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Prof. Dr. Ayşe Karasu (METU, PHYS)

Assoc. Prof. Dr. Bayram Tekin (METU, PHYS)
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ABSTRACT

CONSERVED CHARGES IN ASYMPTOTICALLY (ANTI)-DE SITTER

SPACETIME

GÜLLÜ, İBRAHİM

M.S., Department of Physics

Supervisor: Assoc. Prof. Dr. Bayram Tekin

August 2005, 77 pages.

In this master’s thesis, the Killing vectors are introduced and the Killing equa-

tion is derived. Also, some information is given about the cosmological con-

stant. Then, the Abbott-Deser (AD) energy is reformulated by linearizing the

Einstein equation with cosmological constant. From the linearized Einstein equa-

tion, Killing charges are derived by using the properties of Killing vectors. Us-

ing this formulation, energy is calculated for some specific cases by using the

Schwarzschild-de Sitter metric. Last, the Einstein-Gauss-Bonnet model is stud-

ied. The equations of motion are calculated by solving the generic action at

quadratic order. Following this, all energy calculations are renewed for this model.

Some useful relations and calculations are shown in Appendix (A-B) parts.

Keywords: de-Sitter spacetime, Killing vector, Conserved charges.
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ÖZ

ASİMPTOTİK (ANTİ)-DE SITTER UZAYZAMANINDA KORUNAN

YÜKLER

GÜLLÜ, İBRAHİM

Yüksek Lisans, Fizik Bölümü

Tez Yöneticisi: Assoc. Prof. Dr. Bayram Tekin

Ağustos 2005, 77 sayfa.

Bu master çalışmasında, Killing vektörler tanımlandı ve Killing denklemi çıkarıldı.

Ayrıca evrenbilimsel sabit, de-Sitter ve Anti-de Sitter uzayları hakkında bilgi ver-

ildi. Sonra, Abbott-Deser (AD) enerjisi, evrenbilimsel sabitli Einstein denklemi

doğrusallaştırılarak yeniden formüle edildi. Doğrusallaştırılmış Einstein denkle-

minden, Killing vektörlerin özellikleri kullanılarak Killing yükleri (Deser-Tekin

denklemi) çıkarıldı. Schwarzschild-de Sitter metriği kullanılarak özel durumlar

için enerji hesaplandı. Son olarak Einstein-Gauss-Bonnet (GB) modeli çalışıldı.

İkinci dereceden genel eylem çözülerek hareket denklemleri hesaplandı. Bundan

sonra, tüm enerji hesaplamaları bu model için tekrarlandı.

Bazı faydalı hesaplamalar ek (A-B) kısımlarında gösterilmiştir.

Anahtar Kelimeler: de-Sitter uzayzamanı, Killing vektör, Korunan yükler.
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CHAPTER 1

INTRODUCTION

Conserved quantities, such as energy-momentum, electric charge, angular mo-

mentum, baryon number etc., are important in the description of physical phe-

nomena. In the presence of gravity, definition of certain conserved charges (espe-

cially the energy) become rather tricky. Our task in this thesis is to give a review

of the techniques of defining conserved charges in asymptotically (Anti)de-Sitter

spaces developed by Abbott-Deser (AD) [3] and Deser-Tekin (DT) [1]. We will

carry out the computations in great detail. These methods are an extension of

the Arnowitt-Deser-Misner (ADM) [4] methods which work for asymptotically

flat geometries.

We define the global charges primarily in D dimensional quadratic theories.

We first present a reformulation of the original definition of conserved charges in

cosmological Einstein theory; then we derive the generic form of the energy for

quadratic gravity theories in D dimensions and specifically study the ghost-free

low energy string-inspired model: Gauss-Bonnet (GB) plus Einstein terms [1].
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A definition of gauge invariant conserved (global) charges in a diffeomorphism-

invariant theory rests on the “Gauss law” and the presence of asymptotic Killing

symmetries. More explicitly, in any diffeomorphism-invariant gravity theory, a

vacuum satisfying the classical equations of motion is chosen as the background

relative to which excitations and any background gauge-invariant properties (such

as energy) are defined. Two important model-independent features of these

charges are: First, the vacuum itself has zero charge; secondly, they are ex-

pressible as surface integrals [1, 2, 3, 4].

In the first chapter, we will define the Killing vector field and give some

useful properties of it. Then we will see how Einstein equations can be linearized

to reformulate the AD energy. Using that reformulation, we will calculate the

energy in (A)dS spaces. Following that we will look at the Einstein-GB model.

We will then state our conclusion and describe some open questions. In the two

Appendices, we will give some useful calculations that will help us in this journey.
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CHAPTER 2

KILLING VECTORS

Tensor calculus is largely concerned with how quantities change under coordi-

nate transformations. It is of particular interest when a quantity does not change,

i.e. remains invariant, under coordinate transformations. For example, coordi-

nate transformations which leave a metric invariant are of importance since they

contain information about the symmetries of a Riemannian manifold. In an ordi-

nary Euclidean space, there are two sorts of transformations: descrete ones, like

reflections, and continuous ones, like translations and rotations. In most appli-

cations, these latter types are the more important ones and they can in principle

be obtained systematically by obtaining the so-called Killing vectors of a metric,

which we now discuss below.

A metric gab is invariant under the transformation xa → x′a if g′ab(y) = gab(y)

for all coordinates yc. An infinitesimal coordinate transformation is xa → x′a =

xa + εXa(x) where Xa denotes the vector field and xa denotes a vector in that

field.
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Differentiating x′a gives

∂x′a

∂xb
=

∂xa

∂xb
+ ε

∂Xa

∂xb
= δa

b + ε∂bX
a,

and the metric transforms

gab(x) =
∂x′c

∂xa

∂x′d

∂xb
g′cd(x

′) .

Then xa → x′a will be an isometry if

gab(x) =
∂x′c

∂xa

∂x′d

∂xb
gcd(x

′)

=

(
∂

∂xa
(xc + εXc)

) (
∂

∂xb
(xd + εXd)

)
gcd(x

e + εXe)

We expand gcd(x
e + εXe) using the Taylor’s theorem,

gab(x) = (δc
a + ε∂aX

c)(δd
b + ε∂bX

d){gcd(x) + εXe∂egcd(x) + ...}

gab(x) = gcd(δ
c
a + ε∂aX

c)(δd
b + ε∂bX

d) + εXe∂egcd(x)(δc
a + ε∂aX

c)(δd
b + ε∂bX

d),

= gab(x) + ε{gad∂bX
d + gbd∂aX

d + Xe∂egab}+ O(ε2),

⇒ gad∂bX
d + gbd∂aX

d + Xe∂egab = 0.

Where we use Einstein sum convention. Now define:

Lxgab = Xc∂cgab + gca∂bX
c + gcb∂aX

c.

In the first term we make c → e transformation, in the second and third term

c → d that gives us

Lxgab = Xe∂egab + gad∂bX
d + gbd∂aX

d = 0.
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This is called Lie derivative and since in the expression for a Lie derivative of

a tensor, all occurrences of the partial derivatives may be replaced by covariant

derivatives. Therefore we can make the ∂a → ∇a substitution, that is

Xe∇egab + gad∇bX
d + gbd∇aX

d = 0.

Since we work in a metric compatible system ∇bgab = 0, we have

gad∇bX
d + gbd∇aX

d = 0.

Finally we have

∇bXa +∇aXb = 0, (2.1)

where Xa is a vector field that leaves the metric invariant and such a vector field

is called a Killing vector [5, 6].

The importance of Killing vectors comes from the symmetry considerations.

Translational or rotational symmetries will give us conserved quantities. With the

first, we can get energy and momentum; and with the latter, angular momentum.
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CHAPTER 3

MODELS WITH A COSMOLOGICAL CONSTANT

A characteristic feature of general relativity is that the source for the gravita-

tional field is the entire energy-momentum tensor. In non-gravitational physics,

only changes in energy from one state to another are measurable; the normaliza-

tion of the energy is arbitrary. For example, the motion of a particle with potential

energy V (x) is precisely the same as that with a potential energy V (x) + V0, for

any constant V0. In gravitation, however, the actual value of the energy matters,

not just the differences between states.

This behavior opens up the possibility of vacuum energy: an energy density

characteristic of empty space. One feature that we might want the vacuum to

exhibit is that it must not pick out a preferred direction; it will still be possible

to have a nonzero energy density if the associated energy-momentum tensor is

Lorentz invariant in locally inertial coordinates. Lorentz invariance implies that

the corresponding energy-momentum tensor should be proportional to the metric,

T
(vac)
µ̂ν̂ = −ρvacηµ̂ν̂ , (3.1)

(where “µ̂ν̂” denote locally inertial coordinates and ρvac is the vacuum energy
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density), since ηµ̂ν̂ is the only Lorentz invariant (0,2) tensor. This generalizes

straightforwardly from inertial coordinates to arbitrary coordinates as

T (vac)
µν = −ρvacgµν . (3.2)

Comparing with the perfect-fluid energy-momentum tensor Tµν = (ρ + p)UµUν +

pgµν , we find that the vacuum looks like a perfect fluid with an isotropic pressure

opposite in sign to the energy density,

pvac = −ρvac. (3.3)

The energy density should be constant throughout spacetime, since a gradient

would not be Lorentz invariant.

If we decompose the energy-momentum tensor into a matter piece T (M)
µν and

a vacuum piece T (vac)
µν = −ρvacgµν , the Einstein’s equation is

Rµν − 1

2
Rgµν = 8πG(T (M)

µν − ρvacgµν) , (3.4)

where Rµν and R are Ricci tensor and scalar, G is Newton’s constant. Soon after

inventing general relativity, Einstein tried to find a static cosmological model,

since that was what astronomical observations of the time seemed to imply. The

result was the Einstein static universe. In order for this static cosmology1 to solve

the field equation with an ordinary matter source, it was necessary to add a new

term called the cosmological constant, Λ, which enters as

Rµν − 1

2
Rgµν + Λgµν = 8πGTµν . (3.5)

1 We now know that even with a cosmological constant, static universe is not possible.

7



The cosmological constant is precisely equivalent to introducing a vacuum energy

density

ρvac =
Λ

8πG
. (3.6)

The terms “cosmological constant” and “vacuum energy” are essentially inter-

changeable [7].

Maximally symmetric solutions of the cosmological Einstein equation with

Tµν , are de Sitter and Anti-de Sitter spaces which we now briefly describe.

3.1 DE-SITTER SPACE

De Sitter space corresponds to a four-dimensional surface in a flat five-dim-

ensional space with metric (−, +, +, +, +) described by

−z2
0 + z2

1 + z2
2 + z2

3 + z2
4 =

3

Λ
, Λ > 0 . (3.7)

The symmetries of this space are then the ten rotations and boosts of this five-

dimensional embedding space. Rotations among the z1 − z4 clearly result in

spacelike Killing vectors. However, boosts which mix z1 − z4 with z0 can lead

to Killing vectors which are timelike. The Killing vector which corresponds to a

mixing of z4 and z0 is

ξ̄a = (−z4, 0, 0, 0, z0). (3.8)

Now

ξ̄2 = −z2
4 + z2

0 , (3.9)
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so

ξ̄2 < 0, (3.10)

if and only if

|z4| > |z0|. (3.11)

This is a distinctive feature of de Sitter space which implies the existence of a

cosmological horizon.

To be more specific, consider the de Sitter space metric in the form

dτ 2 = −dt2 + f 2(t)[dx2 + dy2 + dz2] , (3.12)

where

f(t) = exp

√
1

3
Λt . (3.13)

The Killing vector for this symmetry is

ξ̄µ = (−1,

√
1

3
Λx) . (3.14)

Now

ξ̄2 = −1 +
1

3
Λf 2|x|2 , (3.15)

which is timelike in the region

1

3
Λf 2|x|2 < 1 . (3.16)

This ξ̄µ generates a Killing energy. However the restriction (3.16) limits the region

of applicability of this quantity. In order for E(ξ̄) to act like an energy, the surface

9



of integration must lie inside the event horizon defined by

1

3
Λf 2|x|2 = 1 [3, 8] . (3.17)

3.2 ANTI DE-SITTER SPACE

Anti-de Sitter space is the covering space for the four-dimensional surface, in

a flat five-dimensional space with metric (-,+,+,+,-), described by

−z2
0 + z2

1 + z2
2 + z2

3 − z2
4 =

3

Λ
, Λ < 0. (3.18)

Once again the symmetries of this space are just the rotations and boosts in

the five-dimensional embedding space. Here, however, there is a global timelike

Killing vector corresponding to the rotation mixing z0 and z4,

ξ̄a = (−z4, 0, 0, 0, z0), (3.19)

and

ξ̄2 = −z2
4 − z2

0 < 0. (3.20)

Thus, ξ̄a is timelike everywhere [note that the condition (3.17) excludes the point

z4 = z0 = 0], and there is no cosmological horizon [3].

10



CHAPTER 4

REFORMULATION OF AD ENERGY

4.1 CONSERVED CHARGES

We first look at how conserved charges arise in a generic gravity theory

coupled to a covariantly conserved bounded matter source τµν . Consider the

following equations of motion that come from a Lagrangian

Φµν(g,R,∇R,R2, ...) = κτµν , (4.1)

where Φµν is the “Einstein tensor” of a local, invariant, but otherwise arbitrary,

gravity action and κ is an effective coupling constant. We work in generic D

dimensions.

Now we will decompose our metric into the sum of two parts:

gµν = ḡµν + hµν , (4.2)

where ḡµν solves (4.1) for τµν = 0 and a deviation part hµν that vanishes suffi-

ciently rapidly at infinity and it is not necessarily small everywhere.

Separating the field equations (4.1) into a part linear in hµν and collecting all

other non-linear terms and the matter source τµν in Tµν that constitute the total

11



source, one obtains

O(ḡ)µναβhαβ = κTµν , (4.3)

Φµν(ḡ, R̄, ∇̄R̄, R̄2, ...) = 0, by assumption; the operator O(ḡ) depends only on the

background metric ḡµν .

The linearization of the (source free) Einstein equation

Rµν − 1

2
gµνR + Λgµν = 0, (4.4)

follows as

RL
µν −

1

2
hµνR̄− 1

2
ḡµνR

L + Λhµν + O(h2) + ... = 0 ,

the background terms will be zero because ḡµν itself satisfies the field equation

(4.4). Here, [∇µ,∇ν ]Vλ = Rµνλ
σVσ and Rµν ≡ Rµλν

λ and the constant curvature

vacuum ḡµν has Riemann, Ricci and scalar curvatures that are

R̄µλνβ =
2Λ

(D − 1)(D − 2)
(ḡµν ḡλβ − ḡµβ ḡλν) ; (4.5)

R̄µν = R̄µλνβ ḡβλ ,

=
2Λ

(D − 1)(D − 2)
(ḡµν ḡλβ − ḡµβ ḡλν)ḡ

βλ ,

=
2Λ

(D − 1)(D − 2)
(ḡµνD − δλ

µḡλν) ,

=
2Λ

(D − 1)(D − 2)
ḡµν(D − 1) =

2Λ

(D − 2)
ḡµν ; (4.6)

R̄ = R̄µν ḡ
µν ,

=
2Λ

(D − 2)
ḡµν ḡ

µν =
2Λ

(D − 2)
D . (4.7)
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Using (4.7), we get:

RL
µν −

1

2
ḡµνR

L − 1

2
hµν

2DΛ

(D − 2)
+ Λhµν + O(h2) + ... = 0 .

