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ABSTRACT

IMPROVED STATE ESTIMATION FOR JUMP MARKOV LINEAR
SYSTEMS

Orguner, Umut
Ph.D., Department of Electrical and Electronics Engineering

Supervisor: Prof. Dr. Miibeccel Demirekler

December 2006, 183 pages

This thesis presents a comprehensive example framework on how current mul-
tiple model state estimation algorithms for jump Markov linear systems can

be improved. The possible improvements are categorized as:

e Design of multiple model state estimation algorithms using new criteria.

e Improvements obtained using existing multiple model state estimation

algorithms.

In the first category, risk-sensitive estimation is proposed for jump Markov
linear systems. Two types of cost functions namely, the instantaneous and
cumulative cost functions related with risk-sensitive estimation are examined
and for each one, the corresponding multiple model estate estimation algo-
rithm is derived. For the cumulative cost function, the derivation involves the
reference probability method where one defines and uses a new probability
measure under which the involved processes has independence properties. The
performance of the proposed risk-sensitive filters are illustrated and compared

with conventional algorithms using simulations.
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The thesis addresses the second category of improvements by proposing

e Two new online transition probability estimation schemes for jump Markov

linear systems.

e A mixed multiple model state estimation scheme which combines desir-

able properties of two different multiple model state estimation methods.

The two online transition probability estimators proposed use the recursive
Kullback-Leibler (RKL) procedure and the maximum likelihood (ML) criteria
to derive the corresponding identification schemes. When used in state estima-
tion, these methods result in an average error decrease in the root mean square
(RMS) state estimation errors, which is proved using simulation studies.

The mixed multiple model estimation procedure which utilizes the anal-
ysis of the single Gaussian approximation of Gaussian mixtures in Bayesian
filtering, combines IMM (Interacting Multiple Model) filter and GPB2 (2nd
Order Generalized Pseudo Bayesian) filter efficiently. The resulting algorithm

reaches the performance of GPB2 with less Kalman filters.

Keywords: Multiple model, state estimation, jump Markov linear system, tran-
sition probability, Markov chain, interacting multiple model, IMM, risk sensi-

tive



Oz

MARKOV ATLAMALI DOGRUSAL SISTEMLER ICIN GELISTIRILMIS
DURUM KESTIRIMI

Orguner, Umut
Doktora, Elektrik Elektronik Miithendisligi Bolimi

Tez Yoneticisi: Prof. Dr. Miibeccel Demirekler

Aralik 2006, 183 sayfa

Bu tez calismasi Markov atlamali dogrusal sistemlerde coklu modelli durum
kestiriminin geligtirilmesi i¢in kapsamli bir 6érnek gerceve sunmaktadir. Olasi

geligtirimler iki kategoride incelenmektedir:

e Yeni kriterler kullanarak ¢oklu modelli durum kestirimi.

e Varolan ¢oklu modelli durum kestirim algoritmalar1 kullanilarak yapila-

bilecek geligtirmeler.

Birinci kategoride Markov atlamali dogrusal sistemler icin risk duyarl kes-
tirim onerilmektedir. Risk duyarh kestirim icin literatiirde bulunan anhk ve
birikimli maliyet fonksiyonlari incelenmis ve herbirine takabiil eden risk duyarh
kestirim yontemleri tiiretilmistir. Birikimli maliyet fonksiyonu i¢in yapilan
tiiretimde ilgili siireclerin altinda bagimsiz oldugu yeni bir olasilik 6l¢iistintin
tammlanip kullamldigr referans olasilik yontemi kullanilmigtir. Onerilen risk
duyarh algoritmalarin bagarimlar: benzetim ¢aligmalari ile gosterilip geleneksel
yontemlerle kargilagtirilmigtar.

Tez caligmasi ikinci kategoride
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e Markov atlamali dogrusal sistemler i¢in iki ¢evrimici gecis olasilign kesti-

rim algoritmasi
e Bir karma ¢oklu modelli durum kestirim algoritmasi

onermektedir.

Cevrimigi gegis olasiligl kestirim algoritmalari, tanilama yontemlerini ti-
retebilmek i¢in sirasiyla 6zyineli Kullback-Leibler yontemini ve en biiytik ola-
bilirlik kriterini kullanmaktadir. Durum kestiriminde kullanildiklari zaman,
bu algoritmalarin durum hatalarinin etkin degerlerini diigtirdiigii benzetim ca-
lismalar: ile gosterilmistir.

Gaussian karigimlarinin tek Gaussian ile yaklagiklanmasinin etkilerini in-
celeyen bir analizin sonuclarini kullanan karma ¢oklu modelli durum kestirim
algoritmast IMM (etkilesimli ¢oklu model) stizgeci ve GPB2 (ikinci derece
genellestirilmis yalanci Bayesian) siizgeglerini verimli bir gekilde birlegtirmek-
tedir. Sonugta elde edilen algoritma GPB2’nin bagarimina daha az Kalman

siizgeci kullanarak ulagmaktadir.

Anahtar Kelimeler: Coklu model, durum kestirimi, Markov atlamali dogrusal
sistem, gegis olasiligi, Markov zinciri, etkilesimli ¢oklu model, IMM, risk du-

yarli
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PREFACE

This thesis is the result of the author’s 4-year Ph.D. study under the su-
pervision of Prof. Dr. Miibeccel Demirekler. Originally, each chapter of it
was separate research on the general framework of multiple model estimation.
While writing the final copy, I tried hard to integrate the material as much
as possible into a single and whole study. Most of the material presented has
already been submitted to academic journals for publication. The following is

a list of these publications:

e U. Orguner and M. Demirekler, “An online sequential algorithm for the
estimation of transition probabilities for jump Markov linear systems,”
Automatica, vol. 42, no. 10, pp. 1735-1744, Oct. 2006.

e U. Orguner and M. Demirekler, “Risk-sensitive filtering for jump Markov
linear systems,” Submitted to Automatica.

e U. Orguner and M. Demirekler, “Analysis of the effects of the single
Gaussian approximation of Gaussian mixtures in Bayesian filtering with
applications to mixed multiple-model estimation algorithms,” Submitted
to International Journal of Control.

e U. Orguner and M. Demirekler, “Maximum likelihood estimation of tran-
sition probabilities of jump Markov linear systems,” To be submitted to
IEEE Transactions on Signal Processing.

At this stage, I must admit that, maybe for the future graduate students,
the material presented here did not actually pop up in my mind instantly.
Chronologically (and maybe ironically!), it was the research in Chapter 6 on
mixed multiple model estimation algorithm that was partially completed as
the result of my long desire to analyze the approximations involved in well-
known multiple model estimation algorithms. The results of Chapter 6 were

actually a beginning study on the deviations of the multiple model filtering

I This is because Chapter 6 is the last chapter before the conclusions.



methods from optimality. The mixed IMM-GPB2 algorithm came into picture
as a by-product of this beginning which could not go any further due to the
high amount of nonlinearity existing in the filtering methods.

It was after this discouragement that I realized the work of Jilkov & Li
[1] on the online estimation of transition probabilities associated with jump
Markov linear systems (JMLSs). The subject was new and there happened to
exist many methods for a similar problem in hidden Markov models (HMMs)
which are not touched by Jilkov & Li. Using this motivation, I attempted to
apply the recursive Kullback-Leibler (RKL) algorithm [2] to JMLSs which is
presented in Chapter 4. The outcome was more impressive than I could foresee
in that the whole method was to be re-derived for JMLSs due to the fact that
the Markov chain is buried under the measurement process deeper in JMLSs
than in HMMs.

While studying the HMM literature for possible transition probability es-
timation methods, I was also carrying out research on state estimation which
has always sounded more academically fruitful. At those times, I realized the
risk-sensitive state estimation for HMMs. Since the state process of HMMs
is discrete-valued, it was not directly possible to apply the ideas to JMLSs
which have both continuous and discrete-valued states. What was more in-
teresting was actually the reference probability method used for deriving the
risk-sensitive estimator for HMMs. This has motivated me to turn towards
some measure theoretical probability and reference probability method which
had always intrigued me under a different title “Stochastic Differential Equa-
tions”. After spending many months on these and risk-sensitive estimator
theory, I could derive the risk-sensitive filters for JMLSs which are presented
in Chapters 2 and 3. I actually set off first to derive the work in Chapter
2 using the reference probability method but it did not take much for me to
notice that our old favorite classical probability theory was, in fact, enough.
The risk-sensitive estimator given in Chapter 3 was quite more challenging
(and indeed much more fun!) to derive. That derivation triggered a big-bang

for me to understand (at last) that this was only the tip of the iceberg that

x1



I am wandering on. Using the techniques used for Chapter 3, it was quite
straightforward to obtain the results of Chapter 5 after (a couple of months
of) studying maximum likelihood estimation theory using the reference prob-
ability method.

As easily observed from the mentioned story above, the process of forming
this Ph.D. thesis was full of inspiration and perspiration.? For the perspiration,
I tried to mention the ones I owe much in the dedication and acknowledgements
parts but now, I would like to thank V. Krishnamurthy, V. Jilkov, X.R. Li,
S. Dey, J.B. Moore, R.J. Elliott, L. Aggoun, [.B. Collins, J.J. Ford (none of
whom T have ever met) and others that I could not add here? for their research
which contributed to the inspiration part of this thesis.

Umut Orguner

Ankara, Turkey
August 25th, 2006

2 At the time being, unfortunately and surprisingly, I can not say which one was more
in it.
3 The names in the references part are at the beginning of this list of others.
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CHAPTER 1

INTRODUCTION

Even with his great knowledge and imagination, it is not known whether Nor-
bert Wiener could dream of the current expansion of the subject he worked
on when he passed away in 1964 after only four years Kalman published his
seminal paper [3]. What is known about him is that it was the anti-aircraft fire
control problems that led him to apply statistical ideas to linear filtering and
prediction problem which are presented in his famous monograph [4]. This
work was a revolution which still echoes in the engineering community and
it inspired many great researchers including the “founder” of the information
theory, Claude E. Shannon, who is quoted in Kailath’s linear filtering survey
[5] as

Credit should also be given to Professor N. Wiener, whose elegant

solution of the problems of filtering and prediction of stationary

ensembles has considerably influenced the writer’s thinking in this

field.
As the title of Wiener’s monograph expresses, Wiener worked on stationary
signals whose characteristics are summarized in terms of covariance functions.
The generalization of his study to non-stationary signals came after about ten
years with the work [3] of R.E. Kalman whose ideas dominated the modern
control theory ever after. During the race of the space programs between the

two countries of the world in the sixties, Kalman’s ideas proved quite useful.

According to Green and Limebeer [6], there were two main reasons for this:

1. For the space vehicles, it is possible to develop mathematical models

of their behaviour thanks to the essentially ballistic character of their



dynamics. In addition, descriptions of external disturbances based on

white noise are often appropriate in aerospace applications.

2. Many of the control problems from the space program are concerned
with resource management. Performance criteria of this type are easily

embedded in the so-called linear quadratic Gaussian (LQG) framework .

The benefit gained by the usage of Kalman’s work in space technology led the
researchers to try the same algorithms in conventional industrial applications,
which resulted in a disappointment. In industrial processes, the mathematical
models used by the estimators are never exact and the true model of the system
might actually be changing. Moreover, the external disturbances affecting the
system and measurements hardly conform to statistical descriptions like white-
ness or stationarity. These constraints have made the communities reassess
the status of estimation (and control) theory and surged an enormous number
of publications under the title of robust estimation theory in the last three
decades. In addition to the combination of the estimation algorithms with
model adaptation rules, H.,, guaranteed-cost, set-valued, multiple-model, and
risk-sensitive estimation algorithms appeared as only some of the tools that
have been developed during this period. In fact, being exhaustive about the
the existing methods is impossible and beyond the scope. In this thesis, the
concentration will be on the multiple model estimation in which the model
uncertainty of the system under consideration is covered using a finite number
of models.

The history of multiple model estimation dates back to 1970 when the work
of Ackerson and Fu [7] named “On state estimation in switching environments”
first appeared. Specifically, they considered discrete-time linear systems whose
disturbances (noise terms) are assumed to come from one of several Gaussian
distributions with different means and variances. The changes in the noise
distributions, which represented different environments the system is running
under, were according to the state of a Markov chain. This model was ac-

tually a specific case of the so-called jump Markov linear systems (JMLSSs)

2



which are linear systems whose parameters evolve according to a finite-state
Markov chain. In the analysis of [7], Ackerson and Fu realized the exponen-
tially growing memory and computation requirements of the optimal minimum
mean square error (MMSE) estimator for this type of systems. The subopti-
mal algorithm they proposed to solve this problem involved the approximation
of Gaussian mixtures by a single Gaussian density and was actually a specific
case of a broader type of algorithms which are called by Tugnait [8] as the
generalized pseudo Bayesian (GPB) algorithms.

The exponential growing of the requirements of the optimal MMSE algo-
rithm for JMLSs is caused simply by the exponentially increasing number of
possible state histories (hypotheses) of the underlying Markov chain. Limiting
the growing number of hypotheses is the general characteristics of the pro-
posed solutions. Akashi and Kumamoto proposed the random selection of a
predetermined number of hypotheses and discarding the remaining ones in [9].
More wisely, the selection of the most likely predetermined number of hypothe-
ses is proposed in [10] based on the posterior probability of the hypotheses.
In 1982, Tugnait published an extensive survey and comparison (using equal
computation resources) paper on the existing multiple model estimation algo-
rithms which concluded that GPB algorithms are, in general, to be preferred
to other algorithms. However, it was also emphasized that the performances
of the algorithms are scenario dependent and no single algorithm is best for
all situations.

After approximately six years of silence in the community, Blom and Bar-
Shalom [11] suggested an algorithm which has a better place than the GPB
algorithms on the performance vs. computation curve in 1988. The algorithm,
which was called as the interacting multiple model (IMM) algorithm, in the
words of Johnston and Krishnamurthy [12], revitalized the field of multiple
model estimation and attracted much attention. This algorithm has been
used in many real world applications the most important of which is target
tracking [13, 14]. After the IMM algorithm became popular, the interest has

been shifted to different cost functions and filter structures for multiple model



estimation. In this regard, the linear MMSE [15, 16|, optimal control based
[17] and maximum a posteriori (MAP) estimation based [18, 12] approaches
has followed the IMM filter. The stochastic sampling based algorithms, which
have become popular after the introduction of the particle filters into the area
of state estimation [19], were also applied to the case of JMLSs in [20, 21, 22].

This thesis is about (further) improvement of the multiple model estimation
algorithms. The wide coverage of methods applied in the field as described
above makes the improvement over the existing algorithms a challenging work.
The existing multiple model algorithms, in author’s opinion, can be improved

in two different and possibly intersecting ways:

e The first way is to generate completely new algorithms which use different

criteria and means to obtain optimal estimates.

e The second way is to use the algorithms in the literature with optimized
parameters and optimized schemes. In this way, the best possible per-

formance can be obtained from the existing algorithms.

The first approach, although being more fruitful and academically interesting,
is much more difficult to achieve due to the wide spectrum of existing algo-
rithms. In this thesis, both of the ways described above are used to achieve
an improvement over the existing multiple model estimation methods in the
literature. With this content, the overall thesis can be divided into two parts
which cover the first and the second way of improvements respectively.!

As mentioned above, the first way to achieve an improvement over the ex-
isting multiple model estimation algorithms, which is to find optimal methods
with novel criteria is much more challenging than the second way. The key
for answering this challenge is to look at the development of the estimation
theory through the years. It is interesting that the theory of state estimation

has been developed as a response to its control theory counterpart most of

! Originally, the thesis was formatted to include these part units but the graduate school
insisted on removing them for format standardization. In the current format, Chapters 2
and 3 form Part-I and Chapters 4, 5 and 6 form Part-II.
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the time. This aspect of estimation theory is evident from the earlier linear
quadratic (Gaussian) control days of the 60’s to the more recent Ho, control
period of the 90’s. It was with this idea in our mind that the risk sensitive con-
trol and estimation has attracted our attention. Risk sensitive control theory
is related with the control problems in which one minimizes the expected expo-
nential of a quadratic cost criterion [23, 24]. Risk sensitive estimation, which
appeared after its control counterpart deals with estimation problems where
the expected exponential of quadratic estimation error is minimized. There ex-
ist two different criteria for risk-sensitive estimation in the literature. The first
one considers the instantaneous estimation error [25]. The risk-sensitive filter
corresponding to this cost function, which is derived for linear Gauss-Markov
systems appears to be the same as the Kalman filter [25]. The second type
of cost function is a cumulative one which considers sum of all the estimation
errors from the initial time to the current time. The risk sensitive filter for this
cost function is also derived for the linear Gauss-Markov systems [26]. The
resulting filter is still linear but it is different from the Kalman filter. In the
first part of the thesis which is composed of Chapters 2 and 3, risk sensitive

filters are derived for now JMLSs using both of the cost functions.

For the derivation of the first algorithm, which minimizes the instanta-
neous cost function and is given in Chapter 2, we use classical probabilistic
methods. The resulting filter uses the IMM filter statistics and it differs from
the IMM filter only at its output calculation step. The second filter, which
minimizes the more complicated cumulative cost function and is presented in
Chapter 3, is derived using the reference probability methods. This time, like
the case in the conditional-mean estimators (or equivalently in MMSE estima-
tors), optimal risk-sensitive multiple model filter turns out to be impossible to
implement with exponentially growing memory and computation requirements.
This problem is solved using IMM-type approximations in the resulting filter.
The reference probability method used in the derivation provides a perfectly

transparent framework for this purpose.



As for the methods of the second approach, we present two new online
estimators for the transition probabilities associated with JMLSs and a mixed
multiple model estimation algorithm in the second part of the thesis which is
formed by Chapters 4, 5 and 6. Almost all multiple model estimation algo-
rithms in the literature use constant and heuristically selected transition prob-
abilities for the estimation task. In this framework, being able to estimate the
transition probabilities in an online fashion would make the algorithms closer
to optimality. To this end, we present two methods namely the recursive
Kullback-Leibler (RKL) algorithm and maximum likelihood (ML) estimation
algorithms in Chapters 4 and 5 respectively.

The RKL approach is an application of a technique previously applied to
hidden Markov models (HMMs) to JMLSs. The resulting transition probabil-
ity estimator minimizes a Kullback-Leibler divergence [27] based cost function
using stochastic approximation [28] type recursions. On the oher hand, the
ML transition probability estimation problem is solved by making use of the
famous expectation-maximization (EM) procedure. The erratically (even more
than exponentially) growing memory and computation requirements of the re-
sulting exact EM algorithm makes us to approximate it by an N3 component
IMM filter where N is the number of models in the JMLS. The parameter
estimates are then found using the mode-weights of this IMM filter.

Multiple model estimation algorithms in the literature generally use mul-
tiple Kalman filters for each measurement and they are amenable to parallel
implementation. Making use of these properties, in Chapter 6 of the thesis,
we propose a mixed (IMM-GPB2) multiple model estimation algorithm which
can reach the performance of GPB2 algorithm with an average number of
Kalman filters near to IMM algorithm. In order to obtain this result, the dif-
ference between the state estimates of IMM and GPB2 algorithms is examined
analytically and a formula is found to quantify this difference.

Although some of the material presented in the thesis requires no special
background or the related background is presented along with the results,

the reference probability method which is used extensively in Chapters 3 and



5 needs special attention. Due to this, a brief background on the subject is
presented in Appendix A which includes some theoretical aspects of the method
as well as the derivation of the Kalman and risk-sensitive filters for linear
Gauss-Markov systems using the reference probability method. Throughout
the thesis, since the problems involved are changed from chapter to chapter,
each chapter has its own problem definition even though some overlapping
exists in the general framework. In addition to this, when same example is used
in more than one chapter, the example statement is re-expressed for the sake
of completeness. Moreover, there are some minor but inevitable repetitions in
the issues and the references in the introduction sections of each chapter to
avoid jumping to conclusions too early and for the sake of a clear presentation

and easy reading.

1.1 Contributions

The major contributions of this thesis can be summarized as follows:

e A new multiple model estimation algorithm minimizing the expected
exponential of cumulative estimation error is presented. The algorithm
is shown to be superior to the IMM filter for an unknown parameter

scenario.

e A new output calculation scheme for the IMM filter is found. The new
output calculation mechanism makes the IMM filter minimize the ex-
pected exponential of instantaneous estimation error and the resulting

estimates are slightly more robust to parameter uncertainties.

e Two new online transition probability estimation algorithms are pro-
posed. With the online transition probability estimation, the existing
multiple model state estimation algorithms work better than the ones

using constant heuristic transition probabilities.

e An analysis of the effects of single Gaussian approximation is made. Us-

ing the results of this analysis, a mixed (IMM-GPB2) multiple model

7



estimation algorithm is proposed. The proposed algorithm can reach the
performance of GPB2 with less Kalman filters and hence less computa-

tion.



CHAPTER 2

RISK-SENSITIVE MULTIPLE-MODEL
STATE ESTIMATION:
INSTANTANEOUS CASE

2.1 Introduction

Kalman filter is the most well-known state estimation tool in the literature
for linear Gauss-Markov systems. One disadvantage of it is its sensitivity to
modeling errors. The literature is abundant with approaches to overcome this
drawback. Multiple-model filtering is a solution to this disadvantage when the
uncertainty in the modeling can be covered by a finite number of models. The
well-known interacting multiple model (IMM) filter [11, 13] and the generalized
pseudo Bayesian (GPB) methods [7, 8] are the most famous of the multiple-
model filtering algorithms. IMM filter, being actually an approximation of the
second order GPB method (called as GPB2), has a computational load very
near to a GPBI1 filter and therefore, it is an efficient and popular estimation
tool especially in target tracking community [14]. Other multiple-model filter-
ing methods range from linear minimum mean-square error [15, 16], optimal
control based [17], MAP estimation based [12, 18] approaches which can be
classified as the classical approaches to stochastic sampling oriented methods
[20, 21, 22] which have become popular after the introduction of the particle

filters into the area of state estimation [19].

Although multiple-model filtering is itself a solution to the uncertainty in-
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herent in the modeling process, generally, it is quite unlikely that the models
covering the modes of a system under investigation are perfectly known. Two
types of solutions is possible for this problem. The first solution is to add more
models into the multiple-model filtering algorithm to cover more uncertainty.
Nevertheless, adding more models may also lower the performance of the algo-
rithm [29] and usage of the so-called variable structure multiple-model filtering
algorithms might be necessary [29]. The second way to solve the problem is
to apply the results of the research which can be named as the robust multi-
ple model filtering. In [30, 31], the H,, methodologies have been applied to
jump Markov linear systems (JMLSs) which are basically the linear systems
whose parameters evolve according to a finite state Markov chain. Also, [32]
considered the case of uncertain model parameters. However, in all these ap-
proaches, the underlying mode-sequence of the JMLS is assumed to be known.
Later, [33] presented results related with the mode-independent case. The
so called guaranteed-cost approaches, where the state estimators are designed
such that the covariance of the estimation error is guaranteed to be within a
certain bound for all admissible uncertainties, have also been applied to the
case of JMLSs [34, 35]. However, these works also assume that the underlying
mode-sequences are known. Quite recently, [36] dealt with the case of uncer-
tain JMLSs and obtained solutions using the linear matrix inequality (LMI)
approaches.

Risk-sensitive estimation, which appeared in the literature mainly after its
control counterpart, is the general name given to the area of (robust [37]) esti-
mation where the exponential of the (instantaneous or cumulative) quadratic
estimation error is minimized. As mentioned in Chapter 1, there exist two
different criteria for risk-sensitive estimation in the literature. The first one
considers the instantaneous estimation error [25] and the second one uses a
cumulative cost function which considers the sum of all the estimation errors
from the initial time to current time [26]. In this chapter, the instantaneous
cost function will be considered and the results for the cumulative cost func-

tion, which are more involved, will be given in Chapter 3. This chapter is the

10



least demanding part of the thesis in that classical probabilistic techniques are
used for the derivation.

The risk-sensitive filter corresponding to the instantaneous cost function,
which is derived for linear Gauss-Markov systems, appears to be the same as
the Kalman filter [25]. This property basically results from the fact that the
expected values of all even moments of the estimation error are minimized si-
multaneously by the Kalman filter state estimates when the conditional state
distributions are Gaussian like the case in linear Gauss-Markov systems. Since
the exponential of the quadratic estimation error is a weighted sum of (infi-
nite number of) even moments of the quadratic estimation error (by Taylor
series representation), expected exponential of the quadratic estimation error
is minimized by the Kalman filter estimates for linear Gauss-Markov systems.
In JMLSSs, the case is different because, at each time step k, the conditional
state densities turn out to be Gaussian mixtures.

This chapter is organized as follows. In Sec. 2.2, problem definition is
made. An approximate solution for the risk sensitive multiple model estima-
tion problem, which is called as IRS-IMM algorithm, will be derived in Sec.
2.3. The performance of the IRS-IMM algorithm is examined on a simulation

scenario in Sec. 2.4. The chapter is finalized with conclusions in Sec. 2.5.

2.2 Problem Definition

The following jump Markov linear system model is considered

Th+1 — A(Tk+1)$k+3(7“k+1)wk+1, (2-1)

Y = C(Tk)xk+D(Tk)Uk (2.2)
where

e {x; € R"} is the continuous-valued base-state sequence with initial dis-
tribution

zo ~ N (z0; Zo, Xo), (2.3)
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where the notation N (z;z,Y) stands for a Gaussian probability density
function for dummy variable z which has a mean z and covariance 3.

We assume > > 0.

{ri} is the unknown discrete-valued modal-state sequence,

{yr € R™} is the noisy observation sequence,

{wy, € R"} is a white process noise sequence with distribution,

where [, denotes the identity matrix of size n x n,

{vr, € R™} is a white measurement noise sequence independent from the

process noise w;, with distribution
Vi NN(Uk;O,Im>. (25)

The discrete-valued modal-state 7, € {1,2,..., N} is assumed to be a first-
order finite-state homogenous Markov chain with transition probability matrix
IT = [m;;]. The basic variables wg, vg, zo and the modal-state sequence 7y are
assumed to be mutually independent for all k. The time-varying matrices
A(rg), B(rg), C(ry), and D(ry) are assumed to be known for each value of ry.

Our aim is to find a recursive (instantaneous) risk-sensitive estimate /;*

defined as
A : 0
jéﬁcs = arg mme [GXP {5(9% — )T Qx(zy, — f)} ‘yk] (2.6)

where 6 is a scalar generally called as the risk-sensitive parameter, () > 0 is
a known weighting matrix and Yy 2 o{y1,¥s,...,yr} denotes the o-algebra

generated by the random variables {y1,yo,...,yx}

2.3 Risk-Sensitive IMM Estimation

Interacting multiple model (IMM) filter is an approximate and efficient solution

to the multiple-model minimum mean-square estimation problem [11, 13]. At
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each time step k, IMM filter approximates the information state p(zx|)x) as a
Gaussian mixture defined as
N . N . . .
(x| Vi) = Zuip(ka =7, W) = ZM?CN(%; ii\ky Ziug) (2.7)
j=1 j=1

where the state estimates

i’im 2 Elzi|re = j, Vil (2.8)
and the covariances
S 2 Bllan — 2 (@ — a3, [re = 5, W] (2.9)

are the approximate mode-conditioned state estimates and covariances respec-
tively calculated by the IMM filter. The quantities ui denote the mode prob-
abilities defined as

wl, & Pr, = j| V). (2.10)
In this respect, IMM filter is an efficient finite dimensional solution to calculate
the conditional density p(zx|)x) which is also required in the calculation of the
expectation on the right hand side of Eqn. 2.6. For this reason, in the solution
of the instantaneous risk-sensitive estimation problem, we are going to assume
that the IMM calculated information state is available. In other words, for
obtaining the the risk-sensitive state estimate i:kR‘i defined by Eqn. 2.6, the

IMM calculated statistics {1, :%il . Zi‘ 1}, will be necessary.

2.3.1 Derivation

Expectation involved in Eqn. 2.6 is by definition

E{GXP {g(ﬂ% — &) Qr(xy — 5)}‘%}

- [ e { G - 07U — 9 bt (211

Using the approximated density p(zx|)Vi) calculated by the IMM filter, we

obtain

E lexp {gm — )T Qulas — 5)}

:
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N

A 0 —
= Zﬂi/eXp {E(xk — &) Qular — f)}/\/(ﬂ?k;%m i)
j=1
N

=> 1T, (2.12)
where

I;(¢) / exp {§< — &) Qulax — s)}mxk; oS )doe.(2.13)

In order to calculate the integrals {Z;(£)}}_,, we expand the Gaussian term as
1) = =t [ow{Gienra-m)
IQWZ?CUC

X exp { 5 —(x) — mk‘k)T(Ei‘k)_l(xk - %'k)} dxy, (2.14)
where the notation |.| denotes the matrix determinant. If we define
, -1
N A (2.15)
-1
S & { Q' - W} > 0, (2.16)

we can take the integral in Eqn. 2.14 using the result of App. B.3 as

Le — i, )7 Si(e - >} (2.17)

Substituting this result into Eqn. 2.12, we obtain

E [exp {g(ask — &) Qrax — 6)}

3

| M
S

exp {56~ )TSUE~ )} (219

~IRS A E
xk|k = argmln Mk
7=1

Mj
St oo {Se-atrsie- o} @
Sl

The mixture of exponentials on the right hand side of Eqn. 2.19 is impossible

to minimize analytically. The numerical algorithms can be applied for the
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minimization. This type of numerical solution which needs multiple iterations
for each time step k is quite costly for many applications, especially for target
tracking where real-time algorithms are required. Moreover, even if a numerical
algorithm is selected for making the minimization, the cost function evaluation
procedure might cause an overflow in the computer (or processor) due to the
blowing characteristics of the exponential functions. These issues necessitate
an approximation of the cost function to make an analytical minimization. We,
at this point, choose to approximate the exponentials on the right hand side

of Eqn. 2.19 by their first order Taylor series expansion i.e., exp(z) ~ 1 + x.

