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abstract

ON THE WKB ASYMPTOTIC SOLUTIONS OF

DIFFERENTIAL EQUATIONS OF THE

HYPERGEOMETRIC TYPE

Aksoy, Betül

M.Sc., Department of Mathematics

Supervisor: Prof. Dr. Hasan Taşeli

November 2004, 44 pages

WKB procedure is used in the study of asymptotic solutions of differential

equations of the hypergeometric type. Hence asymptotic forms of classical or-

thogonal polynomials associated with the names Jacobi, Laguerre and Hermite

have been derived. In particular, the asymptotic expansion of the Jacobi polyno-

mials P
(α,β)
n (x) as n tends to infinity is emphasized.

Keywords: Asymptotic Approximation, WKB Method, Special Functions, Or-

thogonal Polynomials, Jacobi Polynomials.
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öz

HİPERGEOMETRİK TİPTEN DİFERENSİYEL

DENKLEMLERİN WKB ASİMPTOTİK ÇÖZÜMLERİ

Aksoy, Betül

Yüksek Lisans, Matematik Bölümü

Tez Yöneticisi: Prof. Dr. Hasan Taşeli

Kasım 2004, 44 sayfa

Hipergeometrik tipten diferensiyel denklemlerin asimptotik çözümleri WKB yöntemi

kullanılarak incelenmiştir. Böylece, Jacobi, Laguerre ve Hermite adlarıyla bilinen

klasik ortogonal polinomların asimptotik formları çıkarılmıştır. Jacobi P
(α,β)
n (x)

polinomlarının, yeterince büyük n değerleri için asimptotik açılımları özellikle

vurgulanmıştır.

Anahtar Kelimeler: Asimptotik Yaklaşımlar , WKB Metod , Özel Fonksiyonlar,

Ortogonal Polinomlar, Jacobi Polinomları.
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chapter 1

Introduction

Simply stated, asymptotic analysis is that branch of mathematics devoted to

the study of the behaviour of functions in the vicinity of given points in their

domains of definition. Suppose then that f(x) is a function of a real or a complex

variable, which is to be considered near the point x = x0. If f is analytic at

x = x0, then the desired behaviour can be determined by studying its Taylor

series expansion about x = x0. If x = x0 is a singularity of f , either a pole or

a branch point, then again the analysis can be reduced to the investigation of

convergent series expansions. However, if x = x0 is an irregular singularity of f ,

then no such reduction is possible and the analysis is more complicated. Partly

for this reason, we shall find that most often our investigations will involve the

study of functions near their points of irregular singularity [7].

Let us begin by considering an example to understand how to get meaningful

approximations of complicated integral expressions, such as

Ei(x) =

∫ ∞

x

e−t

t
dt (1.1)

where x is real and nonnegative [17]. The integral in (1.1) is known as the

exponential integral. Let us look for the analytic approximation to Ei(x) for

large enough positive x values. Integrating by parts

u =
1

t
, dw = e−tdt

du =
−1

t2
dt, w = −e−t

1



we have

Ei(x) = −e
−t

t

∣∣∣∣∞
x

−
∫ ∞

x

e−t

t2
dt (1.2)

Integrating by parts once more

u =
1

t2
, dw = e−tdt

du =
−2

t3
dt, w = −e−t

leads to

Ei(x) =
e−x

x
+
e−t

t2

∣∣∣∣∞
x

+ 2

∫ ∞

x

e−t

t3
dt.

Continuing in this way, we obtain

Ei(x) = e−x
(

1

x
− 1

x2

)
− 2!

e−t

t3

∣∣∣∣∞
x

− 3!

∫ ∞

x

e−t

t4
dt

= e−x
(

1

x
− 1

x2
+

2!

x3

)
− 3!

e−t

t4

∣∣∣∣∞
x

+ 4!

∫ ∞

x

e−t

t5
dt

and finally

Ei(x) = e−x
[

1

x
− 1

x2
+ ...+ (−1)n

(n− 1)!

xn

]
+ (−1)nn!

∫ ∞

x

e−t

tn+1
dt

= Sn(x) + rn(x)

where the partial sum Sn(x) and the remainder rn(x) are defined by

Sn(x) = e−x
n−1∑
k=0

(−1)kk!

xk+1
, n = 1, 2, ... (1.3)

and

rn(x) = (−1)nn!

∫ ∞

x

e−t

tn+1
dt (1.4)

respectively. Although it is good since Ei(x) is represented by a series whose

terms involve inverse powers of x, Sn(x) is divergent for any fixed x since the

general term tends to infinity as n → ∞. Also, rn(x) is unbounded as n → ∞.

2



But, it is possible to show that the integral is convergent for all x > 0, so that

Ei(x) = Sn(x) + rn(x) must be bounded

Ei(x) =

∫ 1

x

e−t

t
dt+

∫ ∞

1

e−t

t
dt ≤ A(x) +

∫ ∞

1

e−tdt

= A(x)− e−1 <∞.

Suppose we consider n fixed, and let x be sufficiently large. From (1.4)

|rn(x)| = n!

∫ ∞

x

e−t

tn+1
dt ≤ n!

xn+1

∫ ∞

x

e−tdt =
n!e−x

xn+1
(1.5)

for x >> 1. Obviously

|rn(x)| → 0 as x→∞.

Here n!e−x

xn+1 is also the magnitude of the first neglected term (the term for k = n)

in the series for Sn(x). Thus, for n fixed, the ratio of rn(x) to the last term in

Sn(x) is such that∣∣∣∣ rn(x)

(n− 1)!e−xx−n

∣∣∣∣ ≤ ∣∣∣∣ n!e−xx−n−1

(n− 1)!e−xx−n

∣∣∣∣ =
n

x
→ 0 (1.6)

as x→∞. The error in approximating Ei(x) by Sn(x) has the order of the first

neglected term. Now, we may write that Ei(x) is asymptotically equal to Sn(x)

Ei(x) ∼
(

1

x
− 1

x2
+

2!

x3
+ ...

)
as x→∞. (1.7)

Therefore, we conclude that when x is large, we may use the partial sum Sn(x)

which is divergent, to approximate Ei(x). This simple example reflects almost

all features of an asymptotic approximation.

The main goal of this study is to find asymptotic representations of polyno-

mial solutions of a differential equation known as equation of the hypergeometric

type. Thus, the organization of the thesis is as follows: In Chapter 2, differen-

tial equation of special functions are reviewed. Chapter 3 deals with asymptotic

WKB approximation and its applications to orthogonal polynomials. Hilb’s type

3



asymptotic expansion for the Jacobi poynomials is given in Chapter 4. Finally,

we discuss the results in Chapter 5.
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chapter 2

Differential Equation of

Hypergeometric Type

2.1 A Differential Equation for Special Func-

tions

Consider the second order equation

u′′ +
τ̃(x)

σ(x)
u′ +

σ̃(x)

σ2(x)
u = 0 (2.1)

where σ(x) and σ̃(x) are polynomials of degree at most 2, τ̃(x) is a polynomial

of degree at most 1. Here, x denotes, in general, a complex variable. Now, we

try to reduce (2.1) to a simpler form by introducing the transformation

u = φ(x)y

where φ(x) is to be determined appropriately. Substituting u, u′ and u′′ into (2.1)

we obtain

y′′ +

(
2
φ′

φ
+
τ̃

σ

)
y′ +

(
σ̃

σ2
+
τ̃

σ

φ′

φ
+
φ′′

φ

)
y = 0. (2.2)

Require that the coefficient of y′ is of the form

τ(x)

σ(x)

5



with τ(x) a polynomial of degree at most 1, it follows that

2
φ′

φ
=
τ(x)− τ̃(x)

σ(x)

and that
φ′(x)

φ(x)
=
π(x)

