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ABSTRACT

INVARIANT SUBSPACES OF POSITIVE OPERATORS ON
RIESZ SPACES AND OBSERVATIONS ON CDy(K)-SPACES

Caglar, Mert
Ph.D., Department of Mathematics
Supervisor: Assoc. Prof. Dr. Zafer ERCAN

August 2005, 29 pages

The present work consists of two main parts. In the first part, invariant subspaces
of positive operators and operator families on locally convex solid Riesz spaces are
examined. The concept of a weakly-quasinilpotent operator on a locally convex solid
Riesz space has been introduced and several results that are known for a single oper-
ator on Banach lattices have been generalized to families of positive or close-to-them

operators on these spaces.

In the second part, the so-called generalized Alexandroff duplicates are studied and
CDs (K, E)-type spaces are investigated. It has then been shown that the space
CDs (K, F) can be represented as the space of E-valued continuous functions on

the generalized Alexandroff duplicate of K.

Keywords: Riesz space, positive operator, weak quasinilpotence, C'Dq(K)-space,

Alexandroff duplicate.
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Oz

RIESZ UZAYLARI UZERINDEKI POZITIF
OPERATORLERIN DEGISMEZ ALT-UZAYLARI,
VE CDy(K)-UZAYLARI UZERINE GOZLEMLER

Caglar, Mert
Doktora, Matematik Boliimii

Tez Yoneticisi: Dog. Dr. Zafer ERCAN

Agustos 2005, 29 sayfa

Eldeki ¢caligma iki ana boliimden olusmaktadir. Ilk boliimde lokal konveks kat1 Riesz
uzaylar1 tizerindeki pozitif operatorler ve operator ailelerinin degismez alt-uzaylari
incelenmistir. Lokal konveks kat1 bir Riesz uzay1 lizerinde zayif-hemen hemen-sifir-
glicli operator kavrami tanitilmig ve Banach orgiileri iizerinde tanimli tek bir operator
i¢in bilinen pek c¢ok sonug lokal konveks kati Riesz uzaylar tizerindeki pozitif ya da

pozitife-benzer operator ailelerine genellestirilmigtir.

Caligmanin ikinci boliimiinde genellegtirilmis Alexandroff kopyalar1 olarak bilinen
uzaylar ¢alisilmis ve C' Dy, (K, E)-tipi uzaylar tanitilmigtir. Ardindan C'Dy, p(K, E)-
uzayimin, K'nin genellegtirilmis Alexandroff kopyast iizerindeki F-degerli stirekli fonk-

siyonlar uzay1 olarak temsil edilebilecegi gosterilmigtir.

Anahtar Kelimeler: Riesz uzayi, pozitif operator, zayif-hemen hemen-sifir-giigliiliik,
CDy(K)-uzay1, Alexandroff kopyast.
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CHAPTER 1

INTRODUCTION

However simple it may seem, the concept of invariant subspace is of fundamental
importance and ubiqutious. Having its roots in finite-dimensional linear algebra, it
became, since the second quarter of the 20th century, one of the main tools to inves-
tigate and to understand the structure of operators. The general invariant subspace
problem concerns bounded linear operators on complex, infinite-dimensional, separa-
ble Hilbert spaces, which are, up to isomorphism, the space of all square-summable
sequences of complex numbers, and asks whether there exists a subspace that is
mapped to itself by such an operator. It should be noted that there are counterex-
amples to the corresponding problems on Fréchet spaces [10] and on Banach spaces
[16]. Despite the ground-breaking results such as that of V.I. Lomonosov [23] and
P. Enflo [16], which provided new directions, several reformulations of the invariant
subspace problem look quite different from the original problem and make it one
extremely difficult to settle properly. Indeed, it is almost impossible today to even
mention the most significant results in this area due to the vast literature with oodles

of different directions dedicated to it.

The picture that emerges for ordered normed spaces and Banach lattices is still
not tenable, but allows one to have clearer insights and thoroughness when compared
to the situation revealed in Hilbert and Banach spaces. It is the strong interest and
accumulated work of Y.A. Abramovich, C.D. Aliprantis and O. Burkinshaw on the
problem [1-4] that has brought to the mathematical community’s attention the extra
information and facilities gained by the natural order properties that the classical

spaces of functional analysis have.



The main goal of the present thesis, which consists of two main parts, is twofold:

The first one is about the invariant subspace problem and it is aimed to extend
some results, chosen on an ad hoc basis from the work originally obtained in the
setting of positive operators on Banach lattices by numerous authors, to those for
positive or close-to-them operators or operator families on locally convex solid Riesz
spaces. Chapter two deals with the presentation of the invariant subspace problem
with a brief historical background and contains the classical theorem of Lomonosov

along with its basic consequences.

The purpose of Chapter three is to give the main results of this part of thesis.
Therein, several results that are known for a single operator on Banach lattices have

been generalized to families of positive or close-to-them operators or operator families.

The second goal of the thesis is to present the so-called Alexandroff duplicates
and to investigate C'Dy (K, E)-type spaces, and then to develop a representation
theorem for the space C Dy r(K, E) as the space of E-valued continuous functions on

the generalized Alexandroff duplicate of K, which is achieved in Chapter four.



CHAPTER 2

THE INVARIANT SUBSPACE PROBLEM

2.1 Statement of the problem and some historical

background

From now on, the term “operator” will always mean a “linear operator” (i.e., T'(ax +
By) = oT(x) + BT (y) for all z,y in the domain of 7" and all o, € R or C). For
an arbitrary pair of Banach spaces X and Y, the symbol L(X,Y) will denote the
vector space of all continuous operators from X into Y. We shall write L(X) instead
of L(X, X). In case where Y = R, L(X,Y) is called the norm dual of X and will be
denoted by X*.

