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ABSTRACT

KALUZA-KLEIN MONOPOLE

Sakarya, Emre

M.S., Department of Physics

Supervisor : Assoc. Prof. Dr. Bayram Tekin
August 2007, 40 pages
Kaluza-Klein theories generally in (4+ D) and more specifically in five dimensions are

reviewed. The magnetic monopole solutions found in the Kaluza-Klein theories are

generally reviewed and their generalizations to Anti-de Sitter spacetimes are discussed.
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KALUZA-KLEIN MONOPOLU

Sakarya, Emre

Yiiksek Lisans, Fizik Boliimii

Tez Yoneticisi : Do¢. Dr. Bayram Tekin

Agustos 2007, 40 sayfa

Kaluza-Klein teorileri genel olarak (4 + D) boyutta ve daha ayrintili bir gekilde beg
boyutta gézden gegirildi. Bu teorilerde bulunan magnetik monopol ¢éziimleri gézden

gecirildi ve bunlarin Anti-de Sitter uzayzamanlarina genellestirilmeleri tartigildi.
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CHAPTER 1

INTRODUCTION

1.1 Introduction and Motivation

Kaluza-Klein theories present a scheme for the unification of gravity with other
interactions by means of the hypothesis that the gauge symmetries are originally
geometrical. To realize this, the existence of extra dimensions is proposed. In the
unification programme, the first attempt containing the extra dimensions was made
by Nordstrém [1] in his scalar gravity theory in 1912. This idea gained a permanent
place when it was used by Kaluza [2] in 1921 to unify gravity with electromagnetism
in five-dimensions. Later, five-dimensional Kaluza’s theory was put in a more realistic
form by Klein [3] in 1926 who suggested that the extra dimension to be compact.
This five dimensional Kaluza-Klein theory was generalized to higher dimensions by de
Witt [4], Kerner [5], Trautman [6], Cho [7, 8] and Freund [7] to achieve the unification

of gravity with non-Abelian gauge theories.

As in the case of grand unified theories, magnetic monopole solutions occur also in
the Kaluza-Klein theories. The first magnetic monopole solution was given indepen-
dently by Sorkin [9] and Gross and Perry [10] in 1983 to the five-dimensional Kaluza-
Klein theory. This solution was generalized to higher dimensions by Lee [11, 12]
and Iwazaki [13]. Its non-Abelian extension was made by Perry [14] and Bais and
Batenburg [15]. In recent years, also the generalization of the monopole solution to
Anti-de Sitter space has gained an increasing importance. Such a generalization to
Anti-de Sitter space was first considered by Onemli and Tekin [16], who found that

there is no exact analog of monopole solution in five-dimensions.

In the second chapter, we review the general structure of Kaluza-Klein theories

and give a detailed description in five-dimensions. In the third chapter, we review



the magnetic monopole solutions including both Abelian and non-Abelian types with

some of their properties. Lastly in the fourth chapter, we consider the generalization

to the Anti-de Sitter spaces.

1.2 Notation and Conventions

In this thesis, we adopt the following conventions: The metric signature is (—, +, +,

...,+). The upper case Latin letters “A, B, C,...” denote the (4 + D)-dimensional in-

dices, {0,1,2,3,5,6, ..., D}, the lower case Greek letters denote the usual four dimen-

sions, {0, 1,2, 3}, the lower case “i, j, k" run over spatial dimensions in four dimensions,

{1,2,3}, and the lower case Latin indices other than “i, j, k” run over only D-extra di-

mensions {5, 6, ...,4+D}. Besides, all hatted quantities refer to the (44 D)-dimensional

theory.

Throughout this work, independent of the number of dimensions, the Christoffel

symbol is

N 1.
FK gKN(

LM =5 OLgnm + OMINL — ONJLM),

the Riemann tensor is
R%pyy = 0uTEy — ONT Ear + Ty — TN,
the Ricci tensor and the Ricci scalar are
Riy = ]:ZKLKM and R = RLL.

We use units in which h=c=1.

(1.1)

(1.2)

(1.3)



CHAPTER 2

KALUZA-KLEIN THEORIES

2.1 General Framework

Generically, Kaluza-Klein (KK) theories refer to generalizations of pure or a mod-
ified version of four-dimensional General Relativity (GR) to a (4 + D)-dimensional
spacetime by hypothesizing that there exist D extra dimensions, so that they give
by a mechanism called spontaneous compactification, ordinary gravity plus gauge
theories in their effective low energy sectors [17]. We start with the following (4 + D)-
dimensional line element, by assuming that (4 + D)-dimensional spacetime is a Rie-
mann spacetime VD) that is a differentiable manifold with the general metric

compatible affine connection and vanishing torsion,
d§? = gapdzdz®, (2.1)

where {4} = {z#,y*} and gap is the metric tensor.

Now, it seems that we have two alternatives for what ways the extra dimensions
participate into the description of the (4+ D)-dimensional spacetime, namely, timelike
or spacelike ways. However, if we go into further analysis, we see that the number of
timelike dimensions can not be greater than one, because this would lead to casuality
problems due to the existence of closed timelike curves [18] arising in the theory. In
addition, extra timelike dimensions would yield tachyons in effective four dimensions
and the sign of the Maxwell action would be incorrect [19]. Thus, all the extra
dimensions have to be spacelike and so, the signature of (4 4+ D)-dimensional metric
becomes (—, +,+, ..., +).

The dynamics of the KK theories is determined by the (4+D)-dimensional Einstein-
Hilbert action with the cosmological constant for generality, plus a term I which rep-

resents a potential modification of action in terms of matter fields, extra gauge fields



or other types of curvature invariants,
N N N 1 A o o
S:SGR+S’:—M/d4+Dé [s/|g|(R—2A)+I}, (2.2)
T

where § = det(gap), R is the Ricci scalar, A is the cosmological constant, and G is
the (4 + D)-dimensional gravitational constant. However, the original purpose is to
extract everything from only the spacetime geometry, that is the case I =0. If we
now assume I = 0 and so vary only the Sgp part of (2.2) with respect to the metric,
we obtain (4 + D)-dimensional ordinary Einstein equations

. 1 .
Rap — §9ABR + gapA =0. (2.3)

However, if we assume non-zero I to represent active matter fields and again vary
(2.2), we then obtain

Rap — igABR + gapA = 8n1GT B, (2.4)

where T4p is energy-momentum tensor obtained from

o 1 ~ — . .
6l = 2/d4+Dz\/|g|TABcsgAB. (2.5)

2.2 General Structure of the Ground State

The most vital phase of the construction is to pick out a ground state [20] for
the theory (2.2), because this ground state determines the general structure of the
(4+ D)-dimensional spacetime and its isometries comprise the local gauge symmetries
which we want to describe in a unified way with the ordinary gravity. For the chosen
ground state to solve the complete field equations, we may constitute an I by assuming
that it represents either matter fields or a combination of some curvature invariants.
Here, it is important to point out that the original purpose, simplicity and beauty
of KK theories is achieved for the cases when I is zero, which may be referred to
as ‘pure’ KK theories, that is, to describe the gauge fields just from the spacetime
geometry by means of the extra dimensions. Nevertheless, in general, there may be a
need to introduce I with some exceptions such as the supersymmetric version of KK
theory where certain matter fields are treated by an underlying supersymmetry and
the related geometry of superspace [21]. In this work, we will consider only the non-

supersymmetric KK theories. Generally, the ground state of a given field theory is



defined as the stable solution of the field equations with the lowest energy. Determining
the correct vacuum space of a given theory is not a straightforward procedure which
is true especially for gravitational theories, because the energy concept is not well
defined and depends on the boundary conditions. We naturally expect the vacuum

space VO(4+D) for the pure (4 + D)-dimensional gravity

Sar=— L /d4+D2\/—g(R —2A) (2.6)
167G

to be maximally symmetric. For instance, when A = 0, the most trivial choice at first
sight seems to be the (4 + D)-dimensional Minkowski space VO(4+D) = MUWHD) Hyg
then, we have a right to ask for an explanation of why the spacetime appears four-

dimensional M*?. Therefore, this can not be a candidate and we see that we must make

y(+D)

a choice which is close to M* locally. Hence, although a maximally symmetric 0

contains more symmetries, we assume the vacuum space to be a direct product of two

44D . . . .
VO( D) _ y4 e gP , where V* is a four-dimensional Riemann space-

manifolds, that is
time with a Lorentzian signature (—,+,+,+) and B is a D-dimensional manifold
with a Euclidean signature (+,+,...,+). Here, V* characterizes the vacuum of the
usual four-dimensional spacetime and BP is assumed to be a compact space, that is, a
closed bounded subset of the D-dimensional Euclidean space, which will characterize
the internal space. In this way, if we assume the size of the compact space B to be
very small, V4 x BP can simply appear to be V* containing the same four-dimensional
symmetry group such as the Poincaré group Py for the case V* = M*?. Consequently,
at every point of V4, there will be a compact space BY which is so small that we can

not observe in daily life. On the other hand, the compactness of BP will provide us

gauge symmetry groups and discrete spectrums, which create the core of the theory.

