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abstract

LEPTON FLAVOR VIOLATING RADION DECAYS IN

THE RANDALL-SUNDRUM SCENARIO

Korutlu, Beste

M. Sc., Department of Physics

Supervisor: Prof. Dr. Erhan Onur İltan

December 2007, 118 pages.

The lepton flavor violating interactions are worthwhile to examine since they

are sensitive to physics beyond the Standard Model. The simplest extension of

the Standard Model promoting the lepton flavor violating interactions are the

so called two Higgs doublet model which contains an additional Higgs doublet

carrying the same quantum numbers as the first one. In this model, the lepton

flavor violating interactions are induced by new scalar Higgs bosons, scalar h0

and pseudo scalar A0, and Yukawa couplings, appearing as free parameters, are

determined by using the experimental data. On the other hand, the possible

extra dimensions are interesting in the sense that they ensure a solution to the

hierarchy and cosmological constant problems and also result in the enhancement

in the physical quantities of various processes. In the present work, we predict

the branching ratios of lepton flavor violating radion decays r → e±, µ±, r →
e±, τ± and r → µ±, τ± in the two Higgs doublet model, including a single extra

dimension, in the framework of the Randall Sundrum scenario. We observed that

the branching ratios of the processes we study are at most at the order of 10−8

for the small values of radion mass and it decreases with the increasing values of

the radion mass. Among the LFV decays we study, the r → µ±, τ± decay would

be the most suitable one to measure its branching ratio.
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öz

RANDALL-SUNDRUM SENARYOSU ÇERÇEVESİNDE

LEPTON ÇEŞNİ BOZAN RADİON BOZUNMALARI

Korutlu, Beste

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Prof. Dr. Erhan Onur İltan

Aralık 2007, 118 sayfa

Lepton çeşni bozan etkileşmeler, Standart Model ötesi fiziğe duyarlı olmaları se-

bebiyle incelemeye değer etkileşmelerdir. Standart Modelin lepton çeşni bozan

etkileşmelere izin veren en basit uzantısı, Standart Model Higgs dubletiyle aynı

quantum numaralarını taşıyan ek bir Higgs dubleti içeren iki Higgs dublet mod-

elidir. Bu modelde, lepton çeşni bozan etkileşmeler yeni skalar Higgs bozonları,

skalar h0 ve sözde skalar A0 tarafından sağlanır ve serbest değişken Yukawa ku-

plajlara deneysel veriler kullanılarak karar verilir. Öte yandan, mümkün yeni

boyutlar, hiyerarşi ve kosmolojik sabit problemine çözüm getirmesi ve çok sayıda

etkileşmelere ait fiziksel büyüklüklerin değerlerinde artış getirmesi açısından il-

ginçtir. Bu çalışmada, lepton çeşni bozan r → e±, µ±, r → e±, τ± ve r → µ±, τ±

radion bozunumlarının dallanma oranlarını iki Higgs dublet modelinde, tek yeni

boyut içererek ve Randall Sundrum senaryosu çerçevesinde inceledik. Üzerinde

çalıştığımız dallanma oranlarının radion küçük kütle değerleri için en fazla 10−8

mertebesinde olduğunu ve artan radion kütle değerleri için azaldığını gözlemledik.

İncelediğimiz lepton çeşni bozan bozunumlar arasında r → µ±, τ± bozunumunun

dallanma oranını, ölçmek için en uygun bozunum oluğunu gördük.

Anahtar Kelimeler: Standart Model, Lepton Çeşni Bozulması, Dallanma Oranı,

Radion, İki Higgs Dublet Modeli, Randall Sundrum Senaryosu.
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chapter 1

INTRODUCTION

The major goal of physics has always been the simplification and the unification of

seemingly diverse and complicated natural phenomena. In the second half of the

twentieth century, as a result of successful approaches, a significant progress has

been made in the particle physics, in the identification of fundamental particles

and the unification of their interactions. Glashow-Weinberg-Salam [1, 2] com-

bined the quantum electrodynamics (QED) and the weak interactions into the

electroweak (EW) theory and the Standard Model (SM) of elementary particles

has emerged, which can be considered as a good example satisfying this major

goal of physics. Being a quantum field theory (QFT) based on the gauge group

SU(3)C ⊗ SU(2)L ⊗ U(1)Y , the SM describes all of the known elementary con-

stituents of the universe together with the three out of four fundamental forces:

the strong force, the weak force, and the electromagnetic force. In the QFT, all

interactions are mediated by means of force carrier particles, mediators. In the

case of electromagnetic interaction the mediator is the photon (γ), one of the

four gauge bosons of the group SU(2)L ⊗ U(1)Y , and for the weak interactions,

there exist the remaining gauge bosons of the same group, the so called W±, Z0

bosons. In addition to this, for the strong interactions, the mediators are eight

gluons (Gi), the gauge bosons of the group SU(3)C . The remaining force, called

as the gravity, is far too weak to be of any consequence at the experimentally

accessible energy scales that are relevant to particle physics. In addition to the

mediator particles, the SM contains matter particles: the Higgs boson and the

fermions, namely leptons and quarks which fall into three generations. The first

generation contains all stable stuff of which the stable matter is composed. The

second and third generations of particles decay, therefore, they are not present

in the stable matter and physicists are still trying to understand their role in the
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underlying theory. For each quark and lepton there exists a corresponding anti-

quark and antilepton. This is all adding up to an embarrassingly large number

of elementary particles: 12 leptons, 36 quarks, 12 mediators, and, as we will see

later, Glashow-Weinberg-Salam theory calls for at least one Higgs particle, so we

have a minimum of 61 particles to content with. In the next chapter, we will

see how this structure leads to the first consistent and self-contained theory. The

energy range which defines this theory extends up to several hundreds GeV. For

the details of the model construction see for example textbooks [3, 4], and the

review [5] existing in the literature.

The SM has been very successful in explaining many diverse experimental

results in the energy range available at present. However, behind this energy

range it possesses some conceptual problems which motivate us to look physics

beyond. The big issues in physics beyond the SM can be conveniently grouped

into four categories. The Unification: What is the reason beyond the hierarchy

of fundamental forces? The problem of Flavor: Why are there so many different

types of quarks and leptons? The Mass problem: What is the origin of masses of

fundamental particles and their mass hierarchies? Does the Higgs boson exist?

The cosmological constant problem. In addition to the conceptual problems of

SM, there also exist phenomenological hints obtained from measurements of fla-

vor changing neutral currents (FCNCs), including lepton flavor violating (LFV)

interactions which also indicate the need for physics beyond the SM since the SM

predictions differ from the upper limits coming from current measurements.

There are various alternative extended models proposed for solving these prob-

lems of the SM such as the multi Higgs doublet model (MHDM) [6, 7, 8, 9],

the minimal supersymmetric model (MSSM) [10, 11, 12, 13], left-right (super)

symmetric model [14], the Zee Model [15], the see-saw model [16], technicolor

model [17], extra dimensional models; large extra dimensions [18, 19], universal

extra dimensions (UED) [20, 21, 22], non-universal extra dimensions (NUED)

[23, 24], split fermion scenarios [25, 26, 27], the Randall-Sundrum model (RS

model) [28, 29].

Based on the phenomenological hints, the violation of flavor symmetry in

the leptonic sector is of special interest to physicists. In the SM, the FCNCs

2



with massless neutrino, are not allowed in the lepton sector and, in the quark

sector, they are prohibited at tree level, despite they seem not to violate any

fundamental law of nature. The negligibly small branching ratios (BRs) of the

decays based on the FCNCs stimulate one to go beyond the SM and they are

worthwhile to examine since they open a window to test new models, to ensure

considerable information about the restrictions of the free parameters, with the

help of the possible accurate measurements. An elegant framework to open up

the possibility of the tree level FCNCs is proposed through the general two Higgs

doublet model (2HDM) (see [7, 8, 9] for details), the most primitive candidate of

MHDM, which is obtained by adding a second Higgs doublet, having the same

quantum numbers as the first one. This doublet may lead to FCNCs in its Yukawa

sector, representing interactions between the Higgs fields and fermions (see for

example [9]). In this model, the lepton flavor (LF) violation is driven by the

new scalar. In addition, the mass hierarchy problem among third generation of

quarks, namely the top and bottom quarks, also could be solved in the scope of

2HDM, such that, unlike in the SM where both quarks gain mass through the

interaction with the same Higgs doublet, there is a possibility that the bottom

receives its mass from one doublet (say φ1) and the top from the another one (say

φ2). Then the hierarchy of their Yukawa couplings could be more natural.

A theory which consists of the SM, combined with gravity, contains two enor-

mously different energy scales. One is the EW scale mEW ∼ 103 GeV at which

EW symmetry is broken, and the other is the Planck scale MPl ∼ 1019 GeV

which determines the strength of gravitational interactions. Newton’s laws state

that the strength is inversely proportional to the second power of that energy,

and because the strength of gravity is so small, the Planck scale mass (related

to the Planck scale energy by E = mc2) should be very large. Generally, when

making predictions in particle physics, we can ignore gravity since the gravita-

tional effects on particles in the EW energy scale are completely negligible. But

that is precisely a question which particle physicists try to find an answer: Why

is the gravity so weak? A solution to this problem comes from models with ex-

tra dimensions where gravity becomes strong and cannot be neglected. In 1998,

Nima Arkani-Hamed, Savas Dimopoulos and Gia Dvali [18, 19] proposed a model

3



(called as ADD Model) with n compact extra spatial dimensions of large size to

bring the Planck scale down to TeV scale. Depending on the details of their im-

plementation, the space in their model contains two, three or more compact extra

dimensions. For two extra dimensions, the hierarchy problem in the fundamental

scales could be solved and the true scale of quantum gravity would be no more

the Planck scale but of the order of EW scale. This is the case that the gravity

is spreading over all the volume including the extra dimensions and thus it is

diluted by a large volume of them so much that it will be very feeble in the lower

dimensional effective theory1, although it is very strong in higher dimensions. On

the other hand, the matter fields together with the electromagnetic, strong and

weak forces are restricted in four dimensions, called four dimensional (4D) brane.

Unlike gravitational force, these forces will not be accessible to the higher dimen-

sions. As mentioned above, in ADD model, the extra dimensions are compact

and their compactification leads to the appearance of towers of heavy Kaluza-

Klein (KK) modes [30] of particles such that, in 4D effective theory, the existence

of the extra dimensions are felt by the appearance of these KK modes. How-

ever, since the matter fields do not travel along the extra dimensions but bound

to 4D brane, they will not carry extra dimensional momenta. In other words,

none of the SM particles will have the KK partners. The only particle that will

have KK partners is the graviton, the force carrier particle of the gravitational

force. Since the KK partners of graviton also interact with gravitational strength

(i.e., as weakly as graviton itself), it would be no easier to produce or detect KK

partners of the graviton than to observe the graviton itself which also has never

directly seen by anyone up to now. This means that, gravity, being the only force

which lives in higher dimensions, the existence of large extra dimensions will not

contradict with the experimental results. Despite the success of ADD proposal

in solving the hierarchy problem, there exist also some weaknesses of the theory.

In fact their model do not actually solve the hierarchy problem, because one still

have to solve why the size of extra dimensions are so large.

An alternative approach is introduced by Randall and Sundrum (RS1 model)

1Effective theory is a theory describing those elements and forces that are in principle ob-
servable at the distance or energy scales over which it is applied.
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[28, 29] to explain the huge discrepancy between mEW and MPl without the need

for a large extra dimension, or for any arbitrary large number at all. In this

scenario, the geometry is a non-factorizable one where the gravity is localized

in a 4D brane, so called Planck brane, which is one of the boundary of the

extra dimension and away from another 4D brane, TeV brane, which is the other

boundary where we live2. Theory also includes a finely tuned 5D cosmological

constant Λ which serve as sources for 5D gravity and in 4D, with the help of

opposite tensions on boundaries, it vanishes.

The review topics we include in this thesis is, broadly, divided into three cat-

egories: In Chapter 2, we give a brief review of the SM. Chapter 3 is devoted to

the simplest extension of the SM, the so called the 2HDM. In Chapter 4, we give

a summary of models with extra dimensions. In Chapter 5, we investigate the

branching ratios of lepton flavor violating radion decays r → e±, µ±, r → e±, τ±

and r → µ±, τ± in the 2HDM, in the framework of the Randall Sundrum sce-

nario (RS1). Chapter 6 represents our conclusions. In Appendix A, we present

the global and local gauge invariance. Appendix B is devoted to the detailed cal-

culations of Einstein equations, that we use in our review. Appendix C represents

the calculation of spin connection.

2The extra dimension is compactified to S1/Z2 orbifold with two 4D brane boundaries which
reside at the orbifold fixed points.
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chapter 2

THE STANDARD MODEL

In the second half of the twentieth century physicists made an impressive contri-

bution to the progresses in particle physics with complementary theoretical and

experimental studies, whereupon the SM of elementary particles has emerged

[1, 2]. The SM, being a QFT (see for example [31]), describes all of the known

elementary particles together with the three out of four fundamental interac-

tions of nature. According to the SM, the elementary particles constituting the

universe are called as fermions (i.e., they have spin one-half), namely quarks

and leptons and the fundamental interactions are the electromagnetic force, the

weak force (responsible for radioactive decay) and the strong force (which holds

atomic nuclei together). The SM is based on the principle of gauge symmetry

(see Apendix A), which means that the properties and interactions of elementary

particles are governed by certain symmetries which are related to the conserva-

tion laws. Therefore, the electromagnetic, weak, and strong forces are all gauge

forces and they are mediated by the exchange of certain particles, called gauge

bosons (i.e., they have spin one) which are the photon, the W± and Z0 bosons,

and eight gluons, respectively. Several attempts have been made to fit gravity,

the remaining force, into this gauge framework but these attempts are resulted in

failure. However, the gravity is too weak to change particle physics predictions

in the current experimental energy scales.

With these in mind, it is worthwhile summarizing the Fermi theory [32] which

describes the weak interaction phenomenology in the mid-1950.
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2.1 The Fermi Theory

The progress in the field theory of the weak interaction was rather stagnant for

many decades, from Fermi’s attempt to describe the β decay

n → p + e− + ν̄e, (2.1)

in 1933, to the advent of the gauge theories in the 1970s. Fermi expressed this

decay mathematically as, at a single point in the space-time, the quantum me-

chanical wavefunction of a neutron is transformed into the wavefunction of a

proton, and that the wavefunction of an incoming neutrino is transformed into

that of an electron. He wrote the phenomenological Lagrangian as

LF =
GF√

2
J†α,had(x)Jα

lept(x) + h.c., (2.2)

where GF = (1.16639 ± 0.00002) × 10−5 GeV−2 is the Fermi coupling constant,

J†α,had(x) = ψ̄p(x)Γαψn(x) and Jα
lept(x) = ψ̄e(x)Γαψνe(x). This action, from very

start, was known to suffer from a series of problems. First of all, the Γα ma-

trices, that contain the essence of the weak interaction, consist of all possible

combinations of the 16 Dirac matrices. It took many years to narrow down the

choice. In 1958, Feynman and Gell-Mann [33] with the help of further experi-

mental data proposed that the correct combination of Γα matrices should only

contain a mixture of vector and axial-vector1 (V-A) quantities written in the form

Γα = γα(1−γ5) to incorporate the parity-violating effects of the weak interaction.

Since the weak force is of extremely short range, Fermi’s theory of point-like

interaction yields excellent approximate results at low energies. However, at high

energies the theory suffers from additional problems. The main problem is the

violation of unitarity. νe + e− → νe + e− scattering is one of the simplest example

of the weak interaction processes. The Feynman diagram for this scattering in

the Fermi’s picture of four point interaction is given in the Fig. 2.1. In the

1an axial vector (or a pseudovector ) is a quantity that transforms like a vector under a
proper rotation, but gains an additional sign flip under an improper rotation (a transformation
that can be expressed as an inversion followed by a proper rotation).
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Figure 2.1: The four point νe + e− → νe + e− scattering.

center of mass frame (CM), the differential cross section is found as

dσ

dΩ
=

G2
F k2

π2
, (2.3)

with CM four momentum k, and

σ =
4G2

F k2

π
, (2.4)

where k2 À m2
e. Since the four fermion interaction takes place at a single point in

space-time, the differential cross section is a pure s-wave. Partial wave unitarity

for s-wave requires that

σ <
π

2k2
. (2.5)

Using the above equation, k is obtained as

k4 <
π2

8G2
F

. (2.6)

Then, above a certain energy (i.e., k > 300 GeV), Fermi theory violates unitarity.

Thus, we can say that it is an effective theory up to the energies k < 300 GeV.

Another problem in this theory is the non-renormalizability. Unfortunately,

even in the lowest order approximation in four fermion interactions, one encoun-

ters horrible divergences which cannot be eliminated by proper renormalization.

The Feynman diagram of the four point interaction including the lowest order

correction for the scattering νe + e− → νe + e− is shown in the Fig. 2.2 below
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which is generated by multiplying the current-current interaction with itself and

the amplitude for this scattering is proportional to ∝ d4k
k2 = ∞2. To eliminate

e

ev

e

ev

e

ev

k

Figure 2.2: One loop correction to the νe + e− → νe + e− scattering .

these problems, the idea is that the weak interaction is mediated by intermediate

massive vector boson exchange. The Feynman diagram for this process is shown

in the Fig. 2.3. Therefore, we replace LF defined in the eq. 2.2 with

ve

ve

e

e

W
+

Figure 2.3: The νe + e− → νe + e− scattering mediated by intermediate massive
vector boson exchange.

LW = gW Jα(x)Wα(x) + h.c., (2.7)

where Wα(x) is the weak intermediate vector boson. Now, in the lowest order

diagram the differential cross section of the νe + e− → νe + e− scattering is found

9



as
dσ

dΩ
=

2g4
W k2

π2(q2 −m2
W )2 , (2.8)

for again k2 ≥ m2
e. Here, mW and q are the mass and the momentum transfer

vector of the W boson, respectively. As q2 → 0, the new Lagrangian in the eq.

2.7 reduces to Fermi Lagrangian given in the eq. 2.2 provided

g2
W

m2
W

=
GF√

2
. (2.9)

However, the interaction is no longer point-like, but mediated by the force carrier

particles. In the scope of the SM, all fundamental interactions are mediated by

the exchange of gauge bosons. These interactions together with the corresponding

gauge bosons which mediate the forces are listed in the following table in order

of decreasing strength.

Table 2.1: The four fundamental forces in nature.

Force Strength Range Theory Mediator
Strong 10 < 10−15m Chromodynamics Gluon
Electromagnetic 10−2 ∞ Electrodynamics Photon
Weak 10−13 < 10−18m Flavordynamics W±, Z
Gravitational 10−42 ∞ Geometrodynamics Graviton

According to the QFT, the short range of the weak force could mean only one

thing: the weak gauge bosons had to have non zero masses. The mechanism that

gives rise to the masses of gauge bosons is known as the Higgs mechanism [34]

which relies on the phenomenon of spontaneous symmetry breaking (SSB) which

we will consider in the following section.

2.2 Spontaneously Broken Symmetries

Symmetry is one of the most important aspects of theoretical particle physics,

since the basis of our current description of nature originate in symmetries so

10



that every continuous symmetry leads to a conservation law. A system is said

to be symmetric if it remains invariant after applying a set of transformation

rules that constitute a mathematical group. Symmetries are categorized into two:

spatial symmetry and internal symmetry. In the case of spatial symmetry physics

threats all directions and all positions as the same, internal symmetries tell us

that physical laws act the same way on distinct, but effectively indistinguishable

objects. The fundamental forces, electromagnetic, weak, and strong forces all

involve internal symmetries. (Gravity is related to the symmetries of space and

time). Exact symmetries are fairly rare in nature. Thus, the symmetries that the

usual 4D theories possess can be broken explicitly or spontaneously. In the case

of SSB of gauge symmetries, which is one of the crucial ingredients of the SM, if

the broken symmetry is global, the Goldstone theorem [35] applies, whereas if it

is local, then we have Higgs mechanism [34]. In general, the phenomenon of SSB

is simply stated as follows.

“A system is said to possess a symmetry that is spontaneously broken if the

ground state of a dynamical system does not possess the same symmetry properties

as the Lagrangian”. Here, the ground state -its vacuum state- is the state in which

the field has its lowest possible energy. Now, we will use a toy model (see [4] for

details) to explain the Goldstone theorem and the Higgs mechanism.

2.2.1 The Goldstone theorem

Let us consider the following Lagrangian density which describes a couple of self

interacting complex scalar fields φ(x) = φ1(x)+ iφ2(x) and its complex conjugate

φ∗(x) = φ∗1(x)− iφ∗2(x)

L = (∂µφ)(∂µφ∗)− µ2φφ∗ − λ(φφ∗)2, (2.10)

where µ2 is regarded as the bare mass of the field quanta and λ is the term

for self interaction. It is clear that the Lagrangian remains invariant under the

group U(1) of global gauge transformations (see Appendix A for details). For

SSB, we should check whether the ground state of the system will be invariant

11



under global gauge transformations or not. For constant φ the kinetic term,

(∂µφ)(∂µφ∗) vanishes. Then, the ground state is obtained when the potential term

V (φ, φ∗) = µ2φφ∗ + λ(φφ∗)2 corresponds to the minimum. Since the potential

term is a function of φ and φ∗ only in the combination of φφ∗, we can make a

change of variables so that, ρ = φφ∗. Substituting this into V (φ, φ∗) we get

V (ρ) = µ2ρ + λρ2. (2.11)

The minimum of the potential can be obtained only if λ > 0, which we take to

be so. However, µ2 can have both positive and negative values if we do not insist

on interpreting µ as mass. To find the minimum of the potential, we take the

derivative of V (ρ) with respect to ρ and equate this derivative to zero such that,

dV (ρ)

dρ
= µ2 + 2λρ = 0. (2.12)

Since ρ = φφ∗ = (φ1 + iφ2)(φ
∗
1 − iφ∗2) = (|φ1|2 + |φ2|2), ρ can only take positive

values. Therefore, for µ2 > 0 a unique minimum occurs at the origin ρ = 0,

i.e., at φ = 0 and the function V (ρ) looks like as in figure 2.4. Then, we have

V(rho)

rho

Figure 2.4: The potential function for positive µ2.

a symmetric ground state configuration under the group U(1) of global gauge

12



transformations for µ2 > 0. On the other hand, for µ2 < 0, φ = 0 is not a

minimum. Instead, the minimum is at ρ = −µ2/2λ, i.e., at |φ| = υ/
√

2 with

υ =
√
−µ2/λ. Any value of φ satisfying this relation will give us a true ground

state such that

φvac =
υ√
2
eiΛ, (2.13)

where Λ is real. Then, we have a continuum degenerate set of ground states for

negative values of µ2. In this case, the function V (φ) looks like as in figure 2.5.