Then, we get
SR LRI
Tk %argmgmz:;ﬂC 5 |§(§—x§€|k) SH(€ = dy)- (2.20)
j=1 Kk

The cost function on the right hand side of Eqn. 2.20 is quadratic in the
minimization variable £. Therefore, after taking the gradient with respect to

&, equating to zero and solving for &£, we obtain the following unique solution

N
i = D (2.21)
j=1
Since M,g = Z£|kS£%Q;1, we can simplify the solution as
Ty = [Z i IS,i!Si] pNTRVUS AL (2.22)
Jj=1 j=1
where
) 1 1t
Sp = [56221 - %k] : (2.23)

As a result, using the statistics of IMM algorithm, the risk-sensitive filtering
modifies the output estimate calculation of the IMM to include the covari-
ance weights depending on the IMM calculated mode-conditioned covariances.
We will call the overall algorithm which is composed of IMM filter (informa-
tion state or statistics) recursions and the risk-sensitive output calculation as
the IRS-IMM algorithm (or filter) where the abbreviation “IRS” stands for

“instantaneous risk-sensitive”.
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2.3.2 Properties of IRS-IMM Filter

In this section, we are going to emphasize some properties of the filter derived
in the previous section. For this purpose, we define a hypothetical (quite non-
rigorous) operator 7 which replaces every exponential in its operand expression

with its first order Taylor series approximation, i.e.,
T (exp(z)) =1+ . (2.24)
Using this operator, we can define MMSE estimate as
i%kMSE 2 arg rnginE [g(:ck — T Qu(zy — 5)‘)@] (2.25)

— arnginE {T (eXp {g(ﬂﬁk — &) Qi — 5)})

yk} .(2.26)

In [25], by showing the equivalence of the MMSE estimate and the risk-sensitive

estimates for linear Gauss-Markov systems, it is shown that the equality

arg min {T (exp {g(aﬁk — )T Qlax — 5)})

5

= arg mginE [exp {g(xk — &) Qr(xr — 5)}

yk} (2.27)

is satisfied for linear Gauss-Markov systems. In other words, the existence of
the operator 7 inside the expectation does not change the minimizing point of
the cost function. What is proved above by the derivation of the risk-sensitive
output estimate calculation formula is that this is not the case for jump Markov
linear systems. Instead, our approximate output calculation method finds the

risk-sensitive estimate using the following formula.

argmginE {GXP {g(xk — &) Qi — f)}

s

~ argmﬁinT (E [exp {g(xk — &) Qular — 5)}

n) )

A general property for risk-sensitive filters is that their estimates converge
to MMSE estimates when the risk sensitive parameter 6 goes to zero. Using

the definition of the matrices Si, we see that
S —0Q, for j=1,...,N when 60— 0. (2.29)
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Substituting this result into final formula for z xk| . given in Eqn. 2.22, we obtain

—1 N
ISR [Z 1/10Qx]| er] > 1/ 10Qk]0Qi] (2.30)
j=1 j=1
N . .
= Z,ﬁcg};lk = iy (2.31)
j=1

when § — 0. Therefore, the risk-sensitive output estimate goes to the IMM
estimate when the risk-sensitive parameter 6 goes to zero in spite of the Taylor
series approximation made in the derivation.

Note that the derivation of the risk-sensitive output estimate calculation
formula requires the positive definiteness of M,g and S,i, which are equivalent
conditions since M: ,ﬂ = Eil kSi%ngl and the matrices Ef;‘ > Qr are positive def-
inite. The definition of S,Z in Eqn. 2.16 shows that the matrix S,Z will be
positive definite if and only if the matrix 6Q) is sufficiently “small”, which
is satisfied if the risk-sensitive parameter 6 is sufficiently small. As a result,
like other risk-sensitive filters in the literature, the result of the output esti-
mate calculation formula (state estimate of IRS-IMM) converges to the MMSE
output estimate (state estimate of IMM) if the risk-sensitive parameter 6 is

selected sufficiently small.

2.4 Simulation Results

In this section, the performance of the IRS-IMM algorithm will be observed
and compared to that of the IMM algorithm. For this purpose, we consider a
simplified example of a moving target whose acceleration evolves according to
a finite-state Markov chain. This example is a slightly modified version of the

one given in [1]. Only the target dynamics in one-dimension, which is given as

1 T _ T2/2
Pl P + / [ar + wi], (2.32)
Uk 0 1 Vk—1 T
T,

will be considered. Here, pi, vy and a; denote the target position, velocity

and acceleration respectively. The initial state x( is normally distributed with
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mean o and covariance Y, which are given as

. 80000 10000 1000
To = R S . (2.33)
400 1000 10000

The acceleration process a; is a finite-state Markov chain with states in the
set {0,20, —20}. The transition probability matrix for the finite-state Markov

chain is
04 0.3 0.3

II=103 04 03 (2.34)

0.3 03 04
which corresponds to a highly maneuvering target. The white process noise
wy, ~ N (wy;0,2?%) represents small acceleration changes. It is assumed that

only the positions are measured, i.e.,

Yk = Dk T Vi (2.35)

where the terms vy, ~ A (wy; 0, 100%) stands for the normally distributed white
measurement noise. The sampling period 7' is taken to be 10 sec’s.

The IMM and IRS-IMM algorithms are run on the artificially generated
measurements of the system defined above for 1000 Monte-Carlo runs with

0 =8 x 107 and Qy, selected as

1 0.1
Qr = for all k. (2.36)

0.1 1

The algorithms are assumed not to know the true probability transition matrix
given in Eqn. 2.34 and use the diagonally dominant probability transition

matrix Il 5, given as

0.9 0.05 0.05
Ui = 005 0.9 0.05 |- (2.37)
0.05 0.05 0.9

This type of matrices is generally used in practice in the cases where the true
transition matrix is not known [13]. These are actually almost all cases in real

life problems.
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Figure 2.1: RMS position errors of the IMM and IRS-IMM algorithms
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Figure 2.2: RMS velocity errors of the IMM and IRS-IMM algorithms
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In Fig. 2.1 and Fig. 2.2, the RMS position and velocity errors of the al-
gorithms are presented. As easily realized from the figures, the RMS errors
of the IRS-IMM algorithm are slightly lower than the standard IMM in this
unknown parameter scenario. These results show that the risk-sensitive out-
put calculation mechanism can yield better results in uncertain environments
where modeling cannot be done accurately.

The average RMS position and velocity errors per measurement sample
of the algorithms for different 6 values are plotted in Fig. 2.3 and Fig. 2.4
respectively. The figures show that the error reduction (compared to IMM)
obtained by new output calculation algorithm increases (with increasing 6)
with growing rate until the algorithm diverges at around 6 = 1 x 10~*. The
figures also make it clear that much better performance than those shown in
Figures 2.1 and 2.2 can be obtained from the algorithm if better 6 selection

mechanisms are used.

2.5 Conclusion

In this chapter, a multiple model risk-sensitive estimation algorithm which
minimizes the expected exponential of the instantaneous quadratic estima-
tion error has been derived. The algorithm uses the IMM filter’s statistics
and differs from the IMM filter only in the output estimate calculation step.
The estimate calculation requires not only mode probabilities and the mode-
conditioned state estimates (like the case in IMM) but also the mode con-
ditioned covariances of the individual Kalman filters. The estimate of the
algorithm has been shown to reduce to the estimate of the standard IMM
algorithm when the risk-sensitive parameter 6 goes to zero. The algorithm
has achieved better performance than the IMM filter in a scenario with model

uncertainties.
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CHAPTER 3

RISK-SENSITIVE MULTIPLE-MODEL
STATE ESTIMATION:
CUMULATIVE CASE

3.1 Introduction

Due to the (over-)simplicity and limitedness of instantaneous cost function ex-
amined in Chapter 2, the instances of the cumulative cost function dominates
the risk-sensitive filtering and control literature. Although, due to the cumula-
tive characteristics of the cost function that makes the analysis and synthesis
more involved, there are many methods to derive cumulative risk-sensitive fil-
ters based on the cumulative cost function. The first cumulative risk-sensitive
filter for linear Gauss-Markov systems is derived using dynamic programming
[26]. The reference probability methods' [38, 39] in which a new probability
measure is defined and exploited have been used in [40, 41] to derive filters
and smoothers for nonlinear systems.? Furthermore, using the derivation pro-
cedures based on game theory and H, filtering theory with which the risk
sensitive estimation has been shown to be related [26, 40] is also theoretically
possible. Risk-sensitive filters can be obtained even by applying Kalman filter
in an indefinite metric (Krein) space [42].

In this chapter, we consider the cumulative risk-sensitive estimation prob-

L' A comprehensive tutorial about the reference probability method is given in App. A.
2 The risk-sensitive filter for linear Gauss-Markov systems is also derived using the ref-
erence probability method in App. A.
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lem for jump Markov linear systems using the reference probability methods.
Like the case in the conditional-mean estimators (or equivalently in minimum
mean square error (MMSE) estimators), optimal risk-sensitive multiple model
filter turns out to be impossible to implement with exponentially growing
memory requirements. This problem is solved here using IMM-type approx-
imations which are identified by making a derivation of the IMM filter using
the reference probability method. The reference probability method used in
the derivation provides a perfectly transparent framework for this identifica-
tion by making the process of obtaining recursive expectations possible. Notice
that the reference probability method has a crucial importance in this chapter.
Therefore, if the reader is not familiar with this method, he/she should con-
sult App. A which includes the background theory along with the derivation
of Kalman and risk-sensitive filters for linear Gauss-Markov systems using the
reference probability method.

The organization of the chapter is as follows. In Sec. 3.2, we make a prob-
lem definition and define the required probability measures for the reference
probability method. Sec. 3.3 makes a brief derivation of the IMM filter using
the reference probability method and identifies the approximations made in the
IMM filter, which are stated in normalized probability domains in the litera-
ture, in the reference probability domain. The main results of the chapter are
given in Sec. 3.4 where the derivation of the cumulative risk-sensitive filtering
algorithm (which is called as CRS-IMM algorithm) is completed. In Sec. 3.5,
the properties of the resulting filter is stated along with some implementation
issues. The performance of the CRS-IMM algorithm is illustrated on a simu-
lated unknown parameter scenario in Sec. 3.6. The chapter is finalized with

conclusions in Sec. 3.7.

3.2 Problem Definition
The following jump Markov linear system model is considered
Tir1 = A(res) T + B(rgs1)we, (3.1)
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Y = C(ry)zy + D(rg)uvy (3.2)
where

e {x; € R"} is the continuous-valued base-state sequence with initial dis-
tribution

Tog ~ N(l‘o, [f(), 20), (33)

where the notation N (z; T, X)) stands for a Gaussian probability density
function for dummy variable x which has a mean ¥ and covariance X..

We assume Xy > 0.

{rg} is the unknown discrete-valued modal-state sequence,

{yr € R™} is the noisy observation sequence,

{wy, € R"} is a white process noise sequence with distribution,
Wi NN(wk;O,]n), (34)

where I, denotes the identity matrix of size n x n.

{vr, € R™} is a white measurement noise sequence independent from the

process noise w;, with distribution

Uk NN(Uk;O,Im). (35)

The discrete-valued modal-state 1 € {e1, ea,...,en} is assumed to be a first-
order finite-state homogenous Markov chain with transition probability matrix
Il = [m;;]. Here the variable e; € RY denotes the canonical unit vector with
unity at the jth position and zeros elsewhere. The basic variables wy, vg, xg
and the modal-state sequence ry are assumed to be mutually independent for
all k. The time-varying matrices A(ry), B(rg), C(rg), and D(rg) are assumed
to be known for each value of r,. Moreover, the matrices B(ry) and D(ry)
are assumed to be invertible. This is a requirement of the derivation using the

reference probability method.?

3 We will elaborate on bypassing this restriction using limiting arguments in Sec. 3.5.
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Our aim is to calculate the recursive cumulative risk-sensitive estimate

called as ig'fs given as

B = arg min Blexp {0Wo,x()} ] (3.6)

where )} denotes the complete filtration generated by {vo, 1, ..., yr} and

WoslQ) £ For+ g ax — O Qulri — Q). (37)
Uy 2 Z%(;@l—@fﬁRS)TQl(wl—@fﬁRS). (3.8)
l=m

The matrices (Q; are known, positive definite weighting matrices and the real
number 6 > 0 is called as the risk-sensitive parameter like the case in Chapter
2. Note that the structure of the cost function implies a filtering (and not
smoothing) framework in that the estimates ilcuRS for [ =0,...,k — 1 have

been already calculated and will not change at time k.

3.2.1 Change of Measure

In the derivations given in the subsequent sections, it is initially assumed that
we are in an ideal probability space (€2, F, P) where, under the probability

measure P

e {z;}, k € Nis a sequence of independent, identically distributed (i.i.d.)
random variables which are Gaussian distributed with zero mean and

covariance I,,. Call their density function as ¢(x) = N (x;0, I,,).

e {yx}, k € Nis a sequence of i.i.d. random variables which are Gaussian
distributed with zero mean and covariance [,,,. Call their density function

as ¥(z) = N(x;0, I,).

e {ri}, k € N is a first-order finite-state homogenous Markov chain with

transition probability matrix I = [m;;] and initial distribution
1

mo=[ny 7 - wy ] (3.9)

25



We define the sequence of random variables {\;} and {A;}, &, € N as

(Vo (21-T0)) (D~ (r) (w1 —C (1)) 1—0
Xl — [VZold(x1) [D ()1 (yr) )
P(B(r) (mi—A(r)zi—1)) YD~ Hr) (i =C(ri)zr)) 1>0
|B(r)|p(x1) [D(r) 1Y (yr) ’

A= N (3.10)

1=0

where |.| denotes the matrix determinant and /%, is the positive definite
square root of ¥y. Let G; denote the complete filtration generated by random
variables {xq, ..., Tk, 70, -+, "k, Yo, - - - , Y }. Now, if we define a new probability
measure P by setting the restriction of the Radon-Nikodym derivative Z—g|gk
to A, then, under the new probability measure P, {w;, € R"} and {v, € R™},
k € N defined as

>

Wi B_l(Tk)(ZBk — A(’I“k)$k_1), (3.11)

v £ D7) (yk — Cri) ) (3.12)

are sequences of i.i.d. Gaussian random variables with zero-mean and co-
variance I,, and I, respectively. Moreover, the distribution of {r;} remains
unchanged.® Note that, under both P and P, the modal state {r;}, k¥ € N has

a semi-martingale representation
Tk+1 = HTTk + Mme41 (313)

where my, is a G, martingale increment. The probability measure P is the
nominal measure under which the expectations like the one in Eqn. 3.6 are
taken. The expectations under the reference probability measure P, which are
shown by E, can be taken much more easily than the ones under P thanks to
the independence properties. By Theorem A.3, the two expectations can be

related in the context of Eqn. 3.6 as

E[Ay exp {090,4(¢)} | V]
E[AR| k]
4 The proof of this fact follows the same lines as the proof presented for linear Gauss-

Markov systems in Lemma A.7.
5 Proof of this fact is very similar to those given in [39] and [38].

Elexp {0¥ox(Q)} | Vk] = . (3.14)
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Since the denominator of the right hand side in Eqn. 3.14 is independent of (,

the cumulative risk-sensitive estimate ikﬂfs is alternatively given as

#IS = arg %@ E[Ayexp {0%0.(O)} | Vi) (3.15)

3.3 IMM Filter Derivation and Approxima-

tion Identification

The aim of this section is twofold. First, it prepares the reader for the quan-
tities and methodology involved in the derivations of the main result of the
chapter given in Sec. 3.4. Secondly, it identifies the approximations made by
the IMM algorithm under the nominal probability measure, in the reference
probability domain. This identification then leads us to introduce the same
type of approximations in the derivation of the cumulative risk-sensitive filter
to avoid ever-growing memory and computation requirements of the optimal

solution.

The usage of reference probability methods in the derivation of IMM-type
filters is not new. For example, in [43], a hybrid filter is derived for the case
where not only the process {z\} but also the modulating Markov chain {r} is
(directly) measured. Also, the case where only the (direct) noisy measurements
of the Markov chain {r;} are available is considered in [44] which yields a finite
dimensional filter. In none of these references, is what the approximations of
the IMM filter correspond to in the reference probability domain examined.
Being able to make these approximations in the reference probability domain
would give one the ability to derive novel hybrid filters in the areas where the

reference probability method is applicable.

In IMM filtering, the aim is to calculate the MMSE recursive estimate :i:%f

defined as
Bt £ B[] Ve - (3.16)
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Using Theorem A.3, we can write

E [kaklyk}

(3.17)

Therefore, instead of calculating E [x|Vk], one can calculate the unnormal-
ized expectation E [kak\yk] which is defined using the probability measure
P under which {z;} and {y} are i.i.d. sequences. The results of the two
procedures would be equivalent after suitably normalizing the unnormalized
expectation E [kakwk}. At this point, we define the unnormalized density

functions o (z) as

where the function Z4(w) defined as
N 1, we A
Za(w) = (3.19)
0, weg A

denotes the indicator function of the set A and the notation (ry, e;) stands for
the inner product 7{ e; which is equal to the jth element of 7.
Using a simple reasoning, we can see that, if f : R — R is any test function

(i.e., measurable function with compact support), the following equality is

satisfied.
E R, e)f (u2) | 9h] = / f (@) (@)de. (3.20)
Using this and the fact that
N
Z<Tka 6j> = 1a (321)
j=1

we can write the unnormalized estimate F [kakD)k] as
N
E mkSBkD}k] = ZE mk(rk,ej)kak} (3.22)
j=1

— i/mai(w)dw = /xiai(x)dx. (3.23)

28



The same reasoning as in Eqn. 3.23 yields E[Ag|)Vy] as

Bid = DB = 3 f ek (3:21)

Combining the results of Eqn. 3.23 and Eqn. 3.24,

Eleaii) = Y [ 8i(a)ts (3.25)

where

J a(z) 3.26
Bi(x) = SV ol (@) (3.26)

Therefore, the set of density functions {ak(.)}j-v:l can be interpreted as an

“Information state” for the problem [45].

3.3.1 Recursion

The following theorem gives a recursion for the density ozi(x).
Theorem 3.1 The density functions ai(x), k > 1 satisfy the following recur-
S10M.

joy D — Az N7T“Oéi 2)dz
alte) = M O [ o N3k (e (327

where A; £ Ae;), B; £ Ble;), C; = Clej), and D; = Dl(e;) for j =
1,....N.

Proof Let g : R" — R be any test function. Then,

[o@aiwis = B [elrv.eglen) i (3.28)
= B [MaMilre, €5)g(w) | V] (3.29)
=T OB ) (ke — Alre)ae-1))

- PRy
YD~ Clrda)),
D o] 630
=[x ¢(Bj_1($k — Ajzp-1)) ¢(Dj_1(yk — Cjwy))
B E[Ak_l | Bj| () |D; ¥ (yr)
X<rk7€j>g(xk)‘yk] (3.31)
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1 OBy N (wr — Ajrr—r)) (D (ye — C
:EM“1<|%wm> »(léww>)>

><<HTr,g_1 + mk,ej> ) ’yk} (3.32)
_ mlx. 1 — Ay 1)) (D5 (e — Cy))

IB \¢(xk) | D4 (yr)

x (11", 1,e]> Tp ’yk]

— — Ajrp_q)) Y Dj_l yr — Ciy,
*E[kl |me> »<|Aww>))

X (my, e;)g(xy) ’)}k] (3.33)

The second expectation on the right hand side of Eqn. 3.33 is zero due to
facts that m; is a Gi-martingale increment and that under the probability
measure P, the process {r;}, and hence the process {my;}, is independent of

the processes {z;} and {yx}. Now using the identity

(7 1,€5) Zﬂ'z] Th_1,€i), (3.34)

Eqn 3.33 becomes
N -1
, —= OBy (x — Ajzr-a))
x)ag(x)de = Tij B | A :
/9( Jog(2) ; J [ ol | Bj|é(w)

" V(D (yr — Cjzy)) (ret, 61')9(33}4;)‘3}19} (3.35)

|Dj|¢(?/k)
= 3 F A A eNE Qb(Bg_l(fk — Ajx_1))
— ;WUE[Akl< k-1, Z}E[ 5.1
¢(D;1(yk - ijk))
Difo)  * (@‘“71’3’4 ’3’4 (3.36)

The inner expectation in Eqn. 3.36 can easily be taken as follows due to the

independence properties of the sequence {z;} under P.

J = e (r e; (B x_Axk V)
/g(x)ak(x)dx = Z ij Ak 1\Tk—1; € / |B 6z
D - Cix
M|;w%>»“ (#)dz | (337)

) SB (o — 4,2)) 6D (e — Cya)
“Z%// wr D,
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xg(z)dral, (2 )dz (3.38)

H(D;
=[] |B||D|wyk /¢ 4;2))

N
X Z Ty (z)dz] dx. (3.39)
i=1

Since this equality is satisfied for all test functions g(.), the recursion in Eqn.

3.27 is satisfied. 0

Note that this result is different than (a special case of) the recursion given

in [43]. This is because [43] takes the system dynamics equation as
Trp1 = A(r)rg + B(rg)wia, (3.40)

which is different than Eqn. 3.1, and measurement equation as in Eqn. 3.2.
This, at the end, causes a slight change in the information pattern and yields
a different recursion. Our selection follows the convention of the IMM filter
derivation in [13] where 7 denotes the model (mode) in effect during the

sampling period ending at time k.

3.3.2 Initial Densities

Let f: R” — R be any test function. Then, the initial densities of,(z) can be

calculated as follows.

[ t@aiwyi = E[Rotro.e) 1)) (3.41)
= EMofro. ;) f(a0) ) (3.42)
= [0(VE0 (20 — T0)) (DL (re) (Yo — C(ro)19))

Vol (o) [D(ro) [ (30)

% f (o) {ro, )| ] (3.43)
_ E[Wz—o1(a:o—xo>>w<D;1<yo—cjxo>> e
|v/Zo| (o) Dl (yo) "
x £ (20) | W]
_ E[¢(\/2_0_1($o — %)) ¥(D; (3o — Cjx0))
|[v/Eo|6(x0) |1 D;l4(yo)
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} (7o, €;)] (3.44)

_ / fo (o = 7)) 9D} o ~ Cya)
T

(3.45)

dz.

B /f "z — 7)) (D5 (yo — Cj))
|\/_| | Djl%(yo)

Since the equality holds for all test function f(.), the initial density of(z) is

given as
| (D} (yo — Cjr)) ¢(V/Eg  (z — )
i) = m0 3.46
T T G VT 340
7Tj _
J ) . )
= ﬁmyg;cjszo,sa>N<x;:zé|o,zé|o> (3.48)
= QN (w20, ) (3.49)
where
S5 & C;%Cl+D;DT, (3.50)
B 2 To+SoCT (S5 (yo — Cy), (3.51)
She 2 To—%0C](S5) 7O, (3.52)
g Ty . C%0, S} 3.53
0 w(yo) (yO .Z'o ) ( )

Here, while going from Eqn. 3.47 to Eqn. 3.48, we used the result of Appendix
B.2.

3.3.3 Approximation

By Eqn. 3.49, the densities aé(m) are of the form given as
() = SN (5 89, 5 ) (3.54)

Considering this and the recursion in Eqn. 3.27, we see that the density
ai(z) must be a sum of N* unnormalized Gaussian densities. Therefore, the

number of statistics to be kept increases exponentially. At this point, the IMM
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approximation mechanism comes into picture. IMM algorithm, at each time

step k, keeps a single Gaussian for the normalized densities p(zi|ry = e;, V).

It achieves this by approximating, at each time step, the normalized density

p(xr_1|m% = €j, Yi—1) which is actually a Gaussian mixture with /N components

by a single Gaussian, i.e.,

N

p(l’lcfl’?"k = €y, ykhl) = Zf(rkq = €i|7“k = €y, ykfll

A g
“HPr—1k—1

X p(Tp_1|ri—1 = €, 7% = Gj,yk—1)/

'

=p(zr_1lrr—1=€,Vk—1)

(3.55)

= Z:“k 1lk—1 xk—1;f§§_1|k_1722_1\k—1) (3.56)

N 0j
~ N(xk*hxk—uk—l’zk 1lk— 1)
where
~0j A ij ~1
T 1k-1 = Z“kqquk—lm_b
i=1

N

0j a ij i

Xy k-1 — E :“k71|k71 [Pkr—l\k—l
i=1

+

y o y o
(Zh1jp—1 — xkj—1|k—1)(‘x;c—1\k—1 - Ik]—uk—ﬁT]‘

(3.57)

(3.58)

(3.59)

Lemma 3.1 The normalized density p(zx—1|rx = e;, Vi—1) of the IMM filter

satisfies the following equality in terms of unnormalized densities {od | (z)}Y .

N .
Zi:l T, 1 (Tr-1)

S i [l (§)dg

p(xk_alrr =€, Vi) =

Proof Note that from Bayes theorem

p(xp—1, 7% = €j|Vi-1)
P(ry, = €| Ve-1)

Let f: R™ — R be any test function. Then,

[ f(@)p(e,ry = €| Vp1)dw

P(wkq\rk = €j,ykf1) =

/f p(lry = €5, Vpa)de = P(ry = €| Vi-1)

Ef(wp1)(rg, €;)| V1]
E (1, )| V1]
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E [Kk_lf(l"k—l) <7nk:v 6j> |yk—1}

= — 3.64
E [A1 (7, )| V1] 200
B E [Kk—lf(‘xk—lanrk—la €j>’yk—1} (3.65)
E [Ny )| V]
Using the fact that
H Tk— 17€j Zﬂ-z] Tk—1,€ : (366>

Eqn. 3.65 will read,

S B[R f (@) (i, €0) | V]
va17rijE [Kk 1(7“k 17€i>‘yk71]
D e 17TUff r)oy,  (v)dx
= 3.67
Zivlﬂ-ijfak 1(€)dg ( )
_ J (@) 3 17TZJO% 1(%)dz 3 63
i\i 7TszO‘k: 1 (€)d¢ (3.68)

Die 17%0% ()
— dx. 3.69
/f > iz 17% fak 1(€)d€ ) ( )

Since the equality is satisfied for any test function f(.), we conclude that Eqn.
3.60 is satisfied. O

/f(flf)p($|7”k = €5, Vg-1)dx

Theorem 3.2 Assuming that the unnormalized densities satisfy the equation
a?f—l(‘r) = Eljc—l'/\/’(x;i%_”k_la Ei:—l\k—l) (370)

where
it [l (3.71)
the normalized IMM approximation corresponds to making the approximation

given as
Zmiai—l(x) ~ C'li—lN(x3j2{1\k—17zz 1) (3.72)

in the reference probability domain (i.e., in the recursion of Eqn. 3.27) where

N
— .
Aoy B D Tt (3.73)
=1
N =t
0] N TijCh—1 4
Ty gk —— Tp1jk—1> (3.74)
—~ _
i=1 1



N i
: TiiCr_ i
Egﬂukq 2 Z LE L [Pk—1|k—1 (3.75)

i 05 i ~0j
+<xk71|k71 - ij_1|k_1)(xk71\k71 - %]_1\;6_1)T]‘ (3.76)

Proof In the light of Lemma 3.1, we have

1 .
plrealr =€, V) = 5— > mah(z41) (3.77)
Cim1 i1
;5 C
= ZAN(% 15 1|k~ 1 ke 1k-1) (3.78)
i=1 6176 1
~ N3 s S ) (3.79)

The results of the theorem are now obvious considering the approximation in
Eqn. 3.57. Note that, initially, of (z) satisfies the assumption in Eqn. 3.70.
When we make the approximation in Eqn. 3.72, considering the recursion
given in Eqn. 3.27, the density ai(x) will always satisfy the assumption of
Eqn. 3.70. Therefore, the assumption is not a restriction for the application

of the theorem at any time instant k. 0

Substituting the approximation into the recursion in Eqn. 3.27, we get

' Y(D; Yy — Cj)
ol () = -1 /
o BID G J A5 42)
XN(Z 7 e S 1)z (3.80)
— (D "y — Cj)) /¢ o — A;2))
‘D W’ ykz |B |
XN (B e, B 1|k 1)dz (3.81)
C’/i—ﬂ/f(D{l(yk - j /
B N(z; Az, B;BT
[Dsleb (g (w5 Ajz, B; BY)
XNz 8y Bl )dz (3.82)
Cli—ﬁ/}( i Y — Cx)) }
- |D; |9 (k) N (@3 8715 ) (3.83)
g o
= SV e O DN (@ By By y) - (384)
where
T = Ao (3.85)
Z?qk; 1 AjEZj_”k_lAJT + BijT_ (3.86)



Using the result on the multiplication of the Gaussian densities given in App.

B.2, we get

Cljc Aj(?Jk)

where

Aj() & Ny Coppys S,
Sp = Cjz?qkfleT‘{'DijT’

S = Zi|k-1_Ei|k_1of(si)_10j2i|k—1a

y y . . y
x?ﬂk = “’i\kq + Ei\chj (S0~ — ijim—ﬂ-

3.3.4 Final Estimate Calculation

The normalized densities ﬁi(m) can now be easily calculated as

) = vt g = MV T
where .
Ni _ C?c—lAj(yk)

Zf\; cgcflAl(yk) .

Then, the IMM estimate ig/‘[ks is given as

N
~MS _ J4d
Thle = § Tk k-
j=1

(3.87)

—~ —~ —~ —~
Ne) oo
(== =)

~— ~— ~— ~—

(3.92)

(3.93)

(3.94)

Remark 3.1 [t is important to note that, for the calculation of the mized and

the final IMM estimates, all that matters about the coefficients E’,i (or c?c) s

their relative magnitudes (and not their absolute magnitudes). Therefore, at

any time-step k, one can multiply the the coefficients 6’; (or cll) by a common

constant number without affecting the output estimate. This will be the case for

the cumulative risk-sensitive multiple model filter derived in the next section.

One cycle of the IMM algorithm whose required steps are derived above is

illustrated in Fig. 3.1.
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Figure 3.1: One cycle of IMM algorithm with N models. KF is the abbreviation
of Kalman filter.

3.4 Cumulative Risk-Sensitive Multiple-Model
Filter

In the following, we are going to make a similar derivation for the risk-sensitive
multiple-model filter, which is called as CRS-IMM (where the abbreviation
“CRS” stands for “cumulative risk-sensitive”), using the reference probability

method. For this purpose, we define the unnormalized density function

yi(z)de £ E [Ak<7"k:a €j) exp {Q‘i’o,k—1}1{zkedm}

yk] . (3.95)
Using a simple argument, one can show that, if f : R” — R is any test function,
E [Kk<rk,ej>exp {Q‘ilo,k—l} f(xk)‘yk} = /f(x)%i(x)dx (3.96)

Notation: In this section, due to length of the formulas, we will use the

following abbreviations.

lI>

exp(+, z, T, %)

exp {%(x _E)TY (- ;z)} | (3.97)

exp(—,2,7,%) = exp {—%(z — )Yz - m)} : (3.98)



3.4.1 Recursion

The following theorem gives a recursion for the densities 'y,]c()

Theorem 3.3 The densities ’yi(x), k > 1 satisfy the following recursion.

A;2))

) = YO D) [ o

| B ||D; 14 (yr)

cexp (+2.0% Q,;ll) S k(e (399
i=1
Proof Let f: R®™ — R be any test function. Then,

/f(x)yi(x)dx = E[Kk<rk,ej>exp {9@07k_1}f(xk)‘yk} (3.100)

= FR e fla P(B~ (i) (zr, — A(re)z1))
R T N ey Py

(D~ |(7"k)(yk — C(ry)zy)) exp {9@0,;@_1} ‘yk}

* D(r) [ (yr)
=[x qb(Bj_l(ZUk — Ajxp_1)) ¢(Dj_1(yk — Cjay))
= B [A’H | Bj| (k) 1D |¥(yx)
X Tk, €;) exp {Q‘i’o,k—1} f(zx) ’yki| (3.101)
_ lx, OBk — Awe)) v (g — i)
= FM B o) D, [(ue)

x (I ry_y + my, e;) exp {O\TIO,k_l} f(a:k)‘yk}
¢(Bj_1(3?k — Ajxy_1)) ?ﬂ(Dj_l(yk — Cjmy))

T IBle(w) D14 ()

TTk—h €j> exp {Q‘ifo,k—1} f(l'k) ’yki|
O(B; Hxx — Ajzi—1)) (D5 (ye — Ciy))

T IBle() [D;14 (41)

X (my, €;) exp {«9\1/07;{,1} f(zy) ‘yk] ) (3.102)

I
&
=l

=

<

_|_
Sl
=

The second expectation in the summation in Eqn. 3.102 is zero due to facts
that my is a Gp-martingale increment and that under the probability mea-
sure P, the process {r}, and hence the process {my}, is independent of the

processes {z1} and {yx}. Now using the identity
(1, e5) Zm] Tk-1,€3), (3.103)
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Eqn 3.102 becomes,

/ o Bz — Ajay_,
[ s = 3 B[R ) AL i)

— |Bj|p(xr,)
y O(D; (y — Cja))
|Dj |9 (k)

N
= Z WijE [kal <7"k71, €z'> €xXp {9‘1’0,ka}
i=1

O(B; ! (xx — Ajry1)) Y(D] ' (yx — Cjay))
|Bj\¢(37k) |Dj|¢(3/k)

A 1
X exp (+,xk_1,x£?ﬁk_1,5c2kll) f(xk>\yk} (3.104)

Xp {e‘i’o,k—l} f(xk))yk]

= i E[Ak 1<Tk—1,ei>exp{0\i/07k_2}

~CRS -1
X exp <+ Th—15 T 1|k—1> Qk—l)

[ = Ajee1)) O(DF (e — Cya))
| Bjlo(xk) | Dj[(yr)
Xf(xk:)‘iﬂk—h yk} ‘yk} (3.105)

The inner expectation in Eqn. 3.105 can easily be taken as follows due to the

independence properties of the sequence {z;} under P.

