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ABSTRACT

STABILITY AUGMENTATION OF A SEMI-AUTONOMOUS
WHEELCHAIR

Ayik, H.Miijde
M.S., Department of Mechanical Engineering

Supervisor  : Prof. Dr. Kemal Ozgoren

September 2004, 148 pages

In this thesis, the dynamic modeling of a wheelchair-human system is performed,
and the effects of steering action and sudden slope changes along the path on the
system stability are analyzed for different road and driving conditions. For the
cases where the wheelchair system is unstable three methods are proposed for
stability augmentation. This study is performed to improve the stability of the
wheelchair system under varying road conditions so as to increase the limit of

independency for wheelchair users and enhance their life quality.

Two separate mathematical models are obtained for the wheelchair driven on
constant sloped and changing sloped roads. Matlab Simulink models are
constructed with the obtained mathematical models and control structure. The
stability of the system is analyzed by case studies and it is seen that the system is
unstable in some of these cases. Three methods are used for enhancement of the
stability. One is the speed reduction via joystick module during steep turns, by
which the speed of the wheelchair is reduced automatically for a safe steering, but
the wheelchair follows the desired course. The second method is the use of a
shape filter in order to obtain a less jerky response for the speed. As a final
method, the center of mass of the wheelchair-human system is shifted gently in a

controlled manner to the side where the reaction force on the wheels decreases.
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(074
YARI OTONOM BiR TEKERLEKLIi SANDALYE iCiN KARARLILIK
ARTTIRIMI

Ayik, H.Miijde
Yiiksek Lisans, Makina Miihendisligi Boliimii

Tez Yoneticisi  : Prof. Dr. Kemal Ozgéren

Eyliil 2004, 148 sayfa

Bu tez ¢alismasi kapsaminda, bir tekerlekli sandalye-insan sistemi modellenmis,
ve farkli yol ve siirlis kosullarinda, yol {izerindeki ani egim degisikliklerinin ve
manevranin sistem kararlilifi {izerindeki etkileri incelenmistir. Tekerlekli
sandalye sisteminin kararsiz oldugu durumlar i¢in kararliligi artirmak amaciyla
lic yontem Onerilmistir. Bu ¢alisma, tekerlekli sandalye sisteminin degisen yol
kosullarindaki kararliligini iyilestirerek kullanicilarin hareket 6zgiirliigiiniin ve

yasam kalitelerinin artirilmas1 amaciyla yapilmustir.

Sabit ve degisken egimli yollarda siiriilen bir tekerlekli sandalye icin iki ayri
matematiksel model elde edilmistir. Elde edilen matematiksel modeller ve
denetim yapistyla Matlab Simulink modelleri olusturulmustur. Sistemin
kararliligr farkli durum galigmalartyla incelenerek, bazi durumlarda sistemin
kararsiz oldugu gozlenmistir. Kararliligt artirmak amaciyla {i¢ yontem
kullanilmistir. Bunlardan birisi, keskin doniislerde hizin otomatik olarak
disiiriilmesidir, bu sayede tekerlikli sandelyenin hiz1 giivenli bir doniis i¢in
diisiiriilir ancak tekerlekli sandelye istenen yolu takip eder. Ikinci ydntem,
hizdaki ani inis ve ¢ikiglari engellemek amaciyla diisiik gegisli bir filtrenin
kullanilmasidir. Son yontem olarak da, tekerlekli sandelye-insan sisteminin
agirlik merkezi denetimli olarak tekerlekler iizerindeki tepki kuvvetinin azaldigi

tarafa dogru yavasca kaydirilmisir
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Anahtar Sozciikler: Yari-otonom tekerlekli sandelye, kararlilik iyilestirilmesi,

agirlik merkezinin aktif kaydirilmasi, egimli yiizeylerde hareket, devrilme analizi
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CHAPTER 1

INTRODUCTION

1.1.  Definition of the Problem

Large numbers of powered wheelchairs are based on a construction that has two
independently driven rear wheels and two front casters. Two DC motors drive the
wheelchair. A user’s commands are transformed by a joystick into electrical
signals that set the wheel speed and direction. Wheelchair design has two main
priorities one of which is to increase the independent movement of wheelchair
users, and the other is to improve the wheelchair safety. Therefore, improving the
stability of the whole human-wheelchair system is an important aspect for the

wheelchair safety.

The stability of the wheelchair has a strong subjective character. User’s control
strategies are based on his internal sense concerning the speed of the wheelchair,
his perception of the riding surface, the dynamic parameters of the human-
wheelchair system, and the position of the human body according to the
wheelchair seat. Wheelchair incidents may be caused by improper user’s
commands due to changes in the user’s emotional condition, inadequate user
experience in wheelchair operation, and wrong determination of the
characteristics of the riding surface. Moreover, the wheelchair system may lose
its stability due to the sudden slope changes along the path, and high speeds
during steering. The wheelchair may tend to turn downhill when driven across a
sloping surface, speed up excessively when going on a downhill-sloped road or
slow down and even slide back in reverse direction when going on an uphill-
sloped road. These problems may be serious for handicapped people who may be
paralyzed, or who may be incapable of giving correct decisions in their mind
concerning the speed of the wheelchair such that he may speed up the wheelchair

on a sloping surface while steering.



As mentioned previously, the riding surface of the wheelchair may have
downbhill-uphill slopes, side slopes, or both. The riding surface may also have
abruptly changing slopes along the path of the wheelchair. Such roads may have
to be crossed for any journey. Therefore, it is important to clarify the dynamic
characteristics and stability of the wheelchairs for different driving conditions on

different roads from the point of users and providers.

The semi- autonomous wheelchair system handled within the scope of this thesis
has two casters on the front and two rear wheels driven by two independent
actuators. The speed and direction angle of the wheelchair is determined by the
patient in terms of movements of the joystick. If the joystick is moved forward
only then the wheelchair speeds up without any steering, whereas the wheelchair
turns right or left as the patient moves the joystick to the right or left. In other
words, the user’s commands are transformed to voltages in the joystick, which
determine the reference angular velocities of the rear wheels and the reference
heading angle of the wheelchair. The angular velocities of the rear wheels are
compared with the actual angular velocities measured by encoders, and the errors
are to be minimized by the speed controllers; as a result, motor voltages are
produced. Speed control of the wheelchair can be considered as a low level
control and it prevents the wheelchair from excessive speeding on a downhill
slope so that the desired speed is maintained. As a high level control, the
direction angle of the wheelchair is controlled by the patient such that if the
heading angle of the wheelchair is not proper for the user he moves the joystick

more to the left or right to maintain the desired direction of the wheelchair.

The mathematical model of the wheelchair-human system is obtained using
Newton-Euler formulation and the simulation of this system is performed by
using Matlab Simulink. While obtaining the mathematical model of the system it
is assumed that the human body is fixed to the wheelchair seat, which may be the
case when the patient is paralyzed or when a seat belt is used. The stability of the
wheelchair system is analyzed by means of the results of the several simulations

carried out for different driving conditions and road profiles.



The reaction forces on the wheels of the wheelchair are analyzed in order to
determine the wheelchair stability. As an example, if the total reaction force on
the rear wheels takes a value of zero or below during motion, it means that the
rear wheels lose contact with the ground so that the wheelchair will topple to the
front. In order to improve the stability of the wheelchair system in such cases,
three methods are proposed for stability augmentation. These methods are speed
reduction during steering by means of modification of the user’s commands,
shape filter to prevent a sudden change in the wheelchair speed, and center of

mass shifting.

1.2.  History of the Study and Previous Research

Powered wheelchairs take an important role in the research area of mechanical
and control engineering. Most of the research about this topic is either done as to
improve the performance of the wheelchair-human system by improving the
stability or by designing the system itself in terms of mechanical design,

mathematical modeling, and controller design.

The analysis of wheelchair motion on a sloping surface is performed in
University of California [1]. In this study of Shung, a mathematical model of the
wheelchair system driven on a double-sided sloping surface is obtained using
Newton’s 2™ Law. The wheelchair has two rear wheels driven independently and
two casters at the front. While driving the equations of motion for the system it is
assumed that only vertical forces act on the front casters; the two front wheels
carry equal weight; the position of the center of mass is fixed relative to the
wheelchair, the wheels do not skid; and the changes of slopes along the path are
close to zero. The mathematical model presented in the work of Shung does not
include the effects of suspension dynamics. The goal of the modeling effort is not
a complete description of the wheelchair dynamics, but rather a design tool for a
design of a feedback controller. Within the scope of thesis study, Newton-Euler

formulation is used to model the system mathematically and the effects of sudden



slope changes along the path are also included on system dynamics such that the
wheelchair motion is analyzed for different road profiles. Because, sudden slope
changes along the path of the wheelchair affect the tipping stability when the
wheelchair is driven on an uphill or downhill slope. Unlike the study of Shung,
two front casters do not carry equal weight since the reaction forces on each of
the front casters determine the stability of the wheelchair against toppling to the
sides. Moreover, off-diagonal inertia terms are not included in the study of Shung
whereas it is included in the mathematical model obtained in the thesis. Since the
wheelchair has only one plane of symmetry, off-diagonal inertia terms are

important for tipping stability analysis.

A wheelchair velocity feedback controller is presented in another work [2]. Such
a controller is designed to reduce the control demands on a wheelchair driver in
outdoor driving and in low speed maneuvering. A dynamic model of the
wheelchair obtained in [1] is used in the controller design. A computer simulation
study is conducted for the controller. The effects of P and PI control on the
system performance are compared for selected hypothetical situations like
wheelchair traveling on a level ground, downhill slope, side slope, or on a double
sided slope. Since the dynamic equations of the system are nonlinear control
gains for both P and PI systems are chosen by trial and error as a compromise
between speed of response, precision, smoothness, and system stability in
selected situations. According to the study, both P and PI controllers dramatically
reduce the effect of slope disturbances on the wheelchair speed and heading, and
hence should make the wheelchair’s handling easier on unevenly sloping road. PI
control is considered to be clearly superior in such a way that it provides a
significantly less jerky response to sudden joystick motions. According to the
results obtained in [2], the velocity feedback controller should make the
wheelchair easier to drive under varying road conditions. Velocity feedback
control is also used within the scope of this thesis study such that the angular
velocities of the rear wheels are controlled as a low-level speed control of the
wheelchair system. Results of the simulations carried out show that control of the

angular velocities prevents an excessive speeding on a downhill slope, also helps



maintaining the desired speed on an uphill slope. In the study [2], the user is
removed from inside the control loop such that he does not adjust the joystick to
keep the speed and direction close to the desired values. However, the patient
controls the direction angle of the wheelchair within the scope of this thesis such
that he moves it more or less to the sides to get the desired direction. Human
mental control behavior for the wheelchair heading is modeled as a proportional
controller in the thesis study. Moreover, case studies are performed to analyze the
wheelchair motion and stability for different driving conditions on roads with

both constant and changing slopes.

A mathematical model of the wheelchair system is obtained; and then stability
conditions of the system for a violent fall, and direction hold stability of the
wheelchair on a downbhill slope are analyzed in the work of H. Ohnabe and F.
Mizuguchi [3]. Mathematical expressions are obtained for the stability of the
wheelchair on a downhill slope and the stability against falling over due to the
centrifugal force at the turn. Furthermore, the directional stability of the
wheelchair on a downhill slope is analyzed since it is difficult for the wheelchair
to travel in a straight line where there is a slope affecting the heading angle of the
wheelchair. In the thesis study, the stability of the wheelchair system is analyzed
by means of analysis of reaction forces of the wheels. Instead of deriving
mathematical expressions, the wheelchair system stability is examined by several
simulations carried out for different driving and road conditions. Moreover, the
effect of sudden slope changes on the system stability is also considered within
the scope of the thesis study. The stability analysis is performed not only for
roads with a downhill slope; but the roads that have uphill slopes; side slopes,

double-sided slopes or changing slopes are also considered in the thesis.

Another study concerns powered wheelchair control based on the dynamical
criteria of stability [4]. The stability of powered four-wheeled wheelchairs with
two driving wheels and two small sized front wheels is analyzed in this work The
proposed controller includes a special module that analyses user’s commands
before their execution. This module automatically modifies the commands that

could jeopardize wheelchair equilibrium stability. The wheelchair steering



process could become safer by the rejection or modification of the commands of
the patient. The user’s mental burden is decreased by this way. The commands of
the user are transformed into relevant commands for the wheelchair speed and
direction by means of joystick movements. Stability conditions for the wheelchair
steering on a level ground, and traveling on an inclined plane are derived. When
the patient gives speed commands that violate the criteria of stability, these
commands that lead to stability loss are transmitted to the speed controller in a
modified form. In these cases the wheelchair follows the desired routine, but its
movement speed is reduced. A specific algorithm is used to process the
information coming from joystick inputs of the user and the sensors that deliver
information about the dynamic parameters of the system. If the user’s commands
violate the stability condition derived analytically, these commands are converted
to proper commands. A modification in user’s command via joystick is also used
within the scope of this thesis. However, neither an analytical expression is
derived for stability nor the joystick inputs are checked for any stability
condition, and no sensor is used in the process of modification of user’s
commands. Instead, the speed of the wheelchair is reduced automatically during
steep turns by the joystick module that converts the voltages into the reference
angular velocities, as mentioned in Section 2.3.2 of Chapter 2. In other words, as
the patient increases the voltage in y direction of the joystick more, the speed of
the wheelchair is reduced more for a safe steering. The steeper the wheelchair

turns the lower the wheelchair speed is.

Static and dynamic stability analyses for racing wheelchairs, and the simple case
of roll stability while turning are investigated in another study [5]. The degree of
roll stability is highly related with the area of the footprint which is the area
constructed by connecting the adjacent contact points of the wheels with lines.
For a wheelchair to be statically stable the center of gravity of the whole
wheelchair-human system must remain within the footprint. As the wheelchair
system is tilted the footprint becomes smaller and the system becomes more apt
to fall. Furthermore, analysis of roll stability during steering is conducted and

critical roll stability velocity is determined for the wheelchair on a flat roadway



and downhill slope. The result of this study [5] shows that while turning, racing
wheelchairs with three wheels may be less stable than those with four, and both
three and four wheeled chairs are more apt to fall over while turning on a
downhill slope than on a level surface. This result is also validated within the
scope of this thesis such that after carrying several simulations it is seen that the
wheelchair has a more tendency to become unstable while steering on a downbhill,

uphill, or side slope rather than on a level ground.

Another important issue in the research area of the wheelchair is the loss of
upright postural stability of the patients, which may result in a discomfort of the
patient or even a loss of control over the wheelchair. Because, the patient who
does not have the requisite upper body strength and endurance may not be able to
bring his body back to an upright position. As a research in this topic, a system
capable of examining postural stability of the users to perturbations within a
laboratory environment is developed in another study [6]. The system provides a
means of highly reproducible perturbations to a subject seated in a wheelchair.
Design of the device is guided by the desire to produce dynamic disturbances
similar to what might be experienced by the patient during their travels along the
path. The longitudinal acceleration is usually specified for tests involving
braking, while for turning maneuvers, the lateral acceleration is normally
measured. The platform where the wheelchair and the subject placed on the seat
is pitched forward to simulate a brake and it is rolled to the right to simulate a left
turn. Stability of the subject placed on the seat of the wheelchair is analyzed with
several movements of the platform to simulate dynamic disturbances. However,
postural movements of the wheelchair user are neglected within the scope of this
thesis, which may be the case when the patient is paralyzed or a seat belt is used.
While obtaining the mathematical model of the wheelchair-human system in the

thesis, it is assumed that the patient is fixed relative to the wheelchair seat.

In the work of William W.Li and Shahram Payandeh [7], the effects of a human
driver on the tipping stability of a powered wheelchair is concerned. The tipping
stability is measured by the angle of tilt required to induce a loss of contact

between any of the wheels of the wheelchair and the ground. Expressions are



derived relating the static and dynamic tipping criteria to the position and relative
mass of the human. A simple simulation which can accomplish the goals of
improving tipping stability and limiting shear forces on the driver is shown in
Figure 1.1. The single mass model at the left has two masses rigidly joined
together. The model at the right has the second mass under active control. In this
second model, the first mass consists of wheelchair wheels, batteries and motors

while the seat and the driver are included in the movable second mass.

Figure 1.1. Simulation of a Person on a Wheelchair With Active Leveling

The active mechanism proposed in [7] consists of a powered rotational joint,
similar to those found in manually controlled tiltable wheelchair seats, which
pitches the driver and the seat back and forth. The resulting change in the attitude
of the driver-seat system can be used to prevent the wheelchair from toppling to
the front or backside such that the tipping stability of the whole wheelchair
human system is improved. Active shifting of the center of mass in a controlled
manner as concerned in the study [7] is also used within the scope of this thesis.
However, the second mass that includes the driver and the seat is not tilted but
shifted not only in back and forth direction, but to the sides also. Therefore, not
only the pitch stability but also the rolling stability of the wheelchair is improved
within the scope of this thesis. Moreover, the results of improved stability are
validated with the case studies performed by means of several simulations carried

out in Matlab Simulink environment for different driving and road conditions.



Other methods like speed reduction via joystick module for a safe steering, and a

shape filter are also used for the purpose of stability augmentation.

The dynamic stability test [8] is performed for the wheelchairs such that the
wheelchair is accelerated and braked going up and down on a tilted surface. As a
result of this study, the stability limit is defined by the tilt angle at which the

wheels are observed to lose contact with the ground.

In the static stability test [9], a wheelchair including a test dummy as the patient
is placed upon a tiltable platform. Then, the wheelchair is gently tilted in several

different directions and the stability limit is recorded for each.

A recent work [10] considers the development of a wheelchair for people with
special needs, which is capable of navigating semi-autonomously within its
workspace. This system is expected to prove useful to people with impaired
mobility and limited fine motor control of the upper extremities. Among the
implemented behaviors of this robotic system are the avoidance of obstacles, the
motion in the middle of the free space and the following of a moving target
specified by the user (e.g., a person walking in front of the wheelchair). The
wheelchair is equipped with sonars, which are used for distance measurement in
preselected critical directions, and with a panoramic camera with a 360 degree

field of view, which is used for following a moving target.

