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ABSTRACT

DUALISATION OF SUPERGRAVITY THEORIES

Yilmaz, Nejat Tevfik
Ph.D, Department of Physics

Supervisor: Assist. Prof. Dr. B. Ozgiir Sarioglu

February 2004, 257 pages.

By using the Kaluza-Klein reduction, the derivation of the maximal super-
gravities from the D = 11 supergravity theory, as well as the Abelian Yang-Mills
supergravities from the D = 10 type I supergravity theory are discussed. After
a thorough review of the symmetric spaces the symmetric space sigma model is
studied in detail. The first-order formulation of both the pure and the matter
coupled symmetric space sigma model is presented in a general formalism. The
dualisation of the non-gravitational Bosonic sectors of the D = 11, IIB and the
maximal supergravities are also reviewed in a concise but a self-contained formu-
lation. As an example of the dualisation of the matter coupled supergravities,

the doubled formalism is constructed for the D = 8 Salam-Sezgin supergravity.

Keywords: Kaluza-Klein Reduction, Supergravity, Symmetric Spaces, Non-Linear

Sigma Models, Matter Coupling, Dualisation, First-Order Formulations.
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OZ

SUPER KUTLE CEKIM KURAMLARININ IKILLESTIRILMESI.

Yilmaz, Nejat Tevfik
Doktora, Fizik Bolimi

Tez Yoneticisi: Assist. Prof. Dr. B. Ozgiir Sarioglu

Subat 2004, 257 sayfa.

Kaluza ve Klein indirgemesi kullanilarak onbir boyutlu siiper kiitle ¢ekim ku-
ramindan sinirda olan stiper kiitle ¢cekim kuramlari, ayn1 zamanda on boyutlu bir-
inci tip stiper kiitle cekim kuramindan da Abelsel Yang ve Mills siiper kiitle ¢cekim
kuramlarinin tiiretilmesi tartigildi. Bakigimli uzaylarin genig bir tekrarindan
sonra bakisgimli uzay sigma ornek kurami ayrintili olarak calisildi.  Yalin ve
madde eklenmis bakigimhi uzay sigma ornek kuraminin birinci derece simgesel
bigimlendirmesi genel bir yontem iginde sunuldu. Onbir boyutlu, 2B ve sinirda
olan siiper kiitle ¢ekim kuramlarinin kiitle cekimsel olmayan Bozonsal kesim-
lerinin ikillegtirmesi de kisa ve 6z ama yeterli bir simgesel bi¢imlendirme icerisinde
tekrarlandi. Madde eklenmig stiper kiitle cekim kuramlarinin ikillegtirilmesine bir
ornek olarak da sekiz boyutlu Salam ve Sezgin siiper kiitle ¢ekim kuraminin ¢ifte

bi¢imlendirmesi kuruldu.

Anahtar Sozciikler: Kaluza ve Klein indirgemesi, Siiper Kiitle Cekim Kurami,
BakisimlhiUzaylar, Dogrusal Olmayan Sigma Ornek Kuramlari, Madde Eklenmesi,

Ikillestirme, Birinci Derece Simgesel Bicimlendirmeler.
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CHAPTER 1

INTRODUCTION

The supergravity theory which has the highest spacetime dimension is the D = 11,
N = 1 supergravity [1]. There are three types of supergravity theories in ten
dimensions namely the ITA [2, 3, 4], the IIB, [5, 6, 7] and as the third supergravity,
the ten dimensional type I supergravity theory which is coupled to the Yang-
Mills theory [8, 9]. One can obtain the D = 10, ITA supergravity theory by the
Kaluza-Klein dimensional reduction of the D = 11 supergravity on the circle, S*.
Owing to the fact that there exists a self-dual five-form field strength, there is
not a straight forward method to construct a covariant Lagrangian for the 1IB
supergravity in ten dimensions although covariant equations of motion can be
formulated. For the IIB supergravity, if one relaxes the self-duality condition on
the five-form field strength, by using the Lagrange multiplier methods, a covariant
Lagrangian can be constructed [10, 11]. When the self-duality is imposed which
is a consistent condition with both the Bianchi identity of the five-form field
strength and the equations of motion of the constructed Lagrangian, it becomes
a truncation of the equations of motion which turns them into the field equations
of the IIB supergravity. The supergravity theories for D < 10 dimensions can
be obtained from the D = 11 and the D = 10 supergravities by the dimensional
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reduction and the truncation of fields. A general treatment of the supergravity
theories can be found in [12, 13, 14, 15].

The ten dimensional ITA supergravity and the IIB supergravity theories are
the massless sectors or the low energy effective limits of the type IIA and the
type IIB superstring theories respectively. The type I supergravity theory in
ten dimensions on the other hand is the low energy effective limit of the type
I superstring theory and the heterotic string theory. The eleven dimensional
supergravity is conjectured to be the low energy effective theory of the eleven
dimensional M theory.

The symmetries of the supergravity theories have been studied in the recent
years to gain insight in the symmetries and the duality transformations of the
string theories. Especially the global symmetries of the supergravities contribute
to the knowledge of the non-perturbative U-duality symmetries of the string theo-
ries and the M theory [16, 17]. An appropriate restriction of the global symmetry
group G of the supergravity theory to the integers Z, namely G(Z), is conjec-
tured to be the U-duality symmetry of the relative string theory which unifies
the T-duality and the S-duality [16]. Therefore the dualisation and the coset for-
mulation of the supergravities have not only enabled us to study the symmetries
of the supergravities in detail but also provided a better understanding of the
dualities and the symmetries of the relative string theories.

In supergravity theories which possess scalar fields, the global (rigid) symme-
tries of the scalar sector whose action do not depend on the spacetime coordinates

are essential to have a deeper understanding of these theories. One can define the



action of the global symmetry group of the scalars on the other fields as well, thus
the global symmetry of the scalars can be extended to be the global symmetry
of the entire Bosonic sector of the theory. For a majority of the supergravities,
the scalar manifolds are homogeneous, symmetric spaces which are in the form of
cosets G/K [18], and the scalar Lagrangians can be formulated as the non-linear
coset sigma models, in particular the symmetric space sigma models. The dimen-
sion of the coset space G/K is equal to the number of the scalars of the theory.
In the symmetric space sigma models the scalars have non-linear transformation
properties. We will basically deal with two classes of scalar coset manifolds G/ K.
When we apply the Kaluza-Klein dimensional reduction for the Bosonic sector
of the D = 11 supergravity [1] over the tori 7™, where n = 11 — D, we ob-
tain the D-dimensional maximal supergravity theories [10, 19, 20]. The global
(rigid) symmetry groups of the Bosonic sector of the reduced Lagrangians are in
split real form (maximally non-compact whose Cartan subalgebras can be chosen
along the non-compact directions). For the scalar coset manifolds, G/K of the
maximal supergravities, GG is the global symmetry group which is a semi-simple,
split real form and K is its maximal compact subgroup. Thus the coset spaces
G /K can be parameterized by using the Borel gauge and the scalar sectors of the
maximal supergravities can be formulated as the symmetric space sigma models.
However we should remark that in certain dimensions in order to formulate the
scalar sectors as symmetric space sigma models one has to make use of the dual-
isation methods to replace the higher-order fields with the newly defined scalars.

On the other hand when one considers the Kaluza-Klein compactification of the
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Bosonic sector of the ten dimensional simple supergravity which is coupled to N
Abelian gauge multiplets (type I supergravity) on the tori 792 [8, 9], one can
show that after a single scalar is decoupled, the rest of the scalars of the lower,
D-dimensional theories can be formulated as the G/K symmetric space sigma
models [21]. One can even enlarge the coset formulations of the scalars by using
partial dualisations. Unlike the maximal supergravities for this class of super-
gravities, the global symmetry group G is not necessarily a split real form but
it is in general a semi-simple, non-compact real form and again K is a maximal
compact subgroup of G. Therefore one makes use of the more general solvable
Lie algebra gauge [18] which covers the Borel gauge as a special case to param-
eterize the scalar coset manifolds for these supergravity theories. In general in
the non-linear G/K coset sigma models, the scalars transform non-linearly in
the linear representations of GG while the higher rank potentials always transform
linearly. Although the global symmetry scheme of the supergravity theories are
consequences of the supersymmetry, the study of the coset symmetries of the su-
pergravity theories provides a broader understanding of the underlying structure
of these theories [22, 23].

The method of non-linear realizations [24, 25, 26, 27, 28] is used in [29, 30]
to formulate the gravity as a non-linear realization in which the gravity and the
gauge fields appear on equal footing. Later, the dualisation of the Bosonic fields
has provided the non-linear realization formulation of the Bosonic sectors of the
maximal supergravity theories [10, 19].

By introducing auxiliary fields for a subset of the field content and by using

4



the coset formulation, the global symmetries of the scalar sectors of the maximal
supergravities are studied in [10]. As we have mentioned before these symmetries
can also be realized on the Bosonic fields. A general, dimension-independent
formalism is developed for the Bosonic sectors of the maximal supergravities
in [31]. The coset realizations of the non-gravitational Bosonic sectors of the
D = 11 supergravity, the maximal supergravities as well as the IIB supergravity,
are introduced by the dualisation of the scalars and the higher-order gauge fields
in [19]. In the same work, the twisted self-duality structure of the supergravities
(32, 33] is generalized to regain the first-order equations of the corresponding
theories from the Cartan forms of the dualized coset. Therefore in [19] it is shown
that the non-linear coset formulation of the scalars can be improved to include
the other non-gravitational Bosonic fields, resulting in the first-order formulation
of the relative theories. The mainline of [19] is to introduce dual fields for the
non-gravitational Bosonic fields and to construct the Lie superalgebra which will
generate the coset representatives that realize the original field equations both in
first and second-order by means of the Cartan form. The dualisation method is
another manifestation of the Lagrange multiplier methods which are used for the
scalar sectors of the maximal supergravities in [10, 20].

The discussion about the symmetry groups of the Cartan forms (the doubled
field strengths) of the coset formulation as well as the symmetry groups of the
twisted self-duality equations (i.e. first-order equations) which are larger than
the symmetry groups of the Cartan forms is given in [10] and [19].

By following the outline of [19], in [34] the complete coset formulations of the
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D = 11 and the ITA supergravity theories are performed for the entire Bosonic
sector including the gravity which is missing in [19]. The symmetries of these the-
ories are also discussed in detail in [34]. The Bosonic sector of the IIB supergrav-
ity is derived as a non-linear coset realization by dualizing the non-gravitational
Bosonic fields in parallel with the formulation given in [19], also by including the
gravity sector in [35]. The method of [34] and [35] which includes the gravity
sector in the coset formulation is a standard one which can be extended to the
coset realizations of the other supergravities.

The non-linear, coset realizations of the complete Bosonic sectors of the D =
11 supergravity and the ITA supergravity lead to finite dimensional Lie algebras
whose corresponding groups are denoted as G1; and G4, [34] respectively, which
are not Kac-Moody algebras. In [35] the algebra corresponding to the symmetry
group Gprp of IIB is constructed as an element of the complete non-linear real-
ization of the Bosonic sector of the IIB supergravity. The equations of motion
of the relative theories in [34, 35| are obtained as a result of the simultaneous
non-linear realizations of the symmetry groups G171, Gir4 and Gy by taking the
Lorentz group as the local subgroup and the non-linear realizations of the confor-
mal groups. The ITA, IIB and the D = 11 supergravities are in fact the non-linear
realizations of the groups which are the closures of the symmetry groups Gy,
G and Gy; in the conformal groups, respectively. However instead of dealing
with the non-linear realizations of the infinite dimensional closure groups, one
follows the easier method of simultaneous non-linear realizations as explained in

detail in [34].



In the simultaneous non-linear realizations of the complete Bosonic sectors of
the ITA, IIB and the D = 11 supergravities the local subgroups are chosen to be
the Lorentz group so that the general coset representatives of the entire Bosonic
sector can not be parameterized by a solvable Lie algebra or a Borel subalgebra of
some larger group. These coset formulations are not like the scalar cosets which
arise for the maximal supergravities obtained from the D = 11 supergravity
by dimensional reduction, also which all give rise to Kac-Moody algebras and
whose general coset representatives can be parameterized by a Borel subgroup of
a larger group. In [35, 36] it is discussed that the non-linear realizations of the
D = 11 and the maximal supergravities, in particular the ITA supergravity, can
be enlarged to include a Kac-Moody algebra which contains the Borel subalgebra
of Fs and whose corresponding group is identified as E;. This can be done either
by introducing a larger local subgroup than the Lorentz group or by describing
the gravity by two fields which are duals of each other. Furthermore in [35] for
the IIB supergravity theory, it is also argued that the non-linear realization can
be enlarged to include the Kac-Moody algebra of the group FEj; of the IIA and
the D = 11 supergravities.

In [37] the method of non-linear realizations is used to derive the dynamics
of the M theory branes. Furthermore the M theory branes when they are in a
background are also described as non-linear realizations in [34]. In the light of the
non-linear realizations of the D = 11 and the IIA supergravities, it is mentioned
in [34] that Osp(1/64) may be a symmetry of the M theory since it is present
in the ITA and the D = 11 supergravities, also it is the unique extension of the
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conformal group to include the supersymmetry. It automatically contains all the
automorphisms of the Poincare supersymmetry algebras with all their central
charges.

The different symmetry groups G;;4 and G1; appearing in the dualisations of
the ITA and the D = 11 supergravity theories may be interpreted as the different
contractions of the full automorphism group of the M theory. However as we
have pointed out above, the common Kac-Moody group which appears in the
non-linear realizations of the ITA, IIB and the D = 11 supergravities is Fii.
Since the ITA and the D = 11 supergravities are related by the Kaluza-Klein
reduction on the circle, it is not puzzling to have a common symmetry group,
on the contrary IIB is not related to the D = 11 supergravity in a simple way,
for this reason finding a common symmetry scheme is a source of motivation.
Thus in [35] it is discussed that Ej; can be a symmetry of the M theory and the
ITA, IIB also the D = 11 supergravities can be different manifestations of the M
theory.

We also encounter the non-linear realizations when there is spontaneous sym-
metry breaking and they formulate the theories which govern the low energy
excitations of the original theory. The local subgroup of the non-linear coset for-
mulation of the low energy regime is the part of the original symmetry which is
preserved during the symmetry breaking. If the original theory has various vacua,
the corresponding theories of the low energy regimes share the same rigid sym-
metry group but they have different local symmetry groups. Since the D = 11,
the maximal, in particular the ITA and the IIB supergravity theories all share
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the same rigid symmetry Ej; with various local symmetry subgroups, in [35] it
is conjectured that these theories could correspond to the various vacua of the M
theory.

The general perspective of the following thesis is to study the framework of
the dualisation of the scalars and the higher-order fields excluding the gravity in
the supergravity theories. As we have mentioned above, the complete coset con-
struction of any supergravity theory can be obtained by following the standard
method given in [34, 35] which enables the inclusion of the gravity sector. There-
fore we will primarily be interested in the dualisation of the non-gravitational
Bosonic fields.

We will start with the discussion of the supergravities in two categories in
Chapter two. First we will introduce the Kaluza-Klein reduction of the pure
gravity and the matter fields on the tori 7™ and mention about how the spacetime
symmetries propagate to the lower dimensions. Next we will study the Kaluza-
Klein compactification of the D = 11 supergravity and present the construction of
the D-dimensional maximal supergravities. The Kaluza-Klein reduction over the
tori will again be applied to derive the Abelian Yang-Mills supergravities from
the ten dimensional type I supergravity or more correctly from its subtheory
which is obtained by coupling N Abelian gauge multiplets to the ten dimensional
simple N = 1, supergravity. In these two classes of supergravities we will focus
on the scalar sectors to study the coset constructions and the partial dualisations.
The coset constructions of the scalar sectors will lead us to the symmetric space
sigma models. The partial dualisations which increase the number of the scalars
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are needed to construct the coset Lagrangians or to enhance the symmetries
of the scalars in certain dimensions. Such dualisations which are based on the
Lagrange multiplier methods direct us to the idea of the complete dualisation

and the non-linear realization of the Bosonic sectors of the supergravities.

The non-linear coset constructions of the scalar sectors of the supergravities
have a distinctive place in our discussion since in general, dualisation is basically
the method of extending the coset formulation already existing for the scalars to
the other Bosonic fields which leads to the non-linear realization of the complete
Bosonic theory. As will be clear in Chapter two, the scalar sectors of a wide class
of supergravities can be formulated as symmetric space sigma models. For this
reason in Chapter three we will discuss the formal construction of the symmetric
spaces from both the geometrical and the algebraic perspectives. We will also
introduce the Cartan and the Iwasawa decompositions of the semi-simple Lie
algebras which provide the basic tool of solvable Lie algebra gauge in the general

scalar coset constructions.

In Chapter four after a concise introduction of the general non-linear sigma
models we will present a detailed covering of the symmetric space sigma model.
We will perform the first-order formulation of the symmetric space sigma model
by using the dualisation method of [10, 19]. The formulation will be based on two
different coset parameterizations which both make use of the solvable Lie algebra
gauge defined in Chapter three. We will also mention about the transformations
between these two parameterizations.

10



Chapter five is reserved for the discussion of the dualisation of the non-
gravitational Bosonic sectors of the D = 11, ITA, IIB and the D-dimensional
maximal supergravities.

In Chapter six we will consider the coupling of m-form matter fields to the
symmetric space sigma model which we study in detail in Chapter four and we
will perform the dualisation and the first-order formulation of the matter coupled
symmetric space sigma models in a general formalism.

The dualisation of the D = 8 Salam-Sezgin supergravity [38] which is con-
structed by coupling N vector multiplets to the D = 8 N = 1 supergravity is
the subject of Chapter seven. In carrying out the dualisation and the first-order
formulation we will refer to the results derived in chapters four and six which are
applicable to any supergravity theory which has a symmetric space scalar coset

manifold and which is coupled to matter fields.
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CHAPTER 2

THE SUPERGRAVITY THEORIES AND THEIR SCALAR

COSETS

The scalar fields have a distinctive place among the field content of the supergrav-
ity theories. One can explore the non-local (global) symmetry properties of the
entire theory by just looking at the scalar sector. The scalars of the supergravity
theories have a non-linear nature in the sense that the scalar Lagrangian can be
basically formulated as a non-linear sigma model [14]. There is also a reflection of
the non-linearity in the transformation properties of the scalars [19]. In particular
the scalar sectors of a wide class of supergravities [13, 18] are governed by the
symmetric space sigma models where the scalar fields parameterize a coset G/K
which is a symmetric space. In general the space G/K is called the scalar coset
manifold. In the following chapters we will give a detailed discussion of both the

symmetric spaces and the symmetric space sigma model.

In this chapter we will introduce two main classes of supergravity theories
whose scalar fields parameterize symmetric spaces G/K, where G is the global
internal symmetry group of the Bosonic sector of the corresponding theory. We
will leave the task of constructing the Lagrangian from the coset G/ K in a general
formulation to the following chapters. Instead, in this chapter we will discuss the

12



origin of these theories and we will classify the cosets which are intimately related
to the global symmetries of these theories. The first class of supergravity theories
we will deal with is composed of the maximally extended supergravities [10, 13,
19, 20]. The D-dimensional maximal supergravity theory and its symmetries
can be systematically obtained as a result of the Kaluza-Klein reduction [20] of
the eleven dimensional supergravity [1] which is the low energy effective limit
of the M-theory on the n-torus 7" = S! x - -+ x S! where n = 11 — D. The
elements of the second class of supergravities we will discuss in this chapter are
the Kaluza-Klein descendants of the ten dimensional simple supergravity which
is coupled to N Abelian gauge multiplets on the tori 7" [21]. When N = 16,
the ten dimensional simple supergravity which is coupled to 16 Abelian gauge
multiplets corresponds to the low energy effective limit of the ten dimensional
heterotic string theory [21]. We will keep our interest only in the Bosonic sectors
which contain the scalar content of these supergravity theories. We will give
an introduction to the Kaluza-Klein compactification on S! and we will shortly
mention how it can be used step by step to handle the reduction on 7™ without
going into detail in both cases. However our main objective in this chapter is the
presentation of the scalar cosets which arise in lower dimensions in both classes
of supergravities. Apart from their higher dimensional origins, there is a major
difference between the two different classes of supergravity theories we uttered
above. The scalar coset manifolds of the maximal supergravities are always based
on the maximally non-compact (split) real form global symmetry groups, on the

other hand the scalar cosets coming from the Kaluza-Klein reduction of the ten
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dimensional simple supergravity which is coupled to N Abelian gauge multiplets
have a more general structure, namely their global symmetry groups are non-
compact real forms (being maximally non-compact for certain choice of D and N
20, 21]). We will give a formal construction of the real forms of semi-simple Lie
groups and discuss their classification in the next chapter.

In some dimensions, in order to formulate the scalar Lagrangian of the Kaluza-
Klein descendant theories as symmetric space sigma models, one needs to dualize
certain higher order fields to introduce new scalar fields by using Lagrange mul-
tiplier methods. We will give the details of how this is done for both classes of
supergravity theories in relevant dimensions. The scalar cosets obtained after the
dualisation of certain higher order fields are called maximal, since one can not
obtain more scalar fields upon dualisation in the corresponding dimensions. The
partial dualisation method forms a motivation for the complete dualisation of the
Bosonic sectors of these theories which includes the introduction of dual fields for
the entire set of the original Bosonic fields of the theory in a systematical way.

This will be the main topic of the following chapters.

2.1 The Kaluza-Klein Compactification

The Kaluza-Klein reduction or the compactification is simply assigning partic-
ular spacetime, metric and potential fields ansatz to a theory so that the equations
of motion of the fields which are assumed to be constant in certain directions of
the spacetime manifold can be obtained from a lower dimensional Lagrangian
defined on a component of the spacetime manifold. We need to mention about
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the mechanism of the Kaluza-Klein reduction on the torus 7% = S x - - . x S!
to understand the nature of the scalar fields in the dimensionally reduced theo-
ries. Since the torus 7™ is composed of n-times Cartesian product of circles S!,
one can first consider the S'-reduction of a D-dimensional theory into a (D —1)-
dimensional one then step by step construct the 7" = S* x --- x S* reduction. We
will give a summary of the reduction of the D-dimensional metric and the poten-
tial fields on the circle S', a more detailed analysis can be referred in [10, 20]. On
a local coordinate chart of the total D-dimensional manifold which we assume,
is composed of the Cartesian product of a circle S* of radius L and a (D — 1)-
dimensional sub-manifold, we will denote the coordinate on S* by z and the rest
of the D-dimensional coordinates by x;. One can make a Fourier series expansion

of the components of the D-dimensional metric tensor field as

G (@i,2) = Y gi()e ™/ (2.1)

We assume that L is of the order of the Planck length, 10~33¢m, since for physical
reasons one assumes that the circle constituent of the spacetime is ignorably small.

(n)

For this reason the massive modes g,

(x;) for which n # 0 gain large mass values
which are out of the ranges we can detect. Therefore we assume that in (2.1)
the contribution from the massive modes are ignorable and we will only consider
the massless modes which correspond to the terms, n = 0. This means that our
ansatz for the D-dimensional metric tensor is such that its components do not

depend on the coordinate z. In light of this discussion we will assume that the
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D-dimensional metric has the form
g” = e*g,,dxt" @ dz¥ + 2" (dz + A) @ (dz + A), (2.2)

where A = A,dz*. In (2.2) @ and 3 are constants which will be determined
later and the indices p, v correspond to the tangent space indices of the (D — 1)-
dimensional sub-manifold of the original D-dimensional one. All of the fields in
(2.2) are independent of z due to the discussion we have given above, thus they
are all (D — 1)-dimensional fields. The scalar field ¢ is called the dilaton and the
one-form field A is called the Kaluza-Klein potential. We also have the (D — 1)-
dimensional metric components g,, which determine the (D — 1)-dimensional
branch of the D-dimensional spacetime. In terms of the (D — 1)-dimensional

fields the components of the D-dimensional metric can be given as
gfy =g, + e ALA,, gfz =¥ A, gl = e, (2.3)

We will give the basic definitions about the Riemannian geometry when we discuss
the symmetric spaces in the next chapter but for our purposes of deriving the
lower dimensional Lagrangian we need to mention shortly about the elements
of the D-dimensional gravity. Firstly for an affine connection V defined on the
tangent bundle of the D-dimensional spacetime [39] one defines the connection
coefficients I'¢, as [40, 41]

Vi, Xp =T, X,, (2.4)

where {X,} is a D-dimensional frame field for the D-dimensional manifold. If we
define the dual, co-frame field (vielbein) e*(Xj) = 4y, then we can introduce the
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connection one-forms as

wy =T €. (2.5)

By using the affine connection V, if we define the map T(X,Y) : T*M xT*M —
TN,

T(X,Y)=VxY -VyX —[X,Y], (2.6)
then we can introduce the torsion tensor T' € Ty M as
T: (wa X7 Y) - W<T(X7 Y))? (27)

VXY € T'M and w € w'(M). The torsion two-forms T € w?(M) are defined
as [42]

T =2T"® X,. (2.8)

One can also define the map R(X,Y) : T'M x T'M — Hom(T*M,T*M) as
R(X,Y)=VxVy = VyVx — Vixy (2.9)
from which the curvature tensor R € T4 M can be defined as
R:(w,Z,X,)Y) — w(R(X,Y)-2), (2.10)

VXY, Z € T'M and w € w!'(M). Similarly we can introduce the curvature

two-forms R? € w?(M) as [42]
R=2R!® e @ X,. (2.11)

One can calculate the connection one-forms and the curvature two-forms by using
a frame field {X,} and the corresponding dual vielbein {e*} from the first and
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the second Cartan structure equations

T = de® + wi N e,

Ry = dwy + wi A\ wy, (2.12)

respectively [40, 42]. Alternatively one can calculate the structure functions {C¢, }
from

[Xa;Xb] = CngCa (213)

for an arbitrary frame field {X,}. Then one can read the connection coefficients

{T”.} by using the identity [42]

2 Fib = gcp(Xa(gbC) + Xb(gca> - XC<gab) - Cglcgad

+ Cgagbd + Cgbgcd - nggma + nggmb + T:ggmc)a (214)

where the metric components, g, = g(X,, Xp) are used to raise and lower the
indices of the structure functions, {C¢,} and the torsion tensor components, 7% =
T (X4, Xp, €°). There are two special classes of frame fields which simplify (2.14),
if the frame field is a coordinate basis then the structure functions {C¢,} are zero,
on the other hand if it is an orthonormal basis then the metric components are
constant so that X;(g;x) = 0. An orthonormal basis frame field can be read from
the explicit form of the metric tensor. After the calculation of the connection
coefficients {I'";}, the connection one-forms and the curvature two-forms can be
obtained from (2.5) and (2.12).
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Since we are concerned with the Einstein-Hilbert action in the Kaluza-Klein
reduction procedure, we will assume the unique metric compatible, torsion-free,
Levi-Civita connection V, [39] so that {7} and T will be zero in (2.12) and
in (2.14) respectively. Choosing an orthonormal frame field will simplify the
calculation of the connection one-forms and the curvature two-forms in both of
the methods we have discussed. By following either of the methods above, when
one derives the curvature two-forms { %}, one can calculate the curvature tensor
R from (2.11) and then calculate the Ricci tensor R € Ty M which is obtained

by a contraction on R as
R(X,Y) = R(X,, X,Y, %), (2.15)
VX,Y € T'M and for an arbitrary frame field {X,} and its dual, co-frame field
(vielbein) {e*}. The D-dimensional Ricci scalar RP can then be calculated as
RP = R(X,, X", (2.16)

where X¢ = ¢?X,, with the inverse matrix g% of the metric tensor components
gab = 9(Xa, Xp). Then the D-dimensional Einstein-Hilbert Lagrangian can be
expressed as
Lp=Rx1, (2.17)
where * is the Hodge-star operator [39] and its action on a p-form basis is defined
as
1 v v
s(datt N Ndat?) = —e, TR N - N dat (2.18)
gt
here g = D—pand €,,...,, = \/|9] €u,..., With g, being the determinant of the D-

dimensional metric tensor components g,, and €,,...,,, is the totally antisymmetric
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Levi-Civita tensor density [41]. We again use the metric tensor components to

raise and lower the indices. Thus in (2.17) we have

x1 = +/|g| dz®, (2.19)

with dz?, being the canonical volume element D-form whose orientation is fixed.
If we go back to the Kaluza-Klein ansatz (2.2) now, we have defined the entire
machinery to calculate the Einstein-Hilbert Lagrangian in terms of the (D — 1)-
dimensional fields ¢, g,.,, A. We will assume a D-dimensional veilbein of the

form

(eP)* = e*e, (eP)? = eP?(dz + A), (2.20)

where e correspond to a (D — 1)-dimensional veilbein so that the index a runs
on the (D — 1)-dimensional subspace directions and (e”)? is the additional basis
element along a mixed direction of the S* tangent space direction and the (D —1)-
dimensional subspacetime tangent space directions. When we define the dual,
moving frame { X} such that (eP)?(XD) = §° for a, 3 = 1,..., D, we can define
the metric components ¢” (X[, X) = 1,. From the Kaluza-Klein ansatz (2.2)
for the D-dimensional metric we immediately see that 7., = 1 and n,, = 0 for
a=1,..,(D —1). By following the discussion above, one can use the vielbein
(2.20) to calculate the D-dimensional connection one-forms w$ in terms of the

(D — 1)-dimensional fields as

1
w%b _ wab + ae—a¢(ab¢(€D>a . 8a¢(eD)b) . 5‘7_-zzb€(,8—20z)q$(eD)z7
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1
W = —wi = e 0" (P — S F PP, (2.21)

where we define d,¢ = E*0,¢. If we consider the local components of the (D —1)-
dimensional sub-vielbein as e* = ejdz* then EY is the inverse of the components
ey We also define

1
F=dA=Fue e (2.22)

In (2.21) the indices a, b correspond to the (D —1)-dimensional sub-directions and
the index z is along a mixed direction as we have pointed out above, thus w® are
the (D — 1)-dimensional connection one-forms corresponding to the Levi-Civita
connection of the (D — 1)-dimensional metric g,, defined in (2.2). We use the
(D — 1)-dimensional metric components 1, for p,v =1,..., (D — 1) to raise and
lower the indices. From the second Cartan structure equation in (2.12) and from
the D-dimensional vielbein choice (2.20) one can calculate the D-dimensional
curvature two-forms (Rp)j. We will not display them here since we only need the
Ricci tensor which generates the Ricci scalar in the Einstein-Hilbert Lagrangian.
The components of the D-dimensional Ricci tensor can be calculated from (2.11)

and (2.15) by using the D-dimensional curvature two-forms and they can be given

in terms of the (D — 1)-dimensional fields as

% 1 1 optia .
R(g) =€ 2 ¢(Rab - 58(1@581)@5 — Oé’l]abljgb) — 56 2(D-1) ¢f‘a f’bc’
R(?Z g RQL — %e(D—4)Oé¢Vb(6—2(D—2)a¢fab),
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1
RE = (D = 3)ae D¢ + e P V0 FL P (2.23)

where O = 0°0, with a = 1,...,(D — 1) and R is the (D — 1)-dimensional Ricci
tensor corresponding to the Levi-Civita connection of the (D — 1)-dimensional
metric g, in (2.2). In deriving (2.23) we have chosen the constants a and § in

(2.2) as

2 1 _
= sp—ao—g PP (2.24)

This choice of the constants in the Kaluza-Klein ansatz (2.2) is necessary to obtain
a lower dimensional Lagrangian with the canonical and the usual normalizations
of the Einstein-Hilbert and the dilaton kinetic terms [20]. Now we can calculate

the the Ricci scalar
RD — nabnﬁ)
= "R, +RL, (2.25)

where p, v correspond to the (D —1)-dimensional indices. In terms of the (D —1)-

dimensional fields we have [20]
1
RD = 672a¢<R — 58M¢8“¢ + (D — 4)04|:|¢)
1

B ZG—Q(D—l)a¢fabfab, (2.26)

here R is the (D — 1)-dimensional Ricci scalar. Moreover from (2.2) and (2.24)

we have

Vil = V=5 = ¢4y~ (2.27)
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where ¢’ is the determinant of the (D — 1)-dimensional metric g, over the (D —
1)-dimensional subspacetime which is defined in (2.2). Finally, now that we
have calculated the elements of the D-dimensional Einstein-Hilbert Lagrangian,
by omitting the O¢ term in (2.26) which contributes a total derivative, we can
express the D-dimensional Einstein-Hilbert Lagrangian in terms of the (D — 1)-

dimensional fields R, ¢, g, F = dA as

Lp=(R+PD1 - % P~V do A do
— %6_2(1:)_2)0@ PV FANF) A dz

== £(D—1) A dZ, (228)

where *(P~V1 = /=g dzP~D,

Our next task will be to built up an ansatz to reduce a general D-dimensional
(n—1)-form potential field Agb_n’ again with the assumption that the D- dimen-
sional spacetime is composed of the Cartesian product of a (D — 1)-dimensional

subspacetime and S*. The ansatz will be chosen as [20]
Al (@, 2) = Ao () + Apesy(z) A dz, (2.29)

where the coordinates x are on the (D — 1)-dimensional spacetime. When we

take the exterior derivative of (2.29) we get

F(Z)(%Z) = dAgz_n(%Z)
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= dA@-1)(2) + dAp—2)(z) N dz. (2.30)

While choosing the (D — 1)-dimensional field strength of A, oy as Fi,—1) =
dA(m—2), we will not simply choose the (D — 1)-dimensional field strength of
An—1) as Finy = dAg,—1) but for the purpose of obtaining a nice looking lower
dimensional Lagrangian we define the lower dimensional field strengths through

the transgression relations

Fny(2) = dA@p-1)(2) = dAn-z)(z) A A(z),

Foy(z) = dAn—2) (). (2.31)

In terms of these (D — 1)-dimensional field strengths the D-dimensional field

strength can be given as
F(?L) (7,2) = Finy(x) + Fln—1y(2) A (dz + A(x)). (2.32)

We can now express the D-dimensional kinetic term of F(IT)L) in terms of the (D—1)-

dimensional field strengths we have defined

1
ﬁD —_ _ - FD A FD
F 5 ) N )

1 —2(n—1)« D—1
= (—56 ( Jad )F(n) A F(n)

1
_ 562(17—”—1)0@ P70 Flo 1y A Flno1) Adz
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= LP VA dz (2.33)

As a final remark we will also discuss how the symmetries of the lower dimen-
sional theory originate from the coordinate transformation symmetries of the
D-dimensional theory and the scaling symmetry of the field equations of the D-
dimensional theory in the S'-reduction. The D-dimensional pure gravitational
theory has a general coordinate covariance whose infinitesimal action on the co-

ordinates and the D-dimensional metric tensor can be defined as
029 = =&, 09y = 1 Op Gy + 9 Oa &b + giy s €D, (2.34)

where £f, are the infinitesimal transformation parameters which are functions
of the D-dimensional coordinates. Thus the transformations (2.34) are local.
The form of the Kaluza-Klein ansatz (2.2) will not be preserved by the entire
group of the D-dimensional coordinate transformations rather, the subgroup of
the infinitesimal transformations (2.34) which preserves the Kaluza-Klein ansatz

(2.2) is generated by the infinitesimal parameters of the form

§p = &"(x), &h = cz+ Ax), (2.35)

where &5 is along the (D — 1)-dimensional subspacetime directions and &3, is
along the S! direction [20]. As we have done before, we also split the coordinates
x% as (z#,z). We will show that when one chooses ¢ = 0 in (2.35), the corre-
sponding restriction of the general D-dimensional coordinate transformations will
not only preserve the form of the Kaluza-Klein ansatz but they will also leave
the form of the D-dimensional Lagrangian (2.28) invariant, thus they form the
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local part of the symmetry group of the (D — 1)-dimensional Lagrangian defined
in (2.28). The field equations of the D-dimensional Einstein-Hilbert Lagrangian
(2.17) namely the Einstein equations, Ry, — 3R”gf, = 0, for the vacuum, have
also the global scaling symmetry in which the metric, the Ricci tensor and the

Ricci scalar transform as

gh — k*¢5, R — R, RP — k?RP, (2.36)

where k is a real parameter. The symmetry transformations in (2.36) however
do not leave the D-dimensional Einstein-Hilbert Lagrangian (2.17) invariant. If
we choose ¢ = 0 in (2.35) then we may show that from (2.34) by using (2.3) the

(D — 1)-dimensional fields transform as

0¢ = & Oy,

SA, = €00, Ay + Ay 0, €7 + D\,

0Guw = & Op Gpv + Gpu 0§ + 9up 00 &7, (2.37)

under the restricted D-dimensional infinitesimal coordinate transformations which
are generated by the infinitesimal parameters of the form (2.35). The transfor-
mation rules (2.37) denote that ¢ = 0 branch of (2.35) correspond to the (D —1)-
dimensional local coordinate transformations when A is chosen to be zero. This
is because when A\(x) = 0 in (2.37) the dilaton transforms like a scalar field, the

26



Kaluza-Klein potential A transforms as a one-form and the metric tensor com-
ponents transform properly as a second rank tensor. On the other hand when
&P(xz) = 0 in (2.37) then the dilaton ¢ and the (D — 1)-dimensional metric g are
inert while the Kaluza-Klein potential A transforms as a U(1)-gauge field under
the transformation of the local infinitesimal parameter A. This is the origin of
the name Kaluza-Klein-Maxwell potential field for A.

If one considers special combinations of the rest of the restricted D- dimen-
sional transformations when £#(x) = A(xz) = 0 but ¢ # 0 in (2.35) with the scal-
ing symmetry (2.36), one may obtain the global symmetry sector of the reduced
(D — 1)-dimensional theory. The infinitesimal form of the scaling transformation
of the D-dimensional metric tensor field g” in (2.36) can be given as dgL) = 2ag?h
where a is a real infinitesimal parameter. When one considers the infinitesimal
transformations (2.34) by choosing £*(z) = A(z) = 0 in (2.35) together with
dgh = 2agh) then by using (2.3), the (D — 1)-dimensional fields can be shown to

transform as

Bop=a+c, O0A,=—cA, 069 =209, — 209,,00. (2.38)

We observe that solely the transformation generated through (2.35) by choosing
¢"(z) = AMa) = 0 does not correspond to the global infinitesimal symmetry
transformations of the lower dimensional theory which do not depend on the

(D — 1)-dimensional coordinates. However we can show that if we choose
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then the metric becomes inert under the transformations (2.38) and they become

C

TR

SA, = —cAu, g = 0. (2.40)

Thus (2.40) correspond to the global symmetry of the lower dimensional La-
grangian in which the dilaton has a constant shift transformation ¢ — ¢ + ¢.
Since 0g,,, = 0, (2.40) is also called the global internal symmetry. This global
transformation group of the (D — 1)-dimensional Lagrangian defined in (2.28) is
the real line R which is considered as an additive group. On the other hand if we
choose

a=—c, (2.41)

then the transformations in (2.38) become
0p =0, 0A,=—cA,, 069u =—2cq,, (2.42)

and they correspond to the scaling symmetry of the equations of motion of the
(D — 1)-dimensional Lagrangian which leave the dilaton ¢ invariant. This sym-
metry group is also equal to R. Thus the lower dimensional theory has two
non-coordinate dependent global symmetry groups. One of them leaves the
(D —1)-dimensional field equations invariant and the other one leaves the (D —1)-

dimensional Lagrangian invariant.

