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ABSTRACT

RF COIL SYSTEM DESIGN FOR MRI APPLICATIONS IN
INHOMOGENEOUS MAIN MAGNETIC FIELD

Yilmaz, Ayhan Ozan
Ms, Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. B. Murat Eytiboglu

June 2007, 146 pages

In this study, RF coil geometries are designed for MRI applications using in-
homogeneous main magnetic fields. The current density distributions that can
produce the desired RF magnetic field characteristics are obtained on prede-
fined cubic, cylindrical and planar surfaces and Tikhonov, CGLS, TSVD and
Rutisbauer regularization methods are applied to match the desired and gen-
erated magnetic fields. The conductor paths, which can produce the current
density distribution calculated for each surface selection and regularization
technique, are determined using stream functions. The magnetic fields gen-
erated by the current distributions are calculated and the error percentages
between the desired and generated magnetic fields are found. Optimum con-
ductor paths that are going to be produced on cubic, cylindrical and planar
surfaces and the required regularization method are determined on the basis

of error percentages and realizability of the conductor paths.

The optimum conductor path calculated for the planar coil is realized and

in the measurement done by LakeShore 3-Channel Gaussmeter, an average

v



error percentage of 11 is obtained between the theoretical and measured mag-
netic field. The inductance values of the realized RF coil are measured; the
tuning and matching capacitance values are calculated and the frequency char-
acteristics of the system is tested using Electronic Workbench 5.1. The quality
factor value of the tested system is found to be 162.5, which corresponds to a
bandwidth of 39.2 K Hz at 6.387 M Hz (operating frequency of METU MRI

system).

The techniques suggested in this study can be used in order to design and
realize RF coils on predefined arbitrary surfaces for inhomogeneous main mag-
netic fields. In addition, a hand held MRI device can be manufactured which
uses a low cost permanent magnet to provide a magnetic field and generates
the required RF field with the designed RF coil using the techniques suggested
in this study.

Keywords: Magnetic Resonance Imaging, Rf Coil Design, Inhomogeneous
Main Magnetic Field, Rf Field, Stream Functions, Basis Functions, Method of

Moments, Surface Current Density



Oz

HOMOJEN OLMAYAN ANA MANYETIK ALANDA MANYETIK
REZONANS GORUNTULEME ICIN RF SARGISI SISTEMI TASARIMI

Yilmaz, Ayhan Ozan
Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii
Tez Yoneticisi: Prof. Dr. B. Murat Eyiiboglu

Haziran 2007, 146 sayfa

Bu caligmada, homojen olmayan ana manyetik alanlarda kullanilmak iizere
RF sargisi geometrileri tasarlanmigtir. Istenen RF manyetik alan karakterini
olugturabilecek akim yogunlugu dagilimi, 6nceden tanimlanmig kiibik, silindirik
ve diizlemsel yiizeylerde Momentler Yontemi kullanilarak elde edilmis, elde
edilen akim yogunlugu dagilimlarinin yarattigi manyetik alanin istenen alana
yaklagtirilmasi igin Tikhonov, CGLS, TSVD ve Rutisbauer diizenlilestirme
yontemleri uygulanmig, her bir yiizey secimi ve diizenlilestirme yontemi icin
hesaplanan akim yogunlugunu olusturabilecek iletken sekilleri Aki Fonksiy-
onlar1 kullanilarak belirlenmigtir. Elde edilen akim yogunlugu dagilimlarinin
olugturdugu manyetik alanlar hesaplanmig, hesaplanan alanlar ile olugturulmak
istenen alanlar arasindaki hata yiizdeleri hesaplanmistir. Hata ytizdeleri ve
iletken gekillerinin hayata gecirilebilme kolayligi goz oniinde bulundurularak;
silindirik, kiibik ve diizlemsel yiizeyler tlizerine yerlestirilmek iizere optimum
iletken sekilleri belirlenmisg, bu sekilleri elde etmek icin kullanilmasi gereken

diizenlilegtirme yontem ve parametreleri belirlenmistir.
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Elde edilen sonuclardan diizlemsel yiizey i¢in hesaplanan iletken sekli gergeklestirilmis,
teorik olarak hesaplanan manyetik alan ile LakeShore 3 Kanalli Gaussmetre
kullanilarak olgiilen manyetik alan arasinda 11 ortalama hata yiizdesi elde
edilmistir. Gergeklestirilen RF sargisinin indiiktans degerleri 6l¢iilmiig, ayarlama

ve esleme kapasitor degerleri hesaplanmig, Electronic Workbench 5.1 kullanilarak

elde edilen sistem test edilmigtir. Test edilen sistemin kalite faktor degeri 162.5
olarak belirlenmistir. Bu deger 6.387 M Hz’te (ODTU MRG sistemi ¢aligma
frekansi) 39.2 K H2z’lik bir bant genigligine kargilik gelmektedir.

Bu ¢aligmada onerilen teknikler kullanilarak homojen olmayan bir ana manyetik
alanda kullanilabilecek RF sargilari, onceden tanimlanmig ytizeyler tizerinde
tasarlanip gerceklestirilebilir. Ayrica geligtirilen sargi sayesinde kalici miknatis
ile yaratilan manyetik alanlar kullanilarak elde uygulanabilecek taginabilir bir

manyetik rezonans goriintiileme cihazi tasarlanabilir.

Anahtar Kelimeler: Manyetik Rezonans Gortintiileme, Rf Sargisi Tasarimi,
Homojen Olmayan Ana Manyetik Alan, RF Alani, Aki Fonksiyonlari, Taban

Fonsiyonlari, Momentler Yontemi, Yizey Akim Yogunlugu
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CHAPTER 1

INTRODUCTION

Magnetic Resonance imaging is a tomographic imaging technique that pro-
duces images of internal physical and chemical characteristics of an object
from externally measured nuclear magnetic resonance (NMR) signals. The
first successful nuclear magnetic resonance (NMR) experiment was made in
1946 independently by two scientists in the United States. Bloch et al [1, 2]
and Purcell et al [3], found that when certain nuclei were placed in a magnetic
field they absorbed energy in the radio frequency range of the electromagnetic
spectrum, and re-emitted this energy when the nuclei transferred to their orig-
inal state. The strength of the magnetic field and the radio frequency matched
each other as earlier demonstrated by Joseph Larmor and is known as the Lar-

mor relationship.

In 1973, Paul Lauterbur described a new imaging technique [4]. This referred
to the joining together of a weak gradient magnetic field with the stronger main
magnetic field allowing the spatial localization of two test tubes of water. He
used a back projection method to produce an image of the two test tubes. This
imaging experiment moved from the single dimension of NMR spectroscopy to
the second dimension of spatial orientation being the foundation of Magnetic

Resonance Imaging (MRI).

Raymond Damadian demonstrated that a NMR tissue parameter (termed T1

relaxation time) of tumor samples, measured in vitro, was significantly higher

1



than normal tissue. The first whole body image is published by Damadian et
al [5] in 1977.

Clinical MRI uses the magnetic properties of hydrogen and its interaction
with both a large external magnetic field and radio waves to produce highly
detailed images of the human body. Conventional MRI relies upon highly ho-
mogeneous magnetic fields and linear gradient field. In this thesis, designing

RF coils for inhomogeneous fields is studied.

MRI using open imaging systems is discussed in several studies. Balibanu et
al [6] simulated the NMR signal and investigated the effect of pulse sequences
for a hand held NMR-MOUSE (mobile universal surface explorer) composed
of a permanent magnet which was modeled as surface elements and an RF

coil, which was modeled as set of circles.

Anferova et al [7] measured the dead times for NMR signals for an NMR-
MOUSE hardware setup composed of a permanent with two poles, set of
straight wires serving as a gradient coil between the poles, and spiral shaped
RF coil placed parallel to the magnet’s pole surfaces. Casanova and Bliimich
[8] obtained a two dimensional image using a similar structure with an addi-
tional gradient field. Improving the study of Casanova and Bliimich, Perlo et

al [9] achieved 3D imaging with the single sided sensor.

Bliimler et al [10] designed a similar hand held NMR device introducing an
additional sweep coil to enhance the static field of the permanent magnet and
obtained two dimensional images on planes normal to the permanent magnet

pole surface.

All the studies stated above utilized the inhomogeneous magnetic field as the
main magnetic field. However, they either tried to produce a magnetic field as

homogenous as possible or selected a particular region where the main field did



not relatively vary. On the contrary, Prado [11] worked in an inhomogeneous
main field without the effort of selecting a relatively homogeneous region and
measured echo signals with a circular RF coil, which he connected to a relay
controlled unit that could switch to different capacitor connections so that the
coil could be tuned to different frequencies matching the magnetic field ampli-
tude values. However, he did not worry about the magnetic field produced by
the coil or obtaining an image by spatial encoding. RF field, in these studies,
are desired to be homogeneous and perpendicular to the main field, but the
concern on RF coils only consisted of forming a coarsely perpendicular field to
the main field by placing the coil on a perpendicular plane in spiral or circular

structures.

While most of the studies on MRI in inhomogeneous fields approach the inho-
mogeneity as a defect to be amended, there are some studies that make use of
the inhomogeneity. Thayer [12] and Yigitler [13] simulated MRI making use
of inhomogeneous main magnetic fields. In Yigitler’s study an inhomogeneous
RF field is used in order to excite the spins and two dimensional images are

obtained by the simulation.

Studies on the optimization of coil shapes are usually carried out for con-
ventional MRI applications. There are two main kinds of RF coils, volume
coils and surface coils. Volume coils include Helmholtz coils, saddle coils, and

birdcage coils. Volume coils can be used as either transmit or receive coils.

The most common RF coil for volume imaging in MRI, is the RF birdcage
coil which encloses the imaged volume allowing open access from the top and
bottom sides. The birdcage coil was first introduced by Hayes et al [14]. The
studies of Tropp [15], [16] on birdcage coils form a basis for RF coil improve-
ments in MRI. Doty et al [17] developed a new class of RF volume coil denoted
as Litz coil, improving the tuning range, homogeneity, tuning stability and

sensitivity compared to birdcage coils. To allow greater access to the imaged



volume, it is advantageous to design an RF coil with more open sides, such as

in front as well as top and bottom.

One of the first open RF coils was designed by Roberts et al [18], who used
longitudinal wires on two parallel plates as the coil and obtained images of the
human abdomen in axial and sagittal planes. Open birdcage coils have been
designed by breaking the two end-rings at the zero current points and then
using half of the coil to generate the magnetic field [19], [20]. A U-shaped coil
was also investigated for the different directional modes using the half-birdcage
principle [21]. Alternatively, dome-shaped RF coils have been designed to en-
close only the top half of the imaged volume [22], [23].

Surface coils have high SNR, but a small field of view (FOV). To improve
signal coil design, arrays of surface coils are used [24], [25]. This increases the
FOV without decreasing SNR. In order to improve the quality factor, SNR and
radiation loss of the surface coils, microstrip and high temperature conducting

materials of various alloys have been used for surface coils.

Lee et al [26] used an array of parallel microstrips with a high permittivity
substrate. Zhang et al [27] developed a microstrip spiral coil that reduced the
radiation loss and perturbation of the sample loading to the RF coil compared

to conventional surface coils.

Ma et al [28], [29] developed and fabricated circular High-Temperature Su-
perconductor (HTS) coils made from Y BCO(Y BayCuzO7;— Yttriumbarium
copperoxide) thin films on two inch LaAlO3(LanthanumAluminate) substrates
with chemical etching techniques and achieved better quality factors and im-

age qualities compared to spiral copper coils and volume coils.

Ginefri et al [30] compared a spiral HTS coil made with Y BCO supercon-

ductor on LaAlO3 substrate with copper coil of same shape varying the sizes,



temperatures of the coils and size of the sample. They proved a range of 4.1-
11.4 fold improvement in SNR over that obtained with the room-temperature

copper coil.

The open RF coil designs stated above are generally modifications of volume
coils or variations of simple circular, spiral or circular geometries. The coil
shape is usually fixed at the beginning of each study and the variables such as
the materials of coil fabrication, the dimensions of the conductor, the number
of turns for a spiral or size of the gap between conductors are aimed to be
optimized. Also the quantities that are desired to be improved are usually
quality factor and SNR values rather than the magnetic field produced by the

coil.

Using an inverse approach can broaden the limits of the coil design prob-
lem in the sense that the coil shape can be determined based on the desired
quantities rather than determining an initial coil and measuring how close the

quantities are to the desired ones.

One of the first studies that used inverse approach to design coils was per-
formed by Martens et al [31] who designed the conductor contours on two
parallel planes for a gradient coil based on the magnetic field that is desired

to be produced by the coil.

Later Fujita et al [32] extended the inverse approach to optimize wire patterns
of a cylindrical RF coil by quasi-static approach based on SNR and magnetic
field of the coil.

The studies carried out by Lawrence et al [33], [34], While et al [35] and
Miiftiiler et al [36] obtained current distribution on cylindrical surfaces by
inverse approach, discretized current density using Method of Moments and

obtained conductor patterns using stream functions. The images obtained by



Lawrence et al [33], [34] proved averaged SNR and better homogeneity com-

pared to birdcage coils.

This thesis outlines the design of an open RF coil using the time-harmonic
inverse approach, as an extension to and modification of the technique out-
lined in [19]. This method entails the calculation of an ideal current density
on arbitrary surfaces that would generate a specified magnetic field. Different
regularization techniques are used to match the generated magnetic field and
the desired magnetic field. The stream-function technique is used to ascertain

conductor pattern.

The design approach used in this thesis differs from previous designs by using
a modification of the time-harmonic inverse approach to calculate the current
required to generate the specified field. Also, differing from previous designs,
this work aims to design an RF coil that can be utilized in MRI applications
that use an inhomogeneous magnetic field as the main field. Therefore, the
magnetic field that is specified to be generated by the RF coil is required to

be also inhomogeneous.

