77£p(1 + G)?p] [(1+G)2(1+ G)?g
n i(l +G) 1+ G341+ @) 21+ G
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1
= ;- 205,05(A + F)][-2n205(A + F)]
1 4e4H2Fpef(1 4 G)0:GOsG
4 1+ G
1 4e24+2F EGOG(1 + G)

1+G
]

4_1

12
I
47 (1+G)

2
— 4(14/ +F/)2 +2€2A+2F(8G)2 + G

m. (B_50>
Substituting G = 2F we obtain

4F/2

TR s = A(A + F')? + 8242 (OF)? + ETTIE

(B-51)
and, with small fluctuations, we have
TR 2 4(A + F')2 4+ 84 (1 + 2F)(0F)* + 4F™(1 — 4F). (B-52)
Then, the linearized form of the fourth term is obtained as
S(IE, M) =8A'F'. (B-53)

As a final step we will add these four terms so that we get the linearized form of
R55 as
0Rs5 = —4F" — 2*A0F 4 16A'F'. (B-54)

At this stage, we will derive the linearized form of the source term. We start with
the part of the action (see eq. 4.78) including the source term and taking ./gss

55 = 1 + 2F. The metric variation on this action gives

T = g L(@6) — V(0)] - 50000

1
pv )\
2<1+2Fg#gyg Z (9)0(y — vi)-

(B-55)
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Since T = gunTMY we get

1

= 2007 — V()] - 500 — 1= S MO —w). (B56)

Using the form of Einstein equation given in eq. B-1, and the eqs. B-55 and B-56

to get

~ 1
T;ux = Tuu - gguuT, (B_57)

we obtain

1 1 1 1
v Z—guu[§(8¢)2 — V()] - B 90y — (14‘—2]79”” Z Ai(9)0(y — vi)

2

5 1 9 1 2y
~ 2 gul5(09) —v<¢>]+gguu<a¢> 50 2y 2N — )
= 39V (0) = 50,00.0+ 5 QWZA oy = ),

(B-58)
where

o(z,y) = ¢o(y) + (2, y),
V(¢) = V(o) + ¢V’ (¢0), (B-59)
Ai(@) = Xi(do) + ©Xi(do),

for small fluctuations. Substituting the equations in eq. B-59 into T w We have

T 2 e (1= 2PV (60) + 6" (0)] — 30,00
(B-60)
e = 2P S (6n) + X (G0)l8ly — yi).

i
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The linearized form of the source term TW is obtained as

5T =5 [V (90) — 2V (60) F]

(6 (B-61)
_2A77ul/ Z[a)\é(gf )gp — 4Xi(0) F10(y — yi)-

1
—e
6

Now, let us derive the equation for the source term Tu5 by using

~ 1
TM5 = TM5 - gg#5T. (B—62)

Since g,5 = 0 we get
Tys = Tys. (B-63)

Using the eq. B-55 we obtain TM, as

1

Ty = 50,0050
1 (B-64)
= =5[0u(@0(y) + ¢ (2, 9))35(bo(y) + ¢ (z,y))].
Then, the linearized form of 7T, s reads
- 1,
0T ys = —éﬁboau@ (B-65)
Finally, T55 can be obtained by using the eq. B-55
1 S D 1
Ts5 = —5(1 +2F) [5(8@ - V(¢)] - 585¢85¢. (B-66)
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Then, the source term 755 becomes

~ 1
Tss = T55 — - g551

3
. 2F>2[1<a¢>2 ~V(0)] ~ 590050
1 (B-67)
+ 51+ 2FP5(067 - SV (0)
2
5 (1+2F) ZA Sy —us).
Making the simplifications and substituting the eqs. B-59 we get
Tss = —%(1 +AF +4F?)[V (o) + V' ()]
1
= 505[90(y) + ¢ (2, )10s5[d0(y) + p(z, y)] (B-68)
2
= S+2F) 3 (o) + oA (00)]0(y = 12):
The linearized form is obtained as
N 4 1
0155 = ——V(%)F - gSOV'(%) — ¢'¢p
5)\ ¢0 (B-69)

)

© +2Xi(P0) Fl6(y — i)
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APPENDIX C

In this Appendix we present the formulation for the spin connection which we
use in our calculations (see [67]). A natural basis for the tangent space 7}, at
a point p is given by the partial derivatives with respect to the coordinates at
that point, é(,) = 0J,. Similarly, a basis for the cotangent space T} is given by
of the coordinate functions, é(u) = dz". Let us imagine that at each point in the
manifold there exists a set of orthonormal basis vectors é(a)l. If the canonical

form of the metric is written 74, the inner product of our basis vectors should be
€(a) * €(b) = Tab- (C-1)

Thus, in Lorentzian space 7, represents the Minkowski metric, while in a space
with positive definite metric it represents Euclidean metric. We can express our

old basis vectors of tangent space in terms of the new ones as
C(u) = €ulla); (C-2)

where the components ej; are called as vielbeins form an invertible n X n matrix.

