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ABSTRACT

ASSEMBLY LINE BALANCING WITH TASK PARALLELING

Kaplan, Ozlem
M.S., Department of Industrial Engineering
Supervisor  : Assoc. Prof. Dr. Nur Evin Ozdemirel

Co-Supervisor: Prof. Dr. Meral Azizoglu

September 2004, 89 pages

In this study, we consider single model deterministic Assembly Line Balancing
problem with task paralleling. The objective is to minimize the total cost which is
composed of station opening cost and task dependent equipment cost. A branch and
bound algorithm that allows two-level task paralleling is proposed. A heuristic
algorithm is also developed both for obtaining efficient upper bounds to branch and
bound and for achieving good approximate solutions for large sized problems.
Computational experiments are conducted to investigate the effects of experimental
parameters on the cost-related and algorithm-related performance measures. The
exact algorithm results are compared to the proposed heuristic algorithm results,

station paralleling results and optimal solutions without paralleling.

Keywords: Assembly Line Balancing, Task Paralleling, Branch & Bound Algorithm
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OPERASYON PARALELLEME iLE MONTAJ HATTI
DENGELEME

Kaplan, Ozlem
Yiiksek Lisans, Endiistri Mithendisligi Boliimii
Tez Yoneticisi : Dog. Dr. Nur Evin Ozdemirel

Ortak Tez Yoneticisi: Prof. Dr. Meral Azizoglu

Eyliil 2004, 89 sayfa

Bu calismada, tek modelli montaj hattinin operasyon paralelleme ile dengelenmesi
problemi ele alinmistir. Amacimiz toplam istasyon agma maliyeti ve ekipman
maliyetinden olusan toplam maliyetin en aza indirilmesidir. Problemin ¢6ziimii i¢in
iki seviye operasyon paralellemeye izin veren bir Dal-Sinir algoritmasi
onerilmektedir. Dal-Sinir algoritmasi i¢in bir {ist sinir belirlemek ve biiyiik Sl¢iitteki
problemler i¢cin optimale oldukc¢a yaklasik sonuclar elde etmek icin bir sezgisel
algoritma gelistirilmistir. Deneysel parametrelerin maliyetle ilgili ve algoritmanin
performansi ile ilgili Olciitler iizerindeki etkilerinin incelenmesi icin deneyler
yapilmistir. Operasyon paralelleme yapan optimal algoritma, sezgisel algoritma,
istasyon paralelleme algortimasi ve paralelleme yapmayan optimal algoritma ile

karsilastirilmistir.

Anahtar Kelimeler: Montaj Hatti Dengeleme, Operasyon Paralelleme, Dal-Sinir

Algoritmasi
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CHAPTER 1

INTRODUCTION

Assembly line is an arrangement of workers, machines and equipment in which the
product to be assembled passes from one station to another until it is completed (Nof

et al., 1997).

Nearly all goods of daily life are made by mass production and in mass production a
large number of the same product is produced. Division of labor becomes a
necessity for large production volumes and assembly lines are the most preferred

production systems when high production rates are desired.

In a flow-line production system tasks are assigned to stations according to the
technological sequence of operations. A flow-line production system is generally
organized as an assembly line because of its serial layout. In an assembly line,
products are consecutively moved from station to station along a mechanical
material handling equipment, usually a conveyor belt. At each station, a part of the

assembly work is completed (Scholl, 1999).

Output rate of an assembly line is determined by the cycle time, which is the
duration between two consecutive products. The work content in a workstation is
limited by the cycle time. An efficient assembly line system requires nearly even
distribution of the total work content among stations. Each task in an assembly line
production system is assumed to be indivisible, i.e. a further division of tasks causes
additional tasks and so the total work content is increased. While assigning tasks to
stations, the precedence relations and some system specific constraints must be

satisfied.



Assembly lines are used in different industries and for different product types. The
first assembly line is implemented in 1913 by Henry Ford in automotive industry.
By this way the cost of a car is reduced by approximately 60% and a considerable
amount of time is saved (Nof et al., 1997). Some other noteworthy industries that
employ assembly lines are home furnishings, electrical equipment, and computer
manufacturing. Since it is necessary to use different production systems for different
product types, there is a wide range of assembly line balancing (ALB) problems in
the literature. ALB problem assigns the tasks to workstations so that prespecified

task precedence restrictions are satisfied and objectives are optimized.

A number of classification schemes, some of which will be discussed here, exists for
assembly lines. Assembly line production systems are generally classified according
to the types of products assembled, the manner in which the material flows through
the line, and the nature of task times. There are three kinds of assembly lines

according to the number of products assembled on the line. These are:

1. Single-Model Lines: A single product is manufactured in large volumes.
Each station has to perform the same tasks.

2. Mixed-Model Lines: Several different models produced on the same line
simultaneously. Since there are only minor differences among production
processes, the same assembly line can be used for production.

3. Multi-Model Lines: Different models are produced on the line, however not
simultaneously. Due to significant differences in production processes,

assembly line is rearranged between product switches.

According to the way the material flows through the line, there are two types of
assembly lines: paced and unpaced assembly lines. In a paced assembly line, all
stations have the same amount of time to perform the tasks. At the end of this time
period, the product to be assembled is passed automatically to the next station. In
unpaced lines, a task is transferred to the next workstation once it is completed. So

the transfers are not synchronous.



Another classification of ALB is according to the assumption on the nature of
operation times: deterministic operation times, stochastic operation times, and
dynamic operation times. If the expected task time variability is sufficiently small,
then task times are assumed as deterministic. Task time variability is large, in
particular with human workers. Even in automated flow lines, due to some
disruptions like machine breakdowns and tool breakages, task times can vary
considerably. Under these circumstances, stochastic task times are assumed.
Dynamic operation times are possible if learning effects or successive improvements
in production processes are taken into account. As mentioned by Scholl (1999), in a
new assembly line system, task times are reduced after the workers become familiar

with work.

There are two versions of the assembly line balancing problem according to the
objective function:

e The first type, type I, requires feasible assignment of tasks to stations so that
the workload assigned to each station does not exceed a prespecified cycle
time and the number of stations is minimized.

e The second type, type II, of the problem fixes the number of stations and
requires a feasible assignment of tasks to stations such that the cycle time is

minimized.

In these two types of problems, there can be additional objectives such as

minimizing the cost of equipment necessary for the tasks.

ALB problem belongs to the NP-hard class of combinatorial optimization problems
(McMullen and Tarasewich, 2003). The problem can be formulated as sequencing
problem, hence it has a finite but extremely large number of feasible solutions.
Without any constraints, there are N! different sequences of N tasks. However,
precedence relations or any specific constraints can reduce this number significantly.
Erel and Sarin (1998) mention that when the number of precedence relations is r, the
possible number of distinct sequences reduces approximately to N! / 2r. ALB
problem has been studied extensively for the last 40 years and a lot of research has

been done so far in this area.



Another classification is done according to the number of workstations used in each
stage. Serial and parallel workstations are two variants. Majority of the ALB studies
consider serial station environments. Increased flexibility in assigning tasks,
decreased failure sensitivity of the assembly line production system, and shortened
cycle times necessitate the use of paralleling in assembly lines. Despite its
importance, the literature on assembly line balancing with paralleling is very

limited.

In a traditional assembly line, the production rate of the system is limited by the
longest task time, i.e., the cycle time cannot be less than the longest task time. Also,
a task can only be assigned to a particular station. By allowing paralleling in an
assembly line, the production rate is no more limited by the longest task time, and a
task can be assigned to more than one station without violating the rule that a task is
indivisible. The paralleling in ALB can be one of the two types: paralleling of

stations and paralleling of tasks.

If a station is paralleled in an assembly line, production facilities and the total work
content of that particular station is duplicated. If two parallel stations are available,
the work pieces are alternately fed into one of the stations performing identical set of
tasks. By paralleling a station m times, the maximum allowed work content is
increased by m times, thereby increasing the maximum achievable production rate.
Another advantage of parallel stations is the resulting reduced idle times by fitting
tasks to stations more tightly because the work content allowed at a station is
increased by the number of times the station is paralleled. Parallel stations also
increase the reliability of a production system since, in case of a disruption in one

station, the others can continue to work.

Despite various advantages of station paralleling, the additional cost incurred by
duplicating all tasks in a station should also be taken into account while designing

parallel lines.

The second type of paralleling is task paralleling in which a task is allowed to be
performed at more than one station. If a task is to be paralleled twice, it is split up

4



into two dummy smaller tasks, each having half of the task time and the same
precedence relations as the original task. Although this dummy task is assigned to
different stations, the operation is performed at one of the stations alternating in each
cycle. Hence the indivisibility assumption of tasks still holds when the tasks are

paralleled.

By task paralleling, the effective task time is reduced by a factor of the number of
times a task is paralleled, and the cycle time is no more restricted with the maximum
task time. Furthermore, an assembly line with parallel tasks is more flexible.
Despite these advantages, the additional cost incurred by duplicated equipment must

be considered.

In this study, an exact algorithm is developed for single model deterministic type-I
ALB problem with task paralleling. The objective function is to minimize the total
cost which is composed of station opening cost and task dependent equipment cost.
We propose a branch and bound algorithm that allows two-level task paralleling. A
heuristic algorithm is also developed both for obtaining efficient upper bounds to
branch and bound and for achieving good approximate solutions for large sized
problems. To the best of our knowledge, our study proposes the first exact solution
procedure which considers station opening cost and task dependent equipment cost

simultaneously by allowing task paralleling.

The thesis consists of six chapters. In chapter 2, the general terminology used in
defining ALB problem is introduced, some performance measures are defined, and
the paralleling concept in ALB is explained. Chapter 3 is devoted to the literature
survey on the ALB problem with paralleling. In Chapter 4, the mathematical
formulation is presented and the details of the proposed heuristic and the branch and
bound algorithm are explained. In Chapter 5, the experimental parameters used are
introduced and the effects of these parameters on the performance measures are
analyzed. Chapter 6 concludes the study and presents the suggestions for the future

work.



CHAPTER 2

AN OVERVIEW OF ASSEMBLY LINES WITH PARALLELING

In this chapter, we first give the terminology and performance measures used in
ALB and then explain the paralleling concept with some examples.

2.1 TERMINOLOGY USED FOR ASSEMBLY LINES

A task (operation) is the smallest, indivisible work element of the total work content.
Task time is the necessary time to perform a task. Task time is sometimes referred to

as operation time or processing time.

A station (or workstation) is a location along the assembly line where a subset of

tasks is performed. Station load is defined as the set of tasks assigned to a particular

station. Station time or work content is the sum of the task times of these tasks.

Cycle time is the time between the completion times of the two consecutive end
products. Hence, cycle time is the maximum available time in a station to operate on

a product. Production rate equals the reciprocal of the cycle time. Precedence

relations are the technological restrictions that affect the ordering of the tasks to be

performed. Precedence graph (precedence diagram) is the graphical representation

of these relations. A precedence diagram contains nodes representing the tasks and
arcs between nodes i and j, for all i, j such that task i precedes task j. An example of

a precedence graph is given in Figure 2.1.



Figure 2.1: Example Precedence Diagram.

The predecessors of a task are the set of all the tasks that must be completed before

starting to perform this task. The immediate predecessors of a task are the set of
tasks that must be completed just before starting to perform this task. The successors
of a task are the set of all the tasks that cannot be performed before completion of

this task. The immediate successors of a task are the set of tasks that can be

performed just after completion of this task. According to Figure 2.1, all tasks are
predecessors of task 6. Task 1 is the immediate predecessor of task 2; tasks 2 and 5
are the immediate predecessors of task 6. Task 6 is the immediate successor of tasks

2 and 5, and successor of all tasks.

Precedence relations can also be represented by a matrix, called precedence matrix.

For example precedence matrix for Figure 2.1 can be constructed as in Table 2.1.

Table 2.1: Example Precedence Matrix.

112[3(4[5]6
-{1]0]0]0]O0
-10]0]0]1
-1 1]70]0

10

1

Q| N[ B W=
1

There are n rows and n columns for a problem with n tasks. In our example, n is 6.

The matrix is symmetric with the upper triangular part having numbers 0 and 1
7



according to the precedence relations. If task i is an immediate predecessor of task j,

then 1 is placed in row i and column j position in the matrix.

Flexibility ratio, FR, is a measure indicating the relative frequency of the precedence

relations. It is defined as the number of zero entries in the precedence matrix divided
by the total number of entries. The FR value for the example precedence matrix can

be found as 20/30, which is equal to 0.667.

Each task requires a specific equipment to be placed in the station where this task is

assigned. A task may require different or the same equipment with the other tasks.

2.2 PERFORMANCE MEASURES

The most commonly used performance measures in the assembly lines together with

the ones used in this study are as follows:

1. Idle time of a station: This is the difference between predefined cycle time and
work content of a workstation, for a paced assembly line. Total idle time is the sum
of the idle times over all stations.