2.2.1 Maximally symmetric spacetime in the ground state

Since our assumed vacuum space is a direct product space \/[)(4+D) =V*x BP, the
general form of its metric is as follows:
~0
Gu(@) 0
~0 v
gAB(xvy) = 0 ’ (27)
where ggy (z) is the metric of V4 and g%, (y) is the metric of B”. Now then, we again

physically assume the four-dimensional vacuum space V4 to be a maximally symmetric



spacetime [17], that is a space of constant curvature

A

R,uu/\p = g (gBAggp - ggpgz(/)k) ’ (28)

where ) is the four-dimensional cosmological constant. Therefore, V* is an Einstein

space

R, = )\gg,\. (2.9)

Here it is important to note also that we could write a more general form of the
vacuum metric [22] §%p with maintaining the maximal symmetry property of V4.

This is the warped product metric in the following form,

fWgn,(x) 0

(2.10)
0 ggb(y)

-0
gun(@,y) =
However, in our consideration we will take the warp-factor as f(y) = 1.

Now, using (2.9) in the pure gravitational field equations (2.3), that is when I=0,

we find that BP is an Einstein space too,

RE = pgl, (2.11)

where p = A.

At this point, we have three different cases [22] according to the sign of A. Firstly,
when A > 0, V4 becomes a de Sitter spacetime with SO(1, 4) symmetry group but does
not admit a positive energy theorem which is needed for stability and supersymmetry,
so we immediately drop this option. Secondly, when A = 0, V* becomes a Minkowski
spacetime M?* with the usual Poincaré group and admits a positive energy theorem
and supersymmetry. Thirdly, when A < 0, V4 becomes an anti-de Sitter spacetime
with SO(2,3) group and again admits a positive energy theorem and supersymmetry.
On the other hand, by a theorem in [23] saying that compact Einstein spaces with
Euclidean signature and p = A < 0 have no continuous symmetries, we eliminate the
third one, that is, the anti de Sitter option, because we know that the gauge symmetries
are continuous symmetries. Therefore, eventually we are left with the second case,
which is V4 = M* and Ricci tensors of both spaces become zero, R, =0and Ry, = 0.

This is equivalent to saying that when I= 0, both spaces must be flat, M* x BP.



2.2.2 Structure of the internal space

Now, we should determine the structure of the internal compact manifold B,
in a way that its isometry group contains Abelian or non-Abelian gauge group of
interactions we want. In the case of flat internal compact space, Ry, = 0, we must
restrict our consideration to spaces like a D-torus

BP =8t x 8t x ... x S, (2.12)

TV
D—times

or a K3-surface which is a compact complex surface [22]. The solution of D-torus
yields just Abelian gauge symmetries and the solution for K 3-surface yields no sym-
metries by any means.

The very simple way of obtaining non-Abelian gauge symmetries is to regard B
as a coset space, but these type of spaces are Einstein spaces with p # 0. Therefore,
we must choose between two cases: one of which V* is not a flat spacetime or one of

which is V4 = M* with I # 0.

2.2.3 Criteria for the ground state

We have some fundamental criteria for a ground state to obey [24]. First of
all, we know that it should be the lowest energy state. However, in gravity usually
the comparison of energies will be impossible or pointless, because the definition of
gravitational energy differs with the boundary conditions. To be able to make a
comparison between any two solutions, their asymptotical structure should be the
same. For instance, we cannot make a comparison between M* x BP whose energy
is zero and M**+P whose energy is also zero, because their asymptotical structure is
totally different.

Secondly, the solution must be stable both classically and semiclassically. By
classical stability, we mean the stability of ground state under small perturbations.
Given an arbitrary ground state V4 x B we expand a general metric around this
ground state and if there are no imaginary frequencies, that is, no exponentially grow-
ing modes, this ground state is classically stable, because an imaginary frequency wy
will imply the existence of exponential factors, exp(=4 |wg|t) which increase arbitrar-
ily with time. By semiclassical stability, we mean the behavior of the ground state

against a process of semiclassical barrier penetration. If there are two states which



correspond to the local minima of an energy functional and are separated by a finite
potential barrier, the system can tunnel to the more stable state. This tunneling
process is associated with an instanton solution of the corresponding Euclidean field
theory. Semiclassical instability can be investigated as follows. First, we find a lo-
cal minimum of the corresponding Euclidean field theory which is the ground state
that we want to analyze, then we search for a bounce solution that asymptotically
approaches this local minimum. At the end, we look at the behavior of this bounce
solution against small perturbations. If it is unstable, its contribution to the ground
state energy will be imaginary which shows the instability of the ground state. At the
same time, we can analyze the semiclassical stability by means of the positive energy
theorem. For the case of M* x BP whose energy is zero, if the positive energy theorem
holds, in the sense that all solutions with the same asymptotic behavior have positive

energy, then M* x BP is semiclassically stable.

2.3 Five-Dimensional Kaluza-Klein Theory

Now, we start with the simplest KK theory, which is the five-dimensional theory

originally constructed by Kaluza and Klein. Initially, the five-dimensional line element

is ds? = gaynd2MdzN, where {#M} = {z#,y}, and the general metric tensor has the
form
~ g;u/ gu5
gun = 7 ) (2.13)
9gsv G55

The theory is determined by the five-dimensional Einstein-Hilbert action without a

cosmological constant or any matter fields, that is I = 0,

N 1 A
Ser = — /d%/—gR, (2.14)

167G

and the equations of motion in vacuum

o 1 o o
RABfEQABR:()iRAB:O. (2.15)

The action (2.14) is invariant under five-dimensional general coordinate transfor-

mations

34 - M4 = FA3B), (2.16)

Accordingly, the metric transforms as

o 03¢ azP
Jap(2) = WWQCD(Z)- (2.17)



2.3.1 Ground state of the five-dimensional theory

In five dimensions, the form of the ground state is Vi = V4 x Bl. Since in one
dimension R, ), = 0, any one-dimensional space B! is flat. In this case, according to
the discussions made before, the four-dimensional space should also be flat, V4 = M*.
Now, we choose our compact space as a circle, Bt = S of fixed radius L, so that the
vacuum has topology of M* x S! rather than maximally symmetric M® and the extra

dimension is periodic with period 27w L
y=y+2nL. (2.18)

As a result, if we assume the radius of S! to be very small, the vacuum M* x S' can
simply appear to be M* containing the usual Poincaré group.

We can regard the ground state M* x S' as a kind of spontaneous symmetry
breaking [14]. The symmetry group of M?®, namely, the five-dimensional Poincare
group Pj is spontaneously broken to the symmetry group of M* x S, Py x U(1).
The emergence of the ground state in this way is called spontaneous compactification.
Here, the point is that we have a compact internal space, with which we can account

for the gauge transformation as a rotation in this space.

2.3.2 The harmonic expansion

The periodicity of the fifth dimension allows us to expand any dynamical variable
Y(x*,y) in the five-dimensional space including the metric tensor in terms of the
complete set of the harmonics on S*

A(zt,y) = Z A (2) Yo (y), (2.19)
n=—oo

where Y, (y) are the eigenfunctions of the operator 85
Yo(y) = ™/, (2.20)

This is a Fourier expansion of §(z#,y) with the following orthogonality condition

yo+L
dyY,  (y)Ym(y) = 2w Lopm. (2.21)
Yo

In this way, we can determine the spectrum of excitations for any dynamical variable

first by expanding around its ground state.



