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Supervisor

Examining Committee Members

Prof. Dr. Tekin Dereli

Prof. Dr. Atalay Karasu

Prof. Dr. Abdullah Verçin
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ABSTRACT

DUALISATION OF SUPERGRAVITY THEORIES

Yılmaz, Nejat Tevfik

Ph.D, Department of Physics

Supervisor: Assist. Prof. Dr. B. Özgür Sarıoğlu

February 2004, 257 pages.

By using the Kaluza-Klein reduction, the derivation of the maximal super-

gravities from the D = 11 supergravity theory, as well as the Abelian Yang-Mills

supergravities from the D = 10 type I supergravity theory are discussed. After

a thorough review of the symmetric spaces the symmetric space sigma model is

studied in detail. The first-order formulation of both the pure and the matter

coupled symmetric space sigma model is presented in a general formalism. The

dualisation of the non-gravitational Bosonic sectors of the D = 11, IIB and the

maximal supergravities are also reviewed in a concise but a self-contained formu-

lation. As an example of the dualisation of the matter coupled supergravities,

the doubled formalism is constructed for the D = 8 Salam-Sezgin supergravity.

Keywords: Kaluza-Klein Reduction, Supergravity, Symmetric Spaces, Non-Linear

Sigma Models, Matter Coupling, Dualisation, First-Order Formulations.
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ÖZ

SÜPER KÜTLE ÇEKİM KURAMLARININ İKİLLEŞTİRİLMESİ.

Yılmaz, Nejat Tevfik

Doktora, Fizik Bölümü

Tez Yöneticisi: Assist. Prof. Dr. B. Özgür Sarıoğlu

Şubat 2004, 257 sayfa.

Kaluza ve Klein indirgemesi kullanılarak onbir boyutlu süper kütle çekim ku-

ramından sınırda olan süper kütle çekim kuramları, aynı zamanda on boyutlu bir-

inci tip süper kütle çekim kuramından da Abelsel Yang ve Mills süper kütle çekim

kuramlarının türetilmesi tartışıldı. Bakışımlı uzayların geniş bir tekrarından

sonra bakışımlı uzay sigma örnek kuramı ayrıntılı olarak çalışıldı. Yalın ve

madde eklenmiş bakışımlı uzay sigma örnek kuramının birinci derece simgesel

biçimlendirmesi genel bir yöntem içinde sunuldu. Onbir boyutlu, 2B ve sınırda

olan süper kütle çekim kuramlarının kütle çekimsel olmayan Bozonsal kesim-

lerinin ikilleştirmesi de kısa ve öz ama yeterli bir simgesel biçimlendirme içerisinde

tekrarlandı. Madde eklenmiş süper kütle çekim kuramlarının ikilleştirilmesine bir

örnek olarak da sekiz boyutlu Salam ve Sezgin süper kütle çekim kuramının çifte

biçimlendirmesi kuruldu.

Anahtar Sözcükler: Kaluza ve Klein İndirgemesi, Süper Kütle Çekim Kuramı,

BakışımlıUzaylar, Doğrusal Olmayan Sigma Örnek Kuramları, Madde Eklenmesi,

İkilleştirme, Birinci Derece Simgesel Biçimlendirmeler.
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ÖZ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

ACKNOWLEDGMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

TABLE OF CONTENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

CHAPTER

1 INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 THE SUPERGRAVITY THEORIES AND THEIR SCALAR
COSETS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.1 The Kaluza-Klein Compactification . . . . . . . . . . . . . 14

2.2 D=11 and the Maximal Supergravities . . . . . . . . . . . 28

2.3 The Abelian Yang-Mills Supergravities . . . . . . . . . . . 64

3 SYMMETRIC SPACES . . . . . . . . . . . . . . . . . . . . . . . 92

3.1 Riemannian Symmetric Spaces . . . . . . . . . . . . . . . 93

3.2 Analytical Lie Groups and Symmetric Pairs . . . . . . . . 102

3.3 The Semi-Simple Lie Algebras and the Iwasawa Decompo-
sition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

3.4 Scalar Cosets as Symmetric Spaces . . . . . . . . . . . . . 146

4 THE SYMMETRIC SPACE SIGMA MODEL . . . . . . . . . . . 150

4.1 The Sigma Model . . . . . . . . . . . . . . . . . . . . . . 151

4.2 Dualisation and the First-Order Formulation . . . . . . . 168

5 DUALISATION OF THE MAXIMAL SUPERGRAVITIES . . . . 177

vii



6 DUALISATION OF THE MATTER COUPLED SYMMETRIC
SPACE SIGMA MODEL . . . . . . . . . . . . . . . . . . . . . . . 203

7 DUALISATION OF THE D=8, MATTER COUPLED SALAM-
SEZGIN SUPERGRAVITY . . . . . . . . . . . . . . . . . . . . . 215

7.1 The D=8 Matter Coupled Salam-Sezgin Supergravity . . . 217

7.2 The Coset Formulation . . . . . . . . . . . . . . . . . . . 226

8 CONCLUSION . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241

APPENDIX

A THE DIMENSION-DEPENDENT QUANTITIES OF THE MAX-
IMAL SUPERGRAVITIES . . . . . . . . . . . . . . . . . . . . . . 246

B THE DIMENSION-DEPENDENT COMMUTATORS OF THE
MAXIMAL SUPERGRAVITIES . . . . . . . . . . . . . . . . . . 254

VITA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

viii



CHAPTER 1

INTRODUCTION

The supergravity theory which has the highest spacetime dimension is the D = 11,

N = 1 supergravity [1]. There are three types of supergravity theories in ten

dimensions namely the IIA, [2, 3, 4], the IIB, [5, 6, 7] and as the third supergravity,

the ten dimensional type I supergravity theory which is coupled to the Yang-

Mills theory [8, 9]. One can obtain the D = 10, IIA supergravity theory by the

Kaluza-Klein dimensional reduction of the D = 11 supergravity on the circle, S1.

Owing to the fact that there exists a self-dual five-form field strength, there is

not a straight forward method to construct a covariant Lagrangian for the IIB

supergravity in ten dimensions although covariant equations of motion can be

formulated. For the IIB supergravity, if one relaxes the self-duality condition on

the five-form field strength, by using the Lagrange multiplier methods, a covariant

Lagrangian can be constructed [10, 11]. When the self-duality is imposed which

is a consistent condition with both the Bianchi identity of the five-form field

strength and the equations of motion of the constructed Lagrangian, it becomes

a truncation of the equations of motion which turns them into the field equations

of the IIB supergravity. The supergravity theories for D < 10 dimensions can

be obtained from the D = 11 and the D = 10 supergravities by the dimensional
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reduction and the truncation of fields. A general treatment of the supergravity

theories can be found in [12, 13, 14, 15].

The ten dimensional IIA supergravity and the IIB supergravity theories are

the massless sectors or the low energy effective limits of the type IIA and the

type IIB superstring theories respectively. The type I supergravity theory in

ten dimensions on the other hand is the low energy effective limit of the type

I superstring theory and the heterotic string theory. The eleven dimensional

supergravity is conjectured to be the low energy effective theory of the eleven

dimensional M theory.

The symmetries of the supergravity theories have been studied in the recent

years to gain insight in the symmetries and the duality transformations of the

string theories. Especially the global symmetries of the supergravities contribute

to the knowledge of the non-perturbative U-duality symmetries of the string theo-

ries and the M theory [16, 17]. An appropriate restriction of the global symmetry

group G of the supergravity theory to the integers Z, namely G(Z), is conjec-

tured to be the U-duality symmetry of the relative string theory which unifies

the T-duality and the S-duality [16]. Therefore the dualisation and the coset for-

mulation of the supergravities have not only enabled us to study the symmetries

of the supergravities in detail but also provided a better understanding of the

dualities and the symmetries of the relative string theories.

In supergravity theories which possess scalar fields, the global (rigid) symme-

tries of the scalar sector whose action do not depend on the spacetime coordinates

are essential to have a deeper understanding of these theories. One can define the
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action of the global symmetry group of the scalars on the other fields as well, thus

the global symmetry of the scalars can be extended to be the global symmetry

of the entire Bosonic sector of the theory. For a majority of the supergravities,

the scalar manifolds are homogeneous, symmetric spaces which are in the form of

cosets G/K [18], and the scalar Lagrangians can be formulated as the non-linear

coset sigma models, in particular the symmetric space sigma models. The dimen-

sion of the coset space G/K is equal to the number of the scalars of the theory.

In the symmetric space sigma models the scalars have non-linear transformation

properties. We will basically deal with two classes of scalar coset manifolds G/K.

When we apply the Kaluza-Klein dimensional reduction for the Bosonic sector

of the D = 11 supergravity [1] over the tori T n, where n = 11 − D, we ob-

tain the D-dimensional maximal supergravity theories [10, 19, 20]. The global

(rigid) symmetry groups of the Bosonic sector of the reduced Lagrangians are in

split real form (maximally non-compact whose Cartan subalgebras can be chosen

along the non-compact directions). For the scalar coset manifolds, G/K of the

maximal supergravities, G is the global symmetry group which is a semi-simple,

split real form and K is its maximal compact subgroup. Thus the coset spaces

G/K can be parameterized by using the Borel gauge and the scalar sectors of the

maximal supergravities can be formulated as the symmetric space sigma models.

However we should remark that in certain dimensions in order to formulate the

scalar sectors as symmetric space sigma models one has to make use of the dual-

isation methods to replace the higher-order fields with the newly defined scalars.

On the other hand when one considers the Kaluza-Klein compactification of the
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Bosonic sector of the ten dimensional simple supergravity which is coupled to N

Abelian gauge multiplets (type I supergravity) on the tori T 10−D [8, 9], one can

show that after a single scalar is decoupled, the rest of the scalars of the lower,

D-dimensional theories can be formulated as the G/K symmetric space sigma

models [21]. One can even enlarge the coset formulations of the scalars by using

partial dualisations. Unlike the maximal supergravities for this class of super-

gravities, the global symmetry group G is not necessarily a split real form but

it is in general a semi-simple, non-compact real form and again K is a maximal

compact subgroup of G. Therefore one makes use of the more general solvable

Lie algebra gauge [18] which covers the Borel gauge as a special case to param-

eterize the scalar coset manifolds for these supergravity theories. In general in

the non-linear G/K coset sigma models, the scalars transform non-linearly in

the linear representations of G while the higher rank potentials always transform

linearly. Although the global symmetry scheme of the supergravity theories are

consequences of the supersymmetry, the study of the coset symmetries of the su-

pergravity theories provides a broader understanding of the underlying structure

of these theories [22, 23].

The method of non-linear realizations [24, 25, 26, 27, 28] is used in [29, 30]

to formulate the gravity as a non-linear realization in which the gravity and the

gauge fields appear on equal footing. Later, the dualisation of the Bosonic fields

has provided the non-linear realization formulation of the Bosonic sectors of the

maximal supergravity theories [10, 19].

By introducing auxiliary fields for a subset of the field content and by using
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the coset formulation, the global symmetries of the scalar sectors of the maximal

supergravities are studied in [10]. As we have mentioned before these symmetries

can also be realized on the Bosonic fields. A general, dimension-independent

formalism is developed for the Bosonic sectors of the maximal supergravities

in [31]. The coset realizations of the non-gravitational Bosonic sectors of the

D = 11 supergravity, the maximal supergravities as well as the IIB supergravity,

are introduced by the dualisation of the scalars and the higher-order gauge fields

in [19]. In the same work, the twisted self-duality structure of the supergravities

[32, 33] is generalized to regain the first-order equations of the corresponding

theories from the Cartan forms of the dualized coset. Therefore in [19] it is shown

that the non-linear coset formulation of the scalars can be improved to include

the other non-gravitational Bosonic fields, resulting in the first-order formulation

of the relative theories. The mainline of [19] is to introduce dual fields for the

non-gravitational Bosonic fields and to construct the Lie superalgebra which will

generate the coset representatives that realize the original field equations both in

first and second-order by means of the Cartan form. The dualisation method is

another manifestation of the Lagrange multiplier methods which are used for the

scalar sectors of the maximal supergravities in [10, 20].

The discussion about the symmetry groups of the Cartan forms (the doubled

field strengths) of the coset formulation as well as the symmetry groups of the

twisted self-duality equations (i.e. first-order equations) which are larger than

the symmetry groups of the Cartan forms is given in [10] and [19].

By following the outline of [19], in [34] the complete coset formulations of the
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D = 11 and the IIA supergravity theories are performed for the entire Bosonic

sector including the gravity which is missing in [19]. The symmetries of these the-

ories are also discussed in detail in [34]. The Bosonic sector of the IIB supergrav-

ity is derived as a non-linear coset realization by dualizing the non-gravitational

Bosonic fields in parallel with the formulation given in [19], also by including the

gravity sector in [35]. The method of [34] and [35] which includes the gravity

sector in the coset formulation is a standard one which can be extended to the

coset realizations of the other supergravities.

The non-linear, coset realizations of the complete Bosonic sectors of the D =

11 supergravity and the IIA supergravity lead to finite dimensional Lie algebras

whose corresponding groups are denoted as G11 and GIIA, [34] respectively, which

are not Kac-Moody algebras. In [35] the algebra corresponding to the symmetry

group GIIB of IIB is constructed as an element of the complete non-linear real-

ization of the Bosonic sector of the IIB supergravity. The equations of motion

of the relative theories in [34, 35] are obtained as a result of the simultaneous

non-linear realizations of the symmetry groups G11, GIIA and GIIB by taking the

Lorentz group as the local subgroup and the non-linear realizations of the confor-

mal groups. The IIA, IIB and the D = 11 supergravities are in fact the non-linear

realizations of the groups which are the closures of the symmetry groups GIIA,

GIIB and G11 in the conformal groups, respectively. However instead of dealing

with the non-linear realizations of the infinite dimensional closure groups, one

follows the easier method of simultaneous non-linear realizations as explained in

detail in [34].
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In the simultaneous non-linear realizations of the complete Bosonic sectors of

the IIA, IIB and the D = 11 supergravities the local subgroups are chosen to be

the Lorentz group so that the general coset representatives of the entire Bosonic

sector can not be parameterized by a solvable Lie algebra or a Borel subalgebra of

some larger group. These coset formulations are not like the scalar cosets which

arise for the maximal supergravities obtained from the D = 11 supergravity

by dimensional reduction, also which all give rise to Kac-Moody algebras and

whose general coset representatives can be parameterized by a Borel subgroup of

a larger group. In [35, 36] it is discussed that the non-linear realizations of the

D = 11 and the maximal supergravities, in particular the IIA supergravity, can

be enlarged to include a Kac-Moody algebra which contains the Borel subalgebra

of E8 and whose corresponding group is identified as E11. This can be done either

by introducing a larger local subgroup than the Lorentz group or by describing

the gravity by two fields which are duals of each other. Furthermore in [35] for

the IIB supergravity theory, it is also argued that the non-linear realization can

be enlarged to include the Kac-Moody algebra of the group E11 of the IIA and

the D = 11 supergravities.

In [37] the method of non-linear realizations is used to derive the dynamics

of the M theory branes. Furthermore the M theory branes when they are in a

background are also described as non-linear realizations in [34]. In the light of the

non-linear realizations of the D = 11 and the IIA supergravities, it is mentioned

in [34] that Osp(1/64) may be a symmetry of the M theory since it is present

in the IIA and the D = 11 supergravities, also it is the unique extension of the
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conformal group to include the supersymmetry. It automatically contains all the

automorphisms of the Poincare supersymmetry algebras with all their central

charges.

The different symmetry groups GIIA and G11 appearing in the dualisations of

the IIA and the D = 11 supergravity theories may be interpreted as the different

contractions of the full automorphism group of the M theory. However as we

have pointed out above, the common Kac-Moody group which appears in the

non-linear realizations of the IIA, IIB and the D = 11 supergravities is E11.

Since the IIA and the D = 11 supergravities are related by the Kaluza-Klein

reduction on the circle, it is not puzzling to have a common symmetry group,

on the contrary IIB is not related to the D = 11 supergravity in a simple way,

for this reason finding a common symmetry scheme is a source of motivation.

Thus in [35] it is discussed that E11 can be a symmetry of the M theory and the

IIA, IIB also the D = 11 supergravities can be different manifestations of the M

theory.

We also encounter the non-linear realizations when there is spontaneous sym-

metry breaking and they formulate the theories which govern the low energy

excitations of the original theory. The local subgroup of the non-linear coset for-

mulation of the low energy regime is the part of the original symmetry which is

preserved during the symmetry breaking. If the original theory has various vacua,

the corresponding theories of the low energy regimes share the same rigid sym-

metry group but they have different local symmetry groups. Since the D = 11,

the maximal, in particular the IIA and the IIB supergravity theories all share
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the same rigid symmetry E11 with various local symmetry subgroups, in [35] it

is conjectured that these theories could correspond to the various vacua of the M

theory.

The general perspective of the following thesis is to study the framework of

the dualisation of the scalars and the higher-order fields excluding the gravity in

the supergravity theories. As we have mentioned above, the complete coset con-

struction of any supergravity theory can be obtained by following the standard

method given in [34, 35] which enables the inclusion of the gravity sector. There-

fore we will primarily be interested in the dualisation of the non-gravitational

Bosonic fields.

We will start with the discussion of the supergravities in two categories in

Chapter two. First we will introduce the Kaluza-Klein reduction of the pure

gravity and the matter fields on the tori T n and mention about how the spacetime

symmetries propagate to the lower dimensions. Next we will study the Kaluza-

Klein compactification of the D = 11 supergravity and present the construction of

the D-dimensional maximal supergravities. The Kaluza-Klein reduction over the

tori will again be applied to derive the Abelian Yang-Mills supergravities from

the ten dimensional type I supergravity or more correctly from its subtheory

which is obtained by coupling N Abelian gauge multiplets to the ten dimensional

simple N = 1, supergravity. In these two classes of supergravities we will focus

on the scalar sectors to study the coset constructions and the partial dualisations.

The coset constructions of the scalar sectors will lead us to the symmetric space

sigma models. The partial dualisations which increase the number of the scalars
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are needed to construct the coset Lagrangians or to enhance the symmetries

of the scalars in certain dimensions. Such dualisations which are based on the

Lagrange multiplier methods direct us to the idea of the complete dualisation

and the non-linear realization of the Bosonic sectors of the supergravities.

The non-linear coset constructions of the scalar sectors of the supergravities

have a distinctive place in our discussion since in general, dualisation is basically

the method of extending the coset formulation already existing for the scalars to

the other Bosonic fields which leads to the non-linear realization of the complete

Bosonic theory. As will be clear in Chapter two, the scalar sectors of a wide class

of supergravities can be formulated as symmetric space sigma models. For this

reason in Chapter three we will discuss the formal construction of the symmetric

spaces from both the geometrical and the algebraic perspectives. We will also

introduce the Cartan and the Iwasawa decompositions of the semi-simple Lie

algebras which provide the basic tool of solvable Lie algebra gauge in the general

scalar coset constructions.

In Chapter four after a concise introduction of the general non-linear sigma

models we will present a detailed covering of the symmetric space sigma model.

We will perform the first-order formulation of the symmetric space sigma model

by using the dualisation method of [10, 19]. The formulation will be based on two

different coset parameterizations which both make use of the solvable Lie algebra

gauge defined in Chapter three. We will also mention about the transformations

between these two parameterizations.
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Chapter five is reserved for the discussion of the dualisation of the non-

gravitational Bosonic sectors of the D = 11, IIA, IIB and the D-dimensional

maximal supergravities.

In Chapter six we will consider the coupling of m-form matter fields to the

symmetric space sigma model which we study in detail in Chapter four and we

will perform the dualisation and the first-order formulation of the matter coupled

symmetric space sigma models in a general formalism.

The dualisation of the D = 8 Salam-Sezgin supergravity [38] which is con-

structed by coupling N vector multiplets to the D = 8, N = 1 supergravity is

the subject of Chapter seven. In carrying out the dualisation and the first-order

formulation we will refer to the results derived in chapters four and six which are

applicable to any supergravity theory which has a symmetric space scalar coset

manifold and which is coupled to matter fields.
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CHAPTER 2

THE SUPERGRAVITY THEORIES AND THEIR SCALAR

COSETS

The scalar fields have a distinctive place among the field content of the supergrav-

ity theories. One can explore the non-local (global) symmetry properties of the

entire theory by just looking at the scalar sector. The scalars of the supergravity

theories have a non-linear nature in the sense that the scalar Lagrangian can be

basically formulated as a non-linear sigma model [14]. There is also a reflection of

the non-linearity in the transformation properties of the scalars [19]. In particular

the scalar sectors of a wide class of supergravities [13, 18] are governed by the

symmetric space sigma models where the scalar fields parameterize a coset G/K

which is a symmetric space. In general the space G/K is called the scalar coset

manifold. In the following chapters we will give a detailed discussion of both the

symmetric spaces and the symmetric space sigma model.

In this chapter we will introduce two main classes of supergravity theories

whose scalar fields parameterize symmetric spaces G/K, where G is the global

internal symmetry group of the Bosonic sector of the corresponding theory. We

will leave the task of constructing the Lagrangian from the coset G/K in a general

formulation to the following chapters. Instead, in this chapter we will discuss the
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origin of these theories and we will classify the cosets which are intimately related

to the global symmetries of these theories. The first class of supergravity theories

we will deal with is composed of the maximally extended supergravities [10, 13,

19, 20]. The D-dimensional maximal supergravity theory and its symmetries

can be systematically obtained as a result of the Kaluza-Klein reduction [20] of

the eleven dimensional supergravity [1] which is the low energy effective limit

of the M-theory on the n-torus T n = S1 × · · · × S1 where n = 11 − D. The

elements of the second class of supergravities we will discuss in this chapter are

the Kaluza-Klein descendants of the ten dimensional simple supergravity which

is coupled to N Abelian gauge multiplets on the tori T n [21]. When N = 16,

the ten dimensional simple supergravity which is coupled to 16 Abelian gauge

multiplets corresponds to the low energy effective limit of the ten dimensional

heterotic string theory [21]. We will keep our interest only in the Bosonic sectors

which contain the scalar content of these supergravity theories. We will give

an introduction to the Kaluza-Klein compactification on S1 and we will shortly

mention how it can be used step by step to handle the reduction on T n without

going into detail in both cases. However our main objective in this chapter is the

presentation of the scalar cosets which arise in lower dimensions in both classes

of supergravities. Apart from their higher dimensional origins, there is a major

difference between the two different classes of supergravity theories we uttered

above. The scalar coset manifolds of the maximal supergravities are always based

on the maximally non-compact (split) real form global symmetry groups, on the

other hand the scalar cosets coming from the Kaluza-Klein reduction of the ten
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dimensional simple supergravity which is coupled to N Abelian gauge multiplets

have a more general structure, namely their global symmetry groups are non-

compact real forms (being maximally non-compact for certain choice of D and N

[20, 21]). We will give a formal construction of the real forms of semi-simple Lie

groups and discuss their classification in the next chapter.

In some dimensions, in order to formulate the scalar Lagrangian of the Kaluza-

Klein descendant theories as symmetric space sigma models, one needs to dualize

certain higher order fields to introduce new scalar fields by using Lagrange mul-

tiplier methods. We will give the details of how this is done for both classes of

supergravity theories in relevant dimensions. The scalar cosets obtained after the

dualisation of certain higher order fields are called maximal, since one can not

obtain more scalar fields upon dualisation in the corresponding dimensions. The

partial dualisation method forms a motivation for the complete dualisation of the

Bosonic sectors of these theories which includes the introduction of dual fields for

the entire set of the original Bosonic fields of the theory in a systematical way.

This will be the main topic of the following chapters.

2.1 The Kaluza-Klein Compactification

The Kaluza-Klein reduction or the compactification is simply assigning partic-

ular spacetime, metric and potential fields ansatz to a theory so that the equations

of motion of the fields which are assumed to be constant in certain directions of

the spacetime manifold can be obtained from a lower dimensional Lagrangian

defined on a component of the spacetime manifold. We need to mention about
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the mechanism of the Kaluza-Klein reduction on the torus T n = S1 × · · · × S1

to understand the nature of the scalar fields in the dimensionally reduced theo-

ries. Since the torus T n is composed of n-times Cartesian product of circles S1,

one can first consider the S1-reduction of a D-dimensional theory into a (D− 1)-

dimensional one then step by step construct the T n = S1×···×S1 reduction. We

will give a summary of the reduction of the D-dimensional metric and the poten-

tial fields on the circle S1, a more detailed analysis can be referred in [10, 20]. On

a local coordinate chart of the total D-dimensional manifold which we assume,

is composed of the Cartesian product of a circle S1 of radius L and a (D − 1)-

dimensional sub-manifold, we will denote the coordinate on S1 by z and the rest

of the D-dimensional coordinates by xi. One can make a Fourier series expansion

of the components of the D-dimensional metric tensor field as

gD
km(xi, z) =

∑
n

g
(n)
km(xi)e

inz/L. (2.1)

We assume that L is of the order of the Planck length, 10−33cm, since for physical

reasons one assumes that the circle constituent of the spacetime is ignorably small.

For this reason the massive modes g
(n)
km(xi) for which n 6= 0 gain large mass values

which are out of the ranges we can detect. Therefore we assume that in (2.1)

the contribution from the massive modes are ignorable and we will only consider

the massless modes which correspond to the terms, n = 0. This means that our

ansatz for the D-dimensional metric tensor is such that its components do not

depend on the coordinate z. In light of this discussion we will assume that the
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D-dimensional metric has the form

gD = e2αφgµνdxµ ⊗ dxν + e2βφ(dz +A)⊗ (dz +A), (2.2)

where A = Aµdxµ. In (2.2) α and β are constants which will be determined

later and the indices µ, ν correspond to the tangent space indices of the (D− 1)-

dimensional sub-manifold of the original D-dimensional one. All of the fields in

(2.2) are independent of z due to the discussion we have given above, thus they

are all (D− 1)-dimensional fields. The scalar field φ is called the dilaton and the

one-form field A is called the Kaluza-Klein potential. We also have the (D − 1)-

dimensional metric components gµν which determine the (D − 1)-dimensional

branch of the D-dimensional spacetime. In terms of the (D − 1)-dimensional

fields the components of the D-dimensional metric can be given as

gD
µν = e2αφgµν + e2βφAµAν , gD

µz = e2βφAµ, gD
zz = e2βφ. (2.3)

We will give the basic definitions about the Riemannian geometry when we discuss

the symmetric spaces in the next chapter but for our purposes of deriving the

lower dimensional Lagrangian we need to mention shortly about the elements

of the D-dimensional gravity. Firstly for an affine connection ∇ defined on the

tangent bundle of the D-dimensional spacetime [39] one defines the connection

coefficients Γc
ab as [40, 41]

∇XaXb = Γc
ab Xc, (2.4)

where {Xa} is a D-dimensional frame field for the D-dimensional manifold. If we

define the dual, co-frame field (vielbein) ea(Xb) = δa
b , then we can introduce the
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connection one-forms as

ωa
b = Γa

cb ec. (2.5)

By using the affine connection ∇, if we define the map T (X, Y ) : T 1M×T 1M −→

T 1M ,

T (X, Y ) = ∇XY −∇Y X − [X,Y ], (2.6)

then we can introduce the torsion tensor T ∈ T 1
2 M as

T : (ω,X, Y ) −→ ω(T (X,Y )), (2.7)

∀X, Y ∈ T 1M and ω ∈ ω1(M). The torsion two-forms T a ∈ ω2(M) are defined

as [42]

T = 2T a ⊗Xa. (2.8)

One can also define the map R(X,Y ) : T 1M × T 1M −→ Hom(T 1M, T 1M) as

R(X, Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ], (2.9)

from which the curvature tensor R ∈ T 1
3 M can be defined as

R : (ω,Z,X, Y ) −→ ω(R(X,Y ) · Z), (2.10)

∀X, Y, Z ∈ T 1M and ω ∈ ω1(M). Similarly we can introduce the curvature

two-forms Rd
c ∈ ω2(M) as [42]

R = 2Rd
c ⊗ ec ⊗Xd. (2.11)

One can calculate the connection one-forms and the curvature two-forms by using

a frame field {Xa} and the corresponding dual vielbein {ea} from the first and
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the second Cartan structure equations

T a = dea + ωa
b ∧ eb,

Ra
b = dωa

b + ωa
c ∧ ωc

b, (2.12)

respectively [40, 42]. Alternatively one can calculate the structure functions {Cc
ab}

from

[Xa, Xb] = Cc
abXc, (2.13)

for an arbitrary frame field {Xa}. Then one can read the connection coefficients

{Γp
ab} by using the identity [42]

2 Γp
ab = gcp(Xa(gbc) + Xb(gca)−Xc(gab)− Cd

bcgad

+ Cd
cagbd + Cd

abgcd − Tm
bc gma + Tm

cagmb + Tm
abgmc), (2.14)

where the metric components, gab = g(Xa, Xb) are used to raise and lower the

indices of the structure functions, {Cc
ab} and the torsion tensor components, T c

ab =

T (Xa, Xb, e
c). There are two special classes of frame fields which simplify (2.14),

if the frame field is a coordinate basis then the structure functions {Cc
ab} are zero,

on the other hand if it is an orthonormal basis then the metric components are

constant so that Xi(gjk) = 0. An orthonormal basis frame field can be read from

the explicit form of the metric tensor. After the calculation of the connection

coefficients {Γp
ab}, the connection one-forms and the curvature two-forms can be

obtained from (2.5) and (2.12).
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Since we are concerned with the Einstein-Hilbert action in the Kaluza-Klein

reduction procedure, we will assume the unique metric compatible, torsion-free,

Levi-Civita connection ∇, [39] so that {T a} and T will be zero in (2.12) and

in (2.14) respectively. Choosing an orthonormal frame field will simplify the

calculation of the connection one-forms and the curvature two-forms in both of

the methods we have discussed. By following either of the methods above, when

one derives the curvature two-forms {Rb
a}, one can calculate the curvature tensor

R from (2.11) and then calculate the Ricci tensor R ∈ T 0
2 M which is obtained

by a contraction on R as

R(X, Y ) = R(Xa, X, Y, ea), (2.15)

∀X, Y ∈ T 1M and for an arbitrary frame field {Xa} and its dual, co-frame field

(vielbein) {ea}. The D-dimensional Ricci scalar RD can then be calculated as

RD = R(Xa, X
a), (2.16)

where Xa = gabXb, with the inverse matrix gab of the metric tensor components

gab = g(Xa, Xb). Then the D-dimensional Einstein-Hilbert Lagrangian can be

expressed as

LD = RD ∗ 1, (2.17)

where ∗ is the Hodge-star operator [39] and its action on a p-form basis is defined

as

∗(dxµ1 ∧ · · · ∧ dxµp) =
1

q!
ε µ1···µp
ν1···νq

dxν1 ∧ · · · ∧ dxνq , (2.18)

here q = D−p and εν1···νD
=

√
|g| εν1···νD

with g, being the determinant of the D-

dimensional metric tensor components gab and εν1···νD
is the totally antisymmetric
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Levi-Civita tensor density [41]. We again use the metric tensor components to

raise and lower the indices. Thus in (2.17) we have

∗1 =
√
|g| dxD, (2.19)

with dxD, being the canonical volume element D-form whose orientation is fixed.

If we go back to the Kaluza-Klein ansatz (2.2) now, we have defined the entire

machinery to calculate the Einstein-Hilbert Lagrangian in terms of the (D − 1)-

dimensional fields φ, gµν , A. We will assume a D-dimensional veilbein of the

form

(eD)a = eαφea, (eD)z = eβφ(dz +A), (2.20)

where ea correspond to a (D − 1)-dimensional veilbein so that the index a runs

on the (D− 1)-dimensional subspace directions and (eD)z is the additional basis

element along a mixed direction of the S1 tangent space direction and the (D−1)-

dimensional subspacetime tangent space directions. When we define the dual,

moving frame {XD
α } such that (eD)β(XD

α ) = δβ
α for α, β = 1, ..., D, we can define

the metric components gD(XD
α , XD

γ ) = ηαγ. From the Kaluza-Klein ansatz (2.2)

for the D-dimensional metric we immediately see that ηzz = 1 and ηza = 0 for

a = 1, ..., (D − 1). By following the discussion above, one can use the vielbein

(2.20) to calculate the D-dimensional connection one-forms ωab
D in terms of the

(D − 1)-dimensional fields as

ωab
D = ωab + αe−αφ(∂bφ(eD)a − ∂aφ(eD)b)− 1

2
Fabe(β−2α)φ(eD)z,

20



ωaz
D = −ωza

D = −βe−αφ∂aφ(eD)z − 1

2
Fa

be
(β−2α)φ(eD)b, (2.21)

where we define ∂aφ = Eµ
a ∂µφ. If we consider the local components of the (D−1)-

dimensional sub-vielbein as ea = ea
µdxµ then Eµ

a is the inverse of the components

ea
µ. We also define

F = dA =
1

2
Fab ea ∧ eb. (2.22)

In (2.21) the indices a, b correspond to the (D−1)-dimensional sub-directions and

the index z is along a mixed direction as we have pointed out above, thus ωab are

the (D − 1)-dimensional connection one-forms corresponding to the Levi-Civita

connection of the (D − 1)-dimensional metric gµν defined in (2.2). We use the

(D − 1)-dimensional metric components ηµν for µ, ν = 1, ..., (D − 1) to raise and

lower the indices. From the second Cartan structure equation in (2.12) and from

the D-dimensional vielbein choice (2.20) one can calculate the D-dimensional

curvature two-forms (RD)a
b . We will not display them here since we only need the

Ricci tensor which generates the Ricci scalar in the Einstein-Hilbert Lagrangian.

The components of the D-dimensional Ricci tensor can be calculated from (2.11)

and (2.15) by using the D-dimensional curvature two-forms and they can be given

in terms of the (D − 1)-dimensional fields as

RD
ab = e−2αφ(Rab − 1

2
∂aφ∂bφ− αηab2φ)− 1

2
e−2(D−1)αφF c

a Fbc,

RD
az = RD

za =
1

2
e(D−4)αφ∇b(e−2(D−2)αφFab),
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RD
zz = (D − 3)αe−2αφ2φ +

1

4
e−2(D−1)αφFbcF bc, (2.23)

where 2 = ∂a∂a with a = 1, ..., (D − 1) and R is the (D − 1)-dimensional Ricci

tensor corresponding to the Levi-Civita connection of the (D − 1)-dimensional

metric gµν in (2.2). In deriving (2.23) we have chosen the constants α and β in

(2.2) as

α2 =
1

2(D − 2)(D − 3)
, β = −(D − 3)α. (2.24)

This choice of the constants in the Kaluza-Klein ansatz (2.2) is necessary to obtain

a lower dimensional Lagrangian with the canonical and the usual normalizations

of the Einstein-Hilbert and the dilaton kinetic terms [20]. Now we can calculate

the the Ricci scalar

RD = ηabRD
ab

= ηµνRD
µν +RD

zz, (2.25)

where µ, ν correspond to the (D−1)-dimensional indices. In terms of the (D−1)-

dimensional fields we have [20]

RD = e−2αφ(R− 1

2
∂µφ∂µφ + (D − 4)α2φ)

− 1

4
e−2(D−1)αφFabFab, (2.26)

here R is the (D − 1)-dimensional Ricci scalar. Moreover from (2.2) and (2.24)

we have

√
|g| = √−g = e2αφ

√
−g′, (2.27)
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where g′ is the determinant of the (D− 1)-dimensional metric gµν over the (D−

1)-dimensional subspacetime which is defined in (2.2). Finally, now that we

have calculated the elements of the D-dimensional Einstein-Hilbert Lagrangian,

by omitting the 2φ term in (2.26) which contributes a total derivative, we can

express the D-dimensional Einstein-Hilbert Lagrangian in terms of the (D − 1)-

dimensional fields R, φ, gµν , F = dA as

LD = (R ∗(D−1) 1− 1

2
∗(D−1) dφ ∧ dφ

− 1

2
e−2(D−2)αφ ∗(D−1) F ∧ F) ∧ dz

= L(D−1) ∧ dz, (2.28)

where ∗(D−1)1 =
√−g′dx(D−1).

Our next task will be to built up an ansatz to reduce a general D-dimensional

(n−1)-form potential field AD
(n−1), again with the assumption that the D- dimen-

sional spacetime is composed of the Cartesian product of a (D − 1)-dimensional

subspacetime and S1. The ansatz will be chosen as [20]

AD
(n−1)(x, z) = A(n−1)(x) + A(n−2)(x) ∧ dz, (2.29)

where the coordinates x are on the (D − 1)-dimensional spacetime. When we

take the exterior derivative of (2.29) we get

FD
(n)(x, z) = dAD

(n−1)(x, z)
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= dA(n−1)(x) + dA(n−2)(x) ∧ dz. (2.30)

While choosing the (D − 1)-dimensional field strength of A(n−2) as F(n−1) =

dA(n−2), we will not simply choose the (D − 1)-dimensional field strength of

A(n−1) as F(n) = dA(n−1) but for the purpose of obtaining a nice looking lower

dimensional Lagrangian we define the lower dimensional field strengths through

the transgression relations

F(n)(x) = dA(n−1)(x)− dA(n−2)(x) ∧ A(x),

F(n−1)(x) = dA(n−2)(x). (2.31)

In terms of these (D − 1)-dimensional field strengths the D-dimensional field

strength can be given as

FD
(n)(x, z) = F(n)(x) + F(n−1)(x) ∧ (dz +A(x)). (2.32)

We can now express the D-dimensional kinetic term of FD
(n) in terms of the (D−1)-

dimensional field strengths we have defined

LD
F = −1

2
∗ FD

(n) ∧ FD
(n)

= (−1

2
e−2(n−1)αφ ∗(D−1) F(n) ∧ F(n)

− 1

2
e2(D−n−1)αφ ∗(D−1) F(n−1) ∧ F(n−1)) ∧ dz
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= L(D−1)
F ∧ dz. (2.33)

As a final remark we will also discuss how the symmetries of the lower dimen-

sional theory originate from the coordinate transformation symmetries of the

D-dimensional theory and the scaling symmetry of the field equations of the D-

dimensional theory in the S1-reduction. The D-dimensional pure gravitational

theory has a general coordinate covariance whose infinitesimal action on the co-

ordinates and the D-dimensional metric tensor can be defined as

δxa
D = −ξa

D, δgD
ab = ξp

D ∂p gD
ab + gD

pb ∂a ξp
D + gD

ap ∂b ξp
D, (2.34)

where ξa
D are the infinitesimal transformation parameters which are functions

of the D-dimensional coordinates. Thus the transformations (2.34) are local.

The form of the Kaluza-Klein ansatz (2.2) will not be preserved by the entire

group of the D-dimensional coordinate transformations rather, the subgroup of

the infinitesimal transformations (2.34) which preserves the Kaluza-Klein ansatz

(2.2) is generated by the infinitesimal parameters of the form

ξµ
D = ξµ(x), ξz

D = cz + λ(x), (2.35)

where ξµ
D is along the (D − 1)-dimensional subspacetime directions and ξz

D is

along the S1 direction [20]. As we have done before, we also split the coordinates

xa
D as (xµ, z). We will show that when one chooses c = 0 in (2.35), the corre-

sponding restriction of the general D-dimensional coordinate transformations will

not only preserve the form of the Kaluza-Klein ansatz but they will also leave

the form of the D-dimensional Lagrangian (2.28) invariant, thus they form the
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local part of the symmetry group of the (D− 1)-dimensional Lagrangian defined

in (2.28). The field equations of the D-dimensional Einstein-Hilbert Lagrangian

(2.17) namely the Einstein equations, Rkm − 1
2
RDgD

km = 0, for the vacuum, have

also the global scaling symmetry in which the metric, the Ricci tensor and the

Ricci scalar transform as

gD
ab −→ k2gD

ab, R −→ R, RD −→ k−2RD, (2.36)

where k is a real parameter. The symmetry transformations in (2.36) however

do not leave the D-dimensional Einstein-Hilbert Lagrangian (2.17) invariant. If

we choose c = 0 in (2.35) then we may show that from (2.34) by using (2.3) the

(D − 1)-dimensional fields transform as

δφ = ξp ∂pφ,

δAµ = ξp ∂pAµ +Ap ∂µ ξp + ∂µλ,

δgµν = ξp ∂p gµν + gpν ∂µ ξp + gµp ∂ν ξp, (2.37)

under the restricted D-dimensional infinitesimal coordinate transformations which

are generated by the infinitesimal parameters of the form (2.35). The transfor-

mation rules (2.37) denote that c = 0 branch of (2.35) correspond to the (D−1)-

dimensional local coordinate transformations when λ is chosen to be zero. This

is because when λ(x) = 0 in (2.37) the dilaton transforms like a scalar field, the
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Kaluza-Klein potential A transforms as a one-form and the metric tensor com-

ponents transform properly as a second rank tensor. On the other hand when

ξp(x) = 0 in (2.37) then the dilaton φ and the (D − 1)-dimensional metric g are

inert while the Kaluza-Klein potential A transforms as a U(1)-gauge field under

the transformation of the local infinitesimal parameter λ. This is the origin of

the name Kaluza-Klein-Maxwell potential field for A.

If one considers special combinations of the rest of the restricted D- dimen-

sional transformations when ξµ(x) = λ(x) = 0 but c 6= 0 in (2.35) with the scal-

ing symmetry (2.36), one may obtain the global symmetry sector of the reduced

(D− 1)-dimensional theory. The infinitesimal form of the scaling transformation

of the D-dimensional metric tensor field gD in (2.36) can be given as δgD
ab = 2agD

ab

where a is a real infinitesimal parameter. When one considers the infinitesimal

transformations (2.34) by choosing ξµ(x) = λ(x) = 0 in (2.35) together with

δgD
ab = 2agD

ab then by using (2.3), the (D − 1)-dimensional fields can be shown to

transform as

βδφ = a + c, δAµ = −cAµ, δgµν = 2agµν − 2αgµνδφ. (2.38)

We observe that solely the transformation generated through (2.35) by choosing

ξµ(x) = λ(x) = 0 does not correspond to the global infinitesimal symmetry

transformations of the lower dimensional theory which do not depend on the

(D − 1)-dimensional coordinates. However we can show that if we choose

a = − c

D − 2
, (2.39)
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then the metric becomes inert under the transformations (2.38) and they become

δφ = − c

α(D − 2)
, δAµ = −cAµ, δgµν = 0. (2.40)

Thus (2.40) correspond to the global symmetry of the lower dimensional La-

grangian in which the dilaton has a constant shift transformation φ −→ φ + c′.

Since δgµν = 0, (2.40) is also called the global internal symmetry. This global

transformation group of the (D − 1)-dimensional Lagrangian defined in (2.28) is

the real line R which is considered as an additive group. On the other hand if we

choose

a = −c, (2.41)

then the transformations in (2.38) become

δφ = 0, δAµ = −cAµ, δgµν = −2cgµν , (2.42)

and they correspond to the scaling symmetry of the equations of motion of the

(D − 1)-dimensional Lagrangian which leave the dilaton φ invariant. This sym-

metry group is also equal to R. Thus the lower dimensional theory has two

non-coordinate dependent global symmetry groups. One of them leaves the

(D−1)-dimensional field equations invariant and the other one leaves the (D−1)-

dimensional Lagrangian invariant.

2.2 D=11 and the Maximal Supergravities

In the previous section we have given the details of the Kaluza-Klein reduc-

tion of the Einstein-Hilbert Lagrangian and the kinetic terms which correspond
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to the general m-form field strengths on the circle S1. One can improve this

procedure by applying it step by step to find the Kaluza-Klein reduction of a

general (D + n)-dimensional theory on the n-torus, T n = S1 × · · · × S1 [20].

The spirit of the reduction is similar to the S1-reduction so that basically one

assumes a Cartesian product structure for the (D + n)-dimensional spacetime

which is made up of a D-dimensional subspacetime and T n. One also assumes

a (D + n)-dimensional Kaluza-Klein metric ansatz, like we have done for the

S1-reduction. Then the procedure of the S1-reduction is applied step by step to

express the (D + n)-dimensional quantities in terms of the D-dimensional ones

which are assumed to be constant along the torus T n and zero in the torus di-

rections. The (D + n)-dimensional Lagrangian can then be expressed in terms

of the D-dimensional one and the equations of motion for the D-dimensional

fields can entirely be obtained from the D-dimensional Lagrangian. The max-

imally extended supergravity theories in D-dimensions can be obtained by the

Kaluza-Klein reduction of the eleven-dimensional supergravity theory [1] on the

tori T n where n + D = 11, [10, 20]. The D = 11 supergravity is the low en-

ergy limit, effective theory of the M-theory. We will only consider the reduction

of the Bosonic sector of the eleven dimensional supergravity which contains the

scalars. In [20] the reduction of the Fermionic fields as well as the supersymmetry

transformation rules are also discussed shortly to imply that the entire reduction

corresponds properly to the D-dimensional maximal supergravity. The Bosonic
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Lagrangian of the D = 11 supergravity theory is

L11 = R ∗ 1− 1

2
∗ F(4) ∧ F(4) +

1

6
dA(3) ∧ dA(3) ∧ A(3), (2.43)

where R is the eleven dimensional Ricci scalar. We see that we have the eleven

dimensional metric, g11 and the 3-form potential field, A(3) as the constituents

of the Bosonic field content of the eleven dimensional supergravity [1]. If we

consider the Kaluza-Klein reduction on the n-torus, T n, starting from the eleven

dimensional metric, g11 and the 3-form potential field, A(3), at each i′th step of the

S1-reduction of the metric we will obtain a lower dimensional metric, gD, a dilaton

φi and a Kaluza-Klein potential Ai
(1). At the next S1-reduction step from the

ansatz (2.29) each Kaluza-Klein potential Ai
(1) will generate a lower dimensional

one-form field which is again denoted as Ai
(1) and a scalar field Ai

(0)i+1 which is

called an axion. The sequence will continue in the same manner such that each

Kaluza-Klein potential Ai
(1) will be carried to the desired dimension by generating

an axion Ai
(0)j at each step following the step which Ai

(1) first appears (the i’th

step). The axions Ai
(0)j do not generate more fields upon further S1-reductions

from (2.29), they only generate lower dimensional scalars which we will denote

again by Ai
(0)j. In other words they carry themselves to the desired dimension.

We should also state that obviously i < j for the axions Ai
(0)j.