N
f@)yi(z)de = Z T B [Kk_l(rk_l, e;) exp {9@07]6_2}
i=1

1
~CRS -1
X eXp (‘1‘, Lk=1, Lh—1|k—1> —qu

/¢ x—Amlnmwﬂw—@“”ﬂw
|B)|6(z | Dl (yr)
xp(x dl"yk—l} (3.106)
N
g oy D (e = Ci)
x/¢wj@ A BT @
X V1 (2 )dZ

:g/f BHDwyk /¢
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N
R 1 i
X exXp (‘1', Zy zgﬁﬁk—la 5@k11> Zﬂij%—l(z)dz‘lz-
i=1

Since this equality is satisfied for all test functions f(.), the recursion in Eqn.

3.99 is satisfied. O

3.4.2 Initial Densities

The initial densities v} (z) satisfy

/ Floi(x)de = E_Kg(rg,ej)exp{ﬁlila_l}f($o)‘yg} (3.107)
= E_K()(To,@ﬁf(%)‘yo] (3-108)
= F Nolro, e (w0)| %] (3.109)

The right hand side of Eqn. 3.109 is the same as that of Eqn. 3.42 giving the

result below.

W (w) = BN (w; &y, Thyo) (3.110)
where

o £ To+ 0] (S5) " (yo — Cjto), (3.111)

Yo 2 So— eCT(S3)71C;%0, (3.112)

J

d = 0N (yo: CiTo, S9), 3.113

9 w(yo) (yO 740 ()) ( )

Sy & C;%C) + D;DY. (3.114)

3.4.3 Approximation

The form of initial density 47(z) in Eqn. 3.110 and the recursion in Eqn.
3.99 implies that vi(x) is the sum of N* unnormalized Gaussian densities.
Therefore, the number of statistics to be kept increases exponentially in the
optimal filter. In order to have a filter which can be implemented with finite
resources, we are going to use the same kind of approximation here as in the

IMM filter. The approximation we make is therefore given as

N

, . o o
> i (@) & N2 S ) (3.115)
=1
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where

N
AR . Tc (3.116)
=1
g, & /%Zl(é)d&, (3.117)
N ViV C
B 20 C”J'“ LEh 1, (3.118)
=1 k—1
. N orod
3 L [Pzi_uk_l
el

i ~0j i ~0j
(@ h1jp—1 _xkj—1|k—1)(xk:—l\k Tk nd 1|k— 1)T]- (3.119)

This approximation is of the same form as the approximation of the IMM filter
and it causes the densities yi(x) to be unnormalized Gaussian densities in the
form given below.

M(x) =GN (z; xk|k7zz:|k)’ (3.120)

Therefore; the resulting filter is finite-dimensional and requires finite number of
statistics to be kept. In the following, the recursions for the required statistics
jil - E] ik and c] are obtained. Substituting the approximation in Eqn. 3.115

into the recursion in Eqn. 3.99, we get

X exp (+ z, 2t 1\k 1) Qk 1) N(z; xk 1)k— 1722 1)k— )dz
(D (yx — Cj))

\/|2772k 1)k— Bi1D; 14 ()

x / ¢(B; (x — Ajz)) exp (+ 2, 3, @kil)

X eXp <_7 % "%gj—uk—lv el 1k~ 1) dz. (3.121)

- 4,

Using the result on the multiplication of exponentials given in App. B.1, Eqn.
3.121 turns into

() J \/ 2m sy = 1|w(D;1(3/k — Cjz))
k-1

12057 || B3 1D ()
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X /gb(BJ—l(x — A;z))exp (+,ig§ﬁk_1,igj;l|k_l,

07
Sk—l\k—l)

XN (22 1 Byl g )2 (3.122)
VIE e [(D) (e — C)
C Sl )
X exp <+7 j;kcﬁﬁkflv ii'gj_uk_p Slgink—l)
x /¢(Bg_1(m - AJ'Z))N(Z@Q{MA’Egj—ukq)dz (3.123)
\/ |22j—1|1c_1|¢(D;1(yk — Cjx))
IRV 2N I
X exp <+7 fkcisw—h izj_uk_p S/Siuk—l)
X /N(x,Ajz,BJ»BJT)./\/'(Z;izj_llk_l,zgj_l'k_l)dz (3.124)
where
S = g (3125)
Zgj—uk—l = [(Egj—l\k—l)_l — 0Qk1 - , (3.126)
B = 2?—1%-1[(22{1|k—1)_1f2{1\k_1 - er_@kaﬁkfl]_ (3.127)

Applying the result of App. B.4 onto the integral in Eqn. 3.124, we obtain

()

where

VIE e [(DF (ke — Cja))
|22j_1|k—1||DjW(yk)
X exXp (‘1‘7 @kofls\k—la igj—uk—l? Sgiuk—l)
XN (; ﬁi\kfl’ E?;Ucfl)

07
DT

CRS ~0j

Cl]c—l 07 exp <+7£k—1|k—17‘r]§_1|k_17
\ ‘Ek—uk—le(yk)

XN(yk; ij> D]D]T)N(:Ba ii‘kfp E?qk—l)

~J _ 407

Thlk—1 = Aﬁk*ukq’

J 07 T BT
Y1 A%, 1|k—1AJ + B; B;

(3.128)

07
Sk—uk—1)

(3.129)

(3.130)
(3.131)



The result of Appendix B.2 can be applied to Eqn. 3.129 to yield

0j
DIV

) = VIZ ()
X exXp <+ gt 1\k 1»% 1|k— 17312 1|k— 1>
<N (yr; C'fkvg_p S;i|k_1)N($? j:k|k7 Ek|k>

= 07/\/(9‘7 xk|k’ k\k)

N (y; Cjz, D; D7)

where

0j
DI

: k—1
G = % ./\/'(yk,Cka 17Sl]c|k 1)
|Ek 1]k— ¥ (k)

~CRS ~0j 0j
X exp <+axk—1|k717‘%k—1\k—178k 1lk— 1)

Sl]c\k = G E?@\k 1CT + D DT
‘%k|k = %u« 1 T Ek\k \CF (g — Cidpn1)s
) S B .
Ziﬂk - Egﬂk—l - 2k|k—ICj (Sl]dk—l) 1Cj2gf|k—1'

3.4.4 Final Estimate Calculation

(3.132)
(3.133)

Remembering the cumulative risk-sensitive estimate formula given in Eqn.

3.15,

CeER™

Agﬁfs = argmin [Kk exp {9@07k_1} exp {g(xk — O Qp(xy — C)} ’yk]

N
= arggrelﬁg JZ_; [Ak(rk,ej) exp {G‘I}()Jc—l}

X exp {g(fck =)' Qplak — C)} ’yk]

= arg ?EI]EQZ/GXP{ r— Qk(ﬂf—é)}%( )dz.

(3.138)

(3.139)

At this stage of the problem, in order to calculate the final estimate, two dif-

ferent approximation schemes which yield very different results can be used.

Here, we examine both of the approaches and call the resulting CRS-IMM

variants as CRS-IMM1 and CRS-IMM2.

43



Approximation Scheme-1: The first scheme is to make the following ap-

proximation.

N N

<.
Il
—

<.
Il
—

where

gl\

>
(=
L

(3.141)

j=1
i

B = Y et (3.142)
j=1 "
N

Ykl = Z é [Eim + (quk - xklk)(xiuf - xklk)T} : (3.143)
j=1

The final estimate ngs is then given by

R = arg man/exp{ x—C Qk(x—g)}fyg( )dx (3.144)

<€R”
0 N
= argmin / exp {5@3 — )" Qulx - c>} Y yi(x)de  (3.145)
j=1

arg min ¢, / exp {g(x —OTQp(x — C)}N(m; Thjes Lk )dx

CeRn

Q

| M| { Lo .
= argmin ¢ exp 4 =(C — Tgk)” Ne(C — Tgr) (3.146)
cern /ol 2 | |
= Fp (3.147)
where
M =[5k - er] , (3.148)

1
N, = [562;;1—2“} : (3.149)

As a result, using the first approximation scheme, the final estimate is obtained

as
N

. &
RS =30 C: i (3.150)

j=1
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Approximation Scheme-2: Substituting the densities vi (x) into Eqn. 3.139,

we obtain

:i“flfs = argmin 5’174 /exp {g(w — )" Qx(x - C)}N(x’ ‘%Ik’ Eilk)dx
j=1

1 y _ y
X exp {—i(x — m?dk)T(Zi,'k) Yo — xfdk)} dx.
After taking the integrals using the result of Appendix B.3, we get

N @\ |T! A A A
GRS i k—|k|exp{1 — &, ) TUL(C — 7] )} (3.151)

S(¢ Tk
Rn =
¢ J=1 ‘Ei\k’

2

1 p , p
= argmin ; exp {5@ - xim)TUiﬂ(C - $?€|k)}
J=1 |Ek|k|
N Zi J
= argmin M exp {E(C - i'i‘k)TU,z(C - %k)} (3.152)
CeRn = /10Qx| 2
where
j j -1 -
T = [(zk‘k) - er} , (3.153)
. 1 1t
Ul = [EQ’fl - Efckl : (3.154)

The summation of weighted exponentials in Eqn. 3.152 is similar to the case
encountered Chapter 2. We here use the same approach by replacing the

exponentials by their first-order Taylor series expansion i.e., we let

exp(z) ~ 1+ x. (3.155)

Then, the second type risk-sensitive final estimate jkc‘gs is given as

~CRS : - E;C\/@ ~j \NTr7i J
Tg = arg gelﬂgg Z; m(f - $k|k) Up(€ = $k|k)'
j—
Taking the gradient with respect to ¢ and equating to zero, we obtain
N
st 3y i

=1

> A Iulvi,,

j=1
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Summary: Here, we summarize the derived cumulative risk-sensitive multiple-
model estimation algorithm (both variants). The algorithm, like the IMM

filter, keeps an unnormalized Gaussian density for each density ’y,]c(x) At

N

each time step, it has to store the means {:%fgl 1) j=1, COvariances {Eil W, the

j=1
weighting coefficients {E}C}j\]zl and a single final output estimate ig‘fs . The
storage requirement for the final estimate is a distinct characteristic of the
cumulative risk-sensitive filter and is not required in the IMM filter.
Assuming that the required statistic data from the previous time step
(i.e., time k — 1) are available (i.e., the means {@Zflmfl}?;l’ covariances
{2271\k71}z‘]\;1> the weighting coefficients {¢i }~ | and the final output estimate

:%gfﬁk_l are available.), the algorithm has the following steps.

. . . . . /\/L' N .

e Mixing: The previous state estimates {#;_,, ,}L, and covariances
i N , , : 0] N

{2} _1jx—1}i=1 are mixed to form new mixed estimates {2}’ ,, ,}*; and

covariances {¥,” o1 he as follows.

N roé
~0j o 1J%%—1 ~4
Tp_alk—1 = E T4 kel (3.156)
=1 k—1
N =i
520 - TijCh1 [«
k—1lk—1 — C_] k—1|k—1
i=1 k—1

N 07 " -0j
+($;€_1|k_1 - l‘k]_”k_l)(m;c—llk—l - xk]—1|k—1)T

where

N
Aoy 2w . (3.157)
=1

e Modification on Mixed Estimates and Covariances: The mixed
: ~0j N : 07 N :
state estimates {Z;” , ,}j-; and covariances {¥;7,  };=; are modi-
. . . . ~07 .
fied to obtain modified mixed estimates {Z,” 1|k_1}§V:1 and covariances

{22{1“{:71};\[:1 as fOHOWS.

4 . -1
Zgj—l\k—l = [(Egj—nk_ﬁil —0Qk-1| (3.158)
~07 07
Qk{ukq = Zk]fukfl

X [<22j—1\k—1)_1j:2j_1|k_1 - HQk—lkaiS‘k_l . (3.159)
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e Kalman Filtering: The modified mixed estimates {2}’ 1 p_1 )7y and co-
variances {22{ 1 1%1};‘\7:1 are updated using corresponding mode-matched

Kalman filters to obtain estimates {33"?CI 1L, and covariances {Ei| Ny

— Prediction Update

iﬁ]i“cfl = Ajiz‘j,”k,la (3160)
| N
Shier = A AT + BB (3.161)

— Measurement Update

ji\k - j:i\k—l + 2i|k_1CjT(yk - Cj@i‘k_l), (3.162)
zi\k Z?elkfl - Ei\kflch(Si|k,1)_lcjzi|k,1 (3.163)

where
Si|k‘fl = ngi‘k,lcf + D;D7. (3.164)

e Obtaining the Coefficients {E}C}j\le The coefficients {C*;C}év:l are

calculated as follows

~ G/ 12 1]
d o= N
|Ek_1\k_1!¢(yk)

R o 0i
X exp <‘|‘7 kacfﬁk—l» $k]71|k717 Sk]fl|k71> (3.165)

L AT J
Yk C]xlﬂkfl’ Sk\kq)

where

. 1 ,
0 — 0
Skjfl\kfl = 5@1@711 - Ek],”k,y (3.166)

e Output Estimate Calculation: The output estimate can be calcu-

lated in two different ways yielding two variants of CRS-IMM as

— CRS-IMM1: Final estimate :i'kclfs is given as

|,

Bk (3.167)

@]l

N

~CRS _

Lk —E
j=1

k
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Figure 3.2: One cycle of CRS-IMM algorithm with N models. M and KF are
the abbreviations of modification and Kalman filter respectively. The shaded
regions in the figure signify the parts of the CRS-IMM algorithm different from
the IMM filter.

where

&=y 4. (3.168)

— CRS-IMM2: Final estimate ngs is given as

N “1rn
FRS = [Z Ul |Ui > A\ IUlUiE, | (3.169)
J=1 j=1
where
-1
{Qk kk} . (3.170)

A flow-chart of one cycle of the CRS-IMM algorithm is shown in Fig. 3.2
where the parts of the algorithm which are different from the IMM filter are
denoted with shaded boxes.
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3.5 Properties and Implementation Issues of

the CRS-IMM Filter

This section highlights some properties of the CRS-IMM algorithm. Further-

more, some implementation issues are also considered.

3.5.1 Properties
3.5.1.1 Comparison with IMM Filter

The overall structure of the CRS-IMM is similar to IMM filter except for
the modification step. In this step each mixed estimate :2'2]_ 1E-1 with mixed
covariance Egj_ k-1 is updated with the risk-sensitive final estimate ikcfﬁk_l of
time k — 1. This modification process is equivalent to the measurement update

of a Kalman filter with equivalent measurement

~CRS .0j
T-1|k—1 = a:kj_uk_l + Qi1 (3.171)

where the generalized random variable g;_; has the negative definite covariance
—%Q;ﬁl. This covariance subtraction resembles, in a way, the information
decorrelation approach of the fusion systems in target tracking [46].

Another remarkable difference of CRS-IMM from IMM is that the final
output of the CRS-IMM affects the state and coefficient update equations. In

IMM filter this final estimate is calculated only for output purposes [13].

3.5.1.2 Case N =1

When there is only one model in the JMLS, the mixing and the final output

calculations do not modify the estimates i.e.,

~01 a1
Trilk-1 = ZTho1jk—1> (3.172)
~CRS _ A1
Ll = Tkl (3.173)
Moreover, since
~CRS oAl 01
Te-1lk—1 = Th—1k—1 = Th-1]6-1> (3.174)
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the modification on the mixed quantities modifies only the mixed covariance
and not the mixed estimate. The CRS-IMM filter (both variants), at the end,
becomes the same filter as the one given in [26] and [47] which are derived for
linear Gauss-Markov systems.”

When N # 1, it must be emphasized that the CRS-IMM filter modifies
both the mixed estimates and the mixed covariances. Therefore, although the
filter reduces to the risk-sensitive filter for linear Gauss-Markov systems when

N =1, it is not a combination of these filters when N # 1 unlike the case of

IMM which is a combination of Kalman filters (when N # 1).

3.5.1.3 Case 6§ —0

A general property of the risk-sensitive filters is that they reduce to MMSE
filters when the risk-sensitive parameter 6 tends to zero. For example, the
risk-sensitive filter derived in [26] and [47] for linear Gauss-Markov systems
reduces to the Kalman filter when 6 — 0.7

When 6 — 0, the modification step in CRS-IMM filter does not make any

modification on the mixed estimate and covariances i.e.,

igj—ﬂk—l - j‘jzj_”k_la (3175)
0j 04
5k — S (3.176)
Since (S,S{kal)*l — 0Qk_1,
exp (4 851 8 Sy ) — 1 (3.177)

The facts given in Eqn. 3.176 and Eqn. 3.177 make the coefficients ¢, (or c})
equal to those in the IMM filter. This shows that the cumulative risk-sensitive
estimate fg‘fs of CRS-IMM1 is equal to IMM estimate 9%%5 Observing that
when 6 — 0, U,g tends to 0Q), which is independent of j, the risk-sensitive
state estimate :E'kclfs of CRS-IMM2 also becomes equal to the IMM estimate.
As a result, when 6 goes to zero, both of the CRS-IMM filter variants reduce

to the IMM filter.

6 This filter is also derived using the reference probability method in App. A.3.
7 This fact is also apparent in the derivations of App. A.
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3.5.2 Implementation Issues

3.5.2.1 Convergence

The derivation of the filter requires the inequalities
(22{1%71

(St > 0Q for j=1,2,....N (3.179)

YU > 0Qp, for j=1,2,...,N, (3.178)

be satisfied. Thus, the algorithm is convergent if the risk-sensitive parameter

6 is sufficiently small.

3.5.2.2 Systems with Arbitrary Noise Covariances

In the derivation of the CRS-IMM algorithm, the process and measurement
noise covariances have been taken to be identity matrices. In many applica-
tions, these covariance matrices are non-identity positive definite matrices. If
one is given with non-identity covariances M > 0 and Ny > 0 corresponding
to wy and v, respectively then, the system representation given by Eqn. 3.1

and Eqn. 3.2, can be written as

Tp1 = Alrip) e + B (rps1)wiy (3.180)
ye = C(ri)x,+ D'(ri)vy, (3.181)

where
B'(r) £ B(ri)v/My, D'(r) £ D(ri)v/Ni (3.182)

and v/ M} and v/ Ny are positive definite square roots of M and N}, respectively.
Moreover, the new noise terms wj, and v, are Gaussian noise terms with identity
covariances. This solution amounts to replacing every instance of BijT and

DjD]T in the final estimator formulas with B;M kBjT and DijDjT respectively.
3.5.2.3 Systems with Non-Invertible and/or Non-Square Noise Gain
Matrices

In the derivation, the noise gain matrices B(ry) and D(r) have been assumed

to be invertible. In practice, these matrices may not even be square. In this
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section, we show that this is not a restriction for the final formulas of CRS-
IMM algorithm to apply. Suppose that B(ry) (D(rg)) is not square but its
columns are linearly independent. Then, one can always augment the matrix
B(rk) (D(ry)) with appropriate number of column vectors of the form eb; (ed;)
where b;’s (d;’s) are unity-norm vectors which are linearly independent with
the columns of B(ry) (D(rg)) and € > 0 is a small real number. These extra
columns would correspond to dummy noise terms added to process noise wy
(measurement noise vy). Then, making the same derivation and taking the
limit as € — 0 in the final formulas, one can see that the same formulas for

the CRS-IMM algorithm are satisfied.

When the columns of the matrix B(ry) (D(ry)) are not initially linearly
independent, one can always find a matrix B'(ry) (D'(rx)) whose columns are
linearly independent and a Gaussian random variable wj, (v},) with identity
covariance such that the distribution of B(ry)wy (D(rg)vk) is the same as that
of B'(ry)wy, (D'(ry)v,). Then, the above arguments apply with B’(ry) (D'(ry))
instead of B(ry) (D(ry)).

3.5.2.4 Numerical Issues

It has been noted in Remark 3.1 that only the relative (i.e., not absolute)
magnitudes of the coefficients E,jg (or c,i) are important for IMM final and
mixed estimate calculations. This is also the case for the CRS-IMM mixed and
final estimate calculations. At any time step k, the coefficients &, (or ¢]) can
be multiplied by a common positive constant without changing the estimated
quantities. In the cases where the coefficients get too small or too big to handle
in computer, one can make some normalization on them accordingly without
affecting the performance. Moreover, the term t(y,) given in the coefficient

update equations, which can cause a division by zero in the computer, can be

discarded safely.
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3.6 Simulation Results

In this section, the performance of the CRS-IMM algorithm will be observed
and compared to that of the IMM algorithm. For this purpose, we consider
a similar target-tracking scenario to the one used in Chapter 2.* The target

dynamics in one-dimension is given as

Ph+1 LT Pk T%/2
= + [ax -+ wy] (3.183)
Vi1 0 1 Vi T
Th
where py, v, and a; denote the target position, velocity and acceleration respec-

tively. The initial state xq is normally distributed with mean z, and covariance
Py which are given as,
80000 10000 1000

j0: )

400 1000 10000

(3.184)

o
Il

The acceleration process ay is a finite-state Markov chain with states in the
set {0,10, —10}. The transition probability matrix for the finite-state Markov
chain is
0.6 0.2 0.2
=102 06 02 (3.185)
0.2 0.2 0.6
which corresponds to a moderately maneuvering target. The white process
noise wy ~ N(wy;0,02 = 22) represents small acceleration changes. It is

assumed that only the positions are measured, i.e.,
Yk = Pk + Vk (3.186)

where the terms vy ~ A (vg;0,100?) stands for the normally distributed white
measurement noise. The sampling period 7' is taken to be 10secs.
The IMM and CRS-IMM algorithms are run on the artificially generated

measurements of the system defined above for 1000 Monte-Carlo runs. For

8 Note that this example is a slightly modified version of the one given in [1].
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Table 3.1: Average RMS Errors (per sample) of the IMM, CRS-IMM1 and
CRS-IMM2 algorithms.

RMS-Error IMM | CRS-IMM1 | CRS-IMM2
per sample

Position (m) 99.687 99.619 99.628
Velocity (m/sec) | 43.896 35.364 35.374

the CRS-IMM filter variants, the risk sensitive parameter 6 has been taken as
7 x 107° and the weighting matrices Q) have been set to identity matrix I for
all k.

The algorithms are assumed not to know all of the characteristics of the
system.? The measurement covariance and the true transition probability ma-
trix given in Eqn. 3.185 are assumed to be known.'® The possible acceleration
values and the process noise variance are not known by the algorithms. To
cover all possible target accelerations, the algorithms choose the acceleration
values as {0, 20, —20}!'" and the process noise variance as o2 = 42.

In Fig. 3.3 and Fig. 3.4, the RMS position and velocity errors of the IMM
and CRS-IMM1 algorithms are presented. The errors of the CRS-IMM?2 are
not shown on the figures since they are visually indistinguishable from those of
CRS-IMM1. The average RMS position and velocity errors per measurement
sample are given in Table 3.1. The RMS position errors of the filters are
very near to each other and around 100m’s. The values are very close to
the position measurement standard deviation. Therefore, for only position

estimation, using these filters can give only few meters extra accuracy in this

9 Since the comparisons are made in terms of RMS errors, it is clear that when all the
parameters of the system are known to the algorithms, the IMM will beat CRS-IMM since
it minimizes expected quadratic estimation error. CRS-IMM, on the other hand, tries to
minimize higher order moments of the error as well at the expense of increasing the RMS-
erTors.

10 Note that the transition probability matrices are generally unknown in practical systems
and applications. We have made this assumption here just to make it clear that the errors
in the resulting simulations are caused by other uncertainties and not by the unknown
transition probabilities. The unknown transition probabilities did not cause much change
in the simulation results presented.

1 The models of the related JMLS corresponding to acceleration values 20 and —20
have deterministic input values. IMM filtering with these models is straightforward using
the standard Kalman filtering with deterministic inputs which modifies only the prediction
step.
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(m)

Figure 3.3: RMS position errors of the IMM and

(m/s)

Figure 3.4: RMS velocity errors of the IMM and CRS-IMM1 algorithms.
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uncertain parameter scenario. Using a simpler estimator p, = y; would be
more efficient with similar position error variance. For velocity estimation,
the RMS error curves are quite different showing the advantage of using CRS-
IMM. Here, we compare the velocity estimation performances of the filters with
a very simple estimator which gives the velocity estimates (with one sample

delay) as

iy = w (3.187)

We can calculate the error variance of this simple estimator as

E(op—w)? = E (y’““T—_y’“ - U,ﬂ (3.188)
Dt — =T
— £ (pk+1 pr+ V;j—l Vg Uk)2:|
[ 12 il _
- p|(EZB T Ve ”’“)2] (3.189)
T
[T T Vitl — Vk o
— B (gt sy 4 ST 1
_(Qak+2wk+ ) (3.190)
= E[(5ay, + 5wy, + 0.1vp41 — 0.114)7] (3.191)
= 25E[a;] + 2502 + 0.0202. (3.192)
Assuming that Markov chain aj has reached steady-state, Elaj] = 210% and

substituting 62 = 4 and 02 = 1007, we obtain E(0,—uvg)? = 1.96x10% = 44.342.
Comparing this to the average RMS velocity errors per sample, we see that,
IMM filter,'? under unknown acceleration and process noise values, has the
velocity error standard deviation only about 0.5m/sec below that of the simpler
estimator. The reduction in the case of CRS-IMM is approximately 10m/sec
which is twenty times more than that of IMM. Consequently, for accurate
velocity estimation, CRS-IMM might be a better choice in the cases where the
system parameters are highly uncertain.

The average RMS position and velocity errors per measurement sample
of the algorithms for different § values are plotted in Fig. 3.5 and Fig. 3.6
respectively. Note that the error curves for CRS-IMM1 and CRS-IMM2 are

12 Note that IMM filters can be designed differently and different designs might yield
different results. See [13] for design issues and [14] for a survey of available variants.
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Figure 3.5: Average RMS position errors (per sample) of the IMM, CRS-IMM1
and CRS-IMM2 algorithms for different 6 values.
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Figure 3.6: Average RMS velocity errors (per sample) of the IMM, CRS-IMM1
and CRS-IMM2 algorithms for different 6 values.
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indistinguishable (on top of each other) in Fig. 3.6. In both figures, the aver-
age RMS errors of the algorithms decrease (with increasing ) almost linearly
below that of the IMM algorithm until the value of the risk-sensitive parameter
approaches the divergence limit which is about 8 x 10~° for this example. The
errors then begin to increase when 6 gets closer to the divergence limit. The
figures also suggest that better performance characteristics than those shown
in Figures 3.3 and 3.4 can be obtained if better § selection mechanisms are

used.

3.7 Conclusion

A cumulative risk-sensitive multiple-model filter which can be thought of as
a generalization of the well-known IMM filter is proposed. The filter, which
(approximately) minimizes expected exponential of the cumulative quadratic
estimation error, reduces to the IMM filter when the risk sensitive parameter
f tends to zero and to the risk-sensitive filter for linear Gauss-Markov systems
when the number of models in the JMLS is unity. These cases show that the

algorithm is a unifying framework under which the concepts of
1. risk-sensitive multiple-model filtering,
2. MMSE multiple-model (IMM) filtering,
3. risk-sensitive filtering for linear Gauss-Markov systems,

4. Kalman filtering

are combined. The proposed algorithm does not require any uncertainty de-
scription and therefore it can be especially useful in applications where the

modeling uncertainty descriptions are not known.
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CHAPTER 4

ONLINE ESTIMATION OF THE
TRANSITION PROBABILITIES OF JMLSS
USING RECURSIVE KULLBACK-LEIBLER

METHOD

4.1 Introduction

In almost all existing state estimation methods for JMLSs, the transition prob-
abilities of the underlying finite-state Markov chain are assumed to be known
a priori. Even in the cases when they are not known, some diagonally domi-
nant probability transition matrix is generally used. This unfortunate reality
results, in part, from the limitedness of the related early literature. The uncer-
tainty caused by the unknown transition probabilities associated with a JMLS
attracted the attention of the researchers as early as 1973 when a Bayesian
solution which involves a numerical integration to the problem of transition
probability estimation was presented in [48]. In this work, Sawaragi et al.
considered also the adaptive estimation of the state using these estimates in
a system having interrupted measurements, which actually was a special case
of a JMLS. At that time, this kind of systems was quite popular, and later,
Tugnait and Haddad investigated the asymptotic behavior of this Bayesian so-
lution when the unknown transition probability matrix can take values from a
finite set in [49]. For the same case (where the unknown transition probability

matrix can take values from a finite set), after Tugnait and Haddad presented a

29



similar solution for linear systems with Markovian jump noise parameters [50],
Tugnait proposed an approximate maximum likelihood approach for general
JMLSs [51]. Even when the transition probability matrix belongs to a finite
set, it is concluded in [51] that the standard maximum likelihood estimation
is not computationally feasible. Quite later, an (approximate) expectation-
maximization procedure which maximizes a lower bound on the log-likelihood
is given in [52] for switching state-space models' where the states of uncoupled
state-space systems which have constant dynamics are switched in the output.
Therefore, until 2004, when Jilkov and Li has addressed the problem of online
MMSE estimation of the transition probabilities [1], the literature seemed to
lack a complete approach of transition probability identification for JMLSs
where transition probabilities belong to a continuous valued set (rather than
being in a finite set).

In [1], the authors proposed some (conditionally) optimal (although in-
feasible to implement with its ever growing memory requirements) and sub-
optimal MMSE algorithms for the online estimation of the transition prob-
abilities as well as the base and modal states associated with a JMLS. In
addition, [54] solves the problem of state estimation of JMLSs with unknown
transition probabilities using Bayesian sampling based on the results of [1].
Although, to the author’s knowledge, there is no previous attempt to solve the
complete problem (in the sense of previous paragraph) until [1], a literature is
already available for a similar problem associated with hidden Markov models
(HMM)[2, 55, 56, 57, 58]. The aim of this chapter is to adapt one of these ex-
isting methods in the HMM literature, namely, the recursive Kullback-Leibler
(RKL) estimation procedure [2, 55] for transition probabilities to the case of
the JMLSs. Our method is fundamentally different from the algorithms given
in [1] in that we consider the transition probabilities as deterministic quantities

(whereas [1] considers them to be random variables).