Collecting the terms we get

RL
µν −

1

2
ḡµνR

L − 1

2
hµνR

L − 2Λhµν

(D − 2)
+ O(h2) + ... = 0 .

We define all terms of second and higher order in hµν and the matter source τµν

to be the gravitational energy-momentum tensor and write GL
µν as

GL
µν ≡ RL

µν −
1

2
ḡµνR

L − 2Λ

(D − 2)
hµν ≡ κTµν . (4.8)

The left hand side of (4.8) obeys the background Bianchi identity

∇̄µ(Rµν
L − 1

2
ḡµνRL − 2Λ

(D − 2)
hµν) = 0 (4.9)

or

∇̄µT
µν = 0 . (4.10)

Therefore, we have a background conserved energy-momentum tensor. However,

the derivative in (4.9) is a background covariant, not an ordinary derivative; fur-

thermore, only integrals over divergences of contravariant vector densities have

invariant content, so (4.8) and (4.10) cannot be used directly to construct con-

served quantities. To overcome this problem we contract T µν with a Killing vector

ξ̄µ that is:

∇̄µ(T µν ξ̄ν) = (∇̄µT
µν)ξ̄ν +

1

2
T µν(∇̄µξ̄ν + ∇̄ν ξ̄µ) = 0 ,

13



since T µν = T νµ and with the help of the Killing equation, we have the above

equation. Now the quantity (ξ̄νT
µν) is a vector density whose covariant divergence

becomes an ordinary one, and gives the desired conservation law,

∇̄µ(ξ̄νT
µν) = ∂µ(ξ̄νT

µν) = 0 ,

or

∇̄µ(
√−ḡ T µν ξ̄ν) ≡ ∂µ(

√−ḡ T µν ξ̄ν) = 0 . (4.11)

Therefore the conserved Killing charges are expressed as

Qµ(ξ̄) =
∫

M
dD−1x

√−ḡ T µν ξ̄ν =
∮

Σ
dSiF

µi . (4.12)

Here M is a spatial (D−1) hypersurface and Σ is its (D−2) dimensional boundary

and i ranges over (1, 2, ..., d−2) and F µi is an antisymmetric tensor whose explicit

form will be written below [1, 4].

4.2 LINEAR FORM OF THE EINSTEIN EQUATION

In order to write the spatial volume integrals as surface integrals, we need to

carry out the linearization of the relevant tensors. In this part that is what we

shall do.

14



4.2.1 THE METRIC gµν

We will take the signature to be (−, +, +, +, ...). We know that any metric

must satisfy gµνg
να = δµ

α where δgµν = hµν ,

gµν = ḡµν + δgµν ,

(ḡµν + δgµν)g
να = δµ

α ⇒ gµν = ḡµν − δgµν .

4.2.2 LINEARIZATION OF THE CHRISTOFFEL SYMBOL

We linearize Γµ
αβ = 1

2
gµν(∂αgβν+∂βgαν−∂νgαβ) with the use of gµν → ḡµν−δgµν

and gβν → ḡβν + δgβν . That is ,

δΓµ
αβ =

1

2
δgµν(∂αḡβν + ∂β ḡαν − ∂ν ḡαβ) +

1

2
ḡµν(δ∂αgβν + δ∂βgαν − δ∂νgαβ) ,

δΓµ
αβ =

1

2
ḡµν(∇̄αδgβν + ∇̄βδgαν − ∇̄νδgαβ) . (4.13)

4.2.3 LINEAR FORMS OF RIEMANN, RICCI TENSORS AND

RICCI SCALAR

The Riemann tensor is

Rµ
αβν = ∂βΓµ

αν − ∂νΓ
µ
αβ + Γσ

ανΓ
µ
σβ − Γσ

αβΓµ
σν , (4.14)

which can be linearized as

δRµ
αβν = ∂βδΓµ

αν − ∂νδΓ
µ
αβ + (δΓσ

αν)Γ
µ
σβ + Γσ

ανδΓ
µ
σβ − (δΓσ

αβ)Γµ
σν − Γσ

αβδΓµ
σν .
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To find the partial derivatives of the Christoffel symbol we can use covariant

derivative,

∇̄β(δΓµ
αν) = ∂βδΓµ

αν + Γµ
βσδΓ

σ
αν − Γσ

βαδΓµ
σν − Γσ

βνδΓ
µ
σα ,

⇒ ∂βδΓµ
αν = ∇̄β(δΓµ

αν)− Γµ
βσδΓ

σ
αν + Γσ

βαδΓµ
σν + Γσ

βνδΓ
µ
σα ,

and

∇̄ν(δΓ
µ
αβ) = ∂νδΓ

µ
αβ + Γµ

νσδΓ
σ
αβ − Γσ

ναδΓµ
σβ − Γσ

νβδΓµ
σα ,

⇒ ∂νδΓ
µ
αβ = ∇̄ν(δΓ

µ
αβ)− Γµ

νσδΓ
σ
αβ + Γσ

ναδΓµ
σβ + Γσ

νβδΓµ
σα .

If we insert these into our linearized Riemann tensor, we get

δRµ
αβν = ∇̄β(δΓµ

αν)− Γµ
βσδΓ

σ
αν + Γσ

βαδΓµ
σν + Γσ

βνδΓ
µ
σα − ∇̄ν(δΓ

µ
αβ)

+Γµ
νσδΓ

σ
αβ − Γσ

ναδΓµ
σβ − Γσ

νβδΓµ
σα + (δΓσ

αν)Γ
µ
σβ + Γσ

ανδΓ
µ
σβ

−(δΓσ
αβ)Γµ

σν − Γσ
αβδΓµ

σν

yielding;

δRµ
αβν = ∇̄β(δΓµ

αν)− ∇̄ν(δΓ
µ
αβ) . (4.15)

µ ↔ β contraction gives the linear Ricci tensor

δRµ
αµν = ∇̄µ(δΓµ

αν)− ∇̄ν(δΓ
µ
αµ) = δRαν ,

or by α ↔ µ

δRµν = ∇̄α(δΓα
µν)− ∇̄µ(δΓα

αν) .
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Now let us write this in terms of δgαβ

δRµν = ∇̄α

[
1

2
ḡασ(∇̄µδgνσ + ∇̄νδgµσ − ∇̄σδgµν)

]

−∇̄µ

[
1

2
ḡασ(∇̄αδgσν + ∇̄νδgασ − ∇̄σδgαν)

]
.

In the last term if we make the σ↔α exchange, it will cancel the fourth term

δRµν =
1

2
{∇̄σ∇̄µδgνσ + ∇̄σ∇̄νδgµσ − ∇̄σ∇̄σδgµν − ∇̄µ∇̄ν ḡ

ασδgασ}

and we are left with

δRµν =
1

2
{∇̄σ∇̄µδgνσ + ∇̄σ∇̄νδgµσ − ¯ δgµν − ∇̄µ∇̄νδg} , (4.16)

where δg = h = ḡασhασ and ∇̄σ∇̄σ ≡ ¯ .

The linear part of the Ricci scalar reads

δR = δ(gµνRµν) = (δRµν)ḡ
µν − R̄µνδg

µν ,

=
1

2
(−¯hµν − ∇̄µ∇̄νh + ∇̄σ∇̄νhσµ + ∇̄σ∇̄µhσν)ḡ

µν − 2

(D − 2)
Λḡµνh

µν ,

=
1

2
(−¯h− ¯h + ∇̄σ∇̄µhσµ + ∇̄σ∇̄νhσν)− 2

(D − 2)
Λh ,

or by taking ν → µ

δR =
1

2
(−2¯h + 2∇̄σ∇̄µhσµ)− 2

(D − 2)
Λh ,

= −¯h + ∇̄σ∇̄µhσµ − 2

(D − 2)
Λh . (4.17)
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4.2.4 LINEAR FORM OF THE EINSTEIN EQUATION

Now, we are ready to write (4.8) in terms of the deviation part of the metric.

That is,

Gµν
L = Rµν

L − 1

2
ḡµνRL − 2

(D − 2)
Λhµν

=
1

2
(−¯hµν − ∇̄µ∇̄νh + ∇̄σ∇̄νhσµ + ∇̄σ∇̄µhσν)

−1

2
ḡµν(−¯h + ∇̄σ∇̄αhσα − 2

(D − 2)
Λh)− 2

(D − 2)
Λhµν . (4.18)

We can also show that this equation is background covariantly constant:

∇̄µGµν
L =

1

2
(−∇̄µ¯hµν − ¯∇̄νh + ∇̄µ∇̄σ∇̄νhσµ + ∇̄µ∇̄σ∇̄µhσν)

−1

2
(−∇̄ν ¯h + ∇̄ν∇̄σ∇̄αhσα) +

1

(D − 2)
Λ∇̄νh− 2

(D − 2)
Λ∇̄µh

µν .

In the fourth term change the places of the covariant derivatives to get the first

term with an opposite sign:

[∇̄µ, ∇̄σ]∇̄µhσν = ∇̄µ∇̄σ∇̄µhσν − ∇̄σ∇̄µ∇̄µhσν ,

⇒ ∇̄µ∇̄σ∇̄µhσν = [∇̄µ, ∇̄σ]∇̄µhσν + ∇̄σ ¯hσν .

In the last term, we make the σ → µ transformation

∇̄µ∇̄σ∇̄µhσν = [∇̄µ, ∇̄σ]∇̄µhσν + ∇̄µ¯hµν .
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Moreover

[∇̄µ, ∇̄σ]∇̄µhσν = R̄µσ
µ

λ∇̄λhσν + R̄µσ
σ

λ∇̄µhλν + R̄µσ
ν
λ∇̄µhσλ

= R̄σλ∇̄λhσν − R̄µλ∇̄µhλν

+
2Λ

(D − 1)(D − 2)
(δν

µḡσλ − ḡµλδ
ν
σ)∇̄µhσλ

=
2Λ

(D − 2)
(ḡσλ∇̄λhσν − ḡµλ∇̄µhλν)

+
2Λ

(D − 1)(D − 2)
(∇̄νh− ∇̄λh

νλ)

=
2Λ

(D − 2)
(∇̄σh

σν − ∇̄λh
λν)

+
2Λ

(D − 1)(D − 2)
(∇̄νh− ∇̄λh

νλ) .

If we make the λ → σ substitution the term in the first parenthesis will vanish

and we will get

∇̄µ∇̄σ∇̄µhσν =
2Λ

(D − 1)(D − 2)
(∇̄νh− ∇̄λh

νλ) + ∇̄µ¯hµν .

In the fifth and sixth terms of ∇̄µGµν , we use the same procedure. Making suitable

index substitutions we get

∇̄ν ¯h =
−2Λ

(D − 2)
∇̄νh + ¯∇̄νh ,

∇̄ν∇̄σ∇̄µh
σµ =

2Λ

(D − 1)(D − 2)
∇̄νh− 2Λ

(D − 1)(D − 2)
∇̄µh

µν(2D − 1)

+∇̄µ∇̄σ∇̄νhσµ .

When these results are inserted into (4.18), one will have

∇̄µGµν
L =

Λ

(D − 2)(D − 1)
(∇̄νh−∇̄λh

νλ)− Λ

(D − 2)
∇̄νh+

(2D − 1)Λ

(D − 2)(D − 1)
∇̄µh

µν
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− Λ

(D − 2)(D − 1)
∇̄νh +

Λ

(D − 2)
∇̄νh− 2Λ

(D − 2)
∇̄µh

µν = 0 .

In the first term the covariant derivative of h will cancel with the fourth term and

we change the indices of the remaining part of the first term: λ → µ. Thus we

conclude that the energy-momentum tensor is background covariantly constant,

that is

∇̄µGµν
L = 0 , (or ∇̄µT

µν = 0) . (4.19)

4.3 KILLING CHARGES

Let us recall that there are two facets of a proper energy definition: First, iden-

tification of the “Gauss law”, whose existence is guaranteed by gauge invariance;

second, choice of the proper vacuum, possessing sufficient Killing symmetries with

respect to which global, background gauge-invariant, generators can be defined;

these will always appear as surface integrals in the asymptotic vacuum [2].

In converting the volume integrals to surface integrals, let us follow a route,

which will be convenient in the higher curvature cases. We take the energy-

momentum tensor in a Killing vector field and collect terms in the covariant

derivative to get surface terms:

2ξ̄νGµν
L = 2ξ̄νR

µν
L − ξ̄ν ḡ

µνRL − 4Λ

(D − 2)
ξ̄νh

µν

= ξ̄ν{−∇̄ρ∇̄ρhµν − ∇̄µ∇̄νh + ∇̄σ∇̄νhσµ + ∇̄σ∇̄µhσν}

−ξ̄µ{−∇̄ρ∇̄ρh + ∇̄σ∇̄νh
σν − 2Λ

(D − 2)
h} − 4Λ

(D − 2)
ξ̄νh

µν
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where we used (4.16) and (4.17). We rename the indices for convenience;

second term: ν → ρ

third term: σ → ν, ν → ρ

fourth term: σ → ρ

sixth term: σ → ρ. Thus our equation becomes

2ξ̄νGµν
L = −ξ̄ν∇̄ρ∇̄ρhµν − ξ̄ρ∇̄µ∇̄ρh + ξ̄ρ∇̄ν∇̄ρhνµ + ξ̄ν∇̄ρ∇̄µhρν

+ξ̄µ∇̄ρ∇̄ρh− ξ̄µ∇̄ρ∇̄νh
ρν +

2Λ

(D − 2)
ξ̄µh− 4Λ

(D − 2)
ξ̄νh

µν .

To collect all terms, we use the commutator relation of a vector that gives

us the Riemann tensor. In the first, fourth, fifth and sixth terms the Killing

vectors are taken inside the covariant derivative with extra terms that will come

from the derivative of the Killing vectors. In the second and third terms, places

of derivatives must change, after that the Killing vectors can be taken inside

the derivative with two additional terms, the second comes from exchange of

derivatives. After these calculations we are left with

2ξ̄νGµν
L = −∇̄ρ(ξ̄ν∇̄ρhµν) + (∇̄ρξ̄ν)(∇̄ρhµν)− ∇̄ρ(ξ̄

ρ∇̄µh) + (∇̄ρξ̄
ρ)(∇̄µh)

+∇̄ρ(ξ̄
ρ∇̄νh

µν)− (∇̄ρξ̄
ρ)(∇̄νh

µν) + ∇̄ρ(ξ̄ν∇̄µhρν)− (∇̄ρξ̄ν)(∇̄µhρν)

+∇̄ρ(ξ̄
µ∇̄ρh)− (∇̄ρξ̄

µ)(∇̄ρh)− ∇̄ρ(ξ̄
µ∇̄νh

ρν) + (∇̄ρξ̄
µ)(∇̄νh

ρν)

+
2Λ

(D − 2)
hνµξ̄ν +

2Λ

(D − 2)
hξ̄µ − 4Λ

(D − 2)
hνµξ̄ν

+
2Λ

(D − 2)(D − 1)
(hνµξ̄ν − hξ̄µ)
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The fourth, sixth and the eighth terms vanish because of the Killing equation

2ξ̄νG
µν
L = ∇̄ρ{−ξ̄ν∇̄ρhµν − ξ̄ρ∇̄µh + ξ̄ρ∇̄νh

µν + ξ̄ν∇̄µhρν + ξ̄µ∇̄ρh− ξ̄µ∇̄νh
ρν}

+
2Λ

(D − 2)
hξ̄µ − 2Λ

(D − 2)
hνµξ̄ν +

2Λ

(D − 2)(D − 1)
(hνµξ̄ν − hξ̄µ)

+(∇̄ρξ̄ν)(∇̄ρhµν)− (∇̄ρξ̄
µ)(∇̄ρh) + (∇̄ρξ̄

µ)(∇̄νh
ρν) .

