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ABSTRACT

OSCILLATION OF SECOND ORDER MATRIX
EQUATIONS ON TIME SCALES

Selguk Aysun
M.Sc., Department of Mathematics
Supervisor: Prof. Dr. Agacik Zafer

November 2004, 43 pages

The theory of time scales is introduced by Stefan Hilger in his PhD thesis
in 1988 in order to unify continuous and discrete analysis. In our thesis, by
making use of the time scale calculus we study the oscillation of nonlinear matrix
differential equations of second order. The first chapter is introductory in nature
and contains some basic definitions and tools of the time scales calculus, while
certain well-known results have been presented with regard to oscillation of the
solutions of second order matrix equations and some new oscillation criteria for

the same type equations have been established in the second chapter.

Keywords: Differential equation, Time scales, Riccati equation, Oscillation
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OZ

ZAMAN SKALASI UZERINDE MATRIS
DENKLEMLERIN SALINIMI

Selguk Aysun
Yiiksek Lisans, Matematik Boliimi

Tez Yoneticisi: Prof. Dr. Agacik ZAFER

Kasim 2004, 43 sayfa

Zaman skalasi teorisi 1988 yilinda Stefan HILGER’ in doktara tezinde siirekli
ve ayrik analizi birlestirmek iizere ortaya konmustu. Tezimizde, zaman skalasinin
analizi kullanilarak lineer olmayan ikinci mertebeden denklemlerin salinimliligin
calistik. Oncelikle zaman skalasmin analizindeki temel tammlar1 ve araclari
verdik. Ikinci mertebeden matrix diferensiyel denklemlerinin ¢éziimlerinin salinim-
hhgiyla ilgili iyi bilinen sonuclari sunduk. Son olarakta ayni tip denklemlerin

salinimliligi i¢in yeni kriterler kurduk.

Anahtar Kelimeler: Diferensiyel denklem, Zaman skalasi, Riccati denklemi, Salinimh

¢oziim, Salinimsiz ¢oziim.
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CHAPTER 1

INTRODUCTION

1.1 Basic Definitions:

A time scale is an arbitrary nonempty closed subset of the real numbers.
Thus, the real numbers, the integers, the natural numbers, and the nonnegative
integers are examples of time scales, as are [0,1] U [2,3],[0, 1] UN and the Cantor
set, while the rational numbers, the irrational numbers, and the open interval
between 0 and 1 are not time scales. We will denote a time scale by the symbol
T.

For t € T, we define the forward jump operator ¢ : T — T by

o(t)=inf{s >t:s€ T}
and the backward jump operator p: T — T is defined by
p(t) =sup{s <t:se T}

If o(t) > t, we say t is right-scattered, while if p(t) < t, we say t is left-
scattered. Points that are right-scattered and left-scattered at the same time are
called isolated. Also, if ¢ < supT and o(t) = ¢, then ¢ is called right-dense, and
if t > inf T and p(t) = ¢, then t is called left-dense. Points that are right-dense
and left-dense at the same time are called dense. Finally, the graininess function
p: T — [0, 00) is defined by

If T has a left-scattered maximum m, then by T* we denote the set TF =

T — {m}. Otherwise, T¥ = T. Throughout the thesis we shall make use of the



notation f to mean that

fo@t) = f(o(t)) forall teT.
Let us identify o, p, and p by considering specific time scales.

1. If T =R, then
o(t)=inf{s € R: s>t} =inf(t,00) =1t

and

p(t) =sup{s € R: s <t} =sup(—oo,t) =1t.

Hence every point ¢ € R is dense. The graininess function p turns out to
be p(t) =0 for all t € T.

2. If T = Z, then
ot)y=inf{s€Z:s>t} =inf{t +1,t+2,t+3,...} =t+1
and
p(t) =sup{s € Z:s <t} =sup{..,t =3, t =2t -1} =t —1

Hence every point t € Z is isolated. The graininess function p in this case
is u(t) =1 for all t € T.

3. f T={2": neZ}U{0}; then
t
o(2") =2"" g(t) =2t and p(2") =2""1 p(t) = 5

Hence every point ¢t € T is isolated.



4. IfT={1: neN}uU{0}; then

o= sy = and p(l)=

n n—1 1—1¢ ﬁ

Hence every point ¢t € T is isolated.

1.2 Differentiation

Let f : T — R and t € T*. The derivative of f at ¢, denoted by f~(t),
is defined to be the number with the property that given any € > 0, there is a
neighborhood U of ¢ such that

[f(o(®) = F(5)] = F2(D)o(t) = s]| < elo(t) = s| forall seU

We call f2(t) the delta derivative of f at t. Moreover, we say that f is delta
differentiable on T* provided f*(t) exists for all t € T*. The function f* :TF —
R is then called the derivative of f on T*.

For a function f : T — R we shall talk about the second derivative f&%
provided f2 is differentiable on T* = (T*)* with derivative f2% = (f2)2 .
T — R.

The proof of the next theorem which can be found in [3] is based on the

definition of the derivative.

Theorem 1.2.1. Assume f : T — R is a function and let t € T*. Then we have
the following:

1. If f is differentiable at t , then f is continuous at t.

2. If [ is continuous at t and t is right-scattered, then f s differentiable at t
with



3. If t is right-dense, then f is differentiable at t iff the limit

) = 1)

s—tt t—s

exists as a finite number. In this case

4. If f is differentiable at t, then
Fla(®) = f(t) + p(t) f2(2)-

For instance, if f(t) = t, then f2(t) = 1 since

flo) —f(t) o(t)—t
o0 = o=t o) —t
and if f(t) = t* then
oy Lo =IO

Let f,g: T — R are differentiable. It is not difficult to see that the sum f+g
is differentiable with

(f+9)2(t) = f2() + g (t);

for any constant o, af is differentiable with

(af)2(t) = af2(t);

the product fg is differentiable with

(f9)2(8) = fo()g(t) + f(o()g™(t) = f(H)g™ (1) + f2(D)g(o(t));



1/f is differentiable whenever f(t)f(o(t)) # 0 with

1.3 Integration

In order to describe classes of functions that are ”integrable”, the following

two concepts are defined:

DEFINITION 1.3.1 ([3]). A function f : T — R is called regulated provided its
right-sided limits exist at all right-dense points in T and its left-sided limits exist

at all left-dense points in T.

