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ABSTRACT

INVERSE PROBLEMS FOR PARABOLIC EQUATIONS

BAYSAL Arzu
M.Sc., Department of Mathematics
Supervisor: Prof. Dr. A. Okay CELEBI

November 2004, 85 pages

In this thesis, we study inverse problems of restoration of the unknown func-
tion in a boundary condition, where on the boundary of the domain there is a
convective heat exchange with the environment. Besides the temperature of the
domain, we seek either the temperature of the environment in Problem I and II,
or the coefficient of external boundary heat emission in Problem III and IV. An
additional information is given, which is the overdetermination condition, either
on the boundary of the domain (in Problem III and IV) or on a time interval (in
Problem I and II). If solution of inverse problem exists, then the temperature can
be defined everywhere on the domain at all instants.

The thesis consists of six chapters. In the first chapter, there is the intro-
duction where the definition and applications of inverse problems are given and
definition of the four inverse problems, that we will analyze in this thesis, are
stated. In the second chapter, some definitions and theorems which we will use
to obtain some conclusions about the corresponding direct problem of our four
inverse problems are stated, and the conclusions about direct problem are ob-
tained. In the third, fourth, fifth and sixth chapters we have the analysis of

inverse problems I, II, IIT and IV, respectively.

Keywords: inverse problem, partial differential equation of parabolic type, inte-

gral equation

v



OZ

PARABOLIK DENKLEMLERDE TERS PROBLEMLER

BAYSAL Arzu
Yiiksek Lisans, Matematik Boliimi

Tez Yoneticisi: Prof. Dr. A. Okay CELEBI

Kasim 2004, 85 sayfa

Bu tezde, bolgenin siirinda cevreyle konvektif 1s1 alisverisi olan ters prob-
lemin smir kosulundaki bilinmeyen fonksiyonun bulunmasini inceliyoruz. Bol-
genin sicakligiyla beraber, cevrenin sicakligini (Problem I ve III) veya simirm dis
emisyon katsayisini (Problem II ve IV) bulmaya calisiyoruz. Ek bir bilgi 1. ve
II. Problemlerde zaman araligi iizerinde, III. ve IV. Problemlerde bélgenin siniri
tizerinde veriliyor. Eger ters problemin coziimi varsa, bolgenin her yerinde ve her
zaman icin sicaklik bulunabilir.

Tez alt1 boliimden olusmaktadir.

Giris boliimiinde ters problemlerin tanimi ve uygulama alanlari ve- riliyor ve
tezde inceleyecegimiz dort ters problemin tanimlar: belirtiliyor.

Ikinci boliimde bu dort ters probleme ait olan direkt problem hakkinda sonucla-
ra ulasabilmek icin kullanacagimiz bazi tanim ve teoremleri belirtiyor ve direkt
problemle ilgili sonuclari elde ediyoruz.

Uciincii, dordiineii, besinci ve altiner boliimlerde sirasiyla Problem I, 1T IIT ve

IV’ 1 inceliyoruz.

Anahtar Kelimeler: ters problem, parabolik kismi diferansiyel denklem, integral

denklemleri
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CHAPTER 1

INTRODUCTION

In the study of differential equations, the usual procedure is to find the solu-
tion to a given differential equation with some initial and/or boundary conditions.
In inverse problems, the situation is reversed; one is given the solution or some
information about the solution to an unknown differential equation and the dif-
ferential equation must be determined.

We can give another definition by recalling Professor J.B. Keller’s paper [20].
We call two problems "inverses” of one another if the formulation of each involves
all or part of the solution of the other. Often, for historical reasons, one of the two
problems has been studied extensively for some time while the other is newer and
not so well understood. In such cases the former is called the ”direct problem”
while the other is called the ”inverse problem”.

However there is often another, more important difference between these two
problems. Hadamard [12] introduced the concept of a well posed problem, orig-
inating from the philosophy that the mathematical model of a physical problem
has to have the properties of existence, uniqueness and stability of the solution. If
one of the properties fails to hold then the problem is called ill-posed. It turns out
that many interesting and important inverse problems in science lead to ill-posed
problems, while the corresponding direct problems are well-posed.

In direct problems, the solution of a given differential equation or system of
equations is the unknown part, while in inverse problems the equation itself is
unknown. Of course inverse problems may be classified arbitrarily, but in our
thesis classification is by the type of information that is being sought in the
solution procedure. We classify inverse problems as:

Backward or Retrospective Problem: The initial conditions are to be found.

Coefficient Inverse Problem: This is a classical parameter problem where a



constant multiplier in the governing (main) equation is to be found.

Boundary Inverse Problem: Some missing information at the boundary of the
domain is to be found.

In the field of inverse problems, in the last two decades there has been a
rapid development. The enormous increase in computing power and the devel-
opment of powerful numerical methods made it possible to simulate real world
direct problems of growing complexity. Since in many applications in science and
engineering, the inverse question of determining causes for desired or observed
effects is really the final question, this lead to a growing appetite in applications
for posing and solving inverse problems, which in turn stimulated mathematical
research. This began mainly for linear problems, but more recently it has also
been done for nonlinear problems.

One of the important researchers who studied in the field of inverse boundary
problems is V.Isakov. Some of his important studies are on the subjects which
are inverse problems of gravimetry and related problems of imaging [15], inverse
problems of conductivity and its applications to medical imaging, inverse scatter-
ing problems , finding constitutional laws from experimental data and uniqueness
of the continuation for hyperbolic equations and systems of mathematical physics
[16, 17, 18, 19]. Also other researchers as M. Lassas, Y. Kurylev, A. Katchalov,
A. Katsuda [25, 26, 27, 28, 29], R. Kress [23, 24], M. Yamamoto [34], and R.
Chapko [5, 6, 7] have studied inverse boundary problems.

In the other classes of inverse problems, there are also countless recent stud-
ies in the last decade. Some of the important researchers are A.K. Alekseev
(retrospective and boundary inverse problems) [1, 2], T. Shores (inverse coeffi-
cient problem)[33], A. Hasanov (inverse coefficient problem) [13], and A. Denisov
(inverse coefficient problem) [8].

Applications of inverse problems are growing very rapidly as well and now
they include physics, geophysics, chemistry, medicine and engineering, and have a
great deal of attention by mathematicians, statisticians, physicists and engineers.

For many centuries people are searching for hiding places by tapping walls
and analyzing the echo. Generally inverse problems are those of finding some

characteristics of a medium from knowledge of some fields interacting with the



medium. These fields are usually measured outside the medium, for instance on
its boundary.

A specific example is in the field of nondestructive testing or medical imag-
ing, in which one seeks to image the interior of an object without damaging the
object. To do this, some kind of energy, electromagnetic, thermal or mechanical,
is applied to the boundary of the object. The energy flows through the object in
a quantifiable way that depends on the interior structure. By taking boundary
measurements of the object’s physical response, one tries to deduce the interior
structure of the object. The flow of energy is generally governed by a partial dif-
ferential equation and the interior structure of the object is manifest as unknown
coefficients or boundary coefficients of the partial differential equation.

Some of the applications are:

Geophysical prospecting, general acoustics problems, inverse scattering the-
ory: Given a signal and an unknown obstacle, then determining what does the
obstacle look like.

Industrial prospecting: Finding fluid flows from only the boundary measure-
ments.It is used when the direct measurement is difficult, particularly in the case
of fluid flows.

Medical diagnosis, scanners, tomography, electrical imaging: Finding out
something about the inside of a body from measurements taken only from the
outside.

Medical imaging using electricity (EIT), for example to diagnose water in the
lung.

There are many other applications like industrial process monitoring using
electrical measurement, detection of abandoned plastic anti-personnel mines elec-
tromagnetically, photoelasticity-visualisation of the stress inside a transparent ob-
ject, electromagnetic monitoring of molten metal flow, inverse quantum scatter-
ing, radar imaging, imaging at NASA, seismography and petroleum exploration,
acoustic pyrometry, neutron reflectometry and analysis of thin films, radiometry
and radiocarbon dating, neutron radiography, solutions of fiber optics.

In this thesis we will analyze inverse problems of the third type, in which the

unknown function is in the boundary condition, that is boundary inverse problem.



In this thesis, we have four inverse boundary problems. In the 1% and 3"
problems, the scalar function in the boundary condition (that is the temperature
of the environment) is unknown while in the 2"¢ and 4 problems the coefficient
function (that is the coeflicient of external boundary heat emission) is unknown.
In the problems we need extra information about solution. This extra informa-
tion is point or integral overdetermination condition, which is a given knowledge
either on the boundary of the domain (problem III and IV) or on a time interval
(problem I and II).

Let 2 C R™ be a bounded simply connected domain with boundary I" €
C+2) o € (0,1). In the cylinder Q = Q x (0, T], where T > 0, with lateral area
S =T x (0,77, consider the following inverse problems.

Problem I: Find a pair of functions {u(z,t), f(x)} satisfying

u—Au = g(x,t) on Q (
u(z,0) = a(r)on (

Ohwu+ou = h(z,t)f(x)+0b(x,t) on S (1.
l(u) = x(x)onT, (

where g(z,t), a(z), o(z), h(x,t), b(x,t), x(x) are given and n is the outward

pointing normal to I". The expression ¢(u) has one of the forms
l(u) =u(x,ty),0 <ty <T

or

U(u) = /O Tu(x,f)w(f)dr,

where t; is chosen and w € L;(0,T) is given. These conditions are called terminal
and integral boundary observations respectively.

We have Ou/0n, = lim,_,[0u(y,t)/0n,], y € K , where K is a closed cone
with the vertex at point = that is entirely contained in Q U {x}.

Problem II: Find a pair of functions {u(z,t),o(x)} satisfying (1.1), (1.2),
(1.4) and



% + ou = b(x,t) on S, (1.5)
where g(x,t), a(x), b(x,t) and x(x) are given functions.

Problem III: Find a pair {u(z,t), f(¢)} satisfying

u—Au = gon@Q (
u(r,0) = aon (
%—l—au = hf+bon S (

on
(

U(u) = X onl0,T],
where g(x,t), a(x), o(x,t), h(z,t), b(x,t), x(t) are given functions and
U(u) = u(xo, t)

or

W (u) = / u(€, T)v(r)dSe,

where xy € I' is fixed and v € Ly(I") is given. These conditions are called a point
boundary observation and integral boundary observation respectively.
Problem IV: Find a pair of functions {u(x,t),0(t)} satisfying (1.6), (1.7),

(1.9) and

ou
%—l-au_bon S, (1.10)

where g(x,t), a(x), b(x,t), x(t) are given functions.



CHAPTER 2

PRELIMINARIES

2.1 Maximum Principles

In the proof of uniqueness theorem for Problem I and in the proof of existence
and uniqueness theorem for Problem III, maximum principles for parabolic and
elliptic equations, and some results on the the derivative of solution u of the
corresponding direct problem with respect to the outward pointing normal at

extreme points will be needed. So, let us state these theorems first.

Let .
u) =Y a;() axﬁx] Zb &Ez c(z)u (2.1)
i,j=1 ‘

for x € R™. The operator L is called elliptic at a point z* if and only if

m m

Z $)&GG > p(x) Y &

j=1 i=1

for all £ = (&1,&,...,&n) € R™. If L is elliptic at each point of the domain @),
then L is called elliptic in . If L is elliptic in ) and there exists a constant
to > 0 such that p(z) > ug then L is called uniformly elliptic in Q.

THEOREM 2.1.1. [32] (p. 61)The maximum Principle of E.Hopf: Let L be uni-
formly elliptic and L(u) > 0 in a domain Q). Suppose the coefficients a;; and b,

are uniformly bounded. If u attains a maximum M at an interior point of () then

u=M in Q.

THEOREM 2.1.2. [32] (p. 65) Let L(u) > 0 in Q, in which L is uniformly elliptic.
Suppose u < M in QQ and u = M at a boundary point P. Assume P lies on the



boundary of a ball K1 in Q. If u is continuous in QUP and an outward directional

derivative g—z exists at P, then g—z >0 at P unless u = M.

Let Q be a bounded, simply connected domain in R™, @ = Q x (0,7], ' = 92
and S =T x (0,7T]. Now define the differential operator L for parabolic equations

in the domain () as

0

= ou
L(u) = a;j(x,t)
Uzzl Ox

u +Zm:bl(a: t)%—l—c(x Hu — — (2.2)
&%’j 1 o 8:1:'2 ’ 8t ’

% -
1=

The operator L is parabolic at a point (z*, t*) if and only if there exists p(z,t) > 0
such that

ij—=1 i=1

for all £ = (&1,&,...,&n) € R™. The operator L is called parabolic in a domain
@ if and only if it is parabolic at each point of that domain. The operator L is
uniformly parabolic in a domain @) if and only if there exists a constant pg > 0

such that L is parabolic in @ and pu(z,t) > po in Q.

THEOREM 2.1.3. [32](pp173) Let L be uniformly parabolic, L(u) > 0 in a domain
@ and suppose the coefficients of L are bounded. Suppose that the mazimum of u
in @ is M and that it is attained at some interior point P = (z*,t*). Denote by
Q(t*) the connected component of the intersection of the hyperplane t = t* with
Q, which contains P. Then u= M on Q(t*). If K = (z,t) is a point of Q which
can be connected to P by a path in Q) consisting only of horizontal segments and

upward vertical segments, then u = M at K.

Remark 2.1.1. The above theorem is valid if the point P = (x*,t*) is on a hori-
zontal component 0Q(t*) of the boundary 0Q := {(x,t) : (z,t) € A xt =0 or €
0 x [0,T]} of Q, provided that u and the derivatives %8%%’ g—; and %—? are all
continuous on Q U IQ(t*). For example, if P is on the top side Q x {t =T} of

a cylinder domain Q = Q x (0,T), where Q is a domain of R™.

