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ABSTRACT

CHANNEL ESTIMATION FOR OFDM SYSTEMS

Giirel, Ilker
M. S., Department of Electrical and Electronics Engineering
Supervisor  : Asst. Prof. Dr. Arzu TUNCAY KOC
Co-Supervisor : Prof. Dr. Yal¢in TANIK

November 2005, 135 pages

In this thesis, various pilot symbol aided channel estimation and tracking methods are
investigated and their performances are compared for an OFDM system with packet based
communication on HF channel. For the HF channel, Watterson HF channel model is used.
The compared methods are least squares (LS) channel estimation, linear minimum mean
square error (LMMSE) channel estimation, least mean squares (LMS) channel tracking,
recursive least squares (RLS) channel tracking, constant position model based Kalman filter
channel tracking, and constant velocity model based Kalman filter channel tracking. For LMS

and RLS methods some adaptive approaches are also investigated.

Keywords: Orthogonal Frequency Division Multiplexing (OFDM), Ionospheric High
Frequency (HF) Channel, Linear Channel Modelling, Channel Estimation, Channel Tracking
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DIKGEN SIKLIK BOLUMLU COGULLAMA SiSTEMLERI
ICIN KANAL KESTIRIMI

Giirel, Ilker
Yiiksek Lisans, Elektrik Elektronik Miihendisligi Boliimii
Tez Yoneticisi : Yrd. Dog. Dr. Arzu TUNCAY KOC
Ortak Tez Yoneticisi: Prof. Dr. Yalgin TANIK

Kasim 2005, 135 sayfa

Bu tezde, HF kanalinda ¢esitli pilot sembol temelli kanal kestirim ve takip algoritmalar
incelenmis ve paket veri yapis1 temelli OFDM  sistemleri i¢in performanslari
karsilastirilmistir. HF kanali icin Watterson HF kanal modeli kullanilmistir. LS kanal kestirim
yontemi, LMMSE kanal kestirim yontemi, LMS kanal takibi yontemi, RLS kanal takibi
yontemi, sabit pozisyon modeline dayanan Kalman filtresi kanal takip yontemi ve sabit hiz
modeline dayanan Kalman filtresi kanal takip yontemi performanslar1 karsilastirilmistir. LMS

ve RLS yontemleri i¢in adaptif yaklasimlar da incelenmistir.

Anahtar Kelimeler: Dikgen Siklik Béliimlii Cogullama (OFDM), Iyonosferik Yiiksek Frekans
(HF) Kanali, Dogrusal Kanal Modelleme, Kanal Kestirimi, Kanal Takibi
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CHAPTER 1

INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM) is a promising multicarrier
modulation technique for high data rate for wireless communications. The
subchannels of OFDM are overlapping due to the orthogonality of the subcarriers.
The overlapping of subchannels makes efficient use of the spectrum. Since the
channel is divided into narrowband flat fading channels, OFDM is more resistant to
frequency selective fading than single carrier systems are. Inter symbol interference
(ISI), overlap of consequent symbols, and inter carrier interference (ICI), loss of
orthogonality between subcarriers, can be eliminated through the use of a guard
interval. Using adequate channel coding and interleaving, symbols lost due to the
frequency selectivity of the channel can be recovered. Channel equalization becomes
simpler than using adaptive equalization techniques with single carrier systems.
OFDM is computationally efficient by using fast Fourier transform (FFT) techniques
to implement modulation and demodulation functions. It is less sensitive to sample
timing offsets than single carrier systems are. It provides good protection against co-
channel interference and impulsive parasitic noise. These are the considerable

advanges of OFDM [1].

Besides the advantages of the OFDM systems, there are two disadvantages [1]. The
first one is that the OFDM signals have a noise like amplitude with very large
dynamic range. Therefore it requires radio frequency (RF) power amplifiers with a
high peak to average power ratio. The second one is that OFDM systems are more
sensitive to carrier frequency offset and drift than single carrier systems are, due to

leakage of the discrete Fourier transform (DFT).



In recent years, as a wideband communication method, OFDM has gained
considerable popularity. For example, OFDM has started to be used for Digital
Audio Broadcasting (DAB) and Digital Video Broadcasting (DVB). Besides
commercial applications, there are also some military applications of OFDM such as

Wireless Local Area Network (WLAN) [2].

Considering the features of the OFDM system, it is a suitable choice for time varying
multipath fading channels because OFDM can combat ISI caused by the dispersive
fading of wireless channels. Due to the nature of the time varying multipath fading
channels, channel estimation and/or tracking should be used for coherent detection in
order to reduce the channel impairments and detect the transmitted symbols properly.
Besides, in order to exploit the channel further for a better communication, the
communication system should be adapted to the channel conditions. This can be

done by using channel estimation and/or tracking [2].

In the literature, there are numerous channel estimation and tracking methods.
Channel tracking methods are used together with channel estimation methods for
packet based communications. Also, for OFDM systems there are various methods.
Although these methods are used to combat with all kinds of wireless channels, HF

channels are not so investigated especially for OFDM systems.

The aim of this thesis is to investigate some promising channel estimation and
tracking methods for HF channels in an OFDM system with packet based
communication. These methods are least squares (LS) channel estimation method,
linear minimum mean square error (LMMSE) channel estimation method, least mean
square (LMS) channel tracking method, recursive least squares (RLS) channel
tracking method, constant position model based Kalman filter channel tracking
method, and constant velocity model based Kalman filter channel tracking method.
Among all, constant velocity model based Kalman filter can be seen as a promising
channel tracking method because the tracking ability of Kalman filter is increased

with the employed kinematic model.



In order to investigate these methods, a packet based communication system is
constructed and various simulations were performed. In these simulations, for the HF

channel, Watterson HF channel model is used.

In chapter 2, OFDM is investigated in detail. In chapter 3, time varying multipath
fading channels and HF channels are explained in detail. In chapter 4, the derivations
of the selected channel estimation and tracking methods are given. These methods
are investigated by performing some simulations. In chapter 5, the results of these

simulations are given. Finally, the work is concluded in chapter 6.



CHAPTER 2

ORTHOGONAL FREQUENCY DIVISION
MULTIPLEXING (OFDM)

OFDM is a multicarrier communication technique. Multicarrier modulation (MCM)
is a communication approach where the available channel bandwidth is subdivided
into a number of parallel subchannels so that data is transmitted over these

subchannels. The multicarrier modulated signal is usually of the following form [3]:
N
s© = g(t-iT) [a cos(2nf,t)+ b sin@nf, 1) 2.1)
j i=1

where N is the number of subchannels and also the number of carriers, f; (i=1,2,...,N)
are the carrier frequencies, a;j and b;; are modulating symbols of an M;-ary symbol

set, g(t) is the modulating pulse shape, and T is the symbol duration.

In the presence of channel distortions, such as multipath effect and Doppler shift, the
channel is subdivided into a number of subchannels such that in each subchannel the
distortions are reduced or totally removed. Moreover, MCM systems use a symbol
duration that is N times that of an equivalent single carrier transmission system. This
long symbol time produces much greater immunity to intersymbol interference (ISI)

than single carrier systems.

The earliest MCM modems borrowed from conventional frequency division
multiplexing (FDM) technology, using filters to completely separate the subbands.
The second generation modems increased bandwidth efficiency to 100% using

staggered QAM. Orthogonality of subcarriers is achieved by staggering the data and



this results in overlapping of the subchannels. The third generation modems benefit
from DSP technology where both transmitter and receiver can be implemented using
fast and cheap fast Fourier transform (FFT) processors. The modulation and

demodulation of the data can be performed with these FFT processors.

In this chapter, first OFDM will be introduced. Then, OFDM will be investigated
over time varying multipath fading channels. In order to reduce the channel
impairments caused by the multipath fading, the use of guard interval will be

explained. Finally, the description of the OFDM system structure will be given.
2.1 Introduction to OFDM

OFDM is actually a special type of MCM. In general for MCM, the subcarrier
spacing is selected sufficiently high such that the individual spectra of subcarriers do
not overlap. In OFDM, however, the subcarrier spacing is kept at the minimum level,
which preserves the orthogonality between subcarriers in time, even though the

individual subcarrier spectra may overlap.

In general, an OFDM signal is defined as follows [4]:

N-1 2mit
x(t)=> ae Ts(t), 0<t<T (2.2)

i=0

where a; denotes the complex valued symbol modulating the i carrier, s(t) is the
time window function defined in the interval [0,T], N is the number of subcarriers,
and T denotes the OFDM symbol duration. As seen from equation (2.2) the

individual subcarriers are spaced Af=1/T apart.

The correlation coefficient between the subcarriers may be expressed as follows:



T J21'ckt 2mt 1,m=k
= j e (2.3)

0 O,m;tk

Therefore, subcarriers are mutually orthogonal in the symbol interval. This property
is used for demodulating the OFDM signal. Assuming that s(t) is a rectangular
function with magnitude 1 for the sake of simplicity, the demodulation is performed

as follows [4]:

1 T J2nkt {NZI“ 2mt:| NZI: 1 T j2n(i-k)t
e ae ' = a.—Je T dt
TI ‘T
0

i=0 0
_Ja,i=k
1o Lizk

When s(t) is not a rectangular pulse shape, it must be selected so that there is no

(2.4)

intercarrier interference (ICI), loss of orthogonality between subcarriers in

demodulation.

The spectrum of the OFDM symbol is expressed as follows [4]:

) 2mt

X(f) = FT{x(t)} = Nial j e e’ T g(t)dt = Za S(f -i/T) (2.5)

—00

Here, S(f) is the Fourier transform of s(t). In order to demodulate the k™ subcarrier,
the OFDM receiver essentially samples the frequency spectrum at subcarrier
frequency k/T. So, for the elimination of ICI, S(f) should satisfy the following

equation:

S(E) = {l’k :i. (2.6)



Hence,

1 o2 1ok, 18 ki
—|Ix(t)e Tdt=—X(=)=—)> aS(—)=
L]0 X =F2a8C)

0

{ak/T, i=k 0

0, 1=k

For S(f), sinc(fT) is the simplest choice, and this yields a rectangular time window.
The practical problem of this is the high out of band radiation, because the tails of
S(f) decrease only inversely proportional with f. In order to reduce the out of band

radiation, a raised cosine time window can be employed, which is given as follows

[4]:

%(l+cos(n+g—;)j, 0<t<pT
s)=1 1, BT<t<T (2.8)
%£1+ cos(%)} T<t<(1+P)T

Here, 0<B<1 is the roll off factor. The corresponding spectrum can be expressed as

given below:

cos(nPfT)

S(f) = sinc(fT) o 4B2f2T2

(2.9)

which satisfies no ICI condition. The advantage of the raised cosine window is that
the tails of the spectrum decay as 1/f°, which considerably reduces the out of band
radiation. However, depending on the parameter P, there is an overlap region
between consecutive OFDM frames, which increases the multipath delay sensitivity

as will be discussed in the following paragraphs [4].

If x(t) is sampled with a period of T/N,



T N
x(kﬁ) =x, =y ae Vs =NIDFTy(a)s,, k=0,1,.,N-1 (2.10)
i=0

where s=s(kT/N). This inverse discrete Fourier transform (IDFT) operation is
performed in the transmitter for modulation. In the receiver, for the demodulation the
DFT operation is performed. Assuming that sy are equal to 1 for all k=0,1,2,...,N-1,

using equation (2.10) the following equation can be written for demodulation:

1 1 Nt —i2nlk
— DFT. (x =— X, € N
N N( k) N; k
= %DFTN (N.IDFT(a,))
NI 1D R S R}
_ 1 ZaieJ2 N e @.11)
N i3 =
a,n=i1 .
_{ n o 1=0,1,..,N-1
0, n=#i

In equation (2.10), the IDFT can be seen as a linear transformation mapping the
complex data symbols [ay, aj, ..., an.1] to OFDM symbols [xo, X, ..., Xn-1]. Assuming
sk are equal to 1 for all k=0,1,2,...,N-1, this linear transformation can be represented

in matrix form as follows:

x=Wa (2.12)
where
11 1 1 ]
o w, W W
J— 2 m—
W=l W, W2 - WN[ W=e N (2.13)
_1 WN—l WI%I—I o WI?II ]




and

ag X9

ay Xy
a=|a, [, X=| X, (2.14)

L AN | XN-1

Similarly, in equation (2.11), the DFT can be seen as a linear transformation
mapping the complex OFDM symbols [x¢, Xi, ..., Xn-1] to detected data symbols

[a'o, ay,.ay, ] This linear mapping can be represented in matrix form as follows:

a'=W'x (2.15)
where
11 1 1]
1 1 Wvl Wv12 va\I—l )
J— Si2m—
W=l Wy WS W, W,o=e (2.16)
_1 W'N—l W'Iz\l—l WVE:}_
and
T o
a X
a'=| a, |, x=| x, (2.17)
_a'N 1 | XN-1




2.2 OFDM over Time Varying Multipath Fading Channels

Time varying multipath fading channels cause impairments on the transmitted
signals by creating ICI and ISI. In this section, it will be shown that ISI and ICI can
be eliminated with the addition of a guard interval to the transmitted signal. In order
to investigate these channel impairments, let us assume that the received signal r(t) is

in the following form:

r(t) = ihé(t)x(t-ﬁ%) (2.18)

where x(t) denotes the transmitted OFDM signal, L is the number of taps, h,(t)

denotes the attenuation process for the signal received on the (" path, and (T/N is

the propagation delay for the (™ path. h ,(t) are assumed to be uncorrelated zero

mean complex valued Gaussian random processes. It is also assumed that the channel

is slowly fading, i.e., h, (t) are constant during one OFDM symbol duration T.

At this point, let us define x(t) as a signal composed of consecutive OFDM symbols

as shown in equation (2.19). It is a more general form of equation (2.2) [4].

N-1 .2mi(t-mT)

x®©=YYa,e T st-mT) (2.19)

i=

Here, let us select s(t) as a rectangular pulse shape with the amplitude of 1. In order
to demodulate the k™ subcarrier of the n™ OFDM symbol, equation (2.4) is used over
the interval [nT,(n+1)T]. Due to the length of the time interval, based on the slowly

fading channel assumption, h, (t) is constant and it is equal to h,. Then, at the end

of the demodulation the following is obtained:
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1 (n+)T 2nk(t nT)

I =¥ r(t)e T dt

nT
1 (n+D)T| 2111(t —(T/N-mT) T _jan(t—nT)
Zh ZZalme T s(t—é——mT)}e Todt
m i=0 N
N-1 L Siomie 1L jerdont
:ZZaimZh[e N—le Ts(t— £—+(n m)T)dt
m ic0 =0 T N

(2.20)

It can be observed from equation (2.20) that due to the integral calculation only m=n

and m=n-1 indices contribute to the summation over m. Hence, Ik, can be expressed

as follows:
i L Sipmil 1 aGekt T
Ik,n = ai,n—lzhﬂe TN eJ Ts(t—¢—+T)dt
i=0 =0 Ty N
N-I L 2l 10 k) (2.21)
—j2mi— i2m(i—
+ ai’HZh[e TN (e Ts(t— (—)dt
i=0 /=0 Ty

Since s(t) is assumed to be a rectangular pulse shape with amplitude 1, the following

relation is obtained:

(2.22)

d

If equation (2.22) is put in the following form

11



L (el
L :ak’n[Zh[(l—E)e NJ

(=0
N-1 L ? n ot
—j2mi— | j2n(i-k)—
+ i’HZ:h e N— e Tdt
i=0 (=0 T (T/N (223)
izk
-1 L 4 (T/IN . . t
—j2mi— 1 j2m(i-k)—
a, Yhe N[ Mg
i=0 =0 T 0

then the first term represents the desired data, scaled by a complex quantity that
depends on the complex channel taps. The second term represents ICI, which is
caused by the other subcarriers belonging to the present OFDM symbol. And the
third term represents ISI, which is caused by all the subcarriers belonging to the

previous OFDM symbol.

