QCD SUM RULES FOR THE ANTICHARMED PENTAQUARK

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
OF
MIDDLE EAST TECHNICAL UNIVERSITY

BY

YASEMIN SARAC

IN PARTTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF DOCTOR OF PHILOSOPHY
IN
PHYSICS

JANUARY 2007



Approval of the Graduate School of Natural and Applied Sciences.

Prof. Dr. Canan Ozgen
Director

I certify that this thesis satisfies all the requirements as a thesis for the degree of
Doctor of Philosophy.

Prof. Dr. Sinan Bilikmen
Head of Department

This is to certify that we have read this thesis and that in our opinion it is fully
adequate, in scope and quality, as a thesis for the degree of Doctor of Philosophy.

Prof. Dr. Ahmet Gokalp
Supervisor

Examining Committee Members

Prof. Dr. Mehmet Abak (Hacettepe Unv., PHED)

Prof. Dr. Ahmet Goékalp(METU, PHYS)

Prof. Dr. Osman Yilmaz(METU, PHYS)

Prof. Dr. Ersan Akyildiz(METU, MATH)

Assoc. Prof. Dr. Altug Ozpineci (METU, PHYS)



“I hereby declare that all information in this document has been ob-
tained and presented in accordance with academic rules and ethical
conduct. I also declare that, as required by these rules and conduct,

I have fully cited and referenced all material and results that are not

original to this work.”

Name, Last name : YASEMIN SARAC

Signature :

il



ABSTRACT

QCD SUM RULES FOR THE ANTICHARMED PENTAQUARK

Sarag, Yasemin
Ph.D., Department of Physics
Supervisor: Prof. Dr. Ahmet Gokalp

January 2007, 83 pages.

For the anti-charmed pentaquark state with and without strangeness a QCD sum
rule analysis, which is one of the nonperturbative approaches, is presented. For
this purpose we employ pentaquark currents with and without strangeness, with
two different current for each case. To refine the sum rules we also consider the
DN continuum contribution in our analysis since this procedure is important to
identify the signal of the pentaquark state. While the sum rules for most of
the currents are either non-convergent or dominated by the DN continuum, the
one for the non-strange pentaquark current composed of two diquarks and an
antiquark, is convergent and has a structure consistent with a positive parity
pentaquark state after subtracting out the DN continuum contribution. Argu-

ments are presented on the similarity between the result of the present analysis

v



and that based on the constituent quark models, which predict more stable pen-

taquark states when the antiquark is heavy.

Keywords: Charmed pentaquark, QCD sum rules, DN continuum, Exotic hadrons.



0z
ANTI-CAZIBELI PENTAKUARK ICIN KUANTUM RENK DINAMIGI

TOPLAMA KURALLARI

Sarag, Yasemin
Doktora, Fizik Boliimi
Tez Yoneticisi: Prof. Dr. Ahmet Gokalp

Ocak 2007, 83 sayfa.

Acayip kuark iceren ve icermeyen anti-cazibeli pentakuark durumu icin pertur-
batif (tedirgemesi) olmayan yaklagimlardan biri olan kuantum renk dinamigi
toplama kurallar1 analizi yapildi. Bu amagla acayip kuark iceren ve igermeyen
her pentakuark akimi i¢in iki ayr1 akim kullanildi. Pentakuark durumundan ge-
len sinyali belirlemekte onemli olmasi nedeniyle analize toplama kurallarimi iy-
ilestirmek icin DN siirekliligi de katildi. Toplama kurali akimlarin ¢ogu icin
iraksak ya da DN siirekliliginin baskin olmasina kargin acayip kuark icermeyen
ve iki ikili-kuark ve bir antikuark iceren pentakuark akimi icin olan toplama
kurali yakisaktir ve DN siirekliligi ¢ikartildiktan sonra pozitif pariteli pen-
takuark durumuna uygun bir yapiya sahiptir. Buradaki analizler ile antikuark

agir oldugunda daha kararh bir pentakuark tahmini veren kuark modeline dayanan
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analizler arasindaki benzerlikler lizerine argiimanlar sunulmustur .

Anahtar Kelimeler: Cazibeli pentakuark, Kuantum Renk Dinamigi toplama ku-

rallari, DN siirekliligi, Egzotik hadronlar.
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CHAPTER 1

INTRODUCTION

The observation of the pentaquark state ©F by the LEPS collaboration [1] and its
subsequent confirmation have brought a lot of excitements in the field of hadronic
physics [2]. On the other hand, there are increasing number of experiments
reporting negative results. In particular, the latest experiments at JLAB [3] find
no signal from the photoproduction process on a deuteron nor on a proton target,
from which the © was observed earlier by the SAPHIR collaboration with lower
statistics. Although the present experimental results are quite confusing and
frustrating [4], one can not afford to give up further refined experimental search,
because if a pentaquark is found, it will provide a major and unique testing

ground for quantum chromo dynamics (QCD) dynamics at low energy.

Other multiplet to search for a possible pentaquark states are those with one
heavy antiquark. The H1 collaboration at HERA has recently reported on the
finding of an anti-charmed pentaquark ©.(3099) from the D*p invariant mass

spectrum [5]. Unfortunately other experiments could not confirm the finding [6,



7, 8]. While the experimental search for the heavy pentaquark is as confusing
as that for the light pentaquark, theoretically, the heavy and light pentaquarks
stand on quite different grounds. Cohen showed that the original prediction for
the mass of the ©F based on the SU(3) Skyrme model, which resulted in a mass
value 1530 MeV [9], is not valid because collective quantization of the model for
the anti-decuplet states is inconsistent in the large N, limit [10]. In contrast, many
theories consistently predicted a stable heavy pentaquark state. The pentaquark
with one heavy anti-quark was first studied in Ref. [11, 12] in a quark model
with color spin interaction. In Ref. [11] it was stated that the pentaquark states
with the quark contents P° (cuuds) and P~ (¢ddus) with spin-3 and their beauty
analogs have very good chances to become stable, but with a refined analysis they
turned out to be unstable [13]. Then it has been studied in quark models with
flavor spin interaction [14, 15] and in Ref. [14] it was pointed out that the non-
strange positive parity pentaquarks are the best candidates for stable compact
systems in contrast to the negative parity pentaqurks studied in Ref. [15] in
which it was suggested that pentaquarks of negative parity are unstable. In
addition to this there are important similarities between the result of Ref. [14]
and Ref. [16] which stated that the lowest pentaquark states have positive parity
for any flavor content and it is not necessary to contain strangeness to become
stable. In Ref. [14] the mass value for positive parity non-strange pentaquark

was obtained as m(uuddc) = 2.895 GeV. Another study was made using Skyrme



models [16, 17] and in Ref. [16] it was predicted that both the strange and non-
strange pentaquarks might be stable. And Oh et al. [17] also stated a possibility
for the loosely bound non-strange pentaquark baryons. Although the binding
energy and the mass formula they used were different from the ones of Riska and
Scoccola [16] their results supported the result of [16]. Skyrme model calculation
was also applied in Ref. [18; 19, 20] for the pentaquark baryons whose result
showed a possibility of stable pentaquarks. And with the recent experiments,
pentaquarks have attracted renewed interests [21, 22, 23, 24, 25, 26, 27, 28, 29].
Cheung [21] employed the color-spin hyperfine interaction by considering the
picture of diquark-diquark-antiquark [30] and diquark-triquark [31] and obtained
that the diquark-diquark-antiquark picture gives the most favorable hyperfine
interaction while the diquark-triquark picture gives a slightly higher hyperfine
interaction. Cheung also obtained the mass of the ©, between 2938 and 2997
MeV. In Ref. [23] Nowak et al. discussed the possibility to interpret the mass of
the charmed pentaquark state in the chiral doubler scenario, forcing each heavy
light hadron to have opposite parity partner. In Ref. [28] using the quark model
with spin color interaction properties of the mass spectrum of the exotic states
was derived in an expansion in N% A mass estimation for exotic state and the
discussion about their weak decay were made in Ref. [29] considering the possible

existence of the pentaquark state, with a heavy antiquark, b or ¢ and two light

diquarks in a relative S-wave, which are stable against strong decay. Pentaquark



states are also studied in a coupled channel approach [32], and in the combined
large N. and heavy quark limit of QCD [33]. If the heavy pentaquark state
is stable against strong decay, as was predicted in the D meson bound soliton
models [16], it could only be observed from the weak decay of the virtual D meson.
From a constituent quark model picture based on the color spin interaction [34],
one expects a strong diquark correlation, from which one could have a stable
diquark-diquark-antiquark [30] or diquark triquark [12] structure. The question
is whether such strong diquark structure will survive other non-perturbative QCD
dynamics in a multiquark environment and produce a stable pentaquark state.
Such questions are being intensively pursued in quark model approaches [35,
38, 39]. Hiyama et al. [35] obtained no resonance in reported energy region
of ©1(1540) by solving the five-quark scattering problem by applying Gaussian
expansion method [36] and the Kohn-type variational method [37] to the large
model space including the KN (Kaon-Nucleon) scattering component. In Ref. [39]
the result of fully-antisymmetrized Goldstone boson and color magnetic model
calculations for the hyperfine energies of heavy pentaquark states was presented
and the mass value mg, ~ 2835 + 30 MeV, which puts the ©. just above the
corresponding strong decay threshold, was obtained. In particular, an important
question at hand is whether the net attraction from the diquark correlations in
the pentaquark configuration is stronger than that coming from the corresponding

diquark and additional quark-antiquark correlation present when the pentaquark



separates into a nucleon and a meson state. Since the correlation is inversely
proportional to the constituent quark masses involved, the attraction is expected
to be more effective for pentaquark state with heavy antiquark. Another non-
perturbative approach that can be used to answer such question is the QCD sum

rules method.