Let T : X — X be an operator on a Banach space X. A subspace V of X is
called T-invariant if T(V) C V. If V is S-invariant under every continuous operator
S which commutes with T' (i.e., ST = T'S), then V is called T-hyperinvariant. A
vector subspace is non-trivial if it is different from {0} and X. The invariant subspace

problem is the following question:

Does there exist a non-trivial closed T-invariant subspace V- C X for the

continuous linear operator T on X ¢

This question arises naturally from the theory of eigenvectors in finite-dimensional
spaces. Recall that an eigenvalue of an operator T' is a number A such that there
exists an element xy # 0 with the property that Txqg = Arg. An element = for which

the equation T'x = Az holds is called an eigenvector corresponding to the given



eigenvalue A. The set
Ny={z e X |Tzx =z}

is called the eigenspace corresponding to the eigenvalue \. If x is an eigenvector, of
course, V = {Az | A € C} is T-invariant. But there exist operators with no eigenval-
ues in infinite-dimensional spaces [10]. So, some other concept has to be substituted
for it, and the concept of a non-trivial invariant subspace is the broadest and the

most natural one.

If X is a finite-dimensional complex Banach space of dimension greater than one,
provided that T is not a multiple of the identity operator I, N is a non-trivial
closed T-hyperinvariant subspace. Indeed, this subspace is clearly closed and non-
trivial since T' # AI; and for each z € Ny and S in the commutant! of T, we have
TSx = STx = S(Ax) = ASx, so that Sz € N,. Hence, every non-zero operator T’
on a finite-dimensional complex Banach space X of dimension greater than one has

a non-trivial, closed, hyperinvariant subspace.

If X is non-separable, then the subspace
V, = span {x, Tx, Tz, .. }

for a fixed point 0 # x € X is a non-trivial closed T-invariant subspace. Thus, the
invariant subspace problem is of substance only when X is an infinite-dimensional,

separable Banach space.

A similar concept occurs for the hyperinvariant subspaces: instead of taking the

iterates of T, we take all operators commuting with 7', and define
G, = span {Az | A commutes with 7'} .

Then, G, is a non-trivial, closed, T-hyperinvariant subspace.
We will mention now some milestones in the theory of invariant subspaces.

The first result about the existence of an invariant subspace is the one proved in
1935 by J. von Neumann [21]. He proved that every compact operator on a Hilbert
space has a non-trivial, closed, invariant subspace. This result of J. von Neumann

was published in a paper by N. Aronszajn and K.T. Smith [4].

!'The commutant of a continuous operator T : X — X on a Banach space is the set of all

continuous operators on X which commute with 7.



In 1947, Godement [19] has proved that for certain classes of operators T, there
exist invariant subspaces having an additional property: these subspaces are invariant
for all operators commuting with 7'; that is, those which are called hyperinvariant

subspaces in today’s terminology.

Although the general operator remains a mystery in Hilbert spaces, one can say
quite a bit about the invariant subspaces of a handful of specific operators, and results
of this nature are often connected with interesting theorems in analysis. This was
first realized in 1947 by A. Beurling [26], who gave a complete classification of the
invariant subspaces of the unilateral shift operator; that is, the operator on /5 defined

by (co,c1,¢2,...) = (0,¢1,¢9,...).

J. Wermer [19] was the first who, in 1952, opening the way towards the results
about the invariant subspaces of the quasinilpotent operators?, obtained a theorem
about the existence of invariant subspaces for a class of operators T for which || 77|

has a special growth.

In 1954, N. Aronszajn and K.T. Smith [4] proved that compact operators on
infinite-dimensional Banach spaces have non-trivial invariant subspaces. This result

was the generalization of J. von Neumann’s theorem to Banach spaces.

An interesting contribution to the invariant subspace problem was made in 1966
by A.R. Bernstein and A. Robinson [11], who used non-standard analysis to prove the
following result: if 7" is a bounded operator on a Banach space and p(7T') is compact

for some non-zero polynomial p, then T" has an invariant subspace.

In 1968, W. Arveson and J. Feldman [19] have proved that if T is a quasinilpotent
operator and the closed algebra generated by 7" and the identity operator I contains

a non-zero compact operator, then 7" has an invariant subspace.

The most powerful contribution to the invariant subspace problem which as-
tounded the mathematical world came in 1973 from V.I. Lomonosov [23], who in-
troduced an elegant technique which enabled him to solve some hard problems in the
theory that pertain to compact operators. He proved that a non-zero compact opera-
tor on a Banach space has hyperinvariant subspaces. We will deal with Lomonosov’s

theorem and its basic consequences in detail in the next section.

2See Definition 3.1.1.



Until the middle of the 1970’s, the invariant subspace problem was phrased more
stronger than our formulation above: it asked whether every continuous linear opera-
tor on a (separable) Banach space has a non-trivial invariant subspace. This question
solved negatively in 1976 by P. Enflo [16], who constructed an example of a contin-
uous operator on a Banach space without a non-trivial closed invariant subspace.
Due to his counterexample, the invariant subspace problem for operators on Banach
spaces has been confined to the search for various classes of operators for which one

can guarantee the existence of an invariant subspace.

An important consequence of Lomonosov’s theorem states that every operator T’
which commutes with an operator different than the identity operator which com-
mutes with a non-zero compact operator has invariant subspaces. The question comes
naturally to know whether there are operators which are not of this type. In other
words, does the Lomonosov’s theorem and, of course, that consequence solve the in-
variant subspace problem? We know now that this cannot be true in general, since
P. Enflo solved it negatively. Moreover, it is still not known how large is the class of
operators to which Lomonosov’s theorem applies. In 1980, D. Hadvin-E. Nordgren-H.
Radjavi-P. Rosenthal [10] produced an example of an operator to which Lomonosov’s
theorem does not apply; that is, which is not in the “bicommutant” (i.e., the commu-
tant of the commutant) of the compact operators. This operator is a weighted shift

on lg.