The chapter is organized as follows. In Sec. 4.2, the problem definition

! This type of systems, as introduced in [52], are different than JMLSs although some
researchers use a similar phrase “switching systems” for JMLSs (e.g. [53]).
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and the method of solution are given. The RKL algorithm is applied to the
case of JMLSs in Sec. 4.3. The performance of the algorithm is illustrated on
two examples with Monte Carlo runs in Sec. 4.4. The chapter is finalized with

conclusions in Sec. 4.5.

4.2 Problem Definition and Solution Method-

ology
The following JMLS model is considered
T = Alrrga)zr + B(reg)wie, (4.1)
yr = C(re)ar + D(ry)vk (4.2)
where

e {x;} is the continuous-valued base-state sequence with initial distribu-
tion

xo ~ N (20; To, Lo), (4.3)

where the notation N (z; z,X) stands for a Gaussian probability density

function for dummy variable  which has a mean z and covariance X.

{rt} is the unknown discrete-valued modal-state sequence,

{yr} is the noisy observation sequence,

{wy} is a white process noise sequence with distribution,

wi ~ N (w; 0, Qr), (4.4)

{vk } is a white measurement noise sequence independent from the process

noise wy, with distribution

Vi NN(Uk;O,Rk). (45)

The discrete-valued modal-state 7, € {1,2,..., N} is assumed to be a first-

order finite-state homogenous Markov chain with fixed but unknown transition
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probability matrix II = [r;;]. The basic variables wy, vy, 2o and the modal-
state sequence 1 are assumed to be mutually independent for all £. The time-
varying matrices A(r), B(rg), C(ry), and D(ry) are assumed to be known for
each value of ry.

Notes about the Notation: In the following,

e The capital letters with superscripts will denote sequences with the su-

perscript corresponding to the index of the last element i.e.,

Yy £ {y17y27"‘7yn}7 (46>

~

e" £ {6,,0,,....0,} (4.7)

e The estimates are shown by hats over the letters.

e The iterations for the estimated quantities are shown by subscripts or by

parenthesized superscripts for quantities already subscripted (e.g., 0,, or

).

e The individual elements of vector or matrix quantities are denoted by
subscripted parentheses (e.g., When x is a vector, its ith element is shown
by (x);. When ¥ is a matrix, the element of it corresponding to its ith

row and jth column is denoted as (X);;. )

e All the probability density functions involved in the equations are as-

sumed to exist.

e The parametric probability density functions and expected value oper-
ations with 6 being the vector of parameters are denoted using the pa-
rameter value as a given condition (e.g., p(x|f) and E[z|]) although the
parameters are assumed to be deterministic quantities. A more compli-

cated example is shown in Eqn. 4.8.

B |p(al6)

ﬂé/mwmmwx (4.8)
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e Note that when the sequences of random variables (e.g., Y™) appear in
the given conditions of expectations or densities, they should more rig-
orously denote the o-algebras generated by them (e.g., Y, = o(Y™)).
However, in this chapter, for the sake of simplicity, we will not differen-

tiate between these two quantities.

We are to find an online update mechanism for estimating the unknown fixed
transition probabilities of the JMLS defined above which can work coupled

with a conventional state estimator such as GPB or IMM algorithm.

4.2.1 Solution Methodology

The RKL approach introduced, in general, by [59] and applied later to HMMs
by [2], achieves the estimation of the unknown parameters by minimizing re-
cursively the Kullback-Leibler divergence [27] (called as relative entropy by

information theorists)

0, (0) = E[log O;L'f; ’90] 2 / log (%) p(Y"|0o)dY™  (4.9)

between the likelihood function p(Y™]@) of the unknown parameters ¢ and the

true likelihood p(Y™|,). The parameter estimate 0FXL is therefore given by
OFKL — arg main C(0). (4.10)

Minimizing the cost function given in Eqn. 4.9 is equivalent to maximizing

the reward function J,(6) given as
Jn(0) = Ellogp(Y™"0)|6o]. (4.11)

The likelihood function p(Y™|0) is extremely difficult (if not impossible) to
calculate for the JMLSs like the case in many other applications. Therefore,
we are going to consider Y™ as the known (incomplete) part of the complete
data K™ = {Y™ X" R"}. The same incomplete data approach is used in

[18] and [12] to calculate off-line and online base-state estimates using the
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expectation maximization procedure respectively. We can obtain using the
Bayes rule that

p(Y", X", R"|0)
p(X™, R*|Y™, 0)

p(Y"0) = (4.12)
which gives
log p(Y"|0) = log p(Y", X", R"|0)) — log p(X", R"[Y™",0). (4.13)

Taking expected values of both sides given Y™ at a fixed parameter value ',

logp(Y"|0) = FElogp(Y", X" R"|0)|Y",¢]
— FEllogp(X™, R"Y™, 0)[Y", 0] (4.14)

where the left hand side of Eqn. 4.13 is taken immediately out of the expec-
tation since the likelihood p(Y™|0) is deterministic with the given information

in the expectation. Defining the functions @, (60,6,Y™) and P,(6,0',Y™) as

Qn(0,0,Y™) = Ellogp(Y", X", R"0)|Y", 0], (4.15)
P.(0,0,Y") & Ellogp(X™, R" Y™ 0)|Y", 0], (4.16)

we can express log p(Y™|0) as follows.
log p(Y"0) = Qn(0,0",Y™) — P,(0,0",Y™). (4.17)
The reward function J,(0) is then given by

Jn(0) = E[Qn(0,0,Y™)|0] — E[P.(6,6,Y™)|60] (4.18)

[I>

Q,(0,0) — P.(6,0). (4.19)
Note that by Jensen’s inequality [27],
P,(0,0,Y") < P,(0,0",Y") VY™ (4.20)

and therefore,

P(0,0")

IN
R

W (0',6). (4.21)



Using this, we can say that

J.(0) = Q,0,0)—P.¢,0) (4.22)
< Q,0.,0)—P,6,0) (4.23)
= J.(0)+Q,0.,0)—Q,0,0) (4.24)

which results in the following fact.

Q,(0,0) > Q, (0,0 implies J,(0) > J,(0").
An iterative but off-line algorithm maximizing the reward function J,(6) is
therefore given as

041 = arg mgx@n(ﬁ, 0r). (4.25)

Recognizing that the calculation of the function Q,, (6, 6,)=E[Qn (0, 0,,Y™)|00)]
requires the knowledge of the true parameter value 6y, we necessarily must
choose a suboptimal recursion. The generally adopted solution to this type of
problems is to use @, (6, O, Y™) instead of its ensemble average. Therefore, an

approximate iterative algorithm for maximizing .J,,(0) is
01 = arg max Q (0, 0y, Y"). (4.26)
The sequential version of this algorithm becomes
On1 = arg max Quir (0,07, Y (4.27)

which avoids the reprocessing of all the accumulating data when a new es-
timate 6, is obtained. In the cases where the analytical maximization of
Qni1(0, @", Y™*1) is not possible, one can use the so-called stochastic approxi-
mation type algorithms [28, 60]. These algorithms were introduced to find the
zeros of the functions which are unknown but whose noise corrupted observa-
tions can be obtained [61]. The stochastic approximation algorithm that we
will use is intended to find the zeros of the gradient of the reward function, i.e.,
the zeros of %Qn+1(9, (:)”, Y1), This type of algorithms is generally called in
the field as the stochastic gradient algorithms. The recursion of the algorithm

is as follows.
Opi1 = 0p + €,Gni1(6,, 0", Y (4.28)
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where €, is a sequence of small scalar positive gains and Gn+1(én, (:)”, yn )
is a (possibly noisy) measurement of the gradient of @Q,.1(6, @)",Y”“) with
respect to the unknown parameter 6 evaluated at the last parameter estimate

~

0, ie.,

Gri1(6,, 07, Y1) = %Qnﬂ(e, e,y ) Lt AW, 41(0", V") (4.29)

where AWnH((:)”, Y"1 is the parameter dependent noise term in the mea-
surement of the gradient. The almost-sure and some other weaker types of
convergence for the algorithm to the true parameter value 6, is guaranteed
if some conditions on the step-size sequence ¢, and the measurement noise
AW,,41(O", Y™1) are satisfied [28, 60]. In the cases where constraints exist
on the parameters 0, the updated parameters are usually projected onto the

constraint surface i.e.,
Opi1 = PO, + €2Gni1(6,, 0", Y1)} (4.30)

where P denotes the projection operator related with the constraint surface
(manifold) which returns the nearest element in the constraint surface to the
updated parameter value. When the unknown parameter vector € is composed

of the elements of the probability transition matrix of the JMLS, i.e.,
0 = [7711; T2y« s TIN, 721,722,y TTQNy e e v v e sy TTN1; TN2,y -« - 77TNN]T
or in a more compact form,
(ONG-1)4+j =m; 1<4,5 <N, (4.31)
the following constraint set is in effect.
N
 my=1 for i=1,...,N and m; >0 (4.32)
j=1

for 1 < i,5 < N. These constraints define NV standard N-simplices. At the
end of each parameter update, each updated set of probabilities {m;; };Vzl must

be projected onto the standard simplex S; defined by the constraints

N
> my=1 and m; >0 for j=1,...,N. (4.33)

j=1
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The problem of finding the projection of a vector onto a standard simplex
can be formulated as a standard quadratic programming problem and the
projection can be found in at most N steps. Throughout the chapter, we are
going to call the projection operator of a standard N-simplex as P and, with
an abuse of notation, we are going to denote the projected probability value
m;; obtained after the set of updated probabilities {'ﬂ'ij};-\[:l is projected onto

the corresponding simplex §; with
7'[';} = P{ﬂ'”} (434)

A description of the recursive method used for obtaining the projections for
our algorithm is given in App. C. See, for example, Sec. 2.6.2 of [62] for a

general solution of the problem of obtaining projections onto a simplex.

4.3 Derivation of the Algorithm

In this section, we are going to adapt the RKL procedure described in Sec.
4.2 to the problem of estimating the transition probabilities associated with a
JMLS. For this purpose, we maximize the function @, 1(, (:)", Y™ *1) which is
given as

Quin (6,6, Y"4) = E [log p(K™*116) [y, 6" (4.35)

where the likelihood p(K™*1|6) of the complete data set K™"*! for a JMLS has

the following expansion.

PUC8) £ p(y™ X7 Rrjg) (4.36)
= PWnt1|Tns1, Tng1)P(@Tn 1|0, Trg) P(rnga |7, 0)
<p(Y™, X", R"|6). (4.37)
The log-likelihood log p(K"1|0) is simply
logp(Kn+1|9) = log (p(yn+1|$n+177’n+1)p($n+1|$n77’n+1>P(7”n+1|7’m6))
+logp(Y™, X", R"|0). (4.38)
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Defining the the log terms L, and Ly as

Ll (yn+17 Ln+1y Ly T'n+1, rn|0) é 10g <p(yn+1 |£L‘n+1, rn—&-l)p(l‘n—i—l |xn7 rn—i—l)
X (1], 6) ). (4.39)
Ly(Y", X", R"|) 2 logp(Y", X", R"|0), (4.40)

the function @,41(0, @”, Y™ 1) is written as,

Quir (6,07, Y™ ) = K, + E, (4.41)

where
]El é E [Ll(yn—i-la Tn+1; Tny Tn41, 7“n|9) ’Yn+17 én:| ) (442)
E, £ E [LQ(Y”, X", R"|6) ‘Y"H, @”} . (4.43)

4.3.1 Calculation of the Expectation [E;

The expectation [E; is by definition,
E, = //Z ZLl(yn+1,$n+1,iEnajai|9)
Xp(xnﬂ,a;,rnﬂ = j,rp =4V, @")dmnﬂdxn (4.44)
where L can be written as follows.

Ly (Yn+1, Tng1, Tny 5,100) = 108 p(Yns1|Tnt1, Tns1 = 7)

+ logp(xn+1|xn, Tnt1 = ]) + log Tij- (445)

The integrals in Eqn. 4.44 can be expanded as the sum of three terms as

Ei = /Zlog(P(yn+1|$n+1aTn+1:j))
J

XP(Tni1, Tgr = 5]V, 0"
+ / / Zlog (p(mn+1|xm Tnyl = ]))
J

. 1 A
XD(Tpa1s Ty Tl = j|Y”Jr ,0")dx,dr, 1

+ Z Z log (i) P(rpi1 = 5,7 = [V, OM). (4.46)
T g
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In the sequential identification process, we are only interested in the derivative
of the reward function Q,41(0, @”, Y™ *1) with respect to the unknown param-
eters m;; which constitute the parameter vector 6. Only the third term on the
right hand side of Eqn. 4.46 contributes to the related derivative which gives

the result,

OE,

a . N mn ATL
o = 2o 3 S log (1) Pl = Jora = Y™, 67). (447)
i g

Then, it easily follows that,

E E 1 ray
<b) é a : = _P(TnJrl = j7 Tn = ,ilYnJrl’ @n) <448)
9 ) g1y O T

for1 <i,5 <N.

4.3.2 Calculation of the Expectation E,

The second expectation [E, is by definition,

E, = Z/bg(p(Y”,X",R”\@))p(X",R"\Y"“,@”)dxn. (4.49)
Rn

The density function p(X™, R"|Y"* ©") can be written using Bayes rule as

p(yn+1|Xn7 Rn’ Yn? @n)
p<yn+llynv Gn)

~

_ p(ynJrl‘xmTmen)p(Xn’RﬂY”’én_l) (451)

p(yn-i-l ’Yn> @n)
where Eqn. 4.51 is written by dropping the redundant terms in the given

p(X™, RYY"™ On) = (X", R*|Y™,0™)(4.50)

conditions of Eqn. 4.50. Substituting Eqn. 4.51 into Eqn. 4.49,

~

p(?/n+1|xn>rn76n) Nn—1
B = 3 [log oy, X" R']0) Do)y, Ry, 67 axe
; p(yn-i-l |Yn> @n)

= > [log (py™ X" RO Y B
R

p(ynJrl‘xn; Tn, én)
+ / log (p(Y™, X™, R"|9)) < ) (4.52)
%n: p(yn+1|yn7 @n)

xp(X™, RMY™, 0" 1) dX"
= Qu(6,0",Y") + AQu(yny1,0,0") (4.53)
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where

a p(yn+1|xn7rnaén)
AQn(Yns1.0,0") £ /10g (p(Y", X", R"|0)) < ~— — 1
; P(Ynsa[Y™, 0M)

xp(X", RY|Y"™, 0" dX".

In the stochastic approximation algorithm, we are interested in the derivative

of the expectation [E, evaluated at the current model value én which is

a]Ez — aQ”(ev @n—l) Yn) 0 on
90 0=b, 00 9—0., + %AQn(yn+1797 o") oi (4.54)

The function @, (6, (:)”*1,Y”) is assumed to be maximized by the previous
iteration and therefore, the first term on the right hand side of Eqn. 4.54 is
approximately zero, i.e.,

9Q, (0,071, Y™
06 0=0,,

~ 0. (4.55)

The assumption in Eqn.4.55, which is rarely true, is a generally adopted one
in practice to generate recursive identification algorithms [63].

Defining the sequence AM,, as

0 ~
AM, & —A ,0,0" : 4.56
the partial derivative % evaluated at the current parameter estimate 0, is

approximately given as

JE,

e ~ AM,,. 4.57
a0 lo=é, ( )
Remark 4.1 Note here that,
E[AQu(yn+1,0,0™)|Y",6"]
2 [ 8Qur) P, 8" (4.58)
_ Z/log (p(Y". X", R"|6))
Rn
[ Bl = Dl V", 8
¢ . ,
xp(X™, R"|Y", 0" dX" = 0. (4.59)
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Actually, more can be said about the sequence AQ, in the following way,

E[AQn(yn-‘rl? 6)’ én) |AQn_1]
= E| E[AQu(yns1,0,0M)|Y", 6"

=0

AQ"‘l] —0 (4.60)

almost surely where AQ"™" 2 {AQ1,AQs, ..., AQ,_1}. The first equality in
Eqn. 4.60 can be written due to the fact that AQ™ 1 is o(Y™)-measurable
where o(Y™) denotes the o-algebra generated by Y. As a result, the random
sequence AQ, is a martingale difference.

Under the assumption that the partial derivative with respect to the un-
known parameters 6 and the integration corresponding to expectation can be
interchanged,

_ 0 on
E[AM,|AM™"] = E[%AQn(yml,@,@ )‘H

a ATL n An
= 55| EAQuun, 0.6 V" 67]

AM”—l]

am|

6=>0,,

=0
= 0 a.s.

Consequently, the sequence AM, is also a martingale difference.

4.3.3 RKL Recursions

Combining Eqn. 4.48 and Eqn. 4.57, the elements of the gradient of the reward

function Q1 (6, O, Y1) is written as

<2Qn+1 (97 @nv Yn+1))
o0 N(i—1)+j

P(rpy1 = j,rp = iYL @”) N

7Tij

(AM:) yi—rysy (4.61)

for 1 <4,5 < N. Thus, the first term on the right hand side of Eqn. 4.61 can
be used as a measurement (in a martingale difference noise) of the left hand

side, i.e.,

. 1 .
(Gn+1(9, @“,Y”+1)) = —P(rpy1 = jor = i[Y™L,0"). (4.62)

N(i—1)+j T
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The martingale difference characteristics of the noise term AM,, (See Remark
4.1) is a nice property which is generally used in proving convergence of this
type of algorithms [28]. Nevertheless, the complexity involved in the algorithm
makes it difficult to reach a direct conclusion on the algorithm’s convergence
using the existing results. We are therefore going to address the convergence
issue in this document only through simulation results.

The noisy gradient measurement G,1(6, ©", Y1) evaluated at the cur-
rent parameter estimate 6, is finally given as

(Gunr (08" YY) = Py = o = Y, 87 (463)
N(i—1)+j T

for 1 <, < N where frz(jn) = (én)N(iq)ﬂ-
Remark 4.2 Note here that the partial derivatives given in FEqn. 4.63 are
always nonnegative. This stems from the fact that the constraints are not con-
sidered in the cost function. The constraints, therefore, will play an essential
role for the stability of the algorithm.

Adding the projection operation related with the constraints to each recursion
(n)

of the algorithm, the update rule for the transition probability estimate 7;;

is given as
P(roi = j, 1, = i]Y"1,07)
~ (n+1 ~(n nt+l = ], Tn )
FD P{w§j) ten i } (4.64)
(]
for 1 <i,5 < N.
Remark 4.3 Defining the updated non-projected parameters ﬁgﬁl) as
1 ~
~(n+1 ~(n . . n n
7T'z§j+ : éﬂgj)+€nmp(rn+l =1Tn :Z‘Y +17@ )7 (465)
]
we see that they are always non-negative and satisfy the inequality
N
YoaMY>1 for i=1,2,....N. (4.66)

7j=1
We give a simple method of projection for the set of non-negative quantities

)Y . o L
;] satisfying this inequality in App. C.
j=1
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4.3.4 Calculation of the Probabilities

In order to be able to calculate the probabilities P(r, 1 = 7,7, = i|Y™ ", (:)"),
we are going to assume that an online conventional state estimator like IMM
or GPB algorithm which uses the probability transition matrix estimates on
of the RKL algorithm is also run on the measurements Y . The conventional

state estimator is required to supply the mode-conditioned state estimates

iy, 2 Elw, Y"1, =4,0" for i=1...N, (4.67)
covariances
i = El(wn — ) (@ — &0,) 1Ym0 = 4,07 (4.68)

for i =1... N and the mode probabilities
pi(n) = P{r, =iy™ 0"} (4.69)

Using these quantities, we can calculate the required probabilities approxi-

mately as

PYns1lrnir = Jyrn = 1,7, @n)

P(Ynsa [V, 67)
XP(ra1 = jlra = i,6")P(r, = iy, 6")
N PYns1|rn1 = J, ‘%iﬂn’ PriL|n)
o Plenly O R
XP(rpi1 = jlrn =14,0")P(r, =i|Y",0")

PYnirlrnir = 5,8, PL )7 pa(n)

P(rn-f—l = j) T'n = Z.|Yn+17 én):

) P (4.70)
P(Ynia|Y", O7)
i i) ~ (n)
N(yn+17 y7;7+1|n7 Sﬂ]—i‘l‘n)ﬂij Hi (n) (471)

Zj Zz N(yn-‘rl; @;]4_””7 S;J+1‘n)7%¢(;t)ﬂz (n)
where

~7]

W 2 COHAG)E,
Son 2 CONAG)PLLAT(G) + B()QBG)T)CT () + D) ReD()"

>
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Substituting Eqn. 4.71 into Eqn. 4.64, the update rule for the transition

probabilities becomes

Nyn 1;@” ,Sij Mi(n
G = P+ e SOy
E:jE:i/vxy”+1;yn+Hn’5;+1M)Wﬂ L%(n)

where the projection operator P is described in Sec. 4.2.1.

T

4.3.5 Selection of the Step-Size Sequence ¢,

The choice of the step-size sequence €, is an important issue for obtaining a
satisfactory performance with this type of algorithms. The sufficient conditions

on the step-sizes for convergence are

ien =00 and iei < 00 (4.73)
n=0 n=0

which guarantee a decrease in the value of step-size €, which is fast enough to
allow sufficient averaging of the noisy gradient measurements and slow enough
to avoid premature convergence of the algorithm. In the cases where one needs
the algorithm to track small changes in the parameter values, constant and
sufficiently small step-sizes are used [28, 60]. Some adaptive step-size sequence
selection mechanisms exist in the literature [60] but we are going to choose

constant step-sizes during the simulations for the sake of simplicity.

4.4 Simulation Results

This section evaluates the performance of the recursive Kullback-Leibler method
by means of computer simulations. For this purpose, we are going to use two
examples which illustrate the capabilities of the RKL algorithm we have de-

rived in the previous section.

4.4.1 Example 1

In order to evaluate the performance of our method, in this sub-section, we

are going to use the same example and methodology as in [1] which is related
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with a system with failures. Consider the scalar dynamical system given by

Tp+1 = Tg + Wk, (474)

Y = (rk - 1)C(Zk + (100 - 90(7“k - 1))Uk (475)

where zg ~ N(7¢;0,20%), wy ~ N(w;0,2%), vx ~ N(vg;0,1) with g, wy
and v being mutually independent for £ = 1,2,.... The model sequence r; €
{1, 2} is a first-order, two-state, homogeneous Markov process with probability

transition matrix II = [m;;] given as

0.6 04
IT = . (4.76)
0.85 0.15
Note that this system corresponds to a system with frequent measurement

failures with the modal-state r, = 1 corresponding to the case of the failure.

Three IMM algorithms were implemented to estimate the state of this system.

e The first IMM algorithm is an exact one which uses the true probability

transition matrix of the system given in Eqn. 4.76.

e The second IMM algorithm is a non-adaptive one which uses a typical

probability transition matrix with m; = w99 = 0.9.

e The third IMM algorithm is an adaptive one which estimates the prob-
ability transition matrix of the underlying Markov chain using the re-
cursive Kullback-Leibler method with the constant step-size sequence

€, = 0.02.

The algorithms use equal initial mode-probabilities (i.e., u;(0) = 0.5 for i =
1,2) and therefore assume no knowledge of the initial state distribution for the
finite-state Markov chain. In order to obtain ensemble averages, 1000 Monte

Carlo runs are performed. In each run,

e The underlying Markov chain is simulated using the true probability

transition matrix given in Eqn. 4.76. The true mode-states are obtained.
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The initial state distribution of the Markov chain is randomly created

assuming that all possible state distributions are equally likely.

e The true base-state of the system described by Eqn. 4.74 is simulated

using an artificially generated process noise sequence {wy}.

e The measurement sequence of the system described by Eqn. 4.75 is
obtained using the true mode-state sequence, base-state sequence and

artificially generated measurement noise sequence {vy}.
e The IMM algorithms are executed using the measurement sequence.

e The absolute base-state estimation errors of the algorithms are calcu-

lated.

The average estimation performance of the recursive Kullback-Leibler method
is shown in Fig. 4.1. Note that there exist very small biases in the estimates like
the case in [1]. These seem to be due to the approximations in the derivation
process of the algorithm and seem to be acceptable. The mean absolute base-
state estimation errors of the three IMM filters are shown in Fig. 4.2. The
errors of the exact IMM are at the minimum level as expected. The adaptive
algorithm fed by the recursive Kullback-Leibler estimation process appears to

beat the non-adaptive IMM filter significantly.

4.4.2 Example 2

As a second example, a hypothetical three-model scalar JMLS (i.e., 7, €

{1,2,3}) is used. The parameters of the system are given as
e A(1)=0.8, A(2) =0.9, A(3) =1,
e B(i)=1and D(i) =1fori=1,2,3,
e C(1)=1,C(2) =2,C(3) =4,
o 1o ~ N(x;0,2?),
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o wy ~ N(wy;0,2%), vp ~ N (vp;0,1).

and the true transition probability associated with the mode sequence ry is

taken as
0.2 04 04
II=|025 05 025 |- (4.77)
0.1 0.1 0.8

The three IMM algorithms which have the same features as in the first example

are executed. The constant probability transition matrix of the non-adaptive

IMM filter is selected as

0.9 0.05 0.05
IT Non-Adaptive = | 0.05 0.9 0.05 |- (4.78)
0.05 0.05 0.9

The initial probability transition matrix estimate ﬁo for the RKL algorithm
of the adaptive IMM algorithm is taken as

0.33 0.33 0.34
o= | 033 033 0.34 (4.79)
0.33 0.33 0.34

and the step-size sequence of the RKL algorithm is set to ¢, = 0.002. The
transition matrix estimation performance of the RKL algorithm is illustrated
in Fig.4.3. Small biases again exist in the estimates but the convergence trend
is evident.

The mean-absolute base-state estimation errors of the three IMM filters are
shown in Fig. 4.4. The errors of the adaptive algorithm fed by the recursive
Kullback-Leibler estimation process are very close to those of the exact IMM

after a transient period.

4.5 Conclusions

A new method for the estimation of the transition probabilities of the JMLSs is
given. Although the derivation of the method is quite complicated, the result-
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ing recursions are easy to implement using the outputs of an online multiple-
model state estimation algorithm like IMM or GPB approaches. The simula-
tion results show that the algorithm can be an efficient alternative to those

described in [1].

30



CHAPTER 5

MAXIMUM LIKELIHOOD ESTIMATION
OF THE TRANSITION PROBABILITIES
OF JMLSS

5.1 Introduction

As mentioned in Sec. 4.1, the maximum likelihood (ML) algorithm was one of
the first approaches applied to the transition probability estimation of JMLSs.

However, the existing algorithms suffers from the following drawbacks:

e They consider only the cases where the unknown transition probability

matrices are in a finite set [51].
e They don’t apply to JMLSs [52].

In addition to these, while stating the infeasibility of the ML approach for the
JMLSs, [51] did not have the comfortable approximation scheme of the IMM
filter at hand in 1982. The profitable place that the IMM filter occupies on
the performance vs. computation curve makes it a useful candidate to use in
the approximations of the infeasible ML algorithms.

In this chapter, using the motivation above, we propose a maximum likeli-
hood estimation based solution to the transition probability estimation prob-
lem. Our algorithm is new in that it assumes that the unknown transition

probability matrix takes values in a continuous valued set! and it is derived

1 Specifically, this set is composed of the N-simplices considered in Chapter 4.
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specifically for the JMLSs. The algorithm can be used either online or offline.
We use the reference probability method to derive the algorithm which enables
us to identify the approximations required to form a feasible method easily.?
The chapter is organized as follows. In Sec. 5.2, the problem definition
and the related measure change parameters are given. Application of the ML
algorithm to JMLSs is presented in Sec. 5.3 which concludes that the algorithm
should calculate the estimates of the number of jumps between the states of
the Markov chain recursively. The presentation of the main results is made
in Sec. 5.4 where the related recursive calculation procedure is derived. The
formulas for final transition probability estimates utilizing the estimates of the
number of jumps are given in Sec. 5.5. Sec. 5.6 presents a brief summary of the
derived algorithm along with some modifications and implementation issues.
Moreover, achieving the base state estimation using the derived algorithm
without any additional base-state estimators is also outlined in Sec. 5.6. The
transition probability estimation performance of the algorithm is illustrated in
Sec. 5.7 using the same examples as the ones in Chapter 4. Also, comparison
with the RKL method of Chapter 4 is made in Sec. 5.7 on one of the examples.

The chapter is finalized with conclusions in Sec. 5.8.

5.2 Problem Definition

The following JMLS model is considered.

Tpy1 = A(Tk+1)$k+3(7’k+1)wk+1, (5-1)

Y = C(Tk)xk—f—D(Tk)Uk (52)
where

e {x; € R"} is the continuous-valued base-state sequence with initial dis-
tribution

Tog N(l’o, If‘o, Z()) (53)

2 We again note the requirement for the unfamiliar reader to consult App. A for the
related background about the reference probability method.

82



where the notation N (z;z,Y) stands for a Gaussian probability density

function for dummy variable z which has a mean z and covariance X..

{rt} is the unknown discrete-valued modal-state sequence,

{yr € R™} is the noisy observation sequence,

{wy, € R"} is a white process noise sequence with distribution
wi ~ N (w; 0, 1) (5.4)

where [, denotes the identity matrix of size n x n.

{vr, € R™} is a white measurement noise sequence independent from the

process noise w;, with distribution
v ~ N(vg; 0, 1,). (5.5)

The discrete-valued modal-state ry € {e1, es,...,en} is assumed to be a first-
order finite-state homogenous Markov chain with fixed but unknown transition
probability matrix IT = [r;;]. Here, the variable e; € RY denotes the canonical
unit vector with unity at the jth position and zeros elsewhere. The basic vari-
ables wy, vg, o and the modal-state sequence r, are assumed to be mutually
independent for all k. The time-varying matrices A(ry), B(ry), C(r), and
D(ry) are assumed to be known for each value of ry. Moreover, the matrices
B(rg) and D(ry) are assumed to be invertible. This is a requirement of the
derivation using the reference probability method.3

The aim of the chapter is to find a possibly approximate online ML es-
timator for the unknown fixed transition probabilities of the JMLS defined

above.

5.2.1 Change of Measure

In the derivations given in the subsequent sections, it is initially assumed that
we are in an ideal probability space (£, F, P) where, under the probability

measure P

3 See Sec. 3.5.2.3 for how this restriction can be bypassed easily.
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e {21}, k € Nis a sequence of i.i.d. random variables which are Gaussian

distributed with zero mean and covariance [,,. Call their density function

as ¢(x) = N(x;0,1,).

e {yr}, k € Nis a sequence of i.i.d. random variables which are Gaussian

distributed with zero mean and covariance [,,,. Call their density function

as ¥(x) = N(x;0, I,).

e {ry}, k € N is a first-order finite-state homogenous Markov chain with

transition probability matrix II = [r;;] and initial distribution mp =
[ 7T(]j ﬂ'(Q) DY 7T(]]V ]_

We define the sequence of random variables {\;} and {A;}, &,/ € N as

S(VSo ' (21=50)) (D~ (r) (—=C(r)y)) 1=0

5, — "o D)) C(56)
(B () (@ —A(r)zi—1)) (D~ (r) (m—C(r))z1)) 1>0
|B(r1)|é(z1) [D(r)|¥(yi)
k
A B (57)
=0

where /Y is the positive definite square root of ¥ and |.| denotes the matrix
determinant. Let Gy denote the complete filtration generated by random vari-
ables {zg,..., Tk, 70y, Tk, Yo, - - -, Y }- We define a new probability measure
P by setting the restriction of the Radon-Nikodym derivative %‘gk to Ag. Un-
der the new probability measure P, the processes {w; € R"} and {v, € R™},
k € N defined as

[I>

B_I(Tk)<.1]k — A(T’k>xk_1), (58)
ve = D7) (ye — Clry)z) (5.9)

Wi

are sequences of i.i.d. Gaussian random variables with zero-mean and covari-
ance I,, and I,,, respectively® and the distribution of {r,} remains unchanged.’