2.2 D=11 and the Maximal Supergravities

In the previous section we have given the details of the Kaluza-Klein reduc-
tion of the Einstein-Hilbert Lagrangian and the kinetic terms which correspond
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to the general m-form field strengths on the circle S'. One can improve this
procedure by applying it step by step to find the Kaluza-Klein reduction of a
general (D + n)-dimensional theory on the n-torus, 7" = S x - .. x St [20].
The spirit of the reduction is similar to the S!'-reduction so that basically one
assumes a Cartesian product structure for the (D + n)-dimensional spacetime
which is made up of a D-dimensional subspacetime and T™. One also assumes
a (D + n)-dimensional Kaluza-Klein metric ansatz, like we have done for the
Sl-reduction. Then the procedure of the S'-reduction is applied step by step to
express the (D + n)-dimensional quantities in terms of the D-dimensional ones
which are assumed to be constant along the torus 7™ and zero in the torus di-
rections. The (D 4+ n)-dimensional Lagrangian can then be expressed in terms
of the D-dimensional one and the equations of motion for the D-dimensional
fields can entirely be obtained from the D-dimensional Lagrangian. The max-
imally extended supergravity theories in D-dimensions can be obtained by the
Kaluza-Klein reduction of the eleven-dimensional supergravity theory [1] on the
tori 7" where n + D = 11, [10, 20]. The D = 11 supergravity is the low en-
ergy limit, effective theory of the M-theory. We will only consider the reduction
of the Bosonic sector of the eleven dimensional supergravity which contains the
scalars. In [20] the reduction of the Fermionic fields as well as the supersymmetry
transformation rules are also discussed shortly to imply that the entire reduction

corresponds properly to the D-dimensional maximal supergravity. The Bosonic
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Lagrangian of the D = 11 supergravity theory is
1 1
Ly=Rx1-— 5 * F(4) A F(4) -+ édA(?’) N dA(g) A A(g), (2.43)

where R is the eleven dimensional Ricci scalar. We see that we have the eleven
dimensional metric, g;; and the 3-form potential field, A3 as the constituents
of the Bosonic field content of the eleven dimensional supergravity [1]. If we
consider the Kaluza-Klein reduction on the n-torus, T, starting from the eleven
dimensional metric, g1, and the 3-form potential field, Ay, at each i'th step of the
Sl-reduction of the metric we will obtain a lower dimensional metric, gp, a dilaton
¢; and a Kaluza-Klein potential -’421)' At the next S'-reduction step from the
ansatz (2.29) each Kaluza-Klein potential AZ@) will generate a lower dimensional
one-form field which is again denoted as A{;, and a scalar field Af,);,, which is
called an axion. The sequence will continue in the same manner such that each
Kaluza-Klein potential A’@) will be carried to the desired dimension by generating
an axion AZ@ ; at each step following the step which Aél) first appears (the i’th
step). The axions ’@ i do not generate more fields upon further S'-reductions
from (2.29), they only generate lower dimensional scalars which we will denote
again by -’4@('0) ;- In other words they carry themselves to the desired dimension.

We should also state that obviously ¢ < j for the axions Aéo) i

On the other hand starting from the eleven dimensional 3-form field As),
from the ansatz (2.29) at the first S'-reduction step, a ten dimensional three-
form A3y and a ten dimensional two-form Ay will be generated. Then if further
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reductions to the desired dimension D are concerned there will be a final three-
form As), two-forms A(s);, coming from the ¢'th step of the reduction of A,
one-forms A1);; coming from the j'th-reduction step of the two-forms A); and
finally further axionic scalars Ag);;x coming from the k'th-reduction step of the
one-forms A(y;;. All these fields are D-dimensional and again clearly 7 < j < k.
One can show that after performing a series of S'-reductions by using the Kaluza-

Klein ansatz, the eleven dimensional Lagrangian (2.43) can be written as
Ly =LpANdz" N+ Nd2", (2.44)

where the coordinates {z'} are the coordinates on the n-torus T". The D-
dimensional Lagrangian defined in (2.44) can, in terms of the D-dimensional

fields we have mentioned above be given as

1 — — - =
ﬁD:R*1—§*d¢/\d¢— 6OL'¢)*F(4)/\F(4)

N | —

1 - = 1 oy
B 526% ? % Figy A\ Fiayi — 526 9% % Fayij A Floyig

i<j

I b0d i onomi L o
—52 o Tl Ny — 5 D € Fn A Foyn
i i<j<k
1 e ) .
=52 " Fyy A Fy; + Lpas (2.45)
1<j

—  —
— = —

where the dilaton vectors a, a;, a;j, Eijk, bi, bi;, which couple to the dilatons ¢
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in various field strength kinetic terms are

a=-g . ai=fi—g . ay=fit+f;—g
agp=fi+ i+ =9 « bi=—=fi , by=—fi+[; (2.46)

We express the dilatons compactly as a vector ¢ and make use of the vector
notation. In (2.46) we have defined the (11 — D) component vectors g and f; as

[10]

5 = 3(317 §2y ey S(ll—D))7

fi = (O, ceey O, (10 — i)Si, Sitly -0y S(llfD)), (247)

where in the second line there are (i — 1) zeros and s; = /2/((10 —4)(9 —1)).
The properties of the dilaton vectors in (2.46) and the vectors ¢, f,; can be found
in [10, 20]. The Kaluza-Klein ansatz for the eleven dimensional metric can also

be given as

ds?y = e39°0dsh + Y 210 (ki) (2.48)
where ~; = %5 — %fi and
h' = dz' + Al + Ay d2’. (2.49)

The transgression relations which express the D-dimensional field strengths in-
troduced in (2.45) in terms of the D-dimensional potential fields can be given as
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[20]7

Fayi = 7 + 7 i e A Al + 5

1
Pk Fy N AT A AR,

Foayig =77 Fom = Vo nnFopm AL Flyg =75 F e

Flie =107 % Fwimn Flay = Floy = ViFln; A Afyys

1
F(4):F() ’)/] /\.A + ’Yk’)/l ”/\A(l /\A(l)

1 m
_EVZVmVnF Uk/\A /\A /\A(1)7

where F = dA@—-1) and ’y] is defined as

7 =11+ Aw) "5

J

Notice that we define the n x n matrix (A(g))’ from the fields

(0)

(2.50)

(2.51)

forn =11—-D,

however since the fields -Aéo) ; exist only when j > ¢ we define null entries for

the matrix (A()); when j <i. The Lppa terms in (2.45) are the Kaluza-Klein

descendants of the %dA(g) NdAzy N A term of the eleven dimensional Lagrangian

(2.43). A straightforward reduction results in

1 ~ -
‘CFFA = 2F(4) N F(4) A A(2)

1~
EFFA—(4F(4)/\F /\A F()/\F /\Ag))

1~

T2
1~ =~ 1~ -

Lopa= (12F @ N FlayAyijr — gL@i A @i A A
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1~ ~ y
= 5Fw A Figi A Agi)e”,
1~ - 1~  ~
Lipa = (5Ew A FopAogm = 3 Fei A Fay A Aaw

+ _F(2)Z] /\ ﬁ(g)kl /\ A(g))eijkl,

1~  ~ 1~ =~
@ N FeiAomn — 15 N FeiAomm

_ - 1 ~ _
Lorps= (EF(S)i N F2) ik A©)yimn + EF(Q)ij N FoyuAaymn

— == Fuyijr A ﬁ(l)lmn A A(3))€ijklmn;

1 ~ -
Lipa = <EF @)ij N ForA©ymnp —

5ﬁ Wik A Faymn Ayp)e7Hm,

1 - - 17klmn
ﬁgwaA = _mF(l)ijk A Fyimn N A1ypg€ dkimnpq
L2t = —— Finise A By AcgypeneHmmmer (2.52)
FFA — 1296 (1)ijk (1)lmn<1(0)pgr . .

Similar to the S!'-reduction case we may inspect the symmetries of the lower
dimensional Lagrangians and the field equations starting from the eleven dimen-
sional symmetries. It can be shown that if one considers the general coordinate
transformations of the eleven dimensional supergravity theory whose Bosonic La-
grangian is given in (2.43) then we should consider only the transformations which
leave the form of the Kaluza-Klein metric ansatz (2.48) invariant to explore the

lower dimensional symmetries. The subset
Eh(a”,2) = €(a"),  Ehla*,2T) = Az + Ni(a"), (2.53)

of the eleven dimensional infinitesimal transformation parameters preserves the
ansatz (2.48) when used in (2.34) with D = 11. In (2.53) z¥ are the coordi-
nates on the D-dimensional spacetime while 2% are the coordinates on the n-torus
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T™ and A; for i, = 1,...,n are real constant parameters. The infinitesimal pa-
rameters {#(x) generate the D-dimensional coordinate transformations whereas
the infinitesimal parameters \'(z”) generate the U(1)-gauge invariance of the n
Kaluza-Klein potential fields Al('l). These two kinds of transformations are the lo-
cal symmetry transformations of the D-dimensional Lagrangian defined in (2.45).
The A} transformations choosing &#(z”) = A(z¥) = 0 in (2.53) will generate a
global symmetry group of SL(n,R) for the D-dimensional Lagrangian. In order
to find the full set of the lower dimensional global symmetry transformations, one
should take a combination of the A’ transformations choosing £#(z") = X*(2”) = 0
in (2.53) and the scaling symmetry transformations (2.36) of the eleven dimen-
sional Einstein field equations in a way that the combination of the transforma-
tions will leave the D-dimensional metric invariant. These transformations form
the full set of the global internal symmetry transformations of the D-dimensional
Lagrangian and they are nothing but the group GL(n,R). Thus the global sym-
metry group of the D-dimensional Lagrangian becomes GL(n,R) ~ SL(n,R) xR
where the R factor is a result of mixing the eleven dimensional scaling symmetry.
One can find another combination of the eleven dimensional transformations A;
and the eleven dimensional scaling symmetry to generate the D-dimensional scal-
ing symmetry of the D-dimensional field equations. These local and the global
symmetries of the fields coming from the reduction of the eleven dimensional met-
ric can also be extended to the fields coming from the reduction of the three-form
potential field of the eleven dimensional supergravity [20]. Thus we may expect

to extend the D-dimensional local and the global symmetries mentioned above
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to the entire Bosonic sector of the D-dimensional theory. This is a partially le-
gitimate expectation since although these symmetries exist we will see that there

are more mysterious symmetries of the dimensionally reduced theories.

The scalar sectors of the dimensionally reduced maximal supergravities are
important since one can show that if the scalar sector has a global symmetry then
this symmetry can be extended to the entire Lagrangian [20]. Therefore to detect
the global symmetries of the D-dimensional Lagrangian (2.45) it is sufficient to
study merely the scalar sector. However there is an ambiguity in the Kaluza-
Klein compactification of the D = 11 supergravity theory. As we discussed
above the dimensionally reduced theories inherit an internal global symmetry of
GL(n,R) from the eleven dimensional general coordinate transformations and
the scaling symmetry. However when one inspects the global internal symmetries
of the D-dimensional theories one finds bigger symmetry groups than GL(n,R)
in each dimension. This denotes that there is a hidden symmetry scheme of the
D = 11 supergravity containing the metric and the three-form potential field.
We will study the scalar Lagrangians and their symmetries for each dimension
for revealing the global internal symmetries of the maximal supergravities as well
as for presenting the non-linear nature of the scalar sectors which will be the
main reference point when we consider the dualisation to extend these non-linear

sigma model constructions to the entire Bosonic sector.

If one reduces the D = 11 supergravity on S* one obtains the IIA supergravity
2, 3, 4] which is the low energy effective limit of the type IIA string theory and
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whose Bosonic Lagrangian can be written from (2.45) as

1 1
EHA:R*l—§*d¢/\d¢—§€7§¢*F(4)/\F(4)

1 I s 1
— §6¢ * F(3) A F(g) — §€ 2% % ./T(g) A f(g) + §dA(3) VAN dA(g) A A(g). (254)

The global internal symmetry group of the ITA Lagrangian is O(1,1).

Before giving the general scalar Lagrangian structures we will take a look at
the so-called dilaton-axion system of the ten dimensional IIB supergravity theory
[5, 6, 7] which is the low energy effective limit of the type IIB string theory.
The IIB supergravity theory is not a Kaluza-Klein descendant of the D = 11
supergravity. The covariant field equations of the IIB supergravity theory can
not be derived from a simple covariant Lagrangian due to the presence of a self-
dual 5-form field strength, the complete Bosonic field equations can be found
in [19]. However one can construct a Lagrangian for the IIB supergravity by
increasing the degrees of freedom and by removing the self duality condition on
the five-form field, then one can construct a doubled Lagrangian which contains
the extra degrees of freedom. Solving the field equations and truncating the
extra degrees of freedom by imposing the self-duality as a consistent constraint
will lead to the original Bosonic equations of motion of the IIB supergravity [10].
The scalar sector of the IIB supergravity contains two scalar fields, the dilaton ¢

and the axion y and their field equations can be obtained from the Lagrangian

1 1
L= ) x do N\ do — §ez¢*dx/\dx. (2.55)
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This scalar Lagrangian is called the dilaton-axion system which has a more general
notion than being just the scalar sector of the IIB supergravity, we will also
encounter with it in other theories, thus we will consider it as a separate system
in D-dimensions to reveal its non-linear sigma model construction. Now if we
define the complex scalar field 7 = xy+ie~?, then the scalar Lagrangian functional

in (2.55) becomes

B Y RC S S YOT
L= 2((%) 5¢ (9x)

or -0t
= S (2.56)

One can show that [20] the Lagrangian (2.56) is invariant under the transforma-

tion
at +b
2.57
[——k (2:57)
where a, b, ¢, d are constants which satisfy
ad — bc = 1. (2.58)
If we define the matrix
a b
A= , (2.59)
c d

then the condition (2.58) becomes detA = 1 so as a result the global symmetry
group of the dilaton-axion system (2.55) becomes SL(2,R). If we consider the
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action (2.57) directly on the dilaton ¢ and the axion x then we have

e® — e” = (cx + d)%e? + Pe?,
(2.60)

xe? — x'e? = (ax + b)(cx + d)e? + ace™?,

we see that SL(2,R) acts non-linearly on the scalars. The Lie algebra of SL(2,R)
namely sl(2,R) is isomorphic to su(2) and it has three generators {H, E,, E_}
so its Cartan subalgebras are one dimensional (we will give a detailed covering
of the Lie algebras in the next chapter) and there is one positive root and one
negative root. Therefore the Borel subalgebra is generated by two generators
{H, E,} and they satisfy the commutation relation [H, E,] = 2F,. For sl(2,R)

one can choose the following representation

H = , E, = , E_ = . (2.61)

: (2.62)

which is from the D-dimensional spacetime into the group SL(2,R) and we will

define the matrix

M=v"y = : (2.63)

xe? e ?+ x%e?

Now we can express the Lagrangian (2.55) in terms of M as

L= it'r’(*d./\/l1 A dM). (2.64)
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If we consider the map v(x), then the action of SL(2,R) on the scalar fields which

is given in (2.60) can be realized on v(x) as
V' = A(z)vA, (2.65)

where A € SL(2,R) as defined in (2.59) and A(x) € O(2) which, for a specific

choice of the matrix A in (2.59) explicitly can be given as

e?(cx + a) c
A= (4 e*(cx +a)?) Y2 : (2.66)
—c e?(ex + a)

Notice that the group O(2) is a subgroup of SL(2,R). We see that A(z) depends
on the D-dimensional spacetime coordinates and it is a local compensation factor
to regularize the global (non-coordinate dependent) SL(2,R) action from the
right in (2.65). Basically this compensation is necessary so that the transformed
map v can be still written in the form of the so-called Borel gauge (2.62) in
terms of the transformed scalar fields in (2.60). The possibility of finding such
a compensating factor so that one can define the map v(z) and by defining the
action of SL(2,R) on it one can construct a Lagrangian in terms of it, is a direct
consequence of the Iwasawa decomposition [10, 20] which we will study in detail in
the next chapter where we also reveal the geometrical and the algebraical details
of the Borel gauge. Furthermore we can show that under the transformation

(2.65), M transforms as

M — M = ATMA. (2.67)

This way of constructing the scalar Lagrangian teaches us the non-linear sigma
model (precisely speaking, the symmetric space sigma model) nature of the scalars
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[14]. This construction also denotes that [20] the scalar fields parameterize a
manifold (each scalar field can be thought of the parametrization of a coordinate
in R™ for some m which implies that the scalar fields obey some constraint
equations which are the defining equations of the scalar manifold in R™, [21])
which is the coset space SL(2,R)/O(2) and which is a symmetric space. As it
will be clear in the following chapter, this manifold can also be considered as
SL(2,R)/SO(2). The scalar sectors of all the maximal supergravities and the
supergravities which are the Kaluza-Klein descendants of the ten dimensional
simple supergravity coupled to N Abelian gauge multiplets [21] share the same
symmetric space sigma model structure with various global G and the local K
transformation groups and the G/ K scalar coset manifolds. In all of these scalar
cosets K is the maximal compact subgroup of G. As we will study in detail in
the next chapter, although the maximal supergravity global symmetry groups G
fall into a special class of Lie groups namely the split real forms, the descendants
of the ten dimensional simple supergravity which is coupled to N Abelian gauge
multiplets have a more general class of global symmetry groups G which are in
general the non-compact real forms. Thus we can make use of the Borel gauge
for the first set while the more general solvable Lie algebra gauge must be used
for the second.

The dilaton-axion system which is the scalar sector of the IIB supergravity
as we have discussed above appears in many supergravities in a way that after
certain field redefinitions two scalars can be decoupled from the rest of the scalar
Lagrangian and their contribution to the scalar Lagrangian can be formulated as
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(2.55). One also encounters the SL(2,R)/O(2) scalar coset manifold in general
when one reduces the (D + 2)-dimensional pure gravity on T2. It can be shown
that when the (D + 2)-dimensional Einstein-Hilbert Lagrangian is written in the
form

Lpi2) = Lp ANdz" N d2?, (2.68)

by using the Kaluza-Klein ansatz (2.2) after two S'-reduction steps then the

D-dimensional Lagrangian becomes

1 1 1
£D:R>x<1—§*dg0/\dgo—§*d¢/\d¢—§e(¢+q‘9)*}"(12)/\}"(12)

1 1
— ie("z’*q“") * Floy N Fyy — §€2¢ * dx A dy, (2.69)

where g = /D /(D — 2) after defining new dilatons ¢, ¢ from the original Kaluza-
Klein ones ¢1, ¢ by performing an orthogonal transformation on them [20]. The

field strengths above are defined in terms of the potentials as
1 _ gl 2 2 _ 42

It is apparent that the scalar sector of (2.69) contains one scalar ¢ decoupled
from the other two scalar fields ¢ and y which form a dilaton-axion system. The
decoupled scalar ¢ has a global internal constant shift symmetry ¢ — ¢ + ¢
which can be extended to the other fields and the dilaton-axion system has the
SL(2,R) global internal symmetry whose action can also be defined on the other
fields to leave the entire Bosonic Lagrangian invariant. Thus the scalar sector of
(2.69) has the group SL(2,R) xR as its global internal symmetry group. It is also
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the global internal symmetry of the entire Bosonic Lagrangian, there is also the
scaling symmetry of the D-dimensional equations of motion. We have mentioned
that the global internal symmetry group of the scalar sector can be extended to
the other fields (leaving the D-dimensional metric inert). For the SL(2,R) case
if we introduce a new potential A’(ll) by the definition A%l) = ’(11) + XA%I) instead

of Af, then from (2.70) we have
The SL(2,R) action which is the global symmetry of the Lagrangian (2.69) acts
on the potentials A’(ll) and .A%l) as

2 2
A ATy A

/1 /1
Al Ay

, (2.72)

where A € SL(2,R). We observe that the group SL(2,R) has a non-linear action
(2.60) on the dilaton ¢ and the axion y while it has a linear action (2.72) on the
Kaluza-Klein potentials.

We have given the details of the dilaton-axion system. The scalar sectors
of the maximal supergravities which are the Kaluza-Klein descendants of the
D = 11 supergravity exhibit similar structures whose mainline have the common
construction pattern we have given for the SL(2,R)/O(2) scalar coset. We will
present the resulting scalar cosets without going into the details of the field re-
definitions [20] which are used to simplify the construction of the corresponding
scalar Lagrangian in each dimension.

We will give a formal construction of the Lie algebra structures and the
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parametrization of the general scalar cosets in the next chapter. However we
should mention about how the Lie algebra structure of the global symmetry
group G can be identified from the dimensionally reduced Lagrangian (2.45) for
the Kaluza-Klein reduction of the D = 11 supergravity for n > 1. First of all
we should state that the dilaton vectors Zij and Eijk which are defined in (2.46)
and which are associated with the kinetic terms of the field strengths of the ax-
ions .AZ('O) i and A)ijr in (2.45) can be identified as the representatives of the
positive roots of the Lie algebra of the global symmetry group G under some
representation for each dimension [10]. Their negatives are the representatives
of the negative roots so that we have the complete root system of G from the
Lagrangian (2.45). The number of the dilatons ?5 is equal to the dimension of the
Cartan subalgebra of the Lie algebra of G which is equal to n. If one considers the
Cartan subalgebra generators { H;} which in vector notation we will also denote
by FI and which are associated with the dilatons ; then the representation of the
roots {a;} as we have mentioned above namely «; = («;(Hi), a;(Ha), ..., a;(Hy,))
fixes the choice of the Cartan subalgebra of the Lie algebra of G and the basis FI .
We also have the positive and the negative root generators which are associated
with the positive and the negative roots. In the next chapter we will see that the
Cartan generators, the positive and the negative root generators form a basis to
span the Lie algebra of GG. Since the Borel gauge is used to parameterize the scalar
coset G/K in each dimension we are only interested in the positive root genera-
tors which we denote by E! and E“* where the indices are 1 <14 < j < k < n.

The representative root vectors are more precisely defined from the commutation
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relations,

[Hianzj] = Oéj(Hi)Eaj, (273)

where FE,; is the positive or the negative root generator associated with the posi-
tive or the negative root ;. If the first non-zero component of the representative
of the root is a positive number then the root is called positive and if it is negative
then it is called negative. The simple roots which form a subset of the positive
roots and which constitute a basis for the dual space of the Cartan subalgebra of
the Lie algebra of G' can be given as

—

bi,i—i—l for 1 S 1 <n-— 1 and 6123. (274)

It can be shown that all the other roots can be written as sums of these roots
with integer coefficients. Since all the roots have the same length within the
representation, the global symmetry groups we encounter in the Kaluza-Klein
reduction of the D = 11 supergravity are simply-laced. We may give the Dynkin

diagram representation of these groups by using the simple roots as

b12 b23 b34 b(nfl)n
O — @) — O O
(¢] 8123 (275)

We observe that for n = 2, the only simple root we have is b5 and we have
two Cartan generators, one of them generates the constant shift symmetry R
of the decoupled dilaton. Thus for the case n = 2, the Dynkin diagram (2.75)
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generates the Lie algebra of GL(2,R) ~ SL(2,R) x R which becomes the global
internal symmetry group of the nine dimensional reduced theory. We have seen
before that in the Kaluza-Klein reduction on 7?2, one dilaton is decoupled from
the other two scalars which form up a dilaton-axion system. The R factor comes
from the constant shift symmetry of the decoupled dilaton and SL(2,R) is the
global symmetry of the dilaton-axion system. Thus the scalar coset manifold of

the D = 9 maximal supergravity becomes

GL(2,R)

o) (2.76)

— =

For n = 3 the simple roots are (b2, bog, 5123) and the global internal symmetry
group of the scalars and the D = 8 Bosonic Lagrangian can be identified as
SL(3,R) x SL(2,R) from the Dynkin diagram (2.75). One can start from the
dimensionally reduced D = 8 Lagrangian (2.45) for n = 3 then after suitable
scalar redefinitions, two scalar fields A g)123, ¢1 which form a dilaton-axion system
can be decoupled from the rest of the scalar Lagrangian and the remaining scalar
sector can be constructed in the form of the Lagrangian (2.64) where in this case
v(x) is a parametrization of the scalar coset manifold SL(3,R)/O(3). On the
other hand there will also be a contribution to the total scalar coset and the
global internal symmetry group from the dilaton-axion system. The particular
representation for the Cartan and the positive root generators of SL(3,R) and the
explicit construction of the SL(3, R)-invariant part of the total scalar Lagrangian

can be referred in [20]. Therefore for n = 3 the scalar coset manifold becomes

SL(3,R) SL(2,R)
oB) 0@

(2.77)
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We might also choose the identity components of O(2) and O(3) instead. Since for
the n = 3 case we make a transformation on the dilatons while leaving the axions
unchanged to decouple two scalar fields from the rest, the coupling coefficients
of the transformed dilatons in the eight dimensional scalar Lagrangian (2.45) are

changed. Thus the eight dimensional dilaton vectors are modified as
bio = (0,1,v3), bay=(0,1,—V3), biz=(0,2,0), a3 =(2,0,0). (2.78)

If we neglect the dilaton ¢; which is coupled to A()i23 to form a dilaton-axion
system then we are left with two dilatons (¢s, ¢3) and from (2.78) we have their

restricted dilaton vectors
Vo= (1,V3), bay=(1,-V3), ¥i=(20). (2.79)

The part of the eight dimensional scalar Lagrangian which governs the dilatons

—

¢ = (¢2, ¢3) and the axions Aéo) ; can now be given as
Lo 1 Vigd , i :
i<j
We observe that this Lagrangian is invariant under the action of the global sym-
metry group SL(3,R). For n = 4 the simple roots are (b2, bag, b34,3123) and

from the Dynkin diagram the global internal symmetry group of the D = 7

maximal supergravity becomes SL(5,R). The scalar coset manifold is

SL(5,R)
S 2.81
where the denominator group can again be chosen as either O(5) or SO(5).

The simple roots of the six dimensional maximal supergravity for n = 5 are
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- =

(b12, bag, bsa, bus, 3123) and the Dynkin diagram for n = 5 corresponds to the
Lie algebra of the global internal symmetry group O(5,5). The scalar coset man-

ifold in this case becomes

O(5,5)

0(5) x O(5) (282)

For 1 < n <5, the commutation relations of the n Cartan generators H and the

positive root generators E; for 1 <i<j<mnand EV for1<i<j<k<n are

B ™ =0, [HE)=byE . [H E™ =d,E%, nosun,
(B} B =8B — ol | [Er B9 = 36 B, (2.83)

In (2.83) if we omit the generators E%* then the commutation relations of H
and EZJ generate the gl(n,R) subalgebra of the corresponding Lie algebra of the
global internal symmetry group G in each dimension. This can also be seen from
the Dynkin diagram (2.75), if one omits the simple root @13 which is associated
with the positive root generator E'?3 then the remaining portion of the Dynkin
diagram corresponds to gl(n,R) in each dimension. This is an expected result
since the generators FI and Ef are associated with the fields q_b) and A’@ ; which
originate from the dimensional reduction of the pure gravity, thus as we have
mentioned before there will be an SL(n,R) global internal symmetry of the lower
dimensional theory which is a descendant of the eleven dimensional coordinate
covariance of the D = 11 supergravity and an additional R global symmetry which
is a contribution from mixing the scaling symmetries of the eleven dimensional
Einstein equations to the eleven dimensional coordinate transformations, thus

48



our expectation of a full global symmetry of GL(n,R) ~ SL(n,R) x R of the
fields generated by the D = 11 pure gravity is justified. The extra R factor in
GL(n,R) can not be directly seen from the Dynkin diagram since although the
simple root systems of GL(n,R) and SL(n,R) are the same they have n and
(n — 1) Cartan generators respectively thus as we have n Cartan generators for
each dimension D = 11 —n, we have the sub- GL(n,R) global internal symmetry
group embedded in the commutation relations (2.83) and the Dynkin diagram
(2.75) where we observe that there is a greater global internal symmetry group
as a result of a mixture symmetry of the eleven dimensional metric and the
extra degree of freedom, A(s) of the D = 11 supergravity. For the dimensions
D =9,8,7,6, the parametrization of the corresponding total scalar coset can be

given by the coset representative

= %Eﬁ He (0 Yexp( Z Ay E7), (2.84)

i<j i<j<k

where in the product the ordering of the factors are in anti-lexigraphical order
(+--(24)(23) - -~ (14)(13)(12)) [10, 20]. If one defines the map M = vTv whose
image values are also group elements in a fundamental representation of the Lie
algebra of the global internal symmetry group G in the corresponding dimension
then the scalar Lagrangian can be expressed as (2.64). One can also show that,
when one transforms the scalar fields under the action of the global internal

symmetry group in each dimension the action on the coset representative (2.84)

must be in the form

V' = A(z)vA, (2.85)



where A € G and the coordinate-dependent A(z) € K, the denominator group
of the scalar coset manifold which is also the maximal compact subgroup of G.
The transformation (2.67) is also valid for all the dimensions.

For the reductions when n > 5 we have an additional point to mention. We
have already assumed that the simple roots are given as in (2.74) for all of the
reductions on T™ tori. When we reduce the D = 11 supergravity on n torus
we get sn(n — 1) axions, Aéo)j and also ¢n(n — 1)(n — 2) axions, Ag);x. Thus
for n = (2,3,4,5,6,7,8) we have (1,4, 10, 20, 35,56, 84) axions in total, however
when one counts the positive roots of the global internal symmetry groups whose
Dynkin diagrams are given in (2.75) they yield (1,4, 10, 20, 36,63, 120) for the n
values (2,3,4,5,6,7,8) respectively. We see that there is a mismatch starting
from n = 6. At fist glance we observe that the number of the axionic scalars is
not enough to generate the positive roots of the global internal symmetry groups
we propose in (2.75) (we assign the positive roots to the above mentioned axionic
scalars in one to one correspondence). The ambiguity is resolved when we realize
that for the reductions n > 5 one may handle field redefinitions and use the
higher order fields to define new axionic scalar fields [10, 20] by using Lagrange
multiplier methods. This general method of replacing the original field with a
Lagrange multiplier field is called the dualisation method.

For the case n = 6 when the reduced theory is the D = 5 maximal supergrav-
ity, we have one missing scalar field from the counting above. In this dimension if
we consider the Hodge-dual of the field strength of the three-form potential A

we get a one-form field and one can reformulate the total Lagrangian in terms
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of this one-form field strength instead of the field strength of A so that its
potential can be interpreted as an additionally defined scalar field which is the
Lagrange multiplier indeed. For the case when n = 7 in D = 4, there are seven
two-form potentials A();, when one rebuilds the entire Lagrangian in terms of
the Hodge-duals of the field strengths of these two-form potentials by introduc-
ing Lagrange multipliers, one replaces the A(); terms with the ones consisting
of one-form field strengths which again can be interpreted as the field strengths
of the new scalar fields which are the Lagrange multipliers themselves. Finally
for the case when n = 8 in D = 3 we have 28 A(;);; potential fields as well as
8 A7é1) potentials. Similarly by making field redefinitions and by using Lagrange
multipliers when we construct an equivalent D = 3 Bosonic Lagrangian in terms
of the Hodge-duals of the field strengths of these potentials we get terms coming
from 36 one-form fields which can be interpreted as the kinetic terms of the field
strengths of newly defined scalars which are also Lagrange multipliers.

As a starting point to show how one dualize a higher dimensional potential field
to formulate a Bosonic Lagrangian in terms of the field strength of a newly defined
scalar which is a Lagrange multiplier, we will consider the situation in D = 5, [20]
which is the simplest case. The n = 7 and n = 8 cases have similar structures with
more degrees of freedom. In all of these formulations one basically considers the
Bianchi identities of the field strengths of the corresponding potentials defined
in (2.50) as constraint equations and introduces new scalar fields as Lagrange
multipliers then one constructs an extended dualized Lagrangian by adding the
Bianchi terms which couple the Lagrange multipliers to the Bianchi identities. If

51



we return to the D =5 case, from (2.50) we have

1
Flay = Fuay = v Figji A AL + ,ml (i N Al A Al

1

We will treat F(4) as a fundamental field and use its Bianchi identity to extend
the original D = 5 Lagrangian (2.45) by introducing a scalar field as a Lagrange
multiplier. The Bianchi identity for the field strength F{, is obtained by taking
the exterior derivative of (2.86) and it becomes dF4y = 0 + f where f comes
from taking the exterior derivative of the rest of the terms in (2.86) except the
first term which gives zero [10]. The Lagrange multiplier x will be a zero degree
scalar field since the degree of the field strength of the Lagrange multiplier and
the degree of the field strength Fi4) must sum up to D = 5. Thus we will add
a term of —x(dF4 — f) to the D = 5 Lagrangian (2.45) and if we consider the
extended Lagrangian

Lis) = L(s) — x(dF) — f), (2.87)

in addition with the Bianchi identity dFiy) — f = 0 which becomes the con-
straint equation, we get an equivalent system since although we have increased
the degrees of freedom by introducing a new scalar field, its equation of motion
is nothing but the original Bianchi identity which acts as a compensating and
consistent constraint equation. We will not in detail give the explicit calculations
but we will only present the resulting Lagrangian containing the field strength
Fl4) so that we may formulate it in terms of the field strength of x.
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We may show that [10, 20] the terms in (2.87) which contain the field strength

F4) can be given as

1 -2 1 ijklmn
E?S)(FM)) - _§6a ¢ * Flay N _EA(O)ijde(O)lmn/\FM)E]kl —xdF ), (2.88)

where the origin of the second term is the D = 5 Lrpa in (2.52). If we vary (2.87)
with respect to x we regain the Bianchi identity of F{4). On the other hand if
we vary (2.87) or (2.88) with respect to F4) then we obtain the purely algebraic

first-order equation of motion for Fy) as

S 1 ijklmn
e ¢ * F(4) = dX — ﬁA(O)ijk:dA(O)lmne Ikl . (289)

If we define the right hand side of this equation as the field strength

1 -
Gay =dx — iA(O)ijde(O)lmnewklmn7 (2.90)

of x which is our Lagrange multiplier scalar field then in the Lagrangian (2.87)
and (2.88) we can eliminate the field strength F{4 in terms of the field strength
G (1) resulting

1 =
Lis)(Fs = Gy) = =3¢ "7+ Gy A G, (2.91)

which corresponds to the kinetic term of x. We may insert (2.91) back into
the dualized Lagrangian (2.87) so that we have a proper kinetic term of the
additional scalar x replacing the terms containing Fi4). Thus we have constructed
an equivalent, dualized theory in which the role of the potential A is exchanged
with the Lagrange multiplier scalar potential y while the rest of the Lagrangian
(2.87) is unchanged. To summarize; we have introduced the Bianchi identity
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dF4y — f = 0 and constructed the dualized Lagrangian (2.87) by considering F{4
as an independent field and then we have eliminated the terms containing F{y)
by using the field strength of the Lagrange multiplier scalar field y. The main
reason of why we have applied the dualisation method by defining a new Lagrange
multiplier scalar field and formulated an equivalent Lagrangian in terms of this
field is that we have obtained an enlarged scalar sector which we can formulate
as a symmetric space sigma model likewise we have done for the cases when
n < 6. The scalar coset manifold we obtain after this dualisation process is
called the maximal scalar coset since we may not introduce more scalar Lagrange
multipliers by dualizing other fields to enlarge it. The definition (2.90) is the
transgression relation of the scalar field y. We will take the dilaton vector —a
which couples to the dilatons in (2.91) as the representative of the additional
positive root to formulate the scalar sector as a symmetric space sigma model. It
can be shown that —a can also be expressed in terms of the simple roots (2.74)
with integer coefficients. The next task is to introduce the extra positive root
generator J associated with y and —a in order to construct the maximal scalar
coset representative and the enlarged scalar Lagrangian as the symmetric space

sigma model Lagrangian. We have the extra commutation relations

—

H,J]=—aJ , [E,J]=[E" J =0 , [E E"™]=_¢ikmnj (292)

which are additional to the ones,

—

[H,FE)) = b,;E |, [H,E" =a;;,E" nosum,

i
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B, B} = 6lEL — 6LE] . [E, B9 = =30} B, (2.93)

—

where the generators E7, E¥* are associated with the other positive roots b;; and
Eijk respectively and FI are the 6 Cartan generators. The above commutation
relations correspond to the Borel subalgebra of the the global internal symmetry
group Eg(y6) which is the maximally non-compact real form of Eg. This result is
consistent with (2.75) since the Dynkin diagram of Egi¢) corresponds to the one

in (2.75) when n = 6. The D = 5 enlarged scalar coset manifold becomes

Ee(16)
—_— 2.94

where USp(8) is the intersection of SU(8) and Sp(8) and it is the maximal com-
pact subgroup of Fg;6). The coset representative for the D = 5 maximal scalar
coset manifold above can be constructed by using the Borel gauge as

v = s T ([T et yeap( 3 A E ), (2.95)

i<j i<j<k

where we have added an extra factor of the exponentiation of the new axionic
scalar x and the new positive root generator J to (2.84) which is the general coset
representative for n < 6.

The scalar Lagrangian of the D = 5 maximal supergravity, after the du-
alisation can be constructed from the above coset representative of the scalar
manifold. However we have to mention one generalization which is valid for all of
the three cases n = 6,7,8. We have previously defined the map M = vTv from
the D-dimensional spacetime into the global internal symmetry group GG by using

a fundamental representation of the Lie algebra of G to construct the general
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scalar Lagrangian (2.64). The transpose of v can be used in M = v7v because
as it will be clear in the following chapters, a more general notion, namely the
generalized transpose map # on G coincides with the ordinary matrix transpose
under the fundamental representations of the Lie algebras of the global symmetry
groups for n < 6. It will be possible to give a complete definition of this Lie group
operation after we discuss the symmetric spaces in the next chapter. The groups
we encounter in the Kaluza-Klein reduction of the D = 11 supergravity are max-
imally non-compact (split) real forms of semi-simple Lie groups. For such special
class of Lie groups we may define the generalized transpose # on a representation
of the global internal symmetry group, as a map which has the usual properties
of the matrix transpose (i.e. (AB)# = B#A# (eA)# = e”) and which has the
action

# : (EaaEfaaHi) B (EfomE+OmHi)7 (296)

on the Cartan {H,} and the positive and the negative root generators { E,, E_,},
[10, 20, 43]. Therefore in general the scalar Lagrangian is based on the map

M = v#v and similar to the one for n < 6, it can be constructed as
1
L= Ztr(*d/\/l_l AdM). (2.97)

For n = 7, when we reduce the D = 11 supergravity on 77 we get the maximal
supergravity in D = 4. We may similarly dualize the seven A(); potentials to
write the dualized extended Lagrangian in terms of seven Lagrange multiplier

scalar fields x*. The field strengths of A(); are defined in (2.50) as

B i kT L ) m n
Fsy = viFs); + v i Fee A Ay + 5’7]1"YkaInF(1)jkl NATNAYL- (2.98)
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Similar to the n = 6 case, we will again treat the field strengths Fi3); as fun-
damental fields and consider their Bianchi identities to construct the dualized
Lagrangian. If we define % Z = (5Z-j + A{O)i’ the inverse matrix of ’y]% which is de-
fined in (2.51), multiply (2.98) by 7. and then take the exterior derivative we

find the Bianchi identities as
d(¥},Fisyi) = 0. (2.99)

We will follow the standard procedure of the Lagrange multiplier method which
we have already used in D = 5. We may introduce seven Lagrange multipliers x*
and extend the D = 4, Bosonic Lagrangian (2.45) by adding the Bianchi terms
which are the couplings of the Lagrange multipliers x* and the Bianchi identities
(2.99). In the resulting dualised Lagrangian, the field strengths; Fis); appear
to be fundamental fields since we cast their Bianchi identities into the modified
Lagrangian by introducing Lagrange multiplier scalar fields whose equations of
motion will be the corresponding Bianchi identities. The part of the D = 4
Lagrangian in (2.45) which contains the potentials A(,); is

1 - = 1 ijklmn,
£4(F(3)z) = —= Z e ¢ *F(g)z/\F(g)l— 5A(0)1jde(O)lmn/\dA(2)p€ JKl p’ (2100)

where we have modified the Lrps term coming from (2.52) by adding a total
derivative to the Lagrangian. After a couple of steps basically, by applying the
integration by parts one may show that the part of the Lagrangian that is modified

by the Bianchi terms, which contains the field strengths F{s); is [10]

—

7
1 T
Li(Fapi) = —5 )" * Flay A Flay

=1
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1 =~ ijklmn, i AT
- EA(O)ijde(O)lmn VAN "}/gF(g)qG Jklmnp _ dX N PYz‘JF(?))j' (2.101)

If we vary (2.101) with respect to F(3); we find the algebraic equations of motion
for F(3)z

Fay=e %% x Gy, (2.102)

where we have defined the field strengths GZ@) of the Lagrange multiplier scalar
fields ! as

| .
Gy = Y;(dx? + EAm)mmdA(O)npqeﬂ’“ pa), (2.103)

Thus we may express the F{s3); terms in terms of the field strengths Gfl) in (2.101)

to formulate it as
. le~ -~ .
Ly(Figy — Gy) = =3 D e w Gy NG, (2.104)
i=1

This Lagrangian may be inserted back into the total D = 4 Lagrangian which
is modified by the Bianchi terms to yield an equivalent Lagrangian in which the
role of F(3); are exchanged with the field strengths, G%l) of the seven Lagrange
multiplier scalars x*. Thus we have obtained an equivalent F, (3)i free formulation
where the contribution from the fields F{3); is governed implicitly by the Lagrange
multiplier scalar fields x!. We have an enlarged scalar field content and the scalar
sector Lagrangian can now be constructed as the symmetric space sigma model
Lagrangian (2.97). We take the dilaton vectors —a; which couple to the dilatons
in the kinetic terms of the field strengths Gl@) in (2.104) as the extra positive

root vectors we need to formulate the enlarged scalar sector as a symmetric space
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sigma model whose global internal symmetry group we have foreseen by defining
the simple roots and by constructing the Dynkin diagram in (2.75). Next we
introduce the extra positive root generators J; associated with the positive roots
—Ei. It can be shown that —Ei can also be written in terms of the simple
roots (2.74) with integer coeflicients. In addition to the dimension-independent

commutation relations (2.93) we have the extra commutation relations

—

[H,J]=—aiJ; , [EFJ)=0"]; | [E9, J,]=0,

[Eijk’Elmn] — eijklmnp(]p. (2105)

We should remind the reader that we keep the generators Ef and E“* which are
associated with the other positive roots Eij and Eijk, respectively, and ﬁ are the
7 Cartan generators.