σ(x)
(2.3)

where

π(x) =
1

2
[τ(x)− τ̃(x)] (2.4)

is also a polynomial of degree at most 1. Since

φ′′

φ
=

(
φ′

φ

)′

+

(
φ′

φ

)2

=

(
π

σ

)′

+

(
π

σ

)2

equation (2.2) takes the form,

y′′ +
τ(x)

σ(x)
y′ +

˜̃σ(x)

σ2(x)
y = 0 (2.5)

in which

τ(x) = 2π(x) + τ̃(x) (2.6)

and

˜̃σ(x) = π2(x) + [τ̃(x)− σ′(x)]π(x) + [σ̃(x) + π′(x)σ(x)] (2.7)

where and ˜̃σ(x) is a polynomial of degree at most 2. Hence, (2.5) is an equation

of the same type of (2.1), so that we have found a class of transformations that

does not change the type of the equation. In other words, equation (2.1) remains

invariant under the transformations induced by the substitution u = φ(x)y, where

φ(x) satisfies (2.3), with an arbitrary linear polynomial π(x). Now, we try to

choose π(x) so as to make (2.5) as simple as possible for studying the properties

of solutions. We may choose the coefficients of π(x) so that ˜̃σ(x) in (2.7) is

divisible by σ(x), that is,

˜̃σ(x) = λσ(x), (2.8)

6



where λ is a constant. Then (2.5) can be written as,

y′′ +
τ(x)

σ(x)
y′ + λ

σ(x)

σ2(x)
y = 0

or as

σ(x)y′′ + τ(x)y′ + λy = 0 (2.9)

upon multiplication by σ(x).

Equation (2.9) is referred to as a differential equation of the hypergeomet-

ric type (EHT) and its solutions are called functions of the hypergeometric type.

When solutions are polynomials, they are called polynomials of the hypergeomet-

ric type. Now, equation (2.1) may be called a generalized differential equation of

the hypergeometric type.

2.1.1 Polynomial Solutions of EHT

It is possible to show that the EHT has polynomial solutions if and only if

λ = λn = −nτ ′ − 1

2
n(n− 1)σ′′, n = 0, 1, . . . . (2.10)

These polynomials are given explicitly by the Rodriguez formula,

yn(x) =
Bn

ρ(x)

dn

dxn
[σn(x)ρ(x)] (2.11)

where Bn is a normalization constant, and ρ(x) satisfies the equation

[σ(x)ρ(x)]′ = τ(x)ρ(x)

which is used to make (2.9) self-adjoint [16].

Solving (2.11), we obtain, up to constant factors, the possible forms of ρ(x)

7



corresponding to the possible degrees of σ(x)

ρ(x) =


(b− x)α(x− a)β for σ(x) = (b− x)(x− a)

(x− a)αeβx for σ(x) = x− a

eαx
2+βx for σ(x) = 1

where a, b, α and β are constants. By linear changes of variable, the expressions

for ρ(x) and σ(x) can be reduced to the following canonical forms:

ρ(x) =


(1− x)α(1 + x)β for σ(x) = 1− x2

xαe−x for σ(x) = x

e−x
2

for σ(x) = 1

.

2.1.2 Orthogonality of the Polynomials of Hypergeomet-

ric Type

Let us consider the polynomial solutions yn(x) of the EHT for a real variable

x. In this case, the following theorem is of fundamental importance.

Theorem 2.1.1. Let the coefficients in (2.9) be such that

σ(x)ρ(x)xk
∣∣∣
x=a,b

= 0 for k = 0, 1, . . . (2.12)

at the boundaries of x-interval (a, b). Then the polynomials of the hypergeometric

type, which constitute a sequence {p0(x), p1(x), . . . , pm(x) . . . , pn(x), . . .} of real

functions of the real argument x, corresponding to the different values of λ = λn,

i.e. λ0, λ1, . . . , λm, . . . , λn, . . . are orthogonal on (a, b) in the sense that∫ b

a

ρ(x)pm(x)pn(x)dx = 0 (2.13)

for m 6= n, where ρ(x) is now called the weighting function.

Proof. The polynomials pn(x) and pm(x) satisfy

[
σ(x)ρ(x)p′n(x)

]′
+ λnρ(x)pn(x) = 0

8



and [
σ(x)ρ(x)p′m(x)

]′
+ λmρ(x)pm(x) = 0

respectively. Multiplying the first by pm and the second by pn and subtracting

we get

pm(x)
[
σ(x)ρ(x)p′n(x)

]′ − pn(x)
[
σ(x)ρ(x)p′m(x)

]′
= (λm − λn)ρ(x)pm(x)pn(x)

(2.14)

which is equal to

[
σ(x)ρ(x)

]′[
pm(x)p′n(x)− p′m(x)pn(x)

]
+

[
σ(x)ρ(x)

][
pm(x)p′′n(x)− p′′m(x)pn(x)

]
=

(λm − λn)ρ(x)pm(x)pn(x)

on rearranging the left hand side. A careful inspection shows that it can be

written in a more compact form

d

dx

[
σ(x)ρ(x)W (pm, pn)(x)

]
= (λm − λn)ρ(x)pm(x)pn(x)

where W (pm, pn)(x) = pm(x)p′n(x) − p′m(x)pn(x) is the Wronsky determinant of

the solutions pm(x) and pn(x). Now, integrating both sides from a to b, we obtain

(λm − λn)

∫ b

a

ρ(x)pm(x)pn(x)dx = σ(x)ρ(x)W (pm, pn)(x)

∣∣∣∣b
a

whose right hand side is equal to zero by hypothesis. Hence, form 6= n , (λm 6= λn)

we must have
∫ b

a
ρ(x)pm(x)pn(x)dx = 0. More specifically, we may write∫ b

a

ρ(x)pm(x)pn(x)dx = N 2
nδmn (2.15)

where δmn is Kronecker delta and Nn is a normalization constant defined by [16]

N 2
n =

(−1)n

Ann

N 2
nn =

(−1)n

Ann

(n!an)
2

∫ b

a

ρn(x)dx,

Amn =
n!

(n−m)!

m−1∏
k=0

[
τ ′ + 1

2
(n+ k − 1)σ′′

]

9



.

2.2 Gamma Function

Before starting our analysis of polynomials of hypergeometric type, it is conve-

nient to review some properties of the well-known Euler Gamma function which,

for any complex number x, such that Re(x) > 0, is defined by

Γ(x) =

∫ ∞

0

tx−1e−tdt. (2.16)

Gamma Function satisfies the recurrence relation

Γ(x+ 1) = xΓ(x) (2.17)

which reduces to

Γ(n+ 1) = n! (2.18)

if x = n is an integer [9]. Another important functional equation of type

Γ(x)Γ(1− x) =
π

sin πx
(2.19)

is known as the reflection (addition) formula, which gives the special value

Γ
(

1

2

)
=
√
π. (2.20)

when x = 1/2. The formula

2Γ(2x) =
22x

Γ(1
2
)
Γ(x)Γ

(
x+

1

2

)
(2.21)

is called the duplication formula, and leads to

Γ
(
n+

1

2

)
=

√
π(2n)!

22nn!
(2.22)

10



when x = n. From the definition of Gamma function in (2.16) one can easily see

that Γ(1) = 1 and using the relation in (2.17) one obtains Γ(2) = 1.

A useful equality, which can be deduced from the definition of the beta func-

tion, is

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
(2.23)

where B(x, y) is defined as

B(x, y) =

∫ 1

−1

tx−1(1− t)y−1dt. (2.24)

Finally, the so-called Pochhammer’s symbol defined by

(β)n = β(β + 1) . . . (β + n− 1) , (β)0 = 1 (2.25)

can be written as

(β)n =
Γ(β + n)

Γ(β)
(2.26)

in terms of the Gamma function.

2.3 Classical Orthogonal Polynomials

Some special choices of σ(x), τ(x), and λ in (2.9) lead to the well-known fam-

ilies, such as Jacobi, Laguerre, and Hermite polynomials. Important properties

of these polynomials will be introduced.

