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ABSTRACT

GEOMETRIC INTEGRATORS FOR COUPLED NONLINEAR SCHRODINGER
EQUATION

AYDIN, AYHAN

Ph.D., Department of Mathematics

Supervisor : Prof.Dr. Biilent Karastzen

January 2005, 153 pages

Multisymplectic integrators like Preissman and six-point schemes and a semi-explicit
symplectic method are applied to the coupled nonlinear Schrodinger equations (CNLSE).
Energy, momentum and additional conserved quantities are preserved by the multi-
symplectic integrators, which are shown using modified equations. The multisymplec-
tic schemes are backward stable and non-dissipative. A semi-explicit method which
is symplectic in the space variable and based on linear-nonlinear, even-odd splitting
in time is derived. These methods are applied to the CNLSE with plane wave and
soliton solutions for various combinations of the parameters of the equation. The
numerical results confirm the excellent long time behavior of the conserved quantities

and preservation of the shape of the soliton solutions in space and time.

Keywords: nonlinear Schrodinger equation, coupled nonlinear Schrédinger equation,
symplectic integrators, multisymplectic integrators, dispersion analysis, backward er-

ror analysis, modified equations, plane wave solution, soliton solution
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DOGRUSAL OLMAYAN IKILI SCHRODINGER DENKLEMI ICIN GEOMETRIK
ENTEGRASYON YONTEMLER

AYDIN, AYHAN

Doktora, Matematik Boliimii

Tez Yoneticisi : Prof. Dr. Biilent KARASOZEN

Ocak 2005, 153 sayfa

Preissman ve alti-nokta olarak adlandirilan ¢oklu simplektik yontemler ve yari-
acik simplektik yontem dogusal olmayan ikili Schrédinger denklemine (CNLSE) uygu-
lanmigtir. Enerji, momentum ve ilave korunum 6zelliklerinin ¢oklu simplektik yontemler
tarafindan korunmasi geriye doniik hata analizi ile agiklanmistir. Coklu simplek-
tik yontemler geriye doniik kararli olup, dalga dagilimi 6zelligi gostermezler. Uzay
degiskenine gore simplektik, dogrusal-dogrusal olmayan, tek-¢ift ayrigimina dayali
yari-acik yeni bir yontem gelistirilmistir. Yontemler CNLS’in cesitli parametrelerine
uygulanmigtir. Elde edilen sayisal sonuclar korunum kurallarinin, soliton ¢oziimlerin

uzay ve uzun zaman arariginda cok iyi korunmakta oldugunu dogrulamaktadir.

Anahtar Kelimeler: tek ve ikili dogrusal olmayan Schrodinger denklemi, simplektik
ve c¢oklu simplektik entegrasyon yontemleri, geriye doniik hata analizi, diizeltilmis

denklemler, diizlem dalga ve soliton seklinde ¢oziimler.
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CHAPTER 0

INTRODUCTION

There has been a great activity in the field of geometric integration of differential equa-
tions in recent years. A numerical method that preserves the geometric features of a
differential equation such as energy, momentum, symplecticity is known as geometric
integrator. In particular, if the differential equation is a Hamiltonian system with a
symplectic structure, symplectic integrators give excellent results in long time inte-
gration which can be explained by backward error analysis. Preserving the symplectic
structure, symmetries and the reversibility of certain ordinary differential equations
(ODE’s) by numerical methods became almost a routine in recent years (see the mono-
graphs [33, 69]). Geometric integrators are now commonly used in many applications

including celestial mechanics and molecular dynamics.

In this thesis we are concerned with the numerical integration of the coupled
nonlinear Schrodinger equation (CNLSE) which is a Hamiltonian partial differential
equation (PDE). The two CNLSE were first derived in 1967 by Benney and Newell [14]
for two nonlinear interacting wave packets in a dispersive and conservative system.
Since the CNLSE is used in optical-soliton based telecommunication systems there was
a need for a through study of the solution behavior of the these equations. This is why
the CNLSE has attracted a great deal of attention Hamiltonian PDE’s are essential
in the theory of wave phenomena. Numerical computations of solutions for these
problems are very important to get insight into the behavior of a particular dynamics
of the system. Most of the nonlinear PDE’s like CNLSE can be solved analytically only
for a few number of parameters; for a wide range of physically interesting phenomena,

solutions must be obtained by numerical methods.

In recent years several approaches were carried out for solving nonlinear PDE’s

using geometric integrators. Among these there are two main approaches: either a



semi-discretization in space to obtain a system of Hamiltonian ODE’s, or simultaneous
symplectic discretization in space and time to obtain multisymplectic systems.

In the first approach, discretizing the PDE in the space variable is done using
finite differences or spectral methods to obtain a Hamiltonian system of ODE’s or an
integrable system, and applying the known symplectic geometric integrators developed
for ODE’s. If the resulting system of ODE’s is in canonical Hamiltonian form, then
the application of symplectic methods is straightforward. For Hamiltonian system in
non-canonical form, or so called Poisson structure, symplectic methods can not be
directly applied (for a recent review of Poisson integrators see [33] Chapter VII and
j44]).

For low dimensional Hamiltonian systems the phase structure is accurately pre-
served by symplectic schemes. However, for higher dimensional systems arising from
semi-discretization of Hamiltonian PDE’s this is not well established [5]. The reason
for the failure is that the symplectic integrator preserves, in this form, only the global
invariants of the underlying system. A more satisfactory approach is to develop a lo-
cal concept of symplecticity for Hamiltonian PDE’s since symplecticity may vary from
point to point in space and time. Hence local conservation is more important than
global conservation for symplectic integration of PDEs. To overcome these disadvan-
tages, Bridges and Reich introduced the concept of multisymplectic integrators based
on the multisymplectic structure of some conservative PDEs [18, 21] which leads to
the second approach mentioned above.

Various discretization methods such as Fourier spectral, Gauss-Legendre colloca-
tion, finite volume have been shown to be multisymplectic (see [21, 22, 64, 65] and
reference therein). However, a through analysis of the local and global properties of
multisymplectic integrators has yet to be carried out.

Let M and K be any skew-symmetric matrices on R" (n > 3) and let S: R — R

be any smooth function. Then, a system of the following form
Mz + Kz, = V.5(2), zeR" (0.1)

is called a Hamiltonian system with a multisymplectic structure, or a multisymplectic
PDE [18, 21] where V. denotes the gradient operator in R™. The system (0.1) is

multisymplectic with skew-symmetric matrices M and K

wU,V)=<MU,V >,  &(UV)=<KUV >



which define a space-time symplectic structure where U, V' € R are solutions of the
variational equation

Mdz; + Kdz, = D,,S(z)dz

associated with (0.1).

Any system of the form (0.1) satisfies the conservation of symplecticity equation
Ow+ 0k =0

with 9, = 9/0t and 9, = 0/0x. When the Hamiltonian S is independent of x and ¢,

then the system (0.1) has local energy and momentum conservation laws
OE + 0, F =0, Ol+0,G=0

where

=

E(z) = S(z)— 3k(2,2), F(z) =
G(z) = S(z)— jw(z,2), I(z) = sw(zs2).

K(zt, 2),

=

(0.2)

[\

Usually the Hamiltonian .S itself is not a conserved quantity. There are some additional
conservation laws which follows from Noether theory due to certain symmetries of
the underlying PDE. Under periodic boundary conditions, global conservations can
be obtained by integrating the local conservations in space [40]. Many PDE’s can
be formulated in a multisymplectic form such as the KdV, nonlinear Schrédinger
models, Boussinesq models, geostrophic flow, water waves, Sine-Gordon, Klein-Gordon
equation and Kadomtsev-Petviashvili (KP) equation [13, 19, 22, 17, 37, 40, 47, 83, 93].

The nonlinear Schrodinger equation with the generalized power nonlinearity [70]
ity + Ugg + alul " tu =0, >3

where i = +/—1, u = u(x,t) is complex-valued, z € R™, and a € R has also a
multisymplectic structure. Several multisymlectic methods have been derived in recent
years for solving the nonlinear Schrédinger equation (NLSE) with cubic nonlinearity
[ =3 (see [23, 24, 25, 39] and reference therein).

The main subject of this thesis is the development and investigation of numerical

methods for CNLSE

0 0 92
i ( (;’il + 01 81?) +d aj’; + (a1 [ +elal*)r = 0 (0.3)
(0 ) 0?
' ( gf 02 a?) > a;éz + (el + az[a*)yp2 = 0 (0.4)



where 01, d2,d1,d2,a1,a2 and e are all real constants, and ¢ (z,t) and ¥o(z,t) are
complex valued functions of (x,¢) € R?. CNLSE has many applications such as
nonlinear optics, plasma physics, water waves and geophysical fluids [19, 20, 42, 48,
53, 82]. The parameters and their values vary from one application to another. In this
work the parameters are taken from nonlinear optics in which dq,ds are dispersion
coefficients, a1, as are Landau constants which describes the self-modulation of the
wave packets, and e is the wave-wave interaction coefficient which describe the cross-
modulations of the wave packets. There are few integrable cases for some parameter
values; among the most known is the Manakov system with dy = ds and a; = as =€
[48]; others are given for the parameter values d; = —dy and a1 = ay = —e [91].
Integrable forms of CNLSE can be solved exactly using inverse scattering theory.

The most known multisymplectic integrator is the Preissman or box scheme which
corresponds to concatenating the midpoint scheme in space and time. This method
was successfully applied to many Hamiltonian PDE’s like Korteweg-de Vires (KdV)
equation [13, 93], nonlinear Klein-Gordon equation [83], wave equation [37], KP equa-
tion [47], and to the nonlinear Schrédinger equation (NLSE) [24, 25, 23, 71].

The behavior of the solution of the NLSE integrated by the Preissman scheme
preservation of the phase invariant structure was investigated in [39, 40] and a back-
ward error analysis was carried out in [55] in order to show the conserved quantities
such as energy and momentum are almost conserved.

In this thesis, in addition to the Preissman scheme we have formulated and applied
the so called six-point scheme to CNLSE. The Preissman and six-point schemes are
fully implicit. At each time step a large nonlinear system of equations is to be solved.
Since this requires a huge amount of computation to obtain accurate results over a
long time interval, we have developed a semi-explicit symplectic integrator based on
linear-nonlinear, even-odd splitting.

In Chapter 1, Hamiltonian systems of ODE’s and PDE’s are introduced. Multi-
symplectic PDE’s including their conservation properties such as symplecticity, en-
ergy, momentum and additional conservation laws are given. In Chapter 2, NLSE and
CNLSE are formulated as a Hamiltonian and multisymplectic PDE with the corre-
sponding conservation laws. Also in this chapter the N coupled NLSE is formulated
in a multisymplectic form. Derivation of multisymplectic methods like Preissman

and the six-point scheme, and a semi-explicit method, and an investigation of their



conservation properties are given in Chapter 3. In Chapter 4, dispersion relations of
the CNLSE for both continuous and discrete equations are discussed for linearized
multisymplectic PDE’s, in particular for CNLSE. The multisymplectic integrators
like Preissman and six-point scheme are non-dissipative due to their multisymplec-
tic nature, but the semi-explicit method is not. The nondissipative character of a
numerical method is the most preferable property for nonlinear wave equations. Dis-
persion analysis of the linearized CNLSE shows that both the Preissman and six-point
schemes follow the exact dispersion properties for most of the mesh sizes in space and
time variables. The semi-explicit method has less desirable dispersion properties then

the Preissman and six-point schemes.

Since the conserved quantities are only exactly preserved by multisymplectic meth-
ods for linearized PDE’s, we have analyzed the conservation of the energy, momen-
tum over long time intervals using modified equations and backward error analysis in
Chapter 5. In this chapter we have also applied the backward error analysis which
was developed for multisymplectic method for PDE’s in [55, 56] to CNLSE. The mod-
ified equations for the solution and conserved quantities of CNLSE for Preissman and
six-point schemes are presented, which show that the modified conserved quantities

are preserved at higher order and over long time intervals.

In Chapter 6 numerical results have been presented. We have considered two types
of CNLSE; one with travelling wave solutions and the other with solitary waves. The
travelling wave solutions for periodic boundary conditions were investigated for three
types of polarizations of CNLSE, namely elliptic, linear and circular. All of these
correspond to different combinations of the parameters of CNLSE. In the literature,
usually, the CNLSE is integrated in the space variable either using finite differences
or spectral methods and integrated in time using higher order Runge-Kutta methods
[75], or Hopscotch method [81]; or it is integrated using a symplectic discretization
in space variable and applying the implicit midpoint rule in the time variable [42].
In all these works only the global quadratic conserved quantities of CNLSE which
corresponds to the preservation of the norm square of the solutions are conserved.
The preservation of these quantities were shown analytically and numerically. In this
work we have shown that, due to their multisymplectic nature, the Preissman and
six-point schemes preserves the local energy, momentum and additional conserved

quantity of the CNLSE. The numerical results obtained in these schemes are presented



in form of the solutions of CNLSE, propagation of conserved quantities over time and
space variables are compared with those found in the literature. It turns out that
the Preissman and six-point schemes give the wave propagation of the CNLSE very
accurately due to their non-dissipative character and preservation properties of the
local conserved quantities for long time steps. As expected, the semi-explicit method
does not have such a good behavior, but the numerical results obtained for small time
steps are almost identical with those in the literature obtained by other methods. It
has to be mentioned that the number of variables by the six-point scheme is half of that
in the Preissman scheme and therefore requires less computational time. The semi-
explicit method does not require solutions of large implicit equations but it requires
smaller time steps in order to resolve the desired accuracy of the solutions.

The solitary wave solutions of CNLSE was investigated in the literature using finite
difference semi-discretization in space variable and integrated the resulting differential
equation by using implicit midpoint rule in [42] and by Runge-Kutta method in [41]
and by Preissman scheme in [72]. In this work soliton solutions for several combi-
nation of the parameters of the CNLSE are computed; one soliton , elastic (which
corresponds to the integrable CNLSE) collision and inelastic collision are obtained
by the Preissman and six-point schemes. All numerical results show excellent preser-
vation of the conservation quantities in time and the shape of the solitons over long
time interval are as expected and the results are similar to the results obtained in the
literature by other numerical methods. The computation times are by far less for the
six-point scheme than for the Preissman. The semi-explicit method does not work

satisfactorily especially for collision of solitons.



CHAPTER 1

HAMILTONIAN and SYMPLECTIC STRUCTURES

The Hamiltonian formalism was first introduced by Hamilton in 1834 for the problems
in optic. Later, it has been applied to different fields by many authors because most
of the problems in physics and engineering sciences can be described by Hamilton’s
formalism such as classical and celestial mechanics, molecular dynamics, optics, non-
linear waves and soliton propagation, plasma physics, rigid body, robotics, and so on.

Detailed description of Hamiltonian systems can be found in [33, 50, 60, 69].

In this chapter, we summarize the known results about the Hamiltonian systems
and their properties. This chapter is organized as follows: In Section (1.1), we present
the Hamiltonian ordinary differential equations (ODE’s), including its conservation
properties such as symplecticity and energy conservation. In Section (1.2), we present
some symplectic methods for integrating Hamiltonian systems. In Section (1.3), we
provide generalization of Hamiltonian ODE’s to Hamiltonian partial differential equa-
tions (PDE’s). In Section (1.4), we present the multisymplectic PDE’s and also provide
the conservation laws of multisymplectic PDE’s such as multisymplecticity, energy and
momentum conservation. In that section, we also provide an additional conservation

law which arises from the symmetry of multisymplectic PDE’s.

1.1 Hamiltonian ODE’s

We will start by giving the formulation of Hamiltonian systems for ODE’s as de-
scribed in [33, 69]. Let M be an even dimensional smooth manifold of points (q, p) =
(g1, ,qd;P1, -, pd)- Let T be an open interval of the real line R of the time variable

t. If H= H(q,p,t) is a sufficiently smooth real function defined on M x T', then the



Hamiltonian system of differential equations is given by

dq;  OH dpi _ OH
dt — op;’ dt  Oq

i=1,.d (1.1)

with the Hamiltonian H. If H is independent of time i.e. H = H(q,p) then (1.1) is
called an autonomous Hamiltonian equation, otherwise it is called non-autonomous.
The system (1.1) is a system of 2d differential equation. The integer d is called the
degrees of freedom which identifies how many coordinates we need to describe the
motion. The state space M is called the phase space and the product M x T is the
extended phase space. The axis of the phase space gives the values of the q’s and p’s.
Hence, if we have d degrees of freedom, we have d pairs of q’s and p’s, and the phase
space will have a 2d dimensions. Therefore, for a Hamiltonian system (with no explicit
time dependence in H), the phase space will have 2d dimension. We assume that H
is at least C'? continuous, hence the right-hand side of the system (1.1) is C*, so that
the standard existence and uniqueness theorems can be applied to the corresponding
initial value problem. The variables q and p are called the canonical variables and the
set of equations (1.1) construct a canonical Hamiltonian system. In applications to
mechanics, the variables q denote the generalized coordinates, the variables p denote
the generalized momenta and the Hamiltonian H usually corresponds to the total
energy of the system (1.1). All generalized coordinates together form the configuration
space.

For autonomous Hamiltonian systems, it is sometimes useful to combine the de-
pendent variables in (1.1) in a 2d-dimensional vector z = (q(t),p(t))?. Then (1.1)
takes the form

dz

—_ = -1
o = J'vH (1.2)

where VH is the gradient of the real valued Hamiltonian function H(z) and J is the

2d x 2d constant skew-symmetric structure matrix

0 -1
Jg=| "4 4 (1.3)
Ia 04

Here I4 and 04 represent d x d identity and zero matrices, respectively. The matrix

(1.3) has the following properties:
e J is skew-symmetric : JT = —J;

e J is orthogonal : JTJ = I,y =JJT: and



o detJ=1.

The flow ¢; : M — R2?? of the Hamiltonian system (1.1) is the mapping that
advances the solution by time t, i.e. ¢i(qo,pPo) = (a(qo,Po,t), P(qo, Po),t) where
(a(qo, Po,t), P(qo, Po,t)) is the solution of the system (1.1) corresponding to initial
values q(0) = qo, andp(0) = po [33].

If we consider the total derivative of the Hamiltonian H(q, p,t) using (1.1) we get

OH dg; OH alpz 0OH O0OH
Z Z =

g dt op dt ot ot (1.4)

d
—H(
dt (a,p,t)

If the Hamiltonian function H is independent of time (i.e. autonomous Hamiltonian

systems), then

0H(q,p,1)

=0 1.5
ot ’ (1:5)
from which (1.4) becomes

%H(q, p) =0. (1.6)

This shows that the Hamiltonian H or the total energy of the system remains constant

along all the solutions of (1.1). i.e. H is conserved. Conservation of energy tells us

that energy is neither created nor destroyed throughout the solution of (1.1).
Besides the conservation of the total energy, an autonomous Hamiltonian systems

preserves exactly the symplectic form which is defined by
w=dpAdq = dp’dq — dq’dp, (1.7)

that is
dw

dt

where dp, dq € R?#*2? are solutions of the variational equation

=dpt Ndq+dpAdg: =0 (1.8)

dai = DppH(q,p)dp + DgpH(q,p)dq (1.9)

dp: = —DpqH(q,p)dp — DgqH(q,p)dq. (1.10)

Here A denotes the wedge or exterior product. To understand the geometric meaning
of the symplecticity, we summarize the results given in [33]. We consider a two-
dimensional parallelogram lying in R?*?. Let P be the parallelogram spanned by two

vectors

P I I (1.11)
¢4 n4



in the (g, p) space where P, 9, nP n are in RY. If d = 1, then the oriented area of
the parallelogram P is given by [33] as

&P P
area(P) = det = Ppd — ¢IpP, (1.12)

§4
Therefore, in one dimension symplecticity is the conservation of area. In higher di-
mensions, we replace this by the sum of the oriented areas of the projections of P onto

the coordinate planes (q;, p;) (see [33] for details).
A linear mapping A : R?** — R?? ig called symplectic if

ATgA=1J (1.13)

or equivalently if w(AE, An) = w(&,n) for all £, € R> where J is given in (1.3).

The flow ¢; of the (autonomous) Hamiltonian system (1.1) is a symplectic map.
Therefore the area in (1.12) is conserved throughout the evolution. In fact, all sym-
plectic mappings are area preserving.

If we take the determinant of (1.13) we obtain
det(ATJA) = det(J) = 1. (1.14)
Since det(A) = det(AT), the equality (1.14) implies
(det(A))? = 1. (1.15)

A function F is said to be a first integral for the Hamiltonian system (1.1) if and
only if
{F,H} =0 (1.16)
where the bracket {-,-} is defined in [60] as

d
OF OH OF 0H
FHy=Y 907
thH) ; 0q; Opi  Op; Og;

(1.17)

and satisfies the following properties for arbitrary smooth real-valued function Fp, F5

and F3 on M:
i) Bilinearity:

{CF1+C/F2,F3} = C{Fl,Fg}—i-C,{FQ,Fg},

{Fi,cFh+F3} = o{F, F}+ d{F, F3}
for constants ¢, € R

10



ii) Skew-symmetry: {Fy, Fo} = —{F», F1 },
iii) The Jacobi identity: {{Fl, FQ}, Fg} + {{Fg, Fl}, FQ} + {{FQ, Fg}, Fl} =0.

The bracket in (1.17) is called the canonical Poisson bracket. We notice from the
skew-symmetry property that {H,H} = 0 and therefore the Hamiltonian itself is
a first integral. In particular, if the Hamiltonian system (1.1) has d first integrals
Py, .-, Fy satisfying

{Fi, F;} =0,

for all 7, j then it is said to be completely integrable.

In some Hamiltonian systems there are additional quantities whose values also
remain constant as the trajectory evolves. For example, consider the following case.
Suppose one of the p’s, say pr does not change in time. That is,

dpr _ OH

=——. 1.1
dt 6qk ( 8)

Then, (1.18) can be 0 for all (q(t),p(t)) values along the trajectory if and only if
H(q, p) does not depend on qj. Thus, we say that the momentum py, is a constant of
motion if and only if the Hamiltonian H(q, p) does not depend on the corresponding

qy explicitly.

1.2 Symplectic Methods for Hamiltonian ODE’s

Most of the phenomena in classical physics, chemistry, biology and other sciences are
often modelled by Hamiltonian systems of differential equations. The name symplec-
tic integrator is usually attached to a numerical scheme that intends to solve such a
hamiltonian system approximately, while preserving its underlying symplectic struc-
ture. Astrophysics is one of the most interesting sources of numerical experiments
employing symplectic integrators. Other experiments of symplectic integrators can be
found in molecular dynamics, where some results have been achieved in the long-time
integration of some complicated collisions or long-lived trajectories (see, [33] CH.VII,
and [69] and reference therein)

A numerical approximation

Zn+1 = cI)At(zn) Zn = (%’upn)a tht1 =tn + At (1'19)

11



for autonomous Hamiltonian system corresponding to (1.2) is said to be symplectic
if it satisfies the symplecticity condition (1.13) or if it is a discrete approximation for

(1.8):
Wn+1 — Wn dpn+1 A dqn—H - dpn A dQn

= =0 1.20
At At (1:20)
that is
dpn+1 A dCIn-l—l = dpn Nday (121)
For example a one-step method applied to (1.2)
0OH
qn+1 = dn + Ataiq(qn+1a pTL) 5 (122)
0H
Pn+t1 = Pn— At%(anrl, pn) (1'23)

is called the symplectic Euler scheme of order 1 and the implicit mid-point rule

oH

dnt1 = dnt+ At% ((dn+1+an)/2, (Pn+1 +Pn)/2) , (1.24)
oH

Pn+t1 = Pn— At% ((QHJrl + qn)/2 ) (pn+1 + pn)/2) ) (1'25)

is a symplectic method of order 2.

A Stormer/Verlet method applied to the first order system ¢ = v, v = f(q)

At
Untl/2 = Unt Tf(Qn)
Int1 = qnt Alv, ) (1.26)
At
Untl = Upyij2 + 7f(Qn+1) (1.27)

is an explicit method which is also symplectic of order 2.
An s-stage Runge—Kutta method

k?l' = f(yo+AtZaijk’j>, izl,--',S

i=1

y1 = Yo+ ALY bik; (1.28)
=1

applied to the problem ¢ = f(y) is symplectic if it satisfies
biaij + bjaji . bibj =0

for alli,j =1,---,s where bj,a;; (i,j = 1,---, s) are real numbers and ¢; = >>%_; a;;.

One of the most important property of symplectic integrators is that they preserve
quadratic invariants. For example, all symplectic Runge-Kutta methods preserves
quadratic invariant (see [33] for details). They have excellent long-time behavior

which can be explained by backward error analysis [63].

12



1.3 Hamiltonian PDE’s

Partial differential equations with a Hamiltonian structure are important in the study
of solitons such as the Korteweg-de Vries (KdV) and NLSE. Many PDE’s can be put
into a Hamiltonian formulation and admitted symmetries of this formulation can lead,
via Noether’s theorem, to conservation laws [50, 60]. There are several approaches
aimed at exploiting this structure in discretization of the PDE’s, all of which can be
labelled geometrical. One is based upon using the Hamiltonian formulation of the
PDE’s on multisymplectic structures, generalizing the classical Hamiltonian structure
by assigning a distinct symplectic operator for each space direction and time [18, 21,
65]. In this section we will summarize some of the ideas presented in the monograph
[60].

Many differential equations of the form
Ut = F(x7u7uzyu;rz7 e )
can be represented in the Hamiltonian form

u =D (?L—L{) ) H[U] = /H(JZ,’LL, Ugy Ugg, ** ) d.

Typically the domain of integration is the real line or the circle (corresponding to
periodic boundary conditions for the PDE). Here H is a functional map from the
function space in which u is defined to the real line. The variational derivative H /du

is the function defined via the Gateaux derivative [60]

<CZH[u + ev]>

If , for example, u is a scalar function and H = H (u, u;) then the variational derivative

oH
= [ — vdx.
e=0 6“

is given by

SH OH 9 <8H>. (129)

Su  du  Ox \Ou,

The operator D is called Hamiltonian if the functionals A[u] and Blu] it generates a

Poisson bracket {-,-} given as
0A_ 0B
B} = | —D— dx.
4.5} / suou ™’
The Poisson bracket must satisfy the skew-symmetry condition

{A,B} = — {B, A}

13



and the Jacobi identity
{{A,B}.Cy + {{B.C}, A} + {{C,A},B} =0,

for all functional A, B,C. The Hamiltonian PDE for time evolution of the system is

then given by
Uy = {U, H}

If the Hamiltonian functional H is not explicitly dependent on time then it is con-
served.

In many PDE’s in the past, when approximating the solution of the differential
equations using a numerical integrator, properties of the differential equation were
neglected and they were discretized in space and time simultaneously. However, it
worths to preserve as many properties of the exact evolution equation as possible.
For this purpose, they are discretized in space first and then discretized in time by
symplectic methods when the symplectic structure was considered. Symplectic meth-
ods are accurate and efficient in the long-time integration of Hamiltonian ODE’s [69].
In addition, symplectic integrators lead to a useful interpretation of backward error
analysis, in which a modified equation, the equation solved by a numerical scheme to
higher order than the original equation, is used to understand the discretization error
induced by the numerical scheme [63]. Recently, the idea of the symplectic integra-
tion was extended to Hamiltonian PDE, by studying multisymplectic structure of the

PDE’s [18, 19, 20, 21, 22, 64, 65].