In 1985, C.J. Read [27] gave an example of a continuous operator on [; without a

non-trivial, closed, invariant subspace.

A positive linear operator T from a Banach lattice E into itself is said to be ideal
irreducible if there exists no non-trivial closed T-invariant ideal. In 1986, de Pagter
[25] proved that every compact quasinilpotent positive operator on a Banach lattice
has a non-trivial, closed, invariant ideal. As an immediate consequence of this result,
de Pagter [24] obtained a remarkable Andd-Krieger type of result which says that
every ideal irreducible compact positive operator on a Banach lattice has positive

spectral radius.

In 1995, Y.A. Abramovich, C.D. Aliprantis and O. Burkinshaw [4] presented their
survey which described some recent results for positive and close-to-them operators

on Banach lattices. Therein, they showed that an extensive use of the theory of



operators on Banach lattices and of their order structure is very helpful in dealing

with the invariant subspace problem.

A collection S of bounded operators on a Banach space is said to be a multiplicative
semigroup, if for each S,T € S, the operator ST also belongs to S. An algebra of
operators in which every operator is compact and quasinilpotent is called a Volterra
algebra. There are a few major recent generalizations of Lomonosov’s theorem to
algebras and semigroups. A very important breakthrough was obtained in 1984 by
V.S. Shulman [28], who proved that each non-zero Volterra algebra has a non-trivial,
closed, hyperinvariant subspace. It took more than a decade to generalize this result
to Volterra semigroups of operators. This deep and significant contribution has been
done in 1999 by Y.V. Turovskii [31], who proved that each non-zero multiplicative

Volterra semigroup has a non-trivial, closed, hyperinvariant subspace.

2.2 Lomonosov’s Theorem

Lomonosov’s theorem is one of the most important contributions to the invariant

subspace problem. We present here its original form. Recall that an operator T €

L(X,Y) between two normed spaces is said to be compact if T(U) is compact in Y,

where U is the open unit ball in X.

Theorem 2.2.1 (Lomonosov [23]). Let T be a non-zero, compact operator on an
infinite-dimensional complex Banach space X. Then T has a non-trivial, closed,

hyperinvariant subspace.

Proof. The proof is by contradiction; suppose that the assertion of the theorem is
false. In particular, this means that 7' lacks eigenvectors.

Take a point x; such that Tx; # 0, and take xqg = Ax; for A large enough, to get
inf {||Tz| | x € B(x,1)} >0,

where B(zg, 1) denotes the closed unit ball with center xy. We write B for B(zo,1).

Let R be the algebra of all operators which commute with 7. We will show that
there is a point yy € X, yo # 0, such that

IT'yo — zol| = 1, VI’ € . (2.1)



This proves the theorem: indeed, let F' = span{7"yy | 7" € ®}. Then, F' is an
hyperinvariant subspace for T, and since it does not intersect the interior of B, it

cannot be the whole space. So, all we have to do is to prove (2.1).

Assume conversely that

Vy#£0, IT"eR, with |Ty—ax <1

Since T'B is compact, we can find a finite number of operators 77,...,7" in R
such that, for all y € TB, there exists an i (1 <i < n) with |T/y — x| < 1.

Set f(t)=1—1tif 0 <t <1,0if not, and let ® : TB — E be defined by

S fUI Ty — ol Ty
b —
W) = Ty — ool

This is a continuous function on the compact T B, so its image is compact. This image

is a convex combination of those of the 7]y which belong to the ball B, therefore it

is contained in this ball.

So ®oT'is a continuous function from B onto a relatively compact subset contained
in B. Set K = con(® o T(B)), (where “con” is the convex hull). Then K is convex,
compact, and ® o T is continuous from K into K, and so has a fixed point x by

Schauder’s fixed point theorem [14]. This implies

n
E o/ Tx =,
i=1

where

FUTTe = 2ol)
2 J(I 77T = o))

P =

We now look at the set

G:{ZGE’ZO@T;TZ:Z}.

i=1
This is a vector subspace, not reduced to {0} since it contains z, and of finite-
dimension since Y 7 o, T!T is compact, and invariant by 7. So, T has an eigenvalue,

which contradicts our assumption, and proves (2.1). The proof of the theorem is now

complete. n



As pointed out by Lomonosov, a slight variation of this technique shows that an

even larger class of operators have hyperinvariant subspaces.

Theorem 2.2.2 (Lomonosov [23]). If T is not a multiple of the identity on a complex
Banach space and if it commutes with a non-zero compact operator S, then T has

hyperinvariant subspaces.

Proof. In the previous argument, just replace TB by SB, ® o T by ® o S, and G
becomes
Gz{z€E|ZaiTi’Sz:z},
i=1

which is still invariant under 7" since 7' commutes with S and the operators 7;. [J

Let us point out the following special case of Theorem 2.2.2.

Corollary 2.2.3. Let S,T be commuting operators on a complex Banach space such
that S commutes with a non-zero compact operator, and is not a multiple of the

wdentity. Then T has a non-trivial, closed, invariant subspace.

As a rather special case of this corollary, one obtains the theorem of N. Aronszajn

and K.T. Smith mentioned in the previous section.

Corollary 2.2.4. Every compact operator on an infinite-dimensional complex Ba-

nach space has a non-trivial invariant subspace.

An extension of this result, first proved by A.R. Bernstein and A. Robinson, needs

only a little work.

