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ABSTRACT 

STABILITY AUGMENTATION OF A SEMI-AUTONOMOUS 

WHEELCHAIR  

 

 
Ayık, H.Müjde 

M.S., Department of Mechanical Engineering 

Supervisor      : Prof. Dr. Kemal Özgören 

September 2004, 148 pages 

In this thesis, the dynamic modeling of a wheelchair-human system is performed, 

and the effects of steering action and sudden slope changes along the path on the 

system stability are analyzed for different road and driving conditions. For the 

cases where the wheelchair system is unstable three methods are proposed for 

stability augmentation. This study is performed to improve the stability of the 

wheelchair system under varying road conditions so as to increase the limit of 

independency for wheelchair users and enhance their life quality. 

Two separate mathematical models are obtained for the wheelchair driven on 

constant sloped and changing sloped roads. Matlab Simulink models are 

constructed with the obtained mathematical models and control structure. The 

stability of the system is analyzed by case studies and it is seen that the system is 

unstable in some of these cases. Three methods are used for enhancement of the 

stability. One is the speed reduction via joystick module during steep turns, by 

which the speed of the wheelchair is reduced automatically for a safe steering, but 

the wheelchair follows the desired course. The second method is the use of a 

shape filter in order to obtain a less jerky response for the speed. As a final 

method, the center of mass of the wheelchair-human system is shifted gently in a 

controlled manner to the side where the reaction force on the wheels decreases. 
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Keywords: Semi-autonomous wheelchair, stability augmentation, active shifting 
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ÖZ 

YARI OTONOM BİR TEKERLEKLİ SANDALYE İÇİN KARARLILIK 

ARTTIRIMI 

 
 

Ayık, H.Müjde 

Yüksek Lisans, Makina Mühendisliği Bölümü 

Tez Yöneticisi      : Prof. Dr. Kemal Özgören 

Eylül 2004, 148 sayfa 

Bu tez çalışması kapsamında, bir tekerlekli sandalye-insan sistemi modellenmiş, 

ve  farklı yol ve sürüş koşullarında, yol üzerindeki ani eğim değişikliklerinin ve 

manevranın sistem kararlılığı üzerindeki etkileri incelenmiştir. Tekerlekli 

sandalye sisteminin kararsız olduğu durumlar için kararlılığı artırmak amacıyla 

üç yöntem önerilmiştir. Bu çalışma, tekerlekli sandalye sisteminin değişen yol 

koşullarındaki kararlılığını iyileştirerek kullanıcıların hareket özgürlüğünün ve 

yaşam kalitelerinin artırılması amacıyla yapılmıştır. 

Sabit ve değişken eğimli yollarda sürülen bir tekerlekli sandalye için iki ayrı 

matematiksel model elde edilmiştir. Elde edilen matematiksel modeller ve 

denetim yapısıyla Matlab Simulink modelleri oluşturulmuştur. Sistemin 

kararlılığı farklı durum çalışmalarıyla incelenerek, bazı durumlarda sistemin 

kararsız olduğu gözlenmiştir. Kararlılığı artırmak amacıyla üç yöntem 

kullanılmıştır. Bunlardan birisi, keskin dönüşlerde hızın otomatik olarak 

düşürülmesidir, bu sayede tekerlikli sandelyenin hızı güvenli bir dönüş için 

düşürülür ancak tekerlekli sandelye istenen yolu takip eder. İkinci yöntem, 

hızdaki ani iniş ve çıkışları engellemek amacıyla düşük geçişli bir filtrenin 

kullanılmasıdır. Son yöntem olarak da, tekerlekli sandelye-insan sisteminin 

ağırlık merkezi denetimli olarak tekerlekler üzerindeki tepki kuvvetinin azaldığı 

tarafa doğru yavaşça kaydırılmışır 
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CHAPTER 1 

INTRODUCTION 

1.1. Definition of the Problem 

Large numbers of powered wheelchairs are based on a construction that has two 

independently driven rear wheels and two front casters. Two DC motors drive the 

wheelchair. A user’s commands are transformed by a joystick into electrical 

signals that set the wheel speed and direction. Wheelchair design has two main 

priorities one of which is to increase the independent movement of wheelchair 

users, and the other is to improve the wheelchair safety. Therefore, improving the 

stability of the whole human-wheelchair system is an important aspect for the 

wheelchair safety.  