2.3.3 Expansion around the ground state

By introducing local coordinates, the metric of the vacuum space M4 x S can be

written as

0
AN = T , (2.22)
0 1

where 1), is the metric of M 4. As seen, the metric has the same form with M?,
because the spaces M* x S and M? are locally isomorphic [17].

We can now expand a general five-dimensional metric gpsn, which is again a so-
lution of G mN = 0, around its ground state value 7y to the first order as a small

fluctuation
aun (@, y) = fiun + harn (24, ). (2.23)

Now, assuming |iLMN| < 1 and keeping harn to the first order, the first order gravi-

tational field equations are found as

Garn = OnOuh + Ohary — On0ph™y — OpduhTy — i (T — 0405048 ) =0,
(2.24)
where h = ﬁ% and the d’Alembertian operator 0= AMN 9y 0n. Einstein tensor

Gy can be simplified by writing hary in terms of its trace reverse, which is defined

as

- . 1. .

hyn = hyn — 3 MNh, (2.25)
and iLMN can be written as,

A~ o 1 N o

hyy =hun — §77MNha (2.26)
so that h = —%fz Substituting these expressions in (2.24), G v becomes

GMN = E]ZMN + ﬁMNc‘)A@BZAB — 8N8PEPM — 8M8PZPN =0. (2.27)

Under infinitesimal general coordinate transformations 2/ = 2M 4 éN (%), while

Ny N stays the same, iLM N transforms as follows:
Phan = haw — Ouén — Onéur (2.28)

This transformation can be regarded as a gauge transformation of a symmetric tensor

field in the flat background, because harn and iz’M n both solve the field equations

10



(2.24). We can now further simplify field equations (2.27) by making a gauge trans-
formation of ?LMN with an appropriate gauge condition [25]. The transformed MN
is equal to

J/MN _ pMN _ GMEN _ gNEM 4 pMN g cP (2.29)

and the gauge condition we impose is the Lorenz gauge condition, BMZ’MN = 0,

leading to
Opr MY — 9 MY BN — 0 = (IEN = 9y MY (2.30)

In this gauge condition, by dropping bars and primes, field equations (2.27) take the
form

Gun = Ohyn (2, y) = 0. (2.31)

2.3.4 The effective low energy sector

The effective low energy sector describes the theory at energies low compared
to the inverse size of the internal dimension of the KK theory. We see that (2.31)
is the five-dimensional Klein-Gordon equation, and BMN is a massless field in five
dimensions. By Fourier expanding harn using (2.19), we obtain an infinite number of
Klein-Gordon equations, that is, an infinite number of fields in four dimensions. For

each mode n in four dimensions, we have

(e :)M") (z") = 0. (2.32)

(0)

All modes are massive with m2 = n?/L? except for the zero mode h)y/y (z#). If L is of
the order of Planck length, all the massive modes will have very high energies, which
is greater than hic/L ~ 10'°GeV, therefore it will be very difficult to excite them. For
low energy effective theory where E < hic/L, we will consider only the n = 0 mode of

the general metric

g (2t y) = Z S (@)l E, (2.33)

n=—oo

which results in dropping the dependence on vy, gy n ~ QE\(})N (zH).

At the very beginning, first Kaluza [2] introduced this assumption
Oygap =0, (2.34)

called cylinder condition, that is, the variations of all state-quantities, including the

components of the five-dimensional metric §4p, with respect to the fifth coordinate is

11



so small that we can ignore them. Also, the corresponding isometry will result in a

local U(1) gauge symmetry.

2.3.5 Residual coordinate transformations and the general metric

The cylinder condition puts limits on the general coordinate transformations (2.16).

By taking out the metric gasn, from the transformation (2.17) and using (2.34), we

Now, we see that the partial derivatives dz'* /02>, d2'* /0y, Oy’ /0> and Oy’ /Oy must

get

not depend on y. We also require that the first four coordinates belong to the usual
four-dimensional spacetime, that is to say, dz'*/0y and dx#/dy’ vanish. In this way,

the most general coordinate transformation we can construct is
ot — 't = 2 (2Y), (2.36)
y—y =ay+ f(a"), (2.37)
and the inverse transformation is
2t — ot = 2P (), (2.38)

where a is a constant for all coordinates and a # 0. Under the transformation (2.36),

the metric components transform as a tensor

. ox Oz

g:,LV = ax/'u ax/l/g)\p7 (240)

o O o
Jus = i I and 55 = Jss, (2.41)

and under the transformation (2.37), they transform as
g:“/ = guv - §u5(8uf) - §u5(8uf) + §55(auf)(8uf)v (2‘42)
95 = (s — 955(0uf)), (2.43)
955 = a”gss. (2.44)

12



Moreover, we know that if a four-dimensional spacetime is stationary, that is
009y = 0, the line element can be written in terms of temporal dA and spatial dl
separations [26]

ds® = good\? + di?, (2.45)

where

d\ = dz® + 20 dz% and di? = (gkl - g’“oglo) dakdat. (2.46)
goo goo

The d\ and dl are invariant under 20 — 2’0 = 29+ f(2*) and under z¥ — z/* = 2% (27).
By analogy, in five-dimensional spacetime we can separate the line element into two

parts as a result of our assumption (2.34), d3? = di? + g55d5\2, where d\ and dl are

dA = dy + 2 4zt (2.47)
955
di? = (gw - 9“:”95”> datda”. (2.48)
955

These quantities are invariant under (2.36) and (2.37).
Now in the light of these, we will introduce a parametrization of the five-dimensional

metric of the effective theory. Firstly, we can take gs5 most generally as
gss = W (a"), (2.49)

where V¥ is a dimensionless non-zero scalar field. This field will be later called the
dilaton field. Secondly, we see that the transformation of the quantities g,5 in (2.43)
resembles a gauge transformation if we assume that g,5 contains gs5 in itself. There-

fore, we define g,5 as
Gus = kG55 Au(x!) = gus = KV AL(2"), (2.50)

where A, is the electromagnetic four-vector potential and « is a proportionality con-
stant, which we will take to be k = 1 without loss of generality. Now then, we see

that the transformation (2.43) is equivalent to

A, = Ay —Ouf, (2.51)

where AL = (%5 /a¥). Here, we see the most vital point of our construction since
gauge transformation has now become equivalent to the movement in the fifth dimen-
sion. Finally, the invariance of (2.48) with respect to the translation in y and the fact

that the term in parentheses of (2.48) is a tensor under (2.36) suggest that this is the
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unique alternative to identify with the usual four-dimensional line element di? = ds?.

So we take the four-dimensional metric tensor as

R Jus95 R
v = G — ’;55 © = g = G — VAL A, (2.52)

In this way, the most general five-dimensional metric and the line element take the

form
) G+ UALA, WA
o = | % z al (2.53)
VA, v
32 = g, datda” + U(A,dat + dy)?. (2.54)

From the identity gyngVEt = 5]%4, the inverse metric is

pv —AM
GMN = g : (2.55)
—AY U4 A, AR

2.3.6 The dimensionally reduced action

We can now embed the metric (2.53) into the action (2.14) by writing everything
in terms of the four-dimensional quantities. With a row reduction on (2.53), we find

the determinant as

g = det(gMN) = \I]det(g;w) = Vg, (2‘56)

and we calculate the following Christoffel symbols

I =TH + - [WAVF, + WA, F\" — A\A,0"T]

1
2
A 1 . 1
I\ = ) (VR — Aov],  Th = —56“\11,
. 1 1
)= 5 (Vady + Vo Ay) + S AP (A, AND, ¥ — A By, ¥ — AE,p W) (2.57)
1
5 VT AT + A20,9),
. 1 . 1
I3 = B [A\NAPO, U + APF,\U + \I’_IOA\I/] and I'2; = iApap\If,
where F),, is the electromagnetic field strength tensor F}, = 0,4, — 0, A,.