On the other hand starting from the eleven dimensional 3-form field A(3),

from the ansatz (2.29) at the first S1-reduction step, a ten dimensional three-

form A(3) and a ten dimensional two-form A(2) will be generated. Then if further
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reductions to the desired dimension D are concerned there will be a final three-

form A(3), two-forms A(2)i, coming from the i′th step of the reduction of A(3),

one-forms A(1)ij coming from the j′th-reduction step of the two-forms A(2)i and

finally further axionic scalars A(0)ijk coming from the k′th-reduction step of the

one-forms A(1)ij. All these fields are D-dimensional and again clearly i < j < k.

One can show that after performing a series of S1-reductions by using the Kaluza-

Klein ansatz, the eleven dimensional Lagrangian (2.43) can be written as

L11 = LD ∧ dz1 ∧ · · · ∧ dzn, (2.44)

where the coordinates {zi} are the coordinates on the n-torus T n. The D-

dimensional Lagrangian defined in (2.44) can, in terms of the D-dimensional

fields we have mentioned above be given as

LD = R ∗ 1− 1

2
∗ d

→
φ ∧ d

→
φ − 1

2
e
→
a ·
→
φ ∗ F(4) ∧ F(4)

− 1

2

∑
i

e
→
a i·

→
φ ∗ F(3)i ∧ F(3)i − 1

2

∑
i<j

e
→
a ij ·

→
φ ∗ F(2)ij ∧ F(2)ij

− 1

2

∑
i

e
→
b i·

→
φ ∗ F i

(2) ∧ F i
(2) −

1

2

∑

i<j<k

e
→
a ijk·

→
φ ∗ F(1)ijk ∧ F(1)ijk

− 1

2

∑
i<j

e
→
b ij ·

→
φ ∗ F i

(1)j ∧ F i
(1)j + LD

FFA, (2.45)

where the dilaton vectors
→
a,

→
a i,

→
a ij,

→
a ijk,

→
b i,

→
b ij, which couple to the dilatons

→
φ
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in various field strength kinetic terms are

→
a = −→g ,

→
a i =

→
f i −

→
g ,

→
a ij =

→
f i +

→
f j −

→
g ,

→
a ijk =

→
f i +

→
f j +

→
f k −

→
g ,

→
b i = −

→
f i ,

→
b ij = −

→
f i +

→
f j. (2.46)

We express the dilatons compactly as a vector
→
φ and make use of the vector

notation. In (2.46) we have defined the (11−D) component vectors
→
g and

→
f i as

[10]

→
g = 3(s1, s2, ..., s(11−D)),

→
f i = (0, ..., 0, (10− i)si, si+1, ..., s(11−D)), (2.47)

where in the second line there are (i − 1) zeros and si =
√

2/((10− i)(9− i)).

The properties of the dilaton vectors in (2.46) and the vectors
→
g ,

→
f i can be found

in [10, 20]. The Kaluza-Klein ansatz for the eleven dimensional metric can also

be given as

ds2
11 = e

1
3

→
g ·
→
φds2

D +
∑

i

e2
→
γ i·

→
φ (hi)2, (2.48)

where
→
γi = 1

6

→
g − 1

2

→
f i and

hi = dzi +Ai
(1) +Ai

(0)jdzj. (2.49)

The transgression relations which express the D-dimensional field strengths in-

troduced in (2.45) in terms of the D-dimensional potential fields can be given as
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[20],

F(3)i = γj
iF̃(3)j + γj

iγ
k
lF̃(2)jk ∧ Al

(1) +
1

2
γj

iγ
k
mγl

nF̃(1)jkl ∧ Am
(1) ∧ An

(1),

F(2)ij = γk
iγ

l
jF̃(2)kl − γk

iγ
l
jγ

m
n F̃(1)klm ∧ An

(1) , F i
(1)j = γk

jF̃ i
(1)k,

F(1)ijk = γl
iγ

m
j γn

kF̃(1)lmn , F i
(2) = F̃ i

(2) − γj
kF̃ i

(1)j ∧ Ak
(1),

F(4) = F̃(4) − γi
jF̃(3)i ∧ Aj

(1) +
1

2
γi

kγ
j
lF̃(2)ij ∧ Ak

(1) ∧ Al
(1)

− 1

6
γi

lγ
j
mγk

nF̃(1)ijk ∧ Al
(1) ∧ Am

(1) ∧ An
(1), (2.50)

where F̃(n) = dA(n−1) and γi
j is defined as

γi
j = [(1 +A(0))

−1]ij. (2.51)

Notice that we define the n×n matrix (A(0))
i
j from the fields Ai

(0)j for n = 11−D,

however since the fields Ai
(0)j exist only when j > i we define null entries for

the matrix (A(0))
i
j when j ≤ i. The LFFA terms in (2.45) are the Kaluza-Klein

descendants of the 1
6
dA(3)∧dA(3)∧A(3) term of the eleven dimensional Lagrangian

(2.43). A straightforward reduction results in

L10
FFA =

1

2
F̃(4) ∧ F̃(4) ∧ A(2),

L9
FFA = (

1

4
F̃(4) ∧ F̃(4) ∧ A(1)ij − 1

2
F̃(3)i ∧ F̃(3)j ∧ A(3))ε

ij,

L8
FFA = (

1

12
F̃(4) ∧ F̃(4)A(0)ijk − 1

6
F̃(3)i ∧ F̃(3)j ∧ A(2)k
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− 1

2
F̃(4) ∧ F̃(3)i ∧ A(1)jk)ε

ijk,

L7
FFA = (

1

6
F̃(4) ∧ F̃(3)iA(0)jkl − 1

4
F̃(3)i ∧ F̃(3)j ∧ A(1)kl

+
1

8
F̃(2)ij ∧ F̃(2)kl ∧ A(3))ε

ijkl,

L6
FFA = (

1

12
F̃(4) ∧ F̃(2)ijA(0)klm − 1

12
F̃(3)i ∧ F̃(3)jA(0)klm

+
1

8
F̃(2)ij ∧ F̃(2)kl ∧ A(2)m)εijklm,

L5
FFA = (

1

12
F̃(3)i ∧ F̃(2)jkA(0)lmn +

1

48
F̃(2)ij ∧ F̃(2)klA(1)mn

− 1

72
F̃(1)ijk ∧ F̃(1)lmn ∧ A(3))ε

ijklmn,

L4
FFA = (

1

48
F̃(2)ij ∧ F̃(2)klA(0)mnp − 1

72
F̃(1)ijk ∧ F̃(1)lmnA(2)p)ε

ijklmnp,

L3
FFA = − 1

144
F̃(1)ijk ∧ F̃(1)lmn ∧ A(1)pqε

ijklmnpq,

L2
FFA = − 1

1296
F̃(1)ijk ∧ F̃(1)lmnA(0)pqrε

ijklmnpqr. (2.52)

Similar to the S1-reduction case we may inspect the symmetries of the lower

dimensional Lagrangians and the field equations starting from the eleven dimen-

sional symmetries. It can be shown that if one considers the general coordinate

transformations of the eleven dimensional supergravity theory whose Bosonic La-

grangian is given in (2.43) then we should consider only the transformations which

leave the form of the Kaluza-Klein metric ansatz (2.48) invariant to explore the

lower dimensional symmetries. The subset

ξµ
D(xν , zi) = ξµ(xν), ξi

D(xν , zj) = Λi
jz

j + λi(xν), (2.53)

of the eleven dimensional infinitesimal transformation parameters preserves the

ansatz (2.48) when used in (2.34) with D = 11. In (2.53) xν are the coordi-

nates on the D-dimensional spacetime while zi are the coordinates on the n-torus
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T n and Λi
j for i, j = 1, ..., n are real constant parameters. The infinitesimal pa-

rameters ξµ(xν) generate the D-dimensional coordinate transformations whereas

the infinitesimal parameters λi(xν) generate the U(1)-gauge invariance of the n

Kaluza-Klein potential fields Ai
(1). These two kinds of transformations are the lo-

cal symmetry transformations of the D-dimensional Lagrangian defined in (2.45).

The Λi
j transformations choosing ξµ(xν) = λi(xν) = 0 in (2.53) will generate a

global symmetry group of SL(n,R) for the D-dimensional Lagrangian. In order

to find the full set of the lower dimensional global symmetry transformations, one

should take a combination of the Λi
j transformations choosing ξµ(xν) = λi(xν) = 0

in (2.53) and the scaling symmetry transformations (2.36) of the eleven dimen-

sional Einstein field equations in a way that the combination of the transforma-

tions will leave the D-dimensional metric invariant. These transformations form

the full set of the global internal symmetry transformations of the D-dimensional

Lagrangian and they are nothing but the group GL(n,R). Thus the global sym-

metry group of the D-dimensional Lagrangian becomes GL(n,R) ∼ SL(n,R)×R

where the R factor is a result of mixing the eleven dimensional scaling symmetry.

One can find another combination of the eleven dimensional transformations Λi
j

and the eleven dimensional scaling symmetry to generate the D-dimensional scal-

ing symmetry of the D-dimensional field equations. These local and the global

symmetries of the fields coming from the reduction of the eleven dimensional met-

ric can also be extended to the fields coming from the reduction of the three-form

potential field of the eleven dimensional supergravity [20]. Thus we may expect

to extend the D-dimensional local and the global symmetries mentioned above
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to the entire Bosonic sector of the D-dimensional theory. This is a partially le-

gitimate expectation since although these symmetries exist we will see that there

are more mysterious symmetries of the dimensionally reduced theories.

The scalar sectors of the dimensionally reduced maximal supergravities are

important since one can show that if the scalar sector has a global symmetry then

this symmetry can be extended to the entire Lagrangian [20]. Therefore to detect

the global symmetries of the D-dimensional Lagrangian (2.45) it is sufficient to

study merely the scalar sector. However there is an ambiguity in the Kaluza-

Klein compactification of the D = 11 supergravity theory. As we discussed

above the dimensionally reduced theories inherit an internal global symmetry of

GL(n,R) from the eleven dimensional general coordinate transformations and

the scaling symmetry. However when one inspects the global internal symmetries

of the D-dimensional theories one finds bigger symmetry groups than GL(n,R)

in each dimension. This denotes that there is a hidden symmetry scheme of the

D = 11 supergravity containing the metric and the three-form potential field.

We will study the scalar Lagrangians and their symmetries for each dimension

for revealing the global internal symmetries of the maximal supergravities as well

as for presenting the non-linear nature of the scalar sectors which will be the

main reference point when we consider the dualisation to extend these non-linear

sigma model constructions to the entire Bosonic sector.

If one reduces the D = 11 supergravity on S1 one obtains the IIA supergravity

[2, 3, 4] which is the low energy effective limit of the type IIA string theory and
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whose Bosonic Lagrangian can be written from (2.45) as

LIIA = R ∗ 1− 1

2
∗ dφ ∧ dφ− 1

2
e−

1
2
φ ∗ F(4) ∧ F(4)

− 1

2
eφ ∗ F(3) ∧ F(3) − 1

2
e−

3
2
φ ∗ F(2) ∧ F(2) +

1

2
dA(3) ∧ dA(3) ∧ A(2). (2.54)

The global internal symmetry group of the IIA Lagrangian is O(1, 1).

Before giving the general scalar Lagrangian structures we will take a look at

the so-called dilaton-axion system of the ten dimensional IIB supergravity theory

[5, 6, 7] which is the low energy effective limit of the type IIB string theory.

The IIB supergravity theory is not a Kaluza-Klein descendant of the D = 11

supergravity. The covariant field equations of the IIB supergravity theory can

not be derived from a simple covariant Lagrangian due to the presence of a self-

dual 5-form field strength, the complete Bosonic field equations can be found

in [19]. However one can construct a Lagrangian for the IIB supergravity by

increasing the degrees of freedom and by removing the self duality condition on

the five-form field, then one can construct a doubled Lagrangian which contains

the extra degrees of freedom. Solving the field equations and truncating the

extra degrees of freedom by imposing the self-duality as a consistent constraint

will lead to the original Bosonic equations of motion of the IIB supergravity [10].

The scalar sector of the IIB supergravity contains two scalar fields, the dilaton φ

and the axion χ and their field equations can be obtained from the Lagrangian

L = −1

2
∗ dφ ∧ dφ− 1

2
e2φ ∗ dχ ∧ dχ. (2.55)
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This scalar Lagrangian is called the dilaton-axion system which has a more general

notion than being just the scalar sector of the IIB supergravity, we will also

encounter with it in other theories, thus we will consider it as a separate system

in D-dimensions to reveal its non-linear sigma model construction. Now if we

define the complex scalar field τ = χ+ie−φ, then the scalar Lagrangian functional

in (2.55) becomes

L = −1

2
(∂φ)2 − 1

2
e2φ(∂χ)2

= − ∂τ · ∂−τ
2(Im(τ))2

. (2.56)

One can show that [20] the Lagrangian (2.56) is invariant under the transforma-

tion

τ −→ aτ + b

cτ + d
, (2.57)

where a, b, c, d are constants which satisfy

ad− bc = 1. (2.58)

If we define the matrix

Λ =




a b

c d


 , (2.59)

then the condition (2.58) becomes detΛ = 1 so as a result the global symmetry

group of the dilaton-axion system (2.55) becomes SL(2,R). If we consider the
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action (2.57) directly on the dilaton φ and the axion χ then we have

eφ −→ eφ′ = (cχ + d)2eφ + c2e−φ,

(2.60)

χeφ −→ χ′eφ′ = (aχ + b)(cχ + d)eφ + ace−φ,

we see that SL(2,R) acts non-linearly on the scalars. The Lie algebra of SL(2,R)

namely sl(2,R) is isomorphic to su(2) and it has three generators {H, E+, E−}

so its Cartan subalgebras are one dimensional (we will give a detailed covering

of the Lie algebras in the next chapter) and there is one positive root and one

negative root. Therefore the Borel subalgebra is generated by two generators

{H, E+} and they satisfy the commutation relation [H,E+] = 2E+. For sl(2,R)

one can choose the following representation

H =




1 0

0 −1


 , E+ =




0 1

0 0


 , E− =




0 0

1 0


 . (2.61)

We will consider the map ν(x)

ν = e
1
2
φHeχE+ =




e
1
2
φ χe

1
2
φ

0 e−
1
2
φ


 , (2.62)

which is from the D-dimensional spacetime into the group SL(2,R) and we will

define the matrix

M = νT ν =




eφ χeφ

χeφ e−φ + χ2eφ


 . (2.63)

Now we can express the Lagrangian (2.55) in terms of M as

L =
1

4
tr(∗dM−1 ∧ dM). (2.64)
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If we consider the map ν(x), then the action of SL(2,R) on the scalar fields which

is given in (2.60) can be realized on ν(x) as

ν ′ = ∆(x)νΛ, (2.65)

where Λ ∈ SL(2,R) as defined in (2.59) and ∆(x) ∈ O(2) which, for a specific

choice of the matrix Λ in (2.59) explicitly can be given as

∆ = (c2 + e2φ(cχ + a)2)−1/2




eφ(cχ + a) c

−c eφ(cχ + a)


 . (2.66)

Notice that the group O(2) is a subgroup of SL(2,R). We see that ∆(x) depends

on the D-dimensional spacetime coordinates and it is a local compensation factor

to regularize the global (non-coordinate dependent) SL(2,R) action from the

right in (2.65). Basically this compensation is necessary so that the transformed

map ν ′ can be still written in the form of the so-called Borel gauge (2.62) in

terms of the transformed scalar fields in (2.60). The possibility of finding such

a compensating factor so that one can define the map ν(x) and by defining the

action of SL(2,R) on it one can construct a Lagrangian in terms of it, is a direct

consequence of the Iwasawa decomposition [10, 20] which we will study in detail in

the next chapter where we also reveal the geometrical and the algebraical details

of the Borel gauge. Furthermore we can show that under the transformation

(2.65), M transforms as

M−→M′ = ΛTMΛ. (2.67)

This way of constructing the scalar Lagrangian teaches us the non-linear sigma

model (precisely speaking, the symmetric space sigma model) nature of the scalars
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[14]. This construction also denotes that [20] the scalar fields parameterize a

manifold (each scalar field can be thought of the parametrization of a coordinate

in Rm for some m which implies that the scalar fields obey some constraint

equations which are the defining equations of the scalar manifold in Rm, [21])

which is the coset space SL(2,R)/O(2) and which is a symmetric space. As it

will be clear in the following chapter, this manifold can also be considered as

SL(2,R)/SO(2). The scalar sectors of all the maximal supergravities and the

supergravities which are the Kaluza-Klein descendants of the ten dimensional

simple supergravity coupled to N Abelian gauge multiplets [21] share the same

symmetric space sigma model structure with various global G and the local K

transformation groups and the G/K scalar coset manifolds. In all of these scalar

cosets K is the maximal compact subgroup of G. As we will study in detail in

the next chapter, although the maximal supergravity global symmetry groups G

fall into a special class of Lie groups namely the split real forms, the descendants

of the ten dimensional simple supergravity which is coupled to N Abelian gauge

multiplets have a more general class of global symmetry groups G which are in

general the non-compact real forms. Thus we can make use of the Borel gauge

for the first set while the more general solvable Lie algebra gauge must be used

for the second.

The dilaton-axion system which is the scalar sector of the IIB supergravity

as we have discussed above appears in many supergravities in a way that after

certain field redefinitions two scalars can be decoupled from the rest of the scalar

Lagrangian and their contribution to the scalar Lagrangian can be formulated as
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(2.55). One also encounters the SL(2,R)/O(2) scalar coset manifold in general

when one reduces the (D + 2)-dimensional pure gravity on T 2. It can be shown

that when the (D + 2)-dimensional Einstein-Hilbert Lagrangian is written in the

form

L(D+2) = LD ∧ dz1 ∧ dz2, (2.68)

by using the Kaluza-Klein ansatz (2.2) after two S1-reduction steps then the

D-dimensional Lagrangian becomes

LD = R ∗ 1− 1

2
∗ dϕ ∧ dϕ− 1

2
∗ dφ ∧ dφ− 1

2
e(φ+qϕ) ∗ F1

(2) ∧ F1
(2)

− 1

2
e(−φ+qϕ) ∗ F2

(2) ∧ F2
(2) −

1

2
e2φ ∗ dχ ∧ dχ, (2.69)

where q =
√

D/(D − 2) after defining new dilatons φ, ϕ from the original Kaluza-

Klein ones φ1, φ2 by performing an orthogonal transformation on them [20]. The

field strengths above are defined in terms of the potentials as

F1
(2) = dA1

(1) − dχ ∧ A2
(1), F2

(2) = dA2
(1). (2.70)

It is apparent that the scalar sector of (2.69) contains one scalar ϕ decoupled

from the other two scalar fields φ and χ which form a dilaton-axion system. The

decoupled scalar ϕ has a global internal constant shift symmetry ϕ −→ ϕ + c

which can be extended to the other fields and the dilaton-axion system has the

SL(2,R) global internal symmetry whose action can also be defined on the other

fields to leave the entire Bosonic Lagrangian invariant. Thus the scalar sector of

(2.69) has the group SL(2,R)×R as its global internal symmetry group. It is also
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the global internal symmetry of the entire Bosonic Lagrangian, there is also the

scaling symmetry of the D-dimensional equations of motion. We have mentioned

that the global internal symmetry group of the scalar sector can be extended to

the other fields (leaving the D-dimensional metric inert). For the SL(2,R) case

if we introduce a new potential A′1
(1) by the definition A1

(1) = A′1
(1) +χA2

(1) instead

of A1
(1) then from (2.70) we have

F1
(2) = dA′1

(1) + χdA2
(1). (2.71)

The SL(2,R) action which is the global symmetry of the Lagrangian (2.69) acts

on the potentials A′1
(1) and A2

(1) as



A2

(1)

A′1
(1)


 −→ (ΛT )−1



A2

(1)

A′1
(1)


 , (2.72)

where Λ ∈ SL(2,R). We observe that the group SL(2,R) has a non-linear action

(2.60) on the dilaton φ and the axion χ while it has a linear action (2.72) on the

Kaluza-Klein potentials.

We have given the details of the dilaton-axion system. The scalar sectors

of the maximal supergravities which are the Kaluza-Klein descendants of the

D = 11 supergravity exhibit similar structures whose mainline have the common

construction pattern we have given for the SL(2,R)/O(2) scalar coset. We will

present the resulting scalar cosets without going into the details of the field re-

definitions [20] which are used to simplify the construction of the corresponding

scalar Lagrangian in each dimension.

We will give a formal construction of the Lie algebra structures and the
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parametrization of the general scalar cosets in the next chapter. However we

should mention about how the Lie algebra structure of the global symmetry

group G can be identified from the dimensionally reduced Lagrangian (2.45) for

the Kaluza-Klein reduction of the D = 11 supergravity for n > 1. First of all

we should state that the dilaton vectors
→
b ij and

→
a ijk which are defined in (2.46)

and which are associated with the kinetic terms of the field strengths of the ax-

ions Ai
(0)j and A(0)ijk in (2.45) can be identified as the representatives of the

positive roots of the Lie algebra of the global symmetry group G under some

representation for each dimension [10]. Their negatives are the representatives

of the negative roots so that we have the complete root system of G from the

Lagrangian (2.45). The number of the dilatons
→
φ is equal to the dimension of the

Cartan subalgebra of the Lie algebra of G which is equal to n. If one considers the

Cartan subalgebra generators {Hi} which in vector notation we will also denote

by
→
H and which are associated with the dilatons

→
φ then the representation of the

roots {αi} as we have mentioned above namely αi ≡ (αi(H1), αi(H2), ..., αi(Hn))

fixes the choice of the Cartan subalgebra of the Lie algebra of G and the basis
→
H.

We also have the positive and the negative root generators which are associated

with the positive and the negative roots. In the next chapter we will see that the

Cartan generators, the positive and the negative root generators form a basis to

span the Lie algebra of G. Since the Borel gauge is used to parameterize the scalar

coset G/K in each dimension we are only interested in the positive root genera-

tors which we denote by Ei
j and Eijk where the indices are 1 ≤ i < j < k ≤ n.

The representative root vectors are more precisely defined from the commutation
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relations,

[Hi, Eαj
] = αj(Hi)Eαj

, (2.73)

where Eαj
is the positive or the negative root generator associated with the posi-

tive or the negative root αj. If the first non-zero component of the representative

of the root is a positive number then the root is called positive and if it is negative

then it is called negative. The simple roots which form a subset of the positive

roots and which constitute a basis for the dual space of the Cartan subalgebra of

the Lie algebra of G can be given as

→
b i,i+1 for 1 ≤ i ≤ n− 1 and

→
a123. (2.74)

It can be shown that all the other roots can be written as sums of these roots

with integer coefficients. Since all the roots have the same length within the

representation, the global symmetry groups we encounter in the Kaluza-Klein

reduction of the D = 11 supergravity are simply-laced. We may give the Dynkin

diagram representation of these groups by using the simple roots as

→
b 12

→
b 23

→
b 34

→
b (n−1)n

◦ − ◦ − ◦ · · · ◦

|

◦ →
a123 (2.75)

We observe that for n = 2, the only simple root we have is
→
b 12 and we have

two Cartan generators, one of them generates the constant shift symmetry R

of the decoupled dilaton. Thus for the case n = 2, the Dynkin diagram (2.75)
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generates the Lie algebra of GL(2,R) ∼ SL(2,R)× R which becomes the global

internal symmetry group of the nine dimensional reduced theory. We have seen

before that in the Kaluza-Klein reduction on T 2, one dilaton is decoupled from

the other two scalars which form up a dilaton-axion system. The R factor comes

from the constant shift symmetry of the decoupled dilaton and SL(2,R) is the

global symmetry of the dilaton-axion system. Thus the scalar coset manifold of

the D = 9 maximal supergravity becomes

GL(2,R)

O(2)
. (2.76)

For n = 3 the simple roots are (
→
b 12,

→
b 23,

→
a123) and the global internal symmetry

group of the scalars and the D = 8 Bosonic Lagrangian can be identified as

SL(3,R) × SL(2,R) from the Dynkin diagram (2.75). One can start from the

dimensionally reduced D = 8 Lagrangian (2.45) for n = 3 then after suitable

scalar redefinitions, two scalar fields A(0)123, φ1 which form a dilaton-axion system

can be decoupled from the rest of the scalar Lagrangian and the remaining scalar

sector can be constructed in the form of the Lagrangian (2.64) where in this case

ν(x) is a parametrization of the scalar coset manifold SL(3,R)/O(3). On the

other hand there will also be a contribution to the total scalar coset and the

global internal symmetry group from the dilaton-axion system. The particular

representation for the Cartan and the positive root generators of SL(3,R) and the

explicit construction of the SL(3,R)-invariant part of the total scalar Lagrangian

can be referred in [20]. Therefore for n = 3 the scalar coset manifold becomes

SL(3,R)

O(3)
× SL(2,R)

O(2)
. (2.77)
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We might also choose the identity components of O(2) and O(3) instead. Since for

the n = 3 case we make a transformation on the dilatons while leaving the axions

unchanged to decouple two scalar fields from the rest, the coupling coefficients

of the transformed dilatons in the eight dimensional scalar Lagrangian (2.45) are

changed. Thus the eight dimensional dilaton vectors are modified as

→
b 12 = (0, 1,

√
3),

→
b 23 = (0, 1,−

√
3),

→
b 13 = (0, 2, 0),

→
a123 = (2, 0, 0). (2.78)

If we neglect the dilaton φ1 which is coupled to A(0)123 to form a dilaton-axion

system then we are left with two dilatons (φ2, φ3) and from (2.78) we have their

restricted dilaton vectors

→
b′12 = (1,

√
3),

→
b′23 = (1,−

√
3),

→
b′13 = (2, 0). (2.79)

The part of the eight dimensional scalar Lagrangian which governs the dilatons

→
φ′ = (φ2, φ3) and the axions Ai

(0)j can now be given as

L = −1

2
∗ d

→
φ′ ∧ d

→
φ′ − 1

2

∑
i<j

e
→
b′ ij ·

→
φ′ ∗ F i

(1)j ∧ F i
(1)j. (2.80)

We observe that this Lagrangian is invariant under the action of the global sym-

metry group SL(3,R). For n = 4 the simple roots are (
→
b 12,

→
b 23,

→
b 34,

→
a123) and

from the Dynkin diagram the global internal symmetry group of the D = 7

maximal supergravity becomes SL(5,R). The scalar coset manifold is

SL(5,R)

SO(5)
, (2.81)

where the denominator group can again be chosen as either O(5) or SO(5).

The simple roots of the six dimensional maximal supergravity for n = 5 are
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(
→
b 12,

→
b 23,

→
b 34,

→
b 45,

→
a123) and the Dynkin diagram for n = 5 corresponds to the

Lie algebra of the global internal symmetry group O(5, 5). The scalar coset man-

ifold in this case becomes

O(5, 5)

O(5)×O(5)
. (2.82)

For 1 < n ≤ 5, the commutation relations of the n Cartan generators
→
H and the

positive root generators Ei
j for 1 ≤ i < j ≤ n and Eijk for 1 ≤ i < j < k ≤ n are

[Eijk, Elmn] = 0 , [
→
H,Ej

i ] =
→
b ijE

j
i , [

→
H,Eijk] =

→
a ijkE

ijk, no sum,

[Ej
i , E

l
k] = δj

kE
l
i − δl

iE
j
k , [Em

l , Eijk] = −3δ
[i
l E|m|jk]. (2.83)

In (2.83) if we omit the generators Eijk then the commutation relations of
→
H

and Ej
i generate the gl(n,R) subalgebra of the corresponding Lie algebra of the

global internal symmetry group G in each dimension. This can also be seen from

the Dynkin diagram (2.75), if one omits the simple root
→
a123 which is associated

with the positive root generator E123 then the remaining portion of the Dynkin

diagram corresponds to gl(n,R) in each dimension. This is an expected result

since the generators
→
H and Ej

i are associated with the fields
→
φ and Ai

(0)j which

originate from the dimensional reduction of the pure gravity, thus as we have

mentioned before there will be an SL(n,R) global internal symmetry of the lower

dimensional theory which is a descendant of the eleven dimensional coordinate

covariance of the D = 11 supergravity and an additional R global symmetry which

is a contribution from mixing the scaling symmetries of the eleven dimensional

Einstein equations to the eleven dimensional coordinate transformations, thus
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our expectation of a full global symmetry of GL(n,R) ∼ SL(n,R) × R of the

fields generated by the D = 11 pure gravity is justified. The extra R factor in

GL(n,R) can not be directly seen from the Dynkin diagram since although the

simple root systems of GL(n,R) and SL(n,R) are the same they have n and

(n − 1) Cartan generators respectively thus as we have n Cartan generators for

each dimension D = 11−n, we have the sub- GL(n,R) global internal symmetry

group embedded in the commutation relations (2.83) and the Dynkin diagram

(2.75) where we observe that there is a greater global internal symmetry group

as a result of a mixture symmetry of the eleven dimensional metric and the

extra degree of freedom, A(3) of the D = 11 supergravity. For the dimensions

D = 9, 8, 7, 6, the parametrization of the corresponding total scalar coset can be

given by the coset representative

ν = e
1
2

→
φ ·
→
H(

∏
i<j

eA
i
(0)j

Ej
i )exp(

∑

i<j<k

A(0)ijkE
ijk), (2.84)

where in the product the ordering of the factors are in anti-lexigraphical order

(· · · (24)(23) · · · (14)(13)(12)) [10, 20]. If one defines the map M = νT ν whose

image values are also group elements in a fundamental representation of the Lie

algebra of the global internal symmetry group G in the corresponding dimension

then the scalar Lagrangian can be expressed as (2.64). One can also show that,

when one transforms the scalar fields under the action of the global internal

symmetry group in each dimension the action on the coset representative (2.84)

must be in the form

ν ′ = ∆(x)νΛ, (2.85)
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where Λ ∈ G and the coordinate-dependent ∆(x) ∈ K, the denominator group

of the scalar coset manifold which is also the maximal compact subgroup of G.

The transformation (2.67) is also valid for all the dimensions.

For the reductions when n > 5 we have an additional point to mention. We

have already assumed that the simple roots are given as in (2.74) for all of the

reductions on T n tori. When we reduce the D = 11 supergravity on n torus

we get 1
2
n(n − 1) axions, Ai

(0)j and also 1
6
n(n − 1)(n − 2) axions, A(0)ijk. Thus

for n = (2, 3, 4, 5, 6, 7, 8) we have (1, 4, 10, 20, 35, 56, 84) axions in total, however

when one counts the positive roots of the global internal symmetry groups whose

Dynkin diagrams are given in (2.75) they yield (1, 4, 10, 20, 36, 63, 120) for the n

values (2, 3, 4, 5, 6, 7, 8) respectively. We see that there is a mismatch starting

from n = 6. At fist glance we observe that the number of the axionic scalars is

not enough to generate the positive roots of the global internal symmetry groups

we propose in (2.75) (we assign the positive roots to the above mentioned axionic

scalars in one to one correspondence). The ambiguity is resolved when we realize

that for the reductions n > 5 one may handle field redefinitions and use the

higher order fields to define new axionic scalar fields [10, 20] by using Lagrange

multiplier methods. This general method of replacing the original field with a

Lagrange multiplier field is called the dualisation method.

For the case n = 6 when the reduced theory is the D = 5 maximal supergrav-

ity, we have one missing scalar field from the counting above. In this dimension if

we consider the Hodge-dual of the field strength of the three-form potential A(3)

we get a one-form field and one can reformulate the total Lagrangian in terms
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of this one-form field strength instead of the field strength of A(3) so that its

potential can be interpreted as an additionally defined scalar field which is the

Lagrange multiplier indeed. For the case when n = 7 in D = 4, there are seven

two-form potentials A(2)i, when one rebuilds the entire Lagrangian in terms of

the Hodge-duals of the field strengths of these two-form potentials by introduc-

ing Lagrange multipliers, one replaces the A(2)i terms with the ones consisting

of one-form field strengths which again can be interpreted as the field strengths

of the new scalar fields which are the Lagrange multipliers themselves. Finally

for the case when n = 8 in D = 3 we have 28 A(1)ij potential fields as well as

8 Ai
(1) potentials. Similarly by making field redefinitions and by using Lagrange

multipliers when we construct an equivalent D = 3 Bosonic Lagrangian in terms

of the Hodge-duals of the field strengths of these potentials we get terms coming

from 36 one-form fields which can be interpreted as the kinetic terms of the field

strengths of newly defined scalars which are also Lagrange multipliers.

As a starting point to show how one dualize a higher dimensional potential field

to formulate a Bosonic Lagrangian in terms of the field strength of a newly defined

scalar which is a Lagrange multiplier, we will consider the situation in D = 5, [20]

which is the simplest case. The n = 7 and n = 8 cases have similar structures with

more degrees of freedom. In all of these formulations one basically considers the

Bianchi identities of the field strengths of the corresponding potentials defined

in (2.50) as constraint equations and introduces new scalar fields as Lagrange

multipliers then one constructs an extended dualized Lagrangian by adding the

Bianchi terms which couple the Lagrange multipliers to the Bianchi identities. If
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we return to the D = 5 case, from (2.50) we have

F(4) = F̃(4) − γi
jF̃(3)i ∧ Aj

(1) +
1

2
γi

kγ
j
lF̃(2)ij ∧ Ak

(1) ∧ Al
(1)

− 1

6
γi

lγ
j
mγk

nF̃(1)ijk ∧ Al
(1) ∧ Am

(1) ∧ An
(1). (2.86)

We will treat F(4) as a fundamental field and use its Bianchi identity to extend

the original D = 5 Lagrangian (2.45) by introducing a scalar field as a Lagrange

multiplier. The Bianchi identity for the field strength F(4) is obtained by taking

the exterior derivative of (2.86) and it becomes dF(4) = 0 + f where f comes

from taking the exterior derivative of the rest of the terms in (2.86) except the

first term which gives zero [10]. The Lagrange multiplier χ will be a zero degree

scalar field since the degree of the field strength of the Lagrange multiplier and

the degree of the field strength F(4) must sum up to D = 5. Thus we will add

a term of −χ(dF(4) − f) to the D = 5 Lagrangian (2.45) and if we consider the

extended Lagrangian

L′(5) = L(5) − χ(dF(4) − f), (2.87)

in addition with the Bianchi identity dF(4) − f = 0 which becomes the con-

straint equation, we get an equivalent system since although we have increased

the degrees of freedom by introducing a new scalar field, its equation of motion

is nothing but the original Bianchi identity which acts as a compensating and

consistent constraint equation. We will not in detail give the explicit calculations

but we will only present the resulting Lagrangian containing the field strength

F(4) so that we may formulate it in terms of the field strength of χ.
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We may show that [10, 20] the terms in (2.87) which contain the field strength

F(4) can be given as

L′(5)(F(4)) = −1

2
e
→
a ·
→
φ ∗F(4)∧F(4)− 1

72
A(0)ijkdA(0)lmn∧F(4)ε

ijklmn−χdF(4), (2.88)

where the origin of the second term is the D = 5 LFFA in (2.52). If we vary (2.87)

with respect to χ we regain the Bianchi identity of F(4). On the other hand if

we vary (2.87) or (2.88) with respect to F(4) then we obtain the purely algebraic

first-order equation of motion for F(4) as

e
→
a ·
→
φ ∗ F(4) = dχ− 1

72
A(0)ijkdA(0)lmnε

ijklmn. (2.89)

If we define the right hand side of this equation as the field strength

G(1) = dχ− 1

72
A(0)ijkdA(0)lmnε

ijklmn, (2.90)

of χ which is our Lagrange multiplier scalar field then in the Lagrangian (2.87)

and (2.88) we can eliminate the field strength F(4) in terms of the field strength

G(1) resulting

L′(5)(F4 → G(1)) = −1

2
e−

→
a ·
→
φ ∗G(1) ∧G(1), (2.91)

which corresponds to the kinetic term of χ. We may insert (2.91) back into

the dualized Lagrangian (2.87) so that we have a proper kinetic term of the

additional scalar χ replacing the terms containing F(4). Thus we have constructed

an equivalent, dualized theory in which the role of the potential A(3) is exchanged

with the Lagrange multiplier scalar potential χ while the rest of the Lagrangian

(2.87) is unchanged. To summarize; we have introduced the Bianchi identity
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dF(4)− f = 0 and constructed the dualized Lagrangian (2.87) by considering F(4)

as an independent field and then we have eliminated the terms containing F(4)

by using the field strength of the Lagrange multiplier scalar field χ. The main

reason of why we have applied the dualisation method by defining a new Lagrange

multiplier scalar field and formulated an equivalent Lagrangian in terms of this

field is that we have obtained an enlarged scalar sector which we can formulate

as a symmetric space sigma model likewise we have done for the cases when

n < 6. The scalar coset manifold we obtain after this dualisation process is

called the maximal scalar coset since we may not introduce more scalar Lagrange

multipliers by dualizing other fields to enlarge it. The definition (2.90) is the

transgression relation of the scalar field χ. We will take the dilaton vector −→a

which couples to the dilatons in (2.91) as the representative of the additional

positive root to formulate the scalar sector as a symmetric space sigma model. It

can be shown that −→a can also be expressed in terms of the simple roots (2.74)

with integer coefficients. The next task is to introduce the extra positive root

generator J associated with χ and −→a in order to construct the maximal scalar

coset representative and the enlarged scalar Lagrangian as the symmetric space

sigma model Lagrangian. We have the extra commutation relations

[
→
H, J ] = −→aJ , [Ej

i , J ] = [Eijk, J ] = 0 , [Eijk, Elmn] = −εijklmnJ, (2.92)

which are additional to the ones,

[
→
H, Ej

i ] =
→
b ijE

j
i , [

→
H,Eijk] =

→
a ijkE

ijk, no sum,
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[Ej
i , E

l
k] = δj

kE
l
i − δl

iE
j
k , [Em

l , Eijk] = −3δ
[i
l E|m|jk], (2.93)

where the generators Ej
i , E

ijk are associated with the other positive roots
→
bij and

→
a ijk respectively and

→
H are the 6 Cartan generators. The above commutation

relations correspond to the Borel subalgebra of the the global internal symmetry

group E6(+6) which is the maximally non-compact real form of E6. This result is

consistent with (2.75) since the Dynkin diagram of E6(+6) corresponds to the one

in (2.75) when n = 6. The D = 5 enlarged scalar coset manifold becomes

E6(+6)

USp(8)
, (2.94)

where USp(8) is the intersection of SU(8) and Sp(8) and it is the maximal com-

pact subgroup of E6(+6). The coset representative for the D = 5 maximal scalar

coset manifold above can be constructed by using the Borel gauge as

ν = e
1
2

→
φ ·
→
H(

∏
i<j

eA
i
(0)j

Ej
i )exp(

∑

i<j<k

A(0)ijkE
ijk)eχJ , (2.95)

where we have added an extra factor of the exponentiation of the new axionic

scalar χ and the new positive root generator J to (2.84) which is the general coset

representative for n < 6.

The scalar Lagrangian of the D = 5 maximal supergravity, after the du-

alisation can be constructed from the above coset representative of the scalar

manifold. However we have to mention one generalization which is valid for all of

the three cases n = 6, 7, 8. We have previously defined the map M = νT ν from

the D-dimensional spacetime into the global internal symmetry group G by using

a fundamental representation of the Lie algebra of G to construct the general
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scalar Lagrangian (2.64). The transpose of ν can be used in M = νT ν because

as it will be clear in the following chapters, a more general notion, namely the

generalized transpose map # on G coincides with the ordinary matrix transpose

under the fundamental representations of the Lie algebras of the global symmetry

groups for n < 6. It will be possible to give a complete definition of this Lie group

operation after we discuss the symmetric spaces in the next chapter. The groups

we encounter in the Kaluza-Klein reduction of the D = 11 supergravity are max-

imally non-compact (split) real forms of semi-simple Lie groups. For such special

class of Lie groups we may define the generalized transpose # on a representation

of the global internal symmetry group, as a map which has the usual properties

of the matrix transpose (i.e. (AB)# = B#A#, (eA)# = eA#
) and which has the

action

# : (Eα, E−α, Hi) −→ (E−α, E+α, Hi), (2.96)

on the Cartan {Hi} and the positive and the negative root generators {Eα, E−α},

[10, 20, 43]. Therefore in general the scalar Lagrangian is based on the map

M = ν#ν and similar to the one for n < 6, it can be constructed as

L =
1

4
tr(∗dM−1 ∧ dM). (2.97)

For n = 7, when we reduce the D = 11 supergravity on T 7 we get the maximal

supergravity in D = 4. We may similarly dualize the seven A(2)i potentials to

write the dualized extended Lagrangian in terms of seven Lagrange multiplier

scalar fields χi. The field strengths of A(2)i are defined in (2.50) as

F(3)i = γj
iF̃(3)j + γj

iγ
k
lF̃(2)jk ∧ Al

(1) +
1

2
γj

iγ
k
mγl

nF̃(1)jkl ∧ Am
(1) ∧ An

(1). (2.98)
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Similar to the n = 6 case, we will again treat the field strengths F(3)i as fun-

damental fields and consider their Bianchi identities to construct the dualized

Lagrangian. If we define γ̃j
i = δ j

i + Aj
(0)i, the inverse matrix of γj

i which is de-

fined in (2.51), multiply (2.98) by γ̃j
i and then take the exterior derivative we

find the Bianchi identities as

d(γ̃i
kF(3)i) = 0. (2.99)

We will follow the standard procedure of the Lagrange multiplier method which

we have already used in D = 5. We may introduce seven Lagrange multipliers χi

and extend the D = 4, Bosonic Lagrangian (2.45) by adding the Bianchi terms

which are the couplings of the Lagrange multipliers χi and the Bianchi identities

(2.99). In the resulting dualised Lagrangian, the field strengths; F(3)i appear

to be fundamental fields since we cast their Bianchi identities into the modified

Lagrangian by introducing Lagrange multiplier scalar fields whose equations of

motion will be the corresponding Bianchi identities. The part of the D = 4

Lagrangian in (2.45) which contains the potentials A(2)i is

L4(F(3)i) = −1

2

7∑
i=1

e
→
a i·

→
φ ∗F(3)i∧F(3)i− 1

72
A(0)ijkdA(0)lmn∧dA(2)pε

ijklmnp, (2.100)

where we have modified the LFFA term coming from (2.52) by adding a total

derivative to the Lagrangian. After a couple of steps basically, by applying the

integration by parts one may show that the part of the Lagrangian that is modified

by the Bianchi terms, which contains the field strengths F(3)i is [10]

L′4(F(3)i) = −1

2

7∑
i=1

e
→
a i·

→
φ ∗ F(3)i ∧ F(3)i
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− 1

72
A(0)ijkdA(0)lmn ∧ γ̃q

pF(3)qε
ijklmnp − dχi ∧ γ̃j

i F(3)j. (2.101)

If we vary (2.101) with respect to F(3)i we find the algebraic equations of motion

for F(3)i

F(3)i = e−
→
a i·

→
φ ∗Gi

(1), (2.102)

where we have defined the field strengths Gi
(1) of the Lagrange multiplier scalar

fields χi as

Gi
(1) = γ̃i

j(dχj +
1

72
A(0)klmdA(0)npqε

jklmnpq). (2.103)

Thus we may express the F(3)i terms in terms of the field strengths Gi
(1) in (2.101)

to formulate it as

L′4(F(3)i → Gi
(1)) = −1

2

7∑
i=1

e−
→
a i·

→
φ ∗Gi

(1) ∧Gi
(1). (2.104)

This Lagrangian may be inserted back into the total D = 4 Lagrangian which

is modified by the Bianchi terms to yield an equivalent Lagrangian in which the

role of F(3)i are exchanged with the field strengths, Gi
(1) of the seven Lagrange

multiplier scalars χi. Thus we have obtained an equivalent F(3)i free formulation

where the contribution from the fields F(3)i is governed implicitly by the Lagrange

multiplier scalar fields χi. We have an enlarged scalar field content and the scalar

sector Lagrangian can now be constructed as the symmetric space sigma model

Lagrangian (2.97). We take the dilaton vectors −→a i which couple to the dilatons

in the kinetic terms of the field strengths Gi
(1) in (2.104) as the extra positive

root vectors we need to formulate the enlarged scalar sector as a symmetric space
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sigma model whose global internal symmetry group we have foreseen by defining

the simple roots and by constructing the Dynkin diagram in (2.75). Next we

introduce the extra positive root generators Ji associated with the positive roots

−→a i. It can be shown that −→a i can also be written in terms of the simple

roots (2.74) with integer coefficients. In addition to the dimension-independent

commutation relations (2.93) we have the extra commutation relations

[
→
H, Ji] = −→a iJi , [Ek

j , Ji] = δk
i Jj , [Eijk, Jm] = 0,

[Eijk, Elmn] = εijklmnpJp. (2.105)

We should remind the reader that we keep the generators Ej
i and Eijk which are

associated with the other positive roots
→
b ij and

→
a ijk, respectively, and

→
H are the

7 Cartan generators.

We observe that the commutation relations (2.93) and (2.105) define the Borel

subalgebra of E7(+7) which is the maximally non-compact real form of E7. Thus

the global internal symmetry group is E7(+7) and the maximal scalar coset man-

ifold in four dimensions becomes

E7(+7)

SU(8)
, (2.106)

where the denominator group SU(8) is the maximal compact subgroup of E7(+7).

The coset representative of the enlarged scalar coset manifold in four dimensions

can now be given as

ν = e
1
2

→
φ ·
→
H(

∏
i<j

eA
i
(0)j

Ej
i )exp(

∑

i<j<k

A(0)ijkE
ijk)eχiJi , (2.107)
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where we have used the Borel gauge. Once more we observe that in the four

dimensional scalar coset representative there is an extra factor from the right to

the original coset representative (2.84) for n < 6. Finally the scalar Lagrangian

for the D = 4 enlarged set of scalars can be formulated as (2.97), based on the

coset representative map (2.107) by using the generalized transpose # and by

constructing M = ν#ν as we have mentioned before.