We observe that the commutation relations (2.93) and (2.105) define the Borel
subalgebra of E7.7) which is the maximally non-compact real form of £7. Thus
the global internal symmetry group is E7(4+7) and the maximal scalar coset man-

ifold in four dimensions becomes

Erny
SU(8)’

(2.106)

where the denominator group SU(8) is the maximal compact subgroup of Er (7).
The coset representative of the enlarged scalar coset manifold in four dimensions

can now be given as

v= e%‘z"H(H eAZ@M‘Eg)exp( Z A(O)ijkEijk)eXiJi, (2.107)

1<j 1<j<k
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where we have used the Borel gauge. Once more we observe that in the four
dimensional scalar coset representative there is an extra factor from the right to
the original coset representative (2.84) for n < 6. Finally the scalar Lagrangian
for the D = 4 enlarged set of scalars can be formulated as (2.97), based on the
coset representative map (2.107) by using the generalized transpose # and by
constructing M = v#v as we have mentioned before.

When we consider the last Kaluza-Klein reduction of the D = 11 supergravity
which is over 7%, we have to dualize 8 two-forms F(i2) and 28 two-forms Fla);;
to obtain the necessary scalar fields in order to formulate the enlarged scalar
Lagrangian as a symmetric space sigma model. The part of the D = 3 Lagrangian

(2.45) which contains these field strengths is

] 1 bid i 7 1 Zf"-_)
Ls(Floyig, Flay) = _QZebl ? ok Floy N Flgy — 526 % % Flayj A Flayg

1<j

1 ~ ~ .
— mF(l)”k A F(l)lmn A\ A(l)pqﬁzjk’lmnpq' (2108)

Following the same path we performed for the n = 6,7 cases, first we have to

construct the Bianchi identities. From (2.50) we have

F(Q)ij = V%IjF@)kl - ViVZjVZLF(l)klm A Aﬁ)?

Flay = Floy = VaFly; N Al (2.109)

One can show that, [10] by multiplying the first field strengths Fls);; with 3.7

and the second ones _7_—(1'2) with 7{ and then by taking the exterior derivative of
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the results, the Bianchi identities become

AT F 2y — Aypem ¥ Fiy) = 0,

d(~] Fly) = 0. (2.110)

By introducing 8 scalars \; and another 28 scalar fields \¥ as Lagrange multipliers
and by coupling them to (2.110), we may construct the Bianchi terms which will
be added to the D = 3 Lagrangian in (2.45). As usual if we vary the dualized
Lagrangian with respect to \; and A\ we regain the Bianchi identities (2.110).
When we vary the part of the dualized Lagrangian which contains F{y);; and f(i2)
(namely which is the Lagrangian (2.108) with the addition of the Bianchi terms
coming from (2.110)) with respect to F2);; and ]:(g) we get the purely algebraic
equations of motion for F{);; and f(i2) in terms of the Lagrange multiplier scalars
A; and A7, As we have done before we may define the field strengths G iy;, Gg)
of the scalars \; and \¥ from these algebraic equations of motion. Then we can
express the dualized Lagrangian in terms of these field strengths. The part of the

dualized Lagrangian which contains F{z);; and .7-"&) then becomes

1 e
—= Ze bi¢ * G(l)z VAN G(l)

Ly(Fayj — GZ)vﬁQ) — Guyi) = 5

)

1
_526 azgd)*Gl] /\GZ]

) (2.111)

i<j
where the field strengths G(;);, and GZ) are defined as

) 1 1
G(l)i = %J (d}\] - §A(O)jkld)\kl _ EdA(O)klmA(O)nqu(o)rsjEklmnpqrs),
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ij PVl 1 mnpqrs
Gy = A3 (AN + = dA)mupAarse™™ ™). (2.112)

—

The dilaton vectors — b; and —Eij which are coupled to the dilatons in the kinetic
terms of G(); and G’é) in (2.111) will be taken as the additional positive root
vectors beside the original ones, Zij and E)ijk. We may show that —gi and
—a,; can also be expressed in terms of the simple roots in (2.74) with integer
coefficients. The corresponding positive root generators will be denoted as J°

and J;;. There are 8 4+ 28 = 36 of them. Apart from the dimension-independent

commutation relations in (2.93) we have the additional commutation relations

— — . —

[Hv Jij] = —Eije]z‘p [H, JZ] = _bz‘Ji7 [Ez]’ Jkl] = _25‘[71ch}1'7
[Ezj’ Jk] = —(Ll'gjj? [Eijka Jlm] = _6555%] Jk]? [Eijka Jl] = 07

[Eik | pimn) — _56]“ pag (2.113)

—

where again Ef , EV* are associated with the other positive roots b;; and Eijk
respectively and FI are the 8 Cartan generators. The commutation relations
(2.93) and (2.113) define the Borel subalgebra of Eg(s) which is the maximally
non-compact real form of Eg. The global internal symmetry group becomes Eg(s)

and after dualisation the D = 3 enlarged scalar coset manifold becomes

FEg(ys)
SO(16)’

(2.114)

62



where the denominator group SO(16) is the maximal compact subgroup of Egs).
The coset representative of the enlarged scalar coset manifold in three dimensions
can be given as

_ el ([T o™ yeap( S AgupE )N 3, (2.115)

i<j i<j<k

where we have used the Borel gauge. There are two extra factors from the right
to the original coset representative (2.84) for n < 6. The scalar Lagrangian for
the D = 3 enlarged scalar sector can be given as (2.97), by using the generalized
transpose # and constructing M = v#v where v is defined as (2.115).

In all of the dualized cases for n = 6,7,8 with the maximal scalar coset
manifolds G/ K, one can show that the coset representatives again are transformed
as; v — A(x)vA upon the direct global action of the global internal symmetry
groups on the scalars in each dimension. Here A(z) € K corresponds to the local
action of the maximal compact denominator subgroup K which is a compensator
to keep the coset representative in the Borel gauge when it is transformed globally
(rigidly) by A from the right so that the transformed coset representative v/ can
legitimately be generated by the transformed set of scalars. We can not omit A(z)
since then the transformation of v(z) by A from the right can not correspond to
a transformation on the scalars which is the basic transformation. For each A
the existence of A(x) is ensured as a result of the Iwasawa decomposition which
we have already referred to and will discuss in detail in the following chapters.
Similarly the symmetry scheme for n < 6, the global internal symmetry group
G can be extended to the entire Bosonic sector by defining the action on the
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other fields for the cases n = 6,7,8. As a final remark we are denoting the global
symmetry groups for n > 6 as E,(,,) [20] in order to emphasize that they are the
maximally non-compact (split) real forms of E,, having n non-compact generators
which are the Cartan generators. We will come back to this point and analyze

the real forms and the compactness in detail in the next chapter.

2.3 The Abelian Yang-Mills Supergravities

In this section we will focus on the Kaluza-Klein reduction on the Euclidean

torus T10-P

of the Bosonic sector of the ten dimensional simple N = 1, super-
gravity which is coupled to N Abelian gauge multiplets [21]. We have given the
details of the S'-reductions of the metric and the other fields in section 2.1, sim-
ilar to the Kaluza-Klein reduction of the D = 11 supergravity we may reduce
the ten dimensional simple supergravity which is coupled to N Abelian gauge
multiplets step by step to the lower dimensions. We will not go into the details
of the reduction steps but again our main concern will be the structure of the
scalar cosets which appear in each dimension upon the dimensional reduction
of the basic fields in the ten dimensional theory. The scalar cosets of the lower
dimensional theories can again be formulated as the non-linear sigma models,
more specifically as the symmetric space sigma models. The study of the scalar
cosets is useful in two ways; first they exhibit a nature of non-linear sigma model
which we will extend to the entire Bosonic sector later, second as we have done
previously, one needs to apply dualisations in certain dimensions to construct the

scalar cosets as symmetric space sigma models and such a partial dualisation will
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be the main perspective of the complete dualisations of the supergravity theories.
As we have already discussed, the global symmetry of the scalar Lagrangian can
be extended to the entire Bosonic sector of the theory. The scalar cosets G/K
which we will introduce in this section are based on the global internal symmetry
groups G which are in general non-compact real forms of semi-simple Lie groups.
Under certain conditions the global internal symmetry groups may be maximally
non-compact (split) real forms but in general they are elements of a bigger class
of Lie groups which contains the global internal symmetry groups of the maximal
supergravities namely the split real forms as a special subset. The main dif-
ference between the scalar cosets based on the non-compact and the maximally
non-compact numerator groups is the parametrization one can choose for the
coset representative. For the general non-compact real forms one can make use of
the solvable Lie algebra gauge [18] to parameterize the scalar coset. We will give
a complete analysis of the symmetric spaces and the solvable Lie algebra param-
eterizations in the next chapter. However as it will be an element of the language
we will use in this section, we can simply state that the solvable Lie algebra is
a subalgebra of the Borel algebra of a Lie algebra which is composed of certain
Cartan and the positive root generators. The Kaluza-Klein compactification of
the Bosonic sector of the ten dimensional simple N = 1 supergravity which is

coupled to N Abelian gauge multiplets on the Euclidean torus 79~

is given in
[21]. When as a special case, the number of the U(1) gauge fields is chosen to be
16, the ten dimensional supergravity which is coupled to 16 Abelian U(1) gauge

multiplets becomes the low energy effective limit of the ten dimensional heterotic
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string theory. Thus the formulation corresponds to the dimensional reduction
of the low-energy effective Bosonic Lagrangian of the ten dimensional heterotic
string theory. We will however keep the number of U(1) gauge fields unspecified

in order to obtain a general matter coupled supergravity formulation.

When N = 16, the D = 10 Yang-Mills supergravity [8] has the Eg x FEj
Yang-Mills gauge symmetry, however the general Higgs vacuum structure causes
a spontaneous symmetry breakdown so that the full symmetry Eg x Eg is broken
down to its maximal torus subgroup U(1)!%, whose Lie algebra is the Cartan
subalgebra of Fg x Fg. Thus the ten dimensional Yang-Mills supergravity reduces
to its maximal torus subtheory which is an Abelian gauge supergravity theory.
The Bosonic sector of this Abelian Yang-Mills supergravity corresponds to the
low energy effective Lagrangian of the Bosonic sector of the fully Higgsed ten
dimensional heterotic string theory [8]. Therefore we will consider the Abelian
Yang-Mills supergravity in ten dimensions and we will in general take N U(1)
gauge field multiplets. The Bosonic Lagrangian of the D = 10, N = 1 Abelian

Yang-Mills supergravity which is coupled to N U(1) gauge multiplets is [8, 21]

N
1 1 11
£10 =Rx1-— 5 * d¢1 A d¢1 — §€¢1 * F(g) N F(3) — 565(]51 Z *G{Z) N G{Q)? (2116)
=1

where G, = dB|,, are the N U(1) gauge field strengths. We also define the field

1)

strength

1
Fiyy = dAp) + 5Bl A dBjyy. (2.117)

The pure supergravity sector of (2.116) can be truncated from ITA supergravity

66



by choosing the extra R-R fields zero in the ITA Lagrangian (2.54). The Kaluza-
Klein ansatz for the ten dimensional spacetime metric upon 7"-reduction where

n=10— D is [31]

S‘l

11—
Z 279 (i) (2.118)

=2

2
dsiy =

Similar to the reduction of the eleven dimensional metric in section 2.2 we have

g - <S27 835+ S(ll—D)>7

fi = (O O (10 )Sl, Si+1, ---75(11—D)>7 (2119)

in the second line there are i—2 zeros instead of 7—1 for the reduction of the eleven

dimensional metric and s; = 1/2/((10 — i)(9 — i)). Also we define 71 = % }

l\DI»—l

and R’ is already given in (2.49). As we have done for the reduction of the D = 11
supergravity, we define the vector ¢' = (¢, ¢3, ..., 911-p)) whose components are
the dilatons of the Kaluza-Klein reduction. If we perform the S'-reduction step

by step on the ten dimensional metric with the ansatz (2.118) and on the other

fields in (2.116) then the ten dimensional Lagrangian (2.116) can be written as
Lio=LpANdz' N Nd2", (2.120)

where the coordinates {2} are the coordinates on the n-torus 7™ as we have de-
fined before. Similarly the D-dimensional Lagrangian in (2.120) can be calculated

in terms of the D-dimensional fields as

1 — — 1~>_’
ED:R*l—§*d(b/\d¢—§€al'¢*F(3)/\F(3)
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— 32 R Py ATy =5 3 e s Tl APy, (2120)

where 4,7 = 2,...,11 — D and ¢ = (¢1, @2, ..., p11-p)) in which except ¢;, the
rest of the scalars are the Kaluza-Klein scalars which originate from the ten
dimensional spacetime metric. The transgression relations which define the field

strengths in (2.121) in terms of the potentials are

1 1 1 P
Figy = ddp) + §B{1)dB(Il) = (dAw; + QB(Io)z‘ngl) + 53{1)653{0)1')%«4‘21)

I I i qk . Am
(dA(O)ij - B(o)[idB(o)j]>7 kA(1)7Jm-A(1)a

N —

+
k 1 1 I 1 I 1
+ (dAoyej — B{o)[kdB{O)j])ﬂAlu)),

Fay; = VIiVZn(dA(O)lm - B(Io)[ldB(Io)m})a fw(iQ) = fVVijd(WiAfl))a
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I nl I i 4 I Ganl kg
Go) = dBpyy — dBo) VAL Gy = 7idBoy;:  Flay; = Vjd Ay, (2.122)

—

where we have omitted the wedge product for saving space. The dilatons ¢/,
the Kaluza-Klein-Maxwell potentials A{l) as well as the axions Z(b)k: in each
dimension are the descendants of the ten dimensional spacetime metric as we
have discussed in the last section. The potentials Aoy, Ay and Ay are the
Kaluza-Klein descendants of the two-form potential in D = 10. The potentials
B(IO) ; and B(Il) are the D-dimensional remainders of the ten dimensional Yang-
Mills potentials B(Il) as a result of the ansatz (2.29) applied in each S'-reduction
step. We have already defined the matrix 'yij in (2.51) and ?’] is the inverse of it,
notice that in this case n = 10 — D. For our further analysis we will make the

field redefinitions [21]

T U 1 o
Fig) = dAp) + 5B0)dBa) = 57540440 — 540:d(15A7),

) 1 )
Flay = v5(dAfyy, + Blowd By — Amd (VAL + QB{o)kB{o)zd(leAfl)))a

Gly = dB) + Bloyd(v5 ALy, Floy = Fd (7 AR, (2.123)

J

where the primed potentials are defined as

I 11 I 7 J
B(yy = By + B(oy/5Awy,
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j m 1 I I
Ay = A/(l)i — A VAL + §B (0>iBE1)v

1 i m .j An 1 1 I .1 m 1 j m
A = Ay + 5 A0V m AT Tw AT + 5 B0 B0y m Al + 5 A0 mAR)-

(2.124)

The dilaton vectors which couple to the scalars ¢ in various field strength terms

in (2.121) are defined as

—

a1:(17_2§) 5 Elz:(lvfz_Qg) ) Ell]:(lvfz+f]_2§)7

C:(§>_5) ) Ci:(_7fi_s

). (2.125)
The properties of the dilaton vectors as well as the vectors s, ?Z can be found in
[21].

We will first discuss how the global symmetry group is identified in the S!-
reduction of (2.116) resulting in the D = 9 Abelian Yang-Mills supergravity
theory. If we consider the nine dimensional Bosonic Lagrangian in (2.121), as a

first step we introduce the field redefinitions

1 1 /7 1 /7 1
o1 = 2—\/590 - 5\/;¢ , Q2= 5\/;90‘1‘ ﬁ(b’ (2.126)

and then we define the N + 2 scalar fields X, Y, Z! as

o a1 L 1 o
X+Y =ev??, X—Y =¢ ¢1§“’+§B{O)B{O)e¢1§“", 7' = —Blyevi*®, (2.127)

V2
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from ¢ and B(IO). After the field redefinitions we end up with four scalars namely,
¢, X, Y, Z! but since we originally had three scalar fields, we also have a resulting

constraint equation which suppresses the degrees of freedom of X, Y, Z7,
X2 _v?_zlzl =1. (2.128)
The nine dimensional Lagrangian in terms of the newly defined fields become

1 1
Lo=Rx*x1+ Locatar — 56_\/§¢ * F(g) VAN F(g) + 4—16_\/%(*6514)( N dAx

N
—xdAy NdAy — ) (xdBly AdB() + 2% (XdAx + YdAy
I,J=1
+ 27dB}y) N (XdAx +YdAy + Z7dB}y))), (2.129)

where the scalar Lagrangian L .qq 18
1
Loscatar = ¥*dX NdX —*dY NdY — *dZ' N dZt — 5" do A de. (2.130)

We use the transformed potentials defined in (2.124), but we omit the prime on

the potentials. We have also defined the one-form fields Ay, Ay, as

1 1
Ax = —=An + Ap)), Ay = ﬁ

7 (Ao = Aw), (2.131)

where we have used the single Kaluza-Klein-Maxwell potential Ay and the one-
form descendant of Ay namely Ay which come with the single S'-reduction.
The scalar field ¢ can be considered as decoupled from the rest of the scalars in
(2.130). Thus it has a constant shift symmetry ¢ — ¢ + ¢ which is a global
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internal symmetry of the scalar Lagrangian (2.130) and which can be extended
to the entire Bosonic Lagrangian (2.129). If we define a further action on the

other N + 2 scalar fields X, Y, Z as

X X
v | —Al v |, (2.132)
Z! Al

where A € O(1, N +1) then the scalar Lagrangian (2.130) remains invariant. The
group O(1, N + 1) is also the global internal symmetry group of (2.130) and if

we define the associated action

AX AX
A, | — (AT)7! Ay | (2.133)
B! B!

(1) (1)

on the fields Ax, Ay, B(Il) then O(1, N+1) becomes the global internal symmetry
group of the nine dimensional Bosonic Lagrangian (2.129). We should note that
the fields ¢ and F{3) are singlets under this action. Thus the total global symmetry
group of both the nine dimensional scalar sector (2.130) and the Bosonic sector
Lagrangian (2.129) becomes O(1, N +1) x R where R corresponds to the constant
shift symmetry group of ¢. We observe that if we disregard the decoupled scalar
¢ then the other two scalars namely ¢ and B(IO) parameterize a hypersurface
in the flat space RHT! which is defined by (2.128) where X, Y, Z! are the
N + 2 coordinates of the points on the hypersurface. Besides, the constraint
equation (2.128) defining the hypersurface is covariant under the global O(1, N +
1) action defined in (2.132) and the points of the hypersurface are mapped onto
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each other under the action of O(1, N + 1). This hypersurface is nothing but the
scalar manifold and it is diffeomorphic to the coset space O(1, N +1)/O(N +1).
Therefore together with the decoupled scalar ¢, the total scalar manifold in nine

dimensions become

O(LN +1)

NS (2.134)

The coset representatives for O(1, N +1)/O(N + 1) can be parameterized as
v = e3¢H Bl Pr (2.135)
where the generators H, E; satisfy the commutation relations
[H,E;] =2E;, [H ,H|=|E;,E;]=0, (2.136)

and they are the generators of the solvable Lie algebra of O(1, N +1). If we define
the map M = vTv then the scalar Lagrangian excluding ¢ can be constructed as
(2.64).

When one considers further reductions, the scalar Lagrangian of the D- di-
mensional compactified theories for 8 > D > 3 can be described in the form of
(2.64) with an additional decoupled dilatonic kinetic term after certain field redef-
initions. In [21] it is shown that when a single dilaton is decoupled from the rest of
the scalars then the G/ K coset representatives v and the internal metric M = vTv
generated by the remaining scalars are elements of O(10 — D,10 — D + N). The
scalar manifold for the D-dimensional compactified theory with N gauge multi-

plet couplings becomes

O(10 — D,10 — D + N)
O(10 — D) x O(10 — D + N)

x R. (2.137)

73



The extra R factor arises since there is an additional dilaton which is decoupled
from the rest of the scalars in the scalar Lagrangian. The group O(10 — D, 10 —
D + N) x R is the global internal symmetry of not only the scalar Lagrangian
but the entire D-dimensional Bosonic Lagrangian (2.121) as well. Here again
R corresponds to the constant shift symmetry of the decoupled dilaton. Fur-
thermore the D = 4 and the D = 3 cases can be studied separately [21], since
they have global symmetry enhancements in addition to the general scheme of
O(10 — D,10 — D 4+ N) x R. We have already seen in the previous section that
one may define additional scalars in appropriate dimensions by dualizing certain
fields by applying the Lagrange multiplier methods. When the two-form potential
Ay is dualized with an additional axion in D = 4, an axion-dilaton, SL(2,R)
system which we have studied in the previous section is decoupled from the rest
of the scalars in the scalar Lagrangian and the enlarged D = 4 scalar manifold

becomes

O(6,6 + N) SL(2,R)
06) x 061 ) X 0@ (2.138)

On the other hand in D = 3, the Bosonic fields (Aél),A(l)i,B(Il)) are dualised
to give 7+ 7+ N additional axions. The D = 3 enlarged scalar manifold then

becomes

O(8,8+ N)
OB) x O(8+ N)’

(2.139)

We see that all of the global internal symmetry groups in (2.137), (2.138) and
(2.139) apart from the contributions of the decoupled scalars namely the groups
O(10 — D,10 = D + N), O(6,6 + N), O(8,8 + N) are non-compact real forms
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of a semisimple Lie group, and as we will study in detail in the next chapter,
they enable solvable Lie algebra parameterizations of the cosets generated by the
denominator groups O(10—D)xO(10—D+N), O(6) x O(6+N), O(8) x O(8+N),
respectively.

We observe that the complete or the part of the scalar cosets we encounter in
the 7™ Kaluza-Klein compactification of the ten dimensional Lagrangian (2.116)
of the Abelian Yang-Mills supergravity with N U(1) gauge multiplets are in the
general form of O(p, q)/(O(p) x O(q)). We will concisely discuss the construction
of these cosets now. The elements W of the matrix group O(p,q) satisfy the
relation

WinWw =, (2.140)

where n =diag(—1,—1,...,—1,1,1,...,1) is the indefinite signature metric with
p —1 and ¢ +1 entries. We consider the self right action of O(p,q) onto the
subset M of O(p,q) which is composed of the symmetric matrices W = W for

W € O(p, q). We define the action on M as

W — ATWA, (2.141)

VA, W € O(p,q) (We will study the action of Lie groups in detail when we
study the symmetric spaces). The action (2.141) on the symmetric matrices in
O(p, q) induces an equivalence relation on M and the corresponding equivalence
classes form the orbit space M/O(p, q) of the action under the quotient topology
transferred from O(p,q). One can show that [21] the orbits, the equivalence
classes which are points in the orbit space M/O(p,q), can be classified by the
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corresponding equivalence class representatives
Wy = diag(—1,...,—1,1,....,1,—=1,...,—1,1,...1), (2.142)

where there are m —1 entries, p—m +1 entries and n —1 entries, ¢ —n +1 entries
from the left to the right respectively for 0 < m < p and 0 < n < q. The stability

or the isotropy group Gy, of the fiducial point Wy can be given as
Gw, = O(m,q—n) x O(p —m,n). (2.143)

Due to the disjoint orbit structure it is obvious that O(p, q) does not act transi-
tively on M however as we will study in detail in the next chapter, O(p, q) has
an induced transitive action on each orbit whose representative W, is given by
(2.142) and whose specific stability group is as in (2.143). Therefore each orbit is
diffeomorphic to the coset space O(p, q)/(O(m,q—n) x O(p—m,n)). If we choose
the particular orbit whose representative fiducial point is Wy =diag(1, ..., 1) then

we get the coset space

M O(p, q)

Pg = O(p—) x 0(q)’ (2.144)

which is diffeomorphic to the corresponding orbit of the O(p, g) action on M thus
a point in M/O(p, q) as we have described above.
The denominator groups O(p) x O(q) are the maximal compact subgroups of

O(p, q) in each case. As a manifold the dimension of M, , is
dim(M,,q) = dim(O(p, ¢)) — dim(O(p) x O(q))

:%(p+q)(p+q—1)—%p(p—1)—%Q(q—l)zpq- (2.145)
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We have seen before that the dimensions of the scalar cosets are equal to the
number of the scalar fields. When constructing the coset representatives in a
particular gauge (the solvable Lie algebra gauge for the non-compact real forms
and the Borel gauge for the maximally non-compact (split) real forms) the gener-
ators corresponding to the gauge which generate a subalgebra of the Lie algebra of
the global internal symmetry group are assigned to the scalars in one to one corre-
spondence. Thus the number of the generators of the coset representative gauge is
equal to the dimension of the coset. The Lie group O(p, q) has p(p—1)+3q(q—1)
compact generators while the rest of the generators are non-compact. The di-
mension of the Cartan subalgebra of o(p, q) is %n when p+ g = n is even and the
number of the positive roots (thus the positive root generators) is 3(3n(n—1)—%).

Thus the dimension of the Borel subalgebra of o(p,q) when p 4+ ¢ = n is even

_n

becomes sn + (3n(n — 1) — %) = 1n®. Therefore when n is even the dimension
of the coset can be equal to the dimension of the Borel subalgebra of o(p, ¢) only
when p = ¢, this means that the coset representatives of O(p,p)/(O(p) x O(p))
must be generated by the Borel gauge as we have explained above and O(p, p) is a
maximally non-compact real form in this case. Similarly when n is odd the global
internal symmetry groups O(p+1,p) and O(p, p+ 1) are maximally non-compact
real forms and the coset representatives of O(p + 1,p)/(O(p + 1) x O(p)) and
O(p,p+1)/(O(p) x O(p+ 1)) can be generated by using the Borel gauge. The
rest of the cases are all non-compact real forms and one has to use the solvable
Lie algebra gauge to construct the coset representatives.

The orthogonal algebras o(p,q) are elements (real forms) of the D,-series
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when p + ¢ = 2n and the B,-series when p + ¢ = 2n + 1. As we have done
before a representation based on the chosen Cartan subalgebra can be used to
express the roots of o(p,q). If we choose the orthonormal basis e; - e; = 0;;
such that e; = (0,0,...,1,0,...,0), where the +1 entry is at the i’th position for

1,7 = 1,...,n, then the representatives of the positive roots can be given as

D, : e;te;, 1<j<mn,

B, : e;te;, 1<j<n and e. (2.146)

There are the associated positive root generators F(.,+.,) and E,) and there are n
Cartan generators h; for both of the series. By considering the meaning of the rep-
resentation of the roots namely, (2.73) we can write [h;, Ee,+¢,] = (6ij £0ik) Ee;+e, -
Min(p, q) of the Cartan generators h; are non-compact and the remaining are com-
pact. Using the conventions of [21] we will enumerate the Cartan generators h;
for 1 <7 <min(p, q) as the non-compact ones.

We have already mentioned about the nine dimensional theory, we will give
the general construction of the scalar cosets for the descendant theories D > 5

now. We may decouple the single scalar field

¢ =1/ D8_ & Q123 - 57 (2.147)

which is a linear combination of the original dilatons, from the rest of the scalar

Lagrangian in (2.121), by making a transformation on the original dilatons. In
other words by rotating the dilatons one may define new fields among which one
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of them will be (2.147) and its kinetic term is decoupled from the rest [21]. ¢
is the only scalar which the three form field strength Fi3) couples to. The scalar

Lagrangian for the other scalars become

L ar = —5*dpNdp — 5 Zea” 7o Flayij A Fay
i<j
1 Cip LAl I 1 b G L i ;
i1 1<j

As we omit the decoupled dilaton (2.147) we have used the dilaton scalar vector
¢ which has 10 — D components that are the remaining transformed dilatons.
We have also modified the dilaton vectors. This is because we have performed
a rotation transformation on the original dilatons to decouple ¢ in (2.147) from
the rest and we have defined new dilatonic scalars thus their coupling coefficients
in the original scalar Lagrangian (2.121) are transformed to the ones in (2.148).

Therefore in (2.148) we have

—

bij = V2 (_Zz‘ + gj)a Eij =2 (gi + gj), a- =2 Zi, (2.149)

where i,j = 1,..., (10 — D). We have mentioned before that for D > 5 the scalars

whose Lagrangian is (2.148) parameterize the scalar coset manifold

O(10 — D,10 — D + N)

O(10 = D) x O(10 — D + N)’ (2.150)

We should inspect the realizations of these scalar cosets from a closer point of
view. We will follow a slightly different method than the one we have used before.
We will identify the global internal symmetry group by defining its solvable Lie
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algebra. We will introduce generators which are assumed to generate the coset
representative and calculate their commutation relations from the requirement
that they should lead to the scalar Lagrangian (2.148) in the form of (2.64). A
similar method will be our basic argument when we discuss the complete du-
alisation of the Bosonic sectors of the supergravity theories where we will also
dualize all the Bosonic fields but there we will use the equations of motion as a
tester instead of the Lagrangian. The details of how one identifies the commu-
tation relations from the coset construction of the Lagrangian can be found in
[10, 19, 20, 21]. We remind the reader of the fact that for the orthogonal groups
O(p, q), the generalized transpose # coincides with the ordinary matrix transpose
in the fundamental representation of the Lie algebra o(p, ¢). Thus in constructing
the scalar Lagrangian (2.64) we will take M = vTv.

If one assigns the set of generators {H;, E/, V¥, Ut} to the scalar fields {¢,
AZ@ i A(0)ij B(Io)i} resulting from the dimensional reduction respectively and by

intuition if we assume the coset parametrization
1. 017 Al J o1 vii Bl i
v = e29 Higho B g3 A0uV Boli (2.151)

then the scalar Lagrangian, (2.148) of the compactified D-dimensional theory
apart from the decoupled scalar can be constructed in the form of (2.64) only if

the Cartan form G = dvv~—! which can be calculated from (2.151) is in the form

G =dvv!
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1 - = 192 ii
= idgp . H+ZeQ ij SOF(I)ijVj

1<)

i‘gG{l)iUIi + Z e? bij‘gf‘(il) Bl (2.152)

Now if one explicitly calculates the Cartan form G from (2.151) in terms of the
unknown structure constants of the commutation relations and then compare it
with (2.152) by inserting the field strengths in terms of the potentials from their
transgression relations (2.122) the non-vanishing commutators of the generators

can be calculated as

—

(BB =6lFE -8B, | [, VM = —¢tvit —slvhi,

[B{.Uf] = =007 (UL, U3] = oV, (2153)

The embedding of the algebra we have calculated in (2.153) into the Lie algebra

0(10 — D,10 — D + N) can be given as

H; = V2 hi EZ] =E zve Vi = Leive),

i 1
U2k—1 = E (E5i+€k+m + Egi_ek+m>’

Ugr, = 7 O (2.154)
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where 1 <i < j < 10— D. We have also defined m = 10— D and 1 < k < [N/2].

When N is odd in addition to (2.154) we also have

Uy = Es,. (2.155)

In (2.154) and (2.155) {e;} is the orthonormal basis which we have defined to
characterize the positive roots of 0o(10 — D,;10 — D + N) before and {e;} are
defined as

€; = €11—D—, 1 S 1 S 10 — D. (2156)

As it is mentioned in [21] owing to their definitions the generators {h;}, { Ez 4.,
Fz+¢;, e} (the last set { Fz, } is included when IV is odd and excluded when NV is
even) generate the solvable Lie algebra of o(10— D, 10— D+ N) in each dimension
thus the parametrization of the coset in (2.151) is nothing but an example of the
solvable Lie algebra gauge. This result justifies the prediction that the global
internal symmetry group of the scalar Lagrangian (2.148) is O(10— D, 10— D+ N)
and the scalar coset manifold is O(10 — D,10 — D 4+ N)/(O(10 — D) x O(10 —
D + N)) for D > 5. As a final remark we should state that when the global
symmetry group O(10 — D,10 — D + N) acts on the scalars in a non-linear
fashion which is the general rule as we have seen in the maximal supergravities,
the coset representative (2.151) transforms as v — A(x)vA where A € O(10 —
D,10 — D+ N) is a global and A(z) € O(10 — D) x O(10 — D 4+ N) is a local
transformation. As it will be clear in the next chapter this is a result of the
Iwasawa decomposition of the non-compact real forms which is also responsible
for the solvable Lie algebra parametrization.
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We note that since in the D-dimensional T'°~P- compactified Lagrangian
(2.121) the scalars are coupled to the one-form potentials which form the (20 —
2D + N)-dimensional linear representation of O(10 — D,10 — D + N), both the
coset representative (2.151), the internal metric M and the generators in (2.153)
must be represented by (20 — 2D + N)-dimensional matrices in order to construct
the Bosonic Lagrangian (2.121). We will choose a fundamental representation of
0(10 — D,10 — D + N) in which the generators {H;, E/, V¥ U} are represented

by the (20 — 2D + N)-dimensional matrices

S, ciei 0 0 —eji 00
H, = 0 0 0 , by = o 0 0 |
0 0 =3, cies 0 0 e
0 0 ey —ey 0 er O
Vi=100 0 , Ui=10 0 en |- (2.157)
00 0 0 0 0

where the matrices are partitioned with appropriate dimensions which can be
read from the non-zero entries and e, is a matrix with appropriate dimensions
and which has zero entries, except a +1 entry at the a’th row and the b’th column.
Notice that the indices i,5 = 1,...,10 — D and I =1, ..., N determine the dimen-
sions of the matrices e,,. By using this representation, the coset representative
(2.151) and by defining M = vTv, the Bosonic Lagrangian (2.121) for D > 5 can
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now be reconstructed as

1 1
cD:R*1_§*d¢Ad¢+Ztr(*dM—1AdM)

1 / 1 /
- 56_ 8/(D=2)¢ F(g) A F(g) - 56_ 2/(D=2) H(Z;) N MH(Q), (2.158)

where H ) = dC(;y and

Coy=| B! (2.159)
is a column vector of dimension (20—2D+ N). We use the transformed potentials
which are the primed potentials in (2.124) by omitting the primes. We should
note that in (2.158) taking the exterior derivative of a matrix or a vector means
taking the exterior derivative of all the elements and we use the matrix notation
in the sense that the matrix-matrix or the matrix-vector product must be taken
by using the wedge product between the components. When one only consid-
ers the scalar Lagrangian in any dimension then one does not have to fix the
dimension of the representation in fact one does not have to use any matrix rep-
resentation at all, the formulation can be based on merely the abstract generators
and the generalized transpose # by specifying an abstract basis through its com-
mutation relations namely the structure constants. For the abstract construction
the choice of the basis and the coset representative defines the fields which are
associated to the generators indeed. On the other hand when any fundamental
representation is chosen then the matrix transpose can be used instead of the
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generalized transpose. The choice of the basis defines how the terms of the scalar
Lagrangian will look in terms of the potentials associated to the generators in the
basis. The transformations can always be found between the original fields of the
Kaluza-Klein descendant scalar Lagrangian and the ones in the Lagrangian which
results from the general form (2.97) by choosing an arbitrary abstract basis. We
also observe that there is a particular basis which generates, from (2.97), the
original scalar Lagrangian including the Kaluza-Klein descendant fields. As we
see from (2.158) the other fields can also be coupled to the scalars in a compact
form however in this case as the number of the higher rank fields in (2.159) is
fixed the dimension of the representation we have to use is fixed too. One can use
different representations or basis with the same dimension, as we have discussed
above various representations or basis mean different field definitions and they
will lead to the transformations between the fields. There is again a particular
basis and a representation which gives the original Kaluza-Klein descendant form
of the Bosonic Lagrangian when used in (2.158). The analysis we have performed
and the formulas we have obtained for D > 5 are also in general terms valid for
the cases when D = 3,4, however as we have mentioned before we can do more in
the three and four dimensions. Basically by applying the dualisation method we
can enlarge the scalar coset and show that the global internal symmetry group is
larger than the expected O(6,6 + N) for D = 4 and the expected O(7,7+ N) for
D = 3. First we consider the D = 4 case, as we have discussed before one can

dualize the three-form field to obtain an extra axionic scalar. To see this let us
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consider the Bianchi identity for F{s
1 .
dF(g) = 5dB() N dB(y) = dAw; A dAY), (2.160)

which may be obtained by taking the exterior derivative of the transgression
expression for F(s) in (2.123). The expression for the field strength F3) in (2.123)

can also be given in a more compact form for any dimension as
L r
Fay = dAw) + 500 R dCq), (2.161)

we have defined C(y in (2.159) and the (20 — 2D + N) x (20 — 2D + N) matrix

Qis
0 0 —1uo-p
Q= 0 1w 0 : (2.162)
—1lao-p)y O 0

where 1,, is the n X n unit matrix. Notice that we are using the primed potentials
we have introduced in (2.124) but we omit the primes for the sake of clearness.
Thus the Bianchi identity can also be expressed as
L
dF3) = §dC(1) QdC . (2.163)
By adding the Bianchi term —y/(dF(s) — %dCa) Q2 dC(1) to the original four di-

mensional Lagrangian (2.158), where we introduce the Lagrange multiplier y, we

4

construct the dualized Lagrangian £,

, as

1 1
Ll =Rx1— 5 *do A de+ Ztr(*d./\/l_l A dM)
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1 _ 1 _
—56 2¢*F(3)/\F(3) —56 ¢*H(€)MH(2)

1
- X(dF(g) - 5(10(:,;) Q dC(l)). (2.164)

We can make use of the Lagrangian (2.158) bearing in mind that its scalar coset
without the decoupled dilaton is defined as O(6,6+ N)/(O(6) x O(6+ N)) before
the dualisation. If (2.164) is varied with respect to x then the Bianchi identity is
obtained if one varies it with respect to F(3) which is considered as a fundamental

field now then an algebraic equation of motion is obtained for F(s) as
Fz) = € x dy. (2.165)

We should remind the reader of the fact that we use the convention for the Hodge
map which is introduced in (2.18). The three-form F3, can be eliminated from
(2.164) in terms of x by using this algebraic equation. Then apart from the rest
of the scalars which are described by the internal metric M in (2.164) and whose
global internal symmetry group is O(6, N + 6), the remaining scalars (¢, x) form

up a dilaton-axion system
4 1 1 o,
L@, Fzy — dx) = —5 * do N dp — 267 dx A dx, (2.166)

where ¢ has been defined in (2.147) and x is the Lagrange multiplier we have
introduced for the Bianchi identity (2.163). We have studied this Lagrangian in
detail in the previous section and we have seen that its global internal symmetry
group is SL(2,R). Therefore the global symmetry group of the enlarged scalar
Lagrangian is O(6, N 4+ 6) x SL(2,R) and this verifies the scalar coset manifold
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already given in (2.138). It can be shown that O(6, N 4 6) can be extended to
be the global symmetry of the entire Bosonic Lagrangian while SL(2,R) can be
extended to be a global symmetry of the Bosonic field equations [21]. Finally the

D = 4 dualized Lagrangian becomes

1 1
‘Céual :R*1_§*d¢/\d¢—§€2¢*dx/\dx
1 B R
+ Ztr(*d/\/l ANdM) — g€ 7 H o MH )

1

where we have eliminated an exact form from the Lagrangian. In D = 3 we will
dualize the Bosonic fields (A%l), Ay, B(Il)) by introducing 7+74 N axionic scalars
(Xi, X%, A7) which are the associated Lagrange multipliers for the corresponding
Bianchi identities. From (2.123) the Bianchi identities of the field strengths of

( 21), Ay B{l)) can be calculated as

dFfyy = Fly; A Fly,s
dF(2); = —Fy; N Fayg — Fayig A Flyy + Gliys A Gly,

I _ I ()

As usual we use the primed potentials of (2.124) without the primes. If we intro-
duce the Lagrange multipliers (X;, x%, A7) we can construct the Bianchi Lagrangian
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from the identities above as

LBianchi = %i(df(g) - «7'?1)9‘ A }_(]2 ) + )\I(dG(2) G{I)i A ‘7'—{2))

— X' (dF i +f /\F)+F(1)Z-j/\]:j

o — Gl NGy, (2.169)

One can add this Lagrangian to the D = 3 Lagrangian in (2.121) (one has to
transform it in terms of the primed potentials first) to construct the dualized
Lagrangian as usual. When the dualized Lagrangian is varied with respect to the
Lagrange multipliers (X;, x%, A7) it gives the Bianchi identities (2.168) and when
it is varied with respect to the field strengths f(iQ), Flayi, G*(’Q) we get the purely

algebraic equations of motion for }"(iz), Fl2)i, G{z) which are

e’ j:(i2) = dxi + ijf(jl)i - XkF(l)z’k + )\IGfl)m

e Foyi = dy' — X' Flay;,

—
C

? % Gly = dA\ — X'Gyy;. (2.170)

We define the right hand sides of these algebraic equations as the field strengths
(Fayi, F, (il), G(1yr) which are associated with the Lagrange multiplier scalars (x;,
X", A1) respectively. Furthermore by using the Lagrange multiplier axionic scalars

we can define the extended set of potentials E(O)AB, ,Z(%)B, é(lo)m [21]

n n kv 1 i i
A (0)ij — A(O )i A(O)iQ = IYZJX] + §B(IO)1')\I? A(O)j = YY0);»
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Aé0)9 =X\ B(Io)z' = B(IO)Z'? B(Io)g = Ar (2.171)

If we define the matrix (y/~1)4 = d5 + AVE%) p then the corresponding extended

set of field strengths can be given as

Fuyas = YACYéD(dA(O)CD - B{O)[CdB{O)D})’
}—(?)B = ’YIIBCdAE%)Ca

Gliya =74 dBlyp. (2.172)

Since we have dualized certain higher rank Bosonic fields and exchanged them
with the scalar fields the enlarged scalar Lagrangian of the D = 3 Bosonic La-

grangian in terms of the extended set of field strengths (2.172) can be given as

1 = = I 2.7 = -
‘Cf)calar = _5 * d(b A d(b - 5 Z e ar ? % F(I)AB A F(l)AB
A<B

- - 1 - = ~
(& A * G{l)A A\ G{l)A - 5 Z ebAB'¢ *F(Ig)B /\f(?))B, (2173)
Al A<B
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— —
bap=—ca+ Cp,

dap=ca+ cp (2.174)

where 2 < A, B <9 and 2 < i < 8 We have defined ¢; and ¢ in (2.125). Notice
that we are not using the modified dilaton vectors given in (2.149) as we need
not do a dilaton rotation to decouple one dilaton from the rest in D = 3. We
make the observation that (2.173) is in the form of (2.148) with the index range
2 < A, B < 9 rather than 1 < i < (10 — D) in (2.148). Therefore by following
the results we have found for the scalar Lagrangian (2.148) we conclude that the
global internal symmetry group for the D = 3 Bosonic Lagrangian which is also
the symmetry of the enlarged scalar Lagrangian becomes O(8,8 + N). Then the

scalar coset manifold is O(8,8 + N)/(O(8) x O(8 + N)).
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CHAPTER 3

SYMMETRIC SPACES

In Chapter two we have introduced the scalar coset manifolds G/K of the maxi-
mal and the gauge multiplet coupled supergravity theories in various dimensions.
In this chapter we will give a rigorous algebraic, group theoretical and geometrical
construction of these coset manifolds. We will first mention the formal construc-
tion of the Riemannian symmetric spaces and the symmetric pairs. We will also
introduce the fundamentals of the Lie groups and their Lie algebras. Then af-
ter presenting a revision of the structure of the semi-simple Lie algebras we will
discuss two important decompositions namely the Cartan and the Iwasawa de-
compositions [44]. These decompositions are important in the analysis of the
sigma models which are based on the symmetric spaces. Apart from the con-
struction of the symmetric spaces the mainline of this chapter can be considered
as the introduction of the Cartan and the Iwasawa decompositions because as it
will be clear by the end of the chapter, the numerator non-compact semi-simple
Lie group G of the scalar coset manifold G/K is parameterized by using these
decompositions. Such a parametrization will lead us to the so called solvable
Lie algebra parametrization [18] of the scalar manifolds of a wide class of super-
gravity theories. When we give the classification of the compact, non-compact
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and the split semi-simple real forms we will finally discuss how the scalar coset
manifolds of the supergravity theories are oriented in this mathematical picture.
The details of a wide class of geometrical and algebraic concepts which take part
in the formal definitions of the symmetric spaces presented here may be found in

the references [39, 41, 42 and [44]-[56].