THEOREM 2.1.4. [32] (p. 174}) Let L be uniformly parabolic, L(u) > 0 and L has
bounded coefficients in Q = Q x (0,T], where Q@ C R™. Suppose maxgu = M



is attained at a point P on 0Q), where 0Q = {(x,t) : (x,t) € A xt =0 or €
00 x [0,T)}. Assume a sphere Ky through P can be constructed whose interior
lies entirely in Q) and in which u < M. Also assume that the radial direction from
the center of sphere Ky to P is not parallel to t-axis. Then, if g denotes any

directional derivative in an outward direction, then > 0 at P unless u = M.

2.2 About Direct Problem

In the proof of existence and uniqueness theorem for the direct problem, con-
tinuity of the volume potential V (z, t) fT Jo Z(z,t,&,7) f(&, T)dédT, continuity
of the integral W (x,t) fT Jo Gz, t,&,7) f(&, T)dédT and continuity of partial
derivatives of these integrals with respect to z and ¢ will be needed. So we have

the following definition, lemma and theorems.
Let L be the parabolic in Q = Q x [Ty, T1].

DEFINITION 2.2.1. [9] (p. 3) A fundamental solution of Lu = 0 in Q is a function
G(z,t,&,7) defined for all (x,t),(&,7) € Q, t > T which satisfies the conditions

i) for fixed (§,7) € Q it satisfies, as a function of (x,t),x € Q7 <t < T,
the equation Lu = 0.

ii) for every continuous function f(x) in Q, if z € Q, then

lim | G(z,t,&,7)f(€)dE = f(x). (2.3)

t—T1 Q

LEMMA 2.2.1. [9] (p. 7) Let f(z,y) be a continuous function of (x,y), x,y are
in a compact subset S of R™ and x # y. Let fs |f z,y)ldy — 0 as e — 0
uniformly with respect to x € S, where S(x,e) = S N B(z,€). Then for any

bounded measurable function g(y) in S, the improper integral

= / [z, y)g(y)dy
S

is a continuous function in S.

Let us state the function GG, the fundamental solution of the equation Lu = 0



Gz, t,&,7) = Z(x,t,&,7) + Zo(x,t,&, 7).

Here
Z(x,t,&,7) = O, )w (2, t,€,7),
where
C(&,7) = (2v/m)"[det(as; (£, 7))/
V8T (x
w7 (z,t,6,7) = (t — T)_m/2 exp[——4(t(_’f))]
Z a (€, 7) (@i — &) () — &)
and

t
Zg(x,t,g,r):/ /Z(x,t,V,U)@(V,a,ﬁ,T)duda,
T JQ

where @ is the solution of the integral equation

O(x,t,6,7) = LZ(x,t,&,T) //Lthua O(v,0,¢,7)dvdo.

Here

PZ(x,t,v,0)

LZ(x,t, &, T) Zazja:t a;;(v,0) .
1Ubg

z]l

—I—Zb x,t) xtya)—i—c(x,t)Z(x,t,l/,a).

’L

The solution ® is of the form

x tf? i x t?é-?T)?

k=1

where

(LZ), =LZ

10



@Z%H::/%LMZ@ijﬂMLZM@Jfﬂﬂmda

To find ® in this form, method of successive approximations is used, [14] (p.
259). Similar calculations will later be done to find the function ¢ in the proof

of existence and uniqueness theorem for the direct problem.
THEOREM 2.2.1. [9] (p. 4) Let f(z,t) be a continuous function in Q = € x
[Ty, T1], where Q is a bounded domain in R™. Then
Hatr) = [ Zwt,6.0)f(6 g (24)
Q

is a continuous function in (z,t,7), v € Q, Ty <7 <t < T} and

lim J(z,t,7) = f(x,t) (2.5)

T—1

uniformly with respect to (x,t), © € S, Ty <t < T, where S is a closed subset of
Q.

THEOREM 2.2.2. [9] (p. 8) If f(x,t) is a bounded measurable function in Q then

the volume potential

V@”:K%f@“&”@”%“ (2.6)

s a continuous function in Q.

THEOREM 2.2.3. [9] (p. 8) If f(x,t) is a continuous function in Q) then the
volume potential (2.6) has first continuous partial derivatives with respect to x

forx e Q, Ty <t <T and

oV t )
Ox; /To /Q 8xiZ<x’ EE TS T)dedr, (2.7)
THEOREM 2.2.4. [9] (p. 9) If f(x,t) is a continuous function in Q and locally

Holder continuous function with exponent 3 in x € ) uniformly with respect to

t, then the volume potential (2.6) has second continuous partial derivatives with

11



respect to x for x € Q, Ty <t <T}, and

ax 8x /T/ax Z(w,t,§,7) (&, 7)dEdr. (2.8)
(Al 0 Z

THEOREM 2.2.5. [9] (p. 12) If f(x,t) is a continuous function in Q and locally

Hélder continuous function with exponent 8 in x € Q uniformly with respect to t,

then the volume potential (2.6) has first continuous partial derivative with respect
tot forxeQ, Ty <t <Ti, and

0 92
8‘; (x,t) /T / Za” (& 7) 97 0m 01 Z(x,t,&,71)f(&, 7)dedT. (2.9)

2,7=1

THEOREM 2.2.6. [9] (p. 13) If f(x,t) is a continuous function in Q and locally
Hoélder continuous function with exponent 3 in x € Q uniformly with respect to

t, then the volume potential (2.6) satisfies the equation

i OV (x,t) OV (x,t)
Z aij (1) 0z;0z; ot AR

ijl

0?
-l—/TO/ Z a;j(x,t) —a;(&, )]0 e Z(x,t, &, 7)dedT

7,j7=1
forxeQ, Ty <t <1T.

THEOREM 2.2.7. [9] (p. 21) If f(x,t) is a continuous function in Q) then the

function

W(a,t) = /T t /Q Glat,6,7)f (6, 7)dedr (2.10)

1 a continuous function in @ and % are continuous functions for x € Q, Ty <
t <Ty. If f(z,t) is also locally Hélder continuous in x € §, uniformly with respect
tot, then % nd Bgf are continuous functions for x € Q, Ty <t < Ty, and
Li0T;
LW (z,t) = —f(z,1).

Now we will state another theorem that will be used in the proof of existence

12



and uniqueness theorem for the solution of direct problem.

THEOREM 2.2.8. [9] (p. 137) Let the operator L in (2.2) be parabolic in Q = Q x

0,77, that is for all § = (&1, ..., &m) # 0, ZZ;.:l aij(z, )& > 0, the coefficients
of L satisfy the following Holder conditions

|aij(a:,t) —aij(.]f(),to)| S A(‘$—I0|a+ |t—t0|a/2) (211)
’bl(l',t) — bi<l’0, t)‘ S A‘.T — $0‘a (212)
le(x,t) — c(zo, )] < Alx — x| (2.13)

Furthermore let T belong to CY* for some o € (0,1), and let ¢ be a continuous
function on T x [0,T]. Then, for any xo € ', 0 <t < T, the function U(x,t) =
fo Jo G(x,t,&,7)(&, T)dSedT satisfies

lim Wt) _ o(xg,t / /8(}’ z0, 5’ 0(&, T)dedr.  (2.14)

r—x0,tEK 371(:170, t) an xO?
Now we will state the existence and uniqueness theorem for the direct problem.

THEOREM 2.2.9. [9] (p. 144) Let the operator L in (2.2) be parabolic in Q = Q x
[0, T, that is for all § = (&1, ..., &m) # 0,205 aij(2,1)&&; > 0, the coefficients
of L satisfy the Holder conditions (2.11)-(2.13) and let T belong to C'**. If
a(x) is continuous in Q0 and vanishes in some Q-neighborhood of Q, and if f is

continuous on I' x [0, T], then there exists a unique solution of the direct problem

Lu(xt) = gla,) on Q% (0.1 2.15)
u(z,0) = a(x) on Q (2.16)

ou(z,t) B
In(z. 1) +o(z, thu(z,t) = f(x,t) onT x (0,T]. (2.17)

Proof. We first prove the existence. We will try to find the solution in the form

/ / Gla.t, €, 7) (€, 7)dSedr + / G, 1, €, 0)a(€)de
0 T Q

/ / Ga,t,€,7)g(€, 7)dedr,

0 Q

13



where ¢ is to be determined. Here, G is the fundamental solution of the equation

Lu = 0. Consider the function

B 8G(a:t§0 0Gxtf7‘
F(z,t) = g an(a: ) £)d¢ — / / g(&, T)dédr

+ a(:r,t)/QG(x,t,f,O)a({)d{—a(:r,t)/o /QG(x,t,f,T)g(g,T)dde
— f(z,t) on T x (0,T].

We have, for 0 < a < 1, F' is a continuous function satisfying
|F(z,t)| < constant.

Let us prove this. First prove continuity of F' and then boundedness. We will

first show that G is a continuous function.

Gz, t,&,7) = Z(x,t,&,T) // (x,t,v,0)P(v,0,&, 7)dvdo,

where Z(x,t,£, T) is a continuous function of (z,t,&, 7), by definition of Z. More-

over ®(x,t, &, 1) is Holder continuous in z, more precisely, for any 0 < f < o < 1,

we have
B
clx —y
|¢(l’,t,€,7’)—@(y,t,f,7’)| < (t_’ )(m+2’fy)/2
Nz — ¢ Ny — ¢
fomp(~ 50 4 op(- =)y,

where v = a— § and \* is a positive constant by [9] (p. 17). We have ®(z,¢,&, 7)
is a bounded measurable function since it is Holder continuous on a bounded
domain. Then by using Lemma 2.2.1, G is a continuous function of (z,t,&,7)
for 2,6 € Q, Ty < 7 < t < Ty. By Theorem 2.2.3 and Theorem 2.2.5, the
derivatives g—g and %? are continuous, that is % is continuous. We know the
functions a, f, g, o are all continuous. So by the definition of F' and by using
Lemma 2.2.1, F'is a continuous function. Now let us prove boundedness of F'.

If = (g1, p2, - - -y fim, 0) is inward normal to S at some point (z,t), then inward
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conormal to S at (x,t) is

n=(ny,ng,...,Nmy,0) with n; = E il

and
0 o 0 0 .
on ‘0z, Oy axm’o)‘"
) 4 (O i) S
s JF] 01‘1 = njry axm
Then,
oG _ 0z, oz
on  On on
07 0Z 0z L 07y 07, 07, .
N (8x1’8x2""’8xm’0>'n+(8x1’8x2"”’8xm’0)'n
= 82 aZO 0Z 9%
= Z%M; 8_1:1 + Zamﬂg 8:cm)

where a;; are Holder continuous in z and ¢, in Q x [0,7]. So a;; are bounded,

hence 37" | a;1; are also bounded. Then, using the equations [9] (p. 134)

G, t,6,7) < cf(t—7)e — €™ 2,0 < p<1 (2.18)
1
|D1‘Z(x7ta Sa T)| < C/(t - T)M|x - €‘m+1—2u, § <p< 1 (219)
1DuZo(w,t,6,7)| < cf(t —7)!w— gL % <p<1l (2.20)
we have,
C

oG
—| < ec|D.Z+ D, Zy| <
‘ an| >C ’ + 0’ (t _ T)“‘LU _ £|m+1—2,u—a
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Now,

[F(z, )] =

‘/8(}:1:1550

on(x.t

£)de — //8G:ct§7' o(E, 7)dedr

+ a(a:,t) / Gl t, €, 0)a(€)dé — oz, 1) /0 /Q Glat, €, 7)glE, 7)dedr

IA

on(x,t

/|0Gxt§0

0G(
fote)ias + [ [ PSS D e pjagar

n MWJHANG@JiﬁWMOW§+M@JNAQAKXLt§ﬂ|

|9(&, 7)|d€dr
+ |f(z,t)] on T x (0,T7.

Since a, g, f and o are continuous functions they are bounded on I' x [0, T]. So,

|F(z,t)] <

+

<

1
lf”a—owu—sWHQWﬂW6+

t
1
/ / 62| t _ 7— _ €‘m+1*2u7()¢ |d€d7_
@/|F_ ﬂm%m+
/ / | t_ e g T+ e

5 | m—14+2p+a+m

(tu)( —1+2u+a o) +
. (‘t _ Tl—u-i—l |t)(_|x _ §|—m—1+2u+a+m ‘Q)
1 O —1 42U+«

1 —lo—gmeamtm
() (gl +

|t _ Tl*,qul —|ZE _ €|fm+2u+m
c +c
s T R
const

If p(z,t) is a continuous function on I" x [0, 7], then by using Theorem 2.2.8

and definition of ' we find an equation to which the boundary condition (2.17)
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reduces. By Theorem 2.2.8 the function U(z,1) fo Jo G, t,&,7)p(&, T)dSedr

satisfies

m Uz t) _ oz, t / /8G vo., 57 @(&, 7)dSedr.

a—zo On(zo, 1) on(xo,t

Then our solution u satisfies the equation
ou(z,t) 9G (o, t, f 7)
= —= dSed
J:LI.EO 8n(x0, t) SO IO, / / 8n 1’0, (67 T> SE T
8G($0,t f 0)
_ d
L On(zo.t) a(&)ds

_ //aG xo’t“ g(¢,7)dédr. (2.21)

on(zo,t)

+

The condition (2.17) reduces to

ou(x,t)
z_)}cl()n;eK In(zot) —o(xo, t)u(xg, t) + f(xo,t). (2.22)

From (2.21) and (2.22) we have

~o(ay, (o, 1) + f(ro,t) = —5plwo,)

/ /aG <0, 1, 5 il (€, 7)dSedr

on(zo,t)

+/QG(~”Co,t,£,0)a(€)d€

—/ /G(m,t,{,ﬂg(&,ﬂd{dr
0o Ja
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Then,