Meanwhile, from the following identity arising from the symmetries of the Riemann

tensor

O (Coyvn + Taune + Unear) = ONUrrnr + 0wy + Ol kN, (2.58)
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where we fix the index K = 5 and let others run over all values, we see that the

electromagnetic Bianchi identity and exchangeability of partial derivatives on ¥ occur
Fz//\,u —I—F)\#’V +FNV7/\ =0, (259)

U, — W, =0. (2.60)

Next, we calculate Ricci scalar as

N

1 L2
R=R— WF,F" - s

1/2
Gi0Y 2, (2.61)

Substituting R into the action (2.14), we obtain the effective theory action as

1
167G

2

~ 1 y
S=— /d4xdy(\/7—g\111/2)(R = VL P — @1/25\1/1/2). (2.62)

Here we see that the compact structure of the fifth dimension guarantees the integral
over the fifth dimension not to diverge, therefore integrating over y we get a constant

2nL

1

2
167G

. 1 ,
S=— d*z(v/—gU'/?) (R — LY Fw F — ‘111/25\111/2), (2.63)

where G = G/2rL. When we write the integral as

1
167G

§= 1o | [ AoV AR quELE) <2 [atey=gon] 2o

we see that the second integral in the parentheses is a surface term therefore we can
drop it, because it does not affect the equations of motion, so in this way we end up

with the following integral

1

1
_ 4 — 1/2p  ~y3/2 0%
o [ o g (VR - LU R, P, (2.65)

5= 1

Now, we see that this action contains the GR and Maxwell’s theory coupled to
a scalar field. To make this clear, we have to put the action into a more familiar
form in which the coefficient of \/—gR is constant. Also in this form, the variation
is simpler and it yields the typical Einstein’s equations. This can be realized with
a conformal transformation under which both gysny and ¥ are rescaled. We apply a

standard result [27] stating that if two n-dimensional metrics, with n > 2, are related

through a conformal transformation such as
dun = Lgun & gV =2 gMN, (2.66)
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where () is a non-zero differentiable function, then their Ricci scalars have the following

relationship
R =Q7?R—2(n—1)Q3ung" — (n—1)(n — Q' QuQng"N. (267

With n = 5, we transform guyn — Gy = Q%Gan, then the term in the action
transforms as /—g¥'/2R — /—¢'R = /—g¥'/2Q3R. Thus, if we take Q = U~1/6,
we can put the action into the desired form. Inserting these into (2.67) yields the

transformed metric and the Ricci scalar

9w +VAA, VA,

Gy =0 s o | (2.68)
. . 4
R =W'3(R - 2\11_257”'/8”\1/8”\1/ + §\Il_1g’“’8wj\ll), (2.69)

where R is defined in (2.61). Using (2.68) and (2.69) in (2.14) and dropping the total

divergence, we find the low energy action

10,Yorw

o 4 v
S=—-——— [ dz/—g(R - 4\IJFWF“ + 6 02 ) (2.70)

We can regard the low energy sector of the KK theory as describing a massless scalar
coupled to gravity and electromagnetism. Starting with such a higher dimensional
theory, the process of obtaining a unified description for the effective four-dimensional
spacetime by considering small fluctuations around ground state is called dimensional

reduction.

2.3.7 The general dynamics

We now consider the motion of a classical point test particle of mass m in five-

dimensional spacetime having the action

M g N
Sm = m/dT gMN—F)l/Q, (2.71)

where 7 is the proper time. The motion is given by a five-dimensional geodesic equa-

tion
d?zM o dRN det

—_— —— =0. 2.72
dr? TN dr dr (2.72)

Using the effective theory metric (2.53), the geodesic equation becomes
i+ 0% 4 208, g + T30 = 0, (2.73)

16



Pt T a7aN + 2T, gt + Thsy® = 0, (2.74)

where dot refers to the derivative %. For the Killing vector K = KM9), = Oy, we

find the corresponding conserved quantity

dzM . .
KMT =C= VA" +Vy=C, (2.75)
7'

where C' is a constant. We know this is the first integral of (2.73). If we use (2.75)
in (2.74), the four-dimensional geodesic equation (2.74) becomes

d?xt p dx” da? " di)\ > Orw

q
d7'2+’”\d7' dr  m Mdr @ 2m2 02’

(2.76)

describing the motion of a particle with mass m and charge ¢ in the usual curved
spacetime, provided that C' = ¢/m. This determines the dimensions of C' as (A.s/kg).
If ¢v/167G is identified with the charge of the particle, then on the right of (2.76) we
see the usual Lorentz force plus an interaction with the scalar field V.

For a particle of mass m, the five-dimensional Lagrangian L contained in (2.71) is

o . dzM dzN
L=mguyn——

—_ 2.
dr dr’ (2.77)

by which we can calculate the conjugate five-momentum from the usual definition

A oL . S
Py = 53 = Pu = migunzY. (2.78)

Then the five-momentum becomes
Pu = mgui™ + Aups, (2.79)
ps = m(VANE* 4+ Ug) = ps = mC = q. (2.80)

This means that the electric charge is essentially the fifth component of the five-
momentum of a massive particle. In addition, (2.79) agrees with the generalized
momenta of a particle of charge ¢ interacting with an electromagnetic field, so we can
identify p,, with 7.

We can now continue the analysis of the fifth dimension by considering a complex

scalar field ¢(z#,y) in the five-dimensional space [10], with the following action
5= [ 2v/=ilomd) 0w ) (2:81)
whose equations of motion are
0p =0 and 0of =0. (2.82)
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By using the inverse metric (2.55) and the Fourier expansion of the field ¢(z#,y), we

obtain the following expression for the term in the action

2
n-o .
12 217 (2.83)

A 2
(On@)(Onp")g" N = ‘(% +i I‘j") @' + o

If we compare (2.83) with the standard form of the minimal coupling 9, — 9, —
iqnA,, we may identify the electric charge ¢, and the mass m,, of the nt" Fourier

mode ¢ (z#)e/L a5

7’L2

= (2.84)

n 2
Gn = — and m, =

L
Here, we notice that we can obtain a formula relating the radius of the extra dimension
with the elementary charge. After we scale the gauge field A, — (167TG)*1/2A# to

get the proper normalization, we find the elementary charge, for n = 1, as

6= 1§”G. (2.85)

If we could deduce the radius L from any other argument, we would have an explana-
tion for the quantization and the calculation of the numerical value of the elementary

charge e.

2.4 The Non-Abelian Generalization

We now again look at the case of a general KK theory in (4 + D) dimensions for
the non-Abelian extension. We expect the symmetries of the internal compact space
BP to yield the non-Abelian gauge symmetries in the massless low energy sector for

the effective observer in four dimensions.

2.4.1 The general metric

We now investigate the general structure of the space V4+P) [17]. Inspired by
the general structure of the vacuum space V0(4+D) = V% x BP, the general VD)
is assumed to have a fiber bundle structure, that is, a topological space which looks
locally like a direct product of two spaces, V4 x VP, where V* is the base manifold
and VP is the fiber. For every point z# of V4, we have a D-dimensional hypersurface
which is a Riemann space VP. By using this property of V*#+P) we can determine
the general form of the metric in V*#+P) We first set up both coordinate bases and

(44+D)

orthonormal bases in V/ , €4 =1{€n,éq} and ég = {ég, ég} respectively. Here, é,
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and €3 belong to V4 and others belong to V. We can express any coordinate basis
vectors in terms of the orthonormal basis vectors, é4 = (p AB éz+p ffég), where p’s
are components. Next, we demand that a displacement in the spacetime V* should
be orthogonal to the internal space V. The underlying physical foundation is that
a translation in the internal space VP should leave the metric of the physical four-

dimensional spacetime invariant. This is equivalent to saying that the expansion

€a = (paﬁ ez + plé;) in VP must contain only its orthonormal partner & in V7, i.e.
paﬂ = 0. Thus, a general p in matrix notation is as follows
7o
B Pa
Pa (I‘,y) = b b ) (286)
Po  Dq

and from pABqAC = 5@, its inverse qAB(a/:, y) is

A @ 4%
q'p(2,y) = (2.87)
0 q¢%
The metric of VD) can be written in terms of the components p
dap =pi’pS e (2.88)
and then the main blocks in G4p are
~ _a B r._s A~ cod
gy,l/ - pu py 77aﬁ +pu py 777’57 gua - pu pa 7,’Cd7
gay = pacpydncd and gab = pacpbdncd- (289)
Now, metrics of V4 and VP are
uv = pfpyﬁnaﬁ and Gab = pacpbdncd (290)

respectively. Thus, by using (2.90) and B% := q“bpab in (2.89), the general form of the

