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ABSTRACT

EFFECTS OF EXTRAPOLATION BOUNDARY CONDITIONS ON

SUBSONIC MEMS FLOWS OVER A FLAT PLATE

Turgut, Ozhan Hulusi
M.S., Department of Aerospace Engineering

Supervisor: Prof. Dr. M. Cevdet Celenligil

January 2006, 104 pages

In this research, subsonic rarefied flows over a flat-plate at constant pressure are investigated
using the direct simulation Monte Carlo (DSMC) technique. An infinitely thin plate (either
finite or semi-infinite) with zero angle of attack is considered. Flows with a Mach number of
0.102 and 0.4 and a Reynolds number varying between 0.063 and 246 are considered covering
most of the transitional regime between the free-molecule and the continuum limits. A two-
dimensional DSMC code of G.A. Bird is used to simulate these flows, and the code is modified
to examine the effects of various inflow and outflow boundary conditions. It is observed that
simulations of the subsonic rarefied flows are sensitive to the applied boundary conditions.
Several extrapolation techniques are considered for the evaluation of the flow properties at the
inflow and outflow boundaries. Among various alternatives, four techniques are considered
in which the solutions are found to be relatively less sensitive. In addition to the commonly
used extrapolation techniques, in which the flow properties are taken from the neighboring

boundary cells of the domain, a newly developed extrapolation scheme, based on tracking

v



streamlines, is applied to the outflow boundaries, and the best results are obtained using the
new extrapolation technique together with the Neumann boundary conditions. With the new
technique, the flow is not distorted even when the computational domain is small. Simulations
are performed for various freestream conditions and computational domain configurations, and

excellent agreement is obtained with the available experimental data.

Keywords: Streamline Extrapolation Technique, Boundary Conditions, Rarefied Flow, Subsonic

Flow, Flat Plate, Direct Simulation Monte Carlo.



0V

DUZ BIR PLAKA UZERINDE SESALTI HIZLARDAKI MEMS AKISLARINA

DEGISIK DISDEGERBICIMLI SINIR KOSULLARININ ETKILERI

Turgut, Ozhan Hulusi
Yiiksek Lisans, Havacilik ve Uzay Miihendisligi Boliimii

Tez Yoneticisi: Prof. Dr. M. Cevdet Celenligil

Ocak 2006, 104 sayfa

Bu aragtirmada, diiz bir plaka iizerinde sesalt1 hizlardaki sabit basingh seyreltilmis akiglar,
dogrudan benzetim Monte Carlo (DSMC) yontemiyle incelenmigtir. Sonsuz incelikte, sifir
hiicum agih (sonlu veya yari sonsuz) bir plaka goz oniine alinmigtir. Serbest molekiil sinir:
ile stirekli akig sinir1 arasindaki gecis rejiminin tamamina yakinini kapsayan, Mach sayis1 0.102
ile 0.4 arasinda olan ve Reynolds sayis1 0.063 ile 246 arasinda degigsen akiglar dikkate alinmigtir.
Benzetimde G. A. Birdiin iki boyutlu bir DSMC kodu kullanilmigtir, ve bu kodda igeri ve digar
akiglarda disdegerbicim kullanan farkli simir kosullarinin etkilerini sinamak igin degisiklikler
yapilmigtir. Benzetimlerde, sesalti hizlardaki seyreltilmig akiglarin, uygulanan sinir kogullarina
duyarli oldugu gozlemlenmitir. Iceri ve digar1 akig siirlarindaki akig ozelliklerinin degerlendirilme-
si igin cesgitli digdegerbigim yontemleri dikkate almmigtir. Bircok farkl alternatif arasindan,
¢ozlimlerin daha az hassasiyet gosterdigi dort yontem gz 6niinde tutulmustur. Akig 6zelliklerinin
hesaplama alanindaki komsu sinir hiicrelerinden alindigi sik kullanilan digdegerbicim yontemlerine

ek olarak, akig cizgilerini izleyen, yeni gelistirilmis bir digdegerbicim yontemi digariya akiglarda

vi



uygulanmigtir, ve en iyi sonuglar yeni digdegerbicim yontemiyle Neumann sinir kogullarinin
ayni anda kullanilmasiyla elde edilmistir. Yeni yontem ile, hesaplama alani kiiciik oldugunda
bile akig bi¢cimi bozulmamaktadir. Benzetimler, bircok degisik serbest akig kogullar: ile gesitli
hesaplama alanlar1 i¢in gergeklestirilmis ve ulagilabilir deneysel verilerle kusursuz uyum elde

edilmigtir.

Anahtar Kelimeler: Akig Cizgisi Digdegerbicim Teknigi, Simir Kogullari, Seyreltilmiy Akis,

Sesalt1 Hizlardaki Akiglar, Diiz Plaka, Dogrudan Benzetim Monte Carlo.
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CHAPTER 1

INTRODUCTION

The flow of a gas may be analyzed by essentially two different general approaches. In the con-
ventional methods (macroscopic approaches), the gas is treated as a continuous media; and in
the more recent techniques (microscopic approaches), the gas is considered as being composed

of molecules and atoms.

The description of the continuum model (macroscopic approach) is in terms of the spatial
and temporal variations of the velocity, density, pressure and temperature. The dependent
variables in these equations are the macroscopic properties whereas the independent variables
are the spatial coordinates and time. In many practical applications, the Navier-Stokes equa-

tions are used as the mathematical model for the continuum gas flows.

The molecular model (microscopic approach) recognizes the gas as a huge number of discrete
molecules. Under idealized conditions, if the position, velocity and state of each molecule is
known at all times, the gas motion can be determined exactly. However, this is not practical
and mathematical models (using statistical quantities) are used, instead. The Boltzmann equa-
tion is the mathematical model for the calculation of the gas flows at the microscopic level. In

this case, the only dependent variable is the velocity distribution function (fraction of molecules



with certain speeds at a given location and time), but the independent variables are increased
to seven (3 velocity components, 3 spatial coordinates and time) which make the Boltzmann
equation very difficult to solve. So, the Boltzmann equation is not conformable to analytical
solutions for non-trivial problems, and presents difficulties in using conventional numerical so-
lution methods. On the other hand, the discrete structure of the gas at the microscopic level
overcomes these difficulties through direct physical, rather than mathematical, modeling meth-
ods. The physical or direct simulation approach has some computational advantages over the
mathematical modeling. For example, in the physical approaches there are no numerical insta-
bilities which are commonly encountered in the conventional continuum calculations. Today,
both mathematical and physical models have their own domains of applications. For the dense
flows, mathematical approaches are preferred because molecular models use more computer
resources. On the other hand, the continuum models are not valid under rarefied conditions

and for these cases physical models are adapted.

The transport terms in the Navier-Stokes equations, namely the mass, momentum and en-
ergy equations, lose their validity when gradients of the macroscopic variables become so steep
that their scale length is of the same order as the average distance traveled by the molecules
between collisions, called mean free path, A [1]. An important dimensionless parameter, Knud-
sen Number (Kn), expresses up to which extent the continuum equations are not valid and
molecular approach is to be used. Knudsen number is defined as the ratio of the mean free

path, to the characteristic dimension, L, i.e.
A
Kn== . 1.1
n=2 (1)

The Kn domain (0 < Kn < co) is often divided into four regimes. For Kn < 0.01, contin-
uum regime, the Navier-Stokes equations are applied. For 0.01 < Kn < 0.1, slip flow regime,
Navier-Stokes equations are applied with a slip-flow boundary condition. For 0.1 < Kn < 10,
transition regime, full Boltzmann equation is used. For Kn > 10, free molecular regime, colli-

sionless Boltzmann equation is applied.



Moleou Collisionless
olecular i Boltzmann
. Boltzmann Equation ;
Model: q Equation
,,,,,,,,,,,,,,,,,, |
) N/S Egs. ‘
Continuum | Euler N/S with Conservation equations do not
Model: Egs. | Equations | slip Flow form a closed solution |
B.C. |
W | | | | | W
O<— 0.01 0.1 1 10 100 — =00
Inviscid Free-Molecule
Limit Limit

Knudsen Number

Figure 1.1: Flow regimes

It should be pointed out that for the transition regime the Boltzmann equation is not practical
to use because of its mathematical difficulties. Additionally, it is not easy to implement thermal
radiation and chemical reaction effects to the formulation of the Boltzmann equation. So, a
lot of indirect methods are applied. One type of these methods can be classified as “moment
methods”. The Chapman-Enskog solution of the Boltzmann equation is an example to this.
Another method is called as the “model equation” approach which involves an approximation
to the form of the Boltzmann equation itself. The best known example is the BGK equation

after Bhatnagar, Gross and Krook [2].