DEFINITION 1.3.2 ([3]). A function f : T — R is called rd-continuous provided it
is continuous at right-dense points in T and its left-sided limits exist at left-dense

points in T. The set of rd-continuous functions f : T — R is denoted by

C('rd - CrdCIP) - C’r’d(T7 R)

The set of functions f : T — R that are differentiable and whose derivative is

rd-continuous is denoted by
Crld = Crld(T) = C:d(Ty R)

Theorem 1.3.1 ([3]). Let f: T — R. Then the following statements are true:
1. If f is continuous , then f is rd-continuous.

2. If f is rd-continuous, then f is requlated.



3. The jump operator o s rd-continuous.
4. If f is requlated or rd-continuous , then so is f.

5. Assume f is continuous . If g : T — R is requlated or rd-continuous , then

f o g is requlated or rd-continuous, respectively.

The indefinite integral of a regulated function f is defined as

/ FA() = F(t) + C

where C is an arbitrary constant and F' is called a pre-antiderivative of f. The

Cauchy integral is defined by
/S f)A(t) = F(s)— F(r) forall rseT.
A function F : T — R is called an antiderivative of f : T — R provided
F2(t) = f(t) holds for all ¢t e T

Theorem 1.3.2 ([3]). Every rd-continuous function has an antiderivative. In

particular if tg € T, then F' defined by
t
F(t) :/ f(r)AT for teT
to

s an antiderivative of f.

Morever, If f € C,q and t € T*, then

o(t)
/t F() A = u(t) £ (2)



To see this we note that

o(t)
/t f()Ar = Fo(t) - F(t)

where the second equality holds because of the last part of Theorem 1.2.1.
Theorem 1.3.3 ([3]). Ifa,b,c € T,a € R, and f,g € C,q, then

L[ +g]At= [} FONE+ [ gD,

2. [laf) )t =a f) f()AL,

3. [P At =— [T F(H)AL

4. [TF)At =0,

5 [P rAt= [C At + [0 FE)AL,

6. If |f(t)| < g(t) on |a,b) , then
[ s < [ g,

7. If f(t) >0 for alla <t <b, then [’ f(t)At >0,

Theorem 1.3.4. Ifa,b €T, and f,g € Cyq, and f,g are differentiable, then
1 J2 Fe®)g® A = (f9)(0) = (fg)(a) — [} FA(Dg() AL,
2. [ (g (At = (fg)(b) — (fg)(a) — J2 FA(Dalo(t) AL,

Let a,b € T and f € C,4. Then

/abf(t)At:/abf(t)dt, if T—R



If T=hZ ={hk : k € Z}, where h > 0, then
b SiCe f(kWh, ifa<b,
/ fO)At= ¢ 0, if @ = b,
‘ - :;%1 FkR)h, ifa > b.
If f(t) =1, F(t) =t is an antiderivative of 1, since F*(t) = 1 = f(t). Hence

/tAs:F(t)—F(a):t—a

Let us evaluate fg sAsforteT=127

‘ o (-1t £ t
sAs = 5= = ——_.

1.4 Regressive Matrices

Let A be an m x n matrix valued function on T. The matrix A is said to be
rd-continuous on T if each element is so, and the class of all such rd-continuous

m X n matrix valued functions defined on T is denoted by
Crg = Crg(T) = Cpog(T, R™*™).

As in the classical case we say that A is differentiable on T provided each

entry of A is differentiable on T, and in this case we put

A2t = (aﬁ(t))lgz‘gm,gjgm A = (aij)1<i<mi<j<n-

Il )

If A is differentiable at t € T*, then A%(t) = A(t) + u(t)A>(t). We observe that



at t,

A% = (af)

ij
= (ay+ Maﬁ)
= (ay) + plag)
= A+ puA”s.
Theorem 1.4.1 ([3]). Suppose A and B are differentiable n x n matrices. Then
1. (A+ B)® = A% + B%;
2. (aA)® = aA® if a is constant;
3. (A.B)® = A®B° + AB® = A°B* + A®B;

4. (A2 = —(A7) LA AL = —A-LAS(A%) 7L if AA? is invertible;

v

. (AB™)% = (A2 — AB~'B2)(B°)~! = (A% — (AB~Y*B%))B~" if BB’ is

tnvertible.

An n x n matrix valued function A on a time scale T is called regressive

provided
I+ u(t)A(t) (1.1)

is invertible for all ¢ € T*, and the class of all such regressive and rd-continuous

functions is denoted by

R = R(T) = R(T, R™™).

Lemma 1.4.1 ([3]). An n x n matriz valued function A is regressive if and only

if the eigenvalues \;(t) of A(t) are regressive for all 1 <i < mn.

DEFINITION 1.4.1 ([3]). Let T be a time scale and X be a Banach space. A
function f : T x R" — R" is called rd continuous if g(t) = f(t,z(t)) is rd

continuous for any continuous function x : T — X it is called regressive at



t € T*, if the mapping
I+ u(t)f(t,.) : X— X is invertible

(where 1 is the identity function), and f is called regressive on T, if f is regressive
at each t € T*.

Theorem 1.4.2 ([3]). (A global existence and uniqueness theorem) Let f : T x
R™ — R™ be rd continuous and regressive. Suppose that there exists L(t,z) > 0

such that the Lipschitz condition
|f(t,x1) — f(t, 22)| < L(t,x)|xy — xa|  for all (t,21),(t,x9) € T x R"
holds. Then the IVP
® = f(t,x), x(ty) = 20 (1.2)

has exactly one solution defined on T.

Theorem 1.4.3 ([3]). Let A € R be an n x n matriz valued function on T and
suppose that f : T — R" is rd continuous. Let tg € T and yo € R™. Then the

iatial value problem

y> = Aty + (1), ylto) =0

has a unique solution y : T — R™.

It follows that The matrix initial value problem
Y& =A@R)Y, Y(t) =Y, (1.3)

where Yy is a constant n X n matrix, has a unique solution Y.

DEFINITION 1.4.2 ([3]). Let ¢y € T and assume that A € R is an n X n matrix

valued function. The unique matrix valued solution of the IVP

Y& =A@R)Y, Y(t) =1,

10



where I denotes as usual the nxn identity matrix, is called the matrix exponential

function, and it is denoted by e4(., o).