There are many different electronic systems used recently in powered
wheelchairs depending on the disabilities of the user. The joystick is the cheapest
and the most efficient type of command generator. However for those who cannot
control joystick because of limited control of upper extremities or some other
disabilities, wheelchairs controlled by voice commands [11] or robotic

wheelchairs equipped with sonars [12], ultrasonic sensors [13] are also available.

1.3.  The Objective of the Thesis

Mobility is one of the key factors that contribute to quality of life. The degree of

mobility is directly related to one’s level of independence. Powered wheelchairs



are the primary means by which many physically disabled people extend the
limits of their mobility. These limits, though, are circumscribed by the user’s
commands and reflexes, and the range of places the wheelchair can safely take
the user. Extending the limits of independence of the patients by improving the
stability of the wheelchairs is the main point in this thesis. The user may give
improper commands in terms of speed due to his mental restrictions, reduced
reflexes or inexperience, which may result in instability while steering on a
sloped road. For such a case, the user’s commands are modified via joystick such
that the wheelchair follows the desired course but its movement speed is reduced.
Knowing when both of the wheels on one side of the wheelchair lose contact with
the ground is important because this will cause instability such that the
wheelchair will topple to the other side. For such a case, the wheelchair seat with
the driver is tilted gently to the side where the reaction force reduces to a value of
zero. Therefore, shifting of the center of mass is an important method for
augmentation of stability. Shape filter and modification of user’s commands for
speed reduction during steering are the other methods used for stability

augmentation within the scope of this thesis.

1.4. The Scope of the Thesis

At the beginning of the study, a literature survey regarding the topic is carried out
so that a general opinion about the previous research is obtained. As a result,
control algorithms used for the speed control of the wheelchair, mathematical
modeling of the system dynamics, and several methods for improvement of the

wheelchair stability are underlined, which is presented in Section 1.2.

In chapter 2, detailed nonlinear mathematical models of the system are obtained
using Newton-Euler formulation for two different road profiles, which are roads
with double-sided slopes, and roads with changing slopes along the path. The
mathematical models obtained are used to construct the Matlab Simulink models.

Then, the system components like the joystick and DC motors, and control

10



structure of the wheelchair system are discussed. Finally, the methods for the

augmentation of wheelchair stability are proposed.

In the second part of the study that is presented in Chapter 3, the results of several
simulations carried out for different driving conditions and road profiles are
analyzed. Initially, several case studies are performed for the wheelchair system
that is stable while driven on different constant sloped and changing sloped roads.
Then, cases where the wheelchair system is unstable are examined. Finally,
reduction of unstable cases by means of stability augmentation methods is

accomplished.

In Chapter 4 of the thesis study, the results obtained are discussed and future

recommendations are stated.
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CHAPTER 2

SYSTEM DYNAMICS

2.1.  Definition of the System

The system is composed of a semi-autonomous wheelchair, and a human body,
which is assumed to be fixed relative to the wheelchair seat. The wheelchair is
composed of two independently driven rear wheels and two casters at the front.
The speed and direction of the wheelchair are determined by the patient in terms
of joystick movements. In other words, the reference angular velocities and the
reference yaw angle are determined by means of joystick voltages. The actual
angular velocities are compared with the reference angular velocities and the
errors are to be minimized by two independent controllers. Right and left motor
voltages are produced as outputs of these controllers. The control of angular
velocities can be considered as a low level control. The direction angle of the
wheelchair is controlled by the patient, which can be considered as a high level
control. If the wheelchair direction is not proper for the user he or she moves the
joystick to the left or right until the wheelchair reaches the desired heading angle.
The motion of the system is analyzed in two different types of roads as described

below.

1) The road is a double-sided sloping road where the changes of slopes
along the path are zero. There exists both an uphill-downhill slope and a
side slope of the road. Such a road can be seen in Plot (1) of Figure 2.1
on the next page, where OXYZ is defined as the inertial frame fixed on

the earth in such a way that the plane OXY is horizontal.
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Q)
Figure 2.1. Road Profiles With Constant and Changing Slopes

i1) The sloping road where the slope is changing can be seen in Plot (2) of

Figure 2.1, where OXZ is the inertial frame fixed on the earth.

2.2. Mathematical Analysis of the System

Including the effects of both slope changes and maneuverability complicates the
mathematical model dramatically. Because of that; they are analyzed by two
different road profiles as explained in the previous section so that two distinct
mathematical models of the system are obtained. In the first model, the
wheelchair system has two degrees of freedom while moving on a double-sided
sloping road. The effects of maneuverability on the system stability are analyzed
by using this mathematical model. However; the wheelchair has only one degree
of freedom while traveling on a changing slope road. How the slope changes
affect the system stability is studied in this second model obtained for a road

profile with a changing slope.

The analysis of the system dynamics in both of the models is based on some

simplifying assumptions:

° Only vertical forces act on the front castors, i.e., friction forces are

neglected on the front casters,

o The effects of human postural movements are neglected,

13



° The rear wheels do not skid;

o Suspension dynamics is neglected.

2.2.1. Equations of Motion for Constant Slope Road

The wheelchair driven on a double-sided slope is shown in Figure 2.2.

F {O;ﬁl(e),LYz(e), (e)}ls defined as the inertial frame fixed on the earth, and

e

F W{G;ﬁl(w),uzw) L73(W)} as the wheelchair fixed frame where i, is

perpendicular to the slope surface, Gii,"” is in-line with the direction of
longitudinal axis of the wheelchair, also defining the direction in which the
wheelchair travels along the way. Frame F, {O i, i, i (v)} is the

intermediate frame on the earth and it is parallel to the wheelchair fixed frame

when the wheelchair moves forward with zero heading angle. The rotation of
L) = () = () () = () =
framer{G,u1 JUy LU, } with respect to frame F{O JUy Uy } 1s

designated by the heading angle ¢ .

Figure 2.2. Wheelchair Driven on a Double-Sided Slope
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In Figure 2.2; the parameters are defined as

a : up/downhill slope of the road
B side slope of the road
1 : heading angle of the wheelchair

0,.0, : angular velocities of the right and left rear wheels

Successive rotations observed in the earth fixed reference frame

F, {O; i, i, ,53(6)} can be designated by the following definition.

i, —a i 7. ()

F -» F > F. - F 2.1

e r s w

In the rotating frame based sequence (RFB) shown above; F, is the initial frame,

F, is the final frame and F,, F, are the intermediate frames [14]. Moreover, a, B,

S
and y are Euler angles whereas ﬁz(e),ﬁl(r) ,53“) are unit vectors to define the axis

of rotation.

The transformation matrices between the frames are as follows:
é(e,s) — e—ﬁzaeﬁlﬁ (22)

CEwW _ g-lagiBglsy (2.3)

® =0, =0

w/e w w/s

(2.4)

where @ _, 1is the angular velocity of wheelchair frame F,, with respect to earth

fixed frame F..
Since slopes a and f are constant ;
03 st O (25)

and

&, =0 (2.6)

/e
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Then, Equation 2.4 becomes

d, =06, = i, (2.7)

w w/s

Differentiating the above expression in the earth frame F., one can get the

expression for the angular acceleration of the wheelchair.

a = D eo‘) we \V ﬁ 3(5) (28)

w

Top and side views of the wheelchair can be seen in Figure 2.3.

>

Figure 2.3.Top and Side View of the Wheelchair.

In this Figure;

A,B center of mass of the right and left rear wheels

C,D center of mass of the right and left front casters

G : center of mass of the wheelchair

R : radius of the right and left rear wheels

do : the distance that locates G with respect to the front axle,
in #,"” direction

d; : the distance that locates G with respect to the rear axle,
in " direction

ds : the distance that locates G above the axle of the rear

wheels , in i, direction
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ds : the distance between the left rear wheel and the forward

axis passing through G, in ﬁz(w) direction

ds : the distance between the right rear wheel and the forward
axis passing through G, in ﬁz(w) direction
hg : height of the center of mass of the wheelchair from the
ground
The position vectors of points G, A and B with respect to the origin O of the earth

fixed frame F, {O; i, i1, i1, }can be written by Equations 2.9, 2.10 and 2.11,

(s)

respectively, where x and y are the displacements of the wheelchair in %, and
- (S)d. .
u, direction.
z 7T _en® = () = ()
;o =1 = XU, +yu, +hgu, (2.9)
oo =T, =x1,” +yti,” +Rd,” —di," —d,u," (2.10)
Lo =T =xi,” +yi,” +Ra,* —d,u," +d,i," (2.11)

By differentiating the position vector 1, in the earth frame, the velocity of point G

can be obtained as follows:

VG = DefG/O = Dst/o = Xﬁl(S) + yﬁz(S) (2.12)

Note that differentiation in frame Fg and F. does not make any difference since

angular velocity of frame F; with respect to frame F. is zero.
Velocity of the point A is

V D7 D7 —xi ® e ® = W) = W)

VvV, =D.,,=D.1,,=xu, +yi, -dDa,  -dD., (2.13)
where Dsﬁl(w) and Dsﬁz(w) are the differentiation of unit vectors #," and ,"” in
the frame F, {O; i, i, i, } They can be derived as follows:

Di," =D, i," +&,, xt," (2.14)

and

17



D.i," =D, i," +&,, x1d," 2.15)

S

Differentiation of a unit vector in its own frame gives zero. Therefore;

D,i," =D, i," =0 (2.16)

w w

Equation 2.17 gives an expression for the angular velocity of frame

{0 i, i, i, )} with respect to frame F, {G;ﬁl(w),ﬁz(w),ﬁ3(w)}.

=y, =y, (2.17)

Velocity of Point A can be obtained by substituting Equations 2.16 and 2.17 into
Equations 2.14 and 2.15, and rearranging the terms in Equation 2.13.

Vi =&, 9,7 - d g, - dy, (2.18)

Velocity of point B can be written as

VB = DefB/O = Dsz/o = Xﬁl(S) + yﬁz(S) - dleﬁl(W) + dstﬁz(W) (2.19)

Inserting Equations 2.14 and 2.15 into Equation 2.19, the following equation is

obtained.

Vi =0, + 1, —dyi," —dgyi, " (2:20)

Accelerations of points G, A and B can be derived by differentiating the velocity

terms in frame F, {O;ﬁl(s i, ﬁ;”} The following equations represent these

accelerations.
ag = xi," +yu," (2.21)
a, =i, + ¥, +ildd," —d, i, )+, +di,™)  (222)
A 1 2 yidel, U2 LR\ ) .
, =i, + ¥, —{ded,™ +d,i," )+’ (4,6, - d,i,™)  (2.23)
B 1 2 51 1%2 11 5%2 .

Angular velocities of the right and left rear wheels with respect to earth fixed
frame can be written by Equations 2.24 and 2.25. In these equations, the letters R

and L denotes right and left rear wheels respectively.
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Ope = Ogyy +O (2.24)

and

O =0, +O (2.25)
where

By = 0,1, (2.26)
and

@, =0,1," (2.27)

The terms 0, and 0, denotes the angular displacements of right and left rear

wheels.

If Equations 2.24 and 2.25 are differentiated in frame F, {O;ﬁl(‘v),ﬁz(‘g),ﬁ;” }, one

can get the following two equations for the angular accelerations of the right and

left rear wheels.

Oge =0 =D 0Oy, +D.G® (2.28)

a,=0 =Do, +Do (2.29)
Equation 2.28 can be rewritten as

6, =i, +D,(0,1,") (2.30)
where

D, (0,5, )=D, (0,1," J+ &, x 0,1, 2.31)
Rearranging the terms in Equation 2.31 gives

D, (0,1, )=, 1,™ + (i, )x 0,0, 2.32)

Substituting Equation 2.8 and 2.32 into Equation 2.30, the angular acceleration of
the right rear wheel with respect to the earth frame can be derived as in the

following equation.
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=i, +0,4," —yhu," (2.33)
Similarly the angular acceleration of the left rear wheel is obtained as
a, =ya," +6,4," —yo, q," (2.34)

Wheels are assumed to roll without slipping. One can rewrite the velocities of

center of mass of right and left rear wheels, V and Vj as follows.

V, = (0,1, )x (Ri,™)= RO, (2.35)
Similarly;

V, = (0,0, )x (R, ) =R, ,* (2.36)
Note that

vV, -4," =RO, (2.37)

V,-i," =RO, (2.38)
and

vV, -i," =0 (2.39)

vV, -i," =0 (2.40)

In order to use the above equations one should resolve the velocities of right and

left rear wheels derived previously in Equations 2.18 and 2.20 in Frame

w

F {G;ﬁl(w),ﬁz(w),ﬁ3(w)}. In matrix notation velocities of the right and left rear
wheels resolved in frame F, can be rewritten as follows.

V. =50, 4y, - dya, O + d gy, (2.41)

and

V W _ (s/w) n yﬁZ(S/W) d \l’uz(W/W) d \I’ul(W/W) (2.42)
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Equation 2.41 can be rewriten as,
V, ™ =xe™'u, +ye 1, —d,yu, +d i, (2.43)
Rearranging the terms, one can get the following equation.

VA(w) _ X(ﬁl cos(!//) -, sin(l//)) + y(ﬁ2 COS(!//) +1u, sin(l//)) —d,yu,

‘ (2.44)
+dgyu,

After some manipulations, velocity of point A resolved in wheelchair fixed frame

can be rewriten in vector notation as follows.

V,, = (kcos(y) + ysin(y)+d )i, + (yeos(w) - xsin(y) - d, )i, (2.45)

Similarly, the velocity of the left rear wheel can be obtained after similar

manipulations are performed for Equation 2.42.

Vi, = (keos(y)+ ysin(y) - dsyr)i, ™ + (yeos(y) - xsin(y) - d, )i, (2.46)

If Equation 2.45 and 2.46 are substituted into Equations 2.37 and 2.38,

respectively, the following two equations are obtained for the independent

variables 0, and 6, .

6 cos(y)+ ysin(y)+d
e

- (2.47)

and

. _ xcos(y)+ ysin(y) - d
0, = .

(2.48)

Substitution of Equation 2.45 and 2.46 into Equation 2.39 and 2.40 gives
Equation 2.49.

V= }'Icos(\u)d— Xsin(\u) (2.49)

Multiplying Equation 2.47 and 2.48 by the term ‘R’, and then adding the obtained
equations, Equation 2.50 can be obtained. Subtraction of these equations gives

Equation 2.51.
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R0, +6, )= 2(xcos(y)+ ysin(y)+ (d, —d, )i (2.50)

R, -0, )=2d,y (2.51)
where
d, +d
d, = 5; 6 (2.52)

Inserting Equation 2.49 into Equation 2.50 and 2.51, the obtained equations can

be written in the following matrix representation form.

1 d, -

=R
—sin(y) cos(y) Y 2d, (eR OL)

{2005@1) — Msin(w) 2sin(\y) + M cos(\y)}{i{} R(éR + GL )

(2.53)

If 6, and O, are to be used as independent variables, one can obtain the

following equation by taking inverse of the above matrix.

_ - 2sin(y) + M cos(\y)_
q | 4 " RO, +6,)
[X} =| 2 (dz—d ) Rd, (é _d ) (2.54)
y . 2cos(y)+—>——sin(y) | 2d, " * "
sin(y) d, -
L 2 2 _

After some manipulations, the expressions for X and y are obtained in terms of

0, and 0, as in the following equation.

R Rd, [ .. ds —d,
X = 5 (GR +6L)cos(\|1)+ 2d ( 2sin(y)+ 3

2

COS(W)](OR -0, ) (2.55)

1

ds _dé

y= %(@R + éL )sin(\y) + l::lll (2cos(\|1) +

2

sin(w)](éR ~0,) (2.56)

1

Equation 2.51 can be rewritten in the following form in terms of 6, and 6, .

o (6.-0,)
“"szTzL 2.57)
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Equation 2.58, 2.59 and 2.60 are obtained by direct differentiation of the
Equations 2.55, 2.56 and 2.57.

4s cos(w)}

.. Ry .. Ry <YL . Rd ) d. -
X :E(GR +6L)cos(\|/)—5(6R +6L)\usm(\|/)+ 4d1 (— 2sm(\|1)+5d—

2 1

i) o, -0.)

.. .. Rd ) .d.—
(eR _eL)+ 4d1 (_ Z\VCOS(\V)_\VSd—

2 1

(2.58)

4, smw)j

=R, 4, binfu)s 25, 0, Josty) + 12 (zcos(\,,)ﬁsd;

2 1

o, -6,)+ 2% (_ z\psin(w)wdsd;décos(w)](ek ,)

2 1

(2.59)
B, -6.) (2.60)

The velocity of the center of mass of the wheelchair can be written in matrix

notation as follows.

VG(W) = VA(W) - (_ dl‘i’ﬁz + dé\i’ﬁl) (2-61)

Inserting Equation 2.43 into the above equation, one can get

Vo =x(u,cos(y) - U,sin(y))+ §(1,cos(y) + T;sin(y)) (2.62)
In vector notation, velocity of point G is

—

Vi = (xeos(y)+ ysin(y))i, " + (yeos(y) - xsin(y))i,"” (2.63)

Accelerations of the center of mass of the wheelchair, right and left rear wheels

can be derived by differentiation of Equations 2.63, 2.45 and 2.46.
a, =D V., +a,, xV," (2.64)

a, =D . V,"+a, xV,"™ (2.65)
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a, =D V," +a,, xV," (2.66)

w

Substitution of Equation 2.4, 2.63, 2.45 and 2.46 into the Equations 2.64, 2.65

and 2.66 gives the following three equations after some manipulations.
ag = (kcos(y)+ ysin(y)), " + (§eos(y) - ksin(y))i,"” (2.67)

i, = (icos(y)+ ysin(y)+ d i +d y J,

+(yeos(y) - xsin(y) - d, i+ d )i, (2.68)
i, = (%cos(y)+ ysin(y)—d i +d, g Ji, ™
+ (S?COS(\V)— xsin(y)—d,§ —d iy’ )ﬁ2<w> (2.69)
The gravitational acceleration can be written as
Boe (2.70)

If gravitational acceleration vector is resolved in wheelchair fixed frame, the

following expression can be obtained.

g™ =—gi,"" (2.71)
Equation 2.71 can be rewritten in the following form.

g = —gC Mo, (2.72)

(w,e)

where C is the transformation matrix from earth frame to the wheelchair

frame.