There have been several QCD sum rules calculations for the light pentaquark
states [40, 41, 42, 43, 44, 45, 46, 47]. Zhu [40] employed QCD sum rules to
estimate the mass of the pentaquark state with J = % and I = 0,1,2. Matheus
et al. [41] explored the diquark-diquark-antiquark state proposed by Jaffe and
Wilczek [30] as a possible organization of the quarks in ©7(1540) state using
the QCD sum rules framework. In Ref. [42] the QCD sum rules were employed
to obtain the parity and the mass of the ©T state. They obtained the parity as
negative using the sum rulesrelativistic quantum theor with the standard values of
condensates. In Ref. [43] again a QCD sum rules approach was performed for ©F
based on the proposal of Jaffe and Wilczek [30] but with a different current than
the current of Ref. [41]. A study, using the QCD sum rules approach including
OPE and direct instanton contribution, of triquark correlation was performed in
Ref. [44] and it was shown that the direct instanton might be important for the
pentaquarks. And again considering the direct instanton contributions Lee et

al. [45] performed a full QCD sum rules calculation to determine mass and parity

of the lowest lying pentaquark state which resulted in a positive parity for O



and a mass value mg+ ~ 1.7 GeV. A QCD sum rules study of the decay of the
©T pentaquark was presented in Ref. [46] using the diquark-diquark-antiquark
scheme with one scalar and one pseudoscalar diquark. The application to the
heavy pentaquarks was performed in a previous work [48], where a pentaquark
current composed of two diquarks and an antiquark was used, and the sum rules
consistent with a stable positive parity pentaquark state were found. A similar

sum rules approach was also applied to the D(2317) [49].

In this work, we extend the previous QCD sum rules calculations to inves-
tigate the anti-charmed pentaquark state with and without strangeness using
two different currents for each case. We find a convergent Operator Product
Expansion (OPE) only for the sum rules of the non-strange heavy pentaquark
obtained with an interpolating field composed of two diquarks and one anti-charm
quark, which was previously used in Ref. [48]. The stability of non-strange heavy
pentaquark is consistent with the result based on the quark model with flavor
spin interaction [38]. We then refine the convergent sum rules by explicitly in-
cluding the DN (D meson-Nucleon) two-particle irreducible contribution. The
importance of subtracting out such two-particle irreducible contribution was em-
phasized in Ref. [50, 51, 52] for the light pentaquark state. In these references
it was pointed out that in the naive pentaquark correlation functions the ex-

otic pentaquark interpolating current can couple to the meson-baryon scattering



states. For the © pentaquark, the five quark current couples to the KN scat-
tering state and this would contaminate the analysis of ©% resonance. As a
result the removal of the KN state is important to understand the properties of
O% from QCD sum rules analysis. In fact, estimating the contribution from the
lowest two-particle irreducible contribution is equally important in lattice gauge
theory calculations [53, 54] to isolate the signal for the pentaquark state from the
low-lying continuum state. We find that for the non-strange heavy pentaquark
sum rules, including the DN continuum contribution tends to shift the position
of the pentaquark state downwards. Given the negative experimental signatures
of the charmed pentaquark states above the threshold, the present result suggests
that the anti-charmed pentaquark states might be bound as was predicted in D
meson bound soliton models.

This thesis is organized as follows. In Chapter 2, QCD sum rules will be
discussed, throughout this discussion the Refs. [56, 58, 59, 60, 61, 62] will be fol-
lowed. In Chapter 3, the QCD sum rules will be applied to the heavy pentaquark
0., where we introduce the interpolating field for the ©. and discuss the disper-
sion relations that we will be using, and also the phenomenological side and the
OPE side will be given in this chapter. In Chapter 4, the QCD sum rules for O,
and its numrical analysis will be given. And finally Chapter 5 is devoted to the

conclusions.



CHAPTER 2

QCD SUM RULES

The QCD sum rules proposed by Shifman, Vainshtein, and Zakarov [55] proves
to be very useful in understanding and extracting the hadron masses and cou-
pling constants. It is a powerful nonperturbative framework in which one can
connect various hadronic properties with the nonperturbative nature of QCD,
which is represented by the vacuum condensates. Over the last decade QCD
sum rules technique has been applied successfully and it has suggested that spec-
tral properties of many hadrons can be determined in terms of a small number
of quark and gluon condensates [55, 56, 57]. In this chapter a review of the
most important features of the sum rules approach will be presented based on

Refs. [56, 58, 59, 60, 61, 62].

2.1 QCD Sum Rules

In QCD sum rules one expresses various hadronic properties in terms of QCD

parameters and studies the hadron corresponding to the lowest-mass state with



a given set of quantum number. For this purpose a time-ordered correlation
function of interpolating fields, which is built from quark fields, is employed. The
Fourier-transformed correlation function of interpolating field, or current J(z) is

given by

(¢*) = Z'/d‘*ﬂfeiq”<0|T{J(ﬂ7)j(0)}|0> =d11,(¢*) + i (¢°) (2.1)
where the |0) is the nonperturbative vacuum and 7T is the time ordering operator.
I1,(¢*) and TI;(¢?) are called the chiral-even and chiral-odd parts, respectively.
This correlation function is used to obtain the masses of the hadrons. J(z)
has the same quantum numbers as the hadron to be studied. One can have an
interpolating field J(z) which can be scalar, pseudoscalar, vector, spinor etc.,
depending on the quantum numbers of the hadron under consideration Eq. (2.1)
is written for a spinor current.

When QCD sum rules method is considered the starting point is the con-
struction of an interpolating field that carries the quantum numbers of the state
concerned. An extremely good choice for such a field can be obtained by taking
the constituent quark model as a base. An interpolating field which has the same
valance quark content and quantum numbers, such as spin, isospin, parity as the
hadron of interest, can be chosen. The interpolating field chosen for a state can
also annihilate or create other resonances and continuum states with the same
constituent quark content and quantum numbers. For instance, a Roper reso-

nance and higher states are also annihilated (created) by the interpolating fields



of nucleon. All of these contribute to the correlation function. Therefore some
other methods must be used to filter out the unwanted states. In order to do
that, the mathematical operation which is known as the Borel transformation
which will be explained in Subsection 2.5 is applied.

To calculate the correlation function which is given by Eq. (2.1) two methods
are used: On the one hand, using the so-called operator product expansion (OPE)
technique one can calculate the correlator in terms of QCD degrees of freedom
when ¢? < 0. On the other hand, one can also calculate the correlation function
phenomenologically with hadronic degrees of freedom.

QCD sum rules is obtained by equating the correlators calculated by the OPE
and phenomenologically and it directly relates the spectral parameters, such as
the masses and other parameters of the phenomenological ansatz, which is the
low-lying resonance, to QCD Lagrangian parameters and condensates. Borel
transformation improves the matching of the QCD and phenomenological de-
scriptions.

In the following sections the general details of the QCD sum rules technique

will be presented.
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2.2 Phenomenological Representation and Dispersion Relation

One can calculate the correlator TI(¢?) by inserting a complete set of physical
intermediate state in Eq. (2.1), and one then obtains the following equation for

the correlator

0|J|H (p))(H(p)|J]0
) = 3 OHEDHE)IT0) .
H q my
where the hadronic states {|H)} form a complete set. Here the interpolating field

couples through

(O[J|H(p)) = Arru(p) (2.3)
if H is spin—% particle (such as the pentaquark), Ay is called the residue or overlap,
and u(p) is a spinor. Ay measures the coupling strength between the interpolating
field and the physical state. Since the interpolating field J(x) is an operator
that annihilates (creates) all hadronic states whose quantum numbers and quark
contents are same with J(z) the information about all these hadronic states
which also includes the low mass hadron of interest are contained in I1(¢?). In
this sense the correlator is analogous to a sum of propagators. In the narrow

state approximation one can write the correlator as,

MPhen () — PelPldEmua)  Aag (f £ mpyr)
@ —m3 +ie q¢? — M + ic
=2 (f £ x
_| H; (Q/ mH2)+ L (2‘4)

2 _ 2 ~
q° — miy T
where the 4+ (—) sign is for positive (negative) parity state, my, is the mass of the

i" resonance, \g, is the coupling strenght of the i'" resonance to the interpolating

11



field, and ... denotes the contribution coming from the higher-mass states. More

generally the correlator can be written as

Phen )

mPhen (g /dq—s+zs W =14, (2.5)

since in general these states occupy a continuous rather than a discrete spectrum.
Here s is the particular invariant mass squared, pP hen(s) is the spectral density
which contains the spectral properties of hadrons and ... denotes the subtraction
terms which are polynomial in ¢? with unknown coefficients. From the Eq. (2.5),

it is easy to verify that

J

en 1 en
prhen(s) = ;[mﬂfh (s), (2.6)
and one immediately sees that the spectral densities for Eq. (2.4) are given as,

pi e (s) = | Aul*(s — m¥y) + |Auy|*6

(s —mip) + [Aag

26(s — m%,;) + ..., (2.7)

and

Py (s)

:F|)\H|27TLH(5(S — m%{) F ‘)‘Hf 27774{{5(8 — m%,l*)

Fl|A; 2mH2*(5(s—m§{2*)+... : (2.8)

In order the QCD sum rules techniques to have predictive power, the phe-
nomenological spectrum must be parameterized in a useful way. The effect of
usually broader higher mass states in the spectrum will be eventually suppressed
and the lowest resonance which is often fairly narrow will be emphasized. There-

fore, the spectral density can, to a good approximation, be parameterized as

12



a single sharp pole representing the lowest resonance plus a smooth continuum

representing higher states:

py""(s) = [Aul?(s —miy) + p7 (s)

pr"M(s) = FlAuPmud(s —mip) + p<"(s) . (2.9)

Note that this description is not perfect; but as one shall see, only weighted aver-

age of plhen

] is important in QCD sum rules. Thus, only the most prominent fea-

tures of piher

are important; the detailed structures of p!’"