2. Balance delay: This is the ratio of total idle time to the total time spent by the
product from the beginning to the end of the line (Erel and Sarin, 1998). The total
time spent is the number of stations multiplied by cycle time for a paced system.

3. Line efficiency: This is the ratio of the total work content of the line to the total
time spent by the product from the beginning to the end of the line.

4. Number of stations: This number measures the optimal number of stations
required to balance the line.

5. Total cost: This is the sum of the total cost of station opening and total equipment
cost.

6. Number of paralleled tasks: This measure shows the number of paralleled tasks

in the optimal solution.



As can be understood from the above definitions, line efficiency can be defined in
terms of balance delay as follows: Line Efficiency = 1 — Balance Delay. Therefore,

balance delay is inversely proportional to the line efficiency.

For paced lines, balance delay is equivalent to total idle time as well. Total idle time
can be considered as a measure of design effectiveness of the line. Balance delay is
the inefficiency that results from idle time due to imperfect allocation of work

among stations.

If equipment cost is not taken into account in the objective function, total cost is
defined as the number of stations multiplied by the cost of opening a station. In our
case, we also consider the equipment cost in addition to the station opening cost. We
use total cost, the number of stations, the number of equipments used and the

number of paralleled tasks as the performance measures in our study.

2.3 PARALLELING OF STATIONS

We illustrate the concept of station paralleling on an example problem taken from
Bard (1989). The cycle time to satisfy the demand is 55 minutes. The precedence
graph of the example problem is given in Figure 2.2, where numbers on the nodes
are the task times. Suppose that each task requires different equipment and the costs
of the equipments are identical and equal to 5. In addition we assume that the station
opening cost is fixed to 50. The optimal solutions for no station paralleling and
station paralleling cases are given in Figures 2.3 and 2.4, respectively. In these
figures, numbers in boxes represent the tasks assigned to stations, and figures in

parentheses are the station times.
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Figure 2.2: Precedence diagram for example problem L.

St. 1 St. 2 St. 3 St 4 St. 5
work )
fTow ] 2 1 34,67 5.8.9.10 11
(50) (48) (50) (46) (10)

Figure 2.3: Solution to the example problem I without station paralleling.

St. 3a
24.6.7.10.11
St. 1 St. 2 /
work
5 52.5
flow ] 3.589 ( )
\ St. 3b
(50) (49) 24.67.10.11
(52.5)

Figure 2.4: Solution to the example problem I with station paralleling.

10



In the solution of Figure 2.3, there is no station paralleling and in the solution of
Figure 2.4 station paralleling is allowed. As can be seen from Figure 2.3, the number
of stations required is 5 and the total idle time for this configuration is 71 minutes.

Then,

Balance Delay (BD) =71 /(5 x55) =0.26
Efficiency of the line = 1 — 0.26 = 0.74 => Efficiency of the line is 74%
Total Cost = (5 x 50) + (11 x 5) =305

As can be seen from Figure 2.4, the number of stations required is 4 and the total

idle time for this configuration is 16 minutes. Then,

Balance Delay (BD) =16/ (4 X 55) = 0.07
Efficiency of the line =1 — 0.07 = 0.93 => Efficiency of the line is 93%
Total Cost = (4 X 50) + (17 x 5) = 285

It is seen that, when station paralleling is allowed, the total number of stations
reduces to 4 and a cost saving of 20 is obtained. The line efficiency achieved by

station paralleling is 93%. With station paralleling a more efficient line with a lower

cost is obtained.

2.4 PARALLELING OF TASKS

We illustrate task paralleling on a simple example problem. The precedence diagram

for example problem II is given in Figure 2.5, with task times on the nodes.

11
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sl
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Figure 2.5: Precedence diagram of example problem II.

Suppose, the station opening cost is 50, the equipment cost is 5 for all equipment
types and the cycle time is 6. In the example problem, task 3 with task time 6 can be

paralleled such that they can be replaced by two new tasks with task time of 3.

The solution with assigned tasks is represented in Figure 2.6. Task 3 is paralleled in

stations 1 and 3.

Station 1 Station 2 Station 3 Station 4
Work -
Flow |1 1.3 2.5 3.4 6
(6) (6) (6) (5)

Figure 2.6: Solution to the example problem II with task paralleling.

For the solution with task paralleling:
Balance Delay (BD)=1/(4 x6) =0.04

Efficiency of the line = 1 — 0.04 = 0.96 => Efficiency of the line is 96%
Total Cost = (4 X 50) + (7 X 5) =235

12



For the solution without task paralleling, the required number of stations is 5. The

efficiency of the line is calculated as follows:

Balance Delay (BD) =7/ (5 x 6) = 0.23
Efficiency of the line = 1 — 0.23 = 0.77 => Efficiency of the line is 77%
Total Cost = (5 X 50) + (6 x 5) =280

Note that, by task paralleling the efficiency of the line is increased from 77% to
96%. In addition, a cost saving of 45 is obtained with task paralleling since total cost
decreases from 280 to 235. Therefore, task paralleling both achieves better line
efficiency and lower total cost for example problem II. When total cost is the main

concern, task paralleling should be preferred to no paralleling alternative.

13



CHAPTER 3

LITERATURE ON ASSEMBLY LINE BALANCING WITH
PARALLELING

ALB problem solution procedures in the literature are divided into two categories as
heuristic methods and exact methods. Exact methods include integer programming,

dynamic programming procedures, and branch and bound algorithms.

Among heuristic methods priority ranking approach is commonly used. In this
approach, the tasks are ranked according to a given criterion or priority rule and
assigned to the stations. Branch and bound based methods like tree search or
enumerative methods are also common heuristic approaches that are widely used.
Trade and transfer methods interchange the tasks among stations. They start with an
initial balance and try to improve it. Random sampling methods assign tasks to

stations by selecting a rule from a set of rules randomly (Ghosh and Gragnon, 1989).

In the literature there are many exact and heuristic algorithms developed for the
single model deterministic ALB problems. Due to the complex nature of the ALB
problems heuristic procedures are more common than the optimum-seeking
algorithms. For more realistic ALB problems considering mixed-models and
stochastic parameters, the solution procedures published are mostly heuristic (Erel

and Sarin, 1998).

In this study, we address the single model deterministic ALB problem with task
paralleling that applies to the single-model assembly lines with deterministic times.
Since the literature on ALB problems with paralleling is very limited, our literature
review includes not only single model deterministic ALB problems, but also mixed

model and stochastic ALB problems with station or task paralleling.
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Assembly line balancing literature with paralleling is very limited compared to the
large number of studies on serial station ALB. Studies on ALB with station and task
paralleling that have been reached so far are summarized in Tables A.1 and A.2. In
these tables, the main characteristics and assumptions of the problem, the objective
function and the solution approach of each study are given. The studies are given in
chronological order. The reference information (title) of the study is presented in the
first column. The assumptions of the problem are summarized in the second column.
The objective function and the solution approach of the problem are reported in the
third and fourth columns, respectively. Main conclusions from the computational
results and the performance of the proposed methods are discussed in the fifth
column of the table. Other system specific characteristics including the nature of
paralleling are explained in the last column. These studies are discussed in the

following sections.

Majority of the literature on assembly line balancing has concentrated on serial
systems. Despite its several important benefits there are only few studies that
address parallel workstations. In section 3.1 we review the single model

deterministic assembly line balancing.

The benefits that can be achieved through paralleling are improved balance
efficiency, shorter cycle times and increased reliability of the line (Bukchin and

Rubinovitz, 2003).

3.1 SINGLE MODEL DETERMINISTIC ASSEMBLY LINE BALANCING

Some noteworthy studies on parallel stations are Pinto et al. (1981), Sarker and
Shantikumar (1983), Bard (1989), Suer (1998), Ege (2001) and Bukchin and
Rubinovitz (2003). Pinto et al. (1975) developed a branch and bound procedure for
selecting tasks to be paralleled. The objective is to minimize the total cost including
labor cost (both regular cost and overtime cost) and the equipment duplication costs.
They state that despite the cost of additional facilities for performing the paralleled
tasks, the paralleled line may be a more efficient method for increasing production
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compared to alternatives like overtime, a new assembly line, subcontracting and
buffer stocks. The objective is expressed in terms of manpower cost. To compare the
cost of fixed facilities with labor cost, the fixed costs are converted to equivalent

manpower.

According to Pinto et al. (1975), the main problem in balancing assembly lines with
task paralleling is to decide which tasks are to be paralleled to minimize the total
station opening cost. The proposed branch and bound algorithm proceeds by
partitioning the set of all tasks into subsets of partial combinations. A partial
combination is made up of tasks that can be classified into three mutually exclusive
states: fixed paralleled, fixed not paralleled and undecided. A full combination is
achieved by explicitly fixing all tasks as either to be paralleled or not paralleled. At
each node the maximum gain from paralleling a task which is the difference
between upper and lower bound values of that node is calculated, if the maximum
gain from paralleling a task at this node is less than the equivalent fixed cost, then
this task is not paralleled and eliminated from further consideration for all branches
emanating from this node. The maximum level of paralleling is set to two and the

method is tested on problems having 10, 14 and 20 tasks.

In a later work, Pinto et al. (1981) extend their branch and bound algorithm to
include two-level station paralleling. This algorithm has many similarities with the
previous one like considering labor cost and the cost of additional production
facilities when a station is paralleled. The steps of the proposed branch and bound
algorithm are the same as in Pinto et al. (1975) except that a partial combination is
made up of stations that can be classified as station fixed paralleled, station fixed not
paralleled and station yet undecided. A branch and bound method based heuristic

algorithm is also presented in this paper.

Sarker and Shantikumar (1983) suggest a general approach that can be applied for
both serial and parallel line balancing. The proposed heuristic algorithm can deal
with ALB problems having task times shorter or longer than the prespecified cycle
time. Their approach is composed of two phases. The first phase requires the
assignment of tasks to stations according to the longest task time rule and in the
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second phase the balance loss of the line is reduced by trades and transfers. Phase 1l
guarantees a better line balance over Phase I by distributing the idle times of some
stages among all stations evenly and station paralleling is implemented in the first

phase of the algorithm.

Bard (1989) proposes a dynamic programming algorithm that attempts to meet the
required cycle time with minimum number of stations while reducing dead time at
stations by allowing station paralleling and selecting the minimum cost paralleling
configuration. A distinguishing feature of the algorithm is that it takes into account
the cost of duplicating both tasks and stations. To the best of our knowledge, this
study is the only dynamic programming algorithm with paralleling. The author
supposes that the advantage of dynamic programming over integer programming
centers on the minimum cost function, which can be redefined without altering the
form of the recursive relationship or increasing the dimensions of the problem.
Another advantage of the dynamic programming approach stated by the author is
that it readily permits the recursive relationship associated with the serial ALB

problem to be modified to accommodate the cost of paralleling.

Suer (1998) suggests a simple heuristic for designing parallel assembly lines for
high production rates with minimum manpower usages. The proposed heuristic is
based on a three-phase methodology that includes balancing the assembly line,
determining parallel stations and lastly determining the parallel lines. The decisions
involved in this problem include how many operators should be assigned to each
station (parallel stations) and also how many assembly lines should be configured.
In the first phase, tasks are grouped into stations for various configurations. Then,
various alternatives are generated for each manpower level by considering different
station configurations. In the last phase, after determining the alternative assembly
designs, a simple mathematical model is developed to determine the number of
assembly lines and their configuration with the objective of minimizing the total
number of operators. He concludes that configurations with fewer stations result in

better assembly rates.
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Ege (2001) developed a branch and bound algorithm that gives optimal solution to
the single model deterministic ALB problem by allowing arbitrary level of station
paralleling. The objective is the minimization of total station opening and equipment
cost. The most notable feature of his algorithm is that it considers task dependent
equipment cost and station paralleling simultaneously. He uses the heuristic
algorithm, developed by Askin and Zhou (1997) to find an initial solution to his
optimizing algorithm. Ege states that paralleling provides great savings, in particular

when flexibility is high and when equipment cost is close to station opening cost.

Bukchin and Rubinovitz (2003) show that the assembly system design problem with
parallel stations can be treated as a special case of equipment selection problem. A
branch and bound algorithm developed for the equipment selection problem is
adopted to solve the ALB problem with station paralleling. In the assembly system,
several equipment types as well as a human operator that are capable of performing
assembly operations are considered. In the objective function weights that are
associated with the system costs are used to obtain different line configurations.
Selecting different values for the weight factor helps to achieve different line design
objectives while using parallel stations. To favor smaller number of parallel stations,
a small penalty cost can be added to the weight factor. By assigning different values

for weight factors, different objectives can be obtained.

3.2 MIXED MODEL ASSEMBLY LINE BALANCING

Although the mixed-model ALB problem reflects modern manufacturing
environments more realistically, it has received little attention in the literature.
When the concept of paralleling is added to the complex mixed-model problem, the

number of studies becomes even smaller.