1.4 Multisymplectic PDE’s

In this section we summarize some of the ideas for multisymplectic PDE’s and the
conservation laws which are discussed in [18, 21, 49, 57]. If a variational description
of a Lagrangian formulation for a continuous dynamical system with the Lagrangian

L(u, u, uy) is available

5//£(u, U, Ug) dt dz = 0, (1.30)

then the equation of motion is formally given by

0L, 0L or

—+ — =20. 1.31
ouy 0um+0u 0 (1.31)

14



By introducing a conjugate variable v related to the temporal derivative uy

s

V=g, (1.32)

and assuming that the transformation above is invertible, ,i.e. u; = uy(v), then the

Hamiltonian is defined by a Legendre transformation [50]
H(u,v) = /vut(v) — L(u,u(v), uy) do . (1.33)

By having the variational derivatives (1.29) of H required to satisfy the original equa-

tion of motion (1.31) and by the definition of the conjugate variable v (1.32), we

get
OH oL oL
Su ax8um COu —Ow (1.34)
OH oL
5o ug(v) + v uj(v) %ug(v) = Owu (1.35)
or, with y = (u,v)”
OH
_ g-1Z77"
=775 (1.36)

with J as the skew-symmetric structure matrix (1.3) with d = 1. The equation (1.36)
is the formulation of (1.31) as an infinite-dimensional Hamiltonian system. If y is a
solution of the variational equation associated with (1.36), then the symplectic two-
form defined as

1
O i/dy/\de dx =0 (1.37)

is globally conserved. Here A denotes the external product (1.7).

There are two disadvantages of the infinite-dimensional Hamiltonian formulation
(1.36); the symplectic structure (1.37) is infinite dimensional, and a function space is
required for the z-dependence. For example, to define the integral of the Hamiltonian
function (1.33), the domain of integration over the spatial variable = must be specified.
On the other hand, a multisymplectic formulation is defined on a phase space of finite-
dimension, and no integration is required.

Introducing a second conjugate variable, this time with respect to the spatial

variable u,,

oL
Ouy

yields a multisymplectic structure [18]. Again we assume that this is an invertible

w

(1.38)

relation u,; = uy(w), and a new Hamiltonian defined by a Legendre transformation

15



with respect to both v and w is
S(u,v,w) = vu + wuy — L(u, ur(v), ug(w)). (1.39)

The partial derivatives of S with respect to (u, v, w) are required to satisfy the equation

(1.31) as well as the definitions of v (1.32) and w (1.38):

a8 oL

= o= 0w, (1.40)
2S , oc , .

5 = ut(v) + vug(v) a—mut(v) = O , (1.41)
a8 oc ,

= u(w) + wu,(v) (v) = Ogu . (1.42)

- u
Oou, °

Ow

The multisymplectic formulation can be written in a compact form as

Mz, + Kz, = V,S(2), 2 € R?, (1.43)
where
0O -1 0 0 0 -1
M=|1 0 0|, K=|l0o0 0 |, (1.44)
0O 0 O 1 0 O

and z = (u,v,w)7.

(8/0u,8/dv,8/0w).

In this definition V, is the gradient operator given by V, =

The multisymplectic formalism can be extended for higher dimensional systems
with n > 3, skew-symmetric matrices M and K, and a smooth function S : R* — R
[21, 18].

1.4.1 Symplecticity

The system (1.43) is multisymplectic in the following sense: associated with M and

K are pre-symplectic forms
w(lU,V)=<MU,V > and «k(U,V)=<KU,V >,

where U,V € R", w defines a symplectic structure on R™, (m = rank M < n)
which is associated with the time variable ¢, and s defines a symplectic structure on
RF (k = rank K < n) which is associated with the space variable z. Any system of

the form (1.43) conserves the symplectic structure
Ow + Ozk = 0. (1.45)
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To show this, we assume that U,V € R™ are any two solution of the variational

equation associate with (1.43),
Mdz + Kdz, = D,.S(z)dz. (1.46)
Then
Ow = <MU, V>4 <MUV >
ok = <KU.,V>+ <KUYV, >
and since the Hessian matrix D,, is symmetric, we obtain the multisymplectic con-
servation law
Ow~+ Ok = <MU+KU,,V>—- <UMV,+KV, >
= <D.SEUV>—-<UD.,S>ZV > (1.47)
= 0.
Using the wedge product notation the multisymplectic conservation law (1.45) can be

written as

Oi(dz NMdz) + 0p(dz NKdz) = 0. (1.48)

1.4.2 Energy and Momentum Conservation

In addition to the multisymplectic conservation law (1.45), multisymplectic PDE’s
possesses two additional conservation laws [21]. When the Hamiltonian function S(z)
is independent of ¢ and z, the PDE’s in multisymplectic form (1.43) haves local energy
and local momentum conservation laws. Conservation of energy and momentum are
associated with translation invariance in time and space respectively. Using the time
invariance of (1.43) an energy conservation law can be derived by multiplying (1.43)
with 2] from the left

A Kz, = 2I'V.8(2) = 8,5(2) (1.49)

because of the skew-symmetry of M , z/ Mz; = 0. Noting that
A Kz, = %@(zTsz) — %@(zTKzt) (1.50)
we obtain the energy conservation law
OE(z) + 0:F(z) = 0 (1.51)
where

E(z) = S(z) — zk(zg, 2), F(z)= §n(zt,z), (1.52)



are known as energy density and energy flux respectively. Similarly, the spatial in-
variance of (1.43) can be used by multiplying (1.43) with z!' from the left, which
gives

2IMz = 21V, 5(2) = 9,5(2) (1.53)

because the skew-symmetry of M implies z;‘f Kz, = 0. Using the identity
szt = 189& 2TMz ) — lat 2TMz, (1.54)
N 2 2

we obtain the momentum conservation law

Ol(z) +0,G(2) =0 (1.55)
where
1 1
G(z) = S(z) — iw(zt,z), I(z) = iw(zx,z) (1.56)

are known as momentum density and momentum flux respectively.
However, the Hamiltonian function S(z) associated with the multisymplectic struc-
ture (1.43) is not preserved. This can be shown by
05(z)

o = (VaS()u) = (Kaz) = sz =),
oo (1.57)
o = (Va8()z) = (Maz) = Az, z).

There are also some additional conservation laws for multisymplectic PDE’s [57].
This follows from Noether theory and the derivation of the multisymplectic formula-

tion from a Lagrangian functional
L= /Ldtdw for L = %ZT<MZt +Kz,) — S(z). (1.58)
Taking a linear one-parameter family of linear coordinate transformation given by
G. = ez (1.59)

which is chosen in such a way that it is symplectic with respect to both w and k we
obtain

ATM + MA =0 ATK + KA = 0.

Because the Lagrangian is invariant under such a transformation

oL

0= %

= / S'(2)Azdtdz
e=0
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and we obtain the invariance condition
S'(z)Az =0. (1.60)
Direct application of S'(z)Az = 0 to the multisymplectic formulation yields
(A2)TMz + (A2)TKz, = (A2)1V.S(2) =0
which can be written as a conservation law
T+ 0,V =0 (1.61)

with T = (ZTMAZ) and V = (zTKAz), which is called an additional conservation
law.

We note that all these conservation laws are of local nature. The local conservation
property is stronger than the global conservation since for Hamiltonian PDE’s sym-
plecticity may vary from point to point in space and from time to time. However local
conservation may lead to global conservation. Boundary conditions play an impor-
tant role here. In order to show this we consider the multisymplectic PDE (1.43) with
periodic boundary conditions and the multisymplectic conservation law (1.45). To
obtain the global conservation, we take the integral of (1.45) over the spatial domain

and obtain

[ (5) 2= wtt.0 =00 =0 0

Lo 0 L d .
/0 ((%w> dx = . </0 wdx) =50= 0, (1.63)

where we used the periodicity of the boundary conditions in (1.62). We notice that

and

(1.63) corresponds to the conservation of symplecticity of Hamiltonian ODE’s.
Integrating E(z), I(z) and T'(z) over the spatial domain with periodic boundary
conditions lead to global conservation of energy

d . L
a5‘(,2):0 with S(z):/o E(z)dz, (1.64)

the global conservation of momentum

d . L
@I(z):o with I(z):/o I(z)dz, (1.65)

and the global conservation of additional conservation law

d . L
ST()=0 with T(:)= /0 T(2)dz. (1.66)

19



where L is the length of the spatial domain.
It is possible to simplify the multisymplectic conservation law (1.48) by taking a

non-unique splitting of matrices M and K such that

M=M; +M_. and K=K; + K_ | (1.67)
with
M} = -M_  and KT = -K_. (1.68)
Noting that
dzANMydz = dzAM_dz and dzAKidz = dzANK_dz, (1.69)

the multisymplectic conservation law (1.48) holds with
w=dzANMiydz and k = dzANK.idz. (1.70)

This splitting can be used in the multisymplectic discretization of (1.43).
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CHAPTER 2

NONLINEAR SCHRODINGER EQUATION

The subject of integrable models is very fascinating largely because of their innumer-
able symmetries and a special class of solutions known as soliton solutions. However,
only a few systems are integrable. The NLSE is an example of an integrable equa-
tion. In contrast to many PDE’s like KAV and Sine-Gordon, the dependent variable
in NLSE is complex rather than real, so the evolutions of two quantities are governed
by the equation. It plays an important role in nonlinear physics [34, 46]. It is a
completely integrable system, having infinite number of conservation law, and admits
stable solitary wave solutions [59]. Various types of numerical schemes have been
proposed to simulate the NLSE (see, for example [4, 45, 66] and reference therein).
The CNLSE’s and N-CNLSE’s are often used to describe the more general physical
situations. They are also model PDE’s in such as plasma physics, optics, biophysics
and water waves (see [19, 20, 42, 48, 53, 82, 43] and reference therein). But in many

situation, they are not integrable.

This Chapter is organized as follows: In Section 2.1 the Hamiltonian and mul-
tisymplectic structure of the NLSE and its conserved quantities are discussed. The
Hamiltonian and multisymplectic structure of the CNLSE and its conserved quantities
are given in Section 2.2. We present the multisymplectic structure of the N-CNLSE

in Section 2.3.

2.1 The Nonlinear Schrodinger Equation

The cubic NLSE can be written as

iU 4 Uy + alulu =0 (2.1)
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where * € R, a is a constant, i = v/—1, | - | denotes the modulus, and u(x,t) is
complex function. It is a completely integrable system, possesses an infinite number of
conservation laws, and admits stable solitary-waves called solitons [46, 59]. Equations
with higher-order nonlinearities are also useful for numerical experiments, since they
can provide more severe tests for approximation schemes. The Schrodinger equation

with power nonlinearity (GPNLSE) [66]
iU+ Uy + alul " ru =0 (2.2)

where i = /—1,u = u(x,t) is complex-valued, x € R", a is a real constant, and [ > 1
has been used to model nonlinear dispersive waves. We will consider the case x € R
with the initial condition u(z,0) = ug(z) decays exponentially to zero as |z| — oo.
For [ = 3, (2.2) reduces to the cubic NLSE (2.1). While the cubic NLSE (2.1) has
been examined in various numerical studied, less attention has been paid to the more
general Schrodinger equation (2.2) of which the cubic NLSE is a special case. The
GPNLSE (2.2) has been studied using the orthogonal spline collocation method for
spatial discretization (see [66] and reference therein)

In this thesis, we shown that the GPNLSE has Hamiltonian structure. Because
of the Hamiltonian structure one can use symplectic methods to simulate it. We also
show that GPNLSE has a multisymplectic formulation. Because of the multisymplec-

tic structure one can use multisymplectic methods to simulate it.

2.1.1 Hamiltonian Formulation

The Schrédinger equation with power nonlinearity (2.2) can be written as an infinite

Hamiltonian system
0H

ou*

(2.3)

Ut =

with the Hamiltonian

2a
Hu,u*) =i [ [+ |u"tt - lﬂ) 2.4
() =i [ (ol = ) do (24)

where u* denotes the complex conjugates of u. If p and ¢ are real valued functions
then substituting u = p — iq into (2.3) we get

11—

s

q + DPrz + a(p2+q2)
-+ Qe + a4+ %)

| w‘
Il
L

(2.5)

-1

) ‘

p
q
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or equivalently

Zt = J g, (26)

where z = (p,q)7, J is defined in (1.3), and the Hamiltonian or energy is

1

H(z) :/H(Z)d:c, for H(z) = /5 [ 2a

[+1

PP+ —p2—@| de.  (27)

The main idea is to discretize the space appropriately so that the resulting semi-
discrete system can be written as a finite dimensional Hamiltonian system in the time
direction. The resulting system of ODE’s can be integrated by a symplectic method.
The Hamiltonian formulation of the NLSE allows us to identify the symplectic struc-
ture,and the conserved quantities and therefore aloows the application of a symplectic
integrator for its solution.

A symplectic and non-symplectic integration of (2.1) with periodic initial data and
boundary conditions was made in [35]. In [78], the properties of a symplectic method

were tested using different initial data: one-soliton and three-soliton solutions.

2.1.2 Multisymplectic Formulation

The GPNLSE (2.2) can be cast into a multisymplectic Hamiltonian system (1.43).

Using uv = p — iq the GPNLSE can be rewritten as a pair of real-valued equations

-1

2

)

+ Doz + a(p? + ¢
@ +p (P*+q°) (2.8)

-1

p =
P — s —a(P*+¢*) 7 ¢q

Introducing the pair of conjugate momenta v = p,, w = ¢, we obtain the multisym-

plectic PDE

—q — v = a(P*+¢)zp
2 2y 1
— Wy = a + 2
D x (p q (2.9)
Pz = U
e = W
with the state variable z = (p, ¢, v, w)T and the Hamiltonian
_ 1 2a 2 2\ 5 2 2



In this case,

0 -1 0 0 00 -1 0
1 0 00 00 0 -1
M = , K = (2.11)
0 0 0O 10 0 O
0 0 0O 01 0 0
The corresponding multisymplectic conservation law is
Q(d Ad)+ﬁ(d ANdv+dgNdw) =0 (2.12)
g P T G AP 1 e ‘

The time invariance leads to the corresponding energy conservation law (1.51) as

0

0
- _ 2 )2 i —
5 (S() —v? —w?) + o (petwa) = 0 (2.13)
and space invariance leads to the momentum conservation law (1.55) as
0 0 1
— - S — =0. 14
5@V —pw) + = (5(2) = S(ape —pgr)) = 0 (2.14)

When we integrate these three equations with respect to z, we obtain the global
conservation of energy (Hamiltonian), momentum, and norm.
The multisymplectic form of NLSE (2.9) is invariant under the action of the one-

parameter group of rotations SO(2), given by Gy(z) = Ryz, with

We define the matrix A such

Az =

Then, we have

TMAz = p? + ¢°,

cosf
sin 0
0
0

that

a
do

—sinf
cos 6
0
0

0
0
cos 0

sin @

0
0
—sinf

cosf

g@(z)’9=0 = [_pa q, —w, U]T'

ATKAzZ = 2(pw — qu)

(2.15)

which shows that the additional conservation law (1.61) is satisfied in the form

9 {1
ot

0
— 2 2 -

(pw—qv) =0

(2.16)

which is called the norm or additional conservation law for NLSE.
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All these conservation laws are local ones. For global conservation, boundary
conditions play an important role. In order to show, how boundary conditions are
crucial for global conservation we consider the NLSE (2.5) with cubic nonlinearity
[l =3onze€[0,L] where L € r is length of space. If we take the derivative of H with
respect to ¢ using the energy functional (2.7),we get

W aalp ()
= a(p® + ¢*) (Pt + 44t) — PuPat — dulot

0
= a(p* + &) (ppt + Q@) + PePra + Glas — o PP+ @) (217)

To simplify this expression, we multiply the first equation of (2.5) by p; and the second
equation of (2.5) by ¢; and obtain

Pt + Pl + aP*+E)pp = 0, (2.18)
—@pr + @Pex + a(P®+P)ag = 0,
If we add these equalities we get
PtDaz + Gtz + a(p® + ¢*)(ppe + qqt) = 0. (2.19)
Substituting this into (2.17) yields
O0H 0
o *%(pa:pt + qeqt)- (2.20)

Let ¢ € [0, L] be any point. Evaluating (2.20) at x = ( gives

0

SHGH) =~ a6 OG0 + (G Dl 1) =0

Therefore, energy is conserved locally inside the integration domain. This shows that
the boundary conditions does not effect the local conservation. However, for global
conservation of energy, boundary conditions are crucial. To see the effect of boundary

condition for the global conservation we take the derivative of H with respect to time

and we get
d L d
— = —Hd
it o dt "

= (p:tpt + qgcQt) |()L
= [p$(07 t)pt<07 t) + Qx(07 t)Qt(Oa t)] - [ JC(L? t)pt(L7 t) + %:(Lv t)Qt(Lv t)] :

Notice that, for the periodic boundary condition
p(0,t) = p(L,t), q(0,t) =q(L,t), ps(0,t) =pa(L,t), ¢u(0,t) = qu(L,1),
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d
_ =0
dtH ’

i.e. energy is conserved globally. This example shows the difference between local and

global conservation, as well as how the boundary conditions effect the conservation.

2.1.3 Conserved Quantities

Although the general case of the GPNLSE is non-integrable, rapidly decaying solutions
to (2.2) at the boundaries do satisfies three conservation laws. The first conservation
law can be derived by multiplying (2.2) by u*, then taking the imaginary part and

integrating over the real line. Then, we get the squared L? norm of the solution

Cr(u) = /OO lu[2dz, (2.21)

—0o0

which is conserved in time. The second conservation law

o0 2a
Calw) = [~ (Jual? = 2l ™) do (2.22)

is obtained by multiplying (2.2) by uy, taking the real part, and integrating over the

real line. Also,

Cy(u) = /_ O:o 2 Im(u)da, (2.23)

is conserved in time, which can be found by multiplying (2.2) by u}, taking the real
part and integrating over the real line.
In the focusing (a > 0) and refocusing (a < 0) cases the situations that arise are

quite different. In particular, we have the following cases [70].
a) If a <0 and [ < oo, solutions exist for all ¢.
b) If a > 0 and [ < 5, solutions exist for all ¢ with some regularity properties.

c) If a > 0,1 > 5, and Ca(up) < 0, the no smooth solution can exist for all positive

t.

Ifa > 0andl > 5, even if Cy(ug) > 0, it is possible that blow-up may occur under some
conditions. Also, solitary-wave solutions of the GPNLSE are known to be unstable if

[ > 5 (see [84] and reference therein).
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2.2 Coupled Nonlinear Schrodinger Equation

Optical fiber communications are advancing very rapidly. One of the major transmis-
sion formats is to use optical solitons as information bits. For optical soliton, the pulse
can transmit without change of shape. In physical applications, pulse-pulse interac-
tions have been studied in the past 20 years. Most of these studies used the NLSE
model, which is appropriate when fiber birefringence is neglected. In an ideal fiber,
optical solitons can be modelled approximately by the NLSE, whose solution behav-
iors are completely known [6, 92]. But in reality, optical fibers are birefringent. When
fiber birefringence is taken into consideration, pulse propagation is actually governed
by two CNLSE. Pulses travel at slightly different speeds along the two orthogonal
polarization axes. This effect has been analyzed in [52], where two CNLSE’s were
derived for the pulse propagation along the two polarization axes. Such a pulse is
called a vector soliton in the optics literature. We note that a ”vector soliton” here
is just a solitary wave solution. In a linear birefringent fiber, the cross-phase modu-
lation coefficient e is 3/2. But it may take other values if the birefringence is elliptic
[54]. Birefringent fibers also support optical solitons [53, 88]. The collision of vector
solitons is critical in many optical switching devices and nonlinear telecommunication
networks. In all the above situations, collision of vector solitons is an important issue.
Collision of vector solitons in the CNLSE’s has been studied before. In the integrable
Manakov model, the soliton collision is elastic, and the outcome has been explicitly
specified.

A wide range of the CNLSE model can be written in the general form

(91 o1 PP OH
Z( ot ) TG T s (2:24)
(O 31/}2> s OH
z( 5 + 02 g +ds 522~ o1 (2.25)

where 01, d2,d1, do are real parameters and 11 (z,t), ¥2(x,t) are complex valued func-
tions of (x,t) € R and H (11,1, 102,2) is a real valued function called as the Hamil-

tonian. For the classical CNLSE with cubic coupling H takes the form

H (1, 1, o, 1) = by [ha|* + ba [9ho]* + b [1* 4],

with real parameters b1, b2, b3. Thus the system (2.24)-(2.25) becomes
0 0 0?
.(771)1+51 ¢1>+d1 V1

2 2
"o O 5,2 T (arlinl +elve )y =0 (2.26)
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J + (e|vrl® + az [ )a = 0 (2.27)

/ @;ff + 52%1/;2) + d2882;/122
where 61,09, d1,ds, a1,a2 and e are all real constants. In applications the real para-
meters dp, dy are the dispersion coefficients, a1, as, e are the Landau constants which
describe the self-modulation of the wave packets, and e is the wave-wave interaction
coefficient which describes the cross-modulations of the wave packets. When e = 0,
the system decouples into two NLSEs. The coefficients in (2.26)-(2.27) are variable
parameters for the geophysical fluid dynamics. For nonlinear optics, the coefficients
are some fixed constants (see [48, 75, 81] and reference therein). In this work the
coefficients are taken from nonlinear optics.

In general the system (2.26)-(2.27) is an non-integrable system, that is, we can not

find infinitely many conservation laws [82]. The conservation laws can be written as

oD; | OF; _ 0
ot or
where the D; are called the conserved density and the F; are called the conserved

flux. In [82] four conserved quantities of CNLSE are listed among which two are

Dy =941y, Fi =091 +idi (Y101 — ¥iv,),
Dy = 5apa, Fo = 6ap3the + ida (2,02 — P31b2,).
However, for some parameters the system (2.26)-(2.27) is integrable. For example,

in [48] the integrability of the CNLSE (2.26)-(2.27) is shown in the case di = da =

(2.28)

1, a1 = ag = e. Later, in [91] it was shown that the CNLSE (2.26)-(2.27) is integrable

only for the following two cases:
a) The Manakov case : dy =da2, a3 =az=e,
and
b) dy = —dy a1 =az = —e.
In a recent study [53] on optical fibers with a linear birefringence, (2.26)-(2.27) with
01 = —02 =0, dy =da,a1 = az = 1, and e = 2/3 has been proposed.
2.2.1 Hamiltonian Formulation

If a PDE is an infinite-dimensional Hamiltonian system, then semi-discretization leads
to a system of ODE’s with symplectic form which is then solved by a symplectic

method. In this section we will review the Hamiltonian formulation of CNLSE.
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It is well known that the system (2.26)-(2.27) can be written as an infinite-
dimensional Hamiltonian system [16, 19, 91]. The Lagrangian density for (2.26)-(2.27)

is given in [82] as

2 .2
wa—%mH;Z@erﬁww
k=1 k=1

ol

, (2.29)
" a a
= ditiathe + 5 11"+ el Pl + [l

k=1
Here 1* denotes the complex conjugate of ¥, and the subscripts ¢ and x denote partial

differentiations with respect to time and space. Then the Euler-Lagrange equations

0 (8£), 0 (O£ O _
Ot \ Oy Or \ Oy, o

o foc, o (oL oL _
ot \avy, ) ox\oup, ) aup

yield the CNLSE system (2.26)-(2.27) and its complex conjugates. Introducing so

(2.30)

called conjugate momenta

oL
Oyt

the Hamiltonian density is defined by

0L __iy, (2.31)

T, = 9k _
k o, 2

7
ok I*_
_2¢k7 k

2

Ho= > (Tetwe + Tihy) — £
k=1
2 Z5k

= > (v - g

k=1

(Ve = Vi) ) = Floal* = eliaPloal® — Pl

The Poisson bracket is given in [82] as

0A 0B 0A 0B
[A, B] = —z/d P k=12, 2.32
<6wk5wk &¢zé¢k> (2.52)

where the variational derivative is defined in (1.29). Hence, the CNLSE can be written

as a non-canonical Hamiltonian, or Poisson system

2
DL = W H] = i~ 50 il + el

(2.33)
8(;@2 = [Po,H] = d288¢2—5288w2+16‘¢1‘ Yo + iag|1ha|*ehs .