We will look at the last three terms closely:

(∇̄ρξ̄ν)(∇̄ρhµν) = ∇̄ρ(h
µν∇̄ρξ̄ν)− hµν(∇̄ρ∇̄ρξ̄ν) .

Operating on (2.1) with ∇̄µ, one gets

∇̄µ∇̄µξ̄ν + ∇̄µ∇̄ν ξ̄µ = 0 .

The second term can be written in the commutator form that is

¯ ξ̄ν + [∇̄µ, ∇̄ν ]ξ̄µ = 0 ,

or simply

¯ ξ̄ν = − 2Λ

(D − 2)
ḡνλξ̄

λ .

Using this relation, we have

(∇̄ρξ̄ν)(∇̄ρhµν) = ∇̄ρ(h
µν∇̄ρξ̄ν) +

2Λ

(D − 2)
hµν ḡνλξ̄

λ ,

and

(∇̄ρξ̄
µ)(∇̄ρh) = −∇̄ρ(h∇̄µξ̄ρ) +

2Λ

(D − 2)
hξ̄µ .
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Using the property of a Killing vector, shown in the appendix (see (9.3))

(∇̄ρξ̄
µ)(∇̄νh

ρν) = −∇̄ρ(h
ρν∇̄µξ̄ν)− 2Λ

(D − 2)(D − 1)
(ξ̄νh

µν − ξ̄µh) .

Finally collecting these results, we have

2ξ̄νGµν
L = ∇̄ρ{−ξ̄ν∇̄ρhµν − ξ̄ρ∇̄µh + ξ̄ρ∇̄νh

µν + ξ̄ν∇̄µhρν + ξ̄µ∇̄ρh

−ξ̄µ∇̄νh
ρν + hµν∇̄ρξ̄ν + h∇̄µξ̄ρ − hρν∇̄µξ̄ν} . (4.20)

Since the charge densities are surface terms, the Killing charges become

Qµ(ξ̄) =
1

4Ω(D−2)GD

∮

Σ
dSi{−ξ̄ν∇̄ihµν − ξ̄i∇̄µh + ξ̄i∇̄νh

µν + ξ̄ν∇̄µhiν

+ξ̄µ∇̄ih− ξ̄µ∇̄νh
iν + hµν∇̄iξ̄ν + h∇̄µξ̄i − hiν∇̄µξ̄ν} . (4.21)

Here dSi ≡
√−detḡ dΩi where i ranges over (1, 2, ...., D − 2); the charge is

normalized by dividing with the (D-dimensional) Newton’s constant GD and the

solid angle dΩD−2.

Before calculating the conserved charges Q0, we check our expression to see

whether it is gauge invariant or not, and we will look if it goes to the ADM

charges in the limit of an asymptotically flat background (∇̄j → ∂j) in which

case our timelike Killing vector is ξ̄µ = (1,0) [1].

First we will look at the gauge-invariance. Under an infinitesimal diffeomor-

phism, generated by a vector δζ , the deviation part of the metric transforms as

δζhµν = ∇̄µζν + ∇̄νζµ [1]. (4.22)
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First we will look at the linear Ricci scalar:

RL = (gµνRµν)L ,

⇒ δζRL = δζ(ḡ
µνRL

µν − R̄µνh
µν)

= ḡµνδζR
L
µν −

2Λ

(D − 2)
ḡµνδζhµν .

Now using (4.16), we have

δζRL = ḡµν 1

2
δζ(−¯hµν − ∇̄µ∇̄νh + ∇̄σ∇̄νhσµ + ∇̄σ∇̄µhσν)

− 2Λ

(D − 2)
ḡµν(∇̄µζν + ∇̄νζµ)

= −¯δζh + ∇̄σ∇̄µδζhσµ − 4Λ

(D − 2)
∇̄µζµ .

With the help of (4.22), we can write

δζRL = −ḡµν ¯(∇̄µζν + ∇̄νζµ) + ∇̄σ∇̄µ(∇̄σζµ + ∇̄µζσ)− 4Λ

(D − 2)
∇̄µζµ

= −2¯∇̄µζµ + ∇̄σ∇̄µ∇̄σζµ + ∇̄σ ¯ζσ − 4Λ

(D − 2)
∇̄µζµ .

We look examine the second and third terms carefully:

[∇̄µ, ∇̄σ]ζµ = ∇̄µ∇̄σζµ − ∇̄σ∇̄µζµ ,

∇̄µ∇̄σζµ =
2Λ

(D − 2)
ζσ + ∇̄σ∇̄µζµ .

Therefore, we have

∇̄σ∇̄µ∇̄σζµ =
2Λ

(D − 2)
∇̄σζσ + ¯∇̄µζµ .
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In the third term the same calculations can be done to get

∇̄σ ¯ζσ =
2Λ

(D − 2)
∇̄βζβ + ¯∇̄σζσ

We have the background gauge invariance of the linear Ricci scalar

δζRL = 0 .

Therefore

δζGL
µν = δζR

L
µν −

2Λ

(D − 2)
δζhµν .

Using (4.16) and (4.22), we have

δζGL
µν =

1

2
(−¯∇̄µζν − ¯∇̄νζµ − ∇̄µ∇̄ν∇̄βζβ − ∇̄µ∇̄ν∇̄αζα

+∇̄σ∇̄ν∇̄σζµ + ∇̄σ∇̄ν∇̄µζσ + ∇̄σ∇̄µ∇̄σζν + ∇̄σ∇̄µ∇̄νζσ)

− 2Λ

(D − 2)
(∇̄µζν + ∇̄νζµ) .

Just sa before, let us look at the terms that are in the second line: The fifth term

is:

∇̄σ∇̄ν∇̄σζµ =
2Λ

(D − 2)(D − 1)
(ḡνµ∇̄σζσ − ḡσµ∇̄σζν) + ∇̄σ∇̄σ∇̄νζµ .

The sixth term is:

∇̄σ∇̄ν∇̄µζσ =
2Λ

(D − 2)(D − 1)
(∇̄νζµ − ∇̄µζν) + ∇̄σ∇̄µ∇̄νζσ .

The third term is:

∇̄σ∇̄µ∇̄σζν =
2Λ

(D − 2)(D − 1)
(ḡµν∇̄σζσ − ḡσν∇̄σζµ) + ∇̄σ∇̄σ∇̄µζν .
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The fourth term is:

∇̄σ∇̄µ∇̄νζσ =
2Λ

(D − 2)
∇̄µζν +

2Λ

(D − 2)(D − 1)
(∇̄µζν − ḡµν∇̄σζσ)

+
2Λ

(D − 2)
∇̄νζµ + ∇̄µ∇̄ν∇̄σζσ .

Collecting all these, terms we end up with

δζGL
µν = 0 ,

which means that GL
µν is gauge-invariant. Therefore, we have δζR

L
µν = 2Λ

(D−2)
δζhµν .

Hence δζQ
µ = 0; that is, the Killing charge is indeed background gauge-

invariant.

Now we will examine (4.21) in the limit of an asymptotically flat background,

which should yield the ADM charge. Let us just look at the mass to begin with.

With ξ̄µ = (1,0), we have ξ̄i = 0, ξ̄0 = 1 and ξ̄0 = −1 in flat space with the metric

ηµν = diag(−1, 1, 1, 1). We have h = −h00 + hii. Being in Cartesian coordinates,

we can take the covariant derivatives to partial derivatives (∇̄j → ∂j). Hence,

M =
1

4Ω(D−2)GD

∮

Σ
dSi{ξ̄0∂

0hi0 − ξ̄0∂
ih00 − ξ̄0∂

ih− ξ̄0∂
0hi0 + ∂jh

ij} .

Expanding the last term we have

M =
1

4Ω(D−2)GD

∮

Σ
dSi{−∂ih00 − ∂ihjj + ∂ih00 + ∂jh

ij}

=
1

4Ω(D−2)GD

∮

Σ
dSi{∂jh

ij − ∂ihjj}

which is the usual ADM mass [6].
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CHAPTER 5

THE ENERGY OF SDS SOLUTIONS

Having established the energy formula for asymptotically (A)dS spaces, we can

now evaluate the energy of Schwarzschild-de Sitter (SdS) solutions.

In static coordinates, the line element of D-dimensional SdS reads

ds2 = −
(

1− (
r0

r
)D−3 − r2

l2

)
dt2

+

(
1− (

r0

r
)D−3 − r2

l2

)−1

dr2 + r2dΩ2
D−2 , (5.1)

where l2 ≡ (D − 2)(D − 1)/2Λ > 0. The background (r0 = 0) Killing vector is

ξ̄µ = (−1,0), which is timelike everywhere for AdS (l2 < 0), but remains timelike

for dS (l2 > 0) only inside the cosmological horizon: ḡµν ξ̄
µξ̄ν = −(1− r2

l2
) [1].

5.1 THE D = 4 CASE

Let us concentrate on D = 4 first and calculate the surface integral (4.21)

not at r → ∞, but at some finite distance r from the origin; this will not be

gauge-invariant, since energy is to be measured only at infinity. Nevertheless, for

dS space (which has a horizon that keeps us from going smoothly to infinity), let
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us first keep r finite as an intermediate step. The integral becomes

E(r) =
r0

2G

(1− r2

l2
)

(1− r0

r
− r2

l2
)
. (5.2)

For AdS, take r →∞ and we get the usual mass r0

2G
. For dS, we can only consider

small r0 limit, which do not change the location of the background horizon, that

also yields r0

2G
[1].

5.2 ENERGY FOR D DIMENSIONS

In this case h ≈ 0. From the line element (5.1) g00, grr, ḡ00, ḡrr and the corre-

sponding h terms can be calculated. These are

g00 = −
(

1− (
r0

r
)D−3 − r2

l2

)
, grr =

(
1− (

r0

r
)D−3 − r2

l2

)−1

, (5.3)

and the background metric components will be

ḡ00 = −
(

1− r2

l2

)
, ḡrr = −

(
1− r2

l2

)−1

, (5.4)

since r0 = 0 for the background. From (4.2)

h00 = (
r0

r
)D−3 , ḡ00ḡ00h00 = h00 =

( r0

r
)D−3

(1− r2

l2
)2

. (5.5)

hrr =
( r0

r
)D−3

(1− ( r0

r
)D−3 − r2

l2
)(1− r2

l2
)
, hrr =

( r0

r
)D−3(1− r2

l2
)

(1− ( r0

r
)D−3 − r2

l2
)
. (5.6)

Using (4.21), we have

Q0 =
4π

16πGD

lim
r→∞ rD−2{ξ̄0∇̄0hr0 − ξ̄0∇̄rh00 + h00∇̄rξ̄0 − hrr∇̄0ξ̄r + ∇̄νh

rν}
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where the constant factors come from the normalization constant and the inte-

gration element dSi.

Q0 =
4π

16πGD

lim
r→∞ rD−2{ξ̄0∇̄0h

r0− ξ̄0∇̄rh00 +h00∇̄rξ̄0−hrr∇̄0ξ̄r + ∇̄0h
r0 + ∇̄ih

ri}

and

Q0 =
4π

16πGD

lim
r→∞ rD−2{−ξ̄0∇̄rh00 + h00∇̄rξ̄0 − hrr∇̄0ξ̄r + ∇̄ih

ri} ,

playing with indices

Q0 =
4π

16πGD

lim
r→∞ rD−2{ḡ00ḡ

rr∇̄rh
00 + h00ḡ00∇̄0ξ̄r + hrrḡrr∇̄0ξ̄r + ∇̄ih

ri} ,

and the terms in the middle cancel with each other since h = 0. Therefore we

are left with

Q0 =
4π

16πGD

lim
r→∞ rD−2{ḡ00ḡ

rr∇̄rh
00 + ∇̄ih

ri}

=
4π

16πGD

lim
r→∞ rD−2{ḡ00ḡ00ḡ00ḡ

rr∇̄rh00 + ∇̄ih
ri}

=
4π

16πGD

lim
r→∞ rD−2{−∇̄rh00 + ∇̄ih

ri}

=
4π

16πGD

lim
r→∞ rD−2{−∂rh00 + 2Γ0

r0h00 + ∂rh
rr + Γr

ijh
ij + Γi

irh
rr}

=
4π

16πGD

lim
r→∞ rD−2{−∂rh00 + h00ḡ

00∂rḡ00 + ∂rh
rr +

1

2
hrrḡrr∂rḡrr

+
1

2
hrrḡij∂rḡij} .

The last term can be expanded
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Q0 =
4π

16πGD

lim
r→∞ rD−2{−∂rh00 + h00ḡ

00∂rḡ00 + ∂rh
rr +

1

2
hrrḡrr∂rḡrr

+
1

2
hrrḡrr∂rḡrr +

1

2
hrrḡij∂rḡij} ,

where ḡij∂rḡij = 1
r2 when i = j 6= r, therefore we have

Q0 =
4π

16πGD

lim
r→∞ rD−2{−∂rh00+h00ḡ

00∂rḡ00+∂rh
rr+hrrḡrr∂rḡrr+

1

2
hrrḡij∂rḡij} .

Lets look at our expression term by term in the limit of r →∞:

−∂rh00 = (D − 3)
rD−3
0

rD−2
− rD−2∂rh00 = (D − 3)rD−3

0 .

The second term

rD−2h00ḡ
00∂rḡ00 = −rD−2(

r0

r
)D−3 1

(1− r2

l2
)

2r

l2
= rD−3

0

1

( 1
r2 − 1

l2
)

2

l2
= 2rD−3

0 ;

the third term

∂rh
rr = (D − 3)(

r0

r
)D−4(−r0

r2
)(1− r2

l2
)

1

(1− ( r0

r
)D−3 − r2

l2
)

+(
r0

r
)D−3(−2r

l2
)

1

(1− ( r0

r
)D−3 − r2

l2
)

+(
r0

r
)D−3(1− r2

l2
)
{(D − 3)( r0

r
)D−4(− r0

r2 ) + 2r
l2
}

(1− ( r0

r
)D−3 − r2

l2
)2

.

We will operate on this with rD−2,

rD−2∂rh
rr = −(D − 3)rD−3

0 + 2rD−3
0 − 2rD−3

0 ,

= −(D − 3)rD−3
0 .
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The fourth term is

hrrḡrr∂rḡrr =
( r0

r
)D−3(2r

l2
)

(1− ( r0

r
)D−3 − r2

l2
)
,

and

rD−2hrrḡrr∂rḡrr = −2rD−3
0

1

2
hrrḡij∂rḡij =

(D − 2)

r

( r0

r
)D−3(1− r2

l2
)

(1− ( r0

r
)D−3 − r2

l2
)
,

rD−2 1

2
hrrḡij∂rḡij = (D − 2)rD−3

0 .

Hence, adding all the above we get the energy in D-dimensions

E =
(D − 2)

4GD

rD−3
0 . (5.7)

Here r0 can be arbitrarily large in the AdS case but must be small in dS [1].