; can not be resolved

in sum rule calculations [60]. For simplicity it is assumed that the continuum
contribution to the spectral density p©°"(s) vanish below a certain continuum
threshold sq; above this threshold one assumes the p©*(s) to be given by the
result obtained with OPE. This equivalence which is called the quark hadron
duality is expected by the asymptotic freedom property of QCD for sufficiently
large s. As a result the contribution to the spectral density which comes from

the continuum is estimated as
§C(5) = pOPE(5)0(s — s50) - (2.10)

Note that the choice of the sy, which is related to the 1% (or 2"¢ ) excited res-
onance, is quite artifical. It is chosen considering that around these excited
resonance regions the Borel stability is good (see Section 2.5). Since Eq. (2.10) is
a phenomenological ansatz, the sensitivity of the prediction of sum rules to the

choice of s( is necessarily checked.
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2.3 Operator Product Expansion

Operator Product Expansion (OPE) which was first proposed by Wilson [63]
intuitively, is essential for nonperturbative analysis in QCD sum rules. The main
point is that one expands the time-ordered product of two nonlocal operators
at short distance in terms of local operators which are multiplied by c-number

coeflicients. This expansion is
T[J(2)J(0)] “=* 3" en(2)0, . (2.11)

The c-number coefficients are known as Wilson coefficients and information on
the short-distance physics is contained in these coefficients. On the other hand
the nonperturbative long-distance effects are contained in the local composite
operators O,. As an example the collection of all the composite gauge invariant

operators with dimension equal or less than six are given below

I (The unit operator) (d=0),

aq (d=3),

G, G (d=4),

7o, Gt (d=5),

ql'1qql2q (d=6),
faneGSr GG (d=6) . (2.12)
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There are also other operators which are obtained by multiplying above operators
by quark mass factors, such as m,gq. And also other dimension six operators
such as (DoG ) (DG o), (DaDsG )G pe can be written in terms of the above

operators via the equation of motion

D,Gu =y Z At as - (2.13)
f

After inserting Eq. (2.11) in Eq. (2.1) the two point correlation function will be,

M) = i / 'z 3 ¢, (22)(0]0,|0)

= > cl(g?){010,]0) . (2.14)

There is no dependence between the expansion Eq. (2.11) and the state in which
the operator is evaluated. The Wilson coefficients of higher dimensional operators
are suppressed by increasing powers of ¢?. Therefore, the operators with the
lowest dimension are dominant and give power corrections to the perturbative
contributions stemming from the unit operator.

The vacuum expectation matrix elements of O,, are zero in perturbation the-
ory, but in QCD the nature of the vacuum is changed by the nonperturbative
effects (e.g. instantons) and nonvanishing vacuum expectation values are in-
duced for these operators. From these matrix elements it can be deduced that
nonperturbative effects modify the free particle propagator of quarks and gluons
at large distances. OPE separates long distance and short distance contribu-

tions. Wilson coefficients contain short distance information and hence can be
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calculated perturbatively using Feynman diagrammatic techniques.

An expression for the vacuum polarization I1(¢?) is obtained in deep Euclidian
region in terms of fundamental parameters of QCD and the matrix elements of O,
in the physical nonperturbative vacuum of QCD after the calculation of Wilson
coefficients. Then equating this expression to the physical representation via
dispersion relation one obtains a relation between the parameters of the theory
and hadron parameters. The dispersion relation for the OPE side is given as

OPE )

MoPE (g /d =1 2.15
Zosii j=1lq, (2.15)

where p©P(s) is the spectral density for the OPE side defined as
1
2075 (s) = Ltnore(s) 210

and ... denote the subtraction terms.

2.4 Analytic Continuation

As discussed earlier II?PF(¢?) is valid in ¢> — —oo region. On the other hand,
[177n (¢2) is valid around ¢ ~ resonance region. Therefore one needs to apply
the analytic continuation to II°F#(¢?) in order to match these two expressions.

In the case of the correlation function Eq. (2.1) one is allowed to perform the

contour integral in Fig. 2.1 using the Cauchy formula for the analytic function

I1(¢?),
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1 I1(2)
(¢?) = —fd
(¢") 2mi Jo zz—q2

1 I
27m l2l=R 2z — ¢>

(z +1¢) — (= — ie)
d 2.1
27?2 / 2z —q? ’ (2.17)

where one can put the radius R of the contour to infinity which simplifies the right
hand side of the Eq. (2.17) considerably, since if the correlation function vanishes
sufficiently fast at |¢?| ~ R — oo, the integral over the circle tends to zero. The
second integral on the right hand side of the Eq. (2.17) can be replaced by an
integral over the imaginary part of II(¢?) making use of the Schwartz reflection
principle: TI(¢? + ie) — I(¢* — ie) = 2 ImII(g?) if T1(¢?) is real on the negative

q? axis [62], so the dispersion relation results in

pOPE(
I9PE(Q / ds” + (subtraction terms) (2.18)
J s+ Q2 !

where II97F(Q?) = H9P#(¢?) for @* = —¢?, and pf"P(s) is defined as in
Eq. (2.16). The subtraction terms which are polynomials in ¢* are the result

of the circular integral at infinity.

2.5 Borel Transform And Sum Rules

So far we have two expression for the correlation function: one I1"(¢?) in
terms of physical parameters, as discussed in Sec. 2.1, and the other one IT°7#(¢?)

a theoretical expression which is a function of ¢?, o, the quark masses and the
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Figure 2.1: The contour in the plane of the complex variable ¢ = 2. The open
point indicates the ¢ < 0 reference point of the QCD calculations and the crosses
indicates the positions of hadronic thresholds at ¢? > 0 [62].

vacuum expectation values of the operators O,,. At this point one might attempt
to match these two descriptions of the correlator; however such a matching is
not yet practical. If one consider the OPE side, the contribution from higher
dimensional operators are not sufficiently suppressed, and if the phenomenological
side is considered, the spectrum is not sufficiently dominated by the lowest pole.
In another words, one can only make a valid QCD expansion at sufficiently large
spacelike ¢?, on the other hand one can obtain the phenomenological description
which is significantly dominated by the lowest pole only for sufficiently small ¢
or better yet timelike ¢? near the lowest-mass state. Hence it is not yet possible

to obtain information on the lowest-mass state.

Therefore besides analytic continuation, Borel transformation is often used to
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improve the reliability of the sum rule and the overlap of the OPE and phenom-
enological description . The Borel transformation for a given function f(Q?) is

defined as

7@ = F0r) = 1@ = i D () fien . e

Q2,n—o0 (n — 1)' d@2
2
Q*=—¢*, M*= Ci(: finite) , (2.20)

where M is known as the Borel mass. In the QCD sum rules approach, the
Borel transforms of the OPE and the phenomenological correlation function are

equated

I9PE(M?) = 15" (M) (2.21)

J

At this point we can express the advantages attained by Borel transformation
in QCD sum rules. First of all the polynomial terms appearing in the dispersion
relation Eq. (2.5) are removed by Borel transformation. For the phenomenological
side Borel transformation application leads to emphasis upon contribution from

the lightest resonance. On the phenomenological side the correlator has a form

0o Phen
Q) = | dsp;+§;> , (2.22)

and therefore, for spacelike momentum, a power law suppresses the higher-mass

states. On the other hand Borel-transformed correlator is given by

TPhen (Vf2) = /0 dse™ 717 pPhen () (2.23)
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which shows Borel transform changes a power suppression to an exponential sup-
pression.

If the OPE side of the correlation function is considered, the Borel transfor-
mation also improves the convergence of this side. The nonperturbative part of

the OPE of the correlation function is of the form

Cl

o (Q%) = n%t (Q§>n (0,) . (2.24)

After the Borel transformation, one obtains

/

Hg{iﬁert.(MZ) - Z (n - 1C)T(M2)n <On> . (225)

nonpert.

So higher dimensional terms which corresponds to higher n values are suppressed
by a factorial factor while in Eq. (2.24) they are only suppressed as a simple
power law in Q2.

In principle, M? is completely arbitrary and the physical parameters should
be independent of M?, however in practice some moderate range of M?must be
chosen. Actually, in the phenomenological side, if M? — 0, the Borel trans-
formed correlator is dominated most strongly by the lowest pole, while M? — oo
guarantees better convergence in the OPE side. Therefore an intermediate re-
gion in M?, where the contributions from the higher-dimensional operators and
the higher-mass resonance are simultaneously suppressed to a sufficient degree,
is usually chosen.

Given the form of OPE correlator in Eq. (2.18), the correlator for OPE side
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under Borel transformation is given as
TOPE(M?) = /0 dse 57 pOPE (s) | (2.26)
and the sum rule takes the form

/0 dsefM%ijPE(s) :/0 dsefM%pfhe”(s) . (2.27)

If the spectrum is parameterized as in Eq. (2.9) and Eq. (2.10) then the sum rules

becomes

/0 i dse_ﬁp?PE(s) = /0 ’ dse_ﬁpfhe”(s) . (2.28)

2.6 Vacuum Condensates

To obtain the hadronic parameters such as mass and coupling strength from
the QCD sum rules, the vacuum condensates which are the nonvanishing ex-
pectation values of composite operators given in Eq. (2.12), have to be known.
In this section standard estimates of vacuum condensates will be reviewed. Be-
cause of the Lorentz invariance of the vacuum state |0) only spin-0 operators can
have nonvanishing vacuum expectation values. Here we will deal only with the
condensates that will be used in the next chapter.