90(37072&) = _2{ g an (1:07 )+ f(‘T07 )
0G (o, t, f T)
/ / In(ro.t ©(&,T)dSedr

- [t ena@cs [ [ oot ngteriear)
Q 0 JQ
= 20’(.770,t)/0 /I‘G(l’07t7§77—)90<§77—)dsfd7
+20(z0, t) /Q G(z0,t,€,0)a(§)ds
—20(x0,1t) /t/ G(zo,t,&,7)g(&, T)dédT

+2/ /aG %0, 1, 5 ™) ,7)dSedr

on(zo,t)

0G($0,t 5 0)
L on(zot) a(§)dg

. aG xl)?t 57 o
2/ / g(&, m)dedT — 2f(x,t)

+2

on(xo,t
. 8G<.§L’Q,t f ’7')
-2f / 0, )G a0, ,€,7) + =5 0 (€, S
+2F Ig,
So we have obtained that
8G (z,t f,
o(x,t) 2/ / (o 1) (,0)G(z,t,&,7)]@(§, T)dSedT
12F (2, ). (2.23)
Setting
aG(x t,&,7)
Ma.t.6.7) = 25088 200, G .6.7)

and using (2.18) and the inequality

0G(z,t,&,7) i
|W| <c/(t—1)"

T — €|m+a—2u—'y,
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where 1 — 3 < pu < 1,0 <+ <1, we obtain

0G(x,t,&,1)

M tEm) < 2TpE

|+ 2[o(x, D]|G (2,1, €, 7)]

| maxryjo,r o(x,t)|.c
(=7l — €

< 2(t — 7|z — &Y 12

< ef(t— ) — g,

Since g—g, G and o are continuous functions, we conclude M is a continuous
function. Now let us try to find a series solution ¢ to the integral equation
(2.23), [14] (p. 259).

oz, t) = 2/ / anTaL: ; f’ +o(x,t)G(x,t,&,7)]|p(&, T)dSedT + 2F (2, 1).
(2.24)
We know that F' is a continuous and bounded function. M is a continuous
function and |[M| < ¢/(t — 7)*|z — &|™72* for 0 < pu < 1. Let,

e1(x,t) = 2F(x,t)+2/0 /FM(ZL‘,t,f,T)gOO(f,T)dS§dT (2.25)

t
on(z,t) = 2F(x,t)+2/ /M(x,t,f,T)gDn_l(f,T)dS§dT. (2.26)
o Jr
Then we have

p1(6.7) = 2F(€,7) + 2 / ' / M(E, 761, 7)p0(€1, 71)dSe d:
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palw,t) = 2F(x,t) 12 / / M(a,,€,7)2F(€,7) + 2 / / M(E, 7 61,7)
0
(51,7'1 dS§1d7'1 ngdT

:2Fxt+4//Mxt§, F(&,7)dSedr

+ /// /M x,t, &) 5775177'1)800(51,Tl)dssldﬁdsng
(2.27)

and
p3(z,t) = 2F(x,t)+4/t/M(a:,t,f,T)F(g,T)ngdT
o Jr

+ 8/ //T/M(I,t,ﬁ,T)M(g,7,51,Tl)F(gl,Tl)dggldTldsng

n /// // /Mxtg, M, 7,6, m)M (&, 71, &2, )

@Yo 62, TQ)dS§2dTQdS§1dTldS£dT (228)
We introduce the integral operator K; defined by
t
Kif(et) = [ [ Miot.6n) (6 r)dSedr (2.29)
o Jr
Then (2.25) becomes

o1(x,t) = 2F (z,t) + 2Kp0(x, t) (2.30)

and (2.26) becomes

on(x,t) =2F (2, 1) + 2Kp5 1 (2, 1). (2.31)
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Further (2.25), (2.27), (2.28) and (2.31) takes the form

o1(x,t) = 2F(z,t) + 2Kpo(z, t)
o(w,t) = 2F(x,t) + 4K, F(x,t) + 4K2po(z, 1)
os(w,t) = 2F(x,t) + 4K F(x,t) + 8K F(x,t) + 8K o (z, 1)

on(z,t) = 2F(z,t) + 4K F(x,t) + ...+ 2" 'K ?F(x,t) + 2" K} ' F(2,t)
+ 2"K['po(z,t). (2.32)

Define
R, (z,t) :==2"K['po(z,1). (2.33)

Hence, as n — 00, (2.24) can be expressed as

o(z,t) = 2F (z,t) + i "KM (2,t). (2.34)

n=1

It remains to show that R,(z,t) — 0 as n — oo, and (2.34) converges and
represents a solution for to (2.24). Since M (z,t,&,7) and F(x,t) are continuous

functions we have
|M(z,t,&,7)| < N |F(z,t)] < m. (2.35)
We assume initial approximation ¢g(z,t) is also bounded, that is

[po(z, )] < c. (2.36)
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Then

t
Kipo(a,t)] = / / M(z,t,€,7)g0(&, 7)dSedr
0 T
< Neey.|t =0
t T
K20z, t)] = | / / / / M(a, .6, 7)M(E, 7 €0, 7)po(€1, 7 )dSe, dr
0 Jo N
dSedr|
t
< N2ccl/ TdT
2
= N2001‘5—O’
n n TLtn
|K{po(z,t)] < N001|ﬁ| (2.37)
and
t”l’L
|KF(,t)] < N"mey|—|. (2.38)
n'
Hence,
Ro(a,1)] < 2N merlt”]

n!

and R, (z,t) — 0 as n — oo, for all values of (z,t). From (2.38), it follows that

pla,t)] = [2F(x,t) + 3 2" K F (e, )

n=1

< 2F(e, )]+ 3 2" K F (e, )

n=1

is dominated by

o0 tn
2m + Z 2”+1N"mc’fﬁ,
n=1 ’

which converges absolutely for all ¢. Since (2.34) satisfies equation (2.24) and

converges for all ¢, it is a solution of (2.24). That is there exists a continuous
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bounded solution ¢ to the integral equation (2.23) expressed in the form

% =2F +2 E M, (x,t,&, 7)F (&, 7)dSedrT, 2.39
where

Ml(x7t7€77_) = l' t 57 )
My+1(l’,t,f,7) = / /M z,t,n,0 (7]70 ¢, )dsﬁda
Having proved that wu satisfies (2.17), we will now prove (2.15) and (2.16)

are also satisfied. The function u satisfies (2.15) by Theorem 2.2.7 and by the
equation that LI' = 0. We have

Lu = L(/Ot/FG(x,t,f,T)gp(f,T)d,S%dT—|—/QG(x,t,f,O)a(g)dﬁ

- /ot /Q G, 1,€,7)9(¢, 7)ddr)

_ /0 /F Gla,t,€,7)p(€, 7)dSedr + L /Q Glat, €, 0)a(€)de

—L/O /QG(x,t,g,T)g(ﬁT)dédT

= /Ot/rLG(x,t,f,T)gp(f,T)ngdT—i-/QLG(x,tjf,O)a(@dg_(_f(xjt))
= f(x,t).

Moreover, u satisfies (2.16) by (2.18), and since the 1°* and 3¢ integrals approach
to 0 as t approach 0, and 2"? integral tends to a(z).

limu(x,t) = lim[/t/G(:E,t,f,T)gp(f,T)ngdT+/G(x,t,f,())a({)d{
o Jr Q

t—0 t—0

_ /Ot/QG(m,t,g,r)g(ng)dng]

= lim [ G(z,t,£,0)a(§)dE

t—0 Q

= a(x). (2.40)
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For uniqueness we will use the following lemma.

LEMMA 2.2.2. [9] (p. 146) If u is a solution of (2.15)-(2.17), if L is parabolic
in Q and the coefficients of L satisfy (2.11)-(2.13), and if S is of class C1T* for
a € (0,1), then for all (x,t) € Q,

lu(z,t)] < K(l.u.bg|g| + L.uwbryon|f| + Lu.b.golal),

where K is a constant depending only on L, o, ).

By this lemma, let us prove the uniqueness of solution u of the direct problem.

Let u; and us be solutions of the direct problem. Then u = u; — uy satisfy

Li = 0onQx(0,7]
u(z,0) = 0onQ
ou

%—i-aﬂ = 0onTI x(0,7].

So
4| < 1ub.g0 4 Lu.b.ryom0 + lu.b.q0 =0,

which means

u=0.

Then, u; = uy, which means the solution is unique.

2.3 Auxiliary Statements I

We present some results for the direct problem (1.1)-(1.3) with given functions

f(z) € C(I') and o(z,t) € C(S) in condition (1.3).

THEOREM 2.3.1. There ezists a unique u € C*1(Q)NC(Q) that satisfies equations
(1.1)-(1.3) in the classical sense. (Moreover the functions Ou/Ox; are uniformly
continuous on 2 x [e, T| for any € € (0,T), and the function du/On is bounded
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on S.) The solution to problem (1.1)-(1.3) can be found in the form

| [ete e nasar+ [ Gt o

0o Jr Q
//G(:U,t,é,r)g({,T)d{dT, (2.41)
0o Ja

where G is the fundamental solution to the heat operator (A — Ot) in a wider

domain Q C Qq, and p(x,t) is found as a solution of the integral equation

o 1) —2/ / 96, ¢ 5 ) 4 (e, )G, £,€, 1) (E, T)dSedr + 26z, 1),
(2.42)

where

P = - [ 2Dy [ [ 2T (e ryigar

— a(:v,t)/QG(m,t,g,O)a(f)df—1—0(:16,25)/0 /QG(x,t,g,T)g(f,T)dde
+ b(z,t) + h(z,t)f(x). (2.43)

For brevity we write equation (2.42) in the form (I — B)p = F, where F = 2F

and B is the integral operator with the following kernel

0G(x,t,&,7)

M($7t,§,T> =2 B - 20(I7t)G(l’,t,£,T) (244)
n
and this kernel satisfies
M (x,t,€,7)] < ‘ (2.45)

(= 7)o — gprae

where 1 — a < < 1. The solution of the integral equation (2.42) is of the form
ot
Fat)+2" [ [ Miot6n)P(E s, (2.46)
— Jo Jr

where My = M and My 1(x,t,&,T) fo fr (@, t,y,m)My(y,n, &, 7)dSydn. The
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series in (2.46) is convergent absolutely and uniformly on S.

Proof. We have Lu = u; — Au is parabolic in (). Also we have the coefficients
of L, that are a;; = 1 for all ,j = 1...m, b; = 0 for all i = 1...m and

= 0, satisfy the Holder conditions (2.11)-(2.13), T belong to C'**, a(z) is
continuous in  and vanishes in some Q-neighborhood of OQ and f is continuous
on I" x [0,7]. Then by Theorem 2.2.9 there exists a unique solution of the direct
problem (1.1) — (1.3). O

THEOREM 2.3.2. If ¢ € C(S), then for any (x,t) € T x (0,T], the function

Vi) = / /F Gz, 1€, 7)€, 7)dSedr

satisfies the following relation

ov 1 0G (x, t f,
o = 5% o(z,t) / / (&, 7)dSedr, (2.47)

where n s the outward pointing normal at x € I

By this property, for the problem (1.1)-(1.3) we have

o) 1 b OG(x,t

u = e+ [ [ FEEED e nasiar
2 o Jr on

on
aG(Q?,t,f,O) ! 8G<x7t7€77—)
/QT“<5)d5_/() /QTQ(f,T)dde. (2.48)

To prove the uniqueness theorem for Problem I, we will need two lemmas.

LEMMA 2.3.1. [30] Let Lu = Y77 Gijtipa; + D1y bitiy, and u € C*H(Q)NC(Q)
be such that

—Lu+cu > 0onQ@Q (2.49)
u(z,0) > 0 onQ (2.50)
ao% +Bou > 0onS (2.51)
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where ag > 0, Bop > 0, ag + Bo > 0 on S and ¢ = ¢(x,t) is bounded in Q. Then
u(z,t) > 0 on Q. Moreover u(z,t) > 0 on Q unless it is identically zero. That

means either u(z,t) >0 or u(z,t) =0 on Q.

Proof. Consider the case ¢ > 0 in . If u < 0 then there exists (zg,ty) € Q
such that u(xg,tp) is a negative minimum in Q. Since u(xg,0) > 0 on Q by
assumption of lemma,(xo,%y) is either in @ or on S by maximum principle for
parabolic equations. Since u is not a negative constant, by strict maximum

principle (zg, ) € S, and so by assumption of lemma we have

8’&(330, to)

on + ﬁo(ﬂfo,to)u(l’o,to) 2 0. (252)

CY(.CE(), to)

If a(zo,tp) = 0, then equation (2.51) becomes [y(zo, to)u(xo, to) > 0 but this
is a contradiction since Fy > 0 by assumption of lemma and u(zg,%y) < 0 by the
assumption of proof.

If a(zg,tp) > 0 then by equation (2.51), % > 0 since By > 0 by as-
sumption of lemma and wu(z,ty) < 0 by the assumption of proof, and this is a
contradiction by maximum principle, since by max principle when u is assumed
to be a negative min,w < 0 must be satisfied. So u(z,t) > 0 in Q. More-
over, if u(z,t) = 0 at some (x1,t1) in Q, then u(zq,?;) is a minimum and by strict
minimum principle u(z,t) = 0 in Q. Therefore either u(z,t) > 0 or u(z,t) =0
in Q. For ¢(z,t) > 0, u(z,t) > 0 is proved. For arbitrary bounded ¢, choose a

constant v > —c and define v(z,t) = exp " u(x,t). Then,

vi— Lv+ (y+c)v >0=exp "(us — Lu+cu) > 0on Q,
since (uy — Lu + cu) > 0 on @ by assumption of lemma.
v(x,0) = exp "’ u(z,0) > 0 on ,
by assumption of lemma.

v ou
ao— + fov = exp "(ap= + fou) >0 on S,
n

0 on
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since (ao o T Bou) > 0 on S. That means v satisfies the equation

—Lv+(y+cv > 0on@
v(xz,0) > 0onf

Oéog—:; +Bov > OonS.