DEFINITION 1.4.3. Assume A and B are regressive n X n matrix valued functions
on T. Then we define A & B by

(A@ B)(t) = A(t) + B(t) + p(t)A(t)B(t) for all te T*
and ©A by
(©A)(t) = =AM + p)A@®)] " forall teT"

DEFINITION 1.4.4. If the matrix valued functions A and B are regressive on T,
then we define A & B by

(Ao B)(t) = (A (©B))(t) forall teT"

If A is a matrix , then we let A* denote its conjugate transpose.
Theorem 1.4.4 ([3]). If A, B € R are matriz valued functions on T, then

1. eo(t,s) =1 and eq(t,t) = I;

2. ealo(t),s) = (I + p(t)A(t))ealt,s);

5. en (L, s) = el (t,5);

4. ealt,s) =e;'(s,t) = e uu(s,t);

5. ea(t,s)ea(s,r) =ea(t,r);

6. ea(t,s)ep(t,s) = eann(t,s) if ea(t,s) and B(t) commute.

Proof We only prove (1) and (5). If we use Theorem 1.1,

ealo(t),s) = ealt,s) el (L, s)

= ealt,s) + u(t)A(t)ea(t, s)
= (I 4+ u(t)A(t))ea(t, s)

+ 4l
+

11



To prove (5), consider Y (t) = ea(t, s)ep(t, s) and assume that e4(t,s) and B(t)

commute. By using Theorem 1.4.1

YA(t) = e ( s).e%(t, s) + ealt, s)eB(t s)
= A@)ea(t,s)(I + p(t)B(t))es(t, s) + ealt, s)B(t)es(l, s)
= AW+ (O B®)ealt, s)en(t, ) + Btealt, s)enlt, s)
= [AOU +p@)B(t) + B(t)]eal(t, s)es(t, s)
= (A@® B)(t)eal(t,s)egp(t,s)
= (A@B)®)Y()

Also Y(s) = ea(s,s)ep(s,s) = 1.1 =1. SoY is a unique solution of the IVP

Y& =(A@B)t)Y, Y(s)=1

?

and therefore we have eaqp(t,s) = Y (t) = ea(t, s)ep(t, s).

Theorem 1.4.5 ([3]). If A€ R and a,b,c € T, then

leale, )] = —[ealc, ))7A

and .
/ ealc,o(t))A)At = ea(c,a) — ealc,b).

We shall also consider the nonhomogeneous equation
v =Alt)y + f(1) (1.4)
where f: T — R™ is a vector valued function. If f(¢) = 0, then
yo = Alt)y (1.5)

is called the homogeneous equation corresponding 1.4.

Theorem 1.4.6 ([3]). (Variation of constants formula) Let A € R be ann X n

matriz valued function on T and suppose that f : T — R™ is rd continuous. Let

12



to € T and yo € R™. Then the initial value problem

y> = Aty + f(t), ylto) =yo (1.6)

has a unique solution y : T — R™. Moreover, this solution is given by

o) = ealt o+ [ Cealt o) F) AT (1.7)

to

In Theorem 1.4.4, we assume that e4 and B commute. Now, we ask under

what conditions the two matrices e4 and B commute.

Theorem 1.4.7 ([3]). Suppose A € R and C is differentiable. If C is a solution

of the dynamic equation,
C® = A(t)C — C7A(t),

then
C(t)ea(t,s) = ea(t,s)C(s).

Let us consider adjoint equation of (1.5)
5 = —A*(t)a°® (1.8)

Theorem 1.4.8 ([3]). Let A € R be an n x n matriz valued function on T and

suppose that f : T — R™ is rd continuous. Let to € T and xo € R™. Then the
IVP

x5 = —A ()2 + f(t), x(ty) = o (1.9)

has a unique solution x : T — R™. Moreover, this solution is given by

(1) = eone (1, to)o + / eone(t. 1) F(r)Ar. (1.10)

to

13



1.5 Constant Coefficients

In this part, we consider the vector dynamic equation
® = Az (1.11)

where A € R is a real constant n X n matrix.

Theorem 1.5.1 ([3]). If Ao, & is an eigenpair for A, then x(t) = ey, (t,t0)€ is a
solution of 1.11 on T.

ExaMPLE 1.5.1. Let consider the vector dynamic equation

a -3 -2,
x _<3 4) (1.12)

on time scale satisfies pu(t) # % The eigenvalues of 1.12 are A\; = —2 and Ay = 3.
Since 1 — 2u(t) # 0 and 1 + 3u(t) # 0 for all t € T* the vector equation 1.12 is

regressive for any time scale. Eigenvectors corresponding to A\; and A\, are

(3) ()

respectively. Hence, the general solution of 1.12 is

.I'(t) = Clefg(t,to) ( _21 ) +Cg€3(t,t0) ( _13 > .

Theorem 1.5.2 ([3]). (Putzer Algorithm) Let A € R be a constant n x n matriz.
Suppose tg € T. If A1, Ao, ..., A\, are the eigenvalues of A, then

—_

n—

GA(t,to) = Ti+1<t)Pi (113)

i

I
=)

14



where r(t) = (ri(t),ra(t), ..ra ()T is the solution of the IVP

A0 0 .
I X O 0
r® = 0 1 X3 ... |r r(ty)=]| (1.14)
0
0 1 A\,

and the P matrices Py, Py, ..., P, are recursively defined by Py = I and

Pk+1:(A—/\k+1I)Pk for OSk‘STL—l

1.6 Self-Adjoint Matrix Equations

Let P and ) be Hermitian n x n matrix valued functions on a time scale
T such that P(t) is invertible for all ¢ € T. We shall consider the self -adjoint

second order matrix differential equation
LX =0, where LX = (PX®)*+Q(t)X° (1.15)

on T,
By a solution of (1.15) we mean a matrix X defined on T such that X is
differentiable on T* and (PX%)% is rd continuous on T**| and satisfies (1.15) on

T. If X satisfies above conditions then we write X € D.

DEFINITION 1.6.1 ([3]). The unique solution of the initial value problem
LX =0, X(a)=0, X%(a)=P Ya)

is called the principal solution of (1.15)(at a), while the unique solution of the

initial value problem

LX =0, X(a)=-I, X®(a)=0

15



is said to be the associated solution of (1.15)(at a).

