ON THE WKB ASYMPTOTIC SOLUTIONS OF DIFFERENTIAL
EQUATIONS OF THE HYPERGEOMETRIC TYPE

BETUL AKSOY

NOVEMBER 2004



ON THE WKB ASYMPTOTIC SOLUTION OF DIFFERENTIAL
EQUATIONS OF THE HYPERGEOMETRIC TYPE

A THESIS SUBMITTED TO
THE GRADUATE SCHOOL OF NATURAL AND APPLIED SCIENCES
OF
THE MIDDLE EAST TECHNICAL UNIVERSITY

BY

BETUL AKSOY

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS
FOR
THE DEGREE OF MASTER OF SCIENCE
IN
MATHEMATICS

NOVEMBER 2004



Approval of the Graduate School of Natural and Applied Sciences

Prof. Dr. Canan OZGEN

Director

I certify that this thesis satisfies all the requirements as a thesis for the degree of

Master of Science.

Prof. Dr. Safak ALPAY
Head of Department

This is to certify that we have read this thesis and that in our opinion it is fully

adequate, in scope and quality, as a thesis for the degree of Master of Science.

Prof. Dr. Hasan TASELI

Supervisor

Examining Committee Members

Prof. Dr. Okay CELEBI (MATH, METU)

Prof. Dr. Hasan TASELI (MATH, METU)

Prof. Dr. Marat AKHMET (MATH, METU)

Prof. Dr. Agacik ZAFER (MATH, METU)

Dr. Inci ERHAN (MATH EDU,BASKENT UNI)




I hereby declare that all information in this document has been obtained and
presented in accordance with academic rules and ethical conduct. I also declare
that, as required by these rules and conduct, I have fully cited and referenced all

materials and results that are not original to this work.

Name, Last name : Betiil AKSOY

Signature

il



ABSTRACT

ON THE WKB ASYMPTOTIC SOLUTIONS OF
DIFFERENTIAL EQUATIONS OF THE
HYPERGEOMETRIC TYPE

Aksoy, Betiil
M.Sc., Department of Mathematics

Supervisor: Prof. Dr. Hasan Tageli

November 2004, 44 pages

WKB procedure is used in the study of asymptotic solutions of differential
equations of the hypergeometric type. Hence asymptotic forms of classical or-
thogonal polynomials associated with the names Jacobi, Laguerre and Hermite
have been derived. In particular, the asymptotic expansion of the Jacobi polyno-

mials P\ (z) as n tends to infinity is emphasized.

Keywords: Asymptotic Approximation, WKB Method, Special Functions, Or-

thogonal Polynomials, Jacobi Polynomials.
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HIPERGEOMETRIK TIPTEN DIFERENSIYEL
DENKLEMLERIN WKB ASIMPTOTIK COZUMLERI

Aksoy, Betiil
Yiiksek Lisans, Matematik Boliimi

Tez Yoneticisi: Prof. Dr. Hasan Tageli

Kasim 2004, 44 sayfa

Hipergeometrik tipten diferensiyel denklemlerin asimptotik ¢oziimleri WKB yontemi
kullanilarak incelenmistir. Boylece, Jacobi, Laguerre ve Hermite adlariyla bilinen
klasik ortogonal polinomlarin asimptotik formlar1 ¢ikarilmigtir. Jacobi P,&aﬁ ) (x)
polinomlarinin, yeterince biiyiik n degerleri i¢in asimptotik agilimlari 6zellikle

vurgulanmistir.

Anahtar Kelimeler: Asimptotik Yaklagimlar , WKB Metod , Ozel Fonksiyonlar,

Ortogonal Polinomlar, Jacobi Polinomlari.



To my family

vi



ACKNOWLEDGMENTS

I would like to express my sincere gratitude to my supervisor, Prof. Dr. Hasan
TASELI, for his precious guidance, motivation and encouragement throughout
the research.

To my dear family, I offer very special thanks for their sincere love, patience
and encouragement during the long period of study.

I express my hearty thanks to Burcu and Sonay for moral support and being
with me in this period. Finally, I thank to Haydar and Hiiseyin for his help and

advice.

vil



TABLE OF CONTENTS

PLAGIARISM ..ttt ettt et e e il

ABSTRACT ettt ettt e e e e e e e v

(6 Y/ v

DEDICATION ...ttt ettt e e Vi

ACKNOWLEDGMENTS ..ttt vil

TABLE OF CONTENTS ...ttt Viil
CHAPTER

1 INTRODUCTION ..ttt 1

2 DIFFERENTIAL EQUATION OF HYPERGEOMETRIC TYPE . 5

2.1 A Differential Equation for Special Functions . . . . . . . . .. .. 5

2.1.1  Polynomial Solutions of EHT . . . . . ... .. .. .... 7

2.1.2  Orthogonality of the Polynomials of Hypergeometric Type 8

2.2 Gamma Function . . . .. .. ... oo 10

2.3 C(lassical Orthogonal Polynomials . . . . . . ... ... ... ... 11

2.3.1 Jacobi Polynomials . . . . . .. ... ... ... ... .. 11

2.3.2 Legendre Polynomials . . . .. .. .. ... .. .. .... 13

2.3.3 Laguerre Polynomials . . . . . ... .. ... .. .. .... 14

2.3.4 Hermite Polynomials . . . . ... ... ... .. .. .... 15

viil



3 ASYMPTOTIC WKB APPROXIMATION .. ... .. 17

3.1 Introduction to asymptotic analysis . . . . . .. .. ... ... .. 17
3.1.1 Order Symbols . . . .. .. ... ... 17
3.1.2  Asymptotic sequence, asymptotic expansion and

asymptotic power series . . . . . .. ... 18

3.2 Asymptotic solutions of differential equations . . . . . . .. . .. 19
3.2.1 WKB approximation with a large parameter . . . . . .. 21
3.2.2  WKB approximation of differential equations of

hypergeometric type . . . . . .. ..o 24
3.2.3 Application to orthogonal polynomials . . . . .. .. ... 29

3.2.4  Approximate solution of differential equation of hypergeo-
metric type valid at the end points of domain . . . . . . . 31
3.2.5 Approximate solution of differential equations of orthogo-

nal polynomials valid on their closed orthogonality intervals 34

4 HiLB’S TYPE ASYMPTOTIC APPROXIMATION OF JACOBI

POLYNOMIALS ..ot i 38
D CONCLUSION .ottt et e e e e e s 42
REFERENCES . .ottt ettt e e e e e e e s 43

1X



CHAPTER 1

INTRODUCTION

Simply stated, asymptotic analysis is that branch of mathematics devoted to
the study of the behaviour of functions in the vicinity of given points in their
domains of definition. Suppose then that f(z) is a function of a real or a complex
variable, which is to be considered near the point x = xy. If f is analytic at
xr = xo, then the desired behaviour can be determined by studying its Taylor
series expansion about x = zy. If x = xg is a singularity of f, either a pole or
a branch point, then again the analysis can be reduced to the investigation of
convergent series expansions. However, if x = x( is an irregular singularity of f,
then no such reduction is possible and the analysis is more complicated. Partly
for this reason, we shall find that most often our investigations will involve the
study of functions near their points of irregular singularity [7].