(4 4+ D)-metric becomes

Juv + gabBZBS B,Zgba

dan = b , (2:00)
g(leu Gab
and its inverse is given as
R g _Bagub
4B = b . (2.92)

~Bg"™ g™+ g“BLB;
Although this derivation is not entirely rigorous, the form of this metric is unique and
the full proof can be found in [8]. As it is seen, the form of the metric covers the one

we found for the five-dimensional KK theory.
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2.4.2 Residual coordinate transformations

The fiber structure of the 4 + D-dimensional space puts also a limitation on the
most general coordinate transformations, 2’ = 2/(z). If we look at the transformation

of po” under 2/ = 2/(2)

lokind oy°
p/aﬁ = ax,apg’g + mpaﬁ, (293)
we see that to guarantee the condition paﬁ = 0 of the previous section, we need to

allow only the coordinate transformations where y does not depend on z’

!/

7 =2(2) — 2 =2 (z) and ¢ =9/ (z,y). (2.94)

The components g,, and gq of the general metric (2.91) transform as a tensor in

V4*+D under the reduced coordinate transformations (2.94)

oz Oz dy¢ Oy
/ N / AN
guy(x) - Ba:’ﬂ axmg}\p(w) and gab(y) - 8y/a ay/bgcd(y)' (295)

The BY transform as follows under (2.94)

- B 2]
2.4.3 Isometries of the compact internal space
Infinitesimal general coordinate transformations in B is written as
Y =yt =y + 'Ky, (2.97)

where ¢ = 1, ..., n. If this transformation is an isometry, that is, preserving the form of
the metric g,p, the vectors K are Killing vectors and they satisfy the Killing equation
VoKip + VpKiq = 0.

We assume the compact space BP has a set of n linearly independent global Killing
vectors K¢, i = 1,...,n, where nis D < n < %D(D + 1) [14]. Thus, B” must have
a positive curvature scalar [23]. The Killing vectors have the following commutation

relations via the Lie bracket
(K3, Kj)* = f; K, (2.98)

where fiij,‘j = KfabK]@ — K;?ang. (2.98) forms the Lie algebra of the isometry
group G in BP, which will be identified as a gauge group in the effective low energy
sector. By choosing B appropriately, we can get almost any gauge group. This can
be done either by choosing B” as the group manifold of G or by choosing B” as a

coset space G/H so that its isometry group will be G.
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2.4.4 Non-Abelian gauge transformations

Now, we consider the following infinitesimal coordinate transformations in B
ot — 2" =P and y® — y'* =y + &' (2) K (y). (2.99)

Let the functions By, in the general metric (2.91) be in the form B, = Kz“(y)AL(x)
Then, by using (2.96), we can find the infinitesimal transformation of AL(:L‘) under

the coordinate transformation (2.99) as
Al = 0" () + [ Al ¥ (x). (2.100)

This is exactly an infinitesimal transformation of the non-Abelian gauge field with

respect to the gauge transformation of §y® = &'(z) K¢ (y).

2.4.5 Spontaneous compactification

KK theory can be regarded as a theory with spontaneous symmetry breaking where

(4+D) the group of general coordinate transformations in

the maximal symmetry of M
(44 D) dimensions, that is (4+ D)-dimensional Poincare group P44 py is spontaneously
broken to the product of the four-dimensional coordinate transformation group of V4

and the group of coordinate transformations in compact space BP.
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CHAPTER 3

KALUZA-KLEIN MONOPOLE

All grand unified theories in which an original semi-simple symmetry group G’
is spontaneously broken by a Higgs mechanism to a subgroup H including a local
U(1) necessarily contain soliton-like solutions [28, 29]. If this U(1) group is iden-
tified with the gauge group of electromagnetic theory, these solutions turn out to
be magnetic monopoles. The existence and classification of these monopoles can be
realized topologically by the first homotopy group of H, 7'(H), or equivalently by
the second homotopy group of (G'/H), w*(G'/H), because H is a subgroup of G'.
Similarly in KK theories, we know there is a kind of symmetry breaking in which
(4 + D)-dimensional Poincaré goup P**P has been spontaneously broken to P* x G
by means of the spontaneous compactification. Therefore, the existence of magnetic
monopoles in the KK theories is correspondingly related to the topology of gauge
groups G which is unified with gravity. If we assume the spacetime is locally M x X
where M is asymptotically flat and ¥ is a D-dimensional compact manifold, we can
determine the expected monopoles by examining the topological structure of space-
like infinity [14]. At spacelike infinity, the spacetime can be regarded as a G-valued
bundle over S? where G is the isometry group of ¥ and S? is the boundary of three-
dimensional space. Non-trivial bundles are classified by 7!(G) whose elements are
associated with the charge of the expected monopoles. For G = Sp(n), SU(n), Eg,
Er; or Eg, 7'(G) = 0, the non-empty 7(G) occurs for the groups G = U(n) and
G = SO(n). These are 7'(U(n)) = Z, the set of integers, and 7!(SO(n)) = Zs, the
cyclic group of order two, corresponding to monopoles of Abelian and non-Abelian

gauge theories, respectively.
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3.1 Abelian Kaluza-Klein Monopoles

3.1.1 The Sorkin-Gross-Perry monopole

We start now with the simplest one, Sorkin-Gross-Perry (SGP) monopole, which
is the first monopole found in the original five dimensional KK theory independently
by Sorkin [9] and by Gross and Perry [10] in 1983. We are searching for non-singular,
static and topologically stable solutions of the field equations Ryn = 0 of the five-
dimensional KK theory, which may describe the spatially localized lumps of matter.
The solution we look for will attain meaning in the original parametrization of the

general KK metric

gMN = Gpor T W Al WAy : (3.1)

VA, LG

For topological reasons, we naturally demand our solutions to approach the vacuum
solution at least locally, garv — 7fivn, at spatial infinity, 7 — oo. In our situation, this
corresponds to saying that our solutions will be asymptotically locally flat because of
our periodic fifth dimension in vacuum space structure, M* x S'. According to our
parametrization of the effective theory metric (3.1), the vacuum solution (2.22) is

characterized by

9w = Ny Ay =0 and ¥ =1. (3.2)

A static metric is defined as a metric that has a timelike Killing vector field K
which is orthogonal to spacelike hypersurfaces. In other words, for a static spacetime,

the metric components can be made to satisfy
8t§MN =0 and QON = 50]\7, (3.3)

by selecting an appropriate coordinate system, that is, the metric components are all
independent from the time coordinate ¢t and there are no cross terms involving dt. In

this way, the field equations can be reduced to
Rij = Rsj = R35 =0 (3.4)

by taking goo = —1. Thus, gy may split as gy = —dt® + gijdzidzj where
i,7 =(1,2,3,5) and, Ry and ﬁéON are automatically satisfied. This also corresponds
to choosing the Ag = 0 gauge. Now obviously, (3.4) implies that we are searching for a

solution to the four-dimensional Euclidean gravity with signature (+,+, +,+). Then

23



the only possible interpretation of y in four dimensions is to take it as a periodic Eu-
clidean time. We know that we can generate lots of solutions to these equations using
the Schwarzschild, Kerr or Taub-NUT metrics by Wick rotating the time coordinate
t — 47 to obtain the Euclideanized form. For instance, the simplest solution turns
out to be the Euclidean Schwarzschild metric

2m

2
—m)_ldr2+r2d62+r2 sin? 9d¢2+(1_T

d3® = —dt*+dsgoy = —dt*+(1- )dr?, (3.5)

r
where (r,0, ¢) denote the usual spherical coordinates. This metric has an Euclidean
character in the range r > 2m, therefore the r = 0 spacetime singularity is out of the
Euclidean range and the apparent coordinate singularity at » = 2m can be removed
by taking 7 as an angular variable with period 8mm, 0 < 7 < 8mm.