DEFINITION 1.6.2 ([3]). If X,Y € D, then we define the Wronskian matrix of X
and Y by
WX, Y)(t) = X*(t)PO)Y (1) — [P X2 (O] Y ()

for t € T*.

Theorem 1.6.1 ([3]). (Lagrange Identity) If X,Y € D, then
X (o(t)LY (t) = [LX@)]Y (o(1) = [W(X,Y)](1)

fort e T+,

Proof Let XY € D, then

W2(X,Y) = {X*PY® - (PX®)Y}
_ (X*)U(PYA)A + (X*)ApyA . (PXA)*YA . {(PXA)A}*YU
(X*)7(PY2)2 = {(PX2)2}Y?
= (X)7{(PY®)2 +QY°} — {(PX®)® + QX }*Y”
(X*)°LY — (LX)Y°

*

ont € T,

Corollary 1.6.1 ([3]). (Abel’s Formula) If X and Y are solutions of (1.15) on
T, then
W(X,Y)(t)=C

fort € T*, where C is a constant matriz.

Proof Assume X and Y are solutions of (1.15) on T. By the Lagrange identity
WA(X,Y)(t)=0 forall teT¥

Hence, W(X,Y) is a constant matrix for all ¢t € T*.

16



DEFINITION 1.6.3 ([3]). If X is a solution of (1.15) satisfying
W(X,X)t)=0 for teT"

then we say that X is a prepared solution (or conjoined solution or isotropic

solution) of (1.15), and if X and Y are two conjoined solutions with
W(X,Y)t)=1 for teT",

then we say that X and Y are normalized conjoined bases of (1.15).

Theorem 1.6.2 ([3]). Assume that X is a solution of (1.15) on T. Then the

following statements are equivalent:
1. X is a prepared solution;
2. X*(t)P(t) XA (t) is Hermitian for all t € T;
3. X*(to)P(to) X*(to) is Hermitian for some ty € T*.

Proof Assume that X is a prepared solution of (1.15) on T. Then it satisfies
W(X, X)(t) = X" ()P()X2(t) - [PO)X20)] X() =0

for t € T*. This implies that X is a prepared solution iff X*(¢)P(t)X*(t) is
Hermitian for all t € T* and iff X*(¢o) P(to) X *(to) is Hermitian for some ¢, € T*.

Lemma 1.6.1 ([3]). Let X be a solution of (1.15). If X is a prepared, then
X*(c(t)P(t)X(t) is Hermitian for all t € T

Conversely, if there isty € T* such that p(ty) = o(tg)—ty > 0 and X*(o(ty))P(te) X (to)
is Hermitian, then X is a prepared solution of (1.15). Also, if X is a nonsingular

prepared solution, then

POX(c)XHt), PHOXHX 'o(t), and Z(t)=PH)X>)X(t)

17



are Hermitian for all t € T*.

Lemma 1.6.2 ([3]). Assume that X is a prepared solution of (1.15) on T. Then

the following statements are equivalent:
1. X*(c(t))P(t)X(t) >0 on T*;
2. X(t) is nonsingular and
Pt)X(ac(t)X () >0
on T*;
3. X(t) is nonsingular and
PHXH)X o) >0
on T*.
In this part, we shall consider the matrix Riccati dynamic equation
RZ =0, where RZ=2Z%+Q(t)+ Z*{P(t)+ut)Z}*Z. (1.16)

Theorem 1.6.3 ([3]). (Riccati Equation) If the self -adjoint matriz equation
(1.15) has a prepared solution X such that X (t) is invertible for all t € T, then
Z defined by the Riccati substitution

Z(t) = PX2 ()X (t), (1.17)

t € T*, is a Hermitian solution of the matriz Riccati equation (1.16) on T*. Con-
versely, if (1.16) has a Hermitian solution Z on T*, then there exists a prepared

solution X of (1.15) such that X (t) is invertible for all t € T and relation (1.17)
holds.

Theorem 1.6.4 ([3]). The self -adjoint matriz equation (1.15) has a prepared
solution X on T with X*(o(t))P(t)X (t) > 0 on T* iff the matriz Riccati equation

18



(1.16) has a Hermitian solution Z on T* satisfying
P(t)+ p(t)Z(t) >0

for all t € T*.

Theorem 1.6.5 ([3]). (Picone’s Identity) Let o € R™ and suppose X and Y are

normalized conjoined bases of (1.15) such that X is invertible on T*. We put
Z =PX*X' and D=X(X°)'P' on T
Lett € T and assume that u : T — R™ is differentiable at t. Then we have at t

(W Zu + 20°X ' — o X WYa)® = (uP) Pu® — (u”)*Qu’
— {Pu® — Zu— (X Y a}*D{Pu® — Zu — (X ")*a}.

Let denote the set of all continuous functions whose derivatives are piecewise

- 1
rd-continuous by C ;.

DEFINITION 1.6.4 ([3]). The quadratic functional

P = [ 1) Pt — oy Quar
is called positive definite (we write f > 0) provided
F(u)>0 forall weC,,(a,b],R"\{0} with u(a)=u(b)=0.
Lemma 1.6.3 ([3]). Ifu € C,,; and
{(Pu®)® +Qu°}(t) =0 forall t€ la,b]",
then

p(b)
/ {(@?) Pu® — (u7)*Qu}(t) At = {u" Pu”}(p(b)) — {u"Pu”}(a).
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DEFINITION 1.6.5 ([3]). A conjoined solution of (1.15) is said to have no focal

points in (a, b] provided it satisfies
X invertible on  (a,b] and X(X°)'P™'>0 on [a,b]".

Theorem 1.6.6 ([3]). (Sufficient Condition for Positive Definiteness) A suffi-
cient condition for F > 0 is that there exist normalized conjoined bases X and Y
of (1.15) such that X has no focal points in (a,b|.

DEFINITION 1.6.6 ([3]). We say that equation (1.15) is disconjugate on [a, b] if
the principal solution X of (1.15) satisfies

X invertible on  (a,b] and X(X°)'P'>0 on (a,b]*.

We can conclude from definition of 1.6.6, (1.15) is disconjugate iff the principal

solution of (1.15) has no focal points in (a, b].
Theorem 1.6.7 ([3]). (Jacobi’s Condition) F > 0 iff (1.15) is disconjugate.