3.1 Riemannian Symmetric Spaces

We need to start with a series of definitions of the point-set topology and the
differentiable manifolds [54]. The power set PX of any set X is the collection
of all the subsets of X. A topology T on X is a subset of PX, T C PX such
that if zy,29 € T then xy Nay € T, if {x, | « € J} C T then Y, xo € T also
) € T and X € T. The space (X, T) is called a topological space if it satisfies
the requirements given above. The elements of T" are called the open sets [54].
The complements of the open sets in X are called the closed sets. The topology
T on X may equivalently be defined in terms of the closed sets. If A C X then
the interior A° of A is defined as the union of all the open sets contained in A. A
neighborhood of a point p € X is any A C X such that p € A°. The topological
space (X,T) is called a Hausdorff topological space if for each pair of points
x,y € X there exists corresponding neighborhoods U C X of x and V C X of y
such that UNV = (). Now a map ¢ : X — Y between two topological spaces is
called continuous if it maps the open sets of X onto the open sets of Y. Moreover
if ¢ is one to one it is called a homeomorphism. A chart at a point p € X is a
homeomorphism, p : U — R? where U is an open set (p € U) and p is onto
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an open subset of R%. Here d is called the dimension of the chart. The maps
2'(u(p)) € R for i = 1,...d are called the coordinates of p € X with respect to
the chart (U, ). The basis of neighborhoods of a point p € X is a collection of
neighborhoods at p such that every neighborhood of p contains at least one of
the basis neighborhoods. A specification of basis neighborhoods at each point
p € X provides a basis neighborhood for X. A separable topological space is a
topological space which has a countable set of basis neighborhoods at each point
peX.

A topological C%-manifold M is a separable Hausdorff topological space such
that there is a d-dimensional chart at every point p € M [54]. Here d is called the
dimension of the manifold. For a topological C°-manifold M there exists an atlas
which is a collection of charts {y : Uy — R¢ | a € I} such that {U, | a € I} is
a covering of M meaning that |J, U, = M. We define the C'*°-compatibility of
two charts (U, ) and (V, ) as either UNV = () or the coordinate transformation
map potp~t:p(UNV) — o(UNV) which is a homeomorphism from a subset
of R? onto a subset of R? is an infinitely differentiable map for all the points in
(U N V) in the ordinary differentiability sense [51]. If any pair of charts are
compatible in an atlas then the atlas is said to be C*°-differentiable and two
atlases are compatible if all the members of them are compatible with each other.
Compatibility defines an equivalence relation on the set of the atlases of M. An
equivalence class of compatible atlases defines a differentiable structure and if
C%manifold M has such a structure then it is called a C*°-manifold (a smooth
manifold) with the associated differentiable structure [42]. Furthermore M is
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called an analytical manifold if we replace the differentiability condition in the
definition of the compatibility of two charts with the analyticity which means that
there should exist a convergent power series expansion in a neighborhood of each
point p € Y(UNV) for the coordinate change map @otp=! : (UNV) — p(UNV).

A map a: M — N from a smooth manifold M into another smooth manifold
N is called a smooth map at a point p € M if there exists charts (U, ¢) in M and
(V,4) in N such that p € U and a(p) € V and Y oaop ! : o(U) — (V) is
infinitely differentiable at ¢(p). If « is differentiable at every point p € M then
it is called a differentiable or a smooth map. In addition if « is one to one then it
is called a diffeomorphism. Let M be a C'"*°-manifold, a curve in M is a smooth
map ¢ : (—e,e) C R — M. The tangent space T,M of a point p € M is an
R-vector space composed of the equivalence classes of curves whose images in M
contain p € M where two curves ¢; and ¢ are equivalent if ¢;(0) = ¢2(0) = p
and @' (¢1)]i—o = @' (#s)]s—o where {27} are the coordinate maps with respect to
any chart (U, ¢) which contains p. The R-vector space structure can be defined
on T,M by using any local chart of M containing p [53]. The dimension of the
R-vector space T,,M is equal to the dimension of the manifold M. The elements
of the tangent space T,M may also be considered as the derivations from the
ring of smooth functions C*°(M) (M — R) into R [53]. A derivation is a map,
v : C®(M) — R such that v(f + g) = v(f) + v(g) and v(rf) = rv(f) also v
satisfies the Leibniz rule v(fg) = fv(g) + v(f)g, ¥r € R and Vf,g € C°(M).
Clearly it is more straightforward to put an R-vector space structure on the
tangent space T,M when one considers the tangent vectors as derivations. A
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vector field on M is a derivation of the ring C*°(M) onto itself and for each point
p € M it corresponds to an element of T,M. The set of vector fields of M will
be denoted as T'M which has a module structure globally [42]. One can define
the dual space T;M of T),M and similarly the differential one-forms QY M) are
the maps from 7'M into C°°(M) such that at each point p € M they correspond
to an element of TyM. The set of tensor fields T M of certain types on M
are the multi-linear maps from the Cartesian product set of s-times 7'M and
r-times Q!(M) into C*°(M) such that at each point p € M they correspond to
the elements of the mixed tensor algebra of 7/, M. For each pair of (r,s) the set
T7 M becomes a module. In particular higher order differential forms Q™ (M) are
the maps from the set of m Cartesian products of 7'M into C*°(M) in a way
that at each p € M they correspond to an element of the m-th exterior power
space of T M [42].

An affine connection on a C*°-manifold M is a rule which assigns to each

X € T'M a linear map Vi : T'M — T M such that

Vitxtgy) = fVx +gVy,

Vx(fY) = f(VxY) + X(f)Y, (3.1)

Vf,g € C®°(M) and VX,Y € T'M. For a smooth map ¢ : M — N the push-
forward (differential) map ¢, : T,M — Ty, N at a point p € M is defined as
ox(f) =x(fog), Vf € C°(N) and Vx € T,M. If ¢ is a diffeomorphism then
¢, maps T'M into T'N. Now if V is an affine connection of a C°-manifold
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M and ¢ is a diffeomorphism of M onto itself then V' which can be defined as
Vi (V) = ¢, (Vex(9.Y)), VX, Y € T'M is also an affine connection and if
V' = V then ¢ is called an affine transformation [44]. An affine connection V
always induces an affine connection Vi on an open submanifold U of M as its
restriction on U.

Now consider a C*°-manifold M with an affine connection V. Let 7 : (—¢,¢€) C
R — ~(t) C M be a curve, if we consider any family of tangent vectors Z(t) €
T'y(t) on ~(t) which is a restriction Y|, = Z(t) for some Y € TTM also the
family X (t) = v.(£)]; € T'y(t) (where £ € TyR is the tangent vector at ¢’ €
(—¢, €) which corresponds to the ordinary derivation on the smooth functions on
(—€,€)), there always exist [44] X € T*M such that X |, = X(¢). If VxY|,¢) =
0 then the family Z(t) is said to be parallel with respect to the curve ~. If in
particular VxX|, = 0 then the curve v is called a geodesic. If a geodesic is not
a proper restriction of any other geodesic then it is called maximal. For every
point p € M it X € T,M and X # 0 then there exists a maximal geodesic 7y
such that yx(0) = p and vx.(24)|,—o = X [44]. We also assume that yx(t) = p,
Vt € (—¢,€) when X = 0. The map Fxp : T,M — M, such that X — ~vx(1)

is called the exponential map at p € M. Since T,M is isomorphic to R¥™M

it can always be equipped with the differentiable structure of R*™M and there
always exist the so called normal neighborhoods Ny and N, of 0 € T,M and
p € M respectively which are open and on which the exponential map Exp is
a diffeomorphism (N, = ExpNy). If a basis {X; € T,M} for i = 1,...,dimM is
specified for T,M then the coordinate maps z'(p) : (p' = Eaxp(2'X;) € M) —
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((x) € R%™M) of p/ € N, are called the normal coordinates of the point p/. In
the previous chapter we have defined the maps 17" : T*M x T*M — T'M and

R :T'M x T'M — Hom(T"M, T*M) as

T(X,Y)=VxY —VyX — [X,Y],

R/(X, Y)=VxVy —VyVyx — Vix,y), (3.2)

where M is a C*-manifold, we have also introduced the torsion tensor T' € T, M

and the curvature tensor R € Ty M as

T:(w,X,Y) — wl'(XY)),

R:(w,Z,X,Y) — w(R(X,Y)-2), (3.3)

VXY, Z € T'M and w € w!'(M). The torsion and the curvature tensors will
completely characterize the affine locally symmetric spaces which we will in-
troduce after we make a further definition of the covariant derivative. Now if
v (—€€) € R — M is a curve in a C*-manifold M and if (U,v) is a lo-
cal chart with the coordinate functions z’ such that v(t) € U then there exists
m= dimM differentiable functions ¢; : ([a,b] C (—¢,¢€)) x R¥™M — M such

that for each m-tuple (y1, ..., Ym), Y*(t) = ©i(t, y1, ..., Ym) satisfy

d_Yk LT dz'(t)

. YIi =
dt Yodt ’

Y'(a) =y, (3-4)
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where we have defined z'(t) = 2*(v(t)) and (Vi )aoui(55) = I -2 [44]. Here

{6‘;} for i = 1,...,dimM 1is the set of basis vector fields on U induced by the

chart (U, ) as a result of applying the differential map 1! on a standard basis of

Tw(U)]RdimM which corresponds to the partial derivative operators in Tw(U)]RdimM

[42]. If we define the vector field Y (t) = Yi(t)aii

+(#) Which is parallel with

respect to 7 then the map 7 : Y(a) — Y(b) where Y (a) = y'5%;

() for the
previously chosen m-tuple (y1, ..., ym) is an isomorphism from 77, M onto T, M
for a,b € (—e, €). The isomorphism 7 is called the parallel translation with respect
to the curve 7.

We will define the covariant differentiation for the general tensor fields. An
integral curve of a vector field X € T'M at a point p € M is a curve ¢ : t — (t)
such that ¢, 4|, = X|,4) and ¢(0) = p. If X, # 0 there always exists an
integral curve through p. The covariant differentiation Vx of a general tensor

field T € TT M with respect to X € T'M at a point p € M is defined as

.1,
(VxT), = lim = (77" T — Tp), (3.5)

s—0 8§

where ¢ is an integral curve of X at the point p. We define the parallel translation
of Tatpe M ast-T,(Fy,..,F., A1, .., Ag) = Ty(t7 Py, T R 7 YA L T AY),
VF; € Q)(M), VA; € T,M where 7-T, € T; M and we have defined 7F; for
F; € Qu(M) as TF,(A) = Fi(t—'(A)), VA € T,M also 7F; € T;M. We also
define (VxT'), = 0 when X, = 0. The covariant differentiation Vx is a linear
map of the module 77 M also it is a derivation of the associative tensor algebra
T (M) [44].
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Let M be C*-manifold, a pseudo-Riemannian structure on M is a tensor
field g € T9M such that g(X,Y) = ¢g(Y,X), VX,Y € T'M and Vp € M, g,
is a non-degenerate bilinear form on T,M x T,M. Moreover if g, is positive
definite for all p € M then g is called a Riemannian structure. A topological
space M is called connected if the only sets which are both open and closed in
M are () and M. A pseudo-Riemannian (Riemannian) manifold is a connected
C*°-manifold with a pseudo-Riemannian (Riemannian) structure. The pseudo-
Riemannian (Riemannian) connection is the unique affine connection on a pseudo-

Riemannian (Riemannian) manifold which satisfies

T=0 , Vzg) =0, (3.6)

VZ € T'M. If M is an analytical manifold the smooth map f € C°°(M) is called
analytical at p € M whenever there is a local chart (U, ¢) with p € U such that the
map fop ! R¥M R is analytical at ¢(p). If f is analytical at every point
of M then f is called an analytical function on M. A vector field X € T M is
called analytical if it maps analytical functions into analytical functions. Similarly
a differential one-form w € Q'(M) is said to be analytical if it maps analytical
vector fields into the set of analytical functions. The definition may be generalized
to the modules of general mixed tensor fields. An affine connection on M is called
an analytical connection if for each p € M, VxY is analytical at p whenever X, Y
are analytical at p € M [44]. Finally if the pair (M, g) is analytical then M is
called an analytical pseudo-Riemannian (Riemannian) manifold and in this case

the pseudo-Riemannian (Riemannian) connection is analytical.
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Let (M, g) and (N, h) be two Riemannian manifolds, a map ¢ : M — N is
called an isometry if it is a diffeomorphism of M onto N and ¢*h = g. We have
used the pull-back map ¢* which is associated to a C*°-map ¢ : M — N and
which is defined on the modules Q!'(N) and T°N. For the one-form w € Q' (N),
o*w(X) = w(p.X) for each X € T'M where p*w € Q'(M). Similarly if 3 € TN
then it can be written as 3 = (3, Ai,.i, () Wi, ®, ..., Qw;,, ) where w;, € Q'(N)
and we define p*3 =" A; ;. (p) ¢*w;, ®, ..., ®p*w;, ). The isometry definition
can be extended for the subsets of the manifolds as well.

Now that we have covered the outline of the basic notions about the Rieman-
nian geometry we are at a stage to introduce the definitions about the symmetric
spaces. Let (M, V) be a C*°-manifold with an affine connection and consider the
normal neighborhood N, of a point p € M, there exists a geodesic v : t — ()
for each ¢ € N, such that 7(0) = p and (1) = ¢ [44]. If we let ¢/ = y(—1) then
the map s, : ¢ — ¢ which is from NV, onto itself is a diffeomorphism and it
is called the geodesic symmetry with respect to p € M. In normal coordinates
defined before s, : (21, ..., Taimmr) — (=21, ..., —Zgimar)- Also the induced linear
map is (Sp«)p, = —Id|,. Now if for each point p € M there is an open neighbor-
hood N where s, is an affine transformation then M is called an affine locally
symmetric space. M is an affine locally symmetric space if and only if 7" = 0 and
VzR=0,VYZ € T*M. On the other hand if M is a Riemannian manifold with
an affine connection V and if there is a normal neighborhood N, for each point
p € M such that s, is an isometry on it then M is called a Riemannian locally
symmetric space. A Riemannian locally symmetric space is always an analytical
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Riemannian manifold.

Finally we will give the definition of the Riemannian globally symmetric spaces
which we will refer to as the symmetric spaces. Let M be an analytical Rieman-
nian manifold, M is called a Riemannian globally symmetric space if for each
point p € M, p is an isolated fixed point of an involutive isometry S, of M
(55 = I and S, # I, also an isolated fixed point means that there exists a
neighborhood of p on which p is the only point such that S,(p) = p). If M is
a Riemannian globally symmetric space then .S, is unique for each p € M and
there exists a normal neighborhood N, such that Sy|n; = s,|n; for some affine
connection V that is assigned on M. If M is a Riemannian globally symmetric
space then M is a Riemannian locally symmetric space for the assigned affine

connection V. A more detailed and formal discussion of the symmetric spaces

can be found in [44].

3.2 Analytical Lie Groups and Symmetric Pairs

An analytical Lie group G is a group and an analytical manifold for which the

maps

nw:GxG— G, v:G— G,

(91,92) — G192, g—9 ,
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are smooth maps where G x GG is the Cartesian product manifold. The right and
the left translations
rg: G — G, ly : G— G,
(3.8)
9 —499, 9 — 99,

respectively which are defined Vg € G are diffeomorphisms of G. If a group G
is a real smooth manifold and if it satisfies the conditions in (3.7) it is called
a real Lie group and it has an analytical structure [53], therefore every real Lie
group is analytical. Despite of this fact we will keep on referring the real Lie
group GG as an analytical Lie group to emphasize on its analytical structure. If a
vector field X € T'G satisfies l+X = X, Vg € G in other words l,.(X,) = Xyy
then X is called a left-invariant vector field. On the other hand if it satisfies
rg«X = X, Vg € G such that rg*(Xg/) = Xg4 then it is called a right-invariant
vector field. The left-invariant vector fields L(G) and the right-invariant vector
fields R(G) form dimG-dimensional R vector spaces and under the map X,Y —
[(X,Y] = (XY —YX), VX,Y € T'G they become a Lie algebra. Here we define
XY(F) = X(Y(F)), VF € C>®(G). A Lie algebra gy is a real vector space
equipped with a binary operation [, | which is linear for both of its entries and

which satisfies the Jacobi identity
(X, Y. Z]] + [2,[X, Y]] + [Y[Z, X]] = 0, (3.9)

also [X, X] =0, VX,Y,Z € go. The tangent space T.G at the identity element
of G is isomorphic to L(G) and R(G) as a R vector space. We can construct
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the isomorphism if for each A € T,G we assign an L* € L(G) such that L} =
l,+A, Vg € G. Similarly we can assign an R* € R(G) for each A € T.G such
that R} = r4.A, Vg € G to establish the isomorphism from T.G to R(G) [53].
These isomorphisms can be used to induce a Lie algebra structure over T.G.
We will refer to T.G with a structure induced by L(G) as the Lie algebra of
the analytical Lie group G and we will denote it as g. An affine connection
V on @ is said to be left-invariant or right-invariant correspondingly if the left
translations [, or the right translations r, are affine transformations. For the left-
invariant and the right-invariant affine connections on G the maximal geodesic
~vx at each point ¢’ € G is an analytical homomorphism from R into G. There
exists a unique analytical homomorphism 6x from the additive group R into
G, VX € T.G such that 6(0) = e (which is obvious from the homomorphism
map) and 0,(d/dt)|;—o = X. The set of such analytical homomorphisms 6y
is called the set of one parameter subgroups of G [48] and there are one to
one correspondences between the elements of the Lie algebra g of G, the one
parameter subgroups of G and the maximal geodesics yx at the identity element
e of G corresponding to the left-invariant affine connections. If we consider the
maximal integral curves oX" of the left-invariant vector fields L# through the
identity element e of G' then ol =9, = v4 indeed. The exponential map
Exp: g — G for a Lie group G is defined as usual Exp : A — ~4(1). The one
parameter subgroups of G can be expressed by the use of the exponential map
53] namely 0" (t) = 04(t) = va(t) = Exp(tA). There are normal neighborhoods

N, and N, of 0 € g and e € G on which Exp becomes a diffeomorphism and the
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definition of the normal coordinates has already been given in the last section.
The exponential map Fxp coincides with the matrix exponential function for the
matrix Lie groups or the matrix representations of the analytical Lie groups [49].

Let H be submanifold of an analytical Lie group G, if H is a subgroup of GG in
group theory sense or if it is homeomorphic to a topological group with a different
group structure then H is itself a Lie group and it is called a Lie subgroup of G.
A connected Lie subgroup of G is called an analytical subgroup of G. If H is a
Lie subgroup of G then h is isomorphic (an algebra isomorphism ¢ is an R-linear
one-to-one map such that ¢([X,Y]) = [p(X),#(Y)]) to a Lie subalgebra of g.
Conversely for each subalgebra k of g there is only one analytical subgroup of GG
such that its Lie algebra is isomorphic to k. If H is a subgroup of an analytical
Lie group G and if it is a closed subset in G then H has a unique analytical
structure and it is analytically a submanifold of GG therefore it is a Lie subgroup
of G. Now we will mention about the Cartan-Maurer forms which will be one
of the basic tools of the analysis of the sigma models on the symmetric spaces.
Similar to the invariant vector fields on an analytical Lie group G, if a differential
n-form w € Q"(G) is left-invariant, [;w = w then it is called a left-invariant n-
form. Also if w is invariant under the right translation pull-back map, rjw = w
then it is called a right-invariant n-form. We will denote the set of left-invariant
and the right-invariant n-forms as L™"(G) and R"(G) respectively. If w is both
left and right-invariant then it is called a bi-invariant n-form. A bi-invariant n-
form w is always closed, dw = 0. The left and the right-invariant one-forms form
vector spaces over R which we will denote as L*(G) and R*(G) and which are
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the dual spaces of L(G) and R(G) respectively. We should imply that w(X) € R,
VX € L(G) and Yw € L*(G) or VX € R(G) and Yw € R*(G). If we choose
a basis {X; | X; € g} for g then {L%} is a basis for L(G) and the dual basis

{w' € L*(Q) | w'(LX7) = 07} satisfy the Cartan-Maurer equation [47]
i 1 PGk
dw' = _§chkw AWk, (3.10)
Gk

where the structure constants {C7, } are defined as [X}, X;| = C%, X;. The exterior
derivative d is an R-linear map from Q"(G) into Q""(G) and the wedge product
A is the alternating tensor product of two differential forms on G. The details of
the exterior algebra of differential forms can be referred in [41].

The Cartan-Maurer form €2 is an L(G)-valued or a Lie algebra g-valued one-
form, formally Q € L(G) ® L*(G) ~ g® L*(G). Alternatively the Cartan-Maurer
form can also be considered as a map Q(X) : T'G — L(G), VX € T'G. More
specifically we can define the Cartan-Maurer form €2 as the L(G)-valued one-form
such that at each point ¢’ € G it is the map Qy(v) : T,G — L(G), Yv € T, G
such that (Qg(v))gr = lgri(ly-1,v). The Cartan-Maurer form (2 is left-invariant
when the maps [, and [} are applied on different tensor product components of
Q=237 AY; ® 37 where {Yi} is a basis for L(G) and {#} is a basis for L*(G).
If we consider the action of 2 on the left-invariant vector field L# then we get
Q(L*) = LA We can equivalently define Q € g® L*(G), in this case Q, = (Ip-1,),
where Q, : T,G — T.G is such that Qx(v) =l,-1,v € T.G, Yv € T,G. Therefore
Q = w' ® X; where {X;} is a basis for ¢ and {w'} is the dual basis such that
W (LX) = 5; Locally for each point p € G, (Zp = w; ® X;. Equivalently we have
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the exact definition of  as Q = w® ® L*. A Lie algebra valued left-invariant
n-form 1 can be defined in a similar way (¥ € g ® L"G ~ L(G) ® L"G). By
using the Cartan-Maurer form  we define the L(G)-valued left-invariant two-
form [2,Q] € L(G) ® L*G as [Q,Q].(v1,v2) = [Qu(v1), Q(v2)], Yo1,v5 € T,G.

Then one can show that [44] the Cartan-Maurer form satisfies the equation
1
a2+ (2,9 = 0. (3.11)

The exterior derivative operator d acts on the L*(G) part of . If we consider
a differentiable map (a gauge map) ¢ : M — G where M is a C'*°-manifold
and G is an analytical Lie group then we can define the images of the Cartan-
Maurer forms under the pull-back of ¢ as G = ¢*Q = o*(w") ® X;. Similarly
G = p*Q = p* (W) ® L¥i. If G is a matrix Lie group or an (n x n) F-matrix
representation is used for G then G € GL(n,F) ® Q'(M). In particular one may
consider a representation in which G is an n X n matrix of one-forms of M. For
a local chart (U 1) on M if we consider a matrix representation of G then for
Y~ Hx) € U and x € RUM there exists representations on M such that the

Cartan-Maurer forms G and QN can be represented as
G~G~ L 'L, (3.12)

where L(p) = ¢(p) is the matrix function on M, Vp € U taking values in the
matrix representation of G' and if we consider the map L(z) = ¢ o ¢~!(z) on

H(U) € RémM then

4 J
(dL)} = %dmk. (3.13)
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Owing to its local matrix definition G satisfies the Cartan-Maurer equation on
UC M [44)]

dG+G NG =0. (3.14)

If we consider the identity map I on G itself we can obtain the local expression
of Q and Q on G as well
0~ Q~ LN (3.15)
where L(x) = ¢ ~!(z) in this case.
We will define the left action of a Lie group G on a smooth manifold M now.
A group G is said to act on a set M from the left (right) if there is a homomor-
phism (anti-homomorphism) p : G — Perm(M) where Perm(M) is the group
of bijections of M. Let M be a Hausdorff space and GG a topological group, a ho-
momorphism (anti-homomorphism) x from G into the group of homeomorphisms

of M is called a left (right) action of G on M if the map

GxM-— M,

(9,p) — u(g) - p, (3.16)

is a continuous map onto M. We assume that G x M has the Cartesian product
topology. The group G in this case is called the topological transformation group
of M. If GG is an analytical Lie group and M is a smooth manifold and the map
(3.16) is a differentiable map, also if x is into the diffeomorphism group of M
(which is the group of diffeomorphisms of M under the composition map) then G
is called the Lie transformation group of M. We will use the notation u(g)-p = gp
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for the left actions and p(g) - p = pg for the right actions. If in general yu is one-
to-one then it is an isomorphism and the left (right) action is called effective, also
if for all p e M, {g € G | u(g) - p = p} = {e} then the left (right) action is said
to be free. A free action is effective but the converse is not necessarily true. The
left (right) action is called transitive if Vp,q € M there exists a g € G such that
q = i(g) - p. There is a one-to-one correspondence between the left actions and
the right actions of any set (a Hausdorff space or a smooth manifold) therefore we
will use simply the action when it is not necessary to differ between the left and
the right. At the same time G/H will correspond to both of the left and the right
cosets unless they are not specified as left or right. If a Hausdorff space M has a
homeomorphism group which allows any topological group G to act transitively
on M then M is called a homogenous space. The set O, = {qg € M | p=pu(g)-q
for some g € G} is called the orbit of M at the point p under the action of G.
If we define the relation p ~ g when p = pu(g) - ¢ for some g € G then ~ is an
equivalence relation on M [53] and {O,} are the equivalence classes in M. We
will denote the set of all the orbits {O,} of M as M/G. The coset space M/G
carries a quotient topology induced by the projection map of the equivalence
classes in M [56]. If the action is transitive then M has a single orbit and M/G
has a single point so it is trivial. The group G has an induced transitive action
on each of the orbits M/G. The left cosets G/H = {gH | Vg € G}, generated
by a subgroup H of G are the orbits of the right action of H on G as u(h) = gh,
Vg € G and Vh € H (if G is a topological group then H is considered with the

relative topology). Similarly the right cosets G/H = {Hg | Vg € G} with respect
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to a subgroup H are the orbits of the left action p(h) = hg, Vg € G and Vh € H
of H on G. The adjoint left action of G on itself namely Ad, : ¢ — gg'g™ ",
Vg, ¢ € G has the orbits as the conjugacy classes. If H is a closed subgroup of
a topological group G then G/H has a Hausdorff quotient topology. Moreover
if H is a closed subgroup of an analytical Lie group G then G/H has a unique
analytical structure. If we define the left action 7 : G — G/H of a group G
on the left cosets with respect to a subgroup H such that 7(¢)(¢H) = gg'H
then 7 is a transitive action. When G is a topological group and H is its closed
subgroup then G becomes a transitively acting topological transformation group
of G/H under 7 and G/H becomes a homogeneous space. If G is a Lie group
and H is again one of its closed subgroups then G is a transitively acting Lie
transformation group of G/H under 7 and G/H is a homogeneous space. The
subgroups G, = {g € G | p(g) - p = p}, Vp € M of G are called the isotropy
groups at the points p. For a transitive action of a Lie transformation group G
on a smooth manifold M, G), is always a closed subgroup of G for every point
p € M. Besides if G is a locally compact (there is a compact neighborhood of
every point of G) topological group with a countable basis such that G =, H,
where {H,} are closed subsets of G and if G is a transitively acting topological
transformation group of a locally compact Hausdorft space M then GG, are closed
subgroups of G for every point p € M therefore G/G), is a Hausdorff space. As
explained above G is acting transitively on this Hausdorff space G/G,, as a result
G/G, becomes a homogeneous space. Similarly if G is a transitively acting Lie

group of a smooth manifold M then G/G, has a unique analytical structure for
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any G, and G again acts transitively on G/G, thus G/G, becomes a homogeneous
space. Now let G act transitively from the left on a set M then for each point

p € M the map

J,: G/G, — M,

9Gp — g, (3.17)

is a bijection. If GG is a transitively acting topological transformation group of a
locally compact Hausdorff space M and if G is locally compact with a countable
basis then (3.17) becomes a homeomorphism. For the transitive action of a Lie
group G on a smooth manifold M if (3.17) is a homeomorphism then it becomes
a diffeomorphism. Thus when G is a locally compact (with a countable basis)
transitive Lie transformation group of a locally compact smooth manifold M then
(3.17) is a diffeomorphism. Also if (3.17) is a homeomorphism and M is connected
then the identity component (a topological space splits into a countable number
of disjoint maximally connected subsets; the connected component including the
identity element of a topological group is called the identity component [54]) Gy
of G acts transitively on M.

Let M be a Riemannian manifold the set of isometries of M namely (M)
forms a group under the composition map. We may equip /(M) with a compact
open topology such that for each pair of open and compact subsets C' and U of
M, if we define the open sets in I(M) as W(C,U) ={g € I(M) | g-C C U} then
the collection of sets {W(C, U)} defines a Hausdorff topology on I(M). I(M) has
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a countable basis of open sets such that each open set in (M) contains one of the
basis elements. I(M) becomes a topological group and it is the locally compact
(with a countable basis) transitive topological transformation group of M. Every
isotropy group of this action is a compact subgroup of (M) thus they are closed
(every compact subset of a Hausdorff space is closed). By following the discussion
above since I (M) is a locally compact transitive topological transformation group
of M with a countable basis of open sets and since M is a Riemannian manifold
so that it is a locally compact Hausdorff space we conclude that for any p € M,
I(M)/G, with its Hausdorff quotient topology, is homeomorphic to M through
(3.17). Moreover if M is a Riemannian globally symmetric space then (M)
has a unique analytical structure compatible with its compact open topology (a
topological group may have at most one analytical structure which turns it into
a Lie group) and I(M) becomes the transitive Lie transformation group in this
case. Therefore when M is a Riemannian globally symmetric space since (3.17)
is a homeomorphism for the Lie transformation group as mentioned above it is
a diffeomorphism for the unique analytical structure of I(M)/G,. Also since the
Riemannian manifold M is connected the identity component Io(M) of I(M) acts
transitively on M and Iy(M)/G),, is also diffeomorphic to M.

We will give the definition of a symmetric pair now. Beforehand we will
shortly mention about the adjoint representation of a Lie group. The set of
endomorphisms namely the linear maps on a vector space a over the field R form
a vector space with the addition and the scalar product induced from a. They
also form a Lie algebra denoted as gl(a) under the product [a, 5] =a -8 — (- a.
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The non-singular (invertible) endomorphisms of a form an analytical Lie group
which we will refer as GL(a). Naturally gl(a) is isomorphic to the Lie algebra of
GL(a). If a has a Lie algebra structure and if we assign the map adx =[X, |,
VX € a such that ady - Y = [X,Y], VY € a then ady is an endomorphism.
The map ady(a) = adx : X — adx is an algebra homomorphism and it is
called the adjoint representation of the algebra a. The image of ady in gl(a)
is a subalgebra and we will denote it as ad(a). The kernel (the subalgebra of
a which is mapped to the identity element of gi(a)) of ad(a) is the center of a.
The center z of an algebra a is the subset z C a such that [z,a] = 0 and z is
maximal in a. If one chooses a basis {x;} in a then each endomorphism in gl(a)
corresponds to a dimaxdima real matrix which acts on the components of the
elements of a with respect to the basis chosen. The analytical subgroup Int(a)
of GL(a) whose Lie algebra is isomorphic to ad(a) is called the adjoint group.
When a is an algebra the set of automorphisms (algebra isomorphisms of a onto
itself) Aut(a) of a is a closed subgroup of GL(a). The set of derivations 0(a)
of a is a subalgebra of gl(a) and it is isomorphic to the Lie algebra of Aut(a).
We should remind that a derivation D of an algebra a is an endomorphism of a
satisfying D(af) = aD() + D(a)5. Moreover ad(a) is a subalgebra of d(a) and
its elements are called the inner derivations of a also Int(a) is a normal analytical
subgroup of Aut(a) which is an analytical subgroup of gl(a) and the elements of
Int(a) are called the inner automorphisms of a.

When G is an analytical Lie group then the map I(0) : G — G | g —

1

ocgo—, Vg € G and VYo € (G is an analytical isomorphism of G onto itself.
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Therefore Yo € G the map Ad(c) = Adg(o) = I.(0)]. is an automorphism of g
and the map 0 — Ad(0o) is an analytical homomorphism of G into GL(g). This
analytical homomorphism is called the adjoint representation of the group G. If
g is a Lie algebra over R and ¢ is its Lie subalgebra then ad(t) is a subalgebra
of ad(g). The subalgebra ¢ is said to be a compactly imbedded subalgebra of
g if the analytical subgroup K* of Int(g) whose Lie algebra is isomorphic to
ad(t) is compact. A topological space X is called compact if every open covering
X = |, Vi for the open sets {V;} has an open subcovering. A Lie algebra g is
called compact if it can be compactly imbedded into itself in other words if Int(g)
is compact.

The pair (G, H) which is composed of a connected analytical Lie group G and
one of its closed subgroups H is called a symmetric pair if there exists an involutive
analytical automorphism o of G (a group isomorphism onto itself which is an
analytical map and whose square is the identity map) such that (H,)o C H C H,
where H, is the set of fixed points of ¢ which is a topological subgroup of G
and (H,)o is the identity component of H,. If H is a closed subgroup of an
analytical Lie group G then there is a unique analytical structure on H and it
becomes an analytical Lie group itself. In addition to the above definition of
the symmetric pairs if Adg(o)|y is compact then (G, H) is called a Riemannian
symmetric pair. If (G, H) is a Riemannian symmetric pair then the left cosets
G/H with the quotient topology has a unique analytical structure [44] and for
each G-invariant Riemannian structure on G/H (a Riemannian structure ¢ on
G/H is G-invariant if 7%(g) - t = t, Vg € G) the left coset space GG/H becomes a
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Riemannian globally symmetric space. The Riemannian connection V on G/H
and the geodesic symmetry s, are independent of the choice of the G-invariant
structure ¢t on G/H. Furthermore if G is semi-simple (we will give a rigorous
definition of a semi-simple Lie algebra and a Lie group in the next section) and
if it acts effectively on G/H then there is an analytical isomorphism between
Iy(G/H) and G for all the G-invariant Riemannian structures on G/H.