Each will not be symmetric under the global gauge transformation defined in the

V(phi)

Re(phi)

Im(phi)

V

Figure 2.5: The potential function for negative µ2.

eq. A-2. Then, using the definition of SSB made above one can simply conclude

that the symmetry of the Lagrangian has been spontaneously broken. We are

free to choose any point on the ring of minima since they are equivalent. Let us

choose this point to be on the real axis such that

φ(x) =
1√
2
[υ + ξ(x) + iχ(x)], (2.14)
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where ξ(x), χ(x) are real fields and ξ(x) = χ(x) = 0 in the ground state. Substi-

tuting into the eq. 2.10 and ignoring constant terms we get

L =
1

2
(∂µξ)

2 +
1

2
(∂µχ)2 − λυ2ξ2 − λυξ(ξ2 + χ2)− 1

4
λ(ξ2 + χ2)2. (2.15)

Then, we end up with a massless χ(x) field and a field ξ(x) with a spontaneously

generated mass

mξ(x) = 2λυ2. (2.16)

Let us now examine a less trivial example [5] given by

L =
1

2
∂µφ

i∂µφi − 1

2
µ2φiφi − 1

4
λ(φiφi)2, (2.17)

where φ is an n-component real scalar field and L is invariant under the orthogonal

group in n dimensions, O(n). Again for µ2 < 0 we find a whole ring of minima

whenever
∑

i φ
iφi = −µ2/λ is satisfied. In this case, we are free to choose one of

the φi to be non-zero in the ground state. Let it be the nth component of φ such

that,

φvac =




0

0

.

.

.

0

υ




. (2.18)

The number of generators that original symmetry group O(n) possesses is 1
2
n(n−

1). There is also a non-trivial subgroup O(n−1), which has 1
2
(n−1)(n−2) number

of generators leave the vacuum invariant. Let Lij be the 1
2
n(n− 1) independent

matrices that generates O(n) and lij[lij = Lij for i, j 6= n] be the 1
2
(n− 1)(n− 2)

matrices generating O(n− 1). There remains n− 1 independent matrices which

are denoted by ki[ki = Lin] with 1 ≤ i ≤ n − 1. Defining η and ξi with again

14



1 ≤ i ≤ n− 1 we get

φ = e(iξiki/υ)




0

0

.

.

.

.

υ + η




. (2.19)

Note that in general,

(Lij)kl = −i[δikδjl − δilδjk]. (2.20)

For j=n we have

(Lin)kl = (ki)kl = −i[δikδnl − δilδnk]. (2.21)

Operating ki on the column vector υi = υδin we get

(kiυ)j = (ki)jlυl

= −i[δijδnl − δilδnj]υl

= −i[δijυn − δnjυi]

= −i[δijυδnn − δnjυδin]

= −iυδij. (2.22)

Thus, in the lowest order φi = ξi(i < n) and φn = υ + η. Then, the Lagrangian

density in terms of ξi and η can be presented as

L =
1

2
[∂µη∂µη) + ∂µξi∂µξi]− 1

2
µ2(υ + η)2 − λ(υ + η)4 + ... (2.23)

Looking at this Lagrangian, we can say that the field η has a positive mass of

−2µ2 and the (n− 1) ξi scalar fields remain massless. These massless bosons are

called as Goldstone bosons. In conclusion, for every broken generator that leaves

the vacuum invariant there exists a massless Goldstone boson.
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2.3 The Higgs Mechanism

Now, we will use the same Lagrangian in the eq. 2.10 but impose invariance

under U(1) of local gauge transformations (see Appendix A for details). To make

the Lagrangian invariant under this transformation we must replace the partial

derivative ∂µ by the covariant derivative Dµ = ∂µ − ieAµ and add a kinetic term

−1
4
FµνF

µν . Then, the Lagrangian density becomes

L = −1

4
FµνF

µν + [(∂µ + ieAµ)φ∗(∂µ − ieAµ)φ]− µ2φ∗φ− λ(φ∗φ)2, (2.24)

where Aµ is the massless gauge field. Under local gauge transformations we have,

φ(x) → φ′(x) = exp−iθ(x) φ(x),

φ∗(x) → φ∗
′
(x) = expiθ(x) φ(x),

Aµ → A′
µ(x) = Aµ(x)− 1

e
∂µθ(x).

(2.25)

Again we will look at the minimum in the potential. For λ ≥ 0 and µ2 > 0 we

obtain a symmetric ground state at φ = 0. However, when µ2 < 0 there exists

again a ring of degenerate ground states. Proceeding as before we set

φ(x) =
1√
2
[υ + ξ(x) + iχ(x)], (2.26)

with υ =
√
−µ2/λ so that φvac = υ/

√
2. Substituting this into 2.24, we obtain

the following Lagrangian density

L =− 1

4
FµνF

µν +
e2υ2

2
AµA

µ +
1

2
(∂µξ)2 +

1

2
(∂µχ)2

− 1

2
(2λυ2)ξ2 − eυAµ∂

µχ + ...

(2.27)

It is surprising that the gauge field Aµ seems to acquire mass in the quantum

picture. The Lagrangian density in the eq. 2.27 now seems to describe the

interaction of a massive gauge field Aµ and two scalar fields. To ensure the gauge

invariance, the gauge transformations in terms of ξ(x) and χ(x) should be in the
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following form

ξ(x) → ξ′(x) = [υ + ξ(x)] cos θ(x) + χ(x) sin θ(x)− υ,

χ(x) → χ′(x) = χ(x) cos θ(x)− [υ + ξ(x)] sin θ(x),

Aµ → A′
µ(x) = Aµ(x)− 1

e
∂µθ(x).

(2.28)

We are free to choose θ(x) to be the phase of φ(x) since the theory is invariant

under any choice of transformation of this function. Then,

φ′(x) = exp−iθ(x) φ(x) =
1√
2
[υ + η(x)], (2.29)

will be real, with η(x) is real. Substituting these into the eq. 2.24 the Lagrangian

density becomes

L =− 1

4
F ′

µνF
′µν +

1

2
∂µη∂µη +

1

2
e2υ2A′

µA
′µ

+
1

2
e2(A′

µ)2(2υη + η2)− λυ2η2 − 1

4
λη4...

(2.30)

with F ′
µνF

′µν = ∂µA
′
ν − ∂νA

′
µ. By writing the Lagrangian density in this form,

we can say that it describes the interaction of the massive vector field A′
µ with

the massive, real, scalar field η. This field is called as Higgs field with a mass

of 2λυ2 = −2µ2. In this way, all massless particles completely disappears. Con-

sequently, in spontaneously broken symmetries the gauge boson acquires mass

due to disappearing Goldstone boson. Therefore, for each massive gauge fields

we need a complex scalar field, one piece of which disappears and reappears as

the longitudinal mode of the vector field. Scalar part of this complex field, the

so called Higgs boson, remains.

2.4 The Standard Model Lagrangian

Having discussed the ingredients of the SM, let us turn our attention to the SM

Lagrangian, LSM . As mentioned above the SM is based on the principle of gauge

symmetry. The overall gauge group of the SM, under which the SM Lagrangian

17



remains invariant, contains both the Quantum Chromodynamics (QCD) and the

unified EW interaction and is written symbolically as

GSM ≡ SU(3)C ⊗ SU(2)L ⊗ U(1)Y . (2.31)

The first group, SU(3)C , represents QCD. The subscript C indicates that the

gauge bosons of QCD, the eight gluons, couple only to colored particles, quarks.

The remaining part SU(2)L × U(1)Y represents the EW interaction, proposed

by Glashow-Weinberg-Salam [1, 2], with the subscripts L and Y indicating that

the group SU(2)L couples only left handed particles and that the group U(1)Y

couples to weak hypercharged particles where the hypercharge is obtained using

the Gell-Mann-Nishijima relation [36] Q = T3 + Y/2. The EW theory, developed

by Glashow-Weinberg-Salam, predicted the masses of the gauge bosons W± and

Z0 to be about 80 GeV and 90 GeV, respectively. In 1983, physicists at CERN

[37] led by Carlo Rubia were able to produce and measure the masses of the W±

and Z0 which were in complete agreement with the predictions of EW theory. The

discovery of these particles may be considered as the first experimental evidence

of the SSB. In the minimum formulation of the SM, a complex scalar doublet

(the Higgs field) is required, which is denoted by φ, so that by interacting with

the gauge bosons, it produces the desired breaking

GSM → SU(3)C ⊗ U(1)Q, (2.32)

where U(1)Q is a subgroup of SU(2)L⊗U(1)Y . This breaking of symmetry occurs

due to the non-zero vacuum expectation values (VEV) of the scalar field φ of the

form

〈φ〉 =

(
0

v/
√

2

)
. (2.33)

The reason for why this type of breaking occurs is as follows. The W± and Z0

gauge bosons are massive. Therefore, SU(2)L ⊗ U(1)Y can not be a symmetry

of the vacuum, whereas the photon, being massless, reflects that U(1)Q is a good

symmetry of the vacuum.
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Now, let us write the most general renormalizable EW SM Lagrangian. It can

be divided into five parts:

LSM = Lf
kinetic + LH

kinetic + LG
kinetic + LH

pot + LY . (2.34)

The Lf
kinetic term corresponds to the fermionic sector of the SM Lagrangian.

It includes both the left-handed and right-handed chiralities and can be presented

as

Lf
kinetic =

∑

ψL

ψ̄LiγµDµψL +
∑

ψR

ψ̄RiγµDµψR, (2.35)

where ψL = 1
2
(1 − γ5)ψ stands for the left-handed weak isodoublets and ψR =

1
2
(1 + γ5)ψ for the right-handed weak isosinglets. The normal derivative, ∂µ, is

replaced by the covariant derivative, Dµ:

Dµ = ∂µ + igW i
µτi + i

g′

2
BµY, (2.36)

to preserve the gauge invariance. Here, g and g′ are the coupling constants

associated with the groups SU(2)L and U(1)Y gauge groups, respectively. The

corresponding generators to each gauge group are τi and Y in order. Moreover,

W i
µ are the three weak interaction bosons and Bµ is the single hypercharge boson.

Here, the gauge boson fields W 1
µ , W 2

µ , W 3
µ couple to weak isospin and Bµ couple

to weak hypercharge.

The second part of the SM Lagrangian is the kinetic term for the scalar Higgs

field, φ and is responsible for the interaction of the gauge and Higgs fields. It can

be written as

LH
kinetic = (Dµφ)†(Dµφ), (2.37)

with Dµ is defined in the eq. 2.36.

The corresponding kinetic term for the gauge fields reads

LG
kinetic = −1

4

3∑
i=1

F µν
i F i

µν −
1

4
BµνBµν , (2.38)
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where F i
µν = ∂µW

i
ν − ∂νW

i
µ − gεijkW j

µW k
ν is the antisymmetric field strength

tensor of the group SU(2)L with εijk being the group structure constant and

Bµν = ∂µBν − ∂νBµ is that of the group U(1)Y . After a proper normalization of

the gauge fields, the photon, the neutral weak boson, Z0 and the charged weak

boson W±
µ fields are obtained as

Aµ = sin θW W 3
µ + cos θW Bµ,

Zµ = cos θW W 3
µ − sin θW Bµ,

W±
µ =

1√
2
(W 1

µ ∓ iW 2
µ),

(2.39)

where

sin θW =
g′√

g2 + g′2
; cos θW =

g√
g2 + g′2

, (2.40)

with θW being the weak mixing angle. Finally, the photon becomes massless and

the mass eigenstates for W± and Z0 bosons are obtained as

MW± =
gυ

2
; MZ0 =

√
g2 + g′2

2
. (2.41)

The Higgs potential denoted by LSM
H in the SM Lagrangian reads

LH
pot = µ2(φ†φ) + λ(φ†φ)2, (2.42)

where µ2 and λ are the free parameters. For µ2 < 0 the scalar field φ develops a

non-zero vacuum expectation value at |φ|vac = υ/
√

2 with υ =
√
−µ2/λ. Thus,

the Lagrangian gains a set of ground states for negative values of µ2. As a result,

symmetry of the Lagrangian is spontaneously broken. In addition, through the

Higgs mechanism, the Higgs mass is yielded to be equal to mH =
√

2λυ. Notice

that, all the terms explained up to now in the SM Lagrangian are CP invariant.

The final piece of the SM Lagrangian, LSM
Y called the Yukawa Lagrangian

describes the interaction among the fermions and the Higgs field. The general
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form can be expressed as2

LY = ηD
ij Q̄i,LφDj,R + ηU

ijQ̄i,Lφ̃Uj,R + ηE
ij l̄i,LφEj,R + h.c., (2.43)

where φ̃ = iτ2φ
∗ and ηU,D,E

ij ’s are responsible for the masses of up-down quarks

and leptons, respectively. In addition, Qi,L, Uj,R and Dj,R denote the left handed

doublet, right handed up and right handed down quarks, respectively. Similarly,

li,L represent the left handed leptons and Ei,R the right handed ones. These

fermions are presented in a more elegant way in the following table:

Table 2.2: The known fermions.

Generation Quarks Leptons
Charge 2/3 Charge −1/3 Charge −1 Charge 0
Color (R G B) Color (R G B) Colorless Colorless

First u (up) d (down) e (electron) νe (electron neutrino)
Mass(GeV) 0.0015− 0.003 0.003− 0.007 0.000511 < 3× 10−9

Second c (charmed) s (strange) µ (muon) νµ (muon neutrino)
Mass(GeV) 1.25± 0.09 0.095± 0.025 0.106 < 190× 10−6

Third t (top) b (beauty) τ (tau) ντ (tau neutrino)
Mass(GeV) 174.2± 3.3 4.2± 0.07 1.777 < 18.2× 10−3

In this table, quark masses given correspond to the approximate rest mass

energy of quarks confined in hadrons since free quarks have not been observed yet.

For each quark and lepton given in the table there is a corresponding antiquark

and antilepton.

As mentioned before, in the SM, the fundamental fermionic constituents of the

matter are quarks and leptons. All properties of these particles are summarized

in the Table 2.2. These particles are placed into SM as left-handed doublets and

2In the case of massive neutrinos, there is an additional term in the Lagrangian: L′SM
Y =

ην
ij l̄i,Lφ̃νj,R + h.c.
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right-handed singlets. The left handed doublets for quarks are given by

(
u

d

)

L

;

(
c

s

)

L

;

(
t

b

)

L

, (2.44)

and the right handed singlets for quarks are

dR ; uR ; sR ; cR ; bR ; tR. (2.45)

On the other hand, the lepton doublets are

(
νe

e

)

L

;

(
νµ

µ

)

L

;

(
ντ

τ

)

L

, (2.46)

and the right handed singlets for leptons are

eR ; µR ; τR. (2.47)

In the charged weak interactions of leptons, the coupling of W± takes place

strictly within a particular generation in the case of massless neutrinos . In

other words, upper members of left handed lepton doublets couple to the lower

members in the same doublet. That is, only the vertices e−νeW
−, µ−νµW

−,

and τ−ντW
− appear , however, there is no cross generational vertices such as

e−νµW
−. The coupling of W± to quarks is not quite so simple since there exist

cross generational vertices as well, such as s̄uW−. The idea is that, the quark

generations are rotated for the purposes of weak interactions such that

(
u

d′

)

L

;

(
c

s′

)

L

;

(
t

b′

)

L

, (2.48)

where d′, s′, and b′,the linear combinations of the d, s, and b, are obtained by
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using the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix Vij




d′

s′

b′


 =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb







d

s

b


 , (2.49)

where the off-diagonal elements of the CKM matrix allow flavor transitions be-

tween different generations. The experimentally measured values of the matrix

elements are [38]

Vij =




0.97377± 0.00027 0.2257± 0.0021 0.00431± 0.0003

0.230± 0.011 0.957± 0.017± 0.093 0.0416± 0.0006

0.0074± 0.0008 0.0406± 0.0027 > 0.78


 .

(2.50)
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chapter 3

BEYOND THE STANDARD

MODEL

The SM has been extremely successful in describing the behavior of all known

particles in elementary particle physics up to the EW energy scale at the order

of 103 GeV. However, behind this energy scale, it possesses some conceptual

problems which motivates us to look physics beyond the SM. There are various

alternative extended models proposed for solving these problems as indicated

in the introduction part. MHDM [6] is one of them. In this chapter, we will

introduce the simplest extension of the SM, the so called the 2HDM [7, 8, 9].

3.1 The Two Higgs Doublet Model

Let us first present the motivation for examining the 2HDM;

• In the SM, it is assumed that the Higgs sector must be minimal having only

one physical neutral Higgs scalar. However, there is no fundamental reason

favoring this minimal choice. The 2HDM, being the simple extension of the

SM, possesses five physical Higgs bosons, namely, a charged pair (H±), two

neutral CP even scalars (H0 and h0), and a neutral CP odd scalar (A0).

• The ratio between the masses of top and bottom quarks is mt/mb ≈ 174/5 ≈
35. According to the SM, both quarks gain mass through interactions with

the same Higgs doublet. Then, we end up with an unnatural hierarchy

between the corresponding Yukawa couplings. In the scope of the 2HDM,

there is a possibility that the bottom receives its mass from one doublet
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(say φ1) and the top from the another one (say φ2). Then the hierarchy of

their Yukawa couplings would be more natural.

• In the framework of the SM the flavor is conserved in the lepton sector

for massless neutrinos. The LFV interactions, carried by the FCNCs, exist

in the extended SM, the so called νSM, at least at one loop level, which

is constructed by taking the neutrinos massive and permitting the lepton

mixing mechanism [39, 40]. However, even in the νSM, due to the smallness

of the neutrino masses, the theoretical predictions of the BRs of the LFV

interactions are too small to reach the experimental limits. In addition, in

the quark sector the FCNCs are prohibited at tree level despite they seem

not to violate any fundamental law of nature. In that aspect, the 2HDM

is an elegant framework to open up the possibility of the tree level FCNCs

in both lepton and quark sectors which is driven by the new scalar Higgs

bosons S, the CP even scalar h0, and the CP odd scalar A0, and controlled

by the Yukawa couplings.

• The 2HDM is a minimal extension in that it adds the fewest new arbitrary

parameters. Instead of one free parameter of the SM, this model has six

free parameters: the four Higgs masses, the ratio of the VEVs, tan β, and

a Higgs mixing angle, α. Notice that v2
1 + v2

2 is fixed by the W mass

mW = g2 (v2
1+v2

2)

2
.

Having stated our motivations for an additional scalar doublet, our next task is

to introduce the 2HDM. In the 2HDM, a second Higgs doublet having the same

quantum numbers as the first one is introduced such that,

Φ1 =

(
φ+

1

φ0
1

)
; Φ2 =

(
φ+

2

φ0
2

)
, (3.1)
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with hypercharges Y = 1. Parameterizing the doublets in a more convenient way

we can write them in the following form

Φ1 =

(
χ+

υ1+H0+iχ0√
2

)
; Φ2 =

(
H+

υ2+H1+iH2√
2

)
, (3.2)

with the VEVs

〈Φ1〉 =
1√
2

(
0

v1

)
; 〈Φ2〉 =

1√
2

(
0

v2

)
, (3.3)

where υ = (υ2
1 + υ2

2)
1/2 = (

√
2GF )−1/2 = 246 GeV. Here, H0 and H1 are the

CP even, H2 is the CP odd neutral Higgs bosons, and H+ is the charged Higgs

boson.

In the 2HDM, the Higgs part of the SM Lagrangian should be extended to

include the interaction with the second Higgs doublet. Then, the kinetic term in

eq. 2.37 becomes

(DµΦ1)
†(DµΦ1) + (DµΦ2)

†(DµΦ2), (3.4)

and the most general renormalizable CP invariant Higgs potential potential is

written in the form

V (Φ1, Φ2) = λ1(Φ
†
1Φ1 − υ2

1)
2 + λ2(Φ

†
2Φ2 − υ2

2)
2

+ λ3[(Φ
†
1Φ1 − υ2

1) + (Φ†
2Φ2 − υ2

2)]
2

+ λ4[(Φ
†
1Φ1)(Φ

†
2Φ2)− (Φ†

1Φ2)(Φ
†
2Φ1)]

+ λ5[Re(Φ†
1Φ2)− υ1υ2]

2

+ λ6[Im(Φ†
1Φ2)]

2,

(3.5)

where the parameters λi are real.

Then, what remains is the Yukawa piece of the SM Lagrangian in the presence

of the two scalar doublets which is written as follows:

LY
2HDM = ηU

ijQ̄i,LΦ̃1Uj,R + ηD
ij Q̄i,LΦ1Dj,R + ξU

ijQ̄i,LΦ̃2Uj,R + ξD
ij Q̄i,LΦ2Dj,R

+ ηE
ij l̄i,LΦ1Ej,R + ξE

ij l̄i,LΦ2Ej,R + h.c.,
(3.6)
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where Φi, for i = 1, 2 are the two scalar Higgs doublets, Φ̃i = iσ2Φi, ηU,D,E
ij

and ξU,D,E
ij are off diagonal 3 × 3 matrices of the Yukawa couplings where i, j

denote family indices (see Chapter 2 for the definitions of terms appearing in the

Lagrangian).