DEFINITION 1.6.7 ([3]). We call a solution X of (1.15) a basis whenever

rank < X(a) ) =n
P(a)X*(a)

Theorem 1.6.8 ([3]). (Sturm’s Separation Theorem) Suppose there ezists a con-
joined basis of (1.15) with no focal points in (a,b]. Then equation (1.15) is dis-

conjugate on |a, b.

Proof Let X be a conjoined basis of (1.15) with no focal points in (a, b]. Since

X is a basis
K = X*(a)X(a) + (X*)*(a)P*(a)X (a) is invertible.
Let Y be the solution of (1.15) satisfying

Y(a) = —P(a)X®()K™', Y(a)=P 'a)X(a)K .
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Then Y satisfies from Wronskian identity,

{y* P Y2 - (Y2)PY}={Y*PY® — (Y2)" PY}(a)
= —(K7)(X*)(a)P()X (@)K + (K1) X (a)P(a) X (a) K~
= (K)Y{X*PX® — (X?)"PX}(a)K ™"
= 0

and

{X* P Y2 —(X?)'PY} = {X*PY® — (X®)*PY }{a)
= X*(a)X(a)K '+ (X*)*(a)P*(a) X (a) K
= I

and hence X and Y are normalized conjoined bases of (1.15).

Now we shall also consider the equation
[P(H) X2 + Q) X7 =0, (1.18)

where P and @ satisfy the same assumptions as P and Q).

Theorem 1.6.9. ( Sturm’s Comparison Theorem) Suppose we have for allt € T

P(t) < P(t) and Q(t) > Q(t).

If (1.18) is disconjugate, then (1.15) is also disconjugate.

Proof Suppose (1.18) is disconjugate. Then by Jacobi’s Condition

b ~ ~
Flu) = [ (@) Pu® — (0 Quy e >0
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for all nontrivial u € C},; with u(a) = u(b) = 0. For such u we also have

Flu) = / [(W®) Pu — () Qu} (1) At

b ~ ~
> / [Py Pu — (u?) Quo} () A
Fu)>0

Hence F > 0 and thus (1.15) is disconjugate by Jacobi’s Condition.
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CHAPTER 2

OSCILLATION CRITERIA OF
DYNAMIC EQUATIONS

In this chapter we first state and prove some well-known results with regard
to oscillation of matrix dynamic equations on time scales, further results, see
3, 11, 15, 4, 8, 18, 2, 6]. Next we provide some new oscillation criteria for
solutions of such equations. Roughly speaking a matrix solution X (¢) of a matrix
dynamic equation is called nonoscillatory if det X (¢) # 0 for all ¢ > ¢, for some
sufficiently large ty > 0. Otherwise, it is called oscillatory. As in the continuous
and discrete cases the definition require that the time scale under consideration

be unbounded from above. That is, we assume that
sup T = oo.

In the theorems that follow we employ some basic facts from Linear Algebra.
For instance, if A is an Hermitian n x n matrix, then all eigenvalues are real. We

shall also use the convention that if A\;(A) denotes the i-th eigenvalue of A, then
Amax(A) = A (A) > ... > A(A) = A (A).

By trA we denote the trace of an n x n matrix A , i.e., the sum of all diagonal
elements of A.
An important and useful tool in comparing the eigenvalueas of the sum of two

Hermitian matrices A and B is the Weyl’s inequality, which states that

Ai(A) + Anax(B) > XNi(A+ B) > A(A) + Amin(B). (2.1)
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2.1 Some known oscillation theorems

We shall consider the self -adjoint second order matrix dynamic equations of

the form
(P(HX2)2 + Q)X =0, t>a, teT, (2.2)

where a € T is fixed, P and () are Hermitian n x n matrix valued functions
defined on T. It is also assumed that the matrix P(t) is invertible.

In the special case P(t) = I the above equation reduces to
X221 Q)X° =0 (2.3)

A matrix solution (2.2) is called nonoscillatory on [a, c0) provided there exist

a prepared solution X of (2.2) and ¢y € [a, 00) such that
X*(o(t)P(t)X(t) >0, t>tg

Otherwise we say that (2.2) is oscillatory on [a, 00).

Theorem 2.1.1 ([6]). Assume that for a given ty € [a,00) there exist ag,by €
[to, 00) such that p(ag) > 0, u(bg) >0, and

Amax[ bOQ(t)At]z L, (2.4)

ag
Then (2.3) is oscillatory on [a, c0).

Proof Assume that equation (2.3) is nonoscillatory on [a, c0). Then there is

a ty € [a,00) and a prepared solution X (¢) of (2.3) satisfying
X*(o(t)X(t) >0
on [tg, 00). We make the Riccati substitution

Z(t) = X)X (1)

24



for t € [to,

o0), then by Theorem 1.6.4 we get that

75 =—Q—Z[I +ut)Z)) 2, I+ ut)Z(t) >0

on [ty,00). By the hypothesis of the theorem there exist ty < ag < by such that

w(aog) > 0,u(by) > 0 and inequality (2.4) holds. Integrating both sides of the

Riccati equation from ag to t > ag we obtain

Z(t)

Z(a0) — plao)Z(ao)[I + u(ao) Z(a0)] " Z(ao) / Qs

—/( )Z(s)[I+M(S)Z(s)]_1Z(S)As
Z(ao)[I + p(ao)Z(ao)] ™[I + plao) Z(ao) — ulag) Z(ao)]
/ Q(s)\s —/ )Z(s)[l+ w(s)Z(s)) 1 Z(s)\s

Z(ao)[I + u(aog)Z / Q(s

—/( 2+ 2] 208

This implies that

b+ / Qs)s < Z{ao)[I + plao) Z(ag)] (2.5)

Now let U be a unitary matrix (so U*U = I) such that

Z(ap) =U*DU, D = diag(dy,...,d,)
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where d; = A\;(Z(ap)) is the i — th eigenvalue of Z(ag),i = 1,2, .... Consider

Z(ao)[I + pu(ag)Z(ag)]™ = U*DUII + pu(ag)U*DU]™*
= U*DU{U*[I + pu(ag)D)U} !
= U*D[I + u(ag)D]"'U.