Firstly the quark condensate (gGg) will be considered. It follows from the

isospin symmetry that

{qq) = (uu) = (dd) . (2.29)
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One can determine the value of (gq) from the Gell-Mann-Oakes-Renner relation,
(mu +ma){ag) = —mz fz[1+O0(m7)] , (2.30)

where m,. and f, denotes the pion mass and pion decay constant, and m,, and my
are the up and down current quark masses. The value of the quark condensate can
be determined at a particular renormalization scale if the values of the current
quark masses are given at that same scale, since both sides of Eq. (2.30) are
renormalization-group invariant [64]. If the experimental values for m, and fr
are taken as 138 MeV and 93 MeV respectively and the standard values of the
light quark masses are used it is obtained that m, + my = 14 £ 4 MeV at a
renormalization scale of 1 GeV [65]. Therefore, the value for the (gq) condensate
is obtained as

(qq) ~ —(0.225+0.025 GeV)? (2.31)

at the renormalization scale of 1 GeV [65]. The strange quark condensate value

is most often parameterized in terms of the up and down quark condensate as

(8s) = (1 +7s)(qq) , (2.32)
The 75 value is estimated using the strange baryon sum rule as [56, 66, 67|
Vs = —0.2 . (2.33)

The first estimation of the gluon condensate is obtained from an analysis of

leptonic decays of ¢ and ¢ mesons [68] and from a sum-rule analysis of the
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charmonium spectrum [55] whose value is given as [69]
<%G2) ~ (0.33 £ 0.04 GeV)* . (2.34)
[sospin symmetry implies for dimension five operators
(gsi0.Gu) ~ (gsdo.Gd) = {g,Go.Gq) . (2.35)

The quark-gluon condensate (gs;Go.Gq) is given in terms of the quark condensate
(qq) as

(9:G0.Gq) = 2(qD*q) = 2X2(qq) - (2.36)

Here the first equality is obtained by using
a Z a
G/U/ = E[DuaDu] ) (237)
and the equations of motion

(ip—mp)gy = 0,

G(iD +my) = 0. (2.38)

In the QCD vacuum the average vacuum gluon field and the average virtuality
(momentum squared) of the quarks are parameterized by the )\2 and the value
of this quantity is estimated as /\3 = 0.4+ 0.1 GeV? by the standard QCD sum
rule [66, 70]. Latice calculation [71], and QCD sum rule analysis of the pion form
factor using nonlocal quark and gluon condensates [72] give larger values for )\g

which are /\3 = 0.55 4 0.05 GeV? and )\2 = 0.7+ 0.1 GeV?, respectively.
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Having estimated the value of 4 from strange baryon sum rules [66, 67] which
is
Ny~ —0.2, (2.39)

quark-gluon condensate is parameterized as

(9:50.G's) = (1 +7,)(9:q0.Gq) . (2.40)

In QCD sum rule applications, one usually approximates the four quark con-
densates in terms of (gg) and (2G?) via factorization, or vacuum saturation,
approximation. In this approximation one inserts a complete set of intermediate
states in the middle of four-quark matrix element, but keeps only the dominant
vacuum intermediate state. A more detailed discussion of the factorization ap-
proximation and estimation of four-quark condensates at finite density can be
found in Ref. [73].

Using the dilute instanton gas approximation [55] the three-gluon condensate
can be expressed in terms of two-gluon condensate as

4872
5

(GG = == p (26 | (2.41)

where the instanton size cutoff is p. ~ (200 MeV)_l. This instanton-based esti-
mate and phenomenological estimate which is (g2 fG®) ~ 0.06 GeV® are well in
agreement.

In practice, factorization assumption is used to determine the values of con-

densates with dimension d,, > 7 since there is no reliable way to estimate their
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values. So one can make effective estimations for the higher-dimensional conden-
sates in terms of the lower-dimensional condensates. In many cases of the sum
rule applications, the Borel transformed OPE converges quickly and one expects

negligible contribution from the higher dimensional condensates.
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CHAPTER 3

QCD SUM RULES FOR ANTICHARMED PENTAQUARK O,

In this chapter, the sum rules to obtain the mass and parity of the ©. pen-
taquark will be established following the method discussed in Chapter 2. In the
OPE for ©. pentaquark correlator, contribution from all condensates up to di-
mension twelve, and the terms up to first order in the strange quark mass mg are
included. The contribution coming from the up and down current quark masses

are neglected since they give numerically small contribution.

3.1 Interpolating Field for O,

One of the requirements of the QCD sum rule approach is the introduction of
an interpolating field having strong overlap with the hadron which is dealt with.
For this purpose, for the QCD sum rule analysis of anticharmed pentaquark
state ©., which has no strangeness, the following two interpolating fields are

introduced:

Oa = € (ul Cyu)ysVude(Caivsda)
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Op = e“bk(e“efueTC%df)(ebghungh)C'Eg. (3.1)

Here the roman indices a,b, ... are color indices, C' denotes charge conjugation,
and T' denotes transpose. It is important to notice that ©. is composed of a
nucleon current (proton) and a pseudo scalar current (D meson),on the other
hand O which has been investigated by H. Kim et al. [48] in a previous work,
is composed of diquark-diquark-antiquark.

For the charmed pentaquark with strangeness, we consider the following two

possible currents,

Ot = €M(eTul Csp)(u, Cdy)Cey;

Oz = eabk(eaefuZC%sf)(ebghungh)C’Eg. (3.2)

Here, instead of choosing ©. as a direct product of a nucleon and a D, meson
or a hyperon and a D meson currents as in O.;, we choose it to well represent
a state having two diquark structure with the same scalar quantum number but
with different flavor. Such configuration allows all the five constituent quarks to
be in the s-wave states, which will have the lowest orbital energy and consequently
could be the dominant ground state configuration [29]. Moreover, as it will be
seen, O couples dominantly to the nucleon and D meson state, suggesting that
currents composed of a direct product of a nucleon and a meson currents are not
suitable for investigating the properties of the pentaquark state.

Under parity transformation ¢'(z’) = 7q(z) whereb 2’ = (z¢, —Z), the O,
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currents transform as,

0L = e (u) Cyuup)vsvudy(caivsdy) |

= €™ ((0ua) Cruvoun) 157 0de((Y0Ca)iv570da) (33)

which, after a little algebra, becomes:

abc(

O, = —e€ UZC’Yuub)’YE)%dc(Edi’std)

= —’}/0@61 . (34)

Parity transformation of the other currents can be obtained similarly and under

the parity transformation, the ©. currents transform as

Ou = =79,

O = 70,

@::sl = =01 ,

Otz = Y0Ocs2 - (3.5)

3.2 Dispersion Relation

In this calculation two types of QCD sum rules will be used. The first type of
QCD sum rules for the heavy pentaquarks that we will be using are constructed

from the time ordered correlation function, whose form is given in Chapter 2:

r(q) =i [ d'ae*(O[T[0:(x), 8.(0))0) = Mi(¢*)+ ML, (¢*) ,  (36)



where ©, can be any of the currents in Eq. (3.1) or in Eq. (3.2), and II,, II;
are called the chiral even and chiral odd parts respectively. As can be seen
in Eq. (3.5), the currents are not eigenstates of the parity transformation and
can couple to both positive and negative parity states. The spectral densities
calculated from the OPE of Eq. (3.6) are matched to that obtained from the

phenomenological assumption in the Borel-weighted dispersion integral,

s0 2/M? 1 en ope .
/ dg*e "MW (¢?) = Im[IIP"(¢?) — I ()] =0,  (i=1,q), (3.7

)
2
m2 Tl

where M? is the Borel mass. Here, higher resonance contributions are sub-
tracted according to the QCD duality assumption, which introduces the con-
tinuum threshold sg. In this equation an additional weight function ¥ (¢*) have
also been introduced for later use.

The second type of QCD sum rule that we will be using in this work is the

“old-fashioned” correlation function, which is defined as [42]
() =i [ d*ze™* (0]0(2)0.()0.(0)[0) . (3.8)

Positive and negative parity states can be separated using the technique given
in [74] for the ordinary three quark baryons and this type of correlation function
has been used in projecting out positive and negative parity nucleon states [74].
To separate the positive-parity and negative parity baryons the correlation func-

tion Eq. (3.8) is used. In the zero-width resonance approximation, the imaginary
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part in the rest frame ¢'= 0 is written as

+1
)\—0— 270
(12

Slao — ) + () 22— la0 — mi)

i) = Y

H

= A(q)" + Blq) . (3.9)

where \}; (A\5) is the coupling strenght between the interpolating field and the
physical state with the positive-parity (negative-parity), and A(qo) and B(qp) are

defined as

Alq) = 5(qo — mify) + (Ag)?6(qo — my)]

B(q) = [(A\5)*0(g0 — miy) — () *0(g0 — m)] - (3.10)

230
3

N = DN =

It can be seen that the combination A(go) + B(qo) [A(g0) — B(qo)] contains the
contribution only from the positive-parity (negative-parity) states. So the imag-
inary part is divided into the following two parts, which are defined only for

(IO>07

iImH(qo) = A(go)7" + B(qo) - (3.11)

One should note that these can be identified with the imaginary part calculated

from Eq. (3.6),

1
Alq) = ;Imﬂq(qO)qO

B(g) = ilmrh(%), (3.12)

for ¢o > 0.
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Now, depending on the parity of the current O, in Eq. (3.5), one can extract
the positive or negative-parity physical state only by either adding or subtracting
A and B. That is, the spectral density for the positive and negative parity

physical states will be as follows,

=( (3.13)

QO) =

A<q0) + B(QO) For @clv @csl
- | |

A(QO) =+ B(QO) For 8027 6052
The sum rules are then obtained by again matching the corresponding spectral

density from the OPE and phenomenological side,
L daoe™ 8 [ (0) = (o)) = 0. (3.14)

3.3 Phenomenological Side
3.3.1 O, and 6.4
For ©,; current, the interpolating field couples to a positive parity state as,
(0101(2)|Oc(P) : P = +) = A1 15Us(P)e™" (3.15)
and to a negative parity state as,
(010a1(7)|0.(p) : P = =) = A_ 1 Us(p)e 7" . (3.16)

Here, Ay .1 denotes the coupling strength between the interpolating field and the
physical state with the specified parity and U(p) is the spinor of the pentaquark

with momentum p. Similar relations will hold for ©.. Using these, we obtain
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the phenomenological side of Eq. (3.6) separated into chiral even (II,) and odd
(IT;) parts, which are defined to be the parts proportional to ¢ and 1 respectively.