Corollary 2.2.5. Let X be an infinite-dimensional complexr Banach space and let
T be a continuous operator on X such that p(T) is a compact operator on X for
some non-zero complex polynomial p(z). Then T has a non-trivial, closed, invariant

subspace.

Proof. Let

n

p(z) = Zakzk, with  a, # 0.

k=0
If p(T') # 0, then, as Tp(T) = p(T)T, the assertion follows from Theorem 2.2.1.



If, on the other hand, p(T) = 0, then a,T™ = — Z;é apT", and so
V, = span {x, Tx, Tz, .. }

is a T-invariant, closed subspace for every = # 0.

10



CHAPTER 3

INVARIANT SUBSPACES FOR POSITIVE
OPERATORS ON LOCALLY SOLID RIESZ
SPACES

The fundamental theorem of Lomonosov and its basic consequences mentioned in the
previous chapter are, alas, valid for compact operators on Banach spaces. It is of
special interest to what extend these type of results can be generalized to positive
operators on locally convex solid Riesz spaces and it is the purpose of this chapter to
extend several known results for a single operator on a Banach lattice to families of
positive or close-to-them operators on locally convex solid Riesz spaces. We refer to
[1] and [8] for the whole standard terminology and detailed information about locally

convex solid Riesz spaces, respectively.

3.1 Operator families

While studying the invariant subspace problem for positive operators extensively, the
concept of an zg-quasinilpotent operator on a Banach lattice, which was introduced
in [2], played a primary role in the work of Y.A. Abramovich, C.D. Aliprantis and O.

Burkinshaw [1-3]. This fact reads as follows.

Definition 3.1.1. An operator T' on a Banach space X is said to be quasinilpotent

at a non-zero g if lim, HT”(xO)Hl/” =0.

11



It has been proved in [18] that if 7" is a bounded operator on a Banach space
X and zq is a nonzero element of X, one has lim, s [|77(z0)[|"™ = 0 if and only
if limy, oo | f 0 T (x0)|"™ = 0 for cach f € X*, where X* denotes the norm dual of
X. This result enables one to introduce the following slightly more general concept
which is useful in connection with the invariant subspace problem for operators on

locally convex solid Riesz spaces.

Definition 3.1.2. A non-empty set M of non-zero linear operators on a topological
vector space X is called weakly quasinilpotent at xy € X (or, weakly xo-quasinilpotent)

if lim, o | f © M"(:Eo)|1/n =0 for each positive functional f € X', where
|f o M™(x0)| :=sup{|foMyoMyo---oM,(xo)| | M; € M,i=1,2,...,n}

and X' denotes the topological dual of X, i.e., the set of all continuous functions with

respect to the linear topology of X.

Generalizing the main result of [2] using weak quasinilpotence defined above con-

stitutes the subject matter of this section.

We shall write X for the set {x € X | 0 < x} for a space X ordered with the
partial order “ < 7. An element x of an Archimedean Riesz space X is called an atom
(or, discrete) if the vector subspace generated by x is the (order-) ideal generated by
the same element. An Archimedean vector lattice X is called discrete if the band
generated by the atoms of X is X. It is well-known that an Archimedean vector lattice
X is discrete if and only if it is Riesz isomorphic to an order dense Riesz subspace of
some Riesz space of the form R’, where I denotes an index set. The commutant M’

of a set M of operators on a Riesz space X is the set of all continuous operators T’
on X satisfying TM = MT for all M € M.

Throughout the rest of the section, X will denote a discrete Archimedean locally
convex solid Riesz space with dim(X) > 1, and z( will denote a non-zero element of
X . The proof of the following theorem is based on the proof of the main theorem of
[2].

Theorem 3.1.3. If M is a weakly xy-quasinilpotent set of non-zero continuous pos-

itive operators on X, then M has a common non-trivial, closed, invariant ideal.

Proof. One can suppose that X is an order dense Riesz subspace of R’ for some non-

empty set I. Since X is order dense in R, for each i € I, the characteristic function

12



Xy of {i} is in X. One may choose j € I so that y = kxy;; < o for some non-zero
positive real number k. Moreover, one might suppose that k = 1 (otherwise, xy can
be replaced by tzo). Let P : X — X be defined by P((z;)ic;) = z;y. Then, P is

continuous. Now, the following two mutually exclusive cases can be identified:

(i) If S(xzp) # 0 for some S € M, then for any Ty, Ts,...,T,, € M one has
PoTy,Ty...T,, o S(y) = 0. Indeed, for any combination 7175 ...T,,, there exist
0 <aand f € X, such that Po (I)Ty...T,,) o S(y) = ay and f(y) = 1. Then, we
have

0<a"y=(Po(iTy...T)oS)" (y) < (TiTy...Ty)0S)" (y).
This gives
0<a”=a"f(y) < foM™(y),

which implies that o < ‘f OM”(m“)(y)|1/n — 0 as n — oo. Hence o = 0, that
is, Po (T'Ty...T,,) o S(y) = 0. We claim that, for any combination T175...T,,
the ideal generated by ({T'Ty...T,Sy |n € N,T\T,...T, € M"}) is the required

invariant subspace, where
M ={TyoTho---oT; | Tp € M,1 <k <n}

Since S(z¢) € J, it follows that J # {0}. It remains only to show that J # X. To
see this, observe that J lies inside Ker(P) and P(x) = 0 for each z € J, so f(z) = 0.
Thus f(J) = {0}. As f # 0, we have that J is non-trivial.

(ii) If S(zo) = 0 for each S € M, then the closure of the ideal generated by z is

the required invariant subspace. This completes the proof. O

Theorem 3.1.4. Let M be a set of non-zero continuous positive operators on X with

lim |f o M"™(zo)|Y" =0

n—oo

for each f € X and T be a continuous operator on X. If |T| € M eaists and |T| €

M:r, then T has a non-trivial, closed, invariant ideal.