Let us begin by considering an example to understand how to get meaningful
approximations of complicated integral expressions, such as

e—t

Ei(x) = /OO —dt (1.1)

t

where z is real and nonnegative [17]. The integral in (1.1) is known as the
exponential integral. Let us look for the analytic approximation to Fi(x) for

large enough positive x values. Integrating by parts

1
u = o dw = e dt



we have
Bi(z) = -5~

Integrating by parts once more

1
u=—, dw=-e'dt
t2
-2
du=—dt, w=—e""'
t3
leads to
R P A
) = — p—
i(x) . + =l + /x I

Continuing in this way, we obtain

, .1 1 e t|™ o0 gt

r oz
1 1 2! e t™ o gt
=e "l -=— =4+ =] -3— 41 —dt
(x x2+x3) th ], * /z to

and finally

Ei(z) =e™® F s (—1)"(" — ﬂ +(—=1)"n! /:o e

T IIT2 tn+1

= Sn(z) + ru(w)

where the partial sum S, (z) and the remainder r,(z) are defined by

and

(1.2)

(1.3)

(1.4)

respectively. Although it is good since Ei(z) is represented by a series whose

terms involve inverse powers of z, S,(x) is divergent for any fixed z since the

general term tends to infinity as n — oo. Also, r,(z) is unbounded as n — oo.



But, it is possible to show that the integral is convergent for all x > 0, so that
Ei(z) = S,(z) 4+ rp(z) must be bounded

1e—t o0 e—t oo
Fi(x) :/ Tdt+/1 TdtﬁA(a:)—l—/l e”'dt

= A(z) — et < o0

Suppose we consider n fixed, and let « be sufficiently large. From (1.4)

® et n! [ _ nle™®
|rn ()] :n!/ tn+1dt < x”“/ e tdt = poEE (1.5)

for x >> 1. Obviously

|rn(z)] = 0 as z — oc.

Here ’;'f: is also the magnitude of the first neglected term (the term for k = n)

in the series for S,(z). Thus, for n fixed, the ratio of r,(z) to the last term in
Sy(z) is such that

nle *x—"1

(n—1)le~zg—n

()
(n—1)le~zx—n

=— = 0 (1.6)

as x — 00. The error in approximating Fi(x) by S,(x) has the order of the first

neglected term. Now, we may write that Ei(x) is asymptotically equal to S, (z)
Ei(z) ~ <————|——'+...> as  x — 00. (1.7)

Therefore, we conclude that when x is large, we may use the partial sum S, ()
which is divergent, to approximate Ei(z). This simple example reflects almost
all features of an asymptotic approximation.

The main goal of this study is to find asymptotic representations of polyno-
mial solutions of a differential equation known as equation of the hypergeometric
type. Thus, the organization of the thesis is as follows: In Chapter 2, differen-
tial equation of special functions are reviewed. Chapter 3 deals with asymptotic

WKB approximation and its applications to orthogonal polynomials. Hilb’s type



asymptotic expansion for the Jacobi poynomials is given in Chapter 4. Finally,

we discuss the results in Chapter 5.



CHAPTER 2

DIFFERENTIAL EQUATION OF

HYPERGEOMETRIC TYPE

2.1 A Differential Equation for Special Func-

tions

Consider the second order equation

po 7@, o)
u +0(x)u +02(I)U—0 (2.1)

where o(z) and &(x) are polynomials of degree at most 2, 7(z) is a polynomial
of degree at most 1. Here, x denotes, in general, a complex variable. Now, we

try to reduce (2.1) to a simpler form by introducing the transformation

u = ¢(x)y

where ¢(z) is to be determined appropriately. Substituting u, u’ and »” into (2.1)

e T o

Require that the coefficient of ¢ is of the form

we obtain




with 7(z) a polynomial of degree at most 1, it follows that

L0 Tl) — ()

¢ ofx)
and that () (@)
o2) ~ ol2) 23)
where .
m(z) = 5lr(z) = 7(2)] (2.4)
is also a polynomial of degree at most 1. Since
A CAN AN EANEAY
o (¢) ! <¢> (a) ! (o)
equation (2.2) takes the form,
p, @), alx)
Y +U(x)y +02(x)y—0 (2.5)
in which
7(z) =27n(z) + 7(x) (2.6)
and
o(z) = m*(x) + [7(z) — o' (2)|7(z) + [6(z) + 7' (z)o ()] (2.7)

where and &(z) is a polynomial of degree at most 2. Hence, (2.5) is an equation
of the same type of (2.1), so that we have found a class of transformations that
does not change the type of the equation. In other words, equation (2.1) remains
invariant under the transformations induced by the substitution u = ¢(x)y, where
¢(z) satisfies (2.3), with an arbitrary linear polynomial 7(x). Now, we try to
choose () so as to make (2.5) as simple as possible for studying the properties
of solutions. We may choose the coefficients of 7(z) so that o(z) in (2.7) is
divisible by o(z), that is,

o(z) = \o(x), (2.8)



where A is a constant. Then (2.5) can be written as,

7(x)
o()

y//+ y/+)\02<x)y:0
o*(x)

or as

o(x)y" +7(x)y + y=0 (2.9)

upon multiplication by o(x).

Equation (2.9) is referred to as a differential equation of the hypergeomet-
ric type (EHT) and its solutions are called functions of the hypergeometric type.
When solutions are polynomials, they are called polynomials of the hypergeomet-
ric type. Now, equation (2.1) may be called a generalized differential equation of

the hypergeometric type.

2.1.1 Polynomial Solutions of EHT

It is possible to show that the EHT has polynomial solutions if and only if
/ 1 !
)\:)\n:—nT—§n(n—1)0, n=0,1,.... (2.10)

These polynomials are given explicitly by the Rodriguez formula,

B, d"

) = o

[0 () p(x)] (2.11)

where B, is a normalization constant, and p(x) satisfies the equation

which is used to make (2.9) self-adjoint [16].

Solving (2.11), we obtain, up to constant factors, the possible forms of p(x)



corresponding to the possible degrees of o(x)

(b—2)%(x —a)® for o(x)=(b—2)(x—a)
p(z) =< (x —a)¥e for o(x)=x—a

eor’ Pz for o(x)

where a, b, a and (3 are constants. By linear changes of variable, the expressions

for p(x) and o(x) can be reduced to the following canonical forms:

(1—2)¥(1+2)? for o(x)=1-2?
p(z) = ¢ x%* for o(z) ==z
e for o(z) =1

2.1.2 Orthogonality of the Polynomials of Hypergeomet-
ric Type

Let us consider the polynomial solutions y,(z) of the EHT for a real variable

x. In this case, the following theorem is of fundamental importance.