Note that, a limited number of “analytical” methods for the Boltzmann equation lead to closed
form solutions, but most of them depend on numerical procedures for the final results. Solu-
tion of the Boltzmann equation by numerical techniques such as the conventional methods of
computational fluid dynamics (CFD) is also possible. But this approach necessitates specifying
a bounded grid in velocity space and is restricted to simple flow geometries, monatomic gases

and low to moderate Mach numbers with today’s computers.



Presence of discrete particles in a gas is the main reason for the mathematical difficulties as-
sociated with the Boltzmann equation. But, physically based simulation methods allow the
particulate nature to avoid these problems. Direct simulation methods model the real gas by
a huge number of simulated molecules in a computer. The position coordinates, velocity com-
ponents, and internal state of each simulated molecules are stored in the computer and are
modified with time as the molecules are simultaneously followed through representative colli-

sions and boundary interactions in physical space.

Direct simulation methods may be classified as:

e deterministic simulation methods,

e probabilistic simulation methods.

The Molecular Dynamics (MD) method [3] was the first physical simulation method. The cal-
culation of the succeeding molecular motion, including the collisions and boundary interactions,
is deterministic whereas the initial configuration of the molecules is set in a probabilistic way.
Intermolecular collisions occur when the cross-sections of molecules overlap. In the early MD
applications the computational time needed for the application of the method was related to
the square of the number of simulated molecules. This was a major handicap for the use of the
MD method in the past, but in the recent MD applications the computational times are directly
proportional to the number of simulated molecules [4]. A significant problem with MD method
is that, the number of simulated molecules is not a free parameter for a specified molecular size,
flow geometry and gas density. Also, many two-dimensional MD calculations use cylindrical
molecules rather than spherical molecules which causes non-physical macroscopic properties.

The MD method is proved to be applicable for the simulation of the dense gases and liquids [5].

In the transition regime, in addition to the molecule-surface interactions (in free-molecule flow
this is the only interaction), the computation of intermolecular collisions is needed. In the
direct simulation Monte Carlo (DSMC) method, the molecular motion and the intermolecular

collisions are uncoupled over a small time interval. All the molecules are moved over distances



and then the intermolecular collisions are calculated in this time interval.

The DSMC method has been widely applied to hypersonic rarefied flows about space vehicles
[6]. However, in recent years it has also been used for flows about small bodies near atmospheric
conditions. For example, nowadays, micro-electromechanical systems (MEMS) is drawing at-
tention in many disciplines. These are very small (micron-scale) sensors and actuators and their
applications range from consumer products (airbag triggers, micro-mirror displays), industrial
and medical tools (micro-valves, micro-motors), to instrumentation (micro-pressure sensors,
micro shear-stress sensors) [7]. Although the mechanical and electrical properties of MEMS are
well studied in the past, the fluid motion around them is not thoroughly investigated. Obviously
these effects should be understood in order to design these micro-scale structures properly. Note
that, the dimensions of these devices are at micron-levels, and the mean free path of the gas
molecules around them is comparable to the characteristic length of the body. For this reason
the flow can not be considered as continuum flow, and it is quite suitable to apply the DSMC

method in the analysis of the gas flows around them.

The flow over a flat plate is one of the basic problems in fluid mechanics. This problem has
been studied thoroughly for low Reynolds number cases and incompressible flows [8]. Solutions
are also available with continuum equations using a slip velocity boundary condition [9], [10],

1.

Research on subsonic rarefied flows at the Middle East Technical University started with Murat
Tlgaz [12]. In that study, flow in a parallel plate channel is investigated. In the present research,
investigation on subsonic rarefied flows is continued and flow over an infinitely thin flat plate is
studied at zero angle of attack with constant pressure. The main objective of the present study
is to examine the effects of different inflow and outflow boundary conditions on the subsonic

rarefied flows.



Similar studies have been performed in the past by other researchers for channel flows. For
example, Nance, Hash and Hassan [13] specify pressure, temperature and transverse velocity
at the inflow boundary and the streamwise velocity is determined from the fluxes across cell’s
boundary. At the outflow boundaries, theory of characteristics is appealed by using Whitfield’s
characteristic formulation [14] which sets constant exit pressure. Piekos and Breuer [15] suggest
to specify temperature, transverse speed at the inflow; and pressure at both inflow and outflow

boundaries.

Simulation of subsonic rarefied flows over a flat plate is more difficult in comparison with that
in channel flows. This is due to the fact that inlet and exit sections are fixed for the channel
flows, but in flat plate flows the top domain boundary has to be taken into account, as well.
Naturally, an error in the outflow boundary conditions in channel flows affects the solution near
the exit, whereas in the flat plate problem the whole solution is affected. Moreover, although
calculations have been performed for flows about flat plates at hypersonic speeds [16], very few
simulations are reported in the literature on the subsonic rarefied flat plate flows. It is clear
that for subsonic flows, there are some extra difficulties involved, for example, the freestream
and vacuum boundary conditions used in the supersonic flows are not applicable and proper
extrapolation inflow and outflow conditions must be utilized. Additionally, in low speed flows,
the sampling size must be increased considerably to isolate the statistical scatter from the mean
quantities. Recently, Sun and Boyd [17] studied MEMS flows using Information Preservation (a
modified DSMC) technique. They suggest to use characteristic boundary conditions. In their
simulations, stagnation pressure and temperature are given for the inflow; and exit pressure is

specified for the outflow.

In the present study, several different outflow boundary conditions are tested and a new ex-
trapolation technique is developed. In the following chapter, the details of this new boundary
condition treatment are explained. This technique is based on following the streamline trajecto-

ries and carrying the macroscopic properties along the streamlines. The method is successfully



applied with the Neumann boundary condition at the outflow boundaries. For the inflow bound-
aries, Riemann inflow boundary condition is used. The computed results are found to be in

excellent agreement with the available experimental data of Schaaf and Sherman [18].



CHAPTER 2

THE DSMC METHOD

AND BOUNDARY CONDITIONS

2.1 The Direct Simulation Monte Carlo Method

The DSMC method is developed by Bird [1] starting in the 1960’s. It has evolved since then
and has become the most widely accepted numerical technique in the simulation of rarefied gas
flows today. As the word “simulation” implies the DSMC is a numerical procedure rather than

an analytical solution of a mathematical model.

The DSMC method models dilute gases and is based on the kinetic theory [19]. In this tech-
nique, gas flows are simulated by keeping track of a set of representative molecules. These
representative molecules have the correct physical size and dynamical behavior, and each sim-
ulated molecule represents a large number of real molecules. Using a number of representative
molecules enables simulation of larger number of real molecules, and meanwhile, decreases the
computational time of the simulation. In the present study “Variable Hard Sphere” (VHS)
model [20] is used in which the diameter of a molecule is a function of the relative speed of the
colliding molecules. Also, to decrease the computational time, domain is divided into cells and

sub-cells for the selection of collision pairs and sampling of flow properties efficiently. The cell



sizes are selected to be smaller than the local mean free paths.

The major assumption of the DSMC method is the uncoupling of molecular motion from the
intermolecular collisions over a small time interval, At, which should be small compared to
mean collision time. In the simulations, first, all the molecules are moved deterministically
in At and the calculations are done for the boundary interactions. Secondly, intermolecular
collisions are computed in this time interval statistically. This leads the computational time to
be directly proportional to the number of simulated molecules. Note that the time step At and
the cell sizes are chosen such that a molecule does not travel more than the local mean free

path during this time interval.

In the simulations, first, the computational cell network is set up. The computational do-
main is initialized either as vacuum or uniform equilibrium flow. After arranging the positions
and velocities of the initially loaded particles, solution procedure begins. Basically the following

steps are followed until reaching steady-state flow:

e Motion of particles in the specified time interval At and the calculation of the interactions

with the domain boundaries.

e Arrangement of the particles’ new positions, and indexing of the molecules according to
the cells/subcells they are in. (Note that after the movement process, the number of
molecules in each cell has to be determined. This is necessary for the calculation of the
number of collisions occurring in that time interval. Also, the identification of subcell
and cell number of each molecule is necessary in choosing collision pairs because they are

chosen between nearest neighbors.)

e Determination of the new particles entering the domain from the boundaries during the
time interval At. (The number of entering molecules and their properties depend on the
fluid properties at the domain boundaries. In the present simulations, the fluid properties

are updated by extrapolation from the interior domain (see Section 3.3).)



e Selection of collision pairs and calculation of intermolecular collisions for this time interval

At.

e Sampling over the particles in order to calculate average flow properties in each cell. (The
average properties are assigned to the cells at their geometric centers. Note that the scatter
on these averaged quantities are reduced as the total number of representative molecules
are increased. Also, considering that for healthy statistical results, each molecule should

be sampled only once in a given cell, and hence, samples are taken every other time step.)