Proof. If S(xzg) = 0 for each S € M, then the closure of the ideal generated by

{|T]" (o) | i € N} is a non-trivial closed invariant ideal for T'. If, on the other hand,

13



0 < S(zg) for some S € M, then as |T| € M, by a similar argument to that of
Theorem 3.1.3, the weak zg-quasinilpotence of M implies that |f |T|" S"y|" — 0 as
n — oo. Then {|T|" S(xy) | i = 0,1,...} is the required invariant ideal of T and the

proof is complete. O

The following theorem generalizes the main theorem of [2].

Theorem 3.1.5. Let M be a non-empty subset of non-zero continuous positive op-
erators on X and T be a continuous operator on X with module |T|. If |T| € M’ and
M; = {|T) o M | M € M} is weakly xy-quasinilpotent for each i =0,1,..., then T

has a non-trivial, closed, invariant ideal.

Proof. The non-trivial invariant subspace J for T can be chosen as

J = {xGX | |z §aZ|T|ioS(a:0) for some a and n}

1=0

if 0 < S(zo) for some S € M, and

i=1

J = {x €EX ||z < aZ|T|i(:c0) for some « and n}

if S(x¢) = 0 for each S € M, and the proof is complete. n

Corollary 3.1.6 (Abramovich-Aliprantis-Burkinshaw [2]). Let X be a discrete Ba-
nach lattice with order continuous norm, S and T be non-zero operators on X such
that 0 < S, the module |T| exists and S is quasinilpotent at xo. If |T| S = S|T)|, then

T has a non-trivial, closed, invariant ideal.

Proof. The set M; = {|T|' 0 S™ | m € N} is weakly zq-quasinilpotent for each
t =0,1,... . Then, by the previous theorem, 7" has a non-trivial, closed, invariant
ideal. O

Let E be an Archimedean Riesz space such that the order dual E~ separates the
points of E. Let us call a subset M of non-zero order continuous operators on F

order zq-quasinilpotent if lim,_o | f o M™(z)|*" for each f € E~, where

|F o M (&) = sup{|f o My 0 Myo -0 My(x)| | Mi € M, 1< <n}.
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We can now formulate the following result for order continuous operators on E in the
light of the above-mentioned concept. Its proof is rather similar to those of Theorem
3.1.3 and Theorem 3.1.4.

Theorem 3.1.7. Let E be an Archimedean discrete Riesz space, M be an order xg-
quasinilpotent subset of non-zero positive order continuous operators on E, and T be

an order continuous positive operator on E. Then,

(i) M has a common non-trivial, order closed invariant ideal;

(i) If|T| € M, then T has a non-trivial, order closed invariant ideal if S|T| = |T'| S
for all S € M and
lim |f o M™(z)|"™ =0

for each f € E~.

3.1.1 Spaces with a Markushevich basis

Some of the results on the existence of invariant subspaces of positive operators on
Banach lattices can be extended to Banach spaces ordered by the cone generated by
a basis and this idea was first used in [3]. Among many kind of bases on a Banach
space, the so-called Markushevich bases can be viewed as a generalization of the

classical Schauder bases.

A sequence (2, f,)nen in X x X', where X is a Hausdorff topological vector space
with topological dual X', is called a Markushevich basis; if the span of (2n)nen is dense
in X, f,(xz,) =1and f,(x,,) = 0 for n # m, and (f,,)nen separates the points of X. It
is obvious that any Schauder basis for a Banach space is a Markushevich basis. Also,
it is well-known that a Hausdorff topological vector space X has a Markushevich basis
whenever (X, 0(X, X*)) and (X*, o(X*, X)) are separable, and that each separable
and metrizable locally convex space has a Markushevich basis [20,29]. The following
theorem generalizes the main result of [18] to families of positive operators on locally

convex solid Riesz spaces..

Theorem 3.1.8. Let X be a discrete, Archimedean locally convex solid Riesz space
with a Markushevich basis (x,, f,), and xo be a positive vector of X. If T € L(X) is

a non-zero, continuous, positive operator and A is a subalgebra generated by a subset
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B of L.(X) consisting of non-zero, continuous, positive operators such that T € A’
(i.e., AT = TA for all A € A) and AT is weakly xo-quasinilpotent, then T has a

non-trivial, closed, invariant subspace.

Proof. Since xp > 0, there exists a j such that f;(x¢) > 0. Assume, by an appropri-
ate scaling, that f;(zo) > 1. This implies that zp — z; > 0. Indeed, if ¢ # j, then
filxzo — z;) = fi(xo) > 0; and if ¢ = j, then fj(xg — z;) = fi(xg) — 1 > 0, ie.,
fi(xo —x;) > 0 for each 1.

(i) If B(z;) =0, ie., A(z;) =0 for each A € A, then
({zeX|Ax =0}
AcA
is a non-trivial closed subspace of X which is T-invariant.
(ii) If B(z;) > 0, i.e., A(z;) > 0 for some A € A, then consider the projection
P on X defined by P(z) = f;j(z)x;. Clearly, one has 0 < P < I. We claim that
PT™®B(z;) = 0 holds for each m € NU {0}. Indeed, assume that PT"B(z;) = az;

for some a > 0. Then, from the inequalities
0 < a"a; = (PT"B)"(x}) < (T"B)"(a;) = T™"B"(x,) < T""B" (o)

it follows that 0 < a < f;(T™"B"(z))/" — 0 as n — oo, so, a = f;T™B(z;) = 0.
Let

AeA
Then, one obtains B(z;) € V # {0}. Since PT™B(x;) = 0 for each m € NU {0}

and fj(z;) = 1, one has z; ¢ V. As V is T-invariant, V is the required T-invariant