The stability of the wheelchair has a strong subjective character. User’s control 

strategies are based on his internal sense concerning the speed of the wheelchair, 

his perception of the riding surface, the dynamic parameters of the human-

wheelchair system, and the position of the human body according to the 

wheelchair seat. Wheelchair incidents may be caused by improper user’s 

commands due to changes in the user’s emotional condition, inadequate user 

experience in wheelchair operation, and wrong determination of the 

characteristics of the riding surface. Moreover, the wheelchair system may lose 

its stability due to the sudden slope changes along the path, and high speeds 

during steering. The wheelchair may tend to turn downhill when driven across a 

sloping surface, speed up excessively when going on a downhill-sloped road or 

slow down and even slide back in reverse direction when going on an uphill-

sloped road. These problems may be serious for handicapped people who may be 

paralyzed, or who may be incapable of giving correct decisions in their mind 

concerning the speed of the wheelchair such that he may speed up the wheelchair 

on a sloping surface while steering.  
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As mentioned previously, the riding surface of the wheelchair may have 

downhill-uphill slopes, side slopes, or both. The riding surface may also have 

abruptly changing slopes along the path of the wheelchair. Such roads may have 

to be crossed for any journey. Therefore, it is important to clarify the dynamic 

characteristics and stability of the wheelchairs for different driving conditions on 

different roads from the point of users and providers. 

The semi- autonomous wheelchair system handled within the scope of this thesis 

has two casters on the front and two rear wheels driven by two independent 

actuators. The speed and direction angle of the wheelchair is determined by the 

patient in terms of movements of the joystick. If the joystick is moved forward 

only then the wheelchair speeds up without any steering, whereas the wheelchair 

turns right or left as the patient moves the joystick to the right or left. In other 

words, the user’s commands are transformed to voltages in the joystick, which 

determine the reference angular velocities of the rear wheels and the reference 

heading angle of the wheelchair. The angular velocities of the rear wheels are 

compared with the actual angular velocities measured by encoders, and the errors 

are to be minimized by the speed controllers; as a result, motor voltages are 

produced. Speed control of the wheelchair can be considered as a low level 

control and it prevents the wheelchair from excessive speeding on a downhill 

slope so that the desired speed is maintained. As a high level control, the 

direction angle of the wheelchair is controlled by the patient such that if the 

heading angle of the wheelchair is not proper for the user he moves the joystick 

more to the left or right to maintain the desired direction of the wheelchair. 

The mathematical model of the wheelchair-human system is obtained using 

Newton-Euler formulation and the simulation of this system is performed by 

using Matlab Simulink. While obtaining the mathematical model of the system it 

is assumed that the human body is fixed to the wheelchair seat, which may be the 

case when the patient is paralyzed or when a seat belt is used. The stability of the 

wheelchair system is analyzed by means of the results of the several simulations 

carried out for different driving conditions and road profiles. 
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The reaction forces on the wheels of the wheelchair are analyzed in order to 

determine the wheelchair stability. As an example, if the total reaction force on 

the rear wheels takes a value of zero or below during motion, it means that the 

rear wheels lose contact with the ground so that the wheelchair will topple to the 

front. In order to improve the stability of the wheelchair system in such cases, 

three methods are proposed for stability augmentation. These methods are speed 

reduction during steering by means of modification of the user’s commands, 

shape filter to prevent a sudden change in the wheelchair speed, and center of 

mass shifting.  

 

1.2. History of the Study and Previous Research 

Powered wheelchairs take an important role in the research area of mechanical 

and control engineering. Most of the research about this topic is either done as to 

improve the performance of the wheelchair-human system by improving the 

stability or by designing the system itself in terms of mechanical design, 

mathematical modeling, and controller design. 