As was first pointed out in Ref. [50], the correlation function can also couple
to the DN (D meson-Nucleon) continuum state, whose threshold could be lower
than the expected O, mass. Its phenomenological contribution can be estimated

by using,
(0[©c1|DN(p)) = iApn,aUn(P) - (3.17)

Combining these two contributions, we find

hen o 2 q + me
H%cl (@) = —[Asal 2 —mp
(¥ +my) 1

—Z'|)\DN701|2/d4p —|—, (318)

p*—mk (p—q)* —mj
where the minus (plus) sign in front of mg is for positive (negative) parity. The
dots denote higher resonance contributions that should be parameterized accord-
ing to QCD duality. It should be noted however that higher resonances with dif-
ferent parities contribute differently to the chiral-even and chiral odd parts [75].
Thus, IIP"" and I constitute separate sum rules. For O, the D meson
should be replaced by the D, meson.

Spectral density for DN can be obtained from the second part of the right

hand side of the Eq. (3.18) which is given as

. +my) 1
[[phen.DN — ilApa. 2/d4 (¥
rer (4) Powal | b o=
q1™ () + 17 (q) - (3.19)
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If the trace of Eq. (3.19) is calculated the equation for TPV (q) is obtained as

1 en
PY(q) = ZTT[H%’DN(Q)]
— j’)\DN 1|2/d4p ! 1 Tr[y+my] , (3.20)

4 e p* —my (p —q)* — m}, ’

and again after multiplying Eq. (3.19) by ¢ and then calculating the trace of it

the equation for ITPV(¢) is obtained as

1 en
HqDN(Q) = fqu"’[ 5{101 ’DN(Q)]
i 1 1
— iboval [ &
agoval e
xTr(d p+ gmy] . (3.21)

After calculating the traces one takes the imaginary part of the Eq. (3.20) and
Eq. (3.21) and calculates the four dimensional integrals in these equations to
obtain the spectral density for DN contribution.

The corresponding spectral density for the pole and DN contributions are

given respectively by

1 ole

;ImH:?,il(Q) = AAsal’6(q® —mg) F melAr.al’d(¢® —md),
1 DN _ 2@+ my —mj,

;ImHT,Cl(Q) = dlApNal 32r2 gl

/gt — 22 (m +md) + (md — m3)?

277’LN
ADN 1 |P———
+Apw,e1] 3272 g2
x\/q4 —2¢2(m% +m%) + (m% —m%)2 . (3.22)
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We notice that the chiral-odd part has opposite sign depending on the parity

while the chiral even part has positive-definite coefficient.

3.3.2 @cg and @c52

As can be seen in Eq. (3.5), ©. transforms differently compared to ©.; under

parity. Thus, the couplings to the interpolating field are

(010c2(2)|Oc(p) : P = +) Ar2Us(p)e™"

(0|9c2(2)|O©.(p) : P =—) Ao vsUs(p)e 7" . (3.23)

Similarly, the coupling to the DN continuum state changes as follows,

(0]©c2| DN (p)) = Apn,e2vUn(P) - (3.24)

Combining these changes, we find,

j:m@
thcen(Q) = _’)\:I: c2|2 L’
T,c2 ) 2 m2®
V(¥ +my)vs 1
il ADye |2/d4p toe (3.25)
p?—m%  (p—q)?—m}

Consequently, the spectral densities, which are obtained following the same steps

as the ©. and O, case, are

A e.2?6(q” — m) £ me|Aro|*6(¢* — md),

2 2 2

+my —m
BN ADN 24 N D
T m T,c2(Q) g/| DN, 2| 39 72 q4

x\Jat = 2g3(m}, + mi) + (m}, — mb)?
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2mN

—IA 2 2N

x\Jqt — 2g2(m3, +m) + (md, — m)? . (3.26)

3.3.3 Final Form of the Phenomenological Side

The final form for the phenomenological side to be used in Eq. (3.14) can be
obtained from combining Eq. (3.22) or Eq. (3.26) according to Eq. (3.13), both

of which are given in the following form,

Ponen(@0) = 1A£]?6(q0 — me) + 0(v/50 — q0)P1n (90)
+6(d0 — /50) Peomt (10 (3.27)

where the usual duality assumption has been used to represent the higher reso-
nance contribution above the continuum threshold /sp; i.e., p& . (q0) = pe(o)-

The spectral density for the two-particle irreducible part is given by

)\DN,C 2
pbwarlao) = PPN fig g i flao + mo)? — i
+ 2 2
(a0 mN3) D (3.28)
dp
Apn.eal?
p%N,cQ(QO) = |327T2|\/(QO —mp)? — m?v\/(@o +mp)? —m3
2,2
Lo Ty )" —mi (3.29)

@

We substitute the above into the Borel transformed dispersion relation in Eq. (3.14).
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3.4 OPE Side

3.4.1 The OPE for ©,4

In this section we present the result of the OPE calculation for ©.,. We use
the momentum-space expression for the charm quark propagator and we keep
the charm quark mass finite. For the light quark part of the correlation function,
we calculate in the coordinate-space, which is then Fourier-transformed to the
momentum space in D-dimension. The resulting light-quark part is combined

with the charm-quark part before it is dimensionally regularized at D = 4.

Our OPE is given by

°recl(q) = 1@ 4+ 11® £ 110 4 1@ 4 170

+ 4@ 4 1™ 4@ 4 ), (3.30)

where the superscripts indicate each diagram in Fig. 3.1. At this part firstly the
detailed calculation for the Diagram (a) in Fig. 3.1 will be given. For the Diagram

(a), which represents the perturbative contribution, one obtains

H(a)(q2) _ i/d4xeiq-z<0|T{ {Eabcug(l')(C’VM)OCBU5($)(’Y57M)5U
X 2 (@)@ 175 d)] [~V (0) ()"

!

Xy (0)(7,,C) 75 (0)dy (0)(i95)" ™ ¢ (0) }0)  (3.31)
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Figure 3.1: Schematic OPE diagrams for the current ©., in Eq. (3.2). Each
label corresponds to that in Eq. (3.41). The solid lines denote quark (or anti-
charm quark) propagators and the dashed lines are for gluon. The crosses denote
the quark condensate, and the crosses with circle represent the mixed quark
gluon condensates. (c) represents diagrams proportional to gluon condensate
with gluons lines attached to the light quarks only, (d) represents those where
the gluons are attached to the heavy quarks only, while (e) represents those where
one gluon is attached to the heavy quark and the other to a light quark in all
possible ways. (f) and (g) represent all diagrams that contain the quark-gluon
condensate.
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where «, 3, ...,a/, 3, ... are Dirac spinor indices. After making the required con-

tractions using the definition

iS27 (x) = (0| T[g2 (x)d, (0)]]0) (3.32)

the Eq. (3.31) becomes

H(a) ((]2) - 4 / d4$6iq-x€abc€a/b/cl (C’Y,u)aﬁ (,75,}/“)60@,}/5)79 (/}/M”y5)o"(5/ (’}/M/C)ﬁ/w

/

X (i95)" ™ (195 ()18 0 (2)iSG et (@)iSTT = 2)iSG ()
iS5 (2)iS e (€)SF o (€)iST g —)iS7 oo ()
—iS0 % (2)1S ()80 (2)iSTT ara(—)iSY 4o ()
iS5 (1)1 (21857 o (2)iSTT gra(—)iS5 ()
_ / dhae eV LT [iS, ay(2) (3 C)iSE j (2)(C,)]
XTr (iS4, aar (%)iY50Sen, ara(—2)ivs] ¥57"1Sa, cer ()" s
=T [iSu, ar (@) (3 OV, o () (C)]
X 57184, car (2)i51Sen, ara(—2)i5iSa, aer(2)7" V5
~T7r 1S, 1 (2) (3w C)iSh, o (2)(C)]
XTr [iSq, qa (x)iv50Sen, wra(—x)ivs] v57"1S, CC/(x)”y“/’yg,

—{—TT {ZSU7 bb! (33) (’YM/O)iST (33) (OVN)}

><’)/Lr:,’)/uZ‘Sd7 cd/(l‘)i’yﬂsch, d/d(—x)i75i5d7 de! (1‘)’7MI’}/5} (333)