As stated before, FCNCs with massless neutrino are naturally suppressed in

the tree level in the SM. To avoid FCNCs at tree level, one can explicitly impose

the following ad hoc discrete symmetry sets

(I) Φ1 → −Φ1, Φ2 → Φ2, Dj,R → −Dj,R, Uj,R → −Uj,R,

(II) Φ1 → −Φ1, Φ2 → Φ2, Dj,R → −Dj,R, Uj,R → +Uj,R,

(3.7)

into the Yukawa Lagrangian, LY
2HDM . Imposing these discrete symmetry sets,

the so called model I and model II are obtained depending on whether the up-

type and the down-type quarks are coupled to the same or two different scalar

doublets, respectively. If no discrete symmetry is implemented into the LY
2HDM ,

both up-type and down-type quarks and also leptons will have flavor changing

(FC) couplings. This type of 2HDM is called as model III where we should take

into account all the terms in the Yukawa Lagrangian given in eq. 3.6.

It is possible to make a rotation of the doublets in such a way that only one

of the doublets acquire VEV so that

< Φ1 >=

(
0
υ√
2

)
; < Φ2 >= 0. (3.8)

The two doublets in this case arise of the form

Φ1 =

(
χ+

v+H0+iχ0√
2

)
; Φ2 =

(
H+

H1+iH2√
2

)
. (3.9)
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Here H0 and H1 are not the neutral mass eigenstates. The neutral mass eigen-

states are obtained from (H0, H1, H2) as follows

H
0

= [(H0 − υ)cosα−H1sinα],

h0 = [−(H0 − υ)sinα + H1 cos α],

A0 = H2, (3.10)

where α is the mixing angle. It is also possible to express H0, H1 and H2 as

functions of mass eigenstates

H0 = (H
0
cosα− h0sinα) + υ,

H1 = (h0cosα + H
0
sinα),

H2 = A0. (3.11)

Choosing α = 0, H1 becomes the well known mass eigenstate h0. As mentioned

before, the model III version of the 2HDM opens up the possibility of FCNCs at

the tree level and the FC part of the Yukawa Lagrangian reads

£III,Y
FC = ξU

ijQi,LΦ̃2Uj,R + ξD
ij Qi,LΦ2Dj,R + ξE

ij li,LΦ2Ej,R + h.c. (3.12)

There is another version of the 2HDM, the so called Model IV such that φ1

couples and give masses to up-type quarks and φ2 couples and gives masses to

the down-type quarks and the VEV of the doublets are chosen

< Φ1 >=

(
0

υ1

)
; < Φ2 >=

(
0

υ2e
iξ

)
. (3.13)

In this case the term containing λ6 is replaced by λ6(Im(φ+
1 φ2)−υ1υ2 sin ξ)2) and

is responsible for the CP violation in the Higgs sector.
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chapter 4

EXTRA DIMENSIONS

In recent years, models with extra dimensions, not yet experienced and not yet

entirely understood, have been studied extensively in the literature (see for ex-

ample [18]-[29]). The strong motivation to study these scenarios comes from

the fact that they resolve some of the most basic mysteries of our universe such

as the hierarchy problem between the two fundamental energy scales, the EW

scale (mEW ∼ 103 GeV) and the Planck scale (MPl ∼ 1019) GeV, where the

strength of gravity becomes comparable to the one of other gauge interactions.

In fact, there is an important difference between these two energy scales. While

the electroweak interactions have been probed at distances ∼ m−1
EW , gravitational

interactions has not remotely been probed at distances ∼ M−1
Pl : it has only been

accurately measured in the 1 cm range. Apart from the hierarchy problem, the

cosmological constant problem (for reviews see [41, 42]), the puzzle of why the

vacuum energy is driven to be a very small number, has also been tried to be

solved within the extra dimensional scenarios. One possible explanation for the

smallness of the cosmological constant problem can be stated as, if there is a 4D

theory with only 4D sources, these will necessarily lead to an expanding universe.

However, if there is 4D sources in 5D, the effects of brane sources can be balanced

by a 5D cosmological constant to get a theory where the effective 4D cosmolog-

ical constant would be vanishing. In this way, for an observer on a brane, the

universe will still appear to be static and flat. The 5D background, however, will

be curved since there exists a bulk cosmological constant in there. Such extra

dimensional theories are called as warped extra dimensions, where the brane is

kept flat and the extra dimensions are curved. This solution to the cosmological

constant problem first pointed out by Rubakov and Shaposhnikov [43]. Finally,

the extra dimensional scenario, named as the split fermion scenario [25, 26, 27],
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provides an alternative view for the fermion mass hierarchies by assuming that

the fermions were located at different points in the extra dimensions with the

exponentially small overlaps of their wavefunctions.

Among the models with extra dimensions, emergence of the ordinary four

dimensional SM as the low energy effective theory of more fundamental theory

lying in higher dimensions found acceptance. The process of passing from a

fundamental theory to the effective theory includes the compactification of the

extra dimension(s). This compactification leads to the appearance of towers of

heavy KK [30] modes of particles in 4D effective theory.

4.1 Large Extra Dimensions

In 1998, Nima Arkani-Hamed, Savas Dimopoulos and Gia Dvali [18, 19] tried to

explain the hierarchy problem between the scales mEW and MPl by assuming

the existence of n extra compact spatial dimensions of large size. According to

this model (called as ADD Model), the SM fields are confined to the 4D brane

while gravity is free to propagate in large extra dimensions. In other words, the

gravitational field has extra components in n large extra dimensions and this

extra components cause it to be weaker than the other forces at long distances

because it would have been diluted by the large volume of the extra dimension.

In this scenario, since the SM particles are confined to a 4D brane, everything

that does not involve gravity would look exactly the same as it would without

the extra dimensions, even if the extra dimensions were extremely large. These

extra dimensions, being compact, lead to the appearance of towers of heavy KK

modes. However, since the SM particles, which are confined to a brane, would

not have KK partners. The only particle in this model that must have the KK

partner is the graviton. However, the graviton’s KK partners interact far more

weakly than the SM KK partners (see for example [44] and the references therein).

Therefore, the KK partners of graviton would be much harder to be observed.

One question ADD wanted to address with their set up is how large the size of the

extra dimensions can be without getting into conflict with observations made up

to date. To answer this question we need to match the 4D effective theory to the
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fundamental higher dimensional one. Let us assume that the higher dimensional

action takes the same form with Einstein-Hilbert action:

S4+n ∼
∫

d4+nx
√

g(4+n)R(4+n). (4.1)

Here
√

g(n+4) and R(n+4) are the metric1 and curvature scalars in 4 + n dimen-

sions. The action should be dimensionless and we need to multiply the higher

dimensional Lagrangian by the appropriate power of the fundamental Planck

scale (M∗) , to make the action dimensionless. Since terms d4+nx,
√

g(4+n) and

R(4+n) carry dimensions of −n− 4, 0 and 2, respectively, the power of M∗ has to

be n + 2. Thus, we write the higher dimensional action as

S4+n = −Mn+2
∗

∫
d4+nx

√
g(4+n)R(4+n). (4.2)

Now, we will try to find how the usual 4D action

S4 = −M2
Pl

∫
d4x

√
g(4)R(4), (4.3)

is contained in the higher dimensional expression. For time being, it is assumed

that the space-time is flat, and the extra dimensions are compact. So the metric

is written as

ds2 = (ηµν + hµν)dxµdxν − r2dΩ2
(n), (4.4)

where xµ is a four dimensional coordinate with µ = 0, 1, 2, 3, dΩ2
(n) is the line

element of the flat extra dimensional space, r corresponds to the radius of the

extra dimension, ηµν is the flat 4D metric and hµν is the 4D fluctuation of the

metric around its minimum. Since our goal is to find out how a 4D theory emerges

from a higher dimensional one, we put only 4D fluctuation into the metric. Then,

1Metric is a quantity that establishes the measurement scale that determines the physical
distances and the angles. A metric on 3D space can take the form ds2 = axdx2 +aydy2 +azdz2,
where x, y, z are the three coordinates of space, and ax, ay, az can be numbers or functions
of x, y, z. If ax = ay = az = 1, we have flat space. More complicated metrics can have cross
terms, such as dxdy. In that case, the metric must be described by a tensor with two indices
that is denoted by the coefficients aij which is the coefficient in front of dxidxj .
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the expressions for
√

g(n+4) and R(n+4) are obtained as

√
g(4+n) = rn

√
g(4) ; R(4+n) = R4. (4.5)

Substituting these expressions into the eq. 4.2 we get

S4+n = −Mn+2
∗

∫
dΩ(n)r

n

∫
d4x

√
g(4)R(4), (4.6)

where the factor
∫

dΩ(n)r
n is simply the volume of the extra dimensional space,

V(n). Comparing the eqs. 4.3 and 4.6, we obtain the matching relation for the

gravitational couplings as

M2
Pl = Mn+2

∗ V(n) ∼ rnMn+2
∗ . (4.7)

Now, we will find the matching relation for gauge couplings. Based on the as-

sumption that every field propagates in all dimensions we can write the action

as

S(4+n) = −
∫

d4+nx
1

4g2∗
FMNFMN

√
g(4+n). (4.8)

Here, FMN with M, N = 0, 1, ...3 + n is the higher dimensional field strength

tensor and g∗ is the fundamental gauge coupling. Taking the integral over the

extra dimension we get

S(4) = −
∫

d4x
V(n)

4g2∗
FµνF

µν
√

g(4). (4.9)

Then, we obtain the matching of gauge couplings as

1

g2
eff

=
Vn

g2∗
. (4.10)

Notice that, in the eq. 4.8, d4+nx,
√

g(4+n) and FMN carry dimensions −n− 4, 0

and 2, respectively. Thus, the mass dimension of g∗ has to be −n/2 so that the

action remains dimensionless. Looking at the mass dimensions of g∗ and M∗ we
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can write

g∗ ∼ 1

M
n
2∗
. (4.11)

Substituting this into the eq. 4.10 we get

1

g2
eff

= VnMn
∗ ∼ rnMn

∗ . (4.12)

Using the eq. 4.7 we obtain an equation for M∗ as

M∗ ∼ M
2

n+2

Pl

r
n

n+2

. (4.13)

If we substitute this into the eq. 4.12 we get

1

g2
eff

∼ M
2n

n+2

Pl

r−
2n

n+2

. (4.14)

Then, r becomes

r ∼ 1

MPl

g
n+2

n
eff . (4.15)

Since r ∼ 1/MPl there would be no hope of finding out about the existence of

these tiny extra dimensions in the near future.

Up to now, we have assumed that every field propagate in all dimensions.

Now, we will deal with the restrictions on the size of extra dimensions when the

SM particles are localized to 4D brane while the unobserved fields such as gravity

are to propagate in extra dimensions. However, in distances as small as the size of

extra dimensions, it is impossible to test gravity. Because, in such short distances

electromagnetic and weak forces become more dominate than the gravitational

force and the gravitational interactions have been tested at the distances of the

order of millimeter. Therefore, the real bound on the size of extra dimensions

becomes

r ≤ 0.1mm, (4.16)

if only gravity propagates in the extra dimension. From the relation M2
Pl ∼

Mn+2
∗ rn we know that if we increase the value of the radius r, the fundamental
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Planck scale M∗ decreases. If M∗ < 1TeV , we would have observed some effect of

quantum gravity in the collider experiments. Thus, one has to impose the lowest

possible value to be M∗ ∼ 1TeV . Therefore, one can say that being equal to the

fundamental Planck scale, mEW is the only fundamental short distance scale in

nature and MPl is valid in a 4D scenario is an effective scale derived from mEW .

Such models are called as Large extra dimensions, proposed by Arkani- Hamed,

Dimopoulos and Dvali.

Let us check, how large a radius one would need for the lowest possible value

of M∗, using the eq. 4.7 the value of radius would be

1

r
= M∗(

M∗
MPl

)
2
n = (1TeV )10−

32
n . (4.17)

Using

1GeV −1 = 2.10−14cm, (4.18)

we get

r ∼ 2.10−1710−
32
n cm. (4.19)

For n = 1, the value of r = 2.1015 cm. Since this value is larger then the

astronomical unit of 1.5 × 1013 cm, we can conclude that there cannot be one

flat large extra dimension. If there are two extra dimensions, r ∼ 2 mm. This is

just a borderline for the currently probed gravitational experiments. For n > 2,

r < 10−6 cm. This value is so small to be measured in the near future. Then, the

hierarchy problem between the fundamental Planck scale and the scale of weak

interactions would have been solved so that gravity would be weaker than the

other forces at long distances because it would have been diluted by the large

volume of the extra dimension.
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4.2 Universal and Non-Universal Extra Dimen-

sions

As mentioned above, the compactification of the extra dimensions to a circle S1

with a small radius R makes them imperceptibly small. But can an extra dimen-

sional universe hide its nature so completely that none of its features distinguishes

it from a 4D world? That would be hard to believe. If there are extra dimen-

sions, fingerprints of them sure to exists. Such fingerprints are called as KK [30]

particles. These new particles originate in extra dimensions, but appear to us

as extra particles in our 4D space-time. In other words, they are manifestations

of particles, which are in higher dimensions, in 4D such that every particle that

travel in higher dimensional space is replaced by KK particles in our 4D space.

A universe with extra dimensions contains both familiar particles and their KK

relatives that carry extra dimensional momentum. However, a 4D dimensional

space-time does not include information about higher dimensional position or

momentum. This extra dimensional momentum would be seen in our 4D world

as mass. Thus, KK particles should be like the ones we know (having the same

charge), but heavier. If the universe contains additional dimensions, these heavier

KK particles will be the first real evidence of them.

The wavefunction of a KK particle is written as Fourier decomposition of the

higher dimensional wavefunction. To be concrete let us imagine a space with

only one additional spatial dimension which is compactified on S1/Z2 orbifold

(Z2 : y → −y). Then, the KK decompositions of the five dimensional (5D) fields
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can be written as follows,

φ(x, y) =
1√
πR

φ(0)(x) +

√
2√

πR

∞∑
n=1

φ(n)(x) cos(
ny

R
),

Aµ(x, y) =
1√
πR

A(0)
µ (x) +

√
2√

πR

∞∑
n=1

A(n)
µ (x) cos(

ny

R
),

A5(x, y) =

√
2√

πR

∞∑
n=1

A
(n)
5 (x) sin(

ny

R
),

Q(x, y) =
1√
πR

Q
(0)
L (x) +

√
2√

πR

∞∑
n=1

[Q
(n)
L (x) cos(

ny

R
) + Q

(n)
R (x) sin(

ny

R
)],

U(x, y) =
1√
πR

U
(0)
R (x) +

√
2√

πR

∞∑
n=1

[U
(n)
R (x) cos(

ny

R
) + U

(n)
L (x) sin(

ny

R
)],

D(x, y) =
1√
πR

D
(0)
R (x) +

√
2√

πR

∞∑
n=1

[D
(n)
R (x) cos(

ny

R
) + U

(n)
L (x) sin(

ny

R
)].

(4.20)

Fields even under the Z2 symmetry will have zero modes and they correspond to

the SM particles in our usual 4D world whereas fields odd under Z2 symmetry

will only have KK modes and will be absent in the low energy spectrum so that,

in the four dimensional Lagrangian, we get rid of the the zero modes of wrong

chirality (i.e., QR, UL, and DL) and the fifth component of the gauge field, A5. If

we could measure and study their properties, they would tell us everything about

the higher dimensional space.

The elecroweak, SU(2)L × U(1)Y , part of the SM Lagrangian in 5D can be

written as follows

L =

∫ πR

0

dy(Lf
kinetic + LH + LG

kinetic + LY ), (4.21)

where y ≡ x4 is the coordinate along the extra dimension. The fermionic piece

of the 5D Lagrangian is defined as

Lf
kinetic = Q̄(iΓMDM)Q + Ū(iΓMDM)U + D̄(iΓMDM)D, (4.22)

where, M,N = 0, 1, 2, 3, 4 corresponds to the five-dimensional Lorentz indices.
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The fermionic fields Q, U and D denotes five dimensional generic quark doublet,

up type quark singlet, and down type quark singlet, respectively. Unlike in the

SM, these fermionic fields have both chiralities and are all vector type. The

covariant derivative, DM is defined as DM = ∂M − ig̃W a
MT a − ig̃′BMY with g̃ is

the five dimensional gauge coupling constant of the group SU(2)L and g̃′ is that

of U(1)Y . Here, T a and Y are the corresponding generators. In addition, ΓM

are the five dimensional gamma matrices with Γµ = γµ and Γ4 = iγ5. The Higgs

piece of the 5D Lagrangian is

LH = (DMφ)†(DMφ)− V (φ), (4.23)

and the gauge piece is

LG
kinetic = −1

4

3∑
i=1

FMN
i F i

MN −
1

4
FMNFMN . (4.24)

The field strength tensors associated with the SU(2)L and U(1)Y gauge group

can be expressed as

F i
MN = ∂MW i

N − ∂NW i
M + gεijkW j

MW k
N , (4.25)

and

FMN = ∂MBN − ∂NBM , (4.26)

respectively. Finally the Yukawa piece reads

LY = Q̄Ỹuφ
cU + Q̄ỸdφD. (4.27)

In the above equation, the fields φ and φc = iτ 2φ∗ stand for the standard Higgs

doublet and its charge conjugated field as each refers to each in order. Finally,

Ỹu and Ỹd correspond the Yukawa matrices in the five dimensional theory which

are responsible for mixing different generations. For simplicity lepton or gluon

indices are not included.

Substituting the KK decompositions of the five dimensional fields given above
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into the eq. 4.21 and integrating over the extra dimension y, we obtain the effec-

tive four dimensional Lagrangian. One can realize simply that the KK excitations

receive mass not only due to the vacuum expectation value of the zero-mode Higgs

but also from the kinetic energy term in the five dimensional Lagrangian. The

mass of the nth KK particle is given by mKK
n =

√
m2

0 + m2
n. Here m0 corresponds

to the zero mode mass and mn = n/R.

Depending on the underlying fundamental theory, extra dimensions may or

may not be accessible to all fields in the model. According to this accessibility,

extra dimensions can be grouped into two, including ”universal extra dimensions”

(see for example (UED) [20, 21, 22] and the references therein) and ”non-universal

extra dimensions” (NUED) (see for example [23, 24] and the references therein),

respectively. In a theory with universal extra dimensions, all fields in the model

feel the extra dimensions. Conservation of extra dimensional momentum leads to

the key future of such theories that KK number at each elementary interaction

vertex is conserved. As a result of this feature, production of an isolated KK

particle at colliders is forbidden. Instead they are produced in pairs. This, in

turn, implies that there is no tree-level contribution to weak decays of quarks and

leptons. They enter into the calculations only through loop corrections. However,

in a theory with non-universal extra dimensions, some of the SM fields are con-

fined to a 4D brane and the others live in the bulk. In this case, the Lagrangian

contains localizing delta function which permits KK number violating couplings.

Then, the tree-level interactions of KK modes with the ordinary particles can

exist.

4.3 The Randal-Sundrum Model

The large extra dimensions which are discussed in the previous section took the

advantage of the fact that branes could trap particles and force but neglected

the energy that the branes themselves could carry. However, according to Ein-

stein’s theory of general relativity, gravitational field is induced by means of

energy, which means that when branes carry energy, they should curve space and

time. Lisa Randall and Raman Sundrum [28, 29] tried to explain how space-time
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would be curved in the presence of two 4D energetic branes that bounded the

extra dimension of space where the bulk2 geometry is anti-de Sitter3, by solving

Einstein’s gravity equations based on the assumption that both the bulk and and

the branes have energy. In this space-time the 4D branes and any single slice

along the fifth dimension are completely flat. But the 5D space-time under con-

sideration is nonetheless curved. The technical term for this type of geometry is

‘warped’. This section focusses on a warped five-dimensional world that provides

an alternative approach to explain the huge discrepancy between mEW and MPl

without the need for a large extra dimension. In this scenario (called as Randall-

Sundrum (RS1) Model), the geometry contains two 4D flat branes, the Planck

brane where the gravity is localized and the TeV brane where all SM particles are

confined, that bound a fifth dimension which is compactified to S1/Z2 orbifold.

The two 4D flat branes with opposite tensions, which reside at the orbifold fixed

points together with a finely tuned non-vanishing 5D cosmological constant Λ,

serve as sources for 5D gravity. Since the two branes are completely flat, the

induced metric at every point along the extra dimension has to be the ordinary

flat 4D Minkowski metric, and the components of the 5D metric depend only on

the fifth coordinate, y. Thus, the most general space-time metric satisfying these

properties is given by

ds2 = e−A(y)ηµνdxµdxν − dy2, (4.28)

where e−A(y) is called as the warp-factor which determines the amount of cur-

vature along the extra dimension. It is also possible to write this metric in a

conformally flat form where there is an overall factor. To go into the conformally

flat frame, all we need to do is to make a coordinate transformation of the form

z = z(y) such that dy and dz are related by

e−A(z)/2dz = dy. (4.29)

2Full higher-dimensional space.
3Space-time with constant negative curvature.
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Then, the metric in the eq. 4.28 becomes

ds2 = e−A(z)(ηµνdxµdxν − dz2), (4.30)

and we get

gMN = e−A(z)g̃MN , (4.31)

where g̃MN is the flat metric, g̃MN = ηMN .