The analysis of wheelchair motion on a sloping surface is performed in 

University of California [1]. In this study of Shung, a mathematical model of the 

wheelchair system driven on a double-sided sloping surface is obtained using 

Newton’s 2nd Law. The wheelchair has two rear wheels driven independently and 

two casters at the front. While driving the equations of motion for the system it is 

assumed that only vertical forces act on the front casters; the two front wheels 

carry equal weight; the position of the center of mass is fixed relative to the 

wheelchair, the wheels do not skid; and the changes of slopes along the path are 

close to zero. The mathematical model presented in the work of Shung does not 

include the effects of suspension dynamics. The goal of the modeling effort is not 

a complete description of the wheelchair dynamics, but rather a design tool for a 

design of a feedback controller. Within the scope of thesis study, Newton-Euler 

formulation is used to model the system mathematically and the effects of sudden 
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slope changes along the path are also included on system dynamics such that the 

wheelchair motion is analyzed for different road profiles. Because, sudden slope 

changes along the path of the wheelchair affect the tipping stability when the 

wheelchair is driven on an uphill or downhill slope. Unlike the study of Shung, 

two front casters do not carry equal weight since the reaction forces on each of 

the front casters determine the stability of the wheelchair against toppling to the 

sides. Moreover, off-diagonal inertia terms are not included in the study of Shung 

whereas it is included in the mathematical model obtained in the thesis. Since the 

wheelchair has only one plane of symmetry, off-diagonal inertia terms are 

important for tipping stability analysis. 

A wheelchair velocity feedback controller is presented in another work [2]. Such 

a controller is designed to reduce the control demands on a wheelchair driver in 

outdoor driving and in low speed maneuvering. A dynamic model of the 

wheelchair obtained in [1] is used in the controller design. A computer simulation 

study is conducted for the controller. The effects of P and PI control on the 

system performance are compared for selected hypothetical situations like 

wheelchair traveling on a level ground, downhill slope, side slope, or on a double 

sided slope. Since the dynamic equations of the system are nonlinear control 

gains for both P and PI systems are chosen by trial and error as a compromise 

between speed of response, precision, smoothness, and system stability in 

selected situations. According to the study, both P and PI controllers dramatically 

reduce the effect of slope disturbances on the wheelchair speed and heading, and 

hence should make the wheelchair’s handling easier on unevenly sloping road. PI 

control is considered to be clearly superior in such a way that it provides a 

significantly less jerky response to sudden joystick motions. According to the 

results obtained in [2], the velocity feedback controller should make the 

wheelchair easier to drive under varying road conditions. Velocity feedback 

control is also used within the scope of this thesis study such that the angular 

velocities of the rear wheels are controlled as a low-level speed control of the 

wheelchair system. Results of the simulations carried out show that control of the 

angular velocities prevents an excessive speeding on a downhill slope, also helps 
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maintaining the desired speed on an uphill slope. In the study [2], the user is 

removed from inside the control loop such that he does not adjust the joystick to 

keep the speed and direction close to the desired values. However, the patient 

controls the direction angle of the wheelchair within the scope of this thesis such 

that he moves it more or less to the sides to get the desired direction. Human 

mental control behavior for the wheelchair heading is modeled as a proportional 

controller in the thesis study. Moreover, case studies are performed to analyze the 

wheelchair motion and stability for different driving conditions on roads with 

both constant and changing slopes. 

A mathematical model of the wheelchair system is obtained; and then stability 

conditions of the system for a violent fall, and direction hold stability of the 

wheelchair on a downhill slope are analyzed in the work of H. Ohnabe and F. 

Mizuguchi [3]. Mathematical expressions are obtained for the stability of the 

wheelchair on a downhill slope and the stability against falling over due to the 

centrifugal force at the turn. Furthermore, the directional stability of the 

wheelchair on a downhill slope is analyzed since it is difficult for the wheelchair 

to travel in a straight line where there is a slope affecting the heading angle of the 

wheelchair.  In the thesis study, the stability of the wheelchair system is analyzed 

by means of analysis of reaction forces of the wheels. Instead of deriving 

mathematical expressions, the wheelchair system stability is examined by several 

simulations carried out for different driving and road conditions. Moreover, the 

effect of sudden slope changes on the system stability is also considered within 

the scope of the thesis study.  The stability analysis is performed not only for 

roads with a downhill slope; but the roads that have uphill slopes; side slopes, 

double-sided slopes or changing slopes are also considered in the thesis. 