2.3.1 Jacobi Polynomials

Let σ(x) = 1 − x2 and ρ(x) = (1 − x)α(1 + x)β in the differential equation

(2.11). Then from (2.11), τ(x) = −(α+ β + 2) + β − α, λn = n(n + α + β + 1).

Corresponding polynomials are denoted and defined by the Rodriguez formula in

(2.11)

P (α,β)
n (x) =

(−1)n

2nn!
(1− x)−α(1 + x)−β

dn

dxn

[
(1− x)n+α(1 + x)n+β

]
(2.27)

11



where Bn =
(−1)n

2nn!
is chosen for historical reasons [12]. It is clear from (2.9) that

Jacobi polynomials satisfy the differential equation

(1− x2)y′′ + [β − α− (α+ β + 2)x]y′ + n(n+ α+ β + 1)y = 0. (2.28)

Applying Leibniz’s rule for the derivatives of a product, it can be seen from (2.27)

P (α,β)
n (x) =

1

2nn!

n∑
k=0

(
n

k

)
(α+ 1)n

(α+ 1)n−k

(β + 1)n
(β + 1)k

(x− 1)n−k(x+ 1)k

or equivalently, using (2.26) we have

P (α,β)
n (x) =

Γ(n+ α+ 1)Γ(n+ β + 1)

2nn!

n∑
k=0

(
n

k

)
(x− 1)n−k(x+ 1)k

Γ(n− k + α+ 1)Γ(k + β + 1)

(2.29)

and

P (α,β)
n (1) =

1

n!

Γ(n+ α+ 1)

Γ(α+ 1)
, (2.30)

P (α,β)
n (−1) =

(−1)n

n!

Γ(n+ β + 1)

Γ(β + 1)
. (2.31)

Putting x = ∓1 in (2.28) and using (2.30) and (2.31) we get

d

dx
P (α,β)
n (1) =

1

2
(n+ α+ β + 1)

Γ(n+ α+ 1)

(n− 1)!Γ(α+ 2)
, (2.32)

d

dx
P (α,β)
n (−1) = (−1)n

1

2
(n+ α+ β + 1)

Γ(n+ β + 1)

(n− 1)!Γ(β + 2)
. (2.33)

Similarly differentiating (2.28) and using (2.32) and (2.33) one obtains

d2

dx2
P (α,β)
n (1) =

(n− 1)(n+ α+ β + 2)

2(α+ 2)

d

dx
P (α,β)
n (1), (2.34)

d2

dx2
P (α,β)
n (−1) =

(n− 1)(n+ α+ β + 2)

2(β + 2)

d

dx
P (α,β)
n (−1). (2.35)

The condition (2.12) in theorem (2.1) is satisfied when (a, b) = (−1, 1), provided

α > −1 , β > −1. Thus, Jacobi polynomials are orthogonal on (−1, 1) with
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respect to the weighting function ρ(x) = (1− x)α(1 + x)β. That is,∫ 1

−1

P (α,β)
n (x)P (α,β)

m (x)(1− x)α(1 + x)βdx = N 2
nδmn (2.36)

where

N 2
n =

2α+β+1

(2n+ α+ β + 1)n!

Γ(n+ α+ 1)Γ(n+ β + 1)

Γ(n+ α+ β + 1)
. (2.37)

Thus, the recurrence relation is given by [14],

2(n+ 1)(n+ α+ β + 1)(2n+ α+ β)P
(α,β)
n+1 (x) =

(n+ α+ β + 1)
[
(n+ α+ β + 2)(2n+ α+ β)x+ α2 − β2

]
P (α,β)
n (x)

−2(n+ α)(n+ β)(2n+ α+ β + 2)P
(α,β)
n−1 (x) (2.38)

in which

P
(α,β)
0 (x) = 1, P

(α,β)
1 (x) =

1

2
(α+ β + 2)x+

1

2
(α− β).

2.3.2 Legendre Polynomials

The class of the Legendre polynomials is a subclass of Jacobi polynomials with

α = β = 0. To simplify the notation it is standard to set Pn := P
(0,0)
n . We now

review the basic properties. According to (2.28) we have the differential equation

(1− x2)P ′′n (x)− 2xP ′n(x) + n(n+ 1)Pn(x) = 0. (2.39)

The recursion formula in (2.38) takes the form

(n+ 1)Pn+1(x) = (2n+ 1)xPn(x)− nPn−1(x) (2.40)

with P0(x) = 1 , P1(x) = x [13]. Special values in (2.30) and (2.31) give respec-

tively

Pn(1) = 1 , Pn(−1) = (−1)n, (2.41)
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and similarly (2.32) and (2.33) imply

P ′n(±1) = (±1)n−1 1

2
n(n+ 1). (2.42)

By taking α = β = 0 in (2.36) and (2.37) we get the orthogonality property for

Legendre polynomials. That is,∫ b

a

Pn(x)Pm(x)dx = N 2
nδmn (2.43)

where

N 2
n =

2

2n+ 1
. (2.44)

2.3.3 Laguerre Polynomials

Now we introduce another family of polynomial solutions of the hypergeo-

metric differential equation in (2.9). Let σ(x) = x and ρ(x) = xαe−x in the

differential equation (2.9). Then, from (2.11), we have τ(x) = α + 1 − x and

λn = n. Corresponding polynomials are called generalized Laguerre polynomials

denoted and defined by the Rodriguez formula (2.11)

L(α)
n (x) =

1

n!
exxα

dn

dxn

(
xn+αe−x

)
. (2.45)

It can be seen from (2.9) that Laguerre polynomials satisfy the differential equa-

tion

xy′′ + (α+ 1− x)y′ + ny = 0. (2.46)

Applying Leibniz’s rule for derivatives of a product, we have, from (2.45) and

(2.26)

L(α)
n (x) =

Γ(n+ α+ 1)

n!Γ(α+ 1)

n∑
k=0

(
n

k

)
Γ(α+ 1)

Γ(k + α+ 1)
(−x)k (2.47)

which gives

L(α)
n (0) =

Γ(n+ α+ 1)

n!Γ(α+ 1)
. (2.48)
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In (2.46), putting x = 0 we get,

d

dx
L(α)
n (0) = − n

α+ 1
L(α)
n (0) = − Γ(n+ α+ 1)

(n− 1)!Γ(α+ 2)
. (2.49)

Similarly differentiating (2.46) with respect to x and substituting x = 0, we

obtain
d2

dx2
L(α)
n (0) = −(n− 1)

α+ 2

d

dx
L(α)
n (0) =

Γ(n+ α+ 1)

(n− 2)!Γ(α+ 3)
. (2.50)

By virtue of theorem (2.1) Laguerre polynomials are orthogonal on (0,∞) with

respect to the weight ρ(x) = xαe−x. That is,∫ b

a

L(α)
n (x)L(α)

m (x)xαe−xdx = N 2
nδmn (2.51)

where

N 2
n =

1

n!
Γ(n+ α+ 1). (2.52)

Then, the three term recurrence relation is given by [6]

(n+ 1)L
(α)
n+1(x) = (α+ 2n+ 1− x)L(α)

n (x)− (α+ n)L
(α)
n−1(x), (2.53)

where L
(α)
0 (x) = 1 and L

(α)
1 (x) = α+ 1− x.

2.3.4 Hermite Polynomials

Finally, we introduce the Hermite polynomials. Let σ(x) = 1 and ρ(x) = e−x
2

in the differential equation (2.9). Then, (2.11) gives τ(x) = −2x and λn = 2n.