Eove _ [@e,m ]T (2.73)
Substitution of Equation 2.3 into Equation 2.73 and then into Equation 2.72 gives

g™ = —ge_ﬁ3“’e_ﬁ‘ﬁeﬁz°‘ﬁ3(e/e) (2.74)
where, if i # j,

e"'u, = u,cos(o)+ (ﬁi XU, %in(ﬁ) (2.75)

The rule shown in Equation (2.75) can be used to rewrite Equation 2.74.
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g(W) — _ge’ﬁs‘l’e_alﬁ (ﬁ3COS(0L) + ﬁl Sil’l((l)) (276)

After some manipulations Equation 2.76 can be rewritten as follows.

g =—gcii,"” —gcyii,"” - ge,iiy"” (2.77)
where

¢, = cos(asin(B)sin(y)+ sin(o)cos(y) (2.78)

¢, = cos(asin(B)eos(y) - sin(asin(y) (2.79)
and

¢, = cos(a)cos(B) (2.80)

Figure 2.4 shows the side view of the wheelchair on a level planar surface.

Figure 2.4. Side View of the Wheelchair on a Level Planar Surface.

In Figure 2.4;
B,A : the center of mass of the left, right rear wheels
QP : the contact point of left, right rear wheels with the ground
D,C : the contact point of left, right front casters with the ground
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The wheelchair system is composed of three connected rigid bodies, which are
the right rear wheel, the left rear wheel and the wheelchair body to which the
human body is fixed. Front casters are assumed to have negligible mass and
friction. Equations 2.81, 2.82 and 2.83 show Newton Equations for the

wheelchair body, right rear wheel and left rear wheel, respectively.

m a, =F, +F, +F. +F, +m_g (2.81)
mgd, =—F, +F, + m,g (2.82)
md, =—F, +F, +m g (2.83)

where m  ,m; ,and m; are the mass of the wheelchair, right rear wheel and left
rear wheel; F, is the internal force between the right rear wheel and the
wheelchair body, and F, is the internal force between the left rear wheel and the
wheelchair body. FC, F, and E,, FQ are the external forces applied from the
ground to the right, left front casters; and right ,left rear wheels.

Equations 2.84, 2.85 and 2.86 show Euler Equations for the wheelchair body,

right rear wheel and left rear wheel, respectively.

a, +0, ijG o,
N . ) ) (2.84)
=Tg4 X Fy + T X Fy + T X Fo + Ty xFy =M =M
D, (Ton By )= Tan -0 +®p X T -y =M +Typ xF, (2.85)
D (T @, )= Ty -y + 0y x Ty -0y =M, + Ty xF (2.86)

The position vectors Ty, Igg» Ioes Iops Lap @nd Ty, can be written using Figure 2.3

and Figure 2.4.
i, =-di," -dq,"™ -d,5," (2.87)
i, =-d,i," +di," —d,q," (2.88)
foe = do0, " —dgi," ~hgu," (2.89)
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i, =d,i,"™ +di," —h,u," (2.90)
f,, = —Rii," (2.91)
f,, = —Rii," (2.92)

The inertia dyadics of the wheelchair and right-left rear wheels can be defined by
Equations 2.93 and 2.94. The location of the center of mass of the wheelchair is

calculated in Appendix A. The calculations of components of inertia dyadic of
the wheelchair which has a plane of symmetry about plane {ﬁl(w),ﬁ3(w)}, and the

rear wheels can be found in Appendix B.

Twe =308, 0, ™+ 05,0,M6, ™ + 1,0, (2.93)
o1, 6,05, +ﬁl<w>ﬁ3<w)]
Tew = Tip = 70,6, 7, 6,6, + 8, g, ™| (2.94)

where J, and J; are the lateral and polar inertia components of the rear wheels

which have inertial symmetry about their axis through A and B .

The force and moment terms in Euler Equations can be written in an expanded

form as follows. Remember that front casters have neglible mass and friction.

F, =F,i," +F,u," +F,u," (2.95)
F,=Fd"+F,i," +F,a," 2.96
g = gy~ + U, 4 Iyl (2.96)
F=Fi"+F.i" +F,§," 2.97
p = Ipy T+ EpU, 7+ FpiUg (2.97)
F =F,d"+F,i,"™ +F, &," (2.98)
Q Q11 Q22 Q33 .
1Ec = c3ﬁ3(W) (2.99)
E, =F,i," (2.100)
M, =M. i "™ +T.d,"™ + M, (2.101)
R R1%1 R™2 R3%3 .
M, =M, i, +T,4," +M,,i," (2.102)
L L1Y1 L*Y2 L3Y3 *
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In Equations 2.101 and 2.102, the motor torques supplied from the right and left

motors are denoted by T, and T, .

There are twenty unknowns which are:

X, Vo Futs Fags Fag s By B s g, By By By B L F

B3> L P> Lp2o Lp3s Lo Tao
F.,,F

Q3> C3’FD3’MR1’MR39ML1’ML3

Tr and Ty are the inputs of the wheelchair system. Although there exists twenty
unknowns, there are only eighteen (3x6) system equations formed by scalar
components of Equations 2.81, 2.82, 2.83, 2.84, 2.85, and 2.86 in the wheelchair
fixed frame. Therefore a solvability assumption can be made without loss of

generality such that

F, =F, (2.103)

From Equations 2.82 and 2.83, one can obtain six scalar (2x3) equations for F,

and FQ.

F, =m,(a, —g)+F, (2.104)

—

F,=m, (i, -8)+F, (2.105)

The remaining twelve (4x3) equations are for the other unknowns. Now; if the
total front reaction force which is F.; + F, is assigned to be one unknown, for
remaining twelve unknowns, there exists twelve equations. These equations are

obtained by substituting Equations 2.104 and 2.105 into the Equations 2.81, 2.84,
2.85 and 2.86, and rearranging them.

F, +F, +F. +F, =m_(d, -8) (2.106)
fGAﬂx FA —E?GB XVFB + Ty X Fe +fGD xFD (2.107)
M -M; =Jy6 0, + O, XJye 0,

My + T x| (@, —8)+Fy =T g + g x T - (2.108)
M, + Ty x|m, @y —8)+ Fy |= Ty -6y + 0y xT -, (2.109)
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Now, the unknowns are:
X’ .yﬁ FAI s FAZ s FA3 > FBI > FB3 > (FC3 + FD3 )’ MRI > MR3 > MLI > ML3

Three scalar equations can be obtained by expanding the Equation 2.106 in

wheelchair fixed frame components. These equations are as follows.

F,, +F;, =mw(aGl +gc1) (2.110)
2F,, =m_(ag, +gc,) (2.111)
F,; +Fy; +F; +Fy; =m ge, (2.112)

Substituting Equations 2.87, 2.88, 2.89, 2.90, 2.93, 2.7 and 2.8 into Equation
2.107; and then expanding the vector equation in frame F,, components, three

scalar equations can be obtained.
-dF,, +2d,F,, +d,F;;, —dF., +d.F, =M, - M, =],y (2.113)
d,F,, —d,F,, +d,Fy; —d,Fy, —d Fo; —d Fp, - T, =T, =J,y>  (2.114)
-2d,F,, +dF,, —dF;, —M;; —M,, =1,y (2.115)

If Equations 2.91, 2.94, 2.7 and 2.8 are inserted into Equation 2.108, the

following scalar equations are obtained after some manipulations.

M,, +Rm,(a,, +gc,)+RF,, =—-J 0,V (2.116)
T, —Rm,(a,, +gc,)-RF,, =1 6, (2.117)
M, =71, (2.118)

The following equations are obtained by substitution of Equation 2.92, 2.94, 2.7
and 2.8 into the Equation 2.109.

M,, +Rm, (a,, +gc,)+RE,, =-J 0, (2.119)

T, —RmL(aBl +gc,)-RF,, =70, (2.120)

S

My, =T1,¥ (2.121)

Equation 2.111 can be rewritten in the following form.
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1
F,, =5mw(aG2 +gc2) (2.122)

Inserting Equation 2.122 into Equation 2.116, and rearranging the terms, one can

get Equation 2.123.
. 1
My, = _JseR\V-RmR(aAZ +gcz)_5me(aG2 +gc2) (2.123)

Similarly, substituting Equation 2.122 into Equation 2.119, the following

equation can be obtained.
My, =-J,0,%-Rm, (ay, +ge,)-RFy, (2.124)

Rearranging Equations 2.117 and 2.120, the expressions for F,, and F; can be

obtained.
T T .
F. =?R—mR(aA1 +gcl)_E6R (2.125)
T I, ..
Fy, =§L_mL(aBl +gc1)_EeL (2.126)

Substitution of Equations 2.125 and 2.126 into the Equation 2.110, one can get
the following.

TR;TL _JES(éR -iréL)-mR(aA1 +ag, +2gc1)= mw(aGl +gc1) (2.127)

If Equations 2.122, 2.125, 2.126, 2.118, and 2.121 are substituted into the
Equation 2.115, Equation 2.128 is obtained.

J .. T
_mwdl(aG2 +g02)+d6|:_EseR 'mR(aAl +gcl)+§}

(2.128)
I, = T, . ..
—d; _EBL 'mL(aBl +g01)+? =21,y =,y
Note that the masses of right and left rear wheels are equal, which means
m, =my (2.129)
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In Equations 2.127 and 2.128; a,,,ag, and a, are the accelerations of point A,

(w)

point B and point G respectively, in u, " direction; a, is the acceleration of the

(w)

center of mass of the wheelchair in u, " direction. Equation 2.127 and 2.128 can

be rewritten by the substitution of Equations 2.57, 2.60, 2.67, 2.68, 2.69 and 2.78.

Then the obtained equations can be rearranged as follows.

C+Ad C-Ad
R 6TR_ R 5TL'[C(mw+2mR)+AmR(d6_ds)]g

(cos(a)sin(B)sin(y)+ sin(a)cos(y)) — Am,, d, g(cos(aJsin(B Jcos(y) — sin(a)sin(y))
_+(EC-AGd, -6, ] - AFp,>-0,°)

i
L BC-AD
(2.130)
and
(4 2m, Je{cos{ainhin(y) + sinfakos(y) + B0, —0, ] ~B3,
b, = :
(2.131)
where
J R m R
A:ES+mRR+mW?+ 432 (d, —d,) (2.132)
J R m_R
B:ES+mRR+mW5— 4(“;2 (dg—d,) (2.133)
Co 1'nLR(d5 —dé) N mLR(d5 —dﬁ)2 B mWRdlz
2 4d2 2d2
(2.134)
_ mRR(d52 +d62)_ (J33 +2JH)R _J_s
2d, 2d, R
D= mLR(dS - dﬁ)_ mLR(dS —d, )2 n medl2
2 4d2 2d2
o (2.135)
. m,R(d,’ +d, )+ (1, +2J. R g
2d, 2d, R
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E-m 2.136
W 4d22 ( )
R3d
F=m,— 2.137
Y, (2.137)
2 —_—
G- MR —d) (2.138)

8d,”’

Equations 2.130 and 2.131 are the equations of motion that are two coupled
nonlinear differential equations for the wheelchair system, which has two degrees

of freedom.

The other equations are used to obtain the reaction forces applied from the
ground. In fact, after the total front reaction force is found, each of the reaction
forces on the right and left rear wheels can be derived separately. However, the
total reaction force on one side of the wheelchair approaches zero if the
wheelchair tends to topple about the other side. For example, when the
wheelchair tends to topple to the right, the total reaction force on the left hand
side of the wheelchair will approach to zero. Because of that, it is thought that
considering the total reaction force at the left hand side of the wheelchair is
sufficient for such a case. Therefore, in order to analyze the reaction forces; the
equations for the total reaction force on the front casters, total reaction force on
the rear wheels, total reaction force on the right caster and right rear wheel, and

total reaction force on the left caster and the left rear wheel, will be derived.
Equations 2.112 and 2.114 can be rewritten in the following forms.

Fey + Fpy =m, ge, = (Fy, +Fy) (2.139)
dl(FA3 +FB3)_d3(FA1 +FBl)_do(Fc3 +FD3)= T, +T, +J31\]12 (2.140)

Inserting Equation 2.125, 2.126 and 2.139 into Equation 2.140, one can get the
following equation after some manipulations.

(dl +d0)(FA3 +1:133): Ty + T, "’J31\-V2

+d,m, (icos(\y)+ 'ysin(\u)+ gc, )+ domwgCOS(a)cos(B) (2.141)
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Substituting Equation 2.57, 2.58, 2.59 and 2.78 into Equation 2.141, Equation
2.142 is obtained.

T+ T dym, 20y 6, b+ dom, (-4, )b, -,

2

1 J,R* dym R, ). . v
d, +d,) J{ ng _5 o 1](911 —OL) +d,m_ gcos(a)cos(B)

+d,m, g(cos(o)sin(B)sin(y) + sin(a)cos(y))

(FA3 + FB3) = (

(2.142)

Adding the Equations 2.104 and 2.105 , the following scalar equation can be

obtained.
Fp; +Fy = 2m  gcos(a)cos(B)+ (F,, + Fyy) (2.143)

Inserting Equation 2.142 into Equation 2.143, the total reaction force on the rear
wheels of the wheelchair can be obtained, whereas the total reaction force on the

front casters can be derived from Equation 2.122.
Fo, +F,; = mwgcos(oc)cos(ﬁ) — (FA3 +F;, ) (2.144)
Rearranging Equation 2.113,

_dé(mwgc3 _(Faa +Fp, ))+d5(FB3 +FD3)= My + M,

. (2.145)
—2d,F,, + L,y

If Equations 2.80, 2.116, 2.119, 2.122 and 2.60 are inserted into Equation 2.145,

one can obtain,

J,R (R+d,)m Rd, )i =\ (R+d;)m R? Ca
(FB3 +FD3): ( 43(115 - ;di IJ(OR _eL)_ lgd; (ds _dé)(eR _eL)

J R R? Y. . d
_(45(12 +(2m,R+m, (R+d, ))EJ(GRZ _9L2)+ 2d6 m, gcos(a)cos(B)

2 2 2

_ (m, R+ I;;:v (R+d,)) g(cos(a)sin(p )cos(y) — sin(a)sin(y))

(2.145)
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Remember that
Fg; =Fy, - m  gcos(a)cos(p) (2.146)

F,, = F,, -m gcos(a)cos(B) (2.147)

Substitution of Equation 2.146 into Equation 2.145 gives the total reaction force

on the left wheels of the wheelchair, which is denoted by “F,; +F; .

In order to obtain the total reaction force on the right wheels, one should perform

the following manipulations.

F,, + F, = m,gcos(a)cos(B)+ (F,; + Fey) (2.147)
where from Equation 2.112,

F,, + F,, = m_gcos(a)cos(B)— (Fy, + Fy, ) (2.148)
Then Equation 2.147 becomes,

F,, + F, = (m, + m, )gcos(a)cos(B)— (Fy, + Fy; ) (2.149)

The total reaction force on the left wheels can be obtained by substituting

Equation 2.145 into Equation 2.149.

2.2.2. Equations of Motion for Changing Slope Road

This second mathematical model is derived to analyze the effects of sudden slope
changes on the system stability. The turning effect is not included in this model.

The wheelchair driven on a changing slope road is shown in Figure 2.5 on the

next page. F, {O; i, i, i1, }is defined as the inertial frame fixed on the earth,

and F, {G; i, " i1, i1, } as the wheelchair fixed frame. The wheelchair system

has only one degree of freedom in this case.
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Figure 2.5. Wheelchair on a Changing Slope Road

Successive rotations observed in the earth fixed reference frame

F {0' i, i1, ’53@)} can be designated by the following definition.

e b

F, > F (2.150)

In Equation 2.150, o is the changing up-downhill slope of the road. The

transformation matrix between the frames is:
CEe™ = ¢ T (2.151)
The angular velocity of the wheelchair can be written as

&, =6, =-ai,” =-ai,™ (2.152)

w/e w

where @ ,, is the angular velocity of wheelchair frame F,, with respect to earth

fixed frame F..

Differentiating the above expression in the earth frame F., one can get the

expression for the angular acceleration of the wheelchair.

i, =D 6, = —dai," (2.153)
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From Figure 2.3; the position vector of points G, A and B with respect to the
origin O of the earth fixed frame Fe{();ﬁ](e),ﬁz(e),ﬁ3(e)}can be written by

Equations 2.154, 2.155 and 2.156, respectively.

Lo =T, = xi, ™ +hti," (2.154)

Ty =1, =(x-d,)i," —d,u,™ +Ra," (2.155)

Lo =T, =(x-d,)i," +d,i," +Ri," (2.156)
Note that,

d,=d, =d, (2.157)

By differentiating the position vectors in the earth frame, the velocity of points G,

A and B can be obtained as follows after some manipulations.

Vo, =D Ty =xi," +xD i, +h,D,u," (2.158)
V, =Dt =xi," +(x-d,)D,i," —-d,D,i," +RD,i,"”  (2.159)
V, =D, =xi," +(x—d,)D,q," +d,D,i," +RD,i,"”  (2.160)

where D_i,", D,i," and D, u," are the differentiation of unit vectors ,"

b

i, and i, in the frameFe{O;ﬁl(e),ﬁz(e),ﬁ;e)}. They can be derived as

follows:
D.i," =D, 4," +a,, xi," (2.161)
D.i," =D, i, +o,, xi," (2.162)
and
D.i," =D i, + o, xi," (2.163)

Differentiation of a unit vector in its own frame gives zero. Therefore;

D.i," =D, 4," =D, i," =0 (2.164)

w w w3
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Substituting Equation 2.152 and 2.164 into Equations 2.161, 2.162 and 2.163, and
rearranging the terms in Equations 2.158, 2.159 and 2.160, the following

equations are obtained for the velocities of points G, A and B

Vo =(x-hga)d,"™ +xai," (2.165)
V, =(x-Ra)i,"™ +(x -d, Jowi,™ (2.166)
V,=V, (2.167)

Accelerations of points G, A and B can be derived by differentiating the velocity

(e),uz(e),ﬁ3(e)}. The following equations represent these

terms in frame F, {O, u,

accelerations.
= (% -hgi-xaJq," +(xé+ 2% - h o Ji, " (2.168)
a, =(x-R o )i, + ((x - d, o+ 2%a - R Ja, (2.169)
d, =4, (2.170)

Angular velocities of the right and left rear wheels with respect to earth fixed
frame can be written by Equations 2.171 and 2.172. In these equations, the letters

R and L denotes right and left rear wheels respectively.