Note that, under both P and P, the modal state {r; € {e1,es,...,ex}}, k €N

4 The proof of this fact follows the same lines as the proof presented for linear Gauss-
Markov systems in Lemma A.7.
5 Proofs of this fact is very similar to those given in [39] and [38].
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has a semi-martingale representation
Tk+1 = HT’f’k + M1 (510)

where my, is a G, martingale increment. The probability measure P is the
nominal measure under which the results are required. The expectations under
the reference probability measure P, which are shown by E, can be taken much

more easily than the ones under P thanks to the independence properties.

5.3 Maximum Likelihood Estimation for Tran-
sition Probabilities

Maximum likelihood estimation is a powerful tool whose properties are well
appreciated in the parameter estimation community. Let {FPy,0 € ©} be a
family of parameterized probability measures, where 6 denotes the parameter
vector, on a measurable space (2, F) all absolutely continuous with respect to
a fixed probability measure Fy. The o-field generated by the measurements
{Yo0,...,yr} is called as Y, € F. The likelihood function for obtaining an

estimate of 6 based on the information available in ), is defined as

dP,
Li(0) 2 By [d—Pi

J/k] (5.11)

where Ejy denotes the expectation with respect to the probability measure F
and % is the Radon-Nikodym derivative of the probability measure Py with

respect to Py. The maximum likelihood estimate 827 is then given as
oML = arg max Li(0) (5.12)

In many problems, like the case in ours, the calculation of L(6) in Eqn. 5.11 is
impossible or computationally costly. In this case, the well-known expectation
maximization (EM) algorithm comes into picture to provide an iterative solu-

tion which has the following steps with increasing number of measurements:
e Step-1: Set £ =1 and choose 0.
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Step-2: Set [ = 0 and set ék,O = ék_l.

Step-3:  (E-Step) Compute Qk(ﬁ,ém) as

. dPy
0,00) = B, |1 ). 1
Qu(0,611) = E;, | 10g a7, ] (5.13)
e Step-4: (M-Step) Set QAMH as
ék,l—i—l € arg I&a@g{ Qk<8,ék7l>. (514)
e Step-5:

— If the stopping criterion is satisfied, set 0, = ék,l+1- Set k to k+1,
go to Step-2.

— If the stopping criterion is not satisfied, set [ to [ + 1 and go to
Step-3.

Since our algorithm is required to be able to work in an online fashion, we are
going to use a predetermined finite number (L > 0) of iterations with respect
to [ in our algorithm. Here, we illustrate the case L=1, which gives the worst
performance among these algorithms. The steps of the resulting algorithm

turns out to be:
e Step-1: Set k =1 and choose ég.

e Step-2: (E-Step) Compute Q4(6,0,_,) as

- AP,y
Q6,61 1) = B [1og WHM . (5.15)
e Step-4: (M-Step) Set 0, as
0y, € arg max Qr(0,0,_1). (5.16)

e Step-5: Set k to k+ 1, go to Step-2.
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In our problem, like the case in Chapter 4, the unknown parameter vector 6 is

composed of the transition probabilities ;; as follows.
9 S T
= [7711;77'127--~77T1N772177T227-~77T2N7 ------ 77TN177TN27~-77TNN] .

In [38], the transition probability estimates ﬁfjk) of the hidden Markov mod-

els (HMMSs) are shown to be calculated using the above framework as

®) TP (0-1)

= — for 1<i,j<N (5.17)
S SR A (Y
where
k
TH &3 (ren)(ro, e, (5.18)
=1
T 0r) = By (TR (5.19)

The quantity I™ is the number of jumps of the Markov chain from state e, to
state e, until time k£ and Tk (0) is the estimate of it based on the parameter
0 using the information contained in ). Using a very similar derivation as in
[38], it can be shown that the formula (5.17) is valid for the case of JMLSs.
In the next section, we are going to show how the estimates jig-k)(ék,l) of

the number of jumps ng) can be calculated recursively.

5.4 Recursive Estimation of Number of Jumps
j_('k)

In the previous section, it has been seen that the maximum likelihood esti-
mation of the transition probabilities requires the calculation of the estimated

number of jumps jig-k)(ék,l) defined as

Ty Bx) 2 By [T 0. (5.20)

oo

In this section, we are going to find recursive update formulas for the estimated

number of jumps using the reference probability method. Using Theorem A.3,
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we can see that

B 8TV

GGy = e
i ) = R

(5.21)

For the recursive calculation of j

. » the following density definitions are re-

quired.

0~ (x]0)de £ EG[Kksng)I{xkedx}<rk,6l>|yk], (5.22)
o (z|0)dx & Ep[ArLis can) (T €1)| Vi) (5.23)

where the function Z4(w) defined as

A 1, we A
Ta(w) & ) ¢ A (5.24)
, w

denotes the indicator function of the set A and the notation (ry,e;) stands
for the the inner product r}e; which is equal to the jth element of rx. Note
that, the densities o (2]) can be easily calculated (approximated) by using
a multiple model estimation algorithms such as IMM or GPB2 filters.® Using
a simple reasoning, we can see that, if f : R” — R is any test function
(i.e., measurable function with compact support), the following equalities are

satisfied.
B[R fae) (s ed| ] = / F(@)ni (2]0)da (5.25)
Bo[Ref (a){re, e}l ] = / F(2)ak(x]9)de (5.26)

Making use of Eqn. 5.25 and Eqn. 5.26 we can write
Eg[Kk\Z-gk)m] = Z/ I (]0)dx (5.27)

By - 3 [ altaloyd. (5.29)

These, considering Eqn. 5.21, show that the densities {n,ij_l}, 1<4,5,l<N

and {al}, 1 <1 < N form a sufficient statistics for the estimation of the

6 The derivation of the IMM filter presented in Chapter 3 illustrates the recursion of
these densities.
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transition probabilities. Noting that
kol (x]0) = 2277” ‘(20), (5.29)
=1 j5=1

we can conclude that the set of densities {77” l} 1 <4,7,l < N is alone a
sufficient statistics. The densities {at}, 1 < I < N will only be used for

notational simplicity.

5.4.1 Recursion

Theorem 5.1 The densities n,ijfl(x|9) satisfy the following recursion.

zg l 0) — ¢( yk—CﬂT r— A
(=16) |Bl||Dz|¢ (Ur) /¢ 12))

%Zmﬂﬂm+mehwwzwm

where A; 2 Ale)), By = B(e), C; = Cle), and Dy = D(e;) forl=1,...,N.

Proof Let f: R™ — R be any test function, then

[ @l @de = Bofgy fa) el (5:31)
o x OBTHr) (@ — A(rgae )
= P [B(ri) o)
X¢(D_l(7”k (yx — C(re)zr)) ) 00 Vire o
Dt Sl
=[x OB — Auw)) (D7 (g — Cra))
= B[ B Dilo)
XkTi(jk)f(l'k)(Tk» er) ‘yk} (5.32)

Using the definition of jig.k), we can write
T =T+ (o) (i, ). (5.33)

Substituting this into Eqn. 5.32, we get

[ aloys)da

= Eg|Aes OBy (wx — A1) Y(Dy (yx — Ciy))

| Bilé(zy) | Di|(yi)
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TS f () (rus )| 0]

O(B;  (x, — A1) W(D; (g — Crae))
| Bilé(zy,) | Dil(yi)

o f@) i e} (rir. i) (ri, )| i (534)

~ OB (g — Awe)) w(D] (e — Crazy))
| Bi|é(x) | Dl (y)

< T flan) (s )| Vi
O(B; (ax — A1) (D] (yr — Crazg))

+Ey [Kk—l

+ <6[, €j>F9 |:Kk,1

| Bi| ¢ (k) | Di|ap ()
X f(@r) (s €) (-1, €3) yk} (5.35)
= B e — Aer)) ©(D] (yk — Crag)
- [A’“ | Bil () Dy ()

XZE’“‘”f(m)(HTm_l, er) yk}

O(B; (= A1) (D] (yr, — Crazg))
| Bi|é(x) | D[t (yi)

Xxﬁk_l)f(wkxmk, er) ‘yk]

OBy (= A1) (D] (yr, — Crag))
| Bil¢(x) | Di|9 (k)

+Ey [qu

+ <€l, €j>F9 |:Kk_1

X f(xn) T gy, e)(ri_1, e:) yk]
[ OB (s — Avwy)) ¥(D; (g — Ciay))
Hew e B[R == Dil)
X f (k) (M, €5)(re—1, €) yk} (5.36)

The second and the fourth expectations on the right hand side of Eqn. 5.36

are zero due to facts that my is a Gp-martingale increment and that under

the probability measure P, the process {r;}, and hence the process {my}, is

independent of the processes {x;} and {yk} Now using the identity

(I"ry 1, e5) Zm] Tk—1,€i), (5.37)

Eqn 5.36 becomes

[ aloys)da

(5.38)

= Zw By |:Ak 1¢( U@ — Aie)) (D) (i — Cray))

| Bi|é(zy) | Di|(yi)
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VAR (CAICEWENINY

O(B; (ax — Awg—1)) (D (yr — Crazy))

+<€l, 6j>7TijE9 [Kk—l

| Bi| () | Dy (y)
X f(xx)(re—1, €:) yk:| (5.39)
o~ = [+ (B (wx — Ay 1)) ©(D; (g — Cray)
mZ o [A’“ 1E9[ |Bi| () | Dil (i)

X‘jijk Y f(mk)‘xkfla yk} (Te-1, €m>‘yk:|

O(B, Hw — A1) W(D; (g — Crae))
| Bi|é(xy,) | D9 ()

yk] (5.40)

+(ey, €j>7rz'jE9 [Kk—1E0 [

X f ()

Tg—1, yk} <7’k71; €¢>

The inner expectations in Eqn. 5.40 can easily be taken as follows due to the

independence properties of the sequence {z;} under P.

[ aloyf ) (.41
N, k-1 [O(B x—Azwk 1) $(D; " (g — Cix))
- Z T e R VT D ()

X f()o(x)dr{rior, e ]yk}
o(B; Nz — Azy1)) ¥(D; Hyk — Ciz))
HeemBo[Rer [ SEHEES Do)
X f(2)p(@)dwri, e) | Vi] (5.42)
N, ¢(B; (& — A12)) (D, (g — Cix)) N
- Z N T IO A
xn,’j " (2]0)dz
e, e)m ¢(B; (x — A2)) ¥(D;  (yx — Cix)) .
o U// | By |Dl|¢(yk) (z)d
xah 1( |9 )dz (5.44)
ClZL'
/f |Bl||Dl|¢ (yw) /¢ - Aiz))
X Z 7Tmm " (2|0)dzdx
OZZL’
/f |Bl|yDz|w W) /¢ = A))
x (ey, e;)mijah 1 (2|0)dzdx (5.45)
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C’lx
/f |Bl||Dz|¢ Yk) /¢ (e = 4:z))

[Z Tl (2)0) + (e, ;) w0k, (2|0) | dzda. (5.46)
m=1

Since this equation is satisfied for all test functions, the recursion in Eqn. 5.30

holds. O

Remark 5.1 Since the recursion in Eqn. 5.30 is linear, once the initial den-
sities {a}(x|0)} are (unnormalized) Gaussian densities (which is the case in
our model), the densities {n? ' (z|0)} become unnormalized Gaussian miztures

with ever increasing number of components as k increases.

Corollary 1 The densities n,ij_l(m|0) satisfy the recursion

'L] l 210 _ ¢(D yk—Cll' / T — Az
6,6 ﬂ-z wv—i
[Zwmmkl (310) + -5 ]ZZH (=10)]d= (5.47)
u=1 v=1

for k > 1, which is in terms of only the densities {77” l} 1<4,5,l <N.

Proof Proof is given simply by the substitution of the relationship given by
Eqn. 5.29 into the recursion of Eqn. 5.30. 0

The recursion in Eqn. 5.47 is the main result of this chapter which results in a

maximum likelihood estimator for the transition probabilities associated with

JMLSs.

5.4.2 Initial Densities

Since the initial number of jumps jig-o) is given as

0

*Zg'o) = Z<7“l: ej)(ri-1, ;) = 0, (5.48)

=1

the initial unnormalized densities {n7 *(z|0)}, 1 < i,4,1 < N are all equal to
Z€ero, i.e.,

nd N xz|d) =0 Vx for 1<i,j,l<N. (5.49)
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Remark 5.2 An important point about the recursion of Eqn. 5.47 is that the
right hand side has (Q) indeterminate form when k = 1. Therefore, for k =1,

the recursion in Eqn. 5.30 is still to be used.

5.4.3 Approximation

For the transition probability estimation at time k, i.e., for the calculation of
0, , we need the densities {n;j_l(x]ék,l)}, 1 <i,5,1 < N due to the identity
in Eqn. 5.17. Hence, we need to calculate the densities {1/ " (|6_)} recur-
sively. The recursion in Eqn. 5.47, in order to calculate these densities, requires
the densities {n,ijfll(ﬂék_l)}, 1 <4,j,1 < N. However, at time k — 1, the den-
sities {7 (x|0x_1)}, 1 < i,5,1 < N are not available. Instead, the densities
{09 (x]fr_2)}, 1 < 4,7,1 < N are available since these densities must have
been used for computing the transition probability estimates at time k& — 1.
This problem can be iterated back until the initial time & = 0 which makes
the reprocessing of all measurements necessary. In order to obtain an online

recursive estimation mechanism, we therefore make the approximations
. . o
il (x|0k—1) ~ n 7 (x|0k—2) for 1<i jl<N (5.50)

for all k. This assumption basically amounts to assuming that the parameter
estimates do not change much between consecutive time instants.

In MMSE multiple model estimation, it is well-known that the the number
of statistics to be kept for calculating the densities ol (2]0) grows exponentially
[13].” The optimal recursion given in Eqn. 5.30, shows that the situation is
worse for the densities 77 ' (x|0) due to the fact that the recursions are excited
by the densities a},_,(z]f). Even if the densities o, ,(z|0) are approximated by
single Gaussian densities as the case in the IMM or GPB2 filters, the number
of statistics to be kept for densities 77 () still grows exponentially (due to

the exponentially increasing number of unnormalized Gaussian components in

mixture). This extreme growing is observed more clearly in the recursion of

" This fact is also apparent in the derivation of the IMM filter in Sec. 3.3.
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Eqn. 5.47. This situation, therefore, makes additional approximations neces-
sary. Here, we are going to make IMM-type approximations® to keep a single
Gaussian density for each 77,? _l(:UIG). Assuming that each previous density

n? ] (x|0) is approximated by a single Gaussian, i.c.,
ij—l ij—l ~ig—l1 ij—l
e (x]0) ~ & N (; xk] 1)k— pzkj 1)k— 1) (5.51)
the Gaussian mixture [ 32N _ mum ™ (2]0) + m SN Ti(210)] s
approximated by a single Gaussian, i.e.,

[Zﬂmlnw m Z )+ <6l7€] 7T1] Zznuv z i|

u=1 v=1

~ N (o 8 S (5.52)

k—1|k—1
where
N N
ij—0l ij— m el7€j 7T’Lj uv—1i
40 = § T 4w, (5.53)
u=1 v=1
N ij— m
j.ij—OZ _ ﬂ-mld i.ij—m + el76]> 7TZJ duv ZA’LL’U i (5 54)
k—1|k—1 — dz] 0l k—1lk—1 -1 d’Lj Ol L— 1|k—12 \*"
m=1 k-1 u=1 v=1
N ij—m
S0l _ Tdy_ sid—m
k—1lk—1 — g0 k—1|k—1
m=1 k—1

~ij—m ~1j—01 ~ij—m ~1j—0l T
+(xk71|k L& 1|k 1)(xk—1|k 17 Tk 1)

+ el?e] ﬂ-U duv 7 Zuv 7
dz]Ol::z:kl k—1|k—1

u=1 v=1
_i_(iuv—i jlj 0l )(:%uv—i o i"ij_Ol )T] (5 55)
k—1[k—1 k—1k—1/\Ck—1]k—1 k—1k—1/ |- :
Note that this approximation process is similar to the mixing stage of the IMM

filter [13].° With these approximations, the densities 7} (z|f) are automatically
kept in the form

e~ (@l0) = & TN (s 20 5. (5.56)

When the approximation in Eqn. 5.52 is substituted into the recursion of Eqn.
5.47, we obtain
z] l(fEl@) _ w(Dl_l(yk - Clx))
| Bil| Dl (k)

8 See the derivation of the IMM filter in Sec. 3.3 for IMM-type approximations.
9 Mixing stage is also detailed in the derivation of the IMM filter in Sec. 3.3.
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8 / S(Br (= Ar2))d "N (2 a3 S )de

dij—01¢<Df1(yk — Cx))
e | Dl (k)

X / N (x; Az, BB N (23 S _dz (5.57)

i‘foﬂb(D_l(yk — Cy)) nig—l ij—l
= 47 iDl‘w(yw N (@; &30 15 Zesy) (5.58)
de—IOI T ij—1 ij—1
— w(_yk)N(yk;Clx, DD )N (s &, B0 (5.59)
where
Bl = AdT (5.60)
Sl = AT AT + BB (5.61)

Here, while passing from Eqn. 5.57 to 5.58, we used the well-known result on
the integral of Gaussian densities which is given in App. B.4. Using the result

on the multiplication of Gaussian densities in App. B.2, Eqn. 5.59 can be

written as
dz‘ijl
i7—1 k—1 ~17—1 17—l ~17—1 17—l
my - (@lf) = w(yk)N(yk;sz,jk,l,S; N (2 S0 (5.62)
ij—1 nij—l sij—l
= &N (S (5.63)
where
sy = axl.el + oy, (5.64)
at = ahl A LTS T e - Gty (5.65)
Sh = THL -l Or ST an (5.66)
ij—0l
B = Sl opt s, (5.67)
Y (yw)

5.4.4 Initialization

The update formulas given in the previous section assume that the previous
density functions {n’ ' (x]0)}, 1 < i,5,1 < N at each estimation step are rep-

resented by a single unnormalized Gaussian. The initial densities {n& " ((0)},
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1 <4,7,l < N given by Eqn. 5.49 can be expressed as unnormalized Gaus-
sians with arbitrary means and covariances and with zero weights. However,
this causes a g indeterminate form on the right hand side of recursion of Eqn.
547 for k = 1. This can be avoided by using the recursion of Eqn. 5.30

which requires the densities {a(x|0)}Y ,. The initial densities aj(z|f) can be

calculated as follows.!?
[ t@adiaipyis = E[Rofroses) o) (5.68)
_ E[¢(\/2_0_1($0 — &)) (D~ (ro) (yo — C(ro)o))
V0|6 (o) [D(ro)[¢(y0)
X f (o) (ro, €3} %] (5.69)
_ E[QS(\/E_ol(l"o — %)) ¥(D; (s — Cs0))
|\/E_0|¢($0) |Dj|¢(yo)
x(ro, €j>f($0)‘y0} (5.70)
_ B[ 20 (wo —70)) YD (9o — Cymo)
- E[ [v/Sol (o) Dot %)

E[{ro,¢;)] (5.71)

B OV o= 2) YO o = C)

- / f w—|¢< ) Do)

_ /f (I—wo))@D(Dj_l(?/o—Cﬁ))dx
on Do)

Since the equality holds for all test functions f(.), the initial density of(z|6)

is given as
' (D5 (yo — Cj)) ¢+ (& — o))
J - j j
ap(zld) = m D[ (yo) o (5.72)
j
- z/J?(T;o)N(yo;Cj"”’Da‘DjT JN (%o, ¥o) (5.73)
j | |
- —ZZJZT?JO >N(yo;Cj:fo,Sé)N(x,xmo,Eé'O) (5.74)
=GN (580, )0)- (5.75)
where
So £ C%0) + DDy, (5.76)

10 This calculation was also done in Sec. 3.3 and is repeated here for convenience.
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%IO £ T+ %0C (55) (o — Cj0), (5.77)

Eéw £ % — %eC] (S55) 7O, (5.78)
J

& = 0 N (ye: Cito, SO). 5.79

0 w(yo) (Z/O 740 0) ( )

Here, while passing from Eqn. 5.73 to 5.74, the result on the multiplication of
Gaussian densities, which is given in App. B.2, is used. The recursion in Eqn.

5.30 for k = 1 gives the densities {n? '(x]0)}, 1 < i,7,l < N as

ij—1 ij—1 ij—l snij—l
n " (x]0) = dY N(l‘?%ju 721j|1 ) (5.80)
where
PR - URCE S Y 51
1 = ) :
0 otherwise
ot _ A EBONSTT =G b=
H Arbitrary otherwise
’ $9 =S ICT(SY ) e 1=
Ezlju—l _ 1jo 1jo J‘( )G 1|0 ‘7' i (5.83)
Arbitrary otherwise
Here, the estimates jll]IO_ 7. covariances Zﬁo_ 7 and Sij 7 are given as
0 = Ay, (5.84)
zifl'gﬂ‘ = A;Z40AT + B;B], (5.85)
Sy = oxyycl+ oD}, (5.86)

nij—l

Note that some of the estimates Z and covariances Y~ can be given ar-

11 11
bitrary values. Their values do not affect the subsequent iterations of the

. . . . . ii—1 o .
algorithm since their corresponding mode weights d ™" are initialized as zero.

5.5 Calculation of Transition Probability Es-

timates

(k)

In this section, we give the formulas for the transition probability estimate 7;;

assuming the the densities {n”/~'(x]6;_;)} have been calculated. Substituting
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Eqn. 5.21 into Eqn. 5.17, we obtain

~ (k) _ Eék—1[xk‘7igk)’yk]
Tij = N E A (k)
Zj:l ék—l[ kjij |yk]

for 1<i,57<N. (5.87)

When we combine this with Eqn. 5.27, we get

W o [0 (@01 da

T

RS DD DA (7 My e

for 1<4,5<N. (5.88)

Since the densities 77,? _l(x|ék,1) are approximated by a single weighted Gaus-

sian density, we have
/ i (2|01 )de = &)™ (5.89)

which gives

N 77—l
® 2 dy

N N qij—l
N Zj:l Zl:l d;cj

Remark 5.3 It is important to note that, for the calculation of the transition

for 1<i,7<N. (5.90)

probability estimates, all that matters about the coefficients dg_l (or dﬁf_m) 18
their relative magnitudes (and not their absolute magnitudes). Therefore, at
any time-step k, one can multiply the the coefficients dﬁcj_l (or dﬁcj—m) by a com-
mon constant number without affecting the output estimate. In the cases where
the coefficients get too small or too big to handle in computer, one can make
some normalization on them accordingly without affecting the performance.
Moreover, the term 1 (yx) given in the coefficient update equations, which can
cause a division by zero in the computer, can be discarded safely since it is a

common factor to all of the coefficients.

5.6 Summary, Modifications and Base-State
Estimation
In this section, we summarize the algorithm derived in the previous sections.

e Initialization at k£ = 1:
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— Set the coefficients (mode weights) {d? '}, estimates {izlj‘l_l} and

covariances {Ezljll_l} for 1 <4,j,l < N as

=i ~(0)

gt N G ST = (5.91)
T = ’ '
0 otherwise
ot _ [ SIS - Gl =i
1 Arbitrary otherwise
svig =l _ Elﬁaj - zllj\ajch(S?_j>_lcjzlljlaj l=J (5.93)
1 Arbitrary otherwise
where
Sl = ASioAT + BB/, (5.95)
S0 = oyl o,D! (596

Note that the quantities ¢, jé\o and Eélo required for Eqns. from

5.91 to 5.96 are given by

Sy £ Cj%oCj + DDy, (5.97)
o £ To+SCF(S5) " (yo — Cj0), (5.98)
S0 = o~ SoCy (S5) 71050, (5.99)
a T\ (yor Cy, S3) (5.100)
’ ¥(Yo) 0T
— Calculate the transition probability estimates as
o > di

Ty = = =~ g for 1<4,j<N. (5.101)
’ D e 2 A7
e Update for k > 1:
— Mixing: Calculate the mixed coefficients {d}) '}, estimates {:%Z:ﬁlk_l}
and covariances {22532_1} for 1 <14,5,l <N as
.. N ..
d;cj:lol = Z ﬁf:l_l)d;g:lm

m=1
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k 1)
(er,e
l] Z e (5.102)

u=1 v=1

+

N A(k—l) ij—m
~35—01 - T d i,ij—m
Tk—1lk—1 E : dij—Ol k—1|k—1
m=1 k—1
uv— zAuv i
+ _1 d” o ZZd By (5.103)
- u=1 v=1
N A~ (k-1) ij—m
$ij 0l . T iy ij—m
E—1lk—1 — § : z'j—Ol k—1k—1
- di_
m=1
ij—m -0l ~Atj—m ~35—01 T
+(@- 1lk—1 9% 1\k: 1)(%—1“@ 17 Tr1jk— 1)
el’ej uv—1 uv—1
+ -1 dzg Ol szk 1 Zk 1|k—1

u=1 v=1
. ~ij—0l N ~ij—0L
+(@ Zvl\zk 1 x;cj 1lk— (@ ;cwlrk 1 I;cj 1)k— 1) ](5-104)

dzy 0l

— Kalman Filtering: Using the mixed coefficients {d;/ ;" }, estimates

{2%" 10‘2 .} and covariances {2?:1%—1} for 1 <4,j,1 < N as the ini-

tial conditions, run Kalman filters to obtain updated mode weights
{d7]}, estimates {xf'km} and covariances {Eakm} for 1 <i,j,1 <

N. The required Kalman filtering equations are given as

x Prediction Update:

Bl = AET (5.105)
Sl = AP AT + BB (5.106)

* Measurement Update:

50— il 7, 35—\ — ij—1

$k]\kl - xkjlk 1 Ekj\kl1ClT(Skj ) (yk_clfl’kﬂk 1),

S = Sl - SGL NS Yoz, (5.107)
g J9t

dl]—l — k—1 N ,CZ’ ’SZ] l 5108
k D (yp) (yk; Co klk—1 ), ( )

s¢ = ax)Lel + Dot (5.100)

— Estimate Calculation: The new transition probability estimates

are calculated as
N qij—l
(k) _ 25:1 dkj

—— for 1<14,5<N. (5.110)
N N jij—I =bJ=
7 >t 2 A

T
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5.6.1 Modifications

The algorithm summarized above calculates the expected number of jumps at
DN
ij=1

N
ij=1°

each step k using the previously estimated transition probabilities {frf]k
and then it updates the transition probability estimates with new ones {frl(]k )}
The algorithm therefore works as/in a closed estimation loop. Since there are
insufficient number of jumps observed between the states in the first few sam-
pling instants to estimate the transition probabilities, most probability esti-
mates erratically jump to either zero or unity in the unmodified version of the
algorithm. It is therefore desirable not to close the estimation loop for a few
samples at the initial part of the estimation. During this period, the algorithm
uses the initial transition probabilities and does not update the transition prob-
ability estimates. After a sufficient number of sampling periods, the loop can
be safely closed to update the transition probability estimates.

It is observed during the simulations that, the ever decaying characteristics
of the coefficient ﬁ in Eqns. 5.102 to 5.104 reduces the convergence speed
significantly. Therefore, it is desirable to limit this decay. For this purpose,
the coefficient ﬁ is replaced by max{ﬁ, ep} where ep < 1 is called as the
decay limit factor. This modification makes the algorithm converge faster and

track the possible transition rate changes at the expense of making it slightly

more prone to noise.

5.6.2 Joint Base-State Estimation

The approximate ML algorithm derived above can provide mode-conditioned
state estimates and covariances along with overall approximate MMSE esti-
mate and covariance as a by-product. Therefore, if the base-state estimates and
covariances of the JMLS are also required, one need not execute an additional
state estimator (like IMM of GPB2) which uses the online calculated transition
probabilities. The mode-conditioned state estimates jﬁk? covariances Zﬁk and

mode-probabilities p}" defined as
i 2 B{agVere = m, 0871, (5.111)
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me 2 B{(ak — a0 (@ — 25 Ve e = m, Ok 11, (5.112)

A Piry, =m|Y, 041} (5.113)

can be calculated using the ML estimator states i;j‘;l, covariances E”k and

mode weights dﬁf_l using the following formulas:

TRy = — dy"En (5.114)
Zz 12] ldJ ZZ |

21]1

Z‘Lk - Zz IZ] 1dl] mZZd” m[z;"’]'km

i=1 j=1
HE " = 2 (@, me], (5.115)
m Zizl Zj:l d? "

T . (5.116)
22:1 Zi\il Z;\f:l dkj

These formulas can be obtained easily as a direct consequence of the rela-

tionship given in Eqn. 5.29. The overall MMSE state estimates & and

covariances Yy, defined as

Tk = E{xk‘ykyékil}, (5.117)
e 2 B{(xx — drp) (xk — Erp) | Vi, OF1 (5.118)

can then be calculated using IMM (or GPB2) final output calculation formulas
[13].

5.7 Simulation Results

This section illustrates the performance of the maximum likelihood estimator
on the simulated scenarios used in Chapter 4. Here the properties of the
examples are repeated for convenience. The first scenario is taken from [1]

where the following system model is considered.

Tpy1 = xk—l—wk, (5119)

ye = (rr — Dy + (100 — 90(rg — 1))vy, (5.120)
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where

zo ~ N(x0;0,20%), (5.121)
w, ~ N(wyg;0,2%), (5.122)
vy ~ N(v;0,1) (5.123)
with xg, wy and v, being mutually independent for £ = 1,2,.... The model

sequence 1, € {1,2} is a first-order, two-state, homogeneous Markov process
with probability transition matrix II = [r;;] given as

- | Y00t (5.124)

0.85 0.15

Note that this system corresponds to a system with frequent measurement
failures with the modal-state r, = 1 corresponding to the case of the failure.
The modified ML algorithm is run on the simulated measurements of this
system with initial transition probabilities frg?) = ﬁ;g) = 0.5 and the transition
probabilities are estimated for 1000 Monte-Carlo runs. The length of open
loop estimation period and the decay limit factor are selected as 20 and ep =
0.01 respectively. The average estimation performance of the modified ML
algorithm is given in Fig. 5.1.

Note that during open loop period which corresponds to the first twenty
sampling instants, the initial transition probability estimates are not changed.
Once the estimation loop is closed, the transition probability estimates jump
to values which are near to their corresponding true values and then they
continue to converge towards the true values.

The second example contains a hypothetical scalar jump Markov linear

system which has three models. The parameters of the system are given as
o A1) =08, A(2) =09, A3) =1
e B(i)=1fori=1,2,3.
e C(1)=1,C(2)=2,C33) =14
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Figure 5.1: Average transition probability estimation performance of the mod-
ified maximum likelihood estimation algorithm.

o D(i)=1fori=1,23.
o 1o ~ N(x;0,2?)

o wy ~ N (wy;0,2%)

o v, ~ N(v;;0,1)

and the true transition probability associated with the mode sequence ry is

taken as
02 04 04
=102 05 025 |. (5.125)
0.1 0.1 0.8

The initial probability transition matrix estimate ﬁo is selected as

0.33 0.33 0.34
My=| 033 033 034 | . (5.126)
0.33 0.33 0.34
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Figure 5.2: Average transition probability estimation performance of the mod-
ified maximum likelihood estimation algorithm.