The interaction of gas molecules with a solid surface is usually modeled in two simple ways [21].
In the specular reflection, perfectly elastic collision is considered and the velocity component
parallel to surface is kept constant and the normal velocity component is reversed (assuming
the surface is smooth and clean). On the other hand, in the diffuse reflection, molecule can
bounce back from the surface in all directions independent of its initial velocity (assuming the
surface is “dirty” with many irregularities). In the present study, diffuse reflection model is

used with full thermal accommodation to the surface temperature.

2.2 Boundary Conditions

In the numerical simulation of fluid flows, one has to use boundary conditions due to the finite-
ness of the computational domains. There are several options in the specification of boundary
conditions for the inflows and outflows. One option may be to use all properties from the
freestream conditions directly. However, this is suitable only if the computational domain is
very large both in the upstream and downstream directions, and it assumes that the solution
near the domain boundaries is not influenced by the existence of the body. In the present
study, small domains are considered for computational efficiency, and consequently, it becomes

necessary to take the body effects into account.

In the DSMC method, if all the flow properties are known at the boundaries, they can be
used as “Dirichlet” boundary conditions, and the flow can be computed without any difficulty.

Unfortunately, these properties are not known in the present flows, and one needs to find some
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of these properties by suitable extrapolation techniques. Once the properties along the inflow
and outflow boundaries are determined, they are used to calculate the number of molecules and

their internal energies entering the domain at each time step.

2.2.1 Subsonic Inflow Boundary Conditions

In this thesis, far-field subsonic inflow boundary conditions are utilized. This assumes that the
inflow boundary is sufficiently away from the body but not far enough for the application of

the freestream conditions. Figure 2.1 shows the inflow configuration.

Exterior

(%}
Freestream

Computational
Domain

Figure 2.1: Subsonic inflow boundary.

Properties at the exterior, e, are to be determined by the freestream conditions, oo, and interior,
i. Since the flow is subsonic, according to one-dimensional inviscid characteristic formulation,
there are two characteristics coming into the domain and one characteristic is leaving. Hence,
one property at e needs to be extrapolated from the interior domain and the rest of the proper-
ties are taken from the freestream conditions. Two types of boundary conditions are examined

in this study:

(i) In the first approach, one of the primitive variables, V' (transverse velocity component),
is extrapolated from the interior domain and the rest of the variables are taken from the

freestream. (Note that in [13] U (streamwise velocity component) is extrapolated instead
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of V). For the present study, the following exterior properties need to be determined,
Ue, Ve, ne, Te and X .. These properties are taken as U, = U, Ne = Noo, Te = T,
Xje = Xjoo and Vo = V; where n, T, X; represent number density, temperature and

mole fraction of species j, respectively.

In the second approach, one-dimensional inviscid flow is assumed locally, and Riemann
invariants are used. One property is taken from interior (J;”) and the rest of the properties
are taken from the freestream (J1, Vio, Sooy Xj00), 1. Jo = J, JF = JL, Vo = Vi,
Se = 800, Xj e = Xj oo Where

2ai
v—1

200
Jh=Ust+ 222 | Jr=U -
v—1

are the Riemann invariants, s is the entropy, a is the speed of sound and + is the specific
heat ratio. Once JJ and J; are determined from J = JI , Jo = J;, then U, and a.

can be found from:

2a 2a
J+ = Ue - ; . = U - s
e + _ 1 e _ 1
and the results are:
JF+J;
U, = Jo tJe , (2.1)
2
_.7—1
ae = (JF - J; )7T . (2.2)
Temperature T, can be evaluated as:
2
a
T, = —=2 2.3
- (23)

where R is the gas constant. For the transverse velocity component at exterior, V, = V
is taken. Also, along the J characteristic line s, = s, and for isentropic flows of ideal

gases (with constant specific heats)

Pe _ P

o A = constant,
P P
where p is the density. Knowing that
e petc _ P
gl vl pe
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one can find

1

D — |:p’OYO a§:| =1

e = | — .
Poo Y

After manipulating the above equation using ideal gas relation, p. can be found as:

a, 1&D
Pe = Poo | T s

Qoo

and number density at the exterior is

Pe
Ne = —=————— (2.4)
Zj Xjoom;

where m; represents the molecular mass of species j.

2.2.2 Subsonic Outflow Boundary Conditions

For small domains, freestream boundary conditions can not be used at the outflow boundaries.
For the determination of variables at the outflow boundaries, the interior solution has to be

taken into account. Figure 2.2 shows the outflow configuration.

Interior : Exterior

00
Freestream

Computational
Domain

Figure 2.2: Subsonic outflow boundary.

Properties at the exterior, e, are to be determined by the freestream conditions, co, and in-
terior, i. Since the flow is subsonic, there are two characteristics leaving the domain and one

characteristic coming into the domain. Hence, one property at e needs to be specified from the

13



freestream conditions. The variables to be determined are the same as the inflow variables (Ue,
Ve, ne, T, and Xj.). In the present research, the exterior property which is taken from the
freestream is chosen as po, (i.6. Pe = Poo) because this research concentrates on the flow over a

flat plate at constant pressure. Various conditions can be imposed at the outflow boundaries:

(i) The Neumann boundary condition: The normal gradient of a dependent variable, ¢, is
prescribed at the boundary as % = 0, where ¢ is in the direction of extrapolation. This
gives rise to extrapolation of properties from the interior domain as U, = U;, V., = V;, n. =
n; and X, . = X; ;. Only pressure is specified as the freestream pressure (p. = poo). Then,

the exterior temperature is calculated from the ideal gas relation (T, = -2<-) where k is

the Boltzmann constant.

(ii) Whitfield’s characteristic formulation: The characteristic variables (J—, J°, J*) shown in

Figure 2.2, and the primitive variables (p, U, p) are related by the following equations [22]:

dp

0 __ _
d

djt=av+ 2L =0 | (2.6)
pa
d

dj-=dv-2L=0o . (2.7)
pa

Using the Whitfield’s characteristic formulation [14], which allows the specification of

constant exit pressure,

DPe — Di

Pe = pi + 2 ; (2.8)
U, =U + pip;af’e : (2.9)
V.=V, , (2.10)
Xjo=Xji (2.11)

Using the ideal gas relation and the definition of the speed of sound, one can find that

1 Pe
Pe = pi <1 - 7) +oRT (2.12)
3
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(2.13)

Also,

Pe = Ne § Xj,emj 3
J

pi=ni Y Xjim,
j
—_———

callMpigture

The definition of the gas constant, R, is as follows:

R kN, k k

= = = 5
Monizture Zj Xj,e N, m; Zj Xj,e m; Mpmizture

R:

where ¥t is the universal gas constant, N, is the Avogadro’s number, M4 TEPresents
molar mass for mixture and m,, ;.0 represents (average) molecular mass for mixture.

Rewriting the Eqn.(2.12) with the above relations gives,

1 De
e=mn; | 1—— . 2.14
e =1 < ’Y>+7kTi (2.14)

Once exit pressure is known, exterior temperature can be calculated from the ideal gas

relation:

T, = . (2.15)

(iii) The characteristic boundary condition at outflows can also be applied using the Riemann
invariants as in the inflow boundaries described previously in Section 2.2.1. For this case
Jo=Jg, JF=J7, Ve =V, Xj. = X;; and s. = s;. Also, Ue, a. and p. can be
determined in a similar way. In the present research, this boundary condition is also
considered, however, satisfactory results are not obtained, and it is concluded that, this

boundary condition needs much larger computational domains than the ones considered

in the present study to give acceptable results.

Also, it should be noted that, although at the top and right boundaries the flow is expected to
move outwards, sometimes during the computations, it may direct inwards. This may occur at
the top edge because the normal velocity component V' is much smaller than the streamwise

velocity component U there. In situations like this, either the outflow boundary condition
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may be replaced by inflow boundary condition at those cells, or the properties of the outflow
boundaries may not be updated for that time step. Both approaches are considered in this

study, and it is concluded that the former approach is preferable.

2.2.3 The Streamline Extrapolation Technique

In this study, a new type of extrapolation technique is developed for the application of outflow
boundary conditions. In most applications, the extrapolation is done using the nearest neigh-

boring cells, but in this new technique this is accomplished using the streamline trajectories.

In the present computations, a rectangular domain is used and the top and right edges of
this domain correspond to outflow boundaries (as will be discussed in the next chapter in Fig-
ure 3.1). A “ghost cell” is introduced adjacent to the each cell in order to determine the flow

properties at the outflow boundaries, and the following algorithm is used.

Ghost Cell

Domain Boundary Ghost Cell

by
B By I
Ax
Domain Boundary
- AX
(a) Top Boundary (b) Right Boundary

Figure 2.3: Streamline extrapolation technique.