McMullen and Frazier (1997) propose an approach for solving the mixed model
ALB problem with stochastic task times when paralleling of stations is permitted.
The approach presented in this work is a modification of Gaither’s (1996)
incremental utilization heuristic. The original heuristic assumes deterministic task
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times and can only solve single model ALB problem. The modified heuristic deals
with stochastic task times and uses composite task durations to address mixed model
production. The heuristic algorithm also uses several different alternative task
selection rules for task assignment. Paralleling is implemented by allowing multiple

workers to exist within cells.

Askin and Zhou (1997) developed a heuristic algorithm that deals with mixed model
deterministic assembly line production with station paralleling. The objective
considers task dependent equipment cost besides the fixed cost of operating stations
and it trades off between station idle time and equipment cost. By using a threshold
value station utilization is also considered explicitly. As in Ege’s (2001) study, the
proposed algorithm does not restrict the number of times a station can be paralleled
and the decision on station paralleling is not only based on task times but also on the

comparison of incremental equipment cost.

McMullen and Frazier (1998) propose a simulated annealing approach for ALB
problem with multiple objectives allowing station paralleling. In the study, task
times are assumed to be stochastic. There are two objectives: the extent to which the
desired cycle time is achieved and the total design cost of the production line
including the equipment cost and the labor cost. The algorithm can be used both in
single model and mixed model ALB. Their experimental results show that the
approach gives better solutions in terms of cycle time but average solutions in terms

of cost.

Vilarinho and Simaria (2002) present a heuristic approach for the mixed model ALB
problem with parallel workstations and zoning constraints. The procedure allows the
user to control the process to create parallel workstations. For example, the decision
maker can define a limit on the maximum number of parallel stations and the
conditions under which a station can be paralleled. The primary goal of the model is
to minimize the number of stations in the assembly system and the secondary goal is
to balance the workload between and within the stations. This algorithm has some
common points with the heuristic algorithm developed by McMullen and Frazier
(1998) as both use simulated annealing for mixed model multi-objective ALB
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problem with parallel workstations. However, the model developed by Vilarinho and
Simaria (2002) includes zoning constraints, assumes deterministic task times and the
number of paralleled stations is determined by the decision maker where McMullen
and Frazier (1998) allow the replication of a workstation as long as its utilization
increases. The heuristic proposed by Vilarinho and Simaria (2002) is composed of
two stages. In the first stage, the procedure finds a sub-optimal solution to the

primary goal and the second stage deals with the secondary goal.

McMullen and Tarasewich (2003) address the mixed model ALB problem with
complicating factors of stochastic task durations and parallel workstations. This
study deals with the same problem that was introduced by McMullen and Frazier
(1997, 1998). They propose a heuristic approach that uses concepts derived from
Ant Colony Optimization. The performance of the heuristic algorithm is compared
with other approaches like work center loading approaches and simulated annealing.
They conclude that the ant colony based approaches can compete with the other

heuristic methods.
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CHAPTER 4

PROBLEM FORMULATION AND SOLUTION

In this chapter, we describe our approach to solve single model deterministic ALB
problem with task paralleling. In the first section, we give the mathematical
formulation of the problem together with its assumptions. The steps of the proposed
heuristic algorithm are explained in Section 4.2. Our Branch and Bound approach is

described in Section 4.3 together with lower and upper bounds used.

4.1 MATHEMATICAL FORMULATION

We study the single model deterministic ALB problem with the following
assumptions:

e A single product is assembled on the line.

e The task times are deterministic.

e The cycle time is known and fixed.

e The precedence restrictions, which provide information about the relative
processing order of the tasks, are known and fixed.

e Each task requires one of the several types of equipment, which can be a
machine, an instrument or a tool that is required to perform the task.

e Each type of equipment has a specific cost. This cost includes purchasing
and operational costs.

e There is a fixed cost (including labor and overhead costs) for opening a
workstation.

e Two level task paralleling is allowed.

e Maximum task time cannot exceed twice the cycle time.
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e When a task is paralleled the required equipment is placed in every
station where the task is to be performed.

e A task can be performed at any workstation provided that the equipment
for this task is available in that workstation and the precedence
restrictions are satisfied meaning that all paralleled and non-paralleled

predecessors should have been assigned.

The notation used throughout the mathematical formulation of the problem is as

follows:

Indices:

j: Task number = {1, 2, ... N}

I: Type of equipment = {1, 2, ... D}

k: Station number = {1, 2, ... N+ M}

Parameters:

c: Cycle time

L: Fixed cost to open a station

N:  Number of tasks

M: Number of tasks whose task time exceeds the cycle time

G: Processing time of task j

IP:  Set of task pairs (u,v) such that task u must immediately precede task v

D:  Number of equipment types

1(j) - Equipment type required by task j

A;: Amortized unit cost for equipment type /

Sets:

SK: Set of tasks to be performed on the assembly line
={1,2,...,N}

SB:  Set of tasks that are paralleled
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STy: Set of tasks assigned to the k" station

Decision Variables:

{1, if task jis assigned to station k
X, =
Jk

0, otherwise

1,if equipment type lis required at station k
w =
K 0, otherwise

N+M
1, if task jis paralleled, i.e., ZX = 2
k=1
y; =

N+M

0, if Y x, =1
k=1

{1, if station k is opened
7 =

0, otherwise

The mathematical formulation of the problem that allows two level task paralleling

and considers equipment duplication costs is given below:

N+M N+M D
Minimize Z= ) Lz, + Y, > w,.A )
k=l k=1 1=l
Subject to
N+M
1 Y x, <2V @
k=1
X S Vik (3)
N 1. N
Zyj?xwz(l—yf)fjxjk sc Vk “)
j=1 j=1
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x, <l-x, V(u,v)eIP, kandr>k+1 (5)

X, <z, Vjk (6)
NeM

yj:kzl:xjk—l vj )

x, €{0,1} Vjk 3)

w, € {0,1} VLk )

z, € {0,1} V k (10)

y; € {0,1} V] (1)

The objective function (1) is to minimize the total station opening cost and total
equipment cost. Constraint set (2) ensures that all tasks are assigned to at least one
and at most two workstations. Constraint set (3) guarantees that if task j is assigned
to station k then the equipment required by the task is placed in the station.
Constraint set (4) ensures that the sum of the processing times of the tasks assigned
to one station does not exceed the cycle time. Precedence restrictions are considered
in constraint set (5) such that if task v is assigned to station k then all its
predecessors should have been assigned to station k or one of the prior stations. For
paralleled predecessors of task v, this constraint ensures that they are completed, i.e.
both halves are assigned to station k or stations prior to k. Constraint set (6)
guarantees that if any task is assigned to a station, then the station is opened.
Constraint set (7) defines the number of times task j is paralleled. Constraint sets (8),
(9), (10) and (11) ensure that the related variables can only take the values of 0 and
I.

The mathematical formulation of our problem is a complex one since it has

nonlinear relations, too many constraints and too many integer variables.
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4.2 HEURISTIC ALGORITHM

The solutions obtained from the heuristic algorithm are used as initial upper bounds
for the Branch and Bound algorithm. Moreover, the heuristic algorithm provides
very good solutions in reasonable running times to the problems having large

number of tasks.

The heuristic is composed of two parts: Construction and Improvement. In the first
part we obtain a feasible solution whereas in the second part we improve the

resulting feasible solution.

4.2.1 CONSTRUCTION OF THE SOLUTION

The flowchart for the construction part of the proposed heuristic algorithm is given
in Figure 4.1. As a general principle, when assigning the tasks to the stations, the
heuristic algorithm first considers the unassigned tasks, whose equipment is present
in the current station. Then, the tasks whose equipment is not present are considered
for assignment. When there is no task fitable to the current station, the algorithm
tries to parallel tasks only if they satisfy the tradeoff criterion given in the flowchart.
The tradeoff criterion compares the penalty cost of station idle time (which is
calculated as the multiplication of station opening cost and the ratio of remaining
station time to cycle time) and the cost of placing extra equipment. Of the tasks to be
paralleled, the heuristic algorithm again assigns these whose equipment is already
present in the current station. The heuristic algorithm improves that solution by
trying to change the stations of the paralleled tasks. In doing this, it takes into

account equipment duplications in stations to reduce the total equipment cost.

Detailed description of the steps of the algorithm is given below.

The tasks are initially ordered in their non-increasing order of positional weights as
in Askin and Zhou (1997). Positional weights are calculated by summing the
processing time of the task and the processing times of all its successors. All tasks
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are put into U, which is the set of unassigned tasks. Station index, k, is set to 1
indicating the first station is opened. Xy (set of equipment assigned to station k), Vi
(set of tasks assigned to station k) and Zx (set of paralleled tasks for station k) are
empty. Tk (remaining time for station k) is set to the cycle time since there is no task
assigned to the station yet, and i (utilization factor for station k) is set to 0. PS (a
binary variable indicating the paralleling state, e.g. O for non-paralleling state and 1

for paralleling state) is set to 0.

The heuristic algorithm continues until there is no task left in U, i.e. all tasks are
assigned to stations. It first tries to find a fitable task whose equipment is already
placed in station k. If there is such a task it is assigned to station k and variables Vi,
T, M, j (current task index) and U are updated as in the flowchart. Xy is not updated
here since the required equipment for the newly placed task is already present in
station k. If such a task does not exist, then the algorithm tries to find a fitable task
whose equipment is not present in station k. If there is such a task, it checks whether
PS is one meaning that the algorithm tries task paralleling. If PS is zero, it assigns
that task to station k and variables Xy, Vi, Tk, L, j and U are updated. If PS is one,
the algorithm checks the tradeoff between the idle workstation time penalty and
equipment cost for the task. This tradeoff approach is similar to the one found in the
heuristic algorithm of Askin and Zhou (1997). The penalty cost of station idle time
is found by multiplication of station opening cost with the ratio of remaining station

time to cycle time.

If the equipment cost is less than the idle workstation time penalty, the task is
assigned to station k and variables X, Vi, Ty, W, j and U are updated. This means
that the task is paralleled and its equipment is duplicated. The algorithm continues
until there is no fitable task even when unassigned tasks are paralleled, that is, their
task times are halved. Then, it checks whether the utilization factor is 1 or not. If it is
1, the station is closed and k is increased by 1, variables Xy, Vi are set to empty, T

is set to cycle time and L is set to O for the next station.

If the utilization factor is less than 1, it checks whether PS is one. If yes, it multiplies

the times of tasks present in U by two and sets PS to zero, closes the station (since
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there is no more fitable tasks even when they are paralleled) and k is increased by 1,
variables Xy, Vi are set to empty, T is set to cycle time and L is set to O for the next

station. If PS is zero, it halves the times of tasks present in U and sets PS to one.
As the algorithm opens a new station, it first checks whether there are paralleled
tasks in the previous station. If there are paralleled tasks, then they are also placed in

the newly opened station and variables are updated accordingly.

When U is empty, the algorithm stops since all tasks are placed in a station or more

than one workstation if they are paralleled.
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Parallel task j. Update U, Vi, X,
Zy, Ty = Ty — Pj, Wy = 1-(Ti/c),

j=j+1

Figure 4.1: The flowchart of the heuristic algorithm.
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4.2.2 EXAMPLE SOLUTION CONSTRUCTION

An example problem is solved with the heuristic algorithm. The precedence graph is
given in Figure 4.2, where the numbers on the nodes represent task times, and

parameters are given as follows:

L (station opening cost) = 50
A; (equipment cost) = 5

C (cycle time) =7

el

l

5

Figure 4.2: Precedence graph for example problem III.

Table 4.1 shows required equipment types and positional weights for each task

represented in Figure 4.2.

Table 4.1: Tasks, required equipment types and positional weights for example

problem III.
Task (j) Type of Equipment (1) Positional Weight
1 1 25
2 14
3 3 16
4 4 8
5 1 9
6 5 5
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Initialization:

k=1,j= I,I.L]:O, T1=C=7, V1=X1=Z|=®,U= {1,2,3,4,5,6}

Fork=1:

U is not empty and there is no fitable task to station 1 whose equipment is already
placed. Task 1 is fitable to station 1 and PS is zero (i.e. none of the tasks in U are
paralleled), so assign task 1 to station 1.

Update U = {2,3,45,6}, Vi ={1}, X, ={1}, T\ =7-3=4,u,=1-(4/7)=0.429,
j=2

Go back and check if U is empty? It is not

Task 5 uses equipment 1 also, but it is not fitable because of precedence relations.
Task 3 has the highest positional weight, but it is not fitable.

Select fitable task 2 from set U, PS is zero (tasks in U are not paralleled), so assign
task 2 to station 1.

