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ABSTRACT

OSCILLATION OF SECOND ORDER DYNAMIC
EQUATIONS ON TIME SCALES

Kiitahyalioglu Aysen
M.Sc., Department of Mathematics
Supervisor: Prof. Dr. Agacik Zafer

August 2004, 40 pages

During the last decade, the use of time scales as a means of unifying and
extending results about various types of dynamic equations has proven to be
both prolific and fruitful. Many classical results from the theories of differential
and difference equations have time scale analogues.

In this thesis we derive new oscillation criteria for second order dynamic equa-

tions on time scales.

Keywords: Differential equation, Time scale, First order Equation, Second order

Equation, Oscillation, Nonoscillation.
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ZAMAN SKALASI UZERINDE IKINCIi MERTEBEDEN
DINAMIK DENKLEMLERIN SALINIMI

Kiitahyalioglu Aysen
Yiiksek Lisans, Matematik Boliimi

Tez Yoneticisi: Prof. Dr. Agacik ZAFER

Agustos 2004, 40 sayfa

Son on yil i¢inde degisik tiplerdeki dinamik denklemlerin sonuclarim tekilles-
tirmek ve genigletmek i¢in zaman dilimlerini kullanmanin tiretken ve karli oldugu
farkedilmigtir. Differansiyel ve fark denklemleri teorilerinin bircok klasik sonuglari-
nin zaman dilimi benzerleri vardir.

Bu tezde zaman sikalasi iizerinde verilen ikinci dereceden dinamik denklemler

icin yeni salimim kriterleri ¢ikaracagiz.

Anahtar Kelimeler: Diferensiyel denklem, Zaman skalasi, Salinimli ¢oztim, Sali-

nimsiz ¢ozliim, Birinci Dereceden Denklem, Tkinci Dereceden Denklem.
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CHAPTER 1

TIME SCALE CALCULUS

1.1 Introduction

In this thesis, we will be concerned with oscillating and nonoscillating solutions
of equations on a time scale. By a time scale T we mean an arbitrary nonempty
closed subset of the real numbers. For linear differential and difference equations,
one could argue that the exponential function is one of the most essential one
appearing in solutions. The exponential function on a time scale is therefore plays
an important role in the investigation of oscillating and nonoscillating behavior
of equations on time scale.

The exponential function, denoted by e,(t,%y), is defined to be the unique

solution of equation
y2 (1) = p)y(t), ylto) =1,

where A is the delta derivative corresponding to the time scale T under certain
conditions [1, 3]. For the time scale T = R, the operator is just the usual derivative
y2(t) = y'(t) and e,(t, ty) = exp[fti p(s)ds]. UT =Z, y>(t) = y(t+1) —y(t). We
note that the exponential function can be oscillatory in an arbitrary time scale
as opposed to the case when T = R.

We will present known definitions, theorems in Chapter 1 and present some
known oscillation and nonoscillation theorems in Chapter 2. In Chapter 3 we will

prove new oscillation and nonoscillation theorems for equations of the form

(p(t)y™)> +a(t)y” = f(b).

Examples are also presented to illustrate the results obtained.



1.2 Basic Definitions

A time scale (or measure chain) T is an arbitrary nonempty closed subset of

the real numbers. Thus
R, Z, N, Ny, [0,1]U]2,3], Q, Cantor set

are examples of time scales.

To introduce a time scale calculus, the forward jump operator
o(t):=inf{s>t:seT}eT
and the backward jump operator
p(t):==sup{s<t:seT}eT
are defined for all ¢ € T. In these definitions we put
o(@) =supT, p(@) =infT

If o(t) > t, the point ¢ is called right-scattered, while if p(t) < t, ¢ is said to be
left-scattered. If o(t) =t, t is called right-dense, while if p(t) = t, t is left-dense.
The graininess function p: T — [0, 00) is defined by

wu(t) == o(t) —t.
If T={Jn:neNpy}, then it follows that
o(t) =/t +1and p(t) = V3 — 1,
and if T = {2" : n € Z} U {0}, then we have

o(t) =2t and p(t) = L.



By an interval [a, b] in T, we mean the set
[a,b] :={teT:a<t<b}

Other types of intervals are defined similarly. The set T* is derived from T as
follows : If T has a left-scattered maximum m, then T = T — {m}. Otherwise
T* = T.

Below we state some well-known results concerning the differentiation and
integration on an arbitrary time scale. The following theorems are extracted

from [1].
Theorem 1.2.1. Let f: T — R andt € T*. Then

(a) if f is differentiable at t, then f is continuous at t,

(b) if [ is continuous at t and t is right-scattered, then f is differentiable

S Flott) = )

Ay ST -

0="""®
(c) if [ is differentiable and t is right-dense, then
fA(t) — lim f<t> — f<8>

s—t t—s

(d) if f is differentiable at t, then
Flo() = F(t) + u(t) F2(t)

EXAMPLE 1.2.1. If f(t) = t2, then f2(t) =t + o(t). In particular, If t € T :=
Ng :={/n:n € No}and f(t) =2, then fA2(t) = V2 +1+1

It can be shown that if f,g: T — R are differentiable at a point ¢ € T*, then
soare f + g, af (a« € R), fg, f/g whenever gg” # 0. Indeed,

(f +9)2(t) = f2(8) + g2 (1),

(af)2(t) = af(b),



(f9)2 () = F2(H)g(t) + f(a(t))gA(t) = f()g> () + f2g(a(?)),

NS Rl — Fg®
(g> =1 g(t)9(o (1))

EXAMPLE 1.2.2. If f(t) = 1/t, then f2(t) = —1/(to(t)).