1.1 Background

A nucleus with a non-zero spin creates a magnetic field around it, which is
analogous to that of a microscopic bar magnet. Physically, this is called nuclear
magnetic dipole moment or magnetic moment. Spin angular momentum J and

magnetic moment vectors ji are related such that

ji=vJ (1.1)

where ~ is a nucleus-dependent physical constant called gyromagnetic ratio.
Although the magnitude of /i is constant under any conditions, its direction

is completely random in the absence of an external field. In order to activate



macroscopic magnetism from an object, it is necessary to line up the spin
vectors. In conventional MRI, this is accomplished by a strong homogeneous

one directional external magnetic field of strength By.

By = Bok (1.2)

where k is the unit vector in 2 direction. According to mechanics, the torque
that ji experiences from the external magnetic field is given by fi x BOE which
is equal to rate of change of its angular momentum.
dJ -
— = [i X Byk 1.3
di K 0 (1.3)
It is concluded that the angular frequency of nuclear precession is

which is known as Larmor frequency and precession of ji about By is clockwise
if observed against the direction of the magnetic field [37]. In order for the
spins to produce signals, they should be flipped onto the transverse plane.
This is performed by a rotating RF field, which is perpendicular to the main
magnetic field. For conventional MRI, main magnetic field is in the z direction.
Therefore, the effective RF excitation field is modeled as a field oscillating on

the transverse plane in clockwise direction perpendicular to the main field:

-

Bi(t) = Bi(t)[cos(wypt 4 )i — sin(w, st + ©)]] (1.5)

where Bf{(t) is the envelope function, w;, s is the carrier frequency and ¢ is the

initial phase angle [37].
The resonance condition for the RF field is that it should rotate in the same
manner as the precessing spins, in other words

Wy f = W (1.6)

When Bloch Equation for the rotating frame is considered [37] under the as-
sumption that the duration of the RF pulse is short compared to 77 and T3
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relaxation times, the motion of the bulk magnetization can be expressed as

—

oM - >
W = Y Mot X Bf(t)@ (17)

where M, is the magnetization vector in rotating frame of reference and ~ is

the gyromagnetic ratio.

Under initial conditions M,/ (0) = 0, M,(0) = 0, M.,(0) = M?, magnetization

vector components at time t can be expressed as

M, (t)=0 (1.8)
My (t) = M?sina (1.9)
M,/(t) = M? cos (1.10)
where
t
o= / ~BS(t)dt (1.11)
0

If a rectangular RF pulse of duration 7, is considered, the flip angle is
o =BT, (1.12)

which indicates that the flip angle of the magnetization vector is determined
by the duration and strength of the RF pulse. If a linear relation is assumed
between the flip angle and the RF field strength, which is known as small flip
angle approximation [38], then the flip angle of the spins resonating with w of

deviation from w,r is
f _ F{B{()}(w)
F{Bi(t)}(0)

If a rectangular RF pulse of duration 7, is considered, spins resonating at a

a(w) a(0) (1.13)

frequency range of |w — w, | < i—: are excited by the RF pulse. This indicates

that rectangular pulses with long duration are more selective.

Gradient fields, which are special kinds of inhomogeneous fields that provide

linearly varying magnetic fields along a specific direction, are used to select

8



slices to be excited and to localize spatial data by frequency and phase encod-
ings. In conventional MRI three gradient coils are used in order to provide
varying magnetic fields along x, y and z directions, which make it possible to

excite or localize objects point wise in 3D space.

The main idea in the application of homogeneous main magnetic field and
linearly varying gradient fields in conventional MRI is to align all spins in a
controlled manner and vary the precession frequencies with a known, linearly
changing, controlled inhomogeneity so that spins within slices, strips or points
of a three dimensional object can be discriminated with a relation between

precession frequency and spatial location.

1.2 Objectives of the Thesis

Objectives of this study are listed as follows:

e Determine four arbitrary surfaces which the RF coil is going to be pro-

duced on.

e Model an inhomogeneous main magnetic field and determine the RF field

that is desired to be generated by the coil based on the main field.

e Model the current density and magnetic field relations in the form of
Fredholm integral equations and use inverse approach to obtain current

density distributions on each selected surface.

e Discretize the current density distribution to solve the problem as a ma-
trix equation and use four different regularization techniques to match

the generated magnetic field and the desired magnetic field.

e Obtain current flow paths for each surface selection and regularization

technique using stream functions.

e (Calculate the error percentage between the generated and desired mag-

netic field for each surface selection and regularization technique.



e Compare the error percentages and current flow paths and determine the
optimum surface and regularization technique so that the error percent-

age is minimum and the current path is realizable.

e Fabricate the optimum planar coil and measure the magnetic field pro-

duced by the coil.

e Simulate the required circuitry to tune and match the coil to operate at

6.378 M Hz in order to be used in 0.15 T'esla METU MRI system.

1.3 Outline of the Thesis

A short introduction on existing MRI modalities and a brief background of
MRI principles is presented in Chapter 1. The theory of the methods used in
order to determine the RF coil structure is presented in Chapter 2. The im-
plementation of the methods represented in Chapter 2 is presented in Chapter
3 for the RF coil design problem in inhomogeneous main field using various
target and source field definitions. The experiments carried out based on the
simulations and the results of these experiments and simulations are discussed

in Chapter 4.
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CHAPTER 2

RF Coil Design in Inhomogeneous Main

Fields Using Method of Moments

This chapter presents the relation between current density and magnetic field
using Maxwell equations and techniques for reducing functional equations to
matrix equations using method of moments. Regularization methods are in-
troduced in order to solve ill-conditioned matrix equations formed by method
of moments. Finally, stream functions are represented, which are used to de-

termine current paths for current density solution.

2.1 Method of Moments (MoM)

MoM is used to provide a unified treatment of matrix methods for comput-
ing the solutions to field problems. The basic idea is to reduce a functional
equation to a matrix equation, and then solve the matrix equation by known
techniques. These concepts are best expressed as linear spaces and operators

[39]. For this study, inhomogeneous type of equations,
L(f)=g (2.1)

are considered, where L is a linear operator, g is the source or excitation (known
function), and f is the field or response (unknown function to be determined).
By the term deterministic we mean that the solution to (2.1) is unique; that

is, only one f is associated with a given g. A problem of analysis involves the

11



determination of f when L and ¢ are given. A problem of synthesis involves a
determination of L when f and ¢ are specified. In this study we consider only

the analysis problem.

2.1.1 A General Solution Procedure

Consider the inhomogeneous equation 2.1. Let f be expanded in a series of

functions fi,f2, f3, ... in the domain of L, as
f= Z U fn (2'2)

where «,, are constants. f, are called expansion functions or basis functions.
For exact solutions, 2.2 is usually an infinite summation and the f,, form a
complete set of basis functions. For approximate solutions, 2.2 is usually a

finite summation. Substituting 2.2 in 2.1, and using the linearity of L, we have
L(f) =) anll(fa) =g (2.3)

It is assumed that a suitable inner product (f, g) has been determined for the

problem. Now define a set of weighting functions, or testing functions wy,ws,

ws, ... in the range of L, and take the inner product of 2.3 with each w,,. The
result is
L(f) =) (W, anLfn) = (W, g) (2.4)
where m=1, 2, 3, .... This set of equations can be written in matrix form as
[Tonnl[ctn] = [gm] (2.5)
where

12



<’U)1, Lf1> <w1, Lf2> <w1, Lfn>
<w27Lf1> <’LU2,Lf2> <w2aLfn>

(W, Lf1) (W, Lfa) . (wWp, Lfy)

(Wi, g)

If the matrix [T is nonsingular its inverse [T!] exists. The «,, are then given

by

[otn] = [Tn] 9] (2.9)

and the solution for f is given by 2.2.

2.2 Maxwell Relations

The four differential equations that are valid in every point in space for linear,

non-magnetic, isotropic medium are

. OB

. Y5,

H = —_— 2.11
V x Js T ( )



<1
D.:Jl .Gl
T
oD

which are called Mazwell equations [40] and where

Udi Bl
I I
=

T 811

~
I
S
el

The magnetic field B can be expressed in terms of a vector potential,

—

B=VxA

—,

(2.12)

(2.13)

(2.14)
(2.15)

(2.16)

(2.17)

due to the identity V- (V x A) = 0 using equation 2.13. Combining equations

2.11, 2.14, 2.15, 2.16 and 2.17 yields

. . oF -
VXVXA:,UJO'E—FMSW—MJS

Combining equations 2.10 and 2.17 yields
.94
\Y EFE4+—1]=0
X ( + N )
and the electric field can be expressed as

, OA
E=-Vo-—

(2.18)

(2.19)

(2.20)

Using the identity V x (V¢) = 0, where ¢ constitutes for the potential function

in equation 2.20, substituting equation 2.20 into 2.18 and using the identity

VXxVxA=V-(V-A)-V24,
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V. (V : ff) — VA=V {— (,uaqb + usg—f)} — ,ua%—f - ;wa;—t? (2.21)
If we choose Lorenz gauge valid for uniform medium
V-A=— (;mqb + ueg—f) (2.22)
equation 2.21 takes the form
VA — ,ua%—f — pa%z—f = —,uj; (2.23)

where Jz is the source current. If A has exponential characteristics (e/*?),

equation 2.23 can be expressed as,

VA4 KPA=—pl, (2.24)

where k% = —jwpu (0 + jwe). Any vector field A generated by a volume current
j; through the vector Helmholtz equation 2.24 has a solution for uniform,

unbounded medium:

A - 2.25
(T)—X/S(T)mr (2.25)

where 7 is the field point vector and r’ is the source point vector.

2.3 Combining MoM and Maxwell Relations

Four different geometries are considered for the source surface on which the
RF coil pattern is planned to be designed. For all of the considerations, MoM
is used to obtain the current density on the considered geometric surface and

the coil pattern is formed utilizing stream functions [41].
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Maxwell Equations form the basis for the implementation of MoM. In or-
der to use MoM in the problem, magnetic flux density is expressed in terms
of current density by substituting 2.25 into 2.17. An integral equation in the

form of Fredholm Integral Equations
/K(ZB,QZ/)f(QE/)dZU, = g(x), x €} (2.26)
Q

is obtained. For this expression, which is stated in only one direction, x, for

the sake of simplicity

f () is the unknown function, which corresponds to the current density for
the described problem.

K (., .) is the Kernel of the integral equation, which corresponds to the
relation between source and field points.

g (.) is the known or given function which is the magnetic flux density B for

the described problem.

In order to convert the integral equation into a matrix equation, f(z’) is ap-

proximated using basis functions such that
N
F@) =) a;fia) (2.27)
j=1

where f;(2’) is the basis function for source point #’ and «; is the coefficient of
the basis function f;(z’) . In equation 2.27, f(2') only depends on the coordi-
nate x’ ; however, for the defined problem, f(z’) ; in other words, the current
density is a function of 2’ , ¥’ , 2’ . The choice of the basis and weight functions

is explained in the Chapter 3.

When equation 2.27 is substituted into 2.26 the equality takes the form
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Equation 2.6 can be expressed as a matrix equation in the form,

where

where N and M are the number of source and field points respectively.

) K(
() K(

/

f () K(

/

x1,zy)dr’

!

T, xy)dx’

’
Tar, Ty )da’

aq

6%)]

g(Trr-1)

g(zn)

L 4 Nx1

4 Mx1

fzy) K (xy, xy)da’ - - -
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flay)K (2, vy )da’

(2.28)

(2.29)

(2.30)

(2.31)

4 MxN
(2.32)



2.4 Regularization

In a wide sense, inverse problems are concerned with the task of finding the

cause, given the effect.

A generic example of the inverse problem is the following: Let A : M — N
be a mapping between the sets, and suppose b € N . The problem is then to
find x € M such that Ax = b, or if no such x exists, such that Ax — b is

“small” in some sense.

A problem is referred to as ill-posed, in the sense that one or more of the

following conditions are violated:

1. There exists some solution x (existence)
2. There is only one solution (uniqueness)

3. The solution depends continuously on the data y (stability)

On the other hand, if all three conditions hold for a particular inverse problem,
the problem is referred to as well-posed. Fredholm Integral equations of the
first kind (of type I) which take the following form for functions defined in the
interval [0, 1]:

/1 k(s,t)x(t)dt = y(s) ,0<s<1 (2.33)

are usually ill-posed problems [42].

A function f: G — H mapping elements in a linear space (a vector space) G
into a linear space H is called linear if we have f(ax + fy) = a f(z) + 8 f(y)
forall z,y € G and a, € R . Let G and H be Euclidean spaces, such
that f : R™ — R" for some integers m, n > 0 . Then there exists a matrix
A € R™" such that f(z) = Ax for all x € R" . Suppose we have the linear

rather relationship Ax = b between the vectors b € R™ and x € R" where
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x might represent parameters of a physical system or the input to the system,
A is the transformation performed by the system on the input and b is the

output from the system.

The problem of computing b when A and x are given, is an example of a
forward problem which obviously has only one solution. Since the relationship
between x and b is linear, the right hand side b is a continuous function of x.
Thus, the solution is stable in the sense that small changes in x will result in
small changes in b . Theoretically, this problem is therefore well-posed. If A
is ill-conditioned, the direct problem may still be ill-posed in a weaker sense.

In this case, regularization may be applied.

Suppose A and b are known and x is to be determined. Here, x is only
implicitly given by the equation Ax = b , hence this is an inverse problem.
Existence and uniqueness of the solution is only guaranteed under certain as-
sumptions. The simplest case arises when rank(A) = p = n and therefore A is
invertible. The inverse problem is then obviously also well-posed in theory. If
A is not invertible, we see that a solution exists if and only if b is an element of
the range space, b € $(A) and the solution is unique if and only if null space
of A is an empty set, N(A) = {0} . Furthermore, when a unique solution

exists it is only stable if #(A) = R" (implying that A is invertible) [42].