For a satisfactory communication ISI and ICI should be removed. Let us consider
first the removal of ISI. One method to remove the ISI is inserting a guard time
interval at the beginning of each OFDM symbol, which is larger than the maximum
possible delay spread of the channel [4]. Let Ty=T+T, denote the length of the
OFDM symbol where T, is the guard interval. Then, the transmitted OFDM signal

can be expressed as follows [4]:

_21Ii(t—Tg -mTy)

X(t):ZNZlameJ T §(t-T,-mT,) (2.24)

m =0

The rectangular window s(t) is defined over [0,T] as before so that the n™ OFDM

symbol is given by the following expression:

N-1 2mi(t-T,-nT, )

J
T
X, (t) = E a;,e , nT +T, <t<(n+D)T, (2.25)

i=0
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Hence, the result of demodulation for the k™ subcarrier of the n™ OFDM symbol is

given by the following expression [4]:

| T, 2k(tnT, T,
Lo=— [ e’ 7 dt
Ty +T,
nly
1 (n+1)T, N-1 27i(t—(T/N-mT,-T,) 2nk(t nT,-T,)
ZhZZZalme T s(t—(T/N-mT,-T,) |e T dt
Ty +T, m i=0
pril 1 ¢ '2n(i—k)f i1
_ZzalmZheJ NTJ.G:J Te™ T §(t—¢T/N+(n—m)T,)dt
m i=0 0

(2.26)

In this case, if LT/N<T,, i.e., if the guard interval is larger than maximum time delay
of the channel LT/N, only the index m=n contributes to the sum. Hence, no ISI
occurs. Since s(t) is assumed to be a rectangular pulse shape with amplitude 1, the

following relation is obtained:

L / -jpnks
Ikn :[zhf(l_ﬁ)e Njak,n
=0

T
+Zam2h o % jm Pey (2.27)

i,izk

The first term represents the desired symbol and the second term represents ICI.
Therefore, a simple guard time gap between consecutive OFDM symbols removes
ISL.

Now, in order to remove ICI, the OFDM signal can be extended to include the guard

time. In this case, the transmitted OFDM signal is given as follows [4]:

13



N-1 j2ni(t—Tg—me)
x(=>Da,e T s(t-mT,) (2.28)
m i=0

where the rectangular window is now defined over [0,T,] with amplitude 1. Then, the

result of demodulation for the k™ subcarrier of the n™ symbol becomes as follows

[4]:

(n+)T, 2k (t-nT,~T,)

j
I,== I r(t)e T dt
nTbJrTg
1 )T, [ L N-1 2mi(t=(T/N-mT, ~T,) _j2nk(t—nTb—Tg)
J
S I dhY >a e T s(t—(T/N-mT,) |e T dt
T, +T, (=0 m i=0
N-1 L o o t . .(n-m)Ty
—j2ni— ] j2n(i-k)— j2mi
:z ai’mZhle NT e Te T s(t—(T/N+(n-m)T, +T,)dt
m i=0 =0 0

(2.29)

Due to the guard interval, which is larger than the maximum channel delay LT/N,
only the index m=n contributes to the sum and ISI is eliminated. Since, the

rectangular window s(t) is defined on [0,T}], the result of the demodulation is

L . 4 L - T . ..t
-j2nk— -j2mi— 1 i2n(i-k)—
— N N
L., —KE h,e ]ak,n+ E a, E h,e ¥J‘e Tdt
[ 0

iizk (= 0

L okl
=[>he N, (2.30)

where H corresponds to the channel frequency response at the k™ subcarrier
frequency. Since the rectangular window is defined over [0,T}], the correlator output

does not contain ICI term but only the desired symbol.

Let x,(t) denote the n™ OFDM symbol with guard interval. It is given in the

following equation [4]:

14



t-Tg-nT,

N-1 j2 7
x,()=>a,e T s(t-nT,), nT,<t<@n+DT, (2.31)

If the OFDM signal with guard interval is sampled with the sampling rate of N/T=
(N+G)/Tp = (N+G)/(T+Ty), where N is the number of samples of the OFDM symbol
and G is the number of samples in the guard interval, then, the n™ OFDM symbol

becomes as follows:

KTy/(N+G)-T,-nT,
o b T eT b
T b
: s(k
o N+G
N i i[ k T, T+n(T+T,)

i,n waet ' )S(k Tb - nTb)
i N+G
1

jzni[—NkG N;Gf(nm%] . X
= a. e + S —nT
> a;, kg ") (2.32)

—-nT,)

-Ya, eﬂm[“(" js[k n(N +G)]

jzm[L'G)—E

=Ya e N NJs[k-n(N+G)]

n(N+G)<k<(n+1)(N+G)-1

where s[k]= s(k ) Each sample of the n' " OFDM symbol is given as follows:
+

.(nN-G) >

x, [n(N+G)]= Zame "N [0]= Zame Gs[O]

(nN- G+1) N-1 G+

=Y ae " N 1]

i=0

j2mi

x [n(N+G)+1]= Zame

N-1 J-zm((rHl)N—l) N-1 J-M@
x,[(+DN+G)-1]=) a, e N Os[N+G-1]=>a, e Ns[N+G-1]

i=0 i=0

(2.33)
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Then, using equation (2.33) with the assumption that s[k]=1 for k=1,2,...,N+G-1, the

following relations are obtained:

jZni(;G)

X, [n(N+Q)]=x,[(n+)(N+G)-G] = fai,ne N 5[0]

2ri EGHD

xn[n(N+G)+l]:xn[n(N+G)—G+l]:§ai,ne N[

(2.34)

N-1 (51

X, [+ DN+G)~1]=x,[nN+G)+G-1]=Y a, ¢ ~s[N+G-1]

i=0
That is, the sampled guard interval is nothing but the cyclic extension of the OFDM
symbol such that the OFDM signal with this extension becomes as shown in Figure

2.1.

Guard interval OFDM data

%[@DNAG] | ... | %[+ DN+G)2] | xJ[(n+])(N+G)-1] |I] %[(N+G)] | xu[n(N+G)+1] Xa[(m+)(N+G)-1]

Figure 2.1 Sampled n™ OFDM symbol with cyclic extension

In order to see the use of the cyclic prefix in discrete time domain, let hy, of length M
denotes the impulse response of the channel. Assume that the length of the cyclic
prefix G is longer than the maximum channel delay M. This corresponds to T,<T, in
continuous time domain where T, is the maximum channel delay in continuous time
domain. Also, let x[n] denotes the sampled OFDM signal where x[n]=
x[n] = x(t) |t*nT and x(t) is as given in equation (2.28). Then, the received OFDM

signal becomes as follows [2]:

M-1

r(t)| s =r[n]=h[n]*x[n]= > h[ilx[n -i] (2.35)

i=
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Here, there will be ISI in cyclic prefix part of the symbol but it will not affect the
data part because cyclic prefix length is larger than maximum path delay T, as

shown in Figure 2.2 where X; denotes the symbol at i™ subcarrier [5]:

(n-1)st symbiol ti-th symbol
prefix data prefix data

hox |XH.1.+1 XH-1| = T Rl ey | % p
+

Iyx |X1>T-1-+1 XH'l‘ % Zyp1 [Kyra | % g
+
;

by ix |XH-1-+1 XW‘ i puw|Lonw Em |XH-L+1 Xm‘ %5
Ta N FFT windowr )

Figure 2.2 OFDM symbol with cyclic prefix on multipath channel [5]

At the receiver, the demodulated n™ symbol is obtained by taking the FFT of the
received data part which falls in the FFT window as shown in Figure 2.3. The n™

demodulated symbol becomes as follows [2]:
t{n] = Y h[ilx[((n i) 1= > Gl -D)y ], n=0,1,.,N-1 (2.36)

where x[((.))y]denotes the cyclically shifted samples of the OFDM symbol. Thus,

after the removal of the cyclic prefix, it is observed that linear shift caused by the
channel on the data part is converted to a cyclic shift, and received OFDM symbol is
the cyclic convolution of the channel impulse response with the transmitted OFDM
symbol. Using the DFT property that the circular convolution in time domain

corresponds to multiplication in frequency domain,

DFT{r[n]} = DFT{h[n]}DFT{x[n]} =H,X,, k=0,1,..,N-1 (2.37)

17



where
M-l -j2mk
H, =Y h[nle N, k=0,1,.,N-1 (2.38)
m=0

Equation (2.38) is the channel frequency response. Thus, it is clear that if a cyclic
prefix with a length larger than channel impulse response length is used, both ISI and

ICI terms can be eliminated.
2.3 Description of the OFDM Systems

The general block diagram of an OFDM system is shown in Figure 2.3. For each
subcarrier, data can be modulated with different modulation methods such as BPSK,
QPSK, QAM, etc. This process is performed in the symbol generator block of the
transmitter. In the IFFT block the modulation is performed which is given by
equation (2.12). After IFFT block, a guard interval of length k is added to each block
of OFDM symbols. The use of guard interval was explained in section 2.2. This is
followed by a pulse shaping operation. After pulse shaping operation the signal is
converted to analog form by a digital to analog converter (DAC). In some systems,
the digital to analog conversion is accomplished by baseband pulse shaping filters,
excited by the IDFT output. Usually a raised cosine filter is used for this purpose.

However, in this work rectangular pulse shape with an amplitude of 1 is used.

At the transmitter output, the OFDM signal is in the following form [4]:
N 2mi(t-T
x(t) = Zaiexp[ j%}s(t), 0<t<T, (2.39)
i=0

where Ty, is the symbol duration and T, is the guard interval.

18



At the receiver side, first the OFDM signal is filtered with a passband receiver filter.
Then, the output of the filter is fed to the analog to digital converter (ADC). The
sampled OFDM signal is fed then to the FFT block. In this block the guard interval is
removed and the signal is demodulated as shown in equation (2.15). As a result, the

OFDM signals are obtained.

In some applications, coding can be used in OFDM systems. Such OFDM systems
are called coded OFDM (COFDM) systems. [6] can be investigated for COFDM.

In this work, it is assumed that the timing is perfect in the OFDM system. That is,
there is no timing error. Hence, there is no need for any synchronization process in
the system. For this reason, synchronization for OFDM systems is not explained.

But, [2,4,5,7] can be used in order to investigate this subject.
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CHAPTER 3

TIME VARYING MULTIPATH FADING CHANNEL
AND HIGH FREQUENCY (HF) CHANNEL

In this work, high frequency (HF) channel is used as the communication medium.
For this purpose, Watterson HF channel model is employed. HF channel is a time
varying multipath fading channel [8]. Also, it has a time varying linear

characteristics. Hence, it is also a time varying linear channel [9].

Since both the time varying multipath fading characteristics and time varying linear
characteristics are embodied in the HF channels, in this chapter first the time varying
multipath fading channels and their statistical modelling will be introduced, then the
chapter will continue with the characterization of the time varying linear channels by
defining their system functions and by classifying them with respect to their
statistical properties. After that, in the light of the information about the time varying
linear channels, the physical features of the time varying multipath fading channels
will be investigated. After that, the time varying multipath fading channels will be
classified according to their physical features affecting the input signal over
frequency and/or time domain. Finally, the HF channel will be introduced and

Watterson HF channel model will be explained.

3.1 Introduction to Time Varying Multipath Fading Channels [10]

If an extremely short pulse is transmitted, ideally an impulse, over a time varying
multipath channel, the received signal might appear as a train of pulses. One
characteristic of a time varying multipath fading medium is the time spread

introduced in the signal that is transmitted through channel. A second characteristic
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is due to the time variations in the structure of the medium. As a result of such time
variations, the nature of the multipath varies with time. That is, if the pulse sounding
experiment is repeated over and over again, it will be observed changes in the
received pulse train. These changes include changes in the sizes of the individual
pulses, which is called fading, changes in the relative delays among the pulses, and
changes in the number of pulses observed in the received pulse train. Moreover, the
time variations appear to be unpredictable to the user of the channel. Therefore, it is

reasonable to characterize the time varying multipath fading channel statistically

[11].

Let s(t) denote the channel input and y(t) denote the channel output. These

waveforms will usually be represented by their complex envelopes. For example,
s(t) = Re{s( (t)ej“’“t} (3.1)

where s,(t) is the complex envelope of s(t) and ®wo denotes the nominal carrier

frequency in radians per second. From now on, the complex envelopes of the signals

are used for calculations.
Let us consider a channel in which propagation is established by single scattering

from a large number of elements or scatters. These scatterers might be orbital dipoles

or differential elements of either the troposphere or the ionosphere.

Each scatterer is decribed by its reflection energy cross section p; and by its

propagation delay Ti(t) [10]. For convenience, it is assumed that Tj(t) is a linear
function of time, i.e.,

T.(t) =1, +1t (3.2)

where t1; and 1,are the initial propagation delay and rate of change of delay,

respectively. If the transmitter and the receiver are located at the same site, this

22



assumption is equivalent to the assumption of a constant radial component of
scatterer velocity. More general expressions for the delay can be employed, but it
appears that their use does not appreciably affect the applicability of the model to the
problem of interest, whereas it does complicate the analysis. Similar comments apply
to the assumption that the energy cross section of a scatterer is constant. This cross
section can be a function of time. However, it again appears that the additional
complication introduced by these generalizations offsets the increased realism they

afford.

Now, let us first consider the contribution of any single scatterer of the medium to

the received waveform. Suppose that the contribution y;(t) of the i™ scatterer is just

a delayed and attenuated replica of the transmitted waveform. In particular,
5.() = Ap, Refs, (t - 7, — ,)e™™ =" (33)
where A is an unimportant constant which is eliminated subsequently.

Now, suppose that the variation t; t is appreciably less than the reciprocal bandwidth

of s, (t). This supposition implies the following:

for any value of ty of t in the interval. In particular, without loss of generality,
suppose that the time origin is contained in the interval. So, the following assumption

holds:

sf(t—ri—tit)zsf(t—ri) (3.5)

That is, it is supposed that the time variation in the propagation delay of the i™
scatterer does not significantly alter the modulation of its contribution to the received

waveform.
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It is further assumed that the bandwidth of s,(t) is much less than the carrier

frequency . This is the conditional “narrowband” condition encountered in most of
the communication systems. It implies that variations of about m/m in the value of

T, do not appreciably alter the value of s g(t —ri), although they do drastically alter

the value of y,(t) since they change the exponent wo(t -1, — tit) by = radians.