We will now write the real form of CNLSE as an infinite-dimensional Hamiltonian
system by decomposing the complex functions 1, 1o into real and imaginary parts

Y1z, t) = qi(x,t) + iga(z, t), Yo(z,t) = q3(x,t) + iqa(x,t) (2.34)
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where ¢;’s ¢ = 1---,4 are real functions. By substituting (2.34) into (2.26)-(2.27), we

obtain a system of real-valued equations

% + 51% + dl?;f; + z1(9)g2 = 0,

%i? + 61%;2 — d1882521 - za(gan = 0, (235
%qf + 52883” + dz(?;xq; + 22(q)s = 0, |
% + 52% - dz?;q;’ — 2(q)gs = 0

where

z21(0) =a1(dd +¢3) +e(q3 +q3) and 2z(q) =e(qf +43) +aa(3 +q3)  (2.36)

with ¢ = (q1, 42, ¢3,q4)". Then the CNLSE can be expressed in the canonical Hamil-
tonian form
Ouj _ oM Ov; _ oM

ot vy ot buj’

j=1,2 (2.37)

where u = (q1,¢3)", v = (g2,¢4)" and

H(z) = / {W — % ((%?)2 + (%q;)Q) - % ((?913)2 - (%‘?)ﬁ

9q2 944
—01 <Q1 8:1:) — 0o <q36x> } dz. (2.38)

1 2 2 e
W= {al (+a3) +a (a3 +ad) } + (@ + )+ )

with

Using (2.37) the CNLSE can be written as the canonical Hamiltonian system (1.36)

in variables ¢ = (q1, g2, g3, Q4)T
oH
— J*l 2.
g > (2.39)
where
J L0
J— (2.40)
0o J!

with J defined in (1.3) with d =1

2.2.2 Multisymplectic Formulation

In this section we will give the multisymplectic formulation of the CNLSE (2.26)-(2.27)

[19]. Following the derivations in Sec. 1.4, we will obtain the energy, momentum

30



and the additional conservation laws of the CNLSE based on the multisymplectic

formulation.
Introducing the real functions p; ,i =1,---,4

. oY1 1.
= di— + =10 2.41
p1 + ip2 (o + 5 1Y1, (2.41)

. OyYa 1.
= do—=+ =10 2.42
p3 + ips 250 + 51 212, (2.42)

the coupled system (2.26)-(2.27) is equivalent to the following first-order system of

equations
92 Oy 21(q) 0 0
ot O 1\9)q1 2d, b2 B q1
dq1  Opo 1 5
ot on 21(9)g2 2d; (pl + 2612>
9¢s _ Ops 25(q) 02 (02
ot o 219)43 2ds 2 9 q3
_Oas _ Opa 25(q) 02 _,_53
ot O 2(4)q4 2ds b3 5 q4
0 1 )
L= L(n+Te) (2.43)
9 _ 1 ( _ 0 )
dgs 1 52
81’ - dQ (p3 + 2 Q4)
94 _ 1 ( _ 02 )

The system (2.43) can be rewritten in the multisymplectic Hamiltonian system (1.43)

in coordinates z = (q1,q2, g3, 44, P1, P2, P3, pa)| With

—J 02 09 09 02 09 —IQ 02

M — 02 —J 02 02 7 K — 02 02 02 _12 (2‘44)
02 02 02 02 12 02 02 02
02 02 02 02 02 12 02 02

where J is defined in (1.3) with d = 1 and 02, I are 2 x 2 zero and identity matrices

respectively, and

1 1 1)
S(z) = W+ 2d; (p% +P§) + 2y (P% ‘H?i) + 27;1 (p1g2 — P2¢1)
(2.45)
P 5% 2 2 55 2 2
tog, (P3as — Pads) + g (a+a3) + 3ds (43 +at)

with

W= (ot +ad) + (@ ad) + 5 (dF +ai) (o + ).
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By direct computation we can prove that (2.26)-(2.27) has the multisymplectic con-

servation law
(9tw + a:):Kz =0

where w and x are the two-forms associated with the skew-symmetric matrices M and
K given in (2.44). The local energy conservation law (1.51) can be obtained with the

energy density

4 4 ,
B(:) (Z s - %fc) (2.46)

and energy flux
4 4
0q; op;
(Z Pigy — 2.1 m) (247)
j_

and the local momentum conservation law (1.55) can be obtained with the momentum

density

1[ O¢ oq 0qa dq3
I(z) =59 { o, p287 +4q 387 Pa am} (2.48)

and the momentum flux

o |1 ~ Ry B T Wy, (2.49)

17 0 0 0 0
G(z) = S(z) — { 2 Qn au CB}
The CNLSE (2.26)-(2.27) has a phase invariance [20], where (e®14)y, e?24) is a
solution of CNLSE whenever (11,2) is a solution, for any (61, 602) € R2. If we define
[20]
cosf) —sind
Ry = 5
sinf  cosd

then
G(61,02) =Ry, @Ry, DRy, ® Ry, € R¥*8

is a action on R8*® and the equalities
G(@l, HQ)M = MG(Ql, 92), G(91,92)K = KG(91,92) and S (G(gl, 92)2) = S(Z)

hold for all (61, 6:) € R?. If we define [20]

0 .
9i = aTG(%,@g)\ej:o, j=12 and A =g+, (2.50)
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then it can be shown that
O(z"TMAz) + 0,(2TKAz) = 0. (2.51)
Thus the additional conservation law (1.61) is given by

= ’MAz = ¢f + 3+ ¢+ ai, (2.52)

= 2IKAz = 2(q1p2 — @2p1 + q3pa — qap3)- (2.53)

2.2.2.1 Conserved Quantities

In this section we will show that how the CNLSE (2.26)-(2.27) satisfies the energy

densities

Cr= [Tl = [ P (25)

where 11 and 19 are given in (2.28). In [42] it was shown that the CNLSE (2.26)-
(2.27) satisfies the energy densities (2.54) under homogenous Neumann type boundary
conditions. Here we will show that the densities (2.54) are satisfied by the CNLSE
under periodic boundary condition. To show that system (2.35) satisfies (2.54), we

will write system (2.35) as

10%°w

ow ow
ow ow 4 - 2.55
ot T %%y T o3gm T oAIw =0, (2.55)
ov ov 10%v
ov 5, Y oV — 2.56
5 T %a. t ooz T 29V 0, (2.56)

where J is the skew-symmetric matrix (1.3) with d = 1, w = (q1,¢2)" and v =
(¢3,94)". Now, multiplying (2.55) and (2.56) by w’ and v’ respectively and integrat-

ing with respect to x yields

d [on d [or
il w'w dz = 0, dt/“ vivdz = 0. (2.57)

Here the integrals above vanish due to the skew-symmetry property of the matrix J

and the imposing of the periodic boundary conditions at xy, and zg

awlJw = 0, wlJw,, = (WTJW;C),
(2.58)
2vlJv = 0, vivy, = (VTva)
Thus, from (2.57), we have
TR TR
Cq :/ wiw dx = / 1 |? de = const, (2.59)
xr TL
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and

TR TR
Cs :/ vivdr = / [o|? dz = const. (2.60)

L L
Conservation of the energies (2.59) and (2.60) imply L? boundedness of the solution

and no blow up is expected.

2.3 N-Coupled Nonlinear Schrodinger Equation

In recent years the concept of soliton has been treated in optical communications. It
has been found that soliton propagation through optical fiber arrays is governed by a

set of equations related to the CNLSEs [8, 10],

Y Yy
ot TCig2

N
+2’U’Z|¢k‘2¢j :O7 j:172,...7‘]\77 (2.61)
k=1

where 1; is the j-th component of the beam, 2u is the strength of nonlinearity, x is
the transverse coordinate and ¢ is the coordinate along the direction of propagation.
For N =1, ¢ = 1, and g > 0 equation (2.61) reduces to the standard envelope
soliton possessing integrable Schrédinger equation (2.1). For N = 2, equation (2.61)
governs the integrable Manakov system. Recently the exact two-soliton solution has
been obtained and novel shape changing inelastic collision property has been brought
out [48, 62]. However, the results are rare for N > 3, even though the underlying
systems are of considerable physical interest. For instance, in addition to optical
communication, in the context of biophysics the case N = 3 can be used to study
the launching and propagation of solitons along the three spines of an alpha-helix in
protein. Similarly, the CNLSE (2.61) and its generalization for N > 3 are of physical
interest in the theory of soliton (see [43] and reference therein).

For e = 1/2 and p = 1/2, the set of equations (2.61) is a generalized Manakov set
which has been shown to be integrable. This means that all solutions, in principle,
can be written in analytical form. Periodic waves for the single-component regime,
or the N = 1 case of equation (2.61) have been studied earlier. [9]. Periodic waves
for N-coupled system (2.61) with three and four component are established in [27].
Analytical solutions of equation (2.61) have been derived for both the regimes of
anomalous and normal dispersion € = +1 or —1, respectively, and all interaction

coefficients 2u being +1 from two to six components [26]. Recently, the case of u
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being allowed to be both positive and negative has been considered (see [36] and
reference therein).

The N-coupled nonlinear Schrodinger equation (N-CNLSE) (2.61) has a multi-
symplectic structure (1.43). Using ¥y = qox—1 +igor k= 1,2,---, N, we can rewrite

(2.61) as a pair of real-valued equations

Jq2 q 2 2 2
5 T a5z ° 2#(Q1+Q2+“‘+Q2N)Q1 =0
Oq1 &g 2 2 2
T b v 2#(@1+Q2+"'+Q2N)Q2 =0
(2.62)
0N 82(]2N71 2 2 2
ot + ENW + 2u(q1+q2+--~+qu)qm\f—1 =0
6(]21\771 OQQQN 2 2 2
S T oevga (@@t tdy)er = 0

Introducing pg(z,t) = dqx(x,t)/0x k = 1,2,---,2N, the N-CNLSE (2.61) can be

reformulated to multisymplectic form (1.43)
Mz + Kz, = V.S5(2), (2.63)

in which z = (qvp)T with q= (qlv' ! '7q2N)7 P = (pla" '7p2N)7

A O 0 B
K
0 0 -B 0

where A = diag(J), with J defined in (1.3) (d = 1), 0 is a 2N x 2N zero matrix,
B = diag(E}) with

and
2

b (2N LN
S(z) = 5 (Z QI%) ~3 Z% (pgk—l ‘Hng)

k=1

By direct computation, it can be shown that (2.63) has the multisymplectic con-

servation law

) N o (&
g (— Z dgor—1 N dQ2k:> + 2 (Z ek(dgog—1 N dpag—1 + dgax, A dka)) =0. (2.64)
k=1 T \k=1
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CHAPTER 3

NUMERICAL METHODS

For conservative systems, many properties of the system are lost in discretization. A
basic idea behind the design of numerical schemes is preserving the properties such as
integrability, symplecticity and energy of the original problems as much as possible.
From the symplectic viewpoint, there are two approaches for developing symplectic
methods for ODE’s. In the first approach, if the system is a Hamiltonian ODE one
can define a symplectic method which preserves the underlying symplectic structure.
The second approach considers the Lagrangian viewpoint and uses a discrete varia-
tional principle (see for example [33] CH.6). The idea of the symplectic integration
of ODE’s is then extended to that of PDE’s. The main idea in defining symplectic
methods for PDE’s is to discretize the space appropriately so that the resulting semi-
discrete system can be cast into a finite dimensional Hamiltonian system in time; then
the resulting system of ODE’s are integrated in time by a symplectic method. Re-
cently, multisymplectic integrators were developed for PDE’s in the multisymplectic
form. Multisymplectic methods were first introduced in [49] based on the variational
approach. Later, Bridges and Reich [21] introduced a different approach that defined
a multisymplectic integrator as a numerical method that satisfies a discrete multi-
symplectic conservation law. This approach was later applied to many PDE’s such
as KdV, NLS, and Klein-Gordon equations (see [13, 24, 25, 39, 64, 65, 83, 93] and
reference therein). In this thesis we use the second approach. Multisymplectic PDE’s
have a symplectic structure associated with each of the temporal and spatial variables.
Therefore it is natural to preserve this structure under discretization.

The outline of this chapter is as follows. In Sec. 3.1 we review the integrable
Ablowitz-Ladik discrete NLS system. In Sec. 3.2 symplectic integrators for CNLSE
are constructed. In Sec. 3.3 multisymplectic integrators and Preissman scheme are

discussed. Multisymplectic integrators for NLSE and CNLSE are presented in Sec. 3.4
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and Sec. 3.5 respectively. In Sec. 3.6 a multisymplectic six-point scheme is derived for
the CNLSE. In Sec. 3.7 a semi-explicit scheme based on the linear-nonlinear, even-odd
splitting is constructed for the CNLSE.

Here and throughout the remainder of the thesis, we use uniform grid points
(T, tn) € R? with mesh-length Az = x,, — ym_1, m = 1,2,..., M in the z-direction
and the time-step At = t, —t,—1, n = 1,2,---, N in the t-direction where M is the
number of grid points and N is the number of time steps. The space-time domain of
our problem will then be approximated by points (z,,t,) = (mAz,nAt). The value
of a variable z(z,t) at the mesh points (z,,,t,) will be denoted by 2/,. The first order

derivatives z, and z; are approximated as follow.

n _n n+l _ _.n
SFap = Zmzizm and 5 20 = W, (3.1)
x
B poLa——y ) . 3 o on—l
8, 2 = % and & 20 = %7 (3.2)
21— 2
ol = % (3.3)

where 6T and 6~ are the forward and backward and 6° the central difference opera-
tors, respectively. Using these difference operators the approximation for the second

derivatives z,, is defined by

n — 9, n
hap, = LT TInl gy (3.4)

Using the average operators

n 4 n n+1 n
dp2) = w and 02y, = w, (3.5)

the values of z(,t) at the midpoints (m + 3,n) and (m,n + 3) are defined as

1
n _ n nty n
20 el = OzZy, Zm 2 = 02y

N

3.1 The Ablowitz-Ladik Discrete NLS System

The NLSE (2.1) is integrable, i.e. has infinite number of conservation laws. This
implies that solutions of the NLSE are well behaved and, in particular, one does not
expect to find any chaotic behavior. However in the discrete case this phenomenon is

not always true. Many numerical schemes have been proposed to simulate the NLSE
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(2.1), including a number of conservative schemes (see [35, 68, 77, 78] and reference
therein). Application of the standard difference scheme to the NLSE (2.1) gives the
discrete NLS (DNLS) [1]

d Uy + Un+1 — 2’U,n + Up—1

a 2, _
i 12 + aluy|“u, =0 (3.7)

which has the canonical Hamiltonian structure with the Hamiltonian

u 2 a
=i Z <| SRtedl] 2’%‘\4) (3.8)

where h = L/N denote the grid spacing. The DNLS system (3.7) has only two
integrals: the Hamiltonian (3.8) and the energy I = Z;V:*f luj|?. Therefore it is not
integrable.

One of the most important discrete models of NLSE (2.1) is the integrable Ablowitz-
Ladik (AL) model

d Upt1 — 2Up + Up—1

Z@Un + A[EQ

g|un\2(un+1 —Up—1)=0,n="---,-1,0,1,---. (3.9)

It is completely integrable, i.e. has an infinite number of conserved quantities [2, 77].
The solution of (3.9) converges to the that of (2.1) for Az — 0 [77]. On the other
hand, the Hamiltonian structure of the AL model (3.9) is noncanonical. When we

split u, into real and imaginary parts via u, = v, + iw,, (3.9) can be rewritten as

d w — 2wy, + Wp— a
o, 4+ Z noloy —(v2 +w?)(Wng1 —wp_1) = 0
dt Az 2
p ) (3.10)
Un41 — 2Up + Up—1 a
%wn - . A.rn2 . - 5(“721 + w?z)(anrl - ,Unfl) = 0
Introducing the notation z = (v1,--+,vn, w1, -+, wn), (3.10) can be transformed to
an 2N x 2N non-canonical Hamiltonian or Poisson system
d
—z=P(2)VH(z) (3.11)
dt
where the skew-symmetric structure matrix is given by
0 -D . . AL 2,9 2
P(z) = , D =diag(dy,---,dn), with di =1+ §A1: (vi; + wy)
D o0

with the Hamiltonian
1 X 2 X a. 9 9
= A2 Z VpUk—1 + WrWg, ) — ALd Z In(1+ §Am (vg + wi) ) -
k=1 k=1
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The nonintegrable DNLS (3.7) was integrated in [78] by symplectic Runge-Kutta
methods which preserve the Hamiltonian and the energy. Since the phase space struc-
ture of the integrable AL system (3.9) has a non-canonical structure (3.11), the stan-
dard symplectic integrators can not be applied. The system (3.11) is a Poisson system.
Therefore, Poisson integrators can be used to integrate (3.11). However, in the con-
text of the Darboux theorem [7, 12], (3.11) can be transformed into canonical form
using a suitable local transformation; then symplectic integrators can be used to in-
tegrate (3.9). In [77], two symplectic schemes were considered to simulate the AL
(3.9) system and a comparison between symplectic and non-symplectic methods was
made. Symplectic methods based on generating functions for integrating AL system
under periodic boundary conditions have been developed and have been generalized
to generate symplectic integrators of arbitrary order for general non-canonical system

having a symplectic structure of the AL type (see [39] and reference therein).

3.2 Symplectic Integrators for CNLSE

In Sec. 2.2.1 we have shown that the CNLSE system (2.26)-(2.27) has a canonical
Hamiltonian structure. Therefore it can be integrated by a symplectic scheme. In this
section we construct a symplectic scheme to integrate the Hamiltonian system (2.39).

We notice that equation (2.39) can be rewritten as

a = JAq (3.12)
where
di1Ds + 21 (q) —01D4 0 0
0D di1Dg + 2 0 0
4= 1D 1D2 + 21(q) , (3.13)
0 0 doDs + 22((]) —09D4
0 0 92Dy da Do + 22(q)
D, = (%,Dg = 38—;2 are differential operators and z1(q), 22(¢) are nonlinear terms

defined in (2.36). Equation (3.12) is semi-discretized in the space variables using the

central differences 8127 and 622" to obtain a semi-discrete system

i
@Z—J Az (3.14)
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where z = (qllv'"7q1Maq217"'7q2M7Q317'"aQ3M7q417"'7Q4M)T7 J is defined in

(1.3) with d = M,

B+ Z1(q)  —61B 0 0
. 5B, 1B + Z1(q) 0 0
0 0 doBo + Zo(q)  —0sBy
0 0 92 By d2 B2 + 2Z5(q)

with Z; = diag{(zi)1,- -+, (z))m}, i = 1,2, I is M x M identity matrix, and

0 1 0 -1 -2 1 0 1
-1 0 1 -~ 0 1 -2 1 0
1 1
By = —— By = ——
17 9Ax »T2 T Ag2 ’
0 0 0 1 0 0 -2 1
1 0 -1 0 1 0 1 -2

which correspond to the central difference approximation of the differential operators
D1 and DQ.

Equation (3.14) can be formulated as a finite dimensional Hamiltonian system as

dz
— = J V. H(z), (3.15)
dt

with z = (C.hl? sy 4q21s 92054931 s 4305 441 0 7q4M)T7 and the Hamiltonian

d d
H(z) = 51 [ChTMl(h + q2TM1Q2] + 52 [ngl% + q4TM1Q4]

—301q1 Maqs + 2q3 Maqy

N1 2

#30 m ((@0h + @2) + oa (100 + @0
N

+ 3 5 ((anh+ (@l (e + (@i))

where q; = (gjy,-- -, qu)T, 7 =1,2,3,4. One can then apply a symplectic method

to construct a symplectic integrator of (3.15) such as the implicit mid-point rule

(3.16)

Znt+1 — 2n = AtJV , H (W) ,

which is second order in time.
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3.3 Multisymplectic Integrators

Multisymplectic integrators exhibit a new approach for solving the infinite-dimensional
Hamiltonian systems. The basic idea in the multisymplectic integrators is applying a
suitable discretization to each independent variables to preserve the discrete version
of the multisymplectic conservation laws. For discretization in space usually finite
difference, finite volume or pseudo-spectral methods were used (see [21, 22, 64, 24, 23]
and references therein). The multisymplectic methods differ from the usual semi-
discretization by the fact that they are constructed to preserve the local conserved
quantities. Because of the local conservation properties, the global conserved quanti-

ties are also well preserved in long term integration.

In [56] it was shown that applying the symplectic Euler and explicit midpoint
discretization both in space and time variables yields a multisymplectic integrator.
In [83] the multisymplectic structure of the nonlinear Klein-Gordon equation was
derived from the variational principle and a series of multisymplectic schemes were
constructed for the nonlinear Klein-Gordon equation. In [37] Hamiltonian PDE’s with
m > 2 space dimensions were considered and it was shown that discretizing each in-
dependent variable by the implicit midpoint rule yields a multisymplectic integrator.
Further multisymplectic discretization for the generalized KP equation and the wave
equation with 2 space dimensions were given. A nine-point variational integrator from
the discrete variational principle and a six-point multisymplectic integrator from the
Preissman scheme for NLSE were derived in [24]. It was also shown there that the two
integrators are essentially equivalent. In [64] a finite volume cell-vertex method was
developed for multisymplectic PDE’s. Usually the multisymplectic finite difference
and finite volume methods are of second order in space. Higher order methods can be
constructed by compositions method [90]. Spectral methods usually provide higher
order accuracy with smooth solutions. The local and global properties of multisym-
plectic discretization based on finite differences and Fourier spectral approximations
were discussed in [40]. Further it was shown that the benefits of multisymplectic
integrators include improved resolution of the local conservation laws, dynamical in-
variants and complicated phase space structure. In [71] a new six-point scheme of
the CNLSE was derived from the symplectic scheme and collision behavior of soliton

waves were studied. Numerical experiment show that the new six-point scheme has
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excellent long-time numerical behavior. From the numerical experiment results the
collisions of the soliton waves in the CNLSE was shown to be sensitive to the col-
lision velocity and the cross-modulation coefficient. Symplectic and multisymplectic
methods for the KdV equation were studied in [13]. It was pointed out there that it
was possible to design a very stable, conservative difference scheme for the nonlinear
conservative KdV equation. It was also shown that the symplectic or multisymplectic
schemes were the best of all such schemes. The multisymplectic structure of the KdV
equation was presented directly from the variational principle. A multisymplectic 12-
points scheme which is equivalent to the multisymplectic Preissman scheme was tested
on the solitary waves over long time intervals.

In this work we present the difference scheme known as the Preissman box scheme
and then show that the Preissman box scheme is a multisymplectic integrator [21].
After then, we will show that the Preissman box scheme preserves the semi-discrete
energy and momentum conservation laws.

A numerical discretization of system (1.43) can be written schematically as

Mo "z + KOz = (V.S (20 ), (3.17)
where 0] and 0" denote the discretization of the derivatives 9y = 0/0t and

0; = 0/0z. Using the same discretization as in (3.17), a discrete conservation of

the multisymplectic conservation law (1.45) can be written as
oW 4+ Ok =0 (3.18)
where
wr =< MU} V> ok =< KU,V >, (3.19)
and {U]}} and {V,} satisfy the discrete variational equations

MO, dzy, + KO "z, = DS (=) dzy,

m

(3.20)

The numerical scheme (3.17) is said to be multisymplectic if (3.18) is a discrete con-
servation law for (3.17).
3.3.1 The Preissman Box Scheme

A standard method for constructing multisymplectic schemes is to apply a known
symplectic discretization to each independent variable. One possibility is concatenat-

ing a pair of implicit midpoint discretization, one in the ¢-direction and one in the
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a-direction [21, 65]. Discretizing the multisymplectic PDE (1.43) in time and space
by the implicit midpoint rule yields

n+ nti
MészH% + Ko 2 =V.8 (szrQ%) (3.21)
or 4 L L
Zn ! —n L n+§_ n+3 1
m+3 m+3 Zm+1 Zm . n+i
M (At) + K (M) = V.S <zm+2%) , (3.22)
where
n+%

1
_ n n n+1 n+1

which is called centered cell discretization or the Preissman box scheme [61].

Proposition 3.1 [21] The centered cell discretization (3.22) is multisymplectic. That

is, the discretization satisfies the discrete version of the multisymplectic conservation

law _— . .
— +1 +1
“imtd T Yl n Ky d — Km 2 0 (3.23)
At Ax '
where
wy, =< MU, Vv > and k,, =<KU;, V" > (3.24)

and {U}}, {V,"} are any two solutions of the discrete variational equation correspond-

ing to (3.22).

Proof: We introduce the discrete variational equation associated with (3.22)

dz"t —dz" nty g,
M ( mty m+5) +K (dzm+21 — dam 2) AT Bax: (3.25)

At Az mtg mtg’

with
n+i nt+i
S 2:—DZZS<z 2).

m—o—% m—l—%
Let U} and V! be any two solutions of (3.25). Taking the inner product of (3.25)
1
with Vn+§ and using the fact that
m+3

zn+% _1! 2L _1 zn+% zn+%
m+3 T 9 \Fmtd T Tmetg 9 \Fm41 T om :

we obtain
csUME vTEs - Lo MU, —Ur ) T
m43’ m+% At m+% m-i-% ’ m+%
1 n+i nti n+2
+E < K(Um+% —Um 2)’Vm+§ > . (326)
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Then equality (3.26) can be rewritten as

ntg ntg 1 n+1 n 1 n+1 n
< SUmé,Vmé > = < M(Um+% - Um+%), §(Vm+% + Vm+%) >
1 41 1101 ol 41
5o < K(Up.2 —Up 2),§(vﬁ+f +Vm ) > (3.27)
We obtain similarly
SV UM s = L oMt v ) st o)
< m+d m+%> = Kt< (er%_ m+3/79 m+%+ m+1 >
1 41 4101, sl 41
TAL S K(Vipif = Vin 2), i(U;:Lﬁ +Unm 2) > (3.28)
Subtracting (3.28) from (3.27) and using (3.24) we obtain
Wt n+t3 n+3
n—l—% n+% _ n—l—% n—i—% . m+% m+35 K41 — Fm
< SUm+%,Vm+% > - < SVm+%, el >= A7 + Ar (3.29)

Since S is symmetric, a straightforward calculation using the inner product leads to
<SU,V > —-<SV,U >=<SU,V > - < U,SV >=< (S—ST> U,V >=0.

1 1
where U = UnJrQ17 V = V"2, Therefore the left-hand side of (3.29) vanishes and
(3.23) holds.
Besides the multisymplectic conservation law, the Preissman scheme preserves

other properties. First we will discuss the semi-discrete conservation laws.

Proposition 3.2 [57] Spatial discretization of (1.51) using the implicit midpoint rule

yield the semi-discrete energy conservation law

Fm+1 —_ fm
Emts gyl 5 3.30
O 2 + Ax ( )
with
1 m+1 _ .m 1
E™t3 =0 |S(z"8) — 5 (22) K|, F" = S (") K"

Proof: In order to prove (3.30), we discretize (1.43) spatially using the implicit

midpoint rule. Then the spatial discrete equation becomes
1
Mz;n+2 + Ko™ = VS(zm+%).
1
Taking the product with (z;" 3 )T from the left yields
+3 M+ 5\ Te s+ ,m
HS(Z"T2) — (2, ?) Koy 2" =0, (3.31)
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where we have used the fact that ( )TM = 0 by the skew-symmetry of M.

Notice that

1 1
(Z;n-‘rz)TK(;;—Zm — iat (( )TK(5+ m) 4+ 5—}- <( )TKZm+2)
which corresponds to the spatial discretization of the identity (1.50). Putting this
identity into (3.31) we get the semi-discrete conservation law (3.30).
The semi-discrete momentum conservation law can be derived in a similar way by
changing the role of spatial and temporal variables which we will show in the following

proposition.

Proposition 3.3 [57] Temporal discretization of (1.43) using the implicit midpoint

rule exactly preserves the semi-discrete momentum conservation law

IWA;W +0,G™2 =0, (3.32)
where
= %(/L)TMZ;;
and

1
Gnte = §(z"T2) — i(z"%)TM(s;z".
Proof: To prove (3.32), we consider the temporal discretization of (1.43) using the

implicit midpoint rule, which yields

+2f

5+z" + Kz, V.S (=" )

Multiplying this identity by (z» )T from the left we get
(23 TMS; 2" — 9,5(:" ) = 0 (3.33)

1 1
where we have used the fact that (zp +2)TKz;n 2 by the skew-symmetry of K.
We note that the identity

1

1
(3T MGH 2 = 50s ()Mo ") - of ((zn+é)TMz;‘+2)

is the temporal discretization of (1.54). Substituting this identity into (3.33) we obtain
the semi-discrete momentum conservation law (3.32) .
Applying the implicit midpoint rule to both space and time yields the discrete

version of the energy conservation law (1.51), the momentum conservation law (1.55)
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and the additional conservation law (1.61). The residuals in the energy and momentum

conservation law are of the form

En+1 _mn n-l—l n+l
RE™E — s mth | Fnd — (3.34)
m+3 At Ax ‘
RM"E = Iy T 4 Gmtt =G> (3.35)
m+2 At Az ’
and the residual in the additional conservation law is of the form
A
1 V" V
RA™TE — s s it = Vi . 3.36
m+d At 7T Az (3.36)

If S(2) is quadratic in z, namely S(2) = $2TAz (Asymmetric), and the 2 is the
solution of the Preissman box scheme (3.22), then the local conservation laws are
conserved exactly [21] and the residuals become zero. For other nonlinear forms of
S(z) rather than quadratic, residuals are not zero, i.e. the conserved quantities are not
exactly preserved. We notice that while the energy density (2.46) and the momentum
flux (2.49) of the CNLSE are quartic, the energy flux (2.47), the momentum density
(2.48) and the additional conservation (2.51) are quadratic. In order to show that
they don’t grow over long time interval, we have resort to backward error analysis in
Chapter 5.

Discrete conservation of symplecticity, energy, momentum and other additional
invariants are all local properties of a numerical scheme. However, for periodic bound-
ary conditions, the discrete local conservation implies discrete global conservation. To
show how the boundary conditions are crucial in discrete global conservation we con-
sider the Preissman box scheme (3.22) with periodic boundary condition. Summing
(3.22) over all the grid points in the spatial direction we obtain

Z < ;1:2 —wh )Afv =0, (3.37)

where the sum

(ot nkd) bl ntd
S (B = Em 2 ) = Enyd — Ky (3.38)

m=1

1 1
. T . . n+3 n+3 .
vanishes because the periodicity implies x; * = 3 for all n. Introducing

N
=D WA

m=1

(3.39)

I\J‘H

yields
Wnt+1 = W (3.40)
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which is the conservation of symplecticity in the time direction. Notice that (3.37) is

the discretization of (1.63) and (3.38) is the discretization of (1.62).