When we consider the last Kaluza-Klein reduction of the D = 11 supergravity

which is over T 8, we have to dualize 8 two-forms F i
(2) and 28 two-forms F(2)ij

to obtain the necessary scalar fields in order to formulate the enlarged scalar

Lagrangian as a symmetric space sigma model. The part of the D = 3 Lagrangian

(2.45) which contains these field strengths is

L3(F(2)ij,F i
(2)) = −1

2

∑
i

e
→
b i·

→
φ ∗ F i

(2) ∧ F i
(2) −

1

2

∑
i<j

e
→
a ij ·

→
φ ∗ F(2)ij ∧ F(2)ij

− 1

144
F̃(1)ijk ∧ F̃(1)lmn ∧ A(1)pqε

ijklmnpq. (2.108)

Following the same path we performed for the n = 6, 7 cases, first we have to

construct the Bianchi identities. From (2.50) we have

F(2)ij = γk
iγ

l
jF̃(2)kl − γk

iγ
l
jγ

m
n F̃(1)klm ∧ An

(1),

F i
(2) = F̃ i

(2) − γj
kF̃ i

(1)j ∧ Ak
(1). (2.109)

One can show that, [10] by multiplying the first field strengths F(2)ij with γ̃i
pγ̃

j
q

and the second ones F i
(2) with γj

i and then by taking the exterior derivative of
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the results, the Bianchi identities become

d(γ̃i
pγ̃

j
qF(2)ij − A(0)pqmγm

n Fn
(2)) = 0,

d(γj
iF i

(2)) = 0. (2.110)

By introducing 8 scalars λi and another 28 scalar fields λij as Lagrange multipliers

and by coupling them to (2.110), we may construct the Bianchi terms which will

be added to the D = 3 Lagrangian in (2.45). As usual if we vary the dualized

Lagrangian with respect to λi and λij we regain the Bianchi identities (2.110).

When we vary the part of the dualized Lagrangian which contains F(2)ij and F i
(2)

(namely which is the Lagrangian (2.108) with the addition of the Bianchi terms

coming from (2.110)) with respect to F(2)ij and F i
(2) we get the purely algebraic

equations of motion for F(2)ij and F i
(2) in terms of the Lagrange multiplier scalars

λi and λij. As we have done before we may define the field strengths G(1)i, Gij
(1)

of the scalars λi and λij from these algebraic equations of motion. Then we can

express the dualized Lagrangian in terms of these field strengths. The part of the

dualized Lagrangian which contains F(2)ij and F i
(2) then becomes

L′3(F(2)ij → Gij
(1),F i

(2) → G(1)i) = −1

2

∑
i

e−
→
b i·

→
φ ∗G(1)i ∧G(1)i

− 1

2

∑
i<j

e−
→
a ij ·

→
φ ∗Gij

(1) ∧Gij
(1), (2.111)

where the field strengths G(1)i and Gij
(1) are defined as

G(1)i = γj
i (dλj − 1

2
A(0)jkldλkl − 1

432
dA(0)klmA(0)npqA(0)rsjε

klmnpqrs),
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Gij
(1) = γ̃i

kγ̃
j
l (dλkl +

1

72
dA(0)mnpA(0)qrsε

klmnpqrs). (2.112)

The dilaton vectors −
→
b i and −→a ij which are coupled to the dilatons in the kinetic

terms of G(1)i and Gij
(1) in (2.111) will be taken as the additional positive root

vectors beside the original ones,
→
b ij and

→
a ijk. We may show that −

→
b i and

−→a ij can also be expressed in terms of the simple roots in (2.74) with integer

coefficients. The corresponding positive root generators will be denoted as J i

and Jij. There are 8 + 28 = 36 of them. Apart from the dimension-independent

commutation relations in (2.93) we have the additional commutation relations

[
→
H, Jij] = −→a ijJij, [

→
H, J i] = −

→
b iJ

i, [Ej
i , Jkl] = −2δj

[kJl]i,

[Ej
i , Jk] = −δk

i J
j, [Eijk, Jlm] = −6δ

[i
[lδ

j
m]J

k], [Eijk, Jl] = 0,

[Eijk, Elmn] = −1

2
εijklmnpqJpq, (2.113)

where again Ej
i , Eijk are associated with the other positive roots

→
b ij and

→
a ijk

respectively and
→
H are the 8 Cartan generators. The commutation relations

(2.93) and (2.113) define the Borel subalgebra of E8(+8) which is the maximally

non-compact real form of E8. The global internal symmetry group becomes E8(+8)

and after dualisation the D = 3 enlarged scalar coset manifold becomes

E8(+8)

SO(16)
, (2.114)
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where the denominator group SO(16) is the maximal compact subgroup of E8(+8).

The coset representative of the enlarged scalar coset manifold in three dimensions

can be given as

ν = e
1
2

→
φ ·
→
H(

∏
i<j

eA
i
(0)j

Ej
i )exp(

∑

i<j<k

A(0)ijkE
ijk)eλiJ

i

e
1
2
λijJij , (2.115)

where we have used the Borel gauge. There are two extra factors from the right

to the original coset representative (2.84) for n < 6. The scalar Lagrangian for

the D = 3 enlarged scalar sector can be given as (2.97), by using the generalized

transpose # and constructing M = ν#ν where ν is defined as (2.115).

In all of the dualized cases for n = 6, 7, 8 with the maximal scalar coset

manifolds G/K, one can show that the coset representatives again are transformed

as; ν −→ ∆(x)νΛ upon the direct global action of the global internal symmetry

groups on the scalars in each dimension. Here ∆(x) ∈ K corresponds to the local

action of the maximal compact denominator subgroup K which is a compensator

to keep the coset representative in the Borel gauge when it is transformed globally

(rigidly) by Λ from the right so that the transformed coset representative ν ′ can

legitimately be generated by the transformed set of scalars. We can not omit ∆(x)

since then the transformation of ν(x) by Λ from the right can not correspond to

a transformation on the scalars which is the basic transformation. For each Λ

the existence of ∆(x) is ensured as a result of the Iwasawa decomposition which

we have already referred to and will discuss in detail in the following chapters.

Similarly the symmetry scheme for n < 6, the global internal symmetry group

G can be extended to the entire Bosonic sector by defining the action on the
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other fields for the cases n = 6, 7, 8. As a final remark we are denoting the global

symmetry groups for n ≥ 6 as En(+n) [20] in order to emphasize that they are the

maximally non-compact (split) real forms of En having n non-compact generators

which are the Cartan generators. We will come back to this point and analyze

the real forms and the compactness in detail in the next chapter.

2.3 The Abelian Yang-Mills Supergravities

In this section we will focus on the Kaluza-Klein reduction on the Euclidean

torus T 10−D of the Bosonic sector of the ten dimensional simple N = 1, super-

gravity which is coupled to N Abelian gauge multiplets [21]. We have given the

details of the S1-reductions of the metric and the other fields in section 2.1, sim-

ilar to the Kaluza-Klein reduction of the D = 11 supergravity we may reduce

the ten dimensional simple supergravity which is coupled to N Abelian gauge

multiplets step by step to the lower dimensions. We will not go into the details

of the reduction steps but again our main concern will be the structure of the

scalar cosets which appear in each dimension upon the dimensional reduction

of the basic fields in the ten dimensional theory. The scalar cosets of the lower

dimensional theories can again be formulated as the non-linear sigma models,

more specifically as the symmetric space sigma models. The study of the scalar

cosets is useful in two ways; first they exhibit a nature of non-linear sigma model

which we will extend to the entire Bosonic sector later, second as we have done

previously, one needs to apply dualisations in certain dimensions to construct the

scalar cosets as symmetric space sigma models and such a partial dualisation will
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be the main perspective of the complete dualisations of the supergravity theories.

As we have already discussed, the global symmetry of the scalar Lagrangian can

be extended to the entire Bosonic sector of the theory. The scalar cosets G/K

which we will introduce in this section are based on the global internal symmetry

groups G which are in general non-compact real forms of semi-simple Lie groups.

Under certain conditions the global internal symmetry groups may be maximally

non-compact (split) real forms but in general they are elements of a bigger class

of Lie groups which contains the global internal symmetry groups of the maximal

supergravities namely the split real forms as a special subset. The main dif-

ference between the scalar cosets based on the non-compact and the maximally

non-compact numerator groups is the parametrization one can choose for the

coset representative. For the general non-compact real forms one can make use of

the solvable Lie algebra gauge [18] to parameterize the scalar coset. We will give

a complete analysis of the symmetric spaces and the solvable Lie algebra param-

eterizations in the next chapter. However as it will be an element of the language

we will use in this section, we can simply state that the solvable Lie algebra is

a subalgebra of the Borel algebra of a Lie algebra which is composed of certain

Cartan and the positive root generators. The Kaluza-Klein compactification of

the Bosonic sector of the ten dimensional simple N = 1 supergravity which is

coupled to N Abelian gauge multiplets on the Euclidean torus T 10−D is given in

[21]. When as a special case, the number of the U(1) gauge fields is chosen to be

16, the ten dimensional supergravity which is coupled to 16 Abelian U(1) gauge

multiplets becomes the low energy effective limit of the ten dimensional heterotic
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string theory. Thus the formulation corresponds to the dimensional reduction

of the low-energy effective Bosonic Lagrangian of the ten dimensional heterotic

string theory. We will however keep the number of U(1) gauge fields unspecified

in order to obtain a general matter coupled supergravity formulation.

When N = 16, the D = 10 Yang-Mills supergravity [8] has the E8 × E8

Yang-Mills gauge symmetry, however the general Higgs vacuum structure causes

a spontaneous symmetry breakdown so that the full symmetry E8×E8 is broken

down to its maximal torus subgroup U(1)16, whose Lie algebra is the Cartan

subalgebra of E8×E8. Thus the ten dimensional Yang-Mills supergravity reduces

to its maximal torus subtheory which is an Abelian gauge supergravity theory.

The Bosonic sector of this Abelian Yang-Mills supergravity corresponds to the

low energy effective Lagrangian of the Bosonic sector of the fully Higgsed ten

dimensional heterotic string theory [8]. Therefore we will consider the Abelian

Yang-Mills supergravity in ten dimensions and we will in general take N U(1)

gauge field multiplets. The Bosonic Lagrangian of the D = 10, N = 1 Abelian

Yang-Mills supergravity which is coupled to N U(1) gauge multiplets is [8, 21]

L10 = R ∗ 1− 1

2
∗ dφ1 ∧ dφ1− 1

2
eφ1 ∗F(3) ∧F(3)− 1

2
e

1
2
φ1

N∑
I=1

∗GI
(2) ∧GI

(2), (2.116)

where GI
(2) = dBI

(1) are the N U(1) gauge field strengths. We also define the field

strength

F(3) = dA(2) +
1

2
BI

(1) ∧ dBI
(1). (2.117)

The pure supergravity sector of (2.116) can be truncated from IIA supergravity
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by choosing the extra R-R fields zero in the IIA Lagrangian (2.54). The Kaluza-

Klein ansatz for the ten dimensional spacetime metric upon T n-reduction where

n = 10−D is [31]

ds2
10 = e

→
s ·
→
φ′ds2

D +
11−D∑
i=2

e2
→
γ i·

→
φ′(hi)2. (2.118)

Similar to the reduction of the eleven dimensional metric in section 2.2 we have

→
s = (s2, s3, ..., s(11−D)),

→
f i = (0, ..., 0, (10− i)si, si+1, ..., s(11−D)), (2.119)

in the second line there are i−2 zeros instead of i−1 for the reduction of the eleven

dimensional metric and si =
√

2/((10− i)(9− i)). Also we define
→
γ i = 1

2

→
s − 1

2

→
f i

and hi is already given in (2.49). As we have done for the reduction of the D = 11

supergravity, we define the vector
→
φ′ = (φ2, φ3, ..., φ(11−D)) whose components are

the dilatons of the Kaluza-Klein reduction. If we perform the S1-reduction step

by step on the ten dimensional metric with the ansatz (2.118) and on the other

fields in (2.116) then the ten dimensional Lagrangian (2.116) can be written as

L10 = LD ∧ dz1 ∧ · · · ∧ dzn, (2.120)

where the coordinates {zi} are the coordinates on the n-torus T n as we have de-

fined before. Similarly the D-dimensional Lagrangian in (2.120) can be calculated

in terms of the D-dimensional fields as

LD = R ∗ 1− 1

2
∗ d

→
φ ∧ d

→
φ − 1

2
e
→
a 1·

→
φ ∗ F(3) ∧ F(3)
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− 1

2

∑
i

e
→
a 1i·

→
φ ∗ F(2)i ∧ F(2)i − 1

2

∑
i<j

e
→
a 1ij ·

→
φ ∗ F(1)ij ∧ F(1)ij

− 1

2

∑
I

e
→
c ·
→
φ ∗GI

(2) ∧GI
(2) −

1

2

∑
i,I

e
→
c i·

→
φ ∗GI

(1)i ∧GI
(1)i

− 1

2

∑
i

e
→
b i·

→
φ ∗ F i

(2) ∧ F i
(2) −

1

2

∑
i<j

e
→
b ij ·

→
φ ∗ F i

(1)j ∧ F i
(1)j, (2.121)

where i, j = 2, ..., 11 − D and
→
φ = (φ1, φ2, ..., φ(11−D)) in which except φ1, the

rest of the scalars are the Kaluza-Klein scalars which originate from the ten

dimensional spacetime metric. The transgression relations which define the field

strengths in (2.121) in terms of the potentials are

F(3) = dA(2) +
1

2
BI

(1)dBI
(1) − (dA(1)i +

1

2
BI

(0)idBI
(1) +

1

2
BI

(1)dBI
(0)i)γ

i
jAj

(1)

+
1

2
(dA(0)ij −BI

(0)[idBI
(0)j])γ

i
kAk

(1)γ
j
mAm

(1),

F(2)i = γk
i(dA(1)k +

1

2
BI

(0)kdBI
(1) +

1

2
BI

(1)dBI
(0)k

+ (dA(0)kj −BI
(0)[kdBI

(0)j])γ
j
lAl

(1)),

F(1)ij = γl
iγ

m
j (dA(0)lm −BI

(0)[ldBI
(0)m]), F i

(2) = γ̃i
jd(γj

kAk
(1)),
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GI
(2) = dBI

(1) − dBI
(0)iγ

i
jAj

(1), GI
(1)i = γj

idBI
(0)j, F i

(1)j = γk
j dAi

(0)k, (2.122)

where we have omitted the wedge product for saving space. The dilatons
→
φ′,

the Kaluza-Klein-Maxwell potentials Aj
(1) as well as the axions Ai

(0)k in each

dimension are the descendants of the ten dimensional spacetime metric as we

have discussed in the last section. The potentials A(0)lm, A(1)k and A(2) are the

Kaluza-Klein descendants of the two-form potential in D = 10. The potentials

BI
(0)j and BI

(1) are the D-dimensional remainders of the ten dimensional Yang-

Mills potentials BI
(1) as a result of the ansatz (2.29) applied in each S1-reduction

step. We have already defined the matrix γi
j in (2.51) and γ̃i

j is the inverse of it,

notice that in this case n = 10 − D. For our further analysis we will make the

field redefinitions [21]

F(3) = dA′
(2) +

1

2
B′I

(1)dB′I
(1) −

1

2
γi

jAj
(1)dA′

(1)i −
1

2
A′

(1)id(γi
jAj

(1)),

F(2)i = γk
i(dA′

(1)k + BI
(0)kdB′I

(1) − A(0)kld(γl
jAj

(1)) +
1

2
BI

(0)kB
I
(0)ld(γl

jAj
(1))),

GI
(2) = dB′I

(1) + BI
(0)id(γi

jAj
(1)), F i

(2) = γ̃i
jd(γj

mAm
(1)), (2.123)

where the primed potentials are defined as

BI
(1) = B′I

(1) + BI
(0)iγ

i
jAj

(1),
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A(1)i = A′
(1)i − A(0)ijγ

j
mAm

(1) +
1

2
BI

(0)iB
′I
(1),

A(2) = A′
(2) +

1

2
A(0)ijγ

i
mAm

(1)γ
j
nAn

(1) +
1

2
BI

(0)iB
′I
(1)γ

i
mAm

(1) +
1

2
A′

(1)jγ
j
mAm

(1).

(2.124)

The dilaton vectors which couple to the scalars
→
φ in various field strength terms

in (2.121) are defined as

→
a1 = (1,−2

→
s ) ,

→
a1i = (1,

→
f i − 2

→
s ) ,

→
a1ij = (1,

→
f i +

→
f j − 2

→
s ),

→
b i = (0,−

→
f i) ,

→
b ij = (0,−

→
f i +

→
f j),

→
c = (

1

2
,−→s ) ,

→
c i = (

1

2
,
→
f i −

→
s ). (2.125)

The properties of the dilaton vectors as well as the vectors
→
s ,

→
f i can be found in

[21].

We will first discuss how the global symmetry group is identified in the S1-

reduction of (2.116) resulting in the D = 9 Abelian Yang-Mills supergravity

theory. If we consider the nine dimensional Bosonic Lagrangian in (2.121), as a

first step we introduce the field redefinitions

φ1 =
1

2
√

2
ϕ− 1

2

√
7

2
φ , φ2 =

1

2

√
7

2
ϕ +

1

2
√

2
φ, (2.126)

and then we define the N + 2 scalar fields X, Y , ZI as

X +Y = e
1√
2
ϕ
, X−Y = e

− 1√
2
ϕ
+

1

2
BI

(0)B
I
(0)e

1√
2
ϕ
, ZI =

1√
2
BI

(0)e
1√
2
ϕ
, (2.127)
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from ϕ and BI
(0). After the field redefinitions we end up with four scalars namely,

φ, X, Y , ZI but since we originally had three scalar fields, we also have a resulting

constraint equation which suppresses the degrees of freedom of X, Y , ZI ,

X2 − Y 2 − ZIZI = 1. (2.128)

The nine dimensional Lagrangian in terms of the newly defined fields become

L9 = R ∗ 1 + Lscalar − 1

2
e−
√

8
7
φ ∗ F(3) ∧ F(3) +

1

4
e−
√

2
7
φ(∗dAX ∧ dAX

− ∗dAY ∧ dAY −
N∑

I,J=1

(∗dBI
(1) ∧ dBI

(1) + 2 ∗ (XdAX + Y dAY

+ ZJdBJ
(1)) ∧ (XdAX + Y dAY + ZJdBJ

(1)))), (2.129)

where the scalar Lagrangian Lscalar is

Lscalar = ∗dX ∧ dX − ∗dY ∧ dY − ∗dZI ∧ dZI − 1

2
∗ dφ ∧ dφ. (2.130)

We use the transformed potentials defined in (2.124), but we omit the prime on

the potentials. We have also defined the one-form fields AX , AY , as

AX =
1√
2
(A(1) +A(1)), AY =

1√
2
(A(1) −A(1)), (2.131)

where we have used the single Kaluza-Klein-Maxwell potential A(1) and the one-

form descendant of A(2) namely A(1) which come with the single S1-reduction.

The scalar field φ can be considered as decoupled from the rest of the scalars in

(2.130). Thus it has a constant shift symmetry φ −→ φ + c which is a global
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internal symmetry of the scalar Lagrangian (2.130) and which can be extended

to the entire Bosonic Lagrangian (2.129). If we define a further action on the

other N + 2 scalar fields X, Y , ZI as



X

Y

ZI



−→ Λ




X

Y

ZI




, (2.132)

where Λ ∈ O(1, N +1) then the scalar Lagrangian (2.130) remains invariant. The

group O(1, N + 1) is also the global internal symmetry group of (2.130) and if

we define the associated action


AX

AY

BI
(1)



−→ (ΛT )−1




AX

AY

BI
(1)




, (2.133)

on the fields AX , AY , BI
(1) then O(1, N +1) becomes the global internal symmetry

group of the nine dimensional Bosonic Lagrangian (2.129). We should note that

the fields φ and F(3) are singlets under this action. Thus the total global symmetry

group of both the nine dimensional scalar sector (2.130) and the Bosonic sector

Lagrangian (2.129) becomes O(1, N +1)×R where R corresponds to the constant

shift symmetry group of φ. We observe that if we disregard the decoupled scalar

φ then the other two scalars namely ϕ and BI
(0) parameterize a hypersurface

in the flat space R1,N+1 which is defined by (2.128) where X, Y , ZI are the

N + 2 coordinates of the points on the hypersurface. Besides, the constraint

equation (2.128) defining the hypersurface is covariant under the global O(1, N +

1) action defined in (2.132) and the points of the hypersurface are mapped onto
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each other under the action of O(1, N + 1). This hypersurface is nothing but the

scalar manifold and it is diffeomorphic to the coset space O(1, N + 1)/O(N + 1).

Therefore together with the decoupled scalar φ, the total scalar manifold in nine

dimensions become

O(1, N + 1)

O(N + 1)
× R. (2.134)

The coset representatives for O(1, N + 1)/O(N + 1) can be parameterized as

ν = e
1
2
ϕHeBI

(0)
EI , (2.135)

where the generators H,EI satisfy the commutation relations

[H,EI ] =
√

2EI , [H,H] = [EI , EJ ] = 0, (2.136)

and they are the generators of the solvable Lie algebra of O(1, N +1). If we define

the map M = νT ν then the scalar Lagrangian excluding φ can be constructed as

(2.64).

When one considers further reductions, the scalar Lagrangian of the D- di-

mensional compactified theories for 8 ≥ D ≥ 3 can be described in the form of

(2.64) with an additional decoupled dilatonic kinetic term after certain field redef-

initions. In [21] it is shown that when a single dilaton is decoupled from the rest of

the scalars then the G/K coset representatives ν and the internal metricM = νT ν

generated by the remaining scalars are elements of O(10−D, 10−D + N). The

scalar manifold for the D-dimensional compactified theory with N gauge multi-

plet couplings becomes

O(10−D, 10−D + N)

O(10−D)×O(10−D + N)
× R. (2.137)
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The extra R factor arises since there is an additional dilaton which is decoupled

from the rest of the scalars in the scalar Lagrangian. The group O(10−D, 10−

D + N) × R is the global internal symmetry of not only the scalar Lagrangian

but the entire D-dimensional Bosonic Lagrangian (2.121) as well. Here again

R corresponds to the constant shift symmetry of the decoupled dilaton. Fur-

thermore the D = 4 and the D = 3 cases can be studied separately [21], since

they have global symmetry enhancements in addition to the general scheme of

O(10−D, 10 −D + N) × R. We have already seen in the previous section that

one may define additional scalars in appropriate dimensions by dualizing certain

fields by applying the Lagrange multiplier methods. When the two-form potential

A(2) is dualized with an additional axion in D = 4, an axion-dilaton, SL(2,R)

system which we have studied in the previous section is decoupled from the rest

of the scalars in the scalar Lagrangian and the enlarged D = 4 scalar manifold

becomes

O(6, 6 + N)

O(6)×O(6 + N)
× SL(2,R)

O(2)
. (2.138)

On the other hand in D = 3, the Bosonic fields (Ai
(1), A(1)i, B

I
(1)) are dualised

to give 7 + 7 + N additional axions. The D = 3 enlarged scalar manifold then

becomes

O(8, 8 + N)

O(8)×O(8 + N)
. (2.139)

We see that all of the global internal symmetry groups in (2.137), (2.138) and

(2.139) apart from the contributions of the decoupled scalars namely the groups

O(10 − D, 10 − D + N), O(6, 6 + N), O(8, 8 + N) are non-compact real forms
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of a semisimple Lie group, and as we will study in detail in the next chapter,

they enable solvable Lie algebra parameterizations of the cosets generated by the

denominator groups O(10−D)×O(10−D+N), O(6)×O(6+N), O(8)×O(8+N),

respectively.

We observe that the complete or the part of the scalar cosets we encounter in

the T n Kaluza-Klein compactification of the ten dimensional Lagrangian (2.116)

of the Abelian Yang-Mills supergravity with N U(1) gauge multiplets are in the

general form of O(p, q)/(O(p)×O(q)). We will concisely discuss the construction

of these cosets now. The elements W of the matrix group O(p, q) satisfy the

relation

W T ηW = η, (2.140)

where η =diag(−1,−1, ...,−1, 1, 1, ..., 1) is the indefinite signature metric with

p −1 and q +1 entries. We consider the self right action of O(p, q) onto the

subset M of O(p, q) which is composed of the symmetric matrices W T = W for

W ∈ O(p, q). We define the action on M as

W −→ ΛT WΛ, (2.141)

∀Λ, W ∈ O(p, q) (We will study the action of Lie groups in detail when we

study the symmetric spaces). The action (2.141) on the symmetric matrices in

O(p, q) induces an equivalence relation on M and the corresponding equivalence

classes form the orbit space M/O(p, q) of the action under the quotient topology

transferred from O(p, q). One can show that [21] the orbits, the equivalence

classes which are points in the orbit space M/O(p, q), can be classified by the
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corresponding equivalence class representatives

W0 = diag(−1, ...,−1, 1, ..., 1,−1, ...,−1, 1, ...1), (2.142)

where there are m −1 entries, p−m +1 entries and n −1 entries, q−n +1 entries

from the left to the right respectively for 0 ≤ m ≤ p and 0 ≤ n ≤ q. The stability

or the isotropy group GW0 of the fiducial point W0 can be given as

GW0 = O(m, q − n)×O(p−m,n). (2.143)

Due to the disjoint orbit structure it is obvious that O(p, q) does not act transi-

tively on M however as we will study in detail in the next chapter, O(p, q) has

an induced transitive action on each orbit whose representative W0 is given by

(2.142) and whose specific stability group is as in (2.143). Therefore each orbit is

diffeomorphic to the coset space O(p, q)/(O(m, q−n)×O(p−m,n)). If we choose

the particular orbit whose representative fiducial point is W0 =diag(1, ..., 1) then

we get the coset space

Mp,q =
O(p, q)

O(p)×O(q)
, (2.144)

which is diffeomorphic to the corresponding orbit of the O(p, q) action on M thus

a point in M/O(p, q) as we have described above.

The denominator groups O(p)×O(q) are the maximal compact subgroups of

O(p, q) in each case. As a manifold the dimension of Mp,q is

dim(Mp,q) = dim(O(p, q))− dim(O(p)×O(q))

=
1

2
(p + q)(p + q − 1)− 1

2
p(p− 1)− 1

2
q(q − 1) = pq. (2.145)
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We have seen before that the dimensions of the scalar cosets are equal to the

number of the scalar fields. When constructing the coset representatives in a

particular gauge (the solvable Lie algebra gauge for the non-compact real forms

and the Borel gauge for the maximally non-compact (split) real forms) the gener-

ators corresponding to the gauge which generate a subalgebra of the Lie algebra of

the global internal symmetry group are assigned to the scalars in one to one corre-

spondence. Thus the number of the generators of the coset representative gauge is

equal to the dimension of the coset. The Lie group O(p, q) has 1
2
p(p−1)+ 1

2
q(q−1)

compact generators while the rest of the generators are non-compact. The di-

mension of the Cartan subalgebra of o(p, q) is 1
2
n when p + q = n is even and the

number of the positive roots (thus the positive root generators) is 1
2
(1

2
n(n−1)− n

2
).

Thus the dimension of the Borel subalgebra of o(p, q) when p + q = n is even

becomes 1
2
n + 1

2
(1

2
n(n− 1)− n

2
) = 1

4
n2. Therefore when n is even the dimension

of the coset can be equal to the dimension of the Borel subalgebra of o(p, q) only

when p = q, this means that the coset representatives of O(p, p)/(O(p) × O(p))

must be generated by the Borel gauge as we have explained above and O(p, p) is a

maximally non-compact real form in this case. Similarly when n is odd the global

internal symmetry groups O(p+1, p) and O(p, p+1) are maximally non-compact

real forms and the coset representatives of O(p + 1, p)/(O(p + 1) × O(p)) and

O(p, p + 1)/(O(p) × O(p + 1)) can be generated by using the Borel gauge. The

rest of the cases are all non-compact real forms and one has to use the solvable

Lie algebra gauge to construct the coset representatives.

The orthogonal algebras o(p, q) are elements (real forms) of the Dn-series
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when p + q = 2n and the Bn-series when p + q = 2n + 1. As we have done

before a representation based on the chosen Cartan subalgebra can be used to

express the roots of o(p, q). If we choose the orthonormal basis ei · ej = δij

such that ei = (0, 0, ..., 1, 0, ..., 0), where the +1 entry is at the i’th position for

i, j = 1, ..., n, then the representatives of the positive roots can be given as

Dn : ei ± ej, i < j ≤ n,

Bn : ei ± ej, i < j ≤ n and ei. (2.146)

There are the associated positive root generators E(ei±ej) and E(ei) and there are n

Cartan generators hi for both of the series. By considering the meaning of the rep-

resentation of the roots namely, (2.73) we can write [hi, Eej±ek
] = (δij±δik)Eej±ek

.

Min(p, q) of the Cartan generators hi are non-compact and the remaining are com-

pact. Using the conventions of [21] we will enumerate the Cartan generators hi

for 1 ≤ i ≤min(p, q) as the non-compact ones.

We have already mentioned about the nine dimensional theory, we will give

the general construction of the scalar cosets for the descendant theories D ≥ 5

now. We may decouple the single scalar field

φ = −
√

D − 2

8

→
a123 ·

→
φ, (2.147)

which is a linear combination of the original dilatons, from the rest of the scalar

Lagrangian in (2.121), by making a transformation on the original dilatons. In

other words by rotating the dilatons one may define new fields among which one
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of them will be (2.147) and its kinetic term is decoupled from the rest [21]. φ

is the only scalar which the three form field strength F(3) couples to. The scalar

Lagrangian for the other scalars become

LD
scalar = −1

2
∗ d

→
ϕ ∧ d

→
ϕ − 1

2

∑
i<j

e
→
a ij ·→ϕ ∗ F(1)ij ∧ F(1)ij

− 1

2

∑
i,I

e
→
c i·→ϕ ∗GI

(1)i ∧GI
(1)i −

1

2

∑
i<j

e
→
b ij ·→ϕ ∗ F i

(1)j ∧ F i
(1)j. (2.148)

As we omit the decoupled dilaton (2.147) we have used the dilaton scalar vector

→
ϕ which has 10 − D components that are the remaining transformed dilatons.

We have also modified the dilaton vectors. This is because we have performed

a rotation transformation on the original dilatons to decouple φ in (2.147) from

the rest and we have defined new dilatonic scalars thus their coupling coefficients

in the original scalar Lagrangian (2.121) are transformed to the ones in (2.148).

Therefore in (2.148) we have

→
b ij =

√
2 (−→e i +

→
e j),

→
a ij =

√
2 (

→
e i +

→
e j),

→
c i =

√
2
→
e i, (2.149)

where i, j = 1, ..., (10−D). We have mentioned before that for D ≥ 5 the scalars

whose Lagrangian is (2.148) parameterize the scalar coset manifold

O(10−D, 10−D + N)

O(10−D)×O(10−D + N)
. (2.150)

We should inspect the realizations of these scalar cosets from a closer point of

view. We will follow a slightly different method than the one we have used before.

We will identify the global internal symmetry group by defining its solvable Lie
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algebra. We will introduce generators which are assumed to generate the coset

representative and calculate their commutation relations from the requirement

that they should lead to the scalar Lagrangian (2.148) in the form of (2.64). A

similar method will be our basic argument when we discuss the complete du-

alisation of the Bosonic sectors of the supergravity theories where we will also

dualize all the Bosonic fields but there we will use the equations of motion as a

tester instead of the Lagrangian. The details of how one identifies the commu-

tation relations from the coset construction of the Lagrangian can be found in

[10, 19, 20, 21]. We remind the reader of the fact that for the orthogonal groups

O(p, q), the generalized transpose # coincides with the ordinary matrix transpose

in the fundamental representation of the Lie algebra o(p, q). Thus in constructing

the scalar Lagrangian (2.64) we will take M = νT ν.

If one assigns the set of generators {Hi, Ej
i , V ij, U i

I} to the scalar fields {ϕi,

Ai
(0)j, A(0)ij, BI

(0)i} resulting from the dimensional reduction respectively and by

intuition if we assume the coset parametrization

ν = e
1
2
ϕiHieAi

(0)j
Ej

i e
1
2
A(0)ijV ij

eBI
(0)i

U i
I , (2.151)

then the scalar Lagrangian, (2.148) of the compactified D-dimensional theory

apart from the decoupled scalar can be constructed in the form of (2.64) only if

the Cartan form G = dνν−1 which can be calculated from (2.151) is in the form

G = dνν−1
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=
1

2
d
→
ϕ ·

→
H +

∑
i<j

e
1
2

→
a ij ·→ϕF(1)ijV

ij

+
∑
i,I

e
1
2

→
c i·→ϕGI

(1)iU
i
I +

∑
i<j

e
1
2

→
b ij ·→ϕF i

(1)jE
j
i . (2.152)

Now if one explicitly calculates the Cartan form G from (2.151) in terms of the

unknown structure constants of the commutation relations and then compare it

with (2.152) by inserting the field strengths in terms of the potentials from their

transgression relations (2.122) the non-vanishing commutators of the generators

can be calculated as

[
→
H, Ej

i ] =
→
b ijE

j
i , [

→
H, V ij] =

→
a ijV

ij , [
→
H, U i

I ] =
→
c iU

i
I ,

[Ej
i , E

l
k] = δj

kE
l
i − δl

iE
j
k , [Ej

i , V
kl] = −δk

i V
jl − δl

iV
kj,

[Ej
i , U

k
I ] = −δk

i U
j
I , [U i

I , U
j
J ] = δIJV ij. (2.153)

The embedding of the algebra we have calculated in (2.153) into the Lie algebra

o(10−D, 10−D + N) can be given as

Hi =
√

2 hi , Ej
i = E−eei+eej

, V ij = Eeei+eej
,

U i
2k−1 =

1√
2

(Eeei+ek+m
+ Eeei−ek+m

),

U i
2k =

i√
2

(Eeei+ek+m
− Eeei−ek+m

), (2.154)
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where 1 ≤ i < j ≤ 10−D. We have also defined m = 10−D and 1 ≤ k ≤ [N/2].

When N is odd in addition to (2.154) we also have

U i
N = Eeei

. (2.155)

In (2.154) and (2.155) {ei} is the orthonormal basis which we have defined to

characterize the positive roots of o(10 − D, 10 − D + N) before and {ẽi} are

defined as

ẽi = e11−D−i, 1 ≤ i ≤ 10−D. (2.156)

As it is mentioned in [21] owing to their definitions the generators {hi}, {Eeei±ej
,

Eeei±eej
, Eeei

} (the last set {Eeei
} is included when N is odd and excluded when N is

even) generate the solvable Lie algebra of o(10−D, 10−D+N) in each dimension

thus the parametrization of the coset in (2.151) is nothing but an example of the

solvable Lie algebra gauge. This result justifies the prediction that the global

internal symmetry group of the scalar Lagrangian (2.148) is O(10−D, 10−D+N)

and the scalar coset manifold is O(10 − D, 10 − D + N)/(O(10 − D) × O(10 −

D + N)) for D ≥ 5. As a final remark we should state that when the global

symmetry group O(10 − D, 10 − D + N) acts on the scalars in a non-linear

fashion which is the general rule as we have seen in the maximal supergravities,

the coset representative (2.151) transforms as ν −→ ∆(x)νΛ where Λ ∈ O(10 −

D, 10 − D + N) is a global and ∆(x) ∈ O(10 − D) × O(10 − D + N) is a local

transformation. As it will be clear in the next chapter this is a result of the

Iwasawa decomposition of the non-compact real forms which is also responsible

for the solvable Lie algebra parametrization.
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We note that since in the D-dimensional T 10−D- compactified Lagrangian

(2.121) the scalars are coupled to the one-form potentials which form the (20 −

2D + N)-dimensional linear representation of O(10 −D, 10 −D + N), both the

coset representative (2.151), the internal metric M and the generators in (2.153)

must be represented by (20−2D+N)-dimensional matrices in order to construct

the Bosonic Lagrangian (2.121). We will choose a fundamental representation of

o(10−D, 10−D + N) in which the generators {Hi, E
j
i , V

ij, U i
I} are represented

by the (20− 2D + N)-dimensional matrices

→
H i =




∑
i

→
c ieii 0 0

0 0 0

0 0 −∑
i

→
c ieii




, Ej
i =




−eji 0 0

0 0 0

0 0 eij




,

V ij =




0 0 eij − eji

0 0 0

0 0 0




, U i
I =




0 eiI 0

0 0 eIi

0 0 0




, (2.157)

where the matrices are partitioned with appropriate dimensions which can be

read from the non-zero entries and eab is a matrix with appropriate dimensions

and which has zero entries, except a +1 entry at the a’th row and the b’th column.

Notice that the indices i, j = 1, ..., 10−D and I = 1, ..., N determine the dimen-

sions of the matrices eab. By using this representation, the coset representative

(2.151) and by defining M = νT ν, the Bosonic Lagrangian (2.121) for D ≥ 5 can
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now be reconstructed as

LD = R ∗ 1− 1

2
∗ dφ ∧ dφ +

1

4
tr(∗dM−1 ∧ dM)

− 1

2
e−
√

8/(D−2)φ ∗ F(3) ∧ F(3) − 1

2
e−
√

2/(D−2)φ ∗HT
(2) ∧MH(2), (2.158)

where H(2) = dC(1) and

C(1) =




A(1)i

BI
(1)

Ai
(1)




, (2.159)

is a column vector of dimension (20−2D+N). We use the transformed potentials

which are the primed potentials in (2.124) by omitting the primes. We should

note that in (2.158) taking the exterior derivative of a matrix or a vector means

taking the exterior derivative of all the elements and we use the matrix notation

in the sense that the matrix-matrix or the matrix-vector product must be taken

by using the wedge product between the components. When one only consid-

ers the scalar Lagrangian in any dimension then one does not have to fix the

dimension of the representation in fact one does not have to use any matrix rep-

resentation at all, the formulation can be based on merely the abstract generators

and the generalized transpose # by specifying an abstract basis through its com-

mutation relations namely the structure constants. For the abstract construction

the choice of the basis and the coset representative defines the fields which are

associated to the generators indeed. On the other hand when any fundamental

representation is chosen then the matrix transpose can be used instead of the
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generalized transpose. The choice of the basis defines how the terms of the scalar

Lagrangian will look in terms of the potentials associated to the generators in the

basis. The transformations can always be found between the original fields of the

Kaluza-Klein descendant scalar Lagrangian and the ones in the Lagrangian which

results from the general form (2.97) by choosing an arbitrary abstract basis. We

also observe that there is a particular basis which generates, from (2.97), the

original scalar Lagrangian including the Kaluza-Klein descendant fields. As we

see from (2.158) the other fields can also be coupled to the scalars in a compact

form however in this case as the number of the higher rank fields in (2.159) is

fixed the dimension of the representation we have to use is fixed too. One can use

different representations or basis with the same dimension, as we have discussed

above various representations or basis mean different field definitions and they

will lead to the transformations between the fields. There is again a particular

basis and a representation which gives the original Kaluza-Klein descendant form

of the Bosonic Lagrangian when used in (2.158). The analysis we have performed

and the formulas we have obtained for D ≥ 5 are also in general terms valid for

the cases when D = 3, 4, however as we have mentioned before we can do more in

the three and four dimensions. Basically by applying the dualisation method we

can enlarge the scalar coset and show that the global internal symmetry group is

larger than the expected O(6, 6 + N) for D = 4 and the expected O(7, 7 + N) for

D = 3. First we consider the D = 4 case, as we have discussed before one can

dualize the three-form field to obtain an extra axionic scalar. To see this let us
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consider the Bianchi identity for F(3)

dF(3) =
1

2
dBI

(1) ∧ dBI
(1) − dA(1)i ∧ dAi

(1), (2.160)

which may be obtained by taking the exterior derivative of the transgression

expression for F(3) in (2.123). The expression for the field strength F(3) in (2.123)

can also be given in a more compact form for any dimension as

F(3) = dA(2) +
1

2
CT

(1) Ω dC(1), (2.161)

we have defined C(1) in (2.159) and the (20− 2D + N)× (20− 2D + N) matrix

Ω is

Ω =




0 0 −1(10−D)

0 1(N) 0

−1(10−D) 0 0




, (2.162)

where 1n is the n×n unit matrix. Notice that we are using the primed potentials

we have introduced in (2.124) but we omit the primes for the sake of clearness.

Thus the Bianchi identity can also be expressed as

dF(3) =
1

2
dCT

(1) Ω dC(1). (2.163)

By adding the Bianchi term −χ(dF(3) − 1
2
dCT

(1) Ω dC(1)) to the original four di-

mensional Lagrangian (2.158), where we introduce the Lagrange multiplier χ, we

construct the dualized Lagrangian L4
dual as

L4
dual = R ∗ 1− 1

2
∗ dφ ∧ dφ +

1

4
tr(∗dM−1 ∧ dM)
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− 1

2
e−2φ ∗ F(3) ∧ F(3) − 1

2
e−φ ∗HT

(2)MH(2)

− χ(dF(3) − 1

2
dCT

(1) Ω dC(1)). (2.164)

We can make use of the Lagrangian (2.158) bearing in mind that its scalar coset

without the decoupled dilaton is defined as O(6, 6+N)/(O(6)×O(6+N)) before

the dualisation. If (2.164) is varied with respect to χ then the Bianchi identity is

obtained if one varies it with respect to F(3) which is considered as a fundamental

field now then an algebraic equation of motion is obtained for F(3) as

F(3) = e2φ ∗ dχ. (2.165)

We should remind the reader of the fact that we use the convention for the Hodge

map which is introduced in (2.18). The three-form F(3) can be eliminated from

(2.164) in terms of χ by using this algebraic equation. Then apart from the rest

of the scalars which are described by the internal metric M in (2.164) and whose

global internal symmetry group is O(6, N + 6), the remaining scalars (φ, χ) form

up a dilaton-axion system

L4
dual(φ, F(3) → dχ) = −1

2
∗ dφ ∧ dφ− 1

2
e2φ ∗ dχ ∧ dχ, (2.166)

where φ has been defined in (2.147) and χ is the Lagrange multiplier we have

introduced for the Bianchi identity (2.163). We have studied this Lagrangian in

detail in the previous section and we have seen that its global internal symmetry

group is SL(2,R). Therefore the global symmetry group of the enlarged scalar

Lagrangian is O(6, N + 6) × SL(2,R) and this verifies the scalar coset manifold
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already given in (2.138). It can be shown that O(6, N + 6) can be extended to

be the global symmetry of the entire Bosonic Lagrangian while SL(2,R) can be

extended to be a global symmetry of the Bosonic field equations [21]. Finally the

D = 4 dualized Lagrangian becomes

L4
dual = R ∗ 1− 1

2
∗ dφ ∧ dφ− 1

2
e2φ ∗ dχ ∧ dχ

+
1

4
tr(∗dM−1 ∧ dM)− 1

2
e−φ ∗HT

(2)MH(2)

+
1

2
χ(HT

(2)ΩH(2)), (2.167)

where we have eliminated an exact form from the Lagrangian. In D = 3 we will

dualize the Bosonic fields (Ai
(1), A(1)i, B

I
(1)) by introducing 7+7+N axionic scalars

(χ̃i, χ
i, λI) which are the associated Lagrange multipliers for the corresponding

Bianchi identities. From (2.123) the Bianchi identities of the field strengths of

(Ai
(1), A(1)i, BI

(1)) can be calculated as

dF i
(2) = F i

(1)j ∧ F j
(2),

dF(2)i = −F j
(1)i ∧ F(2)j − F(1)ij ∧ F j

(2) + GI
(1)i ∧GI

(2),

dGI
(2) = GI

(1)i ∧ F i
(2). (2.168)

As usual we use the primed potentials of (2.124) without the primes. If we intro-

duce the Lagrange multipliers (χ̃i, χ
i, λI) we can construct the Bianchi Lagrangian
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from the identities above as

LBianchi = χ̃i(dF i
(2) −F i

(1)j ∧ F j
(2)) + λI(dGI

(2) −GI
(1)i ∧ F i

(2))

− χi(dF(2)i + F j
(1)i ∧ F(2)j + F(1)ij ∧ F j

(2) −GI
(1)i ∧GI

(2)). (2.169)

One can add this Lagrangian to the D = 3 Lagrangian in (2.121) (one has to

transform it in terms of the primed potentials first) to construct the dualized

Lagrangian as usual. When the dualized Lagrangian is varied with respect to the

Lagrange multipliers (χ̃i, χ
i, λI) it gives the Bianchi identities (2.168) and when

it is varied with respect to the field strengths F i
(2), F(2)i, G

I
(2) we get the purely

algebraic equations of motion for F i
(2), F(2)i, G

I
(2) which are

−e
→
b i·

→
φ ∗ F i

(2) = dχ̃i + χ̃jF j
(1)i − χkF(1)ik + λIG

I
(1)i,

e
→
a 1i·

→
φ ∗ F(2)i = dχi − χjF i

(1)j,

−e
→
c ·
→
φ ∗GI

(2) = dλI − χiGI
(1)i. (2.170)

We define the right hand sides of these algebraic equations as the field strengths

(F(1)i, F i
(1), G(1)I) which are associated with the Lagrange multiplier scalars (χ̃i,

χi, λI) respectively. Furthermore by using the Lagrange multiplier axionic scalars

we can define the extended set of potentials Ã(0)AB, ÃA
(0)B, B̃I

(0)A, [21]

Ã(0)ij = A(0)ij, Ã(0)i 9 = γ̃j
i χ̃j +

1

2
BI

(0)iλI , Ãi
(0)j = Ai

(0)j,
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Ãi
(0)9 = χi, B̃I

(0)i = BI
(0)i, B̃I

(0)9 = λI . (2.171)

If we define the matrix (γ ′−1)A
B = δA

B + ÃA
(0)B then the corresponding extended

set of field strengths can be given as

F̃(1)AB = γ ′C
A γ ′D

B (dÃ(0)CD − B̃I
(0)[CdB̃I

(0)D]),

F̃A
(1)B = γ ′C

B dÃA
(0)C ,

G̃I
(1)A = γ ′B

A dB̃I
(0)B. (2.172)

Since we have dualized certain higher rank Bosonic fields and exchanged them

with the scalar fields the enlarged scalar Lagrangian of the D = 3 Bosonic La-

grangian in terms of the extended set of field strengths (2.172) can be given as

L′3scalar = −1

2
∗ d

→
φ ∧ d

→
φ − 1

2

∑
A<B

e
→
a AB ·

→
φ ∗ F̃(1)AB ∧ F̃(1)AB

− 1

2

∑
A,I

e
→
c A·

→
φ ∗ G̃I

(1)A ∧ G̃I
(1)A −

1

2

∑
A<B

e
→
b AB ·

→
φ ∗ F̃A

(0)B ∧ F̃A
(0)B, (2.173)

where 2 ≤ A,B ≤ 9 and the extended dilaton vectors are

→
c A = (

→
c i,

→
c 9) = (

→
c i,−→c ),
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→
b AB = −→c A +

→
c B,

→
aAB =

→
c A +

→
c B, (2.174)

where 2 ≤ A,B ≤ 9 and 2 ≤ i ≤ 8. We have defined
→
c i and

→
c in (2.125). Notice

that we are not using the modified dilaton vectors given in (2.149) as we need

not do a dilaton rotation to decouple one dilaton from the rest in D = 3. We

make the observation that (2.173) is in the form of (2.148) with the index range

2 ≤ A,B ≤ 9 rather than 1 ≤ i ≤ (10 − D) in (2.148). Therefore by following

the results we have found for the scalar Lagrangian (2.148) we conclude that the

global internal symmetry group for the D = 3 Bosonic Lagrangian which is also

the symmetry of the enlarged scalar Lagrangian becomes O(8, 8 + N). Then the

scalar coset manifold is O(8, 8 + N)/(O(8)×O(8 + N)).
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CHAPTER 3

SYMMETRIC SPACES

In Chapter two we have introduced the scalar coset manifolds G/K of the maxi-

mal and the gauge multiplet coupled supergravity theories in various dimensions.