Consider the top boundary as shown in Figure 2.3.a. Assuming that the streamlines are linear
at the domain boundaries, one can draw the streamlines passing through the cell centers A and
B. The fundamental assumption of this method is that the center of ghost cell lies in between

these two streamlines for extrapolation of properties between A and B. If this condition is not
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met, a searching process is started considering other two adjacent boundary cells until it is
satisfied. Supposing the ghost cell O lies in between the streamlines passing through points A
and B (as shown in Figure 2.3.a), the macroscopic properties at O are calculated by weighted
interpolation (based on the shortest distances between point O and these streamlines, i.e. Sy

and Sp) of the properties at cells A and B.

The shortest distance, S, between point O and a line passing through a point P is shown
in Figure 2.4. Let Vp denote the velocity vector at point P, and ro, rp are the position vec-

tors.

Figure 2.4: Distance between a point and a line.

S is calculated as:

R
|(ro —rp)x Ve

Vp|

g = (2.16)

(i) Consider the top boundary cells in which cell O is N cells away from the point P. Then,

ro=xp+ NAzxz

Yyo=yr+Ay ,
ro —rp = (NAx)f—l— Ayj
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(rd — %) x Vp = (Vo NAz)K — (Up Ay)K |

_ VpNAx —-UpAy

NG

where Az, Ay give the cell dimensions, and I:I, K are the unit Cartesian vectors. Note

S

(2.17)

that N can be N = 0,F1,F2,... and for positive IV, point P is on the left of point O; for

negative N, point P is on the right of point O.

(ii) If the same procedure is followed for the right boundary cells in which cell O is N cells

away from the point P. Then,

ro =xp+ Ax
yo=yp+NAy
1o — 15 = Azi+ (NAy)j
(ro —1P) x Vp = (Vp Az)k — (Up NAy)k

_ VpAz - UpN Ay

VU + V3

Again, N can be N = 0,F1,F2,... and for positive IV, point P is below of point O; for

S

(2.18)

negative N, point P is above point O.

Then a weighting factor, «, is calculated from

Sa
a= —— 2.19
Sa+SB (2.19)
and is used to determine the macroscopic quantities (¢), which are assigned to the ghost cell,

according to the relation:

po=(1-a)pa+adp . (2.20)

It is clear that, if the streamline of A goes through point O (S4 = 0), then o becomes zero and
the properties of cell A are assigned to cell O. On the other hand, if the streamline of B passes
through point O (S = 0), then « becomes 1 and the properties of cell B are extrapolated to
cell O. Also, if point O is equidistant from the streamlines passing through A and B (S4 = Sg),

then a = 0.5 and ¢p = 24195
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CHAPTER 3

RESULTS AND DISCUSSIONS

3.1 Numerical Calculation Procedures

The aim of this study is to simulate two-dimensional rarefied subsonic gas flows over a flat
plate using the DSMC method. In the simulations, air with two species (O and N3) with
molar compositions of 21.2% and 78.8%, respectively, is used for the freestream. Variable-hard-
sphere (VHS) model [20] is applied for the molecular collisions. In the present computations,

the mean free path for the VHS molecules is calculated from

T
(77)”

A BT —w) Vann (dres)?

(3.1)

where w is the temperature exponent of the coefficient of viscosity (0.74), Ty is the reference
temperature (298.15 K), I' is the gamma function, n is the number density and d,.s is the
reference diameter (4.02 x 107%m). Larsen-Borgnakke model is employed to control the energy
exchange between translational and internal modes. The rotational and vibrational relaxation

collision numbers are 5 and 50, respectively.

3.2 Domain Configuration and Freestream Conditions

In this research, both semi-infinite plate and finite plate configurations are considered as illus-

trated in Figure 3.1. The temperature of the plate, T, is 299.4 K and length of the plate is
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equal to L (5.584 x 10~%m) or multiples of L.

—> | E— |
| | ! |
oo — | u, ;
vV, ! } Vo 1
Too JE— ! Tm _): |
n, —>: : n, — :
x| o0 _>: Y : X| o0 —>: y :
_>: X : —>: X :
”””””””””””” 777777777777 T T T T T
Upstream Upstream Downstream

Region Plate Region Plate Region

(a) Semi-infinite plate (b) Finite plate

Figure 3.1: Schematic of the domains.

In order to get satisfactory results using the DSMC technique, the cell sizes should be of
the order of local mean free path. For most of the cases investigated in the present study, Ax
and Ay are taken approximately equal to A. For a few calculations, Az > A (in the streamwise
direction of the flow) is considered, but in all computations Ay (in the transverse direction of
the flow) is taken equal to A. In all the calculations, approximately 10 representative molecules

are used in each cell.

Throughout this work, various freestream conditions are considered for the subsonic rarefied

flows over an infinitely thin flat plate with zero angle of attack at constant pressure. These flow

conditions are tabulated in Table 3.1.
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Table 3.1: Freestream conditions

U | Ve | M Tso Poo Moo Moo X0,.00 | XNy.o0
(2] | [ (K] | [Z5] | [melegue] [m] % %
35.26 | 0 | 0.102 | 299.4 | 97589.09 | 2.36 x 10%° | 5.584 x 1078 | 21.2 78.8
35.26 | 0 | 0.102 | 299.4 | 9758.909 | 2.36 x 10%* | 5.584 x 10~7 | 21.2 78.8
3526 | 0 | 0.102 | 299.4 | 975.8909 | 2.36 x 10%% | 5.584 x 107¢ | 21.2 78.8
138.74 | 0 0.4 | 299.4 | 975890.9 | 2.36 x 10%6 | 5.584 x 107Y | 21.2 78.8
138.74 | 0 0.4 | 299.4 | 97589.09 | 2.36 x 10%° | 5.584 x 1078 | 21.2 78.8
138.74 | 0 0.4 | 299.4 | 9758.909 | 2.36 x 10** | 5.584 x 10~7 | 21.2 78.8
138.74 | 0 0.4 | 299.4 | 975.8909 | 2.36 x 10%® | 5.584 x 1076 | 21.2 78.8

3.3 Boundary Conditions Used in the Simulations

In the present simulations, the following boundary conditions are used:

e Inflow Boundary Conditions:

Two different subsonic inflow boundary conditions are considered. For the first case, one of
the variables (in this case V') is extrapolated from the interior domain (numerical boundary
condition) and the other variables are specified (physical boundary condition) at the inflow
boundary. For the second case, Riemann inflow boundary condition is applied [See Section

2.2.1, page 11, for both cases].

e Outflow Boundary Conditions:

For the domain sketched in Figure 3.1, both the top and right boundaries are outflow bound-
aries. Several outflow boundary conditions are considered at these boundaries. In this analysis,
either Neumann boundary conditions are used or Whitfield’s characteristic formulation with
constant exit pressure [14] is applied [See Section 2.2.2, page 14, for these cases]. For these
boundary conditions, the extrapolated properties outside the computational domain are calcu-
lated either from the closest neighboring cell or by using the streamline extrapolation technique

explained in Section 2.2.3. Different case letters are assigned for different outflow boundary
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conditions as listed in Table 3.2, and these case letters are used in the rest of the thesis.

Table 3.2: Different outflow boundary conditions

Case | Outflow Boundary Condition
A Streamline Extrapolation & Neumann Boundary Condition
B Streamline Extrapolation & Whitfield’s Characteristic Formulation
C Adjacent Cell & Neumann Boundary Condition
D Adjacent Cell & Whitfield’s Characteristic Formulation

The fluid properties at the domain boundaries are updated during the calculations by the use of

the above-mentioned inflow and outflow extrapolation boundary conditions for subsonic flows.

3.4 Simulation Results

In this thesis, several test run results are presented for different boundary conditions, domain
configurations and freestream conditions. Table 3.3 summarizes these test runs. Note that Kn
and Re of each run in this table are evaluated using the corresponding plate length. In these
simulations, after steady state is reached, computations are continued for about 2 x 108 time
steps and samples are taken every other time step to calculate the time-averaged results. These
results are presented in Figures 3.2 - 3.133. Four figures and two pages are allocated for each
test run. Note that in these figures, plate’s leading edge is at * = 0. Also, for these flows,

experimental measurement is available for the drag coefficients [18].