Since the precise value of t;1s known seldomly and since small perturbations in the
value are important, it appears reasonable to express each t; in the following form:

roop g O (3.6)

1 1
Mg

where r; is taken to be known value of t;and it is accounted for the perturbations

about this value by 0;, whose values lie in the interval -r to +n. Then, equation (3.3)

becomes as follows:
N jwn[t—ri——i—‘citj
V() =AReips,(t-r) (3.7)

Let o, = ,0,. Then for the i" scatterer, the following expression can be written:
F.(t) = ARepss, (t—1, /oo -om-00 | (3.8)

In this expression ; is the Doppler shift of the scatterer measured in radians per
second, and 1; is as before its mean time, or range, delay measured in seconds. If
secondary scattering is unimportant, as supposed, the expression for the total
received waveform is obtained by summing the above equation over all the scatterers

composing the medium.
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ﬂ0=AR%§}wAPﬂFﬂ%ﬂmW“M} (3.9)

More generally, the attenuation and the introduced delay of the transmitted signal
may change with time, and the delay may not be a linear function of time. In this

case, the received signal can be expressed as follows [11]:
y(t)= Re{Zai (B8, (t-T, (t))ej‘”o‘”i“”} (3.10)

where o, (t) and t,(t) are the attenuation factor and the propagation delay for the
signal received on the i™ path, respectively. Thus, the lowpass equivalent of the

received signal, y,(t), can be expressed as follows:
y, (0= o, (1) e s (t-7,(1) (3.11)

Since it is the response of an equivalent lowpass channel to the equivalent lowpass

signal s,(t), the equivalent lowpass channel is described by the time varying

impulse response:

¢, (Tt) =D oy (1) ™ §(t-1,(1)) (3.12)

For some channels, such as the tropospheric scatter channel, it is more appropriate to
view the received signal as consisting of continuum of multipath components. In this

case, the received signal y(t) is expressed in the following integral form [11]:

y(t)= Ta(r; t)s(t-t)dr= Re{ T(x(r; t) e’ s, (t-1) dr}ej“’“t} (3.13)
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where a(t;t) is the attenuation of the signal components at delay t and at time

instant t. Then the lowpass equivalent impulse response of the channel becomes as

follows [11]:

c,(t;t) = a(t;t) e (3.14)
As a result,

Z o, (t) e §(t-1,(t)), discrete multipath components exist
c,(tt)=17 . (3.15)
o(t;t) e, continuous multipath components exist

3.2 Statistical Model of the Time Varying Multipath Fading Channel [10]

Now, let us return to the channel model used in expression (3.9). It is observed that
the uncertainty associated with each 0; corresponds to a delay uncertainty of about
half a wavelength. Since the total delay is usually many thousands of wavelength, the
percentage uncertainty is exceedingly small, and there is good reason to assume that
if 0; is to be regarded as a random variable it should be uniformly distributed over the
interval -mt to +m. The same argument applied to the difference in delay between
scatterers suggests that 0; should be presumed to be statistically independent of each

other. Thus it only remains to specify the values, or statistical properties, of the

scatterer cross sections pi2 [10].

Since cross sections p; account for such factors as the aspect of the scatters, it
should be reasonable to treat them as unknown quantities and perhaps as random
variables. If they are assumed to be random variables, there is little reason to assume
that they are statistically dependent upon each other, or that their values are
dependent upon the values of the random phase angles 6;. Thus, it is appropriate to
regard them as statistically independent random variables, each described by a

probability density pi(pi).
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The assumptions made so far imply that the mean value E{y(t)} of y(t), given in

equation (3.9), is zero. They also imply that the correlation function
R,(t,7) = Ely()y" (0)f (3.16)

of y(t) is given by the following expression:

1

A2 2 * j(y—o;)(t—1)
R,(t,7) = Re ZTE{pi ks, (t—1)s (t—1)e" (3.17)

where asterisk denotes complex conjugation of the indicated quantity.

The mean and correlation function of y(t) do not provide a complete statistical
description of the received process. There are arguments for supposing that the
received process is Gaussian and hence completely described by its mean and

correlation function.

Experimental evidence suggests that for troposcatter and ionoscatter channels the
received process may be Gaussian. Specifically the envelope and phase of the

process often exhibit the behaviour to be expected from a Gaussian random process.
Also sometimes there are reasons to believe that the scatterer cross sections p; are
chi-squared variates or equivalently that p, are Rayleigh distributed random
variables. This supposition, in conjunction with previous assumptions concerning p;

and 0;, implies that the received process is a Gaussian one.
Alternately, if the number of scatterers is exceedingly large and the cross section of

each scatterer is exceedingly small, the previous assumptions pertaining to 6; ensure

that the received process is Gaussian.
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It is clear that equation (3.17) depends only upon the total average cross section
associated with each pair of values of 1; and ;; the number of scatterers involved is
immaterial. Therefore it is convenient to introduce the average scatterer cross section

o(r,f) associated with each such pair, that is, then following equation holds:
5(r.f)=3p’ (3.18)

where the summation is over all scatterers for which

ri=rand o;=2nf=® (3.19)

The correlation function R,(t,t) may then be expressed as follows:

2
R, (t,7)= Re{z A?Fs(r, f)s,(t—1)s,(t— r)eﬂwo-"’)“-”} (3.20)

where the summation is over all pairs r and f for which &(r,f) is nonzero.

In order to satisfy mathematical convergence, it is assumed that the number of
scatterers composing the medium is finite. On the other hand, there can be some
situations in which it is impossible to distinguish the contributions to the received
waveform of the different scatterers. This occurs when, for any given scatterer with
range delay r and Doppler shift f, there are many other scatterers whose range delay

differs from r by much less than the reciprocal bandwidth of s,(t) and when there

are also many scatterers whose Doppler shift differ from f by much less than the

reciprocal time duration of s, (t).
When this situation occurs the channel behaves as if the point function &(r,f) is

replaced by a smooth density and the summation of equation (3.20) is replaced by an

integral. So, G(r,f) is taken to be a density defined for all values of r and f. The cross
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section associated with values of delay and Doppler in the interval r to r+dr and f to

f+df is then 6(r,f) drdf, and equation (3.20) becomes as follows.
A’ . i
R, (t,7)= Re{7 j j 5(r,f)s, (t—1)s; (1—1) @y df} (3.21)

The function G(r,f) describes both the distribution of average cross section and also

the total amount of such cross section. The following equation gives the normalized

o(r,f) which is called the channel scattering function.
~ —~ 1
o(r,f) = &(r,f) [[ j 5(r,f) dr df} (3.22)

3.3 Characterization of the Time Varying Linear Channels [9]

Time varying linear channels are the channel models used for the troposcatter,
ionoscatter, chaff and moon communication links and radar astronomy systems.
Since these types of channels are randomly time varying the various system

functions become random processes.

Let z(t) and Z(f) denote the input time function and spectrum, and w(t) and W(f)
denote the output time function and spectrum of a device. In the case of a linear

device, such as a linear time varying channel, the following relations can be

expressed:
w(t) = j z(s)K, (t,s)ds (3.23)
W(f) = j Z(HK,(f,1)dl (3.24)
w(t) = j Z(F)K (1, f)df (3.25)
W(f) = j Z(O)K, (f, t)dt (3.26)
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The above system functions have simple physical interpretations in terms of the
response of the channel to impulses and cissoids. Thus, it is readily determined that if
the channel is excited with a unit impulse at t=s, the resulting channel output is the
time function K;(t,s) with spectrum Ky(fs), while if the channel is excited with the
cissoid ¢*™ (i.e., frequency impulse at f=1), the resulting channel output is the time

function Kj(t,f) with spectrum Ky (f,1).

Consider the following input output relationship for a linear time varying channel

obtained from the equation (3.23) by the transformations =t - &.:
w(t) = [ 2(t-&)g(t,£)de (3.27)

where

g(t, &) = Ky(t,t-€) (3.28)

Equation (3.27) leads to a physical picture of the channel as a continuum of
nonmoving scintillating scatterers. Note that the input signal is firstly delayed and
then multiplied by the differential scattering gain. g(t, &) is called input delay spread

function.

If z(t) is first multiplied by a differential gain function h(t,§)d§ and then delayed by &

with a continuum of & values, the following input output relationship is obtained:
w(t) = [2(t-&)h(t-&E)de (3.29)

where

h(t, &) = Ky(t+&,0)= g(t+¢.,8) (3.30)
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An entirely dual and just as general channel characterization exists in terms of
frequency variables by employing the input delay spread function. Consider the
following input output relationship for a linear time varying channel obtained from

the equation (3.24) by the transformation | = f - v:
W(f) = j Z(f —v)H(f,v)dv (3.31)

where

H(f, v) = Ky(f, f-v) (3.32)
This dual characterization involves a representation of the output spectrum W(f) as a
superposition of infinitesimal Doppler shifted (the dual of delayed) replicas of the

input spectrum Z(f). H(f, v) is called input Doppler spread function.

From equation (3.29), the dual of the output delay spread function can be deduced as

follows:
W(f) = [ Z(f —0)G(f —v,0)dv (3.33)

where
G(f, v) = Ky(f+v,f) = H(f+v,f) (3.34)

Now, let z(t) be the input with the following inverse Fourier transform relation:
2(t) = j Z()e>™df (3.35)

where Z(f) is the spectrum of z(t).
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Moreover,

[ 2(t,8)e” ™ Dde = ™ T(f, 1) (3.36)

where
T(f,t) = j g(t,&)e 2™ dE (3.37)

is the Fourier transform of the input delay spread function with respect to the delay
parameter. By using equations (3.27), (3.35) and (3.37), the network output can be

found as follows:
w(t) = j Z(0)T(f, )e>™df (3.38)

Since T(f,t) depends on time, it is called time varying transfer function. With

equations (3.25) and (3.38), the following relation can be obtained easily:

T(£,)e*™ = K5(t,0) (3.39)
Similarly,

Z(f) = j z(t)e?™dt (3.40)
Moreover,

j H(f, v)e 2 du = M(t, f) (3.41)

where
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M(t,f) = j H(f, v)e”™dv (3.42)

is the Fourier transform of the input Doppler spread function with respect to the
Doppler shift variable. By using equations (3.29), (3.40), and (3.42), the network

output spectrum is given by the following:
W(f) = j Z(H)M(t, e’ "dt (3.43)

In equation (3.43), M(t,f) is a frequency dependent time function used as a multiplier.
Hence, it is called frequency dependent modulation function. With equations (3.26)

and (3.43), the following relation can be obtained easily:
M(t,£).e7*™ = K4(£,t) (3.44)

So far, it has been shown that any linear time varying channel may be interpreted
either as a continuum of nonmoving scintillating scatterers with the aid of the delay
spread functions, or as a continuum of hypothetical Doppler shifting elements with
associated filters with the aid of the Doppler spread functions. However, any linear
time varying channel may also be represented as a continuum of elements which
simultaneously provide both a corresponding delay and Doppler shift. In this case,
since both the delay and the Doppler shift occur, only two system functions exist.
These are the input delay output Doppler shift function and input Doppler shift
output delay function.

In order to determine the input delay output Doppler shift function, the input delay

spread function g(t,£) is expressed as the inverse Fourier transform of its spectrum

(where & is considered to be a fixed parameter).

g(t,8) = [ U(g, v)e” ™ dv (3.45)
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Then, using equation (3.45) in equation (3.27), the following input output

relationship is obtained:
w(t) = j jz(t —E)e?™U(E, v)dude (3.46)

If equation (3.46) is examined, it can be seen that the output is represented as a sum
of delayed and then Doppler shifted elements where U(&,v)dvdég is the amplitude of
the differential scattering. Hence, U(&,v) is called delay Doppler spread function.

In an entirely analogous way, in order to determine the dual system function, i.e., that
corresponding to the input Doppler shift output delay function, the input Doppler

spread function H(f, v) is expressed as a Fourier transform
H(f,v) = j V(v,£)e P de (3.47)

Then, using equation (3.47) in equation (3.31), the following input output

relationship is obtained:
W(f) = j j Z(f —v)e ™V (v, £)dEdy (3.48)

If equation (3.48) is examined, it can be seen that the output is represented as a sum
of Doppler shifted and then delayed elements where V(v, £)dédv is the amplitude of
the differential scattering. Hence, V(v, &) is called Doppler delay spread function.

When the channel is randomly time varying, the system functions become stochastic
processes. An exact statistical characterization of a randomly time varying linear
channel in terms of multidimensional probability density distributions for system
functions presupposes more knowledge than is likely to be available in physical

situations. A practical way for this statistical characterization is based on correlation
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functions for the various system functions since these correlation functions allow a

determination of the autocorrelation function of the channel output.

The correlation functions for the system functions explained so far are defined as

follows:

R, (ts:Em) = Elgtog (.m)f
R,(ts:En) = Ef(teh’ G}
R, (f,1;0,1) = E{H(F,0)H" (1)}
R (f.10,1) = E{G(f,0)G" (1)}
R, (F.Lit;s) = E{T(f,0T (Ls))
Ry(tsf,) = EM(tLHM (s,
Ry(Ems0,0) = E{UE U ()}
Ry (01381 = E{V(0,0)V ()}

(3.49)

According to this statistical characterization, the channels can be divided into three
practical classes. These are wide sense stationary (WSS) channel, the uncorrelated
scattering (US) channel, and the wide sense stationary uncorrelated scattering

(WSSUS) channel.

In many physical channels the fading statistics may be assumed approximately
stationary for time intervals sufficiently long to make it meaningful to define a

subclass of channels, called WSS channels.

A WSS channel has the property that the channel correlation functions Rg(t,s;E,1),
Riu(t,s;6,m), Rr(fl;t,s), and Ry(f,1;t,s) are invariant under a translation in time; i.e.,
these correlation functions depend on the variables t and s only through the

difference t=s-t. Thus, for the WSS channel
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R, (t,t+T:Em) = R, (t;EN)
R,(t,t+1:En) = Ry (wEN)
R (f,t,t+1) = R, (f,L;7)
Ryt t+tf,]) = Ry (t:f,])

(3.50)

The restricted nature of these correlation functions constrains the remaining four
channel correlation functions to have a singular behavior in the Doppler shift
variables. As an example, let us consider the double Fourier transform relationship

between R,(t,s;E,n) and Ry(E,n;v,1):
Ry(Em;o,p) = j IRg(t,s; E,m)e”" " dtds (3.51)

When the variable change 1=s-t is made in equation (3.51) and using equation (3.50),

the following relation can found:

Ry (& mop) = [ At R, (1,8, mede (3.52)
By using the equation (3.52), Ry(§n;v,1) can be written as follows:

Ry(Em;o,p) = Py(Em;v)8(v—p) (3.53)
where Py(&,n;v) is the Fourier transform of Ry(t;E,n) with respect to the variable t.