5.3 THE D = 3 CASE

Let us note that analogous computations can also be carried out in D = 3;

the proper solution to consider is

ds2 = −(1− r0 − r2

l2
)dt2 + (1− r0 − r2

l2
)−1dr2 + r2dφ2 , (5.8)

for which the energy is E = r0/2G again, but now r0 is a dimensionless constant

and the Newton constant G has dimensions of 1/mass [1, 9].
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CHAPTER 6

STRING-INSPIRED GRAVITY

In flat backgrounds, the ghost freedom of low energy string theory requires the

quadratic corrections to Einstein’s gravity to be of the Gauss-Bonnet (GB) form,

an argument that should carry over to the AdS backgrounds. Below we construct

and compute the energy of various asymptotically (A)dS spaces that solve the

generic Einstein plus quadratic gravity theories, particularly the Einstein-GB

model [1, 10].

At quadratic order, the generic action is

I =
∫

dDx
√−g{1

κ
R + αR2 + βR2

µν + γ(R2
µνρσ − 4R2

µν + R2)} (6.1)

In D = 4, the GB part (γ terms) is a surface integral and plays no role in the

equations of motion. In D > 4, on the contrary, GB is the only viable term,

since non-zero α, β produce ghosts [11]. Here κ = 2ΩD−2GD, where GD is the

D-dimensional Newton’s constant [1].

After lengthy calculations, that are shown in the appendix B, we reach the

equations of motion
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1

κ
(Rµν − 1

2
gµνR) + 2αR(Rµν − 1

4
gµνR)

+ (2α + β)(gµν −∇µ∇ν)R

+ 2γ[RRµν − 2RµσνρR
σρ + RµσρτRν

σρτ

− 2RµσRν
σ − 1

4
gµν(R

2
τλσρ − 4R2

σρ + R2)]

+ β (Rµν − 1

2
gµνR) + 2β(Rµσνρ − 1

4
gµνRσρ)R

σρ = τµν . (6.2)

In the absence of matter, flat space is a solution of these equations; but more

important is that (A)dS is also a solution [1]. The cosmological constant can be

found using Eq. (6.2):

1

κ
(R̄µν − 1

2
ḡµνR̄) + 2αR̄(R̄µν − 1

4
ḡµνR̄)

+ (2α + β)(ḡµν ¯ − ∇̄µ∇̄ν)R̄

+ 2γ[R̄R̄µν − 2R̄µσνρR̄
σρ + R̄µσρτ R̄ν

σρτ

− 2R̄µσR̄ν
σ − 1

4
ḡµν(R̄

2
τλσρ − 4R̄2

σρ + R̄2)]

+ β¯(R̄µν − 1

2
ḡµνR̄) + 2β(R̄µσνρ − 1

4
ḡµνR̄σρ)R̄

σρ = 0 . (6.3)

The terms that have covariant derivatives will be zero by using (4.5), (4.6) and

(4.7). The other terms can be calculated one by one:

1

κ
(R̄µν − 1

2
ḡµνR̄) =

1

κ
(

2

(D − 2)
Λḡµν − 1

2

2DΛ

(D − 2)
) = −1

κ
Λḡµν ,

and the second one is

2αR̄(R̄µν − 1

4
ḡµνR̄) = 2α

(
4DΛ2

(D − 2)2
− 1

4

4D2Λ2

(D − 2)2

)
ḡµν
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= −2Dα
Λ2(D − 4)

(D − 2)2
ḡµν .

The next one is a bit longer than the others:

I = [R̄R̄µν − 2R̄µσνρR̄
σρ + R̄µσρτ R̄ν

σρτ

−2R̄µσR̄ν
σ − 1

4
ḡµν(R̄

2
τλσρ − 4R̄2

σρ + R̄2)]

=
4DΛ2

(D − 2)2
ḡµν − 8Λ2

(D − 2)2(D − 1)
(ḡµν ḡσρ − ḡµρḡσν)ḡ

σρ

+
4Λ2

(D − 2)2(D − 1)2
(ḡµρḡστ − ḡµτ ḡσρ)(ḡ

ρ
ν ḡ

στ − ḡτ
ν ḡ

σρ)

− 8Λ2

(D − 2)2
ḡµσḡ

σ
ν −

1

4

4DΛ2(D − 3)

(D − 2)(D − 1)
ḡµν .

If we look carefully to the second and the fourth terms, we can see that they are

of the same type and can be added together

I =
4DΛ2

(D − 2)2
ḡµν − 16Λ2

(D − 2)2
ḡµν

+
8Λ2

(D − 2)2(D − 1)
ḡµν − DΛ2(D − 3)

(D − 2)(D − 1)
ḡµν ,

and we get

I =
Λ2ḡµν

(D − 2)2(D − 1)
{4D(D − 1)− 16(D − 1) + 8−D(D − 3)(D − 2)}

= − Λ2ḡµν

(D − 2)2(D − 1)
(D3 − 9D2 + 26D − 24) ,

and finally we have

I = −(D − 4)(D − 3)

(D − 2)(D − 1)
Λ2ḡµν .

Similarly

2β(R̄µσνρ − 1

4
ḡµνR̄σρ)R̄

σρ = 2β
4Λ2

(D − 2)2(D − 1)
(ḡµν ḡσρ − ḡµρḡσν)ḡ

σρ
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−1

4

4DΛ2

(D − 2)2
ḡµν = −2β

Λ2(D − 4)

(D − 2)2
ḡµν .

Adding all these terms and equating the sum to zero, one can find

−1

κ
Λḡµν − 2Dα

Λ2(D − 4)

(D − 2)2
ḡµν − 2γ

(D − 4)(D − 3)

(D − 2)(D − 1)
Λ2ḡµν − 2β

Λ2(D − 4)

(D − 2)2
ḡµν = 0 ,

and

− 1

2Λκ
=

(D − 4)

(D − 2)2
(Dα + β) + γ

(D − 4)(D − 3)

(D − 2)(D − 1)
, (6.4)

where Λ 6= 0 [1, 12]. Several comments are in order here: In the string-inspired

Einstein-GB model (α = β = 0 and γ > 0), only AdS background (Λ < 0) is

allowed (the Einstein constant κ is positive in our conventions). String theory is

known to prefer AdS to dS [1, 13] and we can see why this is so in the uncom-

pactified theory. Another interesting limit is the “traceless” theory (Dα = −β),

which, in the absence of a γ term, does not allow constant curvature spaces unless

the Einstein term is also dropped. For D = 4, the γ term drops out, and the

pure quadratic theory allows (A)dS solutions with arbitrary Λ. For D > 4, (6.4)

leaves a two-parameter set (say α, β) of allowed solutions [1].

Now we will linearize the total energy-momentum tensor Tµν to first order in

hµν and define the total energy-momentum tensor Tµν as we did before. With

the help of equations in appendix A, the total energy-momentum tensor can be

calculated (shown in appendix B)

Tµν(h) = Tµν(ḡ) + GL
µν

{
1

κ
+

4ΛDα

(D − 2)
+

4Λβ

(D − 1)
+

4Λγ(D − 3)(D − 4)

(D − 1)(D − 2)

}
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+(2α + β)

(
ḡµν ¯ − ∇̄µ∇̄ν +

2Λ

(D − 2)
ḡµν

)
RL

+β

(
¯GL

µν −
2Λ

(D − 1)
ḡµνR

L

)

−2Λ2hµν

{
1

2Λκ
+

(D − 4)

(D − 2)2
(Dα + β) +

γ(D − 4)(D − 3)

(D − 2)(D − 1)

}
. (6.5)

Using (6.4), one has Tµν(ḡ) = 0 and the last term also vanishes, yielding

Tµν = GL
µν

{
−1

κ
+

4ΛD

(D − 2)2
(2α +

β

(D − 1)
)

}

+(2α + β)

(
ḡµν ¯ − ∇̄µ∇̄ν +

2Λ

(D − 2)
ḡµν

)
RL

+β

(
¯GL

µν −
2Λ

(D − 1)
ḡµνR

L

)
. (6.6)

This is a background conserved tensor (∇̄µTµν = 0) and it is checked explicitly

in appendix B. An important aspect of (6.6) is the sign change of the 1
κ

term

relative to Einstein theory, due to the GB contributions. Hence in the Einstein-

GB limit, we have Tµν = −Gµν
L/κ, with the overall sign exactly opposite to

that of the cosmological Einstein theory. However, this does not mean that E is

negative there [1, 14].

There remains now to obtain a Killing energy expression from (6.6), namely,

to write ξ̄νT
µν as a surface integral. The first term is the usual AD piece (4.21),

which we derived in chapter 4. The term in the middle (which has the coefficient

2α + β), is easy to handle. First we take the indices up and than operate on this

equation with a Killing vector, say ξ̄ν ,

ξ̄µ¯RL − ξ̄ν∇̄µ∇̄νR
L +

2Λ

(D − 2)
ξ̄µRL. (6.7)
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In the first term the covariant derivative must be taken outside to get surface

terms:

ξ̄µ∇̄α∇̄αRL = ∇̄α(ξ̄µ∇̄αRL)− (∇̄αξ̄µ)(∇̄αRL)

= ∇̄α(ξ̄µ∇̄αRL)− ∇̄α(RL∇̄αξ̄µ) + RL(¯ ξ̄µ)

= ∇̄α{ξ̄µ∇̄αRL −RL∇̄αξ̄µ} − 2Λ

(D − 2)
RLξ̄µ .

In the second term of (6.7), we can easily change the places of covariant and

contravariant derivatives because of the Ricci scalar RL, that is

ξ̄ν∇̄µ∇̄νRL = ξ̄ν∇̄ν∇̄µRL ,

and making the ν → α substitution, we have

ξ̄α∇̄α∇̄µRL = ∇̄α(ξ̄α∇̄µRL)− (∇̄αξ̄α)(∇̄µRL)

= ∇̄α(ξ̄α∇̄µRL) ,

where ∇̄αξ̄α is zero because of the Killing equation. Inserting these results into

(6.7), the surface terms can be taken out

ξ̄µ¯RL − ξ̄ν∇̄µ∇̄νR
L +

2Λ

(D − 2)
ξ̄µRL

= ∇̄α{ξ̄µ∇̄αRL −RL∇̄αξ̄µ} − 2Λ

(D − 2)
RLξ̄µ +

2Λ

(D − 2)
RLξ̄µ − ∇̄α(ξ̄α∇̄µRL)

= ∇̄α{ξ̄µ∇̄αRL − ξ̄α∇̄µRL + RL∇̄µξ̄α} .

The last term in (6.6) can be written as a surface term plus extra terms:

ξ̄ν ¯Gµν
L = ξ̄ν∇̄α∇̄αḠµν

L

= ∇̄α{ξ̄ν∇̄αGµν
L } − (∇̄αξ̄ν)(∇̄αGµν

L ) ,
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where we have put the Killing vector inside the covariant derivative. In the second

term we can freely move the α indices and afterwards, we can also take terms

inside the covariant derivative with an extra term. Hence, we get

ξ̄ν ¯Gµν
L = ∇̄α{ξ̄ν∇̄αGµν

L − Gµν
L ∇̄αξ̄ν}+ Gµν

L
¯ ξ̄ν .

Now we can add and subtract the terms ∇̄α{ξ̄ν∇̄µGαν
L } and ∇̄α{Gαν

L ∇̄µξ̄ν}

ξ̄ν ¯Gµν
L = ∇̄α{ξ̄ν∇̄αGµν

L − ξ̄ν∇̄µGαν
L − Gµν

L ∇̄αξ̄ν + Gαν
L ∇̄µξ̄ν}

+Gµν
L

¯ ξ̄ν + ∇̄α{ξ̄ν∇̄µGαν
L } − ∇̄α{Gαν

L ∇̄µξ̄ν}.

If we expand the last two terms we can see that: (i) When the covariant derivative

hits on the Killing vector ξ̄ν , it will be zero in the first one with the use of (2.1),

because α and ν are symmetric in Gαν
L . (ii) With the help of Bianchi identity

(4.19), the term (∇̄αGαν
L )(∇̄µξ̄ν) is zero. Hence we are left with

ξ̄ν ¯Gµν
L = ∇̄α{ξ̄ν∇̄αGµν

L − ξ̄ν∇̄µGαν
L − Gµν

L ∇̄αξ̄ν + Gαν
L ∇̄µξ̄ν}

+Gµν
L

¯ ξ̄ν + ξ̄ν∇̄α∇̄µGαν
L − Gαν

L ∇̄α∇̄µξ̄ν . (6.8)

Using (B.1), (B.2) and (B.3), we can write ξ̄ν ¯Gµν
L as a surface term. Collect-

ing everything, the final form of the conserved charges for the generic quadratic

theory reads

Qµ(ξ̄) = {−1

κ
+

8Λ

(D − 2)2
(αD + β)}

∫
dD−1x

√−ḡ ξ̄ν Gµν
L

+(2α + β)
∫

dSi

√−ḡ{ξ̄µ∇̄iRL − ξ̄i∇̄µRL + RL∇̄µξ̄i}

+β
∫

dSi

√−ḡ{ξ̄ν∇̄iGµν
L − ξ̄ν∇̄µGiν

L − Gµν
L ∇̄iξ̄ν + Giν

L ∇̄µξ̄ν}. (6.9)
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Now let us compute the energy of an asymptotically SdS geometry that might

be a solution to our generic model. Should such a solution exist, we only require

its asymptotic behavior to be

h00 ≈ +
(

r0

r

)D−3

, hrr ≈ +
(

r0

r

)D−3

+ O(r2
0). (6.10)

It is easy to see that for asymptotically SdS spaces the second and the third lines

of (6.9) do not contribute, since for any Einstein space, to linear order

RL
µν =

2Λ

D − 2
hµν , (6.11)

which in turn yields RL = ḡµνRL
µν − [2Λ/(D − 2)]h = 0 and thus GL

µν = 0 in

the asymptotic region. Therefore the total energy of the full (α, β, γ) system, for

geometries that are asymptotically SdS, is given only by the first term in (6.9),

ED =

{
−1 +

8Λκ

(D − 2)2
(αD + β)

}
(D − 2)

4GD

rD−3
0 , D > 4, (6.12)

where γ is implicitly assumed not to vanish. For D = 4, equivalently from (6.5),

it reads (for models with an explicit Λ)

E4 = {1 + 2Λκ(4α + β)} r0

2G4

[1]. (6.13)

In D = 3, the GB density vanishes identically and the energy expression has

the same form of the D = 4 model, with the difference that r0 comes from the

metric (5.8) [1].
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From (6.12), the asymptotically SdS solution seemingly has negative energy,

in the Einstein-GB model:

E = −(D − 2)

4GD

rD−3
0 . (6.14)

While this is, of course, correct in terms of the usual SdS signs, their exact form

is [14]

ds2 = g00dt2 + grrdr2 + r2dΩD−2 , (6.15)

−g00 = g−1
rr = 1 +

r2

4κγ(D − 3)(D − 4)

×

1±

[
1 + 8γ(D − 3)(D − 4)

rD−3
0

rD−1

] 1
2


 . (6.16)

Note that there is a branching here, with qualitatively different asymptotics:

Schwarzschild and Schwarzschild-AdS,

−g00 = 1−
(

r0

r

)D−3

,

= 1 +
(

r0

r

)D−3

+
r2

κγ(D − 3)(D − 4)
. (6.17)

[Here we restored γ, using κγ(D − 3)(D − 4) = −l2.] The first solution has the

usual positive (for positive r0 of course) ADM energy E = +(D − 2)rD−3
0 /4GD,

since the GB term does not contribute when expanded around flat space. On the

other hand, the second solution which is asymptotically SdS, has the wrong sign

for the “mass term”. However, to actually compute the energy here, one needs

our energy expression (6.9), and not simply the AD formula which is valid only
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for cosmological Einstein theory. Now from (6.17), we have

h00 ≈ −
(

r0

r

)D−3

, hrr ≈ −
(

r0

r

)D−3

+ O(r2
0) , (6.18)

whose sign is opposite to that of the usual SdS. This sign just compensates

the flipped sign in the energy definition, so the energy (6.12) reads E = (D −

2)rD−3
0 /4GD and the AdS branch, just like the flat branch, has positive energy,

after the GB effects are taken into account also in the energy definition. Thus,

for every Einstein-GB external solution, energy is positive and AdS vacuum is

stable [1, 14].
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CHAPTER 7

CONCLUSION

We have defined the energy of generic Einstein plus cosmological term plus

quadratic gravity theories as well as pure quadratic models in all D, for both

asymptotically flat and (A)dS spaces. The higher derivative terms do not change

the form of the energy expression in flat backgrounds. On the other hand, for

asymptotically (A)dS backgrounds (which are generically solutions to these equa-

tions, even in the absence of an explicit cosmological constant), the energy expres-

sions (6.9) essentially reduce to the AD formula [up to higher order corrections

that vanish for spacetimes that asymptotically approach (A)dS at least as fast as

SdS spaces] [1].