Their inverse is denoted by switching the indices to obtain e#, which satisfy
elel = oF ; ene, = 0y (C-3)

Multiplying the eq. C-2 with e# from left

€(a) = €4E(); (C-4)

lindexed in Latin letter rather than Greek, to remind us that they are not related to any
coordinate system.

114



Then, in terms of the inverse vielbeins the eq. C-1 becomes

Nab = €(a) * €(b)
= e - ey (C-5)

_ 7587
= gwj(iaeb .

We see that the components of the metric tensor in the orthonormal basis are

just those of flat metric, 7,,. Multiplying this with eZel; we get
G = €410 Mab- (C-6)

Thus, vielbeins are squareroot of the metric. Similarly in 77, 6®) are the or-

thonormal basis of one-forms. Choosing
0@Wéwy = 0y = eley, (C-7)

it is an immediate consequence that the orthonormal one-forms are related to the
cooridinate-based QA(M) by
Oy = €ab)- (C-8)

Similarly,

~

Q(Q) = GZé(a). (0—9)

Any vector V' written in the coordinate basis as V' = V*#¢, can be expressed as
in terms of its orthonormal basis as V' = V“¢,. Since V*¢, = V¢, we obtain a

relation between the sets of components as
Ve =elVH (C-10)

So the vielbeins allow us to pass from Latin to Greek indices and back. In the

same manner multi index tensor V* can be written as

Ve, = eZV”b = eV, =epeVh,. (C-11)
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Nice property of tensors is that, we can go on to refer multi index tensors in terms
of mixed components.

Now, we have a set of basis vectors é, and fe, which are non-coordinate
bases. Thus, they can be changed independently of the coordinates provided the
orthonormality property defined in eq. C-1 is preserved. In Euclidean signature
metric the transformations that preserve orthonormality condition are orthogonal
transformations whereas in Lorentz signature metric they are Lorentz transfor-

mations. We therefore consider changes of basis of the form
€q — €y = N, (x)é,, (C-12)

where A% (x) represent position dependent transformations at each point in space
which leave the canonical form of metric unaltered such that

Ao (@) Ay (2)0as = Nary (C-13)

a

In flat space, we call these matrices inverse Lorentz transformations. We also
have ordinary Lorentz transformations, A% (x) to transform one-forms. So, we
now have freedom to perform a Lorentz transformation at every point in space.
These are called local Lorentz transformations (LLT).

The covariant derivative of a tensor is given by its partial derivative plus
the connection terms, one for each index. The connection terms in our ordinary
formalism involve the tensor and connection coefficients F;}V whereas in non-
coordinate basis connection coefficients are replaced by spin connection, denoted
by w,*,. Each Latin index gets a factor of the spin connection as

VX =0, X% +w," X% —w, X" (C-14)
Now let us try to find a relation between the spin connection, the vielbeins and
connection coefficients using the property that a tensor should be independent of

the way it is written. For simplicity, we will consider the covariant derivative of
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a vector X. Its covariant derivative in a purely coordinate basis is given by

VX = (V,X")d2" ® 9,
= (8, X" + T, XN da" © 8,

and in a mixed basis it is written as

VX V XV) $u®é(a)
0, X" +w," , X")dr" @ &
L(ep XY) +w, e XNV da! @ é(y)
L0 XY + X706 +w,* XXM dat @ €50,

= e7(e29, X" + X 0t +w,* el XN dat @ O,

(
=
= (9
= (e

I

= (6,0, X" + eg X 0,e, + eqw,” YA XN dr* ® 0,

= (0,X7 +eg X"0e;, + eqw,* WX M) da* ® 0,

Let c mvand v — A\

VX = (0, X"+ e2(9,e5)X* + egezj\wua y XN dat ® 0,

Comparing the eqs. C-15 and C-17 one can conclude that
Iy =en (0, e X + el eAwM b

Multiplying this with epe? we get

w, = eﬁeb)‘FZA — e)0,.€5.

Now let us look the covariant derivative of a vielbein

Ve, =due, +w,’ yeh — I el

% Ca
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(C-15)

(C-16)

(C-17)

(C-18)

(C-19)

(C-20)



Substituting the equation for I';) into the covariant derivative of the vielbein we
get
V.e;, = 0. (C-21)
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