Since I + p(ag)Z(ag) > 0 implies that
I+ p(ag)d; >0

and h(x) = z/(1 + p(ag)x) is increasing when 1 + p(ag)xr > 0, we see that

Ai(Z(ao)[I + p(ao) Z(ao)] ™) = Ni(DII + p(ao) D)) = #@))dz
Using h(z) = x/(1 4 p(ag)z) < 1/u(ag) when 14 p(ag)z > 0 we get

d; - 1
1+ plag)d; — plag)

Ai(Z(ao)[I + p(ao) Z(ao)] ") =

Hence from equation (2.5) we obtain

Ai(Z(t) +/ Q(s)As) < Ni(Z(ao)lI + plag)Z(ao)] ™) < ag)’

Applying Weyl’s inequality we have

g 7 e / QAe)as) ’”/ QB+ A (2(1)

If t = by, then

bo 1
Amaz( Q(s)As) < o)

Since I + p(bo)Z(by) > 0 implies A\ (Z(bo)) > —1/1(bo), it follows that

— AminZ (bo)-

bo
Amaa | - Q8)Bs) < Zrs + oGy

26

(2.6)



which is a contradiction.

Corollary 2.1.1. Let a € T. If there exists a sequence {ty}3>2, C [a,00) such
that limy,_, ty, = 0o with u(ty) > K > 0 for some K > 0 and such that

lim sup )\max(/tk Q(s)As) = +oo, (2.7)

t—00
then (2.3) is oscillatory.

Proof Let ¢y € [a,00). Choose ky sufficiently large so that ag = tx, € [to, ).
Using (2.7), we can pick k; > kg sufficiently large so that with by = 5, we have
bo 2 1 1

Ml | QUOIAS) 2 7 2 TS ¥ Ly

Theorem 2.1.2 ([6]). Let a € T. Suppose that there is a strictly increasing
sequence {ty}ren C la,00) such that p(ty) > 0 for k € N, with limy_ .ty = 0.
Further assume that there is a sequence {Ty}ren C [a,00) such that o () > 7 >

o(ty) for k € N with

Pty
[t

. ) P ™ oA

for k € N . Then (2.2) is oscillatory on |a, 00).

Proof Assume (2.2) is nonoscillatory on [a,00). Then there is a prepared
solution X(t) of (2.2) and a ¢y € [a, o0) such that

X*(o(t)P(t)X(t) >0
on [tg,00). We make the Riccati substitution

Z(t) = P(t)X2(t)X'(t)
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for t € [a,00). Then by Theorem 1.6.4 we get that

P(t) + u(H)Z(t) > 0

on [tg,00) and Z(t) is a Hermitian solution of the Riccati equation RZ = 0 on

[to, 00). Let {tx}, {7} be the sequences given in the statement of this theorem.
Pick a fixed integer k so that t, > ty. Integrating both sides of the Riccati

equation from t; to 7, we obtain

Z (1)

IA

Tk
ty

Z(tk)—/TkQ(t)At—/ F(t)At where, F=Z*(P+uZ)'Z
ka a(ty) Tk
Z(ty) — At — F(t)At — F(t)A
)~ [ ewar— [ R /m) (1)
Z(0) = F(tout) = [ QU)at- / R
Z(te) — p(te) Z (1) [P (k) + p(te) Z(tr)] ™ Z (k)
_ kQ(t)At—/k F()At
ty o(tk)

Z(ti)[P(tr) + p(te) Z(tx)] " [P(te) + pu(te) Z (te) — p(te) Z ()]
— [ Quynt— / L PN

ty (tr)

Z)P(t) + p(t) Z(t0)] " Plty) - / "o

_ / " P AL
o(tx)
Z(tk)[P(tr) + pu(ti) Z(t)] " P(t) —/th(t)At-
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But now we get that

Z(te)[P(te) + p(te) Z(te)] " P(te) = Z(t0)[X (t:) X (0 (t) P (1) P(th)

= P(tr)X*(tr) X (o (ty))

o P(tk) o N -1 o

- [X7(tr) — X ()] X (o (tr))

. P(tk) . 1 -1 o

o p(ty) u(tk)P(tk)X(tk)X (ot
P(ty)

Hence, from above we have

Pty) ™
p(te) /tk Q) At

Using P(7i) + u(mx)Z (1) > 0, we have finally

Z(Tk) <

P(me)  Ple) (™
i L waeso,

which is a contradiction.

Corollary 2.1.2. Let a € T. A necessary condition for (2.2) to be nonoscillatory
on [a,o0) is that for any strictly increasing sequence {tx}ren C la,00) such that
wu(ty) >0 for k € N, with limy,_, ty = 0o, there is N € N such that

Pty)  Pltry) [

+ — (s)As >0 for k> N.

D =
* pw(te)  p(trgr) t

Corollary 2.1.3. Let a € T. Assume that there is a strictly increasing sequence
{tk}ren C [a,00) such that u(ty) > 0 for k € N | with limg_,o tp = 0o. Fur-
thermore assume that there are sequences {si tren C [a,00) and {7y }ren C [a, 00)

such that o(1) > 1, > 0 (sg) > s > o(ty), k € N, with

P(t)
p(tr)

/t " omat >
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and

P [ g

for k € N. Then (2.2) is oscillatory on [a, 00).

Proof It follows from Weyl’s inequality that if A and B are Hermitian ma-

trices, then
/\min<14 - B) S )\mln(A) - )\mm(B)

We use this fact in the following chain of inequalities. Consider

Amin ( P(ty) +P(T’“ / Q(t)At)

( M(Tk

B P(73.) T P(ty)

N /\mln([M(Tk) g QAT = / QA u(tk)])
 P(m) (

< dn - [ Q)AL — Aun / Q) )

te)

< 0.

Hence the result follows from Theorem 2.1.2.

Corollary 2.1.4. Let a € T. Suppose also that
t
tlim )\min(/ Q(s)As) = o0 (2.8)
—00 to
and that for each T € |a,00) there is t € [T, 00) such that pu(t) > 0 and
P(t)
mln t / Q AS (2.9)

Then (2.2) is oscillatory on [a, 00).

Theorem 2.1.3 ([6]). Let a € T. Suppose for each ty > a there is a strictly

increasing sequence {ty}e>, C [to,00) with p(ty) > 0 and limy_o t, = oo , and
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that there are constants K; and Ks such that 0 < Ky < u(ty) < Ky for k € N

with
1

pu(te)

Further assume that there is a constant M such that

i dul [ QAW) 2

tr(/tk Qt)At) > M  for keN.