To define an antiderivative of a function we need the concept of regulated
functions. A function f : T — R is called regulated provided its right-sided limit
exist (finite) at all right-dense points in T and its left-sided limits exist (finite)
at all left-dense points in T.

If f is regulated, then there exists a function F such that F2(t) = f(¢). In
this case the Cauchy integral is defined by

/S f(t)At = F(s) — F(r) forallr,seT.

A function F : T — R is called an antiderivative of f : T — R if FA(t) = f(t)
holds for all t € T*.

A function f : T — R is called rd — continuous provided it is continuous at
right-dense points in T and its left-sided limits exist at left-dense points in T.
The set of rd-continuous f : T — R will be denoted by

Crd - Crd<T) = Crd(T7 R)

It can be shown that every rd-continuous function has an antiderivative. In

particular if tg € T, then F' defined by

:/tf(r)Ar for teT

is an antiderivative of f. Furthermore,

o(t)
/t Fr)Ar = u(t) (1)

Let a, b€ T and f € C,4. The following results follow immediately:



(a) If T =R, then

[ rwai= [ s

where the integral on the right is the usual Riemann integral.

(b) If [a,b] consists of only isolated points, then

b Doiclapy () ifa<b
/f(t)AtZ 0 if a = b
' e OS> b

(¢) If T =hZ={hk:keZ}, where h > 0, then

b Sisa fEWh ifa<b
/ FAt=1 o ifa—b

a a1 .
- fhh it b

(d) If T =2Z, then
o f() ifa<b

b
/ fO)At=< 0 ifa=">
' — Y5 (1) ifa>b

EXAMPLE 1.2.3. Let f(t) = t. Then

t t t2
/sAs:/sds:— If T=R
0 0 2

. 5=, t>0
/SASZ 0, t=0 If T=hZ
0 t(h—t)

-, t<0

The next theorem summarizes the properties of the integral.

Theorem 1.2.2. Ifa, b, ceT ,a € R and f, g € C,q, then

(a) [V1f(t)+g®IAL = [T ()AL + [7 g(t)At,



(b) [ (af)(t At—af 0

(c) [} f)At=— [ f

(@) [°riat= [°f) At+fbf(t)At

() [} F(o(t)g> )AL = (fg)(b) — (fg)(a) — [} FA(D)g(t)AL,

(1) [} F(Dg* ()AL= (fg)(b) — (f9)(a) — [} FA(D)gla(t)AL,
(t)

(9) [, f®)At =0,
(h)

b b

f(t)At‘ §/ g(t)At, whenever |f(t)| < g(t) on [a,b),
()

b
/ f(&)At >0, whenever f(t) >0 on [a,b)

For the existence and uniqueness of differential equations on a time scale, it is
usually required that the involving functions are regressive. A function p: T — R

is called regressive if

L+ p(t)p(t) # 0

for all t € T*. In a similar manner the regressiveness of differential equations
are defined. For instance, y® = p(t)y is said to be regressive if p is a regressive
function. The set of all rd-continuous and regressive functions is denoted by .
We also say that f € R if f € Rand 1+ u(t)f > 0.

DEFINITION 1.2.1. Suppose the that p € R, t; € T and yg € R. The unique

solution of the initial value problem

y* =p(t)y, ylto) =1,

is given by
y(t) - 6p(t7 tO)u

and is called the exponential function.



Making use of definition 1.2.1 of e,(t, t) one can easily derive some properties

of the exponential function. For instance, if p, ¢ € R, then

) eo(t,s) =1 and e,(t,t) =1,
b) ep(a(t),s) = (14 p(t)p(t))en(t, s),
)

ot = Con(ts5);

ep(t,s) = ﬁ = egp(s, ),

where
pDqg=p+q+ upgq,
p—q
L+ pq

POq=

Note that, e,(t, t) may change sign. More specifically, if p € C,4, then e, (t,to)
is positive on T when 1+ u(t)p(t) > 0 on T%; e,(r, to)e,(a(r), o)
< 0 when 1+ u(r)p(r) < 0 for some r € T*.

1.3 Self Adjoint Equation

Let p, g € Crq and p(t) # 0 for all t € T. We consider the second order linear

dynamic equation
Lr =0, Lzx:= (p(t)z™)> +q(t)z° (1.1)

equation (1.1) is called self-adjoint equation. Let ID to be the set of all functions

z: T — R such that 22 : T" — R is continuous and (pz®)2 : T% — R is rd-



continuous. A function x € D is called a solution of equation (1.1) if it satisfies

equation (1.1).

Theorem 1.3.1. If f € Cpq , to € T, and xo, x5 are given constants, then the

wmatial value problem

Lz = f(t), (1.2)

z(to) = o, 2% (to) = 25

has a unique solution that exists on the whole time scale T

The Wronskian of x and y of two solutions is defined by

W(z,y) = det ( 2(t)  y) > :

z2(t) y2(t)

for t € T* then The Lagrange bracket of x and y is defined as follows:

{my}(t) = p(OW (z,y)(t)fort € T*.