Another study concerns powered wheelchair control based on the dynamical 

criteria of stability [4]. The stability of powered four-wheeled wheelchairs with 

two driving wheels and two small sized front wheels is analyzed in this work The 

proposed controller includes a special module that analyses user’s commands 

before their execution. This module automatically modifies the commands that 

could jeopardize wheelchair equilibrium stability. The wheelchair steering 
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process could become safer by the rejection or modification of the commands of 

the patient. The user’s mental burden is decreased by this way. The commands of 

the user are transformed into relevant commands for the wheelchair speed and 

direction by means of joystick movements. Stability conditions for the wheelchair 

steering on a level ground, and traveling on an inclined plane are derived. When 

the patient gives speed commands that violate the criteria of stability, these 

commands that lead to stability loss are transmitted to the speed controller in a 

modified form. In these cases the wheelchair follows the desired routine, but its 

movement speed is reduced. A specific algorithm is used to process the 

information coming from joystick inputs of the user and the sensors that deliver 

information about the dynamic parameters of the system. If the user’s commands 

violate the stability condition derived analytically, these commands are converted 

to proper commands.  A modification in user’s command via joystick is also used 

within the scope of this thesis. However, neither an analytical expression is 

derived for stability nor the joystick inputs are checked for any stability 

condition, and no sensor is used in the process of modification of user’s 

commands. Instead, the speed of the wheelchair is reduced automatically during 

steep turns by the joystick module that converts the voltages into the reference 

angular velocities, as mentioned in Section 2.3.2 of Chapter 2. In other words, as 

the patient increases the voltage in y direction of the joystick more, the speed of 

the wheelchair is reduced more for a safe steering. The steeper the wheelchair 

turns the lower the wheelchair speed is.  

Static and dynamic stability analyses for racing wheelchairs, and the simple case 

of roll stability while turning are investigated in another study [5]. The degree of 

roll stability is highly related with the area of the footprint which is the area 

constructed by connecting the adjacent contact points of the wheels with lines. 

For a wheelchair to be statically stable the center of gravity of the whole 

wheelchair-human system must remain within the footprint.  As the wheelchair 

system is tilted the footprint becomes smaller and the system becomes more apt 

to fall. Furthermore, analysis of roll stability during steering is conducted and 

critical roll stability velocity is determined for the wheelchair on a flat roadway 
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and downhill slope. The result of this study [5] shows that while turning, racing 

wheelchairs with three wheels may be less stable than those with four, and both 

three and four wheeled chairs are more apt to fall over while turning on a 

downhill slope than on a level surface. This result is also validated within the 

scope of this thesis such that after carrying several simulations it is seen that the 

wheelchair has a more tendency to become unstable while steering on a downhill, 

uphill, or side slope rather than on a level ground. 

Another important issue in the research area of the wheelchair is the loss of 

upright postural stability of the patients, which may result in a discomfort of the 

patient or even a loss of control over the wheelchair. Because, the patient who 

does not have the requisite upper body strength and endurance may not be able to 

bring his body back to an upright position. As a research in this topic, a system 

capable of examining postural stability of the users to perturbations within a 

laboratory environment is developed in another study [6]. The system provides a 

means of highly reproducible perturbations to a subject seated in a wheelchair. 

Design of the device is guided by the desire to produce dynamic disturbances 

similar to what might be experienced by the patient during their travels along the 

path. The longitudinal acceleration is usually specified for tests involving 

braking, while for turning maneuvers, the lateral acceleration is normally 

measured. The platform where the wheelchair and the subject placed on the seat 

is pitched forward to simulate a brake and it is rolled to the right to simulate a left 

turn. Stability of the subject placed on the seat of the wheelchair is analyzed with 

several movements of the platform to simulate dynamic disturbances. However, 

postural movements of the wheelchair user are neglected within the scope of this 

thesis, which may be the case when the patient is paralyzed or a seat belt is used. 