4.3.1 The Einstein tensor and the brane tensions

The starting point is the action (see [46] for example)

S =

∫
d5x

√
g(M3

∗R), (4.32)

where M∗ is the 5D Planck scale, R = gMNRMN and RMN reads

RMN = ΓK
MK,N − ΓK

MN,K − ΓK
MNΓL

KL + ΓK
MLΓL

NK , (4.33)

with the connections

ΓK
MN = gKLΓLMN =

1

2
gKL(gLM,N + gLN,M − gMN,L). (4.34)

After the variation of this action with respect to gMN (see [45] and [46] for details)

we get

δS =

∫
d5x[δ

√
gM3

∗R +
√

gM3
∗ δg

MNRMN ], (4.35)

where

δ
√

g =
1

2
δgMNgMN√g ; δgMN = −gMKgNLδgKL. (4.36)

Finally we obtain

δS = −M3
∗

∫
d5x(RMN − 1

2
gMNR)

√
g δgMN , (4.37)
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with the Einstein tensor GMN = RMN − 1
2
gMNR. Now, we will calculate this

tensor for the special metric given in eq. 4.31. From now on, since g̃MN = ηMN ,

all covariant derivatives ∇̃M (which are with respect to the metric g̃) will be

replaced by the normal derivative ∂M . Let us calculate RMN term by term. The

first term is:

ΓK
MK,N = {gKSΓSMK},N

=
1

2
{gKS[gSM,K + gSK,M − gMK,S]},N

=
1

2
{eAηKS[(e−AηSM),K + (e−AηSK),M − (e−AηMK),S]},N

=
1

2
{ηKS[−ηSM∂KA− ηSK∂MA + ηMK∂SA]},N

=
1

2
{ηKS[−ηSM∂N∂KA− ηSK∂N∂MA + ηMK∂N∂SA]}

= −1

2
ηK

M∂N∂KA− 1

2
ηS

S∂N∂MA +
1

2
ηS

M∂N∂SA,

(4.38)

where

ηN
M = δMN ηM

M = d, (4.39)

with the space-time dimension d. Substituting these equations into ΓK
MK,N we

obtain the first term in RMN as

ΓK
MK,N = −d

2
∂N∂MA. (4.40)
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By using the same procedure we get the other terms as:

ΓK
MN,K = {gKSΓSMN},K

=
1

2
{gKS[gSM,N + gSN,M − gMN,S]},K

=
1

2
{eAηKS[(e−AηSM),N + (e−AηSN),M − (e−AηMN),S]},K

=
1

2
{ηKS[−ηSM∂NA− ηSN∂MA + ηMN∂SA]},K

=
1

2
{ηKS[−ηSM∂K∂NA− ηSN∂K∂MA + ηMN∂K∂SA]}

= −1

2
ηK

M∂K∂NA− 1

2
ηK

N ∂K∂MA +
1

2
ηKSηMN∂K∂SA

= −∂M∂NA +
1

2
ηMN∂2A,

(4.41)

ΓK
MNΓL

KL = gKSΓSMNgLP ΓPKL

=
1

2
gKS[gSM,N + gSN,M − gMN,S]

1

2
gLP [gPK,L + gPL,K − gKL,P ]

=
1

4
eAηKS[(e−AηSM),N + (e−AηSN),M − (e−AηMN),S]

× eAηLP [(e−AηPK),L + (e−AηPL),K − (e−AηKL),P ]

=
1

4
ηKS[−ηSM∂NA− ηSN∂MA + ηMN∂SA]

× ηLP [−ηPK∂LA− ηPL∂KA + ηKL∂P A]

=
1

4
[−ηK

M∂NA− ηK
N ∂MA + ηKSηMN∂SA]

× [−ηL
K∂LA− ηL

L∂KA + ηP
K∂P A]

=
1

4
[−ηK

M∂NA− ηK
N ∂MA + ηMN∂KA][−d∂KA]

=
d

2
∂MA∂NA− d

4
ηMN(∂A)2,

(4.42)
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ΓK
MLΓL

NK = gKSΓSMLgLP ΓPNK

=
1

2
gKS[gSM,L + gSL,M − gML,S]

1

2
gLP [gPN,K + gPK,N − gNK,P ]

=
1

4
eAηKS[(e−AηSM),L + (e−AηSL),M − (e−AηML),S]

× eAηLP [(e−AηPN),K + (e−AηPK),N − (e−AηNK),P ]

=
1

4
ηKS[−ηSM∂LA− ηSL∂MA + ηML∂SA]

× ηLP [−ηPN∂KA− ηPK∂NA− ηNK∂P A]

=
1

4
[−ηK

M∂LA− ηK
L ∂MA + ηKSηML∂SA]

× [−ηL
N∂KA− ηL

K∂NA + ηLP ηNK∂P A]

=
1

4
[−ηK

M∂LA− ηK
L ∂MA + ηML∂KA]

× [−ηL
N∂KA− ηL

K∂NA + ηNK∂LA]

=
1

4
(2 + d)∂MA∂NA− 1

2
ηMN(∂A)2.

(4.43)

Finally RMN becomes

RMN =
2− d

2
∂M∂NA +

2− d

4
∂MA∂NA

+
d− 2

4
ηMN(∂A)2 − 1

2
ηMN∂2A.

(4.44)

Now, we will find R using R = gMNRMN as follows:

R = eAηMNRMN

= eA[
2− d

2
∂2A +

2− d

4
(∂A)2 +

d(d− 2)

4
(∂A)2 − d

2
∂2A]

= eA[(1− d)∂2A +
(2− d)(1− d)

4
(∂A)2].

(4.45)

Substituting the eqs. 4.44 and 4.45 into the Einstein tensor we get

GMN =
2− d

2
{1

2
∂MA∂NA + ∂M∂NA

− ηMN [∂K∂KA− d− 3

4
∂KA∂KA]}.

(4.46)
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Here d = 5 stands for the number of dimensions. Using this expression we can

evaluate the non-vanishing terms G55 and Gµν . Let us start with G55:

G55 = −3

2
{1

2
A′2 + A′′ − η55[−A′′ +

1

2
A′2]}, (4.47)

where A′ = ∂5A and η55 = −1 and we get

G55 = −3

2
A′2. (4.48)

Gµν can be obtained in the same way:

Gµν = −3

2
{1

2
∂µA∂νA + ∂µ∂νA− ηµν [∂

K∂KA− 1

2
∂KA∂KA]}. (4.49)

Since A = A(z), the terms including 4D differentiation vanish and we obtain,

Gµν =
3

2
ηµν(−A′′ +

1

2
A′2). (4.50)

Now, we consider the 5D Einstein action for gravity with a bulk cosmological

constant Λ:

S =

∫
d5x

√
g(M3

∗R− Λ). (4.51)

Taking the variation of the action with respect to metric

δS =

∫
d5x[δ

√
gM3

∗R +
√

gM3
∗ δg

MNRMN − δ
√

gΛ], (4.52)

we get (see eq. 4.37 for the variation of the first term in eq. 4.51)

δS =

∫
d5x[−M3

∗G
MN − 1

2
ΛgMN ]

√
gδgMN . (4.53)

Then, we can simply write the Einstein tensor as

GMN = − 1

2M∗
ΛgMN . (4.54)
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The 55 component of Einstein tensor will then be:

3

2
A′2 =

1

2M∗
Λg55 = − 1

2M∗
Λe−A(z). (4.55)

and A′ reads,

A′ =

√
−Λ

3M3∗
e−A(z)/2. (4.56)

There exists a solution if and only if Λ < 0. This means that the important case

for us will be considering anti-de Sitter spaces, that is the spaces with negative

cosmological constant. Now, let us take f = e−A(z)/2 and, therefore, f ′ = 1
2
A′(z)f .

Substituting them into the eq. 4.56 we obtain

− f ′

f 2
=

1

2

√
−Λ

3M3∗
. (4.57)

Solving this differential equation we get a relation for f such that,

f = e−A(z) =
1

(kz + c0)2
, (4.58)

where k2 = −Λ
12M3∗

. If we choose e−A(0) = 1,

e−A(0) =
1

c2
0

= 1, (4.59)

we get c0 = 1 and, finally, we obtain

e−A(z) =
1

(kz + 1)2
. (4.60)

This solution must be symmetric under z → −z reflection since we are on a S1/Z2

orbifold and, therefore, we take

e−A(z) =
1

(k|z|+ 1)2
. (4.61)
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The RS metric is then obtained as

ds2 =
1

(k|z|+ 1)2
(ηµνdxµdxν − dz2). (4.62)

Using the eq. 4.29, we obtain A(z) as follows:

dz

k|z|+ 1
= dy, (4.63)

and solving for y we get

y =
ln(k|z|+ 1)

kz/|z| + c1. (4.64)

If we choose y = 0 to correspond to z = 0 the constant c1 becomes c1 = 0. Then,

we have
1

(k|z|+ 1)2
= e−2k|y|, (4.65)

and the final form of the RS metric in y coordinates becomes

ds2 = e−2k|y|ηµνdxµdxν − dy2, (4.66)

where y corresponds to the physical distance along the extra dimension, since in

that metric there is no warp factor in front of dy2 term and the Planck (TeV)

brane is located at y = 0 (y = r0).

At this stage, we would like to check whether the 4D components of the

Einstein tensor given in eq. 4.50 are also satisfied or not. Using the eq. 4.61,

A(z) is obtained as

A(z) = ln(k|z|+ 1)2. (4.67)

The derivative of A(z) with respect to z gives

A′(z) =
2(k|z|+ 1)kz/|z|

(k|z|+ 1)2
=

2kε(z)

(k|z|+ 1)
, (4.68)

where z
|z| = ε(z) = (θ(z) − θ(−z)) and one more derivative of A(z) with respect

to z reads

A′′(z) = − 2k2

(k|z|+ 1)2
+

4k

k|z|+ 1
(δ(z)− δ(z − z1)). (4.69)
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Substituting A′ and A′′ into eq. 4.50 we get

Gµν = −3

2
ηµν

{ 4k2

(k|z|+ 1)2
− 4k[δ(z)− δ(z − z1)]

k|z|+ 1

}
. (4.70)

Here the first term is the contribution of the bulk cosmological constant into the

energy momentum tensor. The remaining delta functions should be compensated

by the additional sources onto the branes. To do this we need to find the enenrgy-

momentum tensor of a brane tension term V using the action

S =

∫
d4xV

√
gind =

∫
d5xV

√
g√
g55

δ(y), (4.71)

for a flat brane at y = 0. Taking the variation of this action with respect the

metric gµν we get

δS =

∫
d4xV

1

2
gµνδg

µν√gind, (4.72)

and by using the energy-momentum tensor for a brane

Tµν =
1√
g

δS

δgµν
, (4.73)

we obtain Tµν as

Tµν =
1

2
√

g55
gµνV δ(y). (4.74)

Therefore, at the branes we need to have two brane tensions to compensate the

delta functions. Thus, we need the equality

−3

2
ηµν

[
− 4k(δ(z)− δ(z − z1))

k|z|+ 1

]
=

ηµν

2M3∗

[V0δ(z) + V1δ(z − z1)

k|z|+ 1

]
. (4.75)

Then, one can simply conclude that, the brane tensions at the two fixed points

will have opposite signs and they are given by

V0 = −V1 = 12kM3
∗ . (4.76)

Finally, using the expression k2 = −Λ
12M3∗

the bulk cosmological constant is obtained

47



as

Λ = − V 2
0

12M3∗
; V1 = −V0. (4.77)

4.3.2 The Radion

There is a potential gap in this scenario that needs to be filled. In the Randall-

Sundrum scenario, it is assumed that the brane dynamics would naturally lead to

branes to be located at a modest distance apart but it is not explicitly explained

that how the distance between the two branes is established since their solution

is valid for any choice of r0. If the distance between the two branes remains

undetermined, when the energy or the temperature of the universe evolves, the

branes will have the potential to move toward or against to each other. If the

brane separation could change, the universe would not evolve in the way it is

supposed to in 4D and thus the warped 5D universe would not agree with the

cosmological observations. Goldberger and Wise (GW) [47] did the important re-

search that closed this gap in the theory by fixing4 r0 ∼ 30/k without introducing

any large finetuning. They suggested that, in addition to the graviton, there is a

massive particle that lives in the 5D bulk for which the equilibrium configuration

for the field and the branes would involve a modest brane separation. Denoting

the scalar field in the bulk by φ, the action under consideration will be (see for

example [44] and [45])

S =

∫
d5x

√
gM3

∗R +

∫
d5x

√
g
1

2
[(∇φ)2 − V (φ)]−

∫
d4x

√
g4λP (φ)

−
∫

d4x
√

g4λT (φ),

(4.78)

where the first term is the usual 5D Einstein-Hilbert action and the second term

is the bulk action for the scalar field, while the next two terms, with
√

g4 being

the induced metric on the branes, are the brane induced potentials for the scalar

field on the Planck and on the TeV branes. We will look for an ansatz of the

4In the negative tension brane where we live all mass scales are exponentially suppressed,
e−kr0MPl ∼ 1 TeV. Therefore, kr0 ∼ ln1016 ∼ 30 since the Planck scale MPl = 1016 TeV.
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background metric again of generic form as in the RS case such that,

ds2 = e−2A(y)ηµνdxµdxν − dy2. (4.79)

The Einstein equations will be exactly the same as we have derived for the RS

case, except the energy momentum tensor that is derived from the action of the

scalar field. Let us take the variation of this action with respect to metric term

by term. The variation of the first term is given in eq. 4.37. The metric variation

for the second term

∫
d5x

√
g[

1

2
∇φ∇φ− V (φ)] =

∫
d5x

√
g[

1

2
gMN∂Mφ∂Nφ− V (φ)], (4.80)

reads

δ

∫
d5x

√
g([

1

2
∇φ∇φ− V (φ)] =

∫
d5xδ

√
g[

1

2
(∂φ)2 − V (φ)]

+

∫
d5x

√
g
1

2
δgMN∂Mφ∂Nφ

=

∫
d5x(

1

2

√
ggKLδgKL)[

1

2
(∂φ)2 − V (φ)]

−
∫

d5x
√

g
1

2
(gMKgNLδgKL)∂Mφ∂Nφ.

(4.81)

By making simplification, we obtain the variation as,

δ

∫
d5x

√
g[

1

2
∇φ∇φ− V (φ)] =

∫
d5x{1

2
gKL[

1

2
(∂φ)2 − V (φ)]

−1

2
∂Kφ∂Lφ}√gδgKL.

(4.82)

Finally, we will look at the metric variation of the last two terms which can be

written in a more compact form as

∫
d4x

√
g4λP (φ) +

∫
d4x

√
g4λT (φ) =

∫
d5x

√
g√

g55

∑
i

λi(φ)δ(y − yi), (4.83)
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where i denote TeV and Planck branes. If we do the metric variation to the

combination of third and the fourth terms we get

∫
d4x

√
g4λP (φ) +

∫
d4x

√
g4λT (φ) =

∫
d5xδ

√
g

1√
g55

∑
i

λi(φ)δ(y − yi)

=

∫
d5x(

1

2
δgKLgKL√g)

1√
g55

∑
i

λi(φ)δ(y − yi)

=

∫
d5x[

1

2
gK

µ gL
ν gµν

∑
i

λi(φ)δ(y − yi)]
√

gδgKL.

(4.84)

Replacing K and L with M and N , respectively, we obtain TMN as

TMN =
1

2
gMN [

1

2
(gRS∂Rφ∂Sφ)− V (φ)]

− 1

2
∂Mφ∂Nφ− 1

2
gK

µ gL
ν gµν

∑
i

λi(φ)δ(y − yi).
(4.85)

By considering the equality (see Appendix B for its derivation)

RMN = κ2T̃MN , (4.86)

where

T̃MN = TMN − 1

3
gMNT, (4.87)

we get

4A′2 − A′′ = −2κ2

3
V (φ0)− κ2

3

∑
i

λi(φ0)δ(y − yi). (4.88)

On the other hand, the 55 component of the Einstein equation is obtained as

G55 =
κ2

2
φ′20 − κ2V (φ0), (4.89)

and we get

A′2 =
κ2

12
φ′20 −

κ2

6
V (φ0). (4.90)
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In these equations φ0 denotes the solution of the scalar field, which is assumed to

be only a function of y: φ = φ0(y). In addition to these two equations, the bulk

scalar equation of motion is found by using

∂M
∂L

∂(∂Mφ)
− ∂L

∂φ
= 0, (4.91)

as

∂M(
√

ggMN∂Nφ) = −∂V

∂φ

√
g. (4.92)

We can write the term ∂M(
√

ggMN∂Nφ) also in the form

∂M(
√

ggMN∂Nφ) = ∂µ(
√

ggµν∂νφ) + ∂5(
√

gg55∂5φ)

= ∂µ(e−4Ae2A∂νφ) + ∂5(e
−4A(−1)∂5φ)

= e−2A∂µ∂νφ− 2e−2A∂µA∂νφ− e−4A∂5∂5φ + 4e−4A∂5A∂5φ.

(4.93)

Since φ = φ0(y) and A = A(y) we get

−e−4Aφ′′0 + 4e−4AA′φ′0 = −∂V

∂φ
e−4A. (4.94)

Including the brane tensions we can write

φ′′0 − 4A′φ′0 =
∂V (φ0)

∂φ
+

∑
i

∂λi(φ0)

∂φ
δ(y − yi). (4.95)

The metric itself have to be continuous. However, there is no requirement that

the derivative of the metric to be continuous. In the first Einstein equation given

in 4.88 there exists the explicit delta function term −κ2

3

∑
i=P,T λi(φ0)δ(y − yi)

at the branes. It seems not the be balanced by anything else unless there is a

jump in the derivative A′ at the branes. If the derivative jumps from A′(0 − ε)

to A′(0 + ε), this implies that locally A′ contains a term of the form

A′(y = 0) ∼ [A′(0 + ε)− A′(0− ε)]ε(y), (4.96)
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where ε(y) is the unitstep function. Taking one more derivative with respect to

y we get

A′′(y = 0) ∼ [A′(0 + ε)− A′(0− ε)]δ(y). (4.97)

Thus, the delta function is proportional to the jump of the derivative of A′. In

the same way, the delta function in the bulk scalar equation of motion will be

proportional to the jump of the derivative φ′0. Therefore, the boundary conditions,

(or jump equations) will be given by

[A′]i =
κ2

3
λi(φ0),

[φ′0]i =
∂λi(φ0)

∂φ
.

(4.98)

These are coupled second order differential equations. So, they are quite hard

to solve. Only for specific potentials solution can be simplified. Defining the

function W (φ) such that

A′ ≡ κ2

6
W (φ0),

φ′0 ≡
1

2

∂W

∂φ
,

(4.99)

and substituting these equations into the 55 component of Einstein equation we

get

V (φ) =
1

8
(
∂W

∂φ
)2 − κ2

6
W (φ)2. (4.100)

This is called as the consistency equation since when we plug in the expressions

for A′ and φ′0 into the Einstein and scalar equations, we will find that all equations

are satisfied. Then, the jump equations are given by

1

2
[W (φ0)]i = λi(φ0),

1

2
[
∂W

∂φ
]i =

∂λi(φ0)

∂φ
.

(4.101)
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If W were given, the coupled second order differential equations would be reduced

to first order equations that are easy to solve. We can simply start with a super-

potential that will produce V with the required properties. In our case, we would

like the bulk potential to include cosmological constant term (independent of φ)

and mass term (quadratic in φ) in its simplest form. So we choose

W (φ) =
6k

κ2
− uφ2. (4.102)

where the first term is just one needs for cosmological constant and the second

one is for the mass term. Then,

φ′ =
1

2

∂W

∂φ
= −uφ. (4.103)

Substituting φ = Cemy we get m = −u. If we use the boundary condition that

at y = 0, φ = φP , we find that C = φP . Then we have

φ = φP e−uy. (4.104)

From this value of the scalar field at the TeV brane at r it is determined to be

φT = φP e−ur. (4.105)

This means that the radius is no longer arbitrary but given by,

r =
1

u
ln

φP

φT

. (4.106)

This is the GW mechanism. The background metric will then be obtained from

the equation

A′ =
κ2

6
W (φ0) = k − uκ2

6
φ2

P e−2uy, (4.107)

given by the solution

A(y) = ky +
κ2φ2

P

12
e−2uy, (4.108)
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where the first term is the usual RS warp factor, while the second term is the

backreaction of the metric to the non-vanishing scalar field in the bulk. Since

we want to generate the right hierarchy between the Planck and Weak scales we

need to ensure that kr ∼ 30 from which we get

k

u
ln(

φP

φT

) ∼ 30, (4.109)

which is the ratio that will set the hierarchy in the RS model. Since φP /φT is

constant, so u is kept constant.

4.3.3 The coupled field equations and the radion mass

Once we have established the mechanism for the stabilization of radion, we realize

that the radion is no longer massless. Then, the question is what will be the value

of the radion mass in the GW stabilized RS model? For this we consider spin-0

fluctuations of the coupled gravity-scalar system over the background. This can

be parameterized in the following way

ds2 = e−2A(y)−2F (x,y)ηµνdxµdxν − (1 + G(x, y))2dy2,

φ(x, y) = φ0(y) + ϕ(x, y).
(4.110)

It looks like as if there would be three different fluctuations, namely F , G, ϕ. We

will use this ansatz to linearize Einstein and scalar field equations. Then, some

coupled equations for F, G, and ϕ will be obtained. The linearized Einstein eq.

B-4 (see Appendix B for details) equations read

δRMN = κ2δT̃MN , (4.111)
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and by using this equation together with the ansatz given in eq. 4.110 where

gµν = e−2A(y)−2F (x,y)ηµν ,

gµν = e2A(y)+2F (x,y)ηµν ,

g55 = −(1 + G(x, y))2,

g55 = −(1 + G(x, y))−2,

(4.112)

the linearized form of the Rµν is obtained as (see Appendix B for the detailed

calculations)

δRµν = −2∂µ∂νF + ∂µ∂νG− ηµν2F + e−2Aηµν

× [F ′′ − 8A′F ′ − A′G′ − 2FA′′ + 8FA′2 − 2GA′′ + 8GA′2].(4.113)

Inspecting the δRµν equation, we realize the ∂µ∂ν term must vanish since to linear

order in perturbations all the terms in T̃µν (see eq. B-61) are proportional to ηµν .