Among quadratic theories, we have studied the string-inspired Einstein-GB

model in more detail. This one, in the absence of an explicit cosmological con-

stant, has both flat and AdS vacua. The AdS vacuum has specific cosmological

constant and some of these are negative. These constants are determined by

the Newton’s constant and the GB coefficient. The constants that are negative

being fixed from the string expansion to be positive. The explicit spherically
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symmetric black hole solutions in this theory consist of two branches: asymp-

totically Schwarzschild spaces with a positive mass parameter or asymptotically

Schwarzschild-AdS spaces with a negative one. The asymptotically Schwarzschild

branch has the usual positive ADM energy. Using the compensation of two minus

signs in the solution and in the correct energy definition, we noted that the AdS

branch has likewise positive energy and that the AdS vacuum was a stable zero

energy state [1].

In this thesis, out of conserved charges our explicit examples were related to

the energy. In fact, with this formalism, we can easily study the angular momenta

of black holes in both asymptotically AdS and flat spacetimes.

Once a background Killing vector is given, our formalism provides us with

a conserved charge. For the case of angular momentum, we just take (in four

dimensions) the Killing vector to be ξ̄µ = (0, 0, 0, 1). For the details, we refer the

reader to [15].
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APPENDIX A

LINEARIZATION EXPRESSIONS FOR PURE QUADRATIC

TERMS

In this section, we will carry out the linearization of certain tensors that appear

in the equation of motion (6.2).

δ(RµρνσR
ρσ) = (δRµρνσ)R̄ρσ + R̄µρνσδ(R

ρσ)

= (δRµρνσ)ḡαρḡθσR̄αθ + R̄µρνσδ(g
αρgθσRαθ)

= (δRµρνσ)ḡαρḡθσ 2

(D − 2)
Λḡαθ

+R̄µρνσ{−(δgαρ)ḡθσR̄αθ − ḡαρ(δgθσ)R̄αθ + ḡαρḡθσδRαθ}

Using (4.6) and (4.7), we get

(δ(Rµρνσ)Rρσ) = δRµρνσḡ
αρδσ

α

2

(D − 2)
Λ + R̄µρνσ

{
−(δgαρ)ḡθσ 2

(D − 2)
Λḡαθ

− ḡαρ(δgθσ)
2

(D − 2)
Λḡαθ + ḡαρḡθσδRαθ

}

= (δRµρνα)ḡαρ 2

(D − 2)
Λ

+R̄µρνσ

{
−(δgσρ)

2

(D − 2)
Λ− (δgρσ)

2

(D − 2)
Λ + ḡαρḡθσδRαθ

}
.
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Inserting (4.5) in R̄µρνσ

δ(RµρνσR
ρσ) =

2

(D − 2)
ΛRL

µν −
4Λ2

(D − 1)(D − 2)2
(hµν − ḡµνh)

+
2Λ

(D − 1)(D − 2)
(ḡµν ḡρσ − ḡµσḡρν)

×
{

δgσρ 4Λ

(D − 2)
+ ḡαρḡθσδRαθ

}
,

expanding the parentheses in the second line we get

δ(RµρνσR
ρσ) =

2

(D − 2)
ΛRL

µν −
4Λ2

(D − 1)(D − 2)2
hµν +

4Λ2

(D − 1)(D − 2)2
ḡµνh

− 8Λ2

(D − 1)(D − 2)2
ḡµνh +

8Λ2

(D − 1)(D − 2)2
hµν

+
2Λ

(D − 1)(D − 2)
RL

αθ(ḡµν ḡ
θσδα

σ − δθ
µδ

ρ
ν) .

By inserting the definition of h = ḡαθh
αθ

δ(RµρνσR
ρσ) =

2

(D − 2)
ΛRL

µν +
4Λ2

(D − 1)(D − 2)2
hµν

− 4Λ2

(D − 1)(D − 2)2
ḡµνh

αθḡαθ +
2Λ

(D − 1)(D − 2)
RL

αθḡµν ḡ
αθ

− 2Λ

(D − 1)(D − 2)
RL

µν

=
(RL

µν2Λ(D − 1)− 2ΛRL
µν)

(D − 1)(D − 2)
+

4Λ2

(D − 1)(D − 2)2
hµν

− 2

(D − 2)
Λḡαθ

2Λ

(D − 1)(D − 2)
ḡµνh

αθ

+
2Λ

(D − 1)(D − 2)
RL

αθḡµν ḡ
αθ ,

where 2
(D−2)

Λḡαθ = R̄αθ,

δ(RµρνσR
ρσ) =

2Λ(D − 2)

(D − 1)(D − 2)
RL

µν

+
4Λ2

(D − 1)(D − 2)2
hµν +

2Λ

(D − 1)(D − 2)
ḡµν(R

L
αθḡ

θα − R̄αθh
αθ)
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and the last term in the parentheses is equal to RL. We end up with

δ(RµρνσR
ρσ) =

2Λ

(D − 1)
RL

µν +
4Λ2

(D − 1)(D − 2)2
hµν +

2Λ

(D − 1)(D − 2)
ḡµνR

L .

(A.1)

Now we will linearize RµρσαRν
ρσα:

δ(RµρσαRν
ρσα) = (δRµρσα)R̄ν

ρσα + R̄µρσαδRν
ρσα .

We follow the same path here

δ(RµρσαRν
ρσα) = (δRµρσα)ḡρβ ḡσθḡαηR̄νβθη + R̄µρσαδ(gρβgσθgαηRνβθη)

=
2Λ

(D − 1)(D − 2)
(δRµρσα)ḡρβ ḡσθḡαη(ḡνθḡβη − ḡνηḡβθ)

−R̄µρσα(δgρβ)ḡσθḡαηR̄νβθη − R̄µρσαḡρβ(δgσθ)ḡαηR̄νβθη

−R̄µρσαḡρβ ḡσθ(δgαη)R̄νβθη + R̄µρσαḡρβ ḡσθḡαηδRνβθη .

Using (4.5), we have

δ(RµρσαRν
ρσα) =

2Λ

(D − 1)(D − 2)
{(δRµρσα)(δσ

ν δρ
η ḡαη − δα

ν δρ
θ ḡσθ)

+(ḡµσḡρα − ḡµαḡρσ)ḡρβ(δgσθ)ḡαηR̄νβθη}

− 4Λ2

(D − 1)2(D − 2)2

×{(δgρβ)ḡσθḡαη(ḡµσḡρα − ḡµαḡρσ)(ḡνθḡβη − ḡνηḡβθ)

+ḡρβ(δgσθ)ḡαη(ḡµσḡρα − ḡµαḡρσ)(ḡνθḡβη − ḡνηḡβθ)

+ḡρβ ḡσθ(δgαη)(ḡµσḡρα − ḡµαḡρσ)(ḡνθḡβη − ḡνηḡβθ)} ,
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expanding the parentheses we get

δ(RµρσαRν
ρσα) =

2Λ

(D − 1)(D − 2)
{(δRµηνα)ḡαη − (δRµθσν)ḡ

θσ

+δβ
α δθ

µ ḡαη δRνβθη − δη
µ δβ

σ ḡσθ δRνβθη}

− 4Λ2

(D − 1)2(D − 2)2
{δgρβ(δθ

µδ
η
ρ − δη

µδ
θ
ρ)(ḡνθḡβη − ḡνηḡβθ)

+δgσθ(ḡρβ ḡµσδ
η
ρ − δβ

σδη
µ)(ḡνθḡβη − ḡνηḡβθ)

+δgαη(δθ
µδ

β
α − ḡσθḡµαδβ

σ)(ḡνθḡβη − ḡνηḡβθ)} .

We rewrite the indices according to the Kronecker delta factors

δ(RµρσαRν
ρσα) =

2Λ

(D − 1)(D − 2)
{(δRµηνα)ḡαη + (δRµθνσ)ḡθσ

+(δRναµη)ḡ
αη − ḡσθδRνσθµ}

− 4Λ2

(D − 1)2(D − 2)2
{δgρβ(δθ

µ δη
ρ ḡνθḡβη − δθ

µ δη
ρ ḡνηḡβθ

−δη
µ δθ

ρ ḡνηḡβη + δη
µ δθ

ρ ḡνηḡβθ)

+δgσθ(δη
ρ δρ

η ḡµσḡνθ − δη
ρ δρ

θ ḡµσḡνη − δβ
σ δη

µ ḡνθḡβη + δβ
σ δη

µ ḡνηḡβθ)

+δgαη(δθ
µ δβ

α ḡνθḡβη − δθ
µ δβ

α ḡνηḡβθ − δβ
σ δσ

ν ḡµαḡβη + δβ
σ δσ

β ḡµαḡνη)}

=
8Λ

(D − 1)(D − 2)
{RL

µν −
2Λ

(D − 1)(D − 2)
(hµν − ḡµνh}

− 4Λ

(D − 1)(D − 2)
(4hḡµν − 6hµν + 2Dhµν)

collecting terms, we end up with

δ(RµρσαRν
ρσα) =

8Λ

(D − 1)(D − 2)
RL

µν −
8Λ2

(D − 1)(D − 2)2
hµν . (A.2)

The calculations for the Riemann tensor squared are similar but longer. We start
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as usual

δ(RµρσαRµρσα) = (δRµρσαR̄µρσα + R̄µρσαδRµρσα

= (δRµρσα)ḡµβ ḡρηḡσθḡανR̄βηθν + R̄µρσαδ(gµβgρηgσθgανRβηθν)

= (δRµρσα)ḡµβ ḡρηḡσθḡαν 2Λ

(D − 2)(D − 1)
(ḡβθḡην − ḡβν ḡηθ)

−R̄µρσα{(δgµβ)ḡρηḡσθḡανR̄βηθν + ḡµβ(δgρη)ḡσθḡανR̄βηθν

+ḡµβ ḡρη(δgσθ)ḡανR̄βηθν + ḡµβ ḡρηḡσθ(δgαν)R̄βηθν}

+R̄µρσαḡµβ ḡρηḡσθḡανδRβηθν .

Again we insert (4.5), except for the first one which will be done later,

δ(RµρσαRµρσα) = δRµρσα
2Λ

(D − 2)(D − 1)
(δµ

θ δρ
ν ḡ

σθḡαν − δµ
ν δρ

θ ḡ
σθḡαν)

−R̄µρσα{(δgµβ)ḡρηḡσθḡαν 2Λ

(D − 2)(D − 1)
(ḡβθḡην − ḡβν ḡηθ)

+ḡµβ(δgρη)ḡσθḡαν 2Λ

(D − 2)(D − 1)
(ḡβθḡην − ḡβν ḡηθ)

+ḡµβ ḡρη(δgσθ)ḡαν 2Λ

(D − 2)(D − 1)
(ḡβθḡην − ḡβν ḡηθ)

+ḡµβ ḡρηḡσθ(δgαν)
2Λ

(D − 2)(D − 1)
(ḡβθḡην − ḡβν ḡηθ)}

+
2Λ

(D − 2)(D − 1)
(ḡµσḡρα − ḡµαḡρσ)ḡµβ ḡρηḡσθḡανδRβηθν .

Expanding the parentheses and renaming the indices we get

δ(RµρσαRµρσα) =
2Λ

(D − 2)(D − 1)
{(δRµρσα)ḡσµḡαρ − (δRµρσα)ḡσρḡαµ

+(δRβηθν)ḡ
βθḡην − (δRβηθν)ḡ

ηθḡβν}

−R̄µρσα
2Λ

(D − 2)(D − 1)
{(δgµσ)ḡρα − (δgµα)ḡρσ + (δgρα)ḡσµ

−(δgρσ)ḡαµ + (δgσµ)ḡαρ − (δgσρ)ḡαµ + (δgαρ)ḡµσ − (δgαµ)ḡσρ} .
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Now inserting (4.5) in for the background Riemann tensor

δ(RµρσαRµρσα) =
2Λ

(D − 2)(D − 1)
{(δRµρσα)ḡσµḡαρ + (δRµρασ)ḡσρḡαµ

+(δRβηθν)ḡ
βθḡην + (δRβηνθ)ḡ

ηθḡβν}

− 8Λ2

(D − 2)2(D − 1)2
(ḡµσḡρα − ḡµαḡρσ){(δgµσ)ḡρα − (δgµα)ḡρσ

+(δgρα)ḡσµ − (δgρσ)ḡαµ} .

Collecting terms we get

δ(RµρσαRµρσα) =
2Λ

(D − 2)(D − 1)

{
ḡσµ

(
RL

µσ −
2Λ

(D − 2)(D − 1)
(hµσ − ḡµσ)

)

+ ḡαµ

(
RL

µα −
2Λ

(D − 2)(D − 1)
(hµα − ḡµα)

)

+ ḡβθ

(
RL

βθ −
2Λ

(D − 2)(D − 1)
(hβθ − ḡβθ)

)

+ ḡβν

(
RL

βν −
2Λ

(D − 2)(D − 1)
(hβν − ḡβν)

)}

− 8Λ2

(D − 2)2(D − 1)2

×{hD − h− h + hD + hD − h− h + hD} ,

and

δ(RµρσαRµρσα) =
2Λ

(D − 2)(D − 1)

{
ḡσµRL

µσ +
2Λ

(D − 2)
h + ḡαµRL

αµ

+
2Λ

(D − 2)
h + ḡβθRL

βθ +
2Λ

(D − 2)
h + ḡβνRL

νβ +
2Λ

(D − 2)
h

}

− 32Λ2

(D − 2)2(D − 1)
h .