V= < U {TmA(zj) [m e NU {0}}> .

subspace. O

Corollary 3.1.9. If |T| exists, |T| € A and A; = {|T|'c A | A € A} is weakly
xo-quasinilpotent for each i € N U {0}, then T has a non-trivial, closed, invariant

ideal.
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3.2 Operators on complexified spaces

Y.A. Abramovich, C.D. Aliprantis, G. Sirotkin and V.G. Troitsky presented in [5]
some open problems and conjectures associated with the invariant subspace problem.
Therein, they observe that the case of real Banach spaces, when considered for the
search for invariant subspaces, has almost no connection with that of the complex
case. Their paper deals in detail with three conjectures on the invariant subspaces
for operators on Banach spaces, the last of which (“Conjecture 3”) is for the com-
plexification operator T¢ : X¢ — X¢ defined by Te(z +iy) = Tz + iT'y, which is the
natural continuous linear extension of the operator T': X — X on a Banach space

X, where X denotes the complexification of X via
Xe=X@iX={z+iy|z,ye X}

equipped with the norm ||z + iy[| = supyeo2q |7 cos ¢ + ysinp|[. The conjecture
asserts that Tt has no non-trivial closed invariant subspaces provided that T is an

operator without non-trivial invariant subspaces on a separable, real Banach space
X.

3.2.1 Problems related to “Conjecture 3”

An invariant closed subspace V' of X¢ is said to be minimal, if it follows from U C V'
and U a Tc-invariant subspace of X¢ that either U = {0} or U = V. The authors
examine a problem (“Problem I”) related to the above-mentioned conjecture, namely,
whether Tt has a minimal non-zero closed invariant subspace whenever T has no non-
trivial, closed invariant subspaces. Provided that such an invariant subspace exists,
some properties of this subspace are given and it is shown that Conjecture 3 fails to

be true under some occurrences.

We observe that the properties mentioned for the T-invariant subspace W of X¢
in Problem I remain also true for order bounded operators on a Riesz space E on
which a complete linear topology 7 having a countable neighborhood base at 0 is
defined, and that the conclusion on the failure of Conjecture 3 still holds true in that

case. Before giving this result, recall that the complexification E¢ of a Riesz space
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E is the additive group E' x E with the scalar multiplication

(@ +if)(z,y) = (ax — By, ay + fx)

for all o, € R and z,y € E, where, having identified € E with (x,0) and iz with
(0,z) in E x E, x + iy is written instead of (z,y). For detailed information about

complex Riesz spaces, we refer to [24].

Lemma 3.2.1. Let (E,7) be a T-complete Riesz space such that the linear topology
7 has a countable neighborhood base at 6, T : E — E be an order bounded operator
without a non-trivial order- (or, uniformly-) closed invariant subspace, and W be an

invariant subspace of Tc. Then, the following are satisfied:

(1) The vector subspace W is infinite-dimensional.
(2) If z=x+iy € W and either t =0 ory =0, then z = 0.

(3) If z € E, then there exists at most one y € E such that x + iy € W. If
z=ux+1y € W, then this unique y will be denoted by Sx, that is, y = Sz and
x4+ iSr e W.

(4) Define the following vector subspace of E:
A ={x € E |3y € FE such that =z +iy € W}.

Then the mapping S : A — E is a linear operator with range A. Moreover,

S? = —1Ix on A (and so, the operator S : A — A is invertible).

(5) The subspace A is T-invariant, and S and T commute on A. In particular, A

i1s dense in F.
(6) The invertible operator S : A — A is a closed operator.

(7) The operator S : A — A is continuous and A = E.

Proof. (1) Assume by way of contradiction that W is finite-dimensional. Pick a basis
{z1,29,...,2,} for W and let zx = xj + iy, for each 1 < k < n. If F' is the finite-
dimensional subspace in E generated by {x1,...,Zn,¥1,...,Yn}, then F is a non-zero
(and hence non-trivial, since E is infinite-dimensional) closed T-invariant subspace

of E, which is a contradiction. Thus, W is infinite-dimensional.
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(2) Let V:={y € E| 0+iy € W}. Clearly, V is a closed subspace of E which
is also T-invariant. Indeed, notice that we have 0 +iTy = T¢(0 + iy) € W for each
y € V,and so Ty € V. To see that V = {0}, assume, on the contrary, that V' # {0}.
Then, since T" does not have any non-trivial closed invariant subspaces, V' = X. This
implies that for each € X, we have x4 i0 = —i(0+ix) € W. In particular, for each
z=1x+1y € Ec, we have z = (x +i0) + (0 +iy) € W, and so W = E¢, which is a

contradiction. Therefore, V' = {0}, and the assertion follows.

(3) If z + iy and x + dy; are elements of W, then
0+i(y —wy) = (x+iy) — (x+iy) € W,

and so, by part (2), we must have y = ;.

(4) The linearity of the mapping S : A — E follows immediately from the

definition of addition and scalar multiplication:

(%1 + stl) + (iIZ’Q + ZSZ'Q) = (%’1 + 33'2) + Z(Sl‘l + SSL’Q)
a(xy +1iSzy) = axy +i(aSes).

Now, for each z € A, we have Sz + i(—z) = —i(x + iSx) € W. This implies that
Sz € W and that S?z = —x for each z € A.

(5) If x € A, then = + iSxz € W, and from the Tc-invariance of W, we get
Tx +iT(Sx) € W. This implies that Tx € A and that 'Sz = STx. Therefore, A is
T-invariant and S and 7' commute on A. Since A # {0}, and T has no non-trivial

invariant subspaces, it follows that A is dense in F.