Theorem 2.1.1. Let the coefficients in (2.9) be such that

o(z)p(x)z” =0 for k=0,1,... (2.12)

r=a,b

at the boundaries of xz-interval (a,b). Then the polynomials of the hypergeometric
type, which constitute a sequence {po(z),p1(x),...,pm(x)... pn(x),...} of real
functions of the real argument x, corresponding to the different values of A = \,,

€. Xoy Ay oy Ay v oy Any - .. are orthogonal on (a,b) in the sense that

b
[ omntapa(ers =0 (2.13)

for m # n, where p(x) is now called the weighting function.

Proof. The polynomials p,(z) and p,,(x) satisfy

[0(2)p(2)p,(2)] + Aup(@)palz) =0



and
[o(2)p(2)p}, ()] + Anp(2)pim(z) = 0

respectively. Multiplying the first by p,, and the second by p, and subtracting

we get

which is equal to

[o(@)p(x)] [Pm ()P}, () = D (2)pa(@)] + [0(2)p(@)] [pm ()P (x) — Pl (2)pa(z)] =
(/\m - )‘n)p(x)pm(x)pn<x)

on rearranging the left hand side. A careful inspection shows that it can be

written in a more compact form

d

— | @p@W (B, ) ()| = O = Au)p(@)pn ()0 ()

where W (ppm, pn)(x) = pm(x)pl,(x) — pl,(x)pn(x) is the Wronsky determinant of

the solutions p,,(z) and p,(z). Now, integrating both sides from a to b, we obtain
b

O =) [ pla)m@pa()de = o(a)o() W (5, ) 2)

a

whose right hand side is equal to zero by hypothesis. Hence, form # n, (A, # A\n)

we must have fab p(2)pm (2)pp(x)dz = 0. More specifically, we may write

b
/ () P (2)pn () A2 = N2 S (2.15)

where 0,,,, is Kronecker delta and N, is a normalization constant defined by [16]

n _1\n b
=0, = C a2 [ outara,

Ay, = —‘m)! [[[7+%m+k—1)0"]



2.2 Gamma Function

Before starting our analysis of polynomials of hypergeometric type, it is conve-
nient to review some properties of the well-known Euler Gamma function which,

for any complex number z, such that Re(x) > 0, is defined by

[(z) = / t" te~tdt. (2.16)
0
Gamma Function satisfies the recurrence relation
F(z+1) =al'(z) (2.17)

which reduces to
F'n+1)=n! (2.18)
if x = n is an integer [9]. Another important functional equation of type

7

F(x)I(1—2) = (2.19)

sin rx

is known as the reflection (addition) formula, which gives the special value

r <3> — /. (2.20)

when z = 1/2. The formula

2x

r(3)

2

1

2(20) = L P (2 + ;) (2.21)

is called the duplication formula, and leads to

r <n + é) _ vrent (2.22)

22np)

10



when x = n. From the definition of Gamma function in (2.16) one can easily see
that I'(1) = 1 and using the relation in (2.17) one obtains I'(2) = 1.
A useful equality, which can be deduced from the definition of the beta func-

tion, is
I'()I'(y)
B(x,y) = 2.23
(@) = g o (223)
where B(z,y) is defined as
1
B(z,y) :/ "1 —t)vde. (2.24)
—1
Finally, the so-called Pochhammer’s symbol defined by
Bl =BB+1)...(6+n—=1), (Bo=1 (2.25)
can be written as I )
+n
Bhn = —mm— 2.26
=105 (2.26)

in terms of the Gamma function.

2.3 Classical Orthogonal Polynomials

Some special choices of o(z), 7(x), and A in (2.9) lead to the well-known fam-
ilies, such as Jacobi, Laguerre, and Hermite polynomials. Important properties

of these polynomials will be introduced.

2.3.1 Jacobi Polynomials

Let o(x) = 1 — 2% and p(z) = (1 — 2)*(1 + )7 in the differential equation
(2.11). Then from (2.11), 7(z) = —(a+ [+ 2)+ [ —a, A\, =n(n+a+ [+ 1).
Corresponding polynomials are denoted and defined by the Rodriguez formula in
(2.11)

(1—2)(1+2) P~ [(1 — )1 4 x)”+ﬁ] (2.27)

P = :
xn

21!

11



where B, = % is chosen for historical reasons [12]. It is clear from (2.9) that

Jacobi polynomials satisfy the differential equation
(1—a®)y' +[B—a—(a+B+2)z]y +n(n+a+B+1)y=0. (2.28)

Applying Leibniz’s rule for the derivatives of a product, it can be seen from (2.27)

( ) n B+ 1D (- 1)"F (x4 1)

(aﬂ
b IS

" 2”n'

or equivalently, using (2.26) we have

pld)(yy = Lo ta+ DI+ 5+ 1) —~ (n (x —1)" "z + 1)
" B 2nn)! £ \k)T(n—k+a+1)T(k+5+1)
(2.29)
and LI )
(@f)(q) = Lrntatl)
ES7Q) n! T'(a+1) ~’ (2:30)
@ 1y ()" Tn+5+1)
PP 1) = R D (2.31)
Putting x = F1 in (2.28) and using (2.30) and (2.31) we get
d 1 F'n+a+1)
—P*A(1) = = 1 2.32
de " (1) 2(n—|—a+ﬁ—|— )(n—l)!F(a+2)’ (2:32)
d 1 I'(n+p+1)
A ps_qy = (_qnt | . 2.33
Similarly differentiating (2.28) and using (2.32) and (2.33) one obtains
d? (n—1)n+a+5+2)d
—Pld(1) = — Pl (1 2.34
2 -1 2
L pep_yy = nZ D ta 52 d pag gy (2.35)

da? " 2(6+2) dx
The condition (2.12) in theorem (2.1) is satisfied when (a,b) = (—1,1), provided
a > —1, > —1. Thus, Jacobi polynomials are orthogonal on (—1,1) with

12



respect to the weighting function p(x) = (1 — x)%(1 + 2)”. That is,

1
| PEO@PEI )1 - 2)(1 4 ) d = N (2.36)

1

where
A2 QoA+l Tn+a+1T(n+3+1) (2.37)
" 2n+a+ B+ 1)n! 'n+a+p+1) ' '

Thus, the recurrence relation is given by [14],
2n+1)(n+a+B6+1)2n+a+ 8PS (x) =

(n+a+B8+D)[(n+a+B+2)2n+a+B)r+a® — B P (z)
—2n+a)(n+B)2n+a+ 8+ 2) P (z) (2.38)

in which

P x) =1, P*P(z) = %(a +p+2)z + %(a — B).