To identify our solution as a monopole, we expect the solution leads to a monopole
field in the effective four-dimensional spacetime in the form of Ay = 4m(1 — cos0)
having the Dirac-string singularity. Now, the Taub-NUT metric ds2TN provides this

form with the coordinates (7,7, 6, ¢)

1
ds%n = W(dr + 4m(1 — cos 0)do)? + ﬁ(d?ﬂ + r2df* 4 1% sin? 0dp?), (3.6)

r
r+4m’

where U = This metric depends on a parameter m which can be positive or
negative. For m > 0 case, ds?pN becomes a non-singular solution of the Euclidean
equation for the self-dual Riemann tensor (Rap,, = € N ﬂpy‘stgw) and it is interpreted
as a gravitational instanton [30]. Later, we will see that the parameter m is propor-
tional to the mass of the monopole.

Now, by replacing the 7 coordinate with our periodic coordinate y and adding the

—dt? in (3.6), we can write our solution explicitly as
d§? = —dt* + dshy = —dt* + (dy + 4m(1 — cos 0)dep)?
+$(dr2 + r2d6* + r* sin® 0d¢?), (3.7)
where (r,0,¢) are the spherical polar coordinates of the spatial part of the usual

four-dimensional spacetime. If we match our parametrization with this solution, all

components of A, except for A, vanish

Ay =4m(1 — cosb), (3.8)
leading to
dmr
E=0 and B:?, (39)
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which is that of a magnetic monopole.

A quick check of the solution (3.7) reveals that there may be two singularities, at
f = w and at r = 0. Firstly, the metric has a singularity as 8 — m, because the loop
formed by ¢ about § = 7 axis does not shrink to zero, namely, the term (1 — cos @)
does not go to zero. This corresponds to the Dirac-string singularity of the monopole.
To avoid this, we can make a change of coordinates y — 3’ = y + 8m¢ around the

0 = 7 axis, then the related part transforms as
dy + 4m(1 — cos 0)de — dy’ — 4m(1 + cos 0)dé, (3.10)

and the metric becomes regular here. However, with this coordinate set, we again
have the same singularity when § — 0. Therefore, we must use two sets of coor-
dinate systems to cover the whole space. For the northern hemisphere, we use the
set (t,7,0,¢,y) and for the southern hemisphere we use (¢,7,0,¢,y’). This way, we
see that the Dirac-string singularity becomes a coordinate singularity in the SGP
monopole. As for the second singularity, when r» — 0 the singular part of the metric

behaves like

4
Ldy2 + —m(dr2 + r2d6? + r? sin® 0dp?). (3.11)
4m r

If we let 7 = 72, then (3.11) becomes

2 7J22
dr'+ | — | dy

16
mn &m

+ 4mr'?(d6* 4 sin® dp?). (3.12)

Here, by considering the metric of a two-dimensional plane in polar coordinates ds? =
dr? 4+ r2dp?, we see that we can eliminate the singularity if we associate y/8m with
. To eliminate the singularity we assume that y is an angular variable with period
16mm. Therefore, we must identify 167wm with 27w L since our solution approaches to

the vacuum M* x S! for large 7, which leads to

(3.13)

00| b~

Now, the circle characterized by y shrinks to a point at » = 0. Moreover, the other
singularity seen in front of the dr? in (3.11) disappears too. Hence, we see that the

solution (3.7) is regular everywhere.
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3.1.1.1 Charge of the SGP monopole
To determine the magnetic charge of the monopole, we first scale the magnetic
field properly B — (167G)~/?B

1
v1enG

Then, the magnetic charge ¢ = 4m/v167G and from m = L/8, it becomes g =
L/(2V/167G). The charge g is fixed by the fifth dimension similar to the case of the

(3.14)

(167TG)_1/24mr]

r3

electric charge. Here, we see that if the quantization of the electric charge is dictated
by topology, it is possible to obtain a magnetic monopole. Lastly, by writing L in
terms of the electric charge from the discussion of the previous chapter (2.85), we see

that our monopole obeys the Dirac quantization rule:

- . 3.15
9= 15, (3.15)

3.1.1.2 Mass of the SGP monopole

For an asymptotically flat spacetime for which one has at least gap — nap+0(1/r)
as r — 00, we can calculate a conserved momentum belonging only to the gravitational
field by using the conserved energy-momentum pseudo-tensor of the gravitational

field [26], which is given as

1
tAB — _ a 8 A A14BACVD _ ’\ACABD i 3.16
oG9 pl(=9)(577 5" =577 57")] (3.16)

The corresponding conservation is provided by

0

%—B(—g)tAB =0, (3.17)

and the corresponding conserved quantities are given as
PA = / (—g)tA%av. (3.18)

In our five-dimensional SGP metric, there is nothing other than the gravitational field,
so we can calculate the mass P? of the monopole by using (3.18). At spatial infinity,

t9 is found as

1
190 ~ V(). 1
vi(g) (3.19)
Therefore, the mass of the monopole is
—27R 1 m
M:POZA/dS:EVQ =—. 3.20
TonC ($) =@ (3.20)
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Since, we know m in terms of G and e, we can determine the mass. Remember that we
already knew the fifth component of momentum would correspond to the conserved
charge. Now this can be verified by calculating the component P®. At spatial infinity,

we find t°° approximately as

1 1 . )
5027A782‘ ~ 80Az_81A0 —
oG TV )

3.1.1.3 Multi-monopole generalization

V.E

. 3.21
167G ( )

We can easily generalize the monopole solution to the static multi-monopole case.
Basically, our aim is to construct a metric that will contain a four-potential of an
arrangement of N monopoles sitting at r = r,, where n = 1,2,..., N. Firstly, ¥ is

calculated from

1 Y am
—=1+> : (3.22)
n=1

Next, the four-potential and the magnetic field is given as
1
8,' <\I/> = —EijkajAk; = Bi- (3'23)
Finally, the corresponding solution takes the form
- 1
d§? = —dt® + U(Aydz’ + dy)? + E(dﬂ + r2d6? + 2 sin? 0d¢?). (3.24)

Similarly, as long as y is periodic with 167m, this metric is regular everywhere. Be-
sides, since the monopoles do not interact with each other, the total mass of this
configuration is simply N M, where each one of the monopoles has the same mass
M. Here, we notice that we cannot construct this solution with monopoles having
different masses, because at each point r = r,, we would have a singularity which
could be eliminated with different periods imposed on y coordinate, to avoid all of
the singularities each monopole should have the same mass. We can also form the

analogous antimonopole solutions simply by changing the sign of B.

3.1.1.4 Gravitational mass of the monopole

Although, it was calculated the inertial mass of the monopole solution, the gravi-
tational mass of the monopole turns out to be zero [10]. This is evident from the form
of the solution metric, because the Newtonian force applied on a slowly moving test

particle, which is proportional to %vgoo vanishes. Therefore, all kinds of solutions
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have static geodesics which correspond to test particles sitting at rest with respect to
the monopole. More explicitly, these geodesics are in the form of 2°(7) = 7, x(7) = %o
and y(7) = yo, where the parameter used is the proper time 7. However, this is not
because the principle of equivalence is violated where we have preserved the general
five-dimensional covariance, this occurs because of the violation of Birkhoff’s theorem
in five dimensions.

Birkhoft’s theorem states that any solution of the field equations for a localized

lump in four dimensions reduce to the Schwarzschild metric at spatial infinity

oM oM
dsteg ~ —(1— T)dt2 + (1 - T)—1dr2 + r2d6* 4 1% sin® 0dp* (3.25)

so that Schwarzschild metric is the unique spherically symmetric solution. From (3.25),
we see that we have an inertial mass of M and a gravitational potential of %(900 +1) =
M/r. However, we see that this theorem is not true in KK theory. For instance, we
have two such independent spherically symmetric solutions, one is the Schwarzschild
solution (3.5) with goa = dpa and the other one is again Schwarzschild metric but this
time with gs4 = d54. Only for this last type of solutions, we have an equality between
the inertial mass and the gravitational mass. But, our monopole solutions are all the

first type.