There are three possible scenarios [43]:
1. The system is full rank; i.e., the number of equations equals the number

of unknowns. In this case, there is only one solution which is given by

x=A"D (2.34)

2. The matrix A has more rows than columns; i.e., there are more equations
than unknowns. An exact solution for the system does not exist, so this

problem is solved in the mean square sense. The solution is chosen to be the
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vector x that satisfies the least squares equation

% = argmin || b — Ax | (2.35)

Recall that x is a least squares solution if and only if the normal equations

AT(b—-Ax)=0 (2.36)

are satisfied. This means that the error (b — Ax) in the approximation is
in the subspace N (AT). Geometrically, the least squares solution x is the
orthogonal projection of b into i (A). Provided N(A) = {0} there is a unique

least squares solution given by

x=(ATA)'A™b (2.37)

3. The matrix A has more columns than rows; i.e., there are more unknowns
than equations. There are infinitely many solutions for this type of system,
which is also solved in a mean square sense. The solution X is chosen to be
the minimum energy solution to the least squares equation, which is also the

solution to cases 2.33 and 2.34 and is given by

% = argmin ||x||> subject to min ||b — Ax|3 (2.38)

The superior numerical tools for analysis of rank-deficient and discrete ill-posed
problems are Singular Value Decomposition (SVD) of A and its generalization
to two matrices, the generalized SVD (GSVD) of the matrix pair (A, L) . The
SVD reveals all the difficulties associated with the ill-conditioning of the matrix
A | while GSVD of (A,L) yields important insight into the regularization

problems involving both the matrix A and the regularization matrix L .
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2.4.1 The Idea of Regularization

Most regularization methods produce an estimate of the form

<ui> b>

%

x=VFD'U'b=)

=1

v; (2.39)

The matrices V, D, U are the matrices obtained by the SVD of A . There is an
additional scale factor f; for each term in the sum. These factors usually sat-
isfy 0 < f; <1, corresponding to the notion that regularization down weights
or filters out some of the directions v; , usually those that are associated with
smaller singular values o; . The diagonal matrix F which is composed of the
diagonal elements fi, fo,... f, , completely characterizes the filtering proper-
ties of the regularization method. The matrix A* = VFD U7 is called the

regularization matrix, as we have x = A%b [42].

2.5 Stream Functions

The definition of a streamline is the line everywhere tangential to the local

fluid velocity, i.e., the solution of

dr _dy _ a4z (2.40)

where u, v and w are the speeds of the fluid in z, y and z directions respec-
tively. It has been shown that, in order to construct accurate streamlines,
mass conservation must be maintained. This means that the divergence of the

fluid momentum must be zero [44]

V- (pF) =0 (2.41)

where p is the fluid density and F is the fluid velocity.
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The stream function was first introduced by Lagrenge to describe two-dimensional
incompressible flow (V- F = 0). This condition allows F to be described as the
curl of a vector potential with a single component v in perpendicular direction
to the surface where F is defined [41]. The function ¢ is the stream function,

and it is related to vector field through the equation

F =V x i (2.42)

where 77 is the unit vector perpendicular to the surface on which F is defined.
Equation 2.42 yields the following relation for cartesian coordinates between
the stream function and vector field which has two normal components uda,

and ud, on xy-plane:

_ K
u = 3y
_ 9
0= — (2.43)

It can be seen that 2.43 can be arranged to obtain

udy — vdx =0 (2.44)

so that

dip =0 (2.45)

and v is constant along the streamline. This is an important result as it means
that a streamline can be formed by computing contours of the scalar field v

[45].
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The stream function also has an important physical property which is related
to the mass flow rate between two points in the flow field. Let us consider the
vector field as an divergence free surface current density J, on an arbitrary
surface 2. From the definition of the current density [40], the total current

flowing through an arbitrary surface €2 is
I= / J - ds (2.46)
Q
When dealing with the sheet current density js, 2.46 can be modified to

Iz/fs-d? (2.47)
4

L=y

(x1,31)

r
¥

Figure 2.1: Equally spaced contours of 1 represent winding patterns with
constant current in each streamline. The difference between the magnitude of
1y at point (z3,y2) and the magnitude of ¥ at point (z1,y;) is equal to the
magnitude of the current /15 flowing between the streamlines 1, and ),.

With the line integral split into smaller segments, the change in current

across a segment is
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la
Ly, = / Js - nidl (2.48)
l1
lo
= / udy — vox (2.49)
l1

l2
= [Ca=va-u (2.50)

l1

This shows that a spatial change in the value of 1 corresponds to an equivalent
change in the value of the current I and that contour plots of ¢ (x,y) will give

the locations of discrete wires carrying equal currents.

It can be shown that streamlines, lines where ¥ = constant, are everywhere

parallel to the current sheet density vector J:, = Jyly + Jyd,. For V- js =0

o, o

j;_ T
8ya or Y

(2.51)

Any point on the curve ¥ = constant can be expressed in cartesian coordinates

7= x(s)d; — y(s)d, (2.52)

where s is the arc length along the streamline curve. The unit vector to this

streamline is

— 0, (2.53)

For the streamline ¢ (x(s),y(s)) = constant, the chain rule yields

do _ dvdr v dy

ds  Oxds Oy ds (2:54)

Using 2.51,
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dy _ Jydr
ds  J,ds

Substituting 2.51 into, 2.53 gives the result:

- 1ldx, .
T = ZE(JICZ;E + ‘]y&y)

which means that current flow is parallel to the streamlines.

25

(2.55)

(2.56)



CHAPTER 3

Implementing the Coil Structure by Using

Regularization Methods and Stream Functions

3.1 Defining the Required Magnetic Field

The main purpose of the algorithm defined in this report is to find a current
density map on a pre-defined surface in order to create a specified magnetic
field within a predefined volume. Therefore, magnetic field specification is one
of the inputs that should be defined. As the aim of this work is to produce a
coil that generates an RF field for an inhomogeneous main field, the charac-
teristics of the RF field should also be determined with reference to the main
magnetic field. In order to specify an RF field, first an inhomogeneous mag-
netic field is produced by a square coil placed on the yz — plane, within the
pre-defined field volume as illustrated in 3.1 and for each field point, RF field
components are specified based on the requirements related to this main field.
The main magnetic field in the target volume that is considered as a reference

to produce RF field is illustrated in Figure 3.1.

The first requirement on the RF field is that, the field produced by the coil
should be perpendicular to the main magnetic field at every field point. In
other words, if a single field point and the main field vector at this point are
considered, then the RF field vector is defined on the plane which the main

field vector is normal to.
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For this requirement to be satisfied, the main magnetic field and the RF field

are defined as:

hagnetic Field Yectors

Figure 3.1: Main magnetic field Vectors in the field volume. A square wire of
10cm by 10cm is considered on yz-plane. The center of the square coil is at
point (0,0,0) and the coil generates magnetic field vectors represented by the
arrows of length proportional to the magnitudes at every field point.

B = B,d, + B,d, + B.i.
y vy (3.1)

—

Brf = Brxax + Brydy + Brzaz

Then, the orthogonality principle, which is a preferred constraint for RF field

determination, requires that

which results in the equality
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BoBya(t) + B, By, (1) + B.B,.(t) = 0 (3.3)

A second preferred constraint on the RF field is that, at every field point the
magnitude of the field vector should be equal so that the spins at every field
point is forced onto the transverse plane of the field vector at the same time.

For this requirement to be satisfied:

\/ B+ B2, + B =m (3.4)

where m is a non-zero real number.

In order to determine an RF field as the desired magnetic field, four different

magnetic field characteristics are considered specifying different requirements.

3.1.1 RF Field Case 1

For these characteristics, only the first requirement is considered and the x

and y components of the RF field are specified as:

B,y = B, and B,, = B, (3.5)

From equation 3.3 it is determined that

2 2
BBy

Brz =
B,

(3.6)

Using the main magnetic field B and the equations 3.5, 3.6, one of the possible

RF field characteristics is determined as illustrated in Figure 3.2.
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Figure 3.2: Main magnetic field and RF field vectors within the field volume
for case 1. The main magnetic field vectors are illustrated as blue arrows,
while RF field vectors are illustrated as red arrows.

3.1.2 RF Field Case 2

For this characteristics, both requirements are considered and y component of
the RF field is specified as zero at all field points, so that the spin interactions
are decreased as all spins will lie perpendicular to the y-axis when RF field is

applied. Therefore, equation 3.4 takes the form:

By, + By =m’ (3.7)

From 3.3,

If 3.8 is substituted in 3.7, it is found that
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B, = \/ﬁ (3.9)
From 3.9,
By = — %B;" : \/% (3.10)
And it is initially defined that
B, =0 (3.11)

Using the main magnetic field B and the equations 3.9, 3.10, 3.11; another

possible RF field characteristics is determined as illustrated in Figure 3.3.

Main Magnetic Field and RF Field Vectors

0.08
i I

002,

002

004 T

006 L.
006

005 008

Figure 3.3: Main magnetic field and RF field vectors within the field volume
for case 2. The main magnetic field vectors are illustrated as blue arrows,
while RF field vectors are illustrated as red arrows.
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3.1.3 RF Field Case 3

For this characteristics, both requirements are considered. Also it is specified
that the component of the RF field on the xy-plane is in the same or opposite

direction as the one of the main magnetic field. This requires:

BT’Z‘ BI’
= — (3.12)
B,, B,
Using equations 3.3 and 3.4,
m2
B,, = 1
Y + B2 B2 (B%—i—Bg)Q (3 3)
B2 B2B2

where the minus or plus sign determines whether the transverse components

of the fields are in the same or opposite direction respectively.

B,, = gBry (3.14)
Yy
and
B2 + B?
B,=—_"YB, (3.15)
B,B, Y

Using the main magnetic field B and the equations 3.13, 3.14, 3.15 ; another

possible RF field characteristics is determined as illustrated in Figure 3.4.

3.1.4 RF Field Case 4

For this characteristics, both requirements are considered and it is specified
that the y-component of the RF field is constant at all field points, so that it
could be tested whether the regularization works better for such characteristics

that is forced to be more homogeneous. For a constant y-component,

B,,=a (3.16)
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Figure 3.4: Main magnetic field and RF field vectors within the field volume
for case 3. The main magnetic field vectors are illustrated as blue arrows,
while RF field vectors are illustrated as red arrows.

where a is a positive real number. Combining 3.4 and 3.16,

. (3.17)

and combining 3.3 and 3.17,

—2aB,B, F \/4a2B§Bg — 4(B2+ B?) (¢>B2 + a>B2 — m*B?)
B,. = 3.18
2 (B2 + B (315)

And using 3.3,

B BzBrz
By, = — 2yt et (3.19)
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Using the main magnetic field B and the equations 3.16, 3.18, 3.19; another

possible RF field characteristics is determined as illustrated in Figure 3.5.

MWain Magnetic Field and RF Field Vectors

006 ,,,_,_,,,_,_“_,,:_,,

” e
008 J l

Figure 3.5: Main magnetic field and RF field vectors within the field volume
for case 4. The main magnetic field vectors are illustrated as blue arrows, while
RF field vectors are illustrated as red arrows. RF Field vector magnitudes are
scaled by a factor of 0.5.

3.2 Defining Target and Source Fields

Four different geometries are considered as source fields where surface current
density is defined. Target fields are defined as cubes with their centers placed at
the origin. The problem definitions are named after the source field geometries

on which the surface current density vectors are defined:
e Cylindrical Surface,

e Planar Surface,
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e Tri-planar Surface and

e Orthogonal Three Planes

3.2.1 Cylindrical Source Surface

The required RF field is aimed to be generated within the cube at the origin by
the surface current density vectors in angular and vertical directions defined
on a cylinder of radius pg and length L which surrounds the target field. The

source and target fields for this problem definition are illustrated in Figure 3.6.

Figure 3.6: Target and source fields for cylindrical surface problem defini-
tion.The cube inside the cylinder is the target field while the cylindrical surface
is the source field.

In order to carry out the MoM solution, the surface of the cylinder is divided
into M longitudinal and N angular pieces forming M x N subdomains. The
mapping of cylinder surface into two dimensional grid structure is illustrated

in Figure 3.7.
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Figure 3.7: Spatial mapping of cylinder surface coordinates onto subdomains.

3.2.2 Tri-Planar Source Surface

The required RF field is aimed to be generated within the cube at the origin
by the surface current density vectors on a geometry formed by three planes,
one of which is placed parallel to yz — plane and the remaining two parallel
to each other and xz — plane. This surface geometry has a total longitudinal
length of L and a width of W. The source and target fields for this problem

definition are illustrated in Figure 3.8.
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Figure 3.8: Target and source fields for tri-planar surface problem definition.
The cube in front of the tri-planar geometry is the target field while the tri-
planar surface is the source field.

In order to carry out the MoM solution, the surface is divided into M longi-
tudinal and N angular pieces forming M x N subdomains. The mapping of

surface into two dimensional grid structure is illustrated in Figure 3.9.
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Figure 3.9: Spatial mapping of tri-planar surface coordinates onto subdomains.

3.2.3 Planar Source Surface

The required RF field is aimed to be generated within the cube at the origin by
the surface current density vectors on a planar surface placed on yz — plane of
length L and width W. The source and target fields for this problem definition

are illustrated in Figure 3.10.
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Figure 3.10: Target and source fields for planar surface problem definition.The
cube in front of the planar geometry is the target field while the planar surface
is the source field.

In order to carry out the MoM solution, the planar surface is divided into M

pieces on z — axis and N pieces on y — axis forming M x Nsubdomains.

3.2.4 Orthogonal Three Planes

The required RF field is aimed to be generated within the cube at the origin by
the surface current density vectors on a geometry formed by three planes, that
are placed on three different planes orthogonal to each other. As a definition
of this problem, each plane acts as an independent planar surface that aims to
generate one directional component of the required RF field, which is directed
normal to the corresponding plane. Each planar surface geometry has a length
and width equal to each other. The source and target fields for this problem

definition are illustrated in Figure 3.11.
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Figure 3.11: Target and source fields for orthogonal three planes problem
definition.The cube in the middle of the three planes is the target field while
the three orthogonal planes form the source field.

In order to carry out the MoM solution, each surface is divided into M longi-

tudinal and N angular pieces forming M x N subdomains.

3.3 Defining the Basis Functions

When the defined geometries are divided into subdomains and mapped to two
dimensional grid structure, the current density should be expressed in terms of
basis functions for each subdomain in order to carry out Method of Moments
procedure. While defining basis functions, the continuity of the current den-
sity between subdomains is a constraint. Fourier series are chosen in order to

provide a continuous transition between the subdomains on the surface.