Theorem 1.3.2 (Lagrange Identity). If z and y are in the domain of L, then

27 (O Ly(t) -y (O La(t) = {z,y}>(t) for teT"
Proof: By product rule, we have

{z;y}® = (apy® —pzty)®

= 27(py™)® + 2%py™ — 7 (pr®)> — y pa®
= 27(py™)> =y (p2™)*

= 2{(py™)> + @’} — ¥ {(pz™)* + q2”}

= 2Ly —y°Lx

2
on Tk,



Corollary 1.3.1 (Abel’s Formula). If x and y are solution of (1.1), then

W(z,y) = ]ﬁ

for all t € T*, where c is constant.

The Polya and Trench factorizations are often used in the oscillation theory.
In particular, the theorem following these factorizations is mostly used. We will
also employ that theorem in one of our main results in the last section. So, the

theorem as well as its proof of the Polya factorization will be given.

DEFINITION 1.3.1. A function x(t) defined on a time scale T is said to have a
generalized zero at t if x(t) = 0 or the generalized zero is contained in the real

interval (p(t),t) if tis a left-scattered and

p(p(t)z(p(t))z(t) <0

DEFINITION 1.3.2. If the set of generalized zeros of x(t) is unbounded from above,

x(t) is called oscillatory. Otherwise, it is called nonoscillatory.

Theorem 1.3.3 (Polya Factorization). If (1.1) has a solution u with no

generalized zeros in T then for any x € D. We get the Polya factorization

La(t) = pf (t){p2(pr12)}2(1)

for all t € T¥, where
1
p1:=— and ps:=puu’ >0
u
Proof: Assume that u is a solution of (1.1) with no generalized zeros in T. Then

pa(t) = p(Ou(t)u’(t) >0 for all tecT"



Let z € D. Then by the Lagrange identity (Theorem 1.3.2)

Li(t) = o)
1 A
W

R L

= P (t{p2(pr2)*}2(t)

I

for t € T* where p2 is as in the statement of the theorem.

Theorem 1.3.4 (Trench Factorization). Assume a € T, p > 0, and let
w:=supT. If w < oo, then assume p(w) = w. If (1.1) has a positive solution

on [a,w), then for any x € D we get the Trench factorization

La(t) = 77 () {r2(n2)*}2(¢)

for all t € [a,w) where v, and 72 are positive functions on |a,w) and

/aw ! At = 00 (1.3)

Ya(t)

Proof: Since equation (1.1) has a positive solution on [a,w), Lz has a polya
factorization on [a,w) by Theorem 1.3.3. Hence, there are positive functions p;

and ps on [a,w) such that

1 1 a8
La(t) = 0 () {palpra)*}2 (1) = — {—(ﬁ) } (0

for t € [a,w), where

If



then proof is completed. Assume

In this case,

Bu(t)

for ¢ € [a,w). Then by (1.4)

/aw Ba(t) At

For x € DD, note that

()0

for t € [a,w). Hence,

(t)
ai(t)

X

0 (E)A ©) =

/ as(t)At < 0o

lim

b—w,beT

lim
b—w,beT J,

0

[ aa(s)As

a(t) /t“’ as(s)As and  [(a(t) =

[6%) (t)

Tk

as(s)As f:gt

(0] (t)

)ag(s)As

At

b
/a LwOé2<S)ASf:(]t) as(s)A

r

1

[ag (t)

(

X

| {ftw a21(3)AS

A
b

as(s)As (C%)A (t) —

[e%1 (t)

S

20 (—aa(t)

X

7

J aa(s)As fauét) as(s)As

)A (t)] /tw an(s)As +

for t € [a,w). Taking derivative both sides we get

T

L
[a

(E)A}A@ ‘{

1

%)

11

L

(t)

aq (t)

as(s)As



for t € [a,w). It follows that

0 {ﬁi <§>A}A 0= {ai <§)A}A = bl

for t € [a,w). If

1 ,
71(25) = ﬁz(t) fO?" 1=1,2,--- te [a,w),

then
La(t) = 77 () {n2(nz)2}2 (1)

for t € [a,w), where (1.3) is satisfied.

Theorem 1.3.5. [1] Assume a € T,p > 0, let w := supT. If w < oo, then
we assume p(w) = w. If (1.1) has a positive solution on [a,w), then there is a
positive solution u, called recessive solution at w, such that for any second linearly

independent solution v, called a dominant solution at w,

v 1 w
/a]WAt:OO and /bWAt<oo

where b < w sufficiently close . Furthermore

pBv2(t) _ p(H)us(t)

o ()

for t sufficiently close to w (t < w).

(1.5)

1.4 Riccati Equation

It is well known that the Riccati equation is the most powerful tool in the oscil-

lation theory in both continuous and discrete cases. The corresponding equation

12



on an arbitrary time scale is therefore a must.
To derive a Riccati type equation on a time scale, we begin with considering

a solution z of (1.1) with no generalized zeros. Define

=P for teT¥. (1.6)
T
It follows that
A A o
P+ pz = p-l—,upx :p(:v—i—,ua: ):px >0 on T
T T T

and

The equation

Rz=0 (1.7)
for t € T*, where
= ZA —Z2 .
Rz = +q(t)+p<t)+u<t)z, (1.8)
p(t) + pu(t)z(t) > 0. (1.9)

is called a Riccati equation.

The following results are classical.

Theorem 1.4.1. If z(t) is a solution of (1.1) having no generalized zeros, then

is a solution of the Riccati equation (1.7) and (1.9) holds for all t € T*.