Proposition 3.4 [57] If the multisymplectic PDE (1.43) satisfies the conservation

law (1.61), the Preissman box scheme satisfies the discrete conservation law

57 (2 OTMAZ L ) 4ot (T TRAZLE) = 0 (3.41)
t m-{—% m—&-% T m m - Y .
nti T
Proof: In order to derive this conservation law, we multiply (3.22) by (Azm+21>
2
and we get
n+3 + n+t3 + n+ —
(me;) MAJ; 2" 1t ( mé) KAG, zm 2 =0. (3.42)

Using the identity

T T
1 n+1 T n
z" MA:""Y = (Az M+ 2
< m+§> m+3 m+3 m+5
n+1 TnaT - n
= (szr;) A'M mtl
) T
n+
= <zm+é) MAzerz

the first term in (3.42) can be rewritten as

nty TMA5+ v MY yag (o)) Ma 5 am
szr% tzm+%_ 5 Zm+% + Z % t'zm—&—l
1 T
- +1 +1 _ 3.43
= ox (,z;;ﬁ) MAzH, (Zg%) MAZZH_;| (3.43)

]' n n
— 55; (zm+;)TMAzm+§> :

Similarly, the second term in (3.42) can be rewritten as

n+i n+i 1 n+ nt+i n+i T nti
(m) KAG2m "= oAy (m) KAzl - (47) xad 1 (3.44)

1
= 30 (o' 2)TKA- "*2) .
Substituting the identities (3.43) and (3.44) into (3.42) we get the discrete conservation

law (3.41). Thus, (1.61) is conserved exactly under the Preissman box discretization.

3.4 Multisymplectic Integration of NLSE

In Section 2.1 we reviewed the Hamiltonian and multisymplectic structure of the NLSE
(2.2). Therefore, it is natural to require a discretization or a semi-discretization to

reflect these properties. Various type of numerical schemes have been proposed to
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simulate the NLSE [35, 68, 78]. In [35] and [78] a space discretization of NLSE was
considered generating a set of coupled ordinary differential equations that can be cast
into a Hamiltonian structure. The resulting systems of ODE’s are then integrated
by a symplectic integrator. In [35] the NLSE is simulated with periodic initial data
and boundary conditions. In [78] one soliton, two soliton and three soliton solutions
were studied. Symplectic and non-symplectic schemes were compared to simulate
the soliton solutions of the Ablowitz-Ladik model associated for homogenous bound-
ary conditions in [77]. Symplectic and multisymplectic integrators for NLSE were
considered first in [39] for periodic boundary conditions. It was shown that the mul-
tisymplectic Preissman box scheme preserves the local conservation laws extremely
well over long times for different mesh sizes and time steps. Also the global invariants
such as momentum and norm conservations are preserved within roundoff. For the
multisymplectic formulation, a new six point scheme equivalent to the multisymplectic
Preissman integrator is derived in [25] and its’ performance is discussed for the soliton

solutions.

In this Section we will review the multisymplectic integration of the NLSE and
derive the local energy, momentum and additional conservation laws based on the
Preissman box scheme. When we apply the multisymplectic Preissman box scheme

to the NLS (2.9) we obtain

n+l _ n ntl ntl -1
_qm+% q’”*% _ Uyl —Um * al( ntg )2 2 ntg
A Ar 0 N\ Py Pt
ntl_pn n+s n+s =1
pm-l—% pm—&—% U)m+21 — Wm 2 - q (pn+% )2 2 anr%
- = 1 1
At Ax m+y m+3 (3.45)
n—i—% n—i—% L
Pipty1 — Pm . vn-&-g
fmyl  Fm X
Az m+t3
n+3 n+3 L
Qi1 — 9m . wn+5
- < —_— 1 -
Ax m+3

The residual (3.34) in the discrete energy conservation law takes the form

2 2
Broy = S~ (vhey) ~ (i) 346
R (PR Rt (D o
At At

and the residual (3.35) in the discrete momentum conservation law can be obtained
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from

1
IZLJF% = 2(q77}1+;v77}1+%_p:;z+éw?n+%
G gmthy L (erd (P ph ) e (an —an (3.47)
" N " 2\ At " At
where
n 1 2a n \2 n\2 lTl n\2 n \2
Sam) =5 | g (W) + (@3)7) * + @) + i) ). (3.48)

The residual (3.36) in the discrete additional conservation can be easily obtained

2 2
= 1
A 2((19%;) *(qﬁwé)) (3.49)

n+i n+i ntl n+i nti
Zm > = qm *Um > —DPm Wm °.

3.5 Multisymplectic Integration of CNLSE

In Sec. 2.2 we have shown that the CNLSE (2.26)-(2.27) has a multisymplectic structure.
Therefore, it is natural to preserves this structure under the discretization in space
and time. In [81] the Hopscotch method was applied to the CNLSE (2.26)-(2.27) with
91 = d2 = 0 and effect of phase difference was studied numerically. In [75], the stability
of solutions are studied analytically and criteria for the stability were derived using
pseudospectral discretization in space and Runge-Kutta method of forth order in time.
The long term behavior of periodic solutions were studied for the parameter values
01 = 62 = 0 under periodic boundary conditions. The CNLSE was recently integrated
using Preissman scheme with parameter values §; = d2 = 0 for solitary wave solutions
in [72]. Based on the multisymplectic structure, a new six point scheme, which is
equivalent to the multisymplectic Preissman box scheme was derived. The numerical
results show that the multisymplectic scheme has excellent long-time energy conser-
vation property. Here we will apply the Preissman box discretization to the CNLSE
(2.26)-(2.27) with nonzero 0; and d2 and obtain a multisymplectic integrator with the

residuals in the energy, momentum and additional conservation laws.

Applying the centered cell discretization to system (2.26)-(2.27), we obtain the
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multisymplectic Preissman scheme for CNLSE

n+1 _ n n-l—l n+l
LT T . Plmi1 — Pim °
At Az
n+l n n—i—l n+l
qufH—% qlm-i-% p2m+21 — pam *
At Azx
n+1 o n n+l n+l
WUy 1~ Uyt N P3mi1 — P3m °
At Ax
n+1 _ n T‘L—l—l Tl-‘rl
By ™ By} Pdypi1 — Pam *
At Az
n+% n—i—%
QIm+% qim
Azx
n+j n—i—%
QQm+% q2m
Ax
n+% n+%
Q3m+% q3m
Ax
n+% n+%
q4m+% gam
Ax

which is second order in space and time.

(0 5, (=5
10 — _a
141 2, D2 9 q1
LA (L
2142 2, p1 B
(220 g, (- 3
Z —_— [ —
243 2y yZ B)
09 do
<ZQQ4 + sz (PB + 35
— (P + =
1 < &1 )”*é
- \P2— Q1
d1 2 m—&-%
1 ( 5o )"+%
— P33+t @
1 ( 5 >"+é
- |\ P4 — 5G3

(3.50)

The corresponding residual in the discrete energy conservation law (3.34) can be com-

puted using the the energy density (2.46)

1
n _ n -
Em-i—% S(zm+%) 9

n p3771n+1 - p3nm

T T A

Q17731+1 — Q1

TP T A

_p3m+% (

Ax

Bl — B,

1
m+3

Pdy1 — P4
) +q4;+% (m+1

) o
) s

Ax

Ax

Ax

QQTanH — Q2

Ax

n
m

Qami1 — Qam,

)
)
)

o (plzlﬂ Pl%) b " (P2Z¢+1 pz%)
m+3



and using the energy flux (2.47)

s o L nts pim !t =pim Y el (pemt! —pen,
4 ntd (Pap = pam ) . n+d (pagt™ = palh,
3m At 4m 7At
(3.52)
+p1n+% ant —al +p ntd (@i — g,
" At 2m At

+p3:;+% (%?fl — Q3?n> +p4fn+% <Q4%+1 — %%)]
At At )

The residual in the discrete momentum conservation law (3.35) can be computed using

the momentum density (2.48)

n _ 1 q n QQZH-l - q2¢n —q n qﬁln-&-l - (h%
m+3 2 | Mtmts Ax 2mt g Az
nom n o n (3.53)
B+ Az Pty Az
and using the momentum flux (2.49)
G = S(zn+%) 1 Q1n+% o ) Q2n+% a0
‘ " 2 |7 At " At
(3.54)
Lot (W ) s G — a3
43m — AL qam - A I
The discrete additional conservation law (3.36) is written as
T:H% = (QIZH%)Z + (Qan+%)2 + (‘B?,H%)Q + (Q4nm+%)2
(3.55)
Vi 2 = 2 (QIZL 2pam 2 = Gem Pim © 4 Gam “Pam ° — qam >Pam 2>.

3.6 Six-point scheme for CNLSE

In Sec. 2.2 in order to show that the CNLSE (2.26)-(2.27) has a multisymplectic struc-
ture, we have introduced auxiliary variables p1, p2, p3, p4. In Sec. 3.5 we applied the
Preissman discretization and obtained a multisymplectic integrator for the CNLSE.

However, in practice, we need to know the values of the functions ¢ and s only.
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Therefore we can eliminate the auxiliary variables p1, p2, p3, p4 in the discretization
(3.50) and obtain a new scheme for the CNLSE (2.26)-(2.27). This idea was first in-
troduced in [25] for NLSE (2.1). For the multisymplectic formulation, a new six-point
difference scheme which is equivalent to the multisymplectic Preissman integrator was
derived, and the linear stability of the new scheme was investigated. The performance
of the six-point scheme was investigated by comparing with a symplectic scheme for
the one soliton, two soliton and three soliton solution of the NLSE in [25]. In [24] a
nine-point variational integrator from the discrete variational principle was derived for
NLSE and it was shown that this new scheme is equivalent to the six-point integrator
obtained from the Preissman box scheme. In [40] the six-point scheme for NLSE was
considered by discussing the preservation of the local conservation laws. Some new
difference schemes were derived for nonlinear Klein-Gordon equation in [83] and some
numerical results were reported to show the effectiveness of the schemes. A multisym-
plectic 12-points scheme which is equivalent to the multisymplectic Preissman box
scheme for KdV equation was developed and tested in [93] for solitary waves of the
KdV equation and was shown that the new scheme well simulates the solitary waves
very well. Then the 12-points scheme was simplified to an 8-points scheme in [13]. In
[47] the multisymplectic Preissman box scheme was simplified to the 45-points scheme
for KP equation. The new scheme was tested on solitary wave solutions of the KP
equation over long time interval. It was reported that the 45-points scheme for KP
equation well simulates the solitary solution of the KP equation.

In the literature there are two types of six-point integrators for the CNLSE system
(2.26)-(2.27). One is based on the symplectic structure and the other is based on the
multisymplectic structure of the CNLSE.

The symplectic six-point scheme based on the symplectic structure of the CNLSE
system (2.26)-(2.27) with 0; = d, = 0, dy = d2 = —1, a1 = a2 = 1 and homogenous
boundary conditions was investigated in [71]. The symplectic six-point scheme was
tested for the integrable and non-integrable CNLSE on the evolution of the colliding
solitary waves. But the numerical results shows that the symplectic six-point scheme
is not efficient in the long time integration.

A multisymplectic six-point integrator for CNLSE system (2.26)-(2.27) with §; =
09 =0,d; =ds =1, a; = ao = 1 under periodic boundary conditions was first derived

in [72]. It was shown that the new multisymplectic scheme well simulates the evolution
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of the solitons and preserves energy conservation well. But only the global energy was
considered. In this section we will consider the CNLSE system (2.26)-(2.27) with
nonzero parameter values d1, do and the corresponding multisymplectic discretization
(3.50) and obtained a new scheme by eliminating the auxiliary variables p1, p2, p3, p4
in (3.50). Using the finite difference operators (3.1) the difference equation (3.50)

takes the form

6y 0u(g2) + 55;5%(12) = 650(m) = 60x(21)0t02(q1),
—0; 0u(q1) 52*15;@((11) — 050(p2) = 610x(21)0t02(g2),
SF0ar) + LoEBla) — OEhlms) = G(2)da(as)
—0y 0u(q3) 62*25:@((13) — 050t(pa) = 010x(22)0t02(qa),
oi(q) = (111593 (pl + 521(]2) ) (3.56)
0y (@2) = d115x (pz - 621(]1> ;
or(a3) = ;2% <p3 + 522(14) ;
0f () = 6112535 pa+ 622(13) :

Applying §, to the first and §; d; to the fifth equations and using the fact that the
four operators mutually commutes, we can eliminate p; from the first and the fifth

equations. Similarly, eliminating po, ps and p4 yields

576.2(q0) + 616560:0u(qa) — didF0(q1) — O.A(6:0.q) = O,

(3.57)
6762 (q1) + 010700 (q1) + d15$25t(Q2) + 0;B(ddzq) = O,

670.2(qn) + 62676:60(qu) — dadi6i(qs) — 6.C(6:6.q) = O,

(3.58)
510.2(q3) + 02670105(q3) + dodi0i(qs) + 6.D(6:0.q) = O,

where q = (Q17Q2aQSaQ4)a

A(dt(;xQ) = 5t5x215t5mq17 B((St(sa:Q) = 5t5x215t5xq27
C(6102q) = 0t02220t02q3, D(0¢02q) = 0¢02220¢02qa.

Here 21, z2 are defined in (2.36).
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Using the fact that ¢ = ¢1 + iqe and ¥ = g3 + iqs, we get a six-point difference

scheme

i [0 0,2 (1) + 6153616, (vn) | + dad 5 (4h1)

(3.59)
+5:1: [a1|6t61¢1|2 + 6|5t5x¢)2|2] 5t5x¢1 = 07

i |07 0, (12) + 0208 616, (02) | + dadt*54(42)
6z [€]00at01|? + a2|6:0202|?] 8¢62tp2 = 0,

for 11 and 2. Using the definitions (3.1), the six point scheme (3.59)-(3.60) for the

(3.60)

CNLSE can be written explicitly as

l(%nﬂ 20 P ) — (g 2000 + 1)

ANt
(lbln+1 — 11 :Ln—:ll) + (Y11 — wlnm+1>1
4Ax
(W“ — 20 ) + (W1 — 201+ Y1) (3.61)
2Azx2

(a3 e A enn

n+1/2 n+1/2 |2 n+1/2
" <a1 ‘¢1m+1/2‘ te ’1/’2m+1/2’ ) Vlmyije =0

l(%nﬂ + 2ol + 1/12?71111) — (Y2m—1 + 22y, + 2 41)

4A¢t
(¢2n+1 Yot ) + (a1 — Yo i)
4Ax
d (ot — 2000l th + ot ) + (Yot 1 — 202 g + Y2 1) (3.62)
2Ax2

n+1/2 |2 n+1/2 |2 n+1/2
+ <€ ‘djlmfl/Q‘ + a2 ’w2m71/2’ > ¢2m71/2
n+1/2 |2 n+1/2 |2 n+1/2
+ <e ‘¢1m+1/2‘ +az ’w2m+1/2’ ) ¢2m+1/2 0,

The scheme (3.61)-(3.62) is a new six-point difference schemes for the CNLSE
(2.26)-(2.27) (see Fig. 3.1). This new scheme is a multisymplectic integrator, because
it is derived from a multisymplectic Preissman scheme (3.50). Note that the scheme
couples two time levels in contrast to Preissman scheme, which involves three time
levels. It has a three-point space average in the approximation of 7, and v9,, and

two point time average in the approximation of 1, and v¢9,. Now we investigate

the conservation property of the multisymplectic six point scheme (3.61)-(3.62) for
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j+1 +1 +1 i1 i1 i+1
Y1) w1§+% il W Y1l
. it+3 o
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Y1) ¢1§+% Uil il 1l V1l

Figure 3.1: Schematic of the Preissman scheme (3.22) and six-point difference scheme
(3.61)-(3.62) for the CNLSE (2.26)-(2.27). Left picture: Preissman scheme, right
picture: six-point scheme.

the CNLSE. To do this, first we consider the multisymplectic integrator (3.61) in the
following form

i
TAt {(1/} :Ln 1/2 @Zjlm 1/2) (ql}lnmill/Q - wlfn+1/2)

0 " . . .
_f <(w1m+_11/2 o 7’/}1771_"-11/2) + (wlm—l - wlm-i—l))

poz (500 =20 ) (3.63)
i (a1 ’w ::_11//22‘ te ‘ ;+11//22‘2) 1/1121*_11//22
" (al ’%"mfl//é‘ e ‘1#221111//22‘2) it =0,
where

Y11 + Vi i1+ Y1
Vigt1/2 = I S— Vim—1/2 = — 5

Multiplying the equation (3.63) by w*”H/ 2 and summing over m, we get

M

1 *M n *T
TAt [Z ((Q/) 1y— 1/2 wlm 1/2)w +1/2 (wlmj_ll/g ¢1m+1/2)w +1/2)
51 M n+1 n+1 *n+1/2 *n+1/2
T oA Z ((Qplmfl/Q - ¢1m+1/2)¢ (1/} ¢1m+1)¢ )
m=1
Z ( n+1/2 2¢1:¢ﬂ+1/2 +¢1Z:kll/2) 1/}*n+1/2

2 2 " on
+ Z (al ’¢1nmt11//22’ +e ‘¢2nm—’—_11//22‘ > ¢1mt11//22¢ /2
m=1
<l n+1/2 |2 nt1/2 |2\ | nt1/2 ) ant1/2 _
+ a1 ’wlerl/Z’ +e ‘¢2m+1/2‘ ¢1m+1/2¢
m=1

(3.64)
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In (3.64) we note the followings:

M M
*M n n sn+1/2
Z 1y 1/2 zﬁlm 1/2)w +1/2 = Z m_:_ll/g - ¢1m+1/2)¢1mj_1/

=1 m=1

( oL oy T — gy — ¢11> WnH/Q

1 *n+1/2
- 5 (¢1n+1 + it — i — ¢1TX4+1) 71’1;“{

3

N | —

where we shift the index m to m+1 and then add and subtract the term corresponding

to m = M. Thus, the last term vanishes by the periodic boundary conditions

Tﬁlo =1y, Y11= ¢1M+1 (3-65)
and only
3 +1/2
Z (17[} Im— 1/2 wlm 1/2)111)*”-"-1/2 = Z (¢1m+1/2 w121+1/2)w1<:1+1 (366)
m=1 m=1

remains. We note that in (3.64)

M
N (s T g R

m*l
n+1/2 |2 n41/2 |2 n+1/2 , xn+1/2
= Z <a1 ‘w1m+1/2‘ +e ‘¢2m+1/2‘ ) ¢1m+1/2¢1m+1
+(ay ’1/1 +1/2+¢ n+1/2’ Le ‘w n+1/2+¢ n+1/2‘ <w1n+1/2+¢1711+1/2> ikn+1/2
1/2 +1/2 +1/2 +1/2 +1/2 +1/2\ , 4n+1/2
—la ‘¢1n+/ +¢17J"\b/1+{ ‘ +e‘¢271\1/1 / +¢27X/1+{ ‘ ( i + 1 7X4+{ )Tﬁl%r{
where we shift the index m to m + 1, expand the term corresponding to m = 0 and

then add and subtract the term corresponding to m = M. The last term in the

preceding identity vanishes by the periodic boundary conditions (3.65) and

M
Z <a1 ‘¢1nmt11//22‘2 +e ‘wgrrtltll//éf) 1/}1:1-&-_11//221/}*714-1/2

m=1 M , ) (3.67)
n+1/2 n+1/2 n+1/2 ,«xn+1/2
= Z <a1 ‘¢1m+1//2‘ +€‘w2m+1//2’ >w1m+1//2w1m+1/
m=1
remains. Substituting the identities (3.66) and (3.67) into (3.64) we obtain
. M
¢ n+1 n *n+1/2 *n+1/2
IAL [Z <¢1m11/2 _¢1m+1/2) (¢ / + VTt )
m=1
+ 51 % (Qpln—i-l +¢1n ) (1/}*71-‘!-1/2 w*n+1/2>
IAT — m+1/2 m+1/2 1m+1
y (3.68)
2d *T n n *T
Agjl dJ n+1/2¢) 2 + Z (q/)l’m—i-_‘y—ll/2 + ¢1mt11/2> d}lerl/Q
m=

+ f: <a1 Wl?ﬁlﬁzf +e ‘1/}2;111//22‘2) 1?1:;11//22 (w*"“/? wikﬁff/?) =0.

m=1
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n+1/2

Now conjugating (3.63), multiplying by 1, and summing over m we shall write

. M
ﬁ anﬂ ((1#?2;11/2 —¢T%_1/2)¢1 nt1/2 4 (@Dfﬂﬁ/g ¢1m+1/g)1/11 et /2)
M
+ong 2o ((U0h e + VI o)™ = (15 + 0T /2)]

an Z (01 — 20t 2 gt V2 (369

n+1/2 |2 n+1/2 |2\ «n+1/2 , pt1/2
+ Z <a1 ‘¢1m71/2‘ +6‘¢2m71/2’ >¢1m1/2¢17nn /
m=1
A n+1/2 |2 n+1/2 |2\ ant1/2 ) pt1)/2 _ 0
+Z a1‘¢1m+1/2‘ "'e‘w?mﬂ/Q‘ Diyrjo¥im’ " =
m=1

In the same way, changing the index m to m + 1, applying the periodic boundary

conditions etc., we can write
72. S 1 +1/2
IAL [Z <w1m11/2 _w1m+1/2) <¢1 ntl/ ¢1m+1 )
m=1
*n—+1 *M n+1/2 n
+2Am Z (wlm—:-l/Z +"¢1m+1/2) <¢1m+1/ - ¢1m+1/2)]

(3.70)
Z Vi Z (v + i w2

+ ﬁi:l <a1 ‘1#121111//22‘2 +e ‘1/12;111//22’2) q/qZ;;ll/fQ ( /2 g n+1/2) _o

Comparing (3.68) and (3.70), we get the conservation laws for the six-point multisym-

plectic integrators (3.61)-(3.62)

M 2
STl + et = Z ‘wln—H + wlﬁiﬁl‘ (3.71)
m=1
ul 2
Z ‘¢1nmtrll + T/’lnm+1‘ Z ‘¢1”+1 + %Z)lm (3.72)
Similarly, using (3.62) the conserved quantities
M ) M 9
S lom A+ eman” = D [l | (3.73)
m=1 m=1
M 9 M 9
> ‘1/12m+1 + ¢2m+1‘ = Y ’¢2"+1 + 1/}2%‘ (3.74)
m=1 m=1

can be found. Here we notice that the conserved quantities (3.72) and (3.74) are

related to the parameters §; and do respectively because these conservation laws come
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from the coefficients of d; and dy. Therefore, if §; and o are chosen as zero these
quantities will disappear. A final note about the conserved quantities (3.71)-(3.74) is
that (3.71) and (3.73) have been investigated in [72] for the CNLSE (2.26)-(2.27) with

the parameters 61 = 99 = 0,d1 = do = 1,a1 = as = 1.

3.7 A Semi-Explicit Symplectic Integrator for CNLSE

An efficient way of time discretization of semi-discretized PDE’s in symplectic form
is by splitting. Splitting can be performed either on the Hamiltonian or the vector
field. Splitting techniques which are originally developed for multidimensional PDE’s
have been successfully applied to the ODE’s on geometric integrators (for review see
[51] and [33] Chapter II). If each vector field resulting from the splitting happens to
be integrable, then a numerical integration scheme is obtained as the concatenation
of the flows of the individual subsystems.

In this section a semi-explicit symplectic scheme for the CNLSE (2.26)-(2.27) will
be derived by splitting the vector field of the CNLSE into linear and nonlinear parts.
Then linear part will be solved exactly using the even-odd splitting. The even-odd
splitting method was proposed in [67]. The nonlinear part in Hamiltonian form will

be solved by the symplectic midpoint rule.