The modified algorithm works with open estimation loop for the first 100
sampling instants and the decay limit factor is selected as ep = 0.001. The
average estimation performance for 1000 Monte-Carlo runs are shown in Fig.
5.2.

In this plot, there exists some bias in the estimated probabilities like the
case in [1]. These can be attributed to the approximations involved in the

derivation and they seem to be negligible.

5.7.1 Comparison with RKL Algorithm

In this subsection, we compare the estimation performance of the ML method
to that of the Recursive Kullback-Leibler (RKL) method presented in Chapter
4. For this purpose, we plot the estimation performances of the methods on
the same plot for the first example given above. For the RKL method, the
constant step-size sequence is selected as €, = 0.02 like the case in Chapter 4.

The average transition probability estimation and typical single-run estimation
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Figure 5.3: Average transition probability estimation performances of the mod-
ified maximum likelihood estimation algorithm and the RKL algorithm. The
thicker and thinner lines denote the ML and RKL estimation results respec-
tively.

performances of the methods are shown on Figs. 5.3 and 5.4 respectively.
According to the average performance plot, the initial convergence rate of
ML algorithm is much faster than that of the RKL algorithm. However, in
the long terms, the estimation performances get similar to each other. This
situation suggests the usage of ML algorithm at the beginning of the estima-
tion for fast convergence and then switching to the RKL algorithm with low
computation for the rest of the estimation. The single-run comparison is also
worth mentioning. Fig. 5.4 shows that the probability estimate trajectories
of ML are less noise-prone than that of RKL. The noise susceptibility of the
RKL method can be reduced by decreasing the step-size €, but this, in turn,
would further reduce the convergence speed of the RKL method significantly.

5.8 Conclusions

This chapter proposed an approximate ML estimator for the transition prob-

abilities associated with JMLSs. The estimator, which requires the mode
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Figure 5.4: Single-run transition probability estimation performances of the
modified maximum likelihood estimation algorithm and the RKL algorithm.
The thicker and thinner lines denote the ML and RKL estimation results
respectively.

weights of a N3 component IMM filter to calculate the transition probabili-
ties, can also supply the base-state estimates and covariances as a by-product.
The simulation studies show that the estimator is faster (at least in the ini-
tial phases of the estimation) and less noise-prone than the RKL algorithm of

Chapter 4.
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CHAPTER 6

MIXED MULTIPLE MODEL ESTIMATION
ALGORITHMS

6.1 Introduction

Multiple-model estimation techniques are mainly proposed for solving the
problem of state estimation in the cases where the model uncertainties can
be covered by a finite number of models. However, the computational cost of
obtaining the optimal minimum mean-square error (MMSE) estimate of the
state in multiple-model configurations increases exponentially in time [13].!
Therefore; approximations are necessarily made to obtain suboptimal but com-
putationally cheaper estimates. The most well-known examples of these sub-
optimal approaches are the Generalized Pseudo Bayesian (GPB) [7, 8] and the
Interacting Multiple Model (IMM) [11, 13] algorithms. In these algorithms,
the multiple component Gaussian mixtures are approximated by a single Gaus-
sian, matching the mean and covariance of the densities. In this chapter, the
effect of this approximation applied to the input of an optimal Bayesian filter
is investigated. The first and second moments of the error between the es-
timate resulting from the approximation (which is the estimate of a Kalman
filter) and MMSE-optimal estimate which is obtained from Bayesian density
recursions are examined. An analytical expression for the covariance of the
resulting error (due to the approximation) in the filter estimate which can be

calculated before filtering, is found. This measure is then used as a tool for

1 This fact was also observed in the IMM filter derivation of Sec. 3.3.
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generating a mixed IMM-GPB2 algorithm.

In the literature, GPB2 and IMM algorithms are always used by selecting
one algorithm or another for all times (that estimates are required). However,
it is possible to generate hybrid algorithms by applying GPB2 or IMM inter-
changeably based on some criteria for each sampling time ¢;. In other words,
applying IMM for sampling time ¢ (for all models of JMLS) and then if some
criteria are satisfied applying GPB2 for time #;,4 (for all models of the JMLS)
is possible. This application, once a useful criterion is selected, is straightfor-
ward. What is achieved in this chapter is to show that it is possible to extend
the above mentioned hybrid scheme to a mixed scheme where at each time step
t, the algorithm can select a different estimation procedure (either GPB2 or
IMM) for each model of the JMLS. The parallel structures of these algorithms,
which are composed of multiple Kalman filters, make this extension possible.
For the criterion required for the selection of the algorithms is provided by
the approximation analysis mentioned above. The resulting mixed algorithm
can combine IMM and GPB2 algorithms while achieving the performance of
GPB2 with less computational load.

The outline of the chapter is as follows. In Section 6.2, the problem defi-
nition is made and the optimal solution in terms of Bayesian density updates
is given. The estimate after the approximation is obtained in Section 6.3.
Section 6.4 is composed of the investigation of the first two moments of the
error between optimal and the approximate estimates. We proceed with a brief
review of the IMM and GPB2 algorithms in Sec.6.5 which is followed by the
introduction of the mixed IMM-GPB2 algorithm in Section 6.6. In Section
6.7, the simulation results are presented for the mixed IMM-GPB2 algorithm.

The chapter is finalized with conclusions in Section 6.8.

6.2 Problem Definition and Optimal Solution

Let (2, F, P) be a probability space and let xy, yx, wy and v be random vari-
ables defined on this space. We assume that the probability density functions
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for all of the defined random variables exist and that all the random variables
are integrable. Suppose we are given the following discrete-time state-space

representation

Tpi1 = A:ck+Bwk, (61)

where w;, and v, are uncorrelated, white Gaussian noises with zero mean and
covariance () and R respectively. The prior density p(z¢) for the initial state

xo is the Gaussian mixture which is given below

p(xo) = ZP#W%; Ty, i) (6.3)

where the notation N (z;Z, ) denotes the multivariate normal density with

dummy variable x, mean z and covariance . The component probabilities

{p;}}¥, sum up to unity, i.e., Z'ﬁilpi =1.

6.2.1 Problem Definition

We are interested in the optimal MMSE estimate 2y, and its covariance X

given as
52'k|k = E[$k|yk]7 (64)
Ek|k = E[(ZEk - ikm)(l’k - jjk\k)T‘Yk] (6-5)
where
Yk = {yanh‘"ayk}'Q (66>

In the remaining parts of the chapter, the prediction and measurement updates
for the Bayesian (or Kalman) filters will be examined separately. In each case,
we assume that we are at an intermediate stage of a recursive estimation
process and our input density (information state to be updated) is an N-

component Gaussian mixture. Therefore; in prediction (measurement) update,

2 In this chapter, we do not discriminate between Y* and ), which denotes the o-algebra
generated by the random variables yg, 1, - .., yr for the sake of simplicity.
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it is assumed that the input density p(zj_1|Y* 1) (p(zx|Y*71)) is a Gaussian
mixture. In a nonrecursive framework, the input densities correspond to prior

density of the estimatee at the corresponding level of estimation.

6.2.2 Optimal Solution

The optimal solution to the problem stated above is well-known and given for
example in [64] or [65]. In the following, we repeat these facts with their basic

proofs.

6.2.2.1 Prediction Update

The general Bayesian density update equation for MMSE prediction update is

given as follows [45].

V') = [ plaglos)panaly* )dos (6.7
Let p(zx_1|Y*"!) be the N-component Gaussian mixture given below
N
Pl [V = piN (we—r; 75, 55). (6.8)

Substituting Eqn. 6.8 into Eqn. 6.7, we obtain
N
p(ap| YY) = /p(xklxk—l)ZpiN(xk—l§ffiazi>dxk—l (6.9)
i=1

= ZPZ/ (Tk|zh-)N (Th—1; Ti, Bi)dag 1. (6.10)

Noting the system dynamics given in Eqn. 6.1, the conditional probability

density function p(x|xg_1) is given as
p(rp|rr_1) = N(2p; Avy_y, BQBT). (6.11)

Each integral in Eqn. 6.10 therefore can be evaluated easily using the Kalman

filter prediction update formulas. Then,
p(zr] Y1) Zpl (xp; ;. 2;) (6.12)
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where
I; = Az, (6.13)
¥, = ANAT + BQBT (6.14)

for i = 1,2. The optimal MMSE prediction i:Z"’k_l and its covariance EZ‘T L 1s

therefore given by

N

B o= D niE; (6.15)
=1

o= Yo [z;+(a—: — & )@ —en )T (6.16)

6.2.2.2 Measurement Update

The general Bayesian density update equation for MMSE measurement update

is given as follows [45].

p(yrlzr)p(ae Y

i |YF : 6.17

P = el V7Tl 17
Let p(x1|Y*™!) be the N-component Gaussian mixture given below.

xklyk ! Zpl xk’axz; z)~ (618)

Substituting Eqn. 6.18 into Eqn. 6.17, we get

p(kak) _ p(ylzr) Z]\Zle PN (z; T3, 5) (6.19)
I p(yrlee) Yoty piN (r; T4, 55 dag

S pip(yelze) N (2 74, X)
Sy pi [ p(ylae) N (s 22, Si)day

Using the Kalman filter measurement update formulas, the following expres-

(6.20)

sion can be written for each term in the numerator of the right hand side of

Eqn. 6.20.

P(yrlee) N (wr; 25, Bi) = N (23 7, 7E+)/p(yk|93k)/\/($k%%2i)dfﬁk (6.21)
where

S = T+ Ki(ye — C1), (6.22)
¥ o= % - KSK =%, -%,C7S87tCy; (6.23)
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with

K, = %,07S;'=21CTR, (6.24)
S; = Cx,CT+ DRD'. (6.25)

Noting the measurement equation given in Eqn. 6.2, the conditional density

p(yk|zk) is given as

p(yrlz) = N (yx; Oy, R). (6.26)

Using this, each integral term in the denominator of Eqn. 6.20 (and also the

integral in Eqn. 6.21) can be calculated as

/p(yk|£vk)/\/($k; T, ) dar, = N (yw: Ui, Si) (6.27)

where y; = C'Z; and the definition of S; is given in Eqn. 6.25. Using these

results, the posterior density p(x;|Y*) becomes

Ei]il PN (Yi; Gi, SN (wr; 77, 5F)

play|Y*) = SV N (e 55,50 (6.28)
Defining new measurement dependent probabilities p;™ as
Pt & ]\][)iN(kagi; Si) ’ (6.29)
i1 PN (Yk: U5 55)
the posterior density p(z|Y*) is given as
p(ae]YF) Zp+/\/ o 7, 57). (6.30)

Calculating, the mean and the covariance of this density gives us the following

optimal filtered estimate xk‘ . and covariance Zkl . as

N
A (6.31)
=1
N
S = Sopt [+ @ - - a7 (6.32)
1
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6.3 Approximate Solution

In this section, we are going to approximate the Gaussian mixtures which
are input to the prediction and measurement updates of the optimal Bayesian
recursions in the previous section by a single Gaussian whose mean and covari-
ance are matched to those of the Gaussian mixture. Therefore, we will assume

in each update, the input Gaussian mixture

Zpl T, T, (6.33)

is approximated by

papp<x> = N(%, jappa Eapp) (634)
where
N
Tapp = sz’fz', (6.35)
Sapp = Z i [Zi + (Ti — Zapp)(Ti — Tapp)' ] - (6.36)

The Bayesian recursions after this approximation turn into simply the standard

Kalman filter updates.

6.3.1 Prediction Update

Now, assuming that the input Gaussian mixture

N
plapt[YFh) = ZPiN(xk—l,fi, %) (6.37)
is approximated by a single Gaussian
plap Y1) & N(@h15 Zapps Sapp) (6.38)

where Z,p, and X, are given in Eqn. 6.35 and Eqn. 6.36 respectively. Then

the suboptimal prediction resulting from this approximation is

AZ?I? 1 = Afapp? (6-39>

Siko = ASgpAT + BQBT. (6.40)
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Substituting Z,,, given in Eqn. 6.35 into Eqn. 6.39

N N N
A?\JIS 1= Azpifi = ZPz’A@ = Zpiif; = T (6.41)
i=1 i=1 i=1
Substituting ¥,,, in Eqn. 6.36 into Eqn. 6.40, we obtain
m = AZpZ [Zi + (%1 — Tapp) (T — Tapp)'] A¥ + BQBT  (6.42)
_ Z pi [AS, A" + BQB” + A(Z; — Zapp) (Ti — Tapp)" AT 1(6.43)
=1
N
— Zpi [E; + (T, — AZgpp) (T] Axapp)T} (6.44)
= D p [S0 (@ — )@ — )] (6.45)
= > om | - )@ - )T =S (646)

These two results prove that the Kalman filter prediction update yields the
same first two moments as the Bayesian density recursion under the moment
matched single Gaussian approximation. In other words, the single Gaussian
approximation causes no change in the MMSE estimate and covariance. This
invariance property of the Kalman filter prediction update is already known
and is the main motive underlying the IMM-type hypothesis merging (instead
of GPB2-type merging) [13].

6.3.2 Measurement Update

Assuming that the input Gaussian mixture

|Yk ! sz xk?'xla 1) (647)
is approximated by a single Gaussian

PV & N (243 Zapps Sapp) (6.48)
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where Z,,, and ¥, are given in Eqn. 6.35 and Eqn. 6.36 respectively. Then,
the Kalman filter measurement update gives the suboptimal estimate and co-

variance as

f?ﬁ;f = Zapp + Keun(ye — CTapp), (6.49)
Ziqug = Zapp - KsubssubKT Zapp - ZappOTS_logapp (650)

sub — sub

where

Koy = BappClS,, = SiinCTR™, (6.51)

sub

N
Ssub = CvZaLppC’T + DRDT = sz [SZ + (gz - g) (gz - g)T} (652>
=1
N
Jo= > pi (6.53)
=1

Unfortunately, these equations show that the optimal estimate and covariance
given in Eqn. 6.31 and Eqn. 6.32 respectively are different than the sub-
optimal ones above. Therefore, under the moment-matched single Gaussian
approximation, using the standard Kalman filter measurement update (unlike

the prediction update) causes our final estimate to deviate from the optimal

MMSE one.

This type of approximation appears in IMM and GPB filtering and possibly
in other multiple-model estimation applications. Specifically, this approxima-
tion is made during the mixing process® of the IMM filter at the input of each
component Kalman filter and it is the main approximation that makes the
IMM filter different from the GPB2 filter. Up to now, the difference between
the two filters was analyzed only by means of Monte-Carlo runs [11] and to the
author’s knowledge, this chapter’s work is the first one which tries to quantify
the deviation analytically. In the next section, the first two moments of the
error caused by the moment-matched single Gaussian approximation will be

examined.

3 See the derivation of the IMM filter in Sec. 3.3 for an illustration of the mixing process.
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6.4 Error Analysis

In the previous section, it was shown that the Kalman filter measurement
update results in erroneous estimate and covariance under moment-matched
single Gaussian approximation unlike the prediction update whose resulting
estimate (i.e, prediction) is invariant under the same approximation. Defining

the error A caused by the measurement update? as
AL G- a, (654
in this section, we are interested in the conditional expected value
A2 E, [AlYF (6.55)
and the conditional covariance
Ya 2 B, (A=A A=A Y (6.56)

of this error. Note that the expectations given above are to be taken with

respect to y, which has a conditional density given as

Pl ) = [ planfop(ey* ) dxk—zp] 5, S). (657)

Therefore; the density with respect to which the expectations are to be taken

is also a Gaussian mixture.

6.4.1 Calculation of the Mean of A

In order to find A, we need the expected values of the the optimal and sub-
optimal estimates.
E, 2321V = By [Zapp + Ko (U — CZapp) [V (6.58)
k‘k Yk IV app sub \Yk app .

= Tapp + Koup (B [yn] Y] — Cpp) (6.59)

N
= japp + Ksub <Z DiYi — Cxapp) . (660)

=1

4 In an IMM framework, this error may correspond to the error caused in the filtered
estimates of individual (component) Kalman filters by the moment-matched single Gaussian
approximation made in the mixing process at the input of the filters.
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Replacing CZ,p, by S, pifii,

By [ZR1Y Y] = Zapp. (6.61)

Note that this is just a rephrasing of the fact that
By oy Y] = By [l YY) = Blag|Y* '] = &gpr. - (6.62)

In a more technical language, this is the manifestation of the fact that, for an

integrable random variable £, the sequence of random variables &, defined as

&n = EIE|F) (6.63)

is a martingale with respect to the filtration {F,}5°,[66]. In our case, & = xy
and JF,, is the o-field generated by Y™ (i.e., ),,). Another interpretation is that
the Kalman filter and the optimal Bayesian density measurement updates are

unbiased estimators. Using the same fact, we can easily conclude that
o k—1 _
By, (2 Z]|Jk|Y ] = Zapp- (6.64)

However, we are going to prove this fact the long way as well to gain some

insight about the quantities we are dealing with.

~ 0 N
By, (2 kl\)k-’Yk 'l = E, |:Zz DT

= Ey [Zmpf [Zi + Ki(yr — sz‘)]) Yk_l] (6.66)

Y’H] (6.65)

= Z Jof YT = KOl 2 + KBy oy Y.

Therefore; for the evaluation of this expected value, we need other intermediate

Y*1 and E,, [pfye|Y*1]. Note that

PN (Yr; Ui, Si) _ PiN (Yx; Ui, Si)
Zj-vzl piN (ye; ;. ;) p(ye|Y*1)

expected values E,, [p;|

v

(1>

(6.67)
Then,
B, [pf Y"1 £ /p?p@le'“‘l)dyk :pi/N(ka%»Si>dyk =p;. (6.68)
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As a result,

Ey [pf 1Y = pi. (6.69)

In the same way,

Ey, [pfy Y & / P yep(yeY* ) dy = p; / YN (Y T, i)y = pidi-

Consequently,

By, [pfynl Y] = pigi. (6.70)

Using these expected values, we calculate the expected value of the optimal
filtered estimate iZ"’ . as

N

N
By, [fﬁﬂyk_l] = sz‘ [ — KiC)z; + p K = Zpifi = Topp.  (6.71)
i=1

i=1
Having calculated the required expected values of the sub-optimal and optimal

estimates, the mean of A is given as
A 2 B, AV =0 (6.72)

which means that the moment-matched single Gaussian approximation does

not cause any bias in the estimate.

6.4.2 Calculation of the Covariance of A
The covariance X5 of A then can be calculated by

Ya = E,[AATIYF (6.73)
where

A = f?ﬁf o i?ZIfk = japp + Ksub(yk - Cjapp) - Zz]ilp;rjj (6-74>

= Topp + Kow(ye —9) = S50 17+ K (e = C7)] - (6.75)

= Zapp + Koun(ys = 9) — iy (2 + K (e — 51)] - (6.76)

Since the expression is too long, we are going to assign the terms to some

auxiliary variables. Define
Ty & Topp, (6.77)
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Ty & Kaw(yr—9), (6.78)
T, & YL, (6.79)
T, 2 Y Lpl K (v — ) (6.80)
Then,
Sa=FEy[(T1+T—Ts—Ty) (1 + 1o — T — Ty)" | Y. (6.81)

Thus, the covariance calculation requires the expected values of the form
E, [TTIIY* ' for d,j=1,....4. (6.82)

The evaluation of these expected values involves second order marginal and
cross moments of the posterior probabilities p; and y; with respect to the
density p(yx|Y*71). These expected values are extremely difficult (if not im-
possible) to evaluate analytically, and therefore; some approximations has to
be made. The evaluation of the second marginal moment of the probability p;"

shown below illustrates the approximation used to calculate these integrals.

Bl P 2 [ oty (683
N ylmyz:S)
= dy (6.84)
/Z] 129] (5 35.5)

) Z7Si _
= / yk Y ) N(yk§yiasi)dyk- (6-85)
Z] L PN (yr3 95, 55)

At this point, we see that the numerator of the integrand is the square of
a Gaussian density which decreases quite fast. Due to this, the integration
is effectively around the mean value y;. Assuming that the means g; of the
Gaussian components are separated sufficiently, in the effective integration
range, the Gaussian mixture in the denominator can be approximated as

N

> 0N (ki U5, ) = pilN (v Uir S:)- (6.86)

j=1
This corresponds to assuming that the measurement dependent posterior prob-

ability p; is approximately unity around the mean ; within the 20 covariance
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Figure 6.1: Variance of the probability p;” vs. p

ellipse. Many other approximation schemes such as Taylor series expansions
etc. are also possible but they turn out to yield negative variance values for

the probabilities p;” in some extreme cases. After the approximation, we get

By (1Y ~ ps /N(yk§ Ui, Si)dyx. = pi. (6.87)

2

Using this identity, we can calculate the variance 0+ of the probability p; as

ore = By, [0 Y* ] = By [ Y] ~ pi — pj (6.88)

This variance vs. the prior probability p; is shown in Fig.6.1.

With the help of the same approximation, the expected values defined in
Eqn. 6.82 can be evaluated easily.® After some involved algebraic manipula-
tions which are presented in App. D, the covariance of the error resulting from

moment-matched single Gaussian approximation is found to be

N N
Sa =Y piSiCTS O%) = LuppCl Sy C upp + > DiTiT] — TappTay, (6.89)
i=1

sub app
i=1
where
N
-i'app = szjjza (690)
=1
y = Cypp, (6.91)

5 Evaluation of these expectations are investigated in full detail in App. D.
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Seub = Zpi [Si+ @i —9) @i —9)"] (6.92)

Yapp = sz E + (Zi — Tapp) (T xapp)T}- (6.93)

6.5 Review of the IMM and GPB2 Algorithms

In this section, we are going to present a brief review of IMM and GPB2
algorithms. In this way, the approximations made in both of the algorithms

and the differences will be illustrated. We consider the following JMLS model.

T = Arkmkfl"i_Brkwk; (694)

Y — Crkxk+DrkUk- (695)

The parameter matrices {A;, B;,C;, D;} are assumed to be known for i €

{1,...,N}and rp € {1,..., N} is a finite-state Markov chain with initial dis-

N
ij=1"

tribution 7o = [m},7¢..., Y| and probability transition matrix IT = [r;;]

The noise processes wy and vy are white, uncorrelated and normally distributed
with zero mean and covariances ) and R respectively. The following descrip-

tions of the IMM and GPB2 algorithms have been adapted from [13].

6.5.1 Steps of the GPB2 Algorithm

At each time step, an N-model GPB2 algorithm keeps N filtered estimates
{xk|k}J 1, covariances {X; |k}] , and mode probabilities {,uk} At each

covariances

cycle, given the previously kept filtered estimates {#7 ke D

{x7_ e 1321 and the mode probabilities {pl_, 3., the algorithm calculates

=D

the updated values of these quantities using the following steps:

e Mode-Matched Kalman Filtering: The algorithm takes each previ-
ous filtered estimate 52'2_1\/&_1 and covariance 22_1%_1 and executes N
Kalman filters each matched to a different model. All N Kalman filters
use the filtered estimate jzfl|k71 and covariance 22—1|k—1 as their initial

state and covariance. Since there are N previous filtered estimates, a
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total of N? Kalman filters are executed. At the end of the filtering, new

filtered estimates a:k,|k and covariances Ek‘ . are obtained. The filtering

equations are given as follows.

X —

Thlk—1

o=

k|k—1

(-
Sk h—
i
K, =

X7 —

Lkl

ij —
Zk|k =

Aty (6.96)
Ajziafl“cflAT + B;QB;] (6.97)
Ci¥ik1Cj + D;jRDY, (6.98)
S CT(S9) (6.99)
B + K (e — Oy ), (6.100)
S — K7SP (7). (6.101)

e Calculation of the Merging Probabilities: At this step, the merging

probabilities { ,uz 41 1, are calculated for each j. These probabilities are

used to merge the estimates {xk| LY, and covariances {Zklk}N for each

j. The probabilities are calculated as follows,

where

ij
Foile—1

Cj

ij
Ak

1
= — A Tij g (6.102)
Cj
N ..
= > Amug (6.103)
=1
= N(yk;cjiﬁk_laslij)' (6104)

e Merging: N filtered estimates {xk‘k}N , and covariances {EW}N , are

merged for each j and the new filtered estimates {xk|k}j:1 and covari-

ances {Ei| 1 }IL, are obtained. The merging is done as follows.

~J
Tkl

J
Zk’lk’

Zﬂk 1|k

il (6.105)

ZMZ?-W (S + @ — #h) @ — 2,07] - (6.106)
i=1

e Mode Probability Update: The previous mode probabilities {ui ,}Y,

are updated to obtain the new mode probabilities {uk} ", as follows.

1 ij i
Mi . Z AR i 1y

(6.107)

=1
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Figure 6.2: Block diagram of a two-model GPB2 algorithm.

where

c=Y > Almiui . (6.108)

j=1 i=1

e Output Estimate and Covariance Calculation by Merging: The
output estimate and covariance are calculated by merging the filtered
estimates {iﬁd k1=, and covariances {Zi| 1}, The merging is done using

the updated mode probabilities {,ui}jv:l as follows.

N
Bre = > 10 (6.109)
j=1

&
e
|

4 [Ei\k + (& — Bape) (Fhy, — iklk)T] . (6.110)
1

J

The steps of the GPB2 algorithm related with the filtered state estimates are

summarized for a two-model GPB2 algorithm in Fig. 6.2.
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6.5.2 Steps of the IMM Algorithm

At each time step, an N-model IMM algorithm keeps NV filtered estimates
{i‘é|k}§y:1, covariances {Zilk};\’:l and mode probabilities {ufc}é\le At each

N

cycle, given the previously kept filtered estimates {ii_”k_l}j:l, covariances

{Eifl\kfl};vzl and the mode probabilities {ﬂiq};‘v:la the algorithm calculates
the updated values of these quantities using the following steps:

e Calculation of Mixing Probabilities: In contrast to GPB2, IMM al-
gorithm merges the previous filtered estimates {ii_” k_l}jvzl and covari-
ances {2271%71}?/:1 to obtain N-different initial estimates {i“gj;ukfl};y:l
and the covariances {%7. 1 y_1} 7= for the mode-matched Kalman filters.
This process is called as mizing and the merging probabilities used for

this purpose are called as the mizing probabilities. The mixing probabil-

ities are calculated as follows.
“13—1%-1 = 2 Tl (6.111)
J
where

N
= Tillh ;- (6.112)
=1

e Mixing: The previous filtered estimates {ji_l‘ p_1}j= and covariances
{2‘1171\1@71};'\7:1 are merged to obtain N-different initial estimates {fzil\k,l}jil

; 07 N
and the covariances {,” |, ,};=; as follows.

N

707 _ ij i

Tr—1p-1 = Zuk—uk—lxk—l\k—la (6.113)
=1

N
0j _ ij i
2k—1|/€—1 = Z Fo—11k—1 [Ekﬂ\kﬂ
=1
N

i N i
(@ = ) s — 84" | (6.119)

Note that the mixing process described above represents the moment-

matched single Gaussian approximation.

e Mode-Matched Kalman Filtering: The algorithm takes each initial

estimate xk]_ k-1 and covariance X kj_ k-1 and executes N Kalman filters
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each matched to a different model. All N Kalman filters uses its corre-
sponding initial estimate j:gj_ b1 and covariance Egj_ 1[k—1 8S their initial
state and covariance. Since there are N initial conditions, N Kalman fil-
ters are executed. At the end of this filtering the new filtered estimates
£i| ., and covariances jil . are obtained. The filtering equations are given

as follows.

B = ATy (6.115)
Ziu@ L= AT 1k~ VAT + B;QBj, (6.116)
Sl = C%k .CT+ D;RDT, (6.117)
K] = k|k 1OT (SJ) 1, (6.118)
B = B+ Kl — Cidy_y), (6.119)
E?ﬂk = E?ﬂk | — K5} (Ki)T (6.120)

Mode Probability Update: The previous mode probabilities {pu: ,}Y,

are updated to obtain the new mode probabilities {ui}é\le as follows.

N
1 .
iy, = EA?‘“ > ity (6.121)
i=1
where

N
¢ = > N Z%uk ” (6.122)

j=1 =1

Al = Ny Citp_y, S9)- (6.123)

Output Estimate and Covariance Calculation by Merging: The
output estimate and covariance are calculated by merging the filtered
estimates {xk| 1}y and covariances (= | 1}, The merging is done using

the updated mode probabilities {,uk}j-vzl as follows.

N
Tpp = Z P (6.124)

e
=
|
Mz I

1, {Eiw + (& — Bape) (Ey, — i’klk)T] . (6.125)

<.
Il
u
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Figure 6.3: Block diagram of a two-model IMM algorithm.

The steps of the IMM algorithm related with the filtered state estimates are

summarized for a two-model IMM algorithm in Fig. 6.3.

6.6 Efficient Mixed IMM-GPB2 Algorithm

As observed in the discussion above, the moment-matched single Gaussian
approximation is made at many steps of both IMM and GPB2 algorithms. In
this section, we are going to concentrate on specifically the ones made in the
mixing step of the IMM algorithm because they are the main approximations
differentiating an IMM filter from a GPB2 filter. In GPB2 algorithm, for
each model j, each input estimate @2_1\1@_1 is passed through the Kalman
filter matched to model 7 and the resulting estimates are merged to form the
filtered estimate corresponding to that model (i.e., ifdk) In contrast to this,
in the IMM filter, the input estimates {922_1\k_1}i1\;1 are mixed (merged) first
to form a single initial estimate (for each model), and this initial estimate
is then input to the Kalman filter matched to the model j to obtain filtered
estimate corresponding to that model (i.e., i"i‘ .)- This initial mixing process in
the IMM algorithm is the main reason for the increase in the state estimation
errors of the IMM filter relative to the GPB2 filter. Comparing these processes
with our error analysis, we see that our covariance formula calculated in Sec.

6.4 can be used to calculate the covariance of the error between the filtered
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estimates (of each model) that would be obtained using IMM-type merging
(first mixing then filtering) and those that would be obtained by GPB2-type
merging (first filtering then merging). Therefore, at the beginning of each
algorithm cycle, we can decide, by observing the error covariance, whether to
make IMM-type or GPB2-type merging for each model. For the models which
would result in large errors with the IMM-type merging, GPB2-type merging
can be selected to decrease the errors. This idea is the main motivation for
our mixed IMM-GPB?2 filter.

In the following, we are going to present the steps of our Mixed IMM-GPB2
algorithm.

6.6.1 Steps of the Mixed IMM-GPB2 Algorithm

At each time step, an N-model mixed IMM-GPB2 algorithm keeps N filtered

estimates {ig;:'k};y:l, covariances {Ei“c};v:l and mode probabilities {,ui}é\f:l At
the beginning of each cycle, the algorithm calculates a statistics ’y,i for each

model to decide whether to make IMM-type or GPB-type merging for that

model. Given the previously kept filtered estimates {ji;—u f_1} 71, covariances
{Eifu y_1 7, and the mode probabilities {ﬂiq};\[:p the algorithm calculates

the updated values of these quantities using the following steps:

e Calculation of Mixing Probabilities: The mixing probabilities are
required for IMM-type merging (if any) and for the calculation of the
statistics ”y,i. The mixing probabilities are calculated as follows (same as

the ones in IMM).
ij 1 i
ﬂ]g_l\k_l = gﬂ-ijﬂk—l (6'126>
j
where

N
Gj= > mihi . (6.127)
=1

e Calculation of Predicted Estimates and Merged Predicted Es-

timates: This step is required only for the calculation of the statistics.
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The computational load in this step can be alleviated using the simplifi-
cations mentioned in Sec. 6.6.2. The predicted estimates and covariances

are calculated as follows.