Corresponding polynomials are the Hermite polynomials defined by the Rodriguez

formula in (2.11)

Hn(x) = (−1)nex
2 dn

dxn

(
e−x

2
)
. (2.54)

Hermite polynomials satisfy the differential equation

H ′′
n(x)− 2xH ′

n(x) + 2nHn(x) = 0. (2.55)
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In the light of theorem (2.1), we see that Hermite polynomials are orthogonal on

the real line (−∞,∞) with respect to the weight ρ(x) = e−x
2
, i.e.,∫ ∞

−∞
Hn(x)Hm(x)e−x

2

dx = N 2
nδmn (2.56)

where

N 2
n = 2nn!Γ( 1

2
) = 2nn!

√
π. (2.57)

Thus, the recurrence relation reads as

Hn+1(x) = 2xHn(x)− 2nHn−1(x) (2.58)

with H0(x) = 1 and H1(x) = 2x. Finally, for example, from Rodriguez formula

we can obtain another useful recurrence relation

H ′
n(x) = 2nHn−1(x). (2.59)
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chapter 3

Asymptotic WKB

Approximation

An introduction to asymptotic approximations has been given in the first

chapter providing an example. Now, we study the fundamental concepts of the

subject.

3.1 Introduction to asymptotic analysis

In order to describe the behaviour of f(x) as x → x0 in terms of a known

function g(x) we shall often use certain notations called order symbols due to

[11].

3.1.1 Order Symbols

Definition 3.1.1. (Big ”O” symbol) If |f(x)/g(x)| is bounded, we write

f(x) = O[g(x)] (x→ x0) (3.1)

or f = O(g); in words, f is of order not exceeding g.

Definition 3.1.2. (Small ”o” symbol) If f(x)/g(x) → 0, we write

f(x) = o[g(x)] (x→ x0) (3.2)

or f = o(g); again in words, f is of order less than g.
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Special cases of thes definitions are f = o(1) (x → x0), meaning simply that

f vanishes as x → x0, and f = O(1) (x → x0), meaning simply that f bounded

as x→ x0.

The statement (3.3) is of existential type: it asserts that there is a number M

such that

|f(x)| ≤M |g(x)| (x ≥ a) (3.3)

without giving information concerning the actual size of M . If f(x)/g(x) tends

to unity, we write

f(x) ∼ g(x) (x→ x0) (3.4)

or f ∼ g; again in words, f is asymptotic to g or g is an asymptotic approximation

of f [11].

3.1.2 Asymptotic sequence, asymptotic expansion and

asymptotic power series

Definition 3.1.3. (Asymptotic sequence [5]) A sequence of functions

{φ1(x), φ2(x), φ3(x), ..., φn(x), ...} = {φn(x)} (3.5)

for n = 1, 2, 3, ... is an asymptotic sequence as x→ x0, if

φn+1(x) = o[φn(x)] (3.6)

for all n, i.e.

lim
x→x0

φn+1(x)

φn(x)
= 0 .

Definition 3.1.4. (Asymptotic expansion [3]) Let φn(x) be an asymptotic

sequence as x → x0.
∑
anφn(x) is said to be an asymptotic expansion for f as

x→ x0 if

f(x) =
N∑
n=1

anφn(x) + o[φN(x)] (3.7)
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where the an are constants. Here, we see that

aN = lim
x→x0

[
f(x)−

∑N−1
n=1 anφn(x)

φN(x)

]
(3.8)

which implies that

f(x) =
N−1∑
n=1

anφn(x) +O[φN(x)].

A function f may have asymptotic expansions involving two different asymp-

totic sequences and two sequences need not be equivalent.

If f ∼
∑
anφn and g ∼

∑
bnφn and if α,β are constants then

αf(x) + βg(x) ∼
∑

(αan + βbn)φn.

Definition 3.1.5. (Asymptotic power series) Let f(x) be defined and con-

tinuous on D ⊂ R. The formal power series
∑∞

n=0 an(x − x0)
n is said to be an

asymptotic power series expansion of f as x→ x0 in D if the condition

f(x) =
m−1∑
n=0

an(x− x0)
n +O[(x− x0)

m]

is satisfied [4].

3.2 Asymptotic solutions of differential equa-

tions

A general form of a linear differential equation of the second order is

d2y

dx2
+ p(x)

dy

dx
+ q(x)y = 0 (3.9)

where p(x) and q(x) denote coefficient functions continuous on some open interval.

If we change the dependent variable from y to w,

y = we−
1
2

∫ x p(t)dt (3.10)
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we transform the equation to a more appropriate form

d2w

dx2
+ g(x)w = 0 (3.11)

where

g(x) =
1

2
p′(x) +

1

2
[p(x)]2 − q(x).

The function g(x) may also depend on a parameter, say λ, so that g = g(λ;x).

Our objective is to find an asymptotic approximation for w(x) as x→∞, i.e. a

solution valid for large values of the argument x. To this end, we have to examine

the ”point at infinity”, so the following cases may occur:

Case 1: If x = ∞ is an ordinary point of (3.11), then w(x) consist of two

linearly independent power series expansion in inverse power series of x which

are convergent for |x| > R for some R [2].

Case 2: If x = ∞ is a singular point, then there are two possibilities:

There is at least one solution of Frobenious series type, when the singularity is a

regular singularity. If x = ∞ is an irregular singular point, we assume that g(x)

has an asymptotic form

g(x) ∼ a0 +
a1

x2
+ ... = a0 +O(x−2) as x→∞, a0 6= 0. (3.12)

With this g(x), we suggest an asymptotic solution of (3.11) of the form

w(x) = eλxxσf(x) (3.13)

where

f(x) = α0 +
α1

x
+ ...+

αk
xk

+ ... (3.14)

and λ, σ, α0, α1,..., αk are some constants. Substituting w(x) in (3.11), after

some calculations, we get the reccurence relation

[a1 + 2(σ − n− 2)λ]αn+2 + [a2 + (n+ 1)(n+ 2) + σ2 − σ(2n+ 3)]αn+1+
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+
n∑
k=0

αn−kak+3 = 0, n = 0, 1, ... (3.15)

to determine the constants. Then two asymptotic solutions for w(x) as x → ∞
may be written as

w1(x) ∼ Aeλ
(1)xxσ

(1)

[1 +
α

(1)
1 /α0

x
+ ...+

α
(1)
n /α0

xn
+ ...]

and

w2(x) ∼ Beλ
(2)xxσ

(2)

[1 +
α

(2)
1 /α0

x
+ ...+

α
(2)
n /α0

xn
+ ...]

where A and B are arbitrary constants. This procedure is closely related to

procedure WKB approximation consisting of the first letters of the names of

three mathematician Wentzel, Kramers and Brillauin, respectively [17].

3.2.1 WKB approximation with a large parameter

We consider again the differential equation

w′′ + f(λ;x)w = 0 (3.16)

with a large λ parameter. Now we try to find w(λ;x) as λ → ∞. The equation

(3.16) is known as Liouville equation when f(λ;x) = λ2φ0(x). More generally,

WKB method uses originally

f(λ;x) = λ2φ0(x) + λφ1(x) + φ2(x).

We study (3.16) with f(λ;x) having the following asymptotic form

f(λ;x) ∼ λ2φ0(x) + λφ1(x) + φ2(x) + λ−1φ3(x) + ... =
∞∑
n=0

λ2−nφn(x) (3.17)
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as λ → ∞ where the coefficient functions φn(x) are continuous and twice differ-

entiable functions of x. We are looking for asymptotic solutions in the form

w(λ;x) ∼ eg0(λ)ψ0(x)+g1(λ)ψ1(x)+... = e
∑∞

n=0 gn(λ)ψn(x)

where the gn(λ) from an asymptotic sequence as λ → ∞. Thus, we have to

determine the sequence {gn(λ)} and the functions ψn(x). Since

lnw ∼
∞∑
n=0

gn(λ)ψn(x)

we have
w′

w
∼

∞∑
n=0

gn(λ)ψ′n(x)

and
w′′

w
∼

∞∑
n=0

gn(λ)ψ′′n(x) +

[ ∞∑
n=0

gn(λ)ψ′n(x)

]2

so that the substitution of w′′

w
into equation (3.16) gives

g0(λ)ψ′′0(x) + g1(λ)ψ′′1(x) + ...+

[ ∞∑
n=0

gn(λ)ψn(x)

]2

+ λ2φ0(x) + λφ1(x) + ... ∼ 0.