For the perturbative part the propagators for light quarks and charm quark are
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given as,

i gor

1Sy (@) = ﬁ?éab = iS558
. Qo d4k —ik-x %+mcaﬁ . Qo
zSdf (@) = / (271_)46 F Z(k2—m)25ab = i5%5, (3.34)

where ¢ denotes up and down quarks and ch denotes charm quark. After inserting
Eq. (3.34) in Eq. (3.33) the color factors of the right hand side of the Eq. (3.33)

are calculated for the first, second, third and fourth term respectively as

abc €l "' 5 b 5ba’ 5cc’ 5d’d5dd’ — 3€abc€bac = —18

et e Ot Oba/ Ocar Ot dOder = et = —6
€Y S Oty et SaarOra = 3€™°€™ = 18

€Y S Opty Sear Ogradar = €€ =6 (3.35)

Making use of these values of color factors the Eq. (3.33) becomes

M) = i / d*oc {367 [iS,(x) (7, C)iST (2)(C,)]
X T [iSa(x)ivsiSen(—2)irys] 157" 1Sa(2)7" 75
1277 [i80 () (3 C)iS) () ()|
X Y57"18a(2)iv5iSen(—2)ivsiSa(x)y" s | - (3.36)

After inserting iS,(x) and iS.,(x) into Eq. (3.36) and calculating the traces and

contractions included in Eq. (3.36) the Eq. (3.36) becomes

. . @ 4 [ dk g, ka:
(g /d‘m { (272)4 (22 )/(QW) e
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(@) 1 / dk . M
R : 3.37
oo ) @i e 337
Using the equations given in App. D the result of the Eq. (3.37) can be obtained

as

St Jy iy (o [30u0 - - Lo

+ 120¢%u*(1 — w)*[=L(u)]*] + m.72[=L(u)P} in[-L] , (3.38)

@) =

whose imaginary part gives us

1

—ImH(a)( ) = H/Adu
p 4 5161213 78 Jo

T {d]-36u(1 - u)[~L(w)°

+ 120¢°u*(1 — w)’ [~ L(w)*| + mc72[~ L)} . (3.39)

Here the upper limit of the integrations is given by A = 1 —m?/¢? and L(u) =
¢*u(1 —u) —m2u. A similar calculation is made for the Diagram (b) but for this

part of the calculation the propagator for one of the light quark will take the form

o (T
ZS’q,ﬁab(x) = _E<qq>5ab5 p . (340)

Following the same steps followed for the calculation of the Diagram (a) the

imaginary part of each diagram is calculated as

11

iImH(a)(cf) = TeIgE s /0 " du <1_1u)5 {d[-36u(1 - w)[~L(u)

+ 12003 (1 — w* [~ L(u)]*] +-m.72[~L(w)} .
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_3}.153;5%2 /OA d“<1 _1u)3{ q’[ = 3u(l — u)[~L(u)]’
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+md-L)).

11(%G2> A ud ) )
316121276 /0 Y1) { | = 3u(l — )~ L(uw)]
+4q2u2(1 — u)Q[_L(u)]} + mc[fll[—L(u)]B

Fpe - o2 |

(=G?) A u
41513 - 21076 /0 L. u)4{ [ (96u(1 —u)

+5(1 = u)) [~ L(w)]* — 192¢*u*(1 — w)*[~L(u))?]

+90mc[—L<u>13} ,

5(qgo - Gg) [* 1 ,
313121176 /0 du<1_u)2{12 gfmeul—L(u)]

— [~ L) + 6¢%u(1 — u)[~L(w)]*} ,

(qg0 - Gq) /A

314121076 { ﬂ’mc[mu(l — u)[—L(u)]?

L

(1 —u)?
_60u2[—L(u)]2} —12(1 — u)[-L(u)]?
+72¢°u(1 — u)*[— L(u))?

LG + 31 - u)[—L(u)JQ},

et o 42001 - -2
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+z7mc[—L<u>P} ,

jrlmn(j)(q?) — <g‘fé4 (— o +22m,) 6(¢* — m?). (3.41)

Our OPE calculation has been performed up to dimension 12 here. Up to di-
mension 5, we include all the gluonic contributions represented by the gluon
condensate and the quark-gluon mixed condensate. Beyond the dimension 5, we
include only tree-graph contributions which are expected to be important among
higher dimensional operators. Other diagrams containing gluon components are
expected to be suppressed by the small QCD coupling. Therefore, the higher
order tree-graphs, which are the higher order quark condensates, will be able
to give us an estimate on how big the typical higher order corrections should
be beyond dimension 5. The integrations can be done analytically but we skip
the lengthy and complicated analytic expressions. For the charm-quark propaga-
tors with two gluons attached, we use the momentum-space expressions given in
Ref. [56]. The Wilson coefficients for light-quark condensates come from (gq)",
where n = 2,3,4. This is in contrast with the OPE for ©., where the Wilson

coefficient are non-zero only for n = 4.
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The first important question to ask in the OPE is whether it is sensibly con-
verging as an asymptotic expansion. For that, we choose to plot the Borel trans-
formed OPE appearing in Eq. (3.14) after subtracting out the continuum contri-

bution,

nOM2) = [ dag e 55 a0) — p5 (a0)] = 0. (342)
0

pope

Here j = a, b, c.. denotes each contribution in the OPE of the terms in Eq. (3.41)
after adding according to the rules in Eq. (3.13).

We use the following QCD parameters in our sum rules [55, 42],

m, = 0.12 GeV ,
m. = 1.26 GeV ,

<O‘SG2> = (0.33 GeV)*,

(G®) = 0.045 GeV® |

(qgo - Gq)

(sgo - Gs)

—(0.23 GeV)? |

0.8(qq) ,

(0.8 GeV?) x {qq) ,

(0.8 GeV?) x (5s).

(3.43)

Fig. (3.2) represents the OPE as defined in Eq. (3.42) with the imaginary part
given in Eq. (3.41). One notes that for the negative parity case, the perturbative

contribution is only a small fraction of the OPE, and hence do not converge.
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Figure 3.2: OPE as defined in Eq. (3.42) for the current ©,; and Sy = (3.3 GeV)?2.
The left (right) figure is for positive (negative) parity case. The solid line (a)
represents the perturbative contribution. The line specified as OPE represents
the sum of the power corrections only. (c) represents the gluon condensates.
Other labels represent contribution from each term in Eq. (3.41). Here we plot
only a few selected terms in the OPE.
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For the positive parity case, the power corrections alternate in sign, and the
gluon condensate, which represents the light diquark correlation, is only a small
correction to the power correction. Hence, such structure, would hardly couple
to a pentaquark state, and it is meaningless to perform a detailed QCD sum rule
analysis. We present the result with the continuum threshold sy = (3.3 GeV)2.
This value is chosen in the range /sy = 3.2 — 3.6 GeV, which has been used
to analyze the anticharmed-pentaquark sum rule in Ref [48]. However changing
so does not change the relative strength of each contribution, and hence the
conclusion of this section. We will therefore, analyze the subsequent OPE with

the same threshold.

3.4.2 The OPE for 6.

The OPE for O, are given in Ref.[48]. Here, we rewrite the result for com-

pleteness,
Yoy = L du(l)S {41 =)+ me} (L)
iImH(b)(qQ) T 3'12107r6< >/ Wi W)
+me} [=L(u))*
IIOG?) = @) (o + me) 3 — )
NG = s (26 [ s

X {3mz d(1 —u) +m.(1 —u)(3 — 5u)g® + 2um‘2}[—L(u)]2 )
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(d) (e)

Figure 3.3: Schematic OPE diagrams for the current . in Eq. (3.44). Each

label corresponds to that in Eq. (3.44). All the other notations in this figure are
the same as Fig. 3.1.
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—m? (3; + 7)] + 6m.q*(2u — 1)

33u+1
—2m;, T }[—L(u)] (3.44)

The diagrams corresponding to every term above, denoted by the superscripts
(a) — (e), is given in the Fig. 3.3 which can also be found in Ref. [48].

Fig. 3.4 represents the OPE as defined in Eq. (3.42) with the imaginary part
in Eq. (3.44). As can be seen from the left figure, the OPE without the pertur-
bative contribution is dominated by the gluon condensate coming from the light
diquarks. This suggests that the diquark correlation is the dominant interaction
among the quarks and heavy antiquark in the positive parity channel. Moreover,
the perturbative contribution is larger than sum of the power corrections denoted
as “OPE” in the figure. Therefore, the pentaquark could couple strongly to this
current and a detailed QCD sum rule analysis is sensible. The situation changes
for the negative channel, where the power corrections have alternating signs, and

hence becomes less reliable.

3.4.3 The OPE for ©.4

The OPE for this current is given as follows

1

iImH(a)(QQ) T 5519128 /OA du (1—1u)5 {d(u—1) =mc} [-L(w)]®,

iImH(b)(q2> _ ms(23<§{;8‘;6<§s>) /OA du(l _1u)3 (fu— 1) —m} [~ L) |
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Figure 3.4: A similar figure as Fig. 3.2 for the current ©.. Here each label
represents contribution from each term in Eq. (3.44). The gluon condensates (b)
are the dominant power correction in the positive parity channel (left figure).
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other notations in this figure are the same as Fig. 3.1.
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1 (G2 A 1

- @2y — w7/ _ 1) — _ 3
7rImH (%) 3!3!2107T6/0 du(l—u)3 (u—1) —me}| — L(u)]” ,
1 (2=G?) A ud

- D2y — Nz "/ 201 _

I = e ) du(l—u)S{q?’mc(l )

(1 —u)(3 — 5u)g® + 2um§}[—L(u)]2

San(g) — (0D Py L g 1) - m - L

U (g) = "D 0 du(l_u)Q <u—1>—mc}[—L<u>]2,
Tt = P Py (g 1) - ma - L)
iIme)(qa) _ ms(2<<iqg3.;g®2<§8>> /()Adu{q(u—l)—mc},

iImH(i)(qQ) = @qiﬁ(wmcﬁ(qz—m?)- (3.45)

Note here again that the superscripts correspond to the diagrams shown in
Fig. 3.5. The dimension-5 condensate involving D? is related to the quark-gluon
condensate via (gD?q) = (ggo - Gq)/2. Similar relation holds for the correspond-
ing strange-quark condensate. The correction to this relation is proportional to
square of the quark mass which should be very small even for the strange quark.
Fig. 3.6 represents the OPE as defined in Eq. (3.42) with the imaginary part in
Eq. (3.45). We have only included a few terms in the OPE to show how each
term contributes differently to the sum rule. As can be seen from the figure, the
line denoted as “OPE”, sum of the power corrections are much larger than the
perturbative contribution. Moreover, the gluon condensate from diquarks is only
a small fraction of the large higher order correction. This suggests that the OPE

does not converge and it is very unlikely that the diquark correlation will remain
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Figure 3.6: A similar figure as Fig. 3.2 for the current ©.4 with Sy = (3.3 GeV)2.