While obtaining the mathematical model of the wheelchair-human system in the 

thesis, it is assumed that the patient is fixed relative to the wheelchair seat.  

In the work of William W.Li and Shahram Payandeh [7], the effects of a human 

driver on the tipping stability of a powered wheelchair is concerned. The tipping 

stability is measured by the angle of tilt required to induce a loss of contact 

between any of the wheels of the wheelchair and the ground. Expressions are 
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derived relating the static and dynamic tipping criteria to the position and relative 

mass of the human. A simple simulation which can accomplish the goals of 

improving tipping stability and limiting shear forces on the driver is shown in 

Figure 1.1. The single mass model at the left has two masses rigidly joined 

together. The model at the right has the second mass under active control. In this 

second model, the first mass consists of wheelchair wheels, batteries and motors 

while the seat and the driver are included in the movable second mass.  

 

 

 

 

Figure 1.1. Simulation of a Person on a Wheelchair With Active Leveling 

The active mechanism proposed in [7] consists of a powered rotational joint, 

similar to those found in manually controlled tiltable wheelchair seats, which 

pitches the driver and the seat back and forth. The resulting change in the attitude 

of the driver-seat system can be used to prevent the wheelchair from toppling to 

the front or backside such that the tipping stability of the whole wheelchair 

human system is improved. Active shifting of the center of mass in a controlled 

manner as concerned in the study [7] is also used within the scope of this thesis. 

However, the second mass that includes the driver and the seat is not tilted but 

shifted not only in back and forth direction, but to the sides also. Therefore, not 

only the pitch stability but also the rolling stability of the wheelchair is improved 

within the scope of this thesis. Moreover, the results of improved stability are 

validated with the case studies performed by means of several simulations carried 

out in Matlab Simulink environment for different driving and road conditions. 
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Other methods like speed reduction via joystick module for a safe steering, and a 

shape filter are also used for the purpose of stability augmentation.   

The dynamic stability test [8] is performed for the wheelchairs such that the 

wheelchair is accelerated and braked going up and down on a tilted surface. As a 

result of this study, the stability limit is defined by the tilt angle at which the 

wheels are observed to lose contact with the ground. 

In the static stability test [9], a wheelchair including a test dummy as the patient 

is placed upon a tiltable platform. Then, the wheelchair is gently tilted in several 

different directions and the stability limit is recorded for each. 

A recent work [10] considers the development of a wheelchair for people with 

special needs, which is capable of navigating semi-autonomously within its 

workspace. This system is expected to prove useful to people with impaired 

mobility and limited fine motor control of the upper extremities. Among the 

implemented behaviors of this robotic system are the avoidance of obstacles, the 

motion in the middle of the free space and the following of a moving target 

specified by the user (e.g., a person walking in front of the wheelchair). The 

wheelchair is equipped with sonars, which are used for distance measurement in 

preselected critical directions, and with a panoramic camera with a 360 degree 

field of view, which is used for following a moving target.  

There are many different electronic systems used recently in powered 

wheelchairs depending on the disabilities of the user. The joystick is the cheapest 

and the most efficient type of command generator. However for those who cannot 

control joystick because of limited control of upper extremities or some other 

disabilities, wheelchairs controlled by voice commands [11] or robotic 

wheelchairs equipped with sonars [12], ultrasonic sensors [13] are also available. 

 

1.3. The Objective of the Thesis 

Mobility is one of the key factors that contribute to quality of life. The degree of 

mobility is directly related to one’s level of independence. Powered wheelchairs 
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are the primary means by which many physically disabled people extend the 

limits of their mobility. These limits, though, are circumscribed by the user’s 

commands and reflexes, and the range of places the wheelchair can safely take 

the user. Extending the limits of independence of the patients by improving the 

stability of the wheelchairs is the main point in this thesis. The user may give 

improper commands in terms of speed due to his mental restrictions, reduced 

reflexes or inexperience, which may result in instability while steering on a 

sloped road. For such a case, the user’s commands are modified via joystick such 

that the wheelchair follows the desired course but its movement speed is reduced. 