Since v 4+ ¢ > 0, the above conclusion for ¢ > 0 implies v > 0, and either v > 0
orv=0inQ. u=expu(x,t), sou >0, and either v > 0 or v = 0 in Q, for
any c. By this lemma, we have proved that u(z,t) > 0 on Q. O

LEMMA 2.3.2. Assume o, b€ C(S), w € L1(0,T), cb >0 on S, w >0 on [0,T]
and u € C*1(Q) is a solution to the problem

—Au=0 on Q
u(z,0) =0 on (2.53)
Oyu+ou=>=bonS.

Then u(x,t) has the properties
1. Ifb(x,t) 0 on S, then u(x,t) >0 on Q and u(z,T) > 0 on Q.
2. If fo (1)dr £ 0 on T, then fo ,T)w(T)dr >0 on Q.
3’]ff0 Jw(T)dT #0 on T, thenfo Jw(T)dr >0 on Q.

Proof. By Theorem 2.3.1, we know u € C(Q). It follows by Lemma 2.3.1 that
u(z,t) >0 on Q.

1) If there exists xy € € at which u(z¢,7) = 0, then by strict maximum
principle u(z,t) = 0 on Q. In this case we have ao =+ Bou = b = 0. This is a
contradiction to the assumption of lemma that b(z, t) 0.

If there exists xo € I" such that u(zg,T) = 0, then by maximum principle for
parabolic equations, either W < 0 or u(z,t) = u(we,T) on Q. In the first
% + a(xo)u(xo, T), b > 0 and u(xg,T) = 0 we have
= b(xo,T) > 0, which is a contradiction. In the second case, u(x,t) =

case since b(zo,T) =

Ou(zo,T)
on
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u(zo, T) = 0, so b(xg, T) = W—%a(%)u(zo, T) = 0, and this is a contradiction
to b # 0. So there is no xy € Q such that u(zy, T) = 0. So u(zy,T) > 0 for all
z€Q.

2) By the assumption fOT b(x,T)w(T)dT #Z 0 on I', there exists an open set
't C T such that fOT b(z, T)w(r)dT > 0 on I'". Introduce

St =T x(0,T]

and
BT ={(z,t) € ST : b(z,t)w(t) > 0}.

The set BT is a measurable subset of S and mes,,B™ > 0. If it were not,
fOT b(z, 7)w(T)dT = 0 on BT and this would be a contradiction to the assumption
of lemma. Let

ti=1inf{t e (0,T]: B* N ([ x {t}) # 0}

and
ty=sup{t € (0,T]: B¥ n (T x {t}) #0}.

We have ty > t; since mes,, BT > 0. Let
U={te [t ts] : w(t) > 0}.

The set U is measurable and mes;U > 0. If U were not measurable, then

fOT b(x, T)w(T)dT = 0, and this is a contradiction to the assumption of the lemma.

Write U = Uy + Uy, where Uy = U N [ty, tl;”] and Uy = U N [%,tﬂ. Both U3

and U, are measurable, since U is measurable. Without loss of generality we
assume mes;U; > 0 and mes Uy > 0. (If not divide the interval [t1, £5] into two
parts and redefine Uy, Us such that both have positive measure. This is possible
since U has positive measure.)

Forallt € [4£22 T] we have u(z,t) > 0 on €. Tosee thislet 3 = inf¢ € U and
ty = supt € U. Consider u(x,t) as a solution of problem (2.53) on the cylinder
Q x (t3,a for any a € U. Since b(z,t) # 0 on I' x (t3,a] ( since bw > 0 on B,
w>0onQ C B, we have b > 0 on U), then by the previous part of the lemma
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we have u(z,a) > 0 on Q for all @ € U. Hence u(x,t) > 0on Q for all t € U.
Then

T
/ u(z, T)w(T)dr > / w(z, T)w(r)dr , since uw > 0 on U and U C [0, 7]
0 U

> 0on ), sinceu>0andw>0onU .

3) Take I't = {x € T": fOT u(z, 7)w(T)dr > 0} open subset of I'. We know
u>0on Q. Then x(x) = fOT u(z, 7)w(T)dr > 0 on Q. Set

BT ={(x,t) € S : u(x, t)w(t) > 0}.

We have mes,, B > 0, since otherwise x(z) = 0 on I' and this is a contradiction

to the assumption. Let
ty =inf{t € [0,T] : (z,t) € B}

and
ty =sup{t € [0,7T] : (z,t) € B*}.

Here ty > t; since mes,, BT > 0. Set
U ={te€ [t1,tz] : w(t) > 0}.

We have mes U > 0, since otherwise we would have a contradiction to the as-
sumption of lemma. Let U = U; U Uy. We have mes,U; > 0 and mes Uy > 0,
as in previous part of lemma. By strict minimum principle, u(x,t) > 0 on € for

almost all t € U. We also know w > 0 for t € U, then we have

/0 ' u(e, T)w(r)dr > /U w(z, T)w(r)dr > 0 on Q.

That ends the proof of the lemma.
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2.4 Auxiliary Statements II

THEOREM 2.4.1. Suppose f € C([0,T]), o € C(S) and condition (3.5) is satisfied.
Then there exists a unique function u € C*(Q) N C*%(Q) satisfying equations
(1.6)-(1.8).

To study Problem III, we need some results on the solvability of the Abel
equation

o= [ A =30 on (0.7}

Proposition 2.4.2. If the condition

x € CV2([0,T]), XM greo(o, 1)) (2.54)

T dt / Vt—T1
is satisfied, then there exists a unique solution ¢ € C([0,T]) of the Abel equation.
Proof. We will use

/t dx

= .
¢ =) Pl
Let us prove this first.

/t dx = /té du foru=t—-¢
e T3 L AL ey
™2 (t — €)2sin 6 cos Odf

o Vt—E&sinfy/t —&cosb
, for u = (t — &) sin? @

= 20 |7?

= .

We will also use Dirichlet Formula and Dirichlet’s Extended Formulawhen chang-
ing the order of integration.

Dirichlet’s Formula [3] (p. 4): If ¢(x,y) is finite in T  and if its discontinuities,
if any, are regularly distributed, then

/ab /ax o(x,y)dydr = /ab /yb o(z,y)dxdy.
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Dirichlet’s Extended Formula [3] (p. 4): If ¢(x,y) is finite in 7" and if its
discontinuities, if any, are regularly distributed and if u, A\, v are constants such
that 0 < pu, \,v <1, then

/ / o(x ydydx / / o(z,y)dxdy
(x —y)Mb—x)" (x —y)Mb—2)(y —a)”

Now let us prove Proposition 2.4.2. We have the equation

t
o(7)
dr =
Multiplying both sides with \/Zlft and integrating with respect to t € [0, z] we

/0 — \Zi—)fd”lt:/oz jgdt.

Changing the order of integration by Dirichlet’s Extended Formula leads to

have

//Ldth: XY,
0 r VZi—tyt—T 0 Vz—1t

Then

/OZQD(T) / ﬁdm — /0 \/%dt

W/OZ o(T)dr = /OZ \/%dt.

Taking derivative of both sides with respect to z, we obtain

1d " x@)
Tdz 2z —t

is the solution of Abel’s equation. Let us prove the uniqueness. Let ¢q, o be

p(z) = dt

two solutions of the Abel’s equation. That is

210
/0 \/mdr on [0, 7],
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for ¢ = 1,2. Then,

/t (pl(T) dr — /t 902<T) dr = X(t) — X(t) =0 on [OaT]a

t—T t—T

SO .

/ —(801 — g02)<T)d7 =0 on [0,7].

0 t—T1
Thus,

(p1 — @2)(7) =0, a.e. on [0,T]
and

Y1 = 9, a.e. on [0,7].

So the solution of the Abel’s equation is unique. O

Proposition 2.4.3. If

x e WH(0,T), x(0)=0, F(t) = /Ot \;C;(_L)TdT € C([0,77) (2.55)

is satisfied, then there exists a solution of the Abel’s equation.

Proof. Let o(t) = £ fo \/7
with respect to 7 € [0, ], we obtain

/ot tl—T*”(T)dT N /wm/ m
dudt

;/0/0 \/t—T\/T—u
drdu

;/o/u\/ﬁf/bm

, by Dirichlet’s Extended Formula

- 2 [ [
= %/Otxl(u)wdu

= x(®) = x(0)
= x(t), since x(0) = 0 by (2.55).
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So p(t) = £ fo u) ~dr is the solution of Abel’s equation. Uniqueness follows from

Proposmon 2.4.2. O]

Remark 2.4.1. The function F fo \/ﬁdT is continuous on [0,T] if the esti-
mate|X()|< 0<u<§zsvalzd

Proof. First let us prove

t t
X (1) d X(7)

dr = — dr,

/0 t—TT dt Ox/t—TT

if the conditions (2.55) are satisfied. By using integration by parts, we obtain

o[ Xy = Ene L - [ X @2V

= d —[=2x(t)0 + X(O)Q\/E+ 2/t XI(T)\/t — 7dT]

dt
= %[2/0 X (T)Vt — 1dr]

d
= 2((O)Vt—t —|—2/ dt[ X (1)t —T7ldr,
by Leibnitz’s Rule

t I
/ X (7) dr.
0 t—T

The function F(t fo \/ﬁ =2 fo \/—dT is defined only for t > 0; The

continuity on [0, 7" ] is understood in the sense that it’s continuous for ¢ € (0,7,

left continuous at t = T" and can be defined for continuity at ¢t = 0. Let us show

that F' is continuous if we set £(0) = 0.

0<|E@)] < c/t a7
= =) i
t 1/2 1

A e

< cmax( 71/2 ")

r€[0.4] / \/ﬁ\/rT

= cnt'?* fort > 0.
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So F(t) — 0 as t — 0. This means F is right continuous at ¢t = 0 if we set
F(0) = 0. Now let A > 0, then we have
0 < |AF(t)] (2.56)
and
t+A / t ot
: X (7) /X(T) ‘
AF(t)| < —dr — d
aro) s || A [ e
t ’ ' A ’
o |[ (R - O o[ [
0o \Wt+A—17 Vt—T t Vt+A-—T
¢ t+A /
< /i( ! B Ydr ~|—/ Ld7"
T Vit A= Jir . Vith_:
/t C(\/\/t—T—\/t+A—T)d N /t+A X (1) d‘
= —_ T — =~ 2 dr
o T VEt+A—TVE—T t Vi+A-T
Pe VVEt—T—Vt+A-—71
< —( )dr| +
o TH NVt A —TVE—T
t+A
c
/ —————dr7
¢ TRVE+A—1T
VR t+A c
< Al + —d
s VA AT
< |eVAI.

We represent I = I, + I, where

t/2
I = /
0

t

dr
T+ AN — Tt — T

and
dr

I = .
? /t/gT“\/zH—A—T\/t—T
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Clearly,

t/2 d
0<1l, = / T
0o THEH+A—TVt—T

( 1 ) /t/2 dr

< max —

ref0t/ \Vt+ A —1Vt—71) Jo T
2 dqr

- /
S -
\/t+A—§\/t—§ o T

(1)

TN

and
¢
0<I, — / dr
e THE+ A — Tt — T
< (1>/t dr
max [ —
—orelt2 \TH) Jyp VEH A —TVE— T
_ (2)”/0 —dz
4 t/2 \/Z-i—A\/E
- <2)“/M‘3tan\/Z A2 tan 0 sec? 0 50
B t 0 VA tan 0v/A sec 0
2 )24 arctan i
= <—> / 2 sec 6do
13 0
(2)“ \/t+2A+\/¥‘
= -] 2In .
t V2A
So we have
t/2)1/2—n 2\ * Vi+2A t
=141, < 2 +(—> 2111‘ + +\/‘.
t V2A

(1—p)/5+A

Let us find the limit of VAT as vVA — 07. Since
(t/2)1/2-n . (2)“21 ‘\/t T2A + \/E‘
t V2A

-nyira

0<I<
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we have

0 < lim VAI
VA0t

¢ VE( Do)y, [

va-or (1= /5 +A

oy [
u—0+ (1 o ,u) % _|_ U2 t \/EU

So0 < lim\/g_>0+ VAI < 0, that’s lim\/g_)m VAI = 0. We know that
0 < |AF| < VAl +2VA (fﬂ) ,

so we have |AF| — 0 as VA — 0%. Similarly for the case VA — 0~ we find
|IAF| — 0. That means lim x_, IAF| = 0, and then we can conclude F(t) is

continuous on [0, 7. O

The following lemma shows the necessity of the condition y € C'/2(]0, T]) for
the solvability of the Abel’s equation in C([0,T7).

LemMMA 2.4.1. K € L(C([0,T]),C"*([0,TY))

Proof. ¢ € C([0,T]) by assumption. K[p] = x € C([0,T]) by assumption again.
So obviously K : C([0,7]) — C([0,T]). K is a linear operator since

¢ c1p1 + Cap2

Kle +c = — " dr
[ 1¥1 2%02] ; \/m
t t
C1¥1 Ca2
= dT—l—/ dr
0 \/t — T 0 \/t — T

= Kpi] + caK[ps].

Also K is a bounded function since K[yp] is in C([0,77]) on bounded domain. So
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K € L(C(]0,T])). Now set & = fot o(1)

(0) = lim;_o+ ®(t) = 0. Then,

\/t_iT
1 1
- /090( )(\/t+A—T_\/t—T)dT *
o(7)
t+A—T
< e [ (- o) ]+
—dT’]
t+A—71
= eIl =2Vt +A =742Vt — 7|+ | -
2T A =7
= Jlo(|.] = 2VA + 2Vt + A — 2Vt + 2VA]
< lp(r)]|2VA.