Here each label represents contribution from each term in Eq. (3.45).

an important mechanism in this configuration.

3.4.4 The OPE for O,

The OPE for this current is given as follows

1

ilmﬂ(a)(ﬂf) = m /A du (1) {d(u—1) = m.} [-L(u)]”,
o) = P20 / s (= 1) = m} L)
;_ImH(C)(‘f) m /OA du(l . u)3 (u - 1) - mc}[ - L(“)P )
iImH(d)(QQ) _3.<33qu5[€;1(>)7& /OA du(l ﬁ e {g’?)m?(l —u)
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+ me(l — u)(3 —5u)q® + zumg}[ — L(u)]?

L) = (00— (00 / e (= 1)~ m) [~ L))
U (g?) = ‘”gif I — {Q’(u—l) me} ~ L)
Limno ()~ Tel9r ) dum{qw—l)—mc}[—uu)}?,
iImH(h)(qz) _ ms(—2<fig>.32—4:r<2§®2<58>) /OA du {f(u—1) — mo)
Lnn0gt) = TN () s(g2 - m). (3.46)

Again note that the OPE diagram for each label is shown in Fig. 3.5. Fig.
3.7 represents the OPE as defined in Eq. (3.42) with the imaginary part given
in Eq. (3.46). Again, we have only included a few terms in the OPE to show a
general trend of each contribution. For the negative parity case, the OPE has
large contributions with alternating signs. The situation is better for the positive
parity case, but again, the power corrections alternate in signs.

From all the previous analysis on the OPE for the charmed pentaquark with
and without strangeness, we find that the one without strangeness with diquark
structure are most reliable, and are dominated by gluon condensate coming from
diquark correlation. It is interesting to note that this result is consistent with
the Skyrme model calculation which predicts a bound state of pentaquarks in the
nonstrange sector [17]. In the following, we will perform a more detailed analysis

with the stable structure well represented by the interpolating current ©..
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CHAPTER 4

QCD SUM RULES AND ANALYSIS

4.1 The Couplings to the DN Continuum, Apy

As discussed before, it is important to subtract out the contribution from the
DN continuum. For that, one needs to know the coupling strength Apy. Here
we determine this for the currents without strange quarks, Apny 2. In the case
of ©F (1540) [51], the soft-kaon theorem was used to convert the external kaon
state, corresponding to the D meson states in Eq. (3.17) and Eq. (3.24), to a
commutation relation of the operator and the corresponding axial charge. The
strength of the resulting five-quark operator with an external nucleon state was
then obtained from a separate nucleon sum rule analysis with the same five-quark
nucleon current. However, applying the soft D meson limit will not work in the

present case.

Instead, we determine the coupling strength directly from the sum rule method.

To do that, we eliminate the contribution from the low-lying pole by introducing
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the additional weight W(¢*) = ¢*> — m2 in Eq. (3.7). We take mg = 3 GeV,
and confirm that changing it by +200 MeV have less than 5 % effect on the Apy
value. This way of eliminating a certain pole is sometimes used in QCD sum

rules [76, 77]. Then, substituting the corresponding imaginary parts, we find,

Jo dg® e/ (¢ — m) LImII™ (¢°)
I )zdfeff””Qﬁ—ﬂnéﬁlmH?N@%’(

(mn+mp

Apn|* = i=1,q  (41)

where the ¢ = 1, ¢ in ImllI represent the part proportional to 1 or 4 in the

respective imaginary part, and ImITPY

is the spectral density in Eq. (3.22) or in
Eq. (3.26) without the [Apy|* prefactor.

Fig. 4.1 shows the plot of Eq. (4.1). The two dotted (solid) lines represent
boundary curves with the least Borel mass dependence for the A\py from the 1
(¢) sum rules. A\py should not only be independent of the Borel mass but also
independent of the sum rule from which it is obtained. However, the results com-
ing from either ¢ = g or « = 1 sum rule differ slightly. Inspecting the OPE, one
finds that the contributions from higher dimensional operators are consecutively
suppressed for the ¢ = ¢ sum rule, while that is not so for the ¢ = 1 sum rule.
Therefore, the value from the former sum rule should be more reliable. Nonethe-

less, to allow for all variations, we will choose the following range for the [Apy/|?

values,
2 x 107°GeV'™ < [Apnel® <3 x107°GeV'™, (4.2)

Similar attempts to determine Apy .1 give vastly different values from either ¢ = ¢
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Figure 4.2: The left figure shows the left-hand side of Eq. (4.3) using O
for positive parity case with [Apyeo|? = 2 x 107 GeV'® (dashed line) and
Apn.ea|? = 3 x 107> GeV'? (dot-dashed line). The solid line is when there is
no DN continuum, |[Apy 2> = 0. The right figure is obtained with different
threshold parameters. See Eq. (3.12) for A and B.

or i = 1 sum rules. This reflects the non-convergence of OPE from which one can

not expect a consistent result.

4.2 Parity

We will now concentrate on the sum rule obtained from ©.. Using the dis-

persion relation in Eq. (3.14) and the spectral density in Eq. (3.27), one finds the
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Figure 4.3: The left figure shows the left-hand side of Eq. (4.3) using O
for negative parity case with [Apne|? = 2 x 107> GeV' (dashed line) and
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no DN continuum. The right figure is obtained with different threshold parame-

ters.
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following sum rule,

V50

—m2 2 0 22
hsalte 8% = [T day €80 o) = vlan)| - (43)

As can be seen from Fig. 4.2, the left hand side of Eq. (4.3) is positive for
positive parity case. For |Apye2|?> = 0 (the solid lines), we have chosen the
continuum threshold s(l)/ ? to be 3.4 GeV and 3.3 GeV, which gives the most
stable pentaquark mass as we will show in the next subsection. Similar method
was used to obtain the continuum thresholds when |/\DN762|2 # 0. However,
Fig. 4.3 shows that the corresponding sum rule is negative for the negative parity
case, suggesting that there can not be any negative parity state. This result
also confirms the non-convergence of the OPE for the negative parity case, from
which a consistent result can not be obtained. This can also be expected from the
constituent quark picture. The two diquarks in ©., current have opposite parities
and, when they are combined with the antiquark, the configuration should be

dominated by the positive-parity part in the nonrelativistic limit.

4.3 Mass

The sum rule for the ©, mass is obtained by taking the derivative of Eq. (4.3)
with respect to 1/M?2. The solid and dashed lines in Fig. 4.4 represent the mass
for two different Apy values. The threshold parameters were obtained to give the

most stable mass within the Borel window plotted. One notes that the inclusion
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of the coupling to the DN continuum states, reduces the mass to smaller values
below 3 GeV. The curve with Apy o = 2 X 107° GeV' lies between the solid and
dashed lines in Fig. 4.4. This suggests the possibility that the heavy pentaquark
might actually be bound; namely, lies below the DN threshold. This is consis-
tent with the constituent quark model picture, where one expects the diquark
correlation to be more dominant than that of the quark-antiquark correlation as
the participating antiquark becomes heavy. However, if this was the case, its

existence can only be measured through its weak decay.
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CHAPTER 5

CONCLUSIONS

In this thesis we have discussed one of the nonperturbative approaches, namely
the QCD sum rules, and applied it to the heavy pentaquark ©.. In our analysis we
have used pentaquark currents with and without strangeness with two different
currents for each case. We have also included the DN two-particle irreducible con-
tribution in our QCD sum rule calculation to refine the sum rules. To see whether
the OPE calculations are convergent as an asymptotic expansion we have plotted
the Borel transformed OPE, after subtracting out the continuum contribution,
for each interpolating fields. From all the analysis on the OPE of the charmed
pentaquark with and without strangeness we have found that the OPE is conver-
gent only for the nonstrange pentaquark with a diquark structure. The OPE for
this structure is dominated by the gluon condensate coming from the diquark,
which nonperturbatively represents their strong correlation. By considering the
result of the analysis on OPE we have performed a more detailed analysis with

the stable structure well represented by the interpolating current ©.,. First of
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all we have obtained the contribution coming from the DN continuum since it is
important to subtract its contribution as discussed before. We have determined
the coupling strength directly from the sum rule method and as a result we have
chosen the range for the |Apy|? as 2 x 107°GeV'’ < [Apn.2|? < 3 x 107°GeV'™.
Then using the Eq. (4.3) the parity of the heavy pentaquark without strangeness
has been obtained as positive, in agrement with the result reported earlier [48].
This can also be expected from the constituent quark picture where the two di-
quarks in ©. currents have opposite parities and combined with an antiquark,
and where the positive parity part should be dominant in the nonrelativistic limit.
Taking the derivative of the Eq. (4.3) with respect to ﬁ the sum rule for the
mass of the ©, has been obtained. This analysis has shown that its mass lies
below 3 GeV, when the DN irreducible contribution is explicitly included in the
phenomenological side of the sum rule. The picture that we described here does
not work so well in the light pentaquark ©", as the OPE are highly divergent [78]
which can be seen in the picture of the OPE in the original sum rule paper for

the light pentaquark state[42].
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APPENDIX A

NOTATIONS

In this Appendix some notations related to this thesis are given.