2.3.2 Legendre Polynomials

The class of the Legendre polynomials is a subclass of Jacobi polynomials with

a = [ = 0. To simplify the notation it is standard to set P, := 7&0,0)_ We now

review the basic properties. According to (2.28) we have the differential equation
(1 —2®)P)(x) — 22P.(x) + n(n + 1)P,(x) = 0. (2.39)
The recursion formula in (2.38) takes the form
(n+1)P1(x) = 2n+ DaP,(x) — nP,_1(x) (2.40)
with Py(z) =1, Pi(z) = [13]. Special values in (2.30) and (2.31) give respec-

tively
P,(1)=1, P,(-1)=(-1)", (2.41)

13



and similarly (2.32) and (2.33) imply
1
Pl (£1) = (il)”_lﬁn(n +1). (2.42)

By taking o = = 0 in (2.36) and (2.37) we get the orthogonality property for
Legendre polynomials. That is,

b
/ Po(2) P (x)dz = N2 (2.43)
where )
2 _
Ni=o- T (2.44)

2.3.3 Laguerre Polynomials

Now we introduce another family of polynomial solutions of the hypergeo-
metric differential equation in (2.9). Let o(x) = = and p(x) = z% 7 in the
differential equation (2.9). Then, from (2.11), we have 7(z) = a + 1 — z and
A, = n. Corresponding polynomials are called generalized Laguerre polynomials

denoted and defined by the Rodriguez formula (2.11)

1 d”
L(z) = mezma@(ﬂ”%_“). (2.45)
It can be seen from (2.9) that Laguerre polynomials satisfy the differential equa-
tion

zy' + (a+1—2)y +ny=0. (2.46)

Applying Leibniz’s rule for derivatives of a product, we have, from (2.45) and
(2.26)

s Dln+a+1)(n\ Dla+1)
L () = n\T(a + 1) kz:; (k) T(k+a+1) ()" (247)

which gives
Fn+a+1)

al(a+1) (2.48)

14



In (2.46), putting x = 0 we get,

'n+a+1)
(n—1DT(a+2)

iL(a)@) =" @) =—

de " a+1" (2.49)

Similarly differentiating (2.46) with respect to z and substituting x = 0, we

obtain

d? (n—1)d I'n+a+1)
— @)= 22 = ) = )
dz? " (0) a+2 dz " (0) (n—2)T(a+ 3)

By virtue of theorem (2.1) Laguerre polynomials are orthogonal on (0,00) with

(2.50)

respect to the weight p(z) = z*e~*. That is,
b
/ L(z) L (2)z%eda = N6y (2.51)

where

N2 = iF(njLoz—l— 1). (2.52)

Toopl

Then, the three term recurrence relation is given by [6]
(n+ DL @) = (@ + 20+ 1= 2) L) = (a+n) L2 (), (253)

where Léa)(a:) =1 and Lga)(a:) =a+1—u=x.

2.3.4 Hermite Polynomials

Finally, we introduce the Hermite polynomials. Let o(z) = 1 and p(z) = e~*°
in the differential equation (2.9). Then, (2.11) gives 7(x) = —2z and A, = 2n.
Corresponding polynomials are the Hermite polynomials defined by the Rodriguez
formula in (2.11)

Ho(z) = (—1)"e dd; (e_IQ). (2.54)

Hermite polynomials satisfy the differential equation

H(x) — 2zH) (x) 4+ 2nH,(z) = 0. (2.55)

15



In the light of theorem (2.1), we see that Hermite polynomials are orthogonal on

the real line (—oo, c0) with respect to the weight p(z) = e=**, i.e.,
/ Hy(2)Hpp(z)e ™ dz = N6 (2.56)
where
NZ =2"nT(1) = 2"nl\/T. (2.57)
Thus, the recurrence relation reads as
H,1(x) =22H,(x) — 2nH, () (2.58)

with Hyo(x) = 1 and Hy(z) = 2z. Finally, for example, from Rodriguez formula

we can obtain another useful recurrence relation

H!(z) =2nH, 1(x). (2.59)

16



CHAPTER 3

AsympTOTIC WKB

APPROXIMATION

An introduction to asymptotic approximations has been given in the first
chapter providing an example. Now, we study the fundamental concepts of the

subject.

3.1 Introduction to asymptotic analysis

In order to describe the behaviour of f(z) as  — x in terms of a known
function g(z) we shall often use certain notations called order symbols due to
[11].

3.1.1 Order Symbols

Definition 3.1.1. (Big ”0O” symbol) If |f(x)/g(x)| is bounded, we write

f(z) = Olg(x)]  (x — o) (3.1)

or f=0(g); in words, f is of order not exceeding g.

Definition 3.1.2. (Small ”0” symbol) If f(z)/g(x) — 0, we write

f(@) =olg(x)] (z — z0) (3-2)

or f = o0(g); again in words, f is of order less than g.

17



Special cases of thes definitions are f = o(1) (z — x(), meaning simply that
f vanishes as © — xg, and f = O(1) (z — x(), meaning simply that f bounded
as r — Io.

The statement (3.3) is of existential type: it asserts that there is a number M

such that
|f(z)| < Mlg(z)| (x> a) (3.3)

without giving information concerning the actual size of M. If f(z)/g(x) tends

to unity, we write

f(x) ~g(x) (x— o) (3.4)

or f ~ g; again in words, f is asymptotic to g or g is an asymptotic approximation

of f [11].

3.1.2 Asymptotic sequence, asymptotic expansion and

asymptotic power series

Definition 3.1.3. (Asymptotic sequence [5]) A sequence of functions

{¢1(2), P2(x), d3(2), ... u(), ..} = {¢n(2)} (3.5)
for n =1, 2,3, ... is an asymptotic sequence as x — xg, if
Pni1(2) = 0[¢n ()] (3.6)
for all n, i.e.
Definition 3.1.4. (Asymptotic expansion [3]) Let ¢,(z) be an asymptotic

sequence as T — To. . ap¢,(z) is said to be an asymptotic expansion for f as

T — xg if

f(x) = andu(x) + olon(x)] (3.7)

18



where the a,, are constants. Here, we see that

ay = lim

T—x0

|:f(x) - 25;11 angbn(x)
on(z)

which implies that

=

-1

f(@) =) andn(z) + Olpn(2)].

1

3
Il

A function f may have asymptotic expansions involving two different asymp-
totic sequences and two sequences need not be equivalent.

If f~> anp, and g ~ > by, and if a5 are constants then

af (@) + Bg(x) ~ Y (aay + (by)dn.

Definition 3.1.5. (Asymptotic power series) Let f(z) be defined and con-
tinuous on D C R. The formal power series > a,(z — xo)" is said to be an

asymptotic power series expansion of f as  — xg in D if the condition

3
L

f(x) =) an(x —w0)" + O[(x — x)™]

3
Il
o

is satisfied [4].

3.2 Asymptotic solutions of differential equa-

tions

A general form of a linear differential equation of the second order is

d?y dy
22 +p($)a +q(x)y =0 (3.9)

where p(x) and ¢(z) denote coefficient functions continuous on some open interval.