Then (2.3) is oscillatory on [a, 00).

Proof Assume (2.3) is nonoscillatory on [a,00). This implies that there is a

nontrivial prepared solution X (¢) of (2.3) and ty € [a, 00) such that
X*(o(t))X(t) >0
on [tg, 00). We make the Riccati substitution
Z(t) = X2 ()X (t)

for t € [tg, 00), then by Theorem 1.6.4 we get that

I+ ut)Z(t) >0 for t>t,
and Z(t) is a Hermitian solution of the Riccati equation

Z2(t) +Q(t) + F(t) =0

on [tg,0) , where F' = Z*(P+uZ)~'Z. Corresponding to tg let {t}32, C [to, 00)

be the sequence guaranteed in the statement of this theorem . Integrating both
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sides of the Riccati equation from t; to ¢, , where k > 1 gives

Z(t) = Z(tk)+/th(t)A(t)+/th(t)At
_ Z(tk)+/tkQ(t)At—k/a(tl)F(t)At—k/tk F(t)At

t1 o(t1)
tr

ty
= Z(t)+ | QWA+ F(t)ut) + F(t) At
u>(£ () A+ F(t)(h) lm)<>
Simplifying we get
Z(ty) + / ' Qt)At + /(k ) Ft)At=Z(t)(I + u(tl)Z(tl))’lZ(tl).
Hence,

A Z@»+[“Q@Ar{ﬂ”FwAw

= Amax(Z(t) (I + p(t1) Z(t1)) ") Z (). (2.10)
By Weyl’s inequality

Amax ( Z(0) (I + p(t)Z (1) Z(1))
> A (Z(8)) + A / " QM)A + Ain / OIS

t o(t1)

> Nan(Z00)) + e [ Q). (2.11)

t1

Taking the limit of both sides as k — oo and using

lim Awin(Z () = 0, (2.12)

k—o0
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which we will prove later, we get

Amax  ( Z(t)I + p(t)Z(t1)) )
> llm )xmax/ Q(t)At)

>

M(tl)'

But in the proof of Theorem 2.1.1 we show that I + u(t1)Z(t1) > 0 implies that

Amax (Z(t) (1 4 p(t) Z(t)) 1) < (2.13)

pu(ty)’

and this is a contradiction. Hence to complete the proof of this theorem it remains

to prove that (2.12) holds. In fact , we shall prove that

lim A\ (Z(t)) = 0

k—o0

for 1 <4 < n , which includes (2.12) as a special case. To do this we first show
that
lim \;(F(tg)) =0

k—oo

for 1 <i <n. Since F(t) > 0 implies tr(F'(t)) > 0 we have

D uEN(ER)) < Zﬂ(tg)tr(F(t )

ko rolty)
-
Jj=1v%

/ " ) A

t1

IN

tr( / " e an)

t1

- / " b an)

t1

IA

IN
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for all £ > 1. We now show that the sequence

N / " Ry,

t1

k > 1 is bounded. From (2.11) and (2.13) we get

1 t
) > Amin(Z (1)) + )\max(/tl Q(t)A\t).

Using (2.10) and (2.13) and applying Weyl’s inequality twice yields

1 b
e > AmaX(Z(tk.)Jr/l Qt) At

+/F
(t1)

Z >\m1n( (tk +>\m1n/ Q At

+ )\max(/(t | F(t)At).

It follows that

1 1 t t'“
altn) ) Ami“(/tl QOAn AW(/aoen FO20.

From Theorem 2.1.1, we can, without loss of generality, assume that

b 1 1
Ama“/h QU < 25y T i)
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holds for k > 1. Therefore,
ty
M o<t / Q) A
t1
n te
= >l ewan
i=1 t

R RIS PNy AT
1

1
+

- Amm</tl QAL +(n =D as + 5

Solving for the last term on the right-hand side of (2.14) and using the above

inequality we get

t 1 1
Amax</¢7(t1) Fo)Ah) < n(u(tl) " M(’sz)) -

Therefore,

and so since

and 0 < K7 < p(ty) < Ky for k= 1,2, ..., it follows that

lim A\ (F(t,)) = 0.

k—o0

That is
lim (/\i[Z(tk)])Q =0
k—oo 1+ pu(ti) N[ Z (t1)]

for i =1,2,...,n. Similar to the argument to prove (2.6) in Theorem 2.1.1 we can

show

N(F (b)) = — 2. (2.16)
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If we consider only the case \;(Z(t)) > 0, then

(N[ Z(t)])? (NlZ(t)])?
O S T N2 = T a2

which implies

o H1Z(00))?

=0

for i = 1,2, ...,n, which in turn implies that

lim A(Z(ty)) = 0

k—o0

for i = 1,2, ...,n. This completes the proof.

2.2 New oscillation criteria

We are concerned with the oscillation of nonlinear matrix dynamic equation

of the form
[P(H)XA]2 + F(t, X, X?) X7 =0 (2.17)

where X = (z;;), F = (f;;) and P are n x n matrices. By F = F(t, X, X*) is
meant fi; = fi;(t, x11, ...,xnn,xﬁ, ..., x5). The functions fi; are assumed to be
continuous for ¢ on [a,00),a > 0, and for all values of the remaining variables.
The matrix F(t, X, X*) is symmetric and positive definite for every ¢ on [a, 00)
and every X with det X # 0, while the matrix P() is continuous, symmetric and

positive definite for every ¢ on [a, 00).
Remark: If T = R then the results in this section were proved by TOMASTIK

7).

Lemma 2.2.1. If X(t) is a prepared matriz solution of (2.17) such that det X (t) #

0 on some interval (b,00), then detX*(t) # 0 on some interval [c,00), ¢ > b. Fur-
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thermore, if Z(t) = P(t)X>(t)X1(t), then

_ / ' 2(0)P @) Z(@)[P + p 2] () Pl At (2.18)
and
Z7Yt) = Z7'e)+ /ct Z7 [z, X (2), X2 (2)](Z° (2)) " A
+ /:{P—lz[P +pZ] PP(Z7) Y (x) A (2.19)
for all t > c.