Dy = 0, — ig,A%"

[t %) = i fapet®

(t* = 2-, where )\, are the standard Gell-Mann matrices)

K
9s
= 0,AL — 9,A 4 g, [ AL AC

pttv

Gl = —[Du, D))"
iSg7,(x) = (0| T[g5 (x)q; (0)]]0)
(@, b:color indices, «, [3: Dirac spinor indices )
Minkowski Euclidean

Guv = dlag(+17 _17 _17 _1) — 6,uu = dzag(+1, +17+1> +1)
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0123 _ _ M _
€r - = —€oigs = 1

(2%, %)

(Par, Piy)

(Yar Yar)
= MY

M

2
Ouw = Ei[ﬂnglafygi]
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0123

E

€p = o3 = +1
(iry,r%)  (i=1,2,3)
(iPg, Pp)
(Ve 75)

W = iVEVEYEY S

(Tl;

1

w94

Ve vE] -

(A.5)



APPENDIX B

GAMMA MATRIX ALGEBRA

In this Appendix the useful equations related to the algebras of Dirac gamma

matrices are given.

{’7;“ /VV} = Yu v + NV = 2gw/ .

0,1.2.3

=7 =iy

{5 =0.

C =iv*y" (charge conjugation matrix) .

C=-Cl=-C"=-C", C*=-1.

CTTC =4I for I'= Vs Opvs V50w -

Cr'C =T for T = V55 V5V (¢U/w + O z)
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Y = 4,
Y% = —2%,
YV Y8Y = 49as
Y VY8V = 27787
VYV MV = 20V Yy + V8V A)

Yousy, = 0. (B.8)

,}/ao_uu — O_;w,_ya 4 22'.904#,-}/’/ o 22-9041/,}/“ ’

oty = A%t + 2igV Ay — 2igHhiyY . (B.9)
O'(XBO'(XB = 12 )

o 00 = Ay 4 8g" = 169" — dyy”
oc*’(odd # of v matrices)o,s = 0. (B.10)
VuOap = UGua¥s — GusVa) — euaﬁ/\'y)\% or, (B.11)
Eul/)\wfyw - _i75(gm/7)\ — GuxVv + GuaVu — ’Y;f}/’y'y/\) or, (B12>
euyaﬁ'yo‘vw'yﬁ = —2iv5(0,7 — 6, V) - (B.13)
L0+ O = 2" Py, - ap (B.14)

_ : praf — ¢ praf

Ty = € V50aB & V50w = € Tof - (B.15)
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Y (Hou + o F)y = —12i £ . (B.16)

€uvap - V(£ + 0% )y =0 . (B.17)
Tr[l] = 4,
Trhu] =0,

Trlys) = 0. (B.18)

The trace of an odd product of v, matrices vanishes

Trivaw] = 49w
Trio,] = 0,
Trivuvwys) = 0,
TrvunYeYel = (49wGpe — GupGve + GuoGup
Trlivsvu v nYs) = 4€uwns  (€o123 = —1) ,
Trivey Yo Yol = Tr[AeYp YoV - (B.19)
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APPENDIX C

TRACES AND CONTRACTIONS

Trifye #v. =4Qrur, — Izgu’#) .

Trvs(J +me)vs) = 4me .

Tr[fys(§ +m)ys) = —da - k .

Tr(#oas +0as #] =0 .

TT[¢75‘7&B(% + mc)ﬁ)/S] = 4i<xﬁka - xakﬁ> :

TT[¢’Y5(% + mc)o-ozﬁ%’)] = _4i(xﬂka - xakﬁ) .

2 o f3 2 o 3

Tr((#0ap + ag £V £ = —8i(a’ggl — 959 — 12,90

+mﬁxugz‘, + xaxufgﬁ — 2
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’ya(fag = 3Z"m .

Yo gagy® = —12i .

Y foap = —i fyp — 225 .

o fo.5=0.

Tap(K+me) #9° = i(29ak - & — MeYa 4+ £ KYa — 2Mmety) -

Y up(J+me) #9° = 3i(4k - x — 2m, #) .

oap( K+ me)o® = 12m, .

oas( K+ m.) ¢0a6:4¢}é+8k-m.

Oop f o =4 F #4+8k-x .

Y EF A me)oap = i[(2k -1 —me #)vp + 8 K F — 2mers]

7aaaﬁ(% + mC)Vﬁ = _6i(% - 2m0) .

VKA me)oas = i(= Kyp + 2meys — 2ks + meyp) -

1)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)



fya(%—i_mc)f}/a = -2 %+4mc .

7a ﬂf(%+mc)’ya:4k‘l’—2¢mc.

V¥ E(E+me) fye =2 ¢ K ¢+ 4°m, .

VY doas(f+me) fyp = —4i gtk -z — 2ia® § .
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APPENDIX D

USEFUL INTEGRALS AND EQUATIONS

Feynman parameters:

(n—1)!
— D.1
A A2 / d:L’1 dxn ZI‘Z 1 xlAl +$2A2 + ann]n ( )
A more general form of the Feynman parameters is
1 1 [[ami! C(my+ ... + my)
= | doy.de, 50 wi—1 : D.2
ATTATE Amn /0 Tdnd(R @ ) A S Tyt 2
The d dimensional integrals in Minkowski space:
/ dil 1 _ (-1)Ml(n—9) <l>n_g
(2m)d (12 — A)yn (4m)z  T(n) ‘A ’
/ e ()" tidT(n—§ - )<1)ngl
(2m)d (2 — Ay (47 5 2 ['(n) A ’
/ ddﬁ oy . (_1)71—1?/ g;u/ F(n -5 )(1)77,1
(2m)d (2 — Ay (47r)% 2 ['(n) A ’
/ dit  (1?)? _ (=DmMid(d+2)T(n— %l - 1) (l)n—g—z
(2m)d (02 — Ayn (47)2 4 ['(n) A ’
/ die ereveeer (—1)n z'P(n —-2-2) (i)n—g—z
i @—Ay  (@mi T A
1
< (99 + 979 +9"g7) (D.3)
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If the integral converges, one can set d = 4 from the start, if not the behavior
near d = 4 can be extracted by expanding

d

<7>2_5 —1-(2- ;l)logA - (D.4)
The expansion for I'(x) near its pole:

1
M(@)=—~7+0(), (D.5)

near x = 0 and the  is the Euler-Mascheroni constant, v &~ 0.5772. And also the

following equation often appears in calculations:

r2-—9),1\2-¢ 2
(47T)§<A) === (logA +~v — log(4m)) + O(e) , (D.6)
with e =4 — d.

The d-dimensional Fourier transformation is given as

eip~z ‘ d __ n) on 1 4,
[ ey = e (D7)

and the inverse Fourier transformation will give

d d d_ n dn
(é)n -/ (;lw];de”’“z’(—1>"“2“"”2n13<n> (-2 (D.8)
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THE FULL PROPAGATOR FOR THE LIGHT QUARK

. aﬁ
qu ab

()

APPENDIX E

(0]T[¢2 ()@} (0)]]0) (a, b:color indices, a, (: spinor indices )

1 1 1
S AP — — . 5,,0%°(q
2n2 2y O #7 = 15 - 00 (qa)

1 2 af /=
—@x < 0ap0 g{qo - Gq)

i 1 A A v v 6]
+(— %>ﬁ - 9sGta(Hot” + ot 7)”

(- et (2267)

1 1 o ) — (e
"’(_@)?'&zbé ﬁ'mq+z8'6ab'mQ<qq> ¢ p

i
5= 8 Oap - mgg{Go - Gg) £

3227
1 r2A? -
+< - %> [ln(—T) + Q’YEM] My - gsGﬁytfb(a” ) s
i1 2 af 1 2 af 2/~
@ﬁ‘éab‘mq‘ ¢ +%l' ‘(Sab(s mq<qq>
i $2A2 2 A LA % Ny af
+277T2 Un(_ 4 ) + QWEM]mq ’ gSG,uutab(¢0- +o ¢)
1
+@x4 - 5ap0?P mﬁg(q‘a - Gq)
7 _ o 1 o _
—@1’2 a - 92{Ga)* £ — ﬁfl S0P - mq92(qq)*
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APPENDIX F

THE BOREL TRANSFORMATION

The definition of the Borel transformation is

. ‘ QZ n —d n QQ ‘
L™= Q%ggoo (72_)1)! (dQ2> . M= ?(: finite) . (F.1)

The transformation of typical functions in QCD sum rules are given as,

@ S §eM?—1) (F.2)

@)@t — (<1 (F.3

(@)@ M@~ ()l MO+ (F.)

@F G )
e R o)

- (nfsl(%;}Q)n+..., (F.6)

G e 7
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where the ... denotes higher order a; corrections.

Practically, the following explicit table is useful:

in(—¢) = Q'nQ@>  —  —2M*,

¢in(—¢*) = -Q*InQ* —  —M*,

In(—¢*) =In@Q* — -1,
1 1 1
2T T T Tamo
q Q M
1 1 1
1T/ T
¢ Q M
1 1 1
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