Update U = {3,4,5,6}, Vi ={1.2}, X; = {12}, 1 =4-2=2, mu=1-Q2/7) =
0.714,j=3

Go back and check if U is empty? It is not.
There is no task fitable to station 1.

Is w; < 1? YES

IsPS =1?NO

Halve times of tasks in U and set PS to one.

Go back and check if U is empty? It is not.
Task 5 uses the equipment 1 also and is fitable when paralleled. So, assign paralleled
task 5 to station 1.

Update U= {34,6}, V,={1,25}, T1=2-4/2)=0,;,=1-(0/7)=1,j=4

Go back and check if U is empty? It is not.

There is no fitable task to station 1.
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Isyu; < 1?7 NO
Close station 1.

Updatek=2,V2=X2=ZZ=®,T2=7,p2=0,PS=O

For k =2:

Task 5 is paralleled in station 1. So, it is also assigned to station 2.

Update Vo= {5}, To=7-(4/2)=5,a=1-(5/7)=0.286

Check if U is empty? It is not.

There is no fitable task whose equipment is already placed in station 2. There is no
fitable task to station 2.

Is < 1?7 YES

IsPS =1?NO

Halve times of tasks in U and set PS to one.

Go back and check if U is empty? It is not.

Paralleled task 3 is fitable to station 2. Check the tradeoff between cost of
paralleling of task 3 (AP3) and station idle time penalty (AT5).

Compute AP3; =5, AT, =50 (5 /7)=35.7

APz < AT, , then parallel task 3.

Assign paralleled task 3 to station 2.

Update U ={4,6}, V,={3,5}, T,=5-8/2)=1,lb=1-(1/7)=0.857,j=5

Go back and check if there is a fitable task to station 2? NO

Is < 1?7 YES

IsPS=1? YES

Multiply times of tasks in U by two, set PS to zero, and close station 2.

Updatek=3,V3=X3=23=®,T3=7,p3=0
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For k = 3:

Task 3 is paralleled in station 2. So, it is also assigned to station 3.

Update V3= {3}, Ty=7-(8/2)=3,u3=1-(3/7)=0.571

Go back and check if U is empty? It is not.
Task 4 is fitable and assigned to station 3.

Update U= {6}, V3={34}, T3=3-3=0,3=1-(0/7) =1

Go back and check if U is empty? It is not.

There is no fitable task whose equipment is already placed in station 3. There is no
fitable task to station 3.

Is u3 < 1?7 NO

Close station 3.

Update k=4, V4=X4=74=0, T4 =7, 14 =0

Fork=4

There are no paralleled tasks in station 3.

U is not empty. There is no fitable task whose equipment is already placed in station
4. Task 6 is fitable and assigned to station 4.

Update U=, V4 ={6}, Te=7-5=2,13=1-(2/7)=0.714

Go back and check if U is empty? It is.

IsPS=1?NO

Close station 4 and STOP.

Tasks 3 and 5 are paralleled in stations 3 and 1, respectively. Therefore, 7 pieces of

equipment are used in 4 stations.

Total Cost = (4 X 50) + (7 x 5) =235
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The tasks in each station according to the heuristic solution of the problem can be

seen in Figure 4.3.

Station 1 Station 2 Station 3 Station 4
1,2,5 » 3,5 > 3.4 > 6
(7) (6) (7) (3)

Figure 4.3: Tasks in each station for the example problem solution.

4.2.3 IMPROVEMENT OF THE SOLUTION

After constructing a solution to the problem, an improvement procedure is
implemented in order to obtain a better solution by trying to exchange tasks. The
improvement procedure only makes exchange of tasks between consecutive stations.
The improvement procedure scans all stations one by one and tries to reduce the
extra equipment cost incurred by paralleled tasks. It attempts to bring together the
two halves of a paralleled task to the same station by exchanging one half of it with

a non-paralleled task in the other station.

When exchanging one half of a paralleled task with a non-paralleled task in the other
station, the improvement procedure checks if the following rules apply. Firstly, the
non-paralleled task must not have common equipment with any other tasks found in
its original station, or it must have its equipment in the station where it is going to be
assigned. Secondly, the task times of the paralleled and non-paralleled tasks to be
exchanged must fit into the remaining times of their new stations. The improvement
procedure also checks the precedence relations between tasks before making an

exchange.

When exchanging a pair of tasks, the improvement procedure can provide a saving
of one or two units equipment costs. If the half of the paralleled task does not share

its equipment with another task in the station where it originally resides, one unit
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equipment cost is reduced from the total equipment cost. If the non-paralleled task
does not share its equipment in the station where it originally resides and it has its

equipment in its newly assigned station, another unit equipment cost is reduced.

The improvement procedure prepares two scenarios for exchanging tasks between
stations. In one scenario, half of a paralleled task is pulled back from the next station
to the previous station and a non-paralleled task is pushed forward to the next station
from the previous station. The other scenario pushes half of a paralleled task to the
next station from the previous station and pulls the non-paralleled task from the next

station to the previous station.

The improvement procedure is effective in particular when the number of tasks is
more than 20 and a cycle time is less than or equal to the maximum task time. This
is because number of exchange alternatives is increased when total number of

stations is increased and when there are more tasks to be assigned to stations.

4.3 BRANCH AND BOUND ALGORITHM

The Branch and Bound algorithm is employed for finding optimal solution to our
ALB problem. The algorithm considers two level task paralleling. Some fathoming
rules obtained from the literature are used to increase its performance by decreasing
the number of nodes. The branching scheme of the algorithm is task-oriented and the
algorithm uses best-first search. The flowchart of the developed Branch and Bound
algorithm is illustrated in Figure 4.4. Additional parameters and sets, which were not
mentioned in the mathematical formulation section and are used in the flowchart of

the algorithm, are explained as follows:

Sets:

SE; : Set of equipment types assigned to station k
SP; : Set of paralleled tasks in station k

S : Set of tasks in the stack
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UT  : Set of unassigned tasks (includes second halves of paralleled tasks if they

are not assigned yet)

Parameters:

RT; :Remaining time of station k

BN  :Node number at which best solution is found
UB  : Upper bound

LB, :Lower bound of node x

TC, : Total cost of node x

If the current node is an intermediate node (a partial assignment of tasks), the
current station is thought to be still open. If the current node is a leaf node (a full
assignment), the current station is thought to be closed. Therefore, for each node of

the branch and bound tree the total cost realized so far is calculated as follows:

TC, = Total station opening cost for the stations closed so far + Total equipment cost

for the equipment types placed in the closed stations

Lower bound value for a node is calculated as follows:

LB, = TC, + Total station opening cost for minimum number of stations required to
be opened for the remaining tasks + Minimum total equipment cost for the

remaining tasks

To find the minimum number of stations required to be opened for the remaining
tasks (tasks in the current station and all unassigned tasks), the sum of the task times
of the remaining tasks is divided by the cycle time. This number is then rounded up
to the next integer value and multiplied by the unit station opening cost to find the
second term in the lower bound formula. To find the third term, for each type of
equipment, the task times of the remaining tasks that use the specified type of
equipment are summed, divided by cycle time, and rounded to the next larger
integer value. By this way, minimum required number of equipment is found for
each equipment type. Multiplying the sum of these numbers with the unit equipment
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cost, the last term is obtained. If the current node is a leaf node, its lower bound is
equal to its total cost since there are no more tasks to be assigned and all stations are

closed.

The algorithm starts with the initialization phase. Sets STy, SE;, SP; are empty, UT
is filled with all the tasks, remaining times for all k are set to cycle time and BN is
undefined in the initialization phase. Stack is also empty at the beginning of the

algorithm. UB is taken from the heuristic solution of the same problem.

The algorithm searches for independent tasks, which do not have any predecessors.
It creates a starting node for each independent task found. If the task time of the
independent task is greater than the cycle time, only one starting node, which
considers task paralleling, is created for that independent task. If, on the other hand,
the task time of the independent task is less than or equal to the cycle time, two
starting nodes are created for that independent task, one considering task paralleling
and one assigning the independent task to the first station as a non-paralleled task.
Then, these starting nodes are added to the stack in increasing order of their lower
bound values so that the task with the lowest lower bound stays at the top of the

stack.

The algorithm starts each iteration by checking whether the stack is empty or not.
This is the termination condition of the algorithm since it stops when the stack is
empty meaning that there are no more nodes waiting to be processed. If the stack is
not empty, the algorithm removes the node from the top of the stack and starts
processing it. When processing a node, the current task under consideration is added
to station k, which is either the currently open station or the next station to be
opened. Then, values of STy, SE;, SP;, RTy, and UT are updated if necessary. SE; is
updated if the equipment required by the task is not already present in station k. SP;
is updated if the task assigned is a paralleled task. UT is updated to indicate if task is

completely assigned to station k or if this is the second half of the paralleled task.

Another check is performed after the node is added to the tree. If UT is empty, it
means that this node is a leaf of the tree. The algorithm checks if the total cost of the
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node is less than the upper bound or not. If yes, this means that the solution found is
the best one obtained so far; therefore, BN and UB are updated. Then, the algorithm
goes back to check whether the stack is empty or not and continues its cycle by
taking the next element from the stack. Since this node is a leaf node, backtracking
occurs here. In other words, the algorithm moves upwards in the tree to find a new

branch to continue its search for a better solution.

If UT is not empty, it means that this is an intermediate node. Here, the algorithm
tries to create a maximum of four subnodes with the following assignment

possibilities for the current task under consideration.

e If the task is a full task (not the second half of a previously paralleled task):

1. If the task time is fitable (t; < RTy) assign it to the current station as a non-
paralleled task

2. If half the task time is fitable assign it to the current station as a paralleled
task

3. If the task time is less than or equal to the cycle time (t; < ¢) assign it to the
next station as a non-paralleled task

4. If half the task time is less than or equal to the cycle time assign it to the next
station as a paralleled task

e If the task is the second half of a previously paralleled task:

1. If half the task time is fitable, assign it to the current station

2. If half the task time is less than or equal to the cycle time, assign it to the

next station

These assignment possibilities can be simplified to the four given in the flowchart,
which is illustrated in Figure 4.4. The lower bound of the newly created node is no
less than the UB. The node is fathomed immediately since it cannot offer a better

solution.

There are some fathoming rules applied during the implementation of the Branch
and Bound algorithm. The fathoming rules adopted from Scholl (1999) are given

below.
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1. Do not close a workstation if there is a fitable task without incurring an extra
equipment cost: This rule does not consider assigning the task, which has the
same equipment type found in the current station, to the next station when
creating subnodes.

2. Always branch to the fitable task, which does not incur extra equipment cost,
having maximum task time: In the same branching level, if there is a fitable
task whose equipment is present in the current station and the task time of
this task is greater than or equal to the task times of all other tasks in this

branching level, the other branches are fathomed.

In order to avoid the duplication of the same sequence of tasks, which are previously

enumerated, in a particular station we always branch to the higher indexed tasks.

After trying to create subnodes, the algorithm checks whether there is any subnode
created. If no, it performs backtracking. If yes, the subnodes are added to the stack
in increasing order of their lower bound values. Then, the algorithm removes the
next node, which offers the lowest lower bound value, from the stack and continues

moving downwards in the tree to reach a better solution.
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Initialization
Set STy= SEx= SP« = ¢, RTx = c for all k
Compute UB using the heuristic algorithm

\ 4

Create starting nodes for tasks having no
predecessors. Compute lower bounds.

\ 4

Add starting nodes to the stack in increasing order of
their lower bound values. Update S.

Caontinuewith tha hoet naodo alternativie

IsS =07 STOP

A 4

\ 4

Backtracking YES
A 4
Remove the node from the top of the stack and start

processing it.
Update S, STk, SEk, SPk, RTk, UT.

\ 4

\ 4

IsUT =0 ? Is TC, < UB?
YES

. Y _ v Backtracking

NO lYEs

A 4

Update BN, UB.

Create possible subnodes, calculate their total cost and
lower bounds. There are 4 possibilities:

-If <= RT and i not in SP, assign to current station
- If tj/ 2 <= RT\, assign to current station by paralleling
- If ;<= c and i not in SP, assign to the next station
- If1j/ 2 <= ¢, assign to the next station by paralleling

Check if LBy < UB ?

If yes, create the subnode. If no, fathom that branch.

\ 4
Is number of subnodes >0 ?

NO

v YES
Add the subnodes to the stack in increasing order

according to lower bound values. Update S.

Figure 4.4: Flowchart of the Branch and Bound algorithm.
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4.3.1 EXAMPLE PROBLEM SOLUTION WITH BRANCH AND BOUND
ALGORITHM

Example problem III given in section 4.2.2 is solved using the Branch and Bound
algorithm this time. The precedence relationships among tasks and the task times are
illustrated in Figure 4.2. The required equipment types for the tasks are given in
Table 4.1. The other parameters for the problem are also the same as before and are

restated below.