This implies that ® € C/2([0, T7).
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CHAPTER 3

ANALYSIS OF PROBLEM 1

Problem I: Find a pair of functions {u(z,t), f(x)} satisfying

u—Au = g(x,t) on Q (3.1)
u(z,0) = a(r)on (3.2)
Owu+ou = h(z,t)f(z)+b(z,t) on S (3.3)
l(u) = x(x)onT, (3.4)

where g(z,t), a(x), o(x), h(z,t), b(x,t), x(z) are given and n is the outward

pointing normal to I". The expression ¢(u) has one of the forms
l(u) =u(x,ty),0 <ty <T

or

Hm:iATMLT%Aﬂdn

where t; is chosen and w € L;(0,T) is given. These conditions are called terminal

and integral boundary observations respectively.

DEFINITION 3.0.1. A pair {u(z,t), f(z)} is called a solution to Problem I if
u e C*(Q), f € C(I') and these functions satisfy equations (3.1)-(3.4) in the
classical sense.

3.1 Uniqueness Theorem for Problem I

THEOREM 3.1.1. Assume that smoothness conditions

@3]

g€ CoQ), a € CY(Q), h,b e O(S) (3.5)
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hold, o(x) € C(T), o(x) >0 onT, w(t) >0 on [0,T], ¢(h) > 0 almost everywhere
on I, the function h(x,t) > 0 on S and it is monotone nondecreasing with respect

to t. Then a solution to inverse Problem I is unique.

Let us define the equations

u—Au = 0on @ (3.6)
u(z,0) = 0on (3.7)
Ou — hfonS 3.8
o +ou = hfon (3.8)
((u) = OonT. (3.9)

Assume Problem I has two pair of solutions {uy, fi} and {us, fo}. Then
(w1 — ug)y — A(ur —uz) =0 on Q

(uy — ug)(z,0) =0 on Q

L= 2) 4 oy —wa) = h(fy — f2) = hf on §
lug —ug) =x—x=0onT.

So u = uy; — ug, f = fi1 — fo satisfies the equations (3.6)-(3.9). If we can show
that solution of (3.6)-(3.9) is u(z,t) = 0, f(x) = 0, this will mean u; = uy and
f1 = fo, and that means the solution of Problem I is unique. So to prove Problem
I, it is enough to prove that if {u(x,t), f(x)} satisfies (3.6)-(3.9), then u(z,t) =0
and f(x)=0.

Assume that there exists a pair {u, f} # {0,0} that satisfies equations (3.6)-
(3.9). Introduce f* = max(0, f(z)) and f~ = max(0,—f(x)). Then we have
fF>0onTl, f(x) = ff(zx)— f(x), fF € C(T)and fH(z)f () =0 onTI.

Define u¥(z,t) be solutions to problem

uf —Au = Oon @ (3.10)

uf (2,0) = 0onQ (3.11)
Ou” +ou = hffons. (3.12)
on
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By Theorem 2.3.1, uT € C1?(Q) N C(Q) and uT satisfies equations (3.10),(3.11)
and (3.12) in the classical sense. Since f = f* — f~ and (3.10),(3.11) and (3.12)
are linear and a solution to problem (3.6)-(3.8) is unique by Theorem 2.3.1, we
obtain u = ut —w~ and by (3.9) we have £(u) = ¢(ut) —¢(u") = 0 on T,
that is f(u™) = f(u”) = 0 on I'. Set ¢(uF) = x(x) on I', where x(z) is a
given function. If fT = 0, then u™ = 0 on Q. If fT # 0 then since h > 0 by
assumption of theorem and f¥ > 0 by definition h(x,t)fF(z) > 0 on S, and by
maximum principle uT(x,t) > 0 on Q (was proved in Lemma 2.3.2). We know
that y(z) = uT(x,to) or x(x) = fOT uF(z.7)w(7)dT. Therefore in both cases we
have Y(z) > 0 on I'. Set {(uF) = {F(z) on Q, where xT(x) € C(Q), xF(z) >0
on Q and Y (z) = vy~ (z) = v(v) on I.

Further we consider two cases.

Case 1: f==0and f = f* #0. Then v = u™ and therefore Yy = 0 on T,
since u~ = 0.

For ((u) = u(z,t;), we have u™(x,t) = x(x) =0 on I, and it is the minimum
value of u. By the lemma on the normal derivative for parabolic equations,
%ﬁ’tl) <0onT orut(z,t) =0in Q x [0,¢;]. In the case auaﬁ <0,
substituting t = ¢; into equation (3.8) we obtain M + o(z)ut (x,t;) =
h(z,t1) f*(z). So, f*(z) <0, and this is a contradictlon to the definition of f
that f* > 0 on I'. In the case u™(z,t) = 0 in Q x [0,¢], we have fT = 0 and
that is a contradiction to the assumption that f+ # 0.

For {(u fo 7)dr, since L(hf*) = £(h)ft # on T, it follows by
Lemma 2.3.2 part (11) that f(u*) > 0 on (2, and this is a contradiction to £(u*) =
l(u”) =0 on I'. Thus the case f~ =0, f = f* # 0 is excluded. Furthermore
ft =0, f=f #0onTI can be reduced to the previous case since problem
(3.6)-(3.9) is linear and homogeneous. So the case f© =0, f = f~ #0on I is
also excluded.

Case 2: Let us consider f* # 0,f~ £ 0. Then by Lemma 2.3.2 part(2), since
((hfT) #£ 0and £(hf~) # 0, we have Y*(x) > 0 and ¥~ (z) > 0 on Q and therefore
X(z) > 0onI'. We know h is a monotone nondecreasing function of t, that is h; >
0, and f¥ are functions of x. Then we have (hf¥), = hyfT+hf7 = h fT+0>0.

So the functions A fT are monotone nondecreasing functions with respect to t on

either
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@. Then u™ are also monotone nondecreasing functions with respect to ¢ on Q).
To prove this let wT = uT(x,t + ) — uF(x,t) for fixed 6 > 0. We see that

w — Aw = u?(x,t—i—é)%—u;(:ﬁ,t)—
— AuT(z,t+0) + AuT(x, 1)
= [uf(z,t+0)— AuT(z,t+ )] —
= [ug (2, 1) = AuT(z,1)]
= Oon @

w¥(x,0) = uF(z,§) —0onQ

owT(x,t) + _ Ou(z,t+0)  OuF(zi) +
R +owt(z,t) = 5 5 +ouT(x,t +9)
— out(z,t)

= h(z,t+0)fT(x) — h(z,t)fT(z) on S.

So wT(x,0) satisfies

w — Awf =0on Q

wT(z,0) = uT(x,0) on Q

ow™T

B + ow™ = fF(x)[h(x,t + ) — h(x,t)] on S.
Since fT # 0, by assumption, and h(z,t + 0) — h(z,t) > 0, since h is monotone
nondecreasing with respect to t, we have [h(z,t + 0) — h(z,t)]fT # 0 on S, so
by Lemma 2.3.2 part(1), wF > 0 on Q. So uT(x,t + ) —uF(z,t) > 0, so uT
are monotone nondecreasing with respect to t. By this property, v > 0 on @
and therefore /(Au¥) > 0 on €2, for both choice of {(u). uf — AuT =0 = uf =
AuF = ((uT) = ((AuT) on Q. By the relations ¢(u;”) = ¢(AuT) on €, we see
that AxT(x) > 0 on §, since AYT > 0 = Al(uF) = {(AuT) = {(uf) > 0. This
means Y7 (x) are subharmonic functions on . By the maximum principle for

elliptic equations we have

_+ = —Jr = % = Y = Y .
max X" (z) = max ¥ (z) = maxx(z) = max ¥~ (z) = maxy” (z)
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This means, max,cq ¥ () = max,cq X (z) on Q. Assume that this positive
maximum is attained at some zq € T'. Apply the operator ¢ to (3.12). Then

by Theorem 2.3.1 and by the theorem on transposing an integral and a limit we

obtain
K(ai +out)=L(hfT)onT
on “ - )
So
ou™
E(%) +ol(uT)=L(h)fT on T,

since ¢ and f are functions of x. Then

By substituting here the maximum point zy and the functions YT (z) on Q and
taking into account that 9,xTF(z¢) > 0, either 0,xT(zo) > 0 or 9,xT(xg) = 0,
that is xT(x¢) is constant, so we have the inequalities ¢(h)f¥(z¢) > o(zo)x(z0)
on I

If o(zg) # 0, then fF(xy) > 0 on I', and this is a contradiction to f*f~ =0
on I

If o(xg) =0, then 0, xF (xo) = €(h(xo,1))fT(z0). In the case of 9,,xF (o) > 0
we obtain 9,XT(zg) > 0 = £(h)fF(x0) > 0= fT(x0)f (x0) > 0 on I', and this
is a contradiction to f*f~ =0 on I'. In the case of 9,xT (o) = 0, by maximum
principle and by Hopf strict maximum principle, we have Y = ¢ > 0 on ) and
OuXT(x) =0o0n T, ie., l(h)fT(x) = o(x).cand £(h)f () > o(x).c on T, since
OnX~ () > 0 on I'. Then, there exists y € I such that o(y) # 0= f*(y)f (y) >
0 and this is a contradiction. If o(z) = 0 on I', then f*(z) = 0 on I, and this
is a contradiction to the assumption f™ 2 0. So the case f* Z 0 and f~ 0 is
also excluded. So f¥ =0 then f = 0. For this f = 0 we have u = 0 also and this

proves the theorem.
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3.2 An Operator Equation of the First Kind

We can readily show that the Inverse Problem I is equivalent to an operator
equation of the first kind. Denote by ug(z,t) a solution of direct problem (3.1)-
(3.3) with f(z) = 0 on I'. Since f is a function of z and f(x) = 0 on I', we can

say that f(z) =0 on S and we can say uo(z,t) is a solution of the problem

u — Au = g(x,t) on Q

u(z,0) = a(z) on 2
Optt + ou = b(z,t) on S.

By Theorem 2.3.1, ug(z,t) exists, it is in C*1(Q) N C(Q) and is unique. Then
{u, f} is a solution to Problem I if and only if {u — g, f} is a solution to Problem

Iy where Problem I is

uy—Au = 0on Q

u(z,0) = 0onQ
ou

—+ou = hfonlS
on

lu) = x(x)—L(ug) on T
To prove this let {u, f} be a solution of Problem I. Clearly

(u—up)y — Alu —ug) = up — Au — (ug, — Aug) = g(x,t) — g(z,t) =0 on Q

(u—u)(z,0) = u(x,0) — ug(x,0) = a(x) — a(x) =0 on Q

d(u — ) du %+UUO):hf+b—b:hfonS
on on
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So {u — ug, f} is a solution to Problem Iy. Conversely assume {u — ug, f} is a

solution of Problem I;. Then,
(u—up)t—A(u—up) = 0, then u;—Au—g(z,t) =0, then u;—Au = g(x,t) on Q

and

(u—up)(z,0) =0, then u(z,0) —a(x) =0, then u(z,0) = a(x) on

O(u — )
on
l(u—ug) = x(x) — €(ug), then £(u) = x(z) on T

+o(u—ug) = hf, then%jtau—b:hfons

So {u, f} is a solution of Problem I. We have proved that {u, f} is a solution of
Problem I if and only if {u — ug, f} is a solution to Problem I.

Choose f € C(I") and consider a solution of problem

v —Av=0o0n Q

v(z,0) =0 on Q (3.13)
@ +ov=~hfonS.
on

The solution can be found in the simple layer potential form as

v(z,t) = /Ot/FG(x,t,ﬁ,T)(I — B)'hfdSedr (3.14)

by substituting g(z,t) = 0, a(z) = 0, b(x,t) = 0 in the unique solution of the
direct problem in Theorem 2.3.1. We see that ¢(v) = x(z) is equivalent to

t
ﬁ(/ /G(:L’,t,f,’l‘)([ — B) 'hfdSedr) = x(x) on T. (3.15)
o Jr
Introduce the linear operator

K:CT) —C()
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KIf] = « /0 /F Glat,6,7)(I = B) ' hfdSedr) = (). (3.16)

It follows from estimate (2.45) that K € L(C(I")) is a compact operator. Thus
if {u, f} is a solution to Problem Iy, then f is a solution to the following integral

equation of the first kind
K[f] = x(2). (3.17)

Conversely, if f is a solution to the integral equation (3.17), consider a solution to
direct problem (3.13) with given f. This solution can be expressed in the form

of a simple layer potential. Let us apply the operator ¢ to (3.14). Then,

l(v) = E(/Ot/FG(x,t,f,T)(I — B)'hfdSedr) = K[f] = x(z).

So {u, f} is a solution to Inverse Problem Iy. This proves the following proposi-

tion.

Proposition 3.2.1. Inverse Problem I is equivalent to equation (3.17) of the first
kind with the compact operator K.

Remark 3.2.1. Solving an operator of the first kind is a classical example of an

ill-posed problem. So Inverse Problem I is an ill-posed problem.

As we know, a problem is well-posed if a solution exists, unique and depends
continuously on the initial data. It is ill-posed if it fails to satisfy at least one
of these conditions. Theorem 3.1.1 gives sufficient conditions for the uniqueness
of a solution of Inverse Problem I, so it also gives sufficient conditions for the

uniqueness of a solution to integral equation (3.17).

3.3 An Operator Equation of the Second Kind

Now we will derive an operator equation of the second kind and we will show
that solvability of inverse Problem I is equivalent to solvability of this operator

equation of the second kind.
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Let ug(x,t) be solution of direct problem (3.1)-(3.3) with f(z) =0 on I'. That
1s
uy — Au = g(z,t) on Q

u(z,0) = a(z) on 2
Opt + ou = b(z,t) on S.