Do = Dpry + B, (2.171)
and

O =0, +O, (2.172)
where

Dy = 0,1, (2.173)
and

@y =0,8," (2.174)

The terms 0, and 0, denotes the angular displacements of right and left rear

wheels.
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If Equations 2.171 and 2.172 are differentiated in frame F, {0;51(6),@(6),53(6)},

one can get the following two equations for the angular accelerations of the right

and left rear wheels.

Equation 2.175 can be rewritten as

Gy =i, +D,(0,d,")
where

D, (0,1, )=D, [,," )+ &, x0,,"
Rearranging the terms in Equation 2.178 gives

D, (0,1, =,1," +(-aii,™ )x 0,1,
Then Equation 2.179 becomes

6, = (0, - )i,

Similarly the angular acceleration of the left rear wheel is obtained as

6, = (6, -a)i,™

(2.175)

(2.176)

(2.177)

(2.178)

(2.179)

(2.180)

(2.181)

Wheels are assumed to roll without slipping. One can rewrite the velocities of

center of mass of the right and left rear wheels, V4 and V3.

V, = (0,1, )< (Ri,™)= RO,
Similarly;
Vo = (6,6, x(Ri," )= RO, 5,
Note that

¥, -5, = Ré,

\"

(=1

(w) A
T = R6 L
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If Equation 2.166 and 2.167 are substituted into Equations 2.184 and 2.185,

respectively, the following two equations are obtained for independent variables

0, and 0, .

0, . (2.186)
and

6, =6, (2.187)
From equation 2.186 an expression for X is obtained in terms of GR .

x=R(0, +6) (2.188)
By differentiating the above equation, one can get the following.

x =R(B, +) (2.189)
The gravitational acceleration can be written as

g=—gi,” (2.190)

If gravitational acceleration vector is resolved in wheelchair fixed frame, the

following expression can be obtained.
g™ =—gi,""” (2.191)
Equation 2.191 can be rewritten in the following form.

g™ = _g@(w,e>ﬁ3<e/e) (2.192)

where C™ is the transformation matrix from earth frame to the wheelchair

frame.

eoo = [gem | (2.193)
Then Equation 2.192 can be rewritten as

g™ = _geﬁzaﬁ3(e/e> (2.194)

where
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e"'u, = u,cos(o)+ (ﬁi XU, %in(ﬁ) (2.195)
The rule shown in Equation (2.195) can be used to rewrite Equation 2.194.
g™ = —g(u,cos(a)+ ,sin(a)) (2.196)

After some manipulations an expression for the gravitational acceleration is

derived as follows.

g =—gc,ii,"” - ge,ii,"” (2.197)
where

¢, =sin(a) (2.198)

¢, = cos(a) (2.199)

The same Newton-Euler equations in the previous section hold also for this case.

These equations are rewritten in this section as follows.

F, +F, +F. +F, =m_(a, - 8) (2.200)
T, XF, + T xFy + T, xFo + T, xF, (2.201)
_MR_ML:jWG aw+6)joWG @,

My + T %[ (@, —8)+Fy =Ty g +0p X - (2.202)
M, + Ty x|m, @y —8)+ Fy |= Ty -6, + @, xT -, (2.203)

where

i, =—-d,4," -d,u5," -d,q," (2.204)
f,=-d,d,"™ +d,q," —d,q," (2.205)
fo=d,0," —d,i," —hgi," 2.206
Ioe = Aol U, GUs (2.206)
i, =di,"™ +d,u," —hu," (2.207)
f,, = —Rii," (2.208)

40



f,, = —Rai," (2.209)

Since the wheelchair does not turn while moving, right and left front casters carry

equal weight. Then the following equation can be written as a constraint.
F., =F,; (2.210)

There exist twelve equations, and twelve unknowns now.

F

B2>

ji’FAI’FAZ’FA}’F FB3’FC3’MR1’MR3’MLI’ML3

BI>

Three scalar equations can be obtained by expanding the Equation 2.200 in

wheelchair fixed frame components. These equations are as follows.

F,, +Fy :mw(aGl +gcl) (2.211)
F,+F, =0 (2.212)
F,, +F,, +2F,, =m_ (a +gc;) (2.213)

Note that the heading angle of the wheelchair is zero since there is no turn effect.

Substituting Equations 2.204, 2.205, 2.206, 2.207, 2.93, 2.152 and 2.153 into

Equation 2.201; three scalar equations can be obtained after some manipulations.

dz(FB3 'FA3)+d3 (FAZ +FB2)_MR1 _MLI =0 (2-215)
dl(FA3 +FB3)_d3(FA1 +FB1)_2d0FC3 'TR _TL = 'Jzzd (2-216)
dZ(FAl -F )‘dl(FAz +1:13,2)'1\/[123 _ML3 =0 (2.217)

If Equations 2.208, 2.180 and 2.171 are inserted into Equation 2.202, the

following scalar equations are obtained.

M,, +RE,, =0 (2.218)
T, —Rm(a,, +gc,)-RF,, =710, i) (2.219)
M, +0=0 (2.220)
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The following equations are obtained by substitution of Equation 2.209, 2.181
and 2.172 into the Equation 2.203.

M,, +RF,, =M, +RF,, (2.221)
T, —RF,, =T, —RF,, (2.222)
My +0=M,, +0 (2.223)

After some manipulations are performed on the equations 2.111-2.223, the

equation of motion and the reaction forces are obtained.

The equation of motion of single dof system is obtained as in the following

expression.

Rm, J R
T, —(RmR + I;W +§]x +R(mR n I;W jdzx—Rdeldz

o . (2.224)
+(R2mR +GTmW+2JSJd :(mR + r;w jgsin(a)
where
b, =0, == 'RR“ (2.225)

Since the wheelchair does not turn, same amount of torques are supplied by the

motors.

The total front casters’ reaction force is derived after some manipulations.

F., +F,, = 2(% (xéi + 2% — h ;&> + geos(a))- FMJ (2.226)
where
| m, dy (xd+2Xd—hG(x2 +gcos(0c))+
Fo =1 2d iy (2.227)
A i (X—Xdz —th+gsin(a))— 220L+TR
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The total reaction force applied on the rear wheels is shown in Equation 2.228.

Fpy + Foy = 2(my ((x - d, )6+ 2%6 — Ré> + geos(a)+ F, ) (2.228)
Equations 2.229 and 2.230 show the fotal reaction forces applied on the right,
and left wheels respectively.

Foy + Fpy = {xti+ 256~ h” + geos(a) (2.229)

+my ((X -d, Jo + 2%é — Ra* + gcos(a))
and

Fy; +F

s = Fs + Fyy (2.230)

Note that the total reaction forces applied on the left and right wheels are same.

Because the wheelchair does not turn; it has only a forward movement.

2.3.  System Components and Control Structure

Two Simulink models are formed for the two mathematical models obtained for
constant and changing sloped roads. Simulink model for the constant slope road
is shown in Figure 2.6 on the next page. As can be seen from this figure, there are
two inputs to the joystick, which are ‘Voltage x” and ‘Voltage y’. These two
inputs are determined by the user. ‘Voltage x’ is related with the velocity of the
wheelchair whereas ‘Voltage y’ is related with the heading angle. The higher the
‘Voltage x’ the faster the wheelchair is, and the higher the ‘Voltage y’ the more
sharp the wheelchair turns. The joystick produces suitable reference angular
velocities according to these voltages. Then, the actual angular velocities of the
right and left rear wheels are compared with these reference values, and the errors
are to be minimized by the PI controllers, and the proper motor voltages are
produced. These motor voltages go to the right and left motor dynamics, and the
motor torques are produced. The equation of motion of the wheelchair system is

modeled in the subsystem denoted by "WHEELCHAIR DYNAMICS’.
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The proportional controller denoted by ‘human-like controller’ in Figure 2.6 is
used to control the heading angle of the wheelchair by means of an approximated
mental control behaviour of the driver. If the heading angle of the wheelchair is
not the same as the reference input defined by the user, he will change the
direction of the wheelchair in a desired manner by means of joysick movements.
Therefore, the output of this controller is the ‘Voltage y’ which determines the

steepness of the wheelchair turns.

Angular velocities, and accelerations of the right and left rear wheels, the yaw
angle and torque inputs go into the subsystem ‘REACTION FORCE
ANALYSIS’ in Figure 2.6, and the total reaction forces on the front casters, rear

wheels, the wheels on the left and right side of the wheelchair are obtained.

The Simulink model of the wheelchair system driven on a changing slope road
can be seen in Figure 2.7 on the next page. Note that there is a manual switch
after the reference yaw angle blocks. This switch is used either to give a reference
yaw angle of zero or changing values. Since the turning effect of the wheelchair
is not considered in this model, the heading angle of the wheelchair remains
always zero. Therefore, a constant value of zero is used as a reference yaw angle
value here. The other block which gives changing values for reference yaw angle
is used in the previous model instead. Because, different heading angles desired
by the driver can be defined by this block as a function of time. Here, the system
has only one degree of freedom unlike the other model. The difference in this
model is that there exists a subsystem to model the road, and the outputs of this
subsystem are the changing slope of the road and its time derivatives, which are

fed to the subsystem ‘WHEELCHAIR DYNAMICS’.

The road is modeled as a function of position ’x’. Four different mathematical
functions are used to model the road. The important thing to consider while
choosing these functions is that the function should be continuous. There should
not be any discontinuity that will cause a sudden jump on the slope of the road.
Because such a jump on the slope of the road, and the time rate of change of this

slope will cause a problem in the solution of dynamic equations of the system.
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The road functions used in the simulation are approximations of real roads. For a
smooth downhill and uphill slope, the hyperbolic tangent function [15] is

modified as follows.

e b
Z:h m +h (2231)
Qb 1
z=hl—— |+h 2.232
[ea("b) +1 ( )

Equations 2.231 and 2.232 represent a smooth downhill slope and uphill slope
respectively. ‘h’ denotes the altitude of the road. As the value of ‘b’ decreases

and ‘a’ increases, the slope of the road becomes steeper as shown in Figure 2.8.
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Figure 2.8. Downhill and Uphill Road Profiles.



The road profile shown in Figure 2.9 is obtained by the following mathematical

function [16].

1
=h ——— .
‘ (1 + a(x —b)4J (2.239)

where ‘h’ denotes the altitude of the road. As the value of ‘b’ increases and ‘a’

decreases, the slope of the road becomes steeper.

— road with gradual slopes
—— road with steep slopes

Figure 2.9. A Changing Sloped Road Profile

Figure 2.10 shows the detailed view of the subsystem ‘ROAD PROFILE’.
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Figure 2.10. The Subsystem ‘ROAD PROFILE’
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(

The position of the wheelchair in u, v direction, ‘x’, goes into the road function

where the road profile is obtained as a function of ‘x’ by means of Equations

2.231,2.232 or 2.233. Then the terms z, o, & and o are obtained.

2.3.1. DC Motor

The next step in determining the equations of motion of the system is the
derivation of motor dynamic equations since the motor itself also shows a

dynamic behavior.

Figure 2.11 shows the armature mechanical loading diagram of the motor.

Magnetic
torque, Tp, Armature
1 N Load Torque, T,
( ¢
Load shaft

Figure 2.11. Mechanical Portion of the Motor

If the stator is made of a permanent magnet, then one can take the field current

constant [17]. Thus, the magnetic torque of the motor can be expressed as
T, =1,K, (2.234)

There exist two motors, which supply torques to the left and right rear wheels
separately in the wheelchair system. These motors are permanent magnet DC

motors and can be defined by the following dynamic equations [17].
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V,=1,R_+K.o, +Lm(d(11—;“j (2.235)
. do
i, K, -T, :Jm( " j (2.236)

The parameters in Equations 2.235 and 2.236 can be defined as follows.

R : resistance of the armature windings of the motor
1m : armature current

Vi : supply voltage to the armature

K. : motor voltage constant

o, angular speed of the motor

| : motor inductance

K : motor torque constant

TL : load torque

Jn : polar moment of inertia of the motor

The transient response of motor voltage to changes in motor current is assumed to

C di, ).
be negligible, i.e., Lm[%j is taken as zero [17].

Coulomb friction and associated dead band effects, magnetic hysteresis, magnetic
saturation and eddy current effects are neglected in obtaining the dynamic model

of the motors [17].

The maximum torque requirement and the wheelchair maximum velocity are
important parameters in the selection of suitable actuators. In order to choose a
proper actuator for the wheelchair system, the commercial wheelchair motors
have been investigated. As a result, it has been seen that the maximum velocity of
a standard wheelchair used in commercial applications is about 1,8-3,2 m/s and

the maximum torque requirement is about 55 N.m [18]. These values have also
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been verified by the simulations carried out. Finally, a DC-motor, which satisfies

the above criterions, is selected from one of the available manufacturers [19].

2.3.2. Joystick

The two-axis joystick as shown in Figure 2.12 translates two degrees of freedom
hand motion in two voltages Vi and V,. The speed of the wheelchair, and the
sharpness of the turns are determined by V, and V,, respectively. In other words,
the user’s commands are transformed by means of a joystick into electrical

signals that set the wheel speed and the wheel direction.

v
<
<

AN

joystick

Figure 2.12. Joystick Inputs

Referring to Figure 2.6, it is seen that the ‘JOYSTICK FUNCTION’ in the
simulations converts two input voltages to reference angular velocities that are
compared with the actual angular velocities. The outputs of the PI controllers are

suitable motor voltages that are inputs to the motor dynamics.

The joystick produces voltages in the range of —=5 V and +5 V. For full speed
forward the joystick output is about +5 V
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Figure 2.13. Simulation of the Joystick

In Figure 2.13, the voltage inputs are converted to reference angular velocities. If

a shape filter is used sudden jumps of the angular velocities are prevented.
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Figure 2.14. Reference Angular Velocities for a Ramp Input of V,

Figure 2.14 shows the case when Vy is increased from 0 V to a maximum voltage

of +5 V in six seconds and then remained constant, and Vy is given zero by the
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user. The angular velocities of the right and left rear wheels are the same since no
voltage is given in y direction, and they reach to their maximum value due to the
reference maximum voltage in x direction. When a shape filter is used the sudden
increase of the reference angular velocities of the right and left rear wheels

become gradual although the user input was a ramp function.

When a sudden jump of the V from 0 V to 5 V occurs as a step function, the
reference angular velocities are obtained as shown in Figure 2.15. Since there is
no voltage in y direction the angular velocities of the right and left rear wheels
are equal. When a shape filter is used, the sudden jump in the reference angular
velocities is prevented by a gradual increase. The only disadvantage of such a

filter is that it causes a time lag.
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Figure 2.15. Reference Angular Velocities for a Step Input of V,

The higher the voltage in x direction the higher the speed of the wheelchair is. If
the patient wants to have a sharp turn at high speeds this can disturb him. The
user’s commands of high speeds during steep turns should be modified
automatically such that the wheelchair follows the desired course, but its
movement speed is reduced. This modification is carried out during the

interpretation of voltage values by means of the joystick.
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The following equations are used in the joystick function during simulations.

6, =(K, ~K,[V,[V, +K,V, (2.237)

6, = (K, ~K,[V,|V, -K,V, (2.238)
Joystick converts the voltage inputs to the reference angular velocities for right
and left rear wheels by Equations 2.237 and 2.238, where V, and V, are the
voltages in x and y direction, K;, K, and K3 are specified constants. The values of
these constants are determined according to the results of several simulations
carried out. If desired, they can be changed according to the system performance.
Referring to these equations it can be seen that as the voltage in y direction is
increased, the speed of the wheelchair is decreased and the difference between the

angular velocities of the right and left wheels are increased.

ce Angular Velocities (rad/s)
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ular velocity of the right rear wheel
ular velocity of the left rear wheel

Right&Left R

Figure 2.16. Reference Angular Velocities for Positive V, and V,

When Vj is increased from 0 V to maximum voltage of +5 V in six seconds and
then remained constant, and Vy is given +3 V by the user, the result for such a
case is shown in Figure 2.16. Since Vy is given a positive voltage the wheelchair

will turn to the right, which means that the reference angular velocity of the left
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rear wheel will be higher. Although +5 V is supplied by the user as a voltage in x
direction, the angular velocity of the left rear wheel does not reach to its
maximum value. Because, the speed is reduced due to the supplied positive
voltage in y direction. If a higher voltage is given in y direction, the speed of the

wheels are reduced more for a safer wheelchair steering process.

2.3.3. Velocity Control of the Wheelchair

The speed of the wheelchair is controlled by means of control of the angular
velocities of the right and left rear wheels. Encoders can be used to measure the
angular velocities. Once they are measured, the actual angular velocities are
compared with the reference ones that are the outputs of the joystick. The errors

are to be minimized by PI controllers.

With a proportional controller, the controller output is proportional to the error.

The advantage of a proportional-only control is its simplicity

With a derivative action, the controller output is proportional to the amount of
time rate of change of the error. Derivative action can compensate for a changing
measurement. It provides extra damping to the system. A disadvantage of
derivative control is that controller output is zero when the error signal is

constant. Therefore, it is never used alone.

With integral action, the controller output is proportional to the amount of the
accumulated error. The primary advantage of integral control is that it has a
tendency to reduce the steady state error. Controllers have been developed that
combine the use of proportional and integral control. The result is a proportional-
integral (PI) controller, which is used in the simulation of the wheelchair system
because of the immediate acting proportional control coupled with the corrective
acting integral control. PI control is preferred over P control for smaller final

error and over PID for smoother start-up.

Since the equations of motion of the wheelchair system are highly nonlinear,

coupled equations; control gains for PI system are chosen by trial and error. The

55



speed and smoothness of the response, and system stability are examined by
carrying out several simulations under varying road conditions; and suitable

values for proportional and integral gain are selected accordingly.

The user decides the speed of the wheelchair by joystick movements in terms of

voltage in x direction, and the controller takes care of the rest.

Control of the angular velocities of each of the rear wheels independently
eliminates the effects of a downhill grade upon speed by a significant reduction
of the excessive speed increase of the wheelchair. When the wheelchair is driven
on a side slope, it tends to turn to a directly downhill course and speeds up. With
PI control of the angular velocities the chair does not speed up as much. How the
heading angle of the wheelchair is controlled for such a case is another question.

This is analyzed in the next section.