In the present study, the density is nearly constant in the whole domain and comparison may

also be made with the incompressible Blasius solution [23]. For a given x and y

OOUOO
n:yﬂp )
Hoo T
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where i is the viscosity and f(n) and f’(n) are listed in [23]. The transverse velocity distribution

oo
Voo =0.8604 Uy | ———
\/,OOOZ

Shear stress, 7, distribution is calculated from the following equation:

r(z) = 0.332\/%

The drag coefficient is calculated based on half of the wetted area:

at the top boundary is:

O 2.656
b v Re

It should be kept in mind that Blasius solution is valid for the continuum flows and underpredicts
the experimental data of the drag coefficient under rarefied conditions [18]. Also, one has to
remember that Blasius solution is applicable for the flows over a semi-infinite flat plate. So,
comparisons with Blasius solution are only done in semi-infinite plate calculations. Also, Blasius
velocity profiles are plotted only at the midpoint and end of the plate. Note that for the Blasius
solution, uniform freestream velocity is assumed at the leading edge (i.e. U = Uy, = constant).
However, the present results indicate that when the upstream portion of the domain is taken
into account, there is a velocity profile at the leading edge. Still, due to the lack of extensive

experimental data, making comparisons with the incompressible Blasius solution may be useful.
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Table 3.3: Different test runs

Case M Kn Re Lupt Plate | £4own2 | Domain | Ax Inflow See
Length Height B.C. Page
Al 0.102 | 0.01 12.525 L L — 15L A Riemann3 25
A2 0.102 | 0.02 6.2625 L 0.5L — 1.5L A Riemann 27
A3 0.102 | 0.02 6.2625 | 0.5L | 0.5L 0.5L 1.5L A Riemann 29
A4 0.102 | 0.02 6.2625 L 05L L 15L A Riemann 31
A5 0.102 | 0.02 6.2625 L 0.5L L 1.5L 5A Riemann 33
A.6 0.102 | 0.01 12.525 L L - 1.5L A V extrapolation 3 35
AT 0.102 0.2 0.62625 2L 05L 2L 2L A Riemann 37
A8 0.102 2 0.062625 | 2L 0.5L 2L 2L A Riemann 39
A9% 10102 | oo — 2L | 05L 2L 2L A Riemann 41
A.10 0.4 0.01 49.253 L L — 0.75 L A Riemann 43
All 0.4 0.02 24.627 L 0.5L — 0.75 L A Riemann 45
A.l12 0.4 0.02 24.627 0.5L 0.5L 05L 0.75 L A Riemann 47
A.13 0.4 0.02 24.627 L 0.5L L 0.75 L A Riemann 49
Al4 0.4 0.02 24.627 | 05L | 0.5L 0.5L 0.75 L 5\ Riemann 51
A.15 0.4 0.002 246.27 0.5L 0.5L 0.5L 0.25L 5 Riemann 53
A.16 0.4 0.02 24.627 2L 0.5L 2L 2L 2.5 Riemann 55
A7 0.4 0.02 24.627 2L 0.5L 2L 2L A Riemann 57
A.18 0.4 0.2 2.4627 2L 05L 2L 2L A Riemann 59
A.19 0.4 2 0.24627 2L 0.5L 2L 2L A Riemann 61
A20% | 04 00 — 2L | 05L 2L 2L A Riemann 63
B.1 0.102 | 0.01 12.525 L L — 15L A Riemann 65
B.2 0.102 | 0.02 6.263 L 0.5L - 1.5L A Riemann 67
B.3 0.102 | 0.02 6.263 05L 05L 05L 15L A Riemann 69
B.4 0.102 | 0.02 6.263 L 05L L 2.25L A Riemann 71
B.5 0.102 | 0.01 12.525 L L - 1.5L A V extrapolation 73
B.6 0.102 | 0.005 25.05 L 2L — 3L A Riemann 75
B.7 0.102 | 0.02 6.263 L 0.5L — L A Riemann 77
C.1 0.102 | 0.01 12.525 L L — 1.5L A Riemann 79
C.2 0.102 | 0.02 6.263 05L | 05L 0.5L 1.5L A Riemann 81
C.3 0.102 | 0.01 12.525 L L - 1.5L A V extrapolation 83
D.1 0.102 | 0.01 12.525 L L — 1.5L A Riemann 85
D.2 0.102 | 0.02 6.263 0.5L 0.5L 0.5L 1.5L A Riemann 87
D.3 0.102 | 0.01 12.525 L L - 1.5L A V extrapolation 89

1Domain length in the upstream direction.
2Domain length in the downstream direction.
3See Section 2.2.1, page 11.

4Collisionless flow.
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Figure 3.2: Case A.1 ; Number density contours, streamlines and velocity profiles.
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Figure 3.3: Case A.1 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.4: Case A.1 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.5: Case A.1 ; Surface properties and comparison with experimental data.
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Figure 3.7: Case A.2 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.8: Case A.2 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.9: Case A.2 ; Surface properties and comparison with experimental data.
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Figure 3.10: Case A.3 ; Number density contours, streamlines and velocity profiles.
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Figure 3.11: Case A.3 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.12: Case A.3 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.13: Case A.3 ; Surface properties and comparison with experimental data.
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Figure 3.15: Case A.4 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.16: Case A.4 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.17: Case A.4 ; Surface properties and comparison with experimental data.
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Figure 3.18: Case A.5 ; Number density contours, streamlines and velocity profiles.
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Figure 3.19: Case A.5 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.20: Case A.5 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.21: Case A.5 ; Surface properties and comparison with experimental data.
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Figure 3.22: Case A.6 ; Number density contours, streamlines and velocity profiles
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Figure 3.23: Case A.6 ; Extrapolated fl
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Figure 3.24: Case A.6 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.25: Case A.6 ; Surface properties and comparison with experimental data.
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Figure 3.26: Case A.7 ; Number density contours, streamlines and velocity profiles.
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Figure 3.27: Case A.7 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.28: Case A.7 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.29: Case A.7 ; Surface properties and comparison with experimental data.
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Figure 3.30: Case A.8 ; Number density contours, streamlines and velocity profiles.
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Figure 3.31: Case A.8 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.32: Case A.8 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.33: Case A.8 ; Surface properties and comparison with experimental data.
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Figure 3.34: Case A.9 ; Number density contours, streamlines and velocity profiles.
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Figure 3.35: Case A.9 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.36: Case A.9 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.37: Case A.9 ; Surface properties.
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Figure 3.38: Case A.10 ; Number density contours, streamlines and velocity profiles.
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Figure 3.39: Case A.10 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.40: Case A.10 ; Velocities and extrapolated flowfield variables at top boundary.
(a) Pressure (b) Shear Stress
110000 15000
I i
I I T
I e e Blasius t
10000
§ 100000 |F §
= : T
I 5000
I I I L L L I i i i i 1 i I 1
900000 3EI.06 6EI.05 00 3E-06 6E-06
X (m) x (m)
(c) Heat Transfer (d) Comparison with Exp. Data
1000000 - -
10°¢ S .
Oooou
< &BD
£ Co,
S 500000 B ¥ 5
< O 10"F g
o F
r o Experiment, 0.16<M<0.21 ®
| O Experiment, 0.46<M<0.72 .
| & Case A.10
\v4 Blasius
L . . L 1 L L I 21 Ll . R |
% 3E-06 6E-06 T 10 10°
x (m) Re™/M

Figure 3.41: Case A.10 ; Surface properties and comparison with experimental data.
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Figure 3.42: Case A.11 ; Number density contours, streamlines and velocity profiles.
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Figure 3.43: Case A.11 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.44: Case A.11 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.45: Case A.11 ; Surface properties and comparison with experimental data.
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Figure 3.46: Case A.12 ; Number density contours, streamlines and velocity profiles.
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Figure 3.47: Case A.12 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.48: Case A.12 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.49: Case A.12 ; Surface properties and comparison with experimental data.
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Figure 3.50: Case A.13 ; Number density contours, streamlines and velocity profiles.
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Figure 3.51: Case A.13 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.52: Case A.13 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.53: Case A.13 ; Surface properties and comparison with experimental data.
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Figure 3.54: Case A.14 ; Number density contours, streamlines and velocity profiles.
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Figure 3.55: Case A.14 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.56: Case A.14 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.57: Case A.14 ; Surface properties and comparison with experimental data.