Suppose h(z,t) is such that |[¢(h)| > 6 > 0 on I'. By virtue of this condition, the
multiplication by the function ¢(h)(z) is a continuous one to one operator from
C(T) to C(T'). Set h = h[¢(h)]~*. Choose some ¢ € C(T') and consider a solution
v(x,t) of the problem

vy —Av=0on Q

v(z,0) =0 on Q (3.18)

@—l—avszonS.
on

By Theorem 2.3.1, this solution v(z,t) exists and is unique. Define the operator
B:C(l') — C(T) as
By = {(0,v), (3.19)

where v is a solution of (3.18) with given . Obviously B is a linear operator,

since B(c1p1 + capa) = L(On(cr1 + cap2) = c1l(p1) + cl(ps) = c1 By + caBys).
By Theorem 2.3.1, DomB = C(I"), RangeB C C(I').

Proposition 3.3.1. Let [((h)| > 0 and |o(x)| > 0 on T, let h € C(S), and
X,0 € C(I'). Then Problem Iy is equivalent to the operator equation

(I — B)p =1, (3.20)
in C(T) where ¢ = ox € C(T).

Proof. Equivalence of the inverse problem and operator equation means that two
implications hold. First, if {u, f} is a solution to Problem Iy then ¢ = ¢(h)f
is a solution to (3.20) with v = ox on I'. Second, conversely, if ¢ € C(I') is a
solution to equation (3.20) with some ¢ € C(I") then u(x,t) is a solution to (3.18)
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with the same satisfying ¢(u) = o~). Now for the first implication, let {u, f}
be solution of Problem I,. That is

ur —Au =0 on @ (3.21)

u(z,0) =0 on Q (3.22)
%—kau:hf on S (3.23)
l(u) = x(z) on I (3.24)

By equation (3.23), % +ou = hf = hy, for ¢ = ((h)f. Applying the operator
¢ to (3.23), which is possible by Theorem 2.3.1, and taking account of (3.24), we

have

f(%) +ox =Lh)f=¢. (3.25)

On the other hand, u(x,t) is a solution to (3.18) with ¢» = ¢(h)f. By (3.25),
p € C(T) is a solution to (3.20) with ¢ € C(I"), since

(I =B)p=¢—Bp=Lh)f—L0u)=_Eh)f—(h)f—ox)=0x=1.

Conversely let ¢ € C(I") be a solution to (3.20) with ¢(I"). Consider u(z,t) which
is a solution to (3.21)-(3.23) with f = (¢(h)) "'y € C(T'). That is

uy—Au = 0onQ
u(z,0) = 0onQ
ou

ou _ -1
7 +ou h(¢(h)) "¢ on S.

On one hand, ¢ as a solution of (3.20) satisfies

(I = B)p =1,

or
¢ — By = 1.
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Then,

2 é(anv) = 77Z)7
and
(Opv) + 1 = .
That is
D)+ = ¢, (3.26)

where v is a solution of (3.18); and on the other hand, by the uniqueness of a
solution to direct problem (3.21)-(3.23), we have u = v; hence applying ¢ to (3.23)
we have

(Opu) + ol(u) = . (3.27)
Subtracting (3.27) from (3.26) we have
[£(Onu) + ol(w)] = [6(0n0) + ] = ¢ — .
That is,
—1p + ol(u) =0,

or we may write
oll(u) —o '] =0onT.
So

{(u) = o~ on T, since|o(x)| > 0,

and
l(u) =y onT.

This proves {u, f} is a solution of Problem Iy. The proposition is proved.
O]

Remark 3.3.1. By the given definition of equivalence of Inverse Problem Iy to
operator equation (3.20), we see that a solution of Problem Iy is unique only if a

solution of operator equation is unique.
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3.4 Kernel of Inverse Problem 1

If in Theorem 3.1.1 we omit the condition ¢(h) > 0 a.e. on I, then a solution
to Inverse Problem I is not unique. However if the remaining conditions are
satisfied, then we can completely describe the kernel of the problem. Let us

classify the statement.

DEFINITION 3.4.1. A pair of functions {u, f} belongs to the kernel of Inverse
Problem I if u € C*Y(Q), f € C(T) and these functions satisfy (3.6)-(5.9). In

this case we write (u, f) € Ker.

Consider the operator multiplication by the function

¢(h) : C(T") — C(T)

Denote the kernel of the operator by
N={peCT):4(h)p=00nT}.

Moreover, N = {0} under conditions of Theorem 3.1.1.

Proposition 3.4.1. Let h € C(S), 0 € C(I'), o(xz) > 0 on I', w(t) > 0 on
[0,T], h(z,t) > 0 on S and h be monotone nondecreasing with respect to t. Then,
{u, f} € Ker if and only if f € N and w is a solution to problem (3.6)-(3.8).
Moreover ¢(u) =0 on €.

Proof. (=)Let {u, f} € Ker. Introduce f¥(x), uT(z) as in Theorem 1, satisfying
f=fT—fL,u=ut—u", l(u") = L(u") = x(z) on I'. Moreover we have
((uf) > 0, Al(uT > 0 on Q. Set {(uF) = ¥T € C(Q). We know by Lemma
2.3.2 that since hfT # 0 then «T > 0 on Q; if hfT = 0 then uT = 0 that is
T = 0. So we have YF(x) = £(uT(x,t)) > 0 on Q, since uF(x,t) > 0on Q. YT
attains its maximum on I', since by maximum principle ¢(uF) = AxT > 0 on
Q, then max{x¥(z) : z € Q} = max{xT(z) : z € I'}. If this maximum value

vanishes, since 0 is the minimum value of YT, then YT = 0 on . That is by
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(3.8) we have ¢(h)fT = 0, and this means fT € N. Suppose that the maximum
is positive and attained at some zq € I'. Since Y© = Y~ = x on I', we have
X(zo) = max{x*(z) : z € Q} = max{y (z) : * € Q}. Then, by applying ¢

operator to (3.8) we have
OnXT(x) +o(z)x(x) =L(h)fT onT. (3.28)

We have either 9,y (z9) = 0 or 9,X (z9) = 0. Otherwise, if both are not 0, we
obtain £(h)f¥(zg) > 0 but this contradicts f*f~ = 0 on I'. Let 9,X (x9) = 0.
We know in this case 9,x"(xg) > 0. By strict maximum principle, we have
X~ (z) = const > 0, on Q. Then 9,y (z) =0, Y = ¥ (z) = const on I, so any
point of I is a maximum point for xF(x). By (3.28), £(h) f~(x) = o(z).const and
((h)f*(x) > o(x).const on I', which is possible only if o(z) = 0 on I" (otherwise,
if o > 0, then fF > 0 on I" and that is a contradiction), i.e. £(h)f~ = 0, then we
have f~ € N. Since Y = const on I', by strict max principle either Y = const
on Q or 9,xt > 0 on I'. If y*© = const on Q then ¢(h)fT =0, so f* € N. If
Ouxt > 0onT, then £(h)f* > 0on T, thisis possible if f* >0on T, ie. f~ =0,
f=fT. Then u(z,t) = u*(x,t) on @, but since h(z,t)f"(x) # 0 on S, by Lemma
2.3.2 L(u™) > 0 on €, and this is a contradiction to £(u*) = ¢(u) = 0 on T (to
the assumption that {u, f} € Ker).

(<) Now let us assume f be in N, u be solution of (3.6)-(3.8) with this f.
We will prove in this case £(u) = 0 on . We have ((h)fT(z) = £(h)(x)fF(z),
therefore f € N ifand only if fT € N. Hence it is sufficient to prove for f € N and
f > 0onI'. Choose such a function f and consider solution of (3.6)-(3.8). This
solution satisfies £(u) > 0, Al(u) > 0 on Q (that was proved in Theorem 3.1.1),
Ol(u)+ol(u) =L(h)f =0on . We know £(h)f = 0, since f is assumed to be in
N, the function £(u) cannot have positive maximum €. Otherwise, that is if £(u)
has a positive maximum on €, since Af(u) > 0 on ©, then the maximum occurs
on I' by maximum principle, say at a point zq € I". Then 0,¢(u)(xo) > 0 but
this is a contradiction to 9,6(u) + ol(u) = £(h)f = 0. So £(u) <0 on Q. We also
know £(u) > 0 on Q, so £(u) = 0 on Q, except for the case £(u) = const > 0 and

o(x) =0 on I'. So continue with this case. Now, if {(u) = u(x,t;) = const > 0,
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0 < u(x,t) < u(z,ty), v € Q, t €[0,t] since u is nondecreasing with respect
to t, which was proved in Theorem 3.1.1. Hence by strict maximum principle
u(z,t) = const = 0 on Q x [0,4]. u(x,t) takes its maximum in Q for ¢t = ¢, so
by maximum principle it is constant. But we know u = 0 in €2 for ¢ = 0 so this
constant is 0. So f(u) = 0 on Q. If f(u) = fOTu(a:,T)w(T)dT, where u satisfies
u, — Au = 0 on Q, u(z,0) = 0 on Q, g—z = hf on S. Since ¢(h)f =0 on T
by the assumption f € N, ie. ((h)f = fOT h(z,7)f(x)w(r)dT = 0, on I'. So
h(z,t) f(x)w(t) = 0, on I' for almost all t € [0,7]. Then th h(z,n)w(n)dn, on T
for any 7.t € [0,T]. If we integrate (3.6) with respect to ¢ from 0 to 7, then we

have . .
/Uz(x,n)dnz/ Au(z, n)dn,
0 0
SO -
(e 7) = u(@,0) = & [ uan)d,
0
then

u(z, ) = A/ u(z,n)dn.
0
Multiply this with w(7) and integrate with respect to 7 from 0 to ¢, then
t t T
0< / u(z, T)w(T)dr = A[/ w(T)/ u(x,n)dndr] = AW,
0 0 0
if we define

W= /0 tw(T) / u(w, n)dndr.

’
0

52



Applying the same operations to (3.8) leads to

oW = /0 ) /O " O, n)dndr
= [wo) [ Mams@nir
> [C)s) min iy — ol

n€(0,7)

= /Ow(r)f(q:)h(x,O)TdT,

since h is monotone nondecreasing with respect to t

= f(x)h(x,O)/O w(T)rdr
0

v

and

oW = /0 ") /0 (e, n) () dndr
< [ o) [ bte.n i

since max,e(,r) h(x,n) = h(x,7) because h is monotone nondecreasing with re-

spect to t. Changing order of the integration we have

oW = /Ot/ntw(T)h(m,r)f(x)drdn

= / Odn , was proved before
0
= 0.

So we have obtained
0<0,W <0,

which means

O,W =0onT.
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Therefore we have
AW (x,t) > 0on Q

O, W (z,t) =0 on I'fort € [0,T].

If W (zo,t) is a maximum point of W with z¢ € I', then W must satisfy 9,,W (x¢,t) >
0 but this is a contradiction since we know 0, W (z,t) = 0 on I". So there is no
maximum of W on I'. So W takes its maximum in €2, and in this case by max-

imum principle for elliptic equations W is a constant with respect to x. So we

have,
W (z,t) = W(t),
which means
AW =0 on (2
and .
/ uw(z, T)w(T)dr = AW =0 on Q for t € [0,T],
0
then
u(z,t)w(t) =0on Q ae. t €[0,T],
and

l(u) =0 on £
[

Remark 3.4.1. In Proposition (3.4.1), we proved in addition that if f € N then
u(z,t) = 0 on Q x [0,t1] in the case of a terminal boundary observation, and

wt)u(z,t) =0 on Q for almost all t € [0,T].
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CHAPTER 4

ANALYSIS OF PROBLEM 11

Problem II: Find a pair of functions {u(z,t),o(x)} satisfying (3.1), (3.2),
(3.4) and

Optt + ou = b(z,t) on S, (4.1)
where g(x,t), a(z), b(z,t) and x(z) are given functions.

DEFINITION 4.0.2. A pair {u(z,t),0(x)} is called a solution to Problem II if
u € C*(Q), 0 € C(T'), o(x) > 0 on T and these functions satisfy (3.1), (3.2),
(3.4) and (4.1) in the classical sense.

4.1 Uniqueness Theorem for Problem II

THEOREM 4.1.1. Assume that smoothness conditions (3.5) hold, a(x) = 0 on
Q, glx,t) > 0in Q, b(z,t) > 0 on S, x(x) > 0 on ', g and b are monotone
nondecreasing with respect to t. Then the solution to the inverse Problem II is

UNIQUE.

Assume there exists two pairs of functions {u!, o'} and {u? o2} that satisfy
Problem II. Then,

ul — Au' = g(z,t) on Q
u'(x,0) = a(z) on Q
Ou +ou’ = bonS

on

((u) = xonT,
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2

for i = 1,2. So the functions @ = u? — u!, & = 0> — ¢! satisfy

ﬂt—Aﬂ:g<$,t) _g(x7t) :OOHQ

u(z,0) = a(z) —a(z) =0 on Q
ou B
n +ou=b(z,t) — b(z,t) =0on S

((u) = x(z) = x(x) =0 on T,

and this problem is equivalent to

Uy — Au=0on Q

u(z,0) =0 on Q (4.2)
%4—02&:#5 on S
on
l(u)=0onT.

This problem is in the form of Problem I for u = 1, f = o. Since g € C*%(Q), b €
C(S), we have u' € C*1(Q)NC(Q) for given o*. By the assumption of Theorem
4.1.1, g and b are nonnegative and non-decreasing with respect to t. Hence u!(z, t)
is nonnegative on @, by Lemma 2.3.2 part(i), and u'(z,t) is nondecreasing with
respect to ti which was proved in Theorem 3.1.1. Since o?(x) > 0 on I' by
definition of solution of Problem II, and £(u') > 0 on ' by the assumption of
the theorem, all conditions of Theorem 3.1.1 hold. So solution (@,&) of the
problem (4.2). So w = 0, ¢ = 0 is the unique solution of problem (4.2). Then

2 2 2

d=u’—u'=0and 5 = 0? — 0! =0, so v?> = u! and 0% = ¢!, and that means

solution of Inverse Problem II is unique.