(3.18)

Equating similar asymptotic terms to zero, first we get

[g0(λ)]2[ψ′0(x)]
2 + λ2φ(x) ∼ 0 (3.19)

for the dominant O(λ2) terms, which leads to

[g0(λ)]2 = λ2 ⇒ g0(λ) = λ (3.20)

λ2{[ψ′0(x)]2 + φ(x)} ∼ 0

[ψ′0(x)]
2 = −φ(x)

ψ0(x) = ∓i
∫ x √

φ0(ξ)dξ.
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Notice that we assume φ0(x) 6= 0 in its domain. The next terms are of order λ

O(λ),

g0(λ)ψ′′0(x) + λφ1(x) + 2g0(λ)ψ′0(x)ψ
′
1(x) ∼ 0

λ{∓2i[φ0(x)]
−1/2φ′0(x) + φ1(x) + 2g1(λ)[∓i

√
φ0(x)]ψ

′
1(x)} ∼ 0 (3.21)

which gives g1(λ) = constant = 1 and

ψ′1(x) = −1

4

φ′0(x)

φ0(x)
− (∓)

2i

φ1(x)√
φ0(x)

ψ1(x) = ln[φ0(x)]
−1/4 ∓ 1

2
i

∫ x φ1(ξ)√
φ0(ξ)

dξ. (3.22)

Note that if φ0(x) were equal to zero for some x in its domain, this would cause a

singularity in ψ1(x) and hence the method would fail. The constant O(1) terms

give from (3.18), (3.20) and (3.22)

g1(λ)ψ′′1(x) + g2
1(λ)[ψ′1(x)]

2 + 2g0(λ)g2(λ)ψ′0(x)ψ
′
2(x) + φ2(x) ∼ 0 (3.23)

ψ′′1(x) + [ψ′1(x)]
2 + 2ψ′0(x)ψ

′
2(x) + φ2(x) = 0 (3.24)

where g2(λ) = 1/λ and

ψ′2(x) =
−ψ′′1(x) + [ψ′1(x)]

2 − φ2(x)

2ψ′0(x)
.

Notice that, we get the sequence {λ, 1, λ−1, λ−2, ...} for {gn(λ)}. Therefore an

asymptotic solution of (3.16) may be taken as

w(x;λ) ∼ e∓iλ
∫ x
√
φ0(ξ)dξ+ln[φ0(x)]−1/4∓ 1

2
i
∫ x φ1(ξ)[φ0(ξ)]−1/2dξ+O(λ−1)

∼ [φ0(x)]
−1/4e∓i

∫ x[λφ0(ξ)+ 1
2
φ1(ξ)][φ0(ξ)]−1/2dξ[1 +O(λ−1)] (3.25)

as λ→∞ valid for a domain of x where φ0(x) 6= 0.

Remark: This procedure is valid for a larger class of functions f(λ;x). It is

NOT valid only for f(λ;x) given in (3.17). It is required that f(λ;x) has an
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asymptotic expansion as λ → ∞, or consists of a finite number of terms where

the x and λ variations of f(λ;x) are separable.

If in (3.17), φ0(x) = 0, φ1(x) 6= 0 in the range of x of interest, then

f(λ;x) = λφ1(x) + φ2(x) + λ−1φ3(x) + ... (3.26)

which may be written in the form of (3.17)

f(µ;x) = µ2φ1(x) + φ2(x) + µ−2φ3(x) + ... (3.27)

on replacing λ by µ2. In this case, the asymptotic solution of (3.16) can be

reproduced directly from (3.25)

w(λ;x) ∼ [φ1(x)]
−1/4e∓i

√
λ

∫ x√φ1(t)dt[1 +O(λ−1/2)] (3.28)

on writing φ1 instead of φ0 and setting φ1 = 0.

3.2.2 WKB approximation of differential equations of

hypergeometric type

Let us consider again the differential equation of hypergeometric type

σ(x)y′′ + τ(x)y′ + λy = 0 (3.29)

which can be written in the self-adjoint form

[ρ(x)σ(x)y′]′ + λρ(x)y = 0 (3.30)

where ρ(x) satisfies the differential equation

[ρ(x)σ(x)]′ = τ(x)ρ(x). (3.31)
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Our objective is to reduce (3.30) to the canonical in (3.16) using the so-called

Liouville transformations. To this end, first we make use of the substitution

y(x) = φ(x)u(x)

y′(x) = φ′(x)u(x) + φ(x)u′(x)

y′′(x) = φ′′(x)u(x) + 2φ′(x)u′(x) + φ(x)u′′(x)

to obtain

ρ(x)σ(x)φ(x)u′′(x) + {2ρ(x)σ(x)φ′(x) +
[
ρ(x)σ(x)

]′
φ(x)}u′(x)+

{ρ(x)σ(x)φ′′(x) +
[
ρ(x)σ(x)

]′
φ′(x) + λρ(x)φ(x)}u(x) = 0. (3.32)

Second, we introduce a new independent variable s = s(x) with

du

dx
=

du

ds

ds

dx
= s′(x)

du

ds

d2u

dx2
=

d2u

ds2

(
ds

dx

)2

+
du

ds

d2s

dx2
= [s′(x)]2

d2u

ds2
+ s′′(x)

du

ds

which transforms (3.32) to the form

u′′(s) + f(s)u′(s) + [λg(s)− q(s)]u(s) = 0 (3.33)

where

f(s) =
2ρσs′φ′ + (ρσs′)′φ

ρσφ[s′]2

g(s) =
1

σ[s′]2
and q(s) =

(ρσφ′)′

ρσφ[s′]2
.

Now, we may choose s(x) and φ(x) so that g(s) = 1 and f(s) = 0, i.e

s(x) =

∫ x

x0

[σ(t)]−1/2 dt (3.34)
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and

φ(x) = [σ(x)]−1/4[ρ2(x)]−1/2 (3.35)

which leads to the canonical form

u′′ + [µ2 − q(s)]u = 0 , λ = µ2 (3.36)

where

q(s) =
1

4σ

[(
(ρσ)′

ρσ
+
ρ′

ρ

)′

+

(
3

4

(ρσ)′

ρσ
− 1

4

ρ′

ρ

)(
(ρσ)′

ρσ
+
ρ′

ρ

)]
. (3.37)

This equation is formally the same as the differential equation in (3.16)

u′′ + f(µ; s)u = 0

with

f(µ; s) = µ2 − q(s).

Comparing f(µ; s) with (3.27) we see that

φ1 = 1 , φ2 = −q(s) , φk = 0 , k = 3, 4, ...

Furthermore, from (3.28) we deduce that an asymptotic solution of (3.36) is given

by

u(µ; s) = e∓iµ
∫ s dt[1 +O(µ−1)] = e∓iµs[1 +O(µ−1)]

as µ→∞. Therefore, two real asymptotic solutions are expressible as

u1(µ; s) = cos (µs) +O(µ−1)

and

u2(µ; s) = sin (µs) +O(µ−1)

as µ→∞, and, hence,

u(µ; s) = c1 cos (µs) + c2 sin (µs) +O(µ−1) (3.38)
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for some arbitrary constants c1 and c2.