3.7.1 Linear-Nonlinear Splitting

We split the evolution equation of CNLSE (2.35) into linear and nonlinear parts as

gt = Lq+ Ny, (3.75)
where ¢ = (q1,¢2,g3,q4)", and
2 2 0 0 —21(q)
r— dl% _51% 0 0 N = z1(q)
0 0 —(528% —dgaa—; 7 —22(q)
82 8
0 0 dagez  —Oa5 22(q)

If £ and N are t independent, a formal solution of (3.75) can be given by

q(z,t + At) = exp[At(L + N)]q(x, ). (3.76)
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We split the equation (3.75) into linear

ot " ox Lou
2
% = — 51% + dl%)
(3.77)
95 _ _ 590 _ P
ot R S 02
0qy _ 0q4 9%
E = 52% + d2w7
and the nonlinear subsystems
0
élz — (o @+ad) +e@+a)] @
0
o= la@+ad) +eld+ad)] o
; (3.78)
% = — [e(@+a) + a2 (@3 +ai) ] @
5]
% _ [e(@+@3) + ax(B3+a}) ] a5

The linear subproblem (3.77) can be written as an infinite dimensional Hamiltonian

system (1.36) with

) = - [ 2 (GRr+G22) + 2 (G2r+G22)
+o1q1 O Os

2
Oz + 9243 &E} dx.

(3.79)

and J as defined in (2.40). Next, introducing the variables in (2.41)-(2.42), the linear

subproblem (3.77) can also be written in the multisymplectic form (1.43) with M and
K as defined in (2.44) and

02
24,

O
2d;

2d5 (P3Q4 - p4Q3)

1
S(z) = - (P% +P§) + (p1g2 — p2q1) +

o (v +93) +

0F (9, o 03 (5, o
+% (Q1 +CI2) + 8dy (Q3 +Q4) :

(3.80)
The nonlinear subproblem (3.78) has Hamiltonian structure (1.36) with the J

defined in (2.40) and the Hamiltonian

1 2 2 e
= [al (+a3) +as (a3 +dd) } + 50t +a3)(a3 + ad). (3.81)
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3.7.2 Even-0Odd Splitting

We consider the infinite dimensional Hamiltonian formulation of the CNLSE (1.36).
We discretize the Hamiltonian (2.38) by approximating the integral by a Riemann
sum and use the central differences to approximate the space derivatives. We will
apply periodic boundary conditions, with period L. For simplicity, we will use the

notation qi,, = q1(mAx,t), etc. Then, the discretized Hamiltonian is

H = g: [i&: <a1 (mfn + Q23n)2 + az <Q372n + Q47zn>2>
m=1

Az
+ =—e(qil, + @20 (a3, + qﬁm)]

2
2 2
A1m+2 — im—2 Pm+1 — ©2m—1
< 4Azx ) + < 2Ax > ] (3.82)
—%d i\[: <Q3m+2 - Q3m—2>2 + <Q4m+l - Q4m—l>2
2 7% L ANz 2A

N N
sy 3 au,, (P ) e S gy, (et

m=1 m=1

First, we split the discrete Hamiltonian (3.82) into linear and nonlinear parts as

H = Hlin + Hnon

where
Ax N q — @2\ q2 — @am1)>
H. = ——2d m—+2 m2> < m+1 m 1>
Lin g ! Z [( 4Azx + 2Ax
m=1
Az i <q3m+2 - qsm_z>2 N <Q4m+1 - Q4m—1>2
2 2m_1 4Ax 2Azx
N_ (3.83)
P2m+1 — @2m—1
—Azs 22m+1 T 42m—1
o1 Z T ( 2Ax )
m=1
ol q4 qa
m+1— Y4m—1
m=1
and N
Azx 2 2
Hpon = Y [4 (al (qh% + 92%1) +az <Q33n + Q4§n) )
m=1 (384)
Az
+7€(QI72n + @2 ) (g30, + Q4zn)]

Note that H,,, corresponds to the discretization of (3.81) and Hy;, corresponds to

the discretization of (3.79). We notice in (3.83) that if m is even then the index of ¢,
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and g3, are even, while the index of g2,,, and qu,, are odd and vice versa. Therefore

we can apply even-odd splitting for the discrete Hamiltonian (3.83). Hence we can

write
len = even T Hodd
where
Ax N A1m+2 — qlm—2 2 Pm+1 — ©2m—1 2
Hopen = ———dy [<m+m> + (m‘*‘m)
2 evze;l 4Ax 2Ax
Ay s (qzm+z—qsm—z>2+ (94m+1—q5m—1)2
2 2€U€7’L 4Ax 2Ax
al q2 —q2
—Axdy Z T (m+1m1>
even " 2Ax
ol q4 —qa
— Az, s <m+1m—1>
ge:n m 2Ax
and

Ho = —2%4 g: (qlmH—qlm—2>2+<Q2m+1—Q2m—1>2
odd 9 1 AL AL

Az S Gmss = Bz \? (Gt — @Ome1)’
——d om+2  Hom-2 m+1m)
2 202 [( 4Ax > + < 2Ax

N
Q2m+1 — ©2m—1
DY g (P
-~ 2Ax

N
Q4m+1 — 4m—1
_A$52§ q3m< o )
— 2Ax

Consequently, we split the Hamiltonian (3.82) into three parts

H = le'n + Hnon
= Heven + Hodd + Hmm

(3.85)

(3.86)

(3.87)

(3.88)

where Heypen, Hogq and Hy,p, are defined in (3.86), (3.87) and (3.84) respectively. Then

the time evolution generated by Heyen 18

d(hm _ L aHeven dQ2m o i aHeven
at Az 0qa,, dt Az Oq,,

dQ3m _ L 6I_Ieven dQ4m o L 8I_Ie'uen
dt Az Oq,, dt Az Ogs,,
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This evolution is given by

dgip,
=0

dt
gz _ A(@im2 = 200m + Qiny2) | 01(@2m1 = B2mi)

dt 4Az? 2Ax

form even (3.90)

dgsm

dt
dq4m _ dQ(Q?)me - 2q3m + q3m+2) + 52(q4m71 - q4m+1)

dt 4Az? 2Azx

and

G _ D@22 = 202m + Ginya) | 0@t — Gmg)

dt 4Ax? 2Ax
Lm _

dt form odd (3.91)
G B2(Gam2 = 204m + Qami2) | 02(@3m1 = Bmi1)

dt 4Az? 2Ax
im
2m o _

dt

This system of equations can be solved exactly, since only even indexes q1,,, ¢3,, and
odd indexes ¢2,,,, q4,, occur on the right hand sides, and these are constant in time.
When we use H,qq for time evolution, the situation is reversed and H,g4q generates

solvable dynamics again by the following evolution equations:

Gm _ _h(@2m2 = 202m + Qimy2) | 0@t~ Gmg)
dt 4Ax? 2Ax
o =0
¢ form even (3.92)
G B2(Gan2 = 204m + Gami2) | 02(@3m-1 =~ Bmi1)
dt 4Ax? 2Ax
A4
Am o _
dt
and
dim
m - _
dt
©m Qs = 201w+ Bigs) | 01(Bmo — G2ms1)
- 2
dt Az 28z form odd  (3.93)
Bm _
dt
qﬁlim _ dQ(Q3m—2 - 2q3m + q3m+2) + 62<q4m—1 - q4m+1>
dt 4Az? 2Ax
Similarly, the time evolution generated by H oy, is
d(hm _ _L 8HNOTL dQ2m _ iaHNon
dt Ax dqa,, dt Ax dqi,,
(3.94)
dqs, _ 7i OHNon dqsn, _ LaHNOTL
dt Ax dqq,, ’ dt Az dqs,,
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and the dynamics is evolved according to

0
gltm = — [a(al+@.’) + el@h+aus)] @n
0
qaztm = [ ay (q172n + Q2m2) + e (Q3$n + Q472n) } Q1m
o (3.95)
atm = — [e(@? + @) + a2 (g2 + @) ] qam
0
(étm = [e (@2 + @2m?) + a2(g32, +q42) | @3-

which can be solved by a symplectic method. In this section we will use the implicit

mid—point rule.

3.7.3 Composition method

The idea of the composition methods is to split the right hand side of a first-order
system of differential equations into two or more pieces, so that each of which can
be solved exactly or more conveniently than the original equation. The individual
solutions are then combined in such a way as to approximate the evolution of the
original equation for a time step.

Suppose that the linear and the nonlinear subsystems (3.77) and (3.78) have known
exact solutions

q(z,t + At) = exp|At(L)]g(x, 1), (3.96)
q(z,t + At) = exp[At(N)]q(x,t). (3.97)

respectively. Replacing the exponential operator in (3.76) by an appropriate combi-
nation of products of the exponential operators exp(AtL) and exp(AtN), we can
approximate the exact solution of equation (3.75). But since £ and N are noncommu-
tative operators, this composition produces an error. The error of the noncommuta-
tive operators are analyzed by the Baker-Campbell-Haussdorff (BCH) formula [69, 90].

The BCH formula for two noncommutative operators X and Y can be formulated as

exp(X) exp(Y) = exp {X +Y + %[X, Y]+ %[X -Y, [ X, Y]]+ -- }, (3.98)

where the commutator [, ] is defined by [X,Y] = XY — Y X. A first-order approxi-

mation of the exponential operator in (3.76) is then
01(At) = exp(AtL) exp(AtN).
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The second-order approximation is given by
1 1
pa(At) = exp(iAt/\/') exp(AtL) exp(iAt/\/')

which satisfies the reversibility relation @o(—At) = ¢, '(At). Higher order composi-
tion techniques can be found in [51, 73, 90] and [33] (Chapter II).
Here we consider the second order semi-explicit symplectic integrator for the

CNLSE (3.75) which is provided by the composition
1 1
p2(At) = exp (2AtH0dd> o exp (2AtHeUen) o exp (AtHpon) ©
1 1
exp (2AtHeven) o exp (2AtHodd> (3.99)

where exp (tH) denotes the time-t flow of the vector field H.

The corresponding residuals in the energy and momentum conservation law are of

the form X )
En+1 _ En Fn+§ _ Fn+§
REy, = =" =M ¢ m+12 o m-1 (3.100)
1 1
ntl _ n Gn+§ _ G"+§
RM;j, = == mﬂzm mel (3.101)
and the residual in the additional conservation law is of the form
1 1
Tn+l _n vita e
RA, = i e (3.102)
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CHAPTER 4

LINEARIZED EQUATIONS AND DISPERSION
RELATIONS

The difficult part of doing any analysis of numerical dispersion and dissipation prop-
erties of the numerical schemes of the NLSE’s is that they are nonlinear. However,
for linear problems the exact solution of the PDE can be found so that it is straight-
forward to make comparison with the exact solution and the numerical solution.

So far, we have discussed NLSE’s and CNLSE’s with some properties, expressed
as conservation laws, which have a significant role in determining the dynamics of the
system. We have also discussed three numerical schemes and have shown how some of
these conservation laws are preserved by these schemes. However, these conservation
laws do not give enough information about the solution of these schemes. For example,
in every case, the energy and momentum conservation laws could not be preserved
exactly for general nonlinear problems using these schemes [21]. To understand the
solution behavior of these schemes, in this chapter we will consider the linearized
equations. That is, we will consider (1.43) such that

1
5(2)25 <z,Az>

where A is symmetric. This gives the linear multisymplectic PDE

Mz + Kz, = Az. (4.1)

In [56] the Euler box scheme, the Preissman box scheme, the explicit midpoint scheme
and a mixed discretization (explicit midpoint in space, implicit midpoint in time and
vice versa) were applied to the linear multisymplectic PDE (4.1) and both continuous
and discrete dispersion relations were discussed for two model problems: the linearized

KdV and Boussinesq equations where the nonlinear wave equation is just a special case
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for the latter equation. Now we give a short summary of [56] for linearized equations:
In [56] it was shown that the dispersion relations for the Euler and Preissman schemes
were close to the exact relation for the linearized Boussinesq equation. On the other
hand, the explicit midpoint scheme produced computational modes. Computational
modes are produced when the discretization yields different branches in the disper-
sion relation. In other words, there are modes where the numerical scheme produces
good approximation and there are modes where the scheme yields poor approxima-
tions. Thus one must ensure that these modes are not stimulated during numerical
applications for nonlinear problems (see [58]). For the linearized KdV equation it was
shown that while the Euler and the explicit midpoint schemes produce computational
modes, the Preissman scheme does not. Using the continuous and numerical disper-
sion relations, it was shown that the absence of numerically induced diffusion and the
nonexistence of computational modes are two main characteristic expected of a mul-
tisymplectic integrator. For this reason the explicit midpoint scheme could not be a
multisymplectic integrator and in some cases the Euler box scheme could not be a mul-
tisymplectic integrator either. Moreover in [13] numerical dispersion relations were
presented for some symplectic and multisymplectic schemes for the linearized KdV
equation. For detailed analysis of the numerical and continuous dispersion relations
see also [58, 80].

In this chapter we will discuss the dispersion relation for both continuous and
discrete equations to understand the solution behavior of our multisymplectic Preiss-
man and coupled six point schemes for linearized problems. The Preissman scheme
was first proposed by Preissman [61] and developed by Zhao and Qin [93]. A simpler
version of this method was developed in [13]. Both the Preissman and the coupled
six point schemes are non-dissipative. Thus these methods give qualitatively correct
results for long times. Then using these results we will discuss the exact and the

numerical dispersion relations for the linearized NLSE and CNLSE.

4.1 Dispersion Relation

Any time-dependent scalar, linear partial differential equation with constant coeffi-

cients on an unbounded space domain admits plane wave solutions [38, 80, 85],

u(z,t) = uetétet) £eR, 1=+-1 (4.2)
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where u = u(§), and & is the wave number, w is the frequency and A = 27/¢ is the
wave length. Note that we use the standard notation for the frequency which should
not be confused with the auxiliary variable w in the previous sections. If the initial
data u(z,0) = €’* are supplied to an equation of this kind, then there is a solution
for ¢ > 0 consisting of w(x,0) multiplied by an oscillation factor e**. The partial

differential equation gives a relationship between £ and w, and this relationship

w = w(€) (4.3)

is known as the dispersion relation. It must be noted that for every & there may
several different frequencies w;(€) corresponding to different modes. In many cases,
the solution admits two modes such that w; = —ws, corresponding to right and left
travelling waves.

If w is real, then the wave (4.2) is propagated with the speed —w/¢. For complex

w = a + ib, the plane wave solutions (4.2) takes the form
u(w, t) = elErtat) gt (4.4)

The wave (4.4) decays as t — oo if Im(w) > 0, it grows if Im(w) < 0 and and neither
grows nor decays if I'm(w) = 0. Also, if Re(w) = 0 there will be no wave propagation.
Substituting the plane wave solution (4.2) into the linear PDE (4.1) gives the linear
system

(iwM + i€K — A)u = 0. (4.5)

If the determinant of the matrix derived from this equation is non-zero, then the
only solution is u = 0. This means that we have no wave solution. Therefore, the

determinant must be zero. This gives the continuous dispersion relation [18]
Da(w, &) = det(iwM +i(K — A) =0, (4.6)

which will be compared with the numeric dispersion relations. Notice that the matrix
used in (4.6) is self-adjoint. This implies a real dispersion relation, meaning there is
no diffusion ([85], Chapter 11).

The discrete approximations to differential equations also have plane wave so-
lutions, at least if the grid is uniform, and so they have dispersion relations, too.

Consider the discrete analog of the plane wave solutions (4.2)

u?n _ ﬁei(Exm—i—Qtn) _ ﬁei(EmAx-i-QnAt)7 (47)

67



I

where ¢ = v/—1, 2 € R is the numerical wave number and €2 is the numerical frequency

such that

€ [-m/Az, 7/Ax] and Qe [-n/At,7/At]

(1]

because z,, = mAx and t, = nAt ([15], Chapter 11). As in the continuous case, we
consider €2 = (Z) so that the solution (4.7) will satisfy our difference equation. Note
that while the numerical wave number will remain the same for each solution, the
numerical wave frequency is different for each solution because of their dependency
on the wave number changes according to the discretization, which will be clear in
the following subsections. The function Q(Z) will be called the discrete dispersion

relation. Notice that at all spatial grid points x,,, the exponential el 2mNam /[Ax) —

¢!2mNm) ig exactly 1 for any integer N. More generally, any numerical wave number
= is indistinguishable on the spatial grid from all other numerical wave numbers
E+27N/Az. This means that (4.7) is 2r/Ax periodic on R. To make sense of the idea
of analyzing the plane wave solution, we shall normally restrict our attention to one
period of ], by looking only at wave numbers in the range [—7/Ax, w/Ax]. Similarly,

we shall consider the numerical frequency Q € R in the range [—n/At,n/At]. If

) = a + ib, the discrete plane wave solution (4.7) has the form

n

n i(EmAm—i—anAt)e—bnAt‘ (4‘8)

uy = ue

Thus, we see that the wave (4.8) decays as n — oo if Im(€2) > 0, grows without bound
(and the scheme will be unstable) if Im(2) < 0 and neither grows nor decays if
real. Also, if Re(€) = 0 there will be no wave propagation.

The numerical solution (4.7) can be used to derive a numerical dispersion relation for
each of the schemes.

A strong method to determine the accuracy of a scheme is to compare the numerical
solution to an analytical solution. The equations we are considering are wave equations
and so we will compare the properties of waves. Dispersion relation gives information
about the wave so that we will compare the continuous dispersion relation with the
corresponding numeric relation. In the numerical discretization both the time step
and the space step affect the accuracy. To investigate the effect of the space and time
steps, we consider the numerical dispersion relation assuming At — 0 and Az — 0

respectively.
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4.1.1 The Preissman Box Scheme

Applying the Preissman box scheme (3.22) to the linear PDE (4.1) yields

n+1 n n+l n+l
z 1 — Z 1 2 2 1
m+3 m+3 z, Zm n+s
M2 TP ) L g ((ImEl T | — A 2
At m+3

Using (4.7) we obtain the solution at x = (m + 1/2)Az, t = nAt as

n _ n n
Zm+% - 5(2m+1+zm)
_ Ly ( GEm+DAT+OnAY ei(EmAx—‘rQnAt))
2
_ %ﬁei(E(m—i—%)A:C-‘rQ(n-‘r%)At) (ei(Egz—%) I )
QAt / EA ZA
= Ze 'z (67' 2 + et 2I)
where
o1y (ei(E(m-i-%)Ax-i-Q(n-&-%)At)) '
2
Similarly
- QAL - EAx EAx
n+11 — ze’ 5 (ez 5 +e—z 3 )
m+3
1 —_
n+i . iEAz - QAL _ QAL
zm+21:ze’2(e’2 +ez2)
n+l . _;EAx - QAL _ QAL
m2:zezz<e2+e 2)
ntl 1. ZAg ZAg QAL QAL
z 4 = -2 (e’ 2 +e "2 )(elT—i-e_’T)
m+3 2
Thus we get
R -ZAx _;EAz QAL _ i QAL
ZnJrll—an22(622+6Z2)612—622)
m+§ m+§
1 1 = =
n+i n+= " - EAzx _EAz F QAL _; 04t
Zpad — Zm ° :z(el2 —6’2)(612 —1—612)

Using the identities
e +e % =2cos(f) and € — e = 2isin(h)

we get

=Ax QAL
+1 o . . o
zf%%—zgwé = 4zcos< 5 )sm( 5 >z,
n+% n+% i QA[J; . EAQT N
Zmal — Zm = 4icos 5 )sin|—— )%
z,.1 = 2icos 5 sin > Z



After substituting these equalities into (4.9) we get a linear system

1M

If we define the pseudo wave number and the pseudo frequency for the Preissman box

scheme by
2tan (Egz) 2tan (%)
=p = d Qp:= 4.11
P Ax ame e Al (4.11)
the linear system (4.10) can be written as
(1QpM +iZK — A)u = 0, (4.12)

which is the numerical dispersion relation for the Preissman box scheme [56]. We
notice that the numerical dispersion relation (4.12) is the exact dispersion relation

evaluated at the pseudo wave number and the pseudo frequency, that is
Da(Qp,Ep) =0, (4.13)

where Dy is defined in (4.6). Notice that the numerical dispersion relation (4.13) is
found by taking the determinant of a self-adjoint matrix, meaning there is no diffusion
induced by the numerical scheme.

Numerical dispersion relations for the Preissman scheme have also been presented
and discussed for linearized Boussinesq and KdV equations in [56]. In [13] the exact
and the numerical dispersion relation were compared for the linearized KdV equation
based on the two box schemes (4 x 3 and 4 x 2 narrow box) and a 5 x 2 symplec-
tic scheme. The results show that while the multisymplectic 12-point box scheme
preserves the shape of the exact dispersion relation for all cases the 8-point narrow
box scheme preserves the shape of the true dispersion relation under some conditions.
On the other hand, it was shown that the symplectic midpoint scheme has parasitic
waves. Parasites in space or time can both be harmful! However only the box scheme

avoids this problem in both space following the proposition in [13].

Proposition 4.1 [13]. The Preissman scheme qualitatively preserves the dispersion
relation of any system of linear first—order pdes Mz, + Kz = Az. Specifically, there
are diffeomorphisms W1 and W9 which conjugate the exact and numerical dispersion
relations such that to each pair (§,w) satisfying the numerical dispersion relation there

corresponds a pair (¥1(€), Va(w)) satisfying the exact dispersion relation.
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. .o & w .
Proof. We set 27, = ae!&mtwn) — ¢i(xz(mAn)+ 57 ("AY) where a is a constant vector.
The exact dispersion relation is obtained by letting x = mAxz and t = nAt vary

continuously, giving the generalized eigenvalue problem

W €

The dispersion relation is a nontrivial solution of the above system; that is it is a

polynomial

At Az

For the numerical scheme we get the numerical dispersion relation (as in (4.10)),

det (i“’M Lt K- A) = 0. (4.15)

2
det (iAt tan(w/2)M + iA% tan(¢/2)K — A> 0. (4.16)
Thus, the required diffeomorphisms are

Uy (—m,m) — R, ¥i(§) =2tan(w/2), (4.17)

Uy : (—m,m) = R, Uy(&) =2tan(£/2). (4.18)

This completes the proof.

Notice that the multisymplectic property (namely that M and K are antisymmet-
ric and A is symmetric) is not used.For large systems of PDEs the dispersion relation
can be more complex. For example the relation may contain many branches. It is
remarkable that the Preissman scheme can capture all of this with a shift in frequen-
cies, unconditionally, for all At and Ax. Proposition 4.1 also holds for PDEs with any
number of space dimensions [13].

Next we discuss the continuous and numerical dispersion relation for linearized

NLS and linearized CNLSEs.

4.2 Linearized NLS

In this section we will consider the linearized Nonlinear Schrodinger equation
U + Uy +au = 0, (4.19)

where a € R and u is a complex-valued function. Using u = p+1iq we can write (4.19)

as a pair of real-valued equations

+ +aqg = 0,
Dbt dzx q (420)

Gt — Pzz —ap = 0.
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The linearized NLSE (4.19) can be written as an infinite dimensional Hamiltonian

system.

dz _10H
P

where z = (p,q)T, J as defined in (1.3) with d = 1 and the Hamiltonian
1
H= /5 P2+ 2 —al? + @) da.

Introducing v = p, and w = ¢,, the above system of equations can be written as a

first-order system

G —v; = ap
—pr—wy; = a
Dbt x q (421)
Pz = VU
e = W

which leads to the linearized multisymplectic Hamiltonian system (4.1) with M and

K defined in (2.11) and

a 0 00
0 a 00
A_ =
0 010
0 0 0 1
and we obtain
—a w —& 0
—w —a 0 —i
wM+ 6K — A = (4.22)

Then the continuous dispersion relation of the linearized NLSE based on the multi-

symplectic structure can be found by taking the determinant of this matrix, which

yields
D(w, &) =w? — ¢t +2ag%2 —a’> =0 (4.23)
or equivalently
2 2\?
W= (a-¢?)". (4.24)
Notice that for every wave number £, the solution admits two modes wy; = —wo which

corresponds to two equivalent waves travelling in opposite directions.
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Using (4.13), the numeric dispersion relation of the linearized NLSE corresponding

to the Preissman box scheme can be written as

DA(Qp,Ep) = Q% — Ep 4+ 2a5% —a? =0, (4.25)
or, equivalently
2
4 tan? <QN) 4 tan? (_%x)
— = |la—-— 2| . (4.26)
At? Ax?

Solving for 2 we find the numeric dispersion relation for the Preissman box scheme

Q= +2 tan—t |20 dtan? (57)

At ? a— T s S [—W/At, W/At], (427)

since tan(QAt/2) is invertible for —7/2 < QAt/2 < /2. The numeric dispersion
relation (4.27) can be compared to the continuous dispersion relation (4.24). First
we notice that for every numerical wave number = there correspond two numerical
frequencies Q) as in the case of exact dispersion relation (4.24). In particular, if we
decrease both the time step At — 0 and the space step Az — 0, the numerical
dispersion relation (4.26) approaches the continuous dispersion relation (4.24). Next,
we will first investigate the effect of space step. For this, we consider the numeric
dispersion relation (4.26) assuming At — 0, which yields
4 tan® (“Aw ) ?

2 _
*=la— A2

(4.28)

It is important to note that both in the exact and numeric dispersion relations (4.24)
and (4.28), w? and Q? are positive and therefore they are real, implying that there is
no diffusion.

We plot the numeric dispersion relation with continuous time (4.28) over the exact
dispersion relation (4.24) in Fig. 4.1 for spatial step size Az = 0.5 and Az = 0.1.
Notice that for every wave number the exact and the numerical dispersion relation
gives two frequencies as expected. The direction of these frequencies are opposite
meaning that two waves travelling in opposite direction as expected. We see that
while the numerical dispersion relation is close to the exact dispersion relation for the
spatial step size Az = 0.1, it is not close for step size Az = 0.5. However, in either
cases there are no temporal or spatial parasitic waves.

Notice that the accuracy is good for small wave number which corresponds to

long waves since the wave length is A = 2w /£. Because the phase speed is w/¢, the
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phase speed is large. Also we find that the group speed dw/9¢ increasing because the
tangent line drawn to the graph approaches the vertical as the wave number go far
away from the origin.

Finally let us compare the numeric dispersion relation (4.27) to the exact dispersion
relation (4.24). The dispersion curves are shown in Fig. 4.2. We see that the results
are almost same with the previous case. The exact dispersion relation gives two
frequencies for every wave number as expected. The plot shows the the numerical
dispersion relation is close to the exact dispersion relation for small step size which
corresponds to many grid points in discretization. Also we notice that neither temporal

nor spatial parasitic waves are observed.

4.3 Linearized CNLSE

In this section we discuss the exact and numerical dispersion relation for the linearized
CNLSE based on the multisymplectic structure and check the robustness of our mul-
tisymplectic schemes for plane wave solution. In [29] the CNLSE (2.26)-(2.27) was
considered with 61 = d2 = 0,d; =ds = 1 and a1 = az = e = 0 /2, where 0 € R. Using

the plane wave solutions
P = aei(@;_“’t), o = hei(—Ez—wt) (4.29)
an amplitude-dependent dispersion relation
_ 2 T2 2
w=¢& = S(la" +f),  abeR

was obtained. Then the linearized stability analysis is presented by perturbing the
plane wave solutions. In [75] it was shown that the CNLSE (2.26)-(2.27) with 6; =

02 = 0 has the exact periodic solutions
Py = 11PN gy = ppeilEeament) (4.30)
with the dispersion relations
wi = di1€&3 — (a1} + evd), wo = dofd — (a3 + ev}), (4.31)

where 11,15 € R. In this section we consider the linearized CNLSE based on the
multisymplectic structure and obtain the exact and numerical dispersion relation using

the plane wave solutions of the form

WV = ulei(fac-&-wt)7 o = uzei(éx-i-wt) (4.32)
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where uy and ug are the amplitudes of the wave which are assumed to be real without
loss of generality, £ is the wave number and w is the frequency of the wave. In the

CNLSE (2.26)-(2.27) the nonlinear terms are replaced by real constants ¢; and ¢z as

a = a |y +elof, (4.33)

elv1]” +as ol (4.34)

C2

Thus the linearized CNLSE can be written as

0 0 0?
0 0 0?
) <81)Z)7§2 + 525?5) + anTﬁ;Q + cotpg =0 (4.36)

The linearized CNLSE (4.35)-(4.36) admits a plane wave solutions

1 = uge ST gy = gl ST, (4.37)

Substituting (4.37) into (4.35)-(4.36) and cancelling the exponential terms gives two

homogenous equations
(w + 016+ di1 &2 — cl) u =0
(w + 89€ + do&? — Cz) uy =0
for u; and us. If the determinant of the matrix derived from these two equations

is non-zero, the only solution is u; = up = 0. This means that we have no wave.

Therefore the determinant must be zero. This gives
(W + 01§ + d1€%)(w + 626 + dat?) = 0.

Note that the coefficients of the first and the second factors are the coefficients of
11 and 19, respectively. Thus, the dispersion relations for the linearized CNLSE
(4.35)-(4.36) are given by

Wi = — 6 — i€, Wy = 1 — 016 — €7 (4.38)

Now, we will derive the dispersion relation based on the multisymplectic structure.

The system (4.35)-(4.36) can also be written as a linear multisymplectic PDE (4.1)

for z = (CIbQ27QS7Q4ap17P27p3ap4)T



where

26, 0 0 0 0 —61/2dy 0 0
0 24 0 0 81/2d 0 0 0
Jl _ 1 J2 _ 1/ 1
0 0 25 O 0 0 0 —6y/2dy
0 0 0 26 0 0 &/2d 0

1/d; 0 0 0
0 1/d; 0 0
0 0 1/dy 0
0 0 0 1/do
é1=c1/2+62/8dy, 2 = c2/2 + 3 /8ds and M and K defined in (2.44). Thus, finding

the determinant of the matrix

(iwM + K — A) =

—26; iw 0 0 —i&  6y/2d, 0 0
—iw 24 0 0 —&61/2dy  —i 0 0
0 0 —26, iw 0 0 —i& 8y/2ds
0 0 —iw =26 0 0 —0y/2dy —i€
i€ —6/2dy 0 0 ~1/dy 0 0 0
§1/2dy i€ 0 0 0 ~1/d, 0 0
0 0 i€ —6y/2dy 0 0 —1/dy 0
0 0 b6y/2dy i€ 0 0 0 —1/dy

gives the continuous dispersion relation for the multisymplectic linearized CNLSE
(4.35)-(4.36)

1
D(w,§) = m(ci — 2c1d1 & — 617 + diEt — 2616w — w?)

(3 — 2c9da€® — 856° + d5¢" — 2656w — w?) = 0.