Similar to the pair of Lie groups, (g, s) is called an orthogonal symmetric Lie
algebra if g is a Lie algebra over R and if s is an involutive automorphism of
g, (s € Aut(g)) whose set of fixed points t = {u € g | su = u} is a compactly
imbedded subalgebra of g. If in addition t Nz = {0} where z is the center of ¢
then (g, s) is called an effective orthogonal symmetric Lie algebra. A pair (G, H)
is said to be associated to (g, s) if G is a connected analytical Lie group with a
Lie algebra isomorphic to g and if H is a Lie subgroup of G whose Lie algebra is
isomorphic to t. We should stress on the point that an associated pair does not
have to be a symmetric pair. On the other hand if (G, H) is an associated pair and
if H is closed and connected then G/H is a Riemannian locally symmetric space
for all the G-invariant Riemannian structures, also it has a unique analytical
structure, in addition if G is simply connected (from the image of every loop
f:[0,1] € R — G in G there is a continuous map to a point p of G) then (G, H)
is a Riemannian symmetric pair. An involutive automorphism of an algebra has
two eigenspaces corresponding to the two possible eigenvalues +1 respectively.
Namely ¢ which is introduced above is the eigenspace with eigenvalue 1. Thus
in an orthogonal symmetric Lie algebra (g, s) the Lie algebra g can be written
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as a vector space direct sum of these two eigenspaces. In an effective orthogonal
symmetric Lie algebra (g, s) if g is semi-simple and compact (non-compact) then
(g, s) is called a compact (non-compact) type. Accordingly the associated pair is
also called a compact (non-compact) type. A left or a right-ideal b of an algebra a
is a vector subspace such that ba C b or ab C b respectively. If b is both a left and
a right-ideal then it is simply called an ideal. For a Lie algebra every left-ideal is a
right-ideal and the ideals are subalgebras. For an effective orthogonal symmetric
Lie algebra (g, s) if the eigenspace of s which corresponds to the eigenvalue —1
is an Abelian ideal then (g,s) is called an Euclidean type. For a Riemannian
globally symmetric space M the pair ([o(M), K,) is a Riemannian symmetric
pair where K, is the isotropy group of any point p in M. If we define the map
€y — S,7S, which is an involutive automorphism of Iy(M) the differential
map 6 of € at the identity element e of Io(M) so as to say 6 : gg — go is
an involutive automorphism of gy the Lie algebra of Io(M). The pair (go,#) is
associated to (Ip(M), K,) and it is an orthogonal symmetric Lie algebra. Let M
and M’ be two Riemannian globally symmetric spaces such that (M) and (M’)
have the same Lie algebra g. Since [o(M) and Iy(M’') are the Lie subgroups
of I(M) and I(M’) respectively their Lie algebras gy are subalgebras of g and
they are isomorphic to each other. If go is non-compact then (/o(M), K,,) is of
non-compact type. In this case M and M’ are isometric to each other (where the
isometry corresponds to an analytical diffeomorphism whose push-forward map

preserves the Riemannian structures on M and M’).
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3.3 The Semi-Simple Lie Algebras and the Iwasawa Decomposition

In this section we will discuss the general framework of the semi-simple Lie
algebras and we will construct the Cartan and the Iwasawa decompositions of the
semi-simple real Lie algebras.

A field F is said to be characteristic p if there is a prime number p such that a+
...+a =0, Ya € F where there are p-terms in the sum. If there is no such degree
p then F is called a characteristic zero field. If g is a Lie algebra we will denote
the Lie algebra product space as g x g which is a Cartesian product set and a
direct sum vector space, the algebra product is [(X,Y), (V, Z)] = ([X, V], [Y, Z]),
V(X,Y) and (V,Z) € g x g. The subsets (0, X) and (X,0), VX € g are ideals
in g x g. If g is a Lie algebra over a characteristic zero field then the symmetric

bilinear form

B(X,Y) =tr(adX adY), (3.18)

VX,Y € g is called the Killing form. The trace in (3.18) is over the matrix
representation which is based on a basis which we have mentioned before. For
each 0 € Aut(g), B(cX,0Y) = B(X,Y) and if a is an ideal in g then the
restriction of B on a is the Killing form on axa. A Lie algebra over a characteristic
zero field is called semi-simple if its Killing form B is non-degenerate (such that
B(X,X) = 0 if and only if X = 0) equivalently if it contains no Abelian ideals
except {0}. If a Lie algebra g # {0} is semi-simple and if it has no ideals except
g = {0} or g then it is called simple. A Lie group is called semi-simple (simple)
if its Lie algebra is semi-simple (simple). The center of a semi-simple Lie algebra
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is {0}. An algebra A is said to be a direct sum of two algebras B and C' if it
is a direct sum vector space, A = B@® C and BC = CB = 0. If A is a direct
sum of its subalgebras then it is called reducible and the subalgebras are called
the components. The components of a reducible algebra are ideals. A semi-
simple Lie algebra is reducible and its components are simple ideals, this is an
essential result predicting that the classification of the semi-simple Lie algebras
can be based on the classification of the simple Lie algebras. For a semi-simple
Lie algebra g every derivation is an inner derivation that is to say ad(g) = 0(g)
also the adjoint group Int(g) is the identity component of Aut(g), it is a closed
topological subgroup of Aut(g) thus Int(g) has a unique analytical structure and
it is an analytical Lie group. A semi-simple Lie algebra ¢ is compact if and only
if the Killing form B is strictly negative definite. On the other hand a Lie algebra
g over R is compact if and only if there is a compact Lie group whose Lie algebra
is isomorphic to g.

The nilpotent and the solvable Lie algebras will be the building blocks of our
analysis of the semi-simple real Lie algebras. An endomorphism N € Hom(V,V)
of a vector space V over a field F is called nilpotent if N¥ = 0 for some k € Z.
There always exists a basis of V' such that the matrix representative of a nilpotent
endomorphism N which is defined by the action of N on the basis of V' has null
entries on and below the diagonal. Conversely if an endomorphism has such a
matrix representative then it is nilpotent. Let P be a subset of Hom/(V, V), then
a vector subspace W of V' is called invariant if SW Cc W, V.S € P. The set P is
called semi-simple if each invariant subspace W of it has an invariant complement
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in V. Each A € Hom(V,V) can be uniquely written as A = N + S where the
addition belongs to the Lie algebra structure gl(V') of Hom(V, V) | N is nilpotent
and the complement S is semi-simple. A Lie algebra a is called nilpotent if VZ € a,
ad,Z is nilpotent. Relatively a Lie group is called nilpotent if its Lie algebra is
nilpotent. If K is a characteristic zero field and a is a vector space and a Lie
algebra on KC then the set Da = {[X, Y]} which is generated by all the elements
X,Y € ais an ideal of a. Since an ideal is a subalgebra Da = [a, a| is called the
derived algebra of a. The higher order derived algebras are defined inductively
in the same way over one less rank derived algebra and they are denoted as D"a
where D"a = D(D" 'a) and D% = a. A Lie algebra is called solvable if there
exists an integer n > 0 such that D"a = {0}. A Lie group is called solvable if
its Lie algebra is solvable. A nilpotent Lie algebra is always solvable. If a Lie
algebra is solvable then it is not semi-simple [44]. A Lie algebra is solvable if and
only if it satisfies the chain condition gg D g1 D ...g9n—1 D gn = {0} where g, is
an ideal of g;_; with dimg;_1 — dimg; = 1. If g is a solvable Lie algebra over
a field I and if V' # {0} is an m-dimensional K-vector space then there exists
a representation m : ¢ — ¢l(V') such that each element of g is represented by
upper triangular m x m matrices of K when a basis is specified in V. A similar
case occurs for a nilpotent Lie algebra n so that each element of n is represented
by m x m K matrices with null entries on and below the diagonal. Similar to the
derived algebras of a Lie algebra g if we define the ideals pP*1g = [g, pPg] where
¢©’g = g then the series ©’g D plg D p? D ... is called the central descending

series. A Lie algebra g over K is nilpotent if and only if the central descending
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series terminates with ¢™g = {0} for some m > dimg. A nilpotent Lie algebra
g # {0} has a non-zero center.

The next step will be the construction of the root subspace decomposition of
a complex semi-simple Lie algebra. The Cartan subalgebra h of a semi-simple Lie
algebra g over C is a maximal Abelian subalgebra of ¢ (which is not a subalgebra
of another Abelian subalgebra) such that VH € h, adH € gl(g) is semi-simple.
Each semi-simple Lie algebra g over C has a set of Cartan subalgebras and for
any pair of Cartan subalgebras hy, hy there is an automorphism o € Aut(g) such
that o(hy) = hs.

We will construct the root space decomposition of g which is associated with
a chosen Cartan subalgebra now. Let g be a semi-simple Lie algebra over C and
let h be one of its Cartan subalgebras also let o € h*, if we define the vector
subspace

¢ ={Xeg|[H X]=aH)X, VHE}, (3.19)

of g then «a is called a root with respect to h if g* # {0}. When « is a root then
g“ is called the root subspace. If & = 0 then ¢ = h since h is a maximal Abelian

subalgebra of g. We will denote the set of non-zero roots as A, formally

A={aech™|g*#0, a #0}. (3.20)

For a pair of roots o and 3 we have [¢%, ¢°] C ¢®*#. Also for each a € A,
dimg® = 1 and there is a unique H, € h such that B(H, H,) = a(H), YH € h.
If « € A then —a € A too. Thus we have the identity [¢%, ¢g~] = CH, for all
a €A Ifa+p #0forap e A B(g¥g®) = 0 which we interpret as the
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orthogonality of the roots o and £3, also [¢%, g°] = g**®. The restriction of B on
h is non-degenerate and VH,H' € h, B(H,H') = > ;. B(H)3(H'). The only
roots which are proportional to o are —a and 0. We also define the product
of two roots X and p as < A\, u >= B(H,, H,). After giving a summary of the
properties of the roots we can write down the root space decomposition of the

complex Lie algebra g as

g=hay g° (3.21)

aEA

where the sum is a direct vector space sum. We may also define a subset of h as

hg = Y RH,, (3.22)

acA

where R is the real subfield of C. The restriction of B on hg is in the R subfield
of C and it is strictly positive definite. Another subset t¢hg of h can be defined

and the elements of A can uniquely be written as the decomposition

h = hg + ihg. (3.23)

Before introducing the positive and the negative roots we should mention about
the ordering of a vector space. In general a set M is called totally ordered if we
define a relation {>} C M x M such that either a > b or b > a so as to say either
(a,b) € {>} or (b,a) € {>} alsoif a > b and b > ¢ then a > ¢, Va,b,c € M. If
{>} C S xS for some S C M then M is called partially ordered. If V' is a finite
dimensional vector space over R then V' is called an ordered vector space if V' is
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an ordered set and {>} satisfies

(i) ifX>0andY >0then X +Y >0, VX, Y eV,
(3.24)

(ii) it X >0then aX >0, Va>0and VX €V.

The first condition (i) in (3.24) implies that X > 0 if and only if 0 > —X. Let
{X:} be a basis for an n-dimensional real vector space V', we will define a special
relation {>}, VX,Y € V such that X > Y when the first non-zero component A™
in the expansion X —Y = >, A’X; is a positive real number. With this relation
V' becomes an ordered vector space and {>} is called the lexicographic ordering
with respect to the basis {X;}. One can also put a lexicographic ordering on the
dual space V* of V' as follows; if u, A € V* then A > p when the first non-zero
number in the sequence (A(X;) — pu(X1)), ..., (M X,) — u(X,,)) is positive. The
dual space V* turns into an ordered vector space with this ordering. An element
A € V* is called positive if A > 0 and negative if 0 > A, this is a legitimate
definition since according to the definition of an ordering they can not be valid
at the same time.

We will define the realization of a complex vector space in order to be able to
induce an ordering on the nonzero roots of a semi-simple complex Lie algebra. If
V' is an even dimensional vector space over R then a complex structure J over V'
is an endomorphism, J € Hom(V, V) such that J-J = —I where [ is the identity
map on V. An even dimensional real vector space V' can be turned into a complex
vector space 1% by keeping the addition rule and by defining the complex scalar
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product as (a + ib)X = aX + bJX, V(a+ib) € Cand VX € V. We have
the dimensional relation dim@v = %dz’mRV. Set theoretically two spaces are the
same V = V. Conversely if E is a vector space over C we define the real vector
space E® which is called the realization of F by keeping the addition rule and
by identifying the complex structure J - J = —I from the complex scalar product
(a+1ib) X = aX +bJX, Y(a+ib) € Cand VX € E so that we can define the real
product aX, Va € R andV X € Ef. Clearly we have ER = E. A Lie algebra g
over R is said to have a complex structure J if J is a complex structure on the

vector space g and if it satisfies
(X, JY] = JX,Y], (3.25)

VX,Y € g. The complex vector space g becomes a complex Lie algebra by
inheriting the real Lie algebra product [ , | from g. On the other hand if E
is a complex Lie algebra the real vector space E®, constructed by the complex
structure J of E which obeys (3.25) becomes a real Lie algebra by inheriting the
algebra product of F.

If we return to our discussion about the roots now we can make use of the
realization (hg)® for ordering the roots in (3.20). We consider the image of
hr through the realization g% of g. We should emphasize on the point that A
and (hg)® completely specify the complex Lie algebras since a real vector space
isomorphism of (hg)®s’ of two complex Lie algebras can always be extended to a
C Lie algebra isomorphism [44]. Basically hy is a not a complex vector subspace
but a subset of h, under the realization h’ of h the image (hg)® becomes a real
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vector subspace of hft. The action of the roots @ € A on hy have real values
so as to say; when a(X) = a the complex number a is an element of the real
subfield of C which is isomorphic to R for all the roots a € A and for all X € hg.
We have to make two observations; the first one is since hg is a subset of h the
restriction of the roots o« € A on hp are elements of the set of R-valued and
R-linear maps on hg where R must be again taken as the real subfield of C,
secondly set theoretically the set of R-valued and R-linear maps on hg is equal
to the dual space (h})f. Therefore there is a one to one correspondence between
the roots a € A and the realizations of the restricted roots which we will refer
as A,es. Obviously if we put a lexicographic ordering on the real vector space
(hg)® we have the induced ordering on (h%)® then we obtain the ordering of the
realization correspondents of the restrictions of the roots into the set of R-valued
and R-linear maps on hg. Thus indirectly we order the non-zero roots a € A
of g which are in one to one correspondence with their restrictions on hgz. We
point out that the analysis is with respect to a chosen Cartan subalgebra h of g.
According to this ordering if o > 0 then « will be called a positive root and if
0 > « then it is called a negative root. The set of positive roots will be denoted
as AT and the set of negative roots will be referred as A~. Thus A = ATUA™.
Since if & € A then —a € A, from the definition of the vector space ordering we
can predict that if o is positive then —a is negative. Therefore when av € AT we
also have —a € A~ so the roots form positive-negative pairs as (3, —3) and if

we represent the positive roots as {3} the negative roots may be represented as
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{=p3}. For each a € A a set of vectors {E, € g*} can be chosen such that [44]

[Ea,E_o] = H, , |H E. =a(H)E, VHEDH,

[Eo,Eg) =0, ifa+p#0andifa+ 5 ¢ A,

[Ea, Eﬁ] = NaﬁEoﬁ_ﬁ, if v + ﬁ € A, (326)

Vo, € A. In (3.26), Nyog = —N_, . Since dimg® = 1 each of the vectors
{E,} form a basis for the corresponding root subspaces {g*}.

A positive root o € At is called a simple root if it can not be written as a
sum o« = 3 + v of any other two positive roots 3,7 € A*. If a # [ are two
simple roots then f — a ¢ A and B(H,, Hz) < 0. The roots a € A are not all
linearly independent [49] but if {ay, ag,...,oq} C AT are the simple roots then
{H.,,Hy,, ..., Hy, } form a basis for (hg)® in the real sense and a basis for h in the
complex sense. Therefore from (3.21) we conclude that {H,,, Ha,, ..., Ha,, Es}
where § € A form a basis for the complex semi-simple Lie algebra g. Here
we assume that {E3} is the specific set of basis vectors introduced in (3.26).
Evidently the set of simple roots {1, aq,...,qq} C A" form a basis for h*. If
f € A then in terms of the simple roots {«;}, # can be expanded as = Zi nlay
where n' € Z. The integer coefficients n’ are either all positive in which case 3
is a positive root or they are all negative then 3 is a negative root. Finally we
should remark that the root space analysis of a semi-simple complex Lie algebra
is not unique and it effectively depends on the particular Cartan subalgebra h,
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the basis chosen for the lexicographic ordering of the non-zero roots, the basis of
(3.26) and the simple roots. However the basic notions and the functioning of
the root space decomposition do not alter.

Another concept which will prove to be a basic element of our analysis of
the symmetric spaces through the Iwasawa decomposition is the complexification
of a real vector space. Let W be a finite dimensional vector space over R, we
can equip the Cartesian product set W x W with a real vector space structure
by defining the scalar product as a(X,Y) = (aX,aY) and the addition rule
as (X,)Y)+ (Z,T) = (X+Z,Y+T), Va € Rand VX,Y,T,Z € W. Then

J:(X,Y) — (=Y, X) is a complex structure on W x W. The complex vector

space W x W generated by using J is called the complexification of W and it is
denoted as W¢. We have dimcWC¢ = dimgW. Since W is the set equivalent
of W x W there are subsets in W¢ whose equivalent subsets in W x W are
isomorphic to W in the real sense. Each element (X,Y) of W can be uniquely
written as (X,Y) = (X,0) + J(Y,0) = (X,0) + (Y, 0), therefore we can use the
representation X +4Y instead of (X,Y"). In this representation (a+ib)(X +iY) =
aX — bY 4+ i(aY + bX). Every finite dimensional complex vector space FE is
isomorphic to a complexification W of some real vector space W. In fact if {Z;}
is a basis for F then we can take W to be the realization (Er)® of Eg = >, A'Z;
where {A’} run over the elements of the subfield of C which is isomorphic to R,
more explicitly we can write E ~ ((Eg)")“. We have already encountered such a
decomposition of a complex vector space in the example of h and hg. In general
if {X;} is a basis for W in the real sense then {(X;,0)} is a basis for W¢ in the
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complex sense according to the complex structure J we have defined for W x W
above. The subset W = 3. R(X;,0) of W¢ has an image (W)® which is a
real vector subspace of W x W under the realization of W¢. Evidently (WS)%
is isomorphic to W. We will not generally differ between (W)® and the set
equivalent (W, 0) of W in W x W or in W¢. One can consider other isomorphic
images of Win W x W.

On the other hand if W is a Lie algebra over R with the Lie algebra product

, | then we can define a Lie algebra structure over as
[ ] h defi Lie algeb we¢
X +4Y, Z +iT) = [X, 2] = [V, T] +([Y, 2] + [X, T)), (3.27)

VX,Y,T,Z € W. With the Lie algebra product in (3.27), W¢ is called the
complexification of the Lie algebra W. If W is a semi-simple Lie algebra then
W€ is semi-simple too.

Let g be a Lie algebra over C, a real form gqg of ¢ is a subalgebra of the real
Lie algebra ¢t such that

g% = g0 ® Jgo, (3.28)

where the sum is a direct vector space sum and J is the complex structure on
g% identified through the definition of ¢ which can also be thought as an R-
subfield linear endomorphism of g. Set theoretically g = g% D go. As a result
of (3.28) each element Z € ¢ or each element of g can uniquely be written
as Z = X +iY = X +JY, VX,Y € go. In this case g ~ g5 that is to say
g is the complexification of its real form ¢go. The map o : ¢ — g, such that
o(X+iY)=X—iY, V(X +iY) € g where X, Y € g, is called the conjugation
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of g with respect to go. The map o is not an automorphism of g but of g’ when
one considers an equivalent action of it on g which is the set equivalent of g. It
satisfies the rules; o(0(X)) = X, (X +Y) = o(X) + o(Y), o(aX) = ac(X),
o([X,Y]) = [0(X),0(Y)], VX,Y € g and o € C. If any onto map ¢’ on g
satisfies these conditions then the set of its fixed points is a real form of g and
o’ is the conjugation with respect to its fixed points. We should also observe
that the subset igy of g which is the set equivalent of the real vector subspace
Jgo of gf is an eigenspace of o with the eigenvalue —1 and the subset gy of g
is the eigenspace of o with the eigenvalue +1. Since g, is a real subalgebra of
g%, ad(go) is a subalgebra of ad(g¥). If W is a real Lie algebra and W¢ is its
complexification then W is a real form of W¢. In general every image W of
W in WY whose definition is given above is a real form of W¢. The analytical
subgroup Gy of Int(gf) whose Lie algebra is isomorphic to ad(gg) is a closed
subgroup and Gy ~ Int(gy). Every semi-simple Lie algebra over C has a set
of compact real forms. We have come to a level at which we can give a formal
definition of the Cartan decomposition of a semi-simple real Lie algebra. Let gq
be a semi-simple real Lie algebra and let g be its complexification (¢ = (g9)),
since gy is a real form of g we also assume that o is the conjugation of g with
respect to go. Basically the Cartan decomposition is to express gg as a direct sum
of two components. These components are defined by using another real form of
g. The vector space direct sum decomposition of the semi-simple real Lie algebra
9o

9o = to D po, (3.29)
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which is composed of a subalgebra t5 and a vector subspace py is called a Cartan

decomposition if there exits a real form g; of g such that

ogr) Cgr > to=9oNge , Do=goN (igk). (3.30)

We should imply that set theoretically tg,py C go C g and g C ¢ = g. Each
semi-simple Lie algebra over R has a set of inequivalent Cartan decompositions.
For any two Cartan decompositions; gy = t; ® p; and gy = to P po there exists
an inner automorphism ¢ € Int(gy) such that 1 (t;) = ty and ¥(p;) = po thus
Cartan decompositions of a semi-simple real Lie algebra gy are adjoint under the
elements of Int(go). The subalgebra ¢, in (3.29) is a maximal compactly imbedded
subalgebra of go. However this means neither that the analytical subgroup of
Int(go) whose Lie algebra is isomorphic to ad(ty) is maximally compact nor that
the analytical subgroup of a Lie group G (we assume that the Lie algebra of
G is go) whose Lie algebra is isomorphic to ¢y is maximally compact. It even
does not mean that t5 is a maximally compact subalgebra of gy. The above
maximal condition for ¢y simply states that there is no larger subalgebra of g
which contains ¢y, and which is compactly imbedded in gy. Furthermore every
compactly imbedded subalgebra of a semi-simple real Lie algebra is a part of a
Cartan decomposition.

An involutive automorphism 6 € Aut(gg) of a semi-simple real Lie algebra gq is
called a Cartan involution if the induced bilinear form By(X,Y) = —B(X,0(Y))
is strictly positive definite VXY € ¢go. Since according to the Cartan de-
composition (3.29) for each element Z € gq there is a unique decomposition
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Z = (T,X) where T € ty and X € py, we can define an involutive map
so: (T,X) — (T,—X) of go. The involution s¢ is a Cartan involution. On the
other hand every Cartan involution leads to a Cartan decomposition in which the
involution can be expressed by means of the decomposition it induces in a similar
way given above. If g is a complex Lie algebra and J is the complex structure
which corresponds to multiplying by i and which is identified in defining ¢ from
g then ¢gf = u ® Ju is a Cartan decomposition for any compact real form u of g.

For the Cartan decomposition (3.29), B(tg,po) = 0 and essentially we have
the following closures which contribute a major simplicity in the structure of the

symmetric space sigma models we will introduce in the next chapter

[to,to) Cto ,  [to,po] Cpo 5 [po,po] C to. (3.31)

We should make the observation that t, is the set of fixed points of sqg. Further-
more So(tg) = to and so(pp) = —po so that (3.29) is nothing but the eigenspace
decomposition of gy, with respect to sy and the corresponding eigenvalues are +1.
We see that (go, so) is an effective orthogonal symmetric Lie algebra [44]. In gen-
eral for a non-compact type effective orthogonal Lie algebra (I, s) the eigenspace
decomposition [ = u @ e is a Cartan decomposition where u and e are eigenspaces
of s with the eigenvalues +1 and —1 respectively. We should also remark that in
an eigenspace decomposition | = u @ e of any involutive automorphism 6 of any
algebra [, the mixed elements do not belong to any eigenspace of 6.

When gy is a non-compact, semi-simple Lie algebra over R, for any Cartan
decomposition gy = to@®po the pair (go, so) is an orthogonal symmetric Lie algebra
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of non-compact type. If (G, K) is associated with (go, o) then it is of non-compact
type too. Basically (G, K) is a Riemannian symmetric pair [44]. The involutive
automorphism o of the Riemannian symmetric pair (G, K) which is defined in
section 3.2 is related to sy as sy = oul.. We have B(so(X),s0(Y)) = B(X,Y),
VX,Y € gy which is valid for any automorphism ¢ € Aut(gy). In the Cartan
decomposition above the Killing form B is strictly negative definite on ¢, and
strictly positive definite on pg. The subgroup K is connected and closed therefore
it is an analytical subgroup of G. The center Z of GG is a subset of K. The
analytical subgroup K is compact if and only if the center Z is finite if so then
K is a maximal compact subgroup of G. By following the previous discussion
about the Riemannian symmetric pairs we conclude that G/K is a Riemannian
globally symmetric space for all the G-invariant Riemannian structures on G/K.
An essential result which will provide a parametrization of the symmetric space
G/K is that the restriction of the exponential map on py namely Ezp : pg — G
produces an induced difeomorphism from py onto G/ K since it maps the elements
of pp on the representatives of the left cosets G/K in G.

Each Cartan decomposition of a non-compact, semi-simple real Lie algebra g
generates a Riemannian globally symmetric space G/K as described above. All
of these spaces are isometric to each other. Since all the Cartan decompositions
are conjugate to each other under the elements of Int(gp), the isometries can be
constructed from these inner automorphisms.

In general if (G, K) is a Riemannian symmetric pair of non-compact type then
K has a unique maximal compact subgroup K’ and K’ is maximally compact in G
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as well. All maximal compact subgroups in a connected, semi-simple, analytical
Lie group G are connected and they are conjugate under the inner automorphisms
of G. If K’ is any maximal compact subgroup of a connected, semi-simple Lie
group G then there is a submanifold E of G which is difeomorphic to R™ for some
m and the map (a, k) — ak is a difeomorphism of £ x K" onto G, Ya € F and
Vke K.

The Iwasawa decomposition combines the Cartan decomposition (3.29) and
the root space decomposition (3.21) of a semi-simple real Lie algebra. Let gy =
to @ po be a Cartan decomposition of a semi-simple real Lie algebra g, if the
semi-simple complex Lie algebra g = ¢§ is the complexification of gy then the set

of elements u of g which is generated as

through the complexification of gg, is a compact real form of g whose conjugation
will be denoted by 7. We should bear in mind that gy has the set equivalent
images in g = g§ whose realizations in gy X go are isomorphic to go. In this way
to and py can be considered as subsets of g then w is a subset of ¢ and it is also
a subset of one of the images of gy in g. Thus under the realization of g, u’
corresponds to a subalgebra of gg. The real semi-simple Lie algebra g is also a
real form of its complexification g so that we may define ¢ as the conjugation of
g with respect to gop. The map § = o -7 = 7 - ¢ is an involutive automorphism
of g. In fact 0 is a Cartan involution of g. Now let h,, be any maximal Abelian

vector subspace of py (it is also an Abelian subalgebra of gy). We will also take
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ho as the maximal Abelian subalgebra of g, containing h,,. Basically we have
8(ho) C ho and hy,, = hgNpy. We also define hy, = hoNty. When we consider the
complexifications h, hy, by, t,p of hg, hyy, iy, o, po respectively we conclude that
[44], h is a Cartan subalgebra of g also hg is isomorphic to the image of hgz under

the realization of g.

hi = hy, + il (3.33)

where as the subsets of gy, the sets h,, and h,, can also be considered as the

subsets of g. This is similar to the case of u we have discussed above.

Let us consider a finite dimensional real vector space V' and one of its vector
subspaces W with their corresponding dual spaces V* and W* which is a vector
subspace of V*. Let V* and W* are turned into ordered vector spaces, the
orderings are said to be compatible if the restriction A,., € W* of every A € V*
is positive (negative) whenever A is positive (negative). If {X, Xo, ..., X} is
a basis for V* and the restricted basis {Xi, Xs, ..., X;,} is a basis for the m-
dimensional vector subspace W* then the lexicographic orderings of V* and W*
are compatible. The Cartan subalgebra h is a complex vector subspace of g and
hg is a subset of h and g. As mentioned before h,, C py C go also h,, C ho C go.
The real vector spaces hg, hy,, by, Po, o, go can be visualized as the isomorphic
images of the subsets in gy X gy which are set equivalent to the same subsets of
the complex vector space g. Since h,, is a real vector subspace of (hg)" = hy we
can define compatible orderings on h% and (hj)". Besides the set of R-valued
and R-linear maps on hg and the dual space (h})® are set equivalent thus we
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indirectly have defined an ordering on the elements of the former. Eventually
the restriction A,.s of the non-zero roots A on hr are elements of the set of R-
valued and R-linear maps on hgx and they are in one-to-one correspondence with
the unrestricted non-zero roots A as discussed before. As a result we basically
achieve an ordering of the elements of A by using this one to one correspondence.

For each element 3 € h* we define the element 3° € h* such that p%(H) =
B(0(H)), YH € h where § = o - 7 as defined before. If & € A then o/ € A as
well. A non-zero root « has the null action a(ffL;O) =0 on ffL;O, the image of hy,

in ¢ if and only if @ = a’. The set of non-zero roots which do not vanish on

hy, (@ # af) are called the non-compact roots and they will be denoted as A,,..
Conversely if a € A such that a = of then « is called a compact root and their

set will be shown as A.. As a result we have
A=A UA,. (3.34)
We also classify the positive roots in A as
AT ={a|ac AT, a=0a"},
(3.35)
Af ={a|ac At a#ad},
which implies that
At =ATUAT. (3.36)

If a € A then —af € A .. The subalgebra

n= Z 9%, (3.37)

acA,
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of ¢ is a nilpotent Lie algebra. As mentioned before if we let the image of gq in

go X go or equivalently in g be g( then
ng = go N1, (3.38)
is a nilpotent Lie algebra in gyo. The direct sum vector space
So = hyp, B no, (3.39)

becomes a solvable Lie subalgebra of gy under the Lie algebra product of gy. As
a real vector space the solvable Lie algebra sg is isomorphic to py which is the
element of the Cartan decomposition (3.29). As a result we have the Iwasawa

decomposition

go = 1o D So

=t @ hyy ® o, (3.40)

of a semi-simple real Lie algebra gy which is based on an arbitrary Cartan de-
composition and the root space decomposition of gy and g. The sum in (3.40) is
a vector space direct sum.

We have defined the particular Cartan involution § = o -7 =7-0 on g = g§
before. As an involutive automorphism it has two eigenspaces ¢g* and ¢~ with

the eigenvalues 41 resulting in the decomposition
=g Dy . (3.41)
g=49 g

The Cartan involution 6 is also closed on the Cartan subalgebra h of g meaning

that O(H) C h, VH € h. The Cartan subalgebra h of g likewise g itself can
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be written as a vector space direct sum of two eigenspaces h™ and h~ with the

eigenvalues +1 and —1 under 6. Therefore

h=h"&h". (3.42)

As we have defined earlier we also have the induced map 3 — 3% on the dual

space h* of h. Thus the dual space also has a decomposition

W =ht@h, (3.43)

under 6. We remind the reader of the fact that A, = A*" N A and A,. =
(h* — h*T) N A. Furthermore A7 = A*F N AT and Af, = (h* — ™) N AT,
We will also denote the set of roots which satisfy 3 = —3% as A, which can
be written as A, = hA* N A. We observe that A; C A,.. The remaining
roots A,. — Ay mix under the Cartan involution 6. In general the elements
of g which are invariant (with +1 eigenvalue) under a Cartan involution are
called compact and the elements of g which only change sign under the Cartan
involution (with —1 eigenvalue) are called non-compact. The Cartan subalgebra h
is already decomposed into its compact, ht and the non-compact, h~ components
in (3.42) according to #. In general there are algebra elements which neither stay
invariant nor change sign but which mix under the Cartan involution. The Cartan
subalgebra generators { H,, } where «; are simple roots are also the generators of
hg in the real sense thus they form a basis for the realization hg of hg. The real

maximal Abelian subalgebra hg of gy which contains py has the decomposition

ho = hyy © By, (3.44)
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We should remark that for the Cartan decomposition gy = to & po, the associated
Cartan involution sy which we have defined before also has the compact-non-
compact decomposition on gy which coincides with the Cartan decomposition
itself. The non-compact part of hg in (3.44) is h,, (with respect to the associated
Cartan involution sp) and similarly the compact part of hg is hy,. The compact-
ness (non-compactness) on go with respect to # can be obtained by considering
the compact (non-compact) part in g generated by the compact (non-compact)
generators and then the set equivalent of gy in g can be decomposed into its
compact (non-compact) components. Equivalently one can consider the R-linear
restriction of 6 on the image of gy in ¢ which induces an involution on gq since gq is
a real form of g, as a result the compact-non-compact decomposition with respect
to this restricted and the induced Cartan involution is formed. One should be
careful when speaking about the compact or the non-compact elements of gq, the
compactness or the non-compactness depends on the particular Cartan involution
we specify. One more point about the compactness is that in general the root
space decomposition of an algebra may not be compatible with the eigenspace
decomposition with respect to a Cartan involution, in this case it is possible that
the elements of the basis in (3.26) may be neither compact nor non-compact.
When we consider a semi-simple Lie group G with a semi-simple Lie algebra
go we may define special classes of real forms which have distinct properties.
Let ¢’ be the complex semi-simple Lie algebra obtained from gy as ¢’ = go. We
will also assume a certain decomposition of the roots of ¢’ with respect to any
Cartan involution v of ¢’ like we have performed for the specific Cartan involution
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0 =7-00n g = g§ before. The lattice A in (h')** coincides with the root lattice
of a compact analytical subgroup G. of G whose Lie algebra is isomorphic to a
compact real form g of ¢’ which is a subalgebra of gyo. The real form g’ is the
image of the subset g. of ¢’ under the realization of ¢’ as it is clear from our

former remarks about the set equivalences. One can construct g. in ¢’ as

Go= % R(iHy + (B — E_o) +i(Ba + E_0)). (3.45)

acA’

We use the basis introduced in (3.26) for ¢’. The analytical subgroup G, is called
the compact real form of G however it is not a maximal compact subgroup [57].

Similarly the root lattice A’ in (h')*~ corresponds to the roots of the so called
split real form (maximally non-compact real form) G, which is an analytical
subgroup of GG. The elements of G, commute with G.. The Lie algebra of G is a
Lie subalgebra g% of gy and it is a real form of ¢’. The real form g% is the image

of the subset g, of ¢’ under the realization of ¢’. We can construct g, as follows

gs= X R(Hy+ (Eoa— E_ o)+ (Ey+ E_,)). (3.46)

acA/

The analytical subgroup G is not maximally split in G. The Lie algebra of the
maximal compact subgroup of the split real form G, is generated by taking the
real combinations of the generators (E, — E_,) and then considering their image
under the realization of ¢’ as usual.

The non-compact real forms of ¢ = gg where gg is a semi-simple real Lie
algebra can be constructed from the compact real forms g or G. of G by using
the Cartan involution ¢ of ¢’ [57]. One may define the image of the root subspace
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generators of ¢’ in (3.26) under any specified Cartan involution ¢ of ¢’ by consid-
ering the action of ¥ on the root lattice of ¢’. The action on the root subspace
generators of ¢’ can simply be written as ¥(E,) = CoFEy) where C, = *£1.
When o € A/ then C, = 1 and when o € A/, then C, = —1. If o ¢ ALUA/

then the sign is arbitrary but the coefficients satisfy the rule [57]

CatpNas = CaCﬂN9(a),0(6)~ (3.47)

To construct a non-compact real form of ¢’ by using the action of ¢ on the
generators of ¢’, one first identifies the compact and the non-invariant generators
of the compact real form G, then after multiplying the non-invariant generators
by i, they are used together with the compact generators as linear combinations
with the real subfield coefficients to generate a subset of ¢’ = go [57]. Then the
realization image of this subset corresponds to the Lie algebra of the non-compact
real form which is an analytical subgroup of G. The compact generators solely
generate a compact subgroup of this non-compact real form. We assume that the
analytical Lie groups we deal with are linear so that an analytical Lie group is
compact (non-compact) if and only if its Lie algebra is compact (non-compact).
Each time by taking a different Cartan involution v of ¢’ one can generate a series
of compact, split and non-compact real forms of ¢'.

When the analytical Lie group G is a compact, split or a non-compact real
form of any other analytical Lie group D, it has certain algebraic and topological
properties which help us to identify its type. We should remark that although it is
more common to speak about the real forms of semi-simple complex Lie algebras
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we use the same classification for the analytical Lie groups G in a parallel way
that one should consider algebraically the corresponding Lie algebra gy of G as
a real form of the complex Lie algebra d where d is the Lie algebra of D. We
will consider the complexification g = g§ of the semi-simple real Lie algebra go
which is isomorphic to the Lie algebra of the Lie group G. We also consider an
arbitrary Cartan, (3.29) and the corresponding Iwasawa, (3.40) decompositions
of gg. Therefore we assume the compact-non-compact decompositions on g with
respect to sg and 6 as usual. The realization of hg namely hg which is a maximal
Abelian subalgebra that contains pg in gy generates an Abelian subgroup in G
which is called the maximal torus. It is an analytical subgroup of G whose Lie
algebra is isomorphic to hg. Although we call it torus it is not the ordinary torus
topologically, in fact it has the topology (S')™ x R™ for some m and n and if it
is diagonalizable in R (such that m = 0) then it is called an R-split torus. These
definitions can be generalized for the subalgebras of hy as well. If gy is one of
the three special classes of semi-simple real forms then the analytical subgroup
of G which is generated by h,, is the maximal R-split torus in G in the sense
defined above and its dimension is called the R-rank of G which we will denote
by r. The R-rank is equal to the dimension of h,, which is the non-compact
component of the eigenspace decomposition of hy with respect to sg. The R-rank
is also the multiplicity of the roots in A, (o = —a’). For the split real forms,
G (maximally non-compact) the R-rank, r is maximal such that r = [ where [
is the rank of G, (I = dimg(hos) = dimc(hs)); which also means that h,,, = hos.
On the other hand for the compact real forms G, r is minimal such that » =0
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and ho. = hy,,. For the non-compact semi-simple real forms r is in between 0

and [ so that hope = hy,, © hp,,. With dimhy,,, = r. Therefore the number of

Pone
the non-compact roots in A, and the real dimension of h,, is [ for a split real
form, it is r for a non-compact real form and there are no non-compact roots for
a compact real form so that h,,, is an empty set. We see that all the roots for a
split real form become non-compact because a basis of [ roots are non-compact.

For a compact real form Ay is empty. Also for a split real form A = A,
AT = AF = AT and A. is empty. The non-compact real form has r split
non-compact roots. In all of the three cases hy,, in the real sense or h,, in the
complex sense are generated by the generators {H;} where we include only the
Cartan generators corresponding to the roots in Ag;. One can also define the
compactness on hg with respect to 6 by restricting ¢ into the R-valued, R-linear
maps on hg then by considering the action of it on the set equivalent hy of hg;
this restriction would reveal the compact-non-compact parts of hg with respect to
6. On the other hand h,, is non-compact with respect to sy due to the Iwasawa
decomposition (3.40).

When the Lie group G is in split real form then for a Cartan decomposition and
a resulting Iwasawa decomposition the solvable algebra sq in (3.40) coincides with
the Borel subalgebra which is generated by all the simple root Cartan generators
{H,} (or any other basis) of hy and the positive root generators {E, | « € AT}
[10]. This result is obvious since for a split real form dimh,,, = [ and A}, = A*.
For a split real form since » = [ with respect to 6, all the Cartan generators are

non-compact and the combinations {(E,—E_,)} are compact while {(E,+F_,)}
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are non-compact. Also h,, = hgs is non-compact with respect to both of s
and 6. Since all the roots and the corresponding Cartan generators are non-
compact we can conclude that h is non-compact too (with respect to ). The
root space generators {E,} for @ € A are non-compact with respect to sy but
since 0(E,) = —E_,, for all the roots in the split case they are mixed with respect
to 6. Therefore the compactness with respect to sg and # are not compatible.
The compactness of the other root generators with respect to sg must be studied
case by case.

When the Lie group G is a compact real form there are no non-compact
roots and non-compact Cartan generators with respect to 6 then hy. = hy,, and
hoe is compact with respect to so. For a non-compact real form G, from the

Iwasawa decomposition (3.40), h is non-compact with respect to sy and 6

Ponc
since it is generated by the non-compact Cartan generators { H,} whose number
is 7. From the Cartan decomposition (3.29), hy,, . is compact as usual. The root
subspace generators {F, | « € A } are non-compact with respect to sy but the
set {E, | @ € Ay C A} is mixed with respect to 6 therefore the compact-
non-compact decompositions of sy and # are not compatible. The compactness
(non-compactness) of the rest of the roots, the Cartan and the root subspace
generators with respect to so and # must be analyzed case by case. We should
also remark that the analysis we have performed for the real forms by using the
decompositions with respect to Cartan involutions is an important tool in the
study of general compact and non-compact Lie algebras [44].