In a similar way, the following equations can be written:

R (f,Lo,pn) = Py(f,Lv)d(v—p)

Ry (0,m;Em) = Py(v;E,m)8(v—p) (3.54)
Ry (£, Lo,p) = Py(f,Lv)d(v—p)

where Pg(f,L;v), Py(v;&,n), and Py(f,1; v) are Fourier transforms of Pr(f,1;1), Pu(T;E,1),

and Py(t ;f)1), respectively, with respect to the delay variable 7.
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For several channels (e.g., troposcatter, chaff, moon reflection) the channel may be
modeled approximately as a continuum of uncorrelated scattering (US). Thus, for the
US channel the autocorrelation function of the input and output delay spread

functions:

R, (t,5:8,m) = R,(t,5,6)d(n—-8) (3.55)
R, (t,5:&M) = Ry (t,5,8)8(n~¢)
The equations (3.55) imply that the autocorrelation functions of the Doppler delay

spread and delay Doppler spread functions must have the following form:

Ry(Em;o,p) = Py(&o,u)d(n-8)

(3.56)
RV (Ua M E.w T]) = PV (U’ W, @5(7] - E_,)

The forms of the correlation functions for the remaining four system functions which

are readily determined from the Fourier transform relationships are given as follows:

R, (f,f+Q;t,s) = R, (Qst,s)
R, (t,s;f,f+Q) = R, (t,s5;,Q)
R (f,f+Q0,1) = R (0,0
Ry(f,f+Q0,1) = Ry (Qo,p)

(3.57)

The simplest type of randomly time varying linear channel is the WSSUS channel.
As its name implies, WSSUS channel is both WSS and US. Thus, for the WSSUS
channel the correlation functions of the delay spread functions must have the

following form:

Rg(t,t-l-‘l?; &5“) = Rg(t; &)8(1’]_&3)

(3.58)
R, (t,t+1EM) = R (1,6)d(n-E)

The correlation functions of the Doppler spread functions must have the following

form:
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R (f,f+Q0,n) = P (€ 0)8(v—p)

(3.59)
RH(f9f+Q; Ua“) = PH(Q,U)S(U—M)

For the WSSUS channel, the correlation functions of the delay Doppler spread and

Doppler delay spread functions becomes simplified as follows:

R, (&mo,1) = Py(&§0)8(H—~v)d(n—E)

(3.60)
Ry(u,;Em) = Py (0;8)d(n—v)d(n—¢)

Finally, for the WSSUS channel, the correlation functions of the time varying
transfer function and the frequency dependent modulation function take the

following simple forms:

R (f,f+Qt,t+1) = R (1)

(3.61)
R, t+T;f,f+Q) = R, (1:Q)

Now, let us consider the time varying multipath channel general expression (3.62),

which was also given in equation (3.17) [11], and repeated here for convenience.

i (3.62)

Z o, (t) e §(t-1,(t)), discrete multipath components exist
cmo={F " | |
a(t;t) €™, continuous multipath components exist

Now, let us consider the transmission of an unmodulated carrier at frequency fy, i.e.,

s(t)=e'™". Then, s,(t)=1. Hence, the received signal for the case of discrete

multipath is given as follows (see equation (3.11)):

y, (=2 o, (OeV =3 a, () (3.63)

Thus, the received signal consists of the sum of a number of time varying vectors

having amplitudes o, (t) and phases 0_(t). Since both these quantities change with
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an unpredictable manner, the received signal can be modeled as a random process.

When there are a large number of paths, with the central limit theorem y,(t) can be

modeled as a complex valued Gaussian random process. This means that the time

varying impulse response of the channelc,(t;t) is a complex valued Gaussian
random process in the t variable. The autocorrelation function of c,(t;t) is defined,

assuming that the channel is wide sense stationary (WSS), as given below [11]:

@, (51,5230 = B[e] (7 0c, (535t-+ AV) (3.64)

In most transmission media, the attenuation and phase shift of the channel associated
with path delay 7, is uncorrelated with the attenuation and phase shift associated with
path delay 1>. So, the channel can be assumed to be an uncorrelated scattering (US)

channel. Moreover, it is assumed that c,(t;t) is wide sense stationary. Hence, the

channel autocorrelation function becomes as follows:
O (7,,7,;At) = %E[C: (ti30¢, (1,5t + A= D (1,;At) (7, —T,) (3.65)

If At=0, then ®_(t;0)=d (1) is simply the average power output of the channel as

a function of time delay t. For this reason ®.(7) is called “multipath intensity profile”
or “delay power spectrum”. The range value of © over which ®(t) is essentially
nonzero is called the “multipath spread of the channel” and is denoted by T,. @(1) is

shown in Figure 3.1.

In practice, the function @ (t;At) is measured by transmitting very narrow pulses or,

equivalently, a wideband signal and cross correlating the received signal with a

delayed version of itself.
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Figure 3.1 Multipath intensity profile

A completely analogous characterization of the time varying multipath channel

begins in the frequency domain. By taking the Fourier transform of c,(t;t) the time
varying transfer function C,(f;t) is obtained, where f is the frequency variable.

Thus,

C,(f;t)= j ¢, (T t) e dr (3.66)

If ¢, (t;t) is modeled as a complex valued zero mean Gaussian random process in
the t variable, C,(f;t) has the same statistics. Under the assumption that the channel

is wide sense stationary, autocorrelation function is expressed as follows:
®c(f, 800 = E[C] (F50C, (F5t+ A0) (3.67)
Moreover, the following relation exists:

1 o0 00 . . X
O (f,,f,;At) = 5 _[ IE[Cz (T;50¢, (155 t+ A)] eﬂn(tlrrfﬁﬁdrldrz

—00—00

= % J- JCDC(rl;At) 8(t,-1,) e dr dr,

—00—00
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= % ICI)C(tl;At) e nde,
- (3.68)
= % J.q)c(rl;At) e P dr = D (AfAL)

where Af = f,-f;. ®(Af;At) is the spaced frequency, spaced time correlation

function of the channel.

® (f,f,;At) can be measured in practice by transmitting a pair of sinusoids

separated by Af and crosscorrelating the two separately received signals with a

relative delay At.

Now, if At=0, then, with @ (Af;0)=D.(Af) and @ _(17,0)=D (1), the

transformation shown in equation (3.69) can be written.
O (Af) = j @, (1) e ™t (3.69)

Since ®.(Af) is an autocorrelation function in the frequency variable, it provides

the measure of the frequency coherence of the channel. The relationship between

®.(Af) and @ (t) is shown in Figure 3.2.

®.(Af) is the spaced frequency correlation function, and (Af), =1/T, is the

coherence bandwith of the channel. Two sinusoids with frequency separation greater

than (Af),, are affected differently by the channel.

Now, for the time variations of the channel, the time variations in the channel are
evidenced as Doppler broadening and perhaps a Doppler shift of a spectral line. In
order to relate the Doppler effects to the time variations of the channel, the Fourier

transform of @ . (Af; At) with respect to the variable At is defined as follows:
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S.(Af; ) = j D (Af; At) e 2P dAL (3.70)

':I:'c [ﬂ |¢.U [:"i"fj|
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Figure 3.2 Multipath intensity profile and spaced frequency correlation function

If Af=0, then S.(0;A)=S.(A) and S.(1)= J@C(At) e dAt. Here, S.(A) is the

Doppler power spectrum of the channel.

It can be observed that if the channel is time invariant, ®.(At)=1 and S.(1)=08(}).

Therefore, there is no spectral broadening observed in the transmission of a pure

frequency tone.

The range of values A over which S.(1) is essentially nonzero is called the Doppler
spread By of the channel. Since S.(A) is related to @ (At) by the Fourier transform,

the reciprocal of By is a measure of the coherence time of the channel. They are

shown in the Figure 3.3.

So far, a Fourier transform relation between @ (Af;At) and @ (t;At) involving the
variables (t,Af), a Fourier transform relation between @_(Af;At) and S.(Af;A)

involving the variables (At,A) have been established. Now, a relationship between

® (t;At) and S, (Af;A)can be defined and close the loop. This relationship is
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obtained by defining a new function, denoted by S(t; A) to be the Fourier transform

of @_(t;At) in the At variable given as follows:

S(T; 1) = j D, (T;At) e PPN dAL (3.71)
[T chd)| Se(h)
Fowrier
Aralysis
0 Lt T -,
| ' ! |" »
(Af)e = =— B,

d

Figure 3.3: Spaced time correlation function and Doppler power spectrum

It can be seen that S(t; A) and S.(Af;)) are a Fourier transform pair. That is,

S(t; 1) = jsC(Af; A) e>™ dAf (3.72)
Furthermore,
S(T;\) = j j D (AF; At) e e PP GALIAF (3.73)

—00-00

Here, S(t;A) is called the scattering function of the channel which was defined in

section 3.2.

A sample scattering function is shown in Figure 3.4. The physical explanation of

scattering function was given in section 3.2.
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Figure 3.4 Scattering function
3.4 Channel Classifications [10]
3.4.1. Nondispersive Channels
A nondispersive channel can be defined with the following scattering function:

o(t; 1) =8(1)d(f) (3.74)

So, the channel output y(t) in response to the following transmitted waveform
s(t) = Rels, (H)e'™" | (3.75)
is

y(t) = ApRefs, (t)e' ™ | (3.76)
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where 0 and p are statistically independent random variables that are not functions of
time and frequency. p is Rayleigh distributed and 6 is uniformly distributed between
-1t to +7. A nondispersive channel is sometimes called flat flat fading channel. This

type of channels only creates time invariant attenuation and phase shift.
3.4.2. Channels Dispersive Only in Time

A channel is said to be dispersive only in time, or not dispersive in frequency, if its

scattering function is defined as follows:
o(t;f) =o(1)d(f) (3.77)

This type of channel is also called frequency selective slowly fading channel. The

channel output y(t) in response to the following transmitted waveform

s(t) = Refs, (t)e | (3.78)
1s

y(t) = Re{zi: Apss,(t—r)e @ ”ﬂ} (3.79)
If the following condition holds

TW << 1 (3.80)

where Ty, is multipath spread of the channel and W is the signal bandwidth, then the
following holds:

s, (t—r)~s,(t) (3.81)
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Hence,

Y(t) r Re{z Apisg (t)ej(wﬂt—ei)e_jmori}

-refb e [ Zane e |

(3.82)

That is, the received waveform differs from the transmitted waveform only by a scale
factor (or fade) and a carrier phase shift. On the other hand, if W is increased the
product T,,W increases and at some point the approximation given in (3.81) will not
hold anymore and the returns from some of the scatterers combine destructively, or

interfere.

In summary, one manifestation of time dispersion in a channel is the presence of time
spreading or distortion or both in the received waveform. As W increases distortion
of the waveform appears firstly and then time spreading (dispersion) appears. This
results in ISI. The severity of these effects depends upon both the nature of the

transmitted waveform and the channel scattering function.

Now, in order to see the effect of time dispersion in frequency domain, let us take
one realization of the transmitted waveform. The Fourier transform S(f) of the

transmitted waveform is given as follows:
1 #
S(f)=§[S[(f—f0)+s,{(—f—f0)] (3.83)

Then, by virtue of (3.82), the expression of the received waveform is as follows:
y(t) = Re{z Aps,(t—r, )ej(‘*’o(tffi)*ei )}
- RG{Z nis, (t— ri)ej‘”ﬂ“ri)} .

1 ooty . L o o
:Eznisf(t_l})ej( o (t lD_FEZniSé(t_ri)e j(0y (t-1;))

1
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where

n, = Ape (3.85)

Then, the Fourier transform of the received waveform y(t) can be written as follows:

Y(f) = l S( (f - fO )Z nie*jZnTif + l Z S: (_f _ fo )n’i"eﬂmif
2 i 25
1 1 (3.86)
= S(F=f)H(f) + ESZ (—f —f,)H" ()
where
H(f) =) ne ™ (3.87)

Equations (3.83) and (3.86) show the effect of time dispersion as the attenuation of
certain frequency components of the transmitted waveform. This interpretation
provides a more precise description of the distortion introduced by the constructive
and destructive combination of the contributions from different scatterers. Because of
this description, the manifestation of time dispersion is often called frequency

selective fading.

If T,W << 1 then the exponential term in equation (3.87) becomes nearly 1. Hence,

the following approximation can be made:

H(f) zZni , for [fl<W (3.88)

That is, Y(f) differs from S(f) only by a complex constant. So, if T,W is much less

than unity then the channel is nondispersive in time.
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A scattering function sample of the frequency selective slowly fading channel is

shown in Figure 3.5. As shown in this figure, it introduces changes over frequency

but it does not cause changes over time
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Figure 3.5 Frequency selective, slowly fading channel

3.4.3. Channels Dispersive Only in Frequency

A channel is said to be dispersive only in frequency, or not dispersive in time, if its

scattering function is defined as follows
(3.89)

o(t; ) = 8(1)o(f)

This type of channel is also called frequency nonselective fast fading channels. The

channel output y(t) in response to the following transmitted waveform
(3.90)

s(t) = Refs, (t)e™" |

is



y(t) = Re{z Apss, (t)ejmo(t%,t)}

(3.91)
= Re{z Apis(,(t)ej(“’“_“")t}
where 1, =—-
g
If the following condition holds
WiT <<1 (3.92)

where W; is the Doppler spread of the channel the and T is the signal duration, then

elt(@=) o a0t , for |(Di’ <W,/2 (3.93)

Hence,

y(t) = Re{z Apisz(t)e“"“}

~ Re{sz (t)e™" ZApi}

(3.94)

That is, the received process differs from the transmitted waveform only by a scale
factor (or fade). On the other hand, if T is increased the product W;T increases and at
some point the approximation given in (3.93) will not hold anymore and there will be
frequency spreading. That is, as T increases distortion of the waveform appears first

and then frequency spreading (dispersion) appears.

Now, in order to see the effect of frequency dispersion in frequency domain, let us
take one realization of the received waveform. If W;T is near to unity then the
Fourier transform of the received waveform y(t) given in equation (3.91) will be

expressed as follows:
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Y1) =2 S AU~ (F, =)+ 5 L APV (£ - (£, ~1) (3.95)

The inverse Fourier transform (IFFT) of equation (3.95) shows the effect of
frequency dispersion as the attenuation of certain time components of the transmitted
waveform due to fi. As in the time dispersion case, this interpretation provides a
more precise description of the distortion introduced by the constructive and
destructive combination of the contributions from different scatterers. Because of this

description, the manifestation of frequency dispersion is called time selective fading.

A scattering function sample of the frequency nonselective fast fading channel is
shown in Figure 3.6. As shown in this figure, it introduces changes over time but it

does not cause changes over frequency.
3.4.4 Time Frequency Dispersive Channels

A channel is said to be time frequency dispersive if it is both time dispersive and
frequency dispersive, in other words the channel is frequency selective and fast
fading. If the channel is frequency selective and fast fading, then its scattering
function will be like in Figure 3.7. In this case, channel introduces changes both over

time and frequency.

3.5 HF Channel [13]

HF channel scattering function has been experimentally examined for the wideband
case by Wagner and Basler in 1988. Various models are also available for use in
estimating channel properties. An early model has found restricted use for analysis of
narrowband channels by Watterson in 1970 [8]. Some more recent wideband HF

channel models are discussed in [13 - 16].
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Knowledge of the ionospheric multipath structure has been greatly enhanced through
investigation by wideband probes and sounders. As FMCW type sounder has been
developed by Salous [1989], and a wideband HF system study has been carried out
by MITRE. In addition, Rome Air Development Center (RADC) has investigated a
variety of adaptive probing techniques and SRI has developed a set of channel probe

parameters for disturbed media.