Also the behavior of the current density vectors on the boundaries of the
surfaces should be able to be controlled by the basis function. Additional pa-

rameters are introduced to the Fourier series in order to control the function
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magnitude on the surface boundaries.

Two general basis function sets are defined for the current density vectors.
The first definition is used for the cylindrical geometry while the second defi-

nition is used for planar geometries.

3.3.1 Basis Functions for Cylindrical Geometry

The basis functions used for current densities in angular and longitudinal di-

rections on each subdomain of the surface are defined as follows:

Hy Ho

1 1
2 m 2p — ho)m
Jo = ZZ Z ah1h2pqcos(h1¢+%)Cos(khsz%)%

uE qm (2p — ho)
> . . - 2 —
J, = g Bhyhapg Sin(h1¢ + ?) sin(kpz + — )a.
q=0 p=0 h1=1 ho=p+1
(3.20)

(ha—p)m

where kj, = =7

The effect of the parameters used in the basis functions are listed in Table
3.1 and resulting function magnitudes for variation of these parameters are
illustrated in Table 3.2 and Table 3.3. p and ¢ are determined according to
the basis function behavior on the boundaries of the surface.

Table 3.1: Parameters in the basis function definition for cylindrical surface

Parameter Role in the basis function definition

D Controls the vector magnitudes on z-boundaries.
q Controls the vector magnitudes on ¢-boundaries.
hy Harmonics of the basis functions specifying ¢ de-

pendence of the basis functions. Controls the sym-
metry conditions on ¢= 7 axis.
hs Harmonics of the basis functions specifying z de-
pendence of the basis functions. Controls the sym-
metry conditions on z = 0 axis.
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Table 3.2: Basis function characteristics for Cylindrical Surface varying p, ¢,

Hl and H2 -1
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Table 3.3: Basis function characteristics for Cylindrical Surface varying p, q,
H1 and H2 -2

p=1, ¢=0 p=1, ¢=1
Jo J, Jo J,
H,=2
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m .
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3.3.1.1 Stream Functions

The . and a, sinusoidal terms spatially differ by 90° because this form gives
a convenient description of the scalar functions and that fully describe the

current density as a sum of a rotational (R) and irrotational (/) term:

J=Jy+J.=Jg+Jp (3.21)

or in terms of scalar functions ¢ and y

-

J=d,x Vx+ VU (3.22)

such that

Hi H>

1 1
U= 22 0L D b Sin(h1¢+q§)cos( khz+w)

q=0 p=0 h1=1 ho=p+1
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11 H
ZZZ Z '%hlthqcos hi¢ + — )Sin(khz_kw)

q=0 p=0 h1=1 ho=p+1

(3.23)

where V = %@, + %JZ

If the coil structure is very small relative to the wavelength of operation, the
current density J is purely rotational [33]. This situation is valid for low
operating frequencies such as METU MRI system (6.387 M Hz). Therefore,
the current density is approximated without divergence. As current density

function is purely rotational

hia
Yhihopg =0 and  Bpinypg = e (3.24)
pokn
Therefore, current density functions can be rewritten as:
Hi H, .
Jy = Z Z Qthyhy €OS(R1 @) cos(kpz — %)%
hi= 1h2 1
n hia hom
J, = 1hths.inh sin(kyz — —)a,
35" Bt 0 sl - 5
1= 2=
& ap hom
Y = ZZ 12pq sin(hy¢) cos( khZ_T)
h1=1 ho=1
(3.25)
where kj, = ’”T”, (p=0,q=0)

3.3.2 Basis Functions for Planar Geometries

A general form of Fourier series is used for planar geometries. The basis
functions used for current densities on each subdomain of the surface are as

follows:
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Yy

Hy H»

T T,
Z Z Qhy hopg COS(kp, v + %) cos(kp,v + %)au

q=0 p=0 h1=1 ha=1

1

1

H, Ho
A ; qm. . P,
b= D D Buuapa sin(kn,u + =) sin(kn,v + =-)dy
q=0 p=0 h1=1 ho=1
_ hmw _ horm
where ky, = %% and ky, = &

(3.26)

The effect of the parameters used in the basis functions are listed in Table

3.4 and resulting function magnitudes for variation of these parameters are

illustrated in Table 3.5 and Table 3.6. p and ¢ are determined according to

the basis function behavior on the boundaries of the surface.

Table 3.4: Parameters in the basis function definition for planar surfaces

Parameter Role in the basis function definition

D Controls the vector magnitudes on v-boundaries.

q Controls the vector magnitudes on u-boundaries.

hy Harmonics of the basis functions specifying u de-
pendence of the basis functions. Controls the sym-
metry conditions on u= [, /2 axis.

hs Harmonics of the basis functions specifying v de-
pendence of the basis functions. Controls the sym-
metry conditions on v = 0 axis.

Ly Length of the surface in u direction.

ly Length of the surface in v direction.
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Table 3.5: Basis function characteristics for planar geometries varying p, q, H;
and Hy - 1
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Table 3.6: Basis function characteristics for planar geometries varying p, ¢, H;

and H2 -2
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Current density vectors can be expressed in terms of the basis functions de-

fined in 3.26 for all planar geometries. The vectors @ and v are used to define

perpendicular directions corresponding to different directions in cartesian co-

ordinates for each geometry definition, which are expressed in Table 3.7.




Table 3.7: Mapping for u and v parameters onto Cartesian coordinates

Direction Planar Tri-Planar Ortho. 3 Planes
u y X5y X V; X; 7

v Z 7, 7 7 7, V; X

(y Qy —0y; Gy Gy Qy; Qs Qs

av dz dz; az; az Jza dy> dx

ly Ly 2l + 1, Ly; Uy L,

Ly L, L, Lo 1y Ly

3.3.2.1 Stream Functions

The @, and @, sinusoidal terms spatially differ by 90°. This form gives a
convenient description of the scalar functions that fully describe the current

density such that

—

J=d, x Vx+ VT (3.27)

where V = %cﬁ + %d’v and a,, denotes the normal to the directions @, and

a,; that is

B B
Gy X Vx = —au 2X 1 g, 2X

e u (3.28)

Hence, the scalar function y is conveniently expressed as

Hy H»

11
qmy . pT
X = Z Z Z Z Khyhypq COS (khlu + 7) sin <kh2v + 7) (3.29)

q=0 p=0 hi1=1 ho=1

The coefficients kp,pn,p, can be expressed in terms of current coefficients o, nypq

and Vi, hypq

_5h1h2quh1 + ah1h2quh1
Khihapg =

ki, + k3,

(3.30)

Similarly:
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Hy

Ho
. ™ T
Z Vhihopg SN <kh1U + %) cos (k?h2v + %) (3.31)
=1 ho=1

Bhihopakho —Chihopakn
where Y, pypg = = k22+k21 —

When, the current density is approximated without divergence

Yhihopg = 0 (3.32)

ky,,
Brangpg = —rterd kzlh”’q (3.33)
2

and the basis functions and the stream function are simplified to:

1 1 H

Z Z Z Z @h1hopq €08 <kh1u + ) cos (kh2v + p27r> ay

q=0 p=0 h1= 1h2 1
1 H;

1
Z Z Z Z khlah1h2pq sin (khlu 4 qg) sin (khzv X P27T> i,

q=0 p=0 h1= 1h2 1
1 1 H;

Z Z Z Z ah1h2pq Cos <kh1u + > sin (k:hQU - p27r>

q= Op Ohl 1h2 1

(3.34)

Therefore, only the coefficients ap,n,pe are to be calculated using the matrix

equations.

3.4 Forming the Matrix Equation

3.4.1 Magnetic Field Expressions

When cylindrical coordinates are considered, the components of the vector

potential
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. . e—jk\r—r’|
AWZAMM————’ (3.35)

— 1 — , e—jk"?“—?"/‘ .
AP(T) = m LO ¢(7’ )ﬁ sm(¢ — ¢0>ds
. 1 > e—Jklr—r']
Ay(r) = T /SO o(r )W cos(¢ — o) dS
A»Z (T’) _ L / jz . e—Jklr—r'| s
T Js, |r — /|

(3.36)

for uniform medium where r — (z,y, z) and ' — (o, Yo, 20) represent field
and source point vectors; and ¢ and ¢ represent angle values for field and
source points respectively. The equations do not include the radial current
density j,; as the current density is only defined on the cylinder surface where
there exists no current in radial direction. Sy represents the cylinder surface

where every subdomain area is equal to dS' .

Magnetic field expression in cylindrical coordinates can be obtained using

—

B=VxA (3.37)

as follows:
—jkR -—J,Z , sin ¢ — po si
= [ () [ e min ]
so 4T R R I +J4(00, 20) (2 — 20) cos ¢y
—JjkR 1 [ J.(¢o, 2 COS @ — po COS
B, = f——5@k+—) (90, 20)(pc0v0 = pocosdo) |
s 4T R R +Js(¢0, 20)(2 — 20) sin by
b= [0 (e 2) s
. Il J R ) Je\%0 %0
(3.38)
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where

R = /(z—m)>+ (y — 40)2 + (2 — 20)?

= \/p2 + p§ + 2ppo cos(d — o) + (2 — 2p)?

are the radial lengths of the field and source points with reference to the origin

respectively.

When Cartesian coordinates are considered, the magnetic field components

can be expressed as:

—jkR _Jz , _
e ( . l) (Y0, 20) (Y — Yo) 1S
B/ +

Ay 2 T, (4o, 20) (2 — 20)

I,
By = [ (i ) lon o) =0+ el z0)(e = )] 5
A

o—ikR
( l) [ (Y0, 20) (¥ — o) — Jy(yo, 20) (z — x0)] dS

4y R? R

(3.39)

where R = \/(z — x0)% + (y — 4%0)? + (2 — 20)?

3.4.2 Method

1. Source field is subdivided into N subdomains.
2. Target field is subdivided into M subdomains.
3. Centers of the subdomains are used as source and target coordinates.

4. Basis function expressions are substituted into magnetic field expressions

in order to obtain a relation between the magnetic field and surface
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current density for 7, target field and j;;, source field in the following

form:
N H;y Hs
Bz,i E § E Qhihy,j xhlhz 4J
j=1 hi=1 h2 1
N H;

Y5t E :E , § :ah1h2j yhiha,ij

7J=1 h1=1 ho=1

=

H,

B.;, = E § E Qhyhy,j K ehyho i

7=1 h1=1ho=1

(3.40)

where ¢+ = 1,2,... M and 5 = 1,2,... N and for cylindrical source field

and for
= (] 3.4
— ; _ 41
()= (04 ) (3.41)
Konmas = G(R) — 22 c0s (knyo,5) s (km20,5) (i — y0.5) AS
i —+ sin (knyO,j) sin (k/‘mZO’j) (Zz — Zo’j)
Ky = G(R) [ pgéh sin(hi¢o,;) sin(knzo,; — %)(p oS ¢; — po cos Po ;) AS
I + cos(hi¢o ;) cos(kpzo,j — %)(zi — z0,5) sin ¢g
h27T
Kohihaij = G(R)cos(hi¢o,;)cos(knzo,; — T) AS
(3.42)
while for planar source field on yz-plane:
— "0 cos (knyo.;) cos (kmzoi) (¥i — Yo,
Konpsy = G(R) . ( yO,{) ( O,J) (y Z/O,J) AS
+sin (Knyo,5) sin (kmzo,5) (2 — 20)
Kyphineij = G(R)][cos (knyo)cos (kmzo) (i — x04)] AS
Komnoiy = G(R) [=sin (kuyoy) sin (km2o5) (70 — w0,5)] AS
(3.43)
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5. In order to describe the relation for all target and source fields a matrix

equation is formed in the form Az = b such that:

K111 Kzizgn - Krimy11 - KepiHo11  Kazii2 . KgH HyIN
Ke11,21 Ke1221 - KiiHy21 ©+ KgH Hy21  Kzi1,22 . Kemya, 2N
Kz, Keizomnr - Keiag,m1 - Kop o M1 Kei1,Mm2 . KiH HyMN
Ky Kyizan - Ky - Kymimonn Kyniie . Kypimoan
Ky11,21  Kyiz21 . KyiHy,21 -+ Ky Hy21 Kyi1,22 . KyH,H2N
A =
Kyii,vmr Kyizgomn - Kyias,mn - Kyryae,mn Kyi1,m2 . Kyg,Hy,MN
Kz1111 K2 . Ko, - Kepay11 Kai12 . K.H,HyN
K.11,21 K.12,21 . Koimy21 - KomyH.21 Koi1,22 . K.H Hy 2N
Ko,mr Koz oo Kaips,vmn - Kop s v Koi1,m2 . K.g,HyMN
Q11,1
12,1
Q1H,,1
T =
OHqHs 1
11,2
(e}
L HiHz, N ) N Hyz 1
Ba;,l
BI,2
By,m
By,1
I
By m
Bz,l
B
o z,M “3M x1

(3.44)

where A is a 3M x HyH,; N matrix. This matrix equation is obtained for each
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required RF Field definition and for each source geometry using MATLAB.

Implementations for the remaining three geometries are carried out in a sim-
ilar manner to planar surface modifying the target and source coordinates
and assigning the basis function parameters taking the boundary conditions
into consideration. However, matrix A is usually an ill-condition matrix and

therefore, the matrix solution has to be obtained using regularization methods.

3.5 Obtaining the Solution by Regularization

In order to obtain the solution matrix x, TSVD, Tikhonov, CGLS, TTLS,
Rutisbauer methods are implemented, the details of which are explained in

Appendix A.

In order to obtain minimum error and optimum solutions for each regular-

ization, the regularization parameters are swept,

1. For CGLS method, iteration number £ is incremented from 1 to 3000 in

steps of one.

2. For Tikhonov Method, three different L matrices are evaluated (identity,
first derivative and second derivative) and regularization parameter A is

evaluated as 10° and i is swept from 2 to -8 in decremented steps of 0,5.

3. For Rutisbauer Method, regularization parameter X is evaluated as 10°

and ¢ is swept from 2 to -8 in decremented steps of 0,5.