The classification of the Riemannian globally symmetric spaces reduces to the
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classification of the real simple Lie algebras. There are four infinite sequences, the
classical simple complex Lie algebras (A, B,, C,, D,,) and five exceptional simple
complex Lie algebras (G, Fy, Eg, E7, Eg). These complex Lie algebras correspond
to the classification of all the simple complex Lie algebras and their constructions
can be found in any of the references about the Lie algebras in [44]-[49]. Since a Lie
algebra is semi-simple if and only if it can be written as a direct sum of its simple
ideals [49], the classification of the complex simple Lie algebras enables us to work
out a method of construction of all the semi-simple complex Lie algebras thus
it leads to the classification of the complex semi-simple Lie algebras indirectly.
The complete set of real forms of a given complex semi-simple Lie algebra ¢ in
addition to the discussion we have performed above can be obtained from the
identification of all the Cartan involutions of g. The classification of the real
simple Lie algebras is entirely based on the classification of the complex simple
Lie algebras [48]. Eventually the different classes of the real simple Lie algebras
appear as the compact and the non-compact (including the split case which is
also called the maximally non-compact; meaning that it is a limit case of the non-
compact real forms as we have explained before) real forms of the complex simple
Lie algebras or in a few cases as the real forms of their complex semi-simple Lie
algebra direct sums [48]. The entire classification can be found in [44] for example.
Likewise the complex case, the real simple Lie algebra classification gives us the
material to construct all the real semi-simple Lie algebras in a systematical way.
We also emphasize that although all the simple real Lie algebras can be obtained

from the complex simple Lie algebras or their semi-simple direct sums, the entire
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set of semi-simple real Lie algebras is not necessarily composed of the real forms of
the semi-simple complex Lie algebras. Therefore the semi-simple real forms whose
structures we have discussed form a special class of real semi-simple Lie algebras.
The general set of real semi-simple Lie algebras may have richer topological and
algebraical structures.

Before getting to the point how the scalar coset manifolds fit into this picture
of the symmetric spaces and the real forms we will clarify one point about the
basis we use. As mentioned earlier in this section the basis in (3.26) which is
generated by the root subspace decomposition of g can be used to generate g.
If one takes [ Cartan generators corresponding to a basis of h, for example the
Cartan generators corresponding to the simple roots then according to (3.21)
the basis {Ha,, Hay, -, Hayy Eg} for € A is a legitimate basis for the complex
semi-simple Lie algebra g. We will consider the complexification g = ¢§ of a

semi-simple real Lie algebra now. If {X;} is a basis for gy then since

= (aX;,0) + (0,bX;)

= (aXi, bX;), (3.48)
for all a,b € R, {(X;,0)} which generates the entire set of g = go X go is a basis
for the complex Lie algebra g in the complex sense. Now if we let

[Xi, X;] = CEX, (3.49)
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then we have

([(Xz> 0)7 (Xj7 0)]) = ([Xza Xj]v O)

= (CE Xy, 0), (3.50)

where we have used (3.27). Thus we see that for the basis specified above g has
the same real structure constants with go. However notice that the basis {(X;,0)}
for g is in the complex sense and the structure constants {sz} for g are in some
chosen real subfield of C. This is not surprising as gg is a real form of g. In fact
if we let

gr = Y R(X;,0), (3.51)
then gy = ¢g&. One can construct a real form of g by choosing a basis whose
structure constants are in the real subfield of C and then by taking the linear
combinations of this basis with the elements of the real subfield. The resulting
real structure constants in the real form (more correctly in the realization of the
set described above) are inherited from the complex Lie algebra g. This way one
constructs a subset of g whose image under the realization of ¢ is isomorphic to
go- There is a set of such images of gy or images of any real form of ¢ in g. Thus
if we chose the basis {H,,, Ha,, ..., Ha,, Eg} within one of such images gr of go
(for example in a representation corresponding to the representatives {(X;,0)})
then the structure constants in (3.26) are real and the same basis generates g
with real coefficients (keeping in mind that we borrow the addition rule of g and
we determine the scalar product with R from the complex structure J on g which
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are the requirements of the realization of gg). We will always assume this basis

as the standard basis for g, and its subalgebras.

3.4 Scalar Cosets as Symmetric Spaces

The scalar manifolds of a wide class of supergravities, in particular of all the
pure and the matter coupled, N > 2, extended supergravitiesin D = 4,5,6,7,8,9
dimensions [13] as well as the maximally extended supergravities in D < 11
[10, 19] are homogeneous spaces [46], in the sense that there exists a transitive
action of a Lie group G on these manifolds. These homogeneous spaces are in
the form of a coset manifold G/K where G is in general a non-compact real
form of any other semi-simple Lie group and K is a maximal compact subgroup
of G. When G is a compact real form its maximal compact subgroup K is G
itself thus the coset space G/G is a single point and the corresponding sigma
model is an empty set. The numerator group may as well be a split real form
(maximally non-compact) of a semi-simple Lie group, this is the case for the

maximal supergravities in [10, 19].

The Lie algebra kg of the analytical subgroup K is a subalgebra of the semi-
simple Lie algebra gy which is the Lie algebra of G. The Lie algebra kj is a
maximal compactly imbedded Lie subalgebra of gy therefore it is an element of a

Cartan decomposition of g

9o = ko @ po- (3.52)
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Since (G is a linear analytical Lie group the corresponding Lie algebra gy is non-
compact for both of the cases when G is a non-compact or a split real form
(although we consider it separately we should not forget that it is a limiting
non-compact case). The map sg : k+p — k —p, for all k € kg and p € py is
the Cartan involution which generates (3.52). The pair (go, So) is an orthogonal
symmetric Lie algebra of the non-compact type. By following the outline of
the previous sections we conclude that (G, K) is associated with (go, sp) and it
is of non-compact type too. The Cartan decomposition (3.52) is the eigenspace
decomposition of sqg where the elements of ky have +1 eigenvalues and the elements
of pg have —1 eigenvalues under the involution sy. We also know that (G, K) is
a Riemannian symmetric pair therefore the scalar manifold which is the coset
space GG/ K has a unique analytical structure induced by the quotient topology of
G as stated before. The scalar manifold G/K is a Riemannian globally symmetric
space for all the G-invariant Riemannian structures on G/ K. This is the origin of
the name; symmetric space sigma model which governs the scalar sectors of the
supergravities mentioned above. The crucial result of this identification of the
scalar manifolds as symmetric spaces is that the exponential map Exp : go — G

induces a difeomorphism

Exp:py — G/K, (3.53)

from the R%™P manifold py onto /K since it maps the elements of py onto
the representatives of the left cosets G/K. This result will enable us to define a
parametrization of the scalar manifold G/K on which the sigma model will be
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constructed in the next chapter.

Furthermore one may use the Iwasawa decomposition of gy to express py in
terms of the root space decomposition basis introduced in (3.26). The Iwasawa
decomposition reads

go = ko © hy, @ no, (3.54)

where h,, is generated by r non-compact Cartan generators {H,;}. Here we use
the notation we have established before thus r is the R-rank of G. The nilpotent
algebra ng is generated by the root subspace generators { E3} corresponding to the
roots in Al such that any element 7 € ng can be written as n = sent, X PE,
where X? € R. The direct sum sy = hp, @ ng is the solvable subalgebra of gy as
we have discussed in the last section. When G is a split real form then as we have
mentioned before, 7 = [ where [ is the rank of gy thus h,, = h¢ is generated by all
the Cartan generators {H;} and A} = A" so that the root subspace generators
{Ej3} correspond to the entire set of positive roots. Therefore the solvable Lie
subalgebra s, coincides with the Borel subalgebra which is generated by the entire
Cartan and the positive root generators of gy for the split real form case.

For the non-compact real form G if we use the basis {H;, Eg} in (3.53) to

generate py which is isomorphic to sy we have the parametrization
Ezp: Y R{H; Es} — G/K, (3.55)

then (3.55) is called the solvable Lie algebra parametrization or the solvable Lie
algebra gauge of the scalar manifold G/K [18]. On the other hand when g is a
split real form (maximally non-compact) and if use the Borel subalgebra basis
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which is made up of the entire set of the Cartan generators and the positive root
generators; also which is a maximal case of (3.55) in terms of the generators
then (3.55) is called the Borel parametrization or the Borel gauge of the scalar
manifold G/K.

In conclusion we have obtained a legitimate parametrization of the scalar coset
manifold G/K by using the solvable Lie subalgebra sg of go. If we use the notation
{T;} for the basis vectors {H;,Es | j = 1,...,7; B € A}.} of 5o and if {¢'(x)}

are C'*°-maps over the D-dimensional spacetime then the map
v(z) = e @7 (3.56)

is an onto C'*°-map from the D-dimensional spacetime to the Riemannian globally
symmetric space G/K. The gauge map, (3.56) which depends on the scalar
functions {¢*(z)} will be the building block of our construction of the symmetric

space sigma model in the next chapter.
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CHAPTER 4

THE SYMMETRIC SPACE SIGMA MODEL

In the previous chapter we have given the formal construction of the Riemannian
globally symmetric spaces which we will simply refer to as the symmetric spaces.
We have studied the algebraic properties of the symmetric spaces in detail, espe-
cially the Cartan and the Iwasawa decompositions. In this chapter the symmetric
space sigma model is constructed and studied in two equivalent formulations and
for different coset parametrizations. Our formalism will be in parallel with the
ones given in [58, 59]. We have already covered the symmetric space sigma model
constructions of the scalar sectors of certain supergravities in Chapter two. Al-
though we have given the Lagrangian, we have not mentioned the details of how
it is constructed nor how one derives the equations of motion. First we will in-
troduce the general, non-linear sigma models. We will consider the formulation
of the symmetric space sigma model in the veilbein formalism. Then by making
use of the algebraic outline, i.e. by using the solvable Lie algebra parametrization
introduced in the last chapter, we will basically study the symmetric space sigma
model Lagrangian which is constructed in terms of the internal metric M, whose
rigid symmetry group G is a real form of a non-compact semi-simple Lie group
and G is not necessarily in split real form. The semi-simple split real forms have
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already appeared as the global symmetry groups of the Bosonic sectors of the
maximal supergravities and we have encountered the more general semi-simple
non-compact real forms when we discussed the scalar sectors of the Kaluza-Klein
descendant supergravity theories of the ten dimensional Abelian Yang-Mills su-
pergravity in Chapter two. The formalism presented here covers the split sym-
metry group case as a particular limit in the possible choice of the non-compact
rigid symmetry groups which is clear from the definitions we have made in the
last chapter. We will introduce two coset maps, one being the parametrization
used in [10, 19]. A transformation law between the two sets of scalar fields will
also be established. The second-order equations of the vielbein formulation and
the internal metric formulation will be derived by using these coset maps. The
dualisation and the local first-order formulation will also be performed for the
symmetric space sigma model whose scalar fields parameterize the coset G/ K,
where the rigid symmetry group G is a real form of a non-compact semi-simple
Lie group (not necessarily split) and the local symmetry group K is G’s maximal
compact subgroup as we have discussed in the last chapter. The transformation
between the two different coset parametrizations we have mentioned above will

be used to relate the corresponding first-order equations of motion.

4.1 The Sigma Model

In this section we will present two equivalent formulations of the symmetric
space sigma model which governs the scalar sectors of a wide class of supergrav-
ities including the supergravity theories we have discussed in Chapter two. The
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homogeneous coset scalar manifolds are the common features of these supergrav-
ities. The first of these formulations does not specify a coset parametrization
while the second one makes use of the results of the Iwasawa decomposition. The
first formulation is a more general one which is valid for any Lie group G and its
subgroup K, namely it is the G/K non-linear sigma model. In particular it is
applicable to the symmetric space sigma models.

In order to construct the non-linear sigma model we first consider the set of
G-valued maps v(z) which are from the D-dimensional spacetime to a generic Lie
group G and which transform onto each other as v — k(x)vg, Vg € G, k(z) € K
for some Lie subgroup K of G. We can calculate G = v~ 'dv which is the pull
back of the Lie algebra gg-valued Cartan form over G through the map v(z).
For the construction of the non-linear coset sigma model we assume that the
map v(z) corresponds to a parametrization of the coset G/K (for convenience
we will consider the left cosets). Thus we will assume that the map v(z) is from
the D-dimensional spacetime into the group G and its range is composed of the
the representatives of the left cosets of G/K. Moreover if G is a non-compact
semi-simple Lie group and K is a maximal compact subgroup of G then G/K
becomes a symmetric space in the light of the last chapter and v(x) can be taken
as the map (3.56) such that v(z) = e# @7 by using the Cartan and the Iwasawa
decompositions. In this case the transformation rule v — k(z)vg, Vg € G,
k(x) € K we assign on v(z) which is in the form of (3.56) becomes a manifestation
of the Iwasawa decomposition. As it is clear from the previous chapters, for the
scalar cosets G/K of the supergravity theories we have considered, the global
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symmetry groups are semi-simple non-compact real forms so that we can make
use of the map (3.56) which functions the Iwasawa decomposition resulting in the
solvable Lie algebra gauge. For the most general case of the Lie group G and its

subgroup K, by using the most general map v(x) we have
Gudxt = (f,(x)Ty + wZ(as)Ki)d:U“, (4.1)

where T, € py and K; € ky. Here ky is the Lie algebra of K and p, is the
orthogonal complement of ky in go. In particular if G is a non-compact real form
of a semi-simple Lie group and K is a maximal compact subgroup of G then kg and
po are elements of the Cartan decomposition (3.52). When G/K is a Riemannian
globally symmetric space then the fields {f;} form a vielbein of the G-invariant
Riemann structures on G/K and {wz} can be considered as the components of
the connection one forms of the gauge theory over the K-bundle. We should also
bear in mind that [k, ko] C ko and if furthermore we have [kg, po] C po then we
will have a simpler theory. Let P, = fiT, and Q, = wLKi then we can construct

a Lagrangian [14, 15]

L= %tr(PuP“), (4.2)

where the trace is over the particular representation we choose. The Lagrangian,
L is invariant when v(z) is transformed under the rigid (global) action of G
from the right and the local action of K from the left which we have assumed
as the transformation law for the maps v(z). The elements of (4.1), P, and Q,,
are invariant under the rigid action of G but under the local action of K they
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transform as

Qu = k(@)Quk™(2) + k(2)0,k™ (z),

(4.3)
P, — k(z)Pk " (x).
The field equations corresponding to (4.2) are
D,P" = 0,P" +[Q,, P"] =0, (4.4)

where we have introduced the covariant derivative D, = 0, + [Q,, |.

Beside having more general applications the above formalism covers the sym-
metric space sigma model in it. From now on we will assume that the global
symmetry group G is a semi-simple non-compact real form and the local trans-
formation group K is a maximal compact subgroup of G. We will also introduce
another parametrization of the coset G/ K, differing from (3.56) which is a result
of the solvable Lie algebra gauge of the Iwasawa decomposition that is discussed
in the last chapter. Thus when G is a real form of a non-compact semi-simple
Lie group and K is its maximal compact subgroup the coset G/K can locally be

parameterized as

v(z) = gu(2)gn(2)

= e%‘bi(x)HieXm(x)Em’ (45)

where {H;,Eg | j=1,..,7; § € Al } is the basis for the solvable Lie algebra s
of the semi-simple Lie algebra gy which we have introduced in the last chapter.
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Here {H;} is a basis for h,, for i =1,...,r and {E,,} is a basis for ng. The map
(4.5) is obtained by considering a map from the spacetime onto a neighborhood of
the identity of sg. Thus it defines locally a diffeomorphism from h,, x ng into the
space G/ K, so it is a local parametrization of the coset G/ K. We assume that the
locality is both over the spacetime and over the space h,, X ng in order to write
two products of exponentials instead of the map (3.56). Thus the local definition
of the map (4.5) is a legitimate result of the existence of the parametrization
(3.56). If G is in split real form then h,, = ho and A} = AT thus the solvable
Lie algebra sy becomes the Borel subalgebra of go. The fields {¢'} are called the
dilatons and {x™} are called the axions. The scalar fields namely the dilatons
and the axions as it is clear from the construction of (4.5) parameterize the coset
space GG/ K which is also called the scalar coset manifold. At this stage we can
calculate the field equations (4.4) in terms of these newly defined scalar fields
under the parametrization (4.5). By using the explicit definition of the map v(z)
in (4.5) the Cartan form G = v~'dv can be decomposed into two components
which can be calculated separately. Thus by applying simply the matrix algebra

we have

G=vtdv

= (gy'gy’)(dgugn + gudgn)

= gy dgn + gx'8y dgugn - (4.6)
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If we make use of the identity
-C ;.C 1 1
in a matrix representation, the first term in (4.6) can be calculated as

— — m m
gNldgN:e X" Em X Em

1 1
= dy"E,, — 5[X’"Em, dx"E,] + g[XmEm, IX'Ey, dx"E,)] — ...

1 1
= dX" B — X" AX" K By + 5meldxnK;;K;;wm —

= EXdy, (4.8)

RN —

where we have defined the row vector, (E), = E, and the column vector (dy)* =
dx®. We have also introduced 3 as the dimngxdimny matrix
2 (—=1)"w"

> = nZ_g ﬁ (4.9)
where w is composed of the axions coupled to the structure constants, wg =
x“ K ; where the structure constants K, are defined as [F,, Es] = K3 E,. If
we consider the commutator [Ey, Es] = No gFaqp then Kf; = 0 also K§, = Ng,
if in the root sense § + v = a and Kg, = 0 if § +v # «. Similarly since the

Cartan generators commute with each other we have

gldgy = e 39 Mides?' M
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1. .
The second term in (4.6) can now be calculated as

1. e 1 .
g (5d0' Hi)gn = e P (Sdo' Hy)eX " P
1 . 1 .

= §d¢ZHz‘ - [XmEm7 édﬁblHi]

1 1
+ o X" s [X B, 56 H —

1. 1 1 1.
= —dd'H; + x"=dd'm;E,, — — "Y' =dd', K" E, + ...
2¢ +x2¢m ST X X2¢ il +

1. =
= édqszH—EEU, (4.11)
where we have used the Campbell-Hausdorff formula

e XYeX =Y - [X,Y] + %[X, (X, Y]] — ..., (4.12)

—

and we have defined the column vector (U)™ = %Xmmidqﬁi. We have [H;, E,;] =

m;E,,. Therefore the Cartan form G = v~'dv in (4.6) becomes
1,40 Sw= T
G = 5d¢'Hi + EX (U +dy). (4.13)

Since the expansion of G consists of only the generators of sy but not the gener-
ators of kg which is a direct result of (4.5) where the parametrization is derived
locally from the solvable Lie algebra parametrization, we have @), = 0 and from
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(4.13) P, is

1 , 1 .
P, = §8H¢ZH1- + Efn(ixmmﬁ#qbl + 0, X") Eq. (4.14)

Since (), = 0 from (4.4) the equations of motion become
0P, = 0. (4.15)
Thus we have

o"0,¢" =0,
(4.16)

1 .
au (Egn (éxmmz’gugbz + auxm)> = 07

for i =1,..r and m,a € A . Notice that we enumerate the roots in A} .
Another formulation of the G/K symmetric space sigma model (with G' not
necessarily a split real form) can be done by introducing the internal metric M.
The Lagrangian is again invariant when v is transformed under the global action
of G from the right and the local action of K from the left as v — k(z)rg. In

this formulation the symmetric space sigma model Lagrangian is given as
1 —1
L= Ztr(*d/\/l A dM), (4.17)

where the internal metric M is defined as M = v#v and # is the generalized
transpose over the Lie group G such that (exp(g))* = exp(g”). It is induced
by the Cartan involution # over gy (9% = —6(g) for g € go). As mentioned in
[43] it is possible to find a high dimensional representation of the Lie algebra g
in which # coincides with the matrix transpose operator. For this reason one
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can define an induced # map over the group G as (exp(g))* = exp(g¥). If the
subgroup of G generated by the compact generators is an orthogonal group then
in the fundamental representation of g, the generators can be chosen such that
g” = g7 for g € gy, notice that the great majority of the global symmetry groups
we have encountered in Chapter two are in this category. If the subgroup of G
generated by the compact generators is a unitary group then in the fundamental
representation g% = g for g € go. By using v~ 'dv = —dv~'v and the properties
of the generalized transpose # also the fact that the cyclic permutations are
permissable under the trace, the scalar coset Lagrangian (4.17) can be expressed

as

1
L= —Etr(*duy_l A (dvv™) + xdvv™' Advr™?). (4.18)

We will again assume the parametrization given in (4.5). The Lie algebra valued

1

1-form Gy = dvv~" is the pullback of a solvable Lie algebra, so-valued 1-form

on G through the map v. For this reason it can be expressed in the solvable Lie

subalgebra, so-basis

Go=dvvt
= (dgugn + gudgn)(gy'eq)

= dgngy' +gndgngy'ey- (4.19)

Now in order to simplify the first term, like we have done in the calculation of G
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we will use the formula

1 1
de*e ™ = dX + o1 X dX] + §[X, (X, dX]] + ..., (4.20)

Therefore we have

1 irr. 1 tigy.
dgHg;f = de29'Hig=29' i

1 .

where we have used the fact that [H;, H;| = 0. The other commutation relations
of the solvable Lie algebra, sy are [H;, E,] = a;E, and [E,, Egl = Ny gFEatps for
X ,—X

i=1,..,rand o, 3 € A . By using the above expansion for de we can also

calculate dgNgX,1 as

— m _am
dgNgN1 = deX" Eme=X"Em

1 1
= d\"E,, + 5[X”%n, dx"E,] + 5[XmEm, X' Ey, dx"E,)] + ....

1 1
= X" Ep + XX K L B+ gxmxldX"K;’anwEu + ...

_EQdy. (4.22)

In the compact expression on the right hand side of the last line E is the row
vector of the positive root generators; E, = E, for « € AT and dy is the column

vector of the 1-form field strengths {dx“} of the axions. The matrix €2 is a series
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which arises from the infinite sum given above

Q:Z(n—i-l)!

n=0

= (e’ —DNw (4.23)

2 is a dimngxdimng matrix and we have already defined w before. Now if we

use the Campbell-Hausdorff formula

1
AYe X =Y +[X,Y]+ 5[X, X, Y]]+ ..., (4.24)

we can explicitly write the second term in (4.19) as

grdgngy'ey = 2 (B Q dy)e 201

_E Qdy. (4.25)

[N

The primed row vector E' is defined as Ej; = 2% E5. Finally we can now write

Go expanded in the solvable Lie subalgebra generators

Go = dvvt
= Ed(bZH,- +e2%? '“F,

1. o
= 5do'H; + B Qdx, (4.26)

where {H;} for i = 1,...,r are the generators of h,, and {E,} for a« € A} are

nc

the generators of ng. We have also introduced the vector F'* = F dx®. We will
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JEEN

express the equations of motion in terms of F. If we use (4.26) in (4.18) we find

that

1 ¢ : 1 :
_ = i i ;" o e’
L= 2Z*dq§ ndg' =2 D e PO R (4.27)
1=1 aGAﬁc
We have already defined that dimh,, = r before and o € A}}.. By following the

outline of [43, 57] one can derive the equations of motion of the symmetric space

Lagrangian (4.27). We should first observe that

d(dvv™) = —dv Ndv™?

=dvv ' ANdvv . (4.28)
If (4.26) is substituted into this identity one gets the Bianchi identities for F,

1
AR =2 > NagF*NF?, (4.29)

atf=y

where «, 3,7 € Af.. We have already used the Lagrange multiplier method in
Chapter two, we will also make use of it here to find the equations of motion. We
consider the fields { F7} as independent fields. Thus we propose that the Bianchi
identities are constraint equations. Then the Lagrange multipliers ( (D — 2)-
forms) can be introduced and the additional Lagrangian corresponding to the

Bianchi identities can be constructed as

1
EBianchi = (dFOé - 5 Z NBKYFB A FA/) N A(D—?)»O&' (430)

a=f+v

The new Lagrangian becomes

L= L+ Lpianchi- (4.31)

162



will give back the Bianchi

The variation with respect to Ap_g) o for a € Af,

identities. If we vary £’ with respect to F'7 and then take the exterior derivative
of the resulting field equation we achieve the second-order equations of motion
for I

d(e7 « F) = Z No—pF* N e« FP. (4.32)

a—pf=—y

By varying (4.27) with respect to the dilatons {¢*} (since L pjancn; does not depend
on {¢'}) we can also find the equations of motion for ¢ as

. 1 1 i 1 7
d(xde') = 5 D e F per? 5 PO (4.33)

aeA,

The details of the formulation given above can be found in [43, 57]. We slightly

change (4.32) into a form which is more appropriate for the dualisation analysis

d(e%%‘z’i « F) = d(eféfwiewﬁi x )
= —5")/3'6 27 d¢j A e? x 7

+ Z e_%wﬁiNa,_gFa A ePid' s [P
a—pf=—y

= —5%6%7”7 d¢’ N *xF7 + Z e2%i® 038i9 No,—gF* N\ *xF5.

a—p=—vy

(4.34)

The second-order equations (4.33) and (4.34) are the ones which may be referred
to derive the commutation relations of the dualized generators when we construct
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the doubled field strength which will give the correct first-order equations by
satisfying a twisted self-duality condition.

We will now construct the transformation between the two parametrizations
given in (3.56) and (4.5) which are based on two different sets of scalar function
definitions. We can derive a method to calculate the transformations between
these two sets. We may assume that the coset valued maps in (3.56) and (4.5)
are chosen to be equal. This is possible if we restrict the scalars to the ones
which generate ranges in the sufficiently small neighborhoods around the identity
element of gy when they are coupled to the algebra generators in (3.56) and
(4.5), [44]-[49]. This local equality is sufficient since our aim is to obtain the
local first-order formulation of the parametrization of (3.56) from the first-order
formulation which is based on (4.5) in the next section. We will firstly discuss
a method through which one can calculate the exact transformations from {¢’}
to {¢7,x™}. We will not attempt to solve the explicit transformation functions
which are dependent on the structure constants in a complicated way. One can
solve these set of differential equations when the structure constants are specified.

Let us first define the function
f\) = A0 H) A Ea) (4.35)

Taking the derivative of f(\) with respect to A gives

9f(N)

1, i o
Tf_l()\) = Egble + €%¢ OC’X Ea' (436)

We have used the fact that

30 H o 36 H _ 3otaiap (4.37)
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Now if we let f(\) = e“™ where we define C'(\) = ¢'(\)7T; and use the formula

deCe ¢ = dC + 5[C,dC] + 5[C, [C,dC]] + .... we find that

1 . i - -

50 Hi e "By = TS(\) D, (4.38)
where the components of the row vector T are T; = H; for i = 1,...,r and
Ty, = E, for a = 1,....dimng. Notice that in general we assume that we

JEEN

enumerate the roots in A Besides, the column vector dyp is defined as {%}.

We have also introduced the dimsyxdimsy matrix S(\) as

N W
_Z(n—l—l)!

n=0

= ("N — DV (). (4.39)

The matrix V(\) is VA(A) = ¢ (\)CP, for [T}, T;] = CfTy. The calculation of
the right hand side of (4.38) is similar to (4.26). If the structure constants are
given for a particular so-basis one can obtain the functions {¢*(\)} from the set of
differential equations (4.38). Then setting A = 1 will yield the desired set of trans-
formations {¢'(¢’, x*)}. We might also make use of a direct calculation namely
the Lie’s theorem [44]-[49]. For a matrix representation and in a neighborhood

of the identity if we let e¢ = ee® then

1
C:B+/g tadA adB Adt
0

L A4 B = (BB, A + .. (4.40)

_A+B+[AB]12
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where g = Inz/z — 1. In the above equation if we choose A = %gbiHi, B = x“E,
and C' = ¢"T; we can calculate the transformations we need.

We may also derive the differential form of the transformations between the
two parametrizations which are more essential for our purpose of obtaining the
local first-order formulation of the parametrization in (3.56) in the next section.
From (3.56) keeping in mind that {7;} is a basis of sy, similar to the previous

calculations we can calculate the syp-valued Cartan form dvr—! as

_ (e s R Yg o}
dvy~! = de¥ i T

_TA dTp. (4.41)

We have defined T before, dyp is a column vector of the field strengths {d¢'} and

the dimsyxdimsy matrix A can be given as

o0 Mn
A:Z(n—i-l)!

n=0

= (M -NM, (4.42)

where M5 = ¢'C? _ We should imply that A = S(A =1) and M = V(A =1). If
we refer to the equation (4.26), we have already calculated the so-valued Cartan
form dvv~! for the parametrization of (4.5). Therefore if we compare (4.26) and

(4.41), since locally they must be equal we find that

1
Aldg' = Zdg,
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APdyt = 359 Q0 gk (4.43)

The indices above are v = 1,...,r and 8,k = r + 1, ....dimng also i = 1,...,dimsg
= r+dimng. As a result we have obtained the differential form of the transfor-
mation between {¢’} and {¢/, x*}. It can be seen that the relation between the
two scalar parametrizations is dependent on the structure constants in a very
complicated way. One can also integrate (4.43) to obtain the explicit form of the
transformations as an alternative to the equation (4.38).

Finally we will calculate the field equations (4.4) for the parametrization (3.56)
by assuming the Iwasawa decomposition. Similar to (4.41) from (3.56) the so-

valued Cartan form v~'dv is

v dy = e ¥ i de? T

=T W dy, (4.44)

where we have

wo s o

!
—~ (n+1)!

= —e MM (4.45)

From (4.44) like in (4.13) we see that ), = 0 due to the solvable Lie algebra
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parametrization. On the other hand P, is

P,=PT;

— (W)L 0" T (4.46)
Thus in terms of the fields {¢'} the second-order equations (4.4) become

O P, = 0" (W)L 0,6"T) = 0. (4.47)

4.2 Dualisation and the First-Order Formulation

In this section we will introduce the local, first-order formulation of the G/K
symmetric space sigma model when G is a semi-simple, non-compact real form
and K is its maximal compact subgroup. We will apply the standard dualisation
method of [10, 19] by introducing dual generators for the solvable Lie subgroup
generators (i.e. the basis we use for the solvable Lie algebra sy) and also new
auxiliary fields, (D —2)-forms for the scalar fields. Then the enlarged Lie superal-
gebra which contains the original solvable Lie algebra will be inspected so that it
would realize the original second-order equations in an enlarged coset model. Af-
ter calculating the extra commutation relations coming from the new generators,
locally the first-order equations will be given as a twisted self-duality equation
*G' = SG' where G’ is the doubled field strength (the Cartan form generated by
the new coset representative) and S is a pseudo-involution of the enlarged Lie
superalgebra which maps the original generators onto the dual ones and the dual
generators onto the original scalar generators with a sign factor depending on
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the dimension D and the signature s of the spacetime. We will see more general
dualisation examples in the following chapters. The split, rigid symmetry group
symmetric space sigma model is a limiting case as it is clear from the constructions
of Chapter three. The solvable Lie algebra is a subalgebra of the Borel algebra
in general. Therefore the results we present here cover the split symmetric space
sigma model as a special case.

Firstly we will introduce dual (D — 2)-form fields for the dilatons and the
axions which are defined in (4.5). The dual fields will be denoted as {¢'} and
{X™}. For each scalar generator we will also define the dual generators which
will extend the solvable Lie algebra sy to a Lie superalgebra which generates a
differential algebra together with the local differential form algebra [19]. These
generators are {E,,} as duals of {E,,} and {H;} for {H;}. If we define a new

parametrization into the enlarged group as

V' (z) = e2?® Higx Em X" Em 36" Hi (4.48)

we can calculate the doubled field strength G’ = dv/v/~! in terms of the unknown
structure constants and then use the twisted self-duality condition xG = SG’
primarily to calculate the structure constants of the dual generators from the
comparison of the Cartan-Maurer equation with the second-order equations and
finally we can derive the first-order equations of motion. The general form of the

commutation relations in addition to the ones of sy can be given as [10, 19]
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[Ty, T} =0, (4.49)

where YN} = 1’:1Z fori=1,...,r and faw = Ea for a = 1, ...,dimng. In general the
pseudo-involution & maps the original generators onto the dual ones and when
S? acts on the dual generators it has the same eigenvalues 41 with the action of
the operator % - x on the corresponding dual field strength of the coupling dual
potential. Therefore ST; = T, and ST, = (—1)PP=P)F)T; where p is the degree
of the dual field strength and s is the signature of the spacetime. The degree of
the dual field strengths corresponding to the dual generators is (D — 1) in our
case and the signature is s = 1. Thus the sign factor above is dependent on the
spacetime dimension D and we have ST; = (—=1)PT;. Now by following the same
steps in [10, 19] and using the twisted self-duality condition we can express the

doubled field strength as
1 -~ D~
G =dw '+ 5(—1)’J x d¢'H; + (—=1)Pe2%" « FOE, . (4.50)

The Cartan form Gy = dvr~! is already calculated in (4.26). By following the
discussion in [19] we conclude that the generators {T;} are even and {T}} are
even or odd depending on the spacetime dimension D within the context of the
differential algebra generated by the solvable Lie algebra generators, their duals
and the differential forms. A generator K; or [?1 is even or odd whether the
corresponding potentials, m-forms or (D — m — 2)-forms are even or odd rank
in the dualisation analysis in general. Thus since scalars are zero-forms {T;} are
even. The even-odd separation of the generators is due to the Z, grading of the
Lie superalgebra we construct. A pair of even generators or an even and an odd
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generator obey the commutation relations while a pair of odd generators obey the
anti-commutation relations. For our analysis we keep track of the evenness or the
oddness of the dual generators within the differential algebra structure however
since the dual generators commute with themselves we only have commutation
relations in our enlarged algebra structure. By using the properties of this differ-
ential algebra and the fact that from its definition G’ obeys the Cartan-Maurer

equation

dg' —G' NG =0, (4.51)
we can show that if we choose
[TZ f[j] =0,
~ ~ ~ 1— ~
[H,,Ey) = —a;E, , [Ea, Eo) = ZZ%Hj,
j=1
[E,, Eﬁ] = Na7_ﬁE'7, a—pF=—vy, a0, (4.52)

fori =1,....dimsg, j = 1,...,7 and «, 3,7 € A}, then (4.51) by inserting (4.50)

nc’

gives the correct second-order equations (4.33) and (4.34). As a matter of fact
if we choose in general [E,, ]:vfj] = aajaan and [Hj, E’a] = jaajﬁa with aja, baj
arbitrary but obeying the constraint aj, + b,; = —1 in addition to the rest of
the commutators in (4.52) we can satisfy the second-order equations (4.33) and

(4.34). However for simplicity we will choose a;, = 0 as seen in (4.52). Therefore
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the structure constants in (4.49) become

no_ i _ ;
am 0’ m<r ’ o,o4r T Zah 1 < r,
e - i -
Jooarr =0, i>1 , fapee =0, 1<r, a0,

+
flﬂ:—’r‘: a,—f Oé—ﬁ:_77 057{67

5., =0, a-B#-7y a#p.

Also

~a
Gia = —Qy4, o >T.

(4.53)

(4.54)

These relations with the commutation relations of the solvable Lie algebra sq form

the complete algebraic structure of the enlarged Lie superalgebra. In (4.50) G’

has been given only in terms of the original scalar fields as the twisted self-duality

condition has been used primarily. From the definition of v/(z) in (4.48), since

we have obtained the full set of commutation relations without using the twisted

self-duality condition we can explicitly calculate the Cartan form G’ in terms of

both the scalar fields and their duals.

g/ — dl//l//i 1
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1 -~z N
— ECWH" +E Qdy+Tel e®A. (4.55)

We have introduced the matrices

(4.56)

(A)f =™ fk .

The components of the row vector T are defined as {’i‘z} and the components of
the column vector A are Ai = %d& for i = 1,...,r and A*™ = dx*, a € A},
in other words if we enumerate the roots in A then a = 1,...,dimn,. When
we apply the twisted self-duality condition *G' = SG’ on (4.55) we may achieve
the first-order equations locally whose exterior derivative will give the second-
order equations (4.33) and (4.34). Therefore the locally integrated first-order

field equations of the Lagrangian (4.17) are

RN

U = (—1)%%"2. (4.57)

RN

The components of the column vector ¥ are defined as W' = %dgbi fori=1,..r
and T = eéo‘”siﬂlo‘dxl where a = 1, ...,dimngy. Due to the assumed signature
of the spacetime these equations have a sign factor depending on the spacetime
dimension.

Following the discussion in the previous section we can also find the first-
order equations for the set {¢’}. Firstly we can define the transformed matrices
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I'(¢?) = T(¢'(¢?)) and A'(¢?) = A(x™(¢?)) which can be obtained by cal-
culating the local transformation rules from (4.38) or (4.43). If we make the
observation that the right hand side of the differential form of the transforma-
tions between {¢'} and {¢’, x*} namely (4.43) are the components of \fl, from

(4.57) we can write down the first-order equations for {('} as
Axdp=(—1)PeleNA. (4.58)

We may also transform (4.58) so that we do not have to calculate the explicit
transformations between the fields. Firstly we should observe that the structure
constants {gF } and {f% 1 of (4.49) form a representation for sy as the represen-

tatives of the basis {H;} and {E,,} respectively. Thus under the representation

1 37y, m
e2? HigX" Em = oL oA

= 2% Tl eX™ Tiun, (4.59)
In the last section we have assumed that locally
e?'Ti = g2 Higx Em (4.60)

Therefore the first-order equations (4.58) for {¢'} can be written as

Asxdp=(—1)PeA, (4.61)
where we have defined
r dimng N
(IE =Y "o'g+ > " fhn (4.62)
=1 m=r+1
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by using the representation established by (4.49).
One may also obtain the first-order equations presented above independently
by applying the dualisation method on the parametrization (3.56). We again

assume the solvable Lie algebra gauge. Let us first define the doubled coset map
V' = e? Tie? T (4.63)

in which we have introduced the dual fields and the dual generators as usual. If
we calculate the Cartan form G” = dv”v"~! by carrying out similar calculations

like we have done before we find that

G = deﬂoiTie*@iTi + eSoiTideLZiTie*@iTie*‘PiTi

= f‘Acﬂo+%e“ cﬂz. (4.64)
The first term has already been calculated in (4.41). One can show that the
standard method of the derivation of the structure constants in (4.64) which are
left unknown yields the same results given in (4.53) and (4.54). This is due
to the local transformation laws given in (4.43), if one uses (4.43) in (4.64),
similar to the transformation we have done to obtain (4.58) from (4.57) one can
show that (4.64) is equal to (4.50) indeed by also using the twisted self-duality
condition. Therefore one would reach the same structure constants related to
the dual generators which we have already calculated in (4.53) and (4.54). If we
apply the twisted self-duality equation *G” = SG” above we find the first-order
equations as
A sxdp = (—1)%“5@. (4.65)
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Since the dual fields are auxiliary fields we can always choose (d@)" = A’, this
corresponds to a dual field redefinition in the doubled coset element (4.63). Thus
the equations (4.61) and (4.65) are the same equations. This result verifies the
validity of (4.61) which is obtained by using the transformation law (4.43) in
(4.57).

We should point out the fact that the case when the global symmetry group
G is in split real form can be obtained by choosing r = [ (the rank of G) and
AT = AT in the expressions given in this section.