3.1.2 Generalization to (4 + D) dimensions

The SGP monopole solution can be generalized to (4+ D) dimensions for given KK
theories whose vacuum structure is M4 x T, in which T has an Abelian isometry group.
Naturally, we again consider static metrics for these solutions. Such a generalization
was first made by Lee in 1984 [11, 12]. We start with the following metric in (4 + D)

dimensions
d5? = g (x")dzt @ dz” + D ap(2")0" © 6°, (3.26)

where ¢ is
0" = dy* + A/ (z")dz", a=1,..,D. (3.27)

Here, we note that if for example ®,, is taken to be diagonal, our compact manifold

becomes the D-torus, T = S' x 8! x ... x S'. Now, we impose the staticity and
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spherical symmetry conditions on the four-dimensional metric to obtain the following

metric ansatz
G (z)dx! @ dz¥ = —e2?M a2 4 A @2 4 240, (3.28)

To construct the monopole field, the following non-vanishing components of electro-

magnetic field strength tensor should read
FG,=g"sinf and F*" =p®(r). (3.29)
Finally, we make the following ansatz for &,

Pop(2") = (exp(2x(r)))ab- (3.30)

Under these, it was shown that the field equations can be completely integrated [12].
In five dimensions, the complete solutions, which correspond to all spherically sym-
metric monopoles, were obtained [31]. These solutions in general have gravitational
masses and are singular at the origin except in the SGP limit. Also in six dimen-
sions, the solutions were obtained by reducing the field equations to the Toda lattice

problem [11].

3.2 Non-Abelian Kaluza-Klein Monopoles

We now consider the monopole solutions in non-Abelian KK theories. By assuming
our gauge group to be SO(n), which makes our compact manifold S™, we can construct
monopole solutions to these non-Abelian theories. Such a construction was first made
by Perry in 1984 [14]. We assume the compact manifold ¥ to be S, which has constant

curvature and can be represented by a line element
ds% = dy® + sin® Ydx>. (3.31)
>’ has a set of three Killing vectors,

0 0
K'= —sinX@ — cotgbcosxa,
0 0 0
K? = COSX% —cotwsinxa and K3 = o (3.32)
For simplicity, we choose a gauge such that A = A? = 0. Next, we take the following

spherically symmetric metric in six-dimensions

ds® = —h%(r)dt* + ¢*(r)dr? + k*(r)(d6? + sin® 0d¢?)

+p?(r)[dp? + sin® ¥ (dx + pf(l;)?]. (3.33)
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If we choose A% = p(r)[q(r) cos §dp — s(r)dt], then this represents both a magnetic
q and electric s charged particle. Unless we define ¢ = § where n is an integer, the
string singularities along 1 = 0 or ¥» = 7™ occur. When n = 1 mod 2, the space is
topologically non-trivial, because it is homeomorphic to the twisted S? bundle over
52 at spatial infinity. Therefore, we can naturally expect Zo number of topological
excitations.

In such a theory, the compactification can be realized most easily by introducing
an auxiliary antisymmetric tensor field derived from an antisymmetric potential [19].
The tensor field can be four-indexed or two-indexed because of duality. However, there

are no monopole solutions with two-indexed case [14]. Therefore, it is assumed that

we have the following four-indexed tensor field
Fapep = ViaApep), (3.34)

where Apcp is a three-indexed antisymmetric potential. The action of the theory is

" 1 . AT R
S=——— /dﬁé 9] [(R— 9A) + = Fupop FABCD | (3.35)

167G 8

In [14], it was shown that with the chosen metric ansatz (3.33), there are solutions to

the corresponding field equations

) 1. o A LTI ;
Rap — §gABR + gapA =8nG(FacpeFp ODE _ ggABFCDEFFCDEF)- (3.36)
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CHAPTER 4

KALUZA-KLEIN MONOPOLE IN ADS SPACETIME

It is important to generalize the KK monopoles to spaces of non-zero constant
curvature namely, de Sitter (dS) and anti-de Sitter (AdS) spacetimes, for several rea-
sons such as the completeness of topic, the current theoretical interest in these spaces
thanks to the AdS/Conformal Field Theory (CFT) duality and the recent experimen-
tal data pointing out to a cosmological constant of dS type. For AdS spaces, there
are open hypersurfaces using which we can define magnetic flux, so that we expect
monopole solutions. In contrast, for dS spaces, since there are closed hypersurfaces
with a boundary, we cannot define the magnetic flux and do not expect the existence of
monopole solutions. In spite of this, we can expect neutral solutions such as magnetic

dipoles [16].

4.1 SGP Monopole in the AdS Background

Now, we start with a non-singular solution, the original SGP monopole in five
dimensions. We mostly follow the discussion made in a paper written by Onemli and
Tekin [16]. We want to find a solution which will characterize the SGP monopole
completely in a five-dimensional AdS spacetime. Therefore, we put a bunch of criteria
to be satisfied by the solution. First of all, we expect our solution to be asymptotically
locally AdS rather than asymptotically AdS, similar to the case of the SGP monopole,
because we again need to compactify the extra spatial dimension. Secondly, since we
know that as the cosmological constant A — 0, we should recover the Minkowski
spacetime in a continuous way, to claim that our solution is a true AdS analog, we
correspondingly expect our solution to reduce to the original SGP monopole in the
limit where again A —o. Thirdly, the solution should be static. Finally, as the

SGP monopole reduces to vacuum when its charge goes to zero, in the same zero
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charge limit, our solution should also reduce smoothly to the AdS vacuum, that is to

a background metric with A <o.

4.1.1 The no-go result in the five-dimensional AdS spacetime

For such a solution, one possibility inspired from the case of the SGP solution is
to use a four-dimensional gravitational instanton type space, such as the AdS-Taub-
NUT. However, in our case we can not form the solution from a direct product of time
coordinate with a gravitational instanton so that we could easily add time coordinate
to the instanton metric. Instead, the solution should be of the form of a warped

product metric

(ke 0
gap(2) = ’ (4.1)
0 h(t)gab('ra 07 (bv y)

where a,b = {1,2,3,4}. However, this introduces an explicit time dependence in the
metric like a cosmological solution, hence we skip this option.

Another way which we will follow is to first search for a suitable background metric
of a five-dimensional spacetime in which a static SGP monopole can be defined. In
this search, the topology of the background will be essential in the sense that one of
the spatial dimensions should be compactified on a circle with an arbitrary radius. In
addition, this background has to be an Einstein space with a negative cosmological

constant A = —2L2, satisfying the field equations:
Rap = —2L%jp. (4.2)

In five dimensions, the standard solution of (4.2) is the maximally symmetric AdSs

spacetime, which can be written in static form as
ds? = — cosh®(Lr/v/2)dt? + dr® 4 (2/L?) sinh?(Lr/v/2)dQs, (4.3)

where the metric on S? can be taken as d23 = di)? +sin? 1 (d6? +sin? 0d¢?). However,
it is impossible to interpret this metric as a suitable background, since we cannot
compactify any one of the v, 8 or ¢ coordinates on an arbitrary circle, they are all
fixed by the condition of being Einstein space. In addition, since the magnetic field of
our solution should spread radially in three non-compact spatial dimensions, we expect
for the effective four-dimensional part of the solution to contain an explicit spatial part

of the AdS3z form. As seen, there is no way to extract AdSs from (4.3). We therefore
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assume the topology of the background to be a product space AdSsx AdSs in the form
d3? = (=1/2)e 2202 4 dy? + dr® + (1/L%) sinh®(Lr)dQs, (4.4)
whose AdSy and AdS3 parts are
ds? s, = (—1/2)e 22042 4 dy? and ds? g, = dr? + (1/L%) sinh?(Lr)d<s,

where dQy = d#? + sin? #d¢? and y is the compact extra dimension. Here, we see that
the spatial part of spacetime is characterized only by the AdSs part.