52




. n .
(a) Number Density 2.43E+26 (b) Leading Edge
i 2.4E+26 1.5E-06
and Streamlines e ‘
2.34E+26 )
! U
1E-06fF ,  f  mmmm-- v
I
E :
> i
|l
2E-06 BE-07F
B s ee— Fo
~ [ coilmmesSRRSSRSEE—,— . e B ¥
> w - ]
Ni===—s===—" ooz - . .
-3E-06 0 3E-06 6E-06 0 100 200 300
X (m) U,V (mls)
(c) Midpoint (d) Trailing Edge
1.5E-06 1.5E-06
1 1
1 1
I I
) u | u
1E-06- , | === v 1E06- 7 | mmmm-- v
3} 1
£ ; £ ;
> I > 1
SE-07f 5E-07} 1
[ [
1 1
- ( [ 1
- Fo
O 1 i 1 i i 1 i i 1 0 'l i 1 i i 1 i i 1
0 100 200 300 0 100 200 300
U,V (m/s) U,V (m/s)

Figure 3.58: Case A.15 ; Number density contours,

streamlines and velocity profiles.
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Figure 3.59: Case A.15 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.60: Case A.15 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.61: Case A.15 ; Surface properties and comparison with experimental data.
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Figure 3.62: Case A.16 ; Number density contours, streamlines and velocity profiles.
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Figure 3.63: Case A.16 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.64: Case A.16 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.65: Case A.16 ; Surface properties and comparison with experimental data.
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Figure 3.66: Case A.17 ; Number density contours, streamlines and velocity profiles.
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Figure 3.67: Case A.17 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.68: Case A.17 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.69: Case A.17 ; Surface properties and comparison with experimental data.
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Figure 3.70: Case A.18 ; Number density contours, streamlines and velocity profiles.
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Figure 3.71: Case A.18 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.72: Case A.18 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.73: Case A.18 ; Surface properties and comparison with experimental data.
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Figure 3.74: Case A.19 ; Number density contours, streamlines and velocity profiles.
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Figure 3.75: Case A.19 ; Extrapolated flowfield variables at left and right boundaries.

61




(au,Vv (b) U,V [Ext]
300 300
I I u
L e e e = = L e e = = V
__ 200} __ 200}
v I Q i
E T E
> I > I
- 100} - 100}
0; ——————————————————————— 0; ———————————————————
P N N [T S NN SO T SN S S I S S S S MR TN Y TN NN T YT N NS N N Y [T SO S N NI
-1.2E-05 -6E-06 0 6E-06 1.2E-05 -1.2E-05 -6E-06 0 6E-06 1.2E-05
x (m) X (m)
(c) Number Density [Ext.] (d) Temperature [Ext.]
3E+231 350
E
<@ —
325E+23} < 300t  —
g -
[]
E —
c
2E+23\\\\l\\\\l\\\\l\\\\l\\ 250\\\\l\\\\l\\\\l\\\\l\\
-1.2E-05 -6E-06 O 6E-06 1.2E-05 -1.2E-05 -6E-06 0 6E-06 1.2E-05
x(m) x(m)

Figure 3.76: Case A.19 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.77: Case A.19 ; Surface properties and comparison with experimental data.
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Figure 3.78: Case A.20 ; Number density contours, streamlines and velocity profiles.
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Figure 3.79: Case A.20 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.80: Case A.20 ; Velocities and extrapolated flowfield variables at top boundary.

Figure 3.81: Case A.20 ; Surface properties.
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Figure 3.82: Case B.1 ; Number density contours, streamlines and velocity profiles.
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Figure 3.83: Case B.1 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.84: Case B.1 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.85: Case B.1 ; Surface properties and comparison with experimental data.
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Figure 3.86: Case B.2 ; Number density contours, streamlines and velocity profiles.
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Figure 3.87: Case B.2 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.88: Case B.2 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.89: Case B.2 ; Surface properties and comparison with experimental data.
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Figure 3.90: Case B.3 ; Number density contours, streamlines and velocity profiles.
(a) Left Boundary [Ext.] (b) Right Boundary [EXt.]
9E-06 9E-06
I 1
1 (
| U . U
6EO6F' "7 os v 6E-06F |  {  m====- v
i
E | E )
> : > |
3E-06 ! 3E-06} /
1 i ,l
1 I
r! [V
Lo F\
OI TR TR T I TS SO S N SO S N N | 0‘ TRTIR [T S ST T NI |
0 25 50 75 100 0 50 75 100
U,V (m/s) U,V (m/s)
(c) n at Right Boundary [Ext.] (d) T at Right Boundary [Ext.]
9E-06 - 9E-06
6E-06 - 6E-06
E E
> >
3E-06} 3E-06
O L 1 L L L L 1 0 1 L L L L 1
2E+25 2 5E+25 3E+25 250 300 350
n (molecule/m *) T (K)

Figure 3.91: Case B.3 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.92: Case B.3 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.93: Case B.3 ; Surface properties and comparison with experimental data.
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Figure 3.94: Case B.4 ; Number density contours, streamlines and velocity profiles.
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Figure 3.95: Case B.4 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.96: Case B.4 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.97: Case B.4 ; Surface properties and comparison with experimental data.
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Figure 3.98: Case B.5 ; Number density contours, streamlines and velocity profiles
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Figure 3.99: Case B.5 ; Extrapolated flowfield variables at left and right boundaries
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Figure 3.100: Case B.5 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.101: Case B.5 ; Surface properties and comparison with experimental data.
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Figure 3.102: Case B.6 ; Number density contours, streamlines and velocity profiles.
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Figure 3.103: Case B.6 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.104: Case B.6 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.105: Case B.6 ; Surface properties and comparison with experimental data.
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Figure 3.106: Case B.7 ; Number density contours, streamlines and velocity profiles.

(a) Left Boundary [Ext.] (b) Right Boundary [Ext.]
6E-06 - 6E-06
o u u
[ ittt v o T, A === \%
Ese06} E E 3606
> \ >
0=~ 25 50 75 100 s 75 100
U,V (mis) U,V (m/s)
(c) n at Right Boundary [Ext.] (d) T at Right Boundary [Ext.]
6E-06 6E-06
E 306} E3c06f
> >
0 n 1 n n n n 1 0 n n n n 1 n n n n 1
2E+25 2.5E+25 3E+25 250 300 350
n (molecule/m ) T (K)

Figure 3.107: Case B.7 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.108: Case B.7 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.109: Case B.7 ; Surface properties and comparison with experimental data.
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Figure 3.110: Case C.1 ; Number density contours, streamlines and velocity profiles.
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Figure 3.111: Case C.1 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.112: Case C.1 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.113: Case C.1 ; Surface properties and comparison with experimental data.
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Figure 3.114: Case C.2 ; Number density contours, streamlines and velocity profiles.
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Figure 3.115: Case C.2 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.116: Case C.2 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.117: Case C.2 ; Surface properties and comparison with experimental data.
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Figure 3.118: Case C.3 ; Number density contours, streamlines and velocity profiles.
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Figure 3.119: Case C.3 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.120: Case C.3 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.121: Case C.3 ; Surface properties and comparison with experimental data.
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Figure 3.122: Case D.1 ; Number density contours, streamlines and velocity profiles.
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Figure 3.123: Case D.1 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.124: Case D.1 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.125: Case D.1 ; Surface properties and comparison with experimental data.
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Figure 3.126: Case D.2 ; Number density contours, streamlines and velocity profiles.
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Figure 3.127: Case D.2 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.128: Case D.2 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.129: Case D.2 ; Surface properties and comparison with experimental data.
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Figure 3.130: Case D.3 ; Number density contours, streamlines and velocity profiles.
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Figure 3.131: Case D.3 ; Extrapolated flowfield variables at left and right boundaries.
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Figure 3.132: Case D.3 ; Velocities and extrapolated flowfield variables at top boundary.
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Figure 3.133: Case D.3 ; Surface properties and comparison with experimental data.
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3.5 Discussions

The preliminary calculations performed in this thesis show that the results are sensitive to the
boundary conditions used. However, when the boundary conditions explained in Section 3.3
are used, the results are found to be reasonably close to each other and in good agreement with
the available experimental data. Figures 3.2 - 3.133 show the results of these test runs. The

differences between these test run results are discussed below.

In Cases A.1 to A.20 streamline extrapolation technique is used with the Neumann boundary
condition for the outflow boundaries. Cases A.1 and A.2 have the same boundary conditions
and inflow parameters and the only difference between them is the plate length. (In Case A.2
half of the plate length of Case A.1 is used.) It can be seen from the figures that results are
consistent. For both cases, the calculated drag coefficient is in close proximity of the experi-

mental results.

Finite plate vs. semi-infinite plate comparisons begin with Case A.2 and Case A.3. Both
cases capture the freestream values (i.e. temperature, number density, velocities) at the out-
flow boundaries. On the other hand, there are some differences in their surface properties (i.e.
p, T, q) near the end of plate (compare Figure 3.9 and Figure 3.13) due to the presence of the

downstream region in the finite-plate configuration.