B = Ao (6.128)
E;cjwc—l Aj22—1|k—1AJT+BjQBjT, (6.129)
Slij = G Ek\k 1CT +DjRD]T- (6.130)

The merged predicted estimates and covariances for each model are cal-

culated as follows.

xépp - Zﬂzj—uk_liak_p (6.131)
i=1

N

J — ij ij

Ypp = Zﬂk—l\k—1[zk|k—1
ii

+(§:;€]\k 1 jépp)(jzkfl - ﬁjapp)T], (6132)
Sl = 0% CT+D;RDT. (6.133)

Error Covariance Calculation At this step, the algorithm calculates
for each model j, the covariance of the error X; that would be induced in
the filtered estimate :i“i| . if one uses IMM-type merging instead of GPB2-
type merging. This covariance is given using our analysis and calculated

error covariance formula in Sec. 6.4 as follows.

N
Zﬂg—uk 1 k\k 1CT (Sw) sz;gufq

)0 (%)

app

_ZJ CT (SJ

app i \Psub
¥ r ~J i \T
+Z/‘k 1/k— 193k|k 1 <xk\k 1) — &, (2,,) . (6.134)
i=1

At this stage, the algorithm has to determine, for each model j, whether
the matrix ¥; is “big” enough to switch to GPB-type merging for that
model. This can be done using a matrix norm to obtain a statistics 7,];
and a simple thresholding. Also, the application specific heuristics can

do well for this purpose. In fact, in Sec. 6.7, we are going use such a
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heuristics for the simulation. From this point on, we are going to assume
that the required test has already been completed and a decision on
whether to use IMM-type or GPB2-type merging has already been made

for every model.

e For every model j

If IMM-type merging is used

1. Mixing: The previous filtered estimates {jzi_l‘ j_1 )=y and covari-
ances {Ei_l‘k_l}év:l are merged to obtain N-different initial esti-

~0j N . 0j N
mates {2’ , ;= and the covariances {¥}7 |, |}, as follows.
N
707 — ij i
Te-1lk—1 = Z“k—uk_ﬂmukq; (6.135)
i=1

N
0j _ ij i
Ek—l\k—l - Zﬂk—uk_l [Ek—uk—l
i=1
) 07 X ~ 07 T
+(xk—1\k—1 - $k71|k—1)<xk—l|k—1 - $k71|k71) . (6136)

2. Mode-Matched Kalman Filtering: The algorithm takes each
initial estimate :%2”_ k-1 and covariance sz_ 1b—1 and executes N
Kalman filters each matched to a different model. All N Kalman
filters uses its corresponding initial estimate .:%2{ k-1 and covariance
22{ 1[k—1 88 their initial state and covariance. Since there are N

initial conditions, N Kalman filters are executed. At the end of

this filtering the new filtered estimates :%?d ., and covariances :i"fc' . are

obtained. The filtering equations are given as follows.

iimq = ijkflwcfl’
Eiﬂc—l - Ajzgj—ukquT + BJ‘QBJ'T7
Sl = C%_,C] + D;RD],
Ki = Ei\k—lch (Si)ilj
iim = iimq + Kljc(yk - Cjiiuc—l)?

Z?ﬂk = ng\k—l_KljcSi (Kljc) :
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3. Likelihood Calculation: The likelihood Ai of the current mea-

surement 1y is calculated as follows
A, = N (yx; Cjitt ey Sh)- (6.143)
If GPB2-type merging is used

1. Kalman Filter Measurement Updates Since the Kalman filter
prediction updates have been already done for statistics calcula-
tions, in this step, only measurement updates are required. These

updates are done as follows.

-1

K{ = Y507 () (6.144)
e = Ao+ K e — Ciiy), (6.145)
S = S - KOSP (K7) (6.146)

2. Calculation of the Merging Probabilities: At this step, the
merging probabilities {M;cjikfl}i]\il are calculated for each j. These
probabilities are used to merge the estimates {fva Y, and covari-

ances {2k|k} " | for each j. The probabilities are calculated as fol-

lows.
ﬂk\k 1= A Wt]“k 1 (6'147)
where
N ..
> Afm .y, (6.148)
AY = Ny Cialys S (6.149)

3. Merging: N filtered estimates {xk‘k} ', and covariances {Ek‘k A
are merged for each j and the new filtered estimates {xk| e, and

covariances {3} 1L, are obtained. The merging is done as follows.

Bl = Zﬂk NG (6.150)
i N o
Z?ﬂk = Zuk 1|k[ k|k (mkj\k_xgc\k)(mk]\k_mgc\k) ]
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4. Likelihood Calculation: The likelihood Ai of the current mea-

surement vy is calculated as follows.

N
Ay = ZAZJ ;j k-1 (6.151)

i=1
e Mode Probability Update: The previous mode probabilities {ui }¥,

are updated to obtain the new mode probabilities {uk} ", as follows.
o= =AL Y T (6.152)
where

N
¢ = ZA Z%Mk 5 (6.153)
Al = Ny Cityy, S9)- (6.154)
e Output Estimate and Covariance Calculation by Merging: The
output estimate and covariance are calculated by merging the filtered

estimates {IH 1}y and covariances (= " 1}y The merging is done using

the updated mode probabilities {,uk} ', as follows.

N
Bre = > 10 (6.155)
j=1

M-

See = S 4l [Eilk—i—(£i|k—ik|k)(£i|k—ik|k)T]. (6.156)

7=1

6.6.2 Possible Simplifications

Note that the calculations required for the statistics calculations are quite
complicated. The following are some simplification suggestions that can be

applied without reducing the performance of the algorithm substantially.

1. The predicted quantities ftzk_l, Z;jlk 1 S,ij can be replaced with their
equivalents in the previous sampling period i.e., with i'zj_l‘ b9 Z?—Hk—??
S,?ﬁ , respectively. In this way, some or all of them might have been

calculated already during the Kalman filtering. Also, in that case, the
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multiplications in the form Zf{j_l‘kC’f (S,i];l)_l might have been calcu-
lated during Kalman gain calculations. Obviously, if this simplification
is made, then, while using the GPB2-type merging, one has to calculate

the required predictions as well.

2. The calculation of the statistics can be done only at every N sampling
periods and between the periods, the results of the last statistics calcu-

lation can be used.

3. Note that the statistics calculations need not require all the elements of
the matrices X;. For most of the case, for example, one might try to use
only the diagonal elements of the matrices ¥; for statistics calculation. In
that case, the computations required for the calculation of the matrices

Y; can be reduced significantly.

6.7 Simulation Results

In this section, the performance of the mixed IMM-GPB2 algorithm will be
observed and compared to those of the IMM and GPB2 algorithms. For this
purpose, we consider a simplified example of a moving target whose accelera-
tion evolves according to a finite-state Markov chain. This example,which was
also used in the simulation of Chapters 2 and 3, is repeated here for the sake

of completeness.’ The target dynamics in one-dimension is given as

17 _ T2/2
Prt Peot) / [ar, + wy] (6.157)
Vg, 0 1 Vg—1 T
Tk

where py, v, and a; denote the target position, velocity and acceleration respec-
tively. The initial state xg is normally distributed with mean zy and covariance

Yo which are given as

80000 10000 1000
To = and ZO = . (6158)
400 1000 10000

6 Note that this example is a slightly modified version of one of the examples given in

[1].
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Figure 6.4: RMS position errors of the IMM, GPB2 and mixed IMM-GPB2
algorithms

The acceleration process a; is a finite-state Markov chain with states in the
set {0,20,—20}. The initial probability distribution for the states is given
as mp = [0.8,0.1,0.1]. The transition probability matrix for the finite-state

Markov chain is
0.5 0.25 0.25

II=1025 05 025 (6.159)

0.25 0.25 0.5
which corresponds to a highly maneuvering target. The white process noise
wy, ~ N (wy;0,2%) represents small acceleration changes. It is assumed that

only the positions are measured, i.e.,
Yk = Pk + Vk (6.160)

where the terms vy, ~ N (wy; 0,100%) stands for the normally distributed white
measurement noise. The sampling period 7' is taken to be 10secs.
Using the measurements coming from this system, we execute IMM, GPB2

and our mixed IMM-GPB2 algorithm. The mixed IMM-GPB2 algorithm is
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Figure 6.5: RMS velocity errors of the IMM, GPB2 and mixed IMM-GPB2
algorithms

implemented using the velocity error standard deviation as the merging de-
cision statistics. This means that we only use the elements corresponding
to second row and second column of the 2 x 2 matrices X; for the statistics
calculation. Realizing also that the matrices C; = [1 0] for j = 1,2,3, this
reduces the computations required for the statistics calculations to an almost
negligible level. We have taken the statistics threshold ipresn as 3 (m/sec)
which means that if the statistics ’yi for model j is smaller than 3, the IMM-
type merging will be used for that model. Otherwise, GPB-type merging is
applied. RMS position errors resulting from 1000 Monte-Carlo runs are pre-
sented in Fig. 6.4. The corresponding velocity errors are shown in Fig. 6.5.
As observed from the figures, the GPB2 shows the best performance in both
of the cases as expected. The errors of the Mixed IMM-GPB2 algorithm are
below those of the IMM filter and are very near to those of the GPB2 algo-
rithm. The IMM and GPB2 algorithms uses 3 and 9 Kalman filters for each

measurement respectively. The mixed IMM-GPB2 algorithm proves to use an
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Table 6.1: The average number of Kalman filters and RMS errors obtained
with different v;p,,.csn values.

Average number of Average RMS Average RMS
Ythresh || Kalman filters used | position error (m) | velocity error (m/sec)
per measurement per measurement per measurement
0.5 7.6 95.39 32.69
1 6.9 95.40 32.71
3 5.2 95.83 33.56
4 4.7 96.15 35.48
) 4.2 96.56 36.90
7 3 97.20 39.33
GPB2 9 95.38 32.69
IMM 3 97.20 39.33

average of 5.2 Kalman filters per each measurement. This shows that, to reach
the performance of the GPB2 algorithm, one can use much less Kalman filters
compared to the number of Kalman filters required for the GPB2 algorithm.
The average position RMS errors for the IMM filter and the GPB2 filter per
measurement are 97.20 and 95.38 respectively. The corresponding RMS error
value for the mixed IMM-GPB2 filter is 95.83. The average velocity RMS er-
rors for the IMM and GPB2 algorithms per measurement are given as 39.33
and 32.69 respectively. The corresponding RMS error for the mixed IMM-
GPB2 algorithm is 33.56 which is a significant reduction in the error relative
to the IMM filter towards the performance of GPB2 algorithm. The results
obtained using different values of the statistics threshold ;.5 are shown in
Table 6.1. The error characteristics of the mixed IMM-GPB2 algorithm seem
to reach a virtually indistinguishable level from that of GPB2 with only 7.6

Kalman filters on the average per measurement.

6.8 Conclusions

In this chapter, the error caused by the moment-matched single Gaussian ap-
proximation of the Gaussian mixtures applied at the input of the optimal
Bayesian filter is examined analytically. The prediction update of the filter is

shown to be invariant (in the MMSE sense) under the approximation. The
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measurement update, on the other hand, is shown to cause some difference
(i.e., error) between the optimal and the approximated (sub-optimal) esti-
mates. The resulting error proves to be of zero mean. An analytical formula
to calculate its covariance approximately is given.

The calculated covariance is then used to obtain a mixed IMM-GPB2 al-
gorithm which combines the IMM and GPB2 algorithms in which the single
Gaussian approximations are abundant. The resulting algorithm turns out to
reach the performance of the GPB2 filter with less number of Kalman filters
(per measurement) than the GPB2 algorithm. Although only the case of IMM
and GPB2 is considered in this study, our belief is that the same methodology

can be used for combining different order GPB methods as well.

137



CHAPTER 7

DISCUSSION AND FUTURE WORK

In this thesis, an example framework has been presented to make improvements
over the state of the art of multiple model state estimation. In the first category
of improvements, risk-sensitive estimation problem has been investigated for
JMLSs. While the case of instantaneous cost function is quite simple and
requires the modification of only the output estimate calculation step of IMM
filter, the case of cumulative cost function turns out to be quite complicated.
The analysis of the cumulative case results in a unifying framework which

combines
e Risk-sensitive multiple model filter
o IMM filter
e Risk-sensitive filter for linear Gauss-Markov systems

e Kalman filter

and, in author’s opinion, is the most impressive contribution of this thesis.
Moreover, the investigation of the IMM filter and its approximations using
the reference probability method has the potential of contributing to future
research involving JMLSs.

In the second category of improvements, two online transition probability
estimators and one mixed multiple model state estimation algorithm are pre-
sented. Although the transition probability estimators extend the previously
applied algorithms to HMMs to the case of JMLS, the derivations involved are

quite original due to the fact that Markov chain is buried one more layer deeper
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under the measurements in JMLSs than in HMMs. Especially the derivation
presented for the maximum likelihood estimator shows the potential of the
reference probability method to handle complex systems.

In author’s opinion, the work on mixed multiple model estimation is the
most straightforward part of this thesis. This is caused, in part, by the non-
complexity of the analysis involved in the examination of the single Gaussian
approximation. It is, however, still important to note that the idea of mix-
ing two different multiple model state estimation procedures efficiently is an
interesting and new problem and it might actually be the only way for obtain-
ing high performance MMSE algorithms (which approach optimality) with low
computations.

In addition to the results presented, this thesis also shows the directions
for a future study in the search of better (and better) multiple model esti-
mation schemes. In order to obtain improvements of the first type, the main
methodology applied here suggests the application of other estimation schemes
or criteria to the case of JMLSs. In this regard, it is interesting to see that,
although the JMLSs are actually nonlinear systems, the effect of the nonlinear
control community on the field of multiple model estimation is hardly felt.
The reason for this might be the doubly stochastic nature of the problem.
Consequently, using these facts as a motivation, the application of estimation
and control literature on deterministic nonlinear systems to the (stochastic or
deterministic) multiple model estimation problem seems to have a future. In
fact, it was one of the author’s intentions at some part of the thesis research
to apply the sliding mode observer theory to the case of JMLSs.

The second category of improvements suggested in this thesis obviously
point to the fact that the highly researched area of HMMs already gives a
starting point for the system identification problems associated with JMLSs.
There are many methods in the HMM literature, some of which has already
been referenced here, which can be generalized to JMLSs with no more efforts
than made in this thesis. Moreover, the concept of a mixed multiple model

estimator issues a new challenge in the area of multiple model estimation
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for efficiently combining the different aspects of different estimators to obtain
brand-new algorithms which outperform the old ones in the performance vs.
computation curve. In this regard, the implications of this idea in general
estimation theory, under the title of “estimator fusion” might also deserve

some attention.
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APPENDIX A

REFERENCE PROBABILITY METHOD

This appendix summarizes the reference probability method which is the state
of the art of taking expected values easily. We only examine the case of
discrete-time stochastic processes to evade the curse of continuous-time spe-
cialties which involve high-level measure theory. The appendix is organized
in three sections. In Sec. A.1, the necessary theorems and lemmas for chang-
ing measures which is the crucial part of the reference probability method is
given. Then, the derivations of the famous Kalman filter and the risk-sensitive
filter for linear Gauss-Markov systems are made in Secs. A.2 and A.3 re-
spectively using the reference probability method. This appendix has been
adapted mainly from [39]. Some of the theorems, lemmas and examples have
been taken directly. The proofs, derivations and details have been elaborated

by the comments of the author.

A.1 Background

This section gives the necessary theorems and lemmas with illustrating exam-

ples which will be used in the following sections.

Remark A.1 Given any non-negative random variable x on a probability
space (Q, F, P) with finite E(x) = [, #dP =1, one can define another proba-
bility measure P of F by setting for every F € F:

P(F) = /F xdP. (A1)
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Clearly, if P(F) = 0 then P(F) = 0 for any F € F and we say that P is
absolutely continuous with respect to P and denote it by P < P.

In Remark A.1, we state that, if a random variable with appropriate condi-
tions in a probability measure P is given, then using it, we can define a new
probability measure P which is absolutely continuous with respect to the orig-
inal probability measure P. The Radon-Nikodym theorem claims the converse
i.e., given a probability measure P which is absolutely continuous with respect
to the original probability measure P, it claims that the random variable z
satisfying Eqn. A.1 exists.

Theorem A.1 (Radon-Nikodym) Let (2, F) be a measurable space, i a
o-finite measure and [ a signed measure (i.e., T = [y — [y, where at least
one of the measures fi; and iy is finite) such that for each F € F, u(F) =0
implies i(F') = 0, i.e., @t < . Then there exists an F-measurable function A

with values in the extended real line [—oo, +00] such that

H(C) = /C Aw)dp(w) (A2)

for all C € F. The function A is unique up to sets of p-measure zero; i.e., if
h(.) is another F-measurable function such that i(C) = [, h(w)du(w) for all
C e F, then p{lw : Aw) # h(w)} = 0. If I is a positive measure, then A has

its values in [0, 4o00]. We write
—| =A. (A.3)

In the case of probability measures, the Radon-Nikodym theorem reads as
follows. If P and P are two probability measures on (2, F) such that for each
B € F, P(B) = 0 implies P(B) = 0 (P < P), then there exists a nonnegative

random variable A, such that

P(C) = / AdP forall C e F. (A.4)
c
We write
dP
> - A.
dP\F (A-5)
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Taking C' = Q) we see that
PQ)=1= / AdP = E[A] (A.6)
Q

so that P is a probability measure if and only if A is nonnegative and E[A] = 1.
If those conditions are satisfied, A is called the density of P with respect to P,
or the Radon-Nikodym derivative of P with respect to P.

Radon-Nikodym derivatives might look, at a first glance, too abstract to
be useful to an engineer. However, the probability density functions used
extensively in engineering literature are indeed Radon-Nikodym derivatives.
This can be explained as follows: Suppose that x is a vector random variable
of dimension n and suppose that the probability density function f,(x) of x
with respect to probability measure P exists. Then, we know that, for any

Lebesgue measurable set A € R",

Pxe A) = P,(A) = /{ o dP = /Afx(:v)dx (A.7)

where P,(A) is the probability measure induced by the random variable = and

{z € A} is the set defined as
{re A} =2 {weQ: z(w)e A}. (A.8)

Due to Eqn. A.7, the density function f,(x) is the Radon-Nikodym derivative
of the probability measure P, with respect to the Lebesgue measure.

Example A.1 Let (2, F, P) be a probability space on which are defined the
random variables Y1,Ys, ..., Y,. Let F,, = o{Y1,Ya,...,Y,}. Let P be another
probability measure on F. Suppose that under P and P the random variables
Y1,Ya, ..., YN have joint densities f,(.) and f,(.) respectively, with respect to

n-dimensional Lebesque measure. Then the Radon-Nikodym derivative

P f,(1,Ys,.... V)
dPlF. — fu(Y1, Y2, ..., Y,)

(A.9)

18 the likelihood ratio of the two probability measures in the presence of a sample

of observations {Y1,Ya,..., Y, }.
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Let z € Ly (i.e., E|z| < 00) be a non-negative random variable on a probability
space (2, F, P) and G be a sub-o-field of F. The probability space (€2,G, P)
is a coarsening of the original one and x is, in general, not measurable with
respect to G. Now, we seek a G-measurable random variable, which we denote
temporarily by zg that assumes, on average, the same values as x. That is, we

seek an integrable random variable xg such that xg is G-measurable and

/xgdP:/de VAEG. (A.10)
A A

Defining the set function Q(A) £ [, xdP, we see that @ is a measure and it is
absolutely continuous with respect to P. Then, the Radon-Nikodym theorem
guarantees the existence of a G-measurable random variable E[z|G] which is

uniquely determined up to a null set such that

/de:/E[a:\g]dP VA €g. (A.11)
A A

The random variable E[x|G] is called as the conditional expectation of the

random variable x given the o-field G.

Theorem A.2 (Conditional Bayes’ Theorem) Suppose (2, F, P) is a prob-
ability space and G C Fis a sub-o-field. Suppose P is another probability
measure absolutely continuous with respect to P (P < P) and with a Radon-
Nikodym derivative
dP
— =A. A12
7P (A.12)

Then if ¢ 1s any integrable F-measurable random variable,

E[AlG]
Elolg) = { o Y BIAl6) >0 (A.13)
0 otherwise

where E and E denotes the expectations with respect to probability measures

P and P respectively.

Another useful version of Theorem A.2 is the following theorem.
Theorem A.3 Suppose (2, F, P) is a probability measure with a filtration

{F,t > 0}. Suppose P is another probability measure absolutely continuous
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with respect to P (P < P) on F and with a Radon-Nikodym derivative
dP

= A. A.14
7P (A.14)
If we define the martingale
Ay 2 E[A|F] (A.15)
then, if ¢ is any Fi-adapted process,
o Bl Fs] or BIA Fl>0
Elg|F) = ¢ PN #ENEL= 0 (A.16)

0 otherwise

Example A.2 Let {x,} be a sequence of random variables on some probability
space (2, F, P). Consider the filtration {F, = o{x1,...,x,}}. Assume that
the (one step predicted) probability density functions ¢pp—1(2,) = p(Tn|Frn-1)
exist and are positive. Suppose that we wish to define a new probability measure
P on (Q,\ F,) such that x, are independent identically distributed (i.i.d.) with

positive probability density function a. Let \g =1 and for k> 1

o ofxy)
e = @)’ (A.17)
A= ] M (A.18)
k=0

and we define the probability measure P to satisfy
dP
d_P(w)

= Ay (w). (A.19)

f7l
Lemma A.1 The sequence of random variables {A,}, n > 0 is an {F,, P}-
martingale with P-mean 1. Moreover, under P, {x,} is a sequence of i.i.d.

random variables with probability density function «f(.).

Proof We have to show that
E[A,|Fna] = M. (A.20)
However, A,, = A,,_1 )\, and since A,,_; is F,,_1-measurable, we must show that

E[A\|Fn-1] = 1. In view of the definition of A,

a(y,)

EalFu] = £ [W

]—“n_l} - /R %%,n_l(%)d% ~ 1.
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Therefore; the sequence {A,,} is a {F,,, P}-martingale. Moreover,
E[\]=E[M] = E[E[A|F)=E[A)]=---=FE[A)]=---=1.  (A.21)

Let f be any integrable real-valued “test” function (a measurable function

with compact support). Using Theorem A.3, we get

Elf (2n) Ao | Fi] A 1 E[f (20) A Fri]

Elf(x,)|Fni] = EMFal — AEF] (A.22)
Since E[\,|F,_1] =1
E[f(xn”:’rn—l] = xn))‘ |JTn 1] (A23>

= /f Tp) ¢n|n 1 )gbn|n 1(zp)dzx, (A.24)
= /Rf(xn)&(xn)dxn. (A.25)

Since Eqn. A.25 is true for all test functions f(.), {x,} is a sequence of i.i.d.
random variables with probability density functions «f.). O
It makes sense here to mention that, under P, the one step prediction density
(7)) = Pk Fro1)of z is equal to a(zy) because {x;} is an i.i.d. sequence.
Therefore, while changing measures we equate the Radon-Nikodym derivative

dP( W)z, to Ay = [Ti—o A Where

$k|k—1(xk)
¢k|k—1(xk).

In other words, )y is equal to the ratio of the one step predicted densities of

A (A.26)

x; under the two probability measures.
Example A.3 (Change of measure for linear systems: Scalar case)
In reference probability methods, initially, all processes are defined on an “ideal”
probability space (2, F, P); then a new probability measure P is defined so that
a model which has the required characteristics will hold.

Suppose we would like to define a probability measure P under which we

have a system with states x;, € R which satisfies the linear dynamics

Tpr1 = axy + bwyyq. (A.27)
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where {wy}, k € N is a sequence of independent normal random variables
having zero-mean and unity variance. We assume that xo ~ N(0,b%). Let
{Fr = o{xo,21,...,21}} for k € N be a complete filtration; that is, Fo contains
all the P-null events.

We initially begin with the ideal probability measure P, under which {x;},
k € N is an i.i.d. sequence with density function ¢ = N(0,1). For each
[=0,1,..., we define

N o= A0 , (A.28)

A, = HX,. (A.29)

Lemma A.2 The process {A}, k € N is a {F., P}-martingale.
Proof Since Ay_; is Fj,_i-measurable,
E[Ag|Fr1] = M1 B[\ Fr_y]. (A.30)

So that it is enough to show that E[A\|Fr_1] =1

EMNFia] = E V(b_l(z; <;Sx’“‘1)) ]—“kl] (A.31)

/ S0~ Z Q"; ;k“‘”’“ D) ) (A.32)

_ / (b~ (o — azp 1) ). (A.33)

Making the change of variable u = b~ (z), — az_1) (du = b~'dzy,), we obtain
E )| Fr] = / d(u)du = 1. (A.34)

O

We then define P on {2, F} by setting the restriction of the Radon-Nikodym
derlvatlve to Fi equal to Ai. Under the newly defined probability measure
P, we have the following lemma.

Lemma A.3 On {Q,F} and under P, {wy}, k € N is a sequence of i.i.d.

Gaussian random variables with zero mean and unity variance where
A g —
wy, = bz — axp_1). (A.35)
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Proof Suppose f : R — R is a “test” function (i.e., a measurable function
with compact support). Then with E and E denoting the expectations under
P and P respectively, using Theorem A.3,

E[Ax f (wy,)| Frozi]

Elf(wp)|Fe] = B Fod] (A.36)
_ M B ()| ] (A.37)
A1 B[N | Fie—]

Since E[Xﬂfk_l] =1

E[f(we)|Fra] = E wk )N Fe-1] (A.38)

e f
[ @ =00 1)) oy )|

E
ng5 .Ik

Yy — axk 1))

/ bo(xy)
/

FO7 @k — axp_q)) o2 )day

b lo(b oy — axp_1)) f(b (o — amp_y))day.

Using the change of variables v = b™!(x), — axy_1), we have

Bl @il Fit) = [ )l (A.39)

Since Eqn. A.39 is true for all test functions f(.), the lemma is proved. O

What this lemma states is that, under the newly defined probability measure P,
the state process {xy } satisfies the dynamics given in Eqn. A.27. Therefore, the
change of measure obtained using the Radon-Nikodym derivatives A, passes
us from an ideal probability measure P to the probability measure P under
which we require our results.

Example A.4 (Change of measure for linear systems: Vector case)
Suppose we would like to define a probability measure P under which we have

a system with states xy € R™ which satisfies the linear dynamics
Thy1 = ACL’k + Bwk“ (A40)

where A and B are n X n matrices and B is assumed to be invertible. We
assume that xo ~ N(0, BBT). Let {Fy = o{xg,21,...,21}} for k € N be a

complete filtration; that is, Fy contains all the P-null events.
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We initially begin with the ideal probability measure P, under which {x;},
k € N is an i.i.d. sequence with density function ¢(x) = N (x;0,1,). For each
[=0,1,..., we define

5 ¢(B—1(azl—szfl))7 (A.41)

’B|¢($l)

k
A= N (A.42)

=0

where |B| denotes the determinant of the matriz B.
Lemma A.4 The process {A}, k € N is a {F,, P}-martingale.

Proof Since Aj_; is Fj_1-measurable,

E[Ag|Feoi1] = N1 B[] Fra)- (A.43)

So that it is enough to show that E[\;|Fi_1] = 1.

Euiso] = B| A0 tnels | (A1)
[ (B (g — Axpa)) e\
= [ Gy e (4
_ / B ¢(B~ (e — Awy_))day. (A.46)

Making the change of variable u = B~ (zy — Axy_1) (du = |B| 'dxy), we get

0

We then define P on {€, F} by setting the restriction of the Radon-Nikodym
derivative j—g to Fj, equal to A,. Under the newly defined probability measure
P, we have the following lemma.

Lemma A.5 On {Q,F} and under P, {w, € R"}, k € N is a sequence of

1.1.d. Gaussian random variables with zero mean and covariance I,, where
A -1

Proof Suppose f : R" — R is a “test” function (i.e., a measurable function

with compact support). Then with E and E denoting the expectations under P
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and P respectively, using theorem A.3,

E[Axf(wy)| Frezi]

E[f(wi)|Fea] = T Fo (A.49)
N1 B f (wi) [ Fi—] (A.50)
N1 B Frea] '
Since E[ | Fr_1] = 1
Elf(we)|Fr-1] = EX wk )| Fr—1] (A.51)
_ “Hag — Amga)) g — Az
= B[ S 5 - Ay
o(B~ (xr, — Azp_r))

F(B™ (ax — Awp—1)) () dxy,

’B‘ 1¢ ij — Axk 1))f(Bil<£L'k — A:Uk,l))dxk

/ 1B !cb(xk)
/

Using the change of variables u = B~ (x, — Azp_1), we have

Bl @il Fit) = [ )t (A52)

Since Eqn. A.52 is true for all test functions f(.), the lemma is proved. O
Similar to the scalar case presented in Example A.4, under the newly defined
probability measure P, the state process {z;} satisfies the dynamics given
in Eqn. A.40. Therefore, the change of measure obtained using the Radon-
Nikodym derivatives Aj, again passes us from an ideal probability measure P

to the probability measure P under which we require our results.

A.2 Derivation of Kalman Filter

Let (22, F,P) be a probability space (under which we required our results)
upon which w, € R™ and v, € R™ are normally distributed with means 0 and
covariance matrices I,, and I,,, respectively. Assume that B, and Dy are n xn
and m X m nonsingular matrices respectively. Let xy € R™ be a Gaussian
random variable with mean Z; and covariance .

We consider the linear Gauss-Markov system for which the state and ob-

servations satisfy the following equations.
Tpr1 = App12k + BryiWi, (A.53)
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Y = Ckl’k—f—DkUk. (A54)

Let {Fi}, k € N and {))}, £ € N be the complete filtrations generated by
{zo,...,x} and by {yo, ..., yr} respectively. The minimum mean square error

(MMSE) estimate :i“%ks of the state of this system is defined as
. _ 1
B = argmin | 5w — )" Qn(a — 5)‘3@} (A.55)

where {Q}, k € N is a sequence of positive definite matrices. Solution to this
problem is given basically by the conditional mean of the state x; given the
information in ). Kalman filter is the well-known estimator which calculates

these MMSE estimates and the related covariances given as

WS = Blolv, (A.56)

2%5 = El(zr — Tgpp) (2 — fkuf)T!yk]. (A.57)

In this section, using the reference probability method, we are going to derive
Kalman filter recursions.

Note that the above quantities requires the densities p(xy|)) which are
propagated using nonlinear Bayesian recursions. In the following, we are go-
ing to show that the same calculations are possible using some unnormalized

densities (which do not integrate to unity).

A.2.1 Change of Measure

Initially, we suppose all processes are defined on an “ideal” probability space
(Q, F, P); then under the probability measure P, to be defined, the model
described by Eqn. A.53 and A.54 will hold.