Returning back to the original variables, we obtain the general solution

y(µ;x) = φ(x){c1 cos [µs(x)] + c2 sin [µs(x)]}+O(µ−1)

or

y(λ;x) =
1√

[σ(x)]1/2ρ(x)
{c1 cos [

√
λs(x)] + c2 sin [

√
λs(x)]}+O(λ−1/2) (3.39)

of the differential equation of the hypergeometric type in (3.29), where we have

used (3.35) for φ(x). For convenience, we define new functions ξ(x) and p(x)

ξ(x) =
√
λs(x) =

∫ x

x0

p(t)dt , p(x) =

√
λ

σ(x)
(3.40)

from (3.34), and rewrite (3.39) in the form

y(λ;x) =
1√

σ(x)ρ(x)p(x)
[A cos ξ(x) +B sin ξ(x)] +O(λ−1/2) (3.41)

as λ→∞, where A and B are arbitrary constants.

Remark: The solution u(s) in (3.38) of the equation (3.36) may be derived by

an alternative method. Actually, writing (3.36) in the form

u′′ + µ2u = q(s)u

and assuming that the right hand side is known, we find the solution by the

method of variation of parameters. To be specific, the general solution is given

by

u(s) = uc(s) +Rµ(s) (3.42)

where uc(s) is the complementary solution

uc(s) = A cos(µs) +B sin(µs)
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and Rµ(s) denotes a particular solution of the type

Rµ(s) =
1

µ

∫ s

0

sin[µ(s− t)]q(t)u(t)dt. (3.43)

Therefore, we have to prove that the neglected particular solution (3.43) in (3.38)

is of order O(µ−1) as µ→∞.

To prove this, suppose that the solution in (3.42) is continuous on some open

interval. Then, Rµ(s) in (3.43) should be neglecible as µ→∞, i.e.

µ|Rµ(s)| = O(1). (3.44)

From (3.43), the magnitude of Rµ(s) can be written as

|Rµ(s)| ≤
1

µ
LM(µ) (3.45).

where L =
∫ d1
c1
|q(t)|dt, M(µ) = max|u(s)| . Note also that since sin(µs) and

cos(µs) are bounded, Mc(µ) = max|uc(s)| is of constant order. Taking the abso-

lute values of both sides of (3.42), we have

|u(s)| ≤ |uc(s)|+ |Rµ(s)| (3.46)

or

|u(s)| ≤M(µ) ≤Mc(µ) +
1

µ
LM(µ). (3.47)

If we solve (3.47) for M(µ) and use (3.45) for µ > L, we obtain

|Rµ(s)| ≤
L

µ− L
Mc(µ)

which establishes (3.44) as µ → ∞. From this inequality we can see that the

neglected term is of order µ−1 = λ−1/2.
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3.2.3 Application to orthogonal polynomials

Now, we apply (3.41) to the special choices of σ(x), ρ(x) and λ in section

(2.2), which lead to the Jacobi and Hermite polynomials.

Jacobi Polynomials: Let us obtain an approximate formula for the Jacobi

polynomials P
(α,β)
n (x) for large n when α, β ≥ 0 and x ∈ (−1, 1). The Jacobi

differential equation in self adjoint is

[(1− x)α+1(1 + x)β+1y′]′ + n(n+ α+ β + 1)(1− x)α(1 + x)βy = 0 (3.48)

where ρ(x) = (1− x)α(1 + x)β, σ(x) = (1− x2) and λ = n(n+ α+ β + 1).

The asymptotic solution of (3.48) as n→∞ or λ→∞, is found from equation

(3.41) as

P (α,β)
n (x) =

1

(1− x)
α
2
+ 1

4 (1 + x)
β
2
+ 1

4

{A cos[ξ(x)] +B sin[ξ(x)]}+O(n−1) (3.49)

where ξ(x) =
√
n(n+ α+ β + 1)

∫ x

x0

1√
1−t2 dt =

√
n(n+ α+ β + 1) arcsin(x) for

x0 = 0 , x ∈ (−1, 1). This is an approximation to Jacobi polynomials, for a

suitable choice of the coefficients A and B. Indeed, if we equate (3.49) and its

derivative at x = 0 to P
(α,β)
n (0) and [P

(α,β)
n ]′(0) = 0, we find that

A = P (α,β)
n (0)

and

B = [P (α,β)
n ]′(0)− P (α,β)

n (0).

Legendre Polynomials: When α = β = 0, (3.49) becomes

Pn(x) =
1

(1− x)
1
4 (1 + x)

1
4

{A cos[ξ(x)] +B sin[ξ(x)]}+O(n−1) (3.50)
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where ξ(x) =
√
n(n+ 1)

∫ x

x0

1√
1−t2 dt =

√
n(n+ 1) arcsin(x) for x0 = 0, x ∈

(−1, 1) which is an asymptotic formula for Legendre polynomials. In this case, it

is possible to show that

P2n(x) = P2n(0) cos[ξ(x)] +O(n−1)

and

P2n+1(x) = P ′2n+1(0) sin[ξ(x)] +O(n−1)

respectively.

Hermite Polynomials: As a last application, we will obtain an approximate

formula for the Hermite polynomials Hn(x) for large n when x ∈ (−∞,∞). The

Hermite differential equation in self adjoint form is

[e−x
2

y′]′ + 2ny = 0 (3.53)

where ρ(x) = 1, σ(x) = e−x
2

and λ = 2n. The approximate solution of (3.53) as

n→∞, is found from equation (3.41)

yn(x) = ex
2{A cos[

√
2nx] +B sin[

√
2nx]}+O(n−1/2) (3.54)

which implies that

H2n(x) = H2n(0)ex
2

cos[
√

4nx] +O(n−1/2)

and

H2n+1(x) =
1

2

(
n+

1

2

)−1/2

[H2n+1]
′(0)ex

2

cos[
√

4n+ 2x] +O(n−1/2)

for appropriate selection of constants A and B.

As is shown, apart from that of Hermite polynomials, the asymptotic solu-

tions have singularities at the end points of their respective intervals. In other

words, the approximation in (3.49) for the Jacobi polynomials is not valid at the

end points. Now, we should look for a different approach to obtain asymptotic
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solutions valid at the end points as well.

3.2.4 Approximate solution of differential equation of hy-

pergeometric type valid at the end points of domain

We try to determine the behaviour of the classical orthogonal polynomials

about the singular points of their differential equations.

Consider, the self-adjoint form of (3.30) for a ≤ x < b. We look for the case

when one of the σ(x)ρ(x) and ρ(x) is zero at x = a. We can write σ(x)ρ(x) =

(x − a)mσ̄(x), ρ(x) = (x − a)lρ̄(x) where σ̄(a) > 0, ρ̄(a) > 0 and σ̄(x) and ρ̄(x)

have continuous second derivatives for a ≤ x < b. We assume that l −m > −2

so that s(x) in (3.34) is finite at x = a [10]. Substituting σ(x)ρ(x) and ρ(x) in

s(x) and q(x) defined at (3.34) and (3.35) respectively, we get

s(x) =

∫ x

a

√
ρ̄(t)

σ̄(t)
(t− a)

l−m
2 dt (3.55)

and

q(s) =
1

16
(x−a)m−l−2 σ̄(x)

ρ̄(x)

{
(l +m)(3m− l − 4) + 2(x− a)A(x) + 4(x− a)2B(x)

}
(3.56)

where

A(x) = (3m+ l)
σ̄′(x)

σ̄(x)
+
ρ̄′(x)

ρ̄(x)
,

B(x) =

[
σ̄′(x)

σ̄(x)
+
ρ̄′(x)

ρ̄(x)

]′
+

[
3

4

σ̄′(x)

σ̄(x)
− 1

4

ρ̄′(x)

ρ̄(x)

] [
σ̄′(x)

σ̄(x)
+
ρ̄′(x)

ρ̄(x)

]
.