The effect of domain size is compared in Case A.3 and Case A.4. The increased upstream
and downstream lengths help to produce smoother velocity profiles near the top edge. Increas-
ing the domain size shows its effect also on the drag coefficient. Case A.4 has a slightly better
calculated drag coefficient compared to Case A.3, as expected. Also, note that calculated drag
coefficient for Case A.2 is in slightly better agreement with the experimental data as compared
to that for Case A.4, (although one would expect the opposite because in Case A.4 the down-

stream is also considered).
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The computational time is a very important issue in numerical simulations. In the DSMC
method, the computational time is proportional to the number of molecules in the domain.
Hence, to reduce the CPU time, one can try to increase the cell sizes in the directions where
the flow gradients are small. This reduces the total number of cells and hence the total num-
ber of molecules in the domain. In the early part of this thesis study, an extensive sensitivity
analysis has been performed on the cell sizes both in the streamwise (x) and transverse (y)
directions. The results of those calculations show that the flows are more sensitive to Ay than
to Az. For instance, when Ay =~ 2.5\ is used instead of Ay ~ A, then drag coefficient shows
20% error, and the total heat transfer shows 12% error. On the other hand when Az ~ 2.5\
is used instead of Az = A, the drag coefficient shows 1% error and total heat transfer has 2%
error. Consequently, in this thesis Ay = X is used in all calculations. Also, in most calculations
Ax =~ ) is taken, except in a few cases Az ~ 2.5 X or even Az =~ 5\ is used. For example, in
Case A.5 Ax = 5\ is considered. Remember that in the DSMC simulations, results improve
when the cell sizes and the time steps are reduced. It is clearly seen from the comparison of
Case A.4 and Case A.5 that some deviations occur for the larger cell size configuration. For
example, in Case A.5 the number density distribution tends to increase by about 1% near the
top-right corner of the domain. Moreover, the drag coefficient calculated in Case A.4 is a little

better than that calculated in Case A.5.

The inflow boundary condition effects are examined by comparing the results of Case A.1l
(Riemann boundary condition) and Case A.6 (with V extrapolation). Note that, the velocity
profiles for Case A.6 happen to be nearly the same as the Blasius profiles along the plate. Also,
in Case A.6 streamlines come into the domain with large positive angles that increase in the
y-direction, which is not expected because the number density contours of Cases A.1 and A.6
show that at about one-half plate length upstream of the body the density rise is about 0.5%.
Moreover, at the top boundary, transverse velocity V' starts with a high value and decreases in

the x-direction which is not realistic (although it is consistent with the Blasius solution).
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Effects of rarefaction are also investigated in this research by changing the freestream num-
ber density and keeping the other freestream properties the same. In Cases A.7 and A.8 the
freestream densities are reduced by factors of 10 and 100, respectively. Case A.9 is the same as
Case A.8 except that intermolecular collisions are by-passed to get collisionless flow solutions.
The calculated drag coefficient of Case A.9 is 1.305 and the theoretical free-molecule [1] result is
1.349. The results show that slip velocities increase with rarefaction. Also, at the top boundary,
there are some cells with negative transverse velocities which indicate that the domain height

needs to be increased.

In the present study, the Mach number effects are also investigated by increasing the freestream
velocity and keeping the other freestream properties the same. In Cases A.10 to A.20, freestream
Mach number is increased to M = 0.4. Keeping in mind that the boundary layer height is in-
versely proportional to the square root of the streamwise velocity, the domain height in Case
A .10 is taken as half the value for Case A.1 (M = 0.102) to reduce the computational time.
Comparison between Case A.1 and Case A.10 demonstrates that the increased freestream ve-
locity results in smoother velocity profiles and better agreement with the Blasius solution. On
the other hand, the extrapolated temperature and number density distributions at the outflow
boundaries are nearly constant in Case A.1 whereas in Case A.10 there are some bulges. Also,
note that the domain height is reduced a bit too much in Case A.10 (as it is evident from
the number density contours). Nevertheless, the drag coefficient for Case A.10 is in very good
agreement with experimental data. The discussions for the comparison between Cases A.10
and A.1 also hold for that between Cases A.11 and A.2 (in which the only difference is the plate

length).

The effects of lengths of the upstream and downstream regions are also investigated for M = 0.4.
In Cases A.12 and A.13, the length of the upstream and downstream regions are chosen as L/2
and L, respectively. The drag coefficient is a little better in Case A.13, as expected, because

Case A.13 has a larger computational domain. However, both cases have some minor irregu-
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larities in the temperature and number density distributions near the top edge which indicates

that the domain height needs to be increased.

To check the effect of Az, calculations are performed in Case A.14 which is the same as Case
A.12 except that it has Az ~ 5 X instead of Ax =~ \. The results of Case A.14 are a little worse
than those of Case A.12, as expected. Note that, the drag coefficient for Case A.14 is only 3%

worse than that for Case A.12.

The simulations presented in this thesis are in the slip-flow, transition and free-molecular
regimes, except for Case A.15 which is in the continuum regime. For Case A.15, the freestream
number density is increased to 2.36 x 102¢ molecule/m?. Note that this increases the CPU time
requirement drastically because it implies a reduction in the mean free path by a factor of 10 as
compared to Case A.12. If the domain size is kept the same and if Az and Ay are of order mean
free path, this requires an increase in the total number of cells by a factor of 102, and hence the
total CPU time increases by a factor of 100. This is not affordable with the computer resources
available for this thesis and hence in the present simulations, the computations are speeded up
as follows: First of all, knowing that the boundary layer height is inversely proportional to the
square root of the density, the domain height is reduced by factor of 3. Furthermore Ax is
taken as Az = 5 A accepting a few percent error on the results and consequently the CPU time
requirement is reduced by a factor 15. The computed drag coefficient of Case A.15 is still in
very good agreement with the experimental data, and the results, in general, are satisfactory
although there are some minor deviations near the top boundary which suggest that the domain

height needs to be increased.

The size of the domain is definitely important for the proper simulation of this type of flows.
In Cases A.16 and A.17, the domain is extended in all directions (upstream, downstream and
height), and the length of the domain in these directions are 4 times the plate length. The only

difference between them is that in Case A.16 Az ~ 2.5 X is used instead of Az ~ A. Sun and
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Boyd [17] performed similar calculations on a flat plate using the “Information Preservation”
technique and noticed that the results are very close if these lengths are chosen between 3.5
and 15.5 times the plate length. The computed drag coefficients of Cases A.16 and A.17 are in
excellent agreement with the experimental data and Cp for Case A.17 is less than 1% different
from that of Case A.16. This reinforces the argument made earlier for the use of Ax ~ 2.5\
confidently in these simulations. The results of Cases A.16 and A.17 can also be compared
with those of Cases A.12 and A.13 to see the improvement on the results as the domain size is

increased.

Effects of rarefaction for M = 0.4 are further investigated in Cases A.18, A.19 by decreas-
ing the freestream densities 10 and 100 times, respectively. Also, in Case A.20 collisionless
flow is obtained by repeating Case A.19 without intermolecular collisions. The calculated drag
coefficient of Case A.20 is 1.307 and the theoretical free-molecule [1] result is 1.349. Likewise
in M = 0.102 counterpart cases (A.7, A.8, A.9), slip velocities increase with rarefaction, and
again negative transverse velocities at the top boundary indicate the necessity to increase do-

main height.

Various outflow boundary conditions other than the one used in Cases A are also tested in
the present research as Cases B, C, D (See Table 3.2). In Cases B.1 to B.7, streamline extrap-
olation technique is used (as in Cases A), however instead of Neumann boundary condition,
Whitfield’s characteristic formulation is adapted at the outflow boundaries. Note that the
freestream conditions and the domain sizes for Cases B.1, B.2, B.3, B.4, B.5 are the same as
those for Cases A.1, A.2, A.3, A.4, A.6, respectively (except the domain height in Case B.4 is
a little higher than that in Case A.4). Comparisons between each corresponding couple indi-
cate clearly that the boundary conditions used in Cases A produce a little better results than
those used in Cases B. In all the results of Cases B, the number density tends to decrease as
the flow approaches the top-right corner of the domain (however, this is only a few percent).

In Cases B.6 and B.7, various domains with different plate lengths and domain heights are
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considered for semi-infinite plate configurations, as a further investigation parallel to Cases B.1

and B.2. Again, as the domain size relative to plate length is increased, the results are improved.

In Cases A and B, streamline extrapolation technique is used for the outflow boundary con-
ditions. Extrapolation using the nearest adjacent cell (along the outflow boundaries) is also
tested in this study and are presented in Cases C and D. In Cases C, Neumann boundary con-
dition with adjacent cell extrapolation is used; whereas in Cases D, Whitfield’s characteristic
formulation with adjacent cell extrapolation is considered. Note that the freestream conditions
and the domain sizes for Cases C.1, C.2, C.3 and Cases D.1, D.2, D.3 are the same as those for
Cases A.1, A.3, A.6, respectively. Comparing the results for the counterpart cases, it can be
seen that the boundary condition used in Cases C gives a little better results than that used in

Cases D, but the boundary condition in Cases A is superior to both Cases C and Cases D.