Then, one can immediately conclude that G = 2F since

δRµν = ......− 2∂µ∂νF + ∂µ∂νG + ....... (4.114)

Substituting this into the equation for δRµν we get,

δRµν = −ηµν2F + ηµνe
−2A[F ′′ − 10A′F ′ − 6FA′′ + 24A′2F ]. (4.115)

Similarly, δRµ5 and δR55 is obtained as

δRµ5 = −3∂µF
′ + 6A′∂µF, (4.116)

and

δR55 = −4F ′′ − 2e2A2F + 16A′F ′. (4.117)
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(see Appendix B for details). Now, we will present the linearized source terms

δT̃µν , δT̃µ5, and δT̃55 (see Appendix B for their derivations):

δT̃µν =
1

3
e−2Aηµν [ϕV ′(φ0)− 2V (φ0)F ]

+
1

6
e−2Aηµν

∑
i

[
∂λi(φ0)

∂φ
ϕ− 4λi(φ0)F ]δ(y − yi),

δT̃µ5 = − 1

2
φ′0∂µϕ,

δT̃55 = − 4

3
V (φ0)F − 1

3
ϕV ′(φ0)− ϕ′φ′0

− 2

3

∑
i

[
∂λi(φ0)

∂φ
ϕ + 2λi(φ0)F ]δ(y − yi).

(4.118)

Finally, we present the linearized scalar field equation for completeness:

e2A2ϕ− ϕ′′ + 4A′ϕ′ +
∂2V (φ0)

∂φ2
ϕ =−

∑
i

(
∂2λi(φ0)

∂φ2
ϕ + 2

∂λi(φ0)

∂φ
F )δ(y − yi)

− 6φ′0F
′ − 4

∂V

∂φ
F.

(4.119)

Using the equation δRµ5 = κ2δT̃µ5 we get

3(∂µF
′ − 2A′∂µF ) = κ2φ′0∂µϕ. (4.120)

This can be integrated immediately to obtain

φ′0ϕ =
3

κ2
(F ′ − 2A′F ) + C(y), (4.121)

where C(y) is the integration constant. We set this constant as zero since we

require that the fluctuations F and ϕ are also localized in x. Let us find the

boundary conditions for F and ϕ on the two branes. Now, we use the equation
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δR55 = κ2δT̃55 which leads to,

2e2A2F + 4F ′′ − 16A′F ′ = κ2{2φ′0ϕ′ +
2

3
V ′(φ0)ϕ +

8

3
V (φ0)F

+
4

3

∑
i

[
∂λi(φ0)

∂φ
+ 2λi(φ0)F ]δ(y − yi)},

(4.122)

and, taking in to account the continuity of the metric but not its derivative, we

get the equation

[F ′] =
2κ2

3
λi(φ0)F +

κ2

3

∂λi(φ0)

∂φ
ϕ. (4.123)

Here the delta function is proportional to the jump of the derivative of F ′,

F ′′(y = 0) ∼ [F ′(0 + ε)− F ′(0− ε)]δ(y), (4.124)

with

F ′(y = 0) ∼ [F ′(0 + ε)− F ′(0− ε)]ε(y), (4.125)

where ε(y) is a unitstep function. In the same manner, by using linearized scalar

field equation, eq. 4.119, we can take

[ϕ′]|i =
∂2λi(φ0)

∂φ2
ϕ + 2

∂λi

∂φ
F. (4.126)

Using the jump equations, eqs. 4.98 and 4.121, with C(y) = 0 we get

[F ′] =
κ2

3
[φ′0]ϕ + 2[A′]F

=
2κ2

3
λi(φ0)F +

κ2

3

∂λi(φ0)

∂φ
ϕ.

(4.127)

Thus, it provides no new constraints. Then, only the second boundary condition

must be taken into account. For a convenient limit ∂2λi(φ0)
∂φ2 À 1, the second

boundary condition is simply ϕ|i = 0. Then, in this limit the first boundary

condition is just

(F ′ − 2A′F )|i = 0. (4.128)
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Now a single equation for F is obtained as follows. Considering the combination

e2AδRµν + ηµνδR55 in the bulk we get

e2AδRµν + ηµνδR55 = 3ηµν [e
2A2F + F ′′ − 2A′F ′ + 2F (A′′ − 4A′2)], (4.129)

where A′′−4A′2 = 2κ2

3
V (φ0). Here, we do not take into account the δ terms since

we work in the bulk. The similar combination for the source terms reads

e2Aκ2δT̃µν + ηµνκ
2δT̃55 = 4κ2ηµνV (φ0)F + 2κ2ηµνφ

′
0ϕ

′, (4.130)

and equating them to get

e2A2F + F ′′ − 2A′F ′ =
2κ2

3
φ′0ϕ

′. (4.131)

Using eq. 4.121, ϕ′ can be obtained in terms of F as

ϕ =
3

κ2

F ′ − 2A′F
φ′0

. (4.132)

If we take one more derivative with respect to y we get

ϕ′ =
3

κ2

(F ′′ − 2A′F ′ − 2A′′F )φ′0 − (F ′ − 2A′F )φ′′0
φ′20

, (4.133)

and by making some arrangements in this equation we obtain,

2κ2

3
φ′0ϕ

′ = 2(F ′′ − 2A′F ′ − 2A′′F )− 2(F ′ − 2A′F )
φ′′0
φ′0

. (4.134)

If we substitute into the eq. 4.131 we get

F ′′ − 2A′F ′ − 4A′′F − 2
φ′′0
φ′0

F ′ + 4A′φ
′′
0

φ′0
= e2A2F, (4.135)

to be solved in the bulk. It is important to note that each eigenmode 2Fn =

−m2
nFn to this equation has two integration constants and one mass eigenvalue.

The first constant corresponds to the overall normalization. while the remaining
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one is fixed by the boundary condition on the Planck brane, and the mass is

determined by the boundary condition on the TeV brane.

Now we are ready to calculate the radion mass. In the following we will show

how backreaction generates a non-vanishing mass for the radion field by using eq.

4.135. Substituting φ0(y) = φP e−uy into the above equation we get

F ′′ − 2A′F ′ − 4A′′F + 2uF ′ − 4uA′F + m2e2AF = 0, (4.136)

where A(y) is given in eq. 4.108. The backreaction will be treated as perturbation

such that

A(y) = k|y|+ l2

6
e−2u|y|, (4.137)

where l = κφ0/
√

2. Then, we will look the solution in terms of the perturbative

series in l. The solution is written as follows

F0 = e2k|y|(1 + l2f0(y)) ; m2
r = l2m̃2. (4.138)

By substituting the solution into the eq. 4.136 and keeping only the leading terms

in l2 we get

f ′′0 + 2(k + u)f ′0 = −m̃2e2k|y| − 4

3
(k − u)ue−2u|y|. (4.139)

By solving this equation we get

f ′0(y) = Ce−2(k+u)|y| − m̃2

2(2k + u)
e2k|y| − 2

(k − u)u

3k
e−2u|y|. (4.140)

If we make the same substitution in the boundary condition F ′ − 2A′F = 0 we

get

l2f ′0 +
2

3
ul2e−2u|y| +

4

3
ul4f0e

−2u|y| = 0, (4.141)

and by keeping only the leading terms in l2 we obtain

f ′0 +
2

3
ue−2u|y| = 0. (4.142)

at the boundary, where |y| = r0. If we substitute this into the eq. 4.139, m̃ is
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obtained as

m̃2 =
4

3

2k + u

k
u2e−2(u+k)r0 , (4.143)

and the radion mass reads

m2
radion =

4l2(2k + u)u2

3k
e−2(u+k)r0 . (4.144)

4.3.4 Coupling to SM fields and the normalized radion

field

In the previous section, including the backreaction, a mass scale O(TeV 2) is

obtained for the radion mass. Then, the wavefunction can be written as

F0(x, y) = e2k|y|(1 + l2f0(y))R(x), (4.145)

where f0(y) obtained using the integral in the eq. 4.140. Based on the as-

sumption l2 ¿ 1, we see that the backreaction induces a small correction to

the unperturbed wavefunction. So for purposes of determining the coupling of

the radion to the TeV brane, we can use the unperturbed wavefunction, namely

F (x, y) = e2k|y|R(x). Let us try to find the coefficient of (∂F )2 term in the La-

grangian
√

gR with
√

g = e−4A−4F (1 + 2F ), so that we are able to write the

normalized wave function R(x). R can be splited as R = gµνRµν + g55R55. Then,

using the Rµν (see Appendix B for details) read

Rµν = −2∂µ∂νF + 2
∂µ∂νF

1 + 2F
− ηµν2F + ηµν

e−2A−2F

(1 + 2F )2

× [A′′ + F ′′ − 4(A′ + F ′)2 − 2(A′ + F ′)F ′

(1 + 2F )
]

+ 4
∂µF∂νF

1 + 2F
− 2ηµν

(∂F )2

1 + 2F
− 2∂µF∂νF + 2ηµν(∂F )2. (4.146)
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and multiplying by
√

ggµν from left, for the first term in R, including (∂F )2, we

get

√
ggµνRµν

∼= e−2A(1− 2F )(−4(1 + 2F )F2F − 4(1 + 2F )2F + 6(1 + 2F )(∂F )2

− 4(∂F )2...),

(4.147)

where F2F = F∂µ∂
µF = ∂µ(F∂µF )− (∂F )2. Substituting this quality into the

above equation we obtain,

gµνRµν
∼= e−2A(1− 2F )(−4[∂µ(F∂µF )− (∂F )2](1 + 2F )

− 4(∂µ(F∂µF )− (∂F )2)F − 8[∂µ(F∂µF )− (∂F )2]

− 2(∂F )2 + ...).

(4.148)

Similarly, using the equation for R55 (see Appendix B for details) below

R55 = −4(A′′ + F ′′) + 4e2A+2F (1 + 2F )(∂F )2

− 2e2A+2F 2F (1 + 2F ) +
8(A′ + F ′)F ′

1 + 2F
+ 4(A′ + F ′)2,

(4.149)

the second term in R is obtained as

√
gg55R55 =

−e−4A−4F (1 + 2F )

(1 + 2F )2
R55

= e−4A−4F (1 + 2F )
(4(A′′ + F ′′)

(1 + 2F )2
− 4e2A+2F (∂F )2

1 + 2F
+

2e2A+2F 2F

1 + 2F

− 8(A′ + F ′)F ′

(1 + 2F )3
+

4(A′ + F ′)2

(1 + 2F )2

)

∼= e−4A(1− 2F )
(
4(A′′ + F ′′)(1− 4F )− 4e2A(1− 4F 2)(∂F )2

+ 2e2A(1− 4F 2)(∂µ(F∂µF )− (∂F )2)F − 8(A′ + F ′)F ′(1− 6F )

− 4(A′ + F ′)2(1− 4F )
)
.

(4.150)
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So, one can simply find the coefficient of (∂F )2 in
√

gR in linear order as e−2A6.

Then, a straightforward calculation gives

−M3
∗

∫
dy
√

gR ⊃ 6M3
∗ (∂R)2

∫
e−2Ae4k|y| =

6M3
∗

k
(e2kr0 − 1)(∂R)2. (4.151)

Therefore, the normalized radion r(x) is R(x) = r(x)e−kr0/
√

6MPl, which is

obtained by using M3
∗/k = M2

Pl/2.
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chapter 5

LEPTON FLAVOR VIOLATING

RADION DECAYS IN THE

RANDALL-SUNDRUM

SCENARIO

The hierarchy problem between weak and Planck scales could be explained by

introducing the extra dimensions. One of the possibility is to pull down the

Planck scale to TeV range by considering the compactified extra dimensions of

large size [18, 19]. The assumption that the extra dimensions are at the order

of submilimeter distance, for two extra dimensions, the hierarchy problem in the

fundamental scales could be solved and the true scale of quantum gravity would

be no more the Planck scale but it is of the order of EW scale. This is the

case that the gravity spreads over all the volume including the extra dimensions,

however, the matter fields are restricted in four dimensions, so called 4D brane.

Another possibility, which is based on the non-factorizable geometry, is introduced

by Randall and Sundrum [28, 29] and, in this scenario, the extra dimension is

compactified to S1/Z2 orbifold with two 4D brane boundaries. Here, the gravity

is localized in one of the boundary, so called the Planck brane, which is away from

another boundary, the TeV brane where we live. The size of extra dimension is

related to the vacuum expectation of a scalar field and its fluctuation over the

expectation value is called the radion field (see section 2 for details). The radion

in the RS1 model has been studied in several works in the literature [47]-[55] (see

[44] for extensive discussion).

In the present work, [60] we study the possible LFV decays of the radion field
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r. The LFV interactions exist at least in one loop level in the extended SM, so

called νSM, which is constructed by taking neutrinos massive and by permitting

the lepton mixing mechanism [39]. Their negligibly small Brs stimulate one to

go beyond and they are worthwhile to examine since they open a window to test

new models and to ensure considerable information about the restrictions of the

free parameters, with the help of the possible accurate measurements. The LFV

interactions are carried by the FCNCs and in the SM with extended Higgs sector

(the multi Higgs doublet model) they can exist at tree level. Among multi Higgs

doublet models, the 2HDM is a candidate for the lepton flavor violation. In this

model, the lepton flavor violation is driven by the new scalar Higgs bosons S,

scalar h0 and pseudo scalar A0, and it is controlled by the Yukawa couplings

appearing in lepton-lepton-S vertices.

Here, we predict the BRs of the LFV r decays in the 2HDM, in the framework

of the RS1 scenario. We observe that the BRs of the processes we study are at

most of the order of 10−8, for the small values of radion mass mr and their

sensitivities to mr decrease with the increasing values of mr. Among the LFV

decays we study, the r → τ± µ± decay would be the most suitable one to measure

its BR.

5.1 The LFV RS1 model radion decay in the

2HDM

The RS1 model is an interesting candidate in order to explain the well known

hierarchy problem. It is formulated as two 4D surfaces (branes) in 5D world in

which the extra dimension is compactified into S1/Z2 orbifold. In this model,

the SM fields are assumed to live on one of the brane, so called the TeV brane.

On the other hand, the gravity peaks near the other brane, so called the Planck

brane and extends into the bulk with varying strength. Here, 5D cosmological

constant is non vanishing and both branes have equal and opposite tensions so

that the low energy effective theory has flat 4D spacetime. The metric of such
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5D world reads

ds2 = e−2 A(y) ηµν dxµ dxν − dy2 , (5.1)

where A(y) = k |y|, k is the bulk curvature constant, y is the extra dimension

parametrized as y = R θ. The exponential factor e−k L with L = R π, is the warp

factor which causes that all the mass terms are rescaled in the TeV brane. With

a rough estimate L ∼ 30/k, all mass terms are brought down to the TeV scale.

The size L of extra dimension is related to the vacuum expectation of the field

L(x) and its fluctuation over the expectation value is called the radion field r. In

order to avoid the violation of equivalence principle, L(x) should acquire a mass

and, to stabilize r, a mechanism was proposed by Goldberger and Wise [47], by

introducing a potential for L(x). Finally the metric in 5D is defined as [48].

ds2 = e−2 A(y)−2 F (x) ηµν dxµ dxν − (1 + 2 F (x)) dy2 , (5.2)

where the radial fluctuations are carried by the scalar field F (x),

F (x) =
1√

6 MPl e−k L
r(x) . (5.3)

Here the field r(x) is the normalized radion field (see [45]). At the orbifold point

θ = π (TeV brane) the induced metric reads,

gind
µν = e−2 A(L)−2 γ

v
r(x) ηµν . (5.4)

Here the parameter γ reads γ = v√
6Λ

with Λ = MPl e
−k L and v is the vacuum

expectation value of the SM Higgs boson. The radion is the additional degree of

freedom of the 4D effective theory and we study the possible LFV decays of this

field.

The FCNCs at tree level can exist in the 2HDM and they induce the FV

interactions with large BRs. The FV r decays, r → l−1 l+2 , can exist at least in

one loop level in the framework of the 2HDM. The part of action which carries
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the interaction, responsible for the LFV processes reads

SY =

∫
d4x

√
−gind

(
ηE

ij l̄iLφ1EjR + ξE
ij l̄iLφ2EjR + h.c.

)
, (5.5)

where L and R denote chiral projections L(R) = 1/2(1∓ γ5), φi for i = 1, 2, are

two scalar doublets, liL (EjR) are lepton doublets (singlets), ξE
ij

1 and ηE
ij , with

family indices i, j , are the Yukawa couplings and ξE
ij induce the FV interactions in

the leptonic sector. Here gind is the determinant of the induced metric on the TeV

brane where the 2HDM particles live. Here, we assume that the Higgs doublet

φ1 has a non-zero vacuum expectation value to ensure the ordinary masses of

the gauge fields and the fermions, however, the second doublet has no vacuum

expectation value, namely, we choose the doublets φ1 and φ2 and their vacuum

expectation values as

φ1 =
1√
2

[(
0

v + H0

)
+

( √
2χ+

iχ0

)]
; φ2 =

1√
2

( √
2H+

H1 + iH2

)
, (5.6)

and

< φ1 >=
1√
2

(
0

v

)
; < φ2 >= 0 . (5.7)

This choice ensures that the mixing between neutral scalar Higgs bosons is switched

off and it would be possible to separate the particle spectrum so that the SM par-

ticles are collected in the first doublet and the new particles in the second one
2. The action in eq. (5.5) is responsible for the tree level S − l1 − l2 (l1 and l2

are different flavors of charged leptons, S denotes the neutral new Higgs boson,

S = h0, A0) interaction (see Fig. 5.3-d, e) and the four point r − S − l1 − l2

interaction (see Fig. 5.3-c) where r is the radion field. The latter interaction is

coming from the determinant factor
√
−gind = e−4 A(L)−4 γ

v
r(x). Notice that the

term e−4 A(L) in
√
−gind is embedded into the redefinitions of the fields on the

1In the following, we replace ξE with ξE
N where ”N” denotes the word ”neutral”.

2Here H1 (H2) is the well known mass eigenstate h0 (A0).
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TeV brane, namely, they are warped as S → eA(L) Swarp, l → e3 A(L)/2 lwarp and in

the following we use warped fields without the warp index.

On the other hand, the part of new scalar action

S2 =

∫
d4x

√
−gind

(
gind µν (Dµ φ2)

† Dν φ2 −m2
S φ†2 φ2

)
(5.8)

leads to

S ′2 =
1

2

∫
d4x

{
e−2 γ

v
rηµν

(
∂µ h0∂ν h0 + ∂µ A0∂ν A0

)

− e−4 γ
v

r (m2
h0 h0 h0 + m2

A0 A0 A0)

}
, (5.9)

which carries the S − S − r interaction3 (see Fig. 5.3 1-b).

Finally, the interaction of leptons with the radion field is carried by the action

(see [49])

S3 =

∫
d4x

√
−gind

(
gind µν l̄ γµ iDν l −ml l̄ l

)
, (5.11)

where

Dµ l = ∂µ l +
1

2
wab

µ Σab l , (5.12)

with Σab = 1
4
[γa, γb]. Here wab

µ is the spin connection and, by using the vierbein

3In general, there is no symmetry which forbids the curvature-scalar interaction,

Sξ =
∫

d4x
√
−gind ξRH†H , (5.10)

where ξ is a restricted positive parameter and H is the Higgs scalar field [44, 45, 56]. This inter-
action results in the radion-(SM or new) Higgs mixing which can bring a sizeable contribution
to the physical quantities studied. Here, we assume that there is no mixing between first and
second doublet and only the first Higgs doublet has vacuum expectation value. Therefore, we
choose that there exists a mixing between the radion and the SM Higgs field, but not between
the radion and the new Higgs fields. This is the case that the lepton flavor violation is not
affected by the mixing since the SM Higgs field is not responsible for the FCNC current at tree
level.
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fields ea
µ, it can be calculated (linear in r) as

wab
µ = −γ

v
∂ν r (eνb ea

µ − eνa eb
µ) , (5.13)

(see Appendix C for details). Notice that the vierbein fields are the square root

of the metric and they satisfy the relation

eµ
a eaν = gind µν . (5.14)

Using eqs. (5.11)-(5.14), one gets the part of the action which describes the tree

level l − l − r interaction (see Fig. 5.3-a) as

S ′3 =

∫
d4x

{
− 3

γ

v
r l̄ i ∂/l − 3

γ

2 v
l̄ i ∂/r l + 4

γ

v
ml r l̄ l

}
. (5.15)

Now, we are ready to calculate the matrix element for the LFV radion decay.