L (station opening cost) = 50
A; (equipment cost) = 5

C (cycle time) =7

Assume UB =240

The algorithm starts with the initialization phase according to Figure 4.4. In this
phase, sets of tasks, equipment types and paralleled tasks for each station are

initialized as empty sets. Remaining times are set to the cycle time.

The only independent task in the problem is task 1. Therefore, two starting nodes are
created for this task, one considering not paralleling it (called node 1) and one

considering paralleling it (called node 2).

Node 2 is fathomed immediately since no task can be placed before task 1 is
completed according to the precedence relations. If there had been other independent

tasks, these could be placed in the same station as task 1.
The detailed solution of example problem III is given in Appendix B. The remaining

of this section illustrates the simplified solution to represent the implementation of

the Branch and Bound algorithm.
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Remove node 1 from stack;

ST, ={1},SE,={1},SP,=0,RT,=7-3=4, UT = {2,3,4,5,6}

Is UT =@? NO

Possible subnodes are created for node 1:

Node 3: task 2 is assigned to station 1 without paralleling since time of task 2 is less
than the remaining time of station 1.

Node 4: task 2 is assigned to station 1 with paralleling since half time of task 2 is
less than the remaining time of station 1.

Node 5: task 2 is assigned to station 2 without paralleling since time of task 2 is less
than the cycle time.

Node 6: task 2 is assigned to station 2 with paralleling since half time of task 2 is
less than the cycle time.

Node 7: task 3 is assigned to station 1 with paralleling since half time of task 3 is
less than the remaining time of station 1.

Node 8: task 3 is assigned to station 2 with paralleling since half time of task 3 is

less than the cycle time.

Is the number of subnodes > 0? YES

Subnodes 4, 3, 7 are added to the stack in the given order because of their lower
bound values and other nodes are fathomed since their lower bound values are
greater than the upper bound. Therefore, node 7 stays at the top of the stack for next
processing since it has the lowest lower bound value. Figure 4.5 illustrates the

situation after subnodes of node 1 are created.

OO Gf?@@ ©

Figure 4.5: Branching after node 1.
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Remove node 7 from stack;

STy ={L1,3},SE;={1,3},SP;={3},RT1=4-4=0,UT = {2,3,4,5,6}
Is UT =7 NO

Possible subnodes are created for node 7:

Node 9: task 2 is assigned to station 2 without paralleling.

Node 10: task 2 is assigned to station 2 with paralleling.

Node 11: task 3 is assigned to station 2 with paralleling.

Is the number of subnodes > 0? YES
Subnodes 11, 9 are added to the stack in the given order and subnode 10 is

fathomed. Figure 4.6 illustrates the situation after subnodes of node 7 are created.

O ) ()

Figure 4.6: Branching after node 7.

Assume a partial schedule with tasks 1 and 2 completely and task 3 is partially
assigned to station 1. In station 2, the second half of task 3 and task 4 are assigned
and the station is just closed. The following calculations illustrate total cost and

lower bound for this condition.

TC =(2x50) + (5% 5) = 125

LB =125+ (2% 50) + (2 x 5) =235
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The algorithm goes on according to the flowchart illustrated in Figure 4.4 and finds

the optimal solution as 235.
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CHAPTER 5

COMPUTATIONAL RESULTS

We have conducted experimental runs with our Branch and Bound algorithm, and

the proposed heuristic algorithm. We have compared the algorithms with the

algorithm proposed by Ege (2001) on the same problem set in order to investigate

the effects of station paralleling and task paralleling.

5.1

EXPERIMENTAL PARAMETERS

We generate random test problems using the scheme proposed by Ege (2001). The

main characteristics of our randomly generated problems are as follows:

1.

Problem Size (N): The number of tasks in an assembly network is selected
as 10, 15, 20, 25, 30 and 50. The upper limit of 50 is decided such that

optimal solution is obtained within three hours.

Distribution of Task Times: All task times are uniformly distributed

between 10 and 100.

Cycle Time (c): The cycle times are taken as 0.6, 1, 1.4 times the maximum
task time. In Ege (2001) for no paralleling option, the cycle times of only 1
and 1.4 times the maximum task time are considered. We hereafter say cycle

time as 0.6, implying that the cycle time is 0.6 times the maximum task time.

Flexibility Ratio (FR): This value varies between 0 and 1. When it is close
to 0, the network is not so flexible in terms of precedence relations. As it

approaches to 1, the flexibility of the assembly network increases. In our
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study, the randomly generated problems having flexibility ratio values of 0.2

and 0.5 are used in experimental runs.

Cost Structure: Two different cost ratios (LL/A;) are used, namely 30/1 and
30/30. If L/A; is 30/30, the single equipment cost is equal to the station
opening cost. In this case the objective is to optimize the number of stations
opened and the number of equipments placed simultaneously. When L/A is
30/1, the station opening cost is 30 times as large as a single equipment cost.
In this case, the problem is to optimize first the number of stations opened
and then the equipment cost, i.e. we have a hierarchy of objectives. Station

opening cost is fixed as 30000 for all problems.

Task Equipment Types: For the randomly generated problems, the number
of equipment types is generated from discrete uniform distribution between 1
and N. Once the number of equipment types is set, each task is assigned to

an equipment type randomly.

Ten random test problems are generated for each combination of problem size, cycle

time, flexibility ratio and cost structure. This gives us a total of 480 problems to be

solved with the algorithm proposed by Ege (2001), 720 problems with our heuristic

algorithm, 300 problems with our Branch and Bound algorithm.

5.2

PERFORMANCE MEASURES

We use seven performance measures to evaluate the efficiency of our procedures.

These performance measures are reported as average and worst case (maximum or

minimum of ten problems) for each parameter combination.

1.

Central Processing Unit (CPU) Time: It indicates the running time of the
algorithm on a PC with Pentium-III 450 MHz processor and 256 MB

memory. CPU time is given in minutes.
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. Total Number of Nodes Generated: The number of nodes evaluated in the

Branch and Bound tree.

. Total Number of Nodes Generated Until Reaching the Optimal Solution:

The number of nodes evaluated till finding the optimal solution.

. Total cost (TC): The sum of the total cost of station opening and total

equipment cost.

. Number of stations (NS): The optimal number of stations required to

balance the line.

. Number of paralleled tasks (NPT): The number of paralleled tasks in the

optimal solution.

. Percentage deviation in terms of total cost: We have used four different
percentage deviation measures to compare total cost values found by

a. Our Branch and Bound algorithm with task paralleling (TP)

b. Our heuristic algorithm (H)

c. Ege’s (2001) Branch and Bound algorithm with station paralleling (SP)
d. Non-paralleling option (NP).

Note that a, ¢ and d above are all optimal solutions with different paralleling

options. The percentage deviations are found as follows

H-TP = H'Tpxloo
TP
SP-TP = SP'TP><100
NP - TP = NP'Tleoo
NP-H = NP'Hxloo
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The cost related performance measures are TC, NS, NPT and percentage deviation
in terms of total cost whereas algorithm related performance measures are CPU
time, total number of nodes generated and total number of nodes generated until

reaching the optimal solution.

5.3 DISCUSSION OF THE RESULTS

Our Branch and Bound algorithm and our heuristic algorithm are coded in Visual
Basic 6.0 programming language and Ege’s (2001) algorithm and the algorithm with
no paralleling option are coded in FORTRAN programming language. During the
discussion of results, we refer to the algorithm developed by Ege (2001) as the
station paralleling algorithm. We also refer to the optimal solution without any
paralleling as the non-paralleling option. Since our algorithm only allows two level
task paralleling, the station paralleling algorithm is also run by allowing two level

paralleling.

5.3.1 EFFECTS OF PROBLEM PARAMETERS ON BRANCH AND BOUND
ALGORITHM WITH TASK PARALLELING

The effects of the experimental parameters on the performance measures for our
Branch and Bound algorithm are reported in Tables 5.1 and 5.2. In Table 5.1, the
cost related measures for Branch and Bound algorithm are summarized. Table 5.2

contains the measures related with the algorithm performance.
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Table 5.1: Results related to cost measures for Task Paralleling.

# of Stations,

# of Paralleled

Total Cost, TC NS Tasks, NPT

L/A, N | FR c Avg. Max. Avg. | Max. | Avg. Max.
30/1 10 | 0.2 0.6 | 413800 | 497000 | 13.4 16 5.7 7
1.0 | 219100 | 281000 | 7.0 9 1.3 3
1.4 | 155600 | 192000 | 4.9 6 1.1 3
0.5 0.6 | 395500 | 497000 | 12.7 16 5.9 8
1.0 | 209500 | 280000 | 6.9 9 1.7 3
1.4 | 154900 | 191000 | 4.9 6 0.6 2
15| 0.2 0.6 | 601100 | 776000 | 19.4 20 8.6 12
1.0 | 323100 | 378000 | 10.3 12 1.6 3
1.4 | 226500 | 257000 | 7.2 8 25 6
0.5 1.0 | 306000 | 378000 | 9.7 12 2.3 4
1.4 | 222800 | 258000 | 6.9 8 2.6 5
20| 0.2 0.6 | 820100 | 961000 | 26.4 30 11.6 13
1.0 | 428900 | 507000 | 13.5 16 441 9
1.4 | 307300 | 351000 | 9.8 11 2.9 4
30/30| 10| 0.2 0.6 | 819000 | 990000 | 13.5 16 5.4 7
1.0 | 480000 | 600000 | 7.3 9 0.8 3
1.4 | 381000 | 510000 | 5.6 8 0.6 2
0.5 0.6 | 816000 | 1020000 | 12.7 16 5.6 7
1.0 | 456000 | 570000 | 7.2 9 1.3 3
1.4 | 369000 | 480000 | 5.5 7 0.5 2
15| 0.2 0.6 | 1236000 | 1500000 | 19.5 21 8.0 10
1.0 | 729000 | 900000 | 10.9 13 1.2 4
1.4 | 600000 | 720000 | 8.0 9 1.4 3
0.5 1.0 | 693000 | 840000 | 10.5 13 1.6 3
1.4 | 579000 | 720000 | 7.5 9 1.8 4
20| 0.2 0.6 | 1701000 | 1860000 | 26.5 31 10.3 12
1.0 | 1017000 | 1140000 | 14.6 17 1.8 4
1.4 | 816000 | 900000 | 10.4 12 1.7 4

As can be seen from Table 5.1, when N increases while the other experimental

parameters are kept constant, TC, NS and NPT also increase. With increasing ¢

values, TC, NS and NPT decrease, as increased c values allow more tasks to be

assigned to a station. When c is increased from 0.6 to 1, there is a sharper decrease

in TC, NS and NPT compared to the case when it is increased from 1 to 1.4. When ¢

changes from 0.6 to 1, the decrease in TC is about 50% whereas when c increases

from 1 to 1.4, the decrease in TC is about 30%. This is due to the fact that

paralleling becomes inevitable when c is 0.6. Since most of the problems in the set
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where FR is 0.5 and c is 0.6 with N = 15 could not be solved they are excluded from

the result tables.

Table 5.2: Results related to algorithm performance measures for Task Paralleling.

CPU Time (min) # of Nodes Optimum Node #
L/A N FR C Avg. Max. Avg. Max. Avg. Max.
30/1 10| 0.2 0.6 0.0283 0.2488 544.5 3568 | 180.2 1392
1.0 0.0034 0.0147 276.9 1074 97.7 334
1.4 0.0015 0.0035 152.4 323 41.5 102
0.5 0.6 4.2671 26.6258 | 4622.8 21050 | 952.6 3475
1.0 0.0219 0.1119 919.1 2666 | 216.4 748
1.4 0.0211 0.1162 866.4 2810 97.8 206
15| 0.2 0.6 | 16.3536 | 101.0456 | 11556.4 67256 | 5404.6 | 29563
1.0 7.4875 | 71.5540 | 6468.4 42982 | 1882.3 14173
1.4 0.4999 1.8182 | 3727.0 9654 | 550.5 1822
0.5 1.0 2.8331 | 13.9926 | 13037.4 31509 | 2297.2 8587
1.4 1.1326 9.0307 | 77283.0 25075 | 1272.3 4725
20| 0.2 0.6 | 155.8344 | 178.9360 | 36242.3 96214 | 3285.0 12508
1.0 | 118.2762 | 166.4718 | 24960.8 75923 | 5907.0 18665
1.4 | 36.6943 | 156.7245 | 10531.9 54656 | 1280.3 8858
30/30 10 | 0.2 0.6 0.0142 0.1453 950.3 6954 | 190.0 2546
1.0 0.0130 0.1147 485.9 3319 144.4 1030
1.4 0.0030 0.0082 304.0 740 66.9 150
0.5 0.6 0.6325 2.6591 | 4605.7 13371 | 684.3 2663
1.0 0.0323 0.2028 | 1321.8 5251 | 330.3 1323
1.4 0.0122 0.0350 899.9 1901 | 130.5 284
15| 0.2 0.6 | 52.1256 | 175.4587 | 32564.8 104254 | 6548.2 | 39654
1.0 | 36.1226 | 145.7583 | 18256.1 81462 | 3232.4 | 22305
1.4 9.3951 | 45.5260 | 14031.8 43975 | 3140.4 11332
0.5 1.0 12.6193 | 95.6510 | 19562.1 58391 | 2910.6 7982
1.4 45799 | 20.6222 | 17069.6 45896 | 2466.0 6786
20| 0.2 0.6 | 102.3236 | 176.2563 | 56489.2 132546 | 9564.3 | 25654
1.0 | 67.4241 | 142.1564 | 34505.3 86355 | 5123.5 13932
1.4 | 16.9238 | 41.8911 | 15507.9 33647 | 972.3 4331

If we increase the FR from 0.2 to 0.5 while the other experimental parameters are

kept constant, TC, NS and NPT decrease since there are more assignment options

due to the more flexible precedence structure.