Now, let us find an approximation for s(x) as x → a. By using the mean value

theorem for integrals, (3.55) can be taken as

s(x) =

√
ρ̄0(ξ)

σ̄0(ξ)

∫ x

a

(t− a)
l−m

2 dt =

√
ρ̄0(ξ)

σ̄0(ξ)

(x− a)
l−m+2

2

(l −m+ 2)/2
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where a < ξ < x, so we get

s(x) ∼

√
ρ̄(a)

σ̄(a)

(x− a)
l−m+2

2

(l −m+ 2)/2

as x→ a. Now, q(s) in (3.56) reduces to

q(s) =
ν2 − 1

4

s2
+ sγ−2f(s)

where γ = 2
l−m+2

> 0, ν = |m−1|
l−m+2

and f(s) stands for a continuous function on

0 ≤ s < s(b). In this case, the differential equation in (3.36) takes the form

u′′ +

(
µ2 −

ν2 − 1
4

s2

)
u = sγ−2f(s)u (3.57)

which has a singular point at s = 0. As is made in the remark of the previous

section, we may solve this equation by the method of variation of parameters

assuming that the right hand side is known. The homogenous part

u′′ +

(
µ2 −

ν2 − 1
4

s2

)
u = 0 (3.58)

is the so-called Lommel equation which may be transformed into a Bessel equa-

tion. Actually, by the change of the variable form s to t, t = µs, we have

d2u

dt2
+

(
1−

ν2 − 1
4

t2

)
u = 0. (3.59)

Now, transforming the dependent variable, we obtain

v′′ +
1

t
v′ +

(
1− ν2

t2

)
v = 0 (3.60)

where v(t) = t−1/2u(t), which is the Bessel equation . When ν is not an integer,

it is known that the general solution of the Bessel equation is given by

y(t) = AJν(t) +BJ−ν(t) (3.61)
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where Jν(t) is the Bessel function of the first kind of order ν [8]. If ν is an integer,

we introduce the Bessel function of the second kind denoted by Yν(t) and write

the general solution in the form

y(t) = AJν(t) +BYν(t). (3.62)

The solution of the homogenous equation in (3.58) is now written as

uc(s) =
√
µs[AJν(µs) +BJ−ν(µs)]

for a non-integer ν. Hence the general solution of (3.57) is

u(s) = uc(s) +Rµ(s)

where

Rµ(s) =

∫ s

s0

Kµ(t; s)t
γ−2f(t)dt

in which

Kµ(t; s) =
π

2µ sin(πν)

{√
µs
√
µt[Jν(µs)J−ν(µt) + Jν(µt)J−ν(µs)]

}
.

If we keep in mind the inequality

|(µs)
1
2J±ν(µs)| ≤

{
C for µs > 1

C(µs)±ν+1/2 for µs ≤ 1
(3.64)

valid for the Bessel functions, Rµ(s) can be neglected [10]. More specifically,

returning back to the original variables, we find an asymptotic solution of (3.30)

of the form

y(x) =

√
ξ(x)

ρ(x)σ(x)p(x)
{AJν [ξ(x)] +BJ−ν [ξ(x)]}+

+

{
O(µ−1/2) , ξ > 1

O(µν) , ξ ≤ 1
(3.65)
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for a ≤ x < b as µ→∞, where p(x) = µ [σ(x)]−1/2, ξ(x) =
∫ x

a
p(t)dt, and λ = µ2.

When ν is an integer J−ν(ξ) is replaced by Yν(ξ). Notice that, this asymptotic

solution is valid at the singular point of the differential equation at x = a. Similar

procedure can be adopted for the other end point, x = b, of the interval a < x ≤ b

if there is a singularity there.

3.2.5 Approximate solution of differential equations of or-

thogonal polynomials valid on their closed orthogo-

nality intervals

Jacobi Polynomials: Consider the Jacobi differential equation

[(1− x)α+1(1 + x)β+1y′]′ + n(n+ α+ β + 1)(1− x)α(1 + x)βy = 0

generating the Jacobi polynomials P
(α,β)
n (x). It is known that these polynomials

are orthogonal on x ∈ [−1, 1] when α, β ≥ −1. For large values of n, we may

now derive an asymptotic solution from (3.65) which is valid for −1 ≤ x < 1− δ.
We see that, in Jacobi differential equation, σ(x)ρ(x) = (1 + x)β+1σ̄(x) and

ρ(x) = (1 + x)β ρ̄(x) with

σ̄(x) = (1− x)α+1, ρ̄(x) = (1− x)α.

Therefore the parameters a, l and m in (3.55) are a = −1, l = β and m =

β + 1, respectively. Furthermore, ν = β and µ =
√
n(n+ α+ β + 1). Then, the

asymptotic solution in (3.65) reads as

y(x) =

√
ξ(x)

(1− x)
α
2
+ 1

4 (1 + x)
β
2
+ 1

4

{AJβ[ξ(x)]+BJ−β[ξ(x)]}+

{
O(n−1/2) , ξ > 1

O(nβ) , ξ ≤ 1

(3.66)

where

ξ(x) = µ

∫ x

−1

1√
1− t2

dt = µ arccos(−x)
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and µ ∼ n as n → ∞. With the suitable choice of the coefficients A and B, we

get an approximation to the Jacobi polynomials. To this end, we must have

P (α,β)
n (−1) = (−1)n

Γ(n+ β + 1)

Γ(β + 1)
n! = lim

x→−1
y(x).

In order for the limit on the right hand side to exist, we choose B = 0 in (3.66)

since J−β(ξ) tends to the infinity as x→ −1. Also the other constant A is given

by

A = P (α,β)
n (−1) lim

x→−1

(1− x)
α
2
+ 1

4 (1 + x)
β
2
+ 1

4√
ξ(x)Jβ[ξ(x)]

which may be written as

A = 2
α
2
+ 1

4P (α,β)
n (−1) lim

x→−1

[√
1 + x

ξ(x)

]β+ 1
2

lim
ξ→0

ξβ

Jβ(ξ)
.

By L’Hospital rule, we have

lim
x→−1

√
1 + x

ξ(x)
=

1√
2n(n+ α+ β + 1)

and, therefore

A =
(−1)n2α+β

2 Γ(n+ β + 1)

n![n(n+ α+ β + 1)]
β
2
+ 1

4

(3.67)

where we have used the fact that

lim
ξ→0

Jβ(ξ)

ξβ
=

1

2βΓ(β + 1)

known for the Bessel functions [14]. Substituting A into (3.66), we get

P (α,β)
n (− cos θ) =

(−1)nΓ(n+ β + 1)
√
θ/2

n!µβ[cos(θ/2)]α+ 1
2 [sin(θ/2)]β+ 1

2

Jβ(µθ) +

{
O(n−1/2), nθ > 1

O(nβ), nθ ≤ 1

(3.68)

for 0 ≤ θ ≤ π − ε or −1 ≤ x < 1 on setting x = − cos θ, where ε is a small

parameter.
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Using the relationship

P (α,β)
n (x) = (−1)nP (β,α)

n (−x)

we can easily find an approximate formula for P
(α,β)
n (x) from (3.68) of the form

P (α,β)
n (cos θ) =

Γ(n+ β + 1)
√
θ/2

n!µβ[cos(θ/2)]β+ 1
2 [sin(θ/2)]α+ 1

2

Jα(µθ) +

{
O(n−1/2), nθ > 1

O(nα), nθ ≤ 1
.

(3.69)

valid for 0 + ε ≤ θ ≤ π or −1 < x ≤ 1.

In particular, when α = β = 0 (3.68) and (3.69)

Pn(− cos θ) =
(−1)nΓ(n+ 1)

√
θ

n!
√

sin θ
J0(µθ) +

{
O(n−1/2) , nθ > 1

O(1) , nθ ≤ 1
(3.70)

and

Pn(cos θ) =
(−1)nΓ(n+ 1)

√
θ

n!
√

sin θ
J0(µθ) +

{
O(n−1/2), nθ > 1

O(1), nθ ≤ 1
(3.71)

reduce to asymptotic formulas for the Legendre polynomials, respectively.