Proof Since det X(t) # 0 on (b,00), Z(t) is well defined on (b,00). Since

X(t) is a prepared solution i.e.,
X*PX* = (X®)*PX, (2.20)

it follows that Z(t) is also symmetric. If we take the derivative of Z(t) =
P#)X2(t) XL(t), we get

7% = (PX®)2(X 717+ PX2(X )2,
Using (2.17), we have

Z5 = —FX°(X 17 - PXAXIXA(X9)™!
= —F—ZX%(X°)™!
= —F-ZP'ZXx(X°)!

= —F-7ZP'z(x°Xx !

Since X°X ' =T+ (X° — X)X~ ! we may write

37



75 = —F—ZP'Z[I+(X° - X)X 1!
= —F—ZP'Z[I + ux~X'™!
= —F—ZP'Z[I + yP'PX2X 1!
= —F—ZP'Z[I +pP7'Z]™"
= —F—ZP'Z{P Y (P+ p2)}!
= —F—ZP'Z[P+uZ] 'P.

Therefore,

Z2(t) = —F[t, X(t), X2(t)]
— ZMPH(HZM)[PE) +ut)Z(1)] T P(t) (2.21)

The right hand-side of (2.21) is negative definite since F' is positive definite and
ZP~1Z = Z*P~1Z is positive semidefinite. Each characteristic root of Z(t), then
is strictly decreasing and det Z(t) can vanish at most n times. Then there exists
¢ > b such that Z(t) and thus X“(¢) is not singular on [c,00). If we take the
derivative of the both sides of Z7'Z = I, then we get

(ZYWoze = —77125.
By using (2.21), we have

(Z—I)A — _Z—le(Za')—l
= Z'F(Z)y w27 2P ZIP 4+ pZ) P(27) (2.22)
If we integrate both sides of (2.22), then
¢
Z7Nt) = Ye) + / Z7'F(Z2°) A

7
t
+ /PIZ[PJr,uZ]lP(Z")le.
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Clearly, (2.18) and (2.19) follow from (2.21) and (2.22), respectively.

Theorem 2.2.1. Let P(t) = I, the identity matriz. If
A / F(t, A(t), AS(£)A] = oo,

for every differentiable matriz A(t) such that Ay |A*(t)A(t)] > € > 0 for large t,
then (2.17) is oscillatory.

Proof Assume on the contrary that (2.17) is not oscillatory. Therefore, there
exists b > a and a prepared matrix solution X (¢) of (2.17) such that det X (¢) # 0
on (b,00). In view of Lemma 2.21, (2.18) and (2.19) are then satisfied. Using
Weyl inequality, we see that

Dl 2N} = AmanlZ71(0) + / 2R (2) Ax

+ t P YZ[P +uZ) ' P(Z°) ' Ax}
> Anin{Z7HE)} + Amazd / t Z7\F(Z°) " Ax}
+ )\mm{/t P 'ZIP+uZ) ' P(Z°) A}

Hence;

Anacl 270} > AinlZ71(e)}
+ )\max{/ Z71F<ZU)71A‘1‘} (223)

Since the first integral in (2.19) is positive definite, all characteristic roots Z~(t)

have limits equal to +00. Thus Z(t) is positive definite for large ¢ and
limZ(t) =0

Since det X (t) # 0 on [¢, 00), we can consider X () to be a matrix solution of the
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linear equation

Then, we get

[X*X]A — (XA)*XJ—FX*XA
— X'ZX° 1 X'ZX (2.24)

which is positive definite for large ¢ since Z(t) is positive definite for large ¢ and
detX(t) # 0. Thus each characteristic root of X*(¢)X (t) is strictly increasing
and A\ [ X*(t) X ()] > € > 0 for some € and for large t. By our hypothesis, we

conclude that -
- / FAM = oo

If we use this in (2.18), we see that Z(t) must be negative definite , which is a

contradiction. Hence, (2.17) is oscillatory.

Corollary 2.2.1. Suppose F(t,U,U*) = U**Q(t)U* where Q(t) is positive def-
inite on [a,00) and k is some nonnegative integer. If the matrix fat Qz)A Az is

unbounded, then (2.17) is oscillatory.

Assume that A(t) is differentiable matrix such that A\, [A*(t)A(t)] > € >0
for large t. This implies immediately that Aq.[A*"(t)A%(t)] > €* for large t.
Since Q(t) is positive definite, it follows readily from the Courant-Hilbert min-

max theorem that

Amam[A*k(t)Q(t)Ak@)] > 6k/\maﬂﬂ [Q(t>] (2-25)

for large ¢. Since Q(t) is positive definite and f; Q(z)Az is unbounded,
Amazlf;” Q(z)Ax] = o0o. Now using this fact and inequality in (2.25) and Theo-
rem 2.2.1, we conclude that Apq[ [~ A (£)Q(t)A*(t)] At = co. Therefore (2.17)

is oscillatory.

Theorem 2.2.2. If F' satisfies the same hypothesis as in Theorem 2.2.1 and if
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P(t) = p(t)I, where p(t) is a positive scalar function such that [~ p~*Az = oo,
then (2.17) is oscillatory.

The proof is the same as for 2.2.1, except that (2.24) becomes

[(X*X]® = (X)X + X* X4
= [P'ZX]"X° + X*[P'ZX]
= X*ZP'X°+X*P'ZX
= X' ZP'X° X'+ P 'Z)X. (2.26)

Now, ZP~'X° X1 + P=1Z positive definite and so the proof proceeds as before.
Theorem 2.2.3. Suppose that for every differentiable matriz A(t) with det A(t) #

0 for large t, we have
M/oo Flt, A(t), A2()]At] =00, i=1,..,p (2.27)
and
)\i[/OOPl(t)At] N (2.28)

If r +p > n, then (2.17) is oscillatory.

Assume that (2.17) is not oscillatory. Then there exists b > a and a prepared
matrix solution U(t) of (2.17) such that det U(t) # 0 on (b, 00). Lemma 2.2.1.
applies and so (2.21) and (2.22) are satisfied. Using the Weyl inequality, we see
from (2.18)

MZB) < MZ(0) = Amind / FAz)
- )\mm{/t ZP\Z[P + uZ] ' PAx)

Using (2.27) that Z(t) has p characteristic roots whose limits are —oco. From
(2.19) using (2.28), we see that Z~'(¢) has r characteristic roots whose limits are

oo. This contradicts the fact that r + p > n. Hence, (2.17) is oscillatory.
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