(6) If ((zn, Sxy))nen is an order- (or, uniformly-) closed sequence in E x E such
that (z,, Sz,) — (x,y), then, x, +iSz, — x + iy in E¢, and so, from the closedness
of W, we infer that x + iy € W. This implies that z € A and y = Sz. Therefore, the
operator S : A — A is closed.

(7) As (E,7) is T-complete, the map (u,v) — u V v is uniformly continuous. So,
by [7, Thm. 2.17, p. 55], 7 is a locally solid linear topology. Since 7 has a countable
neighborhood base at 6, it is metrizable [7, Thm. 2.1, p. 50]. Thus, by [15, Cor. 3,
p. 94], S: A — A is continuous. Then S, as an operator from A to E, is uniformly
continuous, so it has a continuous linear extension [7, Thm. 2.6, p. 52| S; : F — E,

since A = E. Pick a sequence (a,)nexy € A such that x, — x, and note that the
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sequence (x, +iS7,)nen € W satisfies (z,, +iSz,) = x +iSiz in Ec. This implies
that x + 1S1x € W, and so z € A. Therefore, A = FE. H

We are now in a position to state the following theorems.

Theorem 3.2.2. The operator Tc : W — W has no non-trivial closed invariant

subspaces, that is, W is a minimal closed invariant subspace of Tt.

Proof. Since S is continuous, it follows from Lemma 3.3.1 (7) that
W ={z+iSz |z € E}.

Now, assume that a non-zero closed subspace W; of W is Tg-invariant. By Lemma
3.3.1 (5), there is a dense vector subspace A; of E and a linear operator Sy : Ay — A4
such that Wy = {x + iSiz | x € Ay}. Tt follows that Syz = Sz for each x € A;. This
implies that Sy : Ay — A; is continuous, and as in Lemma 3.3.1 (7), we must have
A; = E. Therefore, one has Wy = {z+iSx | x € E} = W, and so W is minimal. [J

Theorem 3.2.3. Conjecture 3 is false if and only if there exists a closed operator
S : A — A that commutes' with T and satisfies S* = —1.

Proof. The “only if” part follows from the above discussion. Now, assume the ex-
istence of the operator S : A — A with the above properties. Since S is closed, it
follows that W := {x +iSx | x € A} is a non-zero closed vector subspace of E¢ that
is different than Ec. Now, note that W is T-invariant. O]

LAn operator S : V — V, where V is a vector subspace of X, is said to commute with T, if V is
T-invariant and ST = T'S holds true on V.
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CHAPTER 4

(GENERALIZED ALEXANDROFF
DUPLICATES AND C'Dy(K)-TYPE
SPACES

Te purpose of this chapter, whose main results are presented in [13], is to define
and investigate C' Dy, r (K, E)-type spaces, which generalize C'Dy-type Banach lattices
introduced in [6]. We state that the space CDsx (K, E) can be represented as the
space of E-valued continuous functions on the generalized Alexandroff duplicate of

K. As a corollary, we obtain the main result of [17] and [30].

4.1 Introduction

Throughout this chapter, E will denote a Banach lattice and €2,% and I' will stand
for topologies on K, where X is compact, I' is locally compact with > C I'. These
spaces will be denoted by Kq, Ky, and K, respectively. The closure of a subset A
of Kq will be denoted by clg(A). As usual, the space of E-valued Kg-continuous
functions will be denoted by C(Kgq, E), or by C(K, E) if there is no possibility of
ambiguity. Cy(Kq, E') denotes the space of E-valued Kq-continuous functions d on
K such that for each € > 0, there exists a compact set M with ||d(k)|| < € for each
k € K\M. We shall write C(Kq) for C'(Kq,R) and Cy(Kr) for Co(Kq,R). If Ky
has no isolated points and K is discrete, then C'(Ky, E) N Cy(Kx, E) = {0}, and
CDy(Kx, E) = C(Kyx, E) ® Cy(Kx, E) is a Banach lattice under the pointwise order
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and supremum norm. We refer to [6], [9] and [17] for more details on these spaces.
CDs (K, FE) will denote the vector space C'(Ky, E) x Cy(Ky, E), which is equipped
with the coordinatewise algebraic operations. It is easy to see that C' Dy (K, E) is a

Banach lattice with respect to the order
0<(f,d) <= 0< f(k) and 0< f(k)+d(k) foreach ke K

and the norm
(f, )| = max{|[f][, |[f + d|[},

where ||.|| is the supremum norm. If Ky has no isolated points and Kr is discrete,
then it is easy to see that CDy(Ky, E) and CDx (K, E) are isometrically Riesz

isomorphic spaces.

Let K x {0, 1} be topologized by the open base A = A; U Ay, where
Ay ={H x {1} | H is I-open}

and
Ay ={G x {0,1} = M x {1} | G is X-open, M is I'-compact}.

Let us denote this topological space by Kx r®{0, 1}, which is called the generalized
Alexandroff duplicate (in case I' has the discrete topology, we will denote this space
by A(K)). The space A(K) has been constructed by R. Engelking [15] and it has
been generalized to arbitrary locally compact Hausdorff spaces in [12]. It is known
that Kyr ® {0,1} is a compact Hausdorff space [15,22]. The space A([0,1]), where
[0, 1] has the usual topology, has been constructed by P. S. Alexandroff and P. S.
Urysohn in [7] as an example of a compact Hausdorff space containing a discrete

dense subspace; this space is called the Alezandroff duplicate [22, p. 1010].

Definition which is similar to the following was introduced in [17].