Note that the coefficients of the first factor are the coefficients of 17 and the coeffi-
cients of the second factor are the coefficients of 1)5. Therefore, the first factor gives
the continuous dispersion relation for v and the second factor gives the continuous
dispersion relation for s, that is

Dy, (w, &) = & —2c1d16% — 5262 + d3¢* — 2616w — w?* = 0, (4.39)

Dy (w, &) = 3 — 2cadat® — 5562 + d3¢* — 2696w — w?* = 0, (4.40)
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Solving (4.39)-(4.40) for w we get

Wi =01 —0€—di€%,  woy, = —c1 — 6é+di&? (4.41)

W1y = C2 — 52§ — d2€2, Wo 4py = —C2 — (52§ + d2§2. (4.42)

These solutions give two branches for each wave 1 and 1. For every wave number &,
there are two frequencies which correspond to two wave travelling in different direction.
Note that for linear CNLSE (4.35)—(4.36) with ¢; = ¢o = 0 and 01 = d2 = 0, for every
wave number £, there are two frequencies satisfying wy ,, = —wa 4, and wy g, = —w2 4,
, which correspond to two equal waves for both 7 and 9 travelling in opposite
directions.

It is important to note that while the dispersion relation of the linearized CNLSE
(4.35)—(4.36) has two roots (4.38), the dispersion relation of the multisymplectic form
(4.1) has four roots (4.41),(4.42).

4.3.1 The Preissman Box Scheme

For the linearized CNLSE (4.35)-(4.36) the numerical dispersion relation (4.10) is
given by

1

W(c% —2c1d1E% — 61EL 4 d2EL — 2012pQp — OF)
12

DA (2P, Ep)

(3 — 2c2d2=p — 855D + d3Ep — 20,2pQp — 0p) = 0.

where the pseudo wave number and the pseudo frequency for the Preissman scheme

are defined as

2tan (S5 2tan (2L
EP:—<2), QP:—(z).
Az At

Thus, we get
DAy, (Qp,Ep) = f —2e1d1Z% — 6755 + diZ) — 261ZpQp — O3 = 0, (4.43)
DAyy(Qp,Ep) = 3 — 2c9da=% — 6355 + d3=) — 20:=pQp — O3 = 0, (4.44)
Solving (4.43)-(4.44) for Qp we obtain

qud)l = FC1 — 5151) + dlE%, QP,#)Q = FC2 — 52513 + dQE%:.. (4.45)

These dispersion relations are 27 /Az periodic in = and 27 /At periodic in 2. With

the use of inverse trigonometric function it is possible to solve such equation for €2, so
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that we can exhibit the functional dependence explicitly. But in general, the resulting
formulas are less appealing and often harder to work it because the trigonometric
functions may not be invertible in the corresponding domain. In our situation we use

the invertibility of the tan(f) for § € [—m/2,7/2] so that (4.45) is equivalent to

=Az 2 (EAx
2 LAt 2 tan( 5 ) 4 tan (T)
Qd)l = E tan 7 (—51 Ar Fd; Ap2 +c (4.46)
2 At 2 tan ( 2282 4 tan? (E2z
Qy, = o7 tan" | o (—52 A(I ) T ds Aag ) £ oo (4.47)

where ¢; and co are defined in 4.33. Thus, there are four frequency for every wave

number.

4.3.2 Coupled Six-Point Scheme

Applying the coupled six-point scheme (3.59)-(3.60) to the linearized CNLS (4.35)-
(4.36) yields

67 62(60) + 6167 8,6, (01)] + a6 260w + 18,621 = 0, (4.48)
i [515+5§(¢2) + 525$5t5a:(‘1’2)} + do67 6, () + 26052403 = 0, (4.49)

Substituting the plane waves
Y = iy i (Eom+tn) - {1 et (Eom+0tn) (4.50)

into (4.48)-(4.49) and cancelling the exponential terms yields two algebraic equations

in @17 and g

{ <QAt> 0 At (EAQ?) 2d1 At 2<EA:U> At }A
tan { — | + tan + tan° (| — )| — —c1|T1 = 0O,

2 Ax 2 Ax? 2 32
{t 0 <QAt> n YA tan (EAx) n 2do At tan? (EAJE) _ g } 4 — 0
M\ Az M\ T2 Az T2 322" T
Wi(E) 0 iy 0
0 W@ |\ 0
where
— QAL 01At ZAzx 2d1 At o (EAx At
Wi(E) = tan( 5 ) + tan( 5 ) + A tan <2> — 3¢
— QAL PYAN EAzx 2da At 5 (EAT At
Wh(E) = tan( 5 > + Ao tan( 5 )—i— Ag? tan ( 5 ) 37C2



To get a nontrivial solution the determinant of the coefficient matrix must be zero.

This gives
2 _At 2 tan (ng) 4 tan? (Egaj) 1 ]
) = — tan ' | = | -0 —d = 4.51
6.1 At 2\ T A A2 16| (4:51)
s farf 2en(E) awe(B) )]
0 = —tan ' |= [ -6 —d = 11. 4.52
6,442 AL T 2T AL A2 T 16 (4.52)

because tan(f) is invertible for —7/2 < § < 7/2. Notice that for every wave number
there are two frequencies.

Now we compare the numerical dispersion relations obtained from the multisym-
plectic schemes with the exact dispersion relation. We see that the dispersion relations
for the continuous case (4.41)-(4.42) represent a polynomial relation between the wave
number ¢ and the frequency w, while the discrete model obtained using the Preiss-
man scheme (4.46)-(4.47) and using the six point scheme (4.51)-(4.52) amounts to
a trigonometric relation between the numerical wave number = and the numerical
frequency Q. We recall that the CNLSE (2.26)-(2.27) is integrable for d; = dy and
a; = az = e [52], it is non-integrable for other cases [82]. Here we compare the disper-
sion curves of the integrable and non-integrable cases and also we compare the effect
of the linearized term corresponding to the constants ¢; and co.

The dispersion curves for the linearized CNLSE (4.35)-(4.36) with §; = 62 =
1,dy = dy = 1 and ¢; = ¢o = 1 for the step sizes Ax = At = 0.1 are displayed in
Fig. 4.3. First we note that the exact dispersion relation gives two frequencies for
every wave number as expected. The plot shows that the dispersion relation for the
Preissman box scheme is close to the exact dispersion relation. For the coupled six
point scheme there is only one frequency for every wave number. This behavior of the
coupled six point scheme is due to the fact that we eliminate the auxiliary variables
in the multisymplectic form. However, the figure shows that the dispersion curve of
the coupled six point scheme preserves the one branch of the exact dispersion curve.
In Fig. 4.4, we fixed the parameters 1, do, d1, ds and changed ¢; and cg as ¢y =¢1 =0
and we observe that the results are almost the same with Fig. 4.3. This shows that
the linearized term does not affect the numerical schemes. In Fig. 4.3 and 4.4 we
see that there are no temporal or spatial parasitic waves. The accuracy is good for a
small wave number which correspond to many grid points in the discretization as in

the case of linearized NLSE.
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Since ¢ and ¢y are in no way related to At and Az, it is interesting to know how
the dispersion relations changes as the parameters ¢; and co change. In Fig. 4.5 we
plot the exact and numerical dispersion relations of the Preissman box scheme and the
coupled six point scheme for Az = At =0.1,01 = ds =1,dy =doy = 1,¢1 = co = =10,
. The figure shows that there are no parasitic waves for both methods. Notice that
while the Preissman box scheme is still close to the exact dispersion relation in low
frequencies, the coupled six point scheme gives poor approximation. However, if we
decrease the step sizes we see that numerical dispersion relation are close to the exact
dispersion relation. For Az = 0.05, At = 0.02, in Fig. 4.6, the dispersion relations
become more ’flattened’ and as a result each plot shows a close correlation between
the numerical and exact dispersion relation. In Fig. 4.7 and 4.8 we plot the numerical
and exact dispersion relations for ¢y = 0.01 < Az = At = 0.1 < ¢ = 1 and for
co = 0.01 < Ax = At = 0.1 < ¢; = 1. In both cases we see that the dispersion
curves are almost same with Fig. 4.3 and 4.4 showing that the linearized terms which

corresponds to the constants ¢; and co does not effect the numerical schemes.

We note that all the above cases were integrable cases (d; = d2). Now compare the
dispersion curves of the integrable and non-integrable cases of the linearized CNLSE
(4.35)-(4.36). Fig. 4.9 and 4.10 shows the numerical and exact dispersion curves for
the integrable case 61 = do = 5,d; = dy = 1/2 with ¢; = ¢y =1 and Az = At = 0.1
and for the non-integrable case 61 = 62 = 5,1/2 =d; #do = —1/2 with ¢; = c2 =1
and Ax = At = 0.1 respectively. From the figures we see that the Preissman box
scheme exhibit better behavior, qualitatively preserving the exact dispersion relation
for small frequencies. Also, the coupled six point scheme preserves the one branch
of the exact dispersion relation. In each case the discrete dispersion relation is an
accurate approximation when = is small, which correspond to many grid point per
wavelength, because the number of points per spatial wavelength for the wave (4.7) is
21 /EAx.

We observe that the multisymplectic Preissman scheme does not have tempo-
ral or spatial parasitic waves for any problem based on the relation (4.46)-(4.47)
since tan(§2y, At/2) and tan(§2y, At/2) are invertible for —m/2 < Qg At/2 < 7/2 and
—7/2 < Qy,At/2 < 7/2. By the same argument, the coupled six point scheme does
not have temporal or spatial parasitic waves for any problem of the form (4.51)-(4.52).

Both the exact and the numerical dispersion relations of these schemes are very close
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to each other, as a result each plot shows a close correlation between the numerical

and the exact dispersion relations.

In fact we observed two main characteristic of a multisymplectic integrator [56].
The first is the absence of numerically induced diffusion which is apparent from the
real numerical dispersion relation. The second characteristic of a multisymplectic
integrator is the non-existence of computational modes. It is well known that the
Preissman scheme is a multisymplectic integrator [21] and the numerical dispersion
relation of the Preissman scheme did not produce any computational modes. Also
we observed that the coupled six point scheme did not produce any computational
modes and for this reason we will consider the coupled six point scheme to be a
multisymplectic integrator, which is also apparent from the fact that the coupled six

point scheme was obtained from the multisymplectic Preissman scheme.

4.4 Linear Stability Analysis for Six—Point Scheme

In this section we investigate the linear stability of the six-point scheme (3.61)-(3.62).
In general, linear stability analysis for nonlinear equation can not be justified. How-
ever, it is found to be effective in practice [28]. In [25] the linear stability of a new
six—point scheme for the cubic NLSE (2.1) was investigated and it was shown that
the scheme was unconditionally linearly stable. Following [25], we consider the linear
CNLSE (4.35)—(4.36) and discuss the linear stability of the six—point scheme (3.61)—
(3.62).

Applying the six—point scheme (3.61)—(3.62) to the linearized CNLSE (4.35)—
(4.36), we obtain

] n n N .

01

+2Ax ((wlgflﬂ - wlg:r—ll/ﬂ + WI%H/Q - wl?n—l/2))]

) (4.53)
1 n+1/2 n n+1/2
+@ (¢1m_1/ - 2¢1m+1/2 + ¢1m+1/ )

C1 n+1/2 n+1/2
+§ <¢1m+1/2 + ¢1m71/2) ’
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) n " . .
AL |:(w2m+—11/2 —V2pm_1/2) + (7/12"::1/2 — Yapmi1/2)

02 " N . .
*ang (2o = ¥l ) + (Wlhayo = ¢2m—1/2)>]

da n+1/2 ni1/2 n+1/2
t A2 (1/J2m_1 — 2qppm Y/ + V2,01 )
C2 n+1/2 n+1/2
+§ (¢2m+1/2 + ¢2m71/2) :
Let

q)z)ln — eimlefl

m and oy, = €MATE

(4.54)

(4.55)

where [ is an arbitrary integer. Substituting (4.55) into (4.53)—(4.54) and rearranging

the terms we obtain the amplification matrix

-1

&1 ai + b 0 a1 — b
ae =" |=-
&2 0 az +ib as —ib
where
_ 51At . 2d1At . 9 Az ClAt 2 Az
ay = A sin(lAz) A2 sin®( 5 ) 5 cos”( 5
. 52At . 2d2At . 9 Az CQAt 2 Az
a2 = - sin(lAz) — AL? sin®( ) )+ ) cos”( )
[A
b = 20052(%).

The eigenvalues of the amplification matrix G are

N a? — b n < 2a1b ) o a3 — b? n ( 2a2b
= — 1 = —
! aj + b ad+) P a3 + b a3 + b

);
);

(4.56)

(4.57)

We notice that |A\;| = |\2] = 1. Since G is Hermitian, the scheme (3.61)-(3.62) is

linearly stable (see [79] p.268). Thus we have proven the following:

Theorem 4.2 The multisymplectic integrator (3.61)-(3.62) is unconditionally lin-

early stable.

This means that there is no restriction on time step At, but we must choose it by care

to obtain accurate results.
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Figure 4.1: The effect of discretization in space (At — 0) for linearized NLSE (4.19).
Solid line: exact dispersion relation (4.24); crossed: numerical dispersion relation with
continuous time (4.28). The left plot: with Az = 0.5. The right plot : with Az = 0.1.
The top plot : a = —1 < 0, The middle plot : a = 0. The bottom plot : a=1>10
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Figure 4.2: The effect of discretization for linearized NLSE (4.19). Solid line: exact
dispersion relation (4.24); crossed: numerical dispersion relation (4.27). The left plot:
with Az = 0.1, At = 0.1. The right plot : with Az = 0.1, At = 0.01. The top plot :
a = —1 < 0, The middle plot : a=0. The bottom plot : a=1>10
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Figure 4.3: For Az = At = 0.1,6; = 62 = 1,d; = da = 1,¢1 = ¢a = 1, exact (solid)
and numerical (crossed) dispersion relation for linearized CNLSE (4.35)-(4.36).
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Figure 4.4: For Ax = At = 0.1,6; = 62 = 1,d; = d2 = 1,¢1 = c2 = 0, exact (solid)
and numerical (crossed) dispersion relation for linearized CNLSE (4.35)-(4.36).
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Figure 4.5: For Ax = At =0.1,0; = dy = 1,dy = da = 1,¢1 = co = —10, exact (solid)
and numerical (crossed) dispersion relation for linearized CNLSE (4.35)-(4.36).
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Figure 4.6: For Ax = 0.05, At = 0.02,0;1 = 92 = 1,dy = dy = 1,¢1 = ¢o = —10, exact
(solid) and numerical (crossed) dispersion relation for linearized CNLSE (4.35)-(4.36).
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Figure 4.7: For ¢c; = 0.0l < Az = At =0.1<cs =1, =, =1,dy = ds = 1, exact
(solid) and numerical (crossed) dispersion relation for linearized CNLSE (4.35)-(4.36).
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Figure 4.8: For co = 0.0l < Az = At=0.1<c¢;1 =1,01 = =1,dy = ds = 1, exact
(solid) and numerical (crossed) dispersion relation for linearized CNLSE (4.35)-(4.36).
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Figure 4.9: Dispersion curves of the integrable case: 61 = 5,02 = —5,d; = da = 1/2,
with ¢; = ¢a = 1, Az = At = 0.1. Exact (solid) and numerical (crossed) dispersion
relation for linearized CNLSE (4.35)-(4.36).
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Figure 4.10: Dispersion curves of the non-integrable case: d; = do = 5,1/2 = dy #
dy = —1/2, with ¢; = ¢ = 1, Az = At = 0.1. Exact (solid) and numerical (crossed)
dispersion relation for linearized CNLSE (4.35)-(4.36).
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CHAPTER 5

BACKWARD ERROR ANALYSIS

One of the most efficient ways to analyze the effect of discretization error in a numerical
solution is known as backward error analysis (BEA), in which a system of differentials
is compared with the modified equations that are satisfied by the numerical solution.
A modified equation is a truncated series in powers of step size, that is solved to higher
order by a numerical scheme. Such a transformation induces an error which can be
made exponentially small, and the results remain valid on exponentially long time
intervals [33]. It is very useful when the qualitative behavior of a numerical scheme is
of interest, and when statements over long time intervals are needed.

The idea of backward error analysis was first introduced by Wilkinson to under-
stand the propagation of rounding errors in numerical linear algebra. Later, the idea
of BEA have been applied to ODE’s [30, 31].

Although the expansions used in BEA depend on the numerical scheme, it can
be done for any finite difference method (see [33](Chapter 9), [69](Chapter 10)). In
particular, if a symplectic integrator is used to discretize a Hamiltonian system of
ODE’s, the modified equations are also Hamiltonian, and these types of integrators
have proved to give accurate and efficient results for long time integration [32, 63].
Recently, the ideas of backward error analysis have been applied to PDE’s in multi-
symplectic form [55, 56].

In this chapter, we summarize the results about the BEA for ODE’s and PDE’s
given in [55, 56].

Consider the initial value problem

v =f®), v(0)=uy. (5.1)
Let ¢.(yo) be the exact flow of (5.1) and ®a.(y) be a numerical method that approx-
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imates the solution of (5.1). A forward error analysis consist in the study of the local
error y1 — pat(yo) and the global error y, — pnat(yo) where yo, y1, Y2, - - - are approx-
imations produced by the numerical method ®a¢(y) in the solution space. However,
the idea of BEA consists in searching for a modified differential equation §' = fa¢(9)

of the form

7= f@)+ALhG) +ACf3(G) + - (5.2)
y(0) = wo (5.3)

such that
Yn = g(nAt) (5'4)

and studying the difference of the vector fields f(y) and fa:(y). We notice in (5.4) that
g(nAt) is the exact solution of (5.2), while y, is the approximate solution obtained
from ®a¢(y). In order to make this point clear, we consider the ODE (5.1) and apply

the first order explicit Euler method with step size At and get
Y=y 0t f(y"). (5.5)

The Taylor series expansion of y(t, + At) about t,, gives

2

U(tni1) = ylt) + A (1) + oy (1) + O(AF) (5.

and replacing the derivatives from the original equation (5.1), we obtain

At?

7fy(y(tn)>f(y(tn>) + O(At?)) (5.7)

Y(tnt1) = y(tn) + Atf(y(tn)) + D)

where f,(y(t,)) denotes the Jacobian of f. Ignoring all terms of order At3 and by
eliminating the reference to the point nAt, the modified PDE associated with the

Euler scheme (5.5) can be written as

Y =f=fly) - - fu, () ). (5.8)

Comparing the modified equation (5.8) with (5.1), we see that only one term is added
to the original equation (5.1). Therefore, the modified PDE (5.8) is called a first
order modification. In [56] it was shown that, the explicit Euler scheme (5.5) solves
the modified equation (5.8) to a second order accuracy. If more terms are used in the
Taylor series, the numerical scheme solves the modified equation to a higher accuracy

(see [56] for details).
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Notice that in the preceding analysis we eliminate the higher order derivatives in
(5.6) by differentiating the original equation (5.1). Following [56], we call this analysis
as BEA1. However, for higher order modification this becomes more complicated.
Now we give a revised approach to find the modified equation called BEA2 [56].

Consider the Hamiltonian ODE (1.1). Introducing

1
yn+1/2 — §(yn+l + yn>

and discretizing (1.1) by the implicit midpoint rule yields

yn+1 +yn _

J At

V,H(y" ). (5.9)

Then using Taylor series expansion about ¢, /, we find that

Y(tnr1) — y(tn) At? At4

A = Yt(tnt1/2) + ﬁyttt(tnﬂ/z) + ﬁyttttt(tn+l/2) +..
and
yltns) + () AP At
= At == = yi(tpgry2) + ﬁytt(tn-‘rlﬂ) + Mytttt(tnﬂ/z) +...

Taking the expansion out to O(At??) we can write

yn+1 + yn 14

— = ;)Amaij (5.10)
and
VY S By 65.11)
=0
where 7 := At/2 and
-2k 2k

A =-—— B =
W =G B = G
Substituting the identities (5.10) and (5.11) into (5.9) we obtain the general modified
equation
z 2j+1 £ 2
T D Bi(ma Ny | =V, H [ A9y (5.12)
j=0 §=0
which can also be written as a modified Hamiltonian system. A similar approach is
carried out for Symplectic Euler method in [33]
Note that the BEA1 and BEA2 can only be applied to a system of ODE’s. However,
they can be applied to PDE’s by considering the system of ODE’s that result from

the semi-discretization of PDE’s. But this partially describes the error induced from
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the numerical scheme because in the modified equation only the powers of At will
appear. On the other hand, the backward error analysis can be applied to PDE’s to
obtain a modified PDE in which the modification terms contain powers of At and
Azx. This can be achieved by the revised approach in both time and space which was
introduced in [55] and known as BEA3 approach. In order to make this point clear, we
consider the multisymplectic PDE (1.43) and the Preissman box discretization (3.22)
to find the modified PDE associated with the Preissman box discretization. For this,

we introduce

ALl v A
T = 5 nd x= 5
and define the notation
n+i
(y(Z))mﬁ% = V(2(tny1/2) Tmr1/2))- (5.13)

Using the Taylor series expansion about ¢, 1/, we find that

A A
2(t, 1+ Tt) —2(t, 1 — Tt)
(5+Z(t ) — 2 2
ten At

1 [At\? 1 /At\?
= (Zt + 30 <2> Zitt + Al (2> Zetttt + O(At6))

41 and performing the similar calculation
2

Using the Taylor series expansion about z,,

by changing the role of ¢ and n to x and m, we obtain
A A
(5+Z(.%'m) _ Z(xm+% + 736) - Z($m+% - Tz)
v Az

1 /Az\? 1 /Az\*? 6

Substituting (5.14) and (5.15) into the multisymplectic discretization (3.22) yields

(5.15)

1
m+3

+1 +1
M‘S;FZ;JF% + Kbz 2 — V.S (Z;lz-i-E) = .10
5 .
(M +Kzp — V.5(2) + O(Ax? + A12)" 7
2
which shows that the Preissman box discretization (3.22) is second order in time and
space.

Expansions (5.14) and (5.15) can be rewritten in a more compact way as

2k

g 7_2k; g X
5 2(tn) = 02, G a(am) = Y 02 (5.17)
= (2k+1)! = (2k+1)!

where we have truncated the terms higher than At?° and Az?°. Substituting these

expansions into the multisymplectic Preissman box scheme (3.22) yields the modified
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equation
M <§Uj T%a”f“z) +K <i X%a%“z> = V.S(2) (5.18)
= (2k+ 1) = (2k+1)T :
which is satisfied by the numerical solution up to O(At?? + Az?7).
Note that for o = 0, the modified equation (5.18) becomes the multisymplectic
PDE (1.43). For o = 1 modification, (5.18) takes the form

At)? Ax)?
MZt + ( 24) Mzttt + KZQ; ( 24)

Kzyze = V.5(2) (5.19)

which can be viewed as a generalized (higher order) multisymplectic PDE and is
satisfied by the numerical solution up to O(At* + Axz?). For example, the modified

equation for the discrete NLSE (3.45) with o = 1 modification can be written as

At? Az? 9 . 9
— | ¢+ ﬂ%tt - Vg + ﬂvx:px = a (p +q )p
At? Az? 9 9
pt + ﬂpttt — Wy + ﬂwxm = a (p +4q ) q
(5.20)
Az
Pz + ﬂpxaxﬂ = v
Ax?
qz + Hmec = w.

The modified equation for the discrete CNLSE (3.50) with ¢ = 1 can be written as

At2 ACC2 (51 (51

@2t + = @pt —Ple — = Plage — 2100+ 7 |\ P2— @] = 0
24 r 24 T 2dy 2
At2 AJZ2 51 (51

—q — o Tt~ P2e T o P2aes T 2142 2, p1+ 5% = 0
At? Az 02 2

qay + ﬂ‘ﬂttt —P3z — ﬂp?)xx:c — 22q3 + Z P4 — 5% =0
At? Az? 09 09

—q3¢ — ﬂq:‘}ttt — D4y — ﬂp‘lxl’m — 2244 — % D3 + 5q4 = 0

(5.21)

$2 1 51

Q1x + ﬂqlx(xz - dil D1 + EQQ - 0
Az? 1 01

P2z + 5 Qear ~ o \2mga) = 0
1'2 1 52

q3, + ﬂq%m A p3 + 5614 =0
Ax? 1 09

Qaq + 24 Qazee — dig Py — 5‘]3 = 0.

Eliminating the variables p1,...,ps and using the fact that ¢ = q1 + igo and

19 = q3 + iqs the modified equation (5.21) can be written as
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i

At? Ax?
7/}115 + ﬂd}lttt + 51 <¢1m + 24¢1x;m>

Ax? 2 9 9
+d1 ¢1:pxmxzz+ (CL1|1[}1| +€|¢2| )d}l = O>

24

At? Az?
oy + ﬂ@b%tt + 9o (1/1296 + 24¢2xm>

i

Ax? 2 9 9
+ ds wamcx:c:c + (6’1/}1’ + G2W2\ )1?2 = 0.

24

Ax?
+ dl <w1mz + 12¢hmmr>

(5.22)

Az?
d -
+ ag <¢2xgc + 12 1/}2xx:c:(;>

(5.23)

The modified equation with o = 1 modification (5.19) can be rewritten as mul-

tisymplectic PDE. To make this more clear, we consider the modified equation with

o = 1 modification (5.19). Introducing the auxiliary variables

b=2%2, q=Dpt T = 2,

§ =Ty,

(5.24)

the modified equation (5.19) can be rewritten as a first-order system of equations

(Az)?
24

(At)?
24

Mz + Mg + Kz~ Ks,

or in multisymplectic form

Mz + Kz, = V:5(%)

where
[ (At)?
M 0 M
o -BYPM o
I — | (Ap?
M = M 0 0
0 0 0
0 0 0

= V.S5(2),

(At)®
24

(At)®
= M
51 M,

2
@
24

2
= 7(&%) Kr
24

Mg,

(5.25)

(5.26)

o o o o ©o




] N
K 00 0 C e
0 00 0 0
K = 0 00 0 0
A 2
o 00 -B0K o0
22K 0 0 0 0
and
~ At? Az?
S(z) = S(2) + IqTMp + %TTKS.