In this chapter we will give a rigorous algebraic, group theoretical and geometrical

construction of these coset manifolds. We will first mention the formal construc-

tion of the Riemannian symmetric spaces and the symmetric pairs. We will also

introduce the fundamentals of the Lie groups and their Lie algebras. Then af-

ter presenting a revision of the structure of the semi-simple Lie algebras we will

discuss two important decompositions namely the Cartan and the Iwasawa de-

compositions [44]. These decompositions are important in the analysis of the

sigma models which are based on the symmetric spaces. Apart from the con-

struction of the symmetric spaces the mainline of this chapter can be considered

as the introduction of the Cartan and the Iwasawa decompositions because as it

will be clear by the end of the chapter, the numerator non-compact semi-simple

Lie group G of the scalar coset manifold G/K is parameterized by using these

decompositions. Such a parametrization will lead us to the so called solvable

Lie algebra parametrization [18] of the scalar manifolds of a wide class of super-

gravity theories. When we give the classification of the compact, non-compact
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and the split semi-simple real forms we will finally discuss how the scalar coset

manifolds of the supergravity theories are oriented in this mathematical picture.

The details of a wide class of geometrical and algebraic concepts which take part

in the formal definitions of the symmetric spaces presented here may be found in

the references [39, 41, 42] and [44]-[56].

3.1 Riemannian Symmetric Spaces

We need to start with a series of definitions of the point-set topology and the

differentiable manifolds [54]. The power set PX of any set X is the collection

of all the subsets of X. A topology T on X is a subset of PX, T ⊂ PX such

that if x1, x2 ∈ T then x1 ∩ x2 ∈ T , if {xα | α ∈ J} ⊂ T then
⋃

α xα ∈ T also

∅ ∈ T and X ∈ T . The space (X, T ) is called a topological space if it satisfies

the requirements given above. The elements of T are called the open sets [54].

The complements of the open sets in X are called the closed sets. The topology

T on X may equivalently be defined in terms of the closed sets. If A ⊂ X then

the interior A0 of A is defined as the union of all the open sets contained in A. A

neighborhood of a point p ∈ X is any A ⊂ X such that p ∈ A0. The topological

space (X, T ) is called a Hausdorff topological space if for each pair of points

x, y ∈ X there exists corresponding neighborhoods U ⊂ X of x and V ⊂ X of y

such that U ∩ V = ∅. Now a map ϕ : X −→ Y between two topological spaces is

called continuous if it maps the open sets of X onto the open sets of Y . Moreover

if ϕ is one to one it is called a homeomorphism. A chart at a point p ∈ X is a

homeomorphism, µ : U −→ Rd where U is an open set (p ∈ U) and µ is onto
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an open subset of Rd. Here d is called the dimension of the chart. The maps

xi(µ(p)) ∈ R for i = 1, ...d are called the coordinates of p ∈ X with respect to

the chart (U, µ). The basis of neighborhoods of a point p ∈ X is a collection of

neighborhoods at p such that every neighborhood of p contains at least one of

the basis neighborhoods. A specification of basis neighborhoods at each point

p ∈ X provides a basis neighborhood for X. A separable topological space is a

topological space which has a countable set of basis neighborhoods at each point

p ∈ X.

A topological C0-manifold M is a separable Hausdorff topological space such

that there is a d-dimensional chart at every point p ∈ M [54]. Here d is called the

dimension of the manifold. For a topological C0-manifold M there exists an atlas

which is a collection of charts {µα : Uα −→ Rd | α ∈ I} such that {Uα | α ∈ I} is

a covering of M meaning that
⋃

α Uα = M . We define the C∞-compatibility of

two charts (U,ϕ) and (V, ψ) as either U ∩V = ∅ or the coordinate transformation

map ϕ ◦ ψ−1 : ψ(U ∩ V ) −→ ϕ(U ∩ V ) which is a homeomorphism from a subset

of Rd onto a subset of Rd is an infinitely differentiable map for all the points in

ψ(U ∩ V ) in the ordinary differentiability sense [51]. If any pair of charts are

compatible in an atlas then the atlas is said to be C∞-differentiable and two

atlases are compatible if all the members of them are compatible with each other.

Compatibility defines an equivalence relation on the set of the atlases of M . An

equivalence class of compatible atlases defines a differentiable structure and if

C0-manifold M has such a structure then it is called a C∞-manifold (a smooth

manifold) with the associated differentiable structure [42]. Furthermore M is

94



called an analytical manifold if we replace the differentiability condition in the

definition of the compatibility of two charts with the analyticity which means that

there should exist a convergent power series expansion in a neighborhood of each

point p ∈ ψ(U∩V ) for the coordinate change map ϕ◦ψ−1 : ψ(U∩V ) −→ ϕ(U∩V ).

A map α : M −→ N from a smooth manifold M into another smooth manifold

N is called a smooth map at a point p ∈ M if there exists charts (U,ϕ) in M and

(V, ψ) in N such that p ∈ U and α(p) ∈ V and ψ ◦ α ◦ ϕ−1 : ϕ(U) −→ ψ(V ) is

infinitely differentiable at ϕ(p). If α is differentiable at every point p ∈ M then

it is called a differentiable or a smooth map. In addition if α is one to one then it

is called a diffeomorphism. Let M be a C∞-manifold, a curve in M is a smooth

map φ : (−ε, ε) ⊂ R −→ M . The tangent space TpM of a point p ∈ M is an

R-vector space composed of the equivalence classes of curves whose images in M

contain p ∈ M where two curves φ1 and φ2 are equivalent if φ1(0) = φ2(0) = p

and
.
x

i
(φ1)|t=0 =

.
x

i
(φ2)|t=0 where {xi} are the coordinate maps with respect to

any chart (U,ϕ) which contains p. The R-vector space structure can be defined

on TpM by using any local chart of M containing p [53]. The dimension of the

R-vector space TpM is equal to the dimension of the manifold M . The elements

of the tangent space TpM may also be considered as the derivations from the

ring of smooth functions C∞(M) (M −→ R) into R [53]. A derivation is a map,

ν : C∞(M) −→ R such that ν(f + g) = ν(f) + ν(g) and ν(rf) = rν(f) also ν

satisfies the Leibniz rule ν(fg) = fν(g) + ν(f)g, ∀r ∈ R and ∀f, g ∈ C∞(M).

Clearly it is more straightforward to put an R-vector space structure on the

tangent space TpM when one considers the tangent vectors as derivations. A
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vector field on M is a derivation of the ring C∞(M) onto itself and for each point

p ∈ M it corresponds to an element of TpM . The set of vector fields of M will

be denoted as T 1M which has a module structure globally [42]. One can define

the dual space T ∗
p M of TpM and similarly the differential one-forms Ω1(M) are

the maps from T 1M into C∞(M) such that at each point p ∈ M they correspond

to an element of T ∗
p M . The set of tensor fields T r

s M of certain types on M

are the multi-linear maps from the Cartesian product set of s-times T 1M and

r-times Ω1(M) into C∞(M) such that at each point p ∈ M they correspond to

the elements of the mixed tensor algebra of T r
(p)sM . For each pair of (r, s) the set

T r
s M becomes a module. In particular higher order differential forms Ωm(M) are

the maps from the set of m Cartesian products of T 1M into C∞(M) in a way

that at each p ∈ M they correspond to an element of the m-th exterior power

space of T ∗
p M [42].

An affine connection on a C∞-manifold M is a rule which assigns to each

X ∈ T 1M a linear map ∇X : T 1M −→ T 1M such that

∇(fX+gY ) = f∇X + g∇Y ,

∇X(fY ) = f(∇XY ) + X(f)Y, (3.1)

∀f, g ∈ C∞(M) and ∀X,Y ∈ T 1M . For a smooth map φ : M −→ N the push-

forward (differential) map φ∗ : TpM −→ Tφ(p)N at a point p ∈ M is defined as

φ∗x(f) = x(f ◦ φ), ∀f ∈ C∞(N) and ∀x ∈ TpM . If φ is a diffeomorphism then

φ∗ maps T 1M into T 1N . Now if ∇ is an affine connection of a C∞-manifold
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M and φ is a diffeomorphism of M onto itself then ∇′ which can be defined as

∇′
X(Y ) = φ−1

∗ (∇φ∗X(φ∗Y )), ∀X, Y ∈ T 1M is also an affine connection and if

∇′ = ∇ then φ is called an affine transformation [44]. An affine connection ∇

always induces an affine connection ∇U on an open submanifold U of M as its

restriction on U .

Now consider a C∞-manifold M with an affine connection ∇. Let γ : (−ε, ε) ⊂

R −→ γ(t) ⊂ M be a curve, if we consider any family of tangent vectors Z(t) ∈

T 1γ(t) on γ(t) which is a restriction Y |γ(t) = Z(t) for some Y ∈ T 1M also the

family X(t) = γ∗( d
dt

)|t ∈ T 1γ(t) (where d
dt
∈ Tt′R is the tangent vector at t′ ∈

(−ε, ε) which corresponds to the ordinary derivation on the smooth functions on

(−ε, ε)), there always exist [44] X ∈ T 1M such that X|γ(t) = X(t). If ∇XY |γ(t) =

0 then the family Z(t) is said to be parallel with respect to the curve γ. If in

particular ∇XX|γ(t) = 0 then the curve γ is called a geodesic. If a geodesic is not

a proper restriction of any other geodesic then it is called maximal. For every

point p ∈ M if X ∈ TpM and X 6= 0 then there exists a maximal geodesic γX

such that γX(0) = p and γX∗( d
dt

)|t=0 = X [44]. We also assume that γX(t) = p,

∀t ∈ (−ε, ε) when X = 0. The map Exp : TpM −→ M , such that X −→ γX(1)

is called the exponential map at p ∈ M . Since TpM is isomorphic to RdimM

it can always be equipped with the differentiable structure of RdimM and there

always exist the so called normal neighborhoods N0 and Np of 0 ∈ TpM and

p ∈ M respectively which are open and on which the exponential map Exp is

a diffeomorphism (Np = ExpN0). If a basis {Xi ∈ TpM} for i = 1, ..., dimM is

specified for TpM then the coordinate maps xi(p′) : (p′ = Exp(xiXi) ∈ M) −→
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((xi) ∈ RdimM) of p′ ∈ Np are called the normal coordinates of the point p′. In

the previous chapter we have defined the maps T ′ : T 1M × T 1M −→ T 1M and

R′ : T 1M × T 1M −→ Hom(T 1M, T 1M) as

T ′(X,Y ) = ∇XY −∇Y X − [X, Y ],

R′(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ], (3.2)

where M is a C∞-manifold, we have also introduced the torsion tensor T ∈ T 1
2 M

and the curvature tensor R ∈ T 1
3 M as

T : (ω, X, Y ) −→ ω(T ′(X, Y )),

R : (ω, Z, X, Y ) −→ ω(R′(X, Y ) · Z), (3.3)

∀X, Y, Z ∈ T 1M and ω ∈ ω1(M). The torsion and the curvature tensors will

completely characterize the affine locally symmetric spaces which we will in-

troduce after we make a further definition of the covariant derivative. Now if

γ : (−ε, ε) ∈ R −→ M is a curve in a C∞-manifold M and if (U, ψ) is a lo-

cal chart with the coordinate functions xi such that γ(t) ∈ U then there exists

m= dimM differentiable functions ϕi : ([a, b] ⊂ (−ε, ε)) × RdimM −→ M such

that for each m-tuple (y1, ..., ym), Y i(t) = ϕi(t, y1, ..., ym) satisfy

dY k

dt
+ Γk

ij

dxi(t)

dt
Y j = 0,

Y i(a) = yi, (3.4)
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where we have defined xi(t) = xi(γ(t)) and (∇U)∂/∂xi( ∂
∂xj ) = Γk

ij
∂

∂xk [44]. Here

{ ∂
∂xi} for i = 1, ..., dimM is the set of basis vector fields on U induced by the

chart (U, ψ) as a result of applying the differential map ψ−1
∗ on a standard basis of

Tψ(U)RdimM which corresponds to the partial derivative operators in Tψ(U)RdimM

[42]. If we define the vector field Y (t) = Y i(t) ∂
∂xi |γ(t) which is parallel with

respect to γ then the map τ : Y (a) −→ Y (b) where Y (a) = yi ∂
∂xi |γ(a) for the

previously chosen m-tuple (y1, ..., ym) is an isomorphism from Tγ(a)M onto Tγ(b)M

for a, b ∈ (−ε, ε). The isomorphism τ is called the parallel translation with respect

to the curve γ.

We will define the covariant differentiation for the general tensor fields. An

integral curve of a vector field X ∈ T 1M at a point p ∈ M is a curve ϕ : t −→ ϕ(t)

such that ϕ∗ d
dt
|t = X|ϕ(t) and ϕ(0) = p. If Xp 6= 0 there always exists an

integral curve through p. The covariant differentiation ∇X of a general tensor

field T ∈ T r
s M with respect to X ∈ T 1M at a point p ∈ M is defined as

(∇XT )p = lim
s−→0

1

s
(τ−1 · Tϕ(s) − Tp), (3.5)

where ϕ is an integral curve of X at the point p. We define the parallel translation

of T at p ∈ M as τ ·Tp(F1, .., Fr, A1, .., As) = Tp(τ
−1F1,.., τ−1Fr,τ

−1A1, .., τ
−1As),

∀Fi ∈ Ω1
q(M), ∀Aj ∈ TqM where τ · Tp ∈ T r

s qM and we have defined τFi for

Fi ∈ Ω1
q(M) as τFi(A) = Fi(τ

−1(A)), ∀A ∈ TqM also τFi ∈ T ∗
q M . We also

define (∇XT )p = 0 when Xp = 0. The covariant differentiation ∇X is a linear

map of the module T r
s M also it is a derivation of the associative tensor algebra

T (M) [44].
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Let M be C∞-manifold, a pseudo-Riemannian structure on M is a tensor

field g ∈ T 0
2 M such that g(X, Y ) = g(Y,X), ∀X, Y ∈ T 1M and ∀p ∈ M , gp

is a non-degenerate bilinear form on TpM × TpM . Moreover if gp is positive

definite for all p ∈ M then g is called a Riemannian structure. A topological

space M is called connected if the only sets which are both open and closed in

M are ∅ and M . A pseudo-Riemannian (Riemannian) manifold is a connected

C∞-manifold with a pseudo-Riemannian (Riemannian) structure. The pseudo-

Riemannian (Riemannian) connection is the unique affine connection on a pseudo-

Riemannian (Riemannian) manifold which satisfies

T = 0 , ∇Z(g) = 0, (3.6)

∀Z ∈ T 1M . If M is an analytical manifold the smooth map f ∈ C∞(M) is called

analytical at p ∈ M whenever there is a local chart (U,ϕ) with p ∈ U such that the

map f ◦ϕ−1 : RdimM −→ R is analytical at ϕ(p). If f is analytical at every point

of M then f is called an analytical function on M . A vector field X ∈ T 1M is

called analytical if it maps analytical functions into analytical functions. Similarly

a differential one-form ω ∈ Ω1(M) is said to be analytical if it maps analytical

vector fields into the set of analytical functions. The definition may be generalized

to the modules of general mixed tensor fields. An affine connection on M is called

an analytical connection if for each p ∈ M , ∇XY is analytical at p whenever X, Y

are analytical at p ∈ M [44]. Finally if the pair (M, g) is analytical then M is

called an analytical pseudo-Riemannian (Riemannian) manifold and in this case

the pseudo-Riemannian (Riemannian) connection is analytical.
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Let (M, g) and (N, h) be two Riemannian manifolds, a map ϕ : M −→ N is

called an isometry if it is a diffeomorphism of M onto N and ϕ∗h = g. We have

used the pull-back map ϕ∗ which is associated to a C∞-map ϕ : M −→ N and

which is defined on the modules Ω1(N) and T 0
nN . For the one-form ω ∈ Ω1(N),

ϕ∗ω(X) = ω(ϕ∗X) for each X ∈ T 1M where ϕ∗ω ∈ Ω1(M). Similarly if β ∈ T 0
nN

then it can be written as β = (
∑

i Ai1,...,in(p) ωi1⊗, ...,⊗ωin) where ωij ∈ Ω1(N)

and we define ϕ∗β =
∑

i Ai1,...,in(p) ϕ∗ωi1⊗, ...,⊗ϕ∗ωin). The isometry definition

can be extended for the subsets of the manifolds as well.

Now that we have covered the outline of the basic notions about the Rieman-

nian geometry we are at a stage to introduce the definitions about the symmetric

spaces. Let (M,∇) be a C∞-manifold with an affine connection and consider the

normal neighborhood Np of a point p ∈ M , there exists a geodesic γ : t −→ γ(t)

for each q ∈ Np such that γ(0) = p and γ(1) = q [44]. If we let q′ = γ(−1) then

the map sp : q −→ q′ which is from Np onto itself is a diffeomorphism and it

is called the geodesic symmetry with respect to p ∈ M . In normal coordinates

defined before sp : (x1, ..., xdimM) −→ (−x1, ...,−xdimM). Also the induced linear

map is (sp∗)p = −Id|p. Now if for each point p ∈ M there is an open neighbor-

hood N ′
p where sp is an affine transformation then M is called an affine locally

symmetric space. M is an affine locally symmetric space if and only if T = 0 and

∇ZR = 0, ∀Z ∈ T 1M . On the other hand if M is a Riemannian manifold with

an affine connection ∇ and if there is a normal neighborhood N ′
p for each point

p ∈ M such that sp is an isometry on it then M is called a Riemannian locally

symmetric space. A Riemannian locally symmetric space is always an analytical
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Riemannian manifold.

Finally we will give the definition of the Riemannian globally symmetric spaces

which we will refer to as the symmetric spaces. Let M be an analytical Rieman-

nian manifold, M is called a Riemannian globally symmetric space if for each

point p ∈ M , p is an isolated fixed point of an involutive isometry Sp of M

(S2
p = I and Sp 6= I, also an isolated fixed point means that there exists a

neighborhood of p on which p is the only point such that Sp(p) = p). If M is

a Riemannian globally symmetric space then Sp is unique for each p ∈ M and

there exists a normal neighborhood N ′
p such that Sp|N ′

p
= sp|N ′

p
for some affine

connection ∇ that is assigned on M . If M is a Riemannian globally symmetric

space then M is a Riemannian locally symmetric space for the assigned affine

connection ∇. A more detailed and formal discussion of the symmetric spaces

can be found in [44].

3.2 Analytical Lie Groups and Symmetric Pairs

An analytical Lie group G is a group and an analytical manifold for which the

maps

µ : G×G −→ G, γ : G −→ G,

(3.7)

(g1, g2) −→ g1g2, g −→ g−1,
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are smooth maps where G×G is the Cartesian product manifold. The right and

the left translations

rg : G −→ G, lg : G −→ G,

(3.8)

g′ −→ g′g, g′ −→ gg′,

respectively which are defined ∀g ∈ G are diffeomorphisms of G. If a group G

is a real smooth manifold and if it satisfies the conditions in (3.7) it is called

a real Lie group and it has an analytical structure [53], therefore every real Lie

group is analytical. Despite of this fact we will keep on referring the real Lie

group G as an analytical Lie group to emphasize on its analytical structure. If a

vector field X ∈ T 1G satisfies lg∗X = X, ∀g ∈ G in other words lg∗(Xg′) = Xgg′

then X is called a left-invariant vector field. On the other hand if it satisfies

rg∗X = X, ∀g ∈ G such that rg∗(Xg′) = Xg′g then it is called a right-invariant

vector field. The left-invariant vector fields L(G) and the right-invariant vector

fields R(G) form dimG-dimensional R vector spaces and under the map X,Y −→

[X, Y ] = (XY − Y X), ∀X,Y ∈ T 1G they become a Lie algebra. Here we define

XY (F ) = X(Y (F )), ∀F ∈ C∞(G). A Lie algebra g0 is a real vector space

equipped with a binary operation [ , ] which is linear for both of its entries and

which satisfies the Jacobi identity

[X, [Y, Z]] + [Z, [X, Y ]] + [Y [Z,X]] = 0, (3.9)

also [X,X] = 0, ∀X, Y, Z ∈ g0. The tangent space TeG at the identity element

of G is isomorphic to L(G) and R(G) as a R vector space. We can construct
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the isomorphism if for each A ∈ TeG we assign an LA ∈ L(G) such that LA
g =

lg∗A, ∀g ∈ G. Similarly we can assign an RA ∈ R(G) for each A ∈ TeG such

that RA
g = rg∗A, ∀g ∈ G to establish the isomorphism from TeG to R(G) [53].

These isomorphisms can be used to induce a Lie algebra structure over TeG.

We will refer to TeG with a structure induced by L(G) as the Lie algebra of

the analytical Lie group G and we will denote it as g. An affine connection

∇ on G is said to be left-invariant or right-invariant correspondingly if the left

translations lg or the right translations rg are affine transformations. For the left-

invariant and the right-invariant affine connections on G the maximal geodesic

γX at each point g′ ∈ G is an analytical homomorphism from R into G. There

exists a unique analytical homomorphism θX from the additive group R into

G, ∀X ∈ TeG such that θ(0) = e (which is obvious from the homomorphism

map) and θ∗(d/dt)|t=0 = X. The set of such analytical homomorphisms θX

is called the set of one parameter subgroups of G [48] and there are one to

one correspondences between the elements of the Lie algebra g of G, the one

parameter subgroups of G and the maximal geodesics γX at the identity element

e of G corresponding to the left-invariant affine connections. If we consider the

maximal integral curves σLA
of the left-invariant vector fields LA through the

identity element e of G then σLA ≡ θA ≡ γA indeed. The exponential map

Exp : g −→ G for a Lie group G is defined as usual Exp : A −→ γA(1). The one

parameter subgroups of G can be expressed by the use of the exponential map

[53] namely σLA
(t) = θA(t) = γA(t) = Exp(tA). There are normal neighborhoods

No and Ne of 0 ∈ g and e ∈ G on which Exp becomes a diffeomorphism and the
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definition of the normal coordinates has already been given in the last section.

The exponential map Exp coincides with the matrix exponential function for the

matrix Lie groups or the matrix representations of the analytical Lie groups [49].

Let H be submanifold of an analytical Lie group G, if H is a subgroup of G in

group theory sense or if it is homeomorphic to a topological group with a different

group structure then H is itself a Lie group and it is called a Lie subgroup of G.

A connected Lie subgroup of G is called an analytical subgroup of G. If H is a

Lie subgroup of G then h is isomorphic (an algebra isomorphism φ is an R-linear

one-to-one map such that φ([X, Y ]) = [φ(X), φ(Y )]) to a Lie subalgebra of g.

Conversely for each subalgebra k of g there is only one analytical subgroup of G

such that its Lie algebra is isomorphic to k. If H is a subgroup of an analytical

Lie group G and if it is a closed subset in G then H has a unique analytical

structure and it is analytically a submanifold of G therefore it is a Lie subgroup

of G. Now we will mention about the Cartan-Maurer forms which will be one

of the basic tools of the analysis of the sigma models on the symmetric spaces.

Similar to the invariant vector fields on an analytical Lie group G, if a differential

n-form ω ∈ Ωn(G) is left-invariant, l∗gω = ω then it is called a left-invariant n-

form. Also if ω is invariant under the right translation pull-back map, r∗gω = ω

then it is called a right-invariant n-form. We will denote the set of left-invariant

and the right-invariant n-forms as Ln(G) and Rn(G) respectively. If ω is both

left and right-invariant then it is called a bi-invariant n-form. A bi-invariant n-

form ω is always closed, dω = 0. The left and the right-invariant one-forms form

vector spaces over R which we will denote as L∗(G) and R∗(G) and which are
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the dual spaces of L(G) and R(G) respectively. We should imply that ω(X) ∈ R,

∀X ∈ L(G) and ∀ω ∈ L∗(G) or ∀X ∈ R(G) and ∀ω ∈ R∗(G). If we choose

a basis {Xi | Xi ∈ g} for g then {LXi} is a basis for L(G) and the dual basis

{ωi ∈ L∗(G) | ωi(LXj) = δi
j} satisfy the Cartan-Maurer equation [47]

dωi = −1

2

∑

j,k

Ci
jkω

j ∧ ωk, (3.10)

where the structure constants {Ci
jk} are defined as [Xj, Xk] = Ci

jkXi. The exterior

derivative d is an R-linear map from Ωn(G) into Ωn+1(G) and the wedge product

∧ is the alternating tensor product of two differential forms on G. The details of

the exterior algebra of differential forms can be referred in [41].

The Cartan-Maurer form Ω is an L(G)-valued or a Lie algebra g-valued one-

form, formally Ω ∈ L(G)⊗L∗(G) ' g⊗L∗(G). Alternatively the Cartan-Maurer

form can also be considered as a map Ω(X) : T 1G −→ L(G), ∀X ∈ T 1G. More

specifically we can define the Cartan-Maurer form Ω as the L(G)-valued one-form

such that at each point g′ ∈ G it is the map Ωg′(v) : Tg′G −→ L(G), ∀v ∈ Tg′G

such that (Ωg′(v))g′′ = lg′′∗(lg′−1∗v). The Cartan-Maurer form Ω is left-invariant

when the maps lg∗ and l∗g are applied on different tensor product components of

Ω =
∑

i,j Ai
jYi ⊗ βj where {Yi} is a basis for L(G) and {βj} is a basis for L∗(G).

If we consider the action of Ω on the left-invariant vector field LA then we get

Ω(LA) = LA. We can equivalently define Ω̃ ∈ g⊗L∗(G), in this case Ω̃x = (lx−1∗)x

where Ω̃x : TxG −→ TeG is such that Ω̃x(v) = lx−1∗v ∈ TeG, ∀v ∈ TxG. Therefore

Ω̃ = ωi ⊗ Xi where {Xi} is a basis for g and {ωi} is the dual basis such that

ωi(LXj) = δi
j. Locally for each point p ∈ G, Ω̃p = ωi

p ⊗Xi. Equivalently we have
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the exact definition of Ω as Ω = ωi ⊗ LXi . A Lie algebra valued left-invariant

n-form ψ can be defined in a similar way (Ψ ∈ g ⊗ LnG ' L(G) ⊗ LnG). By

using the Cartan-Maurer form Ω we define the L(G)-valued left-invariant two-

form [Ω, Ω] ∈ L(G) ⊗ L2G as [Ω, Ω]x(v1, v2) = [Ωx(v1), Ωx(v2)], ∀v1, v2 ∈ TxG.

Then one can show that [44] the Cartan-Maurer form satisfies the equation

dΩ +
1

2
[Ω, Ω] = 0. (3.11)

The exterior derivative operator d acts on the L∗(G) part of Ω. If we consider

a differentiable map (a gauge map) ϕ : M −→ G where M is a C∞-manifold

and G is an analytical Lie group then we can define the images of the Cartan-

Maurer forms under the pull-back of ϕ as G̃ = ϕ∗Ω̃ = ϕ∗(ωi) ⊗ Xi. Similarly

G = ϕ∗Ω = ϕ∗(ωi) ⊗ LXi . If G is a matrix Lie group or an (n × n) F -matrix

representation is used for G then G ∈ GL(n,F)⊗Ω1(M). In particular one may

consider a representation in which G is an n× n matrix of one-forms of M . For

a local chart (U, ψ) on M if we consider a matrix representation of G then for

ψ−1(x) ∈ U and x ∈ RdimM there exists representations on M such that the

Cartan-Maurer forms G and G̃ can be represented as

G ' G̃ ' L−1dL, (3.12)

where L(p) = ϕ(p) is the matrix function on M , ∀p ∈ U taking values in the

matrix representation of G and if we consider the map L(x) = ϕ ◦ ψ−1(x) on

ψ(U) ⊂ RdimM then

(dL)j
i =

∂Lj
i

∂xk
dxk. (3.13)
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Owing to its local matrix definition G satisfies the Cartan-Maurer equation on

U ⊂ M [44]

dG + G ∧ G = 0. (3.14)

If we consider the identity map I on G itself we can obtain the local expression

of Ω and Ω̃ on G as well

Ω ' Ω̃ ' L−1dL, (3.15)

where L(x) = ψ−1(x) in this case.

We will define the left action of a Lie group G on a smooth manifold M now.

A group G is said to act on a set M from the left (right) if there is a homomor-

phism (anti-homomorphism) µ : G −→ Perm(M) where Perm(M) is the group

of bijections of M . Let M be a Hausdorff space and G a topological group, a ho-

momorphism (anti-homomorphism) µ from G into the group of homeomorphisms

of M is called a left (right) action of G on M if the map

G×M −→ M,

(g, p) −→ µ(g) · p, (3.16)

is a continuous map onto M . We assume that G×M has the Cartesian product

topology. The group G in this case is called the topological transformation group

of M . If G is an analytical Lie group and M is a smooth manifold and the map

(3.16) is a differentiable map, also if µ is into the diffeomorphism group of M

(which is the group of diffeomorphisms of M under the composition map) then G

is called the Lie transformation group of M . We will use the notation µ(g)·p ≡ gp
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for the left actions and µ(g) · p ≡ pg for the right actions. If in general µ is one-

to-one then it is an isomorphism and the left (right) action is called effective, also

if for all p ∈ M , {g ∈ G | µ(g) · p = p} = {e} then the left (right) action is said

to be free. A free action is effective but the converse is not necessarily true. The

left (right) action is called transitive if ∀p, q ∈ M there exists a g ∈ G such that

q = µ(g) · p. There is a one-to-one correspondence between the left actions and

the right actions of any set (a Hausdorff space or a smooth manifold) therefore we

will use simply the action when it is not necessary to differ between the left and

the right. At the same time G/H will correspond to both of the left and the right

cosets unless they are not specified as left or right. If a Hausdorff space M has a

homeomorphism group which allows any topological group G to act transitively

on M then M is called a homogenous space. The set Op = {q ∈ M | p = µ(g) · q

for some g ∈ G} is called the orbit of M at the point p under the action of G.

If we define the relation p ∼ q when p = µ(g) · q for some g ∈ G then ∼ is an

equivalence relation on M [53] and {Op} are the equivalence classes in M . We

will denote the set of all the orbits {Op} of M as M/G. The coset space M/G

carries a quotient topology induced by the projection map of the equivalence

classes in M [56]. If the action is transitive then M has a single orbit and M/G

has a single point so it is trivial. The group G has an induced transitive action

on each of the orbits M/G. The left cosets G/H ≡ {gH | ∀g ∈ G}, generated

by a subgroup H of G are the orbits of the right action of H on G as µ(h) = gh,

∀g ∈ G and ∀h ∈ H (if G is a topological group then H is considered with the

relative topology). Similarly the right cosets G/H ≡ {Hg | ∀g ∈ G} with respect
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to a subgroup H are the orbits of the left action µ(h) = hg, ∀g ∈ G and ∀h ∈ H

of H on G. The adjoint left action of G on itself namely Adg : g′ −→ gg′g−1,

∀g, g′ ∈ G has the orbits as the conjugacy classes. If H is a closed subgroup of

a topological group G then G/H has a Hausdorff quotient topology. Moreover

if H is a closed subgroup of an analytical Lie group G then G/H has a unique

analytical structure. If we define the left action τ : G −→ G/H of a group G

on the left cosets with respect to a subgroup H such that τ(g)(g′H) = gg′H

then τ is a transitive action. When G is a topological group and H is its closed

subgroup then G becomes a transitively acting topological transformation group

of G/H under τ and G/H becomes a homogeneous space. If G is a Lie group

and H is again one of its closed subgroups then G is a transitively acting Lie

transformation group of G/H under τ and G/H is a homogeneous space. The

subgroups Gp ≡ {g ∈ G | µ(g) · p = p}, ∀p ∈ M of G are called the isotropy

groups at the points p. For a transitive action of a Lie transformation group G

on a smooth manifold M , Gp is always a closed subgroup of G for every point

p ∈ M . Besides if G is a locally compact (there is a compact neighborhood of

every point of G) topological group with a countable basis such that G =
⋃

n Hn

where {Hn} are closed subsets of G and if G is a transitively acting topological

transformation group of a locally compact Hausdorff space M then Gp are closed

subgroups of G for every point p ∈ M therefore G/Gp is a Hausdorff space. As

explained above G is acting transitively on this Hausdorff space G/Gp as a result

G/Gp becomes a homogeneous space. Similarly if G is a transitively acting Lie

group of a smooth manifold M then G/Gp has a unique analytical structure for
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any Gp and G again acts transitively on G/Gp thus G/Gp becomes a homogeneous

space. Now let G act transitively from the left on a set M then for each point

p ∈ M the map

Jp : G/Gp −→ M,

gGp −→ gp, (3.17)

is a bijection. If G is a transitively acting topological transformation group of a

locally compact Hausdorff space M and if G is locally compact with a countable

basis then (3.17) becomes a homeomorphism. For the transitive action of a Lie

group G on a smooth manifold M if (3.17) is a homeomorphism then it becomes

a diffeomorphism. Thus when G is a locally compact (with a countable basis)

transitive Lie transformation group of a locally compact smooth manifold M then

(3.17) is a diffeomorphism. Also if (3.17) is a homeomorphism and M is connected

then the identity component (a topological space splits into a countable number

of disjoint maximally connected subsets; the connected component including the

identity element of a topological group is called the identity component [54]) G0

of G acts transitively on M .

Let M be a Riemannian manifold the set of isometries of M namely I(M)

forms a group under the composition map. We may equip I(M) with a compact

open topology such that for each pair of open and compact subsets C and U of

M , if we define the open sets in I(M) as W (C, U) = {g ∈ I(M) | g ·C ⊂ U} then

the collection of sets {W (C, U)} defines a Hausdorff topology on I(M). I(M) has
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a countable basis of open sets such that each open set in I(M) contains one of the

basis elements. I(M) becomes a topological group and it is the locally compact

(with a countable basis) transitive topological transformation group of M . Every

isotropy group of this action is a compact subgroup of I(M) thus they are closed

(every compact subset of a Hausdorff space is closed). By following the discussion

above since I(M) is a locally compact transitive topological transformation group

of M with a countable basis of open sets and since M is a Riemannian manifold

so that it is a locally compact Hausdorff space we conclude that for any p ∈ M ,

I(M)/Gp with its Hausdorff quotient topology, is homeomorphic to M through

(3.17). Moreover if M is a Riemannian globally symmetric space then I(M)

has a unique analytical structure compatible with its compact open topology (a

topological group may have at most one analytical structure which turns it into

a Lie group) and I(M) becomes the transitive Lie transformation group in this

case. Therefore when M is a Riemannian globally symmetric space since (3.17)

is a homeomorphism for the Lie transformation group as mentioned above it is

a diffeomorphism for the unique analytical structure of I(M)/Gp. Also since the

Riemannian manifold M is connected the identity component I0(M) of I(M) acts

transitively on M and I0(M)/Gp is also diffeomorphic to M .

We will give the definition of a symmetric pair now. Beforehand we will

shortly mention about the adjoint representation of a Lie group. The set of

endomorphisms namely the linear maps on a vector space a over the field R form

a vector space with the addition and the scalar product induced from a. They

also form a Lie algebra denoted as gl(a) under the product [α, β] = α · β − β · α.
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The non-singular (invertible) endomorphisms of a form an analytical Lie group

which we will refer as GL(a). Naturally gl(a) is isomorphic to the Lie algebra of

GL(a). If a has a Lie algebra structure and if we assign the map adX =[X, ],

∀X ∈ a such that adX · Y = [X,Y ], ∀Y ∈ a then adX is an endomorphism.

The map adg(a) ≡ adX : X −→ adX is an algebra homomorphism and it is

called the adjoint representation of the algebra a. The image of adX in gl(a)

is a subalgebra and we will denote it as ad(a). The kernel (the subalgebra of

a which is mapped to the identity element of gl(a)) of ad(a) is the center of a.

The center z of an algebra a is the subset z ⊂ a such that [z, a] = 0 and z is

maximal in a. If one chooses a basis {xi} in a then each endomorphism in gl(a)

corresponds to a dima×dima real matrix which acts on the components of the

elements of a with respect to the basis chosen. The analytical subgroup Int(a)

of GL(a) whose Lie algebra is isomorphic to ad(a) is called the adjoint group.

When a is an algebra the set of automorphisms (algebra isomorphisms of a onto

itself) Aut(a) of a is a closed subgroup of GL(a). The set of derivations ∂(a)

of a is a subalgebra of gl(a) and it is isomorphic to the Lie algebra of Aut(a).

We should remind that a derivation D of an algebra a is an endomorphism of a

satisfying D(αβ) = αD(β) + D(α)β. Moreover ad(a) is a subalgebra of ∂(a) and

its elements are called the inner derivations of a also Int(a) is a normal analytical

subgroup of Aut(a) which is an analytical subgroup of gl(a) and the elements of

Int(a) are called the inner automorphisms of a.

When G is an analytical Lie group then the map I(σ) : G −→ G | g −→

σgσ−1, ∀g ∈ G and ∀σ ∈ G is an analytical isomorphism of G onto itself.
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Therefore ∀σ ∈ G the map Ad(σ) ≡ AdG(σ) = I∗(σ)|e is an automorphism of g

and the map σ −→ Ad(σ) is an analytical homomorphism of G into GL(g). This

analytical homomorphism is called the adjoint representation of the group G. If

g is a Lie algebra over R and t is its Lie subalgebra then ad(t) is a subalgebra

of ad(g). The subalgebra t is said to be a compactly imbedded subalgebra of

g if the analytical subgroup K∗ of Int(g) whose Lie algebra is isomorphic to

ad(t) is compact. A topological space X is called compact if every open covering

X =
⋃

i Vi for the open sets {Vi} has an open subcovering. A Lie algebra g is

called compact if it can be compactly imbedded into itself in other words if Int(g)

is compact.

The pair (G,H) which is composed of a connected analytical Lie group G and

one of its closed subgroups H is called a symmetric pair if there exists an involutive

analytical automorphism σ of G (a group isomorphism onto itself which is an

analytical map and whose square is the identity map) such that (Hσ)0 ⊂ H ⊂ Hσ

where Hσ is the set of fixed points of σ which is a topological subgroup of G

and (Hσ)0 is the identity component of Hσ. If H is a closed subgroup of an

analytical Lie group G then there is a unique analytical structure on H and it

becomes an analytical Lie group itself. In addition to the above definition of

the symmetric pairs if AdG(σ)|H is compact then (G,H) is called a Riemannian

symmetric pair. If (G,H) is a Riemannian symmetric pair then the left cosets

G/H with the quotient topology has a unique analytical structure [44] and for

each G-invariant Riemannian structure on G/H (a Riemannian structure t on

G/H is G-invariant if τ ∗(g) · t = t, ∀g ∈ G) the left coset space G/H becomes a
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Riemannian globally symmetric space. The Riemannian connection ∇ on G/H

and the geodesic symmetry sp are independent of the choice of the G-invariant

structure t on G/H. Furthermore if G is semi-simple (we will give a rigorous

definition of a semi-simple Lie algebra and a Lie group in the next section) and

if it acts effectively on G/H then there is an analytical isomorphism between

I0(G/H) and G for all the G-invariant Riemannian structures on G/H.

Similar to the pair of Lie groups, (g, s) is called an orthogonal symmetric Lie

algebra if g is a Lie algebra over R and if s is an involutive automorphism of

g, (s ∈ Aut(g)) whose set of fixed points t = {u ∈ g | su = u} is a compactly

imbedded subalgebra of g. If in addition t ∩ z = {0} where z is the center of g

then (g, s) is called an effective orthogonal symmetric Lie algebra. A pair (G,H)

is said to be associated to (g, s) if G is a connected analytical Lie group with a

Lie algebra isomorphic to g and if H is a Lie subgroup of G whose Lie algebra is

isomorphic to t. We should stress on the point that an associated pair does not

have to be a symmetric pair. On the other hand if (G,H) is an associated pair and

if H is closed and connected then G/H is a Riemannian locally symmetric space

for all the G-invariant Riemannian structures, also it has a unique analytical

structure, in addition if G is simply connected (from the image of every loop

f : [0, 1] ∈ R −→ G in G there is a continuous map to a point p of G) then (G,H)

is a Riemannian symmetric pair. An involutive automorphism of an algebra has

two eigenspaces corresponding to the two possible eigenvalues ±1 respectively.

Namely t which is introduced above is the eigenspace with eigenvalue 1. Thus

in an orthogonal symmetric Lie algebra (g, s) the Lie algebra g can be written
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as a vector space direct sum of these two eigenspaces. In an effective orthogonal

symmetric Lie algebra (g, s) if g is semi-simple and compact (non-compact) then

(g, s) is called a compact (non-compact) type. Accordingly the associated pair is

also called a compact (non-compact) type. A left or a right-ideal b of an algebra a

is a vector subspace such that ba ⊂ b or ab ⊂ b respectively. If b is both a left and

a right-ideal then it is simply called an ideal. For a Lie algebra every left-ideal is a

right-ideal and the ideals are subalgebras. For an effective orthogonal symmetric

Lie algebra (g, s) if the eigenspace of s which corresponds to the eigenvalue −1

is an Abelian ideal then (g, s) is called an Euclidean type. For a Riemannian

globally symmetric space M the pair (I0(M), Kp) is a Riemannian symmetric

pair where Kp is the isotropy group of any point p in M . If we define the map

ε : γ −→ SpγSp which is an involutive automorphism of I0(M) the differential

map θ of ε at the identity element e of I0(M) so as to say θ : g0 −→ g0 is

an involutive automorphism of g0 the Lie algebra of I0(M). The pair (g0, θ) is

associated to (I0(M), Kp) and it is an orthogonal symmetric Lie algebra. Let M

and M ′ be two Riemannian globally symmetric spaces such that I(M) and I(M ′)

have the same Lie algebra g. Since I0(M) and I0(M
′) are the Lie subgroups

of I(M) and I(M ′) respectively their Lie algebras g0 are subalgebras of g and

they are isomorphic to each other. If g0 is non-compact then (I0(M), Kp) is of

non-compact type. In this case M and M ′ are isometric to each other (where the

isometry corresponds to an analytical diffeomorphism whose push-forward map

preserves the Riemannian structures on M and M ′).
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3.3 The Semi-Simple Lie Algebras and the Iwasawa Decomposition

In this section we will discuss the general framework of the semi-simple Lie

algebras and we will construct the Cartan and the Iwasawa decompositions of the

semi-simple real Lie algebras.

A field F is said to be characteristic p if there is a prime number p such that a+

...+a = 0, ∀a ∈ F where there are p-terms in the sum. If there is no such degree

p then F is called a characteristic zero field. If g is a Lie algebra we will denote

the Lie algebra product space as g × g which is a Cartesian product set and a

direct sum vector space, the algebra product is [(X, Y ), (V, Z)] = ([X, V ], [Y, Z]),

∀ (X, Y ) and (V, Z) ∈ g × g. The subsets (0, X) and (X, 0), ∀X ∈ g are ideals

in g × g. If g is a Lie algebra over a characteristic zero field then the symmetric

bilinear form

B(X,Y ) = tr(adX adY ), (3.18)

∀X, Y ∈ g is called the Killing form. The trace in (3.18) is over the matrix

representation which is based on a basis which we have mentioned before. For

each σ ∈ Aut(g), B(σX, σY ) = B(X, Y ) and if a is an ideal in g then the

restriction of B on a is the Killing form on a×a. A Lie algebra over a characteristic

zero field is called semi-simple if its Killing form B is non-degenerate (such that

B(X, X) = 0 if and only if X = 0) equivalently if it contains no Abelian ideals

except {0}. If a Lie algebra g 6= {0} is semi-simple and if it has no ideals except

g = {0} or g then it is called simple. A Lie group is called semi-simple (simple)

if its Lie algebra is semi-simple (simple). The center of a semi-simple Lie algebra
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is {0}. An algebra A is said to be a direct sum of two algebras B and C if it

is a direct sum vector space, A = B ⊕ C and BC = CB = 0. If A is a direct

sum of its subalgebras then it is called reducible and the subalgebras are called

the components. The components of a reducible algebra are ideals. A semi-

simple Lie algebra is reducible and its components are simple ideals, this is an

essential result predicting that the classification of the semi-simple Lie algebras

can be based on the classification of the simple Lie algebras. For a semi-simple

Lie algebra g every derivation is an inner derivation that is to say ad(g) = ∂(g)

also the adjoint group Int(g) is the identity component of Aut(g), it is a closed

topological subgroup of Aut(g) thus Int(g) has a unique analytical structure and

it is an analytical Lie group. A semi-simple Lie algebra g is compact if and only

if the Killing form B is strictly negative definite. On the other hand a Lie algebra

g over R is compact if and only if there is a compact Lie group whose Lie algebra

is isomorphic to g.

The nilpotent and the solvable Lie algebras will be the building blocks of our

analysis of the semi-simple real Lie algebras. An endomorphism N ∈ Hom(V, V )

of a vector space V over a field F is called nilpotent if Nk = 0 for some k ∈ Z.