Suppose that, under P,

e {11}, k € Nis a sequence independent and identically distributed (i.i.d.)
random variables which are Gaussian distributed with zero mean and

covariance I,,. Call their density function as ¢(x) = N (x;0, I,,).
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e {yr}, k € N is a sequence i.i.d. random variables which are Gaussian

distributed with zero mean and covariance [,,,. Call their density function
as Y (y) = N(y; 0, Im).
In order to obtain the required Radon-Nikodym derivative, we define the se-
quence of random variables {\;} and {A;}, k,1 € N as
O(VZo ' (2=30)) YO mi=Ciz))  ; _ 3

N = V%0l ¢ (1) |Dil (1)
A o(B; (@i—Aimi—1)) ¢(D; ' (yi—Cim1)) 1> 0 ’ (A.58)
| Bilé(z1) [ D] (y1r)
k
A= [ (A.59)
=0

Let Gy be the complete o-field generated by the random variables

{Zoy - Tk, Yo, - -+, Yr }-
Lemma A.6 The process {A\}, k € N is a {Gy,, P}-martingale.

Proof Noting that A,_; is G;_;-measurable,

E[AL|Gr 1] = A 1 B[\ Gr1]. (A.60)

Therefore, it is enough to prove that E[\;|Gr_1] = 1.

= =[¢(By (ax — Apri—1)) D(Dy (g — Cry))
A _ =
POl = B[ T
_ E|:¢(Bk_1(xk — A1)
| Br| (k)
=YDy (yk — Cry))
XE[ Delo0e) ’gk hfﬁk} ’gk 1} (A.61)
We can calculate the inside expectation as
=Dy (yr — Crxy)) V(D (g — Ckl‘k))
E Dulo ) ‘Q;H,:vk] / IDk\w o) U (Yr)dyi
= /w(u)du =1 (A.62)
Substituting this result into Eqn. A.61
=y _ T (B, 1( — Apzr1)
EDw|Gi1] = E[ k !Bklas(a:k ‘gk 1} (A.63)
_ P(B iUk — Apzr1))
_ / B o) (A.64)
_ / o(u)du = 1. (A.65)
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This result proves the lemma. 0
We now define a new probability measure on (€2, F) by setting the restriction

of the Radon-Nikodym derivative Z—g to G equal to Ay, that is,
dP —
dP G, g ( )

Lemma A.7 On {Q,F} and under P, {wy € R"} and {v, € R™}, k € N
defined as

Bk_l(fL‘k - Akxk—l)a (A67)

W,
v £ Dy (yk — Cr) (A.68)

are sequences of i.1.d. Gaussian random variables with zero mean and covari-

ance I, and I,, respectively.

Proof Let f:R" — R and g : R™ — R be test functions. Then with £ and

E denoting the expectation under P and P respectively, using Theorem A.3,

we obtain
Blf(uwg(un) Gor) — ZLAlIEal g
= Ef(wie)g(vi)|Gri]. (A.70)

Substituting A, wy, and v, into Eqn. A.70, we get
¢(By, (a1, — Aprr—1)) P(Dg (e — Cr))
| Bl ¢ () | D | (yi)
x f(By ' (vx — Akws-1))g(Dy  (yr — Ck$k))’gk—1}
=[0(By ! (x — Agg_1))
E[ | Br|é(zr)
(D, (ye — Crar)
Dyt (yr,)
xg(Di (yr, — Ckﬂﬁk))‘gk—h xk} ‘gk—l} : (A.71)

Elf(wg)g(vp)|Gr-1] = E[

F(B g — Appn))

<E|

We can calculate the inner expectation as

5 (D} Hyx — Cray))

9D (g — C'wk)))gk—h fEk]

| Dl ()
B / v Ilslijllz/ﬁzykc)kxk))g(l)’zl(yk = Crai) )P (yi)dye  (A.72)
/'D’f| K — Cry,))9(Dy (yx — Cr,))dyy. (A73)
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After a change of variable u = D;;il(ykﬂ — Ck11%k11), the result becomes

5 (D (yr — Cry))
| D[t (yr)

which is a constant (independent of xy). Substituting this result into Eqn.

o(D; .~ Co))|Gesin] = [ gla)ula)du. (AT1)

A.71, we obtain

Y@y, — Apw1))
|Bk|¢($k)

« / g(u)w(u)du‘gk,l] (A.75)

_ u o(B xk — Aprp1))
B / u)d / | Be|o(z)

- / uppu)du [ fw)o()d (AT7)

This result proves the lemma. 0

Elfwgwolgi] = B[20E F(BE (e Auricr)

A.2.2 Recursive Estimation

Let g : R — R be a “test” function. Using Theorem A.3, we get

E[Ag()| V]
E[AY]

The unnormalized conditional expectation E[Arg(x;)|V] in the numerator is

Elg(x)| Ve] =

(A.78)

the critical part. This is called generally as a measure-valued process and for

obtaining it, we can define the unnormalized density oy (x) as
ay(z)de = B[MT(wcany | Vil (A.79)
where the function Z4(w) defined as

1, we A
0, weg A

Ta(w) 2 (A.80)

denotes the indicator function of the set A. The density a(x) can be inter-
preted as an information state for the solution of the problem under probability

measure P and it can be shown for any test function f : R® — R that
E[ALf(z)|Vi] = /f(:v)ozk(:p)d:p (A.81)
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We can define, in the same way, the normalized conditional density py(x) such

that
E[f(z)V] = / F (@) () (A82)

Now, using Eqn. A.78, we see that

Bloe)i] = [ atom(oyio = LADWEE [ o) o8] gs

Thus, we obtain the result

ag(z)

pr(x) = W (A.83)

Notice that the MMSE estimates and covariances given in Eqns. A.56 and
A.57 are the mean and covariance of the density py(z) which can be calculated
using the unnormalized density ay(x). In the following, a recursive relationship
will be found for the unnormalized density ay(z).

Theorem A.4 The following recursive relationship holds for the unnormal-

ized densities oy(x)

= w<D Ckx $— Z) ) z)az
axlz) = !DkHBk\w s /¢ Apz))apr (2)dz. (A.84)

Proof Let g : R" — R be any test function, then

[s@arwis = Elfeglan) (A.85)
= E[A -1 hrg ()| Vi) (A.86)
=T OBk — Age)) V(D (e — Cray))

- E{A’“‘l | Bil(xx) | Delb ()
Xg(xk)‘yk] (A.87)

_ O(By (xr — Ape—1)) V(Dy,  (ye — Criry))

= B[S [C e DATIEN
Xg(%)‘xkq, yk] ‘yki| (A.88)

The inner expectation in Eqn. A.88 can easily be taken as follows due to the
independence properties of the sequence {z;} under P.

_ Blx ¢(By, ' (x — Apzp—1)0(Dy (yk — Cr))
/ s@an()ds = B[R / Bl Delo(0) ()
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xg() d:c\yk}
- Bfa, [ A Ao DD (e Cur)

| Biel| D |1 (yr.)
d:c‘yk] (A.89)
_ o(B; ' (x — Apar—1))0(D;,  (yr, — Cra))
- Epes [
xg(z dx‘yk 1] (A.90)
_ //¢ Hz = Ap2))(Dy (e — Crar))
\BkHDkW(yk)
r)ag-1(z )dxdz (A.91)
_ /g(x)@D(D Hyp — Cr))
| Bi| | Dr[ ¢ (yr)
X /gb(Bk_l(x — Agz))ag_1(2)dzdz. (A.92)

Since this equality holds for all test functions g(.), the theorem is proved. [

The initial densities ag(x) can be calculated using the test function h : R™ —

R™ as follows.

/h(x)ao(x)dx = E[Aoh(20)|D0] (A.93)
= E[Xoh(z0)| D] 1 (A.94)

- Fl T iy o]

- [ i et
e e e . (199

Since the equality holds for all test function A(.), the initial density ag(x) is

given as

B(Dy (yo — Cox)) 9(VZo (z — Tp))

_ A .96
20(a) Dol (ao) Ve (4.96)
= @N(yo; CoZo, So)N (2; Zojo; Xojo) (A.98)
= N (x; Tojo, Xojo) (A.99)
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where

Sy & CoXoCF + DoDE, (A.100)

Zop = To+20Ch (S0) " (Yo — CoTo), (A.101)

Sop £ Lo — ToCy Sy CoXo, (A.102)
1

Co = m/\[(yoscofo,so)- (A.103)

Here, while going from Eqn. A.97 to Eqn. A.98, we used the result of App.
B.2. Note that the initial density ag(z) is an unnormalized Gaussian. Since
the recursion given in Eqn. A.84 is linear, the unnormalized densities oy (z)
are all unnormalized Gaussian densities. Suppose that the density ag(z) is
given as

() = N (23 Trji, Zijw)- (A.104)
Using this, we can find the normalized densities pi(z) as

_aw@)  aglz) A
pr(z) = Tarde ~ = N(2; Zpjse, Siype)- (A.105)

Therefore, the quantities Zy, and X are actually minimum mean square

error estimates and covariances defined as

% £ [Qik’yk] = xk|k s (A106>

8
=
=

|

\g!
S
>

I

Now, we are now going to find recursive relations for the estimates Z., covari-
ances Xy, and the weighting coefficients ¢, using the recursion of Eqn. A.84.

Using the facts that

OBy (x — Ap2))

= N(z; Agz, ByBY), (A.108)
| By
Dy —
(D (|ka| Crr))  _ N (yg; Crz, D DI, (A.109)
k

we can write the recursion of Eqn. A.84 as

N(yk, Ck$ Dka
¢(yk

ag(x) = //\/ x; Apz, BB )ay_1(2)dz.  (A.110)
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Substituting the expression of aj_1(z) implied by Eqn. A.104 into Eqn. A.110,

we get
Ci—
onlr) = JELN i G, DD]) / N (: Ayz, BoBT)
XN(Z;:)AS]C_”k_l,Ek_”k_l)dz. (A.lll)

Using the result on the integral of Gaussian densities given in App. B.4 on the

integral on the right hand side of Eqn. A.111, we obtain

C— A
Oék(LL’) = LN(yk, Ckl’, DkDg)N(I, $k\kz—17 Ek|k—1) (A112)
Y (yr)
where
Trre1 2 ApBr_1j—t, (A.113)
Sk 2 A gAY + BB, (A.114)

which are called as the Kalman prediction update equations. Making use of
the result on multiplication of Gaussian densities given in App. B.2 on the

multiplication of Eqn. A.112, we get

ag(z) = N (5 Ty, L) (A.115)
where
Cr, = EN(yk; Ck:i"k\kfh Sk), (A.116)
Y (yr)
Sy = Ck2k|k_1CkT + DkDZ, (A117>
Tri = Erpe1 + Sep-1CL Sy (v — Crlggp—1), (A.118)
Ek\k = Zk“g—l — Ek\k_lC,fS,lekEk‘k_l, (A.119)

which are called as the Kalman measurement update equations. Note that
the weighting coefficients ¢, are not required for the recursions of the estimate
Ty, and the covariance Xj,. Therefore, one need not propagate the weighting
coefficients in the execution of the Kalman filter.

Although the derivation presented above is straightforward, it makes one
recognize the key elements in these types of derivations. The main points can

be summarized in two items given as

158



e Integral of the unnormalized Gaussian density multiplied by another

Gaussian density represents Kalman filter prediction update.

e Multiplication of a density with a Gaussian density represents Kalman

filter measurement update.

These are obviously the generalized versions of the Bayesian density recursions.
The above observations are highly useful when interpreting the complex density
recursions involved in Chapters 3 and 5.

It is also appropriate here to emphasize that the reference probability used
here can be applied to non-Gaussian noise cases as long as the absolute continu-
ity condition of the measures is not violated. However, in that case, obtaining
the recursive forms for the algorithms would be much more difficult because
the multiplication and the integral of the non-Gaussian densities will not be

evaluated and manipulated as easily as done above.

A.3 Derivation of the Risk-Sensitive Filter for
Linear Gauss-Markov Systems

In this section, we again consider the linear Gauss-Markov system defined in
App. A.2. The MMSE estimate f%ks of the state of this system was defined

as
1
By = arg min £ 5Tk = " Qular — 5)(3@} (A.120)

An alternative definition is given as follows.

T = arg min B [9o,(€)| ] (A.121)
where
A& 1 T
Dor(§) = Dogp—1+ 5(% — &) Qrlar — &), (A.122)
R "1
P = —(z — #MHT — M9y, A12
mn EmQ(ﬂfz Ty,”)" Qulwr — &y,7) (A.123)
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Note that the two problems defined in Eqn. A.120 and Eqn. A.121 are equiv-
alent to each other.! A risk-sensitive generalization of the problem given in

Eqn. A.55 is to find .i"lf'*z as

Eyjp = arg in B {exp {g(wk — )" Qu(y, — C)} ‘yk:| : (A.124)

This problem has been solved in [25] and the resulting filter turns out to be
the same as the Kalman filter. The generalization of the second problem in

Eqn. A.121 is to find @ﬁg as

iﬁg = arg ?EII}QI% E |0exp {0Y,.(C)} ‘yk] (A.125)
where
or(Q) £ Borr+5(o— Q=0 (A120)
U 2 zn: %(ml — &) Qi — &), (A.127)
I=m

This risk sensitive estimation problem is much harder than its MS equivalent
in Eqn. A.121 due to the fact that the expectation cannot be distributed
over the individual terms after the exponential operation in Eqn. A.125 due
to the highly dependent characteristics of the state process. This problem
has been solved in [40] using the reference probability method, and here, we
are going to re-derive the resulting filter using the change of measure given
in App. A.2.1. Our change of measure makes both the measurement and
state sequences i.i.d. whereas the change of measure in [40] makes only the
measurement sequence i.i.d.. Note that this difference of change of measure

requires the whole derivation to be repeated.

A.3.1 Derivation of the Filter

Using Theorem A.3, we can write the expectation in Eqn. A.125 as

E [Apfexp {690 1(0)} [ V4]
E [A| Y]

! This equivalence stems from the fact that expectation can be distributed over summa-
tion in Eqn. A.121.

Effexp {0%0,(0)} 194 = (A.128)
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where E and E denotes the expectations with respect to probability measures
P and P respectively. Since the denominator of the right hand side of Eqn.
A.128 is independent of (, the risk-sensitive estimate a:k,‘ » is equivalently given

as
iffi = arg min T [Ryf exp {900(Q)} %] (A.129)

At this point, we define the unnormalized density function v (x) as

Y(r)dr = E [Kk exp {9@0,1971} Lizpeda}

yk} . (A.130)

This density function can be interpreted as an “information state” for the
problem [45]. Using a simple reasoning, we can see that, if f(.) is any test

function the following equality is satisfied.
E [Reexp {00051} f(o0)| 2] = / (@) () de. (A.131)
Using this, we can write the risk-sensitive estimate as
B = arg ginR{nn E [A0exp {090, (¢)} | Vi) (A.132)

= arg mlnE{AkHeXp {H\I/()k 1} exp {g(:pk — O Qp(xy — C)}

CERn

yk]
— agnin [ { 5o - O Qule - O prulolie (A133)

Notation: In the following part, due to length of the formulas, we will use

the following abbreviations.

exp(+,z,7,2) = exp {%(m — )Yz - x)} : (A.134)
exp(—,2,7,%) = exp {—%(m )Yz - x)} . (A.135)

The following theorem gives a recursion for the density ().
Theorem A.5 The unnormalized density vi(x) satisfies the following recur-

S10M.

) = IBkHDkwyk / /B Ai2))

X exp {+7 Z, i‘kakah an—ll} kal(z)dz' (A136>
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Proof Let f: R"™ — R be any test function. Then

[ tarntas

E [Kk exp {Q\i/o,k_l} f(zr) ‘yk} (A.137)

I . ) 1
= K [Akz—l)\k exp {Qq’o,k—Q} exp {‘h Tp_1, -Tff”k_l, 5Qk—1}

x f(zx) ‘yk} (A.138)

- . (B, (g, — Apzp_1))
= F |:Ak—1 exp {Q\I/o,k—2} . | Bulo(zr)

U(D;, (yx — Crr)) N
X | Dyl (v ) exp {+, Th—15 T—1|k—1> er—l}

x f (k) ‘yk} (A.139)

. ) ) 1
= F [Ak—l exp {Q‘Po,k—z} exp {‘h Tk—1, %Riguk_p 5@k—1}

=10(By (= Agp—1)) V(D (yx — Criy))
B B Dl (o)
Xf(mk)‘xk—la yk} ‘yk} (A.140)

The inner expectation in Eqn. A.140 can easily be taken as follows due to the

independence properties of the sequence {z} under P.

/f(x)*yk(:c)d:c = E[Kk_l exp {G\ilo k_2} exp {—l—, Th_1, j:kal‘kfl, %Qk_l}

/ ¢(B;, (v — Akxk 1)) Y(D; (yr — Crx))
| Br|op(x | D (yr)

x f(x)o(x diﬁ‘yk—l} (A.141)
1
= /exp{+,z,ikal|k_17—Qk—l}%—1<z)

/ o(B, ' (x — Apz)) (D, (yx — Cra))
’Bk | DiJab( yk)

CkSL’
- r— A
/ fa inuDkrw o) / B 2))

X exp {+, z, ik_”k_l, ng—l}’}/k_l(Z)dZ] de.  (A.142)

f(z)dzdz

Since the equality is satisfied for any test function f(.), the recursion of Eqn.

A.136 holds. O

The initial density o(z) can be calculated as
E |:KO exp {9@07,1} f(Qlo) ’y0i| = E [Kof(xo) ‘y0i| (A143>
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= E [Xof(xo)‘yo] (A.144)
[Cb(\/E_ol(iﬂo — )

~ Ao
X¢(D61(yo—00wo)) .
|D0|1/1(y0) f< 0)‘%}
B - :c—xo))
- / f |¢—|¢<>
o (yo — Co))

|Do|¢(y0) ¢(x)dz. (A.145)

Thus

() = Y6 (0= Cow)) 6(VEy (x = 0))
[ Dol (v0) V|

Note that this equation is the same as the formula for ay(z) given in Eqn.

(A.146)

A.96. Therefore yo(x) is given as

Yo(z) = doN (x; Tojo, Xojo) (A.147)
where
Sy & CoXoCF + DoDE, (A.148)
Roo £ @0+ ToCq (So) ™ (yo — Colo), (A.149)
20|0 == 20 - 20055610020, (A150>
- 1
dy = m/\[(yo; CoZo, So)- (A.151)

A careful examination of the recursion given in Eqn. A.136 reveals that all

vk () are in the form of yo(x), i.e.,
(@) = dN (5 Epgp, D) (A.152)

Substituting this form into Eqn. A.133, and using the result of App. B.3, we

obtain the risk-sensitive state estimate x,ﬁg as

- 0
A,ﬁg = arg?gin dk/exp{E(:z:—C)TQk(:v—C)}N(m;ikk,ka)da@

- ey s [en {5 0rae o)
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1 . _ A
X exp {—i(sc — xk|k)TZk‘i(x — xk|k)} dx (A.153)

_dp/]27U] {1 o . }

_ ey 12U | S — V(¢ — A.154

BRI i P 3¢ T B Vg (A1)

= (A.155)

where
1 —1
U £ [—Qﬁl—zklk] (A.156)
v oa [ o er] (A.157)

Hence, the mean 2y, of the unnormalized Gaussian density i (z) is the risk-
sensitive estimate xkﬁj This shows us that, all we need to obtain is a recursive
relationship between consecutive 2y, values. Now, assuming that we know the
quantities dj_, Tp_1jk—1 and Xp_1k—1, We obtain d, Ty, and Xy, using the
recursion in Eqn. A.136. Note that the initial quantities dj, Tojo and Yoo are
already given by Eqn. A.151, A.149 and A.150 respectively. Substituting Eqn.

A.152 into the recursion in Eqn. A.136, and noting that igf”kfl = Tp_1jk—1,

we obtain

Jk 1¢( ( Ckx /
_ N (x; Az, BpB
W) = e Dale) J Y A BB

~ -1 ~
X €Xp {"’ Zy Tk—1|k—15 —Qkfl} exp {—, Zy Th—1|k—1, Ek—1|k—1}d?«“

_ dk 1¢( (yk_Ck.T /NQZ AkZ BkB )

\/mmkwf Yi)

X exp {—%(z — 1 jp— )F [Ekluk L HQk,l] (z — fk_1|k_1)} dz
dy—19(Dy.* (yx — Cy))

\/|Zk k-t ey — 0Qu—1 || Delt (i

XN (25 Tp—1jk-1, [Zk_”k_l —0Q,_1]"" )dz. (A.158)

Note that while writing Eqn. A.158, it is assumed that [>, 11|k L —0Qk-1] > 0.
Using the result of App. B.4, the integral in the Eqn. A.158 can be taken as
follows

dy—19(Dy  (yr, — Cya))
VISl 15y — 6Qun[[Del(ws)

w(z) = N (@5 App—1jp-1, Zje—1)
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di—1
\/|Ek Lk~ 1||Ek 1k—1 — 0Qk-1]Y (yk)
XN (2 Ap@r—1jk—1, Zijk—1) (A.159)

N (yx; Crx, Dy DY)

where
-1
S = Ak[ e eQ,H] AT 4+ B,BY. (A.160)

Using the result of App. B.2 on the multiplication of the Gaussian densities
in Eqn. A.159, we obtain

dj— R
w(z) = N (y; CrArp—1jp-1, Sk)
\/|Ek k1|25 — 0Qu—1 ] (ys)
XN (5 T, L) (A.161)
where
Sk = Sieo1 — Sup—1C% S Crpi1, (A.163)

Trp = ArBro1p—1 + Sep—1C5 S5t (v — CoArlp—rp—r) - (A164)

Summarizing the results,

B = ARE ey Sep1Cn St (i — CeAri® ) (A165)
Sk = Skp—1 — Sap-1Cr Sy 'Okt (A.166)
Skea = Ar[SiY —0Q] " AT + B.BT (A.167)
Sy = CpSippCL + DyDY (A.168)

Note also that, the recursion for the constants dj, are given as follows,

dj—
e I s — 0Qu ()

N (ks CoArTp—1jp—1, Sk)

Furthermore, the recursions described by Eqn. A.165, A.166, A.167 and A.168
can be written in prediction and measurement update forms (as in the case of

Kalman filter) as
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e Prediction Update

filﬁg—l = AkikRiguk—u (A-169>

—1
Shkor = Ak [Tl - 0Qia| AL+ BB (A170)

e Measurement Update

B = Ao+ D OUS (e — Chdigliy) (AT
zIc|l€ = Zk|k71 - Ek\kqC’gS,;lC’kEk‘k,l, (A172)

Sy = CpXpp—1C{ + DD} (A.173)

These updates show that the only difference of the risk-sensitive filter from
the Kalman filter is in the covariance prediction update given in Eqn. A.170.
The Eqn. A.170 also makes it clear that when # = 0, the risk-sensitive filter
reduces to the Kalman filter. It is important here to see that the recursion
of the weighting coefficients dj, is not required for the recursion of estimates
and covariances. Therefore one need not propagate the weighting coefficients

during the execution.
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APPENDIX B

RESULTS ON MULTIPLICATION AND
INTEGRAL OF EXPONENTIALS AND
GAUSSIAN DENSITIES

This appendix gives brief results on multiplication and integral of exponentials

and Gaussian densities which are used in some of the derivations of the thesis.

B.1 Multiplication of Two Exponentials
Define the multiplication M as
M £ exp {—%(y —Cx)"R ' (y - Cm)}
Xexp{—%(x—x)TE_l(x—x)} . (B.1)
Using some completion to square argument, one can see that
M = exp {—%(y —Cz)' [czCT + R}_l (y — C’f)}
<esp {309 F e - ) (B.2)

where

w

>+ CcTR'C] ™

B
>

1

= Y -3C"[CECT +R] C%,

&

g £ F[S'2+C"R™'y|

R
\_/\_/\q}/\_/

(=)

= z+2C0T [C2CT + R (y - Ca).
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B.2 Multiplication of Two Gaussian Densities

Using the standard Kalman filter measurement updates, we can show easily

that, the following equation is satisfied.
N(y;Cx, RN (z,2,%) = N(y,Cz,S)N(x,g, F)
where
S = CXC"+R,
g = +30TSHy—Cx),

F = Y-xCc?'s oy,

B.3 Integral of Two Exponentials

The integral (€, %) defined as
1) £ [eo{je-a0ae- a0}
X exp {—%(w — o)’ N a — m)} dzx
satisfies,
(6,5) = v/Br]exp { 56 — An)"s(¢ - )
where

S 2 [Q'—AxAT] T >0,

1

M £ [27'-ATQA] T >o.

(B.7)

(B.8)
(B.9)
(B.10)

(B.11)

(B.12)

(B.13)
(B.14)

For the convergence of the integral, the matrices S and M must be positive

definite, which are actually equivalent conditions.

B.4 Integral of Two Gaussian Densities

Using the standard Kalman filter prediction updates, we can show that the

following equation is satisfied.
[ N @42, QN (z50, D)z = N, Az, 42T + Q)

where () and X are positive definite matrices.
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APPENDIX C

RECURSIVE PROJECTION ALGORITHM
USED IN CHAPTER 4

The following operation finds the projection = of the N-vector x given as

r=[2, my --- xxn |’ which satisfies the inequalities (See Remark 4.3)

N
Zwi21 and z; >0 for 1=1,2,...,N (C.1)

i=1
onto the standard N-simplex defined by its elements in at most N recursions.

T = Project(z, N) (C.2)

where the recursive function Project(.,.) is defined as follows:

function p =Project(x, N)

= (ZX m—1) /N
if € < min; z;
p=2x—¢€ly
else
J = argmin; x;
y= oG- 2((G+1):N)
m =Project(y, N — 1)
p(l:(G—1)=m(l:(j—1))
p(j) =0
p((j+1): N)=m(j: (N —1))
end

T
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Here, Iy =[1 1 ... 17 denotes the N-vector composed of ones and the

notation z(i : j) stands for

[%’ %‘]T for j>i

w(i:j) = (C.3)

[]"  otherwise
where the notation [.] denotes an empty vector.
The proof of the fact that this operation obtains the projection of x onto
the standard N-simplex can be made easily by formulating the problem as a
standard quadratic programming problem and is not given here. See [62] for

a general solution which does not require the conditions in Eqn. C.1.
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APPENDIX D

DERIVATION OF THE ERROR
COVARIANCE OF CHAPTER 6

In Chapter 6, the error covariance formula given in Eqn. 6.89 is given without
proof for the sake of simplicity. In this appendix, we give a brief derivation of

that result.

After defining the quantities

Ty & Zapp, (D.1)
T2 £ Ksub(yk - g)a (D2>
T, & YL, (D.3)
T, 2 YL K (v — i), (D.4)
it was noted in Chapter 6 that the covariance X, is given as

Sa=FEy[(Tv+T—Ts—Ty) (Th+ To = T5 — Ty)" | Y. (D.5)

Thus, the covariance calculation requires the expected values of the form
E, [LTIY* '] for i,j=1,...,4. (D.6)

The approximation required to evaluate these expectations was suggested in

Chapter 6 as:

e Assuming that the means #; of the Gaussian components of p(yx|Y*™ 1)

are sufficiently separated or equivalently
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e Assuming that the measurement dependent posterior probability p; is

approximately unity around the mean g; within the 20 covariance ellipse.

Using this approximation, it was shown in Chapter 6 that the following equa-

tion is satisfied.
Ey (1Y ] = pi. (D.7)

Similarly, using the same approximation, one can easily conclude that pjpj ~

0 for all y values when ¢ # j. Using these two facts, we can write the following

result.

Ey Ipfpf[YM 1 = T
0, i#J

J

(D.8)

Other basic expectations which can be evaluated similarly are listed below

with their results:

B Pili, =]
o By [p vyl Y] = T
0, i#]
_ _ _ piSm 1=
o By [pipj (ye — 0:)(yn — 3;) Y] = T
0, 1#]

Note that the property pip] = 0 when i # j is so useful that it turns
the double summations appearing in the expectations like E,, [T3T7 |[Y*1],

B, [T Y"1, E,, [TuT{|Y*"'], etc. into single summations.

D.1 Calculation of the Terms £, [TiTjT|Yk_1]

Using the expectations calculated in Chapter 6 and the basic expectation re-
sults given in the previous part of the appendix, in this section, the expec-
tations Fy, [TiT]T|Yk‘1] are evaluated one by one. Only the case ¢ < j is

investigated since
By [T VMY = (B, (LT 1Y) (D.9)
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e Calculation of E, [T'T{|Y*]:

E, [T Y =TT = 2420, (D.10)
e Calculation of E, [T1T]|Y*!]:
B, [MT7|Y* ' =T E,, [T5 Y] = 240 = 0. (D.11)
e Calculation of E, [TYT]|Y*!]:
E, [IT{|Y*'] = TE, [TT|Yk—1]
= xappZEyk |Yk !
= Tapp sz $appxapp (D.12)
e Calculation of E, [Tng\Yk_l]:
E, [NT{|Y*' = TE, [T]]Y*]
N
= j;appz (Eyk [pzrykyykil} - Ey, [pz ‘Yk 1} yz) K
i=1
N
= Tapp Z (pi¥i — piYi) Kz‘T =0. (D.13)
i=1
e Calculation of E, [T]|Y*]:
By, [LT Y] = KawBy, [(ye —9) (e — 9 Y] K,
= KapSsun KLy = SappCl S5 C8app  (D.14)
e Calculation of E, [T |Y*]:
N
Eyk [T2T3T|Yk_l] = KSUbZ Yk pz yk|yk 1} - yk [pl |Yk 1} )JZ?
N
= Ksub szyz% szyx
N
= Ko > _0il0i — 9%/ (D.15)
i=1
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e Calculation of E, [T]|Y*]:
By, [T2T4T|Yk_1}
i=1

N

i=1

- subE

N
Kaw Y By [0 (e — 9) (e — )" [VF] KT

Ko Y By, [pF (o — 5) (g — )" YV KT

=Py — 7)Y KT

z Z

= sub szs KT
=1
N
—Ksup Z(@z —9)E,, [ F(yr — @i)T|Yk_l] K

app

Ksubc

app

Eapp crs,,

sub

e Calculation of F,, [TgTT|Yk*1]:

By, [TTS Y] ZEyk ()Y ] sz:c@ a
i=1

e Calculation of F,, [TgTﬂY’“_l]:

B, [TT]|Y*]

e Calculation of E,, [T4T4T|Y"3_1]:

Eyk [T4T4T|Yk_1]

Zles KT =

=1
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Loy

- ZIZ Yk pz

Z@(pz‘ﬂi — i) K] = 0.
=1

> i [

N
Ksub szSszT = KsubC szEz

Z pz 7 xapp xapp)T]
Z pz ) Jjapp T]
sub Z pz Yi '7_7 .

app

(D.16)

2y — 7)Y KT

(D.17)

(i — ) (e — 5) " [Y* ' K

Z pisCTSTIey;. (D)

=1



D.2 Calculation of the Covariance >a
In this section, in order to evaluate the expectation

Ya=E, (T + T —Ts = Ty) (Th + T — Ts = Ty) | Y, (D.19)

k

we combine the results of the previous section as

N
Yp = fappfanp - jappfanp + EappOTSs:}bCEapp — Ksup Zpi(gi - @)@T
i=1

N
_EappCTS;}bCEapp + Kou Zpi(gi - ?)i’ZT - jappjfgpp
i=1

N N

= 0T — D) Koy + Y 0] — SappCT S0, Capp
=1 =1
N N
=1 i=1

N N

= > piSiCTSTICO8 — BappCT Sy Clapp + Y PiTiZ] — TappTay,
=1 i=1

which is the same as Eqn. 6.89. Note that while writing the right hand side
of Eqn. D.20, we used the fact

By [T/ V*Y = (B, [TT V41])" (D.21)

extensively.
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