When the cost structure is switched from 30/1 to 30/30 while the other experimental

parameters are kept constant, TC and NS increase whereas NPT decreases. This is
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because when the equipment cost is equal to the station opening cost for L/A; =
30/30, the algorithm does not favor task paralleling, which would cause an increase

in equipment cost.

As can be observed from Table 5.2, as N increases while the other experimental
parameters are kept constant, the CPU time, the total number of nodes in the
solution and the optimal node number values increase. When FR increases, the CPU
time, the total number of nodes in the solution and the optimal node number

increase.

When c is increased while the other experimental parameters are kept constant, the
CPU time, the total number of nodes in the solution and the optimal node number
decrease. When c is increased from 0.6 to 1, there is a sharper decrease in the
algorithm related measures compared to the case when it is increased from 1 to 1.4.

Again, this results from the paralleling obligation with c of 0.6.

When the cost ratio is switched from 30/1 to 30/30 while the other experimental
parameters are kept constant, the total number of nodes in the solution and the

optimal node number increase.

5.3.2 EFFECTS OF LOWER BOUNDS AND FATHOMING RULES ON THE
BRANCH AND BOUND PERFORMANCE

In order to determine the effectiveness of our lower bound estimated at the root
node, we have conducted pilot runs for N = 15 and calculated the percentage
deviations of initial lower bound values from the optimal results. The deviations for

the test runs are listed in Table 5.3.
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Table 5.3: Deviations of lower bound at the root node from optimal solution.

30/1 % Deviation 30/30 % Deviation
N FR C Avg Max Min Avg Max Min
15 0.2 0.6 30.02 41.69 16.54 27.07 40.00 11.76
1.0 11.48 14.06 9.88 19.43 35.29 9.09
1.4 9.48 19.15 1.07 25.03 42.86 14.29
0.5 1.0 5.22 11.58 1.06 13.40 23.81 4.55
1.4 7.74 18.09 0.53 20.66 35.71 7.69

The average percentage deviations for FR is equal to 0.2 and 0.5 vary between 9.48 -
30.02 and 5.22 - 7.74, respectively when the cost ratio is 30/1. When the cost ratio is
30/30, the average percentage deviations are between 19.43 - 27.07 and 13.40 -
20.66, for FR is equal to 0.2 and 0.5 respectively. The maximum percentage

deviations are 41.69 and 42.86 for cost structures of 30/1 and 30/30, respectively.

In order to detect the importance of lower bound in eliminating partial schedule, we
have conducted test runs with the problems when N is 15. The optimal solutions
could not be reached within three hours when the flexibility ratio is 0.5. When the
flexibility ratio is 0.2 and cost ratio is 30/1, the incorporation of lower bound
produces on average about 8§ times, 37 times, 31 times less nodes in less CPU time
for cycle times of 0.6, 1 and 1.4, respectively over the four problems out of ten that
could be solved within three hours. When the cost structure is 30/30, the lower
bound implementation performs on the average about 4 times, 37 times, 30 times
better in terms of total number of nodes and the CPU time for cycle times of 0.6, 1
and 1.4, respectively over the four out of ten problems that could be solved within

three hours.

As can be seen from the above results, the incorporation of lower bound brings
considerably high reduction to the total number of nodes in the solution and the CPU

time.

For analyzing the effect of fathoming rules, some test runs are conducted with

problems of 15 tasks. The algorithm related performance measures are obtained for
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the cases with and without fathoming rules. The results are listed in Tables 5.4 and

5.5.

Tables 5.4 and 5.5 show that the total number of nodes in the solution and the CPU
time increases when no fathoming rule is applied. The increase in the total number
of nodes in the solution reaches upto 4 times of the total number of nodes in the

solution when fathoming rules are applied according to the test runs.

Table 5.4: Comparison of fathoming versus no fathoming when cost structure is

30/1.
Task Paralleling No Fathoming
CPU Time (min) # of Nodes CPU Time (min) # of Nodes

N|FR| c Avg Max Avg Max Avg Max Avg Max
0.2 | 0.6 | 16.3536 | 101.0456 | 11556.4 | 67256 | 32.9077 | 167.5424 | 18453.8 | 87159
15 1| 74875 | 71.5540 | 6468.4 | 42982 | 12.3564 | 132.2456 | 10488.0 | 49836
1.4 | 0.4999 1.8182 | 3727.0 | 9654 | 0.9514 3.4560 | 5768.9 | 22156
0.5 1| 2.8331 13.9926 | 13037.4 | 31509 | 5.8561 | 32.3639 | 31550.5 | 68375
1.4 | 1.1326 9.0307 | 7723.0 | 25075 | 1.9867 8.4822 | 13206.3 | 26329

Table 5.5: Comparison of fathoming versus no fathoming when cost structure is

30/30.
Task Paralleling No Fathoming
CPU Time (min) # of Nodes CPU Time (min) # of Nodes
N|FR| c Avg Max Avg Max Avg Max Avg Max

0.2 0.6 | 52.1256 | 175.4587 | 32564.8 | 104254 | 78.2564 | 180.0000 | 55642.2 | 107562
36.1226 | 145.7583 | 18256.1 | 81462 | 89.3330 | 180.0000 | 29528.0 | 104256
14| 9.3951| 455260 | 14031.8 | 43975 |35.8494 | 101.4335 | 47567.8 | 98943
12.6193 | 95.6510 | 19562.1 | 58391 | 34.8579 | 180.0000 | 49184.0 | 103567
14| 4.5799| 20.6222 | 17069.6 | 45896 | 4.6784 | 25.6523 | 18554.0 | 55623

15

—_

0.5

—_
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5.3.3 BRANCH AND BOUND PERFORMANCES FOR TASK PARALLELING,
STATION PARALLELING AND NON-PARALLELING

Tables 5.6 and 5.7 illustrate the comparative values for CPU time and number of
nodes of our Branch and Bound algorithm, station paralleling algorithm and non-

paralleling option for /A, ratios of 30/1 and 30/30, respectively.

It can be concluded from these tables that the number of nodes in the solution and
the CPU time for our Branch and Bound algorithm are slightly higher than the ones
for station paralleling algorithm. On the other hand, the number of nodes and the
CPU times for paralleling algorithms (our Branch and Bound and station paralleling
algorithm) are considerably higher than the ones for non-paralleling option. These

results hold for both L/A, ratios.

Our Branch and Bound algorithm could not find the optimal solution within 3 hours
when N is greater than 20 for flexibility ratio of 0.2, and when N is greater than 15
for flexibility ratio of 0.5. Although the number of nodes in our Branch and Bound
algorithm and in station paralleling algorithm are close, our algorithm performs
more involved operations on one node than the station paralleling algorithm does.
Also algorithms are coded in different programming languages. These are the main
reasons lying behind the inability of our algorithm to solve optimally the problems

having larger number of tasks.
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5.3.4 EFFECTS OF PROBLEM PARAMETERS ON HEURISTIC ALGORITHM

As can be seen from Tables 5.8 and 5.9, when N increases while the other
experimental parameters are kept constant, TC, NS and NPT also increase. With
increasing c values, TC, NS and NPT decrease. When c gets larger, the station
capacity for accepting tasks increases; therefore, NS and TC (since it depends on
NS) decrease. When c is increased from 0.6 to 1, the decrease in TC, NS and NPT is

more pronounced compared to the case when it is increased from 1 to 1.4.

If FR increases from 0.2 to 0.5 while the other experimental parameters are kept
constant, for ¢ of 1 and 1.4, all cost related performance measures decrease since
there are more assignment options due to more flexible precedence structure.
However, for c of 0.6, a slight increase in TC is observed when FR increases from

0.2t00.5.

In Table 5.9, when the cost ratio (L/A;) is 30/30, and c is increased from 0.6 to 1,
there is a dramatic decrease in NPT. On the other hand, if ¢ is increased from 1 to
1.4, there is a slight increase in NPT in some cases. In this case, stations can hold
more tasks and therefore the possibility of using common equipment increases,

hence the heuristic favors task paralleling to opening a new station.

When the cost ratio is switched from 30/1 to 30/30 keeping the other experimental
parameters constant, TC and NS increase whereas NPT decreases. This is due to the
fact that when equipment cost is equal to station opening cost for L/A; = 30/30, the

heuristic algorithm does not favor task paralleling.

The CPU times used by the heuristic are negligible and therefore are not reported.
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Table 5.8: Heuristic algorithm results related to cost for L/A; = 30/1.

# of Paralleled
Total Cost, TC # of Stations, NS Tasks, NPT

N FR c Avg. Max. Avg. Max. Avg. Max.
0.2| 0.6 417200 497000 13.4 16 6.1 7

10 1 226200 284000 7.2 9 3.3 6
1.4 161400 192000 5.1 6 2.3 3

05| 0.6 411000 497000 13.2 16 6.0 8

1 222600 283000 7.1 9 2.3 5

1.4 161500 192000 5.1 6 1.7 3

0.2| 0.6 610800 776000 19.6 25 9.3 11

15 1 328200 380000 10.4 12 3.6 7
1.4 236600 289000 7.4 9 3.0 5

05| 0.6 614100 775000 19.7 25 8.7 11

1 319400 383000 10.1 12 3.6 8

1.4 230200 258000 7.2 8 2.6 5

0.2| 0.6 826900 962000 26.5 31 13.1 16

20 1 443100 536000 14.0 17 5.6 8
1.4 314000 353000 9.8 11 4.2 7

05| 0.6 827100 962000 26.5 31 12.7 16

1 432800 536000 13.7 17 4.6 8

1.4 306500 351000 9.6 11 3.5 5

0.2| 0.6 1008800 1181000 32.3 38 15.7 17

25 1 543200 603000 17.1 19 6.9 10
1.4 383600 418000 11.9 13 4.0 6

05| 0.6 1011500 1183000 32.4 38 15.7 19

1 536300 602000 16.9 19 6.7 10

1.4 379600 417000 11.8 13 4.3 6

0.2| 0.6 1217400 1400000 39.0 45 18.9 21

30 1 658700 724000 20.8 23 7.5 12
1.4 463900 516000 14.4 16 5.5 7

05| 0.6 1217800 1373000 39.0 44 19.0 23

1 645200 696000 20.4 22 6.4 11

1.4 454800 515000 14.1 16 7.6 12

0.2| 0.6 2019200 2243000 64.6 72 32.0 36

50 1 1078800 1200000 33.9 38 12.1 20
1.4 763000 807000 23.5 25 9.4 13

05| 0.6 2017700 2272000 64.6 73 30.2 34

1 1066400 1162000 33.5 37 12.6 24

1.4 754900 803000 23.3 25 9.7 14
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Table 5.9: Heuristic algorithm results related to cost for L/A; = 30/30.