4.2 Derivation of Operator Equation

Suppose |x(z)| > 0on I'. Choose a o € C(I') and consider a solution u(x,t; o)
to the problem
up — Au = g(x,t) on Q (4.3)
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u(z,0) = a(z) on Q (4.4)

ou
n + ou = b(x,t) on S. (4.5)

Since g € C*9(Q), a € C1(Q) and b € C(S), this solution u exists and is unique
and v € C%1(Q) N C(Q). Introduce the nonlinear operator

U: C() — C(I)

Uo = [£(b) — £(Du)]x "

We have DomU = C(I'), since it can be applied to any function in C(I"). Consider
the equation
Uo =o. (4.6)

We will show that if (4.6) has a solution with o(z) > 0 a.e. on I', then Inverse
Problem II is solvable. Let o € C(I") be a solution to equation (4.6). Consider
a solution u(x,t;0) to direct problem (4.3)-(4.5). Apply operator ¢ to equation
(4.5), which is possible by Theorem 2.3.1, and obtain the relation

(0pu) + ol(u) = (D), (4.7)
in C(I"). Multiplying (4.6) by x and adding to (4.7) we obtain

0(0pu) + ol(u) = £(b)
Uocx = ox.

Then,

Uox + £(0yu) + ol(u) = L(b)+ox
(€(b) — (0nu))x tx + £(Opu) + al(u) = ox+£(b),
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which implies

ol(u) = ox
oll(u)—x] = Oonl.
Since o > 0 we have
l(u) =y onT.

So {u, 0} is a solution to Problem II. So we have proved the following proposition.

Proposition 4.2.1. Let g € C*°(Q), a € CY(Q), b € C(S), x € C(T') and
Ix(z)| > 0 on I".Then, if (4.6) has a solution o € C(I") with o(x) > 0 a.e. onT,
then Problem II is solvable.
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CHAPTER 5

ANALYSIS OF PROBLEM II1

Problem III: Find a pair {u(z,t), f(t)} satisfying

w—Au = gonQ (5.1)
u(z,0) = aon Q (5.2)
%—i—au = hf+bon S (5.3)
U(u) = yonl0,T], (5.4)

where g(x,t), a(z), o(z,t), h(x,t), b(x,t), x(t) are given functions and
U(u) = u(zo,t)

or

(u) = /F w(€, T)(r)dSe,

where z € T is fixed and v € L;(I") is given. These conditions are called a point

boundary observation and integral boundary observation respectively.

DEFINITION 5.0.1. By a solution of Problem III, we understand a classical solu-
tion u € C*H(Q), f € C([0,T]).

We denote the solution of direct problem (5.1)-(5.3) with f = 0 by wg(z,1),

and introduce the function

X(t) = x(t) = W(uo)(t).
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THEOREM 5.0.2. Suppose the smoothness conditions (3.5) and

Y ECYX0.T]) . x(0)=0 , F(t) = %/0 \/X%ch cc(0.1)  (55)

are satisfied, h € C*°(S), o € C(S), ¥(up)(0) = ¥(0) and |¥(h) > 0| on [0,T].

Then there exists unique solution of Problem III.

5.1 An Operator Equation of the First Kind

We denoted wug(z,t) as solution of direct problem (5.1)-(5.3) with f = 0. By

Theorem 5.0.2, ug(z,t) exists, unique and ug € C*'(Q) N C(Q). We find that
{u, f} is a solution of Problem III if and only if {u—wuy, f} is a solution of Problem
1Ty, which is

uy—Au = 0on @
u(z,0) = 0onQ
—+ou = hfonlS
U(u) = x=x—¥(u) on [0,T7,

provided that x(0) = x(0) —W¥(u)(0) = 0. That means, Problem III is equivalent
to Problem Il with a given x(¢) such that x(0) = 0. Let us prove this.
(=)Let {u, f} be solution of Problem III. Then,

u—Au = gonQ
u(z,0) = aon
ou+ou = hf+bonS
W(u) = x(t) on [0,T],
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and we know there exists unique solution wuq of

(uo,) —Aug = 0Oon@
ug(z,0) = 0on
Oplg +0ouy = hfon S.

So {u — g, [} satisfies the equation
(u—up)y —Alu—ug) =g—0=gonQ

(u — up)(7,0) =a—0=aon
On(u—up) +0o(u—ug) =hf+b—hf=bon S
U(u —ug) = V(u) = ¥(ug) = X — ¥(ug) = x on [0, T].
So {u — ug, f} is a solution of Problem III.

(<)Now let {u — uyg, f}be a solution of Problem III. Then we have

) = gon@

) = aonf)
On(u —ug) +0o(u—uy) = bonS

) = xon|0,T].

Then,

u—Au—0 = gon (@

u(z,0)—0 = aonQ

ou+ou—hf = bonS
U(u) —W(ug) = xon[0,7].

That is {u, f} is a solution of Problem III. Everywhere in the following, we as-
sume that U(h) > 0 on [0,7]. We know ¥ (h) € C([0,T1]) since h € C([0,T]) was
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assumed. Then we have ¢ := ¥ (h)f € C([0,7)) if and only if f € C([0,T]). We
have h(z,t) = [U(h)] " h(x,t) € C(S) and U(h) = U(A[T(h)]1) = U(R)[T(h)] ' =
1. Since hf = hU(h)f = he, it follows that {u, f} is a solution of Problem ITI,
if and only if {u, ¢} is a solution of the problem

u—Au = 0onQ (5.6)
u(z,0) = 0on (5.7)
% +ou = hponS (5.8)
U(u) = x(t)on [0,7]. (5.9)

Let us first show that Problem IIl; is equivalent to an operator equation of the
first kind.

LEMMA 5.1.1. Suppose that x € CY/2([0,T]), x(0) =0, h € C(S) and |¥(h)| > 0
on [0, T]. Then Problem Il is equivalent to an operator equation k[w] =X,
where K is an integral operator of the Volterra type whose kernel has a weak

singularity.

Proof. (=)Let {u, ¢} be solution of the Problem ITly. Then {u, p} € C**([0,T])x
C(]0,T]) satisfies (5.6)-(5.9). We have ¥(u)(0) = x(0) = 0 by assumption of
the lemma. W(u) = x and y € CY2([0,T]), so ¥(u) € CY2([0,T]). Choose
¢ € C([0,T]). Then solution of direct problem is of the form

(1) = /0 /F Glat,6,7)(I = B) " (hy)(€, 7)dSedr

by Theorem 5.0.2. Apply the operator ¥ to both sides, then

~

U(u) = /th, (/F Gla, t,&,7)(I — B)—l(ﬁgp)(g,f)dsg) dr .= K[g].

Since u is solution of Problem III,, we have

U(u) = x on [0,T].
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So,

U(u) = K[g] = x on [0,T].

Then ¢ € C([0,T]) satisfies the operator equation of Volterra type of first kind.
(«<)Assume ¢ € C([0,T]) satisfies the operator equation with some y €
C'Y2([0,T]), x(0) = 0. Let u be the solution of direct problem (5.6)-(5.8) with

this x. u can be found in the simple layer potential form

(e, t) = /0 /F Gla, t,6,7)(I = B) " (hg)(€, 7)dSedr.

We have

W(u) = Klp) = x on [0, ],
So {u, ¢} is solution of problem ITIj. ]

LEMMA 5.1.2. Suppose h € C*°(S), |[¥(Rh)| > 0 on [0,T]. Then the operator
A t —_— ~
ke = [0 ( [ etnen -5 e s )
0 r

can be represented in the form K = K + K, where Klyp] = fot %dT and the

kernel of K has a weaker singularity than K, more precisely

szAkﬁﬂwmm

(t—T)~

with p < 1/2 and k € C}.

Proof. We consider two cases depending on the form of the overdetermination.
Case 1: The case ¥(u) = u(xo,t), a point overdetermination. The solution of

problem (5.6)-(5.8) can be found in the simple layer potential form

QMM=AAG@Mﬂﬂ&W&h

where

Gz, t,&,7) = Z(x,t,&,7) + Zo(x,t,&, 7).
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Then using formulas (2.41)-(2.47) we have

u(xg, t)

t A
2/0 /FZ(l‘o,t,f,T)h(&,T)gO(T)ngdT

+ 2/0t/FZ(xo,t,§,T)

(Z /OT/FMk(fawU)ﬁ(n,a)w(a)dsndo> dSedr

+ 2/0tLZO(xO,t,§,T)

(il(ﬁaT)SO(T) + Z/OT/FMk(f,T,n,a)fz(n,a)¢(a)d5nda> dSedr

— Kol + Kalg] + Kl

Here K3[p] is an operator of Volterra type with bounded kernel. Let us explain.
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Changing the order of integration by Dirichlet’s Theorem, we obtain

kel = 2 [ [zt
[/OT/F,i:Mk@Tanvo*)fl(ma)so(a)dsnda

+ /t / [2//Zo(xo,t,g,T)iMk(fmn,cf)fl(n,a)dsnd&]

o)dodr

= |: Zo Io,t 6, )iL(f,T)ng:| gO(O')dO'—i—

+ [ / / / Zo(wo, t, €, 7 ZMk £,7,1,0) a)dSnngdT]

(0)do
= /{2/Z0 {L‘(),tf’r 57‘)ds§+

+ 2/0 /F/FZO(‘TO’t’g’T)kz:;M’“(g’T’77’Oﬁl(n’a)dSndedT}@(U)dO-

So the kernel of K3 is

dSedr

K@?”Kg = 2/Z0(x07t7£77—)il(£77—)dsf
r

+ 2/0 /F/on@o,t,mk M(€, 7, 0)h(n, 0)dS, dSedr.
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We know .
Zo(a1.6,7) = / / (. t,m,0)8(n, 0, €, 7)dndo
T D

is a continuous function for (x,t,&,7) € (2 x [0,7])%, @ C D where d is the

solution of the integral equation

t
&)(l‘ata€77) = _MZ_/ / MZ(x7tanv0)&)(”’07577—)6177610-7
T D

where MZ = 0,7 — AZ, by parametrix method, [9](p. 4). Mi(z,t,&,7) =
M (z,t,&,7) is bounded by Theorem 2.3.1. So

t
My(a,t,6,7) = / / Moo (2 t,7,0)M(n, 0, €, 7)dndo
T D

are also bounded. Furthermore h = h(¥(h))! is continuous since A is continuous,
so it is bounded on bounded domain. So kernel of K] is continuous on bounded

domain 2, that means it is bounded. Let us consider Ky[¢)].

Ky = /0 t /F Z(wo.t.€,7) ( /0 ' /F M(g,T,n,a)iz(n,a)go(a)dSndSU) dSedr

= /Ot /0 </F/FZ(xo,t,g,T)M(é,T,n,a)iz(n,o)dSnng) o(o)dodr.

Assuming 1 — § < pu < 1, we have

[ Z(wo,t,ﬁ,T)M(&T,n,U)ﬁ(n,U)dSndSs'

dS.

< /FZ(x,t,f,T)

/F M(E,7.m,0)h(n,0)dS,

We know
c

(r = o[ — i

|M(&,7,m,0)| <
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and

st - e (G5

< |C(t — T)—m/2|.

Since minm = 1, we get

/FZ(az,t,gf)

/FM(&TWaU)iL(n,a)dSn

dsg < c /Z(Lt, ,T)dSE
I
C

IN

IN

So,

Klp] < /Ot/OT (t_T)gf/(;('z_awdadT
) /o Ua (t—T)ljlzT(T_a)u p(o)do.

Remembering the Beta function defined by

T (a)0(b)

1
1— a—1 b_ld - WY
/O (L=p)* p"dp T(a 1)
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we find the kernel of Kj[p] as
t dr
win) = [ o
B /1 (t—o)dp for p IO
T o TR o T e

_ /1 (t —o)dp
0 (1= p)V2(t — o) 2 =20 (t — o)

(t—o)H
1 1_
t—o)z7#
= /—( 0)1/2 dp
o (1—p)t2pr

rHra -
(t_a_)%—u (2)3( :LL)
NS0
Since 1 — & < pu < 1, we have % —u € (= ,0), and we see that singularity of

ko(t, T) is Weaker than that of (¢t —7)'/2. Therefore the singularity of the operator

K, is weaker than that of (t — 7)'/2. Now consider

// (20, £, €, )h(E, T (T)dSedr

/ / (20,1, &, 7)h(E, T)dSe]p(r)dT
_ /Ot%w(f)dr

Then,
ki(t,7) = 2(t—7‘)1/2/FZ(xo,t,f,T)iL(faT)dS&
= 2R - )T [ew (S i ase
We know U (h) = h(zo,t) = U(h(U(h))™) = U(h)(T(h)) ™ =1fort € [0,T]. Let

U(zg,d) = {x € R™ : |x — x| < d}. Suppose, in addition to the assumptions of
lemma, that h(z,t) = h(xo,t) is valid for all t € [0,T] and z € U(z,d) NT =T
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with some d > 0. We first represent the kernel k; (¢, 7) in the form

ki(t,r) = 202va) "t —1) 7 | exp (H) h(€,7)dSe +
—lz — ¢

—l—/r/rd exp (—4(t ) ) h(&,T)dSe}
= Jl + JQ,

where

R 2R - F e () [ lidenlase
4t —7) I'/Ty

Hence, J5(t,7) is a continuous function differentiable with respect to ¢ on 0 <
7 <t < T if we continuously define it as 7 — (¢ — 0). We assume that d > 0 is
small enough to ensure that I'; is uniquely projected on the tangent plane 7(zy).
Let us translate the origin to xg and let z,, = ¥(21, 22, ..., 2m_1) = ¥(Z), 2’ € vy
be the equation of I'y in the local coordinate system where v; is the orthogonal
projection of I'y onto m(zg) : {z € R™ : z,, = 0}.(z2 = ¥(2),2 € vy is the
equation of I'y in local coordinate system, v, is orthogonal projection of I'y on
the tangent plane m(zg), 2, = 0 is the equation of the tangent plane 7(z).)
Remembering that W(h) = h(xo,t) = 1 on Ty, consider

Ntr) = 2207t — )T /F e (;Z—:ff) 45

1-m 222+ + 22+
= 2(2y/7m) "™ (t — 7)2/ exp <— L= m-l ) ds..
vy 4(t - T)
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We can find dS, as

0z 0z 0z
_ m 2 m 2 m 2 /
s, = \/(—azl) +(—022) +...+(—azm) dz

O Wl et (o 1

m—1 a¢
20! -
1+ Z-Zl(wl) dz" , where 1; : o=,

There exists numbers a, b such that

K,={zem(xy) : |zx| <a,k=1,2,...,m—1}

and K, C vy C K for 0 < a < d < b. We know

2 2 2 2
ogjlgc(t_T)lzm/ exp(_zl+22+...+zm—1+¢ >J(2/>dzl'
Ky At =)

The first part of inequality is because all terms of .J; are positive, and the second

inequality is because of definition of Kj. Also we know

Since d is small enough such that 1,4 has the properties of I'y, so since I' € C*%(S)

we have ¢ € C'%(S). Then ¢; € C%(S). That means v; are continuous so
bounded on S. Then the jacobian J(2') is also bounded, that is

J(Z') <ec.
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We have J; < ¢, for 0 <7 <t <T. Indeed we have

J1<t77-) <

jm b b m 24224422 P Py
2(2y/7) /_b.../_b(t—T) exp (— =7 >J(z)dz.