For the moment, we can make a prediction about the required form of the magnetic
field in AdS3. This form is evident from the term in front of the metric on two sphere
S? in (4.4). By comparing this with the vacuum of the SGP monopole, we conclude

that the form of the field is

AmL*#
sinh?(Lr)’
As L — 0, this B 445 reduces smoothly to the field of the flat SGP monopole case.

Baas = (4.5)

B 445 actually represents an Abelian hyperbolic monopole [32, 33]. We see that by
the conservation of magnetic flux, the total lux ® = f B 445.ds should be the same
both in flat case and AdS case. The total magnetic flux of hyperbolic monopole at a
great distance is found as ® = 16wm, which is the same as that of the SGP monopole.
Hence, the argument above becomes concrete. In addition, the basic form of the
four-potential is preserved with B 44g.

Now, we write the most general static ansatz metric on our assumed background

(4.4) in the following form:

45 = (~1/2)a2(r, y)e 22 Mde + 12 (r,y) [dy + 4m(1 — cos 6)dg]?

+v?(r,y) [dr® + (1/L?) sinh®(Lr)d<s] . (4.6)

We expect that there exists a solution in this form which can solve the field equations
(4.2) with our constraints. Applying these constraints, in the limit m — 0 to return

to the background metric (4.4), we should have
a*(r,y) = b (r.y) = v*(ry) — 1, (4.7)
and in the limit L — 0 to reach the SGP monopole, we should also have
a*(r,y) — 2 and b 2(r,y) = v*(r,y) — 1 +4m/r. (4.8)
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To identify the three unknown functions a, b and v, we will utilize the following three

vanishing components of the Ricci tensor

~ 8m2L%?(1 — cosH) [8yv dya

= 3— +V2L 4.9
oy sinh?(Lr)v? sin 0 } (4.9)

v a

g = L0 (00 OBy

sin ¢ a
2m(1 — cos 0)? 16m>L2b? (8 v Oya >}
- . ————3—+\TL 4.10
[ sin 6 sinh?(Lr)v? \ v a (4.10)

Ry = ? <8TC(LZZU) + a’"ézv) > - 287"291) +V2L C(L%b) ;%b// 88;’;) =0. (411)

We see that (4.9) reduces to

[8?/“ Oya 3+fL] (4.12)

v a

and if we put this equation in (4.10), then we get

a

[iaya_Fayv_Fab_\@L] = 0. (4.13)

Now, from (4.12) and (4.13) we find b in terms of a

y 1/2
br,y) = (” 9““)) , (1.19)

a(r,y)

where ¢(r) is an arbitrary integral constant. Then by using (4.14) in (4.12), we find v

LY 1/2
v(r7y)=<m> , (4.15)

in terms of a as

a(r, y)g(r)
where k(r) is again an integral constant. Finally, after using b(r,y) and v(r,y) in

(4.11), it becomes
3 0ra(r,y) y)

3 a(np)? [\[La(r y) — Oya(r, y)] =0. (4.16)

This generates two possibilities for a(r,y), which are
a(r,y) = e\/ﬂys(r), (4.17)

and

a(r,y) = a(y). (4.18)
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Thus, we obtain two different sets of solutions for the metric ansatz according to

the value of a. The first general solution, obtained by using (4.17) is

45 = (1))t + 9y am(1 — cos6)do”

o [dr? 4 (1/L?) sinh®(Lr)dQs] . (4.19)

However, it is seen that there is no way to restore the background metric in the limit
m — 0. One of the most apparent reasons is that the term in front of dt?> does not

have a y dependence. Next, the other general solution, obtained by using (4.18) is

ds? = (~1/2)a?(y)e ?V?Lvar? + W [dy + 4m(1 — cos 0)d¢)?
e‘/ﬂyk‘(r) ) .
g [dr® + (1/L?) sinh*(Lr)dQs] . (4.20)

However, this solution also does not allow us to recover the background metric. This

is seen in the limit m — 0 (4.7), where we should have

lim, a®(y) = 1, (4.21)
and for b(r,y) and v(r,y),
V2Ly V2Ly
im & 90) 1 and tim SR (4.22)
m—0  a(y) m—0 a(y)g(r)

It is obvious that all of these limits can not be satisfied simultaneously. Since (4.22),
a(y) — (1 or —1), there is no way to realize the desired limits (4.22) without any y
dependence at least in the function g(r).

Consequently, it turns out that in five-dimensions there is no monopole solution
which smoothly reduces to the SGP monopole in the form of the chosen ansatz (4.6).
The topology of the chosen background does not allow for a monopole-like solution.

Basically, it seems impossible to construct a background which is close to AdSy
by using AdSs, since in AdS spacetime we cannot change the topology as easily as
in the Minkowski case, where we could change it by compactifying one of the spatial

dimensions of MP.

4.2 Monopole in the Six-Dimensional AdS Spacetime

Now, we turn to the same problem in six dimensions by using two extra dimensions

y and z this time. We take our background vacuum metric again as a direct product
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space of AdSyox AdSy, in the following form
ds? = —e7 2124t 4 d2? + ; [dr® 4 (1/L?) sinh®(Lr)dQs + cosh®(Lr)dy?],  (4.23)

whose AdSy and AdSy parts are

3

1
ds?AdS2 = e 2L%qt? + dz* and ds?yg, = 5 dr? + Iz sinh?(Lr)dQg + cosh?(Lr)dy?| ,

where again dQs = df? + sin? d¢?. Both parts have one extra dimension which can
be compactified on an arbitrary circle. This time the spatial AdS3 which supports
the monopole is embedded in the AdS, part, and therefore we again assume the same
form of the magnetic field (4.5) for the hyperbolic monopole.

We write the following static metric ansatz
L 4?4 (1)) sinh®(Lr)d,]

vir) (4.24)
+ cosh?(Lr)V (r) [dy + 4m(1 — cos 0)d¢]?].

ds? = —e 224 + d2% + gHQ(’F)[

The four-dimensional part (1,6, ¢,y) above completely resembles the spatial part of
the flat case monopole. This four-dimensional part of the metric was studied before
by Pedersen [34], who found that the staticity and spherical symmetry leaves just two
functions, H(r) and V(r). The m — 0 and L — 0 limits of these functions should
read

H(r)=V(r) -1 and H(r) —1 (4.25)

respectively. In the magnetic field, since r has been replaced by sinh(Lr)/L, from the

value of V(r) in the flat case, we can take the ansatz for V(r) as

1 4mL
m =1+ m (4.26)

From the field equations, H(r) is then found as follows

1

H(r) = .
(") = T snh(Tr)

(4.27)

Therefore, in six dimensions we find the monopole with all the desired properties as

3 4dmL

a2 —2Lz 342 2 2
d87 = e Tl A de 2[1 — 4mL sinh(Lr)]? 3+ sinh(Lr))[dT (4.28)
+(1/L?) sinh?(Lr)dS) + cosh?(Lr)(1 + m)—l [dy + 4m(1 — cos 0)d¢]?].

This solution, which is asymptotically locally AdS, describes a monopole sitting at

rest at r = 0. We see that there is a singularity at » = 0, but it is absent if we
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make y to be periodic with period 16mm. Thus, for regularity of the metric we should
compactify one of the coordinates. There is also a coordinate singularity and we cover
the whole space again with the two coordinate sets. The curvature invariants indicate

that the metric is non-singular.
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CHAPTER 5

CONCLUSION

In this thesis, we have made a general review of Kaluza-Klein theories and its
monopole solutions. These cover both Abelian and non-Abelian versions. We have
especially given emphasis on the five-dimensional Kaluza-Klein theory and its reg-
ular, static and spherically symmetric soliton solution, namely, Sorkin-Gross-Perry
monopole [9, 10]. We have then discussed the monopole type solutions in the anti-de
Sitter spacetime, especially again the counterpart of Sorkin-Gross-Perry monopole [16].
We have seen that there is no monopole type static solution which can describe the
Sorkin-Gross-Perry monopole in the five-dimensional anti-de Sitter background. We
can however construct the monopole solutions in the anti-de Sitter spacetime by re-
laxing some of the conditions we have put on the solution such as staticity or the

number of dimensions.
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