If we change the dependent variable from y to w,

y = we 2/ PO (3.10)
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we transform the equation to a more appropriate form

(fTU; +g(x)w =0 (3.11)
where ) .
9(a) = 3/ (@) + (@) = a(a).

The function g(x) may also depend on a parameter, say A, so that g = g(\;x).
Our objective is to find an asymptotic approximation for w(z) as z — oo, i.e. a
solution valid for large values of the argument x. To this end, we have to examine
the ”point at infinity”, so the following cases may occur:

Case 1: If x = oo is an ordinary point of (3.11), then w(x) consist of two
linearly independent power series expansion in inverse power series of x which
are convergent for |z| > R for some R [2].

Case 2: If x = 0o is a singular point, then there are two possibilities:

There is at least one solution of Frobenious series type, when the singularity is a
regular singularity. If z = oo is an irregular singular point, we assume that g(z)

has an asymptotic form
g(x) Nao—i-a—;%—... =ap+O0(x™?) as x— o0, ag#0. (3.12)
x

With this g(z), we suggest an asymptotic solution of (3.11) of the form

w(x) = eMa’ f(x) (3.13)
where
Qaq 09"
= —+ .+ =+ .. 3.14
f(x) a+—+. T (3.14)
and A\, 0, ap, ai,..., o are some constants. Substituting w(z) in (3.11), after

some calculations, we get the reccurence relation

[a1 +2(c — 1 — 2)Nangs + [ag + (n 4+ 1)(n +2) + 0% — 0(2n + 3)]ans1+
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+ Z an_rariz3 =0, n=01,.. (3.15)
k=0

to determine the constants. Then two asymptotic solutions for w(x) as x — oo

may be written as

(1) (1)
wi(x) ~ Aot 1+ o1 /ao + ..+ %—7/1060 +..]

T T

and (2) (2)
wo(z) ~ BM 727 1 + %T/Oéo + ...+ anm—{fm +..]

where A and B are arbitrary constants. This procedure is closely related to
procedure WKB approximation consisting of the first letters of the names of

three mathematician Wentzel, Kramers and Brillauin, respectively [17].

3.2.1 WKB approximation with a large parameter

We consider again the differential equation
w’" + f(\x)w =0 (3.16)

with a large A parameter. Now we try to find w(\;x) as A — oco. The equation
(3.16) is known as Liouville equation when f(\;z) = A¢o(z). More generally,
WKB method uses originally

Fsx) = Noo(x) + Apr () + ().

We study (3.16) with f(\;z) having the following asymptotic form

[e.e]

FOs2) ~ Mo () + A () + () + A gs(x) + .. = Y N "gu(z)  (3.17)

n=0
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as A — oo where the coefficient functions ¢, (x) are continuous and twice differ-

entiable functions of x. We are looking for asymptotic solutions in the form

w\; ) ~ 90N Yo (@) +g1(Nr(2)+.. _ 3000 9n(N)Pn (@)

where the g,(A\) from an asymptotic sequence as A\ — oo. Thus, we have to

determine the sequence {g,(\)} and the functions ¢, (x). Since

Inw ~ Zgn(/\)@/)n(:p)
n=0
we have -
D B CAC)
n=0
and

AN nf;gnmw:;(x) + [nf‘agnmwmr

so that the substitution of %/ into equation (3.16) gives

GoN)g (x) + g1 ANy (z) + ... + {Z gn()\)wn(x)} + No(x) + A1 (2) + ... ~ 0.

(3.18)
Equating similar asymptotic terms to zero, first we get
90N [6(2)]* + No(z) ~ 0 (3.19)
for the dominant O(\?) terms, which leads to
[90(N)]? = A? = go(A) = A (3.20)

N[0 + $(a)} ~ 0
(@) = —(a)
Yolz) = Fi / NN 3
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Notice that we assume ¢o(z) # 0 in its domain. The next terms are of order A
O),
90N (x) + Ad1(2) + 290(A) o (2) ¢ () ~ 0

MF2ilo(2)] 7265 (2) + d1(2) + 201 (N [Fiv/do(2)]er (2)} ~ 0 (3.21)

which gives g;(\) = constant = 1 and

1gp(x)  (F) o)
4oo(z) 20 \/oo(a)
L[ ¢1(8)

1 (z) = Infeo ()] " F 3¢ \/T(@

Note that if ¢y(z) were equal to zero for some z in its domain, this would cause a

Ui (x) =

3 (3.22)

singularity in ¢4 (x) and hence the method would fail. The constant O(1) terms
give from (3.18), (3.20) and (3.22)

g1 () + gi (MW (2)]* + 200(N) g2 (M (2)¥5(2) + @a(z) ~ 0 (3.23)
{(@) + [ (@)] + 205(2)va(2) + p2(2) = 0 (3.24)
where go(A) = 1/ and

sy -~ (@) + [P ()] = da(2)
vale) = 20} (@) |

Notice that, we get the sequence {\, 1, \™1, \72, ...} for {g,(\)}. Therefore an

asymptotic solution of (3.16) may be taken as

w(@; \) ~ TN VOO0 @] F i [ 61(0)[60(€) 7 2de+O0 )

~ [o ()] AeFi S Po0@+ 31 @Nl6o@172dery 4 (N1 (3.25)

as A — oo valid for a domain of x where ¢o(x) # 0.
Remark: This procedure is valid for a larger class of functions f(\;z). It is
NOT valid only for f(\;z) given in (3.17). It is required that f(\;x) has an
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asymptotic expansion as A — oo, or consists of a finite number of terms where
the x and A variations of f(\;z) are separable.
If in (3.17), ¢o(z) = 0, ¢1(x) # 0 in the range of = of interest, then

Fz) = Aoi (@) + da(x) + A7 () + ... (3.26)
which may be written in the form of (3.17)
fus @) = i (x) + ¢a(w) + n~*ds() + .. (3.27)

on replacing A by p?. In this case, the asymptotic solution of (3.16) can be
reproduced directly from (3.25)

w(A;z) ~ ¢ (2)] Y AFVATVEDA L O(\1/2)] (3.28)

on writing ¢ instead of ¢y and setting ¢; = 0.

3.2.2 WKB approximation of differential equations of
hypergeometric type

Let us consider again the differential equation of hypergeometric type
o)y +7(x)y + y=0 (3.29)
which can be written in the self-adjoint form

[o(z)o(2)y] + Ap(z)y =0 (3.30)

where p(x) satisfies the differential equation

[o(z)o(z)]" = 7(x)p(z). (3.31)
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Our objective is to reduce (3.30) to the canonical in (3.16) using the so-called

Liouville transformations. To this end, first we make use of the substitution

[@)o@)d' () + [p(@)o(@)]'¢ (@) + Ap(@)p@)}ulx) =0. (3.3
Second, we introduce a new independent variable s = s(x) with
du_duds o du
dr dsdz ds
2 d2u (ds\®  duds ,oedPu o, du
= (@) * g B g

which transforms (3.32) to the form

u’(s) + f(s)u'(s) + [Ag(s) — q(s)]u(s) =0 (3.33)

where

_ 2p08' ¢ + (pos') ¢
podls')?