Note that M and K are skew-symmetric matrices due to the skew-symmetry of the
matrices M and K. Associated with the multisymplectic formulation (5.26), one can

define the two forms

o=<M,U,V> k=<K,U,V > (5.27)

where U and V are the solutions of the variational equation corresponding to the
modified multisymplectic formulation (5.26). Using the results in Section 1.4 one can

derive the modified energy conservation law
WE(2)+ 0,F (%) =0, (5.28)

and the modified momentum conservation law

OI(2) 4 9,G(2) =0, (5.29)
where
E() = S() -1k, 2), F(3) = 1&(,2),
) = 8- 3 © = BN
G(z) = S(2) - 30(5,2), I(2) = 50(2.2).
By direct computation modified energy conservation (5.28) of the CNLSE (2.26)-

(2.27) can be obtained with the energy density

~ 1 A 2 AtQ A 2
E(z)=5(z) — = (zTsz - g z;‘szm + Ethztt + QZ 2TK 2z, (5.31)

and the energy flux

(5.32)

Az T Az?
24 24 24

- 1 Az?
F(z)= B (zTKzt + —szszt —— 2, Koy — —— 2 Kz

Similarly, the modified momentum conservation (5.29) of the CNLSE (2.26)-(2.27)

can be obtained with the momentum density

. 1 At? At? At?
I(z) = 5 (zTsz + ﬂle\/sztt — ﬂZtMth — ﬂzxsz/t (5.33)
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and the modified momentum flux
G(z) = S(z) — 1 < Mz — Alszsz AQT ZTMZttt) . (5.34)
The modified equation (5.26) can also be derived from a modified Lagrangian
density which is also invariant under the transformation (1.59) [57]. Then the corre-
sponding modified conservation law can be found by multiplying the modified equation

(5.19) by (Az)T. Thus we get

At? Ax?
z MAzt + —42 MAzm +z KAzx 22

2TKAZppy = 0, (5.35)

where we have used the skew-symmetry of the matrices M and K, and the identity

(1.60). Using the identities
1
2TMAz = 5&5 (zTMAz>
1
ZTMAZttt = Gt (ZTMAZtt) 5 (Zt MAZt>

1 (5.36)
TKAz, = 78 (zTKAz)
1
T _ bl
22 KAzppr = 8 (z KAZM) 5 (z KAZI)
the equality (5.35) can be written as
e At t2
at 2 MAz + EZ MAZtt o4 % MAZt +
8, | 27 AT i Az, — A 2xan ) =0 (5.37)
X 12 z Zxx 24 Z$ Zx — . .

Thus we obtain the additional modified conservation law which is the modified version
of the conservation law (1.61).
Another form of backward analysis can be performed by expanding the Taylor’s

series about both ¢, /o and x,,;1/2. In this case we get

1

+ _ +1 +1
Oy Z;LH% = 9A¢ ( Zmil t Zm -~ Zmy1 — n)
2 2 2,2 A ntg
X T X°T
= <Zt + 21 v Zzzt + 31 At 2131 a1 RFrattt + 41 ——Zzzzzt T O(X +7 ))
m—i—%
ntg 1 1
5+Zm2 = 2Ax(ﬁ:—l+zm+1_z+ Zgz)
2 2 2.2 Yt nt3
X T X°T
= (Z:c 31 =7 Zrzz + 21 = Zztt T 2131 oo frrrtt + 51 —v Zrrzzr T O(X +7 ))
m—i—%
ntg 1 1 1
o3 = 7 (ot 4 2y + o+ 20
2 72 2,2 Yt nty
z + Z:m: + Ztt + 2121 o Rttt T Al —~Zrzzr + O(X +7 )
m+%
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Substituting these into the Preissman box scheme (3.22), we get

1
n+2 VZS(szr 2) =Mz + Kz, — V,S(2) + O(Az? + At?) (5.38)

+.n +
Mo, =z 1+K6 mtd

which again shows that the Preissman box discretization is second order both in space

and time. We can write these expansions in compact form as

n l o g
= 3N X0 X(r) e (5.39)
2 k=0 1=0
ram® = 3N Xu(n)Ti(x)02 02 (5.40)
k=01=0
G2t = DY Xk()Ti(r)ozk o 2. (5.41)
2 k=0 1=0

After substituting these expansions into (3.22) we get the general modified PDE

(Z 2‘7: Xk 82k82l+1 > (Z ZU: Xk 82l+18 > (542)

k=01=0 k=01=0

=V.S (Z > X)) Xu(r)o2kof ) (5.43)

k=01=0

It is important to note that the case ¢ = 0 corresponds to no modification and the
equation (5.42) becomes the standard first-order multisymplectic PDE (1.43). How-
ever, for higher modification, for example ¢ = 1 modification the modified equation

(5.42) becomes

2 2 2.2 2 2 2.2
T T T T
M (Zt + X*th + — 2z + XQszttt> +K <Zz + X*me + =2yt + X2ch:mtt>

2 6 1 6 2 1
2 2 2.2
=V.,S <z + X?zm + Eztt + XTtht (5.44)

which can be considered as a generalized (higher-order) multisymplectic PDE and is
satisfied by the numerical solution up to O(Az* + At*). This modified equation can

be written in the form of the multisymplectic PDE (1.43). To do this, we introduce

z = : + X Zm +Z ztt + X 4 } zmtt (5.45)
= z+ TIZ.Z’Z‘ =+ tht + Rrxtt
where we have used the definitions (5). Then
2 2 2.2 2
X T X°T At
zt + o Zant + g At + g ottt = Zt — ﬁzttt + O(AtY) (5.46)
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and

2 7.2 X27.2 A.’B2

zm + %Z:ELBZB + Ezl'tt + vzxaﬁxtt = gx - ﬁgzxw + O(Ax4) (547)

Substituting (5.45),(5.46) and (5.47) into (5.44) yields
At Az?
M (»gt - 125ttt> +K (555 — éizm> =V:S(2) (5.48)

where we ignored all terms containing O(Az? + At?). In order to write (5.48) as a

first-order multisymplectic PDE, we introduce

a=2%, b=ay, v=2%, w=u,, (5.49)
and rewrite (5.48) as
(A2 _ (Az)? 3
Mz — Mb + Kz, — Kw, = V:S(2)
12 12
At)? At)?
(1? Ma; = (1;) Mo
2 2
_<A1;>Mgt _ _<A1;) Ma (5.50)
2 2
2 2
_(A:c) Kz, — _(Am) K
12 12

or in multisymplectic form

M2, + K2, = V55(2) (5.51)

where 2 = (Z,a,b,v,w)T, V:5(2) = S(2) + Al—';aTl\/Ib + %UTKUJ and

M o -©BPM 0 o
(An?

0 M 0 0 0
M= | A\ 0 00
0 0 0 00
0 0 0 00
[ (82)% g |
K 00 o B2k

0 00 0 0

K = 0 00 0 0

(Az)?
0o 00 B2 ¢
~A’K 900 0 0




CHAPTER 6

NUMERICAL RESULTS

In this chapter we examine the performance of the multisymplectic integrators; Preiss-
man box scheme (MS), the six-point scheme (MS6) and the semi-explicit symplectic
(SE) scheme. We use uniformly distributed mesh points in space and constant time
steps for all schemes. The numerical schemes are compared for two problem classes:
plane waves and soliton solutions with periodic boundary conditions.

Because the multisymplectic integrators MS and MS6 are implicit, to advance the
solution in time, we have used Newton iteration. As stopping criteria for the Newton
iteration we have used the error tolerance 107'0 between two successive iterates. At
each Newton step, system of dimension 8N x 8 N for MS and 4N x 4N for MS and
SE schemes has been solved by LU decomposition. All programs have been written
and run in Matlab 6.5.

As mentioned in the preceding chapters, the preservation of the conserved quan-
tities like energy, momentum and additional conservation property by the multisym-
plectic integrators in long term computation plays an important role and they can be
used to monitor the accuracy and qualitative behavior of the solutions. We have com-
puted the residuals of the local conserved quantities for multisymplectic Preissman

and six-point schemes as the local energy conservation

n n n+1/2 n
LE(n) = Ax(Emill/z — Eay2) + At(Fmil/ — ), (6.1)

the local momentum conservation

n n n 2 n
LM(n) = Aw(IMt) = In, ) + AHGH? — GRit/?) (6.2)

and the local additional conservation law

LA(n) = Az(TEH ., =Ty p) + ALV = vati/?), (6.3)
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The residuals of the local conserved quantities for the semi-explicit symplectic scheme

have been computed as the local energy conservation
LE(n) = Az(ENT — EL) + (At/2)(Faty? — Fpt/?), (6.4)

the local momentum conservation

LM(n) = Aw(I—1I7) + (At/2) (G — art?) (6.5)
and the local additional conservation law
LA(n) = Ax(T2 —T2) + (At/2)(ViH2 —vit/?), (6.6)

Once the local conserved quantities are evaluated the global invariants £(¢) in
(1.64), Z(t) in (1.65) and 7 (¢) in (1.66) can be computed over the space domain. The

errors in the global invariants are then given as

GE(n) = iwj Az(E" — E%), (6.7)
m]\;l

GM(n) = > Ax(l},—1I0), (6.8)
m];l

GA(n) = Y Az(T) —1T)). (6.9)

3
1§

Here E?, I° and TV are the initial values, and E™, I"™ and T™ are the values at time
t = nAt of the conserved quantities.

The outline of this chapter is as follows: In Sec. 6.1 we present the numerical
results for CNLSE with plane wave solutions. The numerical results obtained by
the multisymplectic integrators and semi-explicit symplectic integrator are compared
with those existing in the literature for different parameter values of the CNLSE and
the initial conditions. In Sec 6.2 CNLSE with soliton solutions is considered. Single
soliton, elastic (corresponds to the integrable case of CNLSE) and inelastic soliton
collisions are computed using the Preissman and six-point schemes and the numerical

results are compared with those in the literature.

6.1 The plane wave solutions of CNLSE
Waves represented by function of one variable of the form
w(z,t) = f(x—ct)
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with a nonzero constant ¢ are called travelling waves. The constant |c| denotes the
speed of the wave. If ¢ < 0, then the profile of the wave at a later time ¢ is a translation
of the initial profile w(z,0) = f(x) by an amount ct in the negative z-direction with
constant speed |c|. If ¢ > 0, then the profile of the wave represents a wave moving
in positive z-direction with speed c. Plane waves of PDE’s which retain their shapes
for a long period of time are known as solitary waves or solitons. Many analytical
and numerical studies were carried out for solitary wave solutions of CNLSE (see
[42, 41, 74, 76, 82, 86] and reference therein). This will be the subject of the next
section. Less attention is paid for the study of periodic plane wave solutions of the
CNLSE. In [74] the stability of the periodic solution of the form

1 = ayexp(i(é —wr)), (6.10)

Y2 = azexp(i(§2 —w2)),
have been studied analytically and criteria for the stability have been obtained.
In this Section we consider the CNLSE system (2.26)-(2.27) with §; = d2 = 0,

d1 = d2 = 1, a; = ag, i.e.,

a¢1 a2w1 9 9 B

ZW + 81}2 + (|¢1| +e ”1/12’ )wl — 07 (6 11)
0 0?2 .
S+ G+ i [l = 0

with periodic plane wave solution.

Analytical solutions of the CNLSE can be obtained only for a few parameter val-
ues where the self-modulation coefficients a; = a2 and the cross-phase modulation
term e are equal, which corresponds to the integrable case studied by Manakov in
[48] (see Sec. 2.2). For all other cases, where the coefficients are different, numeri-
cal studies are necessary. Recently several methods have been developed in order to
understand the dynamics of plane wave solutions of the CNLSE for various combi-
nation of parameters (see [75, 81] and reference therein). Among them we mention
two numerical approaches which lead to better understanding of the dynamics of the
CNLSE. The first one is the Hopscotch method used in [81]. The Hopscotch method
uses both an explicit and an implicit scheme in time as follows: If m and n are the
spatial and temporal location in the discrete equation, then if (m + n) is odd, the
explicit scheme should be used; if (m +n) is even, the implicit scheme should be used.

The other approach is based on a combination of discretizing the CNLSE in space by
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using a pseudospectral method with the fourth-order Runge-Kutta integrator in time
[75]. In these papers the accuracy of the solutions were checked only using the norm

conservation of each compound of the CNLSE

L/2 L/2
Cr () = / 4 [2dz, and Co(ts) = / (o 2der (6.12)
L)2 —L/2

where L denotes the spatial period of the solution.

In the following we will compare our numerical results obtained by the multisym-
plectic Preissman, six-point and the semi-explicit symplectic scheme for different cases
studied in [75, 81]. For multisymplectic integrators we have plotted the local conser-
vation of energy, momentum and additional conserved quantity in order to show how
their preservation affects the accuracy of the numerical results for the periodic waves
in long term. Because the additional conserved quantitiy is quadratic, it is preserved
by the Preissman scheme up to the rounding error. The preservation of the energy
and momentum over time with the error of order O(Az)* and O(At)* can be ex-
plained using the backward error analysis in Chapter 5. The semi-explicit symplectic
integrator does not preserve the conserved quantities locally, but the growth in the
residual of these quantities over time is not much, so that the results obtained are
comparable with those in the literature. Another useful numerical aspect of multi-
symplectic schemes over the non-symplectic schemes can be seen by the numerical
results with initial phase shifts. Due to the excellent preservation of the dispersion
relations proved in Chapter 4 the multisymplectic scheme preserve the shape of the

waves overtime very well in case of initial phase shifts.

To solve the CNLSE system (6.11) numerically, we use the following initial condi-
tions [81]:

P1(z,0) = ag(1l — ecoséx), Pa(z,0) = bo(1 —ecos&(xz +0)), (6.13)

where ag and by are the initial amplitudes of the unperturbed periodic waves, ¢ < 1 is
a small parameter which represents the strength of perturbation, ¢ is the wave number
of the perturbation, and @ is the initial phase difference between the two perturbations.
In the numerical experiments we choose £ = 0.5 and € = 0.1. Three sets of parameters

are used for the initial condition (6.13) which are listed in Table 6.1.
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Table 6.1: Values of parameter for the initial condition (6.13) of the CNLS equation
(6.11).

aq bo 0

Case 1) e = 1 (Elliptic Polarization)

(1a) 05 | 050

(1b) 0.5 | 0.5 | 37/2

(1c) 0.68 | 0.2 | 37/2
Case 2) e = 2/3 (Linear Polarization)

(2a) 05 | 050

(2b) 05 |05 | 31/2

(2¢) 0.63 1020
Case 3) e = 2 (Circular Polarization)

(3a) 05 (050

(3b) 0.5 | 0.5 37/2

(3¢) 0.78 [ 0.2 | 0

6.1.1 Numerical Simulation I: Elliptical Polarization (e = 1)

We consider the CNLS equation (6.11) with e = 1. This is the integrable case that
Manakov [48] studied. The numerical solutions were computed using the perturbed
initial condition (6.13). From the linear stability analysis [75], the plane wave solution
(6.10) is linearly stable if the perturbation wave number ¢ is greater than the the
critical value & = 1/2(a3 + b3). Otherwise, it is unstable. For case (1a) (see Table 6.1)
& = 1. The present choice of £ = 1/2 implies that that the plane wave is unstable. For
this problem, the exact vaules of the conserved quantities (6.12) are C;(¢1) = 3.1573
and Cy(1p9) = 3.1573.

Figure 6.1 provides the results for CNLS equation (6.11) with initial condition
(6.13) (see Table 6.1 1a), obtained by the schemes MS, MS6 and SE for (a-d) N =
256, At = 0.1 and for (e-f) N = 256, At = 0.01. In this problem the spatial period
is 27 /€ or 4w for £ = 1/2. From the Fig. 6.1 we see that, within that length there
is only one single peak which we call one-hump state. The figure shows that the
amplitude of 1 and 19 undergoes oscillations between the near-uniform state and
the one-hump state as in the Hopscotch method (see [81]). This is basically a Fermi-
Pasta-Ulam (FPU) recurrence phenomenon which is defined as an event from the past
appears to be happening again as clearly as the first time you experienced it [11].
Fig. 6.2 shows the errors in local energy (3.51)-(3.52) and the local momentum (3.53)-

(3.54) conservation law. We see that the MS scheme preserves the local energy and
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momentum very well. However, the local errors for MS6 scheme is greater than the
MS scheme; this is because we eliminate the auxiliary variables p;,72 = 1,---,4 in the
MS integrator. But for the local conservation (3.51)- (3.54) we need the eliminated
variables p;,i = 1,---,4 which are approximated by first-order forward difference
approximation which increases the local conservation errors. In SE scheme the local
energy and momentum errors are increasing because SE is not a multisymplectic
integrator. It should be pointed out that the errors are concentrated in the regions of
the solutions where there are two peaks.

Fig. 6.3 shows the results for errors in additional conservation law (3.55). We
notice that the multisymplectic schemes MS and MS6 shows a bounded oscillating
behavior, whereas the error in SE scheme is increasing.

The errors in global energy (6.7) and global momentum (6.8) conservations are
displayed in Fig. 6.4. It is worth noting that both MS and MS6 schemes preserves the
global momentum very well (up to the error criterion of 107?) because it is quadratic
invariant. Although the SE scheme is not a multisymplectic integrator, it preserves
the global momentum very well too.

Fig. 6.5 shows that the multisymplectic six-point integrator MS6 preserves the
conserved quantities (3.71) and (3.73).

Plots in Fig. 6.6 show the surfaces |¢(x,t)| and [ia(z,t)| of the waveform ob-
tained using MS6 (3.61)-(3.62) and SE (3.99) schemes for initial data (6.13) (see Ta-
ble 6.1(1b)) with a) MS6 using N = 256, At = 0.1 and b) SE using N = 256, At = 0.01,
both for "= 100. The surface of the wave form obtained using MS integrator (3.50)
is similar to the surface of MS6 (see Fig. 6.6(a)). In [81] the authors have shown that
within the introduction of the phase difference § = 37/2 between the initial condi-
tions (6.13) (see Table 6.1(2a)) the evolution of ¢; ceases to become periodic after
a few cycles in Hopscotch method. However, Fig. 6.6 shows that the periodicity of
the solution is not destroyed for MS6 and SE integrators. On the other hand, the SE
scheme shows small vibration with time. Thus, a phase difference may have dramatic
effect on the long time integration for SE scheme. We notice that although there is
no phase difference for 11, initially introducing a phase difference on vy affects the
evolution of ;.

Fig. 6.7 show the results for the CNLS equation (6.11) using the initial data (6.13)
for a) MS6 using N = 256, At = 0.1, b) SE using N = 256, At = 0.01. The values
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Table 6.2: Elliptic polarization (e = 1): The absolute maximum error in the local and
global conservation laws for the CNLS equation (6.11).

LE LM LACL GE GM GACL
MS 1.2E-05 3.7TE-04 1.9E-14 5.2E-06 1.0E-08 1.9E-13
MS6  1la | 3.1E-03 8.6E-03 1.6E-03 4.5E-03 2.6E-10 1.6E-12
SE 7.4E-01 1.7E-01 9.5E-01 1.3E-02 2.5E-05 1.3E-02
MS 2.3E-05 6.3E-04 2.3E-14 9.9E-06 1.4E-06 2.5E-13
MS6 1b | 5.5E-03 1.3E-02 2.6E-03 8.4E-03 6.4E-07 2.1E-12
SE 5.5E-01 7.1E-01 8.8E-01 3.9E-02 1.4E-04 5.7E-02
MS 1.4E-05 3.8E-04 1.9E-14 6.1E-06 1.4E-04 2.0E-13
MS6 1c | 3.0E-03 8.6E-03 1.6E-03 4.5E-03 3.6E-05 1.1E-12
SE 5.8E-01 3.2E-01 7.9E-01 2.1E-01 1.0E-02 1.7E-02

of the parameters in the initial condition (6.13) is listed in Table 6.1(1c). Here we
notice that ag and by are varied such that &, is kept constant, and a phase difference
6 = 37/2 is introduced initially. For this case, the periodic oscillation between the one-
hump state and the near uniform state was again destroyed using Hopscotch method
(see [81]). However, Fig.6.7 shows that in the multisymplectic integrator MS6 and
in the semi-explicit integrator SE the periodicity is not destroyed. The result of MS
integrator (3.50) is exactly same with MS6 (see Fig. 6.7-a).

Table 6.2 shows the absolute maximum error in the local energy (LE), momentum
(LM) and additional conservation (LACL) and global energy (GE), momentum (GM)
and additional conservation (GACL) for the CNLS equation (6.11) with initial data
(6.13) using the MS integrator (3.50), MS6 integrator (3.61)-(3.61) and SE integrator
(3.99). From the table we see that the multisymplectic schemes MS and MS6 preserves
the quadratic invariants such as GM and ACL.

Table 6.3 shows the values of the conserved quantities (6.12) obtained using MS,
MS6 and SE integrators for various time. The integrals (6.12) are approximated by
Simpson’s rule. The almost constant values of both Cy (1) and C(1)2) show that the

schemes are working well.

6.1.2 Numerical Simulation II: Linear Polarization (e = 2/3)

We consider the CNLS equation (6.11) with e = 2/3. This is an non-integrable case.
The numerical solutions were computed using the perturbed initial condition (6.13).

From the linear stability analysis [75], the plane wave solution is linearly stable if the
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Table 6.3: Elliptic polarization (e = 1): Exact and approximate values of the conserved
quantities (6.12) for various time for the CNLS equation (6.11).

(La) (1b) (L)
Ci(¢r)  Ca(y2) | Ci(¥n)  Ca(¥2) | Ci(vhr) Ca(y2)
Exact Values | 3.1573 3.1573 3.1573 3.1573 5.8397 0.5052

Time

25 3.1574  3.1574 | 3.1578  3.1578 | 5.8390 0.5050
MS 50 3.1574  3.1574 | 3.1574 3.1574 | 5.8390 0.5050
75 3.1576  3.1576 | 3.1574  3.1574 | 5.8390 0.5050
100 3.1588  3.1588 | 3.1578  3.1578 | 5.8390 0.5050
25 3.1574  3.1574 | 3.1578  3.1578 | 5.8390 0.5050
MS6 50 3.1574  3.1574 | 3.1573  3.1573 | 5.8390 0.5050
75 3.1577  3.1577 | 3.1575  3.1575 | 5.8390 0.5050
100 3.1597  3.1597 | 3.1576  3.1576 | 5.8390 0.5050
25 3.1527  3.1527 | 3.1574  3.1574 | 5.8390 0.5050
SE 50 3.1521  3.1521 | 3.1575 3.1575 | 5.8390 0.5050
75 3.1524  3.1524 | 3.1577  3.1577 | 5.8390 0.5050
100 3.1545  3.1545 | 3.1572  3.1572 | 5.8390 0.5050

perturbation wave number £ is greater than the the critical value

20
£ = \/a% + b3 + \/(a% + b3) — ga%bg.

Otherwise, it is unstable.

For ag = by = 0.5 (see Table 6.1 2(a-b)), & = 0.91. For this choice, £ = 0.5 implies
that that the plane wave is unstable. The exact vales of the conserved quantities
(6.12) are C1(¢1) = 3.1573 and Cy(12) = 3.1573.

Fig. 6.8 shows the surfaces |1 (x,t)| and |12(z, )|, and local energy conservation
errors for CNLS equation (6.11) with initial data (6.13) (see Table 6.1 2a) obtained
using a) MS6 integrator (3.61)-(3.62) for N = 256, At = 0.1 b) SE integrator (3.99)
for N = 256, At = 0.01. The surface |[¢1(z,t)| of the waveform obtained using MS
integrator (3.50) is same as the surface obtained using MS6 integrator (see Fig. 6.8(a)).
Fig. 6.8 shows that the solution again evolves between the near-uniform state and
the one-hump state as in the Hopscotch method [81]. However, comparing with the
Hopscotch method, the results obtained using the MS and SE integrators shows that
the number of oscillation increases. Fig. 6.8(c) shows the local energy errors. From
the figure we see that although the error in MS6 scheme remains bounded, the error

in SE scheme increases in time. Also we notice that errors are concentrated in the
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region where there are two peaks as in the elliptic polarization case.

Fig. 6.9(a-b) shows that the initial phase difference in ¥, (z, 0) effects the evolution
of 11 (x,t) as in the case of elliptic polarization. From the figure we see that, the spatial
location of peaks in |1 (x,t)| is affected by those in |¢)2(x,t)|. We also notice that,
within the introduction of a phase difference between the initial conditions, the period
of oscillation decreases. To see this effect one can compare Fig. 6.8 and Fig. 6.9. On the
other hand, in Hopscotch method [81], a phase difference between the perturbations
has no effect on the spatial locations of peaks of ; and on the periodicity of the
evolution of 11. Fig. 6.9(c) shows the local energy errors. From the figure we see the
error in MS6 scheme remains bounded and the error in SE scheme increases in time
again. The errors are concentrated in the region where there are two peaks as in the

previous cases.

For ap = 0.63, by = 0.2, &, remains at 0.91. A chance in the ratio of ag/bg, or
a chance of the initial amplitude chances the period of oscillation again as in the
Hopscotch method [81]. The larger amplitude difference between the perturbations,
the shorter period of oscillation between the near-uniform state and the one-hump
state will become. However, in the large scale dynamics, namely oscillation between
a near-uniform state and a one-hump state, remains unchanged (see Fig. 6.10). The
bottom plots in Fig. 6.10 shows the local energy errors for MS6 and SE schemes. We
notice that while the local energy errors remains bounded in MS6 integrator, it grows

in time in SE integrator.

Table 6.4 shows the errors in local and global conservation in linear polarization
case. From the table we wee that MS integrator preserves the conserved quantities

better than MS6 and SE schemes.

6.1.3 Numerical Simulation ITII: Circular polarization (e = 2)

We consider the CNLS equation (6.11) with e = 2. In nonlinear optics, this is the
circular polarization mode case. This case is also non—integrable. The interaction
between perturbed periodic waves is very strong since the eave-wave interaction coef-
ficient e is two times the dispersion coefficients dy = do = 1. The numerical solutions

were computed using the perturbed initial condition (6.13). From the linear stability
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Table 6.4: Linear polarization (e = 2/3): The absolute maximum error in the local
and global conservation laws for the CNLS equation (6.11)

LE LM LACL GE GM GACL
MS 6.0E-06 1.7E-04 1.3E-14 1.1E-06 1.3E-14 1.3E-13
MS6  2a | 1.8E-03 5.6E-03 1.2E-03 2.5E-03 1.5E-14 4.1E-13
SE 1.9E-01 2.7E-02 3.1E-01 1.2E-03 4.7E-11 1.3E-03
MS 5.7E-06 1.6E-04 1.3E-14 2.2E-06 1.3E-14 1.2E-13
MS6 2b | 1.6E-03 5.2E-03 1.1E-03 2.3E-03 9.5E-14 4.1E-13
SE 4.7E-01 4.4E-01 1.1E-00 1.8E-02 7.3E-11 4.0E-02
MS 5.8E-06 1.6E-04 1.2E-14 6.5E-06 3.8E-16 1.3E-13
MS6 2b | 1.7E-03 5.1E-03 1.1E-03 2.3E-03 4.6E-16 3.3E-13
SE 5.4E-02 6.4E-03 8.2E-02 3.1E-04 1.2E-15 2.0E-04

analysis [75], the critical perturbation wave number is

&= \/ag + b3 + \/(ag + b3)% + 12a3b3

above which the plane wave solution (6.10) is stable; otherwise, it is unstable.

For ap = by = 0.5 (see Table 6.1 3(a-b)), & = 1.23. The present choice of £ = 0.5
implies that the plane wave is unstable. For this case the exact vales of the conserved
quantities (6.12) are Cy(¢1) = 3.1573 and Ca(1)2) = 3.1573.

When the initial amplitudes are equal ag = by = 0.5 and the is no phase difference
initially, the evolution is more complex than the elliptic and linear polarization cases.
Fig. 6.11 shows the evolution of |¢;(xz,t)| of the waveform for CNLS equation (6.11)
with initial data (6.13) (see Table 6.1 3a) obtained using a) MS integrator (3.50) for
N = 256, At = 0.1 b) MS6 integrator (3.61)-(3.62) for N = 256, At = 0.1 ¢) SE
integrator (3.99) for N = 256, At = 0.01. Exactly the same results are obtained
for the surface |¢2(z,t)| which are not shown here. The results obtained using MS
and MS6 integrators show that one peak splits into two peaks and two peaks remerge
again. This phenomena repeats itself throughout the evolution (see Fig. 6.11 a,b).
The same results were obtained in the Hopscotch method. However in Fig. 6.11(c),
the results obtained using SE integrator show that after a period of time the separated
peaks coupled together, remain stationary and oscillating in their strength. Fig. 6.12
shows the local errors in energy conservation. From the figure we see that the errors in
multisymplectic integrators MS and MS6 remains bounded and do not grow in time.
However the local energy error in SE scheme increases in time and shows a chaotic

behavior in long time dynamics. Also the errors are concentrated on the region where
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there are peaks.