In conclusion starting from the general non-linear sigma model concepts we
have presented the symmetric space sigma model Lagrangian and formulated the
second and the first-order equations of motion for two different coset maps which

are based on the usual solvable Lie algebra gauge.
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CHAPTER 5

DUALISATION OF THE MAXIMAL SUPERGRAVITIES

In Chapter two we have introduced and studied the Kaluza-Klein descendant
supergravity theories which are produced by the dimensional reduction of the
D = 11 supergravity as well as the Abelian Yang-Mills supergravities which are
the lower dimensional descendants of the ten dimensional simple supergravity
which is coupled to N Abelian U(1) gauge fields. We have also presented the
symmetric space sigma model construction of the scalar sectors of these theo-
ries and later we have discussed the symmetric spaces and the symmetric space
sigma model in detail in general terms. A remarkable feature of these theories is
that in certain dimensions one has to introduce Lagrange multiplier scalar fields
and eliminate some of the higher order fields in terms of the field strengths of
these scalars in order to increase the number of scalars in the theory to formu-
late the scalar sector as a symmetric space sigma model or enhance the already
existing coset structure. Therefore we have the motivation that by the method
of dualisation and by introducing auxiliary fields one can establish a non-linear
coset formulation at least partially, merely for the scalars in the above mentioned
supergravities. The non-linear nature of the scalar sectors of the maximal su-
pergravities has been improved to include the matter fields in order to formulate
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the non-gravitational Bosonic field equations as generations of enlarged coset for-
mulations in [10, 19]. The method of [10, 19] includes the dualisation of the
entire non-gravitational Bosonic field content in a systematical way. The route
followed in the dualisation can be in various equivalent ways. In all of these routes
basically one starts by introducing dual fields for the non-gravitational original
Bosonic fields of the relative theory excluding the graviton and then one defines
generic algebra generators for the original fields and their duals. A coset element
v(xz) which takes values in a generic group and which assumes an intuitively
chosen form of the exponentiation of the generators coupled to the fields may be
constructed first. We assume that the Cartan form G calculated from this doubled
coset element obeys the twisted self-duality condition *G = SG. When one uses
this fact to express the Cartan form in terms of the original fields only, the result
is intended to yield the correct original second-order field equations when inserted
in the Cartan-Maurer equation. In order to calculate the Cartan form one needs
to know the algebra structure of the generators which parameterize the proposed
coset representative when coupled to the fields. The algebra which is used to
construct the coset representative is a differential graded algebra generated by
the differential forms and the field generators. It covers the Lie superalgebra of
the field generators which is the Lie algebra of the symmetry group of the Cartan
form. The correct choice of the commutation and the anti-commutation relations
of the Lie superalgebra is a result of the direct comparison of the second-order
field equations and the Cartan-Maurer equation expressed in terms of the un-

known structure constants of the commutators and the anti-commutators of the
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generators. When the commutators and the anti-commutators are calculated, one
may derive the Cartan form G explicitly and show that the twisted self-duality
equation *G = SG, [10, 19], when applied on the Cartan form leads to the first-
order formulation of the equations of motion. The first-order formulation can
be obtained from the original second-order field equations by integration which
results in introducing auxiliary fields which are nothing but the dual fields used
in the construction of the doubled coset representative.

As we have done when we applied the Lagrange multiplier method to dualize
the higher rank fields with the Lagrange multiplier scalars in the second chapter,
we will assign a (D — m — 2)-form dual potential A’ for each original m-form
field A° in the relative D-dimensional theory. The generators K; and K, are
assigned to the fields A?, Al respectively. We assume that the generators K; and
I?i together with the differential forms generate a differential graded algebra and
further assume that the generators K; and K; merely, generate a Lie superalgebra
which has a Z, grading. We should bear in mind that the generators K; and I?Z
are of even or odd degree depending on whether their corresponding potentials,
m-~forms and (D —m—2)-forms, are of even or odd rank. A pair of even generators
and a pair of even and an odd generator obey commutation relations which we
denote as [, | while a pair of odd generators obey an anti-commutation relation
which we denote by { , }. In the differential graded algebra structure even or
odd generators behave like even or odd degree forms when commuting with the
differential forms. Also if 7" is an odd generator d(T'A) = —TdA and if it is
even d(T'A) = TdA, where d is the differential operator of the differential graded
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algebra. The next task is to construct the map v(A?, A%, K;, K;) : M — G from
the D-dimensional spacetime M to a generic group G. We will see that we may
construct v in a particular, dimension-independent way. The Cartan form G is
defined as

G=dvw . (5.1)

From its definition the Cartan form G satisfies the Cartan-Maurer equation
dG—GAG=0. (5.2)

As we have mentioned before the Cartan form G can be expanded in terms of
the generators K, [?Z if one knows the commutation and the anti-commutation
relations of the generators. Following the outline of [19] we assume that the

Cartan form G satisfies a twisted self-duality equation
*G = SG. (5.3)

In general the pseudo-involution & maps the original generators onto the dual
ones and 82, when applied on the dual generators, has the same eigenvalues 41
with the action of the operator x - % on the corresponding field strength of the
coupling dual potential. Therefore SK; = K; and SK; = (—1)P(P=P+s) [, where
p =D —m —1 is the degree of the dual field strength of the dual potential which
the generator K; is assigned to, and s is the signature of the spacetime which is
equal to 1.

When one expands the Cartan form in terms of the generators Kj, IN(Z uses

the twisted self-duality condition (5.3) to eliminate the dual fields and inserts
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the result in (5.2) one obtains the original second-order field equations for the
potentials A’ [19]. We may use this framework to calculate the unknown com-
mutation and anti-commutation relations. As we have pointed out before, the
sequence we have described above may be followed by expressing everything in
terms of the unknown structure constants and then the results may be compared
with the second-order equations of motion to read the structure constants of the
commutation and the anti-commutation relations. Equivalently we may first in-
tegrate the second-order equations locally by writing them in the form of a closed
form. Since locally a closed form is an exact one, we may introduce auxiliary
fields to pull out the exterior derivative and to obtain the first-order equations
of motion. The twisted self-duality equation (5.3) gives the first-order equations
and the dual potentials are nothing but the auxiliary fields which are defined in
the integration process. One may also compare the first-order equations with the
twisted self-duality equation to read the structure constants which justify this
coset formulation.

There is another route of dualisation which differs from the one mentioned
above in the calculation of the structure constants. Similarly one first integrates
the second-order equations to find the first-order field equations. In this second
method, one does not start with the coset representative but directly with the
Cartan form which is constructed in a way that will give the first-order equations
via the twisted self-duality equation. By using the twisted self-duality condition
one may write the Cartan form in terms of the original fields only and again insert
the result in the Cartan-Maurer equation. Then one calculates the structure
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constants from the comparison of the Cartan-Maurer equation with the second-
order equations of motion. Finally one constructs the coset representative which
will lead to the Cartan form by using the already calculated structure constants.
This second method which will be used in this chapter together with the first
one is similar to the method we have used for the construction of the O(10 —
D,10— D+ N)/(O(10— D) x O(10 — D+ N)) scalar cosets of the D-dimensional
theories which are the descendants of the ten dimensional Abelian Yang-Mills
supergravity. An abstract set of generators is conjectured to yield the original
theory through the Cartan form of an unknown coset map in each case. However,
in the calculation of the algebraic structure of the generators, one makes use of
the Lagrangian in the scalar coset case given in Chapter two while in the complete
dualisation presented in this chapter the field equations are used to obtain the

commutation and the anti-commutation relations of the generators.

As a result the twisted self-duality structure of the supergravities [32, 33] can
be generalized to regain the first-order equations of motion of the D = 11, ITA,
I1B and the D-dimensional maximal supergravity theories from the Cartan forms
of the dualized coset. In [34, 35, 36] more general coset formulations of the ITA,
D = 11 and the IIB supergravity theories are introduced to include the gravity
as well. We will ignore the gravity sector in this chapter and we will focus on the
complete dualisation of the non-gravitational Bosonic fields in parallel with the

construction given in [10, 19].

We will start with the D = 11 supergravity whose Bosonic Lagrangian is given
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in [19] as

1 1
L1 :R*l—5*F(4)/\F(4)—6F(4)/\F(4)/\A(3), (54)

where Flyy = dA). If we vary (5.4) with respect to A then we obtain the

corresponding equation of motion as
1
d % F(4) + §F(4) N F(4) =0. (5.5)
We may also write this equation as
1
d(xFay + 5Am) A Fly) = 0. (5.6)

Thus if we introduce the dual six-form potential X(G) then we locally have the

first-order equation of motion
~ ~ 1
F(7) = *F(4) = dA(G) - §A(3) A F(4), (57)

where we have also defined the dual field strength F, (7) of the dual field Z(ﬁ). Now
we will introduce the generators V' and V to the fields Az) and g(ﬁ), respectively.
Following the discussion above we conclude that V' is an odd generator while 1%

is an even one. We will assume a coset representative of the form
V(ZE) = eA(S)V@A(G)V' (58)

The pseudo-involution has the action on the generators as

SV=V , SV=-V (5.9)

If we calculate the Cartan form G = dvv—! and compare the twisted self-duality
equation (5.3) with the first-order equation (5.7), then we derive the commutation
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and the anti-commutation relations as

(V,\Vi=-vV , [V,V]=[V,V]=0. (5.10)
By using these relations we can calculate the Cartan form explicitly as

G = dAg)V + (dAg — %A(g) A F)V. (5.11)

If we use the twisted self-duality condition or the first-order equation (5.7) with

(5.11), we have

g = F(4)V -+ *F(4)V. (5.12)

We also have

1
NG = —§F(4) A\ F(4)V. (5.13)

Therefore the Cartan-Maurer equation dG — G A G = 0 gives the second-order
equation of motion (5.5) and the Bianchi identity of F{4) which is dF(4y = 0. These
results justify the choice of the coset element (5.8) and the structure constants in
(5.10) of the Lie superalgebra generated by V' and V. This concludes the coset
construction of the Bosonic sector of the eleven dimensional supergravity.

When we consider the Kaluza-Klein reduction of (5.4) on S, we get the ten

dimensional ITA supergravity theory whose Bosonic Lagrangian can be given as

1 1
£IIA:R*l—§*d¢/\d¢—§€f§¢*F(4)/\F(4)

1 I s 1
- §6¢ * F(g) AN F(g) - 56 29 % f(g) A JT(Q) — EdA(S) A dA(g) A A(Q), (514)
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where F(4) = dA(g) — dA(Q) VAN A(l), F(3) = dA(g), f(g) = dA(l). The COl"l"eSpOHdiIlg

Bosonic field equations are

d(e72% % Flay) = —Fay A Fa),

1

1
d(€¢ * F(g)) = —JT(Q) AN (€_§¢ * F(4)) — §F(4) A F(4),
d(e_%(ZS * f(g)) = —F(g) AN (6_%(1) * F(4)),

1 1 1
d * d¢ = ZF(4) A (675(]5 * F(4)) + EF(g) AN (6¢ * F(3))

3

3
+ ZF(Q) A\ (6_§¢ * f(g)). (5.15)

We may integrate these second-order equations locally to obtain the first-order
equations by introducing the dual fields {1/1,1(7),11(6),2(5)} which are nothing
but the corresponding Lagrange multipliers for the Bianchi identities of the field
strengths {d¢, Fa), F(3),F(a)} of the potentials {¢p,Ax1),A2), A}, respectively.

The result becomes

1 -
e? x F(g) = dA(G) — 514(3) N dA(g) — .,4(1) N (dA(5) — A(g) A\ dA(g)),

_ -1
€ 20 % Foy = dAm) — A A (dAg) — 5 A A dA),
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1 ~ 1 ~
xd¢p = dip + 514(2) A\ dA(6) + ZLA(?’) N (dA(5) — A(Q) N dA(g))

3 ~ -1
+1Am A (A = A A (dAg) — A N dA)).
(5.16)

We define the righthand side of these equations as the corresponding field strengths
{ﬁ(ﬁ), ﬁ(7),ﬁ(8),ﬁ} of the dual fields {Z(5),Z(6),X(7),w} respectively. Therefore
the first-order equations (5.16) can also be considered as the transgression rela-
tions of the dual field strengths. Following the general discussion we have made
before we will introduce the generators {H,V, V1 W} for the original potentials
{0, Ay, A2), Ay} also the dual generators {ﬁ,v, IZ,val} for the dual poten-
tials {v, 1(5), g(ﬁ), /T(?)} respectively. The generators H, V1, ‘71, H are even while
the ones V, W7y, ‘7, W' are odd. We may inquire the correct form of the Cartan
form G which would lead to the second-order field equations when inserted in the
Cartan-Maurer equation (5.2). One may find out how the Cartan form will look
by the trial and error method, also by considering the Bianchi identities of the
original and the dual field strengths we have defined above [19]. However since
we have the first-order equations at hand, the starting point for the construction
of the Cartan form is the fact that it should give the first-order equations when
the twisted self-duality is used. Thus our task becomes easier by using the first-
order equations (5.16). In fact we will see that a very simple ansatz which will
give (5.16) upon the application of the twisted self-duality equation will work.
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We have made a similar analysis in Chapter two when we have calculated the
algebra structure for the coset formulation of the D-dimensional scalar sector in
the Kaluza-Klein reduction of the ten dimensional Abelian Yang-Mills supergrav-
ity. The general forms of the Cartan forms have common features. For the ITA

supergravity we propose the Cartan form G as

G =dvr!
]_ 1 1
= 5doH +ex*Fy V' + e 1 Fgy Wy + e 10F )V

+ ei‘ﬁF(g)V + 6_%¢F(7)V1 + €§¢f’(8)W1 + épH' (5:17)

If we use the twisted self-duality once more to express (5.17) merely in terms
of the original fields and then insert the result in the Cartan-Maurer equation
(5.2), we can read the commutation and the anti-commutation relations of the

generators {H,V, V1 Wy, H,V, Vi, Wl} as

1
[H,Wl]:—gw1 V=V [HV] =3V,

VIV =W (ViV} =-Th | {Wl,Wl}zgﬁ,
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~ 9 ~ 1~

The rest of the commutators and the anti-commutators which are not listed above
vanish. After the calculation of the algebra structure one can also construct the

coset element which would lead to the Cartan form in (5.17) as

1 A 7 A Ve O 7 74 1,77
v = e3%H AW ARV pAw)V pAe)V oA Vi gAm W g3 H (5.19)

The action of the pseudo-involution S on the original and the dual generators
can be determined by following the discussion we have made before. We remind
the reader of the point that applying the twisted self-duality equation (5.3) on
(5.17) gives the first-order equations in (5.16), since that is how we have con-
structed (5.17). As a result we have a consistent reformulation of the first and
the second-order equations of motion by using the Cartan form which is based
on the appropriate choice of the coset element (5.19) and the algebra structure
given in (5.18).

The Kaluza-Klein reduction of the eleven dimensional supergravity whose
Bosonic Lagrangian is given in (5.4) on the n-torus 7" results in the D-dimensional
maximal supergravities. The D-dimensional Lagrangian (2.45) has been given in
Chapter two, but since we will follow the convention used in [19] in this chapter,
one has to consider the modification of the Chern-Simons Lrr4 terms given in
Chapter two with a sign factor. We will use a slightly different notation than the
one which is introduced for the field strengths in (2.50). We define the various
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field strengths corresponding to the potentials introduced in Chapter two as

A

]3(52) - 52}"{2) ’ fv(il)j - 7/I}d*’év('o)k Py = Fay,

F(2)z'j = 7’§’Yljp(2)kl ) F(3)i = ’Y];F(?))j, (5-20)

where 7} is defined in (2.51) and 77 is the inverse of it. The hatted field strengths

are defined as

Floy=dAyy ,  Fayy = dApy; — dAgye A AR,

. s 1 " -

A

. 1 y n.
Flay = dAw) — dAg)i A Ay + 5dAmi; A Ay A A,

1 . . .
= A0k N Ay A AL A Afyy.- (5.21)
We also define AZ@) = ;A{l). The D-dimensional first-order equations of motion

of (2.45) from the second-order field equations have been derived in a semi-
dimension independent way in [19]. They have partially a dimension independent
structure but there are also varying contributions in each dimension. The D-

dimensional first-order equations can locally be given as

—
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—

e % Froyiy = i E(h gy "% x Fayign = Y e (3™,

—

eb ¢ (22) = ,Y@Jf(DfQ)] ) ebij~¢ * f(ll)] = ’yzl‘:\y/if(kD—l)l’ (522)

we also have the first-order equations for the dilatons as

—

1 — g 1 - =~ A
*dqﬁ = —5(—1)DCLA(3)CZA(D_5) + 5 Z ai%‘JVkA(Q)jdAl(ngzl)

D - !
Z aij’}/i’}/] /ypqu(l lmdA(D 3)

1<J

1 - m_ _nmxixj T
t3 > @ A A lmndA "
i<j<k

Z bﬁﬂz A ) (dA (D=3)k — A(z)de D—5)

~ 1 ~
+ ()P AquwdAlp ) — §A(O)klmdAl(g_3) -Y;)

1 - 1—’

i<j
In the first-order equations above, we have introduced the dual auxiliary fields
{X(D 5)5 Z A” Z’&jDIZQ), ,Z(D_g),-, “ZZsz)w 1} which are the Lagrange mul-
tipliers. We have expressed the first-order equations (5.22) in terms of the dual

field strengths of these dual potentials and the dual field strengths are defined as
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ﬁ(D—4) :d;{(D—5) ( )DX fD 1l_dA(D 2)l (‘DDM/lka

FJ

Uy gy = Al — dAp_s) Al — (—1)P(X7 + XA,

by = dAfp_g) — dAfp_p Al + dAlp_y Afy) + dAp—5 Al Al
+ (1P (XM 4+ XPAL) — XPAR) + X AR AL,
imn Almn lm im  4in|

~ ~

— dA(p-s) Al ATy ATy — (1) (X 4 3X[lmA(1)

I tm 47l AL Am An
Fip-2); = dAp—3); — A@;dAp_s) + (—1)° AqydAfy_y

1 ~
- §A(0)jkldf4]&l3_3) —-Yj,
where we have also defined

= Qf + A(Q)jA’fl)dA(D—m - (_1)DA(2)jdAl(€D*4)
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— ()P AytAfyd AL gy + Ayd Al s
1 1k Alm 1 D Aklm
+ §A(O)jlmA(1)dA(D—3) - 5(_1) A(O)ﬂmdA(D—2)

It should be clear that we have omitted the wedge product for the sake of sim-
plicity in the expressions above. The dimension dependent quantities X, X*, X%,

-
X4k Y, ?, @ are given in Appendix A for each dimension.

As we have mentioned before, there are various methods to formulate the
dualisation. We may assign generators to the original and the dual fields and
construct the coset element v. Then we can calculate the commutators and the
anti-commutators of the generators in several ways. We can either calculate
the Cartan form G = dvr~! in terms of the unknown structure constants and
insert it in the Cartan-Maurer equation (5.2) and compare the result with the
second-order equations, or we can directly use the Cartan form in the twisted
self-duality equation (5.3) and compare the result with the first-order equations
(5.22) and (5.23). On the other hand without constructing the coset element, one
may construct the Cartan form directly from the first-order equations (5.22) and
(5.23) in a way that it will lead to the first-order equations when inserted in the
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twisted self-duality equation. Then after using the Cartan form in the Cartan-
Maurer equation one may calculate the commutation and the anti-commutation
relations by comparing the result with the second-order equations. In both cases
we may make use of the twisted self-duality of the Cartan form to write it in dual
fields-free form. The coset element for the D-dimensional supergravities can be

given as [19]

X — ) _
v =e2?Hi( He““(on DV e AW Wi g Ak B9 03 Ayis VI JA@uV gAY

1<J
~ ~ ~ ik P o=
A5V oAbV o345 Vis 5 A2 Fidk p A D)W pAp_a); Eiezv-H (5.26)
where the factors in the product II are in anti-lexical order i.e. (i,7) =--- (3,4),

(2,4), (1,4), (2,4), (1,3), (1,2). As we have discussed before the generators are
even or odd, depending on whether the corresponding potentials are even or odd
degree in each dimension. The pseudo-involution § acts on the generators in
the way we have described before. By following either of the methods described
above, one can calculate the commutators and the anti-commutators. We will
first present the dimension independent commutators and the anti-commutators.
The first group of dimension independent commutators are the ones related to

EZJ and they can be given as

(E], ] = 6B} - 0B, [E],E"") = —35/"E"™,

BV = =0tV (B VM = 20 VI (B W) = W
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(B Vi) = 61V, (B, Vi) = —20], Vi,
[Ef,Ef]Z—E;7 no sum on i, j # I,

J k] _ 1k -
(B, Ef] = B, nosumon j, i # k. (5.27)
The commutation relations of the Cartan generators H, which are also dimension

independent, are

[ﬁ7 Eg] = E)’LjEzjv [;[7 EZ]k] = EijkEijka []?[7 VU] = Eijvija

H Vi) =—a,Vi, [HV]=—aV, [HW]=—bW (5.28)
The remaining dimension independent commutation and anti-commutation rela-
tions can be given as
(Wi, ™M) = =36V VM (W, viky = —26V VM (W, VI = =67V
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ViV =W [V V} = =200 [EY* V] = —661 6] W,

ViVl =—Ej, [V Vi} =46, 5],

[E*, Eyp) = —186,63, BN [W;, W7} = —E/,

10m L)

V,V} = —79 H, [V' V] a;-H, [VY,Vi}=—-a;-H,
. 1- = 1- = ~. - =2
[EY*, Byl 7 i 1, Wi, Wy =—=b,-H, [E!,E]==by -H

There are also the dimension dependent commutators, we list them in Appendix
B. The commutators and the anti-commutators which are not given above or in
Appendix B vanish indeed. We have presented the resulting algebra structures
in their basic notions. A more detailed treatment of the construction and the
algebraic structure of the D-dimensional Lie superalgebras which arise in the
dualisation of the maximal supergravities can be found in [19]. By using the
coset element (5.26), the commutation and the anti-commutation relations one
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can construct the Cartan form G = dvv~! explicitly as

1

‘1‘26 L ¢7k71jFD 2)Vzg + Z B (b%Z:YJmVnF(D 1)Eijk

i<j 1<j<k
S - 1 =
+Ze 3bid .7:(1:) 2)JW +Z “zbu ¢%%JTD l)kE +2FwH (5.30)
i Z<]

We have already defined the field strengths in (5.20), (5.21) and (5.24). We
can show that the above Cartan form leads to the D-dimensional second-order
equations when used in the Cartan-Maurer equation. The Cartan form gives
the first-order equations when the twisted self-duality condition is applied on
it as well. We have constructed an algebra which generates a coset representa-
tive whose Cartan form gives the Bosonic field equations of the D-dimensional
maximal supergravities. Thus we have reconstructed the D-dimensional maximal
supergravities as non-linear sigma models.

As a final case of dualisation we will consider the dualisation of the ten di-
mensional IIB supergravity. We have already mentioned the IIB supergravity in
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Chapter two, where we have studied the scalar sector of it (which is a dilaton-
axion system). As we have discussed before, the construction of an SL(2,R)
globally invariant Lagrangian is not straightforward due to the presence of a
self-dual five-form field H(s) for the IIB supergravity. One has to remove the
self-duality condition on the five-form field Hy and introduce more degrees of
freedom to construct an SL(2,R) globally invariant Lagrangian [10, 11]. This
method is similar to the Lagrange multiplier methods we have used in Chapter
two to formulate the scalar sectors as symmetric space sigma models. When one
calculates the field equations of the Lagrangian mentioned above, one may impose
the extra self-duality condition of the five-form field as Hy = *Hs), which can
be shown to be consistent with both the field equations and the Bianchi identity
of Hsy [10, 11]. The field equations of the globally SL(2,R) invariant Lagrangian
together with the self-duality condition which is a consistent truncation result in
the desired field equations of the IIB supergravity. We will not present the La-
grangian formulation here, however the reader may find a construction in terms
of the fields which are related to the fields we will use to express the field equa-
tions with simple redefinitions in [10]. The Bosonic, non-gravitational, matter

field equations of the IIB supergravity can be given as [19, 60]

I
d* H(5) = —§€Z]F(3) A F(jg),

d(M x Hy) = Hesy A QH ),
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d(e*® * dy) = —e¢F(23) A xFy),

1 1
dxd = *dy A xdx + Se"Flyy A xFy) — 5e " Figy AxFGy. (5.31)

We have already defined M in (2.63) when we constructed the scalar Lagrangian
of the IIB supergravity as a symmetric space sigma model. The various field

strengths in (5.31) are defined as

2 2 1 1 2
Figy = dApy , Fgy = dAy) — xdAf),

1, .

0 1 Aly

0= , A = (5.33)
2
~1 0 A2

In the field equations (5.31), we further define H3) = dA). If we introduce the

auxiliary fields g%ﬁ), 2%6), 1, X, we can locally express the first-order equations as

1 i ;
*H(5) = dB(4) — QGUA(Z) VAN dA€2),
A 1 1 i J
M % dA(2) = dA(G) — §QA(2) A (dB(4) — gﬁijA(z) A dA(Z))7

ie? x dr = P+ 7Q, (5.34)
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where 7 = y +ie~?. The fields P and () are

1 ~ 1 ~ 1

1 2 2 1 1
— 5140444,

~ 1 1
N it 2 1 2 2 2 2 2 1

In order to define the dual field strengths, we write the first-order equations (5.34)

in the form

1, :
H(5) = *H(5) = dB(4) — §€ijA(2)dA{2),

~ 1 1 ; j
1 2 (
Foy = % Flyy = dAfg) — o A%y (dBuy — ceijAlyydAly),

~ B ~ 1 1 ; :
F(27) =e ¢ * F(23) = dA%G) + 514%2) (dB(4) - EEZ]A@)dA%z))
;{1 1A2 1 AZ Aj
—x(d © " 5 (2)(dB(4) - 6%‘ (2)d (2))),

sdp=P=P+xyQ , e?xdy=Q, (5.36)

where we have given the dual field strengths corresponding to the auxiliary fields
Z%G), E%G), X, Y. By following our previous discussions, we can introduce generators
for the original fields and for the auxiliary fields which arise during the integration
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of the second-order equations (5.31). Without constructing the coset element v
one can directly construct the appropriate Cartan form G = dvv~! which will lead
to the first-order field equations when inserted in the twisted self-duality equation
x*G = §G. We have already discussed the general properties of the generators and
how the pseudo-involution acts on them before. Thus we introduce the Cartan

form

1 1 1
G = 5doH + e?dxE, + e2*Fiy) Vi 4 e 2 Fi Vo + Hip)U

1o T Ly ™o o5 b 1~~~
+ e F G Vi + e FL V. + e PQE, + S PH, (5.37)

which leads to the first-order equations as mentioned above. When we eliminate
the dual fields by using the twisted self-duality property of the Cartan form, use
the result in the Cartan-Maurer equation dG — G A G = 0 and compare with
the second-order equations (5.31), we can read the commutation and the anti-

commutation relations as
[H7 E+] = 2E+ ) [Hv VJr] = VJr 5 [H7 V,] - —V,’
[Ha EJr] = _QEJr 3 [Ha ‘7+] = _‘7+ ) [H7 ‘7*] = ‘A/ia

[E+,V_] = V+ , [E+, ‘7-1-] = _‘7— ) [V-HV—] = _U7

1~ 1~ -
[V-i-v U] = iv— ) [V—J U] = _§V+ 9 [V_,V+] = E+7
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~ 1 N
By, Ey] = §H . Ve Vil = ZH , Vo, Vo] = —ZH.

(5.38)

Finally we can show that the coset element which generates the Cartan form

(5.37) via the algebra structure given in (5.38) is

1 1 2 Al v/ A2 1/ 5 1,77
v = e3PH xBr o(A) Vit 40 Vo) By U o(Afg) Vi Al Vo) oX By o 30 H (5.39)

We have formulated a coset representative which is based on a particular gauge.
The coset is generated by the generators whose algebraic structure is constructed
in a way that when the Cartan form is calculated, it leads to the original first
and second-order field equations of the IIB supergravity through the twisted self-
duality and the Cartan-Maurer equations.

As we have seen, the dualisation of the Bosonic sectors of the supergravity
theories leads to the non-linear coset sigma model constructions. Although we
have constructed the coset representatives and the algebra structures which gen-
erate these cosets, we have not mentioned much about the symmetry properties.
The discussion about the symmetry groups of the Cartan forms (the doubled
field strengths) of the coset formulation as well as the symmetry groups of the
twisted self-duality equations (i.e. first-order equations) is given in [10, 19]. The
symmetry group of the twisted self-duality equation is larger than the symmetry
group of the Cartan form since there may be transformations which change the
Cartan form G but leave the twisted self-duality equation *G = SG invariant. In
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[19] it is shown that the Lie algebra of the full symmetry group of the Cartan
form corresponding to the dualized D-dimensional maximal supergravity can be
obtained from the Lie superalgebra which generates the doubled coset. In the
same work it is mentioned that the global parts of the full symmetry groups of
the Cartan forms of the dualized maximal supergravities are equal to the Borel
subgroups E of the split real forms E,, for n = 11 — D in each dimension. It
is also conjectured that FE, are the global symmetry groups of the twisted self-
duality equations so that the complement of the Borel subgroup E} in E, is
composed of the transformations which change G while leaving the twisted self-
duality equation invariant. At least for the scalar sectors F, is proven to be
the global symmetry of the twisted self-duality (first-order) equations. In [19],
it is also discussed that the original global symmetry group SL(2,R) of the I1IB
supergravity leaves the first-order equations invariant in the coset formulation
(dualisation) of the IIB supergravity. Thus it is a manifest symmetry of the

twisted self-duality equation.
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CHAPTER 6

DUALISATION OF THE MATTER COUPLED SYMMETRIC

SPACE SIGMA MODEL

We have studied the symmetric space sigma model and its dualisation as well as
the first-order formulation in detail in Chapter four. In this chapter we consider
the coupling of other matter fields to the scalar coset Lagrangian of the sym-
metric space sigma model. Our discussion will be in parallel with the content
of [61]. Basically we will construct the dualized coset element which will realize
the field equations of the scalar coset coupled to the (m — 1)-form fields. We
will assume the most general non-split scalar coset case (by non-split we mean
that GG is a non-compact real form of a semi-simple Lie group as usual but it is
not necessarily maximally non-compact [43, 57]). Apart from the scalar fields
there will be an arbitrary number of m-form field strengths which contribute to
the Lagrangian through an additional kinetic term which is casted by using an
appropriate representation of the global symmetry group G. We will follow the
standard dualisation method of [10, 19] by introducing auxiliary dual fields and
by assigning generators to the original and the dual fields. The main objective
of this chapter will be to derive the Lie superalgebra structure which generates
the doubled coset element when there is matter field coupling to the scalar coset
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Lagrangian. The first-order formulation will then be presented as the twisted self-
duality equation (which we have effectively used before) by using the constructed
algebra structure and by explicitly calculating the doubled field strength.

We start by discussing the Lagrangian and deriving the field equations. Next
we work out the dualisation, calculate the algebraic structure and finally obtain
the first-order field equations.

In Chapter four we have constructed the G/K symmetric space sigma model
which governs the scalar fields. The group G is the global symmetry group of
the corresponding scalar Lagrangian and it is a non-compact real form of a semi-
simple Lie group. The local symmetry group K is a maximal compact subgroup
of G. The scalars parameterize the coset space G/K which is called the scalar
coset manifold. The coset space G/K is a Riemannian globally symmetric space
for all the possible G-invariant Riemann structures on G/K as discussed in detail
in Chapter three. We have also constructed a legitimate parametrization, v(z)
of the coset representatives of G/K in (4.5), by using the solvable Lie algebra s
of G [18] as

I/(ZL') = @%(bi(w)HieXm(x)EM_ (61)

The scalar Lagrangian of the symmetric space sigma model is defined in terms of
the internal metric M =v#v. The globally GG and the locally K-invariant scalar
Lagrangian is

Lcatar = itr(d/\/ll A xdM). (6.2)

We assume that D > 2 in order that the dualisation analysis we perform is
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meaningful and also for algebraic reasons which arise during the dualisation. We
will keep on taking the signature of the spacetime as (—,+,+,...). In Chapter
four we have also calculated the Cartan form Gy = dvv~! generated by the map
(6.1) as

1 i =

The row vector E’ and the column vector dy as well as the matrix €2 are already
defined in Chapter four.

We will consider the coupling of an arbitrary number of (m—1)-form potential
fields {A'} to the G/K scalar coset. We further assume that 1 < m < D/2
and 3m — D # 1 for algebraic reasons which we encounter when we apply the
dualisation method. Basically by assuming these conditions on m and D, we
restrict ourselves to a special class of scalar-matter couplings whose dualisations
give rise to algebras in which the original generators generate a subalgebra. The
quadratic terms due to the coupling of (m — 1)-form potential fields {A*}, which
must be added to the scalar Lagrangian (6.2), are the combinations of the internal

metric M and the field strengths F* = dA’. Thus we have the matter Lagrangian

1 ) .

- —%FAM « F (6.4)

We assume that M and v are in an appropriate representation which is ob-
tained by choosing a representation for the Lie algebra g, thus for the generators
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{Hj,Es | j=1,...,r; B €A} of sg. The representation must be compatible

with the number of the coupling fields. The total Lagrangian becomes
1 B 1
L= Ztr(d./\/l A xdM) — §F ANM % F. (6.5)

If the subgroup of G generated by the compact generators is an orthogonal group,
then the generators can be chosen such that ¢ = g* for g € gy in the fundamental
representation of gg. Therefore # coincides with the ordinary matrix transpose
and M becomes a symmetric matrix in the fundamental representation of gy we
choose. We assume this is the case in our analysis bearing in mind that, for the
general case, higher dimensional representations are possible in which we can still
take g% = g7 for g € gy [43].

When we vary the Lagrangian (6.5) with respect to the dilatons {¢'}, the
axions {x™} and the coupling potentials { A’}, by following the analysis of [43, 57]

and using (6.3), we can express the field equations for the Lagrangian (6.5) as

d(Mkl * Fl) = 0,
d(e2? xU") = —5’)/]'62% d¢’ N +U”

+ Y exnl BN, U A UP,
a—f=—y

. 1 i i
dedd) = 5 3 ek @ U erdt s pe

aeAf.
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1 )
= 5((Hi)nlu7’;y§)FJ A xF™, (6.6)

where i,j = 1,..r and «, 3,7 € Al . The roots in A}, and their corresponding
generators { E,, } are assumed to be enumerated as we have done in Chapter four.
We have also defined the vector U* = Q4 dx”. Furthermore the matrices {(H; )}
are the representatives of the Cartan generators { H;} under the representation
chosen. We use the notation [E,, Es] = N, gEa+s. We should remark that in the
dilaton equation (6.6), the contribution from the coupling fields { A’} is expressed
in terms of the original fields rather than their weight expansions unlike the
expressions in the formulation given in [43, 57]. In [43, 57] the Bianchi identities
and the equations of motion for the field strengths F' are expressed in terms
of the components of vF' and v * F' which are labelled by the weights of the
representation that we use. It is also shown that when there is matter coupling
the dilaton equations in (4.33) are modified whereas the equations for the axions
(4.32) are unaltered as it can be seen in (6.6). For notational convenience we
raise or lower the indices of the matrices by using an Euclidean metric.

We will adopt the method of [10, 19] as we have already used in Chapter four
to establish a coset formulation and to derive the first-order field equations for
(6.5), where the scalar fields are coupled to the (m—1)-form matter fields. We will
first construct a Lie superalgebra which enables the dualized coset formulation by
generating the doubled coset element. We assign the generators {H;, E,,, V;} to
the fields {¢’, x™, A7}, respectively. We assume that { H;, E,,} are even generators
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within the superalgebra structure, since the coupling fields are scalars that have
even rank. The generators {V;} are even or odd depending on whether the rank of
the coupling fields { A7}, i.e. (m—1), is even or odd. The next step is to introduce
the dual fields {5’, X", Ai } which are the Lagrange multipliers and which would
arise as auxiliary fields as a result of the local integration of the field equations
(6.6). The first two are (D — 2)-forms and the last ones are (D —m — 1)-forms.
We also assign the dual generators {[;TZ, Ep, ‘7;} to these dual fields. The dual
generators are even or odd depending on the spacetime dimension D and m; in
other words according to the rank of the dual fields they are assigned to. We
will derive the structure of the Lie superalgebra generated by the original and
the dual generators we have introduced so that it will enable a coset formulation
for (6.5). Similar to the non-linear coset structure of the scalars presented in

Chapter four we can define the map

V' = 20 HigX " Bm oAV ATV X B 036 Hi (6.7)

which can be considered as the parametrization of a coset via the differential
graded algebra [19] generated by the differential forms on the D-dimensional
spacetime and the Lie superalgebra we propose. We are not intending to detect
the group theoretical structure of this coset, instead we only aim to construct the
Lie superalgebra of the original and the dual generators which function in the
parametrization (6.7). If one knows the structure constants of this algebra, one
can calculate the Cartan form G’ = dv/v/~!. From the definition of 2/ in (6.7) the
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Cartan form G’ obeys the Cartan-Maurer equation
dg' —G'nG' =0. (6.8)

As we have done before, in order to calculate the structure constants of the
commutation and the anti-commutation relations of the original and the dual
generators, following [10, 19] we assume that the Cartan form obeys the twisted

self-duality equation

«G' = 8¢, (6.9)

where the action of the pseudo-involution & on the generators is taken as

SV;=V; . SVi= (-t (6.10)

If we calculate the Cartan form G’ in terms of the unknown structure constants,
use the twisted self-duality condition proposed above and insert the result in the
Cartan-Maurer equation (6.8), we should obtain the second-order field equations
(6.6) [19]. The Cartan form G’ which is expressed only in terms of the original

fields by using the twisted self-duality condition becomes

1. - -
G = Edgszi +E Qdy+ VeUePdA
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+ 2 (—1)P xd¢'H; + (—1)Pe29' QS + d\"E,

N | —

RN

+ (=1) D=+ UeB 5 gA | (6.11)

v

where (U)? = 1407 and (B)] = x™3,, in which we define the yet unknown

structure constants as

(Hi, Vo =0. Vi [En, Vi =06V (6.12)

mj
We introduce the row vectors \7 and \jf as (V;) and (17]), respectively, the column
vector de is (dA?). We have introduced the matrices T' and A such that T* =
%gb‘ gr and AF = ™ ~ffm in Chapter four. We are not presenting the details
of the calculation of the Cartan form, we have already discussed examples of
how one calculates the Cartan forms in Chapter four. The correspondence of
the Cartan-Maurer equation (6.8), in which we use (6.11) with the second-order
field equations (6.6), enables us to determine the structure constants of the Lie

superalgebra which generates the doubled coset element (6.7). After a direct

calculation the resulting commutation and the anti-commutation relations are

[Hj, Ea] = O,/]'Ea s [Ea, Eﬁ] = Na7BEa+ﬁ 5 [H], Ea] = —Oéan,
~ 1 — ~ .
[EouEa] = Z ZajHj 9 [Hl7 V;] = (Hl)ka ) [EOH V;] = (Ea)g‘/}7
7=1

[Hi7 "7]6] = _(HzT)gc‘Z ’ [EOH ‘716] = _(Eg)gf"7l7

210



[Ea Esl = No, sEy,  a=f=—7, a#p, (6.13)

where the indices of the Cartan generators and their duals, ¢,7,l = 1,...,r and

o, 8,7 € Af.. The matrices ((E,), (H;)!) above are the representatives of the

nc

corresponding generators ((E,), (H;)). Also (ET)!, (HT)!) are the matrix trans-
pose of ((E,)!, (H;))). We observe that the dimension of the matrices above,
namely the dimension of the representation chosen, is equal to the number of the
coupling fields and their corresponding generators. The remaining commutators
or the anti-commutators which are not listed in (6.13) vanish. Now that we have
determined the structure constants of the algebra generated by the original and
the dual generators, we can explicitly calculate the Cartan form G’ = dv/v/~! in
terms of both the original and the dual fields without using the twisted self-duality

condition primarily. By using the identities

1 1
deXe ™™ =dX + 5[X, dX] + 5[){, (X, dX]] + ...,

(6.14)

1
XYe X =Y +[X,Y]+ 5[X, (X, Y]]+ ...,

and the commutation and the anti-commutation relations given in (6.13) effec-

tively, we have

1 . - =~ = =
g = §d¢zHi +E Qdy + Te'e?S
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JEEN

+VvdA+V (/7)) TdA

"1 ‘ o~
+ (—pmPmP Y 7 (H)i A" A dATH, (6.15)
=1

JEEN

In addition to the definitions we have given before, we have dA as (dA7). Besides,
we have the row vector of the duals of the solvable Lie algebra generators of GG
as ’i‘l = f[l for i = 1,...r and ’f‘rm = Ea for « € Af,. We have already defined

N

the column vector S as ;1 in Chapter four; however we change the notation in
this chapter not to confuse it with the coupling potentials A;, thus the vector g
is defined as S* = %dgg@ fori=1,..,r and 8™ = dy* for o« € AT

Since we have obtained the explicit form of the Cartan form G’ in (6.15) we
can use the twisted self-duality equation *G’ = SG’ to find the first-order field
equations of (6.5). The validity of the twisted self-duality equation is justified in
the way that we have primarily used it when we derived the structure constants.
The structure constants are chosen such that they give the correct Cartan form G’

which leads to the second-order field equations (6.6) when used in (6.8). There-

fore, directly from (6.15), the twisted self-duality equation *G’ = SG' yields

Vi dAT = (—1)m PTG AT,
e Q) xdy' = (—1)P(FeM) S,
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—xdo" = (—1)D(€F€A)§SJ

1 o
+ (=1)mP=m) 7 (Hr)ji AT N dA” (6.16)

We should remark once more that the roots in A} and the corresponding gener-
ators { £, } are enumerated. We can also express the equations (6.16) in a more

compact form as

MxdA = (—1ymP-m+1 &
(6.17)

«W =P+ (—1)P FerS,

where we use the column vector ¥ which we have already defined in Chapter four

1

as W' = Ld¢ for i = 1,...,r and W+ = 239" Qedx! for o € A, We also define

1 . ~
Pt = (—1)mP=m 1 (Hg)ji AV NdA* for k=1,..,r,

(6.18)

P =0 for aeAl.