The decay of the radion to leptons with different flavors exits at least in one loop

order, with the help of internal new Higgs bosons S = h0, A0. The possible vertex

and self energy diagrams are presented in Fig. 5.2. After addition of all these

diagrams, the divergences which occur in the loop integrals are eliminated and

the matrix element square for this decay is obtained as

|M |2 = 2
(
m2

r − (ml−1
+ ml+2

)2
)
|A|2 , (5.16)

where

A = f self
h0 + f self

A0 + f vert
h0 + f vert

A0 + f vert
h0h0 + f vert

A0A0 , (5.17)
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and their explicit expressions are given by

f self
h0 =

γ

128 v π2 (w′
h − wh)

∫ 1

0

dxmh0

{(
ηV

i (x− 1) wh − η+
i zih

)

×
(
3 w′

h − 5 wh

)
ln

Lself
1,h0 m2

h0

µ2

+
(
ηV

i (x− 1) w′
h − η+

i zih

)(
5 w′

h − 3 wh

)
ln

Lself
2,h0 m2

h0

µ2

}
,

f self
A0 =

γ

128 v π2 (w′
A − wA)

∫ 1

0

dx , mA0

{(
ηV

i (x− 1) wA + η+
i ziA

)

×
(
3 w′

A − 5 wA

)
ln

Lself
1,A0 m2

A0

µ2

+
(
ηV

i (x− 1) w′
A + η+

i ziA

)(
5 w′

A − 3 wA

)
ln

Lself
2,A0 m2

A0

µ2

}
,

f vert
h0 =

γ

128 v π2

∫ 1

0

dx

∫ 1−x

0

dy

{
mh0

Lver
h0

[
ηV

i

(
3 z2

rh

(
y (1− y) w′

h + x2 (4 y − 1) wh

+ x ((1− 3 y) wh + y (4 y − 3) w′
h)

)
+ 5 z2

i

(
(2 y − 1) w′

h + (2 x− 1) wh

)

− 3 (x + y − 1)
(
x (4 x− 3) w3

h + y (4 y − 3) w
′3
h

)

− 3 wh w′
h (x + y − 1)

(
(1− y + x (4 y − 2)) wh + (1− 2 y + x (4 y − 1)) w′

h

)

+ 3 (x + y − 1)
(
(2 x− 1) wh + (2 y − 1) w′

h

))

+ η+
i zih

(
(x + y − 1)

(
− 4 + 2 w′

h wh + w
′2
h (8 y − 3) + w2

h (8 x− 3)
)

−
(
8 z2

ih + z2
rh ((8 y − 3) x− 3 y)

) )]

− mh0 ln
Lver

h0 m2
h0

µ2

(
9 ηV

i

(
w′

h (2 y − 1) + wh (2 x− 1)
)
− 8 η+

i zih

)}
,
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f vert
A0 =

γ

128 v π2

∫ 1

0

dx

∫ 1−x

0

dy

{
mA0

Lver
A0

[
ηV

i

(
3 z2

rA

(
y (1− y) w′

A + x2 (4 y − 1) wA

+ x ((1− 3 y) wA + y (4 y − 3) w′
A)

)
+ 5 z2

i

(
(2 y − 1) w′

A + (2 x− 1) wA

)

− 3 (x + y − 1)
(
x (4 x− 3) w3

A + y (4 y − 3) w
′3
A

)

− 3 wA w′
A (x + y − 1)

(
(1− y + x (4 y − 2)) wA + (1− 2 y + x (4 y − 1)) w′

A

)

+ 3 (x + y − 1)
(
(2 x− 1) wA + (2 y − 1) w′

A

))

+ η+
i ziA

(
(x + y − 1)

(
− 4 + 2 w′

A wA + w
′2
A (8 y − 3) + w2

A (8 x− 3)
)

−
(
8 z2

iA + z2
rA ((8 y − 3) x− 3 y)

) )]

− mA0 ln
Lver

A0 m2
A0

µ2

(
9 ηV

i

(
w′

A (2 y − 1) + wA (2 x− 1)
)

+ 8 η+
i ziA

)}
,

f vert
h0 h0 =

γ

64 v π2

∫ 1

0

dx

∫ 1−x

0

dy

{
mh0

Lver
h0 h0

[
ηV

i

(
z2

rh

(
y − 1 + x (1− 4 y)

)
(xwh + y w′

h)

+ y (x + y − 1) w′
h

(
(4 x− 1) w2

h + (4 y − 1) w
′2
h

)

+ w3
h x (x + y − 1) (4 x− 1) + (x + y − 1)

(
2 y w′

h + xwh (2 + w
′2
h (4 y − 1))

))

+ η+
i

(
(x + y − 1) zih

(
(4 y − 1) w

′2
h + (4 x− 1) w2

h + 2
)

− zih z2
rh

(
(4 y − 1) x− y + 1

))]

− mh0 ln
Lver

h0 h0 m2
h0

µ2

(
ηV

i

(
w′

h (1− 6 y) + wh (1− 6 x)
)
− 4 η+

i zih

)}
,

70



f vert
A0 A0 =

γ

64 v π2

∫ 1

0

dx

∫ 1−x

0

dy

{
mA0

Lver
A0 A0

[
ηV

i

(
z2

rA

(
y − 1 + x (1− 4 y)

)
(xwA + y w′

A)

+ y (x + y − 1) w′
A

(
(4 x− 1) w2

A + (4 y − 1) w
′2
A

)

+ w3
A x (x + y − 1) (4 x− 1) + (x + y − 1)

(
2 y w′

A + xwA (2 + w
′2
A (4 y − 1))

))

+ η+
i

(
(x + y − 1) ziA

(
(4 y − 1) w

′2
A + (4 x− 1) w2

A + 2
)

− ziA z2
rA

(
(4 y − 1) x− y + 1

))]

− mA0 ln
Lver

A0 A0 m2
A0

µ2

(
ηV

i

(
w′

A (1− 6 y) + wA (1− 6 x)
)

+ 4 η+
i ziA

)}
, (5.18)

where

Lself
1,h0(A0) = 1 + x2 w2

h(A) + x (z2
ih(iA) − w2

h(A) − 1) ,

Lself
2,h0(A0) = 1 + x2 w

′2
h(A) + x (z2

ih(iA) − w
′2
h(A) − 1) ,

Lver
h0(A0) = x2 w2

h(A) + (y − 1) (w
′2
h(A) y − 1) + x (y w

′2
h(A) + (y − 1) w2

h(A) − y z2
rh(rA) − 1) ,

Lver
h0 h0(A0 A0)=x

2 w2
h(A) + (1 + w

′2
h(A) (y − 1)) y + x (1 + w2

h(A) (y − 1) + w
′2
h(A) y − z2

rh(rA) y) ,

(5.19)

with the parameters wh(A) =
m

l−1
mh0(A0)

, w′
h(A) =

m
l+2

mh0(A0)
, zrh(rA) = mr

mh0(A0)
, zih(iA) =

mi

mh0(A0)
and

ηV
i = ξE

N,lli
ξE ∗
N,il2

+ ξE ∗
N,il1

ξE
N,l2i ,

η+
i = ξE ∗

N,il1
ξE ∗
N,il2

+ ξE
N,l1iξ

E
N,l2i . (5.20)

In eq. (5.20), the flavor changing couplings ξE
N,lji represent the effective interaction

between the internal lepton i, (i = e, µ, τ) and the outgoing j = 1 (j = 2) lepton

(anti lepton). Here, we choose the couplings ξE
N,lji real.

Finally, the BR for r → l−1 l+2 can be obtained by using the matrix element
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square as

BR(r → l−1 l+2 ) =
1

16 π mr

|M |2
Γr

, (5.21)

where Γr is the total decay width of radion r. In our numerical analysis, we

consider the BR due to the production of sum of charged states, namely

BR(r → l±1 l±2 ) =
Γ(r → (l̄1 l2 + l̄2 l1))

Γr

. (5.22)

5.2 Numerical Analysis and Discussion

In four dimensions, the higher dimensional gravity is observed as it has new states

with spin 2,1 and 0, so called, the graviton, the gravivector, the graviscalar. These

states interact with the particles in the underlying theory. In the RS1 model

with one extra dimension, the spin 0 gravity particle radion r interacts with the

particles of the theory (2HDM in our case) on the TeV brane and this interaction

occurs over the trace of the energy-momentum tensor T µ
µ with the strength 1/Λr,

Lint =
r

Λr

T µ
µ , (5.23)

where Λr is at the order of TeV. The radion interacts with gluon (g) pair or

photon (γ) pair in one loop order from the trace anomaly. For the radion mass

mr ≤ 150 GeV , the decay width is dominated by r → gg. For the masses which

are beyond the WW and ZZ thresholds, the main decay mode is r → WW . In the

present work, we study the possible LFV decays of the RS1 radion in the 2HDM

and estimate the BRs of these decays for different values of radion masses. We

take the total decay width Γr of the radion by considering the dominant decays

r → gg (γγ, ff, W+W−, ZZ, SS) where S are the neutral Higgs particles (see [52]

for the explicit expressions of these decay widths). Here, we include the possible

processes in the Γr according to the mass of the radion.

The flavor violating r decays r → l−1 l+2 can exist at least in one loop level, in

the framework of the 2HDM and the flavor violation is carried by the Yukawa
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couplings ξ̄E
N,ij

4. In the version of 2HDM where the FCNC are permitted, these

couplings are free parameters which should be restricted by using the present and

forthcoming experiments. At first, we assume that these couplings are symmetric

with respect to the flavor indices i and j. Furthermore, we take that the couplings

which contain at least one τ index are dominant and we choose a broad range

for these couplings, by respecting the upper limit prediction of ξ̄E
N,τµ (see [57] and

references therein) which is obtained by using the experimental uncertainty, 10−9,

in the measurement of the muon anomalous magnetic moment and by assuming

that the new physics effects can not exceed this uncertainty. For the coupling

ξ̄E
N,τe, the restriction is estimated by using this upper limit and the experimental

upper bound of BR of µ → eγ decay, BR ≤ 1.2×10−11 [58]. Finally, this coupling

is taken in the range 10−3 − 10−1 GeV (see [59]). For the Yukawa coupling ξ̄E
N,ττ ,

we have no explicit restriction region and we use the numerical values which are

greater than ξ̄E
N,τµ. Throughout our calculations we use the input values given in

Table (5.1).

Table 5.1: The values of the input parameters used in the numerical calculations.

Parameter Value

mµ 0.106 (GeV)
mτ 1.78 (GeV)
mh0 100 (GeV)
mA0 200 (GeV)
GF 1.1663710−5(GeV −2)

In Fig.5.3 we present mr dependence of the BR (r → τ± µ±). The solid-

dashed lines represent the BR (r → τ± µ±) for ξ̄E
N,ττ = 100 GeV , ξ̄E

N,τµ = 10 GeV -

ξ̄E
N,ττ = 10 GeV , ξ̄E

N,τµ = 1 GeV . It is observed that the BR (r → τ± µ±) is of

the order of the magnitude of 10−8 for the large values of the couplings and the

radion mass values ∼ 200 GeV . For the heavy masses of the radion the BR is

stabilized to the values of the order of 10−9.

4The dimensionfull Yukawa couplings ξ̄E
N,ij are defined as ξE

N,ij =
√

4 GF√
2

ξ̄E
N,ij .
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Fig.5.4 is devoted to mr dependence of the BR (r → τ± e±) and BR (r →
µ± e±). The solid-dashed lines represent the BR (r → τ± e±) for ξ̄E

N,ττ = 100 GeV ,

ξ̄E
N,τe = 0.1 GeV - ξ̄E

N,ττ = 10 GeV , ξ̄E
N,τe = 0.1 GeV . The small dashed line rep-

resents the BR (r → µ± e±) for ξ̄E
N,τµ = 1 GeV , ξ̄E

N,τe = 0.1 GeV . This figure

shows that the BR (r → τ± µ±) is of the order of the magnitude of 10−12 for

the large values of the couplings and the radion mass values ∼ 200 GeV . For the

heavy masses of the radion, this BR reaches to the values less than 10−14. The

BR (r → µ± e±) is of the order of 10−15 for mr ∼ 200 GeV and for the interme-

diate values of Yukawa couplings. These BRs, especially BR (r → µ± e±), are

negligibly small.

Now, we present the Yukawa coupling dependencies of the BRs of the decays

under consideration, for different radion masses .

Fig.5.5 represents the ξ̄E
N,ττ dependence of the BR (r → τ± µ±) for ξ̄E

N,τµ =

10 GeV . The solid-dashed-small dashed lines represent the BR for the radion

masses mr = 200 − 500 − 1000 GeV . This figure shows that the BR is sensitive

to the radion mass and, obviously, it is enhanced two orders of magnitude in the

range 10 GeV ≤ ξ̄E
N,ττ ≤ 100 GeV .

In Fig.5.6, we present the ξ̄E
N,ττ dependence of the BR (r → τ± e±) for ξ̄E

N,τe =

0.1 GeV . The solid-dashed-small dashed lines represent the BR for the radion

masses mr = 200− 500− 1000 GeV . Similar to the r → τ± µ± decay, the BR is

strongly sensitive to the radion mass.

As a summary, the LFV decays of the radion in the RS1 model strongly depend

on the radion mass and the Yukawa couplings. The BR for r → τ± µ± decay is of

the order of 10−8 for the small values of radion mass mr and it decreases with the

increasing values of mr. On the other hand, the BRs for r → τ± e± (r → µ± e±)

decays are of the order of 10−12 (10−15) for the small values of mr. These results

show that, among these processes, the LFV r → τ± µ± decay would be the most

appropriate one to measure its BR. With the possible production of the radion

(the most probable production is due to the gluon fusion, gg → r [52]), hopefully,

the future experimental results of this decay would be useful in order to test the

possible signals coming from the extra dimensions and new physics which results

in flavor violation.
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5.3 The vertices appearing in the present work

In this section we present the vertices appearing in our calculations. Here S

denotes the new neutral Higgs bosons h0 and A0.
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−i γ
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[
3
2
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]

(a)

−2 i γ
v

(p1.p2 −m2
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(S = h0) 4 iγ

2
√

2 v

[
(ξE

ij + ξE∗
ji ) + (ξE

ij − ξE∗
ji )γ5

]

(S = A0) −4 γ

2
√

2 v

[
(ξE

ij − ξE∗
ji ) + (ξE

ij + ξE∗
ji )γ5

]

(c)

−i
2
√

2

[
(ξE

ij + ξE∗
ji ) + (ξE

ij − ξE∗
ji )γ5

]
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1
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√

2

[
(ξE
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ji )γ5

]
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Figure 5.1: The vertices used in the present work.
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Figure 5.2: One loop diagrams contribute to r → l−1 l+2 decay due to the neutral
Higgs bosons h0 and A0 in the 2HDM. i represents the internal lepton, l−1 (l+2 )
outgoing lepton (anti lepton), internal dashed line the h0 and A0 fields.
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Figure 5.3: mr dependence of the BR (r → τ± µ±). The solid-dashed lines
represent the BR(r → τ± µ±) for ξ̄E

N,ττ = 100 GeV , ξ̄E
N,τµ = 10 GeV - ξ̄E

N,ττ =

10 GeV , ξ̄E
N,τµ = 1 GeV .
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Figure 5.4: mr dependence of the BR (r → l±1 l±2 ). The solid-dashed lines repre-
sent the BR(r → τ± e±) for ξ̄E

N,ττ = 100 GeV , ξ̄E
N,τe = 0.1 GeV - ξ̄E

N,ττ = 10 GeV ,

ξ̄E
N,τe = 0.1 GeV . The small dashed line represents the BR (r → µ± e±) for

ξ̄E
N,τµ = 1 GeV , ξ̄E

N,τe = 0.1 GeV .
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Figure 5.5: ξ̄E
N,ττ dependence of the BR(r → τ± µ±) for ξ̄E

N,τµ = 10 GeV . The
solid-dashed-small dashed lines represent the BR for the radion masses mr =
200− 500− 1000 GeV .
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Figure 5.6: ξ̄E
N,ττ dependence of the BR(r → τ± e±) for ξ̄E

N,τe = 0.1 GeV . The
solid-dashed-small dashed lines represent the BR for the radion masses mr =
200− 500− 1000 GeV .
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chapter 6

CONCLUSION

Over the last thirty years or so, the SM has been subjected to many diverse

experiments and most of these experiments have been found to be consistent

with the predictions of the SM except the recently performed ones on the FCNCs

including LFV interactions. In the framework of the SM, LFV interactions exist

in the νSM by taking the neutrinos massive and permitting the lepton mixing

mechanism [39, 40] in order to accommodate the present data on neutrino masses

and mixings. However, the neutrino masses are so small that, the predicted BRs

of the LFV interactions are too small to explain the upper limits obtained in the

current experiments. Therefore, it is clear that there must be a theory which

goes beyond the SM, but which reproduces the results of the SM where the SM

has been shown experimentally to be correct. The LFV interactions have still

been probed at many experiments such as the MEG experiment [61], the MEGA

experiment [62], in the Belle detector at the KEKB [63], and BABAR detector

at the PEP-II [64, 65]. In addition, at CERN there is a particle accelerator,

which is currently under construction, namely the Large Hadron Collider (LHC),

is expected to operate in May 2008 [66]. The collider tunnel in LHC consists

of two pipes and each pipe contains a proton beam having an energy of 7.0

TeV which travels in opposite directions around the ring. This means that in

total the collision energy will be 14 TeV. Furthermore, the International Linear

Collider (ILC), which is also under construction, is planned to be completed in

the late 2010s [66]. The initial collision energy is planned to be 500 GeV and this

collision will be between electron and positron beams. It is expected that the

physics beyond the SM will be detected at the LHC and ILC.

The simplest extension of the SM, the so called the 2HDM, possesses five

physical Higgs bosons, namely, a charged pair (H±), two neutral CP even scalars
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(H0 and h0), and a neutral CP odd scalar (A0). Observation of these particles in

the experiments would become a clear signature for the physics beyond the SM.

Beside this phenomenological hint, the incompatibility of the predicted BRs

of the LFV interactions with the experimental data obtained, the SM also pos-

sesses some conceptual problems which motivate us to look physics beyond, such

as the hierarchy problem between EW and Planck scales. This problem could

be achieved by introducing the extra dimensions. One possibility is proposed by

Arkani-Hamed, Savas Dimopoulos and Gia Dvali [18, 19] with n compact extra

spatial dimensions of large size. In this model, gravity spreads over all the vol-

ume including the extra dimensions while the matter fields are restricted in 4D

brane. Another possibility is introduced by Randall and Sundrum [28, 29]. In

this scenario, the extra dimension is compactified to S1/Z2 orbifold with two 4D

brane boundaries. Even if the compactified extra dimensions are so small that

we perceive the universe as 4D, if there are extra dimensions, fingerprints of them

sure to exist and such fingerprints are the particles called KK particles which are

the additional ingredients of the universe with extra dimensions. The masses of

KK particles are determined by the higher dimensional geometry. In the large

extra dimensions, for example, the masses of the KK particles are proportional

to the inverse size of the extra dimension (for two extra dimensions, the size of

the extra dimension is ∼ 1 mm). This tells us that, the current and future ac-

celerators should be able to discover them. Since in large extra dimensions, the

only particle that can travel along the extra dimensions is called as graviton and

thus, it is the only particle that has KK partners. However, the KK partners of

the graviton interacts as weakly as the graviton itself. Therefore, KK partners

of graviton would be hard to observe. In warped extra dimensions, however, we

cannot take just the the inverse size of the extra dimension as the masses of KK

particles which gives us the Planck scale mass and we know that on the TeV

brane, nothing much heavier than a TeV can exist. If one calculate the masses

of KK particles taking into account the warped space-time, the KK particles of

graviton turn out to have masses of about a TeV and these KK particles, not as

in the case of large extra dimensions, will interact sixteen orders of magnitude

larger than the graviton itself in this geometry. This is good news, since depend-
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ing on the ultimate energy reach in LHC, there is a probability of finding the KK

partners of the graviton. Apart from the graviton, in the Randall Sundrum sce-

nario, there exists an additional scalar field, that lives in the 5D bulk, such that

the size of extra dimension is proportional to its vacuum expectation value and

its fluctuation over this expectation value is called as the radion field. In order

to avoid the conflict with the equivalence principle, the introduced field should

be massive and to stabilize the distance between the branes, a potential for this

field is proposed by Goldberger and Wise [47]. The radion decays are interesting

since a considerable information about the scenario under consideration (the RS1

scenario) can be obtained with the help of accurate measurements.

In the present work we study the possible LFV decays of the radion field r

and predict the BRs of the LFV r decays r → l−1 l+2 in the RS1 model. We observe

that the BRs of the processes we study are at most of the order of 10−8, for the

small values of radion mass mr and their sensitivities to mr decrease with the

increasing values of mr. On the other hand, the BRs for r → τ± e± (r → µ± e±)

decays are of the order of 10−12 (10−15) for the small values of mr. These results

show that, among these processes, the LFV r → τ± µ± decay would be the most

appropriate one to measure its BR.
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Appendix A

The gauge invariance is an important concept in modern particle theories as it is

the origin of all of the known four fundamental forces described in Chapter 2. The

basic method to provide gauge invariance is to ensure that Lagrangian remains

invariant under certain symmetry transformations which reflect conservation laws

in nature. By applying these transformations, we end up with conserved physical

quantities. Since these conserved quantities should not depend on position in

space-time, theories of particle interactions have to be invariant under local as

well as global gauge transformations explained below. The transformations could

be written as

ψ → Uψ, (A-1)

where U is unitarity. So, the symmetry is called U(1) gauge invariance.

A-1 Global Gauge Transformations

The expression for global gauge transformation (GGT) for a fermion field is

ψ → eiθψ, (A-2)

where θ is a real number. Thus, GGT represents an identical operation at all

points in space-time and causes a simple shift in the phase of a fermion wave

function. As a first step we can see how it works in QED. Equation of motion for

free fermions are obtained from Dirac Lagrangian

Lfree = ψ̄(iγµ∂µ −m)ψ, (A-3)

where ψ is the fermion spinor. It is clear that such a Lagrangian remains invariant

under GGT. So, the global phase symmetry is just a statement of the fact that

the laws of physics are independent of the choice of phase convention.
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A-2 Local Gauge Transformations

The expression for local gauge transformation (LGT) is

ψ → eiqθ(x)ψ, (A-4)

where θ is a function of x = (x, t). Thus, LGT corresponds to choosing a con-

vention to define the phase of the fermion wavefunction, which is different at

different points in space-time. Going back to the Dirac Lagrangian defined in eq.

A-3, one can simply realize that it is not invariant under this more demanding

symmetry transformation. However, it comes as a pleasant surprise that if we

introduce another field, Aµ, a Lagrangian which exhibits local gauge symmetry

can be obtained. The required field must have infinite range, since there is no

limit to the distances over which the phase transformations done. Hence, invari-

ance of Lagrangian requires this new field to be massless. In fact, this field is

not other than the long-range electromagnetic field: the photon. Therefore, we

should modify our Lagrangian to make it gauge invariant by replacing the normal

derivative ∂µ with the covariant derivative Dµ = ∂µ + iqAµ. So, the Lagrangian

in eq. A-3 reads

L = ψ̄(iγµDµ −m)ψ = ψ̄(iγµ∂µ −m)ψ − qAµψ̄γµψ = Lfree − JµAµ. (A-5)

It so happens that, the photon transforms under LGT as Aµ → Aµ + ∂µθ(x) so

that, the changes in the Lagrangian resulting from the LGT is cancelled out by

the changes in Aµ.

To see the complete picture, we should also add the gauge invariant kinetic

term to the QED Lagrangian

LQED = Lfree − JµAµ − 1

4
F µνFµν , (A-6)

where Fµν is the electromagnetic field tensor defined as

Fµν = ∂µAν − ∂νAµ. (A-7)
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This Lagrangian expresses the interaction of Dirac fields with the massless pho-

ton.
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Appendix B

B-3 The Einstein Equation in Another Form

Here we show another form of the Einstein equation which we use in the text.