2.3.4. Yaw Angle Control of the Wheelchair

The desired direction of the wheelchair is determined by the user in terms of the
joystick input of voltage in y direction. The higher this voltage is the more sharp
the wheelchair turns. Normally, the wheelchair driver will determine the heading
angle of the wheelchair by means of controlled movements of the joystick. If the
direction of the wheelchair is not proper according to his idea he will move the
joystick more or less to the left or right. When the joystick is moved to the right a
positive voltage in y direction is produced which causes the wheelchair to turn
right, and a negative voltage is produced as the joystick is moved to the left that

makes the wheelchair turn left.

The desired heading of the wheelchair determined by the user is defined by a
‘Look-up Table’ [20] in the simulations as can be seen in Figure 2.17. ‘Look-up
Table’ is used to define the commands of the patient in terms of direction angle
of the wheelchair mathematically. As an example, if the user wants to move

forward for 10 seconds, then turn to left with a heading angle of 30°, such a
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scenario is defined by a mathematical function using ‘Look-up Table’ so that the

reference yaw angle in patient’s mind is modeled.

i _|—.—u
voltagey |:|

A Manual Switch Seope

Clock

ref-yan-angle

Figure 2.17. Reference Yaw Angle Block

Note that manual switch is used either to give a constant ‘voltage y’ of zero or
changing values for reference yaw angle. Constant voltage of zero in y direction
is given for the case when the wheelchair is driven on changing slope roads with
no turn. The reference yaw angle of zero indicates that no voltage is supplied in y
direction of the joystick. For the simulations carried out on constant slope roads,
the steering effect is considered. Therefore, in such cases changing values of yaw

angles are given as reference inputs.

Human control of the direction angle is modeled by a proportional (P) control in
the simulations. Because, a human being can estimate the error and move the
joystick proportional to this error, which will result in a suitable ‘Voltage y’
output accordingly. However, it is difficult for the user to take the integral of the
error or to estimate the rate of change of the error. Therefore, proportional control
is used to model the human mental control behavior for the heading angle of the
wheelchair. A proper proportional gain is determined after several simulations are
carried out. The controlled output is the ‘Voltage y’, which is the input to the

joystick as can be seen in Figures 2.6 and 2.7.
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Figure 2.18 shows the actual and reference yaw angles for a specific case. Note
that actual angular velocity follows the desired path. The xy position of the
wheelchair for this specific case is shown in Figure 2.19. The wheelchair moves
forward for 10 seconds, then turns to left with a heading angle of 30° and keeps
this direction for 5 seconds. Finally, wheelchair turns to right with a heading

angle of 90°.
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Figure 2.18. Actual and Reference Yaw Angle for a Specific Case

The output of the human controller is the voltage input of the joystick in y
direction. For the case shown in Figure 2.19, the user wants to move forward in
10 seconds then turn to left, which results in negative ‘voltage y’ after 10 seconds
as can be seen in Figure 2.20. Since the wheelchair is desired to turn 90° to the
right at 25™ second the value of ‘Voltage y’ becomes positive. Note that the
voltage input to the joystick in y direction is zero when the user wants to move

forward without turn or keep the direction constant after turn.

58



xy Position of the Whelchair

y(m)

Voltage y (V)
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Figure 2.20. ‘Voltage y’ for the Specific Case

2.3.5. Methods of Stability Augmentation

One of the methods for stability augmentation is the speed reduction during
steering as previously mentioned in Section 2.3.2. When the wheelchair driver
wants to have a sharp turn at a high speed such a user command is modified by
the joystick module. The desired path is followed but the velocity of the
wheelchair is reduced for the purpose of stability. This method causes some time

lag but improves the stability.
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The patient may want to follow such a path as shown in Figure 2.21 at maximum
velocity, where the wheelchair turns 90° to the left while moving straight, keeps
its direction for some time, then turns around itself about 360°. This command is
modified by the joystick module such that the angular velocities of the right and
left rear wheels are reduced as the voltage applied in y direction of the joystick is

increased, as shown in Figure 2.22.

y(m)

Figure 2.21. Sharp Turns of the Wheelchair at Maximum Speed
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Figure 2.22. The Angular Velocities of the Right and Left Rear Wheels
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In Figure 2.22, two cases for the angular velocities are shown, where in one case
the angular velocities thus the speed of the wheelchair is reduced via joystick
module, and in the other case the user’s reference command is applied without
any modification. As the user increases ‘Voltage y’ more, the speed of the
wheelchair is reduced more for a safe steering. However, the increase or decrease
of the ‘Voltage y’ is limited in the simulations by means of saturation blocks

since the joystick can supply voltages in the range of =5 V and +5V only.

When the wheelchair turns to the left, the reaction forces at the outer wheels
increase, which means that the total reaction force on the right wheels increases,
whereas it decreases, as the wheelchair turns right. Figure 2.23 shows the total
reaction force on the right wheels for the wheelchair that follows the path in
Figure 2.21. Note that the decrease in the reaction force during right turn is not as
much as in the case where the users’ commands are not modified, which can
prevent the tendency of the wheelchair system from toppling to the left side in
more unreliable situations. Therefore, it can be said that such a reduction in speed

improves the stability of the wheelchair during sharp turns.

Right Wheels' Reaction Force With and Without Speed Reduction via Joystick
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Figure 2.23. The Total Reaction Force on the Right Wheels
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A sudden increase in the speed of the wheelchair may be caused by an inadaquate
user command. A sudden increase of the angular velocities will cause also a jump
in the torques which may result in an unstable situation. As decribed previously,
joystick module modifies the user’s commands when the driver wants to have
sharp turns with a high speed such that the speed is reduced as the ‘voltage y’ is
increased. However, this reduction may also cause a sudden decrease of the
angular velocities, which may not be preferred. Therefore, a shape filter is used to

prevent this. This shape filter is formed by the following transfer function.

G(s)=- j - (2.238)

If the value of ‘a’ decreases, the magnitude of the input signal at a high frequecy
is decreased more as shown in Figure 2.24, but the phase angle between the input
and output signal is increased, which will cause a lag in the wheelchair system
such that the user’s commands will not be executed properly. According to the

simulation results, the value of ‘a’ is selected to be 2.

Bode Diagram

Magnitude (dB)

Phase (deg)

Frequency (rad/sec)

Figure 2.24. Bode Diagram for a/(s+a)
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Let’s give an example to a case where no shape filter is used. The wheelchair
turns 180° to the left, keeps its direction, and then turns around itself as shown in
Figure 2.25. The reference and actual yaw angles are also shown in the same
figure. The user increases the voltage input in y direction of the joystick in order
to have sharp turns. Therefore, the angular velocities are reduced by the joystick

as can be seen in Figure 2.26.
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Figure 2.25. xy Position and Yaw Angle of the Wheelchair
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Figure 2.26. Angular Velocities, Torques and Motor Voltage
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Note that the sudden reduction of the speed while the wheelchair turns about 360°
causes a sudden drop in the motor torques, which results in a sudden decrease of
the total reaction force on the rear wheels as can be seen in Figure 2.27. This may

cause the wheelchair to topple about the front.
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Figure 2.27. Reaction Forces

When a shape filter is used to reduce the magnitude of the angular velocities at
high frequencies, the result obtained is shown in Figure 2.28 on the next page.
Note that the reduction of the speed is more gradual, and does not cause a sudden
critical decrease in the motor torques now. The stability of the wheelchair system
is improved such that the tendency of the wheelchair to topple about the front is
prevented. Note that the reaction force on the rear side of the wheelchair drops

from 900 N to 50 N in the case where no filter is used. However when a shape
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filter is used instead, the reaction on the rear wheels decreases to 600 N only, as

shown in Figure 2.29.
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Figure 2.28. Angular Velocities, Torques and Motor Voltages When a Shape
Filter is Used
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Figure 2.29. Reaction Forces When a Shape Filter is Used
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When the total reaction force on one side of the wheelchair approaches zero, this
means that the wheelchair will tend to fall over to the other side. In such a case, if
the center of mass is shifted to that side this fall may be prevented. Therefore, as

a third method of stability augmentation this technique is used.

It is assumed that the velocity and acceleration of the new center of mass G’ with
respect to wheelchair fixed frame F, {G;ﬁ,(w) i, ,ﬁ;w)} are negligible.

Moreover, the effect of center of mass shifting on the inertia of the wheelchair is

neglected.

— (w)
u,

G’

Figure 2.30. Top View of the Wheelchair

As the reaction force on the rear wheels decreases the value of ‘d,’ is increased
by shifting the mass center to the back, and if the reaction force on the right
wheels decreases the value of ‘d¢’ is decreased by shifting the center of mass to

the right side.

According to the geometry of the wheelchair as shown in Figure A.1 in Appendix
A, the seat of the wheelchair can move maximum10 cm to the back, 15 cm to the
front and 10 cm to the sides, which means that the maximum shifts of the center
of mass to the back, front, and the sides are about 7 ¢cm,10 cm, and 7 cm

respectively.
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Figure 2.31 shows the Simulink Model, including the center of mass shifting for
the wheelchair driven on a constant slope road. Note that the actual reaction
forces on the front and left wheels are compared with the reference values that are
to be measured by force transducers at the initial static state of the wheelchair
system, and the outputs of the two independent PI controllers are used to get the

new values for ‘d,’, ‘d;” ‘ds’, and ‘d¢’.

Figure 2.32 shows the new Simulink model including the center of mass shifting
for the wheelchair driven on a changing slope road..The reaction force on the
front wheels is compared with the reference value of the reaction force, and the
output of the PI controller is used to get the new values for ‘d,’, and ‘d,’. Since
the wheelchair steering effect is not considered in this simulation, the reaction
force on the left and right wheels change only with changing values of slope
along the path, but these changes are not critical. Therefore, center of mass is not

shifted to the sides but only to the back and forth in this simulation.

To compare the results of center of mass shifting on the stability of the
wheelchair, one should analyze the reaction forces. As an example, let’s take the
case where the wheelchair is driven on an uphill slope of 13°. The wheelchair
follows a path as shown in Figure 2.33 on the next page. Note that the patient
moves the joystick in x direction only for 10 seconds, then moves it to the left so
that the wheelchair moves forward for 10 seconds, then turns to left with a
heading angle of 90°. In other words, the voltage in y direction of the joystick is
zero for 10 seconds, then gets negative values in order to turn left. The user wants
to reach a heading angle of 90° in very few seconds, which indicates that the

wheelchair is forced to have a steep turn by the patient.

69



35

| |
| |

30— ——— - - r————F1
| |

25 _ _ _ _ _ [ N

20 — - — - - - _L____ -

y(m)

yaw angles

I I
| 0 —| —— reference yaw angle
| | | —— actual yaw angle

I

|

|

I 10 | T T T
0 5 10 15 0 10 20 30 40

x(m) time(s)

Figure 2.33. Position and Yaw Angle of the Wheelchair Steering on an Uphill
Slope

The angular velocities of the right and left rear wheels are equal when the user
does not move the joystick in y direction or wants to keep the direction of the
wheelchair constant. The angular velocity of the right rear wheel becomes higher
than the angular velocity of the left rear wheel during left turn as shown in Figure
2.34 on the next page. Right motor torque and voltage become higher with
respect to left motor torque and voltage as the wheelchair starts turning left.
When the wheelchair turns 90° to the left on an uphill slope it encounters with a
side slope where the wheelchair will tend to turn left towards a downhill slope. In
order to prevent this unintended motion of the wheelchair left motor supplies
more torque than the right motor so as to keep the direction of the wheelchair

constant after turn.
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Figure 2.34. Angular Velocities of the Rear Wheels, Motor Torques and
Motor Voltages for the Wheelchair Steering on an Uphill Slope

The changes in the reaction forces of the front and rear wheels are related with
the changes in the motor torques. When the motor torques increase the reaction
force on the rear wheels increases and the reaction force on the front wheels
decreases as shown in Figure 2.35 on the next page. Note that as the wheelchair
turns left on an uphill slope it encounters with a side slope, which results in the
increase of the reaction force on the left wheels and decrease of the reaction force
on the right wheels. The value of the reaction force on the right wheels does not
get the value of zero so that the wheelchair does not topple to the left. However,

this reaction force decreases from 650 N to 250 N.
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Figure 2.35. Reaction Forces for the Wheelchair Steering on an Uphill Slope

As the reaction force on the right wheels decreases, the center of mass is shifted
to the right such that the distance of the center of mass of the wheelchair system
to the right wheels decreases from 0.275 m to 0.205 m as shown in Figure 2.36,
which causes a relative acceleration about 0.077 m/s” to the right with respect to
the wheelchair base. However, the patient feels an absolute acceleration of about
0.723 m/s® to the left. This much acceleration is mainly caused by the steep
steering action of the wheelchair on an uphill slope, since shifting of the center of
mass to the right causes a relative acceleration of the wheelchair seat about 0.077
m/s” to the right with respect to the wheelchair base, which in fact does not
contribute to the absolute acceleration felt by the user but even causes a little
decrease in the value of the acceleration caused by the steering action. As the
center of mass of the wheelchair system is shifted to the right, the reaction force
on the right wheels decreases from 650 N to 450 N instead of 250 N, as shown in
Figure 2.37, which can be considered as stability augmentation. The reaction
force on the right wheels is increased compared to the right wheels’ reaction

force obtained in case where the center of mass is not shifted.
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Figure 2.36. Position of the Shifted Center of Mass
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Figure 2.37. Reaction Forces After the Center of Mass is Shifted

If a movable plate is placed on the base of the wheelchair, and the seat is placed
on this plate, the center of mass of the wheelchair system can be shifted by
shifting the plate in back and forth direction and shifting the seat to the sides

above the plate.

Detailed discussion for the reduction of several unstable cases by the method of

center of mass shifting is performed in Section 3.3 of Chapter 3.
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CHAPTER 3

CASE STUDIES

3.1.  System Analysis for Reliable Situations

In this section, several case studies are performed for the wheelchair system
traveling on different constant sloped, and changing sloped roads. In all the cases

considered here, the wheelchair system remains stable.

3.1.1. Reliable Cases for Roads With Constant Slopes

3.1.1.1. Case 1: Wheelchair Traveling on a Level Road

When the patient wants to move forward without any steering action on a level
ground, he moves the joystick in x direction only, which results in a positive
‘Voltage x’ and zero ‘Voltage y’. This means that the reference yaw angle is

determined to be zero by the user as shown in Plot (1) of Figure 3.1.

The reference angular velocities of the right and left rear wheels are always equal
during this motion since the wheelchair does not turn. The speed of the
wheelchair increases for 15 seconds and then remains constant. The increase of
the speed results in increase of the motor torques and motor voltages as shown in

Plot (2) of Figure 3.1.

As the motor torques increase the reaction force on the rear wheels also increases
whereas the total reaction force on the front wheels decreases as expected. Since
the wheelchair does not have a steering action, the total reaction forces on the
right and left rear wheels remain constant during motion as shown in Plot (3) of

Figure 3.1.
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3.1.1.2. Case 2: Wheelchair Steering on a Level Road

The wheelchair travels along a level ground as in Case 1, but it has a steering
action now. It moves forward for 10 seconds, then turns to left with a heading
angle of 30°, keeps its direction for 10 seconds, and finally turns to right with a
heading angle of —10° as shown in Plot (1) of Figure 3.2. Note that the wheelchair
does not have steep turns and the actual yaw angle follows the reference yaw

angle.

In order to make the wheelchair turn left the user moves the joystick to the left so
that a negative voltage is produced in y direction of the joystick. Therefore, the
angular velocities of the right and left rear wheels are reduced as shown in Plot
(2) of Figure 3.2. But the reduction in the speed of the wheelchair is not much
since both of the turns are not steep. If the voltage in y direction of the joystick
were increased more, this reduction would be higher. When the wheelchair turns
left the angular velocity of the right rear wheel becomes higher than the angular
velocity of the left rear wheel as expected. Therefore, right motor torque is higher
than the left motor torque during left turn. As the wheelchair keeps its direction
after the left turn, the angular velocities, motor torques and motor voltages
become equal. Finally, when the wheelchair turns right the angular velocity of the
left rear wheel, left motor torque and left motor voltage are increased with respect
to the right rear wheel’s angular velocity, right motor torque and voltage. Again,
motor torques, angular velocities and motor voltages become equal since the

wheelchair direction remains constant after the right turn.

As the motor torques are increased the reaction force on the rear wheels
increases, and the reaction force on the front casters decreases. When the
wheelchair turns left, the reaction force on the outer wheels increases which
means that the total reaction force on the right rear wheels increases, and the
reaction force on the left rear wheels decreases as can be seen in Plot (3) of
Figure 3.2. The reaction force on the left rear wheels increases whereas the

reaction force on the right rear wheels decreases, as the wheelchair turns right.
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3.1.1.3. Case 3: Wheelchair Braking on a Downhill Slope

The wheelchair moves forward without any steering on a road with a constant
downhill slope of 5°. The reference yaw angle remains at a constant value of zero

since the wheelchair does not turn, as shown in Plot (1) of Figure 3.3.

The speed of the wheelchair increases for 10 seconds, and then remains constant
for 5 seconds, and finally, the user wants to stop by reducing the value of speed to
zero as shown in Plot (2) of Figure 3.3. The angular velocities of the right and left
wheels are equal during motion since the heading angle of the wheelchair remains
always zero. When the speed of the wheelchair is increased, right and left motor
torques decrease and get negative values to maintain the desired speed of the
wheelchair on a downhill slope. The negative values of torques decrease more
when the user wants to brake. Control of the angular velocities of both rear
wheels prevents an excessive increase in the wheelchair speed due to the

downbhill slope effects.

The reaction force on the front casters increases in few seconds initially due to a
downhill slope, whereas the reaction force on the rear wheels decreases. As the
right and left motor torques decrease the reaction force on the rear wheels also
decrease as shown in Plot (3) of Figure 3.3. The reaction force on the front
casters increases while motor torques decrease. The reaction forces on the left
and right rear wheels remain always constant since there is no steering action of

the wheelchair.

Note that the values of the reaction force on the left and right wheels are lower
than the ones obtained in Case 1. Since the road has a downhill slope, the total

(w)

weight of the wheelchair in u, 'direction (perpendicular to the slope) is

decreased due to the effect of the slope as shown in Equation 3.1 where a is the
downhill slope of the road, m is the total mass of the wheelchair system and W is

the total weight.