Theorem 1.4.2. If p(t) > 0, then (1.1) has a positive solution on T iff the

13



Riccati equation (1.7) has a solution z on T* satisfying (1.9).

Proof: First assume that (1.1) has a positive on T. Then by 1.4.1, the Riccati
equation (1.7) has a solution z on T* satisfying (1.9) on T*.

Conversely assume that z is a solution of (1.7) on 7" such that (1.9) holds on T*.
Since by (1.9)

1+ ,u(t)z(t) = p(t) + plt)=(t) >0 for all teT*

p(t) p(t)

we have z/p € Rt and hence

x:=-ez(t,tg) >0

where to € T. Now 22(¢) = (z/p)x implies that

pa:A:zx on TF.

Taking the derivative of both sides we get that

(p2®)* = (x2)°
= 272% + 22
" ( 22 ) 2%z
P+ pz p
2 2
" A ‘T
= —qr — (x+ ux + —
( >p+ Kz p

= —qx°.

Hence = = e%(., to) is a positive solution of (1.1).

14



CHAPTER 2

SOME KNOWN OSCILLATION CRITEIA
FOR SECOND ORDER DYNAMIC

EQUATIONS

2.1 Introduction

In this chapter we provide some known oscillation criteria for second order
dynamic differential equations. We should point out that there is not enough
literature on the oscillation theory of dynamic equations. For some additional
results we refer, in particular, to [3, 5, 7].

In the next section we will consider the second order dynamic equations of

the form

(p(H)2%(1))* +g)[(f o 27 ()]" =0, (2.1)

where p, ¢ € C,4 are positive, real-valued functions, and f : R — R is continuous.
Function z(t) of (2.1) satisfying sup{|z(t)| : t > to} > 0 is said to be oscillatory
if it is neither eventually positive nor eventually negative; otherwise it is said
to be nonoscillatory. equation (2.1) is said to be oscillatory if all solutions are
oscillatory.

It is clear that T is necessarily assumed to unbounded from above.

15



2.2 The oscillation criteria

We first consider the case v = 1. Then equation (2.1) becomes

(Pt ()% +qt)(f 0 27(t) = 0 (2.2)
The following lemma is obtained by Saker in [4].

Lemma 2.2.1 ([4]). If z(t) > 0 for all t > to is a solution of (2.2) and if

< At
/ —— = 00, (2.3)
to p(t)
then for y = px® we have
t
YA <0, 0<y(t) < f(A) t>t
Jio 2
and a0
x2(t 1
0< < — t>1
o) 7 p(t) [y 25

Proof: Clearly xz(co(t)) > 0 for t > t, and(2.2) implies
y2 (1) = (p()22(1)* = —q(t) f(27 (1)) <0, t > to.

Thus y(t) is decreasing for ¢t > t,. Assume that there exists a t; > ¢, such that
y(t1) = ¢ < 0. Then

and therefore

2 < — s>t
p(s)
Taking the integral from t; to t > t;
! b As
x(t) = x(t) +/ mA(S)AS < x(t) + c/ — — —00 as t— 00
t1 t1 p(S)

16



yields a contradiction. Hence y(t) = p(t)z*(t) > 0 for allt > t,.

z(t) > 2(t) — z(to) = /t: yif()ﬁs > vt) {/tt z%:)}

for t > ty. Since p is positive, the proof is complete.

Let r € R and pr be a differentiable function. Define the auxiliary functions:

Ct)=Clt to) =1+ O
p

O
1+ pu(t)r(t)

Q= A= e ()

610 = 0110 = erlo(®),t0) | Kal0) + 5p(0)7(0)° + 0
Q) = Qlt, ty) = —"DU 2(’;)“)7"“)) et

for t > t5. We shall make use of the following conditions:

(C1) There exists an M > 0 such that r(t)e,(¢,to)p(t) < M
for all large t.

(C2) xf(x) >0 and |f(z)| > Klz| for x # 0 for some K > 0

Theorem 2.2.1 ([4]). Assume that (C1), (C2) and (2.3) hold. Furthermore,
assume that there exists an r € R such that p.r is differentiable and such that

for any ty > a there exists a t; >ty such that

tlirgo sup/t H(s)As = o0, (2.4)
where 21Ot
1o = vt - L5

fort > ty. Then equation (2.2) is oscillatory.

Corollary 2.2.1. (Leighton- Wintner theorem) Assume that (C2) and (2.3) hold.

17



If
/00 q(t)As = oo, (2.5)

then equation (2.2) is oscillatory.

Corollary 2.2.2 ([3]). Assume that p is bounded above that (C2) and (2.3) hold,
and that for any tg > to such that

o [ [+ (2" 2

where

_ A%(5)C(s)
4B(s)

As =00 (2.6)

A(s) = ﬁé) (1 + éu(s) - C’(s)) . B(s) =T i)

Then equation (2.2) is oscillatory.

Theorem 2.2.2 ([4]). Assume that (C2) and (2.3) hold. Furthermore, assume
that there exists a function r € R* such that pr is differentiable and given any

to > a there is a t; > ty such that

lim suptim /t j(t _gm [w(s) - %} As = o (2.7)

where m is a positive integer. Assume further that

(%) [t Zi:(”(s) 1) (s — 1) s

is bounded above. Then equation (2.2) is oscillatory.