There always exists a basis of V such that the matrix representative of a nilpotent

endomorphism N which is defined by the action of N on the basis of V has null

entries on and below the diagonal. Conversely if an endomorphism has such a

matrix representative then it is nilpotent. Let P be a subset of Hom(V, V ), then

a vector subspace W of V is called invariant if SW ⊂ W , ∀S ∈ P . The set P is

called semi-simple if each invariant subspace W of it has an invariant complement
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in V . Each A ∈ Hom(V, V ) can be uniquely written as A = N + S where the

addition belongs to the Lie algebra structure gl(V ) of Hom(V, V ) ,N is nilpotent

and the complement S is semi-simple. A Lie algebra a is called nilpotent if ∀Z ∈ a,

adaZ is nilpotent. Relatively a Lie group is called nilpotent if its Lie algebra is

nilpotent. If K is a characteristic zero field and a is a vector space and a Lie

algebra on K then the set Da = {[X,Y ]} which is generated by all the elements

X, Y ∈ a is an ideal of a. Since an ideal is a subalgebra Da = [a, a] is called the

derived algebra of a. The higher order derived algebras are defined inductively

in the same way over one less rank derived algebra and they are denoted as Dna

where Dna = D(Dn−1a) and D0a = a. A Lie algebra is called solvable if there

exists an integer n ≥ 0 such that Dn a = {0}. A Lie group is called solvable if

its Lie algebra is solvable. A nilpotent Lie algebra is always solvable. If a Lie

algebra is solvable then it is not semi-simple [44]. A Lie algebra is solvable if and

only if it satisfies the chain condition g0 ⊃ g1 ⊃ ...gn−1 ⊃ gn = {0} where gi is

an ideal of gi−1 with dimgi−1 − dimgi = 1. If g is a solvable Lie algebra over

a field K and if V 6= {0} is an m-dimensional K-vector space then there exists

a representation π : g −→ gl(V ) such that each element of g is represented by

upper triangular m ×m matrices of K when a basis is specified in V . A similar

case occurs for a nilpotent Lie algebra n so that each element of n is represented

by m×m K matrices with null entries on and below the diagonal. Similar to the

derived algebras of a Lie algebra g if we define the ideals ϕp+1g = [g, ϕpg] where

ϕ0g = g then the series ϕ0g ⊃ ϕ1g ⊃ ϕ2 ⊃ ... is called the central descending

series. A Lie algebra g over K is nilpotent if and only if the central descending
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series terminates with ϕmg = {0} for some m ≥ dimg. A nilpotent Lie algebra

g 6= {0} has a non-zero center.

The next step will be the construction of the root subspace decomposition of

a complex semi-simple Lie algebra. The Cartan subalgebra h of a semi-simple Lie

algebra g over C is a maximal Abelian subalgebra of g (which is not a subalgebra

of another Abelian subalgebra) such that ∀H ∈ h, adH ∈ gl(g) is semi-simple.

Each semi-simple Lie algebra g over C has a set of Cartan subalgebras and for

any pair of Cartan subalgebras h1, h2 there is an automorphism σ ∈ Aut(g) such

that σ(h1) = h2.

We will construct the root space decomposition of g which is associated with

a chosen Cartan subalgebra now. Let g be a semi-simple Lie algebra over C and

let h be one of its Cartan subalgebras also let α ∈ h∗, if we define the vector

subspace

gα = {X ∈ g | [H,X] = α(H)X, ∀H ∈ h}, (3.19)

of g then α is called a root with respect to h if gα 6= {0}. When α is a root then

gα is called the root subspace. If α = 0 then g0 = h since h is a maximal Abelian

subalgebra of g. We will denote the set of non-zero roots as ∆, formally

∆ = {α ∈ h∗ | gα 6= 0, α 6= 0}. (3.20)

For a pair of roots α and β we have [gα, gβ] ⊂ gα+β. Also for each α ∈ ∆,

dimgα = 1 and there is a unique Hα ∈ h such that B(H, Hα) = α(H), ∀H ∈ h.

If α ∈ ∆ then −α ∈ ∆ too. Thus we have the identity [gα, g−α] = CHα for all

α ∈ ∆. If α + β 6= 0 for α, β ∈ ∆, B(gα, gβ) = 0 which we interpret as the
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orthogonality of the roots α and β, also [gα, gβ] = gα+β. The restriction of B on

h is non-degenerate and ∀H, H ′ ∈ h, B(H,H ′) =
∑

β∈∆ β(H)β(H ′). The only

roots which are proportional to α are −α and 0. We also define the product

of two roots λ and µ as < λ, µ >= B(Hλ, Hµ). After giving a summary of the

properties of the roots we can write down the root space decomposition of the

complex Lie algebra g as

g = h⊕
∑
α∈∆

gα, (3.21)

where the sum is a direct vector space sum. We may also define a subset of h as

hR =
∑
α∈∆

RHα, (3.22)

where R is the real subfield of C. The restriction of B on hR is in the R subfield

of C and it is strictly positive definite. Another subset ihR of h can be defined

and the elements of h can uniquely be written as the decomposition

h = hR + ihR. (3.23)

Before introducing the positive and the negative roots we should mention about

the ordering of a vector space. In general a set M is called totally ordered if we

define a relation {>} ⊂ M ×M such that either a > b or b > a so as to say either

(a, b) ∈ {>} or (b, a) ∈ {>} also if a > b and b > c then a > c, ∀a, b, c ∈ M . If

{>} ⊂ S × S for some S ⊂ M then M is called partially ordered. If V is a finite

dimensional vector space over R then V is called an ordered vector space if V is
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an ordered set and {>} satisfies

(i) if X > 0 and Y > 0 then X + Y > 0, ∀X, Y ∈ V ,

(3.24)

(ii) if X > 0 then aX > 0, ∀ a > 0 and ∀X ∈ V .

The first condition (i) in (3.24) implies that X > 0 if and only if 0 > −X. Let

{Xi} be a basis for an n-dimensional real vector space V , we will define a special

relation {>}, ∀X,Y ∈ V such that X > Y when the first non-zero component Am

in the expansion X − Y =
∑

i A
iXi is a positive real number. With this relation

V becomes an ordered vector space and {>} is called the lexicographic ordering

with respect to the basis {Xi}. One can also put a lexicographic ordering on the

dual space V ∗ of V as follows; if µ, λ ∈ V ∗ then λ > µ when the first non-zero

number in the sequence (λ(X1) − µ(X1)), ..., (λ(Xn) − µ(Xn)) is positive. The

dual space V ∗ turns into an ordered vector space with this ordering. An element

λ ∈ V ∗ is called positive if λ > 0 and negative if 0 > λ, this is a legitimate

definition since according to the definition of an ordering they can not be valid

at the same time.

We will define the realization of a complex vector space in order to be able to

induce an ordering on the nonzero roots of a semi-simple complex Lie algebra. If

V is an even dimensional vector space over R then a complex structure J over V

is an endomorphism, J ∈ Hom(V, V ) such that J ·J = −I where I is the identity

map on V . An even dimensional real vector space V can be turned into a complex

vector space Ṽ by keeping the addition rule and by defining the complex scalar
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product as (a + ib)X = aX + bJX, ∀(a + ib) ∈ C and ∀X ∈ V . We have

the dimensional relation dimCṼ = 1
2
dimRV . Set theoretically two spaces are the

same V = Ṽ . Conversely if E is a vector space over C we define the real vector

space ER which is called the realization of E by keeping the addition rule and

by identifying the complex structure J ·J = −I from the complex scalar product

(a+ ib)X = aX +bJX, ∀(a+ ib) ∈ C and ∀X ∈ E so that we can define the real

product aX, ∀ a ∈ R and ∀X ∈ ER. Clearly we have ẼR = E. A Lie algebra g

over R is said to have a complex structure J if J is a complex structure on the

vector space g and if it satisfies

[X, JY ] = J [X,Y ], (3.25)

∀X, Y ∈ g. The complex vector space g̃ becomes a complex Lie algebra by

inheriting the real Lie algebra product [ , ] from g. On the other hand if E

is a complex Lie algebra the real vector space ER, constructed by the complex

structure J of E which obeys (3.25) becomes a real Lie algebra by inheriting the

algebra product of E.

If we return to our discussion about the roots now we can make use of the

realization (hR)R for ordering the roots in (3.20). We consider the image of

hR through the realization gR of g. We should emphasize on the point that ∆

and (hR)R completely specify the complex Lie algebras since a real vector space

isomorphism of (hR)R s’ of two complex Lie algebras can always be extended to a

C Lie algebra isomorphism [44]. Basically hR is a not a complex vector subspace

but a subset of h, under the realization hR of h the image (hR)R becomes a real
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vector subspace of hR. The action of the roots α ∈ ∆ on hR have real values

so as to say; when α(X) = a the complex number a is an element of the real

subfield of C which is isomorphic to R for all the roots α ∈ ∆ and for all X ∈ hR.

We have to make two observations; the first one is since hR is a subset of h the

restriction of the roots α ∈ ∆ on hR are elements of the set of R-valued and

R-linear maps on hR where R must be again taken as the real subfield of C,

secondly set theoretically the set of R-valued and R-linear maps on hR is equal

to the dual space (h∗R)R. Therefore there is a one to one correspondence between

the roots α ∈ ∆ and the realizations of the restricted roots which we will refer

as ∆res. Obviously if we put a lexicographic ordering on the real vector space

(hR)R we have the induced ordering on (h∗R)R then we obtain the ordering of the

realization correspondents of the restrictions of the roots into the set of R-valued

and R-linear maps on hR. Thus indirectly we order the non-zero roots α ∈ ∆

of g which are in one to one correspondence with their restrictions on hR. We

point out that the analysis is with respect to a chosen Cartan subalgebra h of g.

According to this ordering if α > 0 then α will be called a positive root and if

0 > α then it is called a negative root. The set of positive roots will be denoted

as ∆+ and the set of negative roots will be referred as ∆−. Thus ∆ = ∆+ ∪∆−.

Since if α ∈ ∆ then −α ∈ ∆, from the definition of the vector space ordering we

can predict that if α is positive then −α is negative. Therefore when α ∈ ∆+ we

also have −α ∈ ∆− so the roots form positive-negative pairs as (β,−β) and if

we represent the positive roots as {β} the negative roots may be represented as
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{−β}. For each α ∈ ∆ a set of vectors {Eα ∈ gα} can be chosen such that [44]

[Eα, E−α] = Hα , [H,Eα] = α(H)Eα, ∀H ∈ h,

[Eα, Eβ] = 0, if α + β 6= 0 and if α + β /∈ ∆,

[Eα, Eβ] = Nα,βEα+β, if α + β ∈ ∆, (3.26)

∀α, β ∈ ∆. In (3.26), Nα,β = −N−α,−β. Since dimgα = 1 each of the vectors

{Eα} form a basis for the corresponding root subspaces {gα}.

A positive root α ∈ ∆+ is called a simple root if it can not be written as a

sum α = β + γ of any other two positive roots β, γ ∈ ∆+. If α 6= β are two

simple roots then β − α /∈ ∆ and B(Hα, Hβ) ≤ 0. The roots α ∈ ∆ are not all

linearly independent [49] but if {α1, α2, ..., αl} ⊂ ∆+ are the simple roots then

{Hα1 , Hα2 , ..., Hαl
} form a basis for (hR)R in the real sense and a basis for h in the

complex sense. Therefore from (3.21) we conclude that {Hα1 , Hα2 , ..., Hαl
, Eβ}

where β ∈ ∆ form a basis for the complex semi-simple Lie algebra g. Here

we assume that {Eβ} is the specific set of basis vectors introduced in (3.26).

Evidently the set of simple roots {α1, α2, ..., αl} ⊂ ∆+ form a basis for h∗. If

β ∈ ∆ then in terms of the simple roots {αi}, β can be expanded as β =
∑l

i n
iαi

where ni ∈ Z. The integer coefficients ni are either all positive in which case β

is a positive root or they are all negative then β is a negative root. Finally we

should remark that the root space analysis of a semi-simple complex Lie algebra

is not unique and it effectively depends on the particular Cartan subalgebra h,
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the basis chosen for the lexicographic ordering of the non-zero roots, the basis of

(3.26) and the simple roots. However the basic notions and the functioning of

the root space decomposition do not alter.

Another concept which will prove to be a basic element of our analysis of

the symmetric spaces through the Iwasawa decomposition is the complexification

of a real vector space. Let W be a finite dimensional vector space over R, we

can equip the Cartesian product set W ×W with a real vector space structure

by defining the scalar product as a(X, Y ) = (aX, aY ) and the addition rule

as (X,Y ) + (Z, T ) = (X + Z, Y + T ), ∀ a ∈ R and ∀X, Y, T, Z ∈ W . Then

J : (X, Y ) −→ (−Y, X) is a complex structure on W ×W . The complex vector

space W̃ ×W generated by using J is called the complexification of W and it is

denoted as WC . We have dimCWC = dimRW . Since WC is the set equivalent

of W × W there are subsets in WC whose equivalent subsets in W × W are

isomorphic to W in the real sense. Each element (X,Y ) of WC can be uniquely

written as (X, Y ) = (X, 0) + J(Y, 0) = (X, 0) + i(Y, 0), therefore we can use the

representation X+iY instead of (X,Y ). In this representation (a+ib)(X+iY ) =

aX − bY + i(aY + bX). Every finite dimensional complex vector space E is

isomorphic to a complexification WC of some real vector space W . In fact if {Zi}

is a basis for E then we can take W to be the realization (ER)R of ER =
∑

i A
iZi

where {Ai} run over the elements of the subfield of C which is isomorphic to R,

more explicitly we can write E ' ((ER)R)C . We have already encountered such a

decomposition of a complex vector space in the example of h and hR. In general

if {Xi} is a basis for W in the real sense then {(Xi, 0)} is a basis for WC in the
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complex sense according to the complex structure J we have defined for W ×W

above. The subset WCR =
∑

iR(Xi, 0) of WC has an image (WCR )R which is a

real vector subspace of W ×W under the realization of WC . Evidently (WCR )R

is isomorphic to W . We will not generally differ between (WCR )R and the set

equivalent (W, 0) of W in W ×W or in WC . One can consider other isomorphic

images of W in W ×W .

On the other hand if W is a Lie algebra over R with the Lie algebra product

[ , ] then we can define a Lie algebra structure over WC as

[X + iY, Z + iT ] = [X, Z]− [Y, T ] + i([Y, Z] + [X,T ]), (3.27)

∀X, Y, T, Z ∈ W . With the Lie algebra product in (3.27), WC is called the

complexification of the Lie algebra W . If W is a semi-simple Lie algebra then

WC is semi-simple too.

Let g be a Lie algebra over C, a real form g0 of g is a subalgebra of the real

Lie algebra gR such that

gR = g0 ⊕ Jg0, (3.28)

where the sum is a direct vector space sum and J is the complex structure on

gR identified through the definition of gR which can also be thought as an R-

subfield linear endomorphism of g. Set theoretically g = gR ⊃ g0. As a result

of (3.28) each element Z ∈ gR or each element of g can uniquely be written

as Z = X + iY = X + JY , ∀X,Y ∈ g0. In this case g ' gC
0 that is to say

g is the complexification of its real form g0. The map σ : g −→ g, such that

σ(X + iY ) = X − iY , ∀ (X + iY ) ∈ g where X,Y ∈ go is called the conjugation
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of g with respect to g0. The map σ is not an automorphism of g but of gR when

one considers an equivalent action of it on gR which is the set equivalent of g. It

satisfies the rules; σ(σ(X)) = X, σ(X + Y ) = σ(X) + σ(Y ), σ(αX) =
−
ασ(X),

σ([X, Y ]) = [σ(X), σ(Y )], ∀X,Y ∈ g and α ∈ C. If any onto map σ′ on g

satisfies these conditions then the set of its fixed points is a real form of g and

σ′ is the conjugation with respect to its fixed points. We should also observe

that the subset ig0 of g which is the set equivalent of the real vector subspace

Jg0 of gR is an eigenspace of σ with the eigenvalue −1 and the subset g0 of g

is the eigenspace of σ with the eigenvalue +1. Since g0 is a real subalgebra of

gR, ad(g0) is a subalgebra of ad(gR). If W is a real Lie algebra and WC is its

complexification then W is a real form of WC . In general every image WCR of

W in WC whose definition is given above is a real form of WC . The analytical

subgroup G0 of Int(gR) whose Lie algebra is isomorphic to ad(g0) is a closed

subgroup and G0 ' Int(g0). Every semi-simple Lie algebra over C has a set

of compact real forms. We have come to a level at which we can give a formal

definition of the Cartan decomposition of a semi-simple real Lie algebra. Let g0

be a semi-simple real Lie algebra and let g be its complexification (g = (g0)
C),

since g0 is a real form of g we also assume that σ is the conjugation of g with

respect to g0. Basically the Cartan decomposition is to express g0 as a direct sum

of two components. These components are defined by using another real form of

g. The vector space direct sum decomposition of the semi-simple real Lie algebra

g0

g0 = t0 ⊕ p0, (3.29)
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which is composed of a subalgebra t0 and a vector subspace p0 is called a Cartan

decomposition if there exits a real form gk of g such that

σ(gk) ⊂ gk , t0 = g0 ∩ gk , p0 = g0 ∩ (igk). (3.30)

We should imply that set theoretically t0, p0 ⊂ g0 ⊂ g and gk ⊂ gR = g. Each

semi-simple Lie algebra over R has a set of inequivalent Cartan decompositions.

For any two Cartan decompositions; g0 = t1 ⊕ p1 and g0 = t2 ⊕ p2 there exists

an inner automorphism ψ ∈ Int(g0) such that ψ(t1) = t2 and ψ(p1) = p2 thus

Cartan decompositions of a semi-simple real Lie algebra g0 are adjoint under the

elements of Int(g0). The subalgebra t0 in (3.29) is a maximal compactly imbedded

subalgebra of g0. However this means neither that the analytical subgroup of

Int(g0) whose Lie algebra is isomorphic to ad(t0) is maximally compact nor that

the analytical subgroup of a Lie group G (we assume that the Lie algebra of

G is g0) whose Lie algebra is isomorphic to t0 is maximally compact. It even

does not mean that t0 is a maximally compact subalgebra of g0. The above

maximal condition for t0 simply states that there is no larger subalgebra of g0

which contains t0 and which is compactly imbedded in g0. Furthermore every

compactly imbedded subalgebra of a semi-simple real Lie algebra is a part of a

Cartan decomposition.

An involutive automorphism θ ∈ Aut(g0) of a semi-simple real Lie algebra g0 is

called a Cartan involution if the induced bilinear form Bθ(X, Y ) = −B(X, θ(Y ))

is strictly positive definite ∀X, Y ∈ g0. Since according to the Cartan de-

composition (3.29) for each element Z ∈ g0 there is a unique decomposition
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Z = (T,X) where T ∈ t0 and X ∈ p0, we can define an involutive map

s0 : (T, X) −→ (T,−X) of g0. The involution s0 is a Cartan involution. On the

other hand every Cartan involution leads to a Cartan decomposition in which the

involution can be expressed by means of the decomposition it induces in a similar

way given above. If g is a complex Lie algebra and J is the complex structure

which corresponds to multiplying by i and which is identified in defining gR from

g then gR = u⊕ Ju is a Cartan decomposition for any compact real form u of g.

For the Cartan decomposition (3.29), B(t0, p0) = 0 and essentially we have

the following closures which contribute a major simplicity in the structure of the

symmetric space sigma models we will introduce in the next chapter

[t0, t0] ⊂ t0 , [t0, p0] ⊂ p0 , [p0, p0] ⊂ t0. (3.31)

We should make the observation that t0 is the set of fixed points of s0. Further-

more s0(t0) = t0 and s0(p0) = −p0 so that (3.29) is nothing but the eigenspace

decomposition of g0 with respect to s0 and the corresponding eigenvalues are ±1.

We see that (g0, s0) is an effective orthogonal symmetric Lie algebra [44]. In gen-

eral for a non-compact type effective orthogonal Lie algebra (l, s) the eigenspace

decomposition l = u⊕e is a Cartan decomposition where u and e are eigenspaces

of s with the eigenvalues +1 and −1 respectively. We should also remark that in

an eigenspace decomposition l = u⊕ e of any involutive automorphism θ of any

algebra l, the mixed elements do not belong to any eigenspace of θ.

When g0 is a non-compact, semi-simple Lie algebra over R, for any Cartan

decomposition g0 = t0⊕p0 the pair (g0, s0) is an orthogonal symmetric Lie algebra
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of non-compact type. If (G,K) is associated with (g0, s0) then it is of non-compact

type too. Basically (G,K) is a Riemannian symmetric pair [44]. The involutive

automorphism σ of the Riemannian symmetric pair (G, K) which is defined in

section 3.2 is related to s0 as s0 = σ∗|e. We have B(s0(X), s0(Y )) = B(X, Y ),

∀X, Y ∈ g0 which is valid for any automorphism φ ∈ Aut(g0). In the Cartan

decomposition above the Killing form B is strictly negative definite on t0 and

strictly positive definite on p0. The subgroup K is connected and closed therefore

it is an analytical subgroup of G. The center Z of G is a subset of K. The

analytical subgroup K is compact if and only if the center Z is finite if so then

K is a maximal compact subgroup of G. By following the previous discussion

about the Riemannian symmetric pairs we conclude that G/K is a Riemannian

globally symmetric space for all the G-invariant Riemannian structures on G/K.

An essential result which will provide a parametrization of the symmetric space

G/K is that the restriction of the exponential map on p0 namely Exp : p0 −→ G

produces an induced difeomorphism from p0 onto G/K since it maps the elements

of p0 on the representatives of the left cosets G/K in G.

Each Cartan decomposition of a non-compact, semi-simple real Lie algebra g0

generates a Riemannian globally symmetric space G/K as described above. All

of these spaces are isometric to each other. Since all the Cartan decompositions

are conjugate to each other under the elements of Int(g0), the isometries can be

constructed from these inner automorphisms.

In general if (G,K) is a Riemannian symmetric pair of non-compact type then

K has a unique maximal compact subgroup K ′ and K ′ is maximally compact in G
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as well. All maximal compact subgroups in a connected, semi-simple, analytical

Lie group G are connected and they are conjugate under the inner automorphisms

of G. If K ′ is any maximal compact subgroup of a connected, semi-simple Lie

group G then there is a submanifold E of G which is difeomorphic to Rm for some

m and the map (a, k) −→ ak is a difeomorphism of E ×K ′ onto G, ∀ a ∈ E and

∀ k ∈ K ′.

The Iwasawa decomposition combines the Cartan decomposition (3.29) and

the root space decomposition (3.21) of a semi-simple real Lie algebra. Let g0 =

t0 ⊕ p0 be a Cartan decomposition of a semi-simple real Lie algebra g0, if the

semi-simple complex Lie algebra g = gC
0 is the complexification of g0 then the set

of elements u of g which is generated as

u = t0 + ip0, (3.32)

through the complexification of g0, is a compact real form of g whose conjugation

will be denoted by τ . We should bear in mind that g0 has the set equivalent

images in g = gC
0 whose realizations in g0 × g0 are isomorphic to g0. In this way

t0 and p0 can be considered as subsets of g then u is a subset of g and it is also

a subset of one of the images of g0 in g. Thus under the realization of g, uR

corresponds to a subalgebra of g0. The real semi-simple Lie algebra g0 is also a

real form of its complexification g so that we may define σ as the conjugation of

g with respect to g0. The map θ = σ · τ = τ · σ is an involutive automorphism

of g. In fact θ is a Cartan involution of g. Now let hp0 be any maximal Abelian

vector subspace of p0 (it is also an Abelian subalgebra of g0). We will also take

132



h0 as the maximal Abelian subalgebra of g0 containing hp0 . Basically we have

θ(h0) ⊂ h0 and hp0 = h0∩p0. We also define ht0 = h0∩ t0. When we consider the

complexifications h, hp, ht, t, p of h0, hp0 , ht0 , t0, p0 respectively we conclude that

[44], h is a Cartan subalgebra of g also h0 is isomorphic to the image of hR under

the realization of g.

hR = hp0 + iht0 , (3.33)

where as the subsets of g0, the sets hp0 and ht0 can also be considered as the

subsets of g. This is similar to the case of u we have discussed above.

Let us consider a finite dimensional real vector space V and one of its vector

subspaces W with their corresponding dual spaces V ∗ and W ∗ which is a vector

subspace of V ∗. Let V ∗ and W ∗ are turned into ordered vector spaces, the

orderings are said to be compatible if the restriction λres ∈ W ∗ of every λ ∈ V ∗

is positive (negative) whenever λ is positive (negative). If {X1, X2, ..., Xn} is

a basis for V ∗ and the restricted basis {X1, X2, ..., Xm} is a basis for the m-

dimensional vector subspace W ∗ then the lexicographic orderings of V ∗ and W ∗

are compatible. The Cartan subalgebra h is a complex vector subspace of g and

hR is a subset of h and g. As mentioned before hp0 ⊂ p0 ⊂ g0 also hp0 ⊂ h0 ⊂ g0.

The real vector spaces h0, hp0 , ht0 , p0, t0, g0 can be visualized as the isomorphic

images of the subsets in g0 × g0 which are set equivalent to the same subsets of

the complex vector space g. Since hp0 is a real vector subspace of (hR)R = h0 we

can define compatible orderings on h∗p0
and (h∗R)R. Besides the set of R-valued

and R-linear maps on hR and the dual space (h∗R)R are set equivalent thus we
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indirectly have defined an ordering on the elements of the former. Eventually

the restriction ∆res of the non-zero roots ∆ on hR are elements of the set of R-

valued and R-linear maps on hR and they are in one-to-one correspondence with

the unrestricted non-zero roots ∆ as discussed before. As a result we basically

achieve an ordering of the elements of ∆ by using this one to one correspondence.

For each element β ∈ h∗ we define the element βθ ∈ h∗ such that βθ(H) =

β(θ(H)), ∀H ∈ h where θ = σ · τ as defined before. If α ∈ ∆ then αθ ∈ ∆ as

well. A non-zero root α has the null action α(h̃p0) = 0 on h̃p0 , the image of hp0

in g if and only if α = αθ. The set of non-zero roots which do not vanish on

h̃p0 (α 6= αθ) are called the non-compact roots and they will be denoted as ∆nc.

Conversely if α ∈ ∆ such that α = αθ then α is called a compact root and their

set will be shown as ∆c. As a result we have

∆ = ∆c ∪∆nc. (3.34)

We also classify the positive roots in ∆ as

∆+
c = {α | α ∈ ∆+, α = αθ},

(3.35)

∆+
nc = {α | α ∈ ∆+, α 6= αθ},

which implies that

∆+ = ∆+
c ∪∆+

nc. (3.36)

If α ∈ ∆+
nc then −αθ ∈ ∆+

nc. The subalgebra

n =
∑

α∈∆+
nc

gα, (3.37)
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of g is a nilpotent Lie algebra. As mentioned before if we let the image of g0 in

g0 × g0 or equivalently in g be g′0 then

n0 = g′0 ∩ n, (3.38)

is a nilpotent Lie algebra in g0. The direct sum vector space

s0 = hp0 ⊕ n0, (3.39)

becomes a solvable Lie subalgebra of g0 under the Lie algebra product of g0. As

a real vector space the solvable Lie algebra s0 is isomorphic to p0 which is the

element of the Cartan decomposition (3.29). As a result we have the Iwasawa

decomposition

g0 = t0 ⊕ s0

= t0 ⊕ hp0 ⊕ n0, (3.40)

of a semi-simple real Lie algebra g0 which is based on an arbitrary Cartan de-

composition and the root space decomposition of g0 and g. The sum in (3.40) is

a vector space direct sum.

We have defined the particular Cartan involution θ = σ · τ = τ · σ on g = gC
0

before. As an involutive automorphism it has two eigenspaces g+ and g− with

the eigenvalues ±1 resulting in the decomposition

g = g+ ⊕ g−. (3.41)

The Cartan involution θ is also closed on the Cartan subalgebra h of g meaning

that θ(H) ⊂ h, ∀H ∈ h. The Cartan subalgebra h of g likewise g itself can
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be written as a vector space direct sum of two eigenspaces h+ and h− with the

eigenvalues +1 and −1 under θ. Therefore

h = h+ ⊕ h−. (3.42)

As we have defined earlier we also have the induced map β −→ βθ on the dual

space h∗ of h. Thus the dual space also has a decomposition

h∗ = h∗+ ⊕ h∗−, (3.43)

under θ. We remind the reader of the fact that ∆c = h∗+ ∩ ∆ and ∆nc =

(h∗ − h∗+) ∩ ∆. Furthermore ∆+
c = h∗+ ∩ ∆+ and ∆+

nc = (h∗ − h∗+) ∩ ∆+.

We will also denote the set of roots which satisfy β = −βθ as ∆s which can

be written as ∆s = h∗− ∩ ∆. We observe that ∆s ⊂ ∆nc. The remaining

roots ∆nc − ∆s mix under the Cartan involution θ. In general the elements

of g which are invariant (with +1 eigenvalue) under a Cartan involution are

called compact and the elements of g which only change sign under the Cartan

involution (with−1 eigenvalue) are called non-compact. The Cartan subalgebra h

is already decomposed into its compact, h+ and the non-compact, h− components

in (3.42) according to θ. In general there are algebra elements which neither stay

invariant nor change sign but which mix under the Cartan involution. The Cartan

subalgebra generators {Hαi
} where αi are simple roots are also the generators of

hR in the real sense thus they form a basis for the realization h0 of hR. The real

maximal Abelian subalgebra h0 of g0 which contains p0 has the decomposition

h0 = ht0 ⊕ hp0 . (3.44)
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We should remark that for the Cartan decomposition g0 = t0⊕ p0, the associated

Cartan involution s0 which we have defined before also has the compact-non-

compact decomposition on g0 which coincides with the Cartan decomposition

itself. The non-compact part of h0 in (3.44) is hp0 (with respect to the associated

Cartan involution s0) and similarly the compact part of h0 is ht0 . The compact-

ness (non-compactness) on g0 with respect to θ can be obtained by considering

the compact (non-compact) part in g generated by the compact (non-compact)

generators and then the set equivalent of g0 in g can be decomposed into its

compact (non-compact) components. Equivalently one can consider the R-linear

restriction of θ on the image of g0 in g which induces an involution on g0 since g0 is

a real form of g, as a result the compact-non-compact decomposition with respect

to this restricted and the induced Cartan involution is formed. One should be

careful when speaking about the compact or the non-compact elements of g0, the

compactness or the non-compactness depends on the particular Cartan involution

we specify. One more point about the compactness is that in general the root

space decomposition of an algebra may not be compatible with the eigenspace

decomposition with respect to a Cartan involution, in this case it is possible that

the elements of the basis in (3.26) may be neither compact nor non-compact.

When we consider a semi-simple Lie group G with a semi-simple Lie algebra

g0 we may define special classes of real forms which have distinct properties.

Let g′ be the complex semi-simple Lie algebra obtained from g0 as g′ = g̃0. We

will also assume a certain decomposition of the roots of g′ with respect to any

Cartan involution ψ of g′ like we have performed for the specific Cartan involution
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θ = τ ·σ on g = gC
0 before. The lattice ∆′

c in (h′)∗+ coincides with the root lattice

of a compact analytical subgroup Gc of G whose Lie algebra is isomorphic to a

compact real form gR
c of g′ which is a subalgebra of g0. The real form gR

c is the

image of the subset gc of g′ under the realization of g′ as it is clear from our

former remarks about the set equivalences. One can construct gc in g′ as

gc = Σ
α∈∆′

R(iHα + (Eα − E−α) + i(Eα + E−α)). (3.45)

We use the basis introduced in (3.26) for g′. The analytical subgroup Gc is called

the compact real form of G however it is not a maximal compact subgroup [57].

Similarly the root lattice ∆′
s in (h′)∗− corresponds to the roots of the so called

split real form (maximally non-compact real form) Gs which is an analytical

subgroup of G. The elements of Gs commute with Gc. The Lie algebra of Gs is a

Lie subalgebra gR
s of g0 and it is a real form of g′. The real form gR

s is the image

of the subset gs of g′ under the realization of g′. We can construct gs as follows

gs = Σ
α∈∆′

R(Hα + (Eα − E−α) + (Eα + E−α)). (3.46)

The analytical subgroup Gs is not maximally split in G. The Lie algebra of the

maximal compact subgroup of the split real form Gs is generated by taking the

real combinations of the generators (Eα−E−α) and then considering their image

under the realization of g′ as usual.

The non-compact real forms of g′ = g̃0 where g0 is a semi-simple real Lie

algebra can be constructed from the compact real forms gR
c or Gc of G by using

the Cartan involution ψ of g′ [57]. One may define the image of the root subspace
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generators of g′ in (3.26) under any specified Cartan involution ψ of g′ by consid-

ering the action of ψ on the root lattice of g′. The action on the root subspace

generators of g′ can simply be written as ψ(Eα) = CαEψ(α) where Cα = ±1.

When α ∈ ∆′
c then Cα = 1 and when α ∈ ∆′

s then Cα = −1. If α /∈ ∆′
c ∪ ∆′

s

then the sign is arbitrary but the coefficients satisfy the rule [57]

Cα+βNα,β = CαCβNθ(α),θ(β). (3.47)

To construct a non-compact real form of g′ by using the action of ψ on the

generators of g′, one first identifies the compact and the non-invariant generators

of the compact real form Gc then after multiplying the non-invariant generators

by i, they are used together with the compact generators as linear combinations

with the real subfield coefficients to generate a subset of g′ = g̃0 [57]. Then the

realization image of this subset corresponds to the Lie algebra of the non-compact

real form which is an analytical subgroup of G. The compact generators solely

generate a compact subgroup of this non-compact real form. We assume that the

analytical Lie groups we deal with are linear so that an analytical Lie group is

compact (non-compact) if and only if its Lie algebra is compact (non-compact).

Each time by taking a different Cartan involution ψ of g′ one can generate a series

of compact, split and non-compact real forms of g′.

When the analytical Lie group G is a compact, split or a non-compact real

form of any other analytical Lie group D, it has certain algebraic and topological

properties which help us to identify its type. We should remark that although it is

more common to speak about the real forms of semi-simple complex Lie algebras
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we use the same classification for the analytical Lie groups G in a parallel way

that one should consider algebraically the corresponding Lie algebra g0 of G as

a real form of the complex Lie algebra d̃ where d is the Lie algebra of D. We

will consider the complexification g = gC
0 of the semi-simple real Lie algebra g0

which is isomorphic to the Lie algebra of the Lie group G. We also consider an

arbitrary Cartan, (3.29) and the corresponding Iwasawa, (3.40) decompositions

of g0. Therefore we assume the compact-non-compact decompositions on g with

respect to s0 and θ as usual. The realization of hR namely h0 which is a maximal

Abelian subalgebra that contains p0 in g0 generates an Abelian subgroup in G

which is called the maximal torus. It is an analytical subgroup of G whose Lie

algebra is isomorphic to h0. Although we call it torus it is not the ordinary torus

topologically, in fact it has the topology (S1)m × Rn for some m and n and if it

is diagonalizable in R (such that m = 0) then it is called an R-split torus. These

definitions can be generalized for the subalgebras of h0 as well. If g0 is one of

the three special classes of semi-simple real forms then the analytical subgroup

of G which is generated by hp0 is the maximal R-split torus in G in the sense

defined above and its dimension is called the R-rank of G which we will denote

by r. The R-rank is equal to the dimension of hp0 which is the non-compact

component of the eigenspace decomposition of h0 with respect to s0. The R-rank

is also the multiplicity of the roots in ∆s (α = −αθ). For the split real forms,

Gs (maximally non-compact) the R-rank, r is maximal such that r = l where l

is the rank of Gs (l = dimR(h0s) = dimC(hs)); which also means that hp0s = h0s.

On the other hand for the compact real forms Gc, r is minimal such that r = 0
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and h0c = ht0c . For the non-compact semi-simple real forms r is in between 0

and l so that h0nc = ht0nc ⊕ hp0nc with dimhp0nc = r. Therefore the number of

the non-compact roots in ∆s and the real dimension of hp0 is l for a split real

form, it is r for a non-compact real form and there are no non-compact roots for

a compact real form so that hp0c is an empty set. We see that all the roots for a

split real form become non-compact because a basis of l roots are non-compact.

For a compact real form ∆s is empty. Also for a split real form ∆ = ∆s,

∆+ = ∆+
nc = ∆+

s and ∆c is empty. The non-compact real form has r split

non-compact roots. In all of the three cases hp0 , in the real sense or hp, in the

complex sense are generated by the generators {Hi} where we include only the

Cartan generators corresponding to the roots in ∆s. One can also define the

compactness on h0 with respect to θ by restricting θ into the R-valued, R-linear

maps on hR then by considering the action of it on the set equivalent h0 of hR;

this restriction would reveal the compact-non-compact parts of h0 with respect to

θ. On the other hand hp0 is non-compact with respect to s0 due to the Iwasawa

decomposition (3.40).

When the Lie group G is in split real form then for a Cartan decomposition and

a resulting Iwasawa decomposition the solvable algebra s0 in (3.40) coincides with

the Borel subalgebra which is generated by all the simple root Cartan generators

{Hα} (or any other basis) of h0 and the positive root generators {Eα | α ∈ ∆+}

[10]. This result is obvious since for a split real form dimhp0s = l and ∆+
nc = ∆+.

For a split real form since r = l with respect to θ, all the Cartan generators are

non-compact and the combinations {(Eα−E−α)} are compact while {(Eα+E−α)}
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are non-compact. Also hp0s = h0s is non-compact with respect to both of s0

and θ. Since all the roots and the corresponding Cartan generators are non-

compact we can conclude that h is non-compact too (with respect to θ). The

root space generators {Eα} for α ∈ ∆+
nc are non-compact with respect to s0 but

since θ(Eα) = −E−α for all the roots in the split case they are mixed with respect

to θ. Therefore the compactness with respect to s0 and θ are not compatible.

The compactness of the other root generators with respect to s0 must be studied

case by case.

When the Lie group G is a compact real form there are no non-compact

roots and non-compact Cartan generators with respect to θ then h0c = ht0c and

h0c is compact with respect to s0. For a non-compact real form G, from the

Iwasawa decomposition (3.40), hp0nc is non-compact with respect to s0 and θ

since it is generated by the non-compact Cartan generators {Hα} whose number

is r. From the Cartan decomposition (3.29), ht0nc is compact as usual. The root

subspace generators {Eα | α ∈ ∆+
nc} are non-compact with respect to s0 but the

set {Eα | α ∈ ∆s ⊂ ∆+
nc} is mixed with respect to θ therefore the compact-

non-compact decompositions of s0 and θ are not compatible. The compactness

(non-compactness) of the rest of the roots, the Cartan and the root subspace

generators with respect to s0 and θ must be analyzed case by case. We should

also remark that the analysis we have performed for the real forms by using the

decompositions with respect to Cartan involutions is an important tool in the

study of general compact and non-compact Lie algebras [44].

The classification of the Riemannian globally symmetric spaces reduces to the
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classification of the real simple Lie algebras. There are four infinite sequences, the

classical simple complex Lie algebras (An, Bn, Cn, Dn) and five exceptional simple

complex Lie algebras (G2, F4, E6, E7, E8). These complex Lie algebras correspond

to the classification of all the simple complex Lie algebras and their constructions

can be found in any of the references about the Lie algebras in [44]-[49]. Since a Lie

algebra is semi-simple if and only if it can be written as a direct sum of its simple

ideals [49], the classification of the complex simple Lie algebras enables us to work

out a method of construction of all the semi-simple complex Lie algebras thus

it leads to the classification of the complex semi-simple Lie algebras indirectly.

The complete set of real forms of a given complex semi-simple Lie algebra g in

addition to the discussion we have performed above can be obtained from the

identification of all the Cartan involutions of g. The classification of the real

simple Lie algebras is entirely based on the classification of the complex simple

Lie algebras [48]. Eventually the different classes of the real simple Lie algebras

appear as the compact and the non-compact (including the split case which is

also called the maximally non-compact; meaning that it is a limit case of the non-

compact real forms as we have explained before) real forms of the complex simple

Lie algebras or in a few cases as the real forms of their complex semi-simple Lie

algebra direct sums [48]. The entire classification can be found in [44] for example.

Likewise the complex case, the real simple Lie algebra classification gives us the

material to construct all the real semi-simple Lie algebras in a systematical way.

We also emphasize that although all the simple real Lie algebras can be obtained

from the complex simple Lie algebras or their semi-simple direct sums, the entire
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set of semi-simple real Lie algebras is not necessarily composed of the real forms of

the semi-simple complex Lie algebras. Therefore the semi-simple real forms whose

structures we have discussed form a special class of real semi-simple Lie algebras.

The general set of real semi-simple Lie algebras may have richer topological and

algebraical structures.

Before getting to the point how the scalar coset manifolds fit into this picture

of the symmetric spaces and the real forms we will clarify one point about the

basis we use. As mentioned earlier in this section the basis in (3.26) which is

generated by the root subspace decomposition of g can be used to generate g.

If one takes l Cartan generators corresponding to a basis of h, for example the

Cartan generators corresponding to the simple roots then according to (3.21)

the basis {Hα1 , Hα2 , ..., Hαl
, Eβ} for β ∈ ∆ is a legitimate basis for the complex

semi-simple Lie algebra g. We will consider the complexification g = gC
0 of a

semi-simple real Lie algebra now. If {Xi} is a basis for g0 then since

(a + ib)(Xi, 0) = a(Xi, 0) + Jb(Xi, 0)

= (aXi, 0) + (0, bXi)

= (aXi, bXi), (3.48)

for all a, b ∈ R, {(Xi, 0)} which generates the entire set of g = g0 × g0 is a basis

for the complex Lie algebra g in the complex sense. Now if we let

[Xi, Xj] = Ck
ijXk, (3.49)
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then we have

([(Xi, 0), (Xj, 0)]) = ([Xi, Xj], 0)

= (Ck
ijXk, 0), (3.50)

where we have used (3.27). Thus we see that for the basis specified above g has

the same real structure constants with g0. However notice that the basis {(Xi, 0)}

for g is in the complex sense and the structure constants {Ck
ij} for g are in some

chosen real subfield of C. This is not surprising as g0 is a real form of g. In fact

if we let

gR =
∑

i

R(Xi, 0), (3.51)

then g0 = gRR . One can construct a real form of g by choosing a basis whose

structure constants are in the real subfield of C and then by taking the linear

combinations of this basis with the elements of the real subfield. The resulting

real structure constants in the real form (more correctly in the realization of the

set described above) are inherited from the complex Lie algebra g. This way one

constructs a subset of g whose image under the realization of g is isomorphic to

g0. There is a set of such images of g0 or images of any real form of g in g. Thus

if we chose the basis {Hα1 , Hα2 , ..., Hαl
, Eβ} within one of such images gR of g0

(for example in a representation corresponding to the representatives {(Xi, 0)})

then the structure constants in (3.26) are real and the same basis generates g0

with real coefficients (keeping in mind that we borrow the addition rule of g and

we determine the scalar product with R from the complex structure J on g which
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are the requirements of the realization of gR). We will always assume this basis

as the standard basis for g0 and its subalgebras.

3.4 Scalar Cosets as Symmetric Spaces

The scalar manifolds of a wide class of supergravities, in particular of all the

pure and the matter coupled, N > 2, extended supergravities in D = 4, 5, 6, 7, 8, 9

dimensions [13] as well as the maximally extended supergravities in D ≤ 11

[10, 19] are homogeneous spaces [46], in the sense that there exists a transitive

action of a Lie group G on these manifolds. These homogeneous spaces are in

the form of a coset manifold G/K where G is in general a non-compact real

form of any other semi-simple Lie group and K is a maximal compact subgroup

of G. When G is a compact real form its maximal compact subgroup K is G

itself thus the coset space G/G is a single point and the corresponding sigma

model is an empty set. The numerator group may as well be a split real form

(maximally non-compact) of a semi-simple Lie group, this is the case for the

maximal supergravities in [10, 19].

The Lie algebra k0 of the analytical subgroup K is a subalgebra of the semi-

simple Lie algebra g0 which is the Lie algebra of G. The Lie algebra k0 is a

maximal compactly imbedded Lie subalgebra of g0 therefore it is an element of a

Cartan decomposition of g0

g0 = k0 ⊕ p0. (3.52)
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Since G is a linear analytical Lie group the corresponding Lie algebra g0 is non-

compact for both of the cases when G is a non-compact or a split real form

(although we consider it separately we should not forget that it is a limiting

non-compact case). The map s0 : k + p −→ k − p, for all k ∈ k0 and p ∈ p0 is

the Cartan involution which generates (3.52). The pair (g0, s0) is an orthogonal

symmetric Lie algebra of the non-compact type. By following the outline of

the previous sections we conclude that (G,K) is associated with (g0, s0) and it

is of non-compact type too. The Cartan decomposition (3.52) is the eigenspace

decomposition of s0 where the elements of k0 have +1 eigenvalues and the elements

of p0 have −1 eigenvalues under the involution s0. We also know that (G,K) is

a Riemannian symmetric pair therefore the scalar manifold which is the coset

space G/K has a unique analytical structure induced by the quotient topology of

G as stated before. The scalar manifold G/K is a Riemannian globally symmetric

space for all the G-invariant Riemannian structures on G/K. This is the origin of

the name; symmetric space sigma model which governs the scalar sectors of the

supergravities mentioned above. The crucial result of this identification of the

scalar manifolds as symmetric spaces is that the exponential map Exp : g0 −→ G

induces a difeomorphism

Exp : p0 −→ G/K, (3.53)

from the Rdimp0 manifold p0 onto G/K since it maps the elements of p0 onto

the representatives of the left cosets G/K. This result will enable us to define a

parametrization of the scalar manifold G/K on which the sigma model will be
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constructed in the next chapter.

Furthermore one may use the Iwasawa decomposition of g0 to express p0 in

terms of the root space decomposition basis introduced in (3.26). The Iwasawa

decomposition reads

g0 = k0 ⊕ hp0 ⊕ n0, (3.54)

where hp0 is generated by r non-compact Cartan generators {Hi}. Here we use

the notation we have established before thus r is the R-rank of G. The nilpotent

algebra n0 is generated by the root subspace generators {Eβ} corresponding to the

roots in ∆+
nc such that any element η ∈ n0 can be written as η =

∑
β∈∆+

nc
XβEβ

where Xβ ∈ R. The direct sum s0 = hp0 ⊕ n0 is the solvable subalgebra of g0 as

we have discussed in the last section. When G is a split real form then as we have

mentioned before, r = l where l is the rank of g0 thus hp0 = h0 is generated by all

the Cartan generators {Hi} and ∆+
nc = ∆+ so that the root subspace generators

{Eβ} correspond to the entire set of positive roots. Therefore the solvable Lie

subalgebra s0 coincides with the Borel subalgebra which is generated by the entire

Cartan and the positive root generators of g0 for the split real form case.