4. For TSVD Method, regularization parameter k is swept from 1 to 1800

in incremented steps of 30.

|Az|| and ||z| norms are evaluated for each value of the swept regularization

parameter for each
1. matrix A obtained for the geometry selection,

2. matrix b required field selection,
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3. regularization method.

Using the L-Curve Method [46], optimum solution for the current density and
stream function coefficients are recorded and the average error percentages
between the required and generated magnetic field are calculated for each reg-

ularization method, source geometry and RF field case.

In order to decrease the complexity of the comparison process, the RF field
options, which turned out to yield high error percentages are eliminated and

the comparison process is carried out with RF field case 4.

Each solution is evaluated taking the error percentage and the realizability
of the coil into consideration. The stream function contours form the patterns

for the coil conductor, so it is the major measure of how realizable the coil is.

3.6 Approximating the Stream Function by a
Conductor

After the solution is obtained using one of the regularization parameters, the
coefficients can be substituted back into the basis functions in order to obtain

the current density distribution and stream functions for every subdomain.

The contours of the stream functions are used to determine the conductor

shape for the RF coil.

3.6.1 A simple Procedure

1. Choose the number of contour lines, Ny € X to describe the two dimen-

sional stream function on a surface S on xz plane.

2. Define the difference of current between two adjacent streamlines as:

mazes(x) — mingesy ()

Al =
N

(3.45)
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3. The centerlines of the unconnected conductors are the isolines of ¥ (x)

with step AI,

{x e S| Y(x)} =minges(z)+(n—=)AI, n=1,...N, (3.46)

4. Form unconnected conductors from the centerlines by applying a width.
The width can be constrained by physical considerations or optimization

parameters.

5. Convert the unconnected conductors into one conductor by opening ends
of close loops and adding one end to another changing the streamline

shape as slightly as possible.
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CHAPTER 4

Results and Conclusion

Using the methods explained in Chapter 3, the matrix equation is obtained for
the four geometries of source fields. RF field case 4 is defined as the desired
magnetic field to be produced by the RF coil on these geometries. The target
field is defined as a cube placed at the center of the the source fields.

The regularization techniques stated in Chapter 3 are used in the solution
of the matrix equation. The parameters of each regularization method are
adjusted in order to find the minimum and optimum error percentage for each
source geometry. The solutions obtained by these regularization provide the
current density distributions and stream functions on the corresponding source
fields. The stream function contours are investigated and a comparison be-

tween error percentages and realizibility of the coil pattern is made.

The stream function contours obtained for the planar source field is formed
into a conductor pattern by the procedure explained in Chapter 3 and the
magnetic field produced by the coil is calculated theoretically. This coil is also
realized and a circuit is designed to provide the coil with the calculated cur-
rent values. The magnetic field produced using DC current is measured using

3-Channel Gauss meter.

A circuit is designed in order to tune and match the coil to operate in 0.15

Tesla METU MRI System, which is explained in 4.2.2.3.
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4.1 Theoretical Results

4.1.1 Desired and Generated Magnetic Fields

The minimum and optimum error percentages are calculated for each solution

obtained by the corresponding regularization method using the formula:

2
M (Bdesired,i_Bcalculated,i)

desired,i

error % = Wi x 100 (4.1)

where M is the number of field points.

The error percentages for minimum error solution are illustrated in Table 4.1

while error percentages for optimum error solution are illustrated in Table 4.2.

Table 4.1: Error percentages for solutions with minimum error. Minimum error
percentages between the desired and generated magnetic field are illustrated for
the current density solutions obtained by applying the regularization methods

listed as columns to source surfaces listed as rows for the corresponding target
fields.

CGLS | Rutisbauer] TSVD | Tikhonov
L= Identity | L=1%der. | L=2"der.
Planar 25,7 26,0 25,2 25,1 25,2 24,8
Tri-Planar | 3,8 4,1 3,8 3,8 3,7 3,8
3 Orth. | 11,2 | 12,0 2.5 2.5 2.4 2.2
Planes
Cylindrical | 3,8 3,9 3,9 3,9 3,9 3,8

Table 4.2: Error percentages for solutions with optimum error. Error per-
centages between the desired and generated magnetic field are illustrated for
the optimum current density solutions obtained by applying the regularization
methods listed as columns to source surfaces listed as rows for the correspond-
ing target fields.

CGLS | Rutisbauer] TSVD | Tikhonov
L= Identity | L=1%der. | L=2"der.
Planar 26,0 35,0 29.0 30,6 30,7 26,6
Tri-Planar | 4,3 9,5 5,0 6,6 8,4 4.2
3 Orth | 121|299 3.2 3,7 4,6 6,1
Planes
Cylindrical | 4,7 7.5 5,3 4,6 9,2 9,3
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The regularization parameter values used in order to obtain the minimum and

optimum error solutions are stated in Table 4.3, Table 4.4, Table 4.5 and Table

4.6.
Table 4.3: Regularization parameter values for planar surface
PLANAR
Minimum Error Solution | Optimum Error Solution
CGLS iteration number = 2305 | iteration number = 273
Rutisbauer A=3.162 x 1077 A=3.162 x 107*
TSVD truncation level = 691 truncation level = 181
Tikhonov| L= identity A=10"° A =3.162 x 1072
L= 1% der. A=10"° A=0.1
L= 2" der. A =103 A=0.01
Table 4.4: Regularization parameter values for tri-planar surface
TRI-PLANAR
Minimum Error Solution | Optimum Error Solution
CGLS iteration number = 1294 | iteration number = 165
Rutisbauer A=10"°8 A= 3.162210~*
TSVD truncation level = 661 truncation level = 61
Tikhonov| L= identity A=3.162 x 1077 A=0.01
L= 1% der. A =3.162 x 1077 A=0.1
L= 2"¢ der. A=10"" A=10"1
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Table 4.5: Regularization parameter values for three orthogonal planes

THREE ORTHOGONAL PLANES
Minimum Error Solution | Optimum Error Solution
CGLS iteration number = 198; | iteration number = 162;
2789; 3000 331; 395
Rutisbauer A=107%10"%107® A = 107% 3.162 x 107%;
3.162 x 10~*
TSVD truncation level = 301; | truncation level = 61; 61;
451; 541 91
Tikhonov| L= identity A=10""10"";10"" A = 107%;3.162 x
10°7;1073
L= 1% der. A = 3162 x| A = 107%:3.162 x
1077;1077;3.162 x 1077 | 107%;0.01
L= 2" der. A=3.162x 107%:3.162 x | A = 3.162  x
1078;3.162 x 1078 107%;107%;10~*

Table 4.6: Regularization parameter values for cylindrical surface

CYLINDRICAL
Minimum Error Solution | Optimum Error Solution

CGLS iteration number = 2984 | iteration number = 52
Rutisbauer A=10"% A = 0.3162
TSVD truncation level = 661 truncation level = 61
Tikhonov| L= identity A =3.162 x 107° A =3.162 x 1073

L= 1% der. A=107"° A =102

L= 2" der. A =3.162 x 1077 A=10"1

4.1.2 Stream Function Contours

The stream function contours resulting from the minimum and optimum error

solutions for each regularization method are illustrated in tables from Table

4.7 to Table 4.14.
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Table 4.7: Stream function contours
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Table 4.8: Stream function contours for planar surface - 2
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Table 4.9: Stream function contours for tri-planar surface - 1
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Table 4.10: Stream function contours for tri-planar surface - 2
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Table 4.11: Stream function contours for three orthogonal planes - 1
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Table 4.12: Stream function contours for three orthogonal planes - 2
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Table 4.13: Stream function contours for cylindrical surface - 1
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Table 4.14: Stream function contours for cylindrical surface - 2
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Optimum Error Solution
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When the conductor patterns obtained using each regularization method for
each geometry are compared with reference to the complexity of patterns, the
optimum surface geometry is determined to be the cylindrical coil and the
optimum regularization method is chosen to be Rutisbauer, which produces

the conductor pattern illustrated in Figure 4.1.

stream contours for optimum error (Rutisbauer Method)
1 0 T T T T T T T

A -

Figure 4.1: Stream function contours on the cylindrical surface for the solution
with optimum error

4.2 Realizing the Coil

4.2.1 Orientation of Field Points

In order to illustrate the desired and created magnetic field values, 2-D plots
are used, which illustrate the magnetic field magnitudes at corresponding field
points. Figure 4.2 illustrates the orientation of the field points and which

number they symbolize on the magnetic field plot.
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Demonstration of Fiald Points Orentation
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Figure 4.2: Orientation of field points in the target field. The target field is
made up of 1800 field points. The target volume is a 10 cm by 10 cm by 10
cm cube the center of which is placed at point (0,12.5,0) and which is divided
into 15, 8 and 15 divisions in x, y and z directions respectively.During the
formation of field points, first the x- axis is filled while y and z values are kept
constant. When a single x row is filled, which corresponds to 15 points, z value
is incremented and another x row is filled from negative to positive direction.
This means, the purple dot corresponds to “1” on the magnetic field plot and
the first 15 point group on the magnetic field plot symbolize the highlighted
points in Figure 4.2, increasing in value in the direction of the green arrows on
Figure 4.2. When a single slice of the cube is filled, which corresponds to 225
points, y value is incremented

During the formation of field points, first the x- axis is filled while y and z
values are kept constant. When a single x row is filled, which corresponds to
15 points, z value is incremented and another x row is filled from negative
to positive direction. This means, the purple dot corresponds to “1” on the
magnetic field plot and the first 15 point group on the magnetic field plot sym-
bolize the highlighted points in Figure 4.2, increasing in value in the direction
of the green arrows on Figure 4.2. When a single slice of the cube is filled,
which corresponds to 225 points, y value is incremented. Figure 4.2 illustrates

this transition with an orange arrow.
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The magnetic field plots which are illustrated have a maximum index of 5400
instead of the number of field points, which is 1800. This is because all the
three components are displayed on the same graph. That is, first 1800 index
display B, component, the second 1800 index display B, component and the
third 1800 index display the B, component on the plots.

4.2.2 Implementation of the Planar Coil

In order to realize the coil pattern, the solution for xz-plane member of the
three orthogonal planes using Rutisbauer method is considered. The required
magnetic field for this member has a homogeneous y component and the re-

maining components are zero as illustrated in Figure 4.3.
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Figure 4.3: Normalized desired magnetic field Components at field points.
The first 1800 field points correspond to the x-component of the magnetic
field with the orientation stated above. The second and third 1800 field points
correspond to the y and z components respectively.

4.2.2.1 Current Density and Stream Function Solutions

The solutions obtained for current density distribution in x and z directions

on the planar surface are illustrated in Figure 4.4 and Figure 4.5.
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Ju

Figure 4.4: Magnitude of J, solution for the planar surface on xz-plane. The
center of the planar surface of dimensions 30 cm by 30 c¢m is placed at (x=0,
z=0) on xz-plane. The magnitude of J is expressed in A/m.

Jz

Figure 4.5: Magnitude of J, solution for the planar surface on xz-plane. The
center of the planar surface of dimensions 30 cm by 30 c¢m is placed at (x=0,
z=0) on xz-plane. The magnitude of J is expressed in A /m.
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Figure 4.6 illustrates the current density solution in vector plot.
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Figure 4.6: Current density distribution solution on the planar surface on
xz-plane in vector form. The lengths of the arrows are proportional to the
magnitude of the current density vector at the corresponding point.

The solution obtained for the problem yields a two dimensional stream func-

tion, the contour plot of which is illustrated in Figure 4.7.
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014

Figure 4.7: Stream function solution for the current density distribution on the
xz-plane. x and z axis represent the coordinates of the points on the planar
surface in meters. The stream function is represented with 25 streamlines.

The stream function solution is considered using 6 streamlines as illustrated

in Figure 4.8.
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Figure 4.8: Streamlines for the stream function solution on the xz-Plane. x
and z axis represent the coordinates of the points on the planar surface in
meters. The stream function is represented with 6 streamlines.

4.2.2.2 Comparing the Desired, Generated and Measured Fields

The magnetic field calculated using the current density distribution solution
is illustrated in Figure 4.9. The average error percentage between the y com-
ponent of the desired and the generated magnetic field using current density

distributions is calculated to be 4.38%.
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Mormalized Maqnetic Field Calculated Usling Streamlines
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Figure 4.9: Normalized magnetic field components generated by current den-
sity solution. The first 1800 field points correspond to the x-component of the
magnetic field with the orientation stated in the text. The second and third
1800 field points correspond to the y and z components respectively.

The stream function contours are used to construct the coil pattern. In order
to observe the magnetic field generated by the coil pattern derived from the
stream function contours, the contours are considered as conductors and gen-
erated magnetic field is calculated. The magnetic field generated by passing

currents through streamlines is illustrated in Figure 4.10.
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Calculalted Magnetic Field (Nurmlalized)
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Figure 4.10: Normalized magnetic field components generated using stream-
lines. Streamlines are considered as conductor wires. The first 1800 field
points correspond to the x-component of the magnetic field with the orienta-
tion stated above. The second and third 1800 field points correspond to the y
and z components respectively.

The average error percentage between the y component of the desired and the

generated magnetic field using stream lines is calculated to be 6.83%.

4.2.2.3 Constructing the Coil and the Circuitry

The streamlines illustrated in Figure 4.8 are utilized as explained in Chapter
3 to construct a conductor pattern for the RF coil. The conductor pattern is
produced using AutoCAD and the design illustrated in Figure 4.11 is realized
by etching of F'R4 plates. The realized coil is illustrated in Figure 4.12
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Figure 4.11: Planar RF coil design. Each conductor path is represented as an
independent wire strip. The wires that carry the same current magnitudes are
interconnected.
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Figure 4.12: Realized RF coil. The wires that carry the same current magni-
tudes are interconnected. The wire strips labeled as 1a-1b-6-8; 3-4; 2a-2b-5-9;
7 form four independent current paths.