W= mgcos((x) (3.1
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Figure 3.3. Response of the Wheelchair System for Case 3
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3.1.1.4. Case 4: Wheelchair Braking on an Uphill Slope

The wheelchair moves forward without any steering on a road with a constant
uphill slope of 5°. The reference yaw angle remains at a constant value of zero

since the wheelchair does not turn, as shown in Plot (1) of Figure 3.4.

The speed of the wheelchair increases for 10 seconds, and then remains constant
for 5 seconds, and finally the user brakes as shown in Plot (2) of Figure 3.4. The
angular velocities of the right and left wheels are equal during motion since the
heading angle of the wheelchair remains always zero. When the speed of the
wheelchair is increased right and left motor torques also increase and get positive
values to maintain the desired speed of the wheelchair on an uphill slope. Motor
voltages increase as the user increases the speed of the wheelchair by means of

movements of the joystick in x direction.

The reaction force on the front casters decreases in few seconds initially due to
the effect of an uphill slope whereas the reaction force on the rear wheels
increases. As the motor torques increase the reaction force on the rear wheels also
increases as shown in Plot (3) of Figure 3.4. The front reaction increases while
motor torques decrease. The reaction forces on the left and right rear wheels
remain always constant and equal to each other since there is no steering action of

the wheelchair.
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Figure 3.4. Response of the Wheelchair System for Case 4
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3.1.1.5. Case 5: Wheelchair Steering on a Downhill Slope

Wheelchair moves forward for 15 seconds, then turns to left with a heading angle
of 70°, keeps its direction for 10 seconds, and finally turns 90° to the right. For
such a movement of the wheelchair the reference yaw angle determined by the

patient can be seen in Plot (1) of Figure 3.5.

When the wheelchair turns to left, the angular velocity of the right rear wheel
becomes higher than the angular velocity of the left rear wheel as expected as
shown in Plot (2) of Figure 3.5. Note that the speed is reduced more when the
wheelchair turns to right since this turn is steeper than the left turn. Because, the
wheelchair heading angle changes from 0° to 70° in 10 seconds whereas it
changes from 70° to —90° in about 5 seconds. As the voltage in y direction of the
joystick is increased more the speed of the wheelchair is reduced more. Note that
as the user increases the value of voltage in y direction of the joystick, the
difference between the angular velocities of the right and left rear wheels
increases for a steep turn. After the wheelchair turns 90° to the right it keeps the
heading angle constant so that it moves forward in that direction. Since the
wheelchair always tends to move along the downhill slope left motor torque
remains higher than the right motor torque to keep this direction. During left turn
right motor torque and voltage become higher with respect to left motor torque

and voltage as expected.

When the wheelchair turns left the reaction force on the left wheels decreases and
the reaction force on the outer right wheels increases as expected, as shown in
Plot (3) of Figure 3.5. The total reaction force on the right wheels decreases
during right turn. The reaction force on the front wheels decreases with

increasing motor torques.
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3.1.1.6. Case 6: Wheelchair Steering on a Side Slope

When the wheelchair is driven on a road with a positive side slope it has a
tendency to turn right towards the downbhill slope. In this case, the wheelchair is
driven on a constant side slope of 5°. The patient wants to move forward for 15
seconds and then turn to left with a heading angle of 30°. The wheelchair follows
the path as shown in Plot (1) of Figure 3.6 as a response to the command of the
user. Note that the wheelchair tends to turn right at the beginning due to the effect
of a side slope although the user wants to move forward. When the user notices

this error he moves the joystick to the left to move in forward direction.

The speed of the wheelchair is increased in 6 seconds and then remained constant
for a forward movement. When the wheelchair turns left the angular velocity of
the right rear wheel becomes higher relative to the angular velocity of the left rear
wheel. When the wheelchair user wants to keep its direction after the turn the
angular velocities of the right and left rear wheels become equal again as shown
in Plot (2) of Figure 3.6. Since the wheelchair has a tendency to turn right on a
positive side slope, right motor supplies a higher torque than the left motor does
during motion in order to prevent this unintended motion. Note that right motor

voltage is always higher than left motor voltage similarly.

The reaction force on the rear wheels increases as shown in Plot (3) of Figure 3.6
whereas the reaction force on the front wheels decreases when the wheelchair
turns left, since the wheelchair encounters an uphill slope during this turn. The
reaction force on the left wheels decreases during left turn, and it increases when
the turn is ended, and then remains constant while the wheelchair keeps its
direction after this turn. Note that the total reaction force on the right rear wheels
is higher than the total reaction force on the left rear wheels always during the

motion due to the effect of a positive side slope.
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3.1.1.7. Case 7: Wheelchair Steering on an Uphill Slope

The wheelchair is driven on a road with a constant uphill slope of 10°. The patient
wants to move forward for 15 seconds, then turn to left with a heading angle of
10°, and keep its direction for 10 seconds, and finally turn to right with a heading
angle of —60°. The wheelchair follows the path as shown in Plot (1) of Figure 3.7

as a response to such a command of the user.

When the wheelchair turns left the angular velocity of the right rear wheel
becomes higher with respect to the angular velocity of the left rear wheel as
shown in Plot (2) of Figure 3.7. The right motor torque becomes slightly higher
than the left motor torque as the wheelchair turns left, but when the wheelchair
keeps its direction after left turn left motor torque increases with respect to right
motor torque in order to prevent the wheelchair moving towards the downhill
slope. During right turn, the angular velocity of the left rear wheel is higher than
the angular velocity of the right rear wheel, which results in a higher left motor
torque. However, as the wheelchair moves forward after right turn, right motor
torque becomes higher than the left motor torque to prevent the wheelchair
moving towards the downhill slope. Note that when the wheelchair turns right
the speed is reduced more with respect to the left turn since the right turn is

steeper.

Due to the effect of an uphill slope, the reaction force on the front casters
decrease in few seconds at the beginning of the motion as shown in Plot (3) of
Figure 3.7. The changes in the front and rear reactions are related with the
changes in the motor torques. As the wheelchair turns left the reaction force on
the left wheels increases slightly due to the effect of increasing left motor torque
whereas this reaction decreases during right turn due to the effect of decreasing
left motor torque. At the beginning of the right turn the reaction force on left
wheels increases slightly, but then decreases due to effect of a side slope

encountered during right turn.
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3.1.1.8. Case 8: Wheelchair Steering on a Road With Both Uphill and Side
Slopes

The wheelchair travels on a road with a constant side slope of 5° and upslope of
10° together. The user wants to drive the wheelchair forward for 15 seconds, turn
to left with a heading angle of —80°, and then move forward in this direction. For
such a user’s command the path of the wheelchair can be seen in Plot (1) of
Figure 3.8. Note that the wheelchair wants to turn right at the beginning due to
the effect of a positive side slope. In order to prevent this, the wheelchair user
moves the joystick to the left in order to make the wheelchair follow a straight

path.

When the wheelchair turns right the angular velocity of the left rear wheel
becomes slightly higher than the angular velocity of the right rear wheel. The
difference between the angular velocities is not much since the wheelchair
already has a tendency to turn right. The values of the right motor torque and
voltage are always higher than the values of the left motor torque and voltage in
order to prevent the wheelchair turning more to the right towards the downhill
slope which is an unintended motion of the wheelchair in case of traveling on a

road with a positive side slope.

The total reaction force on the rear wheels increases in few seconds at the
beginning of the motion due to the effect of an uphill slope, and the total reaction
on the right wheels increases at the same time due to the effect of a positive side
slope as shown in Plot (3) of Figure 3.8. When the wheelchair starts turning right
the reaction force on the right wheels decreases and the reaction force on the left
wheels increases initially since the left wheels are the outer wheels during turn.
However, as the wheelchair turns right on an uphill slope the reaction force on
the right wheels increases since the wheelchair encounters with a side slope

during this turn.
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3.1.2. Reliable Cases for Roads With Changing Slopes

In this section, wheelchair motion is analyzed in different roads with different
changing slopes by several cases, where in all cases the system is stable.
Remember that the wheelchair does not have a steering action while it travels on
such roads. The effects of sudden slope changes rather than steering effects on the
system stability are investigated for the wheelchair traveling on changing sloping

roads.

3.1.2.1. Case 9: Wheelchair on a Road With a Changing Downhill Slope

The patient wants to have a straight path in xy plane as shown in Plot (1) of
Figure 3.9. The wheelchair moves forward on a road where the downbhill slope of
the road is changing in a continuous manner. The road profile and the slope
changes of the road can be seen in Plot (1) and Plot (2) of Figure 3.9,

respectively.

Note that the angular velocities of the right and left rear wheels are equal during
motion since the wheelchair does not turn. The speed of the wheelchair is
increased by means of joystick movements in x direction for 10 seconds and then
remained constant as shown in Plot (3) of Figure 3.9. When the wheelchair
encounters with a downhill slope the values of motor torques decrease and get
negative values in order to maintain the desired speed of the wheelchair on a
downhill slope as the PI controllers for the angular velocities prevent an

excessive increase in the wheelchair speed.

The reaction force on the front wheels increase and the reaction force on the rear
wheels decrease as the downhill slope of the road increases, as shown in Plot (4)
of Figure 3.9. Normally one expects no change in the right and left wheels’
reaction forces since there is no steering action, but the changes in these forces

are related with the slope changes along the path.
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3.1.2.2. Case 10: Wheelchair on a Road With a Changing Uphill Slope

The wheelchair follows a straight path on a road with a changing uphill slope as
can be seen in Plot (1) of Figure 3.10. The slope of the road starts with 0° and
gradually increases to a value of about 6° as shown in Plot (2) of Figure 3.10. The
patient applies no voltage in y direction of the joystick not to have a steering
action, which means that he moves the joystick in x direction only but not to the

left or right.

The angular velocities of the right and left rear wheels are equal during motion as
shown in Plot (3) of Figure 3.10. The motor torques increase with increasing
uphill slope of the road in order to maintain the desired speed of the wheelchair.
Motor voltages also increase as the wheelchair speed and the slope of the road are

increased.

The reaction force on the front wheels decreases with increasing uphill slope of
the road, and the reaction force on the rear wheels decreases as the uphill slope of
the road decreases, which can be seen in Plot (4) of Figure 3.10. The changes in
the left and right reaction forces are related with the changes in the slope of the
road as in the previous case. The values of the reaction forces on the right and
left rear wheels are always equal during motion since the wheelchair does have a

steering action.
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3.1.2.3. Case 11: Wheelchair on a Road With Changing Uphill and Downbhill
Slopes

The wheelchair follows a straight path on a bumpy road which has both changing
downhill and uphill slopes as can be seen in Plot (1) of Figure 3.11. The change
of the slope of the road along the path is shown in Plot (2) of Figure 3.11. The
user applies no voltage in y direction of the joystick not to have a steering action

as in the previous cases for changing sloped roads.

The angular velocities of the right and left rear wheels are equal during motion as
shown in Plot (3) of Figure 3.11. The motor torques increase with increasing
uphill slope of the road and decrease with decreasing uphill slope of the road in
order to maintain the desired speed of the wheelchair. Motor voltages also
increase as the wheelchair speed and the uphill slope of the road are increased,

and the downhill slope of the road is decreased.

The reaction force on the front wheels decreases with increasing uphill slope of
the road, and increases as the downhill slope of the road is increased. The
reaction force on the rear wheels increases when the wheelchair encounters an
uphill slope, and it decreases as the wheelchair travels on a downhill slope, which
can be seen in Plot (4) of Figure 3.11. The changes in the left and right reaction
forces are related with the changes in the slope of the road as in previous cases in
this section. Note that the values of reaction forces on the right and left rear

wheels are always equal during motion since the wheelchair does not turn..
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3.2.  System Analysis for Unreliable Situations

In this section the wheelchair motion is analyzed on roads with constant or

changing slopes . In all cases, the wheelchair system is unstable.

3.2.1. Unreliable Cases for Roads With Constant Slopes

3.2.1.1. Case 12: Wheelchair Toppling to the Right on a Downhill Slope

Wheelchair is driven on a constant downhill slope of 23°. The patient wants to
move forward for 15 seconds, then turn to left with a heading angle of 80° as
shown in Plot (1) of Figure 3.12. The user moves the joystick in x direction for a

forward movement, then he moves it to the left in order to perform a left turn.

When the wheelchair moves forward with no turn the angular velocities of the
right and left rear wheels remain equal as shown in Plot (2) of Figure 3.12. As the
wheelchair starts turning left, the speed is reduced automatically and the angular
velocity of the right rear wheel becomes higher with respect to the angular
velocity of the left rear wheel, which is expected. During left turn, right motor
torque and voltage are higher than left motor torque and voltage, and after turn
this situation is still valid in order to prevent the wheelchair turning ahead to the

downbhill slope.

Note that the reaction force on the front wheels are higher with respect to the
reaction force on the rear wheels initially due to the effect of a downhill slope as
can be seen in Plot (3) of Figure 3.12. The reaction force on the front wheels
decreases and the reaction force on the rear wheels increases as the motor torques
increases. When the wheelchair turns left the reaction force on the outer wheels
increases, which means that the reaction force on the left wheels decreases. Note
that the reaction force on the left wheels takes a value of zero, which means that
the wheels on the left side of the wheelchair lose contact with the ground.

Therefore it can be said that the wheelchair topples to the right.
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3.2.1.2. Case 13: Wheelchair Toppling to the Back on a Side Slope

Wheelchair is driven on a road with a side slope of 15°. The patient moves the
joystick in x direction only for 10 seconds then moves it to the left to turn left. As
a result of such a user’s command, the wheelchair moves forward for 10 seconds,
and then turns to left with a heading angle of 65° as shown in Plot (1) of Figure
3.13.

The angular velocities of the left and right rear wheels remain equal for 10
seconds as shown in Plot (2) of Figure 3.13. Note that the speed of the wheelchair
is increased in 6 seconds then remained constant until the left turn. When the
wheelchair turns left the speed is reduced automatically for a safe steering. The
angular velocity of the right rear wheel becomes higher than the angular velocity
of the left rear wheel during left turn as expected. Note that the right motor torque
and voltage remain always higher than the left motor torque and voltage during
motion in order to prevent the wheelchair from turning right towards the
downhill slope which is an unintentional behaviour of the wheelchair on a road

with a positive side slope.

When the wheelchair turns to left it encounters with an uphill slope, which results
in the increase of the reaction force on the rear wheels and decrease of the
reaction force on the front casters. The reaction force on the front wheels gets a
value of zero in this case as shown in Plot (3) of Figure 3.13, which means that
the front casters lose contact with the ground. Therefore, the wheelchair topples
to the back. During left turn, the increase in the reaction force on the right wheels
is not much due to the effect of a side slope. Because, the right motor torque is
already higher than the left motor torque during motion to prevent the wheelchair
turning right towards the downhill slope. Note that after the wheelchair turns left
the reaction force on the left wheels increases since the wheelchair keeps its

heading angle constant after turn.
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3.2.1.3. Case 14: Wheelchair Toppling to the Back on a Road With a
Constant Uphill and Side Slope

The wheelchair travels on a road that has a constant side slope of 15° and an
uphill slope of 13°. The wheelchair user wants to move forward for 10 seconds,
then turn to left with a heading angle of 180° and keep this direction afterwards,

as shown in Plot (1) of Figure 3.14.

The angular velocities of the right and left rear wheels are equal when the
wheelchair moves forward or keeps its direction angle constant after turn. When
the wheelchair turns left the angular velocity of the right rear wheel becomes
higher than the angular velocity of the left rear wheel as shown in Plot (2) of
Figure 3.14. During left turn, right motor torque and voltage become higher with
respect to left motor torque and voltage. Right motor torque is higher than left
motor torque during straight movement of the wheelchair so as to prevent the
wheelchair from turning right towards the downhill slope. After the wheelchair
turns left, left motor torque becomes higher than right motor torque while the
direction angle of the wheelchair remains constant. Because, the wheelchair tends

to turn left towards the downbhill slope as it keeps its direction after left turn.

When the wheelchair turns left it encounters with an uphill slope. Therefore the
reaction force on the rear wheels increases and the reaction force on the front
wheels decreases at the beginning of the left turn as shown in Plot (3) of Figure
3.14. The reaction force on the front casters gets a value of zero which results in
toppling of the wheelchair to the back. As the wheelchair turns left it encounters
with a side slope also so that the reaction force on the left wheels increases and

the reaction force on the right wheels decreases.
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3.2.2. Unreliable Cases for Roads With Changing Slopes

3.2.2.1. Case 15: Wheelchair Toppling to the Back on a Road With a
Changing Uphill Slope

The wheelchair moves forward without any steering on a road profile as shown in
Plot (1) of Figure 3.15. The changes of the slope along the path can be seen in
Plot (2) of Figure 3.15. Since the wheelchair does not turn the patient supplies a
voltage in x direction of the joystick only, resulting in a reference yaw angle of
0°.

The angular velocities of the right and left rear wheels are always equal during
motion since there is no steering action of the wheelchair. The speed of the
wheelchair is increased in 6 seconds by the user by means of joystick movements
in x direction only, and then remained constant as shown in Plot (3) of Figure
3.15. The motor torques increase with increasing slope of the road in order to
maintain the desired wheelchair speed. The motor voltages increase as the speed
of the wheelchair is increased by the patient and the slope of the road is

increased.

The reaction force on the rear wheels increase with increasing motor torques due
to increasing slope of the road as shown in Plot (4) of Figure 3.15. As the uphill
slope of the road is increased, the reaction force on the front casters decreases as
expected. In this case, the reaction force on the front casters gets a value of zero
even below zero, which means that the front casters lose contact with the ground
resulting in toppling of the wheelchair to the back. The changes in the right and
left wheels’ reaction are related with the changes of the slope along the path.
Note that they remains always equal since the wheelchair does not have any

maneuverability.
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3.2.2.2. Case 16: Wheelchair Toppling to the Front on a Road With a
Changing Downhill Slope

The wheelchair moves forward without any steering on a road with a changing
downhill slope as shown in Plot (1) of Figure 3.16. The changes of the slope
along the path can be seen in Plot (2) of Figure 3.16. Since the wheelchair does
not turn the patient supplies no voltage in y direction but voltage in x direction of
the joystick only, which results in a reference yaw angle of 0° as in the previous

case.