For the non-compact real form G if we use the basis {Hi, Eβ} in (3.53) to

generate p0 which is isomorphic to s0 we have the parametrization

Exp :
∑

R{Hi, Eβ} −→ G/K, (3.55)

then (3.55) is called the solvable Lie algebra parametrization or the solvable Lie

algebra gauge of the scalar manifold G/K [18]. On the other hand when g is a

split real form (maximally non-compact) and if use the Borel subalgebra basis
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which is made up of the entire set of the Cartan generators and the positive root

generators; also which is a maximal case of (3.55) in terms of the generators

then (3.55) is called the Borel parametrization or the Borel gauge of the scalar

manifold G/K.

In conclusion we have obtained a legitimate parametrization of the scalar coset

manifold G/K by using the solvable Lie subalgebra s0 of g0. If we use the notation

{Ti} for the basis vectors {Hj, Eβ | j = 1, ..., r ; β ∈ ∆+
nc} of s0 and if {ϕi(x)}

are C∞-maps over the D-dimensional spacetime then the map

ν(x) = eϕi(x)Ti , (3.56)

is an onto C∞-map from the D-dimensional spacetime to the Riemannian globally

symmetric space G/K. The gauge map, (3.56) which depends on the scalar

functions {ϕi(x)} will be the building block of our construction of the symmetric

space sigma model in the next chapter.
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CHAPTER 4

THE SYMMETRIC SPACE SIGMA MODEL

In the previous chapter we have given the formal construction of the Riemannian

globally symmetric spaces which we will simply refer to as the symmetric spaces.

We have studied the algebraic properties of the symmetric spaces in detail, espe-

cially the Cartan and the Iwasawa decompositions. In this chapter the symmetric

space sigma model is constructed and studied in two equivalent formulations and

for different coset parametrizations. Our formalism will be in parallel with the

ones given in [58, 59]. We have already covered the symmetric space sigma model

constructions of the scalar sectors of certain supergravities in Chapter two. Al-

though we have given the Lagrangian, we have not mentioned the details of how

it is constructed nor how one derives the equations of motion. First we will in-

troduce the general, non-linear sigma models. We will consider the formulation

of the symmetric space sigma model in the veilbein formalism. Then by making

use of the algebraic outline, i.e. by using the solvable Lie algebra parametrization

introduced in the last chapter, we will basically study the symmetric space sigma

model Lagrangian which is constructed in terms of the internal metric M, whose

rigid symmetry group G is a real form of a non-compact semi-simple Lie group

and G is not necessarily in split real form. The semi-simple split real forms have
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already appeared as the global symmetry groups of the Bosonic sectors of the

maximal supergravities and we have encountered the more general semi-simple

non-compact real forms when we discussed the scalar sectors of the Kaluza-Klein

descendant supergravity theories of the ten dimensional Abelian Yang-Mills su-

pergravity in Chapter two. The formalism presented here covers the split sym-

metry group case as a particular limit in the possible choice of the non-compact

rigid symmetry groups which is clear from the definitions we have made in the

last chapter. We will introduce two coset maps, one being the parametrization

used in [10, 19]. A transformation law between the two sets of scalar fields will

also be established. The second-order equations of the vielbein formulation and

the internal metric formulation will be derived by using these coset maps. The

dualisation and the local first-order formulation will also be performed for the

symmetric space sigma model whose scalar fields parameterize the coset G/K,

where the rigid symmetry group G is a real form of a non-compact semi-simple

Lie group (not necessarily split) and the local symmetry group K is G’s maximal

compact subgroup as we have discussed in the last chapter. The transformation

between the two different coset parametrizations we have mentioned above will

be used to relate the corresponding first-order equations of motion.

4.1 The Sigma Model

In this section we will present two equivalent formulations of the symmetric

space sigma model which governs the scalar sectors of a wide class of supergrav-

ities including the supergravity theories we have discussed in Chapter two. The
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homogeneous coset scalar manifolds are the common features of these supergrav-

ities. The first of these formulations does not specify a coset parametrization

while the second one makes use of the results of the Iwasawa decomposition. The

first formulation is a more general one which is valid for any Lie group G and its

subgroup K, namely it is the G/K non-linear sigma model. In particular it is

applicable to the symmetric space sigma models.

In order to construct the non-linear sigma model we first consider the set of

G-valued maps ν(x) which are from the D-dimensional spacetime to a generic Lie

group G and which transform onto each other as ν → k(x)νg, ∀g ∈ G, k(x) ∈ K

for some Lie subgroup K of G. We can calculate G = ν−1dν which is the pull

back of the Lie algebra g0-valued Cartan form over G through the map ν(x).

For the construction of the non-linear coset sigma model we assume that the

map ν(x) corresponds to a parametrization of the coset G/K (for convenience

we will consider the left cosets). Thus we will assume that the map ν(x) is from

the D-dimensional spacetime into the group G and its range is composed of the

the representatives of the left cosets of G/K. Moreover if G is a non-compact

semi-simple Lie group and K is a maximal compact subgroup of G then G/K

becomes a symmetric space in the light of the last chapter and ν(x) can be taken

as the map (3.56) such that ν(x) = eϕi(x)Ti by using the Cartan and the Iwasawa

decompositions. In this case the transformation rule ν → k(x)νg, ∀g ∈ G,

k(x) ∈ K we assign on ν(x) which is in the form of (3.56) becomes a manifestation

of the Iwasawa decomposition. As it is clear from the previous chapters, for the

scalar cosets G/K of the supergravity theories we have considered, the global
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symmetry groups are semi-simple non-compact real forms so that we can make

use of the map (3.56) which functions the Iwasawa decomposition resulting in the

solvable Lie algebra gauge. For the most general case of the Lie group G and its

subgroup K, by using the most general map ν(x) we have

Gµdxµ = (fa
µ(x)Ta + ωi

µ(x)Ki)dxµ, (4.1)

where Ta ∈ p0 and Ki ∈ k0. Here k0 is the Lie algebra of K and p0 is the

orthogonal complement of k0 in g0. In particular if G is a non-compact real form

of a semi-simple Lie group and K is a maximal compact subgroup of G then k0 and

p0 are elements of the Cartan decomposition (3.52). When G/K is a Riemannian

globally symmetric space then the fields {fa
µ} form a vielbein of the G-invariant

Riemann structures on G/K and {ωi
µ} can be considered as the components of

the connection one forms of the gauge theory over the K-bundle. We should also

bear in mind that [k0, k0] ⊂ k0 and if furthermore we have [k0, p0] ⊂ p0 then we

will have a simpler theory. Let Pµ ≡ fa
µTa and Qµ ≡ ωi

µKi then we can construct

a Lagrangian [14, 15]

L =
1

2
tr(PµP

µ), (4.2)

where the trace is over the particular representation we choose. The Lagrangian,

L is invariant when ν(x) is transformed under the rigid (global) action of G

from the right and the local action of K from the left which we have assumed

as the transformation law for the maps ν(x). The elements of (4.1), Pµ and Qµ

are invariant under the rigid action of G but under the local action of K they
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transform as

Qµ → k(x)Qµk
−1(x) + k(x)∂µk

−1(x),

(4.3)

Pµ → k(x)Pµk
−1(x).

The field equations corresponding to (4.2) are

DµP
µ ≡ ∂µP

µ + [Qµ, P
µ] = 0, (4.4)

where we have introduced the covariant derivative Dµ ≡ ∂µ + [Qµ, ].

Beside having more general applications the above formalism covers the sym-

metric space sigma model in it. From now on we will assume that the global

symmetry group G is a semi-simple non-compact real form and the local trans-

formation group K is a maximal compact subgroup of G. We will also introduce

another parametrization of the coset G/K, differing from (3.56) which is a result

of the solvable Lie algebra gauge of the Iwasawa decomposition that is discussed

in the last chapter. Thus when G is a real form of a non-compact semi-simple

Lie group and K is its maximal compact subgroup the coset G/K can locally be

parameterized as

ν(x) = gH(x)gN(x)

= e
1
2
φi(x)Hieχm(x)Em , (4.5)

where {Hj, Eβ | j = 1, ..., r ; β ∈ ∆+
nc} is the basis for the solvable Lie algebra s0

of the semi-simple Lie algebra g0 which we have introduced in the last chapter.
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Here {Hi} is a basis for hp0 for i = 1, ..., r and {Em} is a basis for n0. The map

(4.5) is obtained by considering a map from the spacetime onto a neighborhood of

the identity of s0. Thus it defines locally a diffeomorphism from hp0 ×n0 into the

space G/K, so it is a local parametrization of the coset G/K. We assume that the

locality is both over the spacetime and over the space hp0 × n0 in order to write

two products of exponentials instead of the map (3.56). Thus the local definition

of the map (4.5) is a legitimate result of the existence of the parametrization

(3.56). If G is in split real form then hp0 = h0 and ∆+
nc = ∆+ thus the solvable

Lie algebra s0 becomes the Borel subalgebra of g0. The fields {φi} are called the

dilatons and {χm} are called the axions. The scalar fields namely the dilatons

and the axions as it is clear from the construction of (4.5) parameterize the coset

space G/K which is also called the scalar coset manifold. At this stage we can

calculate the field equations (4.4) in terms of these newly defined scalar fields

under the parametrization (4.5). By using the explicit definition of the map ν(x)

in (4.5) the Cartan form G = ν−1dν can be decomposed into two components

which can be calculated separately. Thus by applying simply the matrix algebra

we have

G = ν−1dν

= (g−1
N g−1

H )(dgHgN + gHdgN)

= g−1
N dgN + g−1

N g−1
H dgHgN . (4.6)
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If we make use of the identity

e−CdeC = dC − 1

2!
[C, dC] +

1

3!
[C, [C, dC]]− ...., (4.7)

in a matrix representation, the first term in (4.6) can be calculated as

g−1
N dgN = e−χmEmdeχmEm

= dχmEm − 1

2!
[χmEm, dχnEn] +

1

3!
[χmEm, [χlEl, dχnEn]]− ....

= dχmEm − 1

2!
χmdχnKv

mnEv +
1

3!
χmχldχnKv

lnKu
mvEu − ....

=
⇀

E Σ
⇀

dχ, (4.8)

where we have defined the row vector, (
⇀

E)α = Eα and the column vector (
⇀

dχ)α =

dχα. We have also introduced Σ as the dimn0×dimn0 matrix

Σ =
∞∑

n=0

(−1)nωn

(n + 1)!
, (4.9)

where ω is composed of the axions coupled to the structure constants, ωγ
β =

χα Kγ
αβ where the structure constants Kγ

αβ are defined as [Eα, Eβ] = Kγ
αβ Eγ. If

we consider the commutator [Eα, Eβ] = Nα,βEα+β then Kα
ββ = 0 also Kα

βγ = Nβ,γ

if in the root sense β + γ = α and Kα
βγ = 0 if β + γ 6= α. Similarly since the

Cartan generators commute with each other we have

g−1
H dgH = e−

1
2
φiHide

1
2
φiHi
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=
1

2
dφiHi. (4.10)

The second term in (4.6) can now be calculated as

g−1
N (

1

2
dφiHi)gN = e−χmEm(

1

2
dφiHi)e

χmEm

=
1

2
dφiHi − [χmEm,

1

2
dφiHi]

+
1

2!
[χmEm, [χlEl,

1

2
dφiHi]]− ....

=
1

2
dφiHi + χm 1

2
dφimiEm − 1

2!
χmχl 1

2
dφiliK

u
mlEu + ....

=
1

2
dφiHi +

⇀

E Σ
⇀

U, (4.11)

where we have used the Campbell-Hausdorff formula

e−XY eX = Y − [X,Y ] +
1

2!
[X, [X, Y ]]− ...., (4.12)

and we have defined the column vector (
⇀

U)m = 1
2
χmmidφi. We have [Hi, Em] =

miEm. Therefore the Cartan form G = ν−1dν in (4.6) becomes

G =
1

2
dφiHi +

⇀

E Σ (
⇀

U +
⇀

dχ). (4.13)

Since the expansion of G consists of only the generators of s0 but not the gener-

ators of k0 which is a direct result of (4.5) where the parametrization is derived

locally from the solvable Lie algebra parametrization, we have Qµ = 0 and from
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(4.13) Pµ is

Pµ =
1

2
∂µφ

iHi + Σα
m(

1

2
χmmi∂µφ

i + ∂µχ
m)Eα. (4.14)

Since Qµ = 0 from (4.4) the equations of motion become

∂µPµ = 0. (4.15)

Thus we have

∂µ∂µφ
i = 0,

(4.16)

∂µ (Σα
m (

1

2
χmmi∂µφ

i + ∂µχ
m)) = 0,

for i = 1, ...r and m,α ∈ ∆+
nc. Notice that we enumerate the roots in ∆+

nc.

Another formulation of the G/K symmetric space sigma model (with G not

necessarily a split real form) can be done by introducing the internal metric M.

The Lagrangian is again invariant when ν is transformed under the global action

of G from the right and the local action of K from the left as ν → k(x)νg. In

this formulation the symmetric space sigma model Lagrangian is given as

L =
1

4
tr(∗dM−1 ∧ dM), (4.17)

where the internal metric M is defined as M = ν#ν and # is the generalized

transpose over the Lie group G such that (exp(g))# = exp(g#). It is induced

by the Cartan involution θ over g0 (g# = −θ(g) for g ∈ g0). As mentioned in

[43] it is possible to find a high dimensional representation of the Lie algebra g0

in which # coincides with the matrix transpose operator. For this reason one
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can define an induced # map over the group G as (exp(g))# = exp(g#). If the

subgroup of G generated by the compact generators is an orthogonal group then

in the fundamental representation of g0 the generators can be chosen such that

g# = gT for g ∈ g0, notice that the great majority of the global symmetry groups

we have encountered in Chapter two are in this category. If the subgroup of G

generated by the compact generators is a unitary group then in the fundamental

representation g# = g† for g ∈ g0. By using ν−1dν = −dν−1ν and the properties

of the generalized transpose # also the fact that the cyclic permutations are

permissable under the trace, the scalar coset Lagrangian (4.17) can be expressed

as

L = −1

2
tr(∗dνν−1 ∧ (dνν−1)# + ∗dνν−1 ∧ dνν−1). (4.18)

We will again assume the parametrization given in (4.5). The Lie algebra valued

1-form G0 = dνν−1 is the pullback of a solvable Lie algebra, s0-valued 1-form

on G through the map ν. For this reason it can be expressed in the solvable Lie

subalgebra, s0-basis

G0 = dνν−1

= (dgHgN + gHdgN)(g−1
N g−1

H )

= dgHg−1
H + gHdgNg−1

N g−1
H . (4.19)

Now in order to simplify the first term, like we have done in the calculation of G
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we will use the formula

deXe−X = dX +
1

2!
[X, dX] +

1

3!
[X, [X, dX]] + ...., (4.20)

Therefore we have

dgHg−1
H = de

1
2
φiHie−

1
2
φiHi

=
1

2
dφiHi, (4.21)

where we have used the fact that [Hi, Hj] = 0. The other commutation relations

of the solvable Lie algebra, s0 are [Hi, Eα] = αiEα and [Eα, Eβ] = Nα,βEα+β for

i = 1, ..., r and α, β ∈ ∆+
nc. By using the above expansion for deXe−X we can also

calculate dgNg−1
N as

dgNg−1
N = deχmEme−χmEm

= dχmEm +
1

2!
[χmEm, dχnEn] +

1

3!
[χmEm, [χlEl, dχnEn]] + ....

= dχmEm +
1

2!
χmdχnKv

mnEv +
1

3!
χmχldχnKv

lnKu
mvEu + ....

=
⇀

E Ω
⇀

dχ. (4.22)

In the compact expression on the right hand side of the last line
⇀

E is the row

vector of the positive root generators; Eα = Eα for α ∈ ∆+
nc and

⇀

dχ is the column

vector of the 1-form field strengths {dχα} of the axions. The matrix Ω is a series
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which arises from the infinite sum given above

Ω =
∞∑

n=0

ωn

(n + 1)!

= (eω − I) ω−1. (4.23)

Ω is a dimn0×dimn0 matrix and we have already defined ω before. Now if we

use the Campbell-Hausdorff formula

eXY e−X = Y + [X,Y ] +
1

2!
[X, [X, Y ]] + ...., (4.24)

we can explicitly write the second term in (4.19) as

gHdgNg−1
N g−1

H = e
1
2
φiHi(

⇀

E Ω
⇀

dχ)e−
1
2
φiHi

=
⇀

E′ Ω
⇀

dχ. (4.25)

The primed row vector
⇀

E′ is defined as E′
β = e

1
2
βiφ

i
Eβ. Finally we can now write

G0 expanded in the solvable Lie subalgebra generators

G0 = dνν−1

=
1

2
dφiHi + e

1
2
αiφ

i

FαEα

=
1

2
dφiHi +

⇀

E′ Ω
⇀

dχ, (4.26)

where {Hi} for i = 1, ..., r are the generators of hp0 and {Eα} for α ∈ ∆+
nc are

the generators of n0. We have also introduced the vector Fα = Ωα
β dχβ. We will
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express the equations of motion in terms of
⇀

F. If we use (4.26) in (4.18) we find

that

L =− 1

2

r∑
i=1

∗dφi ∧ dφi − 1

2

∑

α∈∆+
nc

eαiφ
i ∗ Fα ∧ Fα. (4.27)

We have already defined that dimhp0 ≡ r before and α ∈ ∆+
nc. By following the

outline of [43, 57] one can derive the equations of motion of the symmetric space

Lagrangian (4.27). We should first observe that

d(dνν−1) = −dν ∧ dν−1

= dνν−1 ∧ dνν−1. (4.28)

If (4.26) is substituted into this identity one gets the Bianchi identities for
⇀

F,

dF γ =
1

2

∑

α+β=γ

Nα,βFα ∧ F β, (4.29)

where α, β, γ ∈ ∆+
nc. We have already used the Lagrange multiplier method in

Chapter two, we will also make use of it here to find the equations of motion. We

consider the fields {F γ} as independent fields. Thus we propose that the Bianchi

identities are constraint equations. Then the Lagrange multipliers ( (D − 2)-

forms) can be introduced and the additional Lagrangian corresponding to the

Bianchi identities can be constructed as

LBianchi = (dFα − 1

2

∑

α=β+γ

Nβ,γF
β ∧ F γ) ∧ A(D−2),α. (4.30)

The new Lagrangian becomes

L′ = L+ LBianchi. (4.31)
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The variation with respect to A(D−2),α for α ∈ ∆+
nc will give back the Bianchi

identities. If we vary L′ with respect to F γ and then take the exterior derivative

of the resulting field equation we achieve the second-order equations of motion

for F γ

d(eγiφ
i ∗ F γ) =

∑

α−β=−γ

Nα,−βF α ∧ eβiφ
i ∗ F β. (4.32)

By varying (4.27) with respect to the dilatons {φi} (since LBianchi does not depend

on {φi}) we can also find the equations of motion for φi as

d(∗dφi) =
1

2

∑

α∈∆+
nc

αie
1
2
αiφ

i

Fα ∧ e
1
2
αiφ

i ∗ Fα. (4.33)

The details of the formulation given above can be found in [43, 57]. We slightly

change (4.32) into a form which is more appropriate for the dualisation analysis

d(e
1
2
γiφ

i ∗ F γ) = d(e−
1
2
γiφ

i

eγiφ
i ∗ F γ)

= −1

2
γje

− 1
2
γiφ

i

dφj ∧ eγiφ
i ∗ F γ

+
∑

α−β=−γ

e−
1
2
γiφ

i

Nα,−βFα ∧ eβiφ
i ∗ F β

= −1

2
γje

1
2
γiφ

i

dφj ∧ ∗F γ +
∑

α−β=−γ

e
1
2
αiφ

i

e
1
2
βiφ

i

Nα,−βFα ∧ ∗F β.

(4.34)

The second-order equations (4.33) and (4.34) are the ones which may be referred

to derive the commutation relations of the dualized generators when we construct
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the doubled field strength which will give the correct first-order equations by

satisfying a twisted self-duality condition.

We will now construct the transformation between the two parametrizations

given in (3.56) and (4.5) which are based on two different sets of scalar function

definitions. We can derive a method to calculate the transformations between

these two sets. We may assume that the coset valued maps in (3.56) and (4.5)

are chosen to be equal. This is possible if we restrict the scalars to the ones

which generate ranges in the sufficiently small neighborhoods around the identity

element of g0 when they are coupled to the algebra generators in (3.56) and

(4.5), [44]-[49]. This local equality is sufficient since our aim is to obtain the

local first-order formulation of the parametrization of (3.56) from the first-order

formulation which is based on (4.5) in the next section. We will firstly discuss

a method through which one can calculate the exact transformations from {ϕi}

to {φj, χm}. We will not attempt to solve the explicit transformation functions

which are dependent on the structure constants in a complicated way. One can

solve these set of differential equations when the structure constants are specified.

Let us first define the function

f(λ) = eλ( 1
2
φiHi)eλ(χαEα). (4.35)

Taking the derivative of f(λ) with respect to λ gives

∂f(λ)

∂λ
f−1(λ) =

1

2
φiHi + e

λ
2
φiαiχαEα. (4.36)

We have used the fact that

e
λ
2
φiHiχαEαe−

λ
2
φiHi = e

λ
2
φiαiχαEα. (4.37)
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Now if we let f(λ) = eC(λ) where we define C(λ) = ϕi(λ)Ti and use the formula

deCe−C = dC + 1
2!
[C, dC] + 1

3!
[C, [C, dC]] + .... we find that

1

2
φiHi + e

λ
2
φiαiχαEα =

⇀

T S(λ)
⇀

∂ϕ, (4.38)

where the components of the row vector
⇀

T are Ti = Hi for i = 1, ..., r and

Tα+r = Eα for α = 1, ...,dimn0. Notice that in general we assume that we

enumerate the roots in ∆+
nc. Besides, the column vector

⇀

∂ϕ is defined as {∂ϕi(λ)
∂λ

}.

We have also introduced the dims0×dims0 matrix S(λ) as

S(λ) =
∞∑

n=0

V n(λ)

(n + 1)!

= (eV (λ) − I)V −1(λ). (4.39)

The matrix V (λ) is V β
α (λ) = ϕi(λ)Cβ

iα for [Ti, Tj] = Ck
ijTk. The calculation of

the right hand side of (4.38) is similar to (4.26). If the structure constants are

given for a particular s0-basis one can obtain the functions {ϕi(λ)} from the set of

differential equations (4.38). Then setting λ = 1 will yield the desired set of trans-

formations {ϕi(φj, χα)}. We might also make use of a direct calculation namely

the Lie’s theorem [44]-[49]. For a matrix representation and in a neighborhood

of the identity if we let eC = eAeB then

C = B +

1∫

0

g(etadAeadB)Adt

= A + B +
1

2
[A,B] +

1

12
([A, [A,B]]− [B, [B, A]]) + ..., (4.40)
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where g ≡ lnz/z − 1. In the above equation if we choose A = 1
2
φiHi, B = χαEα

and C = ϕiTi we can calculate the transformations we need.

We may also derive the differential form of the transformations between the

two parametrizations which are more essential for our purpose of obtaining the

local first-order formulation of the parametrization in (3.56) in the next section.

From (3.56) keeping in mind that {Ti} is a basis of s0, similar to the previous

calculations we can calculate the s0-valued Cartan form dνν−1 as

dνν−1 = deϕiTie−ϕiTi

=
⇀

T ∆
⇀

dϕ. (4.41)

We have defined
⇀

T before,
⇀

dϕ is a column vector of the field strengths {dϕi} and

the dims0×dims0 matrix ∆ can be given as

∆ =
∞∑

n=0

Mn

(n + 1)!

= (eM − I)M−1, (4.42)

where Mβ
α = ϕiCβ

iα. We should imply that ∆ = S(λ = 1) and M = V (λ = 1). If

we refer to the equation (4.26), we have already calculated the s0-valued Cartan

form dνν−1 for the parametrization of (4.5). Therefore if we compare (4.26) and

(4.41), since locally they must be equal we find that

∆γ
i dϕi =

1

2
dφγ,
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∆β
i dϕi = e

1
2
βjφj

Ωβ
kdχk. (4.43)

The indices above are γ = 1, ..., r and β, k = r + 1, ...,dimn0 also i = 1,...,dims0

= r+dimn0. As a result we have obtained the differential form of the transfor-

mation between {ϕi} and {φj, χα}. It can be seen that the relation between the

two scalar parametrizations is dependent on the structure constants in a very

complicated way. One can also integrate (4.43) to obtain the explicit form of the

transformations as an alternative to the equation (4.38).

Finally we will calculate the field equations (4.4) for the parametrization (3.56)

by assuming the Iwasawa decomposition. Similar to (4.41) from (3.56) the s0-

valued Cartan form ν−1dν is

ν−1dν = e−ϕiTideϕiTi

=
⇀

T W
⇀

dϕ, (4.44)

where we have

W =
∞∑

n=0

(−1)nMn

(n + 1)!

= (I − e−M)M−1. (4.45)

From (4.44) like in (4.13) we see that Qµ = 0 due to the solvable Lie algebra
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parametrization. On the other hand Pµ is

Pµ = P i
µ Ti

= (W) l
k ∂µϕ

k Tl. (4.46)

Thus in terms of the fields {ϕi} the second-order equations (4.4) become

∂µ Pµ = ∂µ ((W) l
k ∂µϕ

kTl) = 0. (4.47)

4.2 Dualisation and the First-Order Formulation

In this section we will introduce the local, first-order formulation of the G/K

symmetric space sigma model when G is a semi-simple, non-compact real form

and K is its maximal compact subgroup. We will apply the standard dualisation

method of [10, 19] by introducing dual generators for the solvable Lie subgroup

generators (i.e. the basis we use for the solvable Lie algebra s0) and also new

auxiliary fields, (D−2)-forms for the scalar fields. Then the enlarged Lie superal-

gebra which contains the original solvable Lie algebra will be inspected so that it

would realize the original second-order equations in an enlarged coset model. Af-

ter calculating the extra commutation relations coming from the new generators,

locally the first-order equations will be given as a twisted self-duality equation

∗G ′ = SG ′ where G ′ is the doubled field strength (the Cartan form generated by

the new coset representative) and S is a pseudo-involution of the enlarged Lie

superalgebra which maps the original generators onto the dual ones and the dual

generators onto the original scalar generators with a sign factor depending on
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the dimension D and the signature s of the spacetime. We will see more general

dualisation examples in the following chapters. The split, rigid symmetry group

symmetric space sigma model is a limiting case as it is clear from the constructions

of Chapter three. The solvable Lie algebra is a subalgebra of the Borel algebra

in general. Therefore the results we present here cover the split symmetric space

sigma model as a special case.

Firstly we will introduce dual (D − 2)-form fields for the dilatons and the

axions which are defined in (4.5). The dual fields will be denoted as {φ̃i} and

{χ̃m}. For each scalar generator we will also define the dual generators which

will extend the solvable Lie algebra s0 to a Lie superalgebra which generates a

differential algebra together with the local differential form algebra [19]. These

generators are {Ẽm} as duals of {Em} and {H̃i} for {Hi}. If we define a new

parametrization into the enlarged group as

ν ′(x) = e
1
2
φiHieχmEmeeχm eEme

1
2
eφi eHi , (4.48)

we can calculate the doubled field strength G ′ = dν ′ν ′−1 in terms of the unknown

structure constants and then use the twisted self-duality condition ∗G ′ = SG ′

primarily to calculate the structure constants of the dual generators from the

comparison of the Cartan-Maurer equation with the second-order equations and

finally we can derive the first-order equations of motion. The general form of the

commutation relations in addition to the ones of s0 can be given as [10, 19]

[Eα, T̃m] = f̃n
αmT̃n , [Hi, T̃m] = g̃n

imT̃n,
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[T̃m, T̃n} = 0, (4.49)

where T̃i = H̃i for i = 1, ..., r and T̃α+r = Ẽα for α = 1, ...,dimn0. In general the

pseudo-involution S maps the original generators onto the dual ones and when

S2 acts on the dual generators it has the same eigenvalues ±1 with the action of

the operator ∗ · ∗ on the corresponding dual field strength of the coupling dual

potential. Therefore STi = T̃i and ST̃i = (−1)(p(D−p)+s)Ti where p is the degree

of the dual field strength and s is the signature of the spacetime. The degree of

the dual field strengths corresponding to the dual generators is (D − 1) in our

case and the signature is s = 1. Thus the sign factor above is dependent on the

spacetime dimension D and we have ST̃i = (−1)DTi. Now by following the same

steps in [10, 19] and using the twisted self-duality condition we can express the

doubled field strength as

G ′ = dνν−1 +
1

2
(−1)D ∗ dφiH̃i + (−1)De

1
2
αiφ

i ∗ FαẼα. (4.50)

The Cartan form G0 = dνν−1 is already calculated in (4.26). By following the

discussion in [19] we conclude that the generators {Ti} are even and {T̃i} are

even or odd depending on the spacetime dimension D within the context of the

differential algebra generated by the solvable Lie algebra generators, their duals

and the differential forms. A generator Ki or K̃i is even or odd whether the

corresponding potentials, m-forms or (D − m − 2)-forms are even or odd rank

in the dualisation analysis in general. Thus since scalars are zero-forms {Ti} are

even. The even-odd separation of the generators is due to the Z2 grading of the

Lie superalgebra we construct. A pair of even generators or an even and an odd
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generator obey the commutation relations while a pair of odd generators obey the

anti-commutation relations. For our analysis we keep track of the evenness or the

oddness of the dual generators within the differential algebra structure however

since the dual generators commute with themselves we only have commutation

relations in our enlarged algebra structure. By using the properties of this differ-

ential algebra and the fact that from its definition G ′ obeys the Cartan-Maurer

equation

dG ′ − G ′ ∧ G ′ = 0, (4.51)

we can show that if we choose

[Ti, H̃j] = 0,

[Hj, Ẽα] = −αjẼα , [Eα, Ẽα] =
1

4

r∑
j=1

αjH̃j,

[Eα, Ẽβ] = Nα,−βẼγ, α− β = −γ, α 6= β, (4.52)

for i = 1, ...,dims0, j = 1, ..., r and α, β, γ ∈ ∆+
nc, then (4.51) by inserting (4.50)

gives the correct second-order equations (4.33) and (4.34). As a matter of fact

if we choose in general [Eα, H̃j] = aαjαjẼα and [Hj, Ẽα] = bjααjẼα with ajα, bαj

arbitrary but obeying the constraint ajα + bαj = −1 in addition to the rest of

the commutators in (4.52) we can satisfy the second-order equations (4.33) and

(4.34). However for simplicity we will choose ajα = 0 as seen in (4.52). Therefore
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the structure constants in (4.49) become

f̃n
αm = 0, m ≤ r , f̃ i

α,α+r =
1

4
αi, i ≤ r,

f̃ i
α,α+r = 0, i > r , f̃ i

α,β+r = 0, i ≤ r, α 6= β,

f̃γ+r
α,β+r = Nα,−β, α− β = −γ, α 6= β,

f̃γ+r
α,β+r = 0, α− β 6= −γ, α 6= β. (4.53)

Also

g̃n
im = 0, m ≤ r , g̃n

im = 0, m > r, m 6= n,

g̃α
iα = −αi, α > r. (4.54)

These relations with the commutation relations of the solvable Lie algebra s0 form

the complete algebraic structure of the enlarged Lie superalgebra. In (4.50) G ′

has been given only in terms of the original scalar fields as the twisted self-duality

condition has been used primarily. From the definition of ν ′(x) in (4.48), since

we have obtained the full set of commutation relations without using the twisted

self-duality condition we can explicitly calculate the Cartan form G ′ in terms of

both the scalar fields and their duals.

G ′ = dν ′ν ′−1
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=
1

2
dφiHi +

⇀

E′ Ω
⇀

dχ +
⇀

T̃ eΓ eΛ
⇀

A. (4.55)

We have introduced the matrices

(Γ)k
n =

1

2
φi g̃k

in,

(4.56)

(Λ)k
n = χm f̃k

mn.

The components of the row vector
⇀

T̃ are defined as {T̃i} and the components of

the column vector
⇀

A are Ai = 1
2
dφ̃i for i = 1, ..., r and Aα+r = dχ̃α, α ∈ ∆+

nc

in other words if we enumerate the roots in ∆+
nc then α = 1, ...,dimn0. When

we apply the twisted self-duality condition ∗G ′ = SG ′ on (4.55) we may achieve

the first-order equations locally whose exterior derivative will give the second-

order equations (4.33) and (4.34). Therefore the locally integrated first-order

field equations of the Lagrangian (4.17) are

∗
⇀

Ψ = (−1)DeΓeΛ
⇀

A. (4.57)

The components of the column vector
⇀

Ψ are defined as Ψi = 1
2
dφi for i = 1, ...r

and Ψα+r = e
1
2
αiφ

i
Ωα

l dχl where α = 1, ...,dimn0. Due to the assumed signature

of the spacetime these equations have a sign factor depending on the spacetime

dimension.

Following the discussion in the previous section we can also find the first-

order equations for the set {ϕi}. Firstly we can define the transformed matrices
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Γ′(ϕj) ≡ Γ(φi(ϕj)) and Λ′(ϕj) ≡ Λ(χm(ϕj)) which can be obtained by cal-

culating the local transformation rules from (4.38) or (4.43). If we make the

observation that the right hand side of the differential form of the transforma-

tions between {ϕi} and {φi, χα} namely (4.43) are the components of
⇀

Ψ, from

(4.57) we can write down the first-order equations for {ϕi} as

∆ ∗
⇀

dϕ = (−1)DeΓ′eΛ′
⇀

A. (4.58)

We may also transform (4.58) so that we do not have to calculate the explicit

transformations between the fields. Firstly we should observe that the structure

constants {g̃k
in} and {f̃k

mn} of (4.49) form a representation for s0 as the represen-

tatives of the basis {Hi} and {Em} respectively. Thus under the representation

e
1
2
φiHieχmEm ≡ eΓeΛ

= e
1
2
φi egk

ineχm efk
mn . (4.59)

In the last section we have assumed that locally

eϕiTi = e
1
2
φiHieχmEm . (4.60)

Therefore the first-order equations (4.58) for {ϕi} can be written as

∆ ∗
⇀

dϕ = (−1)DeΠ
⇀

A, (4.61)

where we have defined

(Π)k
n =

r∑
i=1

ϕig̃k
in +

dimn0∑
m=r+1

ϕmf̃k
mn, (4.62)
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by using the representation established by (4.49).

One may also obtain the first-order equations presented above independently

by applying the dualisation method on the parametrization (3.56). We again

assume the solvable Lie algebra gauge. Let us first define the doubled coset map

ν ′′ = eϕiTieeϕi eTi , (4.63)

in which we have introduced the dual fields and the dual generators as usual. If

we calculate the Cartan form G ′′ = dν ′′ν ′′−1 by carrying out similar calculations

like we have done before we find that

G ′′ = deϕiTie−ϕiTi + eϕiTideeϕi eTie−eϕi eTie−ϕiTi

=
⇀

T ∆
⇀

dϕ +
⇀

T̃ eΠ
⇀

dϕ̃. (4.64)

The first term has already been calculated in (4.41). One can show that the

standard method of the derivation of the structure constants in (4.64) which are

left unknown yields the same results given in (4.53) and (4.54). This is due

to the local transformation laws given in (4.43), if one uses (4.43) in (4.64),

similar to the transformation we have done to obtain (4.58) from (4.57) one can

show that (4.64) is equal to (4.50) indeed by also using the twisted self-duality

condition. Therefore one would reach the same structure constants related to

the dual generators which we have already calculated in (4.53) and (4.54). If we

apply the twisted self-duality equation ∗G ′′ = SG ′′ above we find the first-order

equations as

∆ ∗
⇀

dϕ = (−1)DeΠ
⇀

dϕ̃. (4.65)
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Since the dual fields are auxiliary fields we can always choose (dϕ̃)i = Ai, this

corresponds to a dual field redefinition in the doubled coset element (4.63). Thus

the equations (4.61) and (4.65) are the same equations. This result verifies the

validity of (4.61) which is obtained by using the transformation law (4.43) in

(4.57).

We should point out the fact that the case when the global symmetry group

G is in split real form can be obtained by choosing r = l (the rank of G) and

∆+
nc = ∆+ in the expressions given in this section.

In conclusion starting from the general non-linear sigma model concepts we

have presented the symmetric space sigma model Lagrangian and formulated the

second and the first-order equations of motion for two different coset maps which

are based on the usual solvable Lie algebra gauge.
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CHAPTER 5

DUALISATION OF THE MAXIMAL SUPERGRAVITIES

In Chapter two we have introduced and studied the Kaluza-Klein descendant

supergravity theories which are produced by the dimensional reduction of the

D = 11 supergravity as well as the Abelian Yang-Mills supergravities which are

the lower dimensional descendants of the ten dimensional simple supergravity

which is coupled to N Abelian U(1) gauge fields. We have also presented the

symmetric space sigma model construction of the scalar sectors of these theo-

ries and later we have discussed the symmetric spaces and the symmetric space

sigma model in detail in general terms. A remarkable feature of these theories is

that in certain dimensions one has to introduce Lagrange multiplier scalar fields

and eliminate some of the higher order fields in terms of the field strengths of

these scalars in order to increase the number of scalars in the theory to formu-

late the scalar sector as a symmetric space sigma model or enhance the already

existing coset structure. Therefore we have the motivation that by the method

of dualisation and by introducing auxiliary fields one can establish a non-linear

coset formulation at least partially, merely for the scalars in the above mentioned

supergravities. The non-linear nature of the scalar sectors of the maximal su-

pergravities has been improved to include the matter fields in order to formulate
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the non-gravitational Bosonic field equations as generations of enlarged coset for-

mulations in [10, 19]. The method of [10, 19] includes the dualisation of the

entire non-gravitational Bosonic field content in a systematical way. The route

followed in the dualisation can be in various equivalent ways. In all of these routes

basically one starts by introducing dual fields for the non-gravitational original

Bosonic fields of the relative theory excluding the graviton and then one defines

generic algebra generators for the original fields and their duals. A coset element

ν(x) which takes values in a generic group and which assumes an intuitively

chosen form of the exponentiation of the generators coupled to the fields may be

constructed first. We assume that the Cartan form G calculated from this doubled

coset element obeys the twisted self-duality condition ∗G = SG. When one uses

this fact to express the Cartan form in terms of the original fields only, the result

is intended to yield the correct original second-order field equations when inserted

in the Cartan-Maurer equation. In order to calculate the Cartan form one needs

to know the algebra structure of the generators which parameterize the proposed

coset representative when coupled to the fields. The algebra which is used to

construct the coset representative is a differential graded algebra generated by

the differential forms and the field generators. It covers the Lie superalgebra of

the field generators which is the Lie algebra of the symmetry group of the Cartan

form. The correct choice of the commutation and the anti-commutation relations

of the Lie superalgebra is a result of the direct comparison of the second-order

field equations and the Cartan-Maurer equation expressed in terms of the un-

known structure constants of the commutators and the anti-commutators of the
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generators. When the commutators and the anti-commutators are calculated, one

may derive the Cartan form G explicitly and show that the twisted self-duality

equation ∗G = SG, [10, 19], when applied on the Cartan form leads to the first-

order formulation of the equations of motion. The first-order formulation can

be obtained from the original second-order field equations by integration which

results in introducing auxiliary fields which are nothing but the dual fields used

in the construction of the doubled coset representative.

As we have done when we applied the Lagrange multiplier method to dualize

the higher rank fields with the Lagrange multiplier scalars in the second chapter,

we will assign a (D − m − 2)-form dual potential Ãi for each original m-form

field Ai in the relative D-dimensional theory. The generators Ki and K̃i are

assigned to the fields Ai, Ãi respectively. We assume that the generators Ki and

K̃i together with the differential forms generate a differential graded algebra and

further assume that the generators Ki and K̃i merely, generate a Lie superalgebra

which has a Z2 grading. We should bear in mind that the generators Ki and K̃i

are of even or odd degree depending on whether their corresponding potentials,

m-forms and (D−m−2)-forms, are of even or odd rank. A pair of even generators

and a pair of even and an odd generator obey commutation relations which we

denote as [ , ] while a pair of odd generators obey an anti-commutation relation

which we denote by { , }. In the differential graded algebra structure even or

odd generators behave like even or odd degree forms when commuting with the

differential forms. Also if T is an odd generator d(TA) = −TdA and if it is

even d(TA) = TdA, where d is the differential operator of the differential graded
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algebra. The next task is to construct the map ν(Ai, Ãi, Ki, K̃i) : M −→ G from

the D-dimensional spacetime M to a generic group G. We will see that we may

construct ν in a particular, dimension-independent way. The Cartan form G is

defined as

G = dνν−1. (5.1)

From its definition the Cartan form G satisfies the Cartan-Maurer equation

dG − G ∧ G = 0. (5.2)

As we have mentioned before the Cartan form G can be expanded in terms of

the generators Ki, K̃i if one knows the commutation and the anti-commutation

relations of the generators. Following the outline of [19] we assume that the

Cartan form G satisfies a twisted self-duality equation

∗G = SG. (5.3)

In general the pseudo-involution S maps the original generators onto the dual

ones and S2, when applied on the dual generators, has the same eigenvalues ±1

with the action of the operator ∗ · ∗ on the corresponding field strength of the

coupling dual potential. Therefore SKi = K̃i and SK̃i = (−1)(p(D−p)+s)Ki, where

p = D−m− 1 is the degree of the dual field strength of the dual potential which

the generator K̃i is assigned to, and s is the signature of the spacetime which is

equal to 1.

When one expands the Cartan form in terms of the generators Ki, K̃i, uses

the twisted self-duality condition (5.3) to eliminate the dual fields and inserts
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the result in (5.2) one obtains the original second-order field equations for the

potentials Ai [19]. We may use this framework to calculate the unknown com-

mutation and anti-commutation relations. As we have pointed out before, the

sequence we have described above may be followed by expressing everything in

terms of the unknown structure constants and then the results may be compared

with the second-order equations of motion to read the structure constants of the

commutation and the anti-commutation relations. Equivalently we may first in-

tegrate the second-order equations locally by writing them in the form of a closed

form. Since locally a closed form is an exact one, we may introduce auxiliary

fields to pull out the exterior derivative and to obtain the first-order equations

of motion. The twisted self-duality equation (5.3) gives the first-order equations

and the dual potentials are nothing but the auxiliary fields which are defined in

the integration process. One may also compare the first-order equations with the

twisted self-duality equation to read the structure constants which justify this

coset formulation.

There is another route of dualisation which differs from the one mentioned

above in the calculation of the structure constants. Similarly one first integrates

the second-order equations to find the first-order field equations. In this second

method, one does not start with the coset representative but directly with the

Cartan form which is constructed in a way that will give the first-order equations

via the twisted self-duality equation. By using the twisted self-duality condition

one may write the Cartan form in terms of the original fields only and again insert

the result in the Cartan-Maurer equation. Then one calculates the structure
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constants from the comparison of the Cartan-Maurer equation with the second-

order equations of motion. Finally one constructs the coset representative which

will lead to the Cartan form by using the already calculated structure constants.

This second method which will be used in this chapter together with the first

one is similar to the method we have used for the construction of the O(10 −

D, 10−D +N)/(O(10−D)×O(10−D +N)) scalar cosets of the D-dimensional

theories which are the descendants of the ten dimensional Abelian Yang-Mills

supergravity. An abstract set of generators is conjectured to yield the original

theory through the Cartan form of an unknown coset map in each case. However,

in the calculation of the algebraic structure of the generators, one makes use of

the Lagrangian in the scalar coset case given in Chapter two while in the complete

dualisation presented in this chapter the field equations are used to obtain the

commutation and the anti-commutation relations of the generators.

As a result the twisted self-duality structure of the supergravities [32, 33] can

be generalized to regain the first-order equations of motion of the D = 11, IIA,

IIB and the D-dimensional maximal supergravity theories from the Cartan forms

of the dualized coset. In [34, 35, 36] more general coset formulations of the IIA,

D = 11 and the IIB supergravity theories are introduced to include the gravity

as well. We will ignore the gravity sector in this chapter and we will focus on the

complete dualisation of the non-gravitational Bosonic fields in parallel with the

construction given in [10, 19].

We will start with the D = 11 supergravity whose Bosonic Lagrangian is given
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in [19] as

L11 = R ∗ 1− 1

2
∗ F(4) ∧ F(4) − 1

6
F(4) ∧ F(4) ∧ A(3), (5.4)

where F(4) = dA(3). If we vary (5.4) with respect to A(3) then we obtain the

corresponding equation of motion as

d ∗ F(4) +
1

2
F(4) ∧ F(4) = 0. (5.5)

We may also write this equation as

d(∗F(4) +
1

2
A(3) ∧ F(4)) = 0. (5.6)

Thus if we introduce the dual six-form potential Ã(6) then we locally have the

first-order equation of motion

F̃(7) ≡ ∗F(4) = dÃ(6) − 1

2
A(3) ∧ F(4), (5.7)

where we have also defined the dual field strength F̃(7) of the dual field Ã(6). Now

we will introduce the generators V and Ṽ to the fields A(3) and Ã(6), respectively.

Following the discussion above we conclude that V is an odd generator while Ṽ

is an even one. We will assume a coset representative of the form

ν(x) = eA(3)V e
eA(6)

eV . (5.8)

The pseudo-involution has the action on the generators as

SV = Ṽ , SṼ = −V. (5.9)

If we calculate the Cartan form G = dνν−1 and compare the twisted self-duality

equation (5.3) with the first-order equation (5.7), then we derive the commutation
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and the anti-commutation relations as

{V, V } = −Ṽ , [V, Ṽ ] = [Ṽ , Ṽ ] = 0. (5.10)

By using these relations we can calculate the Cartan form explicitly as

G = dA(3)V + (dÃ(6) − 1

2
A(3) ∧ F(4))Ṽ . (5.11)

If we use the twisted self-duality condition or the first-order equation (5.7) with

(5.11), we have

G = F(4)V + ∗F(4)Ṽ . (5.12)

We also have

G ∧ G = −1

2
F(4) ∧ F(4)Ṽ . (5.13)

Therefore the Cartan-Maurer equation dG − G ∧ G = 0 gives the second-order

equation of motion (5.5) and the Bianchi identity of F(4) which is dF(4) = 0. These

results justify the choice of the coset element (5.8) and the structure constants in

(5.10) of the Lie superalgebra generated by V and Ṽ . This concludes the coset

construction of the Bosonic sector of the eleven dimensional supergravity.