Theorem 2.2.3. [[}]] Assume that (C2) and

/tooﬁ<oo (2.8)

, Dp(t)

hold and there exists an r € R* such that pr is differentiable such that (2.4)

18



holds. Furthermore, assume

/a h ]% / t g(s)AsAt = 0o (2.9)

and let (C1) hold. Then every solution of equation (2.2) is either oscillatory or

converges to zero as t — 0.
Theorem 2.2.4 ([4]). Let all conditions of Theorem 2.2.3 hold with an exception
that (2.7) is replaced by (2.4). If

¢
lim inf/q(s)AsZO and #0 (2.10)

t—o0 T

for all large T, then every solution of equation (2.2) is oscillatory or converges

to zero ast — 00.

Next, we turn our attention to equation (2.1) when f(z) = = and p(t) = 1.

That is, we consider
22 () + q(t) 2] =0 (2.11)

The next lemma is contained in [7].

Lemma 2.2.2. Let x be a nonoscillatory solution of equation (2.1) and assume
conditions (2.3) and (2.10) hold. Then, there exists Ty > T such that

z(t)z®(t) >0 for t>T.
equation (2.11) was studied when the time scale T contained only isolated

points. The following lemma can be found [3].

Lemma 2.2.3. Assume that q(t) > 0 for allt € T, and for everya € T, ¢(t) >
0 for some t € [o(a),00). If z(t) is a positive solution of equation (2.11) such
that

z(t) >0
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for allt € [a,00), then

for allt € [a, 00).

Theorem 2.2.5 ([5]). Let q(t) be as in Lemma 2.2.3, a € T,a >0, and v > 1.
Then equation (2.11) is oscillatory if and only if

/ T o (0g(O)AL = oo,

Theorem 2.2.6 ([5]). Let q(t) be as in Lemma 2.2.3. Then equation (2.11) has

a bounded nonoscillatory solution if and only if

/ T o (0g(O)AL < oo,

where a € T, a > 0.

Theorem 2.2.7 ([5]). Assume q(t) is as in Lemma 2.2.3 and 0 < vy < 1. Then
equation (2.11) is oscillatory if and only if

| oranar-x
where a € T, a > 0.

Proof: Let x(t) be a solution of equation (2.11) such that z(¢) > 0 for all
t € [a,00) where a € T,a > 0. By Lemma 2.2.3, z(t) is increasing and z°(t) is

positive and nonincreasing for all ¢ € [a,00). Fix j € T such that j > 2a. Then
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for all t € [j,00), we have

z(t) = x(a)+/ 2 (0) AL

> 2 ()AL
= (t—a)z®(t) (2.14)
> %xA(t) (2.15)

That is, ;JA(‘(TG(Z;) < @ Dividing equation (2.11) by (22(a(t)))?, using inequality

(2.15), and integrating from j to t, we obtain

t :EAA(E) i t U X
/j —(IA(U@)))WAKJFQV/j q(0) (o ()AL <0 (2.16)

for t € [j,00). By hypothesis, the second integral in (2.16) approaches oo as
t — o0, so the first term approaches —oo. However, we will show that this is
impossible. Let

r(k) = x(0) + (k — O)z2(0),

¢ <k <o(l),l> asothat r is positive, continuous, and increasing. Furthermore,

let

_ r(k+p(0) —rk)
s(k) = (0) ,

k > a so that s is positive and continuous. Since ¢ < k < o({), we have
o) < k+ u(l) <20(¢) — L. Therefore,

r(k+p(0) = w(o(0) + (k+ p(0) — a(0))2(a(0))
= (o)) + (k= Oz%(a(0)).
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This implies that

s(k) =

Hence, s'(k) = 222(¢) < 0 forl < k < o(¢) implies that s is
nonincreasing and 0 < s(k) < s(f) = z2(¢). Then, for £ < k < o(¢) we have

B G S S e O
@By M(E)/e @)™
1 a(6) s (k)
= w)/g (k)™

B 1 o(f) 8’(]{?)
= W0 / ™
1 1

= M:[S o(0) = s ()]

It follows that

But, s!™(t) >0 and 0 <y < 1 for all t > a, so f; %Aé is bounded, and

hence is a contradiction.
Let us now consider the dynamic equation

(p(t)a™(1)2 + q(t)27(t) = 0. (2.17)

The following results are contained in [1].
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Theorem 2.2.8 ([1]). Assume supT = oo, p > 0 and let a € T. Suppose
that for each ty € [a,00) there exists ag € [to,00) and by € (ag,0), such that
w(ag) > 0, u(by) >0 and

(2.18)

Then equation (2.17) is oscillatory on |a, 00)

Theorem 2.2.9 (Leighton-Wintner Theorem[4]). Assume a € T, p > 0,

/:o ]%At - /:Oq(t)m = .

Then equation (2.17) is oscillatory on |a, o0)

sup T = oo and

Theorem 2.2.10 ([4]). Assume that equation (2.17) is oscillatory for all A > 0
and suppose that (2.8), and (2.10) hold. In addition, assume that

/TOO 2%3) /TS q(n)AnAs = co.

Then every solution of equation (2.2) is either oscillatory or converges to zero on

[a,00)

If p(t) =1,y =1 and f(x) = z, then equation (2.2) reduces to
222 () 4+ q(t)a” =0 (2.19)

for t € [a, c0).

The following result can also be found in [1].