Knowing when both of the wheels on one side of the wheelchair lose contact with 

the ground is important because this will cause instability such that the 

wheelchair will topple to the other side. For such a case, the wheelchair seat with 

the driver is tilted gently to the side where the reaction force reduces to a value of 

zero. Therefore, shifting of the center of mass is an important method for 

augmentation of stability. Shape filter and modification of user’s commands for 

speed reduction during steering are the other methods used for stability 

augmentation within the scope of this thesis. 

 

1.4. The Scope of the Thesis 

At the beginning of the study, a literature survey regarding the topic is carried out 

so that a general opinion about the previous research is obtained. As a result, 

control algorithms used for the speed control of the wheelchair, mathematical 

modeling of the system dynamics, and several methods for improvement of the 

wheelchair stability are underlined, which is presented in Section 1.2.  

In chapter 2, detailed nonlinear mathematical models of the system are obtained 

using Newton-Euler formulation for two different road profiles, which are roads 

with double-sided slopes, and roads with changing slopes along the path. The 

mathematical models obtained are used to construct the Matlab Simulink models. 

Then, the system components like the joystick and DC motors, and control 
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structure of the wheelchair system are discussed. Finally, the methods for the 

augmentation of wheelchair stability are proposed. 

In the second part of the study that is presented in Chapter 3, the results of several 

simulations carried out for different driving conditions and road profiles are 

analyzed. Initially, several case studies are performed for the wheelchair system 

that is stable while driven on different constant sloped and changing sloped roads. 

Then, cases where the wheelchair system is unstable are examined. Finally, 

reduction of unstable cases by means of stability augmentation methods is 

accomplished. 

In Chapter 4 of the thesis study, the results obtained are discussed and future 

recommendations are stated. 
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CHAPTER 2 

SYSTEM DYNAMICS 

2.1. Definition of the System 

The system is composed of a semi-autonomous wheelchair, and a human body, 

which is assumed to be fixed relative to the wheelchair seat. The wheelchair is 

composed of two independently driven rear wheels and two casters at the front. 

The speed and direction of the wheelchair are determined by the patient in terms 

of joystick movements. In other words, the reference angular velocities and the 

reference yaw angle are determined by means of joystick voltages. The actual 

angular velocities are compared with the reference angular velocities and the 

errors are to be minimized by two independent controllers. Right and left motor 

voltages are produced as outputs of these controllers. The control of angular 

velocities can be considered as a low level control. The direction angle of the 

wheelchair is controlled by the patient, which can be considered as a high level 

control. If the wheelchair direction is not proper for the user he or she moves the 

joystick to the left or right until the wheelchair reaches the desired heading angle.  

The motion of the system is analyzed in two different types of roads as described 

below. 

 i) The road is a double-sided sloping road where the changes of slopes 

 along the path are zero. There exists both an uphill-downhill slope and a 

 side slope of the road. Such a road can be seen in Plot (1) of Figure 2.1 

 on the next page, where OXYZ is defined as the inertial frame fixed on 

 the earth in such a way that the plane OXY is horizontal. 
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Figure 2.1. Road Profiles With Constant and Changing Slopes 

 ii) The sloping road where the slope is changing can be seen in Plot (2) of 

 Figure 2.1, where OXZ is the inertial frame fixed on the earth.  

 

2.2. Mathematical Analysis of the System 

Including the effects of both slope changes and maneuverability complicates the 

mathematical model dramatically. Because of that; they are analyzed by two 

different road profiles as explained in the previous section so that two distinct 

mathematical models of the system are obtained. In the first model, the 

wheelchair system has two degrees of freedom while moving on a double-sided 

sloping road. The effects of maneuverability on the system stability are analyzed 

by using this mathematical model. However; the wheelchair has only one degree 

of freedom  while traveling on a changing slope road. How the slope changes 

affect the system stability is studied in this second model obtained for a road 

profile with a changing slope. 

The analysis of the system dynamics in both of the models is based on some 

simplifying assumptions: 

• Only vertical forces act on the front castors, i.e., friction forces are 

neglected on the front casters, 

• The effects of human postural movements are neglected, 
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• The rear wheels do not skid; 

• Suspension dynamics is neglected. 