By using the equation GMN = RMN − 1
2
gMNR = κ2TMN we obtain RMN as

RMN = κ2TMN +
1

2
gMNR, (B-1)

and multiplying this equation by gMN from left we get

gMNRMN = κ2gMNTMN +
1

2
gMNgMNR, (B-2)

which is equal to,

R = κ2T +
1

2
dR =

2κ2

2− d
T, (B-3)

where d is the number of dimensions. Substituting this into the eq. B-1 we obtain

RMN as

RMN = κ2TMN +
1

2
gMN

2κ2

2− d
T

= κ2(TMN + gMN
1

2− d
T )

= κ2T̃MN , (B-4)

with

T̃MN = TMN − 1

3
gMNT, (B-5)

where d = 5 in our case.
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B-4 The Derivation of the Linearized Einstein

Equations

Now, we consider the metric in eq. 4.110 and first we will derive the explicit form

of the curvature RMN and its linearized form. The curvature Rµν in terms of

connection coefficients can be written as

Rµν = ΓK
µK,ν − ΓK

µν,K − ΓK
µνΓ

M
KM + ΓK

µMΓM
νK . (B-6)

Let us analyze this term by term. The first term is derived as follows

ΓK
µK,ν = {gKLΓLµK},ν

=
1

2
{gKL[gLµ,K + gLK,µ − gµK,L]},ν

=
1

2
{gKρ[gρµ,K + gρK,µ − gµK,ρ] + gK5[g5K,µ − gµK,5]},ν

=
1

2
{gξρ[gρµ,ξ + gρξ,µ − gµξ,ρ] + g55[g55,µ]},ν

=
1

2
{e2A+2F ηξρ[(e−2A−2F ηρµ),ξ + (e−2A−2F ηρξ),µ − (e−2A−2F ηµξ),ρ]

+ (1 + G)−2(1 + G)2
,µ},ν

=
1

2
{e2A+2F ηξρ[(−2e−2A−2F ∂ξFηρµ) + (−2e−2A−2F ∂µFηρξ)

− (−2e−2A−2F ∂ρFηµξ) + (1 + G)−22∂µG(1 + G)},ν

= {−ηξ
µ∂ξF − 4∂µF + ηρ

µ∂ρF +
∂µG

1 + G
},ν

= {−∂µF − 4∂µF + ∂µF +
∂µG

1 + G
},ν

= {−4∂µF +
∂µG

1 + G
},ν

= −4∂µ∂νF +
∂µ∂νG

1 + G
− ∂µG∂νG

(1 + G)2
, (B-7)

and for small fluctuations we have

ΓK
µK,ν

∼= −4∂µ∂νF + ∂µ∂νG(1−G)− ∂µG∂νG(1− 2G). (B-8)
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Then, the linearized form of the first term is obtained as

δΓK
µK,ν = −4∂µ∂νF + ∂µ∂νG. (B-9)

The second term is

ΓK
µν,K = {gKLΓLµν},K

=
1

2
{gKL[gLµ,ν + gLν,µ − gµν,L]},K

=
1

2
{gKρ[gρµ,ν + gρν,µ − gµν,ρ] + gK5[−gµν,5]},K

=
1

2
{gξρ[gρµ,ν + gρν,µ − gµν,ρ]},ξ +

1

2
{g55(−gµν,5)},5

=
1

2
{e2A+2F ηξρ[(e−2A−2F ηρµ),ν + (e−2A−2F ηρν),µ − (e−2A−2F ηµν),ρ]},ξ

+
1

2
{(1 + G)−2(e−2A−2F ηµν),5},5

=
1

2
{e2A+2F ηξρ[(−2e−2A−2F ∂νFηρµ) + (−2e−2A−2F ∂µFηρν)

− (−2e−2A−2F ∂ρFηµν)},ξ +
1

2
{−2(1 + G)−2∂5(A + F )e−2A−2F ηµν},5

= {−ηξ
µ∂νF − ηξ

ν∂µF + ηξρηµν∂ρF},ξ − {e−2A−2F ηµν∂5(A + F )

(1 + G)2
},5

= −ηξ
µ∂ξ∂νF − ηξ

ν∂ξ∂µF + ηξρηµν∂ξ∂ρF

− e−2A−2F ηµν{−2(A′ + F ′)2 + A′′ + F ′′

(1 + G)2
− 2(A′ + F ′)G′(1 + G)

(1 + G)4
}

= −∂µ∂νF − ∂ν∂µF + ηµν∂ξ∂
ξF

− e−2A−2F ηµν

(1 + G)2
[−2(A′ + F ′)2 + A′′ + F ′′ − 2(A′ + F ′)G′

(1 + G)
]

= −2∂µ∂νF + ηµν2F − e−2A−2F ηµν

(1 + G)2

× [−2A′2 − 2F ′2 − 4A′F ′ + A′′ + F ′′ − 2(A′ + F ′)G′

(1 + G)
], (B-10)
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and for small fluctuations we get

ΓK
µK,ν

∼= −2∂µ∂νF + ηµν2F

− e−2Aηµν(1− 2F )(1− 2G)

× [A′′ + F ′′ − 2A′2 − 2F ′2 − 4A′F ′ − 2(A′ + F ′)G′(1−G)].(B-11)

The linearized form of the second term is obtained as

δΓK
µν,K = −2∂µ∂νF + ηµν2F − e−2Aηµν

× [F ′′ − 4A′F ′ − 2A′G′ − 2FA′′ + 4FA′2 − 2GA′′ + 4GA′2].
(B-12)
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The third term is calculated as

ΓK
µνΓ

M
KM = gKLΓLµνg

MSΓSKM

=
1

2
gKL[gLµ,ν + gLν,µ − gµν,L]

1

2
gMS[gSK,M + gSM,K − gKM,S]

=
1

4
gKρ[gρµ,ν + gρν,µ − gµν,ρ]g

MS[gSK,M + gSM,K − gKM,S]

+
1

4
gK5[−gµν,5]g

MS[gSK,M + gSM,K − gKM,S]

=
1

4
gξρ[gρµ,ν + gρν,µ − gµν,ρ]g

MS[gSξ,M + gSM,ξ − gξM,S]

+
1

4
g55[−gµν,5]g

MS[gS5,M + gSM,5 − g5M,S]

=
1

4
gξρ[gρµ,ν + gρν,µ − gµν,ρ]g

αS[gSξ,α + gSα,ξ − gξα,S]

+
1

4
g55[−gµν,5]g

αS[gS5,α + gSα,5]

+
1

4
gξρ[gρµ,ν + gρν,µ − gµν,ρ]g

5S[gSξ,5 + gS5,ξ]

+
1

4
g55[−gµν,5]g

5S[gS5,5 + gS5,5 − g55,S]

=
1

4
gξρ[gρµ,ν + gρν,µ − gµν,ρ]g

αβ[gβξ,α + gβα,ξ − gξα,β]

+
1

4
g55[−gµν,5]g

αβ[gβα,5]

+
1

4
gξρ[gρµ,ν + gρν,µ − gµν,ρ]g

55[g55,ξ]

+
1

4
g55[−gµν,5]g

55[g55,5]

=
1

4
e2A+2F ηξρ[(e−2A−2F ηρµ),ν + (e−2A−2F ηρν),µ − (e−2A−2F ηµν),ρ]

× e2A+2F ηαβ[(e−2A−2F ηβξ),α + (e−2A−2F ηβα),ξ − (e−2A−2F ηξα),β]

+
1

4
(1 + G)−2(e−2A−2F ηµν),5e

2A+2F ηαβ(e−2A−2F ηβα),5

+
1

4
e2A+2F ηξρ[(e−2A−2F ηρµ),ν + (e−2A−2F ηρν),µ − (e−2A−2F ηµν),ρ]

× [(1 + G)−2(1 + G)2
,ξ]

+
1

4
(1 + G)−2[(e−2A−2F ηµν),5](1 + G)−2(1 + G)2

,5
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=
1

4
[−2ηξ

µ∂νF − 2ηξ
ν∂µF + 2ηµν∂

ξF ]× [−2ηα
ξ ∂αF − 8∂ξF + 2ηβ

ξ ∂βF ]

+
1

4
[
16e−2A−2F ηµν∂5(A + F )∂5(A + F )

(1 + G)2
]

+
1

4
[−2ηξ

µ∂νF − 2ηξ
ν∂µF + 2ηµν∂

ξF ][2
∂ξG

1 + G
]

+
1

4
[−4

e−2A−2F ηµν∂5(A + F )

(1 + G)2

∂5G

1 + G
]

= 8∂µF∂νF − 4ηµν∂ξF∂ξF +
4e−2A−2F ηµν(A

′ + F ′)2

(1 + G)2

− ∂µG∂νF

1 + G
− ∂µF∂νG

1 + G
+

ηµν∂
ξF∂ξG

1 + G
− e−2A−2F ηµν(A

′ + F ′)G′

(1 + G)3

= 8∂µF∂νF − ∂µG∂νF

1 + G
− ∂µF∂νG

1 + G
− e−2A−2F ηµν

(1 + G)2

× [−4(A′ + F ′)2 +
(A′ + F ′)G′

1 + G
] + ηµν [−4(∂F )2 +

∂ξF∂ξG

1 + G
], (B-13)

and for small fluctuations we have

ΓK
µνΓ

M
KM

∼= 8∂µF∂νF − ∂µG∂νF (1−G)− ∂µF∂νG(1−G)

− e−2Aηµν(1− 2F )(1− 2G)

× [−4A′2 − 4F ′2 − 8A′F ′ + (A′ + F ′)G′(1−G)]

+ ηµν [−4(∂F )2 + ∂ξF∂ξG(1−G)]. (B-14)

Then, the linearized form of the third term is obtained as

δ(ΓK
µνΓ

M
KM) = −e−2Aηµν [−8A′F ′ + A′G′ + 8FA′2 + 8GA′2]. (B-15)
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Finally, we will derive the fourth term in the same manner as

ΓK
µMΓM

νK = gKLΓLµMgMSΓSνK

=
1

2
gKL[gLµ,M + gLM,µ − gµM,L]

1

2
gMS[gSν,K + gSK,ν − gνK,S]

=
1

4
gKρ[gρµ,M + gρM,µ − gµM,ρ]g

MS[gSν,K + gSK,ν − gνK,S]

+
1

4
gK5[g5M,µ − gµM,5]g

MS[gSν,K + gSK,ν − gνK,S]

=
1

4
gξρ[gρµ,M + gρM,µ − gµM,ρ]g

MS[gSν,ξ + gSξ,ν − gνξ,S]

+
1

4
g55[g5M,µ − gµM,5]g

MS[gSν,5 + gS5,ν ]

=
1

4
gξρ[gρµ,α + gρα,µ − gµα,ρ]g

αS[gSν,ξ + gSξ,ν − gνξ,S]

+
1

4
g55[−gµα,5]g

αS[gSν,5 + gS5,ν ]

+
1

4
gξρ[gρµ,5]g

5S[gSν,ξ + gSξ,ν − gνξ, s]

+
1

4
g55[g55,µ]g5S[gSν,5 + gS5,ν ]

=
1

4
gξρ[gρµ,α + gρα,µ − gµα,ρ]g

αβ[gβν,ξ + gβξ,ν − gνξ,β]

+
1

4
g55[−gµα,5]g

αβ[gβν,5]

+
1

4
gξρ[gρµ,5]g

55[−gνξ,5]

+
1

4
g55[g55,µ]g55[g55,ν ]

=
1

4
e2A+2F ηξρ[(e−2A−2F ηρµ),α + (e−2A−2F ηρα),µ − (e−2A−2F ηµα),ρ]

× e2A+2F ηαβ[(e−2A−2F ηβν),ξ + (e−2A−2F ηβξ),ν − (e−2A−2F ηνξ),β]

+
1

4
(1 + G)−2(e−2A−2F ηµα),5e

2A+2F ηαβ(e−2A−2F ηβν),5

+
1

4
e2A+2F ηξρ(e−2A−2F ηρµ),5(1 + G)−2(e−2A−2F ηνξ),5

+
1

4
(1 + G)−2(1 + G)2

,µ(1 + G)−2(1 + G)2
,ν
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=
1

4
[−2ηξ

µ∂αF − 2ηξ
α∂µF + 2ηµα∂ξF ]× [−2ηα

ν ∂ξF − 2ηα
ξ ∂νF + 2ηνξ∂

αF ]

+
1

4
[
4e−2A−2F ηµαηα

ν ∂5(A + F )∂5(A + F )

(1 + G)2
]

+
1

4
[
4e−2A−2F ηξ

µηνξ∂5(A + F )∂5(A + F )

(1 + G)2
]

+
1

4
[
4∂µG∂νG

(1 + G)2
]

= 6∂µF∂νF − 2ηµν(∂F )2 +
2ηµνe

−2A−2F (A′ + F ′)2

(1 + G)2

+
∂µG∂νG

(1 + G)2
. (B-16)

Since we have small fluctuations, we can write

ΓK
µMΓM

νK
∼= 6∂µF∂νF − 2ηµν(∂F )2 + ηµνe

−2A(1− 2F )(1− 2G)

× [2A′2 + 2F ′2 + 4A′F ′] + ∂µG∂νG(1− 2G). (B-17)

As a result, the linearized form of the fourth term is obtained as

δ(ΓK
µMΓM

νK) = ηµνe
−2A[4A′F ′ − 4A′2F − 4A′2G]. (B-18)

If we add these four terms, we get δRµν as

δRµν = −2∂µ∂νF + ∂µ∂νG− ηµν2F + e−2Aηµν

× [F ′′ − 4A′F ′ − 2A′G′ − 2FA′′ + 4FA′2 − 2GA′′ + 4GA′2

− 8A′F ′ + A′G′ + 8FA′2 + 8GA′2 + 4A′F ′ − 4A′2F − 4A′2G]

= −2∂µ∂νF + ∂µ∂νG− ηµν2F + e−2Aηµν

× [F ′′ − 8A′F ′ − A′G′ − 2FA′′ + 8FA′2 − 2GA′′ + 8GA′2]. (B-19)

Now, we will calculate the curvature Rµ5 which can be written in terms of con-

nection coefficients as

Rµ5 = ΓK
µK,5 − ΓK

µ5,K − ΓK
µ5Γ

M
KM + ΓK

µMΓM
5K . (B-20)
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Let us analyze the Rµ5 also term by term. The first term is obtained as

ΓK
µK,5 = {gKLΓLµK},5

=
1

2
{gKL[gLµ,K + gLK,µ − gµK,L]},5

=
1

2
{gKρ[gρµ,K + gρK,µ − gµK,ρ] + gK5[g5K,µ − gµK,5]},5

=
1

2
{gξρ[gρµ,ξ + gρξ,µ − gµξ,ρ] + g55[g55,µ]},5

=
1

2
{e2A+2F ηξρ[(e−2A−2F ηρµ),ξ + (e−2A−2F ηρξ),µ − (e−2A−2F ηµξ),ρ]

+ (1 + G)−2(1 + G)2
,µ},5

=
1

2
{e2A+2F ηξρ[(−2e−2A−2F ∂ξFηρµ) + (−2e−2A−2F ∂µFηρξ)

− (−2e−2A−2F ∂ρFηµξ) + (1 + G)−22∂µG(1 + G)},5

= {−ηξ
µ∂ξF − 4∂µF + ηρ

µ∂ρF +
∂µG

1 + G
},5

= {−∂µF − 4∂µF + ∂µF +
∂µG

1 + G
},5

= {−4∂µF +
∂µG

1 + G
},5

= −4∂µF
′ +

∂µG
′

1 + G
− G′∂µG

(1 + G)2
. (B-21)

Since G = 2F we get

ΓK
µK,5 = −4∂µF

′ +
2∂µF

′

1 + 2F
− 4F ′∂µF

(1 + 2F )2
, (B-22)

and taking into account the small fluctuation we obtain

ΓK
µK,5

∼= −4∂µF
′ + 2∂µF

′(1− 2F )− 4F ′∂µF (1− 4F ). (B-23)

Then, the linearized form of the first term will be

δΓK
µK,5 = −4∂µF

′ + 2∂µF
′

= −2∂µF
′. (B-24)
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The second term can be calculated as follows

ΓK
µ5,K = {gKLΓLµ5},K

=
1

2
{gKL[gLµ,5 + gL5,µ},K

=
1

2
{gKρ[gρµ,5] + gK5[g55,µ]},K

=
1

2
{gξρ[gρµ,5]},ξ +

1

2
{g55(g55,µ)},5

=
1

2
{e2A+2F ηξρ[(e−2A−2F ηρµ),5]},ξ +

1

2
{(1 + G)−2(1 + G)2

,µ},5

=
1

2
{e2A+2F ηξρ[(−2e−2A−2F ∂5(A + F )ηρµ)]},ξ

+
1

2
{(1 + G)−22(1 + G)∂µG},5

= {−ηξ
µ∂5(A + F )},ξ + { ∂µG

(1 + G)
},5

= −∂µF
′ +

∂µG
′

(1 + G)
− G′∂µG

(1 + G)2
. (B-25)

Substituting G = 2F we have

ΓK
µ5,K = −∂µF

′ +
2∂µF

′

(1 + 2F )
− 4F ′∂µF

(1 + 2F )2
, (B-26)

and due to the small fluctuation in F it can be written as

ΓK
µ5,K

∼= −∂µF
′ + 2∂µF

′(1− 2F )− 4F ′∂µF (1− 4F ). (B-27)

We get the linearized form of the second term as

δΓK
µ5,K = −∂µF

′ + 2∂µF
′

= ∂µF
′. (B-28)
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The third term is

ΓK
µ5Γ

M
KM = gKLΓLµ5g

MSΓSKM

=
1

2
gKL[gLµ,5 + gL5,µ]

1

2
gMS[gSK,M + gSM,K − gKM,S]

=
1

4
gKρ[gρµ,5]g

MS[gSK,M + gSM,K − gKM,S]

+
1

4
gK5[g55,µ]gMS[gSK,M + gSM,K − gKM,S]

=
1

4
gξρ[gρµ,5]g

MS[gSξ,M + gSM,ξ − gξM,S]

+
1

4
g55[g55,µ]gMS[gS5,M + gSM,5 − g5M,S]

=
1

4
gξρ[gρµ,5]g

αS[gSξ,α + gSα,ξ − gξα,S]

+
1

4
g55[g55,µ]gαS[gS5,α + gSα,5]

+
1

4
gξρ[gρµ,5]g

5S[gSξ,5 + gS5,ξ]

+
1

4
g55[g55,µ]g5S[gS5,5 + gS5,5 − g55,S]

=
1

4
gξρ[gρµ,5]g

αβ[gβξ,α + gβα,ξ − gξα,β]

+
1

4
g55[g55,µ]gαβ[gβα,5]

+
1

4
gξρ[gρµ,5]g

55[g55,ξ]

+
1

4
g55[g55,µ]g55[g55,5]

=
1

4
e2A+2F ηξρ[(e−2A−2F ηρµ),5]

× e2A+2F ηαβ[(e−2A−2F ηβξ),α + (e−2A−2F ηβα),ξ − (e−2A−2F ηξα),β]

+
1

4
(1 + G)−2(1 + G)2

,µe
2A+2F ηαβ(e−2A−2F ηβα),5

+
1

4
e2A+2F ηξρ[(e−2A−2F ηρµ),5(1 + G)−2(1 + G)2

,ξ]

+
1

4
(1 + G)−2(1 + G)2

,µ(1 + G)−2(1 + G)2
,5

101



=
1

4
[−2ηξ

µ∂5(A + F )]× [−2ηα
ξ ∂αF − 8∂ξF + 2ηβ

ξ ∂βF ]

+
1

4
[
−16∂µG∂5(A + F )

(1 + G)
]

+
1

4
[−4ηξ

µ∂5(A + F )
∂ξG

1 + G
]

+
1

4
[4

∂µG

(1 + G)

∂5G

1 + G
]

= 4∂µF (A′ + F ′)− 4∂µG(A′ + F ′)
1 + G

− ∂µG(A′ + F ′)
1 + G

+
G′∂µG

(1 + G)2
. (B-29)

By using G = 2F we get

ΓK
µ5Γ

M
KM = 4∂µF (A′ + F ′)− 10∂µF (A′ + F ′)

1 + 2F
+

4F ′∂µF

(1 + 2F )2
, (B-30)

and for small fluctuations we have

ΓK
µ5Γ

M
KM

∼= 4∂µF (A′ + F ′)− 10∂µF (A′ + F ′)(1− 2F )

+ 4F ′∂µF (1− 4F ). (B-31)

Then, the third term in the linearized form is obtained as

δ(ΓK
µ5Γ

M
KM) = 4A′∂µF − 10A′∂µF

= −6A′∂µF. (B-32)
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The last term is calculated as

ΓK
µMΓM

5K = gKLΓLµMgMSΓS5K

=
1

2
gKL[gLµ,M + gLM,µ − gµM,L]

1

2
gMS[gS5,K + gSK,5 − g5K,S]

=
1

4
gKρ[gρµ,M + gρM,µ − gµM,ρ]g

MS[gS5,K + gSK,5 − g5K,S]

+
1

4
gK5[g5M,µ − gµM,5]g

MS[gS5,K + gSK,5 − g5K S]

=
1

4
gξρ[gρµ,M + gρM,µ − gµM,ρ]g

MS[gS5,ξ + gSξ,5

+
1

4
g55[g5M,µ − gµM,5]g

MS[gS5,5 + gS5,5 − g55,s]

=
1

4
gξρ[gρµ,α + gρα,µ − gµα,ρ]g

αS[gS5,ξ + gSξ,5]

+
1

4
g55[−gµα,5]g

αS[2gS5,5 − g55,S]

+
1

4
gξρ[gρµ,5]g

5S[gS5,ξ + gSξ,5]

+
1

4
g55[g55,µ]g5S[2gS5,5 − g55,S]

=
1

4
gξρ[gρµ,α + gρα,µ − gµα,ρ]g

αβ[gβξ,5]