Let z =2yt — 7y for k=1,2,...,m —1 and let h = Then,

b
Wi
de = 2\/t — Tdyk

= (2VE— )"y = 2"t - 1) dy.

So we have

Jl(t T

< m/2/ / (t—r7) =
2 2\/ - 2\/t_ m— m—
exp —|y/|2—¢( T Y1) 2m’1(t—7-)Tldy’
4(t — 1)
_ —m/2 " " 112 w2(2vt_Tyla"'72\/t_Tym*1) !
= 7 exp | —|y|* — dy
—h —h 4(t—7’)

< const,

since exp <—|y’|2 - w_i)) is bounded on [—h, h]. Let us calculate lim,_; J; (¢, 7),
t > 0. Since ¢ € C1*%(S), and ¥(0) = 0 (which holds because 2’ = 0 on (),

zm = 0 is the equation of m(xg), so z,, = ¥(z’) = 0 for 2/ = 0). Then we have
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[0(2")] < ¢|2’|]'T. In addition J(2') — J(0) =1 as 2’ — 0.Therefore
h h 2 / /
. _ —m/2 i /2_¢<2 t_Ty) d/
1_12%,]1(@7') 7T /_h.../_hexp( ly'] =) Yy
00 m—1
= g2 ( / eXp(—yz)dfy>
= g /2 <\// / exp(—x? —y2)dzvdy>
= g ™2 / / exp(— Tdrde)

m—1

= g ™25
1
=
The second equation above is because lim,_; Ilﬂf(— ;;)T = 0 by L’Hospital Rule.
Hence .
Jl(taT) = ﬁ + jl(t77—)a
where

Ttr) < W—m/z{/:../zexp(—w'ﬁ—4@1”_27)).]6[@/
-/ Z / Zexp<—|y|2>dy'}

B[ [ expl e~ ) — 1y +

+2/ /eXp —y|*)dy'}
1

—m/2 ]m

Here

h h 2
= [ es(lPes(- g7 — 1y

It =/ / exp(—|y|*)dy’
h h
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We have

I3 = / exp(—y; — v3)dy1dy»
h h

w/2 oo
= / / exp(—r?)rdrdd
0 h
—1

< (5 ep(-r)lF)

= mexp(—h?)
—_bH
= 7rexp(4(t_ T))
Similarly,
ot o= . / exp(—y —ys — ... — v _Ddyrdys . .. dym_1
h h

m—1
2

/ exp(—y; — y%)dyldyQ)
h h

< .
<

27 / eXp(—TQTdT))
ho Jh

m—1

= 2n(— G exp(—r)[)"

2
— (mexp(—=h%))"T
m—1 —(m—l)b2

= (71') 2 exp 8(t—)

Let % =c. Weknow ¢ > 0. Let (t—7) = 2. Asx — 07 we have exp(cz) > 2*
for any A > 0. Then exp(£) > (2)* = exp(—%) < ()™ = exp(—<) < 2*. That

means exp(ﬁ) < (t—71)* So

m—1 —(m—1)b>

L < (m)7F exp S0 =o((t—1)%),

as 7 — t — 0, for any A > 0. A similar estimate is also valid for 9,1y '. Let us

now estimate [ (¢, 7) as

. h h
Lt,r) < / / exp(— [/ I?)
- —h

h

—V*(2vE— 1Y)

10— 1) )J — 1] dy'.

exp(
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We have |exp(L V)| < 1, J(0) = 1 so we have

4(t—r)

exp(_\pil((i j;Ty/>)J(2vt —7y)—1
< duevim) - o)+ LR
= R.

Since J = 1+ > ¥? and ¥; € C, we have |J(2/) — J(0)| = | S V22Vt — 1¢/)| <
c(|2v/t — 7y'|*)?, which was proved before. That is equal to c(t — 7)%|y/|**. So,

_\IIQ(QWZ/,) _ | _\I]2<2\/ﬁy/) ‘
4t — 1) N A4t — )
_ Vi)
- A4t — )

— C(t _ T)a+1—1|y/|2a+2'

Then,
R<c[(t—7)y P+ (t— 1)y + 2.

So as T — t for y € v4, we have
(1| < et —7)%,

1.e.

1 _
Jl<t77-) = _7T + Jl(th)u

VT

where |J;| < 77™/%(I} 4+ 2I,) < c(t — 7). A similar estimate is valid for 0,.J;.
Moreover the singularity of 0,J; is integrable for o > 0. Therefore we have
obtained the desired representation in the case under consideration.

Let us consider the general case of point overdetermination, that is without
the condition A = 1in U (xg,d). By assumption of lemma, the function h satisfies

the Holder condition with respect to x at z¢ uniformly with respect to ¢, i.e. there
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exists ¢ > 0 and d > 0 such that for all x € U(xo,d), for all ¢ € [0, T], we have

~

\h(z,t) — bz, )| = |h(z,t) — 1| < c|a — 0|

Let us estimate the kernel K in this case by representing it in the form K; =
J1 + Jy. As before, Jo(t, T) is continuous and differentiable with respect to ¢. Let

us estimate the new J; as

_|Z/|2 . \112

m)ﬁ(o, 7)J(0)dz +

Rt = 22vm) - )0 | e

+ /Vd exp(%)[ﬁ(y’ 2)J(2') = h(0, 2)J(0)]d],

we have

~

\h(z',2)J () — h(0,2)J(0)] < ¢|2]%,

for 2 € vg, 7 € [0,T], since h € C*°(3) and J < ¢. Using similar conditions we

can find
1}31% Ji(t,T) = et
and .
Ji(t,T) = — ~|— O((t — T)O‘/Q).
Case 2: The case ¥(u) = [, u( )dS,. O

5.2 An Operator Equation of the Second Kind

Under certain conditions Problem III is equivalent to an integral equation of
the Volterra type of the second kind with an integrable kernel. (Volterra integral
equation of second type is of the form ¢(z) = X [ K(x, 7)¢(7)dr + f(z))

LEMMA 5.2.1. Suppose the condition (2.55) is satisfied, h € C*°(S) and |¥(h)| >
0 on [0,T]. Then Problem Il is equivalent to an operator equation of the second
kind.

Proof. Tt follows from Lemma 5.1.1 and Lemma 5.1.2 that Problem IIIj is equi-
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valent to integral equation

el L R
Ry = +/0 -

with p < 5. Multiplying both sides w1th , then integrating with respect to

z from 0 to t and then taking derivative Wlth respect to t we have

il == \/t_[f/ md */%

go(T)dT] dz.

The left hand side is continuous on [0,77], since < [/ j%dz = \’;;(_i)zdz €
C([0,T]),by assumption of lemma. It is not difficult to see that

Gl EE -l =

= / T)dTT
NG / p(r)dr

and

/ \/E/ (z—1) (1/2 a/2)90(7)d7
- / [/\/Ez—@)m a/2)

t /2 E((t—T7)p+T1,7T)
= [ et - [ A (1_p)1/22(1/2_a/2)dp] -
/0 Kt r)o(r)dr

where K(t,7) = (t — 7)/2 [} 1’% /;3@;;)/2) dp. Clearly K(t,t) = 0. Also we

have 0 < (t — 7)%/? < ¢, for some c for 0 < 7 <t < T, a € (0,1). Furthermore

dr
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k€ C!, so k is bounded on [0, T], which implies K < ¢ on [0, T]. Then we have

1
Kt )| < (t—7)e [ (1 p)ript/ar
)

S~

CF(

S~—
)1
—~
N =

[NJ]

IN

1
2
T(1

|
R

)

IN

C.

]

So K(t,7) € Li1(G), where G = {0 < 7 <t <T}. Similarly Ky(t,7) € L1(G).
Then, by Leibnitz’s Rule we have

F(it) = \/7?% dT+—/K

dt

- VAol + | K () (r)dr

That is we obtain the integral equation

— relt) + K (6 0t St K(1,0 0+/Km

F(t) = Vmo(t) +/0 K (t, 7)p(T)dr, (5.10)

and this is an equation of Volterra type whose Kernel has a weak singularity.

5.3 Existence and Uniqueness Theorem for Prob-

lem III

Proof. 1t was shown that Problem III is equivalent to Problem IIIy. In Lemmas
5.1.1, 5.1.2 and 5.2.1 we have shown that Problem IIl, is equivalent to integral
equation (5.10), and this integral equation is solvable [4] (p. 93). O
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CHAPTER 6

ANALYSIS OF PROBLEM IV

Problem IV: Find a pair of functions {u(z,t),o(t)} satisfying (5.1), (5.2),

(5.4) and

ou
%—i—O'U—bOIl S, (6.1)

where g(x,t), a(x), b(x,t), x(t) are given functions.

DEFINITION 6.0.1. By a solution to Problem IV, we understand a classical solu-
tion u € C*1(Q), o € C([0,T7)).

6.1 Uniqueness Theorem for Problem IV

THEOREM 6.1.1. Suppose (3.5) is satisfied, |x(x)| > 0 on [0,T]. Then the solution
of Problem IV is unique.

Assume there exists two pair of functions {uy(z,t),01(t)}, {ua(x,t),02(t)}
such that {u;, 0} satisfy Problem IV for i = 1,2. Then & = us — uy, & = 09 — 04

satisfies the equation

uy—Au = 0onQ
u(z,0) = 0onQ (6.2)
o+ o9t = ouponsS

U(u) = 0on [0,7T].

Consider this relation as Problem III for u = u, f = 6. We have all conditions
of Theorem 5.0.2 are satisfied, that are, ¢ = 0 € C*9(Q), a = 0 € CYQ),
f=0¢€0(9),h=u € C*Q)NC*2Q) € C*(S), x(t) = 0 satisfies
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conditions (5.5), 0 = g9 € C(5), V(up)(0) = x(0), [ (h)| = [¥(uy)| > 0 on [0,T]
since u; > 0 by Lemma 2.3.2. Then by Theorem 5.0.2, the solution of the problem
(6.2) is unique and that unique solution is (@,5) = 0. So we have uy = u; and

0o = o1, which means the solution of Problem IV is unique.

6.2 Derivation of Operator Equation

Let us derive an operator equation for Problem IV, then the solvability of this
equation will imply the solvability of the inverse problem IV.

Suppose |x(t)] > 0 on [0,T7], choose o € C([0,T]) and consider the solution
U(z,t;0) of

U—AU = gon(@ (6.3)
U(z,0) = a(z)on (6.4)

ou

an +oU = bonsS. (6.5)

For g € C*9(Q), a € CYQ) and b € C(S), the solution U exists and is unique
and has the desired differential properties by Theorem 2.3.1. Let us introduce

the non-linear operator D as
D C([0,T]) — C([0,T])
Do = [¥(b) = ¥(0,U)]x""
with Dom(D) = C([0,T]). Consider the equation

Do =o. (6.6)

If equation (6.6) has a solution o(t) with the property |o(t)| > 0 almost every-
where on [0, 7], then the Inverse Problem IV is solvable. Let o € C([0,T]) be
a solution of equation (6.6). Let us consider the solution U(x,t; o) of the direct

problem (6.3)-(6.4). By applying the overdetermination operator ¥ to equation
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(6.5) we obtain
V(0,U) + oW (U) = V(b),

in C([0,7]). Now multiplying equation (6.6) by x and adding to the equation
above, we obtain

Dox +V(0,U) +o¥(U) = xo + ¥(b).

Since Do = [¥(b) — ¥(9,U)]x "', we have

on [0,7]. By the assumption that o(t) > 0 a.e on [0,7], we have V(U)(t) =
x(t) on [0,7], and this means the pair {U,o} satisfies Problem IV. We have

proved the following proposition

Proposition 6.2.1. Suppose that g € C*°(Q), a € CY(Q), b € C(S), x €
C([0,T]) and |x(t)] > 0 on [0,T]. If the operator equation (6.6) has a solution
o € C([0,T)) satisfying |o(t)] > 0 almost everywhere on [0,T], then the Inverse
Problem 1V s solvable.
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CHAPTER 7

CONCLUSION

In this thesis, we studied four inverse boundary problems, Problems I, II,
IIT and IV, with overdetermination condition on the boundary of the domain
or on the time interval. We showed that, under certain conditions, solution of
each problem is unique, if it exists. After showing uniqueness of the solution,
we showed that each problem is equivalent to an integral equation of first or
second kind or both. That means if the operator equation is solvable, then the
inverse problem is also solvable. Showing equivalence of the inverse problem to an

integral equation simplifies our study to show that an inverse problem is solvable.
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