As far as the HF channel is concerned, two forms of propagation effects are
noteworthy, losses and distortion. Losses include spreading loss, focusing loss,
ducting loss, and absorption loss. Major sources of distortion include time variation
of channel parameters, multipath, and signal dispersion. In general it may be said that
the multipath introduces two forms of impairment depending upon whether or not the
multipath delay is intermodal or intramodal. Intermodal delays are due to multimode
and multihop propagation, and give rise to ISI. Here, multimode propagation is a
multipath condition in which RF energy is received from two (or more) ionospheric
layers simultaneously and multihop propagation is a multipath condition in which the
radio wave undergoes multiple bounces from a specified ionospheric layer.
Intramodal delays are due to geomagnetic field effects, range spread due to
ionospheric inhomogeneities, and the dispersive property of the ionospheric medium
(independent of any structure present). Intramodal delays cause distortion of the
pulse and place limits on channel bandwidth. Time dispersion is the result of
variation of signal velocity with frequency. Thus, individual frequency components
transmitted at a time t, will arrive at a destination within a time envelope defined by
totT+3t, where T is the median time delay, and &t is the time delay spread of the
individual components. Time dispersion has a greater impact on wideband systems
than narrowband ones and is generally felt to be responsible for a limitation in the
coherence bandwidth. Indeed, a nonlinear phase and group delay properties of the
channel transfer function will distort wideband waveforms significantly, and this
may be observed both as broadening of the received pulse and a reduction in its
amplitude. Dispersion is considerably greater for short skywave paths than for long-
haul paths. Another form of signal distortion is that which is introduced by Faraday

rotation or polarization interference. If the transmission bandwidth is equal to or
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larger than the polarization bandwidth (but not large enough to resolve the two
magnetoionic modes responsible for the effect) considerable distortion and fading
may be introduced. The physical characteristics of the HF channel can be

investigated further in [13].

Multipath arises when the received signal obeys one of the following conditions: (1)
the signal is nondispersively distended by multiple reflections from the ionosphere
with or without ground reflections (more than 1 hop or layer is involved); or (2) the
signal is distorted by the superposition of multiple and near equal amplitude sources
within a single layer. Fading is involved in two cases. Although amplitude fading is
an important deleterious effect attributed to ionospheric multipath, the most serious
impact of multipath in digital systems is intersymbol interference (ISI). It is also
worth noting that ionospheric irregularities within a single layer are generally in
pseudorandom motion, and there can be Doppler spreads when micromultipath

returns are evident.

In this work, HF channel model is selected as the communication medium and
Watterson HF channel model is used. Hence, at this point it is convenient to study

this channel model.

3.5.1 Watterson HF Channel Model [8, 13]

HF ionospheric channels are nonstationary in both frequency and time, but for band-
limited channels (10 kHz) and sufficiently short times (10 minutes), most channels
are nearly stationary and they can be represented by a stationary model. For this
fortunate characteristic, the Watterson channel model is widely used in order to
represent narrowband and short duration HF channels. The ionosphere exhibits
another fortunate characteristic: In a substantial percentage of the channels,
propagation is over a limited number of relatively discrete modes. These

characteristics allow to select the stationary channel model.
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The Watterson channel can be modelled as a tapped delay line as shown in Figure
3.8. The signal at each tap is modulated in amplitude and phase by a suitable
baseband tap-gain function Gi(t), and the several delayed and modulated signals are
summed to form the received signal. One tap or path is used for each modal
component, wave reflecting from an ionospheric layer, that is resolvable in time.
While each mode in general contains two components, the ordinary magnetoionic
component (corresponds to the low ray) and extraordinary magnetoionic component
(corresponding to the high ray), both when present are not necessarily resolvable.
Any pair of components is resolvable only when their differential propagation time is

greater than about one fourth of the reciprocal of the bandwidth of interest.

— T
Isr:::tal Tapped Delay Line
L: number
GO ) o Gl GL(b) of paths
OQutput
> —
Signal

Figure 3.8 Watterson HF channel model
Two magnetoionic components are resolvable in frequency, then Gaussian spectrum
components can be used. Hence, according to CCIR 549-2, the tap Gi(t) may be
represented as the sum of two independent complex (bivariate) Gaussian ergodic

random processes, each with zero mean values and independent real and imaginary

components with equal r.m.s. values that produce Rayleigh fading.

G,(t) = G, (D)™™ + G (t)e"™" (3.96)

where a and b represent the two possible magnetoionic components, and the

exponentials allow for Doppler shifts for the components.

Let Gi,(t) 1s defined in terms of its real and imaginary components as
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Gia(t) = giar(t)+j giai(t) (397)

where gi(t) and gi.i(t) are independent real Gaussian processes with the following

single time jointly density function:

2 .2
_ 8iar t8iai

1 Ciu (0)
g )=— & G 3.98
P(Liar> iai) C._(0) (3.98)

where Ciy(0) is the autocorrelation of Gia(t) at At = 0. Furthermore, the spectra of
giar(t) and giai(t) are equal.

Since gi,(t) and gi,i(t) are independent, Gi,(t) has a spectrum that is the sum of the

identical spectra of gj,(t) and gii(t) and it has even symmetry about v=0.

The tap gain correlation function is given as follows:
C, (At) = C, (O)e—anciza(At)2+j2nfiaAt +C, (O)e—ancfb(At)2+j2nfibAt (3.99)

The tap gain spectrum is given as follows:

_(f-fy)? _(P-fp)?

C,(0) 262 n C;,(0) 204,

_~alD) (3.100)
(27[)1/20121 (2n)1/20ib

SGi ()=

Equation (3.100) is shown in Figure 3.9. Now, of course, it must be recognized that
each Gi(t) is associated with a nominal time delay t;. Thus, the transfer function for a
single mode is given by the following:

H,(f;t) = G, (t)e* ™ e/ (3.101)

where the presence of two unresolved magnetoionic modes have been suppressed.
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It should be noted that the Watterson model is applicable only under conditions of
channel stability and stationarity. For use in the Watterson model, the following

limits should be considered:

e Channel bandwidth = 12 kHz or smaller
e Channel is time and frequency stationary
e Channel has low delay dispersion

e Only low rays are considered.
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CHAPTER 4

CHANNEL ESTIMATION AND TRACKING

In this chapter, the investigated channel estimation and tracking methods will be
explained. First the literature survey about the channel estimation and tracking
methods will be summarized. Then, the problem statement will be given. After that,
least squares (LS) and linear minimum mean square error (LMMSE) channel
estimation methods will be explained. After that, least mean squares (LMS),
recursive least square (RLS), and Kalman filter channel tracking methods will be
explained in order. For LMS and RLS methods some adaptive schemes will also be
investigated. Moreover, according to the state variables two types of Kalman filter

will be investigated.

4.1 Literature Survey for Channel Estimation and Tracking

OFDM systems employing coherent detection require estimation and tracking of
fading channel. In order to eliminate the need for channel estimation and tracking,
differential noncoherent demodulation can be used in OFDM, at the expense of a 3
dB loss BER performance compared with coherent detection scheme. However, for
spectrally efficient OFDM systems, coherent modulation is more appropriate.
Furthermore, by using channel state information adaptive loading algorithms can be

used to improve performance under Rayleigh fading [3, 17, 18].

Channel estimation methods are used to obtain channel state information (CSI). They
can be divided into two main methods: Pilot symbol aided (PSA) channel estimation
and blind (semiblind) channel estimation. Depending on the characteristics of the

channel these two methods can be applied in various ways. The channel may be
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frequency selective, or fast fading (time selective), or frequency selective and fast

fading, or frequency nonselective and slowly fading as described in section 3.4.

In PSA channel estimation techniques, some known pilot symbols are transmitted in
the given positions of the time frequency grid. Then, in the receiver the channel is
estimated over the pilot subcarriers. After that, this estimate is interpolated or
smoothed over the entire time frequency grid [19, 20]. Besides interpolation
methods, channel estimation can be performed through the estimation of the channel

impulse response via inverse fast Fourier transform (IFFT) [21].

In the literature, some investigated PSA estimation methods are least squares (LS)
channel estimation, minimum mean square error (MMSE) channel estimation,
decision directed channel estimation, interpolation based channel estimation. Besides
the investigations of various channel estimation methods, various pilot frequency
time patterns are investigated for a given channel estimation method and channel

[20].

MMSE channel estimation method is used by exploiting time domain correlation or
frequency domain correlation or both, depending on the characteristics of the channel
[3, 18, 21-23]. Since the MMSE channel estimation method is a computationally
complex method, various simplifications are proposed. Instead of MMSE channel
estimation method, linear minimum mean square error (LMMSE) channel estimation

method with singular value decomposition (SVD) can be used [25].

Least squares (LS) channel estimation method is not as computationally complex as
the MMSE channel estimation method is. However, the performance of the former is

poorer than the performance of the latter [22].
Decision directed channel estimation methods [17, 25-27] and interpolation based

[28, 29] channel estimation methods are other alternative channel estimation

methods. They can be used for frequency selective channels and fast fading channels.
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For the PSA channel estimation methods, selection of the pilot frequency time
pattern is one of the crucial steps. The selection is performed depending on the
characteristics of the channel. For example, for fast fading channels it is appropriate
to put pilot symbols into some subcarriers but for all OFDM symbols. Whereas, for
frequency selective flat fading channels it is appropriate to put the pilot symbols not
for all OFDM symbols but into each subcarriers. So that, fast variations of the

channel in time domain or in frequency domain can be tracked [30].

Besides channel estimation methods, channel tracking techniques can be employed
for time varying multipath fading channels so that channel variations can be tracked
and also channel variations can be filtered up to some level in order to reduce the
channel impairments caused by noise and interference. In the literature, least mean
square (LMS), recursive least squares (RLS) and Kalman filter based methods exist

[31-35]. These methods can be used also for OFDM systems [23, 36-39].

As for blind (semi blind) channel estimation techniques, no pilot symbols are used.
This satisfies more efficient use of the bandwidth and provides stealthy
communication. In the literature, some blind channel estimation methods are
maximum likelihood approach [27, 40, 41], expectation maximization approach [42],
subspace approaches using cyclic prefix subspace approach, subspace based
approaches exploiting virtual carriers [43], cyclic prefix [44], and noise subspace
[45]. Additionally, blind channel estimation based on receiver diversity [46] and

white preamble [47] also exist.

In case of HF channels, the given channel estimation methods for time varying

multipath fading channels are applicable [17, 48-50].
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4.2 Channel Estimation and Tracking Methods

4.2.1 Problem statement

After the demodulation process in the OFDM receiver, the following demodulated

OFDM signal, whose derivation was explained in section 2.2, is obtained.

Yk,n = Hk,nak,n + Nk,n (41)

Here, Hy, is the channel frequency response at k™ subcarrier for n™ OFDM symbol.
ykn and ay, are the received and the transmitted symbol at k™ subcarrier for n™
OFDM symbol, respectively. Ny, is the zero mean AWGN at k™ subcarrier for n™
OFDM symbol. The channel is assumed to be Rayleigh distributed. Hence, the mean

of Hy » is zero.

During channel estimation and tracking process some known pilot symbols are
transmitted and at the position of these pilot symbols Hy, are estimated. For packet
based communication, the estimated Hyx, can be tracked after some initialization

procedure.

Let us define the following matrices:

yO,n aO,n O T 0 HO,n NO,n
- 0 a 0 — H — N

Vo=l T las L T LHes| e N 4.2)
YN—I,n 0 0 a'N-l,n HN—l,n NN—I,n

Then, equation (4.1) can be written in matrix form as

;n =£nﬁn +Nn (4.3)
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Channel estimation and channel tracking equations are solved for pilot symbols for
each subchannel, separately. After finding Hy , values at the pilot symbols, other Hy
values can be found using interpolation. Hence, the main problem is to find all Hy,

for n™ OFDM symbol during this symbol is investigated.
4.2.2 Channel Estimation Methods
4.2.2.1 Least Squares (LS) Estimation [22]

In LS estimation, the cost function given in equation (4.4) should be minimized with

respect to Ha. Hence, the estimated channel can be found by minimizing

C=[anH -3, =(anHa -3, ) fanHa -3,) (4.4)

with respect to H. and the following result is obtained (for derivation see Appendix

O):

i, [ ba) 3, @3)

Here, a. is a diagonal matrix with entries being pilot symbol values. For this reason,
it is nonsingular and it has an inverse. As a result, the following expression can be

written as the solution of LS estimation method:

I:IO,n l/a(),n O e O YO,n yo,n /aO,n

a . ﬁl,n _——1— _ 0 l/al,n 0 YI,n _ YI,n/al,n

e N e I T T A (46)
IiINfl,n 0 U l/aN-l,n YN-in YN-in /aN-l,n
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4.2.2.2 Linear Minimum Mean Square Error (LMMSE) Estimation [22]

Let I:Ik,n denote the estimate of Hy, and let the estimator is in the following form:

H,, =Ay., 4.7)

In LMMSE estimation, the cost function, given in equation (4.8), should be

minimized with respect to A.

-1 , 2} = E{(Hk,n - ﬁk,n )*(Hk,n - ﬁk,n )} (4.3)

Here, Hy , is the unknown to be estimated and y, , is the observation.

A=A+jA; where A; and A; denote the real and imaginary parts of A, respectively.

Then, the following gradient equation can be written:

VC= a%i + jaa_zi
—B{H] Ly~ GHL L)~ ViaHn — i(=ivi Hyo)
YA IV AY ) ATV Vi T IGAY Y] (4.9)
—E{- 2y, H,, +2Ay;. V..
=0

From (4.9), A can be found as follows:

AEly,,vi. = ElH, ¥

(4.10)
A :RHyR;;
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where R, = E{Hk,ny;n} is the cross correlation of Hy and yk, and R, = E{Yk,nyz,n}

is the autocorrelation of yy ,. Then, the estimation result becomes
Hk,n = AYk,n = RHyR;)IIYk,n (41 1)

4.2.3 Channel Tracking Methods
4.2.3.1 Least Mean Squares (LMS) Method [39]

Let yxn denote the demodulated OFDM signal as given in equation (4.1). In order to

estimate Hy ,,, the cost function to be minimized with respect to Hx ,, is as follows:
C=Efe, ¢, | (4.12)

Here, ey, is the error between the desired signal dy , and Hy say n.

H,,=R,, +jl,,where Ry, and I, are the real and imaginary parts of Hyp,

respectively. Then, the gradient of the cost function is given as follows:

oc . oC
+J

VC =
oR,, "0,

= E{dk,n (_az,n) - jdk,n (_jaz,n) - ak,nd:,n - j(jak,nd;n) (4 1 3)
+ a;k(,nak,nHk,n + j(_ja;,nak,nHk,n) + az,nH;,nak,n + j(jalt,nH;,nak,n)}

= E{_ 2dk,nak,n + 2ak,nak,nHk,n }

According to the steepest descent algorithm, the following recursive expression is

used:

I
H,  =H, -~uvC
kart = Hia T H (4.14)

=H,, + M(E{dk,na;n }— E{ak,na;n }Hk,n )
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where L is the step size. Then, for the LMS algorithm, instantaneous values are used

as estimates. Hence, (4.14) becomes

Hk,n+1 = Hk,n +”’a:,n (dk,n _ak,nHk,n) (415)

In this work, dy , is selected to be the measurement itself.

In [39], it is shown that the step size | can be selected optimally when the details of
the physical model of the system and its variability with time are known. But, if the
information is not known, then an adaptive scheme is proposed as a solution for the
selection of the step size. This adaptive scheme is investigated in the following

section.
4.2.3.1.1 LMS Method with Adaptive Step Size [39]

The purpose of the adaptive scheme is to find an estimate for the particular value of

. L . 1 .
the step size parameter p that minimizes the cost function C(n) = EE{ekjnek’n} where

e, =d,,-H,,a,,. Here, 1/2 scaling is used for convenience for the following

,n

equations.

Differentiating the cost function with respect to p yields the following scalar

gradient:
de,. . Oe,
\Y C(n)=m=lE kn el 4—Nle (4.16)
. ow 2 | ouw " ou ¢
0 oH
Sn L Ty — g a (4.17)
ou oun v

So, equation (4.16) becomes
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v, 0 =S el o, el + W) @18)

1)

In the similar computation of the LMS algorithm, the recursive formulation of the

step size can be expressed as follows:
p(n+1)=p(n)—aV,C(n) (4.19)

Here, a is a small positive learning parameter and @uC(n) is an estimate of the

scalar gradient V C(n). The instantaneous estimate @“C(n) can be expressed as

follows:

9,00 =960+ asen |- -Relfy el (4.20)

where ‘i’k,n is the estimate of ¥ .