When we introduce a phase angle between the perturbations, the evolution pattern
changes. There are two oscillating pulses excited from a single pulse. Initially, one
pulse propagates toward the left, another propagates toward the right. After a period
of time, they merge again. This pattern repeats itself with different periods (see
Fig. 6.13). The results obtained using MS integrator show that they move away in
opposite directions (Fig. 6.13 a). The same results were obtained in the Hopscotch
method. From Fig. 6.13 we see that the local errors are concentrated throughout the

propagation of the wave.

When the initial amplitudes are different and there is no initial phase difference,
the dynamic changes again. Fig. 6.14 shows the results for different initial amplitudes
(ap = 0.78,bp = 0.2) and zero phase difference. For this case the solitary wave-like
pulses were observed: two pulses are coupled together and form a new bound state,
remaining stationary and oscillating in their strength. Similar results were obtained

for the Hopscotch method.

6.2 Soliton Solutions of CNLSE

As mentioned in the preceeding section, there exist only few integrable cases of CNLSE
for which analytical solutions by the inverse scattering transform exist. For all other
cases extensive numerical computations are needed in order to understand the com-
plicated wave phenomenon in the CNLSE. As the fiber technology advanced, the
interest in optical solitons grows rapidly. Various soliton collision scenarios such as
transmission, reflection and creation of a new soliton have been reported. If a system
is integrable, solitary waves collide elastically, that is they preserve their shape after
collision. However if the system is non-integrable the collision may be highly non-
trivial and the collision may inelastic, that is the shapes of the solitons are changed
after collision. In general the speed and height of the solitary waves are not preserved
in the collision. In a non-integrable system, for some parameter values, the solitary
waves reflect one another while, for different parameter values, the wave pass through
each other but emerge with different speeds and amplitude. Additionally, the soliton
interactions can lead to large and rapidly decaying oscillating radiative tails. Because

the CNLSE is non-integrable in general, the solitary waves of an integrable and non-
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integrable CNLSE are of interest by many authors (see [3, 42, 41, 71, 86, 89, 87| and
reference therein).

In [42] the CNLSE (2.26)-(2.27) with §; = —d2, di = d2 = 1/2, a1 = a2 and a
homogenous Neumann type boundary condition was considered. Solitary wave so-
lutions were studied numerically by introducing a finite difference method which is
second order in space and time and conserves the energy of the system exactly. In
[41] the CNLSE (2.26)-(2.27) with 6 = d2 = 0, dy = do = 1/2, a1 = ag = 1 was
solved numerically by a finite difference method which is fourth-order in space and
second order in time. It was shown that the finite difference scheme preserves the
conserved quantities (2.59)-(2.60) under homogenous boundary conditions. In [3] the
Ablowitz-Ladik (AL) type integrable discretization (see Sec 3.1) was applied to the
CNLSE (2.26)-(2.27) with 6 = 62 =0, d; = da = —1, a1 = a2 = 2. It was notice that
although the Ablowitz-Ladik discrete NLSE (3.9) is integrable, the integrability of the
the AL type of the CNLSE depends on the cross-modulation term e. Further it was
shown that the AL type discretization of the CNLSE results in a non-canonical Hamil-
tonian or Poisson structure which can be solved only by a nonlinear transformation

of the variables into canonical Hamiltonian form.

However in all these works, the symplectic and multisymplectic structures of the
CNLSE were not carried. Recently some authors applied symplectic and multisym-
plectic methods to NLSE in [72, 71]. In [71] the symplectic structure of the CNLSE
(2.26)-(2.27) with 61 = 9o = 0, dy = d2 = —1, a3 = a2 = 1 was considered with
homogenous boundary conditions. Further, a symplectic six-point scheme based on
the symplectic structure of the CNLSE was derived to study the collision behavior
of the soliton waves of the CNLSE. We notice that the symplectic six-point scheme
found in [71] is different from the six-point scheme that we have derived using the
multisymplectic structure of the CNLSE. But the numerical results show that the
symplectic six-point scheme is not very usefull in the solitary wave simulation of the
CNLSE because local errors of the conserved quantities are averaged over the space
and therefore do not reflect the local multisymplectic structure of the system in space
and time. Further in [71] it was shown that the symplectic six-point scheme preserves
the discrete average norm conservation (3.71) and (3.73), which are used to show the
accuracy of the symplectic scheme. The solitary wave solutions of the CNLSE (2.26)-

(2.27), as a multisymplectic structure, with 1 = d2 =0, d;1 =da =1, a1 = a2 =1
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under periodic boundary conditions was studied numerically in [72]. The same six-
point scheme was used as in [71] and it was shown that it preserves the average norms.
The numerical results were reported for the collisions of the soliton with the mesh size
Az = 0.2 and the time step At = 0.02. Additionally, trapping, reflection, transaction,
fusion of two solitons and creation of a new soliton were observed numerically. The
accuracy of the multisymplectic six-point scheme was checked by monitoring only the

global energy error.

We notice that in all these numerical simulations, the local energy, momentum and
additional conservation properties of the CNLSE were neglected. They lacked also a
backward error analysis and dispersion analysis of the multisymplectic scheme. In
this work we have shown that the multisymplectic integrators based on the multisym-
plectic conservative PDE’s give highly accurate energy and momentum conservation
on the solitary wave solutions of the CNLSE. Although in [72] and [71] the mesh size
and time step were chosen as Ax = 0.2 and At = 0.02, we have shown that the
multisymplectic integrators like Preissman and six-point schemes well simulate the
solitary wave solutions of the CNLSE with Axz = 0.1 and At = 0.1 which decreases

the computation time.

In this section we investigate the performance of the proposed schemes MS and
MS6 for the evolution of a single soliton. We consider the CNLS equation (2.26)-(2.27)
with 61 = —d2 = 0,dy =d =1/2,a1 = as = 1, [42]; that is

2
z(‘% 531/’1)+1M1+<¢1\2+e|¢2|2)¢1 o,

y ) > 2 o (6.14)
(0 0 1 92 .
l(ﬁf‘&f;)*z a3+<6|¢1l2+|w2|2>w2 = 0

In general the equation (6.14) is nonintegrable [82]. However for e = 1, (6.14) reduces
to the Manakov equation which is shown to be integrable [48]. The exact solution of

(6.14) is given by [42]

Yi(x,t) = 4/ 12—1(13 sech(v2a(z — vt)) expi ((v — &)z — (t),

sech(v2a(z — vt)) expi (v + 6)x — (t)

(6.15)

Yo(x,t) = =+ T+e

where o and v are real constants and ¢ = (v? — §2)/2 — a.
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Table 6.5: Various values for the conserved quantities (6.12) for the CNLS equation
(6.14) with initial data (6.16) with o = 0.5,v = 1.0,e = 2/3,6 = 0.5 over the spatial
interval [—40, 40] and time interval [0, 40] using MS and MS6 integrators with NV = 400,
At =0.1.

MS MS6
Time C1(¥1) Ca(v2) C1(¥1) Ca(t2)
10 1.6957 1.6936 1.6954 1.6932
20 1.6962 1.6949 1.6961 1.6945
30 1.6958 1.6940 1.6954 1.6939
40 1.6962 1.6944 1.6959 1.6939
Exact 1.6971 1.6971 1.6971 1.6971

6.2.1 Numerical Simulation I: Evolution of Single Soliton

We solve the CNLS equation (6.14) with the initial condition [42]

P1(x,0) = 20 sech(v2azx) expi ((v — 6)x),
1; ¢ (6.16)
Ua(2,0) = 4/ fe sech(v2az) expi (v + 6)z).

In our experiment we choose e = 2/3 which is a nonintegrable case. We present here

the result of an integration with
a=0.5,v=1.0, § =0.5, =40 < x <40, 0 <t < 40.

We divide the spatial length into N = 400 subintervals. We choose the temporal
step size as At = 0.1. The spatial domain have been chosen large enough so that
the boundaries do not affect the solitary wave propagation. For these parameters,
the exact values of the conserved quantities (6.12) are C; = 1.6971 and Cy = 1.6971.
Simpson’s rule is used for the integrals (6.12) in the numerical integrations and the
results are shown in Table. 6.5. The nearly constant values shows that the integrals in
(6.12) are conserved through the integration. This shows that the schemes are working
well. We also study the accuracy of the schemes MS, MS6 and SE by calculating the

infinity norm

Loo = maxycmen {([[95(@m, tn) || = (197 (2m, ta) )]} (6.17)

where ¥§ (2, t,,) is the exact value obtained from (6.15) and 1§ (2, t,) is the approx-
imate values obtained from difference schemes MS at the point (z,,t,). Table 6.6

shows the accuracy of the MS integrator using Lo, error norm (6.17) for the CNLS
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Table 6.6: Accuracy of the MS integrator using L., error norm 6.17 for the CNLS
equation (6.14) with initial data (6.16) with a = 0.5,v = 1.0,e = 2/3,0 = 0.5 over the
spatial interval [—40, 40] and time interval [0,40] using MS integrator with N = 400,
At =0.1.

Time L
10 0.2033
20 0.3929
25 0.4669
30 0.5396
35 0.6132
40 0.6832

equation (6.14) with initial data (6.16) with a = 0.5,v = 1.0,e = 2/3,0 = 0.5 over the
spatial interval [—40, 40] and time interval [0,40] using MS integrator with N = 400,
At =0.1.

Fig. 6.15 shows the wave forms for CNLS equation (6.14) with initial condition
(6.16) obtained using (a) MS integrator (b) MS6 integrator with N = 400, At = 0.1.
From the figure, we can see that the evolution of the soliton is well simulated by
MS and MS6 integrators. Fig. 6.15 shows solitary wave has quasiperiodic structure.
Fig. 6.16 provides the results obtained using MS6 integrator.From the figure we see
that the single soliton is moving to the right with velocity v =1 at t = 0, 10, 15, - - -, 40.
The same result is reported in [42].

Fig. 6.17 shows the local and global conservations of the energy and momentum
for MS and MS6 integrators. We notice that the schemes MS and MS6 well preserve
the local and global conservations. In local conservations we note that the error occur

mainly when the soliton travels into the spatial domain [—40, 40].

6.2.2 Numerical Simulation IT : Evolution of Colliding Soliton

In this section, we solve the CNLS equation (6.14) with the initial condition [42]

2

P1(x,0) = erech 2aja:j expi((vj — d)x;)
7j=1
2

o(z,0) = Z\/>sech Qaﬂ:j expi((v; + 9)x;),
7j=1

a1 =1, as =0.5, v1 =1.0, vo =0.1, x1 =+ 20, x9 = x — 5.

(6.18)

where
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Table 6.7: Various values for the conserved quantities (6.12) for the CNLS equation
(6.14) with initial data (6.18) with e = 2/3 over the spatial interval [—40, 40] and time
interval [0, 40] using MS and MS6 integrators with N = 400, At = 0.1.

MS MS6
Time Ci(¥1) Ca(12) C1(1) Ca(¥2)
10 2.8956 2.8933 2.8952 2.8930
20 2.8965 2.8947 2.8962 2.8942
30 2.8978 2.8947 2.8998 2.8867
40 2.8996 2.8956 2.8995 2.8824
Exact 2.8971 2.8971 2.8971 2.8971
These equations corresponds to two solitary waves, one initially located at x = —20

and moving to the right with velocity v, and the second initially located at x = 5
moving to the right with velocity ve [42]. We solve the problem using the proposed
schemes MS and MS6 for the spatial interval —40 < z < 40 using N = 400 spatial
mesh points for times up to ¢ = 40 using the time step At = 0.1.

In our first experiment we choose e = 1 which is an integrable case.

Fig. 6.18 shows the wave forms obtained using the MS and MS6 integrators.
From the figure we can see that the schemes well simulates the evolution of the
waves. Fig. 6.19 shows the evolution of the waves v (z,t) and o(x,t) at time
t =0,10,15,---,40. From the figure we notice that the taller (faster) wave catches up
and with the shorter (slower) wave, then it collides with the shorter wave and leaves it
behind. From the figure we notice that the interaction is elastic that the two solitons
left the interaction region without any disturbances in their identities. Two waves
emerge without any changes in their shapes and they conserve the energy almost ex-
actly. This phenomenon shows that there is no energy exchange during the collusion.
Fig. 6.20 represents the local and global energy and momentum conservation. In the
local conservations of energy and momentum, we note that the error mainly occur
through the faster soliton evolution. From both local and global conservation, we
can see that the error increases when the interaction takes place. Fig.6.21 shows the
contour plots of the waves ¥ (x,t) and 19(x,t). From these figures, we can see that
after the collision there is a small changes in the direction; that is collision causes a
small phase shift in solitons.

In our second experiment we choose e = 2/3 which is a non-integrable case.

Fig. 6.22 shows the wave forms obtained using the MS and MS6 integrators. From
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the figure we can see that the schemes simulate the evolution of the waves as good
as the integrable case e = 1. Fig. 6.23 shows the evolution of the waves ¥ (x,t)
and ¥9(x,t) at time ¢ = 0,10,15,---,40. From the figure we notice that the taller
(faster) wave catches up and with the shorter (slower) wave, then it collides with
the shorter wave and leaves it behind. From the figure we notice that the colliding
waves undergo an inelastic collision in case e = 1, that is, the two waves change their
original shapes after collision. The taller one becomes more taller and the shorter
one becomes more shorter. This phenomenon shows that there is an energy exchange
during the collusion. Fig. 6.24 represents the local and global energy and additional
conservation. From the figure we notice that the error occurs mainly through the
faster soliton evolution again. From both local and global conservation, we can see
that the error increases when the interaction takes place. Fig.6.25 shows the contour
plots of the waves ¥ (x,t) and ¥9(x,t). From these figures, we can see that after the
collision there is a small changes in the direction; that is, the collision causes a small

phase shift in solitons.

6.3 CONCLUSION and FUTURE WORK

The coupled nonlinear Schrédinger equation CNLSE plays an important role in non-
linear optics, in transmission of information over long distances, in geophysics and so
on. Because of its technical importance and symplectic nature it has attracted the
interest of many researchers in the last thirty years. There exists only for few parame-
ter integrable cases of the CNLSE for which analytical solutions are available. For a
wide range of physically interesting cases one has to find accurate numerical solutions
in order to understand the dynamics of the underlying nonlinear wave phenomena.
Several discretization schemes have been applied for solving the CNLSE; like as a dis-
crete integrable system, semi-discretized Hamiltonian ODE’s obtained either by finite
difference or pseudospectral approximations.

Throughout this thesis we have applied, using the multisymplectic structure of the
CNLSE, the multisymplectic integrators Preissman and six-point schemes. In partic-
ular we have considered several local conservation laws such as energy, momentum,
additional conserved quantity due to the symmetry and averaged norm associated

with the multisymplectic structure of the CNLSE and analyzed the behavior of the
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multisymplectic integrators with respect to these conservation laws. It was shown that
the Preissman and six-point schemes preserves the discrete multisymplectic quadratic
conservation laws like momentum and averaged norm exactly. Higher order poly-
nomial conserved quantities like energy are preserved in long term integration with
a small error. Because both schemes are fully implicit and expensive, a new semi-
explicit method was derived based on symplectic discretization in space, combined
with linear-nonlinear, even-odd splitting in time using the Hamiltonian formulation

of CNLSE.

For linearized CNLSE, numerical dispersion relations were derived. The non-
dissipative character of multisymplectic schemes makes them very attractive for preser-
vation of the shape of the periodic waves and soliton of solution of the CNLSE during
the computation. Also, the six-point scheme for the linearized CNLSE was shown to
be unconditionally linearly stable. Because the discrete form of the conserved quanti-
ties are preserved exactly by the multisymplectic schemes only for linear systems, we
have shown the almost preservation of the conserved quantities for the CNLSE using
the concept of the backward stability analysis. The backward stability analysis of the
multisymplectic schemes are done by deriving the modified equations simultaneously
in space and time variables for the discretized equations and conservation laws. It
turned out that the modified equations are correct to higher order in space and time

variables than the original ones.

All three numerical methods are applied to the CNLSE with plane wave and soliton
solutions for various combinations of parameters under periodic boundary conditions.
In the current literature mostly the preservation of the norms of each of the solution
components are given as a measure of the accuracy of the solutions. Numerical results
show that for certain parameter ranges the Fermi-Pasta-Ulam recurrence occurs for
the unperturbed destabilized periodic solutions of the CNLSE as for the single NLSE.
This suggest that the CNLSE has a kind of solutions that the waves ¢; and 9 are
in proportional while for other ranges of parameters, solitary wave-like pulses are
excited. We have examined the effect of the initial phase differences on the long-
time evolution of the underlying physical systems. We have focused on the context of
wave propagation along a birefringent optical fiber. In the case of elliptical and linear
polarization, a phase difference does not have a significant influence on the long-time

evolution. On the other hand, in the circular polarized mode, a phase difference results
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in complex dynamics.

The numerical results obtained show that the distribution of the errors in the local
conserved quantities over the space and time domains is in a very good agreement with
the behavior of the wave solutions. They confirm the theoretical results predicted by
the backward error and linear dispersion analysis. The Preissman and the six-point
schemes preserve the shape of the waves and solitons and the results are superior to
those in the literature obtained by non-symplectic methods by using larger mesh sizes
in space and time steps. The semi-explicit method gives good results for a small time
step for the plane wave solutions but it fails in case of soliton collisions. However
a modified soliton can be obtained to represent a better numerical solution in both
space and time.

It turns out that the multisymplectic integrators like Preissman and six-point
schemes are very robust methods for the integration of the CNLSE and can be used
further to investigate the complicated nonlinear phenomena like collisions of waves,
solitons etc. in the CNLSE for different values of parameters.

Although there are lots of numerical studies for single PDE’s, there is few structure
preserving numerical studies for coupled PDE’s. The work done here can be applied

to other coupled PDE’s like the N-coupled NLSE.
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Figure 6.1: Long—time evolution of the destabilized wave solutions for CNLSE with
e=1,a9=0.5, =05, =01, 6 =0, N =256, T = 100. Left plots : surface
of |11]. Right plots : surface of |3]. (a-b) The multisymplectic scheme MS (c-d) the
multisymplectic six point scheme MS6 (e-f) the semi-explicit scheme SE
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Figure 6.2: Errors in local energy and momentum conservation laws of the destabilized
wave solutions for CNLSE with e = 1 ;a9 = 0.5, by = 0.5, e = 0.1, § =0, N =
256, T = 100. Left plots : error in local energy. Right plots : error in local momentum.

(a-b) The multisymplectic scheme MS (c-d) the multisymplectic six point scheme MS6
(e-f) the semi-explicit scheme SE
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Figure 6.3: Errors in local additional conservation laws of the destabilized wave solu-
tions for CNLSE with e =1, a9 = 0.5, bg = 0.5, e = 0.1, § =0, N = 256, T" = 100.
Left plots : error in local energy. Right plots : error in local momentum. (a-b) The
multisymplectic scheme MS (c-d) the multisymplectic six point scheme MS6 (e-f) the
semi-explicit scheme SE

121



6 GLOBAL ENERGY ERROR x10°° GLOBAL MOMENTUM ERROR

x10
T T T T T T
sk
&) £
& 5
2
sk i
_10k \ \ , \ \ , \ . . J
0 10 20 30 40 50 60 70 80 90
t t
(a) (b)
©10° GLOBAL ENERGY ERROR %1070 GLOBAL MOMENTUM ERROR
: : : : : :
oL
e
> E
& 2
s g o
& 5
s
b
b
\ \ , \ \ \ \ \ \
0 10 20 30 40 50 60 70 80 90
t t
(c) (d)
GLOBAL ENERGY ERROR ©10° GLOBAL MOMENTUM ERROR
s : : . : . .
4l |
s |
3
]
2
5
§o
5
=
b
Al
, , , , , , , , ,
0 10 20 30 40 50 60 70 80 90

Figure 6.4: Errors in global energy and momentum conservation laws of the destabi-
lized wave solutions for CNLSE with e =1, ag = 0.5, bg =0.5, e =0.1, 6 =0, N =
256, T = 100. Left plots : error in local energy. Right plots: error in local momentum.
(a-b) The multisymplectic scheme MS (c-d) the multisymplectic six point scheme MS6
(e-f) the semi-explicit scheme SE
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Figure 6.5: Conservation property of the MS6 scheme for the destabilized wave solu-
tions of the CNLSE with e =1, ag = 0.5, bg = 0.5, e =0.1, § =0, N =256, T =
100. (a) The conserved quantity (3.71) (b) The conserved quantity (3.73)
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Figure 6.6: Long-time evolution of the destabilized wave solutions for CNLSE with
e=1,a0=0.5,bp=0.5,=0.1, § =3n/2, N =256, T = 100. Surfaces of |¢1| and
|1h2].(a) The multisymplectic scheme MS6 (b) the semi-explicit scheme SE (c) Local
energy errors; left plot: MS6, right plot: SE
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Figure 6.7: Long-time evolution of the destabilized wave solutions for CNLSE with
e=1,ay=0.68, bp =02, ¢ =0.1, § = 37/2, N =256, T = 100. Surfaces of ||
and [¢2]. (a) The multisymplectic scheme MS6 (b) the semi-explicit scheme SE (c)
Local energy errors; left plot: MS6, right plot: SE
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Figure 6.8: Long-time evolution of the destabilized wave solutions for CNLSE with
e=2/3,a9=0.5, bp=0.5,c=0.1, 6 =0, N =256, T = 100. Surfaces of |1;| and
|th2| : (a) The multisymplectic scheme MS6 (b) the semi-explicit scheme SE (c¢)Local
energy errors; left plot: MS6; right plot :SE
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Figure 6.9: Long-time evolution of the destabilized wave solutions for CNLSE with
e=2/3,a9=0.5, by =0.5,¢=0.1, 0§ =37/2, N =256, T = 100. Surfaces of ||
and [¢2|: (a) The multisymplectic scheme MS6 (b) the semi-explicit scheme SE (c)
Local energy errors; left plot: MS6; right plot :SE
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Figure 6.10: Long-time evolution of the destabilized wave solutions for CNLSE with
e=2/3,ap=0.63, bp =0.2, e =0.1, 6 =0, N =256, T' = 100. Surfaces of |1| and
|th2]: (a) The multisymplectic scheme MS6 (b) the semi-explicit scheme SE (c) Local
energy errors; left plot: MS6; right plot :SE
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Figure 6.11: Long-time evolution of the destabilized wave solutions for CNLSE with
e=2,a9=05, bp=05 =01, 6§ =0, N =256, T = 100. Left plots : Contour
plot of |¢1]. Right plots : surface of |¢1]. (a) The multisymplectic scheme MS (b) the
multisymplectic six point scheme MS6 (c) the semi-explicit scheme SE
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Figure 6.12: Errors in local energy conservation laws of the destabilized wave solutions
for CNLSE with e = 2 ;a9 = 0.5, bg = 0.5, e = 0.1, § = 0, N = 256, T = 100. (a)
The multisymplectic scheme MS (b) the multisymplectic six point scheme MS6 (c)
the semi-explicit scheme SE
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Figure 6.13: Long-time evolution of the destabilized wave solutions for CNLSE with
e=2,a0=0.5,bp=05 ¢=0.1, 0§ =3r/2, N =256, T = 100. Left plots: Contour
plots of |11]|. Right plots: Local energy error. (a) The multi-symplectic scheme MS
(b) the multi-symplectic six point scheme MS6 (c) the semi-explicit scheme SE
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Figure 6.14: Long-time evolution of the destabilized wave solutions for CNLSE with
e=2,a9=0.78, bp=02, =0.1, § =0, N =256, T = 100. Left plots : Contour
plots of |¢1]|. Right plots: Local energy error (a) The multi-symplectic scheme MS (b)
the multi-symplectic six point scheme MS6 (c) the semi-explicit scheme SE
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Figure 6.15: Wave forms : One soliton solution of CNLSE with e = 2/3 (a) MS
integrator, (b) MS6 integrator
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Figure 6.16: Evolution of the wave [i1]:
obtained using MS6 integrator

One soliton solution of CNLSE with e = 2/3

134



Momentum

LOCAL ENERGY ERROR

LOCAL ENERGY ERROR

x10° GLOBAL ENERGY ERROR X107 GLOBAL ENERGY ERROR
: : : . ;
or 5 or
3 s ]
s 4 8 -5

2

w
_10} i -10f R
I I I I I I I -15 I I I I I I I 1

0 5 10 15 20 25 30 35 5 10 15 20 25 30 35

t t

LOCAL MOMENTUM ERROR LOCAL MOMENTUM EEBOR

<10 GLOBAL MOMENTUM ERROR ©10° GLOBAL MOMENTUM ERROR
: | : : | |
sl
5
ol
0 3
3 -5t
g
-5
5 -10f 4
3
_10 17 sl |
-15H 1 & B
. . . . . . . . . . . . . .
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35

Figure 6.17: Local and global conservation of energy : One soliton solution of CNLSE
with e = 2/3 Left plots: MS integrator; right plots: MS6 integrator
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Figure 6.18: Wave forms : Elastic collision of two solitons with e = 1 obtained using
(a) MS integrator (b) MS6 integrator
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Figure 6.19: Evolution of the wave [¢1|: Two
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obtained using MS integrator.
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Figure 6.20: Local and global conservation of energy and momentum : Two soliton
solution of CNLSE with e = 1. Left plots: MS integrator; right plots: MS6 integrator.
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Figure 6.21: Contour plots: Two soliton solution of CNLSE with e = 1 obtained using
(a) MS integrator (b) MS6 integrator.
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Figure 6.22: Inelastic collision of two solitons with : e = 2/3 obtained using (a) MS
integrator (b) MS6 integrator.
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Figure 6.23: Evolution of the wave |¢1|: Two soliton solution of CNLSE with e =
2/3,01 = 92 = 0.5, obtained using MS integrator
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Figure 6.24: Local and global conservation of energy and additional conservation
Two soliton solution of CNLSE with e = 2/3,6; = 62 = 0.5,. Left plots: MS
integrator; right plots: MS6 integrator.
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Figure 6.25: Contour plots: Two soliton solution of CNLSE with e = 2/3,0; = d2 =
0.5, obtained using (a) MS integrator (b) MS6 integrator.
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Figure 6.26: Inelastic collision of two solitons of CNLSE with e = 2/3,6; = d2 = 0.2,
obtained using (a) MS integrator (b) MS6 integrator.
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Figure 6.27: Evolution of the wave [¢1|: Two soliton solution of CNLSE with e =

2/3,01 = d2 = 0.2, obtained using MS6 integrator.
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Figure 6.28: Local and global conservation of energy and momentum conservation
Two soliton solution of CNLSE with e = 2/3,6; = 62 = 0.2,. Left plots: MS
integrator; right plots: MS6 integrator.
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Figure 6.29: Contour plots: Two soliton solution of CNLSE with e = 2/3,d; = 02 =
0.2,dy = ds = 0.5,a1 = ag = 1, N = 400, At = 0.1 obtained using (a) MS integrator
(b) MS6 integrator.
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