L (oo
9(s) = o[s]? dals) pog[s')?

Now, we may choose s(x) and ¢(z) so that g(s) =1 and f(s) =0, i.e

s(z) = / ’ [o(t)] /% at (3.34)
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and
¢(z) = [o(x)] "/ [p*(x)] 7/ (3.35)

which leads to the canonical form
W[ = g(s)u=0 , A=p? (3.36)
where
1 [((po) o\ | (3(po) 1p\((po) ¢
- — (= +E B [ (R L=Eieyn 3.37
«s) 40[(p0+p +4p0 4p p0+p (3.87)

This equation is formally the same as the differential equation in (3.16)
u’ + f(p;s)u=0

with
fluss) = p? = q(s).

Comparing f(u;s) with (3.27) we see that

¢1:1 ) ¢2:—Q(8) ) ¢k:0 5 k:3547

Furthermore, from (3.28) we deduce that an asymptotic solution of (3.36) is given
by
u(pss) = VL O] = 1 4 O]

as 1 — 00. Therefore, two real asymptotic solutions are expressible as
wn(1135) = cos (us) + O(u™)

and

us(p; 8) = sin (us) +O(u™")

as u — 00, and, hence,

u(p1;8) = ¢ cos (us) + cosin (us) + O(u™1) (3.38)
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for some arbitrary constants ¢; and cs.

Returning back to the original variables, we obtain the general solution

y(u;w) = p(){cr cos [us(x)] + casin [ps()]} + O(p™)

or

YO z) = (¢ cos [VAs(x)] + cosin [VAs(a)]} + O 1) (3.39)
[o(2)]/2p()

of the differential equation of the hypergeometric type in (3.29), where we have

used (3.35) for ¢(x). For convenience, we define new functions £(z) and p(z)

A

éla) = Vasta) = [ P ) =)o (3.40)
from (3.34), and rewrite (3.39) in the form
1
Ax) = Acosé(x sin &(x O(\1/2 :
i) = (A cose(e) + Bsing(n)] + O (.41

as A\ — 0o, where A and B are arbitrary constants.
Remark: The solution u(s) in (3.38) of the equation (3.36) may be derived by

an alternative method. Actually, writing (3.36) in the form
u” + pPu = q(s)u

and assuming that the right hand side is known, we find the solution by the
method of variation of parameters. To be specific, the general solution is given
by

u(s) = uc(s) + Ru(s) (3.42)

where u.(s) is the complementary solution

uc(s) = Acos(us) + Bsin(ps)
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and R, (s) denotes a particular solution of the type

Ry(s) = % /0 sinlu(s — Ol g(B)u()dt. (3.43)

Therefore, we have to prove that the neglected particular solution (3.43) in (3.38)
is of order O(u™ 1) as p — oo.
To prove this, suppose that the solution in (3.42) is continuous on some open

interval. Then, R,(s) in (3.43) should be neglecible as p — o0, i.e.
HIB,() = O(1). (3.44)
From (3.43), the magnitude of R,(s) can be written as

1
R < LT (p) (3.45).
where L = fil lg(t)|dt, M(u) = max|u(s)| . Note also that since sin(us) and
cos(pus) are bounded, M.(u) = max|u.(s)| is of constant order. Taking the abso-

lute values of both sides of (3.42), we have

()] < J1e()] + | Ry(5)| (3.46)
fu(s)] < M(u) < M) + iLMw (3.47)

If we solve (3.47) for M (u) and use (3.45) for p > L, we obtain

Ru(s) < —~

< /A——LMC(M)

which establishes (3.44) as © — oo. From this inequality we can see that the

neglected term is of order p~' = A7/,
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3.2.3 Application to orthogonal polynomials

Now, we apply (3.41) to the special choices of o(z), p(z) and X in section
(2.2), which lead to the Jacobi and Hermite polynomials.

Jacobi Polynomials: Let us obtain an approximate formula for the Jacobi
polynomials Pé‘“’ﬁ)(x) for large n when «, 3 > 0 and = € (—1,1). The Jacobi

differential equation in self adjoint is
[(1—2)*T' 1+ 2) ) +nn+a+ 8+ 1)1 —2)*(1+2)y=0  (3.48)

where p(z) = (1 — 2)*(1 + )%, o(z) = (1 —2?) and A=n(n+a+ 3+ 1).
The asymptotic solution of (3.48) as n — oo or A — 00, is found from equation
(3.41) as

Prga’ﬂ)x = ~ 11 1A cos|{(r)] + Bsin{(z)]} + O n~1) (3.49
0= e A Bl + 0 (349

where {(z) = \/n(n+a+6+1) [ ﬁdt = /n(n+ a+ B+ 1) arcsin(x) for
xg = 0, x € (—=1,1). This is an approximation to Jacobi polynomials, for a
suitable choice of the coefficients A and B. Indeed, if we equate (3.49) and its

derivative at 2 = 0 to P\ (0) and [P{*”]'(0) = 0, we find that
A= PP(0)

and
B = [P{*)7(0) — P*P(0).

n

Legendre Polynomials: When oo = § = 0, (3.49) becomes

P,(z) = STy {Acos[¢(z)] + Bsin[¢(x)]} +O(n™) (3.50)
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where {(z) = /n(n+ 1)[;0 ﬁdt = /n(n+ 1)arcsin(x) for o = 0, z €
(—1,1) which is an asymptotic formula for Legendre polynomials. In this case, it

is possible to show that
Py () = Py (0) cosl¢(x)] + O(n )

and
Popi1(2) = Py (0)sin[é(x)] +O(n ™)

respectively.
Hermite Polynomials: As a last application, we will obtain an approximate
formula for the Hermite polynomials H,,(z) for large n when x € (—00,00). The

Hermite differential equation in self adjoint form is

e’ y') + 2ny = 0 (3.53)

where p(z) = 1, o(z) = e and A = 2n. The approximate solution of (3.53) as

n — 00, is found from equation (3.41)
yn(2) = € {Acos[V2nz] + Bsin[v2nz]} + O(n~"/?) (3.54)
which implies that
Hop(2) = Hop(0)e cos[vV4na] + O(n=/?)

and

1 1\ /2
Hopiq(x) = B (n + 5) [Hapi1] (0)e™ cos[vAn + 22] + O(n~/?)
for appropriate selection of constants A and B.
As is shown, apart from that of Hermite polynomials, the asymptotic solu-
tions have singularities at the end points of their respective intervals. In other

words, the approximation in (3.49) for the Jacobi polynomials is not valid at the

end points. Now, we should look for a different approach to obtain asymptotic
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solutions valid at the end points as well.