The conductor paths in Figure 4.11 which carry currents that are close in
magnitude are interconnected such that there are 4 main currents flowing
through the conductor pattern. These current values are calculated using the
procedure in Chapter 3 and produced by the emitter currents of the simple

circuit illustrated in Figure 4.13.
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Figure 4.13: Circuit to provide DC currents. The currents to feed the RF coil
wire are obtained by the emitter currents of each branch.
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This circuit design is realized and the DC currents produced by the circuit are
applied to the planar RF coil. The y component of the magnetic field produced
by the RF coil is measured using the 3-Channel Gauss meter. Three measure-
ment experiments were carried out and the measurements were recorded for

the field points using the same orientation convention.

The planar surface is chosen to be a square plane of 10 x 10cm and the target
field is chosen to be a cube of 3.3 x 3.3 x 3.3cm the center of which is placed
5cm away from the surface of the square plane. The magnetic field generated
by the RF' coil is measured in 200 field points with the same orientation con-
vention in 8 slices in y direction and 5 by 5 grid on zz plane. The experimental
setup for the measurement is illutrated in Figure 4.14. Two parallel plates are
placed on four rods and the height of the plates are determined by screws on
each rod. The plates both have holes in 15 by 15 grid on 10 cm by 10cm area.
The probe is inserted in each matching hole so that both the planar location is
determined and the probe is double fixed with the help of two reciprocal holes.
The distance of the probe in depth is determined by changing the height of
the upper plate with the help of screws. The coil, meanwhile, is kept steady

in location under the plates inside the measurement setup.
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Figure 4.14: Experimental setup for the measurements. Two parallel plates
are placed on four rods and the height of the plates are determined by screws
on each rod.
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The normalized magnetic field results for each measurement are illustrated in
Figure 4.15, 4.16 and 4.17. The magnetic field values measured for the RF
coil are compared to the theoretical values at the corresponding field points

which is illustrated in Figure 4.18.

Measured Magnetic Field (Mormalized) - Measurerment 1
2.4
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Figure 4.15: Normalized measured magnetic field - Measurement 1. y-
component of the magnetic field is measured using the LakeShore 3-Channel
Gaussmeter. The target volume is a cube of dimensions 3.3cm by 3.3cm by
3.3cm. The target volume is divided into 5, 8 and 5 divisions in x, y and z
directions respectively yielding 200 field points
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Measured Magnetic Field (Normalized) - Measurement 2
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Figure 4.16: Normalized measured magnetic field - Measurement 2. Second
measurement is done on the y-component of the magnetic field using the
LakeShore 3-Channel Gaussmeter under similar conditions.

Measured Magnetic Field (Normalized) - Measurement 3
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Figure 4.17: Normalized measured magnetic field - Measurement 3. Third mea-
surement is done on the y-component of the magnetic field using the LakeShore
3-Channel Gaussmeter under similar conditions.
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Theaoretically Calculated WMagnetic Field (Narmalized)
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Figure 4.18: Calculated magnetic field. y-component of the magnetic field is
calculated considering the streamlines as conductor paths. The target volume
is a cube of dimensions 3.3cm by 3.3cm by 3.3cm. The target volume is divided
into 5, 8 and 5 divisions in x, y and z directions respectively yielding 200 field
points
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The error percentages between the measured and calculated magnetic field

values are calculated using Equation 4.1, which are stated in Table 4.15.

Table 4.15: Error percentages between desired, calculated and measured Fields

Measurement 1 | Measurement 2 | Measurement 3
Error % between the | 2.13 % 1.98 % 1.92 %
calculated and measured
fields
Error % between the de- | 9.78 % 7.26 % 5.21 %
sired and measured fields

4.2.3 Tuning and Matching the RF Coil

As the RF Coil is designed to operate in 0.15 Tesla MRI system, it should be
tuned to 6.387 MHz and matched to 50 Ohms. Another requirement on the
RF coil is that four conductor paths should carry different currents. Therefore,
each branch is matched to a real impedance such that it passes the required

current and the resultant impedance matches 50 Ohms.

1. In order to measure the inductance of each conductor path, an RLC
circuit is set up where each conductor path is connected in series with a

resistor of 12 and a variable capacitance of 1pF sensitivity.

2. The voltage on the resistance is measured by the 54622D Mixed Signal

Oscilloscope increasing the capacitance value at a constant frequency.

3. Maximum voltage amplitude on the resistor is determined where capac-

itance totally cancels inductance.
4. Fine tuning is accomplished by the varying the frequency value.

5. The capacitance value at the maximum voltage is recorded and used to

calculate the inductance value according to the formula:

(4.2)

6. Inductance of each conductor path is calculated as stated in Table 4.16.
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Table 4.16: Inductance values for conductor paths

Inductance Value (uH)
Conductor 1 2.05
Conductor 2 2.12
Conductor 3 1.87
Conductor 4 1.62

7. Resistance value of each conductor path is measured to be 0.22 Ohms.

8. Tuning capacitor values for each conductor path is calculated and a sweep
operation is carried out such that each conductor path is tuned to 6.387
M H z and matched to the real impedance providing the branch with the
required current magnitude and resulting the overall circuit to match 50

Ohms.

The resulting impedance values at operating frequency and capacitor values for
each branch is illustrated in Table 4.17 and the resulting circuit is illustrated

in Figure 4.19.

Table 4.17: Tuning and matching parameters for conductor paths

Rzn(Q) Xz Ctuning(nF) Cmatching(nF)
Conductor 1 154.75 -0.3 0.326 4.26800
Conductor 2 | 303.45 1.56 0.324 3.04800
Conductor 3 | 100.32 0.01 0.354 2.29840
Conductor 4 19195 0.78 913 0.38345
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Figure 4.19: Equivalent circuit diagram for the RF’ coil

The equivalent circuit in series with a resistance of 502 is simulated by applying
an alternating voltage of 10V and the frequency response is investigated. At
the operating frequency (6.873M Hz), the RF' coil equivalent circuit almost
exactly matched 509 (The voltage value is halved corresponding to 5V at
operating frequency) with a quality factor value of 162.5 as can be visualized

in Figure 4.20, Figure 4.21 and Figure 4.22.
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Figure 4.20: Frequency response of the equivalent circuit. Voltage and phase
of the equivalent circuit are marked for the operating frequency. Also the
frequency where the power of the equivalent circuit is halved is also marked.
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Figure 4.21: Voltage magnitude on the equivalent circuit at the operating
frequency when the coil is considered to be connected in series with a resistance
of 50 2. At 6.387M H z, the applied voltage of 10V is divided into two; in other
words, the coil is matched to 50 €.
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in = 6. 0000M
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ax v TE.56823

Figure 4.22: The phase of the equivalent circuit at the operating frequency
when the coil is considered to be connected in series with a resistance of 50
Q. At 6.387M H z, the phase of the equivalent circuit is nearly zero; in other
words, the coil is tuned to 50 €.
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4.3 Conclusion

Using the algorithm provided in this study, the source and field geometries can
be defined as any geometry providing a source field that surrounds or fits a
particular part of the patient and a target field that constitutes the volume of

an inner part of the body like an organ, vessel... etc.

When the error between the desired and generated magnetic fields is con-
sidered, the desired magnetic field is theoretically obtained within acceptable
error ranges for several source geometries using regularization methods of dif-
ferent characteristics. However, the characteristics of the required magnetic
field affect the success of the algorithm. In other words, any kind of magnetic
field can not be created with an error within acceptable limits. Magnetic fields
that are more likely to be produced by a surface current density, based on the
current density and magnetic field mathematical relations, are created with
smaller errors. Magnetic fields that have more homogenous characteristics
are created with much less errors than the ones with inhomogeneous charac-

teristics. This is attributed to the averaging effect of regularization algorithms.

Besides, three dimensional surface models give better results for the same
required magnetic fields. This is attributed to the compensation of additional
surfaces, which are located orthogonally to the single planar surface, to the
radically decreasing characteristics of the magnetic field. The tri-planar sur-
face model and orthogonally placed planar surfaces model give similar results
for the same magnetic field inputs. However, the problem is solved indepen-
dently for each coil for the orthogonally placed planar surfaces model. It is
speculated that the error between the desired magnetic field and the created
field can be diminished by solving the problem when the surfaces are specified
to be dependent on each other. The minimum and optimum average error
percentage values were smallest for cylindrical surface model for every regu-

larization method.
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When current density solutions are considered, the current density distribu-
tions producing the minimum average error percentages are harder to imple-
ment due to the high magnitude values than the ones producing the optimum

average error percentages which have relatively smaller magnitudes.

Stream functions are proved to be reliable tools to provide the conductor pat-
tern to produce the calculated current distribution. The coil patterns corre-
sponding to the current density distributions producing the minimum average
error percentages are harder to implement than the ones corresponding to the
current density distributions producing the optimum average error percentages

for each regularization method.

When conductor pattern solutions with reference to the utilized regulariza-
tion method are compared, the conductor pattern solutions using Rutisbauer
Method are easier to implement. When conductor pattern solutions with ref-
erence to the utilized source field geometry are compared, the coil patterns
computed for the tri-planar surface by the regularization methods are hard to

implement even though the average error percentages are very small.

When the RF coil pattern is realized for the planar coil and the generated
magnetic field is both theoretically calculated and experimentally measured,
the conductor patterns obtained using stream functions proved both theoret-
ically and experimentally to generate the calculated magnetic fields with a

small error.

During the simulation of the circuitry used to tune and match the coil, it
is seen that the capacitance values that yield the tuning and matching con-
ditions are very sensitive to small changes. When compared to tuning and
matching a conventional RF coil, tuning and matching process is harder to
implement as different current magnitudes on conductor branches with differ-

ent matching requirements should be accomplished at the same time. This
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requires accurate measurement of the inductance values and capacitances the

magnitudes of which can be changed in very small steps.

4.4 Future Work

e The errors on the solenoidal characteristics of the current density due to
discritization of the fields on source geometries are aimed to be dimin-
ished by increasing the source points which will require parallel process-

ing and iterative algorithms.

e Genetic algorithm is aimed to be adapted to the problem in order to

obtain smaller errors with more realizable patterns.

e The signal obtained using the theoretical and experimental magnetic field

outcome is aimed to be simulated in an MRI simulator.
e The coil which is realized is aimed to be tuned to multiple frequencies.
e The coil is aimed to be experimented in METU MRI system.
e The coil is aimed to be experimented in inhomogeneous magnetic fields.

e A hand-held MRI scanner is aimed to be implemented and manufactured.
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CHAPTER 5
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A. Ozan Yilmaz, B. Murat Eyiiboglu,” Homojen Olmayan Ana Manyetik Alanda
Manyetik Rezonans Goriintiilleme i¢in RF sargist Tasarimi” Proc. of URSI-

Thrkiye 2006 3rd National Congress, Ankara - TR, pp.207-9, 2006
A. Ozan Yilmaz, B. Murat Eyiiboglu, "RF Coil Design for MRI Applications

in Inhomogeneous Main Magnetic Fields”, World Congress 2006, Seoul-Korea,
p.3084, August 2006.
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APPENDIX A

Regularization

A.1 Singular Value Decomposition

Every matrix A € R™"™ has a SVD:

N D 0 VT
A=UyDoVT = <UU> —UpvT (A1)

0 0 VT

where Uy € R™" and Vy € R™™ are orthogonal (i.e. Ul Uy = I and Vi'Vy = I)
and U € R™" , D € R"" and V € R™", where r < min (n,m) is the rank of
A . The diagonal matrix D ;| has nonnegative diagonal elements appearing in

non increasing order such that

oL>09> >0, >0 (A.2)
Let uq,uo,...,u, denote the column vectors of Uy and vy, v, ..., v, the col-
umn vectors of Vo . Then, uy, ug, ..., u, span R(A) , upy1,us,...,u, span

N(ATY vy, v, ..., v, span R(AT) and v,11,v,..., 0, span N(A) . It can be

observed that vy, vs, ..., v, are the eigenvectors of AT A while uy,us, ..., u,

2

are the eigenvectors of AAT . Furthermore, o%,. .., 02

are the non-zero eigen-

values of these matrices.

If the mapping Ax of an arbitrary vector x is considered, using the SVD
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(v]'z) v, (A.3)

0; (U-Tx) U; (A.4)

i=1
=1

these relations clearly show that due to multiplication with the o; , the high
frequency components of x are more damped in Ax than the low frequency
components. Moreover, the inverse problem, that computes x from Ax = b or
min || Az — b||, , must have the opposite effect; it amplifies the high-frequency
oscillations in the right-hand side b [46].

A.2 The Generalized Singular Value Decom-
position (GSVD)

The GSVD of the matrix pair (A, L) is a generalization of the SVD of A in the
sense that the generalized singular values of (A, L) are essentially the square
roots of the generalized eigenvalues of the matrix pair (ATA, LTL) . We
assume that the dimensions of A € R™" and L € RP*™ satisfy m >n > p ,
which is always the case in connection with discrete ill-posed problems. We
also assume that N(A)(N(L) = {0} and that L has a full rank. Then the
GSVD is decomposition of A and L in the form

D 0 L .
A=U X, L=V (M, 0)X" (A.5)
0 Iy
The columns of U € R™" and V € RP*P are orthonormal, UTU = I, and
VTV =1,; X € R™ is nonsingular with columns that are A” A -orthogonal;
and D and M are prp diagonal matrices with diagonal terms oy,..., 0, and
i, - - -, [t Tespectively. Moreover, the diagonal elements are nonnegative and

ordered such that

0<o,<---<0,<1, 1> > >, >0 (A.6)
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and they are normalized such that

o +pui=1, t=1,...,p (A.7)

The generalized singular values of the pair (A, L) are then

o i=1,....p. (A.8)
125

A.3 QR Decomposition

The QR decomposition of a mxn matrix A is given by:

A=QR (A.9)

where () € R™™ is orthogonal and R € R™*" is upper triangular. If m > n |

the QR decomposition takes on the following form:

Rl n
m A | = Q
n m n

where R; € R™" is upper triangular [47]. If A has full column rank, then
the first n columns of @ form an orthonormal basis for R (A) [48]. Thus,
calculation of QR decomposition is one way to compute an orthonormal basis

for a set of vectors. This computation can be arranged in several ways.