It should be pointed out that when the nearest cell extrapolation technique is used, the re-
sults near the top-right corner of the domain show some errors. This is caused by the use of
the top-right corner cell properties both in the top and in the right boundary extrapolations.
Considering that, these extrapolated values are used in the determination of the number of
molecules and their properties entering that cell from the top and from the right, errors in the
corner cell properties have less chance to diminish, and consequently, the neighboring cells are
adversely affected. Note that, this problem is overcome by the use of streamline extrapolation
technique in which the properties at the top and right boundaries of the corner cell are not
solely extrapolated from that cell and the results are improved (e.g. compare Cases A.l vs.

C.1,B.1vs. D.1 and A.6 vs. C.3).

Clearly, when extrapolation techniques are used for outflow boundary conditions, the vali-
dation of these techniques is necessary. First, in using extrapolation boundary conditions at
the outflows, some errors near the exit boundaries are acceptable as long as the main flow in the

rest of the domain is not distorted. This is achieved in the present study, and can be seen by
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comparing the results of semi-infinite plate calculations for different plate lengths. For example,
consistency of the results for Cases A.1, A.2 (for M = 0.102) and A.10, A.11 (for M = 0.4) can
be seen from Figures 3.2 - 3.9, 3.38 - 3.45, respectively. Comparison can also be made of the
surface properties for these cases. As can be seen from Figure 3.134, the shear stress distribution
is almost the same up to 2.792 x 1076 m for different plate lengths®. Similar behavior can be
observed in pressure and heat transfer distributions. Second, the present results for collisionless
finite-plate flows (Case A.9 (M = 0.102) and A.20 (M = 0.4)) are in very good agreement with
the theoretical free-molecule flow results. Noting that the boundary conditions are the only
factors in the determination of the free-molecule results and in the present collisionless flow
simulations all the outflow boundary properties (except the external pressure) are extrapolated

from the domain, confidence on the present boundary conditions is increased.

10000

L=5.584 x10°
L=2.792 x10°

5000

T (N/m?)

6E-06

Figure 3.134: Shear stress distributions for semi-infinite plates.

Moreover, at the top boundary of the domain, the transverse velocity components are much
smaller than the streamwise velocity components, and hence, the streamlines leave the domain

with very small angles with respect to top boundary. Consequently, in using streamline extrap-

5 The results near the end of the plate are a little distorted due to exit boundary condition effects.
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olation at the top boundary it may be necessary to extrapolate properties from the cells quite
far away from the ghost cells (see Section 2.2.3 for ghost cells). Also, during the computations,
sometimes the streamlines at the top boundary may direct into the domain and the flow be-
comes inflow instead of outflow locally®. It is noteworthy that the present boundary conditions
performed remarkably well under all the severe conditions mentioned above, and produced sat-
isfactory results. It is also known that, as the domain size is increased the effects of boundary
conditions decrease. In the present simulations, various domain sizes are considered and it is
observed that the present boundary conditions can be confidently used even the domain size is

small (approximately plate length).

The effects of rarefaction and Mach numbers can also be seen in Figures 3.135 and 3.136 in
which surface pressure distributions and drag coefficients are plotted, respectively. Figure 3.135
shows that the pressure drops as the rarefaction increases, and also the uniform distribution
for the pressure is distorted as the flow speed increases. Figure 3.136 depicts that the present
results are in excellent agreement with the experimental data. The drag coefficients change
slightly with the Mach numbers, but as the rarefaction increases the drag coefficients converge

to the theoretical free-molecular value.

6 (Clearly, these problems can be avoided by choosing the alignment of the top boundary quite different from
the outgoing streamlines.
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Figure 3.135: Pressure distributions for various Kn and M numbers.
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Figure 3.136: Drag coefficient for various test runs.
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For the Neumann boundary condition used in this study, first order derivative and first order
accurate discretization is utilized. Higher order derivatives and higher order accurate dis-
cretizations are also tested in the early stages of this investigation, however, it is found that

they produce oscillations as the order of derivatives and order of accuracies increase.

The sample size has to be much larger for the subsonic rarefied flows as compared to that
for supersonic flows to remove the statistical scatter on the computed results. This is evident in
the present results, too. For example, although the present time-averaged results are based on
approximately 10% samples (i.e. about 107 particles per cell), statistical scatter is still present

on the surface heat transfer (¢) and shear stress (7) results.

Apart from these test runs, several other boundary conditions and grid structure are also
tested in this study. For example, in one of the calculations, constant streamwise freestream
velocity (U = Uy) is used at the top boundary instead of constant freestream pressure but
the results show large deviations. Separately, nonuniform cell structure is also tested and it is
observed that when large cells are used away from the body, the drag coefficient is correctly

calculated but the surface heat transfer results and velocity profiles are distorted considerably.

In this study, all the calculations have been performed using an Intel XEON processor with 2.6

Ghz speed and 1 GB memory. A Kn = 0.2 run takes about 3.5 hours and uses %0.5 memory,

and a Kn = 0.02 run requires 15 days and uses %8.1 memory for a sample size of 106.
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CHAPTER 4

CONCLUSIONS

In this thesis, subsonic rarefied flows over a flat plate at constant pressure are studied using
the direct simulation Monte Carlo method. An infinitely thin plate with zero angle of attack
is considered. Flows with a Mach number of 0.102 and 0.4 and a Reynolds number varying
between 0.063 and 246 are considered covering most of the transitional regime between the
free-molecule and the continuum limits. The effects of different inflow and outflow boundary
conditions are examined, and a new extrapolation technique, based on following the trajectory
of a streamline, is developed. Results are obtained for a number of test runs and the drag
coefficient of the plate for each case is compared with the experimental data. The outcomes of

this study are listed as follows:

e In all of the cases listed in Table 3.3, the calculated drag coefficients are in very good

agreement with the experimental data.

e Among the various outflow boundary conditions tested, the best results are obtained using
Neumann boundary condition together with the newly developed streamline extrapolation
technique (Cases A). The precision in the results decreases in the following order: Cases

A B, C and D (see Table 3.2 for the boundary conditions represented by these letters).

e One of the most important outcomes of this study is that small computational domains

can be confidently used with the boundary condition of Cases A because the flow is not
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distorted and the general features of the flow are correctly calculated. This helps to reduce

the computational time in the simulation of dense flows.

At the inflow boundary, two boundary conditions are considered. Riemann boundary
condition is found to be more effective as compared to the other in which one of the
variables, transverse velocity V', is extrapolated from the interior. It is observed that, with
Riemann boundary condition, streamlines enter the domain parallel to the freestream,
whereas in V' extrapolation, streamlines enter the domain with large angles, which is not

realistic.

Another important observation is made on the use of cell sizes when compared to local
mean free path. Results for Az = 2.5 X have less than 1-2% error when compared to those

for Ax ~ X\. However, it is necessary to use Ay =~ A for correct results.

The highest Reynolds number in this study is achieved in Case A.15 (Re = 250) by using
Az =~ 5 X and by reducing the height of the domain. The computational time for this
case requires maximum usage of computer resources available in this study. Noting that,
the critical Reynolds number to produce turbulence on a flat plate is about 200,000, it is

clear that simulation of turbulent flows on a flat plate is still far away.

The statistical scatter in the results of M = 0.4 are less than that in M = 0.102. This is
expected because as the mean flow velocities decreases, it becomes difficult to reduce the
statistical scatter (associated with the DSMC technique) from the averaged results and a

big sample size is required.
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APPENDIX A

INTERMOLECULAR COLLISIONS

Collision process and the selection of collision pairs are based on the kinetic theory. Suppose
a single molecule has a collision cross-section o and the relative velocity c,. In the specified
time interval, At, which is much shorter than the mean collision time, moving molecule will
collide with stationary molecule if the center of the stationary molecule is in the cylinder of
volume o7 ¢, At. Summing over all velocity classes gives the number of collisions of molecule

per unit time (mean collision rate),
V=n0r6 , (A1)

where n is the number density. The bar denotes the average value over all molecules in the

sample. The total number of collisions per unit time per unit volume is

N.=-nv=-n*Gr¢ . (A.2)

1
2

Since each collision is between two molecules, one half factor is introduced.

Throughout this study, for calculating the intermolecular collisions, Bird’s “No-Time Counter
(NTC)” method [1] is applied. The probability of a collision between two molecules in a ho-
mogeneous gas is related with the production of relative speed c, and collision cross-section

or. First of all, number of pair selections is determined for the time interval. Then one of the
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collision pair is selected and the collision is computed with probability

orc
_ortr (A.3)
(UT Cr)maz

The decision of accepting this collision pair is established using “Acceptance-Rejection Method”

1]. If result of the Eqn.(A.3) is greater than the generated random fraction, Ry, collision is
[ q g g f

accepted. Otherwise, process goes on until finding a collision pair.
The computational time in the NTC is proportional to the number of simulated molecules and

NTC yields the exact collision rate in both simple gases and gas mixtures, under equilibrium

and non-equilibrium conditions.
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