When we consider the Kaluza-Klein reduction of (5.4) on S1, we get the ten

dimensional IIA supergravity theory whose Bosonic Lagrangian can be given as

LIIA = R ∗ 1− 1

2
∗ dφ ∧ dφ− 1

2
e−

1
2
φ ∗ F(4) ∧ F(4)

− 1

2
eφ ∗ F(3) ∧ F(3) − 1

2
e−

3
2
φ ∗ F(2) ∧ F(2) − 1

2
dA(3) ∧ dA(3) ∧ A(2), (5.14)
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where F(4) = dA(3) − dA(2) ∧ A(1), F(3) = dA(2), F(2) = dA(1). The corresponding

Bosonic field equations are

d(e−
1
2
φ ∗ F(4)) = −F(4) ∧ F(3),

d(eφ ∗ F(3)) = −F(2) ∧ (e−
1
2
φ ∗ F(4))− 1

2
F(4) ∧ F(4),

d(e−
3
2
φ ∗ F(2)) = −F(3) ∧ (e−

1
2
φ ∗ F(4)),

d ∗ dφ =
1

4
F(4) ∧ (e−

1
2
φ ∗ F(4)) +

1

2
F(3) ∧ (eφ ∗ F(3))

+
3

4
F(2) ∧ (e−

3
2
φ ∗ F(2)). (5.15)

We may integrate these second-order equations locally to obtain the first-order

equations by introducing the dual fields {ψ, Ã(7),Ã(6), Ã(5)} which are nothing

but the corresponding Lagrange multipliers for the Bianchi identities of the field

strengths {dφ,F(2), F(3),F(4)} of the potentials {φ,A(1),A(2),A(3)}, respectively.

The result becomes

e−
1
2
φ ∗ F(4) = dÃ(5) − A(2) ∧ dA(3),

eφ ∗ F(3) = dÃ(6) − 1

2
A(3) ∧ dA(3) −A(1) ∧ (dÃ(5) − A(2) ∧ dA(3)),

e−
3
2
φ ∗ F(2) = dÃ(7) − A(2) ∧ (dÃ(5) − 1

2
A(2) ∧ dA(3)),
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∗dφ = dψ +
1

2
A(2) ∧ dÃ(6) +

1

4
A(3) ∧ (dÃ(5) − A(2) ∧ dA(3))

+
3

4
A(1) ∧ (dÃ(7) − A(2) ∧ (dÃ(5) − 1

2
A(2) ∧ dA(3))).

(5.16)

We define the righthand side of these equations as the corresponding field strengths

{F̃(6), F̃(7), F̃(8), P̃} of the dual fields {Ã(5), Ã(6), Ã(7), ψ} respectively. Therefore

the first-order equations (5.16) can also be considered as the transgression rela-

tions of the dual field strengths. Following the general discussion we have made

before we will introduce the generators {H,V, V 1, W1} for the original potentials

{φ,A(3), A(2),A(1)} also the dual generators {H̃, Ṽ , Ṽ1, W̃
1} for the dual poten-

tials {ψ, Ã(5), Ã(6), Ã(7)} respectively. The generators H, V 1, Ṽ1, H̃ are even while

the ones V,W1, Ṽ , W̃ 1 are odd. We may inquire the correct form of the Cartan

form G which would lead to the second-order field equations when inserted in the

Cartan-Maurer equation (5.2). One may find out how the Cartan form will look

by the trial and error method, also by considering the Bianchi identities of the

original and the dual field strengths we have defined above [19]. However since

we have the first-order equations at hand, the starting point for the construction

of the Cartan form is the fact that it should give the first-order equations when

the twisted self-duality is used. Thus our task becomes easier by using the first-

order equations (5.16). In fact we will see that a very simple ansatz which will

give (5.16) upon the application of the twisted self-duality equation will work.
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We have made a similar analysis in Chapter two when we have calculated the

algebra structure for the coset formulation of the D-dimensional scalar sector in

the Kaluza-Klein reduction of the ten dimensional Abelian Yang-Mills supergrav-

ity. The general forms of the Cartan forms have common features. For the IIA

supergravity we propose the Cartan form G as

G = dνν−1

=
1

2
dφH + e

1
2
φF(3)V

1 + e−
3
4
φF(2)W1 + e−

1
4
φF(4)V

+ e
1
4
φF̃(6)Ṽ + e−

1
2
φF̃(7)Ṽ1 + e

3
4
φF̃(8)W̃

1 +
1

2
P̃ H̃. (5.17)

If we use the twisted self-duality once more to express (5.17) merely in terms

of the original fields and then insert the result in the Cartan-Maurer equation

(5.2), we can read the commutation and the anti-commutation relations of the

generators {H, V, V 1,W1, H̃, Ṽ , Ṽ1, W̃
1} as

[H, W1] = −3

2
W1 , [H,V 1] = V 1 , [H,V ] = −1

2
V,

[H, W̃1] =
3

2
W̃1 , [H, Ṽ 1] = −Ṽ 1 , [H, Ṽ ] =

1

2
Ṽ ,

[W1, V
1] = −V , {W1, Ṽ } = −Ṽ1 , [V 1, V ] = −Ṽ ,

[V 1, Ṽ ] = −W̃ 1 , {V, V } = −Ṽ1 , {W1, W̃
1} =

3

8
H̃,

187



[V 1, Ṽ1] =
2

8
H̃ , {V, Ṽ } =

1

8
H̃. (5.18)

The rest of the commutators and the anti-commutators which are not listed above

vanish. After the calculation of the algebra structure one can also construct the

coset element which would lead to the Cartan form in (5.17) as

ν = e
1
2
φHeA(1)W1eA(2)V

1

eA(3)V e
eA(5)

eV e
eA(6)

eV1e
eA(7)

fW 1

e
1
2
ψ eH . (5.19)

The action of the pseudo-involution S on the original and the dual generators

can be determined by following the discussion we have made before. We remind

the reader of the point that applying the twisted self-duality equation (5.3) on

(5.17) gives the first-order equations in (5.16), since that is how we have con-

structed (5.17). As a result we have a consistent reformulation of the first and

the second-order equations of motion by using the Cartan form which is based

on the appropriate choice of the coset element (5.19) and the algebra structure

given in (5.18).

The Kaluza-Klein reduction of the eleven dimensional supergravity whose

Bosonic Lagrangian is given in (5.4) on the n-torus T n results in the D-dimensional

maximal supergravities. The D-dimensional Lagrangian (2.45) has been given in

Chapter two, but since we will follow the convention used in [19] in this chapter,

one has to consider the modification of the Chern-Simons LFFA terms given in

Chapter two with a sign factor. We will use a slightly different notation than the

one which is introduced for the field strengths in (2.50). We define the various
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field strengths corresponding to the potentials introduced in Chapter two as

F i
(2) = γ̃i

jF̂ j
(2) , F i

(1)j = γk
jdAi

(0)k , F(4) = F̂(4),

F(2)ij = γk
iγ

l
jF̂(2)kl , F(3)i = γj

iF̂(3)j, (5.20)

where γi
j is defined in (2.51) and γ̃i

j is the inverse of it. The hatted field strengths

are defined as

F̂ i
(2) = dÂi

(1) , F̂(2)ij = dA(1)ij − dA(0)ijk ∧ Âk
(1),

F̂(3)i = dA(2)i + dA(1)ij ∧ Âj
(1) +

1

2
dA(0)ijk ∧ Âj

(1) ∧ Âk
(1),

F̂(4) = dA(3) − dA(2)i ∧ Âi
(1) +

1

2
dA(1)ij ∧ Âi

(1) ∧ Âj
(1)

− 1

6
dA(0)ijk ∧ Âi

(1) ∧ Âj
(1) ∧ Âk

(1). (5.21)

We also define Âi
(1) = γi

jAj
(1). The D-dimensional first-order equations of motion

of (2.45) from the second-order field equations have been derived in a semi-

dimension independent way in [19]. They have partially a dimension independent

structure but there are also varying contributions in each dimension. The D-

dimensional first-order equations can locally be given as

e
→
a ·
→
φ ∗ F(4) = F̃(D−4) , e

→
a i·

→
φ ∗ F(3)i = γ̃i

jF̃
j
(D−3),
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e
→
a ij ·

→
φ ∗ F(2)ij = γ̃i

kγ̃
j
l F̃

kl
(D−2) , e

→
a ijk·

→
φ ∗ F(1)ijk = γ̃i

l γ̃
j
mγ̃k

nF̃ lmn
(D−1),

e
→
b i·

→
φ ∗ F i

(2) = γj
i F̃(D−2)j , e

→
b ij ·

→
φ ∗ F i

(1)j = γl
iγ̃

j
kF̃k

(D−1)l, (5.22)

we also have the first-order equations for the dilatons as

∗d
→
φ = −1

2
(−1)D→aA(3)dÃ(D−5) +

1

2

∑
i

→
a iγ

j
i γ̃

i
kA(2)jdÃk

(D−4)

− 1

2
(−1)D

∑
i<j

→
a ijγ

l
iγ

m
j γ̃i

pγ̃
j
qA(1)lmdÃpq

(D−3)

+
1

2

∑

i<j<k

→
a ijkγ

l
iγ

m
j γn

k γ̃i
pγ̃

j
q γ̃

k
r A(0)lmndÃpqr

(D−2)

− 1

2
(−1)D

∑
i

→
b iγ̃

i
jγ

k
i Âj

(1)(dÃ(D−3)k − A(2)kdÃ(D−5)

+ (−1)DA(1)lkdÃl
(D−4) −

1

2
A(0)klmdÃlm

(D−3) − Yk)

+
1

2

∑
i<j

→
b ijγ

k
i Ai

(0)jdÃj
(D−2)k −

1

2

→
Q. (5.23)

In the first-order equations above, we have introduced the dual auxiliary fields

{Ã(D−5), Ã
i
(D−4), Ã

ij
(D−3), Ã

ijk
(D−2), Ã(D−3)i, Ãj

(D−2)i,
→
ψ} which are the Lagrange mul-

tipliers. We have expressed the first-order equations (5.22) in terms of the dual

field strengths of these dual potentials and the dual field strengths are defined as
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F̃(D−4) = dÃ(D−5) + (−1)DX, F̃k
(D−1)l = dÃk

(D−2)l + (−1)DW k
l ,

F̃ j
(D−3) = dÃj

(D−4) − dÃ(D−5)Âj
(1) − (−1)D(Xj + XÂj

(1)),

F̃ kl
(D−2) = dÃkl

(D−3) − dÃk
(D−4)Âl

(1) + dÃl
(D−4)Âk

(1) + dÃ(D−5)Âk
(1)Âl

(1)

+ (−1)D(Xkl + XkÂl
(1) −X lÂk

(1) + XÂk
(1)Âl

(1)),

F̃ lmn
(D−1) = dÃlmn

(D−2) − 3dÃ
[lm
(D−3)Ân]

(1) + 3dÃ
[l
(D−4)Âm

(1)Ân]
(1)

− dÃ(D−5)Âl
(1)Âm

(1)Ân
(1) − (−1)D(X lmn + 3X [lmÂn]

(1)

+ 3X [lÂm
(1)Ân]

(1) + XÂl
(1)Âm

(1)Ân
(1)),

F̃(D−2)j = dÃ(D−3)j − A(2)jdÃ(D−5) + (−1)DA(1)kjdÃk
(D−4)

− 1

2
A(0)jkldÃkl

(D−3) − Yj, (5.24)

where we have also defined

W k
j = Qk

j + A(2)jÂk
(1)dÃ(D−5) − (−1)DA(2)jdÃk

(D−4)
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− (−1)DA(1)jlÂk
(1)dÃl

(D−4) + A(1)jldÃkl
(D−3)

+
1

2
A(0)jlmÂk

(1)dÃlm
(D−3) −

1

2
(−1)DA(0)jlmdÃklm

(D−2)

− Âk
(1)dÃ(D−3)j + YjÂk

(1). (5.25)

It should be clear that we have omitted the wedge product for the sake of sim-

plicity in the expressions above. The dimension dependent quantities X, X i, X ij,

X ijk, Yk, Qk
j ,

→
Q are given in Appendix A for each dimension.

As we have mentioned before, there are various methods to formulate the

dualisation. We may assign generators to the original and the dual fields and

construct the coset element ν. Then we can calculate the commutators and the

anti-commutators of the generators in several ways. We can either calculate

the Cartan form G = dνν−1 in terms of the unknown structure constants and

insert it in the Cartan-Maurer equation (5.2) and compare the result with the

second-order equations, or we can directly use the Cartan form in the twisted

self-duality equation (5.3) and compare the result with the first-order equations

(5.22) and (5.23). On the other hand without constructing the coset element, one

may construct the Cartan form directly from the first-order equations (5.22) and

(5.23) in a way that it will lead to the first-order equations when inserted in the
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twisted self-duality equation. Then after using the Cartan form in the Cartan-

Maurer equation one may calculate the commutation and the anti-commutation

relations by comparing the result with the second-order equations. In both cases

we may make use of the twisted self-duality of the Cartan form to write it in dual

fields-free form. The coset element for the D-dimensional supergravities can be

given as [19]

ν = e
1
2
φjHj(

∏
i<j

eA
i
(0)j

Ej
i )eÂ

i
(1)

Wie
1
6
A(0)ijkEijk

e
1
2
A(1)ijV ij

eA(2)iV
i

eA(3)V

e
eA(D−5)

eV e
eAi
(D−4)

eVie
1
2
eAij
(D−3)

eVije
1
6
eAijk
(D−2)

eEijke
eA(D−3)i

fW i

e
eAj
(D−2)i

eEi
je

1
2

→
ψ ·
→eH , (5.26)

where the factors in the product Π are in anti-lexical order i.e. (i, j) = · · · (3, 4),

(2, 4), (1, 4), (2, 4), (1, 3), (1, 2). As we have discussed before the generators are

even or odd, depending on whether the corresponding potentials are even or odd

degree in each dimension. The pseudo-involution S acts on the generators in

the way we have described before. By following either of the methods described

above, one can calculate the commutators and the anti-commutators. We will

first present the dimension independent commutators and the anti-commutators.

The first group of dimension independent commutators are the ones related to

Ej
i and they can be given as

[Ej
i , E

l
k] = δj

kE
l
i − δl

iE
j
k, [Ej

i , E
klm] = −3δ

[k
i Elm]j,

[Ej
i , V

k] = −δk
i V

j, [Ej
i , V

kl] = 2δ
[k
i V l]j, [Ej

i ,Wk] = δj
kWi,
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[Ej
i , Ẽklm] = 3δj

[kẼlm]i, [Ej
i , W̃

k] = −δk
i W̃

j,

[Ej
i , Ṽk] = δj

kṼi, [Ej
i , Ṽkl] = −2δj

[kṼl]i,

[Ej
i , Ẽ

i
l ] = −Ẽj

l , no sum on i, j 6= l,

[Ej
i , Ẽ

k
j ] = Ẽk

i , no sum on j, i 6= k. (5.27)

The commutation relations of the Cartan generators
→
H, which are also dimension

independent, are

[
→
H, Ej

i ] =
→
b ijE

j
i , [

→
H, Eijk] =

→
a ijkE

ijk, [
→
H,V ij] =

→
a ijV

ij,

[
→
H,V i] =

→
a iV

i, [
→
H, V ] =

→
aV, [

→
H, Wi] =

→
b iWi,

[
→
H, Ẽi

j] = −
→
b ijẼ

i
j, [

→
H, Ẽijk] = −→a ijkẼijk, [

→
H, Ṽij] = −→a ijṼij,

[
→
H, Ṽi] = −→a iṼi, [

→
H, Ṽ ] = −→aṼ , [

→
H, W̃ i] = −

→
b iW̃

i. (5.28)

The remaining dimension independent commutation and anti-commutation rela-

tions can be given as

[Wi, E
jkl] = −3δ

[j
i V kl], {Wi, V

jk} = −2δ
[j
i V k], [Wi, V

j] = −δj
i V,
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[Wi, Ṽ } = −Ṽi, [Wi, Ṽj} = Ṽij, [Wi, Ṽjk} = −Ẽijk,

[V i, Ṽ ] = −W̃ i, [V ij, Ṽk} = −2δ
[i
k W̃ j], [Eijk, Ṽlm] = −6δ

[i
l δj

mW̃ k],

[V i, Ṽj] = −Ẽi
j, [V ij, Ṽkl} = 4δ

[i
[kẼ

j]
l] ,

[Eijk, Ẽlmn] = −18δ
[i
[lδ

j
mẼ

k]
n], [Wi, W̃

j} = −Ẽj
i ,

[V, Ṽ } = −1

4

→
a ·

→
H̃, [V i, Ṽi] =

1

4

→
a i ·

→
H̃, [V ij, Ṽij} = −1

4

→
a ij ·

→
H̃,

[Eijk, Ẽijk] =
1

4

→
a ijk ·

→
H̃, [Wi, W̃

i} = −1

4

→
b i ·

→
H̃, [Ej

i , Ẽ
i
j] =

1

4

→
b ij ·

→
H̃.

(5.29)

There are also the dimension dependent commutators, we list them in Appendix

B. The commutators and the anti-commutators which are not given above or in

Appendix B vanish indeed. We have presented the resulting algebra structures

in their basic notions. A more detailed treatment of the construction and the

algebraic structure of the D-dimensional Lie superalgebras which arise in the

dualisation of the maximal supergravities can be found in [19]. By using the

coset element (5.26), the commutation and the anti-commutation relations one
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can construct the Cartan form G = dνν−1 explicitly as

G =
1

2
d
→
φ ·

→
H +

∑
i<j

e
1
2

→
b ij ·

→
φF i

(1)jE
j
i +

∑
i

e
1
2

→
b i·

→
φF i

(2)Wi

+
∑

i<j<k

e
1
2

→
a ijk·

→
φF(1)ijkE

ijk +
∑
i<j

e
1
2

→
a ij ·

→
φF(2)ijV

ij +
∑

i

e
1
2

→
a i·

→
φF(3)iV

i

+ e
1
2

→
a ·
→
φF(4)V + e−

1
2

→
a ·
→
φ F̃(D−4)Ṽ +

∑
i

e−
1
2

→
a i·

→
φ γ̃i

jF̃
j
(D−3)Ṽi

+
∑
i<j

e−
1
2

→
a ij ·

→
φ γ̃i

kγ̃
j
l F̃

kl
(D−2)Ṽij +

∑

i<j<k

e−
1
2

→
a ijk·

→
φ γ̃i

l γ̃
j
mγ̃k

nF̃ lmn
(D−1)Ẽijk

+
∑

i

e−
1
2

→
b i·

→
φγj

i F̃(D−2)jW̃
i +

∑
i<j

e−
1
2

→
b ij ·

→
φγk

i γ̃j
l F̃ l

(D−1)kẼ
i
j +

1

2
Fψ

→
H̃. (5.30)

We have already defined the field strengths in (5.20), (5.21) and (5.24). We

can show that the above Cartan form leads to the D-dimensional second-order

equations when used in the Cartan-Maurer equation. The Cartan form gives

the first-order equations when the twisted self-duality condition is applied on

it as well. We have constructed an algebra which generates a coset representa-

tive whose Cartan form gives the Bosonic field equations of the D-dimensional

maximal supergravities. Thus we have reconstructed the D-dimensional maximal

supergravities as non-linear sigma models.

As a final case of dualisation we will consider the dualisation of the ten di-

mensional IIB supergravity. We have already mentioned the IIB supergravity in

196



Chapter two, where we have studied the scalar sector of it (which is a dilaton-

axion system). As we have discussed before, the construction of an SL(2,R)

globally invariant Lagrangian is not straightforward due to the presence of a

self-dual five-form field H(5) for the IIB supergravity. One has to remove the

self-duality condition on the five-form field H(5) and introduce more degrees of

freedom to construct an SL(2,R) globally invariant Lagrangian [10, 11]. This

method is similar to the Lagrange multiplier methods we have used in Chapter

two to formulate the scalar sectors as symmetric space sigma models. When one

calculates the field equations of the Lagrangian mentioned above, one may impose

the extra self-duality condition of the five-form field as H(5) = ∗H(5), which can

be shown to be consistent with both the field equations and the Bianchi identity

of H(5) [10, 11]. The field equations of the globally SL(2,R) invariant Lagrangian

together with the self-duality condition which is a consistent truncation result in

the desired field equations of the IIB supergravity. We will not present the La-

grangian formulation here, however the reader may find a construction in terms

of the fields which are related to the fields we will use to express the field equa-

tions with simple redefinitions in [10]. The Bosonic, non-gravitational, matter

field equations of the IIB supergravity can be given as [19, 60]

d ∗H(5) = −1

2
εijF

i
(3) ∧ F j

(3),

d(M∗H(3)) = H(5) ∧ ΩH(3),
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d(e2φ ∗ dχ) = −eφF 2
(3) ∧ ∗F 1

(3),

d ∗ dφ = e2φdχ ∧ ∗dχ +
1

2
eφF 1

(3) ∧ ∗F 1
(3) −

1

2
e−φF 2

(3) ∧ ∗F 2
(3). (5.31)

We have already defined M in (2.63) when we constructed the scalar Lagrangian

of the IIB supergravity as a symmetric space sigma model. The various field

strengths in (5.31) are defined as

F 2
(3) = dA2

(2) , F 1
(3) = dA1

(2) − χdA2
(2),

H(5) = dB(4) − 1

2
εijA

i
(2) ∧ dAj

(2). (5.32)

We have also defined

Ω =




0 1

−1 0


 , A(2) =




A1
(2)

A2
(2)


 . (5.33)

In the field equations (5.31), we further define H(3) = dA(2). If we introduce the

auxiliary fields Ã1
(6), Ã

2
(6), ψ, χ̃, we can locally express the first-order equations as

∗H(5) = dB(4) − 1

2
εijA

i
(2) ∧ dAj

(2),

M∗ dA(2) = dÃ(6) − 1

2
ΩA(2) ∧ (dB(4) − 1

6
εijA

i
(2) ∧ dAj

(2)),

ieφ ∗ dτ = P + τQ, (5.34)
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where τ = χ + ie−φ. The fields P and Q are

P = dψ +
1

2
A1

(2)dÃ1
(6) −

1

2
A2

(2)dÃ2
(6) −

1

4
A1

(2)A
2
(2)dB(4)

− 1

24
A2

(2)A
2
(2)A

1
(2)dA1

(2),

Q = dχ̃ + A2
(2)dÃ1

(6) −
1

4
A2

(2)A
2
(2)dB(4) − 1

36
A2

(2)A
2
(2)A

2
(2)dA1

(2). (5.35)

In order to define the dual field strengths, we write the first-order equations (5.34)

in the form

H(5) = ∗H(5) = dB(4) − 1

2
εijA

i
(2)dAj

(2),

F̃ 1
(7) ≡ eφ ∗ F 1

(3) = dÃ1
(6) −

1

2
A2

(2)(dB(4) − 1

6
εijA

i
(2)dAj

(2)),

F̃ 2
(7) ≡ e−φ ∗ F 2

(3) = dÃ2
(6) +

1

2
A1

(2)(dB(4) − 1

6
εijA

i
(2)dAj

(2))

− χ(dÃ1
(6) −

1

2
A2

(2)(dB(4) − 1

6
εijA

i
(2)dAj

(2))),

∗dφ ≡ P̃ = P + χQ , e2φ ∗ dχ ≡ Q, (5.36)

where we have given the dual field strengths corresponding to the auxiliary fields

Ã1
(6), Ã

2
(6), χ̃, ψ. By following our previous discussions, we can introduce generators

for the original fields and for the auxiliary fields which arise during the integration
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of the second-order equations (5.31). Without constructing the coset element ν

one can directly construct the appropriate Cartan form G = dνν−1 which will lead

to the first-order field equations when inserted in the twisted self-duality equation

∗G = SG. We have already discussed the general properties of the generators and

how the pseudo-involution acts on them before. Thus we introduce the Cartan

form

G =
1

2
dφH + eφdχE+ + e

1
2
φF 1

(3)V+ + e−
1
2
φF 2

(3)V− + H(5)U

+ e−
1
2
φF̃ 1

(7)Ṽ+ + e
1
2
φF̃ 2

(7)Ṽ− + e−φQẼ+ +
1

2
P̃ H̃, (5.37)

which leads to the first-order equations as mentioned above. When we eliminate

the dual fields by using the twisted self-duality property of the Cartan form, use

the result in the Cartan-Maurer equation dG − G ∧ G = 0 and compare with

the second-order equations (5.31), we can read the commutation and the anti-

commutation relations as

[H, E+] = 2E+ , [H, V+] = V+ , [H, V−] = −V−,

[H, Ẽ+] = −2Ẽ+ , [H, Ṽ+] = −Ṽ+ , [H, Ṽ−] = Ṽ−,

[E+, V−] = V+ , [E+, Ṽ+] = −Ṽ− , [V+, V−] = −U,

[V+, U ] =
1

2
Ṽ− , [V−, U ] = −1

2
Ṽ+ , [V−, Ṽ+] = Ẽ+,
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[E+, Ẽ+] =
1

2
H̃ , [V+, Ṽ+] =

1

4
H̃ , [V−, Ṽ−] = −1

4
H̃.

(5.38)

Finally we can show that the coset element which generates the Cartan form

(5.37) via the algebra structure given in (5.38) is

ν = e
1
2
φHeχE+e(A1

(2)
V++A2

(2)
V−)eB(4)Ue( eA1

(6)
eV++ eA2

(6)
eV−)eeχ eE+e

1
2
ψ eH . (5.39)

We have formulated a coset representative which is based on a particular gauge.

The coset is generated by the generators whose algebraic structure is constructed

in a way that when the Cartan form is calculated, it leads to the original first

and second-order field equations of the IIB supergravity through the twisted self-

duality and the Cartan-Maurer equations.

As we have seen, the dualisation of the Bosonic sectors of the supergravity

theories leads to the non-linear coset sigma model constructions. Although we

have constructed the coset representatives and the algebra structures which gen-

erate these cosets, we have not mentioned much about the symmetry properties.

The discussion about the symmetry groups of the Cartan forms (the doubled

field strengths) of the coset formulation as well as the symmetry groups of the

twisted self-duality equations (i.e. first-order equations) is given in [10, 19]. The

symmetry group of the twisted self-duality equation is larger than the symmetry

group of the Cartan form since there may be transformations which change the

Cartan form G but leave the twisted self-duality equation ∗G = SG invariant. In
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[19] it is shown that the Lie algebra of the full symmetry group of the Cartan

form corresponding to the dualized D-dimensional maximal supergravity can be

obtained from the Lie superalgebra which generates the doubled coset. In the

same work it is mentioned that the global parts of the full symmetry groups of

the Cartan forms of the dualized maximal supergravities are equal to the Borel

subgroups E+
n of the split real forms En for n = 11 − D in each dimension. It

is also conjectured that En are the global symmetry groups of the twisted self-

duality equations so that the complement of the Borel subgroup E+
n in En is

composed of the transformations which change G while leaving the twisted self-

duality equation invariant. At least for the scalar sectors En is proven to be

the global symmetry of the twisted self-duality (first-order) equations. In [19],

it is also discussed that the original global symmetry group SL(2,R) of the IIB

supergravity leaves the first-order equations invariant in the coset formulation

(dualisation) of the IIB supergravity. Thus it is a manifest symmetry of the

twisted self-duality equation.
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CHAPTER 6

DUALISATION OF THE MATTER COUPLED SYMMETRIC

SPACE SIGMA MODEL

We have studied the symmetric space sigma model and its dualisation as well as

the first-order formulation in detail in Chapter four. In this chapter we consider

the coupling of other matter fields to the scalar coset Lagrangian of the sym-

metric space sigma model. Our discussion will be in parallel with the content

of [61]. Basically we will construct the dualized coset element which will realize

the field equations of the scalar coset coupled to the (m − 1)-form fields. We

will assume the most general non-split scalar coset case (by non-split we mean

that G is a non-compact real form of a semi-simple Lie group as usual but it is

not necessarily maximally non-compact [43, 57]). Apart from the scalar fields

there will be an arbitrary number of m-form field strengths which contribute to

the Lagrangian through an additional kinetic term which is casted by using an

appropriate representation of the global symmetry group G. We will follow the

standard dualisation method of [10, 19] by introducing auxiliary dual fields and

by assigning generators to the original and the dual fields. The main objective

of this chapter will be to derive the Lie superalgebra structure which generates

the doubled coset element when there is matter field coupling to the scalar coset
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Lagrangian. The first-order formulation will then be presented as the twisted self-

duality equation (which we have effectively used before) by using the constructed

algebra structure and by explicitly calculating the doubled field strength.

We start by discussing the Lagrangian and deriving the field equations. Next

we work out the dualisation, calculate the algebraic structure and finally obtain

the first-order field equations.

In Chapter four we have constructed the G/K symmetric space sigma model

which governs the scalar fields. The group G is the global symmetry group of

the corresponding scalar Lagrangian and it is a non-compact real form of a semi-

simple Lie group. The local symmetry group K is a maximal compact subgroup

of G. The scalars parameterize the coset space G/K which is called the scalar

coset manifold. The coset space G/K is a Riemannian globally symmetric space

for all the possible G-invariant Riemann structures on G/K as discussed in detail

in Chapter three. We have also constructed a legitimate parametrization, ν(x)

of the coset representatives of G/K in (4.5), by using the solvable Lie algebra s0

of G [18] as

ν(x) = e
1
2
φi(x)Hieχm(x)Em . (6.1)

The scalar Lagrangian of the symmetric space sigma model is defined in terms of

the internal metric M =ν#ν. The globally G and the locally K-invariant scalar

Lagrangian is

Lscalar =
1

4
tr(dM−1 ∧ ∗dM). (6.2)

We assume that D > 2 in order that the dualisation analysis we perform is
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meaningful and also for algebraic reasons which arise during the dualisation. We

will keep on taking the signature of the spacetime as (−, +, +, ...). In Chapter

four we have also calculated the Cartan form G0 = dνν−1 generated by the map

(6.1) as

G0 =
1

2
dφiHi +

⇀

E′ Ω
⇀

dχ. (6.3)

The row vector
⇀

E′ and the column vector
⇀

dχ as well as the matrix Ω are already

defined in Chapter four.

We will consider the coupling of an arbitrary number of (m−1)-form potential

fields {Ai} to the G/K scalar coset. We further assume that 1 < m < D/2

and 3m − D 6= 1 for algebraic reasons which we encounter when we apply the

dualisation method. Basically by assuming these conditions on m and D, we

restrict ourselves to a special class of scalar-matter couplings whose dualisations

give rise to algebras in which the original generators generate a subalgebra. The

quadratic terms due to the coupling of (m− 1)-form potential fields {Ai}, which

must be added to the scalar Lagrangian (6.2), are the combinations of the internal

metric M and the field strengths F i = dAi. Thus we have the matter Lagrangian

Lm = −1

2
MijF

i ∧ ∗F j

= −1

2
F ∧M ∗ F. (6.4)

We assume that M and ν are in an appropriate representation which is ob-

tained by choosing a representation for the Lie algebra g0, thus for the generators
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{Hj, Eβ | j = 1, ..., r ; β ∈ ∆+
nc} of s0. The representation must be compatible

with the number of the coupling fields. The total Lagrangian becomes

L =
1

4
tr(dM−1 ∧ ∗dM)− 1

2
F ∧M ∗ F. (6.5)

If the subgroup of G generated by the compact generators is an orthogonal group,

then the generators can be chosen such that g# = gT for g ∈ g0 in the fundamental

representation of g0. Therefore # coincides with the ordinary matrix transpose

and M becomes a symmetric matrix in the fundamental representation of g0 we

choose. We assume this is the case in our analysis bearing in mind that, for the

general case, higher dimensional representations are possible in which we can still

take g# = gT for g ∈ g0 [43].

When we vary the Lagrangian (6.5) with respect to the dilatons {φi}, the

axions {χm} and the coupling potentials {Ai}, by following the analysis of [43, 57]

and using (6.3), we can express the field equations for the Lagrangian (6.5) as

d(Mkl ∗ F l) = 0,

d(e
1
2
γiφ

i ∗ Uγ) = −1

2
γje

1
2
γiφ

i

dφj ∧ ∗Uγ

+
∑

α−β=−γ

e
1
2
αiφ

i

e
1
2
βiφ

i

Nα,−βUα ∧ ∗Uβ,

d(∗dφi) =
1

2

∑

α∈∆+
nc

αie
1
2
αiφ

i

Uα ∧ e
1
2
αiφ

i ∗ Uα
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− 1

2
((Hi)nlν

n
mνl

j)F
j ∧ ∗Fm, (6.6)

where i, j = 1, ...r and α, β, γ ∈ ∆+
nc. The roots in ∆+

nc and their corresponding

generators {Em} are assumed to be enumerated as we have done in Chapter four.

We have also defined the vector Uα = Ωα
β dχβ. Furthermore the matrices {(Hi)nl}

are the representatives of the Cartan generators {Hi} under the representation

chosen. We use the notation [Eα, Eβ] = Nα,βEα+β. We should remark that in the

dilaton equation (6.6), the contribution from the coupling fields {Ai} is expressed

in terms of the original fields rather than their weight expansions unlike the

expressions in the formulation given in [43, 57]. In [43, 57] the Bianchi identities

and the equations of motion for the field strengths F i are expressed in terms

of the components of νF and ν ∗ F which are labelled by the weights of the

representation that we use. It is also shown that when there is matter coupling

the dilaton equations in (4.33) are modified whereas the equations for the axions

(4.32) are unaltered as it can be seen in (6.6). For notational convenience we

raise or lower the indices of the matrices by using an Euclidean metric.

We will adopt the method of [10, 19] as we have already used in Chapter four

to establish a coset formulation and to derive the first-order field equations for

(6.5), where the scalar fields are coupled to the (m−1)-form matter fields. We will

first construct a Lie superalgebra which enables the dualized coset formulation by

generating the doubled coset element. We assign the generators {Hi, Em, Vj} to

the fields {φi, χm, Aj}, respectively. We assume that {Hi, Em} are even generators
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within the superalgebra structure, since the coupling fields are scalars that have

even rank. The generators {Vj} are even or odd depending on whether the rank of

the coupling fields {Aj}, i.e. (m−1), is even or odd. The next step is to introduce

the dual fields {φ̃i, χ̃m, Ãj} which are the Lagrange multipliers and which would

arise as auxiliary fields as a result of the local integration of the field equations

(6.6). The first two are (D − 2)-forms and the last ones are ( D −m− 1)-forms.

We also assign the dual generators {H̃i, Ẽm, Ṽj} to these dual fields. The dual

generators are even or odd depending on the spacetime dimension D and m; in

other words according to the rank of the dual fields they are assigned to. We

will derive the structure of the Lie superalgebra generated by the original and

the dual generators we have introduced so that it will enable a coset formulation

for (6.5). Similar to the non-linear coset structure of the scalars presented in

Chapter four we can define the map

ν ′ = e
1
2
φiHieχmEmeAjVje

eAj eVjeeχm eEme
1
2
eφi eHi , (6.7)

which can be considered as the parametrization of a coset via the differential

graded algebra [19] generated by the differential forms on the D-dimensional

spacetime and the Lie superalgebra we propose. We are not intending to detect

the group theoretical structure of this coset, instead we only aim to construct the

Lie superalgebra of the original and the dual generators which function in the

parametrization (6.7). If one knows the structure constants of this algebra, one

can calculate the Cartan form G ′ = dν ′ν ′−1. From the definition of ν ′ in (6.7) the
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Cartan form G ′ obeys the Cartan-Maurer equation

dG ′ − G ′ ∧ G ′ = 0. (6.8)

As we have done before, in order to calculate the structure constants of the

commutation and the anti-commutation relations of the original and the dual

generators, following [10, 19] we assume that the Cartan form obeys the twisted

self-duality equation

∗G ′ = SG ′, (6.9)

where the action of the pseudo-involution S on the generators is taken as

SEm = Ẽm , SẼm = (−1)DEm,

SHi = H̃i , SH̃i = (−1)DHi,

SVj = Ṽj , SṼj = (−1)m(D−m)+1Vj. (6.10)

If we calculate the Cartan form G ′ in terms of the unknown structure constants,

use the twisted self-duality condition proposed above and insert the result in the

Cartan-Maurer equation (6.8), we should obtain the second-order field equations

(6.6) [19]. The Cartan form G ′ which is expressed only in terms of the original

fields by using the twisted self-duality condition becomes

G ′ = 1

2
dφiHi +

⇀

E′ Ω
⇀

dχ +
⇀

VeUeB
⇀

dA
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+
1

2
(−1)D ∗ dφiH̃i + (−1)De

1
2
αiφ

i

Ωα
β ∗ dχβẼα

+ (−1)(m(D−m)+1)
⇀

ṼeUeB ∗
⇀

dA, (6.11)

where (U)n
v = 1

2
φiθn

iv and (B)j
n = χmβj

mn in which we define the yet unknown

structure constants as

[Hi, Vn] = θt
inVt , [Em, Vj] = βl

mjVl. (6.12)

We introduce the row vectors
⇀

V and
⇀

Ṽ as (Vi) and (Ṽj), respectively, the column

vector
⇀

dA is (dAi). We have introduced the matrices Γ and Λ such that Γk
n =

1
2
φi g̃k

in and Λk
n = χmf̃k

mn in Chapter four. We are not presenting the details

of the calculation of the Cartan form, we have already discussed examples of

how one calculates the Cartan forms in Chapter four. The correspondence of

the Cartan-Maurer equation (6.8), in which we use (6.11) with the second-order

field equations (6.6), enables us to determine the structure constants of the Lie

superalgebra which generates the doubled coset element (6.7). After a direct

calculation the resulting commutation and the anti-commutation relations are

[Hj, Eα] = αjEα , [Eα, Eβ] = Nα,βEα+β , [Hj, Ẽα] = −αjẼα,

[Eα, Ẽα] =
1

4

r∑
j=1

αjH̃j , [Hl, Vi] = (Hl)
k
i Vk , [Eα, Vi] = (Eα)j

iVj,

[Hi, Ṽk] = −(HT
i )l

kṼl , [Eα, Ṽk] = −(ET
α )l

kṼl,
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[Vl, Ṽk} = (−1)m 1

4

∑
i

(Hi)lk H̃i,

[Eα, Ẽβ] = Nα,−βẼγ, α− β = −γ, α 6= β, (6.13)

where the indices of the Cartan generators and their duals, i, j, l = 1, ..., r and

α, β, γ ∈ ∆+
nc. The matrices ((Eα)j

i , (Hl)
j
i ) above are the representatives of the

corresponding generators ((Eα), (Hl)). Also ((ET
α )j

i , (HT
l )j

i ) are the matrix trans-

pose of ((Eα)j
i , (Hl)

j
i ). We observe that the dimension of the matrices above,

namely the dimension of the representation chosen, is equal to the number of the

coupling fields and their corresponding generators. The remaining commutators

or the anti-commutators which are not listed in (6.13) vanish. Now that we have

determined the structure constants of the algebra generated by the original and

the dual generators, we can explicitly calculate the Cartan form G ′ = dν ′ν ′−1 in

terms of both the original and the dual fields without using the twisted self-duality

condition primarily. By using the identities

deXe−X = dX +
1

2!
[X, dX] +

1

3!
[X, [X, dX]] + ....,

(6.14)

eXY e−X = Y + [X,Y ] +
1

2!
[X, [X, Y ]] + .....,

and the commutation and the anti-commutation relations given in (6.13) effec-

tively, we have

G ′ = 1

2
dφiHi +

⇀

E′ Ω
⇀

dχ +
⇀

T̃eΓeΛ
⇀

S̃
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+
⇀

V ν
⇀

dA +
⇀

Ṽ (νT )−1
⇀

dÃ

+ (−1)m(D−m)−D

r∑

l=1

1

4
(Hl)ijA

i ∧ dÃjH̃l. (6.15)

In addition to the definitions we have given before, we have
⇀

dÃ as (dÃj). Besides,

we have the row vector of the duals of the solvable Lie algebra generators of G

as T̃i = H̃i for i = 1, ...r and T̃r+α = Ẽα for α ∈ ∆+
nc. We have already defined

the column vector
⇀

S̃ as
⇀

A in Chapter four; however we change the notation in

this chapter not to confuse it with the coupling potentials Ai, thus the vector
⇀

S̃

is defined as S̃i = 1
2
dφ̃i for i = 1, ..., r and S̃r+α = dχ̃α for α ∈ ∆+

nc.

Since we have obtained the explicit form of the Cartan form G ′ in (6.15) we

can use the twisted self-duality equation ∗G ′ = SG ′ to find the first-order field

equations of (6.5). The validity of the twisted self-duality equation is justified in

the way that we have primarily used it when we derived the structure constants.

The structure constants are chosen such that they give the correct Cartan form G ′

which leads to the second-order field equations (6.6) when used in (6.8). There-

fore, directly from (6.15), the twisted self-duality equation ∗G ′ = SG ′ yields

νi
j ∗ dAj = (−1)m(D−m)+1((νT )−1)i

jdÃj,

e
1
2
αiφ

i

(Ω)α+r
l ∗ dχl = (−1)D(eΓeΛ)α+r

j S̃j,
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1

2
∗ dφk = (−1)D(eΓeΛ)k

j S̃
j

+ (−1)m(D−m) 1

4
(Hk)jiA

j ∧ dÃi. (6.16)

We should remark once more that the roots in ∆+
nc and the corresponding gener-

ators {Eα} are enumerated. We can also express the equations (6.16) in a more

compact form as

M∗
⇀

dA = (−1)m(D−m)+1
⇀

dÃ,

(6.17)

∗
⇀

Ψ =
⇀

P + (−1)D eΓeΛ
⇀

S̃,

where we use the column vector
⇀

Ψ which we have already defined in Chapter four

as Ψi = 1
2
dφi for i = 1, ..., r and Ψα+r = e

1
2
αiφ

i
Ωα

l dχl for α ∈ ∆+
nc. We also define

Pk = (−1)m(D−m) 1

4
(Hk)ji A

j ∧ dÃi for k = 1, ..., r ,

(6.18)

Pα+r = 0 for α ∈ ∆+
nc.

The indices α above correspond to the labelled roots in ∆+
nc.

In summary, after defining the coupling of m-form field strengths to the scalar

Lagrangian we have obtained the field equations following the outline of [43, 57].

We then have performed the dualisation method of [10, 19] to establish a coset

formulation of the theory and to explore the Lie superalgebra which leads to the
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first-order equations of motion as a twisted self-duality condition whose validity is

implicitly justified by the construction of the algebra, the Cartan-Maurer equation

and the second-order field equations. Accordingly we have constructed a coset

element by defining an algebraic structure and we have shown that the field

equations can be directly obtained from the Cartan form of the coset element

both in the second and the first-order form by using the Cartan-Maurer and

the twisted self-duality equations. Therefore we have constructed a total coset

formulation for the matter coupled symmetric space sigma model.

The formulation given in this chapter assumes a general non-split scalar coset

G/K in D > 2 spacetime dimensions. The coupling potentials are assumed to

be (m − 1)-forms for 1 < m < D/2 and 3m − D 6= 1. We have also assumed a

representation whose dimension is compatible with the number of the coupling

fields.
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CHAPTER 7

DUALISATION OF THE D=8, MATTER COUPLED

SALAM-SEZGIN SUPERGRAVITY

In this chapter we formulate the Bosonic sector of the D = 8 Salam-Sezgin super-

gravity [38] in which there is the coupling of N vector multiplets as a non-linear

coset model. The formulation we present in this chapter is mainly given in [62].

Here we will also discuss the details of the calculation of the algebra structure. If

we focus on the scalar sector, the 2N vector multiplet scalars of the theory pa-

rameterize the coset SO(N, 2)/(SO(N) × SO(2)) that is a Riemannian globally

symmetric space and we have analyzed the Riemannian globally symmetric spaces

in detail in Chapter three. Here SO(N, 2) is a semi-simple, non-compact real form

and SO(N)×SO(2) is a maximal compact subgroup of SO(N, 2). We will follow

a construction which is parallel with the ones we have presented in Chapter five

for the maximal supergravities. We will also make use of the results of Chapter

four and the last chapter. As usual we will define the Lie superalgebra which will

be used to formulate the Bosonic fields as a non-linear coset model. The algebra

structure will be constructed in such a way that it will yield the locally integrated

first-order Bosonic field equations of the theory as a twisted self-duality equation

of the Cartan form of the coset representative parametrization.
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The first section is the introduction of the D = 8 matter coupled Salam-Sezgin

supergravity. We will derive the equations of motion and then locally integrate

them to find the first-order field equations. Whereas in the second section by

following the outline of [10, 19], we will introduce dual fields for the Bosonic

field content of the theory excluding the graviton and we will also define new

algebra generators for the original fields and their duals. A coset element will then

be constructed whose Cartan form is intended to yield the correct second-order

equations when inserted in the Cartan-Maurer equation. In order to calculate

the Cartan form one needs to know the algebra structure of the generators which

parameterize the coset representatives when coupled to the fields. The algebra

which generates the coset representatives is a differential graded algebra, similar

to the examples we have studied before, and is composed of the differential forms

and the field generators. It covers the Lie superalgebra of the field generators

which is the Lie algebra of the symmetry group of the Cartan form. The correct

choice of the commutators and the anti-commutators of the Lie superalgebra is

again a result of the direct comparison of the field equations of the first section

and the Cartan-Maurer equation. Finally we will show that the twisted self-

duality equation ∗G = SG when applied on the Cartan form, which can explicitly

be calculated after determining the algebra structure, leads to the first-order

formulation of the equations of motion found in the first section.
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7.1 The D=8 Matter Coupled Salam-Sezgin Supergravity

The eight dimensional Salam-Sezgin supergravity with matter coupling was

constructed in [38]. N vector multiplets {λ, A, ϕi} (λ is a Fermion and for i = 1, 2

{ϕi} are the scalars whereas A is a one-form field) are coupled to the original

field content {em
µ , ψµ, χ, Bµν , A

µ
i , σ} where {em

µ } is the graviton, {ψµ, χ} are the

Fermionic fields, {σ} is the dilaton, Bµν is a two-form field and for i = 1, 2 {Aµ
i }

are the one-form fields. We will combine the original one-forms {Aµ
i ; i = 1, 2} and

the N vector multiplet one-forms {A} into a single set and we will denote them as

{Aj; j = 1, ..., N + 2}. Later we will also classify the 2N vector multiplet scalars

{ϕi} as dilatons and axions as a result of the solvable Lie algebra parametrization

we have defined in Chapter three and Chapter four. The single, decoupled dilaton

{σ} of the original theory and the 2N scalars {ϕi} of the vector multiplet which

parameterize the SO(N, 2)/(SO(N) × SO(2)) Kähler coset manifold constitute

the scalar sector of the matter coupled supergravity theory. An explicit represen-

tation parametrization for the scalar coset SO(N, 2)/(SO(N) × SO(2)) is given

in [38] where the scalar fields are not classified as dilatons and axions.