Definition 4.1.1. Let ((ka,70))acr be a net in K x {0,1}, where I is an index set,
and (k,r) € K x {0,1}. We say that the net ((ka,7a))acr converges to (k,r), and
denote it by (ka,ra) — (k,7), if

f(ka) + rod(ks) — f(k) +rd(k)

for each f € C(Kx) and d € Co(Kr). We denote the space K x {0,1} equipped with
this convergence by Kyx,r © {0,1}.
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The proof of the following theorem is a simple consequence of the above definition.

Theorem 4.1.2. Whether ¥ C I' or not, Kxr ® {0,1} is a Hausdorff topological

space.

4.2 Main results

In [17], it has been proved that Ky r ® {0, 1} is a compact Hausdorff space under the
convergence given in Definition 4.1.1 if Ky, has no isolated points and Kt is discrete.
For certain Banach lattices, representations of these spaces have been constructed in

[17] with the topology induced by this.
The space of continuos functions on Ky r ® {0, 1} can be identified as follows.
Theorem 4.2.1. C(Kyr ®{0,1}, E) and CDx (K, E) are isometrically Riesz iso-

morphic spaces.

Proof. Let f: K — E be a map. Then, in order for f to belong to C(Kxr, E) it is
necessary and sufficent that
(i) k& f(k,0) is X-continuous; and
(ii) the map k — f(k,1) — f(k,0) belongs to the space Cy(Ky, E).
Indeed, suppose that (i) and (ii) are satisfied. Then, k +— f(k, 1) is I'-continuous,
being the sum of f(k,1) — f(k,0) and f(k,0), the first of which is I-continuous by

(ii) and the second is ¥-continuous by (i) and hence also I'-continuous as ¥ C I'. It

then follows that f is continuous at each point of K x {1}.

Let now k € K. We will show that f is continuous at (k,0). Let ¢ > 0. Then,
H:={ke K |[|[f(k1)— f(k0)|| = ¢/2}

is I'-compact by (ii). Moreover, by (i), there is a X-open set G' containing k such
that ||f(k,0) — f(1,0)]| < €/2 forl € G. Set U := (G x {0,1})\H x {1}. Then U
is a neighborhood of (k,0) in Ky ® {0,1}. Further, if (I,7) € U, then either i = 0,
which yields ||f(k,0) — f(1,0)|| < €/2 < €; or i = 1, yielding | ¢ H and hence

F( 1) = fR O < LFT) = FEON+ (1T 0) = F(R,0)]] < e
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This completes the “if” part.

For the “only if” part, suppose that f is continuous. Then, clearly, (i) holds. More-
over, k — f(k,1) is T'-continuous, and hence k — f(k,1) — f(k,0) is ['-continuous,
too. It remains now to show that {k € K | ||f(k,1) — f(k,0)|| > €} is I-compact for
each € > 0.

Suppose that V :={k € K | ||f(k,1) — f(k,0)|| > €} is not I'-compact for some
e > 0. By the compactness of (K, Y), there exists a k € K such that clp(G) NV is
not I'-compact for any ¥-neighborhood G of k (otherwise, V' would be covered by

finitely many I'-compact subsets and hence would itself be I'-compact).

Let U := (G x {0,1})\{1} be a basic open set in Ky r ® {0,1} containing (k,0)
such that for each (I,7) € U, we have ||f(l,7) — f(k,0)|| < €/2. As clp(G) NV is not
[-compact, there is an [ € V N (G\M). Then, both (/,4) and (/,0) belong to U, and
hence ||f(I,1) — f(1,0)|| < e. However, ||f(l,1) — f(1,0)|] > € as [ € V, which is a

contradiction.

From this, we have the map 7 : CDx (K, FE) — C(Kxr ® {0,1}, E) defined by
7(f,d)(k,r) = f(k)+rd(k) foreach (k,r)e K x{0,1}.

It is a straightforward observation that 7 is a bi-positive and one-to-one linear oper-
ator. Let f € C(Kxr ® {0,1}, E) be given. Define the maps ¢,d : K — FE via

g(k) = f(k,0) and d(k) = f(k,1) — d(k,0).

Then, from the above observation, we have that (g,d) € Cyr(K, E) and 7(g,d) = h,
that is, 7 is also onto. It is also clear that ||7(f,d)|| = ||f + d||. This finishes the

“only if” part and the proof of the theorem is now complete. n

Remark 4.2.2. Note that a characterization similar to the one given in Theorem
4.2.1 holds for functions with values in any metric space as follows: Let (M,d) be a
metric space and f : K x {0,1} — M be a map. Then, f € C(Kxr ® {0,1}, M) if

and only if the following conditions are satisfied:

(i) kv f(k,0) is X-continuous;

(ii) k+— f(k,1) is I'-continuous;
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(iii) for each € > 0, the set {k € K | d(f(k,0), f(k,1)) > €} is '-compact.

The following result is a surprising and interesting consequence of Theorem 4.2.1.

Theorem 4.2.3. Kxr ®{0,1} and Kxr ® {0,1} are homeomorphic spaces.

Proof. The assertion follows from Theorem 4.2.1 and from the fact that any compact
Hausdorff space X is homeomorphic to a subspace of (C'(X)*, w*), where the topology

on X is the weak topology generated by all continuous functions on it. O

As an immediate consequence of this theorem, we have the following result.

Corollary 4.2.4. C'(Kxy ®{0,1}) and Cx x(K) are isomorphic Riesz spaces.

The proof of the following fact, which is the main result of [17], follows at once
from Theorem 4.2.3.

Corollary 4.2.5. If Ky has no isolated points, then the spaces CDy(K,E) and
C(A(K), E) are isometrically Riesz isomorphic.

Remark 4.2.6. It follows from Corollary 4.2.5 and the Banach-Stone theorem that
the Kakutani-Krein compact space of CDy(K) is the Alexandroff duplicate A(K) of
Ky.
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