3.2.4 Approximate solution of differential equation of hy-

pergeometric type valid at the end points of domain

We try to determine the behaviour of the classical orthogonal polynomials
about the singular points of their differential equations.

Consider, the self-adjoint form of (3.30) for a < z < b. We look for the case
when one of the o(z)p(z) and p(z) is zero at © = a. We can write o(x)p(z) =
(x — a)m5(z), p(z) = (x — a)!p(x) where (a) > 0, p(a) > 0 and &(z) and p(z)

have continuous second derivatives for ¢ < x < b. We assume that [ —m > —2

so that s(z) in (3.34) is finite at © = a [10]. Substituting o(z)p(z) and p(z) in
s(x) and ¢(x) defined at (3.34) and (3.35) respectively, we get
p(t)
/ Lat—oFa (3.55)
and
q(s) = TIG(x—a)m_l_QZ—g {(l+m)(Bm — 1 —4) + 2(z — a)A(z) + 4(z — a)’B(z) }
(3.56)
where T
o(z) plx
A(x) = <3m+l)6(x) + ()
_[#'@) | @) o'(x) _1p(x)] [a'(x)  plx)
o =[5+ 5] + (150 - 150 5+ 5

Now, let us find an approximation for s

—~

x) as © — a. By using the mean value
a

theorem for integrals, (3.55) can be take

9 [0 () (o — )75
=\ 50(€) (1 = m+2)]2

=

S
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where a < £ < z, so we get

I—m+2
2

pla) (z—a)
5a) (—m+2)/2

s(x) ~

as * — a. Now, ¢(s) in (3.56) reduces to

v —1
4 -2
a(s) = “ 57 (s)
where 7 = ﬁ >0,v= % and f(s) stands for a continuous function on

0 < s < s(b). In this case, the differential equation in (3.36) takes the form

v -1

u” + <,u2 - 4) u=s""2f(s)u (3.57)

which has a singular point at s = 0. As is made in the remark of the previous
section, we may solve this equation by the method of variation of parameters

assuming that the right hand side is known. The homogenous part

21
u” + (;ﬁ -— 4) u=0 (3.58)
S

is the so-called Lommel equation which may be transformed into a Bessel equa-

tion. Actually, by the change of the variable form s to t, t = us, we have
d2 V2 _ 1
Sy (1— 4)u:0. (3.59)

Now, transforming the dependent variable, we obtain

" 1/ VQ
v+¥v+ 1_15_2 v=0 (3.60)

where v(t) = t~'/2u(t), which is the Bessel equation . When v is not an integer,

it is known that the general solution of the Bessel equation is given by

y(t) = AJ,(t) + BJ_,(t) (3.61)
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where J,(t) is the Bessel function of the first kind of order v [8]. If v is an integer,
we introduce the Bessel function of the second kind denoted by Y, (t) and write

the general solution in the form
y(t) = AJ,(t) + BY,(t). (3.62)
The solution of the homogenous equation in (3.58) is now written as

ue(s) = VES[A, (us) + BJ_, (us)

for a non-integer v. Hence the general solution of (3.57) is

u(s) = uc(s) + Ru(s)

where
s) = / K, (t;s) 2 f(t)dt
in which
K,(t;s) = {\/_ V[, () T (pit) + J, (pet) - (s)] } -

Q,u sin(7v)

If we keep in mind the inequality

C for pus>1

(3.64)
C(ps)™ /% for ps <1

1
[(1s)2 T (ps)| < {
valid for the Bessel functions, R, (s) can be neglected [10]. More specifically,
returning back to the original variables, we find an asymptotic solution of (3.30)

of the form

S (AL + BIE@)) +
+{ O(n™7) - €>1 (3.65)
O L e<1
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for a <z < bas pu — oo, where p(z) = plo(z)] ™2, £(z) = [ p(t)dt, and X = 2.
When v is an integer J_,(&) is replaced by Y, (£). Notice that, this asymptotic
solution is valid at the singular point of the differential equation at x = a. Similar
procedure can be adopted for the other end point, x = b, of the interval a < x < b

if there is a singularity there.

3.2.5 Approximate solution of differential equations of or-
thogonal polynomials valid on their closed orthogo-

nality intervals

Jacobi Polynomials: Consider the Jacobi differential equation
(1 =) (1 +2)" ) +nn+a+ B+ 11 - 2)*(1+2)’y =0

generating the Jacobi polynomials pLe? )(x) It is known that these polynomials
are orthogonal on = € [—1,1] when «, 3 > —1. For large values of n, we may
now derive an asymptotic solution from (3.65) which is valid for —1 <z <1 —4.
We see that, in Jacobi differential equation, o(z)p(x) = (1 + x)?*15(z) and
p(x) = (1 + 2)Pp(x) with

o(x) = (1—2)*, plx)=(1-z)

Therefore the parameters a, [ and m in (3.55) are a = —1, 1 =  and m =

B+ 1, respectively. Furthermore, v = 8 and g = y/n(n + a + 8+ 1). Then, the

asymptotic solution in (3.65) reads as

o @ , N R I
VO = o e AT+ Bl >]}+{ on e
(3.66)

dt = parccos(—x)

£<x>=u/_iﬁ

34



and p ~ n as n — oo. With the suitable choice of the coefficients A and B, we
get an approximation to the Jacobi polynomials. To this end, we must have
I'(n+p+1) :
Plf) (1) = (—1)"———pl = 1 .
n D) = (D) gy = lim vl

In order for the limit on the right hand side to exist, we choose B = 0 in (3.66)
since J_3(§) tends to the infinity as x — —1. Also the other constant A is given
by
(1—2)5t1(1+ I)g—’—i

lim
" ==l () JplE(w)]

By L’Hospital rule, we have

lim \/1—1—93: 1
e—=1 §(x) V2n(n+a+B+1)

and, therefore
(=1)"2+5T(n+ B+ 1)

A= —
nlnin+a+F+1)211

(3.67)

where we have used the fact that

. Jp(&) 1
R Y I

known for the Bessel functions [14]. Substituting A into (3.66), we get

POA(—cosp) = — VT HB+DVOR {O(nl/2>, nf > 1

lpfcos(6,/2)]*+ 3 [sin(6/2)]+5 7 om?), nh<1
(3.68)
for 0 <0 <m—e€eor —1 <z <1 on setting z = —cosf, where € is a small

parameter.
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Using the relationship
P9(z) = (=1)" PP (~a)
we can easily find an approximate formula for P{*” (x) from (3.68) of the form

I'(n+5+1)y/0/2

O(n™2), nf>1
PTEOUB) (COS 9) — . . Ja(,Uze) + (n )7 no > '
n!pPlcos(0/2)]P+2[sin(8/2)]>+2 O(n®), nfd <1
(3.69)
valid for 0+ e <6 <mor -1 <z <1.
In particular, when v = 3 = 0 (3.68) and (3.69)
(=1)"I'(n+ 1)v6 On=Y?) | no>1
P,(—cos0) = Jo(ub) + 3.70
( ) ems o) o1) , nh<1 (3.70)
and
(=1)"T(n + 1)v/0 O(n=Y%), nf >1
P,(cosf) = Jo(ub) + 3.71
(cos?) iems o) o), o<1 (3.71)

reduce to asymptotic formulas for the Legendre polynomials, respectively.