+
1

4
g55[−gµα,5]g

αβ[−g55,β]

+
1

4
gξρ[gρµ,5]g

55[g55,ξ]

+
1

4
g55[g55,µ]g55[g55,5]

=
1

4
e2A+2F ηξρ[(e−2A−2F ηρµ),α + (e−2A−2F ηρα),µ − (e−2A−2F ηµα),ρ]

× e2A+2F ηαβ[(e−2A−2F ηβξ),5]

+
1

4
(1 + G)−2(e−2A−2F ηµα),5e

2A+2F ηαβ(1 + G)2
,β

+
1

4
e2A+2F ηξρ(e−2A−2F ηρµ),5(1 + G)−2(1 + G)2

,ξ

+
1

4
(1 + G)−2(1 + G)2

,µ(1 + G)−2(1 + G)2
,5
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=
1

4
[−2ηξ

µ∂αF + 2ηξ
α∂µF − 2ηµα∂ξF ]× [−2ηα

ξ ∂5(A + F )]

+
1

4
[
−4e−2A−2F ηµαe2A+2F ηαβ∂5(A + F )∂βG

(1 + G)
]

+
1

4
[
−4ηξ

µ∂5(A + F )∂ξG

1 + G
+

4∂µG∂5G

(1 + G)2
]

= 4∂µF (A′ + F ′)− 2(A′ + F ′)∂µG

1 + G
+

G′∂µG

(1 + G)2
. (B-33)

Substituting G = 2F , for small fluctuations, we get

ΓK
µMΓM

5K = 4∂µF (A′ + F ′)− 4(A′ + F ′)∂µF

1 + 2F
+

4F ′∂µF

(1 + 2F )2

∼= 4∂µF (A′ + F ′)− 4(A′ + F ′)∂µF (1− 2F )

+ 4F ′∂µF (1− 4F ). (B-34)

We obtain the linearized form of the fourth term as

δ(ΓK
µMΓM

5K) = 4A′∂µF − 4A′∂µF

= 0. (B-35)

If we add these four terms, the linearized form of Rµ5 reads

δRµ5 = −2∂µF
′ − ∂µF

′ + 6A′∂µF + 0

= −3∂µF
′ + 6A′∂µF. (B-36)

Finally, we will derive the curvature R55 and, in terms of connection coefficients,

it reads

R55 = ΓK
5K,5 − ΓK

55,K − ΓK
55Γ

M
KM + ΓK

5MΓM
5K . (B-37)
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Now, we start with the first term in R55 which reads

ΓK
5K,5 = {gKLΓL5K},5

=
1

2
{gKL[gL5,K + gLK,5 − g5K,L]},5

=
1

2
{gKρ[gρK,5 − g5K,ρ] + gK5[g55,K + g5K,5 − g5K,5]},5

=
1

2
{gξρ[gρξ,5] + g55[g55,5]},5

=
1

2
{e2A+2F ηξρ(e−2A−2F ηρξ),5 + (1 + G)−2(1 + G)2

5},5

=
1

2
{−8∂5(A + F ) +

2∂5G

1 + G
}5

= {−4(A′ + F ′) +
G′

1 + G
},5

= −4(A′′ + F ′′) +
G′′

1 + G
− G′2

(1 + G)2
. (B-38)

Since G = 2F we get

ΓK
5K,5 = −4(A′′ + F ′′) +

2F ′′

1 + 2F
− 4F ′2

(1 + 2F )2
. (B-39)

For small fluctuations we have

ΓK
5K,5

∼= −4(A′′ + F ′′) + 2F ′′(1− 2F )− 4F ′2(1− 4F ). (B-40)

Then, one can simply write the linearized form of the first term as

δΓK
5K,5 = −4F ′′ + 2F ′′

= −2F ′′. (B-41)
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The second term is

ΓK
55,K = {gKLΓL55},K

=
1

2
{gKL[gL5,5 + gL5,5 − g55,L},K}

=
1

2
{gKρ[−g55,ρ] + gK5[2g55,5 − g55,5]},K

=
1

2
{gξρ[−g55,ρ]},ξ +

1

2
{g55(g55,5)},5

=
1

2
{e2A+2F ηξρ(1 + G)2

,ρ},ξ +
1

2
{(1 + G)−2(1 + G)2

,5},5

=
1

2
{e2A+2F ηξρ2∂ρG(1 + G)},ξ +

1

2
{ G′

1 + G
},5

= e2A+2F [2∂ξF∂ξG(1 + G) + ∂ξ∂
ξG(1 + G) + ∂ξG∂ξG]

+
G′′

1 + G
− G′2

(1 + G)2
. (B-42)

Substituting G = 2F we get

ΓK
55,K = e2A+2F [4(∂F )2(1 + 2F ) + 22F (1 + 2F ) + 4(∂F )2]

+
2F ′′

1 + 2F
− 4F ′2

(1 + 2F )2
, (B-43)

and for small fluctuations we have

ΓK
55,K

∼= e2A(1 + 2F )[4(∂F )2(1 + 2F ) + 22F (1 + 2F ) + 4(∂F )2]

+ 2F ′′(1− 2F )− 4F ′2(1− 4F ). (B-44)

Then, the linearized form of the second term is obtained as

δΓK
55,K = 2e2A2F + 2F ′′. (B-45)
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The third term in the curvature R55 is

ΓK
55Γ

M
KM = gKLΓL55g

MSΓSKM

=
1

2
gKL[gL5,5 + gL5,5 − g55,L]

1

2
gMS[gSK,M + gSM,K − gKM,S]

=
1

4
gKρ[−g55,ρ]g

MS[gSK,M + gSM,K − gKM,S]

+
1

4
gK5[2g55,5 − g55,5]g

MS[gSK,M + gSM,K − gKM,S]

=
1

4
gξρ[−g55,ρ]g

MS[gSξ,M + gSM,ξ − gξM,S]

+
1

4
g55[g55,5]g

MS[gS5,M + gSM,5 − g5M,S]

=
1

4
gξρ[−g55,ρ]g

αS[gSξ,α + gSα,ξ − gξα,S]

+
1

4
g55[g55,5]g

αS[gS5,α + gSα,5]

+
1

4
gξρ[−g55,ρ]g

5S[gSξ,5 + gS5,ξ]

+
1

4
g55[g55,5]g

5S[gS5,5 + gS5,5 − g55,S]

=
1

4
gξρ[−g55,ρ]g

αβ[gβξ,α + gβα,ξ − gξα,β]

+
1

4
g55[g55,5]g

αβ[gβα,5]

+
1

4
gξρ[−g55,ρ]g

55[g55,ξ]

+
1

4
g55[g55,5]g

55[g55,5]

=
1

4
e2A+2F ηξρ(1 + G)2

,ρe
2A+2F ηαβ

× [(e−2A−2F ηβξ),α + (e−2A−2F ηβα),ξ − (e−2A−2F ηξα),β]

+
1

4
(1 + G)−2(1 + G)2

,5e
2A+2F ηαβ(e−2A−2F ηβα),5

+
1

4
e2A+2F ηξρ[(1 + G)2

,rho(1 + G)−2(1 + G)2
,ξ]

+
1

4
(1 + G)−2(1 + G)2

,5(1 + G)−2(1 + G)2
,5
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=
1

4
[e2A+2F 2(1 + G)∂ξG]× [−2ηα

ξ ∂αF − 8∂ξF + 2ηβ
ξ ∂βF ]

+
1

4
[
−16G′∂5(A + F )

(1 + G)
]

+
1

4
[e2A+2F 2(1 + G)∂ξG

2∂ξG

1 + G
]

+
1

4
[4

G′

1 + G

∂5G
′

1 + G
]

= −4e2A+2F (1 + G)∂ξG∂ξF − 4(A′ + F ′)G′

(1 + G)

+ e2A+2F ∂ξG∂ξG +
G′2

(1 + G)2
, (B-46)

and by using G = 2F , the third term is obtained to be equal to

ΓK
55Γ

M
KM = −8e2A+2F (1 + 2F )(∂F )2 − 8(A′ + F ′)F ′

1 + 2F

+ 4e2A+2F (∂F )2 +
4F ′2

(1 + 2F )2
, (B-47)

and, considering the small fluctuation, we get

ΓK
55Γ

M
KM

∼= −8e2A(1 + 2F )(1 + 2F )(∂F )2 − 8(A′ + F ′)F ′(1− 2F )

+ 4e2A(1 + 2F )(∂F )2 + 4F ′2(1− 4F ). (B-48)

Then, the linearized form of the third term is obtained as

δ(ΓK
55Γ

M
KM) = −8A′F ′. (B-49)
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Finally, the fourth term is derived as follows:

ΓK
5MΓM

5K = gKLΓL5MgMSΓS5K

=
1

2
gKL[gL5,M + gLM,5 − g5M,L]

1

2
gMS[gS5,K + gSK,5 − g5K,S]

=
1

4
gKρ[gρM,5 − g5M,ρ]g

MS[gS5,K + gSK,5 − g5K,S]

+
1

4
gK5[g55,M ]gMS[gS5,K + gSK,5 − g5K S]

=
1

4
gξρ[gρM,5 − g5M,ρ]g

MS[gS5,ξ + gSξ,5]

+
1

4
g55[g55,M ]gMS[gS5,5 + gS5,5 − g55,S]

=
1

4
gξρ[gρα,5]g

αS[gS5,ξ + gSξ,5]

+
1

4
g55[g55,α]gαS[2gS5,5 − g55,S]

+
1

4
gξρ[g55,ρ]g

5S[gS5,ξ + gSξ,5]

+
1

4
g55[g55,M ]g5S[2gS5,5 − g55,S]

=
1

4
gξρ[gρα,5]g

αβ[gβξ,5]

+
1

4
g55[g55,α]gαβ[−g55,β]

+
1

4
gξρ[−g55,ρ]g

55[g55,ξ]

+
1

4
g55[g55,5]g

55[g55,5]

=
1

4
e2A+2F ηξρ[(e−2A−2F ηρα),5e

2A+2F ηβα(e−2A−2F ηβξ),5]

+
1

4
(1 + G)−2(1 + G)2

,αe2A+2F ηαβ(1 + G)2
,β

+
1

4
[e2A+2F ηξρ(1 + G)2

,ρ][(1 + G)−2(1 + G)2
,ξ

+
1

4
(1 + G)−2(1 + G)2

,5(1 + G)−2(1 + G)2
,5
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=
1

4
[−2ηξ

α∂5(A + F )][−2ηα
ξ ∂5(A + F )]

+
1

4
[
4e2A+2F ηαβ(1 + G)∂αG∂βG

1 + G
]

+
1

4
[
4e2A+2F ∂ξG∂ξG(1 + G)

1 + G

+
1

4
[4

G′2

(1 + G)2
]

= 4(A′ + F ′)2 + 2e2A+2F (∂G)2 +
G′2

(1 + G)2
. (B-50)

Substituting G = 2F we obtain

ΓK
5MΓM

5K = 4(A′ + F ′)2 + 8e2A+2F (∂F )2 +
4F ′2

(1 + 2F )2
, (B-51)

and, with small fluctuations, we have

ΓK
5MΓM

5K
∼= 4(A′ + F ′)2 + 8e2A(1 + 2F )(∂F )2 + 4F ′2(1− 4F ). (B-52)

Then, the linearized form of the fourth term is obtained as

δ(ΓK
5MΓM

5K) = 8A′F ′. (B-53)

As a final step we will add these four terms so that we get the linearized form of

R55 as

δR55 = −4F ′′ − 2e2A2F + 16A′F ′. (B-54)

At this stage, we will derive the linearized form of the source term. We start with

the part of the action (see eq. 4.78) including the source term and taking
√

g55

as
√

g55 = 1 + 2F . The metric variation on this action gives

TMN =
1

2
gMN [

1

2
(∂φ)2 − V (φ)]− 1

2
∂Mφ∂Nφ

− 1

2(1 + 2F )
gM

µ gN
ν gµν

∑
i

λi(φ)δ(y − yi).
(B-55)
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Since T = gMNTMN we get

T =
5

2
[
1

2
(∂φ)2 − V (φ)]− 1

2
(∂φ)2 − 2

1 + 2F

∑
i

λi(φ)δ(y − yi). (B-56)

Using the form of Einstein equation given in eq. B-1, and the eqs. B-55 and B-56

to get

T̃µν = Tµν − 1

3
gµνT, (B-57)

we obtain

T̃µν =
1

2
gµν [

1

2
(∂φ)2 − V (φ)]− 1

2
∂µφ∂νφ− 1

2(1 + 2F )
gµν

∑
i

λi(φ)δ(y − yi)

− 5

6
gµν [

1

2
(∂φ)2 − V (φ)] +

1

6
gµν(∂φ)2 +

2

3(1 + 2F )
gµν

∑
i

λi(φ)δ(y − yi)

=
1

3
gµνV (φ)− 1

2
∂µφ∂νφ +

1

6(1 + 2F )
gµν

∑
i

λi(φ)δ(y − yi),

(B-58)

where

φ(x, y) = φ0(y) + ϕ(x, y),

V (φ) = V (φ0) + ϕV ′(φ0),

λi(φ) = λi(φ0) + ϕλ′i(φ0),

(B-59)

for small fluctuations. Substituting the equations in eq. B-59 into T̃µν we have

T̃µν
∼= 1

3
e−2A(1− 2F )ηµν [V (φ0) + ϕV ′(φ0)]− 1

2
∂µϕ∂νϕ

+
1

6
e−2A(1− 2F )2ηµν

∑
i

[λi(φ0) + ϕλ′i(φ0)]δ(y − yi).
(B-60)
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The linearized form of the source term T̃µν is obtained as

δT̃µν =
1

3
e−2Aηµν [ϕV ′(φ0)− 2V (φ0)F ]

+
1

6
e−2Aηµν

∑
i

[
∂λi(φ0)

∂φ
ϕ− 4λi(φ0)F ]δ(y − yi).

(B-61)

Now, let us derive the equation for the source term T̃µ5 by using

T̃µ5 = Tµ5 − 1

3
gµ5T. (B-62)

Since gµ5 = 0 we get

T̃µ5 = Tµ5. (B-63)

Using the eq. B-55 we obtain T̃µ5 as

T̃µ5 = −1

2
∂µφ∂5φ

= −1

2
[∂µ(φ0(y) + ϕ(x, y))∂5(φ0(y) + ϕ(x, y))].

(B-64)

Then, the linearized form of T̃µ5 reads

δT̃µ5 = −1

2
φ′0∂µϕ. (B-65)

Finally, T55 can be obtained by using the eq. B-55

T55 = −1

2
(1 + 2F )2[

1

2
(∂φ)2 − V (φ)]− 1

2
∂5φ∂5φ. (B-66)
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Then, the source term T̃55 becomes

T̃55 = T55 − 1

3
g55T

= −1

2
(1 + 2F )2[

1

2
(∂φ)2 − V (φ)]− 1

2
∂5φ∂5φ

+
1

2
(1 + 2F )2[

1

2
(∂φ)2 − 5

3
V (φ)]

− 2

3
(1 + 2F )

∑
i

λi(φ)δ(y − yi).

(B-67)

Making the simplifications and substituting the eqs. B-59 we get

T̃55
∼= −1

3
(1 + 4F + 4F 2)[V (φ0) + ϕV ′(φ0)]

− 1

2
∂5[φ0(y) + ϕ(x, y)]∂5[φ0(y) + ϕ(x, y)]

− 2

3
(1 + 2F )

∑
i

[λi(φ0) + ϕλ′i(φ0)]δ(y − yi).

(B-68)

The linearized form is obtained as

δT̃55 = −4

3
V (φ0)F − 1

3
ϕV ′(φ0)− ϕ′φ′0

− 2

3

∑
i

[
∂λi(φ0)

∂φ
ϕ + 2λi(φ0)F ]δ(y − yi).

(B-69)
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Appendix C

In this Appendix we present the formulation for the spin connection which we

use in our calculations (see [67]). A natural basis for the tangent space Tp at

a point p is given by the partial derivatives with respect to the coordinates at

that point, ê(µ) = ∂µ. Similarly, a basis for the cotangent space T ∗
p is given by

of the coordinate functions, θ̂(µ) = dxµ. Let us imagine that at each point in the

manifold there exists a set of orthonormal basis vectors ê(a)
1. If the canonical

form of the metric is written ηab, the inner product of our basis vectors should be

ê(a) · ê(b) = ηab. (C-1)

Thus, in Lorentzian space ηab represents the Minkowski metric, while in a space

with positive definite metric it represents Euclidean metric. We can express our

old basis vectors of tangent space in terms of the new ones as

ê(µ) = ea
µê(a), (C-2)

where the components ea
µ are called as vielbeins form an invertible n× n matrix.

Their inverse is denoted by switching the indices to obtain eµ
a , which satisfy

eµ
ae

a
ν = δµ

ν ; ea
µe

µ
b = δa

b . (C-3)

Multiplying the eq. C-2 with eµ
a from left

ê(a) = eµ
a ê(µ), (C-4)

1indexed in Latin letter rather than Greek, to remind us that they are not related to any
coordinate system.
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Then, in terms of the inverse vielbeins the eq. C-1 becomes

ηab = ê(a) · ê(b)

= eµ
a ê(µ) · eν

b ê(ν)

= gµνe
µ
ae

ν
b .

(C-5)

We see that the components of the metric tensor in the orthonormal basis are

just those of flat metric, ηab. Multiplying this with ea
µe

b
ν we get

gµν = ea
µe

b
νηab. (C-6)

Thus, vielbeins are squareroot of the metric. Similarly in T ∗
p , θ(a) are the or-

thonormal basis of one-forms. Choosing

θ(a)ê(b) = δa
b = ea

µe
µ
b , (C-7)

it is an immediate consequence that the orthonormal one-forms are related to the

cooridinate-based θ̂(µ) by

θ̂(µ) = eµ
a θ̂(a). (C-8)

Similarly,

θ̂(a) = ea
µθ̂(a). (C-9)

Any vector V written in the coordinate basis as V = V µêµ can be expressed as

in terms of its orthonormal basis as V = V aêa. Since V µêµ = V aêa we obtain a

relation between the sets of components as

V a = ea
µV

µ. (C-10)

So the vielbeins allow us to pass from Latin to Greek indices and back. In the

same manner multi index tensor V a
b can be written as

V a
b = ea

µV
µ
b = eν

bV
a
ν = ea

µe
ν
bV

µ
ν . (C-11)
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Nice property of tensors is that, we can go on to refer multi index tensors in terms

of mixed components.

Now, we have a set of basis vectors êa and θea which are non-coordinate

bases. Thus, they can be changed independently of the coordinates provided the

orthonormality property defined in eq. C-1 is preserved. In Euclidean signature

metric the transformations that preserve orthonormality condition are orthogonal

transformations whereas in Lorentz signature metric they are Lorentz transfor-

mations. We therefore consider changes of basis of the form

êa → êa′ = Λ a
a′ (x)êa, (C-12)

where Λa
a′(x) represent position dependent transformations at each point in space

which leave the canonical form of metric unaltered such that

Λ a
a′ (x)Λ b

b′ (x)ηab = ηa′b′ . (C-13)

In flat space, we call these matrices inverse Lorentz transformations. We also

have ordinary Lorentz transformations, Λa′
a (x) to transform one-forms. So, we

now have freedom to perform a Lorentz transformation at every point in space.

These are called local Lorentz transformations (LLT).

The covariant derivative of a tensor is given by its partial derivative plus

the connection terms, one for each index. The connection terms in our ordinary

formalism involve the tensor and connection coefficients Γλ
µν whereas in non-

coordinate basis connection coefficients are replaced by spin connection, denoted

by w a
µ b. Each Latin index gets a factor of the spin connection as

∇µX
a

b = ∂µX
a

b + w a
µ cX

c
b − w c

µ bX
a

c. (C-14)

Now let us try to find a relation between the spin connection, the vielbeins and

connection coefficients using the property that a tensor should be independent of

the way it is written. For simplicity, we will consider the covariant derivative of
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a vector X. Its covariant derivative in a purely coordinate basis is given by

∇X = (∇µX
ν)dxµ ⊗ ∂ν

= (∂µX
ν + Γν

µλX
λ)dxµ ⊗ ∂ν ,

(C-15)

and in a mixed basis it is written as

∇X = (∇µX
ν)dxµ ⊗ ê(a)

= (∂µX
a + w a

µ bX
a)dxµ ⊗ ê(a)

= (∂µ(ea
νX

ν) + w a
µ be

b
λX

λ)dxµ ⊗ ê(a)

= (ea
ν∂µX

ν + Xν∂µe
a
ν + w a

µ be
b
λX

λ)dxµ ⊗ eσ
a∂σ

= eσ
a(ea

ν∂µX
ν + Xν∂µe

a
ν + w a

µ be
b
λX

λ)dxµ ⊗ ∂σ

= (δσ
ν ∂µX

ν + eσ
aX

ν∂µe
a
ν + eσ

aw
a

µ be
b
λX

λ)dxµ ⊗ ∂σ

= (∂µX
σ + eσ

aX
ν∂µe

a
ν + eσ

aw
a

µ be
b
λX

λ)dxµ ⊗ ∂σ.

(C-16)

Let σ → ν and ν → λ

∇X = (∂µX
ν + eν

a(∂µe
a
λ)X

λ + eν
ae

b
λw

a
µ bX

λ)dxµ ⊗ ∂ν . (C-17)

Comparing the eqs. C-15 and C-17 one can conclude that

Γν
µλ = eν

a(∂µe
a
λ)X

λ + eν
ae

b
λw

a
µ b. (C-18)

Multiplying this with eλ
b e

a
ν we get

w a
µ b = ea

νe
λ
b Γ

ν
µλ − eλ

b ∂µe
a
λ. (C-19)

Now let us look the covariant derivative of a vielbein

∇µe
a
ν = ∂µe

a
ν + w a

µ be
b
ν − Γα

µνe
a
α. (C-20)
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Substituting the equation for Γν
µλ into the covariant derivative of the vielbein we

get

∇µe
a
ν = 0. (C-21)
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