For odd N , so(N, 2) is the non-compact real form of BN+1
2

whereas for even N ,

it is the non-compact real form of DN+2
2

and in general depending on N , SO(N, 2)

is not necessarily a split real form (maximally non-compact) as it is clear from

Chapter two. We have already studied the cosets Mp,q = O(p, q)/O(p) × O(q)

based on the orthogonal groups O(p, q) in Chapter two and those conclusions can

also be extended to the special orthogonal groups SO(p, q) in light of Chapter
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three. Since SO(N, 2) is a non-compact real form of some semi-simple Lie group

we will use the solvable Lie algebra parametrization established in Chapter three

and Chapter four for the coset SO(N, 2)/(SO(N) × SO(2)). In reference with

Chapter three and Chapter four, this parametrization introduces the dilatons,

which are coupled to the generators of hp0 the Lie algebra of the maximal R-

split torus of SO(N, 2), and the axions, which are coupled to the positive root

generators of SO(N, 2) that do not commute with the elements of hp0 . Therefore,

due to the nature of the semi-simple, non-compact real form SO(N, 2) and the

fact that SO(N) × SO(2) is the maximal compact subgroup of SO(N, 2), by

using the Iwasawa decomposition, the coset SO(N, 2)/(SO(N)× SO(2)) can be

parameterized as

L = e
1
2
φi(x)Hieχm(x)Em , (7.1)

where the Cartan generators {Hi} for i = 1, ..., dimhp0 = r are the generators

of hp0 , and {Em} (for m ∈ ∆+
nc) are the positive root generators which generate

the orthogonal complement of hp0 within the solvable Lie algebra s0 of so(N, 2),

namely n0. Now the 2N scalars are classified as {φi}, the dilatons for i = 1, ..., r,

and {χm}, the axions for m ∈ ∆+
nc. As usual we label the roots which are elements

of ∆+
nc from 1 to n; then we have r +n = 2N . By using the generalized transpose

#, we introduce the internal metric M = L#L. For SO(N, 2), since the subgroup

generated by the compact generators of the Lie algebra so(N, 2) is an orthogonal

group, # coincides with the matrix transpose in the fundamental representation

of so(N, 2).
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Thus depending on the discussion we have made above, the Lagrangian of

the vector multiplet scalar sector of the eight dimensional matter coupled Salam-

Sezgin supergravity, that can be formulated as a symmetric space sigma model,

can be written as

Lscalar =
1

4
tr(dM−1 ∧ ∗dM), (7.2)

where M = LT L. The Bosonic Lagrangian of the D = 8 matter coupled Salam-

Sezgin supergravity can now be given as [38]

L =
1

4
R̂ ∗ 1 +

3

8
dσ ∧ ∗dσ − 1

2
e2σG ∧ ∗G

+
1

4
tr(dM−1 ∧ ∗dM)− 1

2
eσF ∧M ∗ F, (7.3)

where we have assumed the (N+2)-dimensional matrix representation of SO(N, 2).

We should also state that the last term in (7.3) can be explicitly written as

−1

2
eσF ∧M ∗ F = −1

2
eσMijF

i ∧ ∗F j. (7.4)

Under the (N +2)-dimensional representation we assume, due to its construction,

M = LT L is a symmetric matrix having the components

Mij = La
i L

a
j , (7.5)

for i, j, a = 1, ..., N + 2. The (N + 2) two-forms {F i} are the field strengths of

{Ai}, F i = dAi, and the Chern-Simons term G is defined as

G = dB + ηijF
i ∧ Aj. (7.6)
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Here B is the two-form field, the indices {i, j} are running from 1 to N + 2 and

η is the metric corresponding to SO(N, 2), i.e.

η = (−,−, +, +, +, ...). (7.7)

We also have the standard formulas

LT ηL = η , L−1 = ηLη, (7.8)

of the orthogonal matrix groups for SO(N, 2). The second identity is due to

the fact that the coset representatives L can be locally chosen as symmetric

matrices, LT = L, which is evident from the explicit parametrization given in

[38] and the transformation we have established in Chapter four relating locally

the parametrization of [38] and (7.1).

We derive certain identities of the Cartan generators {Hi} under the (N +2)-

dimensional representation which are used in deriving the first-order equations

from the second-order ones. First we observe that

∂iL ≡ ∂L

∂φi
=

1

2
HiL,

∂iL
T ≡ ∂LT

∂φi
=

1

2
LT HT

i ,

∂iL
−1 ≡ ∂L−1

∂φi
= −1

2
L−1Hi. (7.9)

We also have the explicit form of the differentiation of the internal metric M as

∂iM≡ ∂M
∂φi

=
1

2
LT (Hi + HT

i )L. (7.10)
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By differentiating the defining equations in (7.8) with respect to {φi} and by

using the identities (7.8) and (7.9) effectively, we can show that

HT
i η = −ηHi. (7.11)

Moreover we have the symmetry relation

(HiL)T = HiL, (7.12)

for i = 1, ..., r. In obtaining (7.12), we have implicitly used the fact that the coset

representatives can be chosen as symmetric matrices. The identities (7.9)-(7.12)

are matrix equations and apparently they are valid in the (N + 2)-dimensional

representation we have assumed. We make use of these identities in the derivation

of both the second-order and the first-order field equations. To find the field equa-

tions for the non-gravitational fields, we first vary the Bosonic Lagrangian (7.3)

with respect to the fields σ, B, {Ai} and find the corresponding field equations

as

3

4
d(∗dσ) = −e2σG ∧ ∗G− 1

2
eσMijF

i ∧ ∗F j,

d(e2σ ∗G) = 0,

d(eσMij ∗ F j) = −2e2σ(ηijF
j ∧ ∗G). (7.13)
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The last equation above can also be expanded as

d(e
1
2
σL ∗ F ) = −1

2
dσ ∧ (e

1
2
σL ∗ F )− 2(LT )−1ηe

1
2
σF ∧ eσ ∗G

− 1

2
dφiHT

i ∧ e
1
2
σL ∗ F − e

1
2
αiφ

i

UαET
α ∧ e

1
2
σL ∗ F. (7.14)

(7.14) is a vector equation. The quantities {HT
i , ET

α } are the matrix transpose

of the matrix representatives of the generators {Hi, Eα} similar to the matrix

representatives {Hi, H
T
i } in the identities (7.9)-(7.12). In deriving (7.14) we have

made use of the explicitly calculated Cartan form (4.26). However as in Chapter

six in order not to confuse Fα with the coupling field strengths, we have slightly

changed the notation and defined Uα = Ωα
βdχβ. (7.14) is in the form which one

obtains as a result of the direct substitution of the dualized Cartan form into the

Cartan-Maurer equation in the dualisation (This will be performed in the next

section).

We have already found the corresponding field equations for the scalars when

there is matter field coupling in the previous chapter, where the formulation is

done for a generic coset and for a general m-form coupling. For the present case,

the coupling potentials have two-form field strengths F i. Thus the field equations

for {φi} and {χm} are

d(e
1
2
γiφ

i ∗ Uγ) = −1

2
γje

1
2
γiφ

i

dφj ∧ ∗Uγ

+
∑

α−β=−γ

e
1
2
αiφ

i

e
1
2
βiφ

i

Nα,−βUα ∧ ∗Uβ,
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d(∗dφi) =
1

2

∑

α∈∆+
nc

αie
1
2
αiφ

i

Uα ∧ e
1
2
αiφ

i ∗ Uα

− 1

2
eσ((Hi)

a
nL

n
mLa

j ) ∗ Fm ∧ F j, (7.15)

where the indices associated with the dilatons and the Cartan generators are

from 1 to r and α, β, γ ∈ ∆+
nc. We remind that the matrices {(Hi)

a
n} are the ones

corresponding to the generators {Hi} in the (N + 2)-dimensional representation.

Notice that we have an extra eσ factor which does not exist in (6.6) in the dilaton

equation and which is the contribution of the decoupled dilaton in (7.3). To

remind the reader, in the definition of Uα = Ωα
βdχβ, Ω is the matrix

Ω =
∞∑

n=0

ωn

(n + 1)!

= (eω − I) ω−1, (7.16)

with ωγ
β = χαKγ

αβ. The structure constants Kγ
αβ are defined as [Eα, Eβ] = Kγ

αβEγ

or, since {Eα} are the generators corresponding to a subset ∆+
nc of the roots of

so(N, 2), we have [Eα, Eβ] = Nα,βEα+β. In other words, Kα
ββ = 0, Kα

βγ = Nβ,γ if

β + γ = α and Kα
βγ = 0 if β + γ 6= α in the root sense.

One can locally integrate the Bosonic field equations (7.13) and (7.15) by

introducing auxiliary fields which can be considered as the Lagrange multipliers

and by using the fact that locally a closed form is an exact one. By integration
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we mean to extract an exterior derivative on both sides of the equations. It is

straightforward to write the first-order equations for (7.13). On the other hand

for (7.15), the first-order formulation of the scalars must be treated separately

due to their non-linear nature. Thus we will refer to Chapter four and Chapter six

and use the results which are obtained for generic scalar cosets and couplings to

obtain the first-order equations for the scalars. If we introduce the dual four-form

B̃, the set of five-forms {Ãj} and the six-forms {dσ̃, dφ̃i, dχ̃m}, we can locally

derive the first-order equations as

e2σ ∗G = dB̃,

eσMi
j ∗ F j = −dÃi + 2dB̃ ∧ ηi

jA
j,

∗dσ = dσ̃ − 4

3
B ∧ dB̃ +

2

3
δijA

i ∧ dÃj,

e
1
2
αiφ

i

(Ω)α+r
l ∗ dχl = (eΓeΛ)α+r

j S̃j,

1

2
∗ dφm = (eΓeΛ)m

j S̃j +
1

4
(Hm)jiA

j ∧ dÃi

+
1

4
ηk

i (Hm)jkA
j ∧ Ai ∧ dB̃. (7.17)

The vector
⇀

S̃ is defined in the last chapter as S̃j = 1
2
dφ̃j for j = 1, ..., r and

S̃α+r = dχ̃α for α ∈ ∆+
nc. The matrices Γ and Λ have been introduced before as
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Γk
n = 1

2
φi g̃k

in and Λk
n = χmf̃k

mn. The coefficients {g̃k
in} and {f̃k

mn} are already given

in Chapter four. Notice that when we choose D = 8 and m = 2 in (6.16), we

exactly get the first-order equations for the axions above however for the dilaton

equation in (7.17) as well as the equation for the coupling potentials Ai, namely

the second equation in (7.17), there are extra contributions containing B̃ which

result from the existence of the two-form field B. We should remind the reader

of the fact that α, β ∈ ∆+
nc and we assume that these roots are enumerated from

1 to n = 2N − r.

The last term in the last equation of (7.17) needs attention: if its exterior

derivative is taken in order to obtain the corresponding term in the second-order

equations, one needs to make use of the fact that, as HT
i η = −ηHi and η is a

diagonal matrix,

(Hiη)T = −Hiη, (7.18)

under the (N + 2)-dimensional representation we have chosen. One also needs to

make use of the identities (7.12) to reach the corresponding second-order equation

in (7.15) when the last equation of (7.17) is differentiated. We are using the

Euclidean metric to raise and lower the indices whenever necessary for notational

purposes.

We should also remark that if we take the exterior derivative of the last equa-

tion of (7.17), we do not obtain exactly the second-order equations for {φi} given

in (7.15) but instead those equations multiplied by 1
2
. These first-order equations

will be re-formulated as a twisted self-duality equation after we introduce the full
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dualisation of the theory resulting in a coset model in the next section.

7.2 The Coset Formulation

In this section, by following the outline of [10, 19] we will generalize the

coset formulation of the scalar manifold SO(N, 2)/(SO(N)×SO(2)) to the entire

Bosonic sector of the D = 8 matter coupled Salam-Sezgin supergravity. As in

the other dualisation cases we have discussed before, our aim is to construct a

coset representative which will be used to realize the original field equations. The

group which is generated by the generators we introduce to construct the coset

representative within the dualisation, in general, becomes the symmetry group

of the Cartan form G which is generated by the coset representative map. We

need to construct a new algebra which will lead to the non-linear realization of

the Bosonic field equations. The first-order equations (7.17), will be formulated

as a twisted self-duality equation ∗G = SG, where S is a pseudo-involution of

the Lie superalgebra which is generated by the original and the dual generators.

The full symmetry group of the first-order equations is in general bigger than the

symmetry group of the Cartan form.

We will assign a generator for each Bosonic field of the eight dimensional

matter coupled Salam-Sezgin supergravity. The untilded, original generators are

{K, Vi, Y , Hj, Em} for the fields {σ, Ai, B, φj, χm}, respectively. Their duals

are introduced as {K̃, Ṽi, Ỹ , H̃j, Ẽm} for the dual fields {σ̃, Ãi, B̃, φ̃j, χ̃m}. We

require that the Lie superalgebra to be constructed from the generators has the

Z2 grading as usual. For this reason the generators will be chosen as odd if the
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corresponding potential is an odd degree differential form and even otherwise. In

particular {Vi, Ṽi} are odd generators and the rest of the generators are even.

In the construction of the general coset we will consider the differential graded

algebra generated by the differential forms and the generators which are coupled

to the fields. This algebra covers the Lie superalgebra of the field generators

as we have studied in the other dualisation examples. Therefore the odd (even)

generators behave like odd (even) degree differential forms under this graded

differential algebra structure when they commute with the exterior product. The

odd generators obey the anti-commutation relations while the even ones and the

mixed couples obey the commutation relations.

The structure constants of this new algebra will be chosen so that they will

lead to the correct second-order equations (7.13) and (7.15). Let us first consider

the map

ν = e
1
2
φjHjeχmEmeσKeAiVie

1
2
BY . (7.19)

The corresponding Cartan form G = dνν−1 can be expanded in terms of the

original generators and it satisfies the Cartan-Maurer equation

dG − G ∧ G = 0, (7.20)

by definition. The coset representative (including the dual generators as well)

will be chosen as

ν ′ = e
1
2
φjHjeχmEmeσKeAiVie

1
2
BY e

1
2
eB eY e

eAi eVieeσ eKeeχm eEme
1
2
eφj eHj . (7.21)

The Cartan form G ′ = dν ′ν ′−1 can also be calculated in the expansion of the

original and the dual generators. For the explicit calculation of both of the
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Cartan forms G and G ′, we need to know the algebra structure that the generators

obey. This structure will be constructed in a way that the twisted self-duality

equation ∗G ′ = SG ′ will lead to the correct first-order equations. The action of

the pseudo-involution S on the generators is as follows

SY = Ỹ , SK = K̃ , SEm = Ẽm , SHi = H̃i,

SỸ = Y , SK̃ = K , SẼm = Em , SH̃i = Hi,

SVi = Ṽi , SṼi = −Vi. (7.22)

The Cartan form G ′ = dν ′ν ′−1 also obeys the Cartan-Maurer equation

dG ′ − G ′ ∧ G ′ = 0. (7.23)

By following our previous constructions, we know that one can primarily use the

twisted self-duality condition ∗G ′ = SG ′ to construct the generator expansion of

G ′, obtain an expression only in terms of the original fields and calculate (7.23).

This equation must lead to the second-order field equations (7.13) and (7.15). In

the calculation of the generator expansion of the Cartan form G ′, we first calculate

G in terms of the unknown structure constants of the original field generators.

G constitutes the part of G ′ which is composed of the original generators. We

can use the twisted self-duality condition we propose on G ′ to generate the other

part of G ′ which is composed of the dual generators. This is possible since when

one inspects the Lie superalgebra structure, in order to obtain the correct field
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equations, one finds that the commutation or the anti-commutation relations of

the original generators must lead to the original generators; a pair of an original

and a dual generator lead to a dual generator, while the algebra product of two

dual generators vanishes. When we calculate G ′, we find that

G ′ = G +
1

2
∗ dφiH̃i + e

1
2
αiφ

i

Ωα
β ∗ dχβẼα

+ ∗dσK̃ − ecσ
⇀

ṼeUeB ∗
⇀

dA + ∗OỸ , (7.24)

where the Cartan form G = dνν−1 is

G =
1

2
dφiHi +

⇀

E′ Ω
⇀

dχ + dσK

+ ecσ
⇀

VeUeB
⇀

dA + OY. (7.25)

In (7.24) and (7.25) notice the contribution of the scalars of the theory which in

general terms we have discussed in the previous chapters. Thus we keep the same

notation which has already been established in Chapter four and Chapter six.

Moreover we have already defined (U)n
v = 1

2
φiθn

iv and (B)j
n = χmβj

mn in Chapter

six. The structure constants θn
iv and βj

mn are given in (6.12). The three-form O

is defined as

O =
1

2
eaσeχmzme

1
2
φnvn(dB + Ai ∧ dAjbij), (7.26)

where we define the yet unknown structure constants as

[K, Y ] = aY , {Vi, Vj} = bijY,
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[Hi, Y ] = viY , [Em, Y ] = zmY. (7.27)

In (7.24) we have also defined the unknown structure constant c as

[K,Vi] = cVi. (7.28)

In the construction of (7.24) we have assumed that the commutators or the anti-

commutators of the original generators which are not listed in (6.12), (7.27) and

(7.28) vanish.

Now that we have obtained the Cartan form G ′ by using the twisted self-

duality condition, solely in terms of the original fields, we can insert (7.24) into

the Cartan-Maurer equation (7.23); the result can be compared with the second-

order field equations (7.13) and (7.15) to read the desired commutation and the

anti-commutation relations of the Lie superalgebra of the field generators. We

will not give the details of this long calculation but only present the results. The

resulting commutation and the anti-commutation relations of the original and the

dual generators, apart from the purely scalar commutators are

[K,Vi] =
1

2
Vi , [K, Y ] = Y , [K, Ỹ ] = −Ỹ ,

[Ṽk, K] =
1

2
Ṽk , {Vi, Vj} = ηijY , [Hl, Vi] = (Hl)

k
i Vk,

[Em, Vi] = (Em)j
iVj , {Vl, Ṽk} =

2

3
δlkK̃ +

1

4

∑
i

(Hi)lkH̃i,
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[Vk, Ỹ ] = −4 ηl
k Ṽl , [Y, Ỹ ] = −16

3
K̃ , [Hi, Ṽk] = −(HT

i )m
k Ṽm,

[Eα, Ṽk] = −(ET
α )m

k Ṽm. (7.29)

The matrices ((Hm)j
i , (Eα)j

i ) are the images of the corresponding generators

(Hm, Eα), respectively, under the representation chosen. Also the matrices ((HT
m)j

i ,

(ET
α )j

i ) are the matrix transpose of ((Hm)j
i , (Eα)j

i ). The scalar generators and the

generators which are coupled to the six-form dual fields of the scalars, namely

{Hi, Em, Ẽm, H̃i}, constitute a subalgebra with the following commutators

[Hj, Eα] = αjEα , [Eα, Eβ] = Nα,βEα+β,

[Hj, Ẽα] = −αjẼα , [Eα, Ẽα] =
1

4

r∑
j=1

αjH̃j,

[Eα, Ẽβ] = Nα,−βẼγ, α− β = −γ, α 6= β, (7.30)

where i, j = 1, ..., r and α, β, γ ∈ ∆+
nc. As a reminder, ∆+

nc is the subset of

the positive roots of SO(N, 2) whose corresponding generators do not commute

with the elements of hp0 in so(N, 2). The remaining commutators and the anti-

commutators which are not listed in (7.29) and (7.30) vanish indeed.

We can now calculate the doubled field strength G ′ = dν ′ν ′−1 explicitly, with-

out using the twisted self-duality condition on it, in terms of both the original
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and the dual fields since we have determined the commutation and the anti-

commutation relations of the original and the dual generators. From the defini-

tion of the coset element in (7.21), by using (7.29) and (7.30), the calculation of

G ′ = dν ′ν ′−1 yields

G ′ = 1

2
dφiHi + e

1
2
αiφ

i

UαEα + dσK + e
1
2
σLk

i dAiVk

+
1

2
eσGY +

1

2
e−σdB̃Ỹ + (−4

3
B ∧ dB̃ +

2

3
Aj ∧ dÃiδij + dσ̃)K̃

+ (e−
1
2
σ((LT )−1)l

kdÃk + 2e−
1
2
σ((LT )−1)l

k ηk
i Ai ∧ dB̃)Ṽl

+
⇀

T̃(
⇀

J + eΓeΛ
⇀

S̃). (7.31)

In the derivation of (7.31) we have used the matrix identities deXe−X = dX +

1
2!
[X, dX] + 1

3!
[X, [X, dX]] + .... and eXY e−X = Y + [X, Y ] + 1

2!
[X, [X,Y ]] + ....

which are the common tools in all Cartan form calculations as it is clear from our

previous derivations. Although L is a symmetric matrix, we keep LT in (7.31)

for an easier comparison of the first-order equations we will obtain from (7.31)

with the ones previously calculated in (7.17). As we have defined before, the row

vector
⇀

T̃ is T̃i = H̃i for i = 1, ..., r and T̃α+r = Ẽα for α ∈ ∆+
nc, whereas the

column vector
⇀

S̃ is S̃i = 1
2
dφ̃i for i = 1, ..., r and S̃α+r = dχ̃α for α ∈ ∆+

nc (We

have already assumed that the roots in ∆+
nc are labelled by integer indices from

1 to n, therefore r + n = 2N.).

The
⇀

J term in (7.31) is a consequence of the coupling between the scalars and
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the one-form potentials in (7.3) and we define it as

Jm =
1

4
(Hm)jiA

j ∧ dÃi +
1

4
ηk

i (Hm)jkA
j ∧ Ai ∧ dB̃ , m = 1, ..., r,

(7.32)

Jα+r = 0 , α ∈ ∆+
nc.

In (7.31) more explicitly we have

⇀

T̃(
⇀

J + eΓeΛ
⇀

S̃) =
r∑

m=1

((eΓeΛ)m
j S̃j +

1

4
(Hm)jiA

j ∧ dÃi

+
1

4
ηk

i (Hm)jkA
j ∧ Ai ∧ dB̃)H̃m

+
∑

α∈∆+
nc

(eΓeΛ)α+r
j S̃jẼα. (7.33)

The next step is to show that if we apply the twisted self-duality equation ∗G ′ =

SG ′ on (7.31) by using (7.22), we get the correct first-order equations (7.17). Thus

the twisted self-duality equation ∗G ′ = SG ′ whose validity is implicitly justified

in the construction we have presented gives

1

2
eσ ∗G =

1

2
e−σdB̃,

e
1
2
σ ÃLi

j ∗ dAj = −e−
1
2
σ((LT )−1)i

jdÃj

+ 2e−
1
2
σ((LT )−1)i

j ηj
k dB̃ ∧ Ak,
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∗dσ = dσ̃ − 4

3
B ∧ dB̃ +

2

3
δijA

j ∧ dÃi,

e
1
2
αiφ

i

(Ω)α+r
l ∗ dχl = (eΓeΛ)α+r

j S̃j,

1

2
∗ dφm = (eΓeΛ)m

j S̃j +
1

4
(Hm)jiA

j ∧ dÃi

+
1

4
ηk

i (Hm)jkA
j ∧ Ai ∧ dB̃. (7.34)

These equations are the same with the first-order equations (7.17) which are

obtained by directly integrating the second-order equations (7.13) and (7.15). We

should also state that in (7.17), we have made use of the results of Chapter four

and Chapter six to perform the first-order formulation of the scalar sector (7.2)

excluding the matter coupling implicitly and separately by using the dualisation

method only on the scalars. The second equation in (7.34) may seem to be

different, however it is the second equation of (7.17) multiplied by (LT )−1 from

the left. This result also separately justifies the proper choice of the commutation

and the anti-commutation relations in (7.29) and (7.30).

In summary, we have presented the first-order formulation of the Bosonic

sector of the D = 8 Salam-Sezgin supergravity coupled to N vector multiplets.

The formulation is based on the dualisation of the fields and the construction of

the Lie superalgebra of the symmetry group of the doubled field strength. After

obtaining the second and the first-order equations of motion in the first section,

234



we have doubled the non-gravitational Bosonic field content by defining dual fields

which are Lagrange multipliers and we have constructed a Lie superalgebra which

leads to a coset formulation of the Bosonic sector of the D = 8 matter coupled

Salam-Sezgin supergravity in the second section. Finally we have regained the

first-order equations of motion as a twisted self-duality equation of the doubled

field strength namely the Cartan form G ′.
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CHAPTER 8

CONCLUSION

We have introduced the Kaluza-Klein mechanism to discuss the construction of

the D-dimensional maximal supergravities from the D = 11 supergravity theory

besides, to derive the Abelian Yang-Mills supergravities from a subtheory of the

ten dimensional type I supergravity. We have focussed on the scalar sectors and

studied the scalar coset formulations of these supergravities from a closer point

of view. The idea that in certain dimensions one can only formulate the scalar

sectors as coset Lagrangians or sustain the already existing coset structures if one

introduces dual scalars, replacing a subset of the higher rank fields by means of

the Lagrange multiplier methods, suggests a complete dualisation of the Bosonic

sectors leading to the extended coset formulations. In this direction, the duali-

sation of the non-gravitational Bosonic sectors of the D = 11, the maximal and

the IIB supergravities are presented in a pattern which reveals the basics of the

method of dualisation and the first-order formulation. We have devoted a whole

chapter for a self-contained discussion of the symmetric spaces since, except for

the D = 4 N ≤ 2 and the D = 5 N = 2 supergravities, the scalar manifolds of

all the other supergravities are homogeneous symmetric spaces. In accordance,

we have given a rigorous formulation, including the dualisation, of the symmetric
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space sigma models which is based on two different approaches and parameter-

izations. Furthermore we have extended the dualisation of the symmetric space

sigma models by coupling matter fields. Finally by mounting the general re-

sults of the dualisation of the matter coupled symmetric space sigma models in

our analysis, we have developed the Bosonic doubled formalism for the D = 8

Salam-Sezgin supergravity which extends the results of the dualized maximal

supergravities in [19] to the broader field of the matter coupled supergravities.

As we have mentioned before, the scalar coset manifolds of the maximal su-

pergravities are symmetric spaces which are based on the semi-simple split real

form global symmetry groups. We have given a thorough review of the symmetric

spaces to explore how they emerge from the split (maximally non-compact) and,

in general, the non-split (non-compact) real forms and to define the corresponding

Borel and the solvable Lie algebra gauges for parameterizing the coset represen-

tatives. This detailed coverage has equipped us with the necessary tools to study

the most general form of the symmetric space sigma models. The dualisation and

the first-order formulation of the symmetric space sigma models are performed in

an abstract derivation, for generic symmetric coset spaces G/K. The dualisation,

when the symmetric space scalar coset manifolds are coupled to the matter fields

is also carried out in D > 2 spacetime dimensions. The coupling potentials are

assumed to be (m−1)-forms for 1 < m <D/2 and 3m−D 6= 1. As it is clear from

our construction, the results are general and they are applicable to the entire set

of supergravity theories which contain similar matter couplings. Thus we have

constructed a general formalism which can be applied to the general scheme of
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the dualisation of the pure and matter coupled supergravity theories.

As a specific example of the dualisation of the matter coupled supergravities,

the D = 8 Salam-Sezgin supergravity which is coupled to N vector multiplets

[38] is reformulated as a coset model by constructing the Lie superalgebra which

generates the Bosonic coset element. The formulation given in Chapter seven also

explicitly denotes how the general conclusions of the chapters four and six can be

adopted in the first-order formulations of the matter coupled supergravities.

Apart from reviewing the duality nature of the supergravities and the for-

mal study of the symmetric space, scalar coset manifolds which are at the core

of the supergravities, the main contribution of the thesis is two-fold. First we

construct a general method to apply the dualisation techniques to the pure or

matter coupled non-split scalar cosets. Secondly, we extend the range of appli-

cation of the dualisation method from the maximal and the IIB supergravities

[19] to the matter coupled supergravity theories. Therefore we have formed an

assembly, in which we can study the symmetry schemes of the matter coupled

supergravities. As a matter of fact, the matter coupling occurs as a course of

the dimensional reduction [21], thus detecting the symmetries which appear in

the Bosonic coset formulations also reveals the hidden symmetries of the original

higher-dimensional supergravities and the relative string theories.

We have pointed out before that the coset constructions presented in chap-

ters four, six and seven can be enlarged to include gravity by using the outline

of [34] and [35]. Thus one may revise the coset formulations of the mentioned

chapters to cover the entire Bosonic sector. Although we have derived the Lie
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superalgebras which generate the doubled coset elements of the pure and mat-

ter coupled symmetric space sigma models, as well as the Lie superalgebra of

the D = 8 Salam-Sezgin supergravity, we have not mentioned about the related

symmetry groups of the dualized Cartan forms and the twisted self-duality equa-

tions. Moreover, these symmetry groups can be studied in the general picture of

the group theoretical construction of the cosets. In particular one may explore the

group theoretical aspects of the doubled coset element of the D = 8 Salam-Sezgin

supergravity by including gravity, which would provide the improved symmetry

structure of the D = 8 Salam-Sezgin supergravity. For instance the group which

will be obtained after the inclusion of the gravity sector would cover the Lorentz

group and the Lie supergroup constructed in Chapter seven. The dualisation

analysis we have considered here is based on the non-gravitational Bosonic field

equations. Equivalently, one may work on the Lagrangian formulations which

would give the twisted self-duality equations of the doubled field strengths, in

other words the Cartan forms of the dualized cosets as equations of motion. The

Lagrangian formalism would link the typical dualisation method presented in var-

ious examples here to its Lagrange multiplier method origins. As an example,

one may find the dualized Lagrangian construction for the SL(2,R) scalar coset

in [19].

The doubled formalism or the dualisation may further be improved to in-

clude the Fermions. This would enable us to reformulate the supergravities as

non-linear sigma model constructions completely, and this would reflect their full

symmetries as explicit building blocks of their structures. The discussion about
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the dualized Lagrangian construction and the dualisation of the Fermionic sec-

tor of the D = 11 and the IIA supergravities can be found in [63] and [64],

respectively.

Our formulation about the matter coupled supergravities does not cover the

gauged supergravities on which an extensive research is going on recently. A

general formalism can also be established for the dualisation of the gauged su-

pergravities. In particular the dualized symmetries of the gauged form [38] of the

D = 8 Salam-Sezgin supergravity can be studied on its own right.

In summary, we have plotted the outline of the dualisation and the doubled

formalism of the supergravities starting from the scalar coset constructions. We

have devised a general and an abstract formalism to dualize the matter coupled

symmetric space sigma models, then we have used this formalism within the

dualisation of the Bosonic sector of the D = 8 Salam-Sezgin supergravity. As

a result we have formed the mainline of the dualisation of the matter coupled

supergravities which can be improved in many directions as we have mentioned

above.
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[31] H. Lü and C. N. Pope, “p-brane solitons in maximal supergravities”, Nucl.
Phys. B465 (1996) 127, hep-th/9512012.

[32] B. Julia and H. Nicolai, “Conformal internal symmetry of 2d sigma-models
coupled to gravity and a dilaton”, Nucl. Phys. B482 (1996) 431, hep-
th/9608082.

[33] D. Bernard and B. Julia, “Twisted self-duality of dimensionally reduced grav-
ity and vertex operators”, Nucl. Phys. B547 (1999) 427, hep-th/9712254.

[34] P. West, “Hidden superconformal symmetry in M theory”, JHEP 08 (2000)
007, hep-th/0005270.

[35] I. Schnakenburg and P. West, “Kac-Moody symmetries of IIB supergravity”,
Phys. Lett. B517 (2001) 421, hep-th/0107181.

[36] P. West, “E(11) and M theory”, Class. Quant. Grav. 18 (2001) 4443, hep-
th/0104081.

[37] P. West, “Automorphisms, non-linear realizations and branes”, JHEP 02
(2000) 024, hep-th/0001216.

[38] A. Salam, E. Sezgin, “D=8 supergravity : Matter couplings, gauging and
Minkowski compactification”, Phys. Lett. B154 (1985) 37.

[39] M. Nakahara, “Geometry, Topology and Physics”, (Adam Hilger,
Philadelphia and New York, 1991).

[40] T. Dereli, “Lecture Notes on Gravitation and Cosmology”, (unpub-
lished).

[41] W. Thirring, “A Course in Mathematical Physics I and II: Classical
Dynamical Systems and Classical Field Theory”, (Springer-Verlag
Berlin and Heidelberg GmbH and Co. KG 1991).

[42] R. W. Tucker, I. M. Benn, “An Introduction to Spinors and Geometry
with Applications in Physics”,(IOP Publishing, Ltd, 1987).

[43] A. Keurentjes, “The group theory of oxidation”, Nucl. Phys. B658 (2003)
303, hep-th/0210178.

[44] S. Helgason, “Differential Geometry, Lie Groups and Symmetric
Spaces”, (Graduate Studies in Mathematics 34, American Mathematical
Society Providence R.I. 2001).

[45] A. L. Onishchik (Ed.), V. V. Gorbatsevich, E. B. Vinberg, “Lie Groups
and Lie Algebras I”, (Springer-Verlag New York Inc.1993).

243



[46] R. Carter, G. Segal, I. MacDonald, “Lectures on Lie Groups and Lie
Algebras”, (London Mathematical Society Student Texts 32, Cambridge
University Press 1995).

[47] D. H. Sattinger, O. L. Weaver, “Lie Groups and Algebras with Ap-
plications to Physics, Geometry and Mechanics”, (Springer-Verlag,
New York Inc.1986).

[48] J. F. Cornwell, “Group Theory in Physics”, (Academic Press 1997).

[49] B. G. Wybourne, “Classical Groups for Physicists”, (John Wiley and
Sons New York 1974).

[50] J. G. Hocking and G. S. Young, “Topology”, (Dover Publications New
York 1988).

[51] R. W. R. Darling, “Differential Forms and Connections”, (Cambridge
University Press, 1995).

[52] N. Kobayashi and K. Nomizu, “Foundations of Differential Geometry”,
(Wiley - Interscience, New York, 1963).

[53] C. J. Isham, “Modern Differential Geometry for Physicists”, (World
Scientific Pub. Co. , 1989).

[54] R. L. Bishop, and S. I. Goldberg, “Tensor Analysis on Manifolds”,
(Dover Publications, Inc. New York 1980).

[55] B. Schutz, “Geometrical Methods of Mathematical Physics”, (Cam-
bridge University Press 1980).

[56] G. L. Naber, “Topology, Geometry and Gauge Fields”, (Springer-
Verlag, New York Inc. 1997).

[57] A. Keurentjes, “The group theory of oxidation II : Cosets of non-split
groups”, Nucl. Phys. B658 (2003) 348, hep-th/0212024.

[58] N. T. Yılmaz, “Dualisation of the general scalar coset in supergravity theo-
ries”, Nucl. Phys. B664 (2003) 357, hep-th/0301236.

[59] N. T. Yılmaz, “The non-split scalar coset in supergravity theories”, Nucl.
Phys. B675 (2003) 122.
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APPENDIX A

THE DIMENSION-DEPENDENT QUANTITIES OF THE

MAXIMAL SUPERGRAVITIES

In Chapter five, when we give the first-order equations for the Bosonic sectors of

the D-dimensional maximal supergravities which are Kaluza-Klein descendants

of the eleven dimensional supergravity, we have written the first-order equations

and the field strengths compactly in terms of the fields X, X i, X ij, X ijk, Yk,

Qk
j ,

→
Q for simplicity. We will give the definitions of these dimension dependent

quantities for each dimension now. First we define the fields X, X i, X ij, X ijk as

D = 11 : X =
1

2
A(3)dA(3), (A.1)

D = 10 : X = −A(2)1dA(3), X1 =
1

2
A(3)dA(3), (A.2)

D = 9 : X =
1

2
εij(A(1)ijdA(3) − A(2)idA(2)j),

X i = −εijA(2)jdA(3),

X ij =
1

2
εijA(3)dA(3), (A.3)
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D = 8 : X = εijk(−1

6
A(0)ijkdA(3) − 1

2
A(1)ijdA(2)k),

X i =
1

2
εijk(A(1)jkdA(3) − A(2)jdA(2)k),

X ij = −εijkA(2)kdA(3),

X ijk =
1

2
εijkA(3)dA(3), (A.4)

D = 7 : X = εijkl(
1

8
A(1)ijdA(1)kl − 1

6
A(0)ijkdA(2)l),

X i = −εijkl(
1

2
A(1)jkdA(2)l +

1

6
A(0)jkldA(3)),

X ij =
1

2
εijkl(A(1)kldA(3) − A(2)kdA(2)l),

X ijk = −εijklA(2)ldA(3), (A.5)

D = 6 : X = − 1

12
εijklmA(0)ijkdA(1)lm,

X i = εijklm(
1

8
A(1)jkdA(1)lm − 1

6
A(0)jkldA(2)m),
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X ij = −εijklm(
1

2
A(1)kldA(2)m +

1

6
A(0)klmdA(3)),

X ijk =
1

2
εijklm(A(1)lmdA(3) − A(2)ldA(2)m), (A.6)

D = 5 : X = − 1

72
εijklmnA(0)ijkdA(0)lmn,

X i = − 1

12
εijklmnA(0)jkldA(1)mn,

X ij = εijklmn(
1

8
A(1)kldA(1)mn − 1

6
A(0)klmdA(2)n),

X ijk = −εijklmn(
1

2
A(1)lmdA(2)n +

1

6
A(0)lmndA(3)), (A.7)

D = 4 : X i = − 1

72
εijklmnpA(0)jkldA(0)mnp,

X ij = − 1

12
εijklmnpA(0)klmdA(1)np,

X ijk = εijklmnp(
1

8
A(1)lmdA(1)np − 1

6
A(0)lmndA(2)p), (A.8)

D = 3 : X ij = − 1

72
εijklmnpqA(0)klmdA(0)npq,
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X ijk = − 1

12
εijklmnpqA(0)lmndA(1)pq, (A.9)

D = 2 : X ijk = − 1

72
εijklmnpqrA(0)lmndA(0)pqr. (A.10)

As it is clear from the expressions we omit the wedge product. The next group of

dimension dependent quantities are Yk and they can be given for each dimension

as

D = 10 : Y1 = −1

2
A(2)1A(2)1dA(3),

D = 9 : Yk = εij(
1

6
A(2)kA(2)idA(2)j − A(1)ikA(2)jdA(3)),

D = 8 : Yk = εijl(−1

2
A(0)jlkA(2)idA(3) − 1

4
A(1)jlA(1)ikdA(3)

− 1

2
A(1)ikA(2)jdA(2)l),

D = 7 : Yk =
1

4
εijlm(A(0)ijkA(2)ldA(2)m − A(0)ijkA(1)lmdA(3)

− A(1)ikA(1)jldA(2)m),

D = 6 : Yk = εijlmn(−1

4
A(0)ijkA(1)lmdA(2)n +

1

24
A(1)ikA(1)jldA(1)mn
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− 1

12
A(0)ijkA(0)lmndA(3)),

D = 5 : Yk = εijlmnp(
1

24
A(0)ijkA(0)lmndA(2)p − 1

16
A(0)ijkA(1)lmdA(1)np),

D = 4 : Yk = − 1

48
εijlmnpqA(0)ijkA(0)lmndA(1)pq,

D = 3 : Yk =
1

432
εijlmnpqrA(0)ijkA(0)lmndA(0)pqr,

D = 2 : Yk = 0. (A.11)

We also have the quantities Qk
j

D = 9 : Q2
1 = −1

2
A(2)1A(2)1dA(3),

D = 8 : Qk
j = εklm(−A(1)jlA(2)mdA(3) − 1

6
A(2)jA(2)ldA(2)m),

D = 7 : Qk
j = εklmn(

1

2
A(0)jlmA(2)ndA(3) − 1

4
A(1)mnA(1)jldA(3)

+
1

2
A(1)njA(2)ldA(2)m),

D = 6 : Qk
j =

1

4
εklmnp(A(0)jlmA(1)npdA(3) − A(0)jlmA(2)ndA(2)p
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− A(1)jlA(1)npdA(2)m),

D = 5 : Qk
j = εklmnpq(

1

4
A(0)jlmA(1)npdA(2)q +

1

24
A(0)jlmA(0)npqdA(3)

+
1

24
A(1)jlA(1)mndA(1)pq),

D = 4 : Qk
j = εklmnpqr(

1

16
A(0)jlmA(1)npdA(1)qr − 1

24
A(0)jlmA(0)npqdA(2)r),

D = 3 : Qk
j =

1

48
εklmnpqrsA(0)jlmA(0)npqdA(1)rs,

D = 2 : Qk
j = − 1

432
εklmnpqrstA(0)jlmA(0)npqdA(0)rst. (A.12)

Finally we have the vectors
→
Q,

D = 10 :
→
Q =

1

2

→
aA(2)1A(3)dA(3),

D = 9 :
→
Q = −1

2

→
aεijÂ(1)ijA(3)dA(3) +

1

2

∑
i

→
a iÂ(2)iÂ(2)jdA(3)ε

ij,

D = 8 :
→
Q = −1

6

→
aÂ(0)ijkA(3)dA(3)ε

ijk − 1

2

∑
i,j

→
a ijÂ(1)ijÂ(2)kdA(3)ε

ijk
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− 1

3

∑
i

→
a iÂ(2)iÂ(2)jdÂ(2)kε

ijk,

D = 7 :
→
Q =

∑
i,j

→
a ij(

1

8
Â(1)ijÂ(1)kldA(3) − 1

4
Â(1)ijÂ(2)kγ

m
l dA(2)m)εijkl

+
1

6

∑

i,j,k

→
a ijkÂ(0)ijkÂ(2)ldA(3)ε

ijkl,

D = 6 :
→
Q =

1

12

∑

i,j,k

→
a ijk(Â(0)ijkÂ(1)lmdA(3) − Â(0)ijkÂ(2)lγ

n
mdA(2)n)εijklm

− 1

8

∑
i,j

→
a ijÂ(1)ijÂ(1)klγ

n
mdA(2)nεijklm,

D = 5 :
→
Q =

∑

i,j,k

→
a ijk(

1

72
Â(0)ijkÂ(0)lmndA(3)

+
1

12
Â(0)ijkÂ(1)lmγp

ndA(2)p)ε
ijklmn

+
1

48

∑
i,j

→
a ijÂ(1)ijÂ(1)klγ

p
mγq

ndA(1)pqε
ijklmn,

D = 4 :
→
Q =

∑

i,j,k

→
a ijk(

1

24
Â(0)ijkÂ(1)lmγq

nγr
pdA(1)qr
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− 1

72
Â(0)ijkÂ(0)lmnγ

q
pdA(2)q)ε

ijklmnp,

D = 3 :
→
Q =

1

144

∑

i,j,k

→
a ijkÂ(0)ijkÂ(0)lmnγ

r
pγ

s
qdA(1)rsε

ijklmnpq. (A.13)
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APPENDIX B

THE DIMENSION-DEPENDENT COMMUTATORS OF THE

MAXIMAL SUPERGRAVITIES

We have already given the dimension independent commutation and the anti-

commutation relations in the coset formulation of the maximal supergravities.

There are also the dimension dependent commutation and the anti-commutation

relations in each dimension. We present them here:

D = 11 : {V, V } = −Ṽ , (B.1)

D = 10 : {V, V } = −Ṽ1 , [V, V 1] = Ṽ , (B.2)

D = 9 : {V ij, V } = −εijṼ , [V i, V j] = εijṼ ,

[V i, V ] = εijṼj , {V, V } = −Ṽ12, (B.3)

D = 8 : [Eijk, V ] = −εijkṼ , [V ij, V k] = εijkṼ ,
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{V ij, V } = −εijkṼk , [V i, V j] = εijkṼk,

[V i, V ] = −1

2
εijkṼjk , {V, V } = −Ẽ123, (B.4)

D = 7 : [Eijk, V ] = εijklṼl , [Eijk, V l] = εijklṼ ,

{V ij, V kl} = −εijklṼ , [V ij, V k] = −εijklṼl,

{V ij, V } = −1

2
εijklṼkl , [V i, V j] =

1

2
εijklṼkl,

[V i, V ] =
1

6
εijklẼjkl, (B.5)

D = 6 : [Eijk, V lm] = −εijklmṼ , [Eijk, V l] = εijklmṼm,

{V ij, V kl} = −εijklmṼm , [V ij, V k] =
1

2
εijklmṼlm,

{V ij, V } = −1

6
εijklmẼklm , [V i, V j] =

1

6
εijklmẼklm,

[Eijk, V ] = −1

2
εijklmṼlm, (B.6)
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D = 5 : [Eijk, Elmn] = εijklmnṼ , [Eijk, V lm] = εijklmnṼn,

{V ij, V kl} = −1

2
εijklmnṼmn , [V ij, V k] = −1

6
εijklmnẼlmn,

[Eijk, V l] =
1

2
εijklmnṼmn , [Eijk, V ] =

1

6
εijklmnẼlmn, (B.7)

D = 4 : [Eijk, Elmn] = εijklmnpṼp , [Eijk, V lm] = −1

2
εijklmnpṼnp,

{V ij, V kl} = −1

6
εijklmnpẼmnp , [Eijk, V l] =

1

6
εijklmnpẼmnp, (B.8)

D = 3 : [Eijk, Elmn] =
1

2
εijklmnpqṼpq , [Eijk, V lm] =

1

6
εijklmnpqẼnpq. (B.9)
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