Theorem 2.2.11 ([1]). Assume a € T and sup T = oo for any ty € [a,00) that
there exists a strictly increasing sequence {ty}r—1 C [to, 00) with limy_ tx = 00,
and that there are constants ki and ko such that 0 < ky < p(ty) < ky for k € N

and

(2.20)



Then equation (2.19) is oscillatory on |a, c0)

Finally, we provide some oscillation criteria obtained in [4] for dynamic equa-

tions of the form
2%+ a(t)z?” + b(t)z” = 0. (2.21)

Define
a(0) — 00 — )bt
T a(t)(D) + b0

If a € R then equation (2.21) can be written self adjoint form (1.1), where

p=¢eu(. o) and q=bp (2.22)
It is easy to see that an equation of the form
22 £ p(t)r® +q(t)z =0 (2.23)

can be transformed into an of the form equation (1.1), if 1 — up + p?q # 0.

Theorem 2.2.12 ([4]). Let p, q be defined as in (2.22) and assume that (2.3)
holds. Furthermore, assume that there exists an v € R with differentiable such
that (2.4) holds with

r*()p(t)

0 (2.24)

0(0) = exlo(0)10) |at) + 5 (D)) +

Then equation (2.23) is oscillatory.

Corollary 2.2.3 ([4]). Assume that (2.3) and (2.5) hold, where p and q are
defined in (2.22). Then equation (2.23) is oscillatory.

Corollary 2.2.4 ([4]). Assume that (2.3) and (2.6) hold except the term K,(t)
is replaced by q(t), where p and q are as defined in (2.22). Then the equation
(2.23) is oscillatory.
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CHAPTER 3

NEW OSCILLATION CRITERIA FOR

SECOND ORDER DYNAMIC EQUATIONS

3.1 Introduction

In this chapter we derive new oscillation criteria for certain type of dynamic
equations. Specifically, we are concerned with the oscillatory and nonoscillatory

behavior of second order dynamic equations of the form

(p(t)y™)> +a(t)y” = f(t) (3.1)
where it is tacitly assumed that p, ¢, f € C,y(T,R) and p > 0,t € T

DEFINITION 3.1.1. By a solution of equation (3.1) on [tg,00) we mean a func-

tion y defined on [ty,00) such that y, p(t)y>

equation (3.1) fort > t.

are differentiable, and satisfies the

For simplicity, let us define the operator L by
Ly = (p(t)y™)" +a(t)y”.

Clearly, (3.1) can be written as

The equation
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is called the homogeneous equation associated with (3.2).
It is well-known that, see Theorem 1.3.5, if equation (3.3) is nonoscillatory;
i.e.,If every solution of equation (3.3) is nonoscillatory, then there exist two lin-

early independent solutions z(t) and wu(t) of equation (3.3) such that

At < o0 (3.4)

> 1
/ p(t)z(t)z(a(t))

and

0 1
/ POulule@) =

The solution z(t), which is referred to as a dominant solution, plays an important
role in investigating oscillation behavior of solutions of equation (3.2).

It is easy to see that an equation of the form
v+ p)yS +a()y =0 (3.5)

can be transformed into an of the form (3.3), if 1 — up; + p?qy # 0. Therefore,
oscillation of equation (3.5) can be deduced from that of equation (3.3), which
will be illustrated in this Chapter.

Finally, we will consider
y>2 +pt)y” +a(t)y” =0 (3.6)

and obtain a nonoscillation theorem by employing a Riccati substitution.

In recently there has been much research activity concerning the oscillation
and nonoscillation of solutions of dynamic equations on time scales [11, 12, 13, 14].

In [9], Wong considered the equation (3.1) when T = R and gave a necessary
and sufficient condition for oscillation, where it was assumed that p > 0, ¢, f are
continuous functions.

In [15], Dosly and Hilger considered the equation (3.3) and gave necessary and
sufficient conditions for oscillation of all solutions. Often, however, the oscillation
criteria require additional assumptions on the unknown solutions, which may not

be easy to check. In Erbe and Peterson [16], the authors consider the same

26



equation and assume that there exists ¢ty € T, such that p(¢) bounded above on
[t(]? 00)7 and
ho = inf{u(t) : t € [to,00)} >0

and showed via Riccati techniques that
/ q(t)At = oo
to

implies that every solution is oscillatory. It is clear that the results given by
Erbe and Peterson [16] cannot be applied when p is unbounded, u(t) = 0 and
q(t) =t~ when a > 1. We refer also to papers by Erbe and Peterson [16] and
Erbe [17] for additional linear oscillation criteria, which also treat more general
situations. For some sufficient conditions for nonoscillation of the solutions of

equation (3.5) we also refer to Guseinov and Kaymakgalan [14].

3.2 Main Results

We will first consider self-adjoint dynamic equation (3.2). Define

mo- [ L ([ re) s

Theorem 3.2.1. Suppose (3.3) is nonoscillatory and that z(t) is a dominant

solution. If

Tlim H(t) = — lim H(t) = oo (3.7)

t—o0 t—oo
then equation (3.2) is oscillatory.

Proof: Let z be a dominant solution of (3.3). In Theorem 1.3, we set 7 = 2,

Yo = pzz?. Then, we have

y\A1°
2Ly —y’Lz = [pzz” (—) }
z
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for any y and z satisfying Ly = f and Lz = 0, we use y(t) = z(t)w(t) and obtain
[pzz7w?]® = 27 f (3.8)

Integrating (3.8) twice from ¢, to t, we obtain

w?(t) = W (to) + ! /t 27 fAT,

pzz° P27 Jy,

w(t) = w(ty) + w(to) / — = ( / fz"Ar) As.