Finally, the steps of the adaptive LMS algorithm are as follows:

a- Hy, are updated as given in (4.15) and its derivative’s estimate ‘i’k,n are updated

as

A

Y

k,n+1

ek,n
ou(n (4.21)

A % * 2
= lIIk,n + ak,nek,n - l"l(n)ak,nak,n‘{lk,n

2 * *
= \Pk,n + ak,nek,n + M(n)ak,n

b- The step size is updated as

pn+1l)=pn)+a Re{‘i’k)nak,ne:,n } (4.22)
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Here, u(n+1) is limited from upper and lower in order to preserve the stability

condition.

For the adaptive LMS algorithm, an initialization period is needed. In this work,
since packet based communication is used, a header for each packet will be used for
the initialization of the algorithm. For detailed information about the packet based

data structure, section 5.2.2 can be investigated.

4.2.3.2 Recursive Least Squares (RLS) Method [39]

Let yxn denote the demodulated OFDM signal as given in equation (4.1). For the
estimation of Hy , the cost function to be minimized with respect to Hy, is expressed

as follows:

n

Ck,n = B(l’l,l)

i=1

e (4.23)

Here ex; is the error between the desired signal dy; and Hgpaxi. P(n,i) is the
weighting factor. It has the property that 0<p(n,i)<1, i=0,1,2,..,n. The
commonly used form of weighting is the exponential weighting factor or forgetting

factor. It is defined by the following expression:

B(n,i)=A"", i=0,1,2,...,n (4.24)

where A is a positive constant less than 1. Thus, when using the exponential

weighting factor, the cost function becomes

(4.25)
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H,,=R,, +jI,,where Ry, and I, are the real and imaginary parts of Hyp,

respectively.

a(:k n : a(jk n
v(:k n —+ J :
O o0R,, T a,

- ixn_i ((dk,i —-H,,a; X‘ a;i )+ (dZ,i - H:,nalt,i X— ay; ))
+ Ji x ((dk,i -H, ,a; Xja;:,i )+ (d:,i - H;,na:,i X_ ja; )) (4.26)
P

= Zn: IS ((dk,i -H, ,a; X_ 23;,1 ))
P

=0

Then, the following relation is obtained:

Z }\’niidk,ia:,i = Z }\’niin,nak,ia:,i
i=1 i=0
Zk,n = Hk,nq)k,n (427)

_ -1
Hk,n - q)k,nzk,n

Z, . and @, can be expressed recursively as follows:

Ziow=2 N da = XZ Knilildk,iak,i +d 2, =AZ Ay, (4.28)

,n
i=1 i=1

Similarly,

n n—1
_ n—i * n—l-i * * *
O =)\ Al = 7‘27‘ aataa = MDk,n—l ta, g, (4.29)

i=1 i=1

Then, equation (4.27) can be expressed as follows (for derivation see Appendix D):
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*

a*
H,,=H k,|d,,—~*-a, H
k.n ko1 T n[ kn ) Ay n k,nlj (4.30)

where

-l
A (Dk,n—lak,n

n = I
1+}\‘ ak,nq)k,n—lak,n

(4.31)

As in the LMS case, in this work, the desired symbol di, is selected to be the

measurement itself.

In [39], it is shown that the forgetting factor A can be selected optimally when the
details of the physical model of the system and its variability with time are known.
But if the information is not known, then an adaptive scheme is proposed as a
solution for the selection of the forgetting factor as in the case of LMS method for
the selection of the step size. This adaptive scheme is investigated in the following

section.
4.2.3.2.1 RLS Method with Adaptive Forgetting Factor [39]

The purpose of the adaptive scheme is to find an estimate for the particular value of

the forgetting factor A that minimizes the cost function C(n) :%E{ek,nez’n} where

*

a
k,n * . . . .
€n =dy, —-a,,H . Here, 1/2 scaling is used for convenience for the following

k,n

equations.

Differentiating the cost function with respect to A yields the following scalar

gradient:
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aek n _* ae: n
E =€t Cian (4.32)

Here,

oe, . oH, ., . .
al}(\: == ak;; lak,n :_Qk,n—lak,n (433)

So, equation (4.32) becomes as follows:

oC(n 1 . .
V,C(n) = 8; ) = _EE{Qk,n—lak,nek,n +Qk,n—lak,nek,n} (4.34)

Let Sy, denote the derivative of the inverse correlation matrix @, . That is,

0D,
SN

follows:

S, . Then, using equation (4.30) and Sy, the derivative of Hx, becomes as

aHk n *
a}\: = (l_knak,n )Qk,n—l +Sk,nak,nek,n (435)

Hence, by differentiating

251 * -1
}\‘ (Dk,n—lak,na'k,nq)k,n—l

o =D - : 4.36
o ot 1 + xilak,n(DZn—lak,n ( )
with respect to A then collecting terms the following equation is obtained:
Se. =A"'(1-k,a, S, (1-ka, ) +L 'k k, -2 "D (4.37)

The derivation of equation (4.36) can be found in Appendix D.
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As in the case of the LMS method, the recursive formulation of the forgetting factor

can be expressed as follows:

A(n)=A(n—1)—aV,C(n) (4.38)

Here, a is a small positive learning parameter and @AC(n) is an estimate of the

scalar gradient V,C(n). By using equation (4.34), the instantaneous estimate

@XC(n) can be expressed as

A

~ 1 * * A * A * *
V,C(n)= _E(Qk,nlak,nek,n + Qk,nflak,nek,n )= _Re{Qk,nqak,nek,n} (4.39)

Here, f)k)n is the estimate of Q, .

Finally, the steps of the adaptive RLS algorithm becomes as follows:

a- Hx, and (I);}n are updated as given in (4.30) and (4.36), respectively.
b- The forgetting factor, the derivative of the inverse correlation @' , and the

k,n 2

estimate of the derivative of Hy , are updated according to the following equations:

A(n)=A(n—1)+aReld,  a e, (4.40)
Sk,n = 7\‘71 (1 - kna;n )Sk,n—l (1 - k:ak,n) + }Lilknk: - }Vilq);,ln (441)
ﬁk,n = (1 - kna>(1;,rl )Qk,n—l + Sk,nak,nek,n (442)

As in the adaptive LMS case, for the adaptive RLS algorithm, an initialization period
is needed. In this work, since packet based communication is used, a header for each
packet will be used for the initialization of the algorithm. For detailed information

about the packet based data structure, section 5.2.2 can be investigated.
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4.2.3.3 Kalman Filter Method [39]

Let X(n) denote the state matrix with a size M-by-1 at time n. The process equation

is expressed as follows.
X(n+1)=F(n+1,n)X(n)+ TV, (n) (4.43)

In the above expression, F(n+1,n) is a known M-by-M state transition matrix

relating the state of the system at times n+1 and n. T is the M-by-1 process noise

coefficient and v (n) is the process noise which is modeled as a zero mean white

noise process whose correlation matrix is defined by the following expression:

61 (Il), n= k

4.44
0, nzk ( )

Ef, (n)vr‘<k)}={

The channel transfer function for a selected frequency can be seen as a maneuvering
target over time domain. In order to track the target, in this work two types of
Kalman filter are employed. These are Kalman filter with constant position model
and Kalman filter with constant velocity model [51]. In the former, the system uses
the position of the tracked data, which is nothing but the channel transfer function for
a selected frequency, as state. So, the dimension of the state matrix is 1 by 1. In the
latter, the system uses the velocity of the tracked data as well as its position as states.
So, in this case the dimesion of the state matrix is 2 by 1. The velocity of the tracked
data is the first time derivative of the channel transfer function for a selected
frequency. In each case, the uncertainty in state estimation is represented by the
process noise covariance matrix. There is also a third model, constant acceleration

model [51]. But it is not investigated here.
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For Kalman filter with constant position model, the state matrix X(n), the state

transition matrix F(n+1,n), and process noise coefficient I' are expressed as

follows:
X(n) = x(n) (4.45)
F(n+1n)=1 (4.46)
r=1 (4.47)

On the other hand, for the Kalman filter with constant velocity model, the state
matrix X(n), the state transition matrix F(n+1,n) and process noise coefficient I

are expressed as follows:

X(n) = {X(n)} (4.48)
v(n)
i(nH,n){l T} (4.49)
0 1
T%/2
F—{ ! } (4.50)

In the above expressions, v(n) is the velocity obtained from the position x(n). T is the

sampling duration used for the calculation of the velocity v(n) of x(n).

Since velocity is included as an additional state in the constant velocity model based
Kalman filter, uncertainty in state estimation due to the target dynamics is less
compared to that in the constant position model based Kalman filter. That is, the
former uses more information about the target dynamics compared to the latter.
Hence, it is expected that the former has higher tracking performance compared to

the latter.
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The measurement equation, describing the observation vector, is expressed as

follows:
y(n) = C(n)X(n) +V,(n) 4.51)

where C(n) is a known N-by-M measurement matrix. The N-by-1 vector v,(n) is

called measurement noise, which is modeled as a zero mean, white noise process

whose correlation matrix is given as follows:

62 (Il), n= k

4.52
0, nzk ( )

Ef, (n)v! (k)}={

In this work, the measurement matrix is taken as shown in equation (4.53) for the
constant position model based Kalman filter and it is taken as shown in equation
(4.54) for the constant velocity model based Kalman filter for a subchannel at n®

symbol.

C(n) =[pilot symbol] (4.53)
C(n) = [pilot symbol 0] (4.54)

It is assumed that X(0), the initial value of the state, is uncorrelated with both v, (n)
and v,(n) for n>0. The noise vectors Vv,(n) and V,(n) are statistically independent.

So, the following can be written:
E{V,mv!(k)}=0  forallnandk (4.55)

Now, let §(n—1 'Y, ,) denote the filtered estimate of the state vector at time n-1,

given the observation vectors Y, |, = {?(1),?(2),...,?(n—1)} and let X(n | Y, ,) denote
the predicted estimate of the state vector at time n, given the observation vectors

Y, = {?(1),?(2),...,?@ - 1)}. Then, the following expression can be written:
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(n|Y, )=Fmn-Dx(n-1]Y, ) (4.56)

Also, let us define the filtered state error vector e€(n) and predicted state error vector

e(n,n—1) as follows:

e(n)=xX(n)-X(n|Y,) (4.57)

e(n,n-1)=x(n)-x(n|Y, ) (4.58)

Moreover, let K(n) denote the correlation matrix of the error vector e(n) and let

K(n,n—1) denote the correlation matrix of the error vector €(n,n—1). Then
K(n,n—1)=F(n,n-DHK(n-1)F"(n,n-1)+Q,(n) (4.59)

Additionally, let G(n) denote the Kalman gain at time n. After finding K(n,n—1),

G(n) can be written as follows:
G(n) =K(n,n-HC" (n)|[C(@)K(n,n-1C"(n)+Q,(n)|’ (4.60)

After that, the filtered estimate of the state vector at time n §(n |Y,) becomes as

follows:
X(n|Y,)=Rn|Y,)+Gm)[yn)-CmIn|Y, )] (4.61)
Finally, K(n) is found as follows:

K(n)=[[-G®n)Cn)[K(n,n-1) (4.62)
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In order to track the target, the equations starting from (4.56) up to (4.62) are used

iteratively.

As in the adaptive LMS and RLS cases, for the constant position and constant
velocity model based Kalman filter, an initialization period is needed. In this work,
since packet based communication is used, a header for each packet will be used for
the initialization of the algorithm. For detailed information about the packet based

data structure, section 5.2.2 can be investigated.
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CHAPTER 5

SIMULATION RESULTS

5.1 Aim of the Simulations

The aim of the simulations is to compare the performances of least squares (LS)
channel estimation method, linear minimum mean square error (LMMSE) channel
estimation method, least mean square (LMS) channel tracking method, recursive
least squares (RLS) channel tracking method, constant position model based Kalman
filter channel tracking method, and constant velocity model based Kalman filter
channel tracking method in high frequency (HF) channel. For this purpose, Monte
Carlo simulations were performed. During the simulations, adaptive versions of LMS

and RLS channel tracking methods were also investigated.

These methods are compared by using the symbol error rate (SER) and the
normalized mean square error (NMSE) performance metrics. These metrics were
calculated over a range of signal to noise ratio (SNR) values. For signal detection
maximum a posteriori probability (MAP) estimator was used. The MAP estimator is
explained in Appendix B in detail. After the SER and the NMSE tests, the channel
estimation and tracking behaviour of the methods were investigated by observing the
estimates over time. Finally, convergence duration of LMS, RLS and Kalman filter
were investigated and an initialization method is proposed in order to reduce the
convergence duration. In the simulations it was assumed that timing is perfect. That

is, there is no timing error.
In the simulations, the channel is assumed to be CCIR poor HF channel. The

structure of this channel is described in section 5.2.1. Moreover, the channel design

is explained in Appendix A.
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In the simulations packet based data communication was used. The data packet is
composed of a header part and a data part. The header contains known pilot symbols
and the data part contains data symbols and some pilot symbols. The data packet

structure is explained in section 5.2.2 in more detail.

Channel estimation and tracking are performed in each data packet. For the channel
tracking methods, LS method is used in order to obtain measurements. Moreover, LS
method is used in the header in order to perform initialization steps of the tracking

algorithms.
5.2 Simulations
5.2.1 Description of the CCIR Poor HF Channel

For HF channel, the CCIR poor HF channel recommendation was used. In this
recommendation, the channel is taken to be two path with 1 Hz Doppler spread in
each path. There is no Doppler shift. One path has zero delay and the other path has 2

milliseconds delay. The HF channel design steps are given in Appendix A.

The coherent time and coherent frequency of the channel are 1/Doppler spread =

1/(0.5 Hz) = 2 seconds and 1/(symbol duration) = 1/(8.107) = 125 Hz, respectively.

Considering the channel structure used in the simulations, it is now convenient to
calculate the channel transfer function because the aim of channel estimation and
tracking process is finding the channel transfer function. In equation (5.1), the

impulse response of the channel is shown.

cé(t;t):ian(t)S(r—rn) (5.1)
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where 1,=0, 1,=2 msec. Then, by taking the Fourier transform of the channel impulse

response for t variable, the channel transfer function is found as shown in equation

(5.2):

o0

2
C,(f;0)= [ (e dr = a, (e ™ (5.2)
n=1

—00

After that, since all calculations are made over discrete time and discrete frequency

domain in the simulations, C,(f;t) should be sampled over time and frequency

domain. For this purpose, it is sampled with the period 1/T over frequency domain
and T/N over time domain. Here, T is the duration of the OFDM symbol duration
and N is the number of subcarriers. The sampled channel transfer function is shown

in equation (5.3).