# of Paralleled
Total Cost, TC # of Stations, NS Tasks, NPT

N FR c Avg. Max. Avg. Max. Avg. Max.
0.2| 0.6 837000 990000 13.6 16 5.2 7

10 1 507000 600000 7.9 10 0.9 5
1.4 402000 510000 5.5 7 1.5 3

05| 0.6 843000 1020000 13.8 17 5.2 7

1 483000 570000 7.4 9 0.9 3

1.4 390000 510000 5.6 7 0.9 2

0.2| 0.6 1269000 1500000 20.6 25 7.9 10

15 1 738000 900000 11.2 15 0.8 4
1.4 636000 720000 8.4 10 1.3 3

05| 0.6 1260000 1500000 20.3 25 7.3 10

1 750000 870000 11.0 14 0.9 4

1.4 633000 720000 7.9 9 1.1 3

0.2| 0.6 1725000 1890000 27.8 31 10.7 14

20 1 1020000 1140000 15.4 18 1.0 4
1.4 852000 900000 10.7 12 1.9 5

05| 0.6 1728000 1860000 27.9 31 10.5 14

1 987000 1140000 14.4 18 0.9 3

1.4 819000 900000 10.2 12 1.3 3

0.2| 0.6 2136000 2370000 34.2 38 12.8 17

25 1 1296000 1410000 19.1 22 0.7 6
1.4 1113000 1200000 13.5 16 1.1 3

05| 0.6 2127000 2370000 34.1 38 12.9 17

1 1278000 1440000 18.9 23 0.3 2

1.4 1080000 1200000 13.1 16 1.0 2

0.2| 0.6 2535000 2850000 40.8 45 15.0 20

30 1 1536000 1620000 22.8 26 0.8 3
1.4 1326000 1500000 16.6 20 1.5 4

05| 0.6 2553000 2880000 40.9 46 14.9 20

1 1503000 1590000 22.0 24 0.8 4

1.4 1284000 1440000 15.8 18 1.0 3

0.2| 0.6 4281000 4560000 68.6 74 24.8 31

50 1 2604000 2640000 37.7 39 0.2 2
1.4 2286000 2340000 27.4 31 1.0 3

05| 0.6 4284000 4620000 68.8 76 24.5 30

1 2580000 2640000 36.7 39 0.5 2

1.4 2232000 2310000 26.6 31 0.9 4

For determining the savings of heuristic improvement, test runs are conducted on the
problems with N = 20 and FR = 0.2. For the cost structure of 30/1 and when the
cycle time is 1, heuristic improvement provides one equipment cost benefit in two

problems out of ten. When the cycle time is 0.6, it saves two equipments in only one
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problem out of ten. For the cost structure of 30/30 when the cycle time is equal to 1,
heuristic improvement brings about one equipment cost benefit in one problem out
of ten. Hence, it can be concluded from the test runs that heuristic improvement
provides savings upto 0.23% when the cost structure is 30/1 and upto 2.86% when
the cost structure is 30/30. The higher saving percentage in cost structure of 30/30 is
due to the high equipment cost. Since the number of stations and the number of
paralleled tasks is lower when the cycle time is 1.4, there is no improvement

observed when N =20 and FR = 0.2.

5.3.5 COMPARISON OF ALGORITHMS IN TERMS OF OBJECTIVE

The percentage deviations in terms of total cost between the solutions of the

algorithms discussed are given in Tables 5.10, 5.11 and 5.12.

Table 5.10 gives the percentage deviations of our heuristic algorithm from our
Branch and Bound algorithm in terms of total cost (H - TP). Note that for FR values
of 0.2 and 0.5 the average percentage deviations vary between 0.75 — 4.04 and 3.03
— 5.53, respectively when L/A; is 30/1. When L/A; is 30/30, the percentage
deviations are generally higher. The average percentage deviations for FR values of
0.2 and 0.5 vary between 0.30 — 6.06 and 3.39 — 8.93, respectively when L/Ais
30/30. These results indicate that our Branch and Bound algorithm provides more
savings when the equipment cost is equal to the station opening cost and the
flexibility ratio is higher. Since the average percentage deviations are not so high
when N is large, the heuristic algorithm can be an attractive alternative to the
optimal task paralleling algorithm. Note that the maximum percentage deviation is

18.35 when L/A;is 30/1 and 30.30 when L/A, is 30/30.

Table 5.11 reports percentage deviations of our Branch and Bound algorithm
compared to non-paralleling option (NP - TP) and station paralleling algorithm (SP -
TP) in terms of total cost. Firstly, we compare non-paralleling option with our
Branch and Bound algorithm. For flexibility ratios of 0.2 and 0.5 the average

percentage deviations fluctuate between 10.13 — 16.05 and 8.39 - 14.88,
59



respectively when L/A;is 30/1. The average percentage deviations vary between
1.38 — 5.16 and 3.80 — 5.18, respectively when L/A;is 30/30. These findings indicate
that task paralleling with our Branch and Bound algorithm provides more savings
when the equipment cost is much lower than the station opening cost. The maximum

savings are 26.04% when L/A;is 30/1 and 25.00% when L/A, is 30/30.

Table 5.10: Total cost of heuristic and Branch and Bound task paralleling

algorithms.
% Deviations
L/A = 30/1 L/A, = 30/30
N FR c Avg Max Avg Max

10 0.2 0.6 0.75 6.65 2.35 8.33
1.0 3.00 13.57 4.95 15.00

1.4 3.37 16.46 4.73 12.50

0.5 0.6 4.09 16.53 3.39 11.54

1.0 5.53 14.29 5.80 14.29

1.4 3.87 18.35 4.81 15.38

15 0.2 0.6 1.55 9.82 2.69 7.32
1.0 1.60 10.41 1.20 8.00

1.4 4.04 13.96 6.06 21.05

0.5 1.0 4.26 11.19 7.72 16.67

1.4 3.03 11.90 8.93 17.65

20 0.2 0.6 0.78 3.80 1.45 3.77
1.0 3.16 7.38 0.30 30.30

1.4 1.80 9.22 4.15 10.34

Secondly, we compare station paralleling algorithm with our Branch and Bound
algorithm. For flexibility ratios of 0.2 and 0.5 the average percentage deviations
fluctuate between 0.23 — 1.77 and 0.34 — 2.50, respectively when L/A;is 30/1. The
average percentage deviations vary between 0.45 — 2.20 and 0.67 — 2.54,
respectively when L/A;is 30/30. The maximum savings are 12.00% when L/Ais
30/1 and 11.76% when L/A; is 30/30. The average percentage deviations for the
optimal solution without paralleling are much higher than the ones observed for the
optimal solution with station paralleling. This indicates that task paralleling brings

slightly larger savings in terms of total cost compared to station paralleling.

60



‘wyrode Surpeqrered uonels pue ‘uondo Jurpo[rered-uou ‘wytiod[e Jurpareied Jse) punog pue youelg JO 1S00 [BIOL, :11°S 9[qeL

000|606 |¥9'L |000|c.6 |62k |000|8EGL|ISY |9¥8|0502|cEECL |V
000 |€0€ |LL'L|000|099 |S/L0 |000|I¥S [8EL|000|+¥092 | L2 |0} 20 02
000 | 000} | #S¢ | 000 | 06'LL | 0GC | 000 | 0SCL [8L'SG|000|LL02|SLLL |V
000|008 |0EL|000|€E60 |¥E0 | 000 | I8YL |08E|000|SESGL|6ES |0} G0
000|G29 |6GL|000|9LO0L|ZLL |000|S0'LC|9L'G|286|G802|S09L |Vl
000 |SSY |S¥'0|000|¥E'8 |80k |000|0SCL|/2E|000]|LL8L|ELOL|OL 20 Gl
000|/99 |/90|000|%v2L |90 |000|S9/L|20% |000|0S¥2 |88Vl |V
000|/99 |/€2C|000|002} | /9L |000|006GeC|/8Y |000]|00G2| 90}k |0} G0
000 |92LL|8L'L|000|SOL | €20 |000|/99L|0FE|000|0LYS |2V | VL
000 | €5°0L | 022|000 | /Z0LL |2k |000|0SCL|SYPE|000]|62€ES|SEOL|OL 20 0]8
UIN | xey | BAay | culy | xeiny | BAy | Culin | xey | BAy | cuny | xeiny | tBay 2 H4 N
0€/0€ = '/ L/0€ =Y/ 0€/0€ = 'v/1 L/0€ =V
Buyajesed uoneis pa|9|esed-uoN
suoleinaq %

61



Table 5.12: Total cost of non-paralleling option and heuristic algorithm.

% Deviations
FR c L/A, = 30/1 L/A = 30/30

N Avg. Max. Min. Avg. | Max. Min.
0.2 1 7.54 | 13.24 0.00 | -1.74 | 5.88 | -11.11
10 1.4 11.23 | 24.10 -1.60 | -1.71 | 16.67 | -14.29
0.5 1 5.40 | 22.98 -1.07 | -0.95 | 1250 | -9.09
1.4 11.08 | 23.69 -1.06 | -1.11 | 16.67 | -18.18
0.2 1 8.66 | 18.28 -0.64 | 2.00 | 1250 | -8.70
15 1.4 12.17 | 20.14 -140 | -1.05| 5.56| -6.25
0.5 1 4.12 | 14.85 -1.06 | -456 | 7.41 | -13.64
1.4 8.29 | 20.14 -0.89 | -4.17 | 0.00 | -12.50
0.2 1 9.87 | 21.70 -1.50 | 1.07| 541 0.00

20 1.4 11.54 | 20.05 6.12 | 0.16 | 15.38 | -7.41
0.5 1 3.18 | 13.73 -1.50 | -1.31 | 2.86| -6.25
1.4 10.54 | 15.55 7.39 | -0.40 | 15.38 | -7.69
0.2 1 7.41 | 13.95 -0.17 | -1.67| 0.00| -6.98

o5 1.4 11.41 | 25.98 0.00 | -0.10| 2.70| -5.71
0.5 1 468 | 9.49 -1.05| -215| 476 | -9.09
1.4 9.99 | 21.80 -0.28 | -1.15| 294 | -556
0.2 1 7.89 | 12.30 -0.56 | -0.01 1.92 | -1.96
30 1.4 11.46 | 16.04 455 | -1.52 | 5.71 -7.32
0.5 1 5.54 | 14.25 -0.16 | -1.30 | 2.13 | -6.67
1.4 8.05 | 15.40 -0.96 | -2.05| 2.33| -7.32
0.2 1 8.36 | 15.04 3.89 | -0.01| 222 | -1.16
50 1.4 13.25 | 19.82 5.81 | -0.82 | 1.33| -5.56
0.5 1 5.14 | 10.98 112 | -1.07| 0.00| -3.57
1.4 6.16 | 12.22 -1.35| -2.64| 0.00| -5.80

Table 5.12 reports the total cost deviation (NP — H) which is computed as (NP-H) /
H x 100. Table 5.12 shows that, for flexibility ratios of 0.2 and 0.5, the average
percentage deviations fluctuate between 7.41 — 13.25 and 3.18 — 11.08, respectively
when L/A;is 30/1. The maximum percentage deviation is 25.98 when L/A;is 30/1.
Hence, even with a heuristic task paralleling algorithm, we can bring in cost savings
compared to non-paralleling. For the cost ratio 30/30, the heuristic solutions are
greater than non-paralleled optimal solutions, which indicate that the heuristic task

paralleling is not as effective for cost ratio 30/30 as it is for 30/1.

It is notable that our heuristic solution with task paralleling is much better than the
optimal solution without paralleling when the unit equipment cost is much lower

than the unit station opening cost. However, when the equipment cost is equal to the
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station opening cost, the optimal solutions without paralleling are slightly better than
the results obtained by our heuristic algorithm with exceptions indicated by large

positive maximum percentage deviations for this cost ratio.
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CHAPTER 6

CONCLUSIONS

We develop an exact algorithm and a heuristic algorithm for single model
deterministic ALB problem with task paralleling. The objective is to minimize the
number of workstations and the total equipment cost. We propose a Branch and
Bound algorithm that allows two level task paralleling. We use the solutions
obtained from the heuristic algorithm as upper bounds to improve the efficiency of
the exact algorithm. To the best of our knowledge, our study proposes the first exact
algorithm that considers station opening cost and task dependent equipment cost

simultaneously by allowing task paralleling.

We conduct computational runs to analyze the effects of experimental parameters
like problem size, cycle time, cost structure and flexibility ratio on the cost related
and algorithm related performance measures. We compare the results of our exact
algorithm with those of our heuristic algorithm results, station paralleling results and
non-paralleling option in terms of cost related measures. Our exact algorithm results
are also compared to station paralleling results and non-paralleling option results in
terms of algorithm related measures. The performance of our heuristic solution as a

percentage deviation from the non-paralleling option solution is also analyzed.

We found that the most important parameters that affect the difficulty of the

solutions are the number of tasks, flexibility ratio and the cycle time.
Our Branch and Bound algorithm produces more nodes for assessing alternatives

than station paralleling algorithm and non-paralleling option. Hence, the running

time of our Branch and Bound algorithm is longer than the others.
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Task paralleling provides about 12% savings on the average in terms of total cost
over the non-paralleling option when the unit equipment cost is much lower than the
unit station opening cost. Average savings is about 4% when the unit equipment cost
is equal to the unit station opening cost. Task paralleling also brings about 1% cost
reduction compared to station paralleling when L/A; is 30/1 and L/A; is 30/30.

Hence, task paralleling can be thought of as an improvement over station paralleling.

The heuristic algorithm produces fairly good results. On the average deviation from
the optimal solution with task paralleling is 3% when L/A; is 30/1 and 4% when
L/A; is 30/30. In addition, heuristic algorithm performs 8% better than non-
paralleling option in terms of total cost when L/A; is 30/1. Therefore, for problem
sizes greater than or equal to 20, heuristic algorithm can be used to obtain near-

optimal solutions in particular.