 

2.2.1.  Equations of Motion for Constant Slope Road 

The wheelchair driven on a double-sided slope is shown in Figure 2.2. 

{ })(
3

)(
2

)(
1 ,,; eee

e uuuOF rrr is defined as the inertial frame fixed on the earth, and 

{ })(
3

)(
2

)(
1 ,,; www

w uuuGF rrr  as the wheelchair fixed frame where )(
3

wur  is 

perpendicular to the slope surface, )(
1

wuG r  is in-line with the direction of 

longitudinal axis of the wheelchair, also defining the direction in which the 

wheelchair travels along the way. Frame { })(
3

)(
2

)(
1 ,,; sss

s uuuOF rrr  is the 

intermediate frame on the earth and it is parallel to the wheelchair fixed frame 

when the wheelchair moves forward with zero heading angle. The rotation of 

frame { })(
3

)(
2

)(
1 ,,; www

w uuuGF rrr  with respect to frame { })(
3

)(
2

)(
1 ,,; sss

s uuuOF rrr  is 

designated by the heading angle ϕ .  

 

 

Lθ&

Rθ&

ψω &=

(w)
1ur

(w)
2ur

G

(w)
3ur

α 

α 

α 

β 

β 

β 

β 

β 

(s)
3ur

(r)
3ur

(s)
2ur

(r)
2

(e)
2 uu rr

=

(s)
1

(r)
1 uu rr

=

O 

(e)
3ur

(e)
1ur

 
Figure 2.2. Wheelchair Driven on a Double-Sided Slope 
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In Figure 2.2; the parameters are defined as 

 α :  up/downhill slope of the road 

 β  :  side slope of the road 

 ψ  :  heading angle of the wheelchair 

   :  angular velocities of the right and left rear wheels LR θ,θ &&

Successive rotations observed in the earth fixed reference frame 

{ })(
3

)(
2

)(
1 ,,; eee

e uuuOF rrr  can be designated by the following definition. 

w

u

s

u

r

u

e FFFF
sre ψβα ,,, )(

3
)(

1
)(

2
rrr

→→→
−

 (2.1) 

In the rotating frame based sequence (RFB) shown above;  is the initial frame, 

 is the final frame and  are the intermediate frames [14]. Moreover, α, β, 

and ψ are Euler angles whereas 

eF

wF sr FF ,

)(
3

)(
1

)(
2 ,, sre uuu rrr  are unit vectors to define the axis 

of rotation. 

The transformation matrices between the frames are as follows: 

βu~αu~s)(e, 12 eeĈ −=  (2.2) 

ψu~βu~αu~w)(e, 312 eeeĈ −=  (2.3) 

The angular velocity of the wheelchair can be written as 

r/es/rw/sww/e ωωωωω rrrrr
++==  (2.4) 

where is the angular velocity of wheelchair frame Fw/eωr w with respect to earth 

fixed frame Fe. 

Since slopes α and β are constant ; 

0ω s/r =
r  (2.5) 

and 

0ω r/e =
r  (2.6) 
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Then, Equation 2.4 becomes 

(s)
3w/sw uψωω r

&
rr

==  (2.7) 

Differentiating the above expression in the earth frame Fe, one can get the 

expression for the angular acceleration of the wheelchair. 

(s)
3w/eew uψωDα r

&&
r

==  (2.8) 

Top and side views of the wheelchair can be seen in Figure 2.3. 
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Figure 2.3.Top and Side View of the Wheelchair. 

In this Figure; 

 A, B  :  center of mass of the right and left rear wheels  

 C, D  :  center of mass of the right and left front casters 

 G  :  center of mass of the wheelchair  

 R : radius of the right and left rear wheels 

 d0  :  the distance that locates G with respect to the front axle, 

   in )(
1

wur direction 

 d1  : the  distance that locates G with respect to the rear axle, 

   in )(
1

wur direction 

 d3  :  the distance that locates G above the axle of the rear 

   wheels , in )(
3

wur direction 
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