2 S, T
C(mk)=C (E0  =Yae TV (53)
(::l:'/-]r\l n=1
, . T
where a_(k)=a (t and T, =——.
0=, (0] and 7 =S

5.2.2 Description of the OFDM System

In the OFDM system there were N=256 subchannels in one OFDM symbol. The
duration of one OFDM symbol is T=8 milliseconds. Hence, the sampling period is
T/N=31.25 microseconds. The total bandwidth of the OFDM symbol is N/T= 32
kHz. The length of guard interval is chosen to be N,T/N= 3 milliseconds in order to
cover the 2 milliseconds delay of the channel. By choosing the guard interval as 3
milliseconds Ny becomes 96. If the values of T and N are put in equation (5.3), the

channel transfer function becomes as follows:
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2, —prt 2107 2 _ipg™
C (mk)=Y o, (k)e 10 =S (ke T (5.4)
n=lI n=lI

Here, since C,(f;t) is sampled with a period of 1/ T, which is the bandwidth of the

subchannels, the channel transfer function is periodic over frequency domain with a

period of 4 subchannels as shown in equation (5.4).

Data packet consists of 100 symbols, 10 of which constitute the header part and the
remaining are the data part. In the header part, the subcarriers of all the symbols are
composed of known pilots. In the data part, only the subcarriers of some symbols are
composed of pilot symbols. These symbols are equally spaced in time grid. In the
simulations, the period of pilot symbols is taken to be 5. Naturally, it can be

increased to some extend. The frequency time grid of the symbols is shown in Figure
5.1.

The packets are sent one after another. That is, there is no time gap between the
packets. Two modulation techniques are used in the simulations. These are QPSK
(46.55 kbps) and 16QAM (93.09 kbps). Their constellations are shown in Figure 5.2

and Figure 5.3, respectively.

Header Data
[ BN BN ® O O O @& O O @& O [GRNGR
® e O ® O O O @ O O @& O [GRNGRY
L BN BN ® O O o @ O o @ O [GRNERY
[ 3N N ® O O O @ O O @ O [GRNGREY
[ 3N N ® O O O @ O O @ O [ORNGREY
[ 2N N ® O O O @ O O @ O O 0 e
[ 3N N | ® O O O @ O O @ O [ORNGR
[ 3N N ® O O O @ O O @ O [GRNGRE
[ 3N N ® O O O @ O O @ O [GRNGRY
[ 2N N | ®|C O O @ O O @ O [ORNGRN
S“bca”erﬂ eeoo e C O O ® O O ® O 00 @
(frequency)
[ N ®| O O O @ O O @ O O O @
R
Symbols {time) ® Filot symbol

O Data symbol

Figure 5.1 Structure of data packet
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Figure 5.3 16QAM constellation

For QPSK modulation, the pilot symbol is selected as 1 and for 16QAM modulation,
the pilot symbol is selected as 3+3j.

After demodulation the following expression is obtained:

Yk,n = Hk,nak,n + Ik,n + Nk,n (55)

In equation (5.5), Hy., is the channel transfer function for k™ subcarrier at n™ OFDM
symbol, Iy, and Ny, are interference and noise at k™ subcarrier and n™ OFDM
symbol, respectively. After estimating Hy,, ax, are found by using maximum a

posteriori (MAP) estimator, which is explained in Appendix B.

5.2.3 Implementation of Investigated Methods

During the packet based data communication, the channel estimation and tracking

processes start every time a new data packet is received. As soon as these processes
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are completed and a new data packet is received, these processes start for that data
packet again and the channel information obtained during the previous data packet is
not used. In this way, it is guaranteed that the effect of the changes of the channel

characteristics on these processes is eliminated.

For LS method, the channel transfer function is estimated in the whole header part
and at the pilot symbols in the data part. This estimation is performed for each
subcarrier. After estimating the channel transfer function at the pilot symbols in the
data part, linear interpolation is used over time domain in order to estimate the
channel transfer function at data symbols in data part. After the interpolation step the

channel estimation is completed.

For LMMSE method, firstly the channel transfer function is estimated in the whole
header part and at the pilot symbols in the data part by using LS method in one
packet data. Then, these estimates are used in the final estimation of the channel.
Finally, linear interpolation is used over time domain in order to estimate the channel
transfer function at data symbols in data part. After this interpolation step the channel
estimation is completed. As a new data packet is received, the correlation functions

are found again and the process continues in the similar way.

For LMS and adaptive LMS methods, firstly the channel transfer function is
estimated until to 5" symbol in the header part using LS method. Then, at the 5t
symbol of the header part, channel tracking starts. Since the time gap between the
pilot symbols is 5, at 5™ symbol in the header part, the channel transfer function is
estimated for 10™ symbol. In this way, channel tracking with LMS or adaptive LMS
methods starts within the header part. So that, the transient part of the LMS method
is pushed to the header part. Then, the channel transfer function is estimated by LS

method from the remaining 6™ symbol until 9™ symbol in the header part.
RLS and adaptive RLS methods work similar to the LMS method. At 5t symbol, the

initialization of the tracking is performed and channel tracking starts in the header

part.

80



In the same way, constant position and constant velocity model based Kalman filters
start channel tracking at the 5™ symbol of the header part. Before that, the process
noise covariance matrix is calculated. Measurement noise covariance matrix is found
by using SNR value of the channel. Here, SNR is assumed to be known. During
channel tracking, the measurement noise covariance matrix is fixed. Whereas, the
process noise covariance matrix is updated every time a new measurement is
obtained. As a new data packet is received, the covariance matrices are calculated

again and all the process continues in the similar way.

As soon as the channel estimation process is finished with any of the estimation and
tracking method explained so far, the estimated channel transfer function is used in

the MAP symbol estimation process.

In Table 5.1, the parameters of the LMS, RLS, and Kalman filter channel tracking
methods used in the simulations for QPSK and 16QAM modulation methods are
listed.

5.2.4 Simulation Results

Symbol error rate (SER) and normalized mean square error (NMSE) were calculated
for 90 packet data over the signal to noise ratio (SNR) range of 0 dB — 36 dB. SER,
NMSE and SNR were found by using the equations (5.6), (5.7) and (5.8),
respectively. The simulations were performed for QPSK and 16QAM modulations,
separately. The SER versus SNR results are shown in Figure 5.4 and Figure 5.5 for
QPSK and QAM, respectively. The NMSE versus SNR results are shown in Figure
5.6 and Figure 5.7 for QPSK and QAM, respectively.

Number of erroneously received symbols

SER = (5.6)

Number of all received symbols - Number of pilot symbols
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SNR =

72 I:Ik,n _Hk,n
NMSE= 1> M |

NS 1S
M ;‘Hk,n

AVg‘Hk,nak,n

2
noise

13 2

n=l

2

2

(5.7)

(5.8)

where M is the number of transmitted OFDM symbols and N is the number of

subchannels. k and n are the subchannel number and symbol number indices.

Table 5.1 Parameters used in the simulations

Channel tracking Parameters
method QPSK (pilot value=1) 16QAM (pilot value=3+3j)
LMS Step size (1) = 1.4 Step size (1) =0.078
Adaptive LMS Initial step size (n) = 1.4 Initial step size (1) =0.078
Learning rate parameter (o)=0.03 Learning rate parameter (o))=4.10
Step size upper limit=2 Step size upper limit=0.11
Step size lower limit=0.01 Step size lower limit=5.10"*
RLS Forgetting factor (A) = 0.1 Forgetting factor (A) = 0.1
Inverse of correlation (@) = 1 Inverse of correlation (@) =1
Adaptive RLS Initial forgetting factor (A) = 0.1 Initial forgetting factor (A) = 0.1

Inverse of correlation (®™') = 1
Learning rate parameter (a)=0.05
Forgetting factor upper limit=0.95

Forgetting factor lower limit=0.02

Inverse of correlation (®™') = 1
Learning rate parameter (a)=0.002
Forgetting factor upper limit=0.95

Forgetting factor e lower limit=0.02

Constant position model

based Kalman filter

Measurement noise covariance
= Noise variance
Process noise covariance

= 20. measurement variance

Measurement noise covariance
= Noise variance
Process noise covariance

= 20. measurement variance

Constant velocity model

based Kalman filter

Measurement noise covariance
= Noise variance
Process noise covariance

= 20. measurement variance

Measurement noise covariance
= Noise variance
Process noise covariance

= 20. measurement variance
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Figure 5.4 SER vs. SNR graph for QPSK
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Figure 5.5 SER vs. SNR graph for 16QAM
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Figure 5.7 NMSE vs. SNR graph for 16QAM
As shown in figures from 5.4 to 5.7, constant velocity model based Kalman filter

and adaptive RLS are the best methods. They are followed by RLS, constant velocity
model based Kalman filter, LMMSE, and LS methods. As SNR becomes lower than
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4 dB, the performance of the LMMSE becomes the best. The worst method is the
LMS method. It is followed by the adaptive LMS method. It is because of the delay
introduced by these methods during tracking. This delay reduces the performance. If
the time gap between the pilot symbols is decreased, then the effect of the delay can

be reduced and the performances of the LMS and adaptive LMS methods increase.

In these simulations, the process and noise covariance matrices of the Kalman filters,
giving lowest NMSE, are found at the SNR value of 18 dB by trial and error. For
other SNR values, the same covariance matrices are used. If for each SNR the
covariance matrices giving the lowest NMSE were found, the performance of the

Kalman filters might become better.

In order to get further insight for the studied channel estimation and tracking
methods, these methods were investigated for 600 OFDM symbols over time and
frequency. In these simulations, first 10 symbol long header was transmitted and
after that 590 data symbols were transmitted with the same frequency time pilot grid
as before. SNR is fixed at 18 dB in order to visually observe the estimation and
tracking and filtering results of the methods easily. QPSK is the modulation
technique used in these simulations. It should be noted that the results of these
simulations should not be treated as an information source for performance
comparison because the number of the OFDM symbols are too small for a reliable

performance determination.

In order to observe the estimation and tracking behaviour of the methods, firstly the
channel transfer function of the 1* subcarrier to be estimated (with noise and without
noise), the estimated channel transfer function of the 1% subcarrier and the
normalized square error which is averaged over all subcarriers are plotted over time.
Here, each time instant represents one OFDM symbol. The channel transfer function
to be estimated is named as “real channel transfer function” for noisy case and as
“original channel transfer function” for noiseless case in the graphs. In order to
observe the phase and amplitude of the channel transfer function, its real part, its

imaginary part and its absolute values are plotted separately. Then, the channel
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transfer function to be estimated and the estimated channel transfer function are
plotted over frequency for 20" symbol. So that, the estimation and tracking results
and performance can be investigated for one symbol over frequency. Here, each
frequency sample represents one OFDM subcarrier. Additionally, for adaptive LMS
and RLS algorithms, the change of the step size and the forgetting factor are plotted
for 1% subchannel over time. Finally, the absolute value of the channel transfer
function is plotted over time and frequency. This three dimensional graph shows the

whole estimation result over the frequency time grid.

In Figure 5.8, the absolute value of the transfer function of the channel to be
estimated is shown over the whole frequency time grid. Here, there is no noise. Then,
from Figure 5.10 to Figure 5.67, the graphs explained in the previous paragraph are

shown.

Channel transfer function (absolute value)

sSubchannel number S g, e 2
o ~ — 0 Symbol number

Figure 5.8 Absolute value of the HF channel transfer function over whole frequency

time grid (no noise)
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In Figure 5.8, the channel transfer function seems smooth over frequency domain.
However, it is not smooth and so the channel is not frequency nonselective. As
explained in section 5.2.2, the channel transfer function is periodic over frequency
domain with a period of 4 subchannels. In order to see this periodicity, Figure 5.9
can be investigated. This figure shows the absolute value of the channel transfer
function over frequency domain for 20™ OFDM symbol. If the peaks are counted, it

can be seen that there are 64 peaks out of 256 subchannels.

Channel transfer function (absolute value)

0.9 HAHHRAFHH RS R H FH AFHAETEE BREAER R PR R R P 4 H
0.8 H H
I I I i i

0 50 100 150 200 2420

Subchannel number

Figure 5.9 Absolute value of the original channel transfer function at 20" symbol

versus subchannel number graph (no noise)
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Figure 5.10 Real part of estimated (LS result), real and original channel transfer

functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.11 Imaginary part of estimated (LS result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.12 Absolute value of estimated (LS result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.13 Normalized square error averaged over all subchannels (LS result)

versus symbol number graph (SNR = 18 dB)
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Figure 5.15 Imaginary part of estimated (LS result) and original channel transfer

functions at 20™ symbol versus subchannel number graph (SNR = 18 dB)
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Channel transfer function (absolute value)

Subchannel number

Figure 5.16 Absolute value of the estimated HF channel transfer function

(LS result) over whole frequency time grid (SNR=18 dB)

When the results shown in figures from 5.10 to 5.16 are investigated, it can be
observed that NSE has peaks where deep fades occur. Moreover, the small ripples
exist due to the linear interpolation. These small ripples have peaks in the middle of
the linear interpolation because the largest difference between the tracked data and

tracking result, which is the tracking error, mostly occurs at that position.

Moreover, if the peaks in Figures 5.14 - 5.15 are count, it is seen that there are 64
peaks in 256 data. This shows that the channel transfer function is periodic with a
period of 4 subchannels. This observation meets the theoretical calculation obtained

in equation (5.4).
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Figure 5.17 Real part of estimated (LMMSE result), real and original channel

transfer functions at 1*' subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.18 Imaginary part of estimated (LMMSE result), real and original channel

transfer functions at 1* subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.19 Absolute value of estimated (LMMSE result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.20 Normalized square error averaged over all subchannels (LMMSE result)

versus symbol number graph (SNR = 18 dB)
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Figure 5.21 Real part of estimated (LMMSE result) and original channel transfer

functions at 20™ symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.22 Imaginary part of estimated (LMMSE result) and original channel

transfer functions at 20™ symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.23 Absolute value of the estimated HF channel transfer function
(LMMSE result) over whole frequency time grid (SNR=18 dB)

In the LS method case, the estimates are obtained with instantaneous values of the
channel transfer function at the pilot symbols. However, for the LMMSE method the
estimates are obtained with some processing of the measurements after obtaining
some statistical information about these measurements (see equation (4.11)). As a
result, if figures from (5.10) to (5.23) are observed closely, it can be seen that the
estimation results of LMMSE are more smooth compared to the results of the LS

method. That is, filtering process works better in this case.
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Figure 5.24 Real part of estimated (LMS result), real and original channel transfer

functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.27 Normalized square error averaged over all subchannels (LMS result)

versus symbol number graph (SNR = 18 dB)

97



T
Estimaled chinnel
——— Original chanrnel

L3
o

o

&
in

Channel transfer function (real part)

in

24 l i
[1] 50 100 150 200 0 300

Subchannel number

Figure 5.28 Real part of estimated (LMS result) and original channel transfer

functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.29 Imaginary part of estimated (LMS result) and original channel transfer
functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.30 Absolute value of the estimated HF channel transfer function
(LMS result) over whole frequency time grid (SNR=18 dB)
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Figure 5.31 Real part of estimated (adaptive LMS result), real and original channel

transfer functions at 1*' subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.32 Imaginary part of estimated (adaptive LMS result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.33 Absolute value of estimated (adaptive LMS result), real and original

channel transfer functions at 1* subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.34 Step size (adaptive LMS result) at 1* subchannel versus symbol number
graph (SNR = 18 dB)
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Figure 5.35 Normalized square error averaged over all subchannels (adaptive LMS

result) versus symbol number graph (SNR = 18 dB)
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Figure 5.36 Real part of estimated (adaptive LMS result) and original channel
transfer functions at 20™ symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.37 Imaginary part of estimated (adaptive LMS result) and original channel
transfer functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.38 Absolute value of the estimated HF channel transfer function
(adaptive LMS result) over whole frequency time grid (SNR=18 dB)

For LMS and adaptive LMS methods, there is an apparent delay in tracking (see
Figures 5.24-5.26 and Figures 5.31-5.33), which does not exist for LS and LMMSE
cases and it is longer compared to the RLS and Kalman filter cases as will be shown
in the following figures. This is because the convergence durations of the LMS and
adaptive LMS methods are longer compared to that of the others [39]. This explains
why LMS and adaptive LMS methods have the worst performance as observed in the

SER vs. SNR and the NMSE vs. SNR graphs (see Figure 5.4-5.7).