To get the linear form of the Ricci scalar, we remember that h = ḡµνhµν and
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write it in a suitable form

δ(RµρσαRµρσα) =
2Λ

(D − 2)(D − 1)

{
ḡσµRL

µσ + ḡαµRL
αµ + ḡβθRL

βθ

+ḡβνRL
νβ +

8Λ

(D − 2)
h

}
− 32Λ2

(D − 2)2(D − 1)
h

=
2Λ

(D − 2)(D − 1)
ḡσµRL

µσ −
4Λ2

(D − 2)2(D − 1)
h

+
2Λ

(D − 2)(D − 1)
ḡαµRL

µα −
4Λ2

(D − 2)2(D − 1)
h

+
2Λ

(D − 2)(D − 1)
ḡβθRL

βθ −
4Λ2

(D − 2)2(D − 1)
h

+
2Λ

(D − 2)(D − 1)
ḡβνRL

βν −
4Λ2

(D − 2)2(D − 1)
h

=
2Λ

(D − 2)(D − 1)
ḡσµRL

µσ −
2Λ

(D − 2)(D − 1)

2Λ

(D − 2)
ḡµσh

µσ

+
2Λ

(D − 2)(D − 1)
ḡαµRL

αµ −
2Λ

(D − 2)(D − 1)

2Λ

(D − 2)
ḡµαhµα

+
2Λ

(D − 2)(D − 1)
ḡβθRL

βθ −
2Λ

(D − 2)(D − 1)

2Λ

(D − 2)
ḡβθh

βθ

+
2Λ

(D − 2)(D − 1)
ḡβνRL

βν −
2Λ

(D − 2)(D − 1)

2Λ

(D − 2)
ḡβνh

βν

=
2Λ

(D − 2)(D − 1)

{
(ḡσµRL

µσ − R̄µσh
µσ) + (ḡαµRL

µα − R̄µαhµα)

+ (ḡβθRL
βθ − R̄βθh

βθ) + (ḡβνRL
βν − R̄βνh

βν)
}

.

All the terms in parentheses are equal to the linear form of the Ricci scalar, finally

we have

δ(RµρσαRµρσα) =
8Λ

(D − 2)(D − 1)
RL . (A.3)

Let us calculate δ(RRµν), that is,

δ(RRµν) = (δR)R̄µν + R̄δRµν .
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Using (4.6) and (4.7), we find

δ(RRµν) =
2DΛ

(D − 2)
RL

µν +
2Λ

(D − 2)
ḡµνRL . (A.4)

The Rσ
µRνσ term can be linearized as follows:

δ(Rσ
µRνσ) = δ(gσθRθµRνσ) = (δRθµ)R̄νσḡ

σθ + R̄θµ(δRνσ)ḡσθ − R̄θµR̄νσδg
σθ ,

using the same procedure we get it as

δ(Rσ
µRνσ) = (δRθµ)ḡσθ 2Λ

(D − 2)
ḡνσ + ḡθµ(δRνσ)ḡσθ 2Λ

(D − 2)

−ḡθµḡνσδg
σθ 4Λ2

(D − 2)2

=
4Λ

(D − 2)
RL

µν −
4Λ2

(D − 2)2
hµν . (A.5)

For linearizing R2
µν , the same procedure can be applied

δR2
µν = δ(RµνRµν) = δ(gµθgνβRθβRµν)

= (δRθβ)ḡµθḡνβR̄µν + R̄θβ ḡµθḡνβ(δRµν)− R̄θβ(δgµθ)ḡνβR̄µν

−R̄θβ ḡµθ(δgνβ)R̄µν

= (δRθβ)ḡµθḡνβ ḡµν
2Λ

(D − 2)
+ ḡθβ ḡµθḡνβ(δRµν)

2Λ

(D − 2)

−ḡθβ(δgµθ)ḡνβ ḡµν
4Λ2

(D − 2)2
− ḡθβ(δgνβ)ḡµθḡµν

4Λ2

(D − 2)2

=
2Λ

(D − 2)
{(δRθβ)δθ

ν ḡ
νβ + (δRµν)δ

µ
β ḡνβ}

− 4Λ2

(D − 2)2
{(δgµθ)δν

θ ḡµν − (δgνβ)δµ
β ḡµν}

=
2Λ

(D − 2)
{(δRνβ)ḡνβ − R̄νβδgνβ + (δRµν)ḡ

νµ − R̄µνδg
µν}

=
4Λ

(D − 2)
RL , (A.6)
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where we have used (4.6).

We know that

δ(Rµσνρg
σρ) = (δRµσνρ)ḡ

σρ − R̄µσνρδg
σρ = RL

µν ,

and

(δRµσνρ)ḡ
σρ = RL

µν + R̄µσνρδg
σρ

= RL
µν +

2Λ

(D − 1)(D − 2)
(ḡµν ḡσρ − ḡµρḡσν)h

σρ

= RL
µν −

2Λ

(D − 1)(D − 2)
(hµν − ḡµνh) . (A.7)

With the help of (4.7) we get

δ(R2) = 2R̄δR = 2R̄RL =
4ΛD

(D − 2)
RL. (A.8)

Using (8.3), (8.6) and (8.8) we can calculate the linearization of the GB combi-

nation as

δ(R2
τλρσ − 4R2

σρ + R2) =
8Λ

(D − 1)(D − 2)
RL − 16Λ

(D − 2)
RL +

4ΛD

(D − 2)
RL

=
4Λ

(D − 1)(D − 2)
(D2 − 5D + 6)RL

=
4Λ

(D − 1)(D − 2)
(D − 3)(D − 2)RL

=
4Λ(D − 3)

(D − 1)
RL . (A.9)

Let us calculate the GB density of a cosmological space: Using (4.5), the R̄2
τλρσ

term can be calculated,

R̄2
τλρσ = R̄τλρσR̄

τλρσ =
2Λ

(D − 1)(D − 2)
(ḡτρḡλσ − ḡτσḡλρ)ḡ

τθḡλβ ḡργ ḡσαR̄θβγα
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=
4Λ2

(D − 1)2(D − 2)2
(δθ

ρ δβ
σ ḡργ ḡσα − δθ

σ δβ
ρ ḡργ ḡσα)(ḡθγ ḡβα − ḡθαḡβγ)

=
4Λ2

(D − 1)2(D − 2)2
(D2 − δγ

α δα
γ − δθ

β δβ
θ + D2)

=
4Λ2

(D − 1)2(D − 2)2
2D(D − 1) =

8Λ2

(D − 1)(D − 2)2
D . (A.10)

For calculating R̄2
σρ we use (4.16)

R̄2
σρ = R̄σρR̄

σρ = R̄σρR̄βθḡ
σβ ḡρθ =

4Λ2

(D − 2)2
ḡσρḡβθḡ

σβ ḡρθ

=
4Λ2

(D − 2)2
δβ
ρ δρ

β =
4Λ2

(D − 2)2
D , (A.11)

and for R̄2 we use (4.7)

R̄2 =
4Λ2

(D − 2)2
D2. (A.12)

Hence the GB density, which is R̄2
τλρσ − 4R̄2

σρ + R̄2, can be calculated with the

help of (8.10), (8.11), and (8.12) as

R̄2
τλρσ − 4R̄2

σρ + R̄2 =
8Λ2

(D − 1)(D − 2)2
D − 16Λ2

(D − 2)2
+

4Λ2

(D − 2)2
D2

=
4Λ2

(D − 1)(D − 2)
D(D − 3) . (A.13)
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APPENDIX B

KILLING ENERGY EXPRESSION FOR GENERIC

QUADRATIC THEORY

In this section we are going to derive equations of motion coming from the action

(6.1). We will look at term by term and carry out the calculations, ending with

collecting all terms together. We are going to take all terms in δgµν parenthesis

for finding the variation.

I1 =
∫

dDx
√−g

1

κ
R ⇒ δI1 =

∫
dDx

√−g
1

κ
δR +

∫
dDxδ(

√−g)
1

κ
R

δ(
√−g) = −1

2

√−ggµνδg
µν

δI1 =
∫

dDx
1

κ
(
√−gδR− 1

2

√−ggµνδg
µνR)

δR = δ(gµνRµν) = (δgµν)Rµν + gµνδ(Rµν)

δ(Rµν) = ∇αδΓα
µν −∇µδΓ

α
αν

δR = (δgµν)Rµν + gµν(∇αδΓα
µν −∇µδΓ

α
αν)

The second term is zero and we are left with

δR = (δgµν)Rµν ,
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and

I1 =
∫

dDx
1

κ

√−g(Rµν − 1

2
gµνR)δgµν .

Next

I2 =
∫

dDx
√−gαR2 ⇒ δI2 =

∫
dDx

{
δ(
√−g)αR2 +

√−gα2RδR
}

δI2 =
∫

dDx
√−gα{−1

2
gµν(δg

µν)R2 + 2RδR}

R(δR) = (δgµν)RµνR + Rgµν(δRµν)

Rgµν(δRµν) = Rgµν(∇αδΓα
µν −∇µδΓ

α
αν) ,

(in the second term we make the change : µ ↔ α )

Rgµν(δRµν) = R(∇αgµνδΓα
µν −∇αgανδΓµ

µν)

= ∇α{R(gµνδΓα
µν − gανδΓµ

µν)} − (gµνδΓα
µν − gανδΓµ

µν)(∇αR)

The first term is zero.

RgµνδRµν = (gανδΓµ
µν − gµνδΓα

µν)∇αR ,

using (4.13), we get

Rgµν(δRµν) =
{

1

2
gανgµσ(∇µδgσν +∇νδgµσ −∇σδgµν)

− 1

2
gµνgασ(∇µδgσν +∇νδgσµ −∇σδgµν)

}
∇αR ,

(in the second term : σ ↔ ν)

Rgµν(δRµν) =
{

1

2
gανgµσ(∇µδgσν +∇νδgµσ −∇σδgµν)
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− 1

2
gµσgαν(∇µδgνσ +∇σδgνµ −∇νδgµσ)

}
(∇αR)

=
{

1

2
2gµσgαν(∇νδgµσ −∇σδgµν)

}
(∇αR)

= gµσgαν(∇νδgµσ)(∇αR)− gµσgαν(∇σδgµν)(∇αR)

= gµσgαν{∇ν((δgµσ)∇αR)− (∇ν∇αR)δgµσ}

+gµσgαν{−∇σ((δgµν)∇αR) + (∇σ∇αR)δgµν}

= −gµσgαν(∇ν∇αR)δgµσ + gµσgαν(∇σ∇αR)δgµν

= −gµσ(∇α∇αR)δgµσ + (∇µ∇νR)δgµν

= gµσ( R)δgµσ − (∇µ∇νR)δgµν ,

and taking σ → ν in the first term

Rgµν(δRµν) = gµν( R)δgµν − (∇µ∇νR)δgµν .

Therefore

R(δR) = δgµνRµνR + gµν( R)δgµν − (∇µ∇νR)δgµν ,

and we end up with

δI2 =
∫

dDx
√−gα{−1

2
gµνR

2 + 2(RµνR + gµν R−∇µ∇νR)}δgµν

=
∫

dDx
√−g{2αR(Rµν − 1

4
gµνR) + 2α(gµν −∇µ∇ν)R}δgµν

For the β part we do similar manipulations

I3 =
∫

dDxβR2
µν

√−g
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δI3 =
∫

dDxβ{RµνR
µνδ(

√−g) + (δRµν)R
µν√−g + Rµν(δR

µν)
√−g}

=
∫

dDxβ{RµνR
µνδ(

√−g) + (δRµν)R
µν√−g + Rµνδ(g

µαgνβRαβ)
√−g}

⇒ δI3 =
∫

dDxβ{−1

2

√−ggσρ(δg
σρ)RµνR

µν + (δRµν)R
µν√−g

+Rµν [(δg
µα)gνβRαβ + gµα(δgνβ)Rαβ + gµαgνβ(δRαβ)]

√−g}

=
∫

dDxβ
√−g{−1

2
gσρ(δg

σρ)RµνR
µν + (δRµν)R

µν

+Rµν(δg
µα)gνβRαβ + Rµνg

µα(δgνβ)Rαβ + Rµνg
µαgνβ(δRαβ)}

=
∫

dDxβ
√−g{−1

2
gµν(δg

µν)RσρR
σρ + (δRµν)R

µν

+Rµα(δgµν)gαβRνβ + Rβνg
βα(δgνµ)Rαµ + Rµνg

µαgνβ(δRαβ)}

=
∫

dDxβ
√−g{−1

2
gµνRσρR

σρ + Rµ
βRνβ + Rβ

µRβν}(δgµν)

+
∫

dDxβ
√−g{(δRµν)R

µν + (δRαβ)Rαβ}

=
∫

dDxβ
√−g{(−1

2
gµνRσρR

σρ + 2Rµ
βRνβ)(δgµν) + 2(δRµν)R

µν}

Let us look to the second term, that is

Rµν(δRµν) = Rµν(∇αδΓα
µν −∇µδΓ

α
αν)

= Rµν∇αδΓα
µν −Rµν∇µδΓ

α
αν

= ∇α(RµνδΓα
µν)− (δΓα

µν)∇αRµν −∇α(RανδΓµ
µν) + (δΓµ

µν)∇αRαν

= (δΓµ
µν)∇αRαν − (δΓα

µν)∇αRµν .

The first and the third terms are boundary terms. Using (4.13),

Rµν(δRµν) =
1

2
gµβ(∇µδgνβ +∇νδgµβ −∇βδgµν)(∇αRαν)
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−1

2
gαβ(∇µδgνβ +∇νδgµβ −∇βδgµν)(∇αRµν)

=
1

2
gµβ(∇νδgµβ)(∇αRαν)

−1

2
gαβ(∇µδgνβ +∇νδgµβ −∇βδgµν)(∇αRµν)

= −1

2
gµβδgµβ(∇ν∇αRαν) +

1

2
gαβδgνβ(∇µ∇αRµν)

+
1

2
gαβδgµβ(∇ν∇αRµν)− 1

2
gαβδgµν(∇β∇αRµν) .

In the third term we change ν with µ

Rµν(δRµν) =
1

2
gµβδgµβ(∇ν∇αRαν) + gαβδgνβ(∇µ∇αRµν)

+
1

2
δgµν(∇α∇αRµν) .

In the first term β goes to ν

Rµν(δRµν) =
1

2
gµν(∇β∇αRαβ)δgµν + gαβ(∇µ∇αRµν)δgνβ

+
1

2
( Rµν)δg

µν .

The first term can be calculated by using the Bianchi identity

∇α(Rαβ − 1

2
gαβR) = 0 ,

∇αRαβ =
1

2
gαβ∇αR

∇β∇αRαβ =
1

2
gαβ∇β∇αR

∇β∇αRαβ =
1

2
∇α∇αR ,

∇β∇αRαβ =
1

2
R .
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The second term can be calculated as follows:

∇µ∇αRµα = [∇µ,∇α]Rµν +∇α∇µR
µα

= Rµα
µ

λR
λν + Rµα

ν
λR

µλ +∇α∇µR
µα

= RαλR
λν + Rµα

ν
λR

µλ +∇α∇µR
µα ,

from Bianchi identity the last term is 1
2
∇α∇νR and

gαβ∇µ∇αRµνδgνβ = Rβ
λR

λνδgνβ + Rµ
βν

λR
µλδgνβ +

1

2
∇β∇νRδgνβ

= −RβλR
λ

νδg
νβ −RµβνλR

µλδgνβ − 1

2
∇β∇νRδgνβ

= −RµλR
λ

νδg
µν −RβµνλR

βλδgµν − 1

2
∇µ∇νRδgµν

= (−RνβRβ
µ + RµσνρR

σρ − 1

2
∇µ∇νR)δgµν

And the β part of our integral becomes

δI3 =
∫

dDxβ
√−g

{
−1

2
gµνRσρR

σρ + 2RσρRµσνρ

+
1

2
gµν( R)− (∇µ∇νR) + ( Rµν)

}
δgµν

δI3 =
∫

dDxβ
√−g

{
−1

2
gµνRσρR

σρ + 2RσρRµσνρ

+ gµν( R)− 1

2
gµν( R)− (∇µ∇νR) + ( Rµν)

}
δgµν

δI3 =
∫

dDx
√−g

{
2β(Rµσνρ − 1

4
gµνRσρ)R

σρ

+ β (Rµν − 1

2
gµνR) + β(gµν −∇µ∇ν)R

}
δgµν .