Laguerre polynomials: Now, consider the Laguerre differential equation
[:L,a—&-le—acy/]/ + nxae—my =0

generating the Laguerre polynomials L%(z). For large values of n, we may now

derive an asymptotic solution from (3.65) which is valid for 0 < z < co. We

can see that, in Laguerre differential equation, o(x)p(r) = 215 (x) and p(x) =

x*p(x) with

Therefore the consants a, [ and m in (3.55) are a = 0, | = a« and m = o + 1,

respectively. The parameter v and p are now v = « ad p = y/n. Then, the
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asymptotic solution in (3.65) takes the form

V2

Y(@) = g (AJa(2Vn@) + BJ_a(2vn)} + { O™ 2vnr >1

Om*?) | 2ynr <1
(3.72)
By choosing A and B appropriately, we can write an approximation to Laguerre

polynomials. To this end, we must have

Llntatl) = lim y(x). (3.73)

@)y = 2~~~/
L) I'(a+1)n!  2—0

In order for the limit on the right hand side to exist, we choose B = 0 in (3.72)
since J_,(2y/nx) tends to the infinity as © — 0. Also the other constant A is
given by
A= L°(0) lim aelen
=0 y/2),(2y/ne)
which may be written as
L ey

A - 2a+1/2na/2 Ln(o) QI:IE}I(I) Ja<2 /—nx> .

Therefore
Fn+a+1)
V2ne/2n!
where we have used the fact to find (3.67) which is about Bessel functions. Sub-
stituting A in (3.72), we get

A:

O(n=Y4) | 2ynx >1
On*’?) | 2ynz <1

[(n+a+1)e"/?
n!(nx)e/?

Ly(z) = Jo(2V/nz) + {

valid for 0 < z < 0.
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CHAPTER 4

HizB’s TYPE ASYMPTOTIC
APPROXIMATION OF JACOBI
POLYNOMIALS

Let us take the differential equation [1]

d?u [ 1/4 —a? 1/4 — 32

N?%| y = 4.1
d92+ 4sin?(0/2) 40082(9/2)+ vl -y

whose solution is written as
u = u(f) = sin®"2(0/2) cos®/2(0/2) P\ (cos ), 0<O<m—6, >0

in terms of Jacobi polynomials where N = n+ (a+5+1)/2 and «, 5 > —1. Now,
we want to find an asymptotic approximations of solutions of this equation as
N — o0, by the method given in part 3.2.4. The equation (4.1) can be rewritten
in form (3.57) as

e [ () st

We can solve this equation by the method of variation of parameters, assuming

the right-hand side is known. Since the homogenous part of (4.2)

d?u ,  1/4—a?
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is the Lommel equation, its solution is written as
u,(0) = VO[ATL(NO) + BJ_o(N6)]
where A and B are constants. We obtain the general solution of (4.2) in the form

w(0) = sin®*12(0/2) cos®1/2(0/2) PP (cosh) = u.(0) + VORN(6). (4.3)

where )
Ry(0) = [ VEK(t;0)f()u(8)dt,
0o
in which
K(t;0) = [Jo(NO)J_o(Nt) — J_o(NO)Jo(Nt)]
and

0= s [l (L) (5 g )]

where f(t) is independent of n. It can be shown that Ry (6) can be neglected in
(4.3) as N — oo. If N — o0, we have n — oo, by writing v and us as « and nf,

respectively, the inequality in (3.64) reads as

Cn™ 12 | nf>1
Cn® ,nf<1

|[Jza(n0)] < {

Then, Ry(f) can be neglected by the method in remark in part 3.2.4. More

specifically, (4.3) can be represented in the form

0~ /2 sinF1/2(0/2) cos®2(0/2) PP (cosl) = AJL(NB) + BJ_o(NO)+

On=3?2) | no>1
O(n®) , nh <1 '
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Now, we will look for the suitable coefficients A and B to get the asymptotic

approximation of Jacobi polynomials at [—1,1]. To this end, we must have

'n+a+1)
1 (a,8) — (a,8) " = 7
s P (cos§) = P, (1) L(a+1)n!
In order for the limit on the right hand side to exist, we choose B = 0 in (3.66)

since J_,(NO) tends to the infinity as @ — 0. Also the other constant A is given
by

g 07 2()2) co™/2(0)2) P cos )
0 J2(NO)

which may be written as

A

(a,3) . a+1/2 o
_ B (cosf) i sin(6/2) lim (N6) '
N« 0—0 0—0 JQ(NH)

By L’Hospital rule, we have

. a+1/2
lim |:Sln(9/2):| — 2—04—1/2.

and therefore

I'n+a+1)

V2Nen!
where we have used (3.67). Thus, the asymptotic solution of (4.1) in terms of
Jacobi polynomials that is valid on [—1,1] as N — oo, a, # > —1 is found in the

form

I'(n+a+1) 6

sin®(0/2) cos” (0/2) B (cos 0) = V2Nean) sin 0

{ O(n=3?) | nh>1 (4.4)

O(n®) ., nh <1 '
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This solution is reffered to as Hilb’s type asymptotic solution of (4.1) [15]. It
follows from () that

I'(n+a+1)y/0/2
V2Nen!sin®+2(0/2) cosP+1/2(6/2)

PP (cos §) = Jo(NO)+

+{ O(n=3%?2) | nf>1 (4.5)

O(n®) L <1

which is an alternative asymptotic form of the Jacobi polynomials. Clearly, com-

paring with (3.69), we see that it is more accurate since the error term is of order

O(n=%/?).
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CHAPTER 5

CONCLUSION

In this thesis we deal with the asypmtotic WKB method for differential equa-
tions of the hypegeometric type. It is shown that the asymptotic solutions in
(3.41) of section 3.2.2, obtained by the standart WKB method are not valid at
the singular points of the differential equations under consideration. In section
3.2.4, we extend our analysis to find aymptotic approximations reflecting the be-
haviour of solutions at singular points as well. Thus, we present formulas for
plep) (x) and LY (x) as n — oo which are defined in their orthogonality intervals
[—1,1] and [0, 00), respectively.

Furthermore, we consider an alternative differential equation in chapter 4
whose solutions are involved again in the Jacobi polynomials. Then, we have
verified that such a differential equation has asymptotic solutions leading to a
more accurate approximation for the Jacobi polynomials. Therefore, we observe

that several asymptotic approximations can be derived for a function in this way.
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