The angular velocities of the right and left rear wheels are always equal during
motion since there is no steering action of the wheelchair. The speed of the
wheelchair is increased in 10 seconds by the user, and then remained constant as
shown in Plot (3) of Figure 3.16. Note that the speed of the wheelchair increases
slightly as the downhill slope of the road increases ,and decreases slightly as the
slope of the road starts to decrease again. This is the unintentional behaviour of
the wheelchair due to the effect of a downhill slope, which is prevented by using
PI controllers for the angular velocities of both of the rear wheels independently.
As the downhill slope of the road is increased, the motor torques decrease and

get negative values in order to maintain the desired speed on a downhill slope.

The reaction force on the rear wheels decrease with increasing downhill slope of
the road as shown in Plot (4) of Figure 3.16. As the downhill slope of the road is
increased, the reaction force on the front casters increases as expected. In this
case, the reaction force on the rear wheels gets a value of zero which means that
the rear wheels lose contact with the ground resulting in toppling of the
wheelchair to the front. The changes in the right and left wheels’ reaction are
related with the changes of the slope along the path as in the previous case. Note
that they remains always equal to each other since the wheelchair does not have

any steering action.
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3.2.2.3. Case 17: Wheelchair Toppling to the Back on a Road With Both
Changing Downhill and Uphill Slopes

The wheelchair travels on a bumpy road on which has both changing uphill and
downhill slopes as shown in Plot (1) of Figure 3.17. The reference heading angle
supplied by the user is always zero during motion since no voltage is applied in 'y
direction of the joystick. The slope changes along the path can be seen in Plot (2)
of Figure 3.17.

The speed of the wheelchair is increased in 10 seconds, then remained constant as
shown in Plot (3) of Figure 3.17. In other words, the user moves the joystick in x
direction supplying a voltage of 3 V, then holds the joystick in the same position.
Right motor torque and voltage are equal to left motor torque and voltage during
motion since the user applies no voltage in y direction of the joystick. The motor
torques and voltages increase with increasing uphill slope of the road and
decreasing downhill slope of the road. Motor torques get negative values on a
downhill slope in order to maintain the desired speed so that an excessive
increase in the wheelchair speed is prevented on a downhill slope. However,

motor torques get positive values on an uphill slope.

As the wheelchair moves on an uphill slope the reaction force on the front casters
decreases as shown in Plot (4) of Figure 3.17. In this case, it gets a value of zero.
Therefore, the wheelchair topples to the back. Note also that the reaction force on
the rear wheels increases with increasing uphill slope of the road and decreases
with increasing downhill slope of the road as expected. As in all previous cases
for the roads with changing slopes, the reaction forces on the left and right wheels
remain always equal to each other during motion since the wheelchair does not
have a steering action. The changes in these reactions are related with the changes

of the slope along the path.
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Figure 3.17. Response of the Wheelchair System for Case 17
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3.3. Reduction of Unreliable Cases by the Methods of Stability

Augmentation

Remember that speed reduction via joystick module during steering action, shape
filter and shifting of center of mass are three methods used for stability
augmentation. How the speed reduction and shape filter affect the stability was
considered in Section 2.3.5 of Chapter 2. In this section, the effects of center of
mass shifting on the stability are examined for the unreliable cases analyzed in

Section 3.2.

3.3.1. Enhancement of Stability for Case 12

Remember Case 12 in Section 3.2.1.1 where the wheelchair driven on a constant
downhill slope of 23° moves forward for 15 seconds, then turns to left with a
heading angle of 80° and keeps its direction afterwards. The position of the
wheelchair on the earth, and the reference-actual yaw angles are shown in Plot (1)
of Figure 3.18. The angular velocities of the rear wheels, motor torques and

motor voltages can be seen in Plot (2) of Figure 3.18.

Plot (3) of Figure 3.18 shows the new position of the center of mass. In this plot
d, is the distance of the center of mass from front casters, d; is the distance of the
center of mass from rear wheels, ds is the distance that locates the center of mass
with respect to the left wheels, and d¢ is the distance of the center of mass from
right wheels. As shown in this plot, the center of mass is shifted to the front about
0.07 m as the reaction force on the front casters decreases. The patient feels an
absolute acceleration of about 0.086 m/s> to the back as the center of mass is
shifted to the front, which should not disturb him. Speed reduction during left
turn mainly contributes to the absolute acceleration felt by the patient in
backwards direction whereas the relative acceleration caused by shifting of the
center of mass to the front decreases the effect of acceleration that is resulted

from speed reduction.
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When the reaction force on the left wheels decreases the center of mass is shifted
to the left about 7 cm so that the value of ds is decreased from 0.275 m to 0.205
m. The patient feels a relative acceleration of about 0.077 m/s> to the left with
respect to wheelchair base as the center of mass is shifted to the left side. Note
that the patient will also be affected by the acceleration of about 0.15 m/s” to the
left caused by the steering action via left turn. Therefore, the absolute
acceleration felt by the patient is about 0,227 m/s” to the left. Note that this much
acceleration is mainly caused by the effect of steering since the relative
acceleration felt by the patient due to the shifting of center of mass does not
contribute much to the absolute acceleration felt by the user. Therefore, if the
user already stands the acceleration caused by the steering action, he should also
stand the acceleration caused by shifting of the center of mass. As the center of
mass is shifted to the left the reaction force on the left wheels increases and the
reaction force on the right wheels decreases. When the center of mass is shifted to
the left, the stability is augmented compared to Case 12 where the center of mass
is fixed such that the reaction force on the left wheels gets a value of 200 N but
not zero during left turn, as shown in Plot (4) of Figure 3.18, which prevents the

wheelchair from toppling to the right.
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3.3.2. Enhancement of Stability for Case 13

Remember Case 13 in Section 3.2.1.2 where the wheelchair moves forward for
10 seconds, then turns to left with a heading angle of 65° on a road with a
constant side slope of 15°, finally keeps its direction constant after turn as shown
in Plot (1) of Figure 3.19. The angular velocities of the rear wheels, motor
torques and motor voltages discussed previously in Section 3.2.1.2 are shown in

Plot (2) of Figure 3.19.

When the wheelchair turns to left on a positive side sloped road it encounters
with an uphill slope, which results in the increase of the reaction force on the rear
wheels and decrease of the reaction force on the front casters. Remember that the
reaction force on the front casters gets a value of zero in Case 13, which means
that the front casters lose contact with the ground. Therefore, the wheelchair
topples to the back. In order to prevent this, the center of mass is shifted to the
front so that the value of d, which is the distance of the center of mass to the front
casters (d,) is decreased from 0.4 m to 0.3 m as shown in Plot (3) of Figure 3.19.
As a result, the reaction force on the front wheels is increased such that it
decreases from 450 N to 200 N during left turn as shown in Plot (4) of Figure
3.19, whereas it decreased to a value of zero before shifting of the center of mass.
Therefore the wheelchair is prevented from toppling to the back. As the center of
mass is shifted to the front the patient feels an absolute acceleration of about 0.26
m/s” to the back. The acceleration caused by speed reduction during turn mainly
contributes to the absolute acceleration felt by the user, since the patient feels a
relative acceleration of only 0,04 m/s” to the front relative to the wheelchair base
as the center of mass is shifted to the front. Note that the relative acceleration
caused by shifting of the center of mass to the front slightly reduces the effect of
the wheelchair acceleration to the back that is resulted from speed reduction

during turn.

During left turn the increase in the reaction force on the right wheels is not much
due to the effect of a side slope. Because the right motor torque is already higher

than the left motor torque during motion to prevent the wheelchair turning right
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towards the downhill slope. Note that after the wheelchair turns left the reaction
force on the left wheels increases since the wheelchair keeps its heading angle
constant after turn. As the reaction force on the right wheels is decreased the
center of mass is shifted to the right such that the distance d¢ is decreased from
0.275 m to 0.22 m as shown in Plot (3) of Figure 3.19, which causes a relative
acceleration of about 0.034 m/s® to the right on the patient with respect to
wheelchair base. The acceleration caused by steering action on a side slope is
about 0,3 m/s’ to the left. Therefore, the absolute acceleration felt by the user is
about 0,266 m/s’ to the left, which means that shifting of the center of mass
resulted in a little decrease of absolute acceleration felt by the user during left

turn on a side slope.
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3.3.3. Enhancement of Stability for Case 14

Remember Case 14 in Section 3.2.1.3 where the wheelchair moves forward for
10 seconds, then turns to left with a heading angle of 180°, and keep its heading
angle constant after turn as shown in Plot (1) of Figure 3.20. The wheelchair is
driven on a road which has both a constant side slope of 15° and uphill slope of
13°. The angular velocities of the rear wheels, motor torques and motor voltages

discussed before can be seen in Plot (2) of Figure 3.20.

When the wheelchair turns left it encounters with an uphill slope. Therefore, the
reaction force on the rear wheels increases and the reaction force on the front
wheels decreases. The reaction force on the front wheels gets a value of zero
during turn as shown in Plot (3) of Figure 3.14, which results in toppling of the
wheelchair to the back. In order to prevent the wheelchair from falling to the back
the center of mass is shifted to the front such that the distance of the center of
mass from the front casters is decreased from 0.34 m to 0.29 m as shown in Plot
(3) of Figure 3.20, which results in a relative acceleration of the wheelchair seat
with respect to the wheelchair base of about 0.125 m/s” to the front. However, the
patient feels an absolute acceleration of 0,575 m/s” to the back. Here, acceleration
caused by shifting of center of mass to the front does not contribute much to the
absolute acceleration felt by the user, even it causes a little decrease. The reaction
force on the front casters decreases to a minimum value of 180 N but not zero as
shown in Plot (4) of Figure 3.20 so that the wheelchair is prevented from toppling
to the back.

As the reaction force on the front wheels decreases the center of mass is shifted to
the front, and the center of mass is shifted to the left while the reaction force on

the left wheels decreases.

As the wheelchair turns left it also encounters with a side slope so that the
reaction force on the left wheels increases and the reaction force on the right
wheels decreases. In such a case, the center of mass is shifted to the right such

that the distance of the center of mass from left wheels is increased from 0.275 m
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to 0.345 m as shown in Plot (3) of Figure 3.20. The relative acceleration felt by
the patient during shifting of center of mass is about 0,077 m/s” to the right with
respect to wheelchair base. Steep steering action of the wheelchair causes an
acceleration of about 0,2 m/s® to the left. Therefore, the patient feels an absolute
acceleration of 0,123 m/s” to the left, so one can say that shifting of center of
mass caused a little reduction in the absolute acceleration felt by the user. The
reaction force on the right wheels gets a value of 400 N after left turn as shown in
Plot (4) of Figure 3.20 whereas this value was 200 N in Case 14 where the center

of mass is not shifted.
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3.3.4. Enhancement of Stability for Case 15

Remember Case 15 in Section 3.2.2.1 where the wheelchair moves forward
without any steering on a road with a changing uphill slope. The path of the
wheelchair on the earth and the yaw angle are shown in Plot (1) of Figure 3.21.
One can see the change of the uphill slope along the path in Plot (2) of Figure
3.21. The angular velocities of the right and left rear wheels are equal during
motion since the wheelchair does not turn to the left or right, as shown in Plot (3)
of Figure 3.21. As mentioned previously in Section 3.2.2.1, the motor torques and

motor voltages increase with increasing uphill slope of the road.

Remember that the reaction force on the rear wheels increases as the uphill slope
of the road increases, and the reaction force on the front casters decreases with
increasing slope of the road. The reaction force on the front casters gets a value of
zero even below, which means that the wheelchair topples to the back side. In
order to prevent this, the center of mass is shifted to the front such that the
distance of the center of mass from front casters is decreased from 0.38 m to 0.29
m as shown in Plot (4) of Figure 3.21 , which causes a relative acceleration of the
wheelchair seat about 0.014 m/s> to the front with respect to wheelchair base.
However, the patient feels an absolute acceleration of about 0,002 m/s® to the
front, which should not disturb him. As a result, the reaction force on the front
casters is increased from —150 N to 50 N with respect to the reaction force
obtained in Case 15 so that the wheelchair is prevented from toppling to the
back. Similarly, as the center of mass is shifted to the front the distance of the
center of mass from the rear wheels increases, which causes an increase in the
reaction force of the rear wheels when compared with the same reaction force in

Case 15, as shown in Plot (5) of Figure 3.21.

Since the wheelchair has no steering action the reaction force on the left and right
wheels remain always equal to each other, and the system has no danger of
toppling to the sides. Therefore the center of mass moves only in back and forth

direction but not to the left or right.
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3.3.5. Enhancement of Stability for Case 16

Remember Case 16 in Section 3.2.2.2 where the wheelchair is driven on a road
with a changing downhill slope. There is no steering action of the wheelchair so
that the patient does not supply any voltage in y direction of the joystick, which
results in a reference yaw angle of zero as shown in Plot (1) of Figure 3.22.
Change of the slope along the path is shown in Plot (2) of Figure 3.22. The
angular velocities of the right and left rear wheels are equal during motion, and
the motor torques and voltages decrease with increasing downhill slope of the

road as shown in Plot (3) of Figure 3.22.

As the wheelchair moves forward on a downhill slope, the reaction force on the
front casters increases, and the reaction force on the rear wheels decreases with
the increasing downhill slope of the road. Remember that the reaction force on
the rear wheels gets a value of zero in Case 16 so that the wheelchair topples to
the front. In order to improve the stability in this case, the center of mass is
shifted to the back such that the distance of the center of mass from rear wheels is
decreased from 0.22 m to 0.14 m as shown in Plot (4) of Figure 3.22, causing a
relative acceleration of about 0.077 m/s” to the back with respect to wheelchair
fixed frame. The patient feels an absolute acceleration of about 0,037 m/s” to the
front, which is mainly caused by increase in the wheelchair speed with increasing
downhill slope. Note that, shifting of center of mass to the back reduced the value
of absolute acceleration felt by the user. Referring to Plot (5) of Figure 3.22, one
can see that the reaction force on the rear wheels is decreased from 900 N to 100
N but not to a value of zero so that the wheelchair is prevented from toppling to
the front. As the center of mass is shifted to the back the reaction force on the

front casters decreases compared to the case where the center of mass is fixed.

The center of mass is not shifted to the right or left side since the wheelchair does
not have any danger to topple to the sides while it moves forward without

steering.
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3.3.6. Enhancement of Stability for Case 17

Referring to Case 17 in Section 3.2.2.3, the wheelchair moves forward on a
bumpy road where the road has both changing uphill and downhill slopes as
shown in Plot (1) of Figure 3.23. One can see the change of slope of the road
along the path in Plot (2) of Figure 3.23. The reference yaw angle determined by
the user is always zero during motion since he does not supply any voltage in y
direction of the joystick not to have a steering action. The angular velocities of
right and left rear wheels, motor torques and motor voltages are equal during
motion as shown in Plot (3) of Figure 3.23, since the wheelchair does not turn.
Note that the motor torques increase as the uphill slope of the road increases and

downbhill slope of the road decreases.

As the wheelchair moves along the uphill slope, the reaction force on the rear
wheels increases and the reaction force on the front casters decreases. Remember
that the wheelchair topples to the back in Case 17 when the reaction force on the
front casters takes a value of zero. However, as the center of mass is shifted to the
front this force takes the value of 200 N but not zero as shown in Plot (5) of
Figure 3.23. The center of mass is shifted to the front about 0,1 m as shown in
Plot (4) of Figure 3.23, which causes a relative acceleration of about 0.01 m/s” to
the front with respect to wheelchair base. This much of relative acceleration
combined with the acceleration of about 0,05 m/s> of the wheelchair to the back
results in an absolute acceleration, felt by the patient, of 0,04 m/s® to the back.
Note that the reaction force on the rear wheels decreases with a shift of the center
of mass to the front as compared with the rear wheels’ reaction force obtained in

Case 17 where the center of mass is fixed relative to the wheelchair.

The reaction forces on the right and left rear wheels are same with the ones

obtained in Case 17, since the center of mass is not shifted to the sides.
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CHAPTER 4

CONCLUSIONS

4.1. Discussion

Stability augmentation of a semi-autonomous wheelchair has been considered
within the scope of this thesis study. The system stability is examined by the
analysis of reaction forces acting on the wheels by the ground. When the
wheelchair tends to topple to the one side the total reaction forces on the other
side of the wheelchair becomes zero or even below. In such a case, the wheels on
that side of the wheelchair lose contact with the ground, which results in
instability of the wheelchair-human system. Therefore, instead of analysis of each
of the reaction forces on four wheels, which is not possible due to the static
indeterminacy, it is sufficient to consider the total reaction force on two of the

wheels that are in the same side of the wheelchair.

At the beginning of the study, detailed mathematical models of the system are
obtained both for the wheelchair steering on roads with constant slopes, and the
wheelchair moving forward on roads with changing slopes. Therefore, the effects
of sudden slope changes along the path and the effects of steep steering actions
on the system stability are concerned in two different models since the system
dynamics becomes very complex to be handled when considering both of the
effects at the same time. The equations of motion obtained for the wheelchair
system traveling on roads with constant slopes are two, second order differential
equations composed of coupled nonlinear terms. The system model obtained for
the wheelchair traveling on roads with changing slopes consists of one nonlinear
differential equation since the degree of freedom of the system is one in this case

due to the fact that wheelchair moves only forward without any steering action.

As a next step in the study, control structure of the system is organized. Note that

both speed and direction of the wheelchair is determined by the patient in terms
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of joystick movements. These movements of the joystick define voltages in x and
y direction of the joystick. The actual angular velocities of the rear wheels to be
measured by encoders are compared with the reference values and the errors are
minimized by PI controllers, which can be considered as a low-level speed
control of the wheelchair system. On the other hand, the patient moves the
joystick more to the left or right until the desired wheelchair direction angle is
obtained. In order to model the control action of the user for the wheelchair
direction angle as a high-level control, a proportional controller is used since the
user can estimate the error but cannot take the derivative or integral of it. Control
gains used in the simulations are selected by trial and error according to the speed

of response, smoothness and stability of the system for several cases analyzed.