In the γ part, that is, I4 =
∫

dDx
√−gγ(R2

µνρσ − 4R2
µν + R2), we will only find

the variation of the first term. Others have already been calculated.
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Our starting point is as before,

δI ′4 =
∫

dDxγ
{
δ(
√−g)R2

µνρσ +
√−gδ(R2

µνρσ)
}

−4
∫

dDx
√−g

{
2γ(Rµσνρ − 1

4
gµνRσρ)R

σρ

+ γ (Rµν − 1

2
gµνR) + γ(gµν −∇µ∇ν)R

}
δgµν

+
∫

dDx
√−g

{
2γR(Rµν − 1

4
gµνR) + 2γ(gµν −∇µ∇ν)R

}
δgµν

δI ′4 =
∫

dDx
√−gγ

{
−1

2
gτλ(δg

τλ)RµνρσR
µνρσ + δ(Rµνρσ)Rµνρσ

+ Rµνρσδ(R
µνρσ)} ,

δI ′4 =
∫

dDx
√−gγ

{
−1

2
gµν(δg

µν)RτλρσR
τλρσ

+ δ(gµβRβ
νρσ)Rµνρσ + Rµνρσδ(g

νβgασgρθRµ
βθα)

}
,

δI ′4 =
∫

dDx
√−gγ

{
−1

2
gµν(δg

µν)R2
τλρσ + (δgµβ)Rβ

νρσR
µνρσ

+ Rµν
θα(δgνβ)Rµ

βθα + Rµ
βθ

σ(δgασ)Rµ
βθα

+ Rµ
β

ρ
α(δgρθ)Rµ

βθα + (δRβ
νρσ)Rβ

νρσ + Rµ
βθα(δRµ

βθα)
}

,

δI ′4 =
∫

dDx
√−gγ{−1

2
gµν(δg

µν)R2
τλρσ + (δgµν){Rν

βρσR
µβρσ

+Rβν
θα(δgνµ)Rβ

µθα + Rα
βθ

ν(δg
µν)Rα

βθµ

+Rρ
β

µ
α(δgµν)Rρ

βνα + (δRβ
νρσ)Rβ

νρσ + Rβ
νρσ(δRβ

νρσ)} .

In the last term we make the µ → β, β → ν, θ → ρ, α → σ transformations.

δI ′4 =
∫

dDx
√−gγ{−1

2
gµν(δg

µν)R2
τλρσ + (δgµν){−RνβρσRµ

βρσ

+Rβν
θαRβ

µθα + Rα
βθ

νR
α

βθµ

+Rρ
β

µ
αRρ

βνα}+ 2(δRβ
νρσ)Rβ

νρσ} .
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In the term Rρ
β

µ
αRρ

βνα, we make the changes α → ρ, θ → α, µ ↔ ν to get

δI ′4 =
∫

dDx
√−gγ{−1

2
gµν(δg

µν)R2
τλρσ

+(δgµν){−RνβρσRµ
βρσ + Rβν

θαRβ
µθα + 2Rρ

β
µ

αRρ
βνα}

+2(δRβ
νρσ)Rβ

νρσ} ,

δI ′4 =
∫

dDx
√−gγ{−1

2
gµν(δg

µν)R2
τλρσ

+(δgµν){−RνβρσgµθR
θβρσ + gνσR

βσθαRβµθα + 2Rρ
β

µ
αRρ

βνα}

+2(δRβ
νρσ)Rβ

νρσ} .

In the term gνσR
βσθαRβµθα, the suitable transformations are ν ↔ µ, σ ↔ θ, α →

ρ:

δI ′4 =
∫

dDx
√−gγ{−1

2
gµν(δg

µν)R2
τλρσ

+(δgµν){−RνβρσgµθR
θβρσ + gµθR

βθσρRβνσρ + 2Rρ
β

µ
αRρ

βνα}

+2(δRβ
νρσ)Rβ

νρσ} ,

δI ′4 =
∫

dDx
√−gγ{(δgµν)(−1

2
gµνR

2
τλρσ

+2Rρ
β

µ
αRρ

βνα) + 2(δRβ
νρσ)Rβ

νρσ} ,

δI ′4 =
∫

dDx
√−gγ{(δgµν)(−1

2
gµνR

2
τλρσ + 2Rρβ

µ
αRρβνα)

+2(δRβ
νσρ)Rβ

νσρ} ,

δI ′4 =
∫

dDx
√−gγ{(δgµν)(−1

2
gµνR

2
τλρσ + 2gµθR

ρβθαRρβνα)

+2(δRβ
νσρ)Rβ

νσρ} .
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Setting θ ↔ α, ρ → σ in gµθR
ρβθαRρβνα, we have

δI ′4 =
∫

dDx
√−gγ{(δgµν)(−1

2
gµνR

2
τλσρ + 2gµαRσβαθRσβνθ)

+2(δRβ
νσρ)Rβ

νσρ} .

gµαRσβαθRσβνθ = gµαRαθσβRνθσβ

= Rµ
θσβRνθσβ

and making the substitutions µ ↔ ν, θ → σ, σ → ρ, β → τ will give us Rν
σρτRµσρτ

and

δI ′4 =
∫

dDx
√−gγ{(δgµν)(−1

2
gµνR

2
τλσρ + 2Rν

σρτRµσρτ )

+2(δRβ
νσρ)Rβ

νσρ} .

The last term is

Rβ
νσρ(δRβ

νσρ) = Rµ
νσρ(δRµ

νσρ) ,

where we have changed β with µ. Using (4.15)

Rµ
νσρ(δRµ

νσρ) = Rµ
νσρ(∇σδΓ

µ
νρ −∇ρδΓ

µ
νσ) ,

= Rµ
νσρ∇σδΓ

µ
νρ −Rµ

νσρ∇ρδΓ
µ
νσ) ,

= Rµ
νσρ∇σδΓ

µ
νρ −Rµ

νρσ∇σδΓ
µ
νρ) .

Here we only change the names of indices (ρ with σ):

Rµ
νσρ(δRµ

νσρ) = 2Rµ
νσρ∇σδΓ

µ
νρ

= 2∇σ(Rµ
νσρδΓµ

νρ)− 2(∇σRµ
νσρ)δΓµ

νρ .
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Using (4.13)

Rµ
νσρ(δRµ

νσρ) = −2(∇σRµ
νσρ)

1

2
gµβ(∇νδgρβ +∇ρδgνβ −∇βδgνρ) ,

= −{∇ν(∇σR
βνσρδgρβ)− (∇ν∇σR

βνσρ)δgρβ

+∇ρ(∇σR
βνσρδgνβ)− (∇ρ∇σR

βνσρ)δgνβ

−∇β(∇σR
βνσρδgνρ) + (∇β∇σR

βνσρ)δgνρ} ,

= (∇ν∇σR
βνσρ)δgρβ + (∇ρ∇σR

βνσρ)δgνβ − (∇β∇σR
βνσρ)δgνρ ,

= −(∇ν∇σRβ
νσ

ρ)δg
ρβ + (∇ρ∇σRβν

σρ)δgνβ

−(∇β∇σR
β

ν
σ

ρ)δg
νρ ,

for obtaining δgµν , we make suitable changes in the indices

Rµ
νσρ(δRµ

νσρ) = −(∇β∇σRν
βσ

µ)δgµν + (∇ρ∇σRνµ
σρ)δgµν

−(∇β∇σR
β

µ
σ

ν)δg
µν .

The term in the middle will vanish because of symmetry and anti-symmetry of µ

and ν indices.

Rµ
νσρ(δRµ

νσρ) = 2(∇β∇σR
β

µ
σ

ν)δg
µν .

In the Bianchi identity we have

∇σR
α

βµν +∇µR
α

βνσ +∇νR
α

βσµ = 0 ,

when we replace the σ index with α

∇αRα
βµν +∇µR

α
βνα +∇νR

α
βαµ = 0 ,
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changing indices: α → σ, β → ν, µ → β, ν → µ we get

∇σR
σ

νβµ +∇βRσ
νµσ +∇µR

σ
νσβ = 0

⇒ ∇σR
σ

νβµ = ∇βRνµ −∇µRνβ ,

⇒ ∇β∇σR
σ

νβµ = ∇β∇βRνµ −∇β∇µRνβ ,

⇒ ∇β∇σR
σ

ν
β

µ = Rνµ −∇β∇µRν
β .

The last term can be written

∇β∇µRν
β = [∇β,∇µ]Rν

β +∇µ∇βRν
β ,

= Rβµν
λRλ

β + Rβµ
β

λRν
λ +∇µ∇βRν

β ,

= Rβµν
λRλ

β + RµλRν
λ +

1

2
gν

β∇µ∇βR ,

= −Rµβν
λRλ

β + RµλRν
λ +

1

2
∇µ∇νR ,

making suitable index transformations we have

∇β∇µRν
β = −RµσνρR

σρ + RµσRν
σ +

1

2
∇µ∇νR .

Therefore we get

δI ′4 =
∫

dDx
√−gγ(δgµν){(−1

2
gµνR

2
τλσρ + 2Rν

σρτRµσρτ )

+2(2 Rµν + 2RµσνρR
σρ − 2RµσRν

σ −∇µ∇νR)}

and

δI4 =
∫

dDx
√−gγ(δgµν){(−1

2
gµνR

2
τλσρ + 2Rν

σρτRµσρτ )
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+2(2 Rµν + 2RµσνρR
σρ − 2RµσRν

σ −∇µ∇νR)}

−4
∫

dDx
√−g{2γ(Rµσνρ − 1

4
gµνRσρ)R

σρ + γ (Rµν − 1

2
gµνR)

+γ(gµν −∇µ∇ν)R}(δgµν)

+
∫

dDx
√−g{2γR(Rµν − 1

4
gµνR) + 2γ(gµν −∇µ∇ν)R}(δgµν) ,

δI4 =
∫

dDx
√−gγ(δgµν){−1

2
gµνR

2
τλσρ + 2Rν

σρτRµσρτ

−(4Rµσνρ + 4RµσRν
σ − 2gµνRσρ)R

σρ + 2R(Rµν − 1

4
gµνR)} ,

and

δI4 =
∫

dDx
√−gγ(δgµν){−1

2
gµνR

2
τλσρ + 2Rν

σρτRµσρτ

−4RµσRν
σ − 4RµσνρR

σρ + 2gµνRσρR
σρ + 2R(Rµν − 1

4
gµνR)} .

At last we will add these integrals and get the equations of motion:

I = I1 + I2 + I3 + I4

=
∫

dDx
1

κ

√−g(Rµν − 1

2
gµνR)(δgµν)

+
∫

dDx
√−g{2αR(Rµν − 1

4
gµνR) + 2α(gµν −∇µ∇ν)R}(δgµν)

+
∫

dDx
√−g{2β(Rµσνρ − 1

4
gµνRσρ)R

σρ + β (Rµν − 1

2
gµνR)

+β(gµν −∇µ∇ν)R}(δgµν)

+
∫

dDx
√−gγ(δgµν){−1

2
gµνR

2
τλσρ + 2Rν

σρτRµσρτ

−4RµσRν
σ − 4RµσνρR

σρ + 2gµνRσρR
σρ + 2R(Rµν − 1

4
gµνR)} ,

=
∫

dDx
√−g{1

κ
(Rµν − 1

2
gµνR)
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+2αR(Rµν − 1

4
gµνR) + (2α + β)(gµν −∇µ∇ν)R

+2γ[RRµν − 2RµσνρR
σρ + RµσρτRν

σρτ

−2RµσRν
σ − 1

4
gµν(R

2
τλσρ − 4R2

σρ + R2)]

+β (Rµν − 1

2
gµνR) + 2β(Rµσνρ − 1

4
gµνRσρ)R

σρ}(δgµν) .

Hence the equations of motion is

1

κ
(Rµν − 1

2
gµνR) + 2αR(Rµν − 1

4
gµνR)

+(2α + β)(gµν −∇µ∇ν)R

+2γ[RRµν − 2RµσνρR
σρ + RµσρτRν

σρτ

−2RµσRν
σ − 1

4
gµν(R

2
τλσρ − 4R2

σρ + R2)]

+β (Rµν − 1

2
gµνR) + 2β(Rµσνρ − 1

4
gµνRσρ)R

σρ = τµν .

In this part we will find the linearized form of equations of motion that we

derived in the previous section. Then we will check if it is a background conserved

tensor or not. At last the generic form of Killing charges will be found.

Let us start with the (Rµν − 1
2
gµνR) term of the previous equation.
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(Rµν − 1

2
gµνR) = Rµν − 1

2
gµν R

δ( Rµν − 1

2
gµν R) = ( Rµν)

L − 1

2
ḡµν ¯RL − 1

2
hµν ¯R̄− 1

2
ḡµν( )LR̄ .

The last two terms vanishes and we get

( Rµν)
L − 1

2
ḡµν ¯RL = ¯RL

µν + ( )LR̄µν − 1

2
ḡµν ¯RL

= ¯RL
µν −

1

2
ḡµν ¯RL +

2Λ

(D − 2)
( )Lḡµν .

The linearization of Box operator is,

( )Lḡµν = (∇α∇α)Lḡµν ,

∇αgµν = 0 ⇒ (∇αgµν)L = 0 ,

⇒ (∇α)Lḡµν + ∇̄αhµν = 0

⇒ (∇α)Lḡµν = −∇̄αhµν ,

∇αgµν = 0 ⇒ ∇α∇αgµν = 0

⇒ (∇α∇αgµν)L = 0 ,

⇒ (∇α)L∇̄αḡµν + ∇̄α(∇α)Lḡµν + ¯hµν = 0 ,

and we know that

(∇α)L∇̄αḡµν = 0 .

Therefore,

( )Lḡµν = (∇α∇α)Lḡµν = (∇α)L∇̄αḡµν + ∇̄α(∇α)Lḡµν = −¯hµν ,
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δ( Rµν − 1

2
gµν R) = ¯RL

µν −
1

2
ḡµν ¯RL +

2Λ

(D − 2)
¯hµν

= ¯(RL
µν −

1

2
ḡµνR

L +
2Λ

(D − 2)
hµν)

= ¯GL
µν .

The other terms can be linearized as usual and we get

Tµν = Tµν(ḡ) +
1

κ
(RL

µν −
1

2
ḡµνR

L − 1

2
hµνR̄)

+2αRL(R̄µν − 1

4
ḡµνR̄) + 2αR̄(RL

µν −
1

4
ḡµνR

L − 1

4
hµνR̄)

+(2α + β)(ḡµν ¯ − ∇̄µ∇̄ν)R
L

+2γ[δ(RRµν)− 2δ(RµσνρR
σρ) + δ(RµσρτRν

σρτ )

−2δ(RµσRν
σ)− 1

4
ḡµνδ(R

2
τλσρ − 4R2

σρ + R2)

−1

4
hµν(R̄

2
τλσρ − 4R̄2

σρ + R̄2)]

+β¯GL
µν + 2β{δ(RµσνρR

σρ)− 1

4
ḡµνδ(R

2
σρ)−

1

4
hµνR̄

2
σρ} .

Using (4.5), (4.6), (4.7), and equations of appendix A, we can reorganize the

above equation: Lets start with adding and subtracting 2Λ
(D−2)

to the first term.