A.3.1 Householder Transformation

Let v € R™ to be nonzero. A nzn matrix P of the form

2
P=1-— m/l}'UT (All)
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is called a Householder reflection. The vector v is called a Householder vector.
If a vector x is multiplied by P , then it is reflected in the hyperplane span
{v}" [48]. In particular, suppose we are given 0 # 2 € R" and we want Pz to

be a multiple of e; = I,,(:, 1) . Using A.11 and setting v = = + ey gives:

vir =a"2 +an (A.12)
and
viv = 2Tr + 2ar, + o (A.13)
and therefore,
Pz = (1 - gﬂixzzz:i QQ) v Qa%el (A.14)

In order for the coefficient of z to be zero, @ = F ||z ||, e; . During the utiliza-
tion of this transformation in this study, the normalized Householder vector
v € R" is calculated with v(1) = 1 and 8 € R such that P = I, — Bvv? is

orthogonal and Pz = ||z ||, e; .

In order to visualize QR decomposition utilizing Householder transformation,
suppose m = 6, n = 5 and assume that Householder matrices H; and Hy

have been computed so that

X X X X X
0 X X X X
0 0 ® x X
HyH A= (A.15)
0 0 ® x X
0 0 ® x x
0 0 ® x X
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Based on the marked entries, a Householder matrix H; € R** is determined

such that

& X
- ® 0
H; = (A.16)
& 0
& 0
If Hy = diag ([2, HS) _ then
X X X X X
0 X X X X
0 0 x %X X
HsHH A = (A.17)
0 0 0 x x
0 0 0 x x
0 0 0 x x

after n such steps an upper triangular matrix R = H,H,,_1 --- H A is obtained

and so by setting ) = Hy --- H,, we obtain A = QR .

A.3.2 Givens Rotations

Householder reflections are useful on the annihilation of all but the first com-
ponent of a vector. However, in calculations where it is necessary to zero
elements more selectively, Givens Rotations are the transformation of choice.

A Givens Rotation is defined as:
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1 0 0 - 0
0 c S 0 7
G (i, k,0) = (A18)
0 —S - c - 0 k '
0 0 0 1
7 k

where ¢ = cos (f) and s = sin (f) . Givens Rotations are clearly orthogonal.

Premultiplication by G (i, k, Q)T amounts to a counter clockwise rotation of

0 radians in the (i, k) coordinate plane. If z € R" and y = G (i, k, 6)" « , then

cT; — ST}, 7 =1
Yk = Sx; + cxg j=k (A.19)
Z; j?’é Z,I{Z

Therefore, y;. can be forced to be zero by setting

X — Tk

= —— §= ——— (A.20)

2 2 2 2
VvV + VAL S

- (A.21)

The general idea in the usage of Givens Rotations to compute QR factorization

can be illustrated by a 4x3 case:
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_>< X ><- _>< X ><- ->< X ><-

X x x| (3,4 | x x x| (2,3) | x x x| (1,2)

X X X — X X X — 0 x x —

X X X 0 x X 0 x X
_>< X ><_ —>< X ><_ —>< X ><_

0 x x| (3,4 | 0 x x| (2,3) [ 0 x x| (3,4

0 x X — 0 x X — 0 0 x —- R
_0 XX _0 0 x| _0 0 x|

(A.22)

Therefore, by setting ) = H§ G; we obtain QT A = R where G, denotes the jth
Givens rotation and ¢ denotes the total number of rotations. A given matrix
A € R™™ is overwritten with m > n such that QA = R , where R is upper

triangular and () is orthogonal.

A.4 Orthogonal Bidiagonalization

Suppose A € R™™ and m > n . Orthogonal matrices Ug € R™*™ and

Vg € R™" can be computed such that

(4 f0 0 |
0 dy fo 0
vtav,=| (A.23)
0 dn—l fn—l
0 0 d,
(000 - 0 0

Ug=U;---U, and Vg = V;---V,,_5 can each be determined as a product of
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Householder matrices:

X X X X X X X X x x 0 0
X X X X 0 X x X 0 x x X

U; Vi Uz
X X X X 0 x x X 0 x x X

— — —
X X X X 0 x X X 0 x X X
X X X X 0 x X X 0 x X X
x x 0 0 x x 0 0 x x 0 0
0 x %X X 0 x x 0 0 x x 0

Vo Us U,
0 0 x X 0 0 x X 0 0 x x

— — —
0 0 x x 0 0 x x 0 0 0 x
0 0 x X 0 0 x x 0 0 0 x
x x 0 0
0 x x 0
0 0 x x
0 0 0 x
0O 0 0 O

(A.24)

A € R™™ m > n is overwritten with ULAVz = B where B is upper bidi-
agonal and Ugp = U, ---U,, and Vg = Vi ---V,,_5 . The essential part of U; ’s
Householder vector is stored in A(j 4+ 1 : m,j) and the essential part of V; ’s

Householder vector is stored in A(7,7+2:n) .

If the matrices Ug = Uy---U;---U, and Vg = Vi ---V;---V,_5 are desired
explicitly:

U =1 — Bu@u®” (A.25)

where
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essent‘z{ll part

and

Vi =1 — 3 0@p@" (A.27)

where

W=100 - g 1 o%, s (A.28)

~
essential part

A.5 Direct Regularization Techniques

A.5.1 Tikhonov Regulatization

The key idea in Tikhonov’s method is to incorporate a priori assumptions
about the size and the smoothness of the desired solution, in the form of
the smoothing semi norm || Lz||, . For discrete ill-posed problems, Tikhonov

Regularization in general form leads to the minimization problem:

min { [|Az — b3 + A || Lz|; } (A.29)

where the regularization parameter A controls the weight given to minimization
of the regularization term, relative to the minimization of the residual norm.
Underlying this formulation, is the assumption that the errors in the right
hand side are uncorrelated and with covariance matrix 631, . If the covariance
matrix is of general form CC7 | where C has full rank m, then one should scale

the least squares residual with C~! and solve the scaled problem
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min { || €7 (4w = b) [+ 2% L |1} | (A.30)

The Tikhonov problem has two important alternative formulations:

A b
(ATA+XNLTL) 2 =A"0  and min T —
AL 0/,
A.31)
The Tikhonov solution zy, 5 is given by
rpa=ATb  with AF = (ATA+ N2LTL) ™ AT (A.32)

where A¥ is the Tikhonov regularized inverse. If we insert GSVD of (A, L) into
this equation, then the filter factors for Tikhonov regularization in standard

form where L = I, and general form where L # I,, are given by

2
o; . T

For a square invertible L , the alternative formula

rpa= (L7L) AT (A(L7D) AT 4N (A.34)

occasionally appears in literature.

The method also appears when the least squares problem is augmented with
statistical a priori information about the solution, in the form of a covariance
matrix CTC, for the desired solution (considered as a stochastic variable). In

this setting, the estimator is the solution to
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(47 (cC™) T A+ (€0 ) @ = AT (CCT) T (A.35)

It can be seen that the estimator is the scaled Tikhonov solution when AL
is replaced by C; ! . In order to solve the Tikhonov problem numerically we
should form the matrix (ATA + XA2LTL) and compute its Cholesky factoriza-
tion [46]. However, forming AT A explicitly can lead to loss of information
in finite-precision arithmetic and a new Cholesky factorization is required for

each regularization parameter \ .

Elden’s Bidiagonalization Algorithm is the most efficient and numerically sta-
ble way to compute the solution to the Tikhonov problem [3]. If the problem
is given in the general form (L # I,,) , then the standard forms of the matri-
ces A and b should be computed using explicit standard-form transformation

developed by Elden, which is based on two QR factorizations.

iy

T _ _
L"=KR=( K, K., ) . (A.36)
Thp
AK, ,=HT = ( Hyp Hptnop) ) ) (A.37)
Hence, the standard forms of the matrices A and b are obtained as

A = A(l,- K, T, H 1 A)L* (A.38)

= (In—H,_,H}_ ) AL*

= Hm—(n—p)H'Z;,f(nfp)AL+
b = b—AK, T, H' b (A.39)

= (In—HypH ) b= Hpy(np)H), (b

n—p

where LT = KR, !is the pseudo inverse of the full rank matrix L . Then
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Tikhonov problem should be treated as a least squares problem of the form

A b
min z— (A.40)
A, 0

2

This problem can be reduced to an equivalent sparse and highly structured
problem by transforming A into a pxp upper triangular matrix B by means of

left and right orthogonal transformations,

s
I

S
wel]

v (A.41)

Once A has been reduced to a bidiagonal matrix B , we make the substitution

T = V € and obtain the problem:

B _ U"b
min £ — (A.42)

2

The sub-matrix AL, can be annihilated by Givens Rotations as explained in
3.1.1. After AL, has been removed we arrive at the problem:
B\ . (5

min & — .

0 Do

(A.43)

2

based on the fact that || Az — b5 = || QT Az — Qb Hz [49]. As a result, the

solution becomes:

£=DB7"H (A.44)

We can also incorporate an a priori estimated x* into the smoothing norm and
thus “bias” the regularized solution towards this estimate. The least squares

estimation takes the form
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A b
min xr — (A.45)

AL ALx* )

and after standard form transformation we have

A b
min z— (A.46)
A AT

2

A.5.1.1 Least Squares with a Quadratic Constraint

There are two other regularization methods which are almost equivalent to
Tikhonov’s method, and which can be treated numerically by standard form
transformation plus bidiagonalization or GSVD. These two methods are for-

mulated as the following least squares problems with a quadratic constraint.

min || Az — b, subject to |L(z—z")], < a, (A.47)

min || L (z — z%)]|, subject to |Az — b, <6 (A.48)

where a and § are nonzero parameters each playing the role of the regular-
ization parameters. The solution to both problems is identical to z, y from
Tikhonov’s method. Graphically, the solution to A.25 lies on the intersection
of the Tikhonov L-curve and the horizontal line ||L (x — 2*)||, = o, while the

solution to A.26 lies on the intersection of the L-curve and the vertical line
| Az — b||, = 0.
A.5.1.2 Inequality or Equality Constraints

It is sometimes convenient to add certain contraints to the Tikhonov solution,

such as nonnegativity, monotonicity, or convexity. All three constraints can be

111



formulated as inequality constraints of the form Gz > 0 | taking the special

forms

x>0 nonnegativity
Lix >0 monotonicity (A.49)
Lox >0 convexity

where L; and L, approximate the first and second derivative operators, re-
spectively [42]. The constraints can, of course, also be combined in the matrix

G. Thus, the inequality-constrained Tikhonov solution solves the problem

min { ||Az —b||Z 4+ N || Lz|? subject to Gx >0 A.50
2 2

The constraints can be in the form of equalities incorporated with total least
squares problems [42]. The general form of the linearly restricted least squares

problem is

min || Az — b ||, such that Ry =r (A.51)

where R € RP*™ . In order to solve the problem, method of Lagrangian multi-

pliers is used. The solution is found by minimizing the unconstrained problem

|Az — b, — 2A (Rz — ) (A.52)

with respect to x and A = (A, ..., \,) respectively and the following stationary

conditions are obtained:

2AT (Ax —b) —2R"XN = 0 (A.53)
Rr—r = 0 (A.54)
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Let S = ATA . From the first equation above,

r=81ATb+ ST'RT\ = 2, + ST'RTA (A.55)

where z,, = ST'ATbh is the ordinary least squares solution under no restric-

tions. Multiplying by R and using the second equation:

Raos+ RST'R" A= Rx =r (A.56)

The symmetric RS™'R” is positive definite, hence invertible, and it is found

that

A=[RST'RT] ™" (r — Rapy) (A.57)

Inserting this into A.31 yields the solution

& = 2oy +STRT [RST'RT] ™ (r — Ragy) (A.58)

A.5.1.3 Related Methods

The Tikhonov solution can be modified by a process which resembles iterative
refinement for linear systems of equations. If the set z(1) = xr , then the

modified Tikhonov solutions are defined recursively as

2D = 04 (ATA 4 NLTL) AT (b— Aa®) | k=1,2 ... (A59)

This technique is called Iterated Tikhonov Regularization [46].
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Another modification of Tikhonov’s method for achieving sharper filter fac-
tors amounts to solve the following system of equations in the standard form

case:

(ATA+ 220+ 22 (AT A+ NL) ™ ) @ = AT (A.60)

The corresponding filter factors are:

2
¢ (A.61)
o2+ 02+ N2 4 32y

7

g

fi=

For symmetric positive definite matrices A and L , Tikhonov’s problem is

suggested to be replaced with the problem:

(A+ ML)z =b, A>0 (A.62)

If L = I, then the solution can be expressed in terms of the SVD of A, in

the form with filter factors f; = 75 . If L # I, then the solution is most

conveniently expressed in terms of the generalized eigenvalues and eigenvectors

of (A,L) .