In general, task paralleling performs slightly better than station paralleling since it
allows tasks to be paralleled individually instead of paralleling all the tasks in a
station. Task paralleling at least performs the same as station paralleling on the same

problem.

This study can form a basis for the following future research topics:

e More than two level task paralleling may be considered which would further
increase the production rate of the assembly line.

e Instead of fixed unit equipment cost, variable equipment cost for each
equipment type may be taken into account. Moreover, more than one
equipment type for each task can be assumed.

e The ALB problem solution may be optimized according to the given number
of workstations instead of fixed cycle time (type II problem). In this case

maximizing the production rate might be of interest.
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APPENDIX A

ASSEMBLY LINE BALANCING WITH PARALLELING
LITERATURE SUMMARY

In Tables Al and A2, the literature survey conducted on assembly line balancing is
summarized. The assumptions, objectives, approach, computational and other details

are given for the references discussed in Chapter 3 of this study.
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APPENDIX B

EXAMPLE PROBLEM SOLUTION FOR BRANCH AND BOUND
ALGORITHM

Initialization phase of the solution procedure with Branch and Bound algorithm for
example problem III is given in Section 4.3.1. The detailed calculations are given

below.

Remove node 1 from stack

S=0

ST ={1},SEi={1},SPi=0,RT 1 =7-3=4,UT = {2,3,4,5,6}

TC; =0

Min. required number of stations = (8 + 2+ 3 + 4+ 5) /7 = 3.14 (rounded up to 4)
For calculating minimum remaining equipment cost, the required number of each
equipment type is found as follows.

For equipment type 1; (7/7) =1

For equipment type 2; (2/7) =0.29 (rounded up to 1)

For equipment type 3; (8 / 7) = 1.14 (rounded up to 2)

For equipment type 4; (3/7) =0.43 (rounded up to 1)

For equipment type 5; (5/7) =0.71 (rounded up to 1)

Total number of equipment pieces needed=1+1+2+1+1=6

Min. remaining equipment cost =6 X 5 = 30

LB; =0+ (4x50)+ 30 =230

Is UT =7 NO
Possible subnodes are created for node 1 considering that tasks 2 and 3 can be

assigned next.
76



Node 3: Task 2 is assigned to station 1 without paralleling.
TC3=0

LB3=0+ (4 x50)+ (6 x5) =230

Create this node as LB3 < UB.

Node 4: Task 2 is assigned to station 1 with paralleling.
TC4s=0

LBs=0+ (4 x50)+ (7 %x5)=235

Create this node as LB4 < UB.

Node 5: Task 2 is assigned to station 2 without paralleling.
TCs=(1x50)+(1x5)=55
LBs=55+(4x50)+ (6 x5)=285

Fathom this branch, as LBs = UB

Node 6: Task 2 is assigned to station 2 with paralleling.
TCe=(1x50)+(1x5)=55
LBs=55+ (4 x50) + (7x5)=290

Fathom this branch, as LB = UB

Node 7: Task 3 is assigned to station 1 with paralleling.

(Note that time of task 3 is longer than the cycle time and so task 3 has to be
paralleled.)

TC;=0

LB7 =0+ (4 x50)+ (6 x5)=230

Create this node as LB7; < UB

Node 8: task 3 is assigned to station 2 with paralleling.
TCs=(1x50)+ (1 x5)=155

LBg =55+ (4 x50)+ (6 x5)=285

Fathom this branch, as LBg = UB
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Is the number of subnodes > 0? YES

Subnodes 7, 3, 4 are added to the stack in given order according to their lower bound
values. Node 7 stays at the top of the stack for next cycle since it has the lowest
lower bound value. Figure B.1 illustrates the situation after subnodes of node 1 are

created.

& © 5%@ ©

Figure B.1: Branching after node 1 for example problem III.

Remove node 7 from stack

S={3,4}
ST, = {1, 3}, SE, = {1, 3}, SP, = {3}, RT, =4 -4 =0, UT = {2,3,4,5,6}

Is UT =37 NO
Possible subnodes are created for node 7. Since station 1 is closed with zero

remaining time, only assignments to station 2 are considered.

Node 9: Task 2 is assigned to station 2 without paralleling.
TCo=(1x50)+(2x5)=060

LBy =60+ (3 x50)+ (5x5)=235

Create this node as LBy < UB

Node 10: Task 2 is assigned to station 2 with paralleling.
TCio=(1%x50)+2%x5)=60

LBip=60+ (3 x50)+ (6 x5) =240
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Fathom this branch, as LB;y = UB
Node 11: Task 3 is assigned to station 2 with paralleling.
TCii=(1x50)+(2x5)=60

LB =60+ (3x50)+(5x%x5)=235
Create this node as LB{; < UB

Is the number of subnodes > 0? YES
Subnodes 9, 11 are added to the stack in given order. Figure B.2 illustrates the

situation after subnodes of node 7 are created.

)
O () )

Figure B.2: Branching after node 7 for example problem III.

Remove node 9 from stack

S={34,11}
ST2 = {2}, SE2 = {2}, SP2 = @, RT2 = 7 —2 = 5, UT = {3,4,5,6}

Is UT =@? NO
Possible subnodes are created for node 9. Because of the precedence relations task 3

and 5 are considered to be assigned to station 2 and 3.
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Node 12: Task 3 is assigned to station 2 with paralleling.
TCi,=(1%x50)+(2x5)=60

LBi> =60+ (3 x50) + (5 x5) =235

Create this node as LB, < UB

Node 13: Task 3 is assigned to station 3 with paralleling.
TCi3=(2x50)+(3x5)=115

LBi3=115+(3x50) + (4 x5) =285

Fathom this branch, as LB3; = UB

Node 14: Task 5 is assigned to station 2 without paralleling.
TCiu=(1%x50)+(2x%x5)=60

LBi4 =60+ (3x50)+ (5 x5)=235

Create this node as LB14 < UB

Node 15: Task 5 is assigned to station 2 with paralleling.
TCi5=(1x50)+ (2%x5)=60
LB5s=60+ (3 x50)+ (6 x5) =240

Fathom this branch, as LB;5 = UB

Node 16: Task 5 is assigned to station 3 without paralleling.
TCie=(2x50)+(3x5)=115

LBig=115+(3%x50) + (4 x5)=285

Fathom this branch, as LB, = UB

Node 17: Task 5 is assigned to station 3 with paralleling.
TC17=(2x%x50)+(3x5)=115

LB17=115+ 3 x50) + (5 x5) =290

Fathom this branch, as LB{; = UB

Is the number of subnodes > 0? YES
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Subnodes 12, 14 are added to the stack in given order. Figure B.3 illustrates the

situation after subnodes of node 9 are created.

GO OO OGO

Figure B.3: Branching after node 9 for example problem III.

The algorithm goes on according to the flowchart in Figure 4.4 and finds the optimal

solution as 235.
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APPENDIX C

COMPUTATIONAL RESULT TABLES

Table C.1: Cost related measures for station paralleling algorithm when L/A; is 30/1.

Total Cost, TC # of Stations, NS
N FR C Avg. Max. Avg. Max.

10 0.2 1.0 | 222900 | 283000 7.1 9
14| 156000 | 193000 4.9 6

0.5 1.0 | 213300 | 280000 6.8 9

1.4 | 155500 | 193000 4.9 6

15 0.2 1.0 | 326800 | 382000 10.4 12
1.4 | 230900 | 261000 7.2 8

0.5 1.0 | 307000 | 378000 9.7 12

1.4 | 229300 | 285000 7.2 9

20 0.2 1.0 | 432500 | 509000 13.6 16
14| 311100 | 353000 9.7 11

0.5 1.0 | 407900 | 482000 12.8 15

1.4 | 296600 | 350000 9.2 11

25 0.2 1.0 | 529200 | 593000 16.6 19
1.4 377900 426000 11.6 13

0.5 1.0 | 505800 | 593000 15.8 19

1.4 367000 423000 11.2 13

30 0.2 1.0| 636100 | 697000 20.0 22
14| 449800 | 494000 13.8 15

0.5 1.0 | 608800 | 692000 19.1 22

1.4 | 439600 | 486000 13.5 15

50 0.2 1.0 | 1043900 | 1138000 32.5 36
1.4 746400 816000 22.5 25

0.5 1.0 | 1030500 | 1137000 32.3 36

1.4 721200 800000 21.9 25
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Table C.2: Cost related measures for station paralleling algorithm when L/A; is

30/30.
Total Cost, TC # of Stations, NS
N FR c Avg. Max. Avg. Max.

10 0.2 1.0 | 492000 | 600000 7.8 10
1.4 | 387000 | 510000 5.8 8

0.5 1.0 | 468000 | 570000 7.4 9

1.4 | 372000 | 480000 5.6 7

15 0.2 1.0 | 732000 | 900000 11.1 15
1.4 | 609000 | 720000 8.3 10

0.5 1.0 | 702000 | 840000 10.6 13

1.4 | 594000 | 720000 7.8 9

20 0.2 1.0 | 1029000 | 1170000 15.7 19
1.4 | 831000 | 990000 10.6 13

0.5 1.0 | 963000 | 1140000 14.2 18

1.4 | 801000 | 900000 10.5 12

25 0.2 1.0 | 1275000 | 1410000 18.8 22
1.4 | 1107000 | 1200000 13.8 17

0.5 1.0 | 1233000 | 1320000 17.8 20

1.4 | 1062000 | 1170000 13.4 16

30 0.2 1.0 | 1527000 | 1620000 22.7 25
1.4 | 1299000 | 1470000 16.7 19

0.5 1.0 | 1479000 | 1620000 21.8 25

1.4 | 1239000 | 1380000 15.7 18

50 0.2 1.0 | 2598000 | 2640000 37.5 40
1.4 | 2274000 | 2310000 27.8 32

0.5 1.0 | 2559000 | 2670000 35.9 40

1.4 | 2211000 | 2250000 26 29
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Table C.5: Cost related measures for non-paralleling option when L/A; is 30/1.

Total Cost, TC # of Stations, NS
N FR c Avg. Max. Avg. Max.

10 0.2 1.0 | 245700 | 310000 7.9 10
1.4 | 184300 | 250000 5.9 8

0.5 1.0 | 236400 | 280000 7.6 9

1.4 | 184000 | 249000 5.9 8

15 0.2 1.0 | 361500 | 465000 11.6 15
1.4 | 270400 | 313000 8.6 10

0.5 1.0 | 334300 | 405000 10.7 13

1.4 | 252300 | 285000 8.0 9

20 0.2 1.0 | 492600 | 590000 15.8 19
1.4 | 356200 | 439000 11.3 14

0.5 1.0 | 447200 | 560000 14.3 18

1.4 | 343300 | 403000 10.9 13

25 0.2 1.0 | 587700 | 685000 18.8 22
1.4 | 437300 | 562000 13.8 18

0.5 1.0 | 563700 | 624000 18.0 20

1.4 424200 532000 13.4 17

30 0.2 1.0 | 715300 | 777000 22.9 25
1.4 | 524900 | 600000 16.6 19

0.5 1.0 | 684600 | 779000 21.9 25

1.4 | 497500 | 569000 15.7 18

50 0.2 1.0 | 1177200 | 1279000 37.6 41
1.4 | 881800 | 1004000 27.8 32

0.5 1.0 | 1126100 | 1248000 35.9 40

1.4 | 806400 | 884000 25.3 28
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Table C.6: Cost related measures for non-paralleling option when L/A; is 30/30.

Total Cost, TC # of Stations, NS
N FR c Avg. Max. Avg. Max.

10 0.2 1.0 | 498000 | 600000 7.9 10
1.4 | 396000 | 540000 5.9 8

0.5 1.0 | 480000 | 570000 7.7 9

1.4 | 387000 | 510000 5.9 8

15 0.2 1.0 | 753000 | 900000 11.6 15
1.4 | 630000 | 720000 8.6 10

0.5 1.0 | 720000 | 840000 10.7 13

1.4 | 609000 | 720000 8.1 9

20 0.2 1.0 | 1032000 | 1170000 15.8 19
1.4 | 855000 | 990000 11.3 14

0.5 1.0 | 975000 | 1140000 14.3 18

1.4 | 816000 | 930000 10.9 13

25 0.2 1.0 | 1275000 | 1410000 18.8 22
1.4 | 1113000 | 1200000 13.9 18

0.5 1.0 | 1251000 | 1320000 18 20

1.4 | 1068000 | 1170000 13.6 17

30 0.2 1.0 | 1536000 | 1620000 22.9 25
1.4 | 1305000 | 1470000 16.7 19

0.5 1.0 | 1485000 | 1620000 21.9 25

1.4 | 1260000 | 1410000 16.1 18

50 0.2 1.0 | 2604000 | 2700000 37.6 41
1.4 | 2268000 | 2310000 27.8 32

0.5 1.0 | 2553000 | 2640000 36 40

1.4 | 2175000 | 2250000 26 30
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