A =
1

κ
(RL

µν −
1

2
ḡµνR

L − 2Λ

(D − 2)
hµν +

2Λ

(D − 2)
hµν − 1

2
hµνR̄)

=
1

κ
(GL

µν +
(2−D)Λ

(D − 2)
hµν) =

1

k
(GL

µν − Λhµν) .

We make the same things in the α terms

B = 2α
(
RLR̄µν − 1

4
ḡµνR

LR̄ + R̄RL
µν −

1

4
ḡµνR̄RL − 1

4
hµνR̄

2
)

= 2α

(
2Λ

(D − 2)
RLḡµν − 1

4
ḡµνR

L 2DΛ

(D − 2)
+ RL

µν

2DΛ

(D − 2)
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− 1

4
ḡµν

2DΛ

(D − 2)
RL − 1

4
hµν

4D2Λ2

(D − 2)2

)
,

adding and subtracting 2Λ
(D−2)

hµν we have

B =
4αDΛ

(D − 2)

(
RL

µν −
1

4
ḡµνR

L +
1

D
ḡµνR

L − 1

4
ḡµνR

L

− 2Λ

(D − 2)
hµν +

2Λ

(D − 2)
hµν − 1

4
hµν

2DΛ

(D − 2)

)
,

and

B =
4αDΛ

(D − 2)
GL

µν +
4αΛ

(D − 2)
ḡµνR

L − 2α(D − 4)DΛ2

(D − 2)2
hµν .

For the γ term we do the same calculations and we end up with

C = 2γ

{
2ΛD

(D − 2)
RL

µν +
2Λ

(D − 2)
ḡµνR

L

− 2

(
2Λ

(D − 1)
RL

µν +
2Λ

(D − 2)(D − 1)
ḡµνR

L +
4Λ2

(D − 2)2(D − 1)
hµν

)

+
8Λ

(D − 2)(D − 1)
RL

µν −
8Λ2

(D − 2)2(D − 1)
hµν

− 2(
4Λ

(D − 2)
RL

µν −
4Λ2

(D − 2)2
hµν)

− 1

4
ḡµν

4(D − 3)Λ

(D − 1)
RL − 1

4

4D(D − 3)Λ2

(D − 1)(D − 2)
hµν

}
,

= 2γ{ ΛRL
µν

(D − 2)(D − 1)
[2D(D − 1)− 4(D − 2) + 8− 8(D − 1)]

+
ΛḡµνR

L

(D − 2)(D − 1)
[2(D − 1)− 4− (D − 3)(D − 2)]

+
Λ2hµν

(D − 2)2(D − 1)
[−16 + 8(D − 1)−D(D − 3)(D − 2)]} ,

= 2γ{ 2ΛRL
µν

(D − 2)(D − 1)
(D − 3)(D − 4)

− ΛḡµνR
L

(D − 2)(D − 1)
(D − 3)(D − 4)

− Λ2hµν

(D − 2)2(D − 1)
(D3 − 5D2 − 2D + 24)} ,
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again we add and subtract 2Λ
(D−2)

hµν

C =
4γΛ(D − 3)(D − 4)

(D − 2)(D − 1)
{RL

µν −
1

2
ḡµνR

L − 2Λ

(D − 2)
hµν

+
2Λ

(D − 2)
hµν − Λ(D3 − 5D2 − 2D + 24)

2(D − 2)(D − 3)(D − 4)
hµν} ,

after some easy calculations we can get

C =
4γΛ(D − 3)(D − 4)

(D − 2)(D − 1)
GL

µν −
2γΛ2(D − 3)(D − 4)

(D − 2)(D − 1)
hµν .

After the same calculations, the β terms can be written as

D = 2β

{
2Λ

(D − 1)
RL

µν +
2Λ

(D − 1)(D − 2)
ḡµνR

L

+
4Λ2

(D − 1)(D − 2)2
hµν − Λ

(D − 2)
ḡµνR

L − Λ2D

(D − 2)2
hµν

}

=
4βΛ

(D − 1)
GL

µν +
2βΛ

(D − 2)
ḡµνR

L

− 2βΛ

(D − 1)
ḡµνR

L − 2βΛ2(D − 4)

(D − 2)2
hµν .

We add all these to get the following result,

Tµν(h) = Tµν(ḡ) + GL
µν

{
1

κ
+

4ΛDα

(D − 2)
+

4Λβ

(D − 1)
+

4Λγ(D − 3)(D − 4)

(D − 1)(D − 2)

}

+(2α + β)(ḡµν ¯ − ∇̄µ∇̄ν +
2Λ

(D − 2)
ḡµν)R

L

+β(¯GL
µν −

2Λ

(D − 1)
ḡµνR

L)

−2Λ2hµν

{
1

2Λκ
+

(D − 4)

(D − 2)2
(Dα + β) +

γ(D − 4)(D − 3)

(D − 2)(D − 1)

}
.

With the help of

−1

2Λκ
=

(D − 4)

(D − 2)2
(Dα + β) +

γ(D − 4)(D − 3)

(D − 1)(D − 2)
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we have

4γ(D − 4)(D − 3)

(D − 1)(D − 2)
= −2

κ
− 4Λ(D − 4)

(D − 2)2
Dα− 4Λ(D − 4)

(D − 2)2
β

and the constant terms of GL
µν becomes

1

κ
+

4ΛDα

(D − 2)
+

4Λβ

(D − 1)
+

4Λγ(D − 3)(D − 4)

(D − 1)(D − 2)

=
1

κ
+

4ΛDα

(D − 2)
+

4Λβ

(D − 1)
− 2

κ
− 4Λ(D − 4)

(D − 2)2
Dα− 4Λ(D − 4)

(D − 2)2
β

= −1

κ
+

4ΛD

(D − 2)2
(2α +

β

(D − 1)
) ,

and, T (ḡ) = 0 that we show in our work, we left with

Tµν = GL
µν{−

1

κ
+

4ΛD

(D − 2)2
(2α +

β

(D − 1)
)}

+(2α + β)(ḡµν ¯ − ∇̄µ∇̄ν +
2Λ

(D − 2)
ḡµν)R

L

+β(¯GL
µν −

2Λ

(D − 1)
ḡµνR

L) .

Lets check if it is a background conserved tensor or not. We already know

that GL
µν is background conserved tensor. Therefore, we will only show that the

derivatives of the last two terms are zero.

∇̄µ(ḡµν ¯ − ∇̄µ∇̄ν +
2Λ

(D − 2)
ḡµνR

L)

= ∇̄ν ¯RL − ¯∇̄νR
L +

2Λ

(D − 2)
∇̄νR

L

If we change the places of the derivatives of the first term we find

∇̄ν ¯RL = ¯∇̄νR
L − 2Λ

(D − 2)
∇̄νR

L
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and

∇̄ν ¯RL − ¯∇̄νR
L +

2Λ

(D − 2)
∇̄νR

L

= ¯∇̄νR
L − 2Λ

(D − 2)
∇̄νR

L − ¯∇̄νR
L +

2Λ

(D − 2)
∇̄νR

L = 0 .

Let us look to the ∇̄µ(¯GL
µν − 2Λ

(D−1)
ḡµνR

L) it is ∇̄µ¯GL
µν − 2Λ

(D−1)
∇̄νR

L. The

∇̄µ¯GL
µν can be written as

∇̄µ¯GL
µν = [∇̄µ, ∇̄β∇̄β]GL

µν + ¯∇̄µGL
µν ,

= ∇̄β[∇̄µ, ∇̄β]GL
µν + [∇̄µ, ∇̄β]∇̄βGL

µν ,

= ∇̄β ḡµσ[∇̄σ, ∇̄β]GL
µν + ḡµσ[∇̄σ, ∇̄β]∇̄βGL

µν ,

= ∇̄β ḡµσ(R̄σβµ
λGL

λν + R̄σβν
λGL

µλ)

+ḡµσ(R̄σβ
β

λ∇̄λGL
µν + R̄σβµ

λ∇̄βGL
λν + R̄σβµ

λ∇̄βGL
µλ) .

Using (4.5) we get

∇̄µ¯GL
µν = −2

2Λ

(D − 1)(D − 2)
∇̄ν ḡ

µσGL
µσ .

Using (4.8) the ḡµσGL
µσ term can be written as

ḡµσGL
µσ = ḡµσ(RL

µσ −
1

2
ḡµσR

L − 2Λ

(D − 2)
hµσ)

= ḡµσRL
µσ −

1

2
DRL − 2Λ

(D − 2)
h .

Here we use the linear Ricci tensor (4.16)

ḡµσGL
µσ =

1

2
ḡµσ(−¯hµσ − ∇̄µ∇̄σh + ∇̄β∇̄σhβµ + ∇̄β∇̄µhβσ)

−1

2
DRL − 2Λ

(D − 2)
h
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and we end up with

ḡµσGL
µσ =

(2−D)

2
RL

where the ∇̄µ¯GL
µν term will equal to

∇̄µ¯GL
µν =

2Λ

(D − 1)
∇̄νR

L .

Therefore,

∇̄µ¯GL
µν −

2Λ

(D − 1)
∇̄RL =

2Λ

(D − 1)
∇̄RL − 2Λ

(D − 1)
∇̄RL = 0 .

Hence, Tµν is background conserved tensor.

There remains now to obtain a Killing energy expression from below equation,

namely, to write ξ̄νT
µν as a surface integral.

ḡµσGL
µσTµν = GL

µν{−
1

κ
+

4ΛD

(D − 2)2
(2α +

β

(D − 1)
)}

+(2α + β)(ḡµν ¯ − ∇̄µ∇̄ν +
2Λ

(D − 2)
ḡµν)R

L

+β(¯GL
µν −

2Λ

(D − 1)
ḡµνR

L) .

Here is some useful equations that will help us in this purpose.

From (2.1) we have

¯ ξ̄ν = − 2Λ

(D − 2)
ḡνλξ̄

λ , (B.1)

and

∇̄α∇̄µGαν
L = [∇̄α, ∇̄µ]Gαν

L + ∇̄µ∇̄αGαν
L

= R̄α
µα

λGλν
L + R̄α

µν
λGαλ

L
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using (4.5) and (4.6) we find

∇̄α∇̄µGαν
L =

2ΛD

(D − 2)(D − 1)
Gµν

L + ḡµν Λ

(D − 1)
RL .

Therefore,

ξ̄ν∇̄α∇̄µGαν
L =

2ΛD

(D − 2)(D − 1)
ξ̄νGµν

L + ξ̄µ Λ

(D − 1)
RL. (B.2)

From Bianchi identity we have

R̄µνσ
β + R̄σµν

β + R̄νσµ
β = 0 .

Multiplying this equation with ξ̄β we get

R̄µνσ
β ξ̄β + R̄σµν

β ξ̄β + R̄νσµ
β ξ̄β = 0 ,

and using the commutator property of Riemann tensor we have

[∇̄µ, ∇̄ν ]ξ̄σ + [∇̄σ, ∇̄µ]ξ̄ν + [∇̄ν , ∇̄σ]ξ̄µ = 0 .

Expanding these commutators and using the Killing vector equation we get

∇̄µ∇̄ν ξ̄σ + ∇̄ν∇̄σ ξ̄µ + ∇̄σ∇̄µξ̄ν = 0 ,

and in the second term we change the places of σ and µ with a minus sign where

it will be a commutation with the first term,

[∇̄µ, ∇̄ν ]ξ̄σ = −∇̄σ∇̄µξ̄ν

R̄µνσ
β ξ̄β = −∇̄σ∇̄µξ̄ν
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changing indices σ → α, µ ↔ β

−R̄βνα
µξ̄µ = ∇̄α∇̄β ξ̄ν

R̄µ
αβν ξ̄µ = ∇̄α∇̄β ξ̄ν

again using (4.5) we have

∇̄α∇̄β ξ̄ν =
2Λ

(D − 1)(D − 2)
(ḡµ

β ḡαν − ḡµ
ν ḡαβ)ξ̄µ ,

=
2Λ

(D − 1)(D − 2)
(ḡαν ξ̄β − ḡαβ ξ̄ν) . (B.3)

Therefore,

(i) Gµν
L

¯ ξ̄ν = − 2Λ

(D − 2)
Gµν

L ξ̄ν ,

(ii) ξ̄ν∇̄α∇̄µGαν
L =

2ΛD

(D − 2)(D − 1)
ξ̄νGµν

L +
Λ

(D − 1)
ξ̄µRL ,

(iii) −Gαν
L ∇̄α∇̄µξ̄ν = −Gαν

L ḡµβ∇̄α∇̄β ξ̄ν

=
Λ

(D − 1)
ξ̄µRL +

2Λ

(D − 1)(D − 2)
ξ̄νGµν

L .

So that ξ̄ν ¯Gµν
L − 2Λ

(D−1)
ξ̄µRL can be written as

ξ̄ν ¯Gµν
L − 2Λ

(D − 1)
ξ̄µRL = ∇̄α{ξ̄ν∇̄αGµν

L − ξ̄ν∇̄µGαν
L − Gµν

L ∇̄αξ̄ν + Gαν
L ∇̄µξ̄ν}

− 2Λ

(D − 2)
Gµν

L ξ̄ν +
2ΛD

(D − 2)(D − 1)
ξ̄νGµν

L

+
Λ

(D − 1)
ξ̄µRL +

Λ

(D − 1)
ξ̄µRL

+
2Λ

(D − 1)(D − 2)
ξ̄νGµν

L − 2Λ

(D − 1)
ξ̄µRL ,

and

ξ̄ν ¯Gµν
L − 2Λ

(D − 1)
ξ̄µRL = ∇̄α{ξ̄ν∇̄αGµν

L − ξ̄ν∇̄µGαν
L − Gµν

L ∇̄αξ̄ν + Gαν
L ∇̄µξ̄ν}

76



+
4Λ

(D − 2)(D − 1)
ξ̄νGµν

L .

With the help of chapter 4, we can write

ξ̄νT
µν = ξ̄νGµν

L {−
1

κ
+

4ΛD

(D − 2)2
(2α +

β

(D − 1)
)}+

4Λβ

(D − 2)(D − 1)
ξ̄νGµν

L

+(2α + β)∇̄α{ξ̄µ∇̄αRL − ξ̄α∇̄µRL + RL∇̄µξ̄α}

+β∇̄α{ξ̄ν∇̄αGµν
L − ξ̄ν∇̄µGαν

L − Gµν
L ∇̄αξ̄ν + Gαν

L ∇̄µξ̄ν} .

The first two terms can be added to have

ξ̄νT
µν = ξ̄νGµν

L {−
1

κ
+

8Λ

(D − 2)2
(αD + β)}

+(2α + β)∇̄α{ξ̄µ∇̄αRL − ξ̄α∇̄µRL + RL∇̄µξ̄α}

+β∇̄α{ξ̄ν∇̄αGµν
L − ξ̄ν∇̄µGαν

L − Gµν
L ∇̄αξ̄ν + Gαν

L ∇̄µξ̄ν} ,

and taking the surface terms where α → i

Qµ(ξ̄) = {−1

κ
+

8Λ

(D − 2)2
(αD + β)}

∫
dD−1x

√−gξ̄νGµν
L

+(2α + β)
∫

dSi

√−g{ξ̄µ∇̄iRL − ξ̄i∇̄µRL + RL∇̄µξ̄i}

+β
∫

dSi

√−g{ξ̄ν∇̄iGµν
L − ξ̄ν∇̄µGiν

L − Gµν
L ∇̄iξ̄ν + Giν

L ∇̄µξ̄ν} .

This is the final form of the conserved charges for the generic quadratic theory.
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