In view of (3.4) and (3.7), we see that

Timw(t) = — lim w(t) = oco.

t—o0 t—o00

This means that w(t) and hence y(t) = z(t)w(t) is oscillatory.
Remark: If T = R then we recover a theorem proved by Wong in [9]. The

discrete case, i.e, T = Z, has not been considered in the literature.

ExXAMPLE 3.2.1. Let T = Z and consider
A%y + (4 —2V2)Ay = \"(V2 + 1) A3+ 2V2) — 1] (3.9)

where A < 0.
From Lz = 0 we easily obtain z(n) = (v/2 + 1)” (dominant solution) and
2(t) = (v/2 — 1)™ as nonoscillatory solutions.
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Note that since

H(n) = AHRE%BZ(Kivw6+w%p@+2%b—m&)A&

_ /WA%V§+1VS—1AS
o (V241)

n n 1
= A As —/ —— As
/0 o (14 \/5)25

n—1 n—1 1
- S-S
pr "~ (3+2V2)°

1
1=\ 1= gaar

1
1—A 1_3+2ﬁ

We have
lim H(n) = — lim H(n) = co.

n—o0 n—oo

Therefore by Theorem 3.2.1, equation (3.9) is oscillatory.

EXAMPLE 3.2.2. Let T = R and consider
y' —y = (2cost + 2sint — tsint + 2t cost)e’. (3.10)

In this case we see that z;(t) = ef(dominant solution), 25(t) = e~* are nonoscil-

latory solutions of the corresponding homogeneous equation. Furthermore, from

t 1 s
H(t) = /T/(2COST—|—28inT—TSinT+2TCOST)62Tde8
68
b1
_ I 2sd
= /e2s(sms—|—scoss)e s

t
= / (sins + scos s)ds

= tsint

it follows that
lim H(t) = — lim H(t) = co.

t—oo t—oo

Since the conditions of Theorem 3.2.1 are satisfied, we may conclude that equation
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(3.10) is oscillatory.

If p1, g1 € C,q and
1—p(O)p(t) + @ (t)p(t) #0 for all t € TF,
then the second order dynamic equation
y2 2+ oy +a(y =0. (3.11)
can be written in a self-adjoint form (1.1), where
pt) = ealtite), alt) = €3t t0)ar (1) = (1+ p(Ha®)pBa()  (312)

and
a(t) = pi(t) — pu(t)q(t)
1 =pi)p(t) + @ ()p(t)

with ¢, € T*.

By transforming (3.5) into a self-adjoint form, we are able to obtain the fol-

lowing theorem.

Theorem 3.2.2. Let p1,q1 € C,q be such that

1= pu(®)pr(t) + 2 (t)qi (t) > 0

and
/OO eon(t 1) AL = o0, (3.13)
where
alt) = — (1) — p(t)ar (t)
L= p(@)pi(t) + 12 (a1 (t)
If
/OO €2 (t,to)q1(t) At = 0o (3.14)
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then, equation (3.5) is oscillatory.

Proof: equation (3.5) can be written in self-adjoint form

(p(t)y™)® + q(t)y” =0, (3.15)
where
p(t) = ealt to) and q(t) = eg(t,to)q(t).

Since 1 — p(t)p1(t) + p*(t)q1(t) > 0, we see that

pL—pq 1

1+ pa=1+ =
g Ml_ﬂpl‘i‘lﬂ‘h 1 — pp1 + p12q

> 0,

and hence

1+ pu(ea) =1+ p——m: > 0.

1+ pa

Thus, o,6a € RT and p(t) > 0. Apply Theorem 2.2.9 to equation (3.15), it

follows that equation (3.5) must be oscillatory.

Remark: The case T = R was proved in [8].

ExAaMPLE 3.2.3. Consider second order linear dynamic equation
yAA Aty + 4y =0 (3.16)

so that
p(t) =4pu(t), qt) =4, at)=0, oSaft)=0.

Clearly,

/ t to At / €0<t,t0>At = thrn t=00
/ 7(t,to)q(t) A, t = / g (t, to) At = lim 4t =

Because all the conditions of Theorem 3.2.2 are satisfied, equation (3.16) is oscil-
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latory.
Note that if T = R then equation (3.16) becomes

y'+4y =0,

whose general solution y(t) = ¢; sin 2t + ¢5 cos 2t is oscillatory, and If T = Z then
equation (3.16) gives
A%y 4+ 4Ay +4y =0

It is easy to verify that y(t) = (¢1 + cat)(—1)" is oscillatory.
In case T = ¢% = {¢" : k € Z} U {0}, equation (3.16) reads as

Y22 +4(g — 1y* + 4y = 0,

and may be concluded that it is oscillatory.

(Po(t)y™)™ + qo(t)y” = 0 (3.17)
where py and g satisfy the same assumptions as p and ¢

Theorem 3.2.3. (Sturm’s Comparison Theorem) Suppose we have for allt € T

po(t) < p(t)  qo(t) > q(t)

If equation (3.3) has a solution with two consecutive generalized zeros ty, to, then

every solution of equation (3.17) has a generalized zero between t; and ts.