Another variant of Tikhonov regularization is a statistical approach such that

2 o :
evact _ xreg\|2> of the error norm is minimized. It is

the expected value ¢ (Hx
assumed that b = b + e, x,,, = A¥b , and that the covariance matrix for

e is CCT . Then we obtain

€ <ermd — xreg”z) = ||x€‘“wt — A#be""”“t”z + trace (A#CCT (A#)T>
_ Z (1- fz)Z (UiTxexact)Z i Zflga_i_Q ||CTU1H2
i=1 i=1
(A.63)
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and this quantity is minimized for

2
fi = %i i=1,...,n (A.64)

)
02 + [ CTuwil; [ (T werecty”

A.5.2 The Regularized General Gauss-Markov Linear
Model

The general Gauss-Markov linear model is defined as

Ar+e=0 (62) (A.65)

where A € R™" (m > n) and b € R™ are known, x € R" is an unknown
vector to be estimated, and € € R™ is a random vector with zero mean and
variance-covariance matrix V(g) = s2CCT with C € R™4 (m > q) [50]. The

best linear unbiased estimator of x in this model is the solution to the problem:

min || ||, subject to Az +Cu=1> (A.66)

where v € R? such that ¢ = Cu and v has the variance-coariance matrix

V(u) = s%I,

When A is ill-conditioned while B is well-conditioned, a reqularized Gauss-

Markov problem can be proposed as:

1rnilr1{Hu||§—i-/\2 ||Lx||§} subjectto  Ar+Cu=1»> (A.67)

This equation involves three matrices A, C' and L where A € R™" (' € R™*4
and L € RP*™ . The appropriate tool for this analysis is the restricted SVD
(RSVD) where it is assumed that
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Then, there exist nonsingular matrices X € R"" and Z € R™™

onal matrices U € R?7 and V € RP*P such that

ZTAX =3, ZTCcU = M, VILX = N,

(A.68)

, and orthog-

(A.69)

where ¥ ; N and M are pseudo diagonal matrices with nonnegative elements

having the following structure:

4 0 0 0 S
0 I; 0 O
Y= 0 0 I 0O k (66.1)
0 0 0 I l
0O 0 0 O U
t 7 k1
I, 0 S
0 O
I, 0 0 0\ ¢
0 I; 00/
0 O l
t 5 k1
0 0 U J
s k
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and where

Ya= d’LCLg (017 s ;Umin(s,t)) S Rsxt, o122 Omin(s,t) > 0
A C
j=rank (A, C), =n+q—rank ,
L 0
(A.72)
A C A C
[ =rank —p—q, s = rank -n
L 0 L 0
A C
t =ank (A, C)—rank : u=m —rank (A, C)
L 0
As a result, the solution z ¢ ) can be written as
rrox = XXM X, Fy = diag (f1,..., fi,1,...,1) (A.73)
where
o2 |
fi:m, Z:]_,...,t (A74)

As in the case of Tikhonov regularization, it is seen that A controls the solu-

tion’s sensitivity to errors in b .

A.5.2.1 Numerical Algorithm

Equation A.67 can be reformulated as:

min subject to [ A C ] =b (A.75)
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A.5.2.1.1 Stepl

C
Make a QR decomposition of C', so that C' = @) ' , where C] € R
0
is upper triangular and nonsingular.
A.5.2.1.2 Step2
Let
A b
orap =" | 1 (A.76)
As by m—q
and make the following decomposition of A, :
AU =] 0 Agp| m-— 70
U = | 2] q (70) (AT7)
n—1 1
so that U is orthogonal and A,y € R(™~9% ig of full column rank i.
A.5.2.1.8 Step3
Let
A A A x n—1i
' U= e and Uly = !
L Ll LQ To 1
n—1i 1
(A.78)
Make a QR decomposition of Asy , so that Ay = Q4 2 , where Ay €
0
R™! is upper triangular and nonsingular. Let
bV .
Qb= | %) with b5 € R’ (A.79)
b;
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Then the regularized Gauss-Markov linear model is consistent only if b§2) =0

[50]. In this case,

20 = Ayl (A.80)

and x; solves the least squares problem:

. ALy ALyxy
min T — (A.81)
C;lAll C;l ( A12232

This problem can be solved for x; using plane rotations and orthogonal trans-

formations [50],[51] giving the unique solution:

r=U (A.82)

A.5.3 Truncated SVD and GSVD (TSVD and TGSVD)

A different way to treat the ill-conditioning of A is to derive a new problem
with a well-conditioned rank-deficient coefficient matrix. This is the idea be-

hind the methods TSVD and TGSVD.

For problems with ill-determined numerical rank, it is not obvious that trun-
cation of the SVD/GSVD leads to regularized solution. However, it is proven
that under suitable conditions, for any valid truncation parameter k there al-
ways exists a regularization parameter A such that TSVD/GTSVD solution is

close to Tikhonov solution.
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The filter factors for these methods simply consist of zeros and ones:

1, 1 < k,
0, 1>k
(A.83)
0, 1<n-—k,
1, 1>n—Fk

A.5.4 Algorithms based on Total Least Squares

In order to explain the basic idea behind this method, consider a moment
the usual least squares solution z,s found by minimizing ||Az — b||, . It can
be seen that ., solves the problem Ax = b where b is the smallest possible

perturbation if b such that b € R(A) , ie, such that Hb— 13‘ is minimal.

In other words, we first perturb b just enough to ensure that the perturbed
equation has a solution, and then z,, is found solving this system. If A is
also subject to noise, A can be perturbed as well as b . That is, we can try to
find A and b such that ’[A; b — [A, ZA)} H is as small as possible and such that
beR <A> . Then Az = b has a solution, and any such solution is called total

least squares (TLS) solution of the problem Az =b .

A.5.4.1 Truncated Total Least Squares (TTLS)

TTLS is a modification of TLS, which is also suitable as a regularization
method for ill-posed problems. The TTLS solution is usually defined as fol-
lows:

Suppose a regularization parameter k£ has been specified and consider the sin-

gular value decomposition

[A b =UDVT (A.84)

where V € R+D=(+1) can be block partitioned as
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8 Vi W
v=| " " (A.85)
Var Vg

where ‘711 € R™* _ Then the TTLS solution is defined by

7 T
v1~2v222 (A.86)
(i

and the filter factors corresponding to u! # 0 and o; # 0 are given by

Tls = —

2

: @721+1j o}
fi=> (5_2 = 02) (A.87)

j=1 V22 J 4
2

For i < k , these filter factors increase monotonically with 7 and satisfy

0< fi—1< - Zhtl i<k, (A.88)

while for k& < i < rank (A) , these filter factors satisfy

-9 01'2 .
) FT—o k <i<rank(A) (A.89)

OSﬁSH%J

It can be observed that for the first k filter factors, the larger the ratio between

o; and Gy , the closer the bound on f; to 1 . Similarly, for the last n — k

filter factors, it is observed that the smaller the ratio between o; and ), , the
2

i i
closer f; is to =

A.5.4.2 Regularized TLS (R-TLS)

An alternative approach to adding regularization to the TLS technique is based
on Tikhonov formulation (*). In the TLS setting we add the bound || Lz ||, <

a to the ordinary TLS problem and the R-TLS problem thus becomes,
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min H (A, b) — ([l, B) H subject to b= Az, |Lz|,<a.
F
(A.90)
The R-TLS solution Z, to A.55 is a solution to the problem
(ATA+ NI, + A LTL) o= A"b (A.91)
where the parameters A\; and A\ are given by
N\ = — HAI*bHQg?
1+H9;H2 (A.92)
)\L _ (bfAO:fQ) Az
Moreover, the TLS residual satisfies,
N 2
H (A, b) — (A, b) ‘ — N (A.93)
F

The expressions for the parameters A; , A\; and the residual are proven us-
ing Lagrange multiplier formulation in [52]. In the standard form case, the

Tikhonov problem becomes

min || Az — b || subject to |z ||y < e (A.94)
with solution z, satisfying
(ATA+ ML) zo = ATD (A.95)
Similarly, R-TLS problem takes the form,

min H (A, b) — (/1, 5) HF subject to b= Az, |z|,<a

122



with solution z, satisfying

(ATA+ A1) To = ATD (A.97)

whenever || Z, ||, > a , with A7y, = A\; + A . Clearly, these two solutions are
closely related. For each value of o , the resulting solutions x, and z, are

related as in Table A.1

Table A.1: Relation between the solutions x,, 7, and « value.

« Solutions AIL

Oé<||IL5||2 To = g Arr, >0

a= ||zl To = Toa = TLS Aip =0

[zrslly <a<[zrrslly | Ta # Ta =215 0> Mg > =044
a > H TTLs H2 To = 27LS, Ta =TLS AL = _6721+1

where 7, ; denotes the smallest singular value of (A, b) .

In the general form case, the R-TLS solution z, is different from the Tikhonov
solution whenever the residual b — Ax is different from zero, since both \; and
A are nonzero. For a given « , there are usually several pairs of parameters
Ar and Ay , and thus several solutions Z, , that satisfy relations A.56-A.58,
but only one of these, satisfy the optimization problem A.55. According to
A58 this is the solution that corresponds to the smallest value of | A\;|. The
relations in Table A.2 hold.

Table A.2: Relation between the solutions and parameters of the R-TLS prob-
lem.

« Solution A1 AL
a < || Lrris|l, To # TTLS A <0 0MN/Oa>0 [A>0
o 2 ” LxTLS HQ ‘Ta = TTLS )\I = _5'7214,_1 )\L =0

A.5.5 Other Direct Methods

There is a variant of Tikhonov’s method for the case when A is Toeplitz and

L =1, . The filter factors of this method are:
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O'.
i = . y izl,...,n A.98
) (A.98)

and using either p; = A (a constant) or p; = || Lu;||3 , i.e, a measure of smooth-
ness of the ith singular vector v; is suggested with this method (Ekstrom and
Rhoads Method). A possible further extension to the case L # I, is proposed

to use the filter factors f; = U:;\“_ in the GSVD expansion. These filter fac-

tors decay more slowly than the Tikhonov filter factors and thus, in a sense,

introduce less filtering.

Regularization in other norms than the L2-norm are also important, and prob-

lems of the general form

min{ | Az — b, + X° |yx||;} (A.99)

are considered where 1 < p <ooand 1 < s < oo . The s-norm of a matrix x

is defined as:

lzl3=> Izl (A.100)
i=1

It can be seen that as the value s increases, the penalization is less severe for
larger values and more severe for smaller values of the argument of the s-norm

function.

Regarding the solution norm, the L1-norm ||z ||, has achieved special atten-
tion in some applications, such as reflection seismology, where this norm is
able to produce a “sparse spike train” solution, i.e, a solution that has the
least number of nonzero components. This feature of the 1-norm can be used
to compute regularized solutions with steep gradients and even discontinuities,
when || Lz ||, in Tikhonov method is replaced by the 1-norm of a derivative
of z. When 1-norm is used with the matrix L is equal to the discrete gradient

approximation, this method is called T Total Variation (TV) Regularization.
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TV de-noising and regularization are able to produce solutions with localized
steep gradients without prior knowledge of the positions of these steep gradi-

ents.

A non-quadratic s-norm regularization cost analogous to the quadratic Tikhonov

regularization can be expressed as:

& =argmin {||b— Az ||} + \?| Lz |}} (A.101)

One difficulty of this particular choice of cost function is that the s-norm for
values of s less or equal to 1 is not differentiable at zero [43]. The cost function

can be rewritten as

&= argmin{” b— Az |y + N> (I(La),]” + 5)’“/2} (A.102)

1

where ( is a small positive constant. The solution z to this problem is a

solution to the equality:

(ATA+ NL"Ws (z) L) = A"b (A.103)

where Wy (z) = £diag << |(L),)* + ﬁ)k/2> . This nonlinear equation is pro-

posed to be solved iteratively, starting with an initial guess z(°) and using the

fact that at convergence ("1 = ("
(ATA+ NLTWj (:1:(”)) L) g =y ATh + (1 — ) H (z") 2™ (A.104)

where v < 1 is a parameter controlling the relative amplitude of the terms in

the modified Hessian update equation [43].

Mazimum Entropy Regularization [42] is another technique which yields a
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solution with only positive elements. The solution is defined much the same as
the Tikhonov regularization, the only difference being the choice of the penalty

term such that:

Tme = arg min { |b— Ax Hg + 22 sz log (wixi)}, z; >0 (A.105)
r 1

where w; are positive weights. It can be observed that the maximum entropy
method penalizes large elements x; less than Tikhonov regularization method

as illustrated in Figure A.1.

5 :
el Panalty
=~ Tikhonov P
B 2
-
#
#
II'.-‘
1.5 L
r
-
¥
’
o
1= e

A%F L__,r"l.-. _’_,..-""J'

Figure A.1: Penalty term comparison

Note that the maximum entropy penalty is minimized when the #h component

e_;/wi (assuming log is the natural logarithm). Selecting

of xis equal to z} =
all w; equal, we implicitly penalize for large differences in values between the
components of x. The latter effect could also have been obtained by a Tikhonov

penalty of the form ||z — x*|| , where z* is a vector with all components equal.
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A.6 Iterative Regularization Methods

Iterative methods for linear systems of equations ad linear least squares prob-
lems are based on iteration schemes that access the coefficient matrix A only
via matrix-vector multiplications with A and A7 | and they produce a sequence
of iteration vectors ), k=1, 2, ..., that converge to the desired solution.
Iterative methods are preferable to direct methods when the coefficient matrix
is so large that it is too time-consuming or too memory demanding to work

with an explicit decomposition of A [46].

A.6.1 Landweber Iteration

This is one of the main iterative regularization methods, which takes the form

2® = 2D 4 AT (b — Az=D) (A.106)

where 2(?) = 0 , w is a real parameter satisfying 0 < w < 2 HATAH;1 . After

k iterations, we have the filtering factors:

P =1-(1—woe?)", i=1,....,n (A.107)

1

A disadvantage of this method is that it may take many steps k to achieve a

useful regularized solution [42].

A.6.2 Regularizing Conjugate Gradient(CG) Iterations

The CG method was originally developed for solving large sparse systems of
equations with a symmetric positive definite coefficient matrix. Applying the
method to normal equations AT Az = ATb produces iterates which converges
to a least squares solution for the problem Az = b . One implementation of the
CG method for solving the system AT Az = ATbh is the CGLS method which
iterates the following statements [42],[46] for k =1, 2,...:
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[E
. — 2

a0
2B = =) 4 o =)
P = p(h=1) _ o A1) (101) (A.108)
5, = [ATr® |7

el

d®) = ATrk) — g, Aq*k=1)

where 7 is the residual vector r*) = b — Az®) . The CGLS algorithm is
initialized by with the starting vector (¥ =0, 7 = p and d© = ATr©

It can be observed that the CG method avoids the computation of ATA |
which is numerically an advantage as AT A is worse conditioned than A and
AT | The filter factors for the CG method after k iterations can be shown to

be:

ok _ 52

fi(k):l—H%, i=1,...,n (A.109)
Jj=1 J

where QYC) > Gék) > > Q,Ek) are called Ritz values [42]. The Ritz values
can be precisely defined and can be shown to approach squared singular values
such that HJ(-k) — 0]2- as k — n where k < n . Also, A.109 requires that
fi(k) = f;k) whenever o; = o; . Furthermore, we have fi(k) —1 as k—n

, which states the fact that CG iterates converge towards the least squares

solution.
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