It can also be observed that adaptive scheme increases the performance (see Figures
5.24-5.38). If the step size decreases, methods become more robust against noise but
the delay in tracking increases. On the other hand, if the step size increases, methods
become more susceptable against noise but the delay in tracking decreases. For this
reason, for nonadaptive LMS case, the step size must be selected carefully. Since
adaptive LMS has variable step size which depends on the tracked data, the

performance of the adaptive scheme is naturally higher.
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Figure 5.39 Real part of estimated (RLS result), real and original channel transfer

functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.40 Imaginary part of estimated (RLS result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.41 Absolute value of estimated (RLS result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.42 Normalized square error averaged over all subchannels (RLS result)

versus symbol number graph (SNR = 18 dB)
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Figure 5.43 Real part of estimated (RLS result) and original channel transfer
functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.44 Imaginary part of estimated (RLS result) and original channel transfer
functions at 20™ symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.45 Absolute value of the estimated HF channel transfer function
(RLS result) over whole frequency time grid (SNR=18 dB)
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Figure 5.46 Real part of estimated (adaptive RLS result), real and original channel
transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.47 Imaginary part of estimated (adaptive RLS result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR=18 dB)
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Figure 5.49 Forgetting factor (adaptive RLS result) at 1% subchannel versus symbol
number graph (SNR = 18 dB)
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result) versus symbol number graph (SNR = 18 dB)
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Figure 5.51 Real part of estimated (adaptive RLS result) and original channel

transfer functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.52 Imaginary part of estimated (adaptive RLS result) and original channel

transfer functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.53 Absolute value of the estimated HF channel transfer function

(adaptive RLS result) over whole frequency time grid (SNR=18 dB)

For RLS and adaptive RLS methods, the delay in tracking is almost eliminated and
performance increases. This is an expected result, because the conversion duration is

less than that of the LMS and the adaptive LMS methods [39].

As in the case of LMS methods, for RLS methods, it can be observed that adaptive
scheme increases the performance. As the forgetting factor decreases, filtering
performance increases and the methods become more robust against noise. However,
filtering introduces delay and as the the forgetting factor is decreased more, the delay
in tracking increases. Naturally, it reduces the performance. On the other hand, if the
forgetting factor increases, the RLS method can respond rapid to changes in the input
data. This decreases the delay in tracking. However, at this time this method
becomes more susceptable to noise. Hence for nonadaptive RLS, the forgetting factor
should be selected carefully. Since adaptive RLS algorithm has variable forgetting
factor which depends on the tracked data, the performance of the adaptive scheme is

naturally higher.
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5.54 Real part of estimated (Kalman CP result), real and original channel transfer

functions at 1** subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.55 Imaginary part of estimated (Kalman CP result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.56 Absolute value of estimated (Kalman CP result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.57 Normalized square error averaged over all subchannels (Kalman CP

result) versus symbol number graph (SNR = 18 dB)
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Figure 5.58 Real part of estimated (Kalman CP result) and original channel transfer

functions at 20™ symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.59 Imaginary part of estimated (Kalman CP result) and original channel
transfer functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.60 Absolute value of the estimated HF channel transfer function
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Figure 5.62 Imaginary part of estimated (Kalman CV result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.63 Absolute value of estimated (Kalman CV result), real and original channel

transfer functions at 1% subchannel versus symbol number graph (SNR = 18 dB)
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Figure 5.64 Normalized square error averaged over all subchannels (Kalman CV

result) versus symbol number graph (SNR = 18 dB)
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Figure 5.65 Real part of estimated (Kalman CV result) and original channel transfer

functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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Figure 5.66 Imaginary part of estimated (Kalman CV result) and original channel
transfer functions at 20" symbol versus subchannel number graph (SNR = 18 dB)
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When the results shown in Figures 5.54-5.67 are investigated, it can be observed that
the constant position model based Kalman filter and the constant velocity model
based Kalman filter track the data without any apparent delay and without any

unexpected result.
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CHAPTER 6

CONCLUSIONS

In this work some channel estimation and tracking methods are compared. These
methods are least squares (LS) channel estimation method, linear minimum mean
square error (LMMSE) channel estimation method, least mean squares (LMS)
channel tracking method, recursive least squares (RLS) channel tracking method, and
Kalman filter channel tracking method. For LMS and RLS methods, some adaptive
structures are also investigated. Moreover, for Kalman filter method, two types of
Kalman filter are employed. These are constant position model based Kalman filter
and constant velocity model based Kalman filter. These methods are implemented on

an OFDM system working over high frequency (HF) channel.

It should be noted that, in this work the aim is not constructing a complex OFDM
system and making the performance of the system reach its peak. Instead, the aim is
constructing a simple OFDM system and investigating only the estimation and

tracking performances of the above methods in this system.

The simulations were performed using the CCIR poor HF channel. When the
simulation results are investigated, it is observed that the performance of the LMS
and adaptive LMS have the worst performance. This is because the convergence
duration is longer compared to that of other tracking methods and delay in tracking
causes reduction in the performance. The best performance is obtained by the
constant velocity model based Kalman filter and adaptive RLS methods. They are
followed by RLS, constant position model based Kalman filter, LMMSE, and LS
methods. But, as SNR becomes lower than nearly 4 dB, LMMSE channel estimation
method becomes the best method. Adaptive LMS and RLS algorithms give better

performance compared to the nonadaptive LMS and RLS algorithms.
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In the simulations, the process and noise covariance matrices of the Kalman filters,
giving the lowest NMSE, are found at the SNR value of 18 dB by trial and error. For
other SNR values, the same covariance matrices are used. If for each SNR the
covariance matrices giving the lowest NMSE were found, the performance of the

Kalman filters might become better. This issue can be investigated as a future work.

In the tracking of the HF channel frequency response over time with the Kalman
filter channel tracking algorithm, constant position model and constant velocity
model were used. A measurement model specific for HF channel can be investigated

as a future work.

During estimating/tracking the channel, when deep fades occur, the performance
drops rapidly. For this reason, coding should be used in order to compensate the

performance loss at deep fades [6].

One final note is that since the channel transfer function is periodic in frequency
domain as given in equation (5.4), although in this work the channel is estimated and
tracked over each subchannels separately, the data from other subchannels can be

used in order to increase the performance.
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APPENDIX A

HIGH FREQUENCY (HF) CHANNEL DESIGN

The steps for HF channel design are given as below [52]:

1- The channel is modelled by tap delay line model as shown in Figure A.1.

X - X - X2 - XL - XL

1

Figure A.1 Tap delay line model

2- Fading taps (for tap delay line) are obtained by filtering complex white Gaussian

noise samples.

3- Filters used for fading process have a Gaussian shaped power spectrum (frequency
domain) with Doppler spread of power spectrum equal to twice the standard
deviation. Equation (A.1) is used to compute the filter taps based on the sampling
rate of the channel simulator. The length of the filter is set to at least the length
where the computed tap is 0.001 smaller than the maximum tap. The filter is

symmetrical about maximum tap (tap for time 0).
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f()=v2e"", -m<t<w (A.1)

In equation (A.1), d; is the desired Doppler spread. This equation is obtained by

computing the inverse Fourier transform of the Gaussian shaped amplitude equation

-£2/d}
H (0] =———, -o<t<o (A.2)

Jnd2/2

4- Fading taps are computed 40 times faster than the desired fade rate
(recommendation by [52]). The update rate is based on the Doppler spread in order to

minimize the number of taps required to sample the impulse response.

5- Fading taps are interpolated to symbol rate of the waveform (nearly 107 samples a

second) to avoid introducing large discontinuities in the output of the simulator.
6- Additive white Gaussian noise (AWGN) was used as noise source.

In the simulations, Watterson HF channel model is used based on the International
Radio Consultative Committee (CCIR) Poor HF channel. In this channel, there are
two paths. Each path has 1 Hz Doppler spread (d;) and the channel delay is 2.0 ms

and one has zero delay.

Together with the CCIR Poor HF channel, CCIR Moderate HF channel and CCIR

Good HF channel parameters are shown in Table A.1.

Table A.1 CCIR HF channel parameters [53]

Delay Doppler Spread
Poor 2 ms 1 Hz
Moderate 1 ms 0.5 Hz
Good 0.5 ms 0.1 Hz

128




APPENDIX B

MAXIMUM A POSTERIORI (MAP) SIGNAL
DETECTION

In the maximum a posteriori probability (MAP) signal detection criterion, the signal
maximizing the a posteriori probability is selected [11]. A posteriori probability is
defined as P(signal a, was tranmitted| y,) which is abbreviated as P(ay| ym).

According to the Bayes’ rule, the posterior probability can be expressed as follows:

)= P(Ynl2a,)P(@,) (B.1)
P(Ya)

P@a, |y,
Here, p(ym| am) 1s the conditional probability density function (pdf) of the observed
signal given an, P(ay) is the a priori probability that a, was tranmitted and p(ym) is

the pdf of ym. p(ym) can be written as follows:

p(¥n) =D p(¥nla,)P(a,) (B.2)

From equations (B.1) and (B.2), it can be observed that the computation of the
posterior probability P(an| ym) requires the knowledge of the a priori probability
P(an,) and the conditional pdf p(ym| am)-

Some simplification occurs in the MAP criterion when a,, take values with equal
probabilities. That is, if 0<a,,<N-1, then, in equation (B.1) P(a,;,)=1/N. Furthermore,
in this case the denominator in equation (B.1) does not depend on which signal is
transmitted. Hence, the decision rule based on finding the signal that maximizes

P(am|ym) is equivalent to finding the signal that maximizes p(Ym|am).
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In the case of an AWGN, natural logarithm of p(ym| am) is given by the following

expression:

1 >
= (Y —am) (B.3)

Inp(y,, |a,)= —%Nln(chz)—

Since natural logarithm is a monotonic function, the maximum of In p(ym| am) over
am 1s equivalent to finding the signal a,, that minimizes the Euclidean distance, which

is given as follows.

D(Y,5a0) = [y —an (B.4)

D(ym, am) is the distance metric. Hence, it can be said that for the AWGN, the
decision rule based on MAP criterion with equal probabilities reduces to finding the

signals a,, that are closest in distance to the received signal yy,.

130



APPENDIX C

DERIVATION OF THE LEAST SQUARES (LS)
ESTIMATION METHOD

In LS estimation, the cost function given in (C.1) should be minimized with respect
to Ha [51].

_ — 2 — — _ — — _
C= aan_ynH =(aan_yn)H(aan_yn) (Cl)
Hence, the estimated channel can be found by the following expression:
A - — 2
H, =minfa.Hs -y, (C.2)
Hn

1{0,n +jIO,n
- - - R, +jL,, — - o
Let Hh =Ra+jlh = L , where R, and I. are the real and imaginary

RN—l,n + JIN—I,n

parts of H., respectively.

Now, let us find the gradient of C with respect to H. in order to find H. giving

smallest C. For this purpose, the gradient operator given in (C.3) is used.

0 .0 ]
+j—
oR, " al,
0 . 0
Vi=| @R, JaI (C3)
o . 0
+]
OR | ol
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V. C=V, (@H.-y,)" @H.-y,))

[ HeHe —  —meme e — _H_)

H—H H—H— H
:VH(Hn ananHn—Hnanan - Y. anHa +¥. V.

:gnHanﬁn +j(jan anHn )+ an anHa + j|- jan aan) (C.4)

—-H— _ —H— = —H— . —H—
—any, —jjany,)—any,—j(-jany,)
Cwe -

= Zan an Hn _Zan yn
=0

Then

—H— — —H—

ananHi =any, (C.5)

As a result, the estimation is obtained as follows:

fi - {(;f;n J'ar }i o

132



APPENDIX D

DERIVATION OF RECURSIVE LEAST SQUARES (RLYS)
METHOD

In RLS method, the aim is to find H, using

Hk,n = ch:,ank,n (Dl)

by obtaining @, . In section 4.2.3.2, the recursive expressions of Z, = and @, are

obtained as follows:

n n-1
n—-i * n-1-i * * *
Zy, = 27" dyay; = 7‘~Z7“ diag;+d,a, =AZ, +dy a8, (D.2)

i=0 i=0

n n-1
o, ., = Z }\‘n_lak,ia;i = }‘Z }\‘n_l_lak,ia;,i + ak,na;n = 7Lq)k,nq + ak,na;,n (D.3)

i=1 i=1
Since, the data to be estimated Hy , is one dimensional, Hin, Zx» and @, are scalars.
But the data to be estimated can be a matrix. In this case, Hkn, Zxn and O will be

matrices. In order to find @'

k,n?

Hin, Zkn and @,  can be assumed to be matrices

and the following matrix inversion lemma can be used. Naturally, the matrix

equations are also valid for scalars.

Matrix inversion lemma [39]: Let A and B denote two positive definite M-by-M

matrices related by the following equation.

——-1—H

A=B +CD C (D.4)
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where D is another positive definite N-by-M matrix, and C is an M-by-N matrix.

According to the matrix inversion lemma, the inverse of A can be expressed as

follows:

A =B-BC(D+C BC)'C'B (D.5)

Now, with the assumption that @, | is positive definite and therefore nonsingular, the

matrix inversion lemma can be used as follows:

——-1—=H

®,, =Ad,,  +a,,a,, =B +CD C (D.6)
where B = LD, C= a,, and D =1 are scalars. Hence,

-2 -1 * -1
7\‘ (Dk,n—lak,nak,nq)k,n—l

(D:n ) }L_lq):n_l B 1+ x_la;,nq)l:}n—lak,n (7
For convenience, let (D.8) denote the gain.
o
Then, (D.7) can be written as follow:
Dy =MD Ak, P (D.9)
By rearranging (D.8), the following relation is obtained:
k,(1+1a; @ a,,)=2"D; a,, (D.10)
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Then

Al -l R

kn - }\’ q)k,n—lak,n _kn (}\‘ a'k,nq)k,n—lak,n)
[y -1yl P |
- (7\' (Dk,n—l _kn( ak,nq)k,n—l ))ak,n

-1
- (Dk,nak,n

Hk,n = q)lz,lnzk,n
= cD:n (}\’Zk,n—l + dk,na;n )
= kq)l:}nzk,n—l + (D:ndk,na:,n
=070, 2K a0+ O,

n“k,n

-l * oz -1 *
- q:)k,n—le,nfl _knak,nq)k Zk,n—l + ‘Dk,ndk,nak,n

,n—1

_ * _1 *
- Hk,n—l - knak,nI_Ik,n—l + q)k,ndk,nak,n

- k[d e g
_Hk,n—l+ n k,n _ak,nHk,n—l

a'k,n

As a result

*
H, =H,  +k|d 2o o'y
k,n = “7k,n-1 + n k,n a _ak,n k,n—1

k,n

(D.11)

(D.12)

(D.13)
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