The next result provides a necessary and sufficient condition for the nonoscil-
lation of equation (3.6). The theorem is well-known in both continuous and

discrete cases.

Theorem 3.2.4. Assume —p € RT that equation (3.6) is nonoscillatory if and
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only if there ezist ty € [0,00) and a differentiable function r(t) € Cyq such that

sy PO bl
T T T T e )
L—pu(t)rt) >0 (3.19)

for all t > tg.

Proof: =-:)Suppose that equation (3.6) is nonoscillatory. Without loss of gener-
ality we may assume that there exists a positive solution y(¢) on the semi-definite

interval [tg, 00), where t; > 0 depends on the solution y(t). Let

A
t
r(t) = 2 (), t > to.
y(?)
We first note that
A A o
) ) )

Next, by taking the derivative of r(¢) and using (3.3) in the process, we obtain

r? pr
rd = 1—,ur_1—,ur+q (3.20)

This means that r(t) satisfies (3.18) and (3.19) for all ¢t > .
<:) Suppose that there exists a differentiable function r € C,4 that satisfies
(3.18) and (3.19). Let go(t) > 0 be such that

Ay () p)r(@)
ro(t) =1 oD T-pr® (q(t) + qo(t))- (3.21)
Let us consider the inital value problem
y® = —r(t)y, ylto) =1 (3.22)

By the existence and uniqueness theorem, this problem has a unique solution

y = e_.(t,tg). Since 1 — ur > 0, we see that y(t) > 0 for all ¢ > ¢,. Differentiating
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(3.22) we arrive at

Y28+ p(t)y™ + (q(t) + qo(t))y” = 0. (3.23)

Equation (3.23) can be written as

Y2+ (p(t) + (q(t) + qo(8) (@) y™ + (q(t) + qo(t))y =0

or

(p1()y™)> + au(t)y” =0,

where

pl(t) = €y (tv to)v q1 (t) = 621 (tv tO)(q<t) + QO(t»v

and
p+(qg+aqo)u—(q+q)p p

Cl—plp+(g+qp) + (g +wp®  1—pp
Since —p € R, we see that

aq

p 1
L—pp 1—pp

1+ por=14+p >0

and hence
— Q7 1

1+ jezesy - 1+ jezess
Thus o, S € R and py(t) > 0.

Clearly, Riccati equation (1.8) corresponds with the nonoscillatory equation
y>2 +py® +ay” =0. (3.24)
Equation (3.24) can be written as

2% + (p(t) + q(t)p(t) ¥ + q(t)y = 0
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or

(p2(t)y™)> + qa(t)y” = 0,

where

p2(t) = €ay (t7 to)a QQ(t) = 632 <t7 to)q(t>

and
P+ qu—qu p

1= plptap) Fqut 1—pp

We see that a; = ap and so p; = py. Since ¢; > ¢o by Theorem 3.2.3, we conclude

%)

that equation (3.6) cannot be oscillatory.
Remark: If T = R then the above theorem can be found in [10].
As an application of the above theorem we obtain a nonoscillation theorem

for equation (3.6):

Theorem 3.2.5. Let there exits Q(t) satisfying Q*(t) = q(t). If

(p(t) = Q(1))Q(t) 20, and 1—puQ >0,
then equation (3.6) is nonoscillatory.

Proof: Multiplying the inequality

Q*(t) = p(H)Q(t) <0

by 1 — u@ leads to

% PQ
— <0. 3.25
1—p@Q 1—p@Q — (3.25)
Adding Q2 (t) on both sides we see that
Q? pQ A
+ — < 3.26
0T T 10 Q (3.26)
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In view of Theorem 3.2.4, we may deduce from (3.26) that equation (3.6) is

nonoscillatory.

Remark: If T = R then the above theorem was proved by Wong [8]. Note that
in this case 1 — u@ =1 > 0 is automatically satisfied.

ExaMPLE 3.2.4. Let T = Z and consider

2t

APy + (:) Ay — ﬁy(t +1)=0. (3.27)

Here, we have

We observe that

and )
t
t) — QL t) = —= > 0.
1) = Q)R = 733 2
Since the conditions of Theorem 3.2.5 are satisfied, equation (3.27) is nonoscilla-

tory.

EXAMPLE 3.2.5. Let ¢ > 1 and ¢% = {¢* : k € Z} and ¢% = ¢% U {0}. Here, we
consider the time scale T = ¢Z in which o(t) = gt, u(t) = (¢ — 1)t. Consider

2 1
AA A o
—y~ — ——y7 =0 3.28
Yy ey (3.28)
so that .
2
) = — )= ———
PO ==, )=
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We see that

1
L= u(t)Q(t) == >0,
and
1
(p(t) = RW)QE) = 555 2 0
Since the conditions of Theorem 3.2.5 are satisfied, equation (3.28) is nonoscilla-
tory.
EXAMPLE 3.2.6. Let o(t) < 1?—;‘/3 and consider
YA 1 2t%yA 4 (t+a(t)y” = 0. (3.29)

In this case, we have
p(t) =2t%, q(t) =t+o(t).

Since

Qt) = / (s +0(s))As = 2

Since o(t) < £, we clearly see that

L—pt)Q(t) =1— (o) —t)t* >0,

and
(p(t) — Q(1)Q(t) =t* > 0.

Since the conditions of Theorem 3.2.5 are satisfied, equation (3.29) is nonoscilla-

tory.
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