After the mathematical models and control structure of the system are
constructed, simulations are carried out in Matlab Simulink environment to
determine whether the system behavior is as expected under several specified
driving and road conditions. As an example; as the patient supplies a voltage in x
direction of the joystick only, the angular velocities of the rear wheels remain
always equal during motion so that the wheelchair follows a straight path as
expected; or the angular velocity of the right rear wheel becomes higher than the
angular velocity of the left rear wheel during left turn when the user moves the
joystick to the left supplying a negative voltage in y direction of the joystick. As
the system response in several cases matched with the expected results, it is
concluded that it is worthwhile to carry out the study and go on with the stability

analysis.

In the third step of this thesis study, the stability of the wheelchair-human system
is examined by means of analysis of reaction forces of the wheels by several
simulations carried out for different driving and road conditions. And it is seen
that the system becomes unstable in some of the cases due to the effects of steep

steering actions on a slope and sudden slope changes along the path.

In the final step of the study, how the stability of the wheelchair may be improved
was the question in hand. Three different methods are used to solve this problem.

One is the speed reduction via joystick module during steep turns. The patient
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may increase the speed of the wheelchair during steep turns on a slope, which
may result in instability of the system. In such cases, the speed of the wheelchair
is reduced for a safe steering, but the wheelchair follows the desired course. In
other words, as the user wants to have steeper turns by supplying more voltage in
y direction of the joystick, the speed of the wheelchair is reduced more. However,
the reduction of the speed should not be jerky since a sudden increase or decrease
in the wheelchair speed may also cause instability. Such instability may also be
caused by a sudden movement of the joystick in x direction due to mental
restrictions of the user or uncontrolled reflexes. In order to prevent this, a second
method is considered for stability augmentation, which is the use of a shape filter
in order to obtain a less jerky response for the speed. It is clear that the position of
the patient in a powered wheelchair can have a large effect on the wheelchair
stability. Therefore, as a final method for the improvement of stability, the center
of mass of the wheelchair-human system is shifted gently in a controlled manner
to the side where the value of the reaction force is zero or even below, so that
toppling of the wheelchair is prevented for selected situations that are unstable
when the center of mass is fixed. Such a shifting of center of mass is possible
when the seat with the patient is shifted to the sides on a plate that can also be
shifted on the base of the wheelchair to the back and forth. The relative
acceleration felt by the patient with respect to the wheelchair base during shifting
process is an important parameter since it can disturb the user. However, the
patient always feels the absolute acceleration that is the combination of the
relative acceleration of the wheelchair seat with respect to wheelchair base and
the acceleration caused by the steering action or speed changes of the wheelchair.
As a result of the simulations carried out, it is concluded that the relative
acceleration caused by shifting of the center of mass does not contribute much to
the absolute acceleration felt by the patient. The patient who can already stand the
accelerations caused by steep steering action or speed changes can also easily
stand the accelerations resulted from center of mass shifting. Even in some cases,
the relative acceleration of the wheelchair seat with respect to wheelchair base
caused by center of mass shifting cause a little reduction in the value of the

absolute acceleration felt by the patient.
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4.2. Conclusions and Recommendations for Future Work

The main objective in this thesis study is to increase the limit of independency for
wheelchair users. These limitations are in fact related with the physical abilities
and mental burdens of the patient as well as the characteristics of the riding
surface and dynamic parameters of the wheelchair-human system. This study is
performed to improve the stability of the wheelchair system under varying road

conditions so as to enhance the life quality of many physically disabled people.

Although it is shown that the wheelchair-human system can be made more stable
by the use of three methods proposed for the stability augmentation, the main
disadvantage is, the application of these methods especially the method of active
shifting of center of mass require the use of extra sensors and actuating

mechanisms, which increases the cost and complexity of the whole system.

The wheelchair-human models obtained in this study provide reasonably accurate
dynamic simulations of a semi-autonomous powered wheelchair driven on roads
with constant and changing slopes. The proposed control strategies with the
methods applied for the stability augmentation will be hopefully useful in the
development of improved wheelchairs with improved independent motion and

safety.

The most important development over the recent study would be a hardware
implementation; evaluation and field-testing of the proposed control schemes as a

future work.

In this study it is assumed that the patient does not move relative to the
wheelchair fixed frame, which may be the case when the user is paralyzed or a
seat belt is used. However, the dynamics of human body may be included while
obtaining the mathematical model of the wheelchair-human system, and the
effects of human postural movements on the system stability may be studied
since these movements should change the position of the center of mass of the

whole system.
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The current model of the system does not include the effects of suspension
dynamics also. Including the suspension dynamics would permit the simulation

of the wheelchair system over uneven ground.

The Simulink models are developed in a modular manner so that if desired any
part of the model like the control system or the mathematical model can be
replaced by another one. This brings to researchers the advantage of testing the
performance of their own control schemes or models. Therefore; a future research
on the wheelchair-human system may be the development of different control
strategies to be applied on the existing mathematical models of the wheelchair-
human system obtained in this thesis study. An alternative method can be the use

of fuzzy logic controllers.
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APPENDIX A

CALCULATION OF CENTER OF MASS FOR THE WHEELCHAIR-
HUMAN SYSTEM

The geometries of components of human body are simplified such that human
head is a sphere, trunk is a rectangular prism, arms and limbs of the human body
are modeled as cylinders. The mass and dimensions of each component of the
human body are taken from ‘Anthropometric Data’ [21] and ‘Relative
Dimensions of the Average Human Body’ [22] as shown in Table C.1 and Figure
C.1 of Appendix C. In this section, the position of the center of mass (G) of the
wheelchair-human system is to be determined with respect to the point K which

is on the middle of the back side of the base as shown in Figure A.1.

10 cm
i, 0_ -
A 1
C 1
do
) BASE
u, < .G \
A
d
! 35cm
[N 5 D [T I N
B A
K
DTN I )

Figure A.1.Top and Side View of the Wheelchair-Human System
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The total mass of the patient is taken to be 75 kg. The position of the center of
mass of the each component of the wheelchair-human system obtained with

respect to point K after some manipulations are shown in Table A.1 on the next

page.
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Table A.1. Center of Mass Calculation of the System Components

Component Mass X (m) y(m) z(m)
Rieaq=0,114 m Myead=,67 kg | 0,24 m 0m 0,76 m
Head
0,07 m Mrye=34,7kg [ 0,165m | Om 0,35 m
0’6 o Gtrunk
0,3l m
Trunk
Rrua=0,055m mrua=1,96 kg 0,188 m |-02Im |0,48m
——
mpya=1,96 kg 0,185 m | 0,21 m 0,48 m
Lrua=0[33m)
Gl
Right Upper Arm,
Left Upper Arm
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Table A.1 (Continued)

Component Mass X (m) y(m) z(m)
mRFA=1,54 kg 0,46 m -0,2 m 0,37 m
mypa=1,54 kg 0,46 m 0,2m 0,37 m
0,1 m
Right Forearm,
Left Forearm
mruL=3,5 kg 0,414m |-0,062m | 0,14 m
myy=3,5 kg 0,414m |0,062m |0,14m
0,18 m |
Right Upper Limb,
Left Upper Limb
Re=0,075m | mpp=11,27 kg | 0,675 m | -0,077 m | -0,25 m
——
mp=11,27kg |0,675m | 0,077m |-0,25m
Lr=049m Gl
Right Lowerlimb,
Left Lowerlimb
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Table A.1 (Continued)

Component Mass X (m) y(m) | z(m)
O’V MBase=50 kg 0,375m |0m -0,175 m
035m G;
05 m >
Base

Mgea=3 kg 0375m |Om 0,025 m
. 2 a6n
045m
Seat
0,03';; MBackrest=23 Kg 0,0I15m |Om 0,275 m
0’55 GBackrest
0,45 m
Backrest

After the center of mass of each component is obtained, the center of mass of the

wheelchair-human system can be derived as in Equation A.1 where my is the
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total mass of the wheelchair-human system, m; andt, are the mass and position

vectors of the center of mass of each component, respectively.
o= —t (A.1)
i Mol

The total mass of the wheelchair human system is taken as follows.

mtotal = 128kg (AZ)

After some manipulations are made on Equation A.1, the center of mass of the
wheelchair-human system is obtained. Equations A.3, A.4, and A.5 define the

position of the center of mass with respect to point K.

X = 0,36mi (A.3)
Yox =0mj (A4)
Zgy = 0,03mk (A.5)

Referring Figure A.1, the parameters related to the geometry of the wheelchair

are obtained as follows.
d, =0,36-R=0,36-0,15=0,21m (A.6)

d, =0,70-R-d, =0,75-0,15-0,21 = 0,39m

d, +d
d, =876 055595 (A7)
2 2
h, =0,35+0,15+0,03 = 0,53m (A.8)
d,=h, -R=0,529m (A.9)
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APPENDIX B

CALCULATION OF MASS MOMENT OF INERTIA FOR THE
WHEELCHAIR-HUMAN SYSTEM

Mass moment of inertia of the components of wheelchair-human system which
has a plane of symmetry about plane {ﬁl(w),ﬁ3(w)}, are calculated based on [23].

Table B.1 on the next page shows the calculations of mass moments of inertia of

the each component.
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Table B.1. Inertia Calculation of the System Components

Component

Mass Moments of Inertia

~ (head)
Us

Yo = %mHRﬁ +m,d; =3,0707kgm’
2 2 2 2 2
Yoy = MRS +my(d? +d2)=3,1523kgm

A D zémHRzﬁ +m,d; =0,1308kgm’

I, =mud,d, =—-0,4967kgm>

t1=0,07 m
*

f

L=0,6 m
G >0
U /
/ § ](T)
Y.

d;=-0,195 m|

/G T

(w)

u,

Trunk

Jiur = %mT (LzT +WT2)+ de§ = 4,8848kgm2

T, = %mT (L2 +¢,% )+ m, (d2 +d2) = 5,9433kgm?

I
Ty, = EmT(WT2 +1,2 )+ m,d? =1,6157kgm’

Jsy =m.d,d; =-2,171kgm’
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Table B.1 (Continued)

Component Mass Moments of Inertia
wy _ _1 2 2
Rrua=0,055m JllRUA - JllLUA - ZmRUARRUA +EmRUALRUA
2 2 2
- + My, (@2 +d2)=0,5026kgm
Grua » - (RUA)
d=-0,175m . B 1 , ,
/ Aﬁm J22RUA _J22LUA _ZmRUARRUA +EmRUALRUA
% 1
, 2 2 2
. + My, (@7 +d2)=0,4762kgm
- d=0.21m a0

d;=0,45m

Q2
v
=1

Right Upper Arm,

Left Upper Arm

1

_ _ 2
J33RUA - J33LUA - EmRUARRUA

+ My, (d2 +d2 )= 0,1494kgm’

Jiorus = mp,d,d, = +0,072kgm2

Jious =Mmuad,d, =-0,072kgm?

Visros =Vi304 = Myuad,d; =—0,1543kgm?
Y03 g = Myyad,d; =—0,1852kgm?

o300 =Mpad,d, =0,1852kgm?
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Table B.1 (Continued)

Component Mass Moments of Inertia
A (RFA) 1
uy _ _ 2
JllRFA - JllLFA - EmRFARRFA

+ g, (d2 +d2 )= 0,2416kgm’

Lgra =0. 7/

1

2 2
=—m,. R +—m,., L
RFA™™RFA RFA™RFA
4 12

J 2RFA J 22 LFA

+ g, (d2 +d2 )= 0,2204kgm’

Right Forearm,

1
Left Forearm Jssea =d530m4 = ZmRFARf{FA + EmRFALZRFA

+ g, (d? +d2 )= 0,104kgm?

J =mg,d,d, =—0,031kgm”’

12 RFA

Jiospg =Mppad,d, =0,031kgm’

J13RFA = J13LFA = mRFAdld3 = +0,05236kgm2
Vs s = Mggad,dy = —0,1047kgm
Josips = m,d,d; = 0,1047kgm2
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Table B.1 (Continued)

Component Mass Moments of Inertia
Aﬁ;“‘”” 1 5
. Jigor =V = EmRULRRUL
Lo =043 :/\ | + (d2 2 ) — 2
=0, 2 . mg,; \d; +d3)=0,07311kgm
2 G0 T o4 m
d, =-0,062 m ‘/GV 'Uv( ) 1 1
: 2 2
oy D08 o Jorvw =2 = ZmRULRRUL + EmRULLRUL
+ My (47 +d2)=0,1167kgm?
Right Upperlimb,
. 1
Left Upperlimb Jsre =300 = ZmRULRZRUL + EmRULLZRUL

+myy (d? +d2)=0,08468kgm’

Jore = My d,d, =-0,0117kgm’

Yo =M dd, =+0,0117kgm?

Yiror = Vi3, = Mgy d,d; =+0,0215kgm?
Jos gy = Mpyd,dy =-0,02474kgm?

Jys,0 =My d,d; =+0,02474kgm
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Table B.1 (Continued)

i (RLL) d;=-0,28m
Us A Rpu=0,055m T
; d;=0,315
Lri=0,33m d=0,077 g/ 1 "

Grud (RLL)
>,

—~ RAL

Right Lowerlimb,

Left Lowerlimb

1 > 1 >
= _mRLLRRLL + _mRLLLRLL

11LLL 4 12
+my, (a2 +d2)=1,1917kgm’

J =]

11RLL

1

J =] = ZmRLLRZRLL + EmRLLLZRLL

22RLL 22LLL

+my, (47 +d?)=2,2432kgm’

1

_ _ 2
J33RLL - J33LLL - ZmRLLRRLL

+my, (a7 +d2)=1,2168kgm>

Yoy = Mg d,d, =—0,2734kgm”
Yoy, =my,dd, =+0,2734kgm?
Yo =331y, =My d,d; =-0,994kgm?
Jspry =My d,d; =+0,243kgm’
Yy, =my d,d; =-0,243kgm”?
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Table B.1 (Continued)

Component Mass Moments of Inertia

i (w) e B 1
’ 0’7‘5111// Tl}( ) JllBase = EmBase (0’552 + 09352 )
, +my, d; =3,8721kgm®

> i, ase)

1
G Votpe = 13 M (0,357 +0,75?)

R +my (d? +d?)=4,6583kgm’

d=-0,205 m

T 05m

= L, (055° +0,75%)

33Base 12

Base +m,, d’ =3,3071kgm>

T, =m,_ dd, =-09106kgm’

13 Base

u, 1 2 2
s = T3 M (0,457 +0,05?)

+mg,, di =0,0854kgm’

0,05 m 1

—mg, (0,05> +05)

22 Seat = 12

+mg,, (d? +d?)=0,1057kgm’

1, (0457 +052)

33 Seat = 12

+mg,,d} =0,189kgm’

Seat

J = mSealdld3 = Okgm2

13 Seat
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Table B.1 (Continued)

— (BR)

AYs
0,03 m
A
0,55m
- G > i,
%;45 m — (BR)
1
AT V..
3 " 045m
d3=0,245 m d
—p ﬁz( )
™
Backrest

- %mBR (0.45> +0,55%)

11BR

+my,d; =0,1057kgm’

1
Vo = 75 Mo (0,557 +0,03?)

+my(d? +d?)=0,3384kgm’

1

v = 13 Mg (0.45% +0,03)

33BR

+myd; =0,6kgm’

T3y = Myed,dy =—0,2536kgm’

13 BR

The total mass moment of inertia of the wheelchair-human system can be

obtained by the following equation.

(B.1)

Using Equation B.1, one can get the components of the inertia of the wheelchair-

human system as shown by the following four equations.

Jy,, =16,037kgm’
J 5, =20,311kgm?
J s, =8,9524kgm®

J s, =3.9743kgm’
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Remember that the inertia dyadic [15] of the wheelchair-human system is

Jwe = Jllﬁl(W)ﬁl
(w)

(w) (w)

Y4 J33ﬁ3(w)

+7,4,", i,
+ﬁ1(w>ﬁ3<w)]

o (B.6)
+7J,, |0, ",

Substitution of Equations B.2, B.3, B.4 and B.5 into the above equation, one can

get the inertia dyadic of the wheelchair-human system.

tRWZO,OS m

Figure B.1. Right Rear Wheel

In Figure B.1; Rrw, trw are the radius and thickness of the right rear wheel, Grw

is the center of mass of the right rear wheel, and

—~ (RW) — (RW) — (RW) |. .
FRW{GRW;ul( Vi, i )}15 the reference frame fixed on the right rear

wheel, which is formed by the rotation of wheelchair fixed frame about axis i,

with a rotation angle of 0.

The inertia dyadics of the left, and right rear wheel shown in can be defined by
Equation B.7

7 (w)

JRA :‘TLB :Jsﬁz )

i, + 1 [i, "6, + 1, ™| (B.7)

where J,, and J; are the lateral and polar inertia components of the rear wheels.

Lateral and polar inertia components of the right and left rear wheels are obtained

by means of the following equation.
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= lmRWRzRW +%mRWtZRW =0,0175kgm”

and,

w :%mRWRﬁw =0,03375kgm”

SRW sL

In these equations, mgyw is the mass of the right rear wheel.

My, =my, =3kg
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APPENDIX C

ANTHROPOMETRIC DATA AND DIMENSIONS OF HUMAN BODY

Segment

Hand
[see also]

Forearm
Upper arm
Farm+hand

Upper limb

Foot

Shank

Thigh
Foot+shank

Lower
Limb

Head, neck,
trunk

Head, neck,
arms, trunk

Head and
neck

Definition

wrist/knuckle IT
digit 3

elbow/ulnar styloid
G.H jtelbow
elbow/ulnar styloid

G.H jt ulnar styloid

Lat. mail/hd. MT2

Fem.cond./med.
malt

Gr.troch/fem. cond.

fer. cond./med.
mall.

Gr.troch/med. mall.

Gr troch/G.H joint

Gr troch/G.H joint

[C7-T1 and 1st
rib]/ear canal

SEGMENTS

Table C.1.Anthropometric Data

Segment Wt/

Total Body
Wt

006

0145

0465

.100

.061

161

578

678

081

Centre of Mass
/

Segment length
Proximal

506

430
436
682

530

.50

433

.606

447

66

626

1.000*

Centre of Mass
/

Segment length
Distal

494

570
.564
318

470

567

.567

394

34

374

.000*
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Radius of Gyration

Segment length
Cof G
297

.503

.49

0.495

Radius of Gyration
/

Segment length
Proximal

.587

.830

798

Lits

Radius of Gyratio
/

Segment length
Distal

577

647
645

.565

690

.643

653

572

650

607

621



0.520

Figure C.1. Relative Dimensions of the Average Human Body
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