Laguerre polynomials: Now, consider the Laguerre differential equation

[xα+1e−xy′]′ + nxαe−xy = 0

generating the Laguerre polynomials Lαn(x). For large values of n, we may now

derive an asymptotic solution from (3.65) which is valid for 0 ≤ x < ∞. We

can see that, in Laguerre differential equation, σ(x)ρ(x) = xα+1σ̄(x) and ρ(x) =

xαρ̄(x) with

σ̄(x) = e−x, ρ̄(x) = e−x.

Therefore the consants a, l and m in (3.55) are a = 0, l = α and m = α + 1,

respectively. The parameter ν and µ are now ν = α ad µ =
√
n. Then, the
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asymptotic solution in (3.65) takes the form

y(x) =

√
2

xα/2e−x/2
{AJα(2

√
nx) +BJ−α(2

√
nx)}+

{
O(n−1/4) , 2

√
nx > 1

O(nα/2) , 2
√
nx ≤ 1

.

(3.72)

By choosing A and B appropriately, we can write an approximation to Laguerre

polynomials. To this end, we must have

L(α)
n (0) =

Γ(n+ α+ 1)

Γ(α+ 1)n!
= lim

x→0
y(x). (3.73)

In order for the limit on the right hand side to exist, we choose B = 0 in (3.72)

since J−α(2
√
nx) tends to the infinity as x → 0. Also the other constant A is

given by

A = Lαn(0) lim
x→0

xα/2e−x/2√
2Jα(2

√
nx)

which may be written as

A =
1

2α+1/2nα/2
Lαn(0) lim

x→0

(2
√
nx)α

Jα(2
√
nx)

.

Therefore

A =
Γ(n+ α+ 1)√

2nα/2n!
.

where we have used the fact to find (3.67) which is about Bessel functions. Sub-

stituting A in (3.72), we get

Lαn(x) =
Γ(n+ α+ 1)ex/2

n!(nx)α/2
Jα(2

√
nx) +

{
O(n−1/4) , 2

√
nx > 1

O(nα/2) , 2
√
nx ≤ 1

.

valid for 0 ≤ x <∞.
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chapter 4

Hilb’s Type Asymptotic

Approximation of Jacobi

Polynomials

Let us take the differential equation [1]

d2u

dθ2
+

[
1/4− α2

4 sin2(θ/2)
+

1/4− β2

4 cos2(θ/2)
+N2

]
u = 0 (4.1)

whose solution is written as

u = u(θ) = sinα+1/2(θ/2) cosβ+1/2(θ/2)P (α,β)
n (cos θ), 0 ≤ θ < π − δ, δ > 0

in terms of Jacobi polynomials where N = n+(α+β+1)/2 and α, β > −1. Now,

we want to find an asymptotic approximations of solutions of this equation as

N →∞, by the method given in part 3.2.4. The equation (4.1) can be rewritten

in form (3.57) as

d2u

dθ2
+

[
N2 +

1/4− α2

θ2

]
u =

[
β2 − 1/4

4 cos2(θ/2)
+

(
1

4
− α2

) (
1

θ2
− 1

4 sin2(θ/2)

)]
u.

(4.2)

We can solve this equation by the method of variation of parameters, assuming

the right-hand side is known. Since the homogenous part of (4.2)

d2u

dθ2
+

[
N2 +

1/4− α2

θ2

]
u = 0
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is the Lommel equation, its solution is written as

uc(θ) =
√
θ[AJα(Nθ) +BJ−α(Nθ)]

where A and B are constants. We obtain the general solution of (4.2) in the form

u(θ) = sinα+1/2(θ/2) cosβ+1/2(θ/2)P (α,β)
n (cosθ) = uc(θ) +

√
θRN(θ). (4.3)

where

RN(θ) =

∫ θ

θ0

√
tK(t; θ)f(t)u(θ)dt,

in which

K(t; θ) = [Jα(Nθ)J−α(Nt)− J−α(Nθ)Jα(Nt)]

and

f(t) =
π

2 sinαπ

[
β2 − 1/4

4 cos2 (t/2)
+

(
1

4
− α2

) (
1

t2
− 1

4 sin2 (t/2)

)]
where f(t) is independent of n. It can be shown that RN(θ) can be neglected in

(4.3) as N →∞. If N →∞, we have n→∞, by writing ν and µs as α and nθ,

respectively, the inequality in (3.64) reads as

|J±α(nθ)| ≤

{
Cn−1/2 , nθ > 1

Cnα , nθ ≤ 1
.

Then, RN(θ) can be neglected by the method in remark in part 3.2.4. More

specifically, (4.3) can be represented in the form

θ−1/2 sinα+1/2(θ/2) cosβ+1/2(θ/2)P (α,β)
n (cosθ) = AJα(Nθ) +BJ−α(Nθ)+

+

{
O(n−3/2) , nθ > 1

O(nα) , nθ ≤ 1
.
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Now, we will look for the suitable coefficients A and B to get the asymptotic

approximation of Jacobi polynomials at [−1, 1]. To this end, we must have

lim
θ→0

P (α,β)
n (cos θ) = P (α,β)

n (1) =
Γ(n+ α+ 1)

Γ(α+ 1)n!
.

In order for the limit on the right hand side to exist, we choose B = 0 in (3.66)

since J−α(Nθ) tends to the infinity as θ → 0. Also the other constant A is given

by

A = lim
θ→0

θ−1/2 sinα+1/2(θ/2) cosβ+1/2(θ/2)P
(α,β)
n (cos θ)

Jα(Nθ)

which may be written as

A =
P

(α,β)
n (cos θ)

Nα
lim
θ→0

[
sin(θ/2)

θ

]α+1/2

lim
θ→0

(Nθ)α

Jα(Nθ)
.

By L’Hospital rule, we have

lim
θ→0

[
sin(θ/2)

θ

]α+1/2

= 2−α−1/2.

and therefore

A =
Γ(n+ α+ 1)√

2Nαn!
.

where we have used (3.67). Thus, the asymptotic solution of (4.1) in terms of

Jacobi polynomials that is valid on [−1, 1] as N →∞, α, β > −1 is found in the

form

sinα(θ/2) cosβ(θ/2)P (α,β)
n (cos θ) =

Γ(n+ α+ 1)√
2Nαn!

√
θ

sin θ
Jα(Nθ)+

+

{
O(n−3/2) , nθ > 1

O(nα) , nθ ≤ 1
. (4.4)
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This solution is reffered to as Hilb’s type asymptotic solution of (4.1) [15]. It

follows from u(θ) that

P (α,β)
n (cos θ) =

Γ(n+ α+ 1)
√
θ/2√

2Nαn! sinα+1/2(θ/2) cosβ+1/2(θ/2)
Jα(Nθ)+

+

{
O(n−3/2) , nθ > 1

O(nα) , nθ ≤ 1
. (4.5)

which is an alternative asymptotic form of the Jacobi polynomials. Clearly, com-

paring with (3.69), we see that it is more accurate since the error term is of order

O(n−3/2).
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chapter 5

conclusion

In this thesis we deal with the asypmtotic WKB method for differential equa-

tions of the hypegeometric type. It is shown that the asymptotic solutions in

(3.41) of section 3.2.2, obtained by the standart WKB method are not valid at

the singular points of the differential equations under consideration. In section

3.2.4, we extend our analysis to find aymptotic approximations reflecting the be-

haviour of solutions at singular points as well. Thus, we present formulas for

P
(α,β)
n (x) and L

(α)
n (x) as n→∞ which are defined in their orthogonality intervals

[−1, 1] and [0,∞), respectively.

Furthermore, we consider an alternative differential equation in chapter 4

whose solutions are involved again in the Jacobi polynomials. Then, we have

verified that such a differential equation has asymptotic solutions leading to a

more accurate approximation for the Jacobi polynomials. Therefore, we observe

that several asymptotic approximations can be derived for a function in this way.
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