The indices « above correspond to the labelled roots in A .

In summary, after defining the coupling of m-form field strengths to the scalar
Lagrangian we have obtained the field equations following the outline of [43, 57].
We then have performed the dualisation method of [10, 19] to establish a coset
formulation of the theory and to explore the Lie superalgebra which leads to the
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first-order equations of motion as a twisted self-duality condition whose validity is
implicitly justified by the construction of the algebra, the Cartan-Maurer equation
and the second-order field equations. Accordingly we have constructed a coset
element by defining an algebraic structure and we have shown that the field
equations can be directly obtained from the Cartan form of the coset element
both in the second and the first-order form by using the Cartan-Maurer and
the twisted self-duality equations. Therefore we have constructed a total coset
formulation for the matter coupled symmetric space sigma model.

The formulation given in this chapter assumes a general non-split scalar coset
G/K in D > 2 spacetime dimensions. The coupling potentials are assumed to
be (m — 1)-forms for 1 < m <D/2 and 3m — D # 1. We have also assumed a
representation whose dimension is compatible with the number of the coupling

fields.
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CHAPTER 7

DUALISATION OF THE D=8, MATTER COUPLED

SALAM-SEZGIN SUPERGRAVITY

In this chapter we formulate the Bosonic sector of the D = 8 Salam-Sezgin super-
gravity [38] in which there is the coupling of N vector multiplets as a non-linear
coset model. The formulation we present in this chapter is mainly given in [62].
Here we will also discuss the details of the calculation of the algebra structure. If
we focus on the scalar sector, the 2N vector multiplet scalars of the theory pa-
rameterize the coset SO(N,2)/(SO(N) x SO(2)) that is a Riemannian globally
symmetric space and we have analyzed the Riemannian globally symmetric spaces
in detail in Chapter three. Here SO(N, 2) is a semi-simple, non-compact real form
and SO(N) x SO(2) is a maximal compact subgroup of SO(N,2). We will follow
a construction which is parallel with the ones we have presented in Chapter five
for the maximal supergravities. We will also make use of the results of Chapter
four and the last chapter. As usual we will define the Lie superalgebra which will
be used to formulate the Bosonic fields as a non-linear coset model. The algebra
structure will be constructed in such a way that it will yield the locally integrated
first-order Bosonic field equations of the theory as a twisted self-duality equation
of the Cartan form of the coset representative parametrization.
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The first section is the introduction of the D = 8 matter coupled Salam-Sezgin
supergravity. We will derive the equations of motion and then locally integrate
them to find the first-order field equations. Whereas in the second section by
following the outline of [10, 19], we will introduce dual fields for the Bosonic
field content of the theory excluding the graviton and we will also define new
algebra generators for the original fields and their duals. A coset element will then
be constructed whose Cartan form is intended to yield the correct second-order
equations when inserted in the Cartan-Maurer equation. In order to calculate
the Cartan form one needs to know the algebra structure of the generators which
parameterize the coset representatives when coupled to the fields. The algebra
which generates the coset representatives is a differential graded algebra, similar
to the examples we have studied before, and is composed of the differential forms
and the field generators. It covers the Lie superalgebra of the field generators
which is the Lie algebra of the symmetry group of the Cartan form. The correct
choice of the commutators and the anti-commutators of the Lie superalgebra is
again a result of the direct comparison of the field equations of the first section
and the Cartan-Maurer equation. Finally we will show that the twisted self-
duality equation *G = SG when applied on the Cartan form, which can explicitly
be calculated after determining the algebra structure, leads to the first-order

formulation of the equations of motion found in the first section.
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7.1 The D=8 Matter Coupled Salam-Sezgin Supergravity

The eight dimensional Salam-Sezgin supergravity with matter coupling was
constructed in [38]. N vector multiplets {\, 4, '} (A is a Fermion and for i = 1,2
{¢'} are the scalars whereas A is a one-form field) are coupled to the original
field content {e,¥*, X, By, A, 0} where {e'} is the graviton, {¢*, x} are the
Fermionic fields, {o} is the dilaton, B, is a two-form field and for i = 1,2 { A}
are the one-form fields. We will combine the original one-forms { A%;i = 1,2} and
the N vector multiplet one-forms { A} into a single set and we will denote them as
{A%;5=1,...,N +2}. Later we will also classify the 2N vector multiplet scalars
{'} as dilatons and axions as a result of the solvable Lie algebra parametrization
we have defined in Chapter three and Chapter four. The single, decoupled dilaton
{o} of the original theory and the 2N scalars {¢'} of the vector multiplet which
parameterize the SO(N,2)/(SO(N) x SO(2)) Kéahler coset manifold constitute
the scalar sector of the matter coupled supergravity theory. An explicit represen-
tation parametrization for the scalar coset SO(N,2)/(SO(N) x SO(2)) is given

in [38] where the scalar fields are not classified as dilatons and axions.

For odd N, so(N,2) is the non-compact real form of B N1 whereas for even NV,
it is the non-compact real form of D N2 and in general depending on N, SO(N, 2)
is not necessarily a split real form (maximally non-compact) as it is clear from
Chapter two. We have already studied the cosets M, , = O(p,q)/O(p) x O(q)
based on the orthogonal groups O(p, ¢) in Chapter two and those conclusions can
also be extended to the special orthogonal groups SO(p,q) in light of Chapter
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three. Since SO(N,2) is a non-compact real form of some semi-simple Lie group
we will use the solvable Lie algebra parametrization established in Chapter three
and Chapter four for the coset SO(N,2)/(SO(N) x SO(2)). In reference with
Chapter three and Chapter four, this parametrization introduces the dilatons,
which are coupled to the generators of h,, the Lie algebra of the maximal R-
split torus of SO(N,2), and the axions, which are coupled to the positive root
generators of SO(NV, 2) that do not commute with the elements of h,,. Therefore,
due to the nature of the semi-simple, non-compact real form SO(N,2) and the
fact that SO(N) x SO(2) is the maximal compact subgroup of SO(N,2), by
using the Iwasawa decomposition, the coset SO(N,2)/(SO(N) x SO(2)) can be

parameterized as

L= eéﬁf’i(ﬂf)Hiexm(w)Em, (7.1)

where the Cartan generators {H;} for ¢ = 1,..., dimh,, = r are the generators
of hy,, and {E,,} (for m € Al)) are the positive root generators which generate
the orthogonal complement of h,, within the solvable Lie algebra sy of so(N,2),
namely ng. Now the 2N scalars are classified as {¢'}, the dilatons fori =1, ..., 7,
and {x™}, the axions for m € A . As usual we label the roots which are elements
of Al from 1 to n; then we have r+n = 2N. By using the generalized transpose
#, we introduce the internal metric M = L# L. For SO(N, 2), since the subgroup
generated by the compact generators of the Lie algebra so(lV,2) is an orthogonal
group, # coincides with the matrix transpose in the fundamental representation
of so(NN,2).
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Thus depending on the discussion we have made above, the Lagrangian of
the vector multiplet scalar sector of the eight dimensional matter coupled Salam-
Sezgin supergravity, that can be formulated as a symmetric space sigma model,

can be written as

Escalar = %ltr(dMl A *dM), (72)

where M = LTL. The Bosonic Lagrangian of the D = 8 matter coupled Salam-

Sezgin supergravity can now be given as [38]

Ezif%*ljtgda/\*da—%e%G/\*G

1 1
- Ztr(d./\/l_1 A *dM) — 56”}7 AM % F, (7.3)

where we have assumed the (N+2)-dimensional matrix representation of SO(N, 2).

We should also state that the last term in (7.3) can be explicitly written as
1 1 . ,
—560F AMx F = —560/\/lz~jFZ A xF7. (7.4)

Under the (N +2)-dimensional representation we assume, due to its construction,

M = LTL is a symmetric matrix having the components
M;; = Li L, (7.5)

for i,j,a = 1,..., N +2. The (N + 2) two-forms {F"} are the field strengths of

{A"}, F' = dA’, and the Chern-Simons term G is defined as

G =dB +n;;F' N A. (7.6)
J

219



Here B is the two-form field, the indices {i,j} are running from 1 to N 4 2 and

7 is the metric corresponding to SO(N, 2), i.e.
n=_(——+,++.) (7.7)
We also have the standard formulas
L'nL=n |, L™ =nLy, (7.8)

of the orthogonal matrix groups for SO(N,2). The second identity is due to
the fact that the coset representatives L can be locally chosen as symmetric
matrices, L7 = L, which is evident from the explicit parametrization given in
[38] and the transformation we have established in Chapter four relating locally
the parametrization of [38] and (7.1).

We derive certain identities of the Cartan generators { H;} under the (N + 2)-
dimensional representation which are used in deriving the first-order equations

from the second-order ones. First we observe that

oL 1
zL = — —HZ'L,
0 dpt 2
oLt 1
IT="— =_[TH"
% ot 2 v
-1
oL = aaLgbi _ —%L‘lHi. (7.9)

We also have the explicit form of the differentiation of the internal metric M as

_ oM 1 T
oM =5 = 5L (H; + HI)L. (7.10)
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By differentiating the defining equations in (7.8) with respect to {¢'} and by

using the identities (7.8) and (7.9) effectively, we can show that
H'n = —nH,. (7.11)
Moreover we have the symmetry relation

(H;L)" = H;L, (7.12)

for i = 1,...,r. In obtaining (7.12), we have implicitly used the fact that the coset
representatives can be chosen as symmetric matrices. The identities (7.9)-(7.12)
are matrix equations and apparently they are valid in the (N + 2)-dimensional
representation we have assumed. We make use of these identities in the derivation
of both the second-order and the first-order field equations. To find the field equa-
tions for the non-gravitational fields, we first vary the Bosonic Lagrangian (7.3)
with respect to the fields o, B, {A’} and find the corresponding field equations

as

3 1 .
“d(xdo) =~ G A #G — ST My F' A +F,

d(e” Myj x F7) = —2e* (n;; F7 A +Q). (7.13)

221



The last equation above can also be expanded as

1
d(e2 L« F) = —5do A (e2°L % F) — 2(LT) " 'nei®F A e” « G

1 . 1 1 i 1
- 5CWHf Nex®Lx F — e UEL Ne27 L * F. (7.14)

(7.14) is a vector equation. The quantities {H], ET} are the matrix transpose
of the matrix representatives of the generators {H;, F,} similar to the matrix
representatives { H;, H! } in the identities (7.9)-(7.12). In deriving (7.14) we have
made use of the explicitly calculated Cartan form (4.26). However as in Chapter
six in order not to confuse F'® with the coupling field strengths, we have slightly
changed the notation and defined U* = Qgdx”. (7.14) is in the form which one
obtains as a result of the direct substitution of the dualized Cartan form into the
Cartan-Maurer equation in the dualisation (This will be performed in the next
section).

We have already found the corresponding field equations for the scalars when
there is matter field coupling in the previous chapter, where the formulation is
done for a generic coset and for a general m-form coupling. For the present case,

the coupling potentials have two-form field strengths F. Thus the field equations

for {¢'} and {x™} are
d(eéw « U = _5%6%%1# dei A +U"

+ Z eéai‘i’ie%ﬁi‘i’iNa,,gUa/\*Uﬂ,
a—p=—y
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d(xd¢") = Z a;e2% 9 U A 3% 5 U

aGAﬁC

n—m=j

_ %e ((H;)2L™ L%) % F™ N F, (7.15)

where the indices associated with the dilatons and the Cartan generators are
from 1 to r and «, 3,7 € A).. We remind that the matrices {(H;)%} are the ones
corresponding to the generators { H;} in the (N + 2)-dimensional representation.
Notice that we have an extra e’ factor which does not exist in (6.6) in the dilaton
equation and which is the contribution of the decoupled dilaton in (7.3). To

remind the reader, in the definition of U% = dixﬁ, 2 is the matrix

Q:Z(n+1)'

n=0

= (e —DNw, (7.16)
with wj = x*K 5. The structure constants K, are defined as [Eq, Eg| = K3 F,

or, since {E,} are the generators corresponding to a subset A} of the roots of
so(N,2), we have [E,, Eg| = Nu 3Eq1p. In other words, K§; =0, K§, = Np, if
f+v=aand Kg =0if §+7 # «a in the root sense.

One can locally integrate the Bosonic field equations (7.13) and (7.15) by
introducing auxiliary fields which can be considered as the Lagrange multipliers
and by using the fact that locally a closed form is an exact one. By integration
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we mean to extract an exterior derivative on both sides of the equations. It is
straightforward to write the first-order equations for (7.13). On the other hand
for (7.15), the first-order formulation of the scalars must be treated separately
due to their non-linear nature. Thus we will refer to Chapter four and Chapter six
and use the results which are obtained for generic scalar cosets and couplings to
obtain the first-order equations for the scalars. If we introduce the dual four-form
B, the set of five-forms {47} and the six-forms {d&, d¢', dY™}, we can locally

derive the first-order equations as

e x G = dé,

e(’/\/l; « F/ = —dA" + 2dB A n}Aj,

4 ~ 2 , ~

29 ()0 x dy! = (eFeA)?”gj,

1 ~ 1 R,
3 * do™ = (eFeA)}”SJ + Z(Hm)jiA] N dA*

1 o
+1 nf(Hp) AP N A A dB. (7.17)

NN

The vector S is defined in the last chapter as S = %d& for j = 1,...,r and
St — dy* for o € A . The matrices I' and A have been introduced before as
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Tk = 16t gk and AX = x™ f% . The coefficients {gF,} and {f¥,} are already given
in Chapter four. Notice that when we choose D = 8 and m = 2 in (6.16), we
exactly get the first-order equations for the axions above however for the dilaton
equation in (7.17) as well as the equation for the coupling potentials A?, namely
the second equation in (7.17), there are extra contributions containing B which
result from the existence of the two-form field B. We should remind the reader
of the fact that a, 5 € A, and we assume that these roots are enumerated from
lton=2N —r.

The last term in the last equation of (7.17) needs attention: if its exterior
derivative is taken in order to obtain the corresponding term in the second-order
equations, one needs to make use of the fact that, as HI'n = —nH; and 7 is a

diagonal matrix,

(Hin)" = —Hmn, (7.18)

under the (N + 2)-dimensional representation we have chosen. One also needs to
make use of the identities (7.12) to reach the corresponding second-order equation
in (7.15) when the last equation of (7.17) is differentiated. We are using the
Euclidean metric to raise and lower the indices whenever necessary for notational
purposes.

We should also remark that if we take the exterior derivative of the last equa-
tion of (7.17), we do not obtain exactly the second-order equations for {¢’} given
in (7.15) but instead those equations multiplied by % These first-order equations
will be re-formulated as a twisted self-duality equation after we introduce the full

225



dualisation of the theory resulting in a coset model in the next section.

7.2 The Coset Formulation

In this section, by following the outline of [10, 19] we will generalize the
coset formulation of the scalar manifold SO(N,2)/(SO(N) x SO(2)) to the entire
Bosonic sector of the D = 8 matter coupled Salam-Sezgin supergravity. As in
the other dualisation cases we have discussed before, our aim is to construct a
coset representative which will be used to realize the original field equations. The
group which is generated by the generators we introduce to construct the coset
representative within the dualisation, in general, becomes the symmetry group
of the Cartan form G which is generated by the coset representative map. We
need to construct a new algebra which will lead to the non-linear realization of
the Bosonic field equations. The first-order equations (7.17), will be formulated
as a twisted self-duality equation *G = SG, where S is a pseudo-involution of
the Lie superalgebra which is generated by the original and the dual generators.
The full symmetry group of the first-order equations is in general bigger than the
symmetry group of the Cartan form.

We will assign a generator for each Bosonic field of the eight dimensional
matter coupled Salam-Sezgin supergravity. The untilded, original generators are
{K, Vi, Y, H;, E,,} for the fields {o, A", B, ¢/, Y™}, respectively. Their duals
are introduced as {K, V;, Y, ﬁj, E,,} for the dual fields {5, A", B, ¢/, x™}. We
require that the Lie superalgebra to be constructed from the generators has the
Zs grading as usual. For this reason the generators will be chosen as odd if the
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corresponding potential is an odd degree differential form and even otherwise. In
particular {V;, \Z} are odd generators and the rest of the generators are even.
In the construction of the general coset we will consider the differential graded
algebra generated by the differential forms and the generators which are coupled
to the fields. This algebra covers the Lie superalgebra of the field generators
as we have studied in the other dualisation examples. Therefore the odd (even)
generators behave like odd (even) degree differential forms under this graded
differential algebra structure when they commute with the exterior product. The
odd generators obey the anti-commutation relations while the even ones and the
mixed couples obey the commutation relations.

The structure constants of this new algebra will be chosen so that they will
lead to the correct second-order equations (7.13) and (7.15). Let us first consider
the map

v = ea® Hi X" Bm ooK A'Vigy BY (7.19)

1

The corresponding Cartan form G = dvv~" can be expanded in terms of the

original generators and it satisfies the Cartan-Maurer equation
dGg —G NG =0, (7.20)
by definition. The coset representative (including the dual generators as well)
will be chosen as
U = ea® Hj X" Bm oo K oANVi g BY o3 BY (A 5K (X" Em o3&/ H; (7.21)
The Cartan form G’ = dv/v/~! can also be calculated in the expansion of the

original and the dual generators. For the explicit calculation of both of the
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Cartan forms G and G’, we need to know the algebra structure that the generators
obey. This structure will be constructed in a way that the twisted self-duality
equation *G’ = SG’ will lead to the correct first-order equations. The action of

the pseudo-involution & on the generators is as follows

SY=Y ., SK=K , SE,=EFE, , SH,=H,

SY=Y , SK=K , SE,=E, , SH;=H,

SVi=V, , SVi=-V. (7.22)
The Cartan form G’ = dv/v/~! also obeys the Cartan-Maurer equation
dg'— G’ NG =0. (7.23)

By following our previous constructions, we know that one can primarily use the
twisted self-duality condition *G’ = SG’ to construct the generator expansion of
G', obtain an expression only in terms of the original fields and calculate (7.23).
This equation must lead to the second-order field equations (7.13) and (7.15). In
the calculation of the generator expansion of the Cartan form G’, we first calculate
G in terms of the unknown structure constants of the original field generators.
G constitutes the part of G" which is composed of the original generators. We
can use the twisted self-duality condition we propose on G’ to generate the other
part of G which is composed of the dual generators. This is possible since when
one inspects the Lie superalgebra structure, in order to obtain the correct field
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equations, one finds that the commutation or the anti-commutation relations of
the original generators must lead to the original generators; a pair of an original
and a dual generator lead to a dual generator, while the algebra product of two

dual generators vanishes. When we calculate G’, we find that

| ~
G'=G+ 5 xdp Hi+ e Q xdx"Eq

+ #do K — e VeVeP x dA + +0Y (7.24)
where the Cartan form G = dvv—! is

1 i o

+e“VeYeBdA + OY. (7.25)

In (7.24) and (7.25) notice the contribution of the scalars of the theory which in
general terms we have discussed in the previous chapters. Thus we keep the same
notation which has already been established in Chapter four and Chapter six.
Moreover we have already defined (U)? = $¢'0 and (B), = ™3, in Chapter
six. The structure constants 07! and (37, are given in (6.12). The three-form O
is defined as

1

0= §ewe><’"2me%¢"“n(d3 + AT A dATD), (7.26)

where we define the yet unknown structure constants as

K, Y]=aY , {Vi,V;} =0b;Y,
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(H,Y] =Y | [EmY]=znY. (7.27)
In (7.24) we have also defined the unknown structure constant ¢ as
K,V = Vi (7.28)

In the construction of (7.24) we have assumed that the commutators or the anti-
commutators of the original generators which are not listed in (6.12), (7.27) and
(7.28) vanish.

Now that we have obtained the Cartan form G’ by using the twisted self-
duality condition, solely in terms of the original fields, we can insert (7.24) into
the Cartan-Maurer equation (7.23); the result can be compared with the second-
order field equations (7.13) and (7.15) to read the desired commutation and the
anti-commutation relations of the Lie superalgebra of the field generators. We
will not give the details of this long calculation but only present the results. The
resulting commutation and the anti-commutation relations of the original and the

dual generators, apart from the purely scalar commutators are

[Ka‘/z]:%% y [K7Y]:Y ) [K,?]:—Y,
- 1~
Vi K1 =5V Vo Vi} =Y [H, Vi) = (H);Vi,

A ~ 2 - 1 ~
(B, Vi) = (En)V; o {Vi Vit = S0k + 7> (Hi)wH;,

(2
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~ ~ 16 ~
Vi¥]= -4 ¥ . V)= oK

) [Hi’ ‘7k] = _(HzT)Zlf/m?

(Ea, Vi] = —(ED)pV. (7.29)

The matrices ((H,)!, (E,)!) are the images of the corresponding generators

IR i
(H,,, E.,), respectively, under the representation chosen. Also the matrices ((HZ)?,

(ET)7) are the matrix transpose of ((H,y,)?

7 (E,)]). The scalar generators and the
generators which are coupled to the six-form dual fields of the scalars, namely

{H;, Ep, Em, ﬁl}, constitute a subalgebra with the following commutators

[Hj, Ea] = Oéan 3 [Ea, Eﬁ] = NaﬁEaJrg,

~ 1— ~
[Hj, Eo) = —ajEa ,  [Ea, Ed] ZZZ%‘Hw
j=1

[Ea,Egl = Na_pE,,  a—f=-7, a#p, (7.30)

where i,7 = 1,...,r and o, 3,7 € Af. As a reminder, A} is the subset of
the positive roots of SO(N,2) whose corresponding generators do not commute
with the elements of h,, in so(NV,2). The remaining commutators and the anti-
commutators which are not listed in (7.29) and (7.30) vanish indeed.

We can now calculate the doubled field strength G’ = dv/v/~! explicitly, with-
out using the twisted self-duality condition on it, in terms of both the original
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and the dual fields since we have determined the commutation and the anti-
commutation relations of the original and the dual generators. From the defini-
tion of the coset element in (7.21), by using (7.29) and (7.30), the calculation of

G = dv'v! yields

1 . 1 i 1 1
G = §d¢ZHZ- + 2% UEy 4 do K + e2? LEdA'V,

1 1 ~ 4 ~ 2 o~
+ ée”GY + Ee_UdBY + (—§B NdB + §AJ NdA"S;; + do) K

(e (L) LA 4 26737 (L)l AT A dB)T;

RN

+T(J 4 eFerS). (7.31)

In the derivation of (7.31) we have used the matrix identities deXe ™ = dX +
11X, dX] + X, [X,dX]] + ... and eXYe ™ =V 4+ [X, Y] + L[X, [ X, Y]] + ...
which are the common tools in all Cartan form calculations as it is clear from our
previous derivations. Although L is a symmetric matrix, we keep L in (7.31)
for an easier comparison of the first-order equations we will obtain from (7.31)
with the ones previously calculated in (7.17). As we have defined before, the row

JEEN

vector T is 'f‘z = ffl fori = 1,...,r and ’TaH = Ea for « € AT, whereas the

nc’

RN

column vector S is §* = %d& for i = 1,...,r and S = dx® for & € A}, (We
have already assumed that the roots in A are labelled by integer indices from
1 to n, therefore r +n = 2N.).

N

The J term in (7.31) is a consequence of the coupling between the scalars and
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the one-form potentials in (7.3) and we define it as

1 . ~. 1 . . ~
J" = Z(Hm)jiAJ/\dAl—i_z_lnzk(Hm)jkAj/\Al/\dB ;M= 17"'7T7

(7.32)
Jrr=0 , aeAl.
In (7.31) more explicitly we have
= - = " ~. 1 . ~.
r A T _A\m %
T(J + e ePS) = ;((e )]s + L (Hi)ji A A dA
1 ) ) ~ ~
+ 5 1 () e AV N AT N dB) Hy
+ Y (FeM)TSIE,, (7.33)
aEA;‘{c

The next step is to show that if we apply the twisted self-duality equation %G’ =
SG' on (7.31) by using (7.22), we get the correct first-order equations (7.17). Thus
the twisted self-duality equation *G’ = SG" whose validity is implicitly justified

in the construction we have presented gives

+2e72((LT) eyl dB A AR,
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4 ~ 2 . ~
xdo = do — gB ANdB + géijAJ A dAZ,
e%ami(ﬁ)?‘” w dy! = (eFeA)?+r§j,

1 <~ 1 S~
5 * dqu = (6F€A);~nsj + Z(Hm)ﬂAJ A dA"

+ i nF(Hp) A7 A AT A dB. (7.34)
These equations are the same with the first-order equations (7.17) which are
obtained by directly integrating the second-order equations (7.13) and (7.15). We
should also state that in (7.17), we have made use of the results of Chapter four
and Chapter six to perform the first-order formulation of the scalar sector (7.2)
excluding the matter coupling implicitly and separately by using the dualisation
method only on the scalars. The second equation in (7.34) may seem to be
different, however it is the second equation of (7.17) multiplied by (L*)~! from

the left. This result also separately justifies the proper choice of the commutation

and the anti-commutation relations in (7.29) and (7.30).

In summary, we have presented the first-order formulation of the Bosonic
sector of the D = 8 Salam-Sezgin supergravity coupled to N vector multiplets.
The formulation is based on the dualisation of the fields and the construction of
the Lie superalgebra of the symmetry group of the doubled field strength. After
obtaining the second and the first-order equations of motion in the first section,
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we have doubled the non-gravitational Bosonic field content by defining dual fields
which are Lagrange multipliers and we have constructed a Lie superalgebra which
leads to a coset formulation of the Bosonic sector of the D = 8 matter coupled
Salam-Sezgin supergravity in the second section. Finally we have regained the
first-order equations of motion as a twisted self-duality equation of the doubled

field strength namely the Cartan form G'.
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CHAPTER 8

CONCLUSION

We have introduced the Kaluza-Klein mechanism to discuss the construction of
the D-dimensional maximal supergravities from the D = 11 supergravity theory
besides, to derive the Abelian Yang-Mills supergravities from a subtheory of the
ten dimensional type I supergravity. We have focussed on the scalar sectors and
studied the scalar coset formulations of these supergravities from a closer point
of view. The idea that in certain dimensions one can only formulate the scalar
sectors as coset Lagrangians or sustain the already existing coset structures if one
introduces dual scalars, replacing a subset of the higher rank fields by means of
the Lagrange multiplier methods, suggests a complete dualisation of the Bosonic
sectors leading to the extended coset formulations. In this direction, the duali-
sation of the non-gravitational Bosonic sectors of the D = 11, the maximal and
the IIB supergravities are presented in a pattern which reveals the basics of the
method of dualisation and the first-order formulation. We have devoted a whole
chapter for a self-contained discussion of the symmetric spaces since, except for
the D =4 N <2 and the D =5 N = 2 supergravities, the scalar manifolds of
all the other supergravities are homogeneous symmetric spaces. In accordance,
we have given a rigorous formulation, including the dualisation, of the symmetric
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space sigma models which is based on two different approaches and parameter-
izations. Furthermore we have extended the dualisation of the symmetric space
sigma models by coupling matter fields. Finally by mounting the general re-
sults of the dualisation of the matter coupled symmetric space sigma models in
our analysis, we have developed the Bosonic doubled formalism for the D = 8
Salam-Sezgin supergravity which extends the results of the dualized maximal
supergravities in [19] to the broader field of the matter coupled supergravities.
As we have mentioned before, the scalar coset manifolds of the maximal su-
pergravities are symmetric spaces which are based on the semi-simple split real
form global symmetry groups. We have given a thorough review of the symmetric
spaces to explore how they emerge from the split (maximally non-compact) and,
in general, the non-split (non-compact) real forms and to define the corresponding
Borel and the solvable Lie algebra gauges for parameterizing the coset represen-
tatives. This detailed coverage has equipped us with the necessary tools to study
the most general form of the symmetric space sigma models. The dualisation and
the first-order formulation of the symmetric space sigma models are performed in
an abstract derivation, for generic symmetric coset spaces G/ K. The dualisation,
when the symmetric space scalar coset manifolds are coupled to the matter fields
is also carried out in D > 2 spacetime dimensions. The coupling potentials are
assumed to be (m—1)-forms for 1 < m <D/2 and 3m—D # 1. As it is clear from
our construction, the results are general and they are applicable to the entire set
of supergravity theories which contain similar matter couplings. Thus we have
constructed a general formalism which can be applied to the general scheme of
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the dualisation of the pure and matter coupled supergravity theories.

As a specific example of the dualisation of the matter coupled supergravities,
the D = 8 Salam-Sezgin supergravity which is coupled to N vector multiplets
[38] is reformulated as a coset model by constructing the Lie superalgebra which
generates the Bosonic coset element. The formulation given in Chapter seven also
explicitly denotes how the general conclusions of the chapters four and six can be
adopted in the first-order formulations of the matter coupled supergravities.

Apart from reviewing the duality nature of the supergravities and the for-
mal study of the symmetric space, scalar coset manifolds which are at the core
of the supergravities, the main contribution of the thesis is two-fold. First we
construct a general method to apply the dualisation techniques to the pure or
matter coupled non-split scalar cosets. Secondly, we extend the range of appli-
cation of the dualisation method from the maximal and the IIB supergravities
[19] to the matter coupled supergravity theories. Therefore we have formed an
assembly, in which we can study the symmetry schemes of the matter coupled
supergravities. As a matter of fact, the matter coupling occurs as a course of
the dimensional reduction [21], thus detecting the symmetries which appear in
the Bosonic coset formulations also reveals the hidden symmetries of the original
higher-dimensional supergravities and the relative string theories.

We have pointed out before that the coset constructions presented in chap-
ters four, six and seven can be enlarged to include gravity by using the outline
of [34] and [35]. Thus one may revise the coset formulations of the mentioned
chapters to cover the entire Bosonic sector. Although we have derived the Lie
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superalgebras which generate the doubled coset elements of the pure and mat-
ter coupled symmetric space sigma models, as well as the Lie superalgebra of
the D = 8 Salam-Sezgin supergravity, we have not mentioned about the related
symmetry groups of the dualized Cartan forms and the twisted self-duality equa-
tions. Moreover, these symmetry groups can be studied in the general picture of
the group theoretical construction of the cosets. In particular one may explore the
group theoretical aspects of the doubled coset element of the D = 8 Salam-Sezgin
supergravity by including gravity, which would provide the improved symmetry
structure of the D = 8 Salam-Sezgin supergravity. For instance the group which
will be obtained after the inclusion of the gravity sector would cover the Lorentz
group and the Lie supergroup constructed in Chapter seven. The dualisation
analysis we have considered here is based on the non-gravitational Bosonic field
equations. Equivalently, one may work on the Lagrangian formulations which
would give the twisted self-duality equations of the doubled field strengths, in
other words the Cartan forms of the dualized cosets as equations of motion. The
Lagrangian formalism would link the typical dualisation method presented in var-
ious examples here to its Lagrange multiplier method origins. As an example,
one may find the dualized Lagrangian construction for the SL(2,R) scalar coset
in [19].

The doubled formalism or the dualisation may further be improved to in-
clude the Fermions. This would enable us to reformulate the supergravities as
non-linear sigma model constructions completely, and this would reflect their full
symmetries as explicit building blocks of their structures. The discussion about
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the dualized Lagrangian construction and the dualisation of the Fermionic sec-
tor of the D = 11 and the IIA supergravities can be found in [63] and [64],
respectively.

Our formulation about the matter coupled supergravities does not cover the
gauged supergravities on which an extensive research is going on recently. A
general formalism can also be established for the dualisation of the gauged su-
pergravities. In particular the dualized symmetries of the gauged form [38] of the
D = 8 Salam-Sezgin supergravity can be studied on its own right.

In summary, we have plotted the outline of the dualisation and the doubled
formalism of the supergravities starting from the scalar coset constructions. We
have devised a general and an abstract formalism to dualize the matter coupled
symmetric space sigma models, then we have used this formalism within the
dualisation of the Bosonic sector of the D = 8 Salam-Sezgin supergravity. As
a result we have formed the mainline of the dualisation of the matter coupled
supergravities which can be improved in many directions as we have mentioned

above.
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APPENDIX A

THE DIMENSION-DEPENDENT QUANTITIES OF THE

MAXIMAL SUPERGRAVITIES

In Chapter five, when we give the first-order equations for the Bosonic sectors of
the D-dimensional maximal supergravities which are Kaluza-Klein descendants
of the eleven dimensional supergravity, we have written the first-order equations
and the field strengths compactly in terms of the fields X, X¢ X%, 6 X¥F Y,

?, Z) for simplicity. We will give the definitions of these dimension dependent

quantities for each dimension now. First we define the fields X, X?, X%, X¥* as

1
D=11: X = §A(3)d14(3), (Al)
1
D =10: X = —A(Q)ldA(g), Xl = §A(3)dA(3), (A2)
1,
D=9 X = 5" (AnidAp) — AidAw;),

Xi = —EijA(g)jdA(g) s

. 1 ..
X = 2eAgdAw, (A.3)
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. 1 ..
Xk = éew’fA(g,)dA(?,),

o1 1
D="7: X = Ewkl(gA(l)ijdA(l)kzl - EA(O)ijde(Z)l)a

. o1 1
Xt = —Gijl(éA(l)jde(Q)l + EA(O)jkldA(3)>u

XY = éewkl(A(l)kldA(;g) - A(Q)de(2)l>7

Xijk — —EijklA(Q)ldA(g),

1 ..
D=6: X = —EEUkZmA(O)i]‘de(l)lma

o 1
X' = e (2 AmndAnm = cAmdAem);
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g . 1 1
XY = —ewklm(§A(1)kldA(2)m + EA(O)klmdA(fi))v

- 1 ..
lek _ §€Z]klm<A(1)lmdA(3) — A(g)ldA(z)m)a

1 ..
D=5: X = —ﬁEljklmnA(O)ijde(O)lmna
7 1 ijklmn
X' = —EE A(O)jkldA(l)mm

g , 1 1
X = ewklmn(gA(l)kldA(l)mn ~ sAommdAen),

) | 1
ijk — —ewklmn<§A(1)lmdA(2)n -+ EA(O)lmndA(ff))?

D=4: X' = = €M A ) jad A o)mnp,

XZ] — _EeljklmnpA(o)klmdA(l)np7

-~ . 1 1
Xk — ez]klmnp<§A(1)lmdA(l)np - gA(O)lmndA(Q)P>’

npq»

N 1 .
D=3": XY = —ie”klm"”qz‘l(o)kzmdfl(o)
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(A.8)



ik — _Eewklmnqu(O)lmndA(l)pq’ (A.9)

iy 1 ..
D=2: X”k = —5EUklmnquA(o)lmndA(o)pqr. (AlO)

As it is clear from the expressions we omit the wedge product. The next group of
dimension dependent quantities are Y, and they can be given for each dimension

as

1
D=9: Y, = EZ](EA(Q)kA(Q)idA(Z)j — AwirAw)idAs),
il 1 1
D=8: Yi=e"(—gAouAwidde — jAnidnindAs)
1
— §A(1)ikz4(2)jdz4(2)l),
1.
D=T7: Y, = Zel]lm(A(O)ijkA(2)ldA(2)m — AyijrAyimdA)
— AyinAn)idA@ym),

g 1 1
D=6: Y, = €Zﬂmn(_ZA(O)ijkA(l)lmdA(Q)n + ﬂA(l)ikA(l)jldA(l)mn
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1

— EA(O)ijkA(O)lmndA(S))a
- itmnn( L4 A Ay — Aty AymdA
D=5: Y, =€ (ﬁ )ik A ) imndA@)p — Te A WimdA1)np),

1 ..
D=14: Y, = —4—8Ez]lmnqu(())ijkA(O)lmndA(l)pq7

1 ijlmnpgr
D=3: Y, = EG glmnpq A(O)ijk:A(O)lmndA(O)pQT7

We also have the quantities Q?

1
D=9: @@= —§A(2)1A(2)1d14(3)7

1
D=38: @Q'=e"(-AnjAxmdAg) — EA(Q)jA(Q)ldA(Q)m)7

J

1 1
D=T: Q=" (GAimAendAw — 7AHmAWdAE)

J

1
+ 5 A AendAm),

1
D=6: Q"= Z6’““"’”’(A<o>jzmA<1>npdA<3) — A)jimA@nd Ay

J
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— A A@ynpdA@ym),

1
D=5: Q= eklm"pq(ZA(o)ﬂmA ympdA@)q + 57 A 0)jtmA©)npg @A)

1
+ ﬂAumA(l)mndA(l)pq),

1 1
D=4: Qf=¢'mmir( : 6A(0),zmA(1>npdA ﬁA(O)jlmA(O)npqu@)r)’
. k 1 klmnpqrs
D=3: Qj - EE A(O)jlmA npqu )rss
D=2: QF= —Leklm”pqmtA 0)jtm A ©)npgd A ©)rst- (A.12)
J 432 (0)jlm<2(0)npg )rs
Finally we have the vectors 63,
- 1
D=10: Q= éaA(2)1A(3)dA(3),
D=9: Q= ——ae A(1 wA(;;)dA(g) + = Z a; A(2 A(g)jdA(g)EU,

~ 1. o L= ’
D=8: Q=—zadpupdpdige” -3 > ayAnyAprdAge?

i3
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AyijAymdAg) — —A(1)ZJA(2)WI dA)

1 - 4 A ijkl
+ 35 > aiAgyinAgndAg e,

Z‘,j,k

~

@l

1 A
=1 Z (AirAnmdAp)
ik

ool

ZEUA A kl’YmdA( )nemklm

ihj

Ol

. 1 . R
Z aijk(ﬁA(O)ijkA(O)lmndA(g)

Z7j7k

1 - o .
_2A 'ijA(l)lmfygdA(Q)p)Ewklmn

1

T

- 2 1 ijklmn
g aijA A kwmyqu Dpq€ J ,

]

W

. 1 -
= Z Q 5k _4A ij:A(l lmryn’}/pdA

Z‘7j7k
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— Ayir At dAg)

) igkl

n)Eijklm



1

— ﬁA(o)ijkA(o)lmn’VZdA(Q)Q

6zgklmnp7

A 1 - 1 A r_s ijklmn
D=3: Q= i Z W ijkA0)ijk A mn Yy VadA@yrse? . (A.13)
ijk
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APPENDIX B

THE DIMENSION-DEPENDENT COMMUTATORS OF THE

MAXIMAL SUPERGRAVITIES

We have already given the dimension independent commutation and the anti-
commutation relations in the coset formulation of the maximal supergravities.
There are also the dimension dependent commutation and the anti-commutation

relations in each dimension. We present them here:

D=11: {V,V}=-V, (B.1)

D=10: {V\V}=-V, , [V,\V]=V, (B.2)

D=9: {VIiV}=-éV , [ViVI]=éV,

ViV =6V, | {V,V} =Wy, (B.3)

D=8: [E*V]=—é*V | [V V] =ity
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(VIV} =", | [V, V] =€,

ViV] = —%Eijkvjk ., {V,V}i= — E3, (B.4)
D=7- [Eijk7 V] _ eijklf/l ’ [Eijk’ Vl] _ Ez'jkl‘N/7

(Vi yhy = _ kLY . [V VR = _Gijklf};’

(V9V} = 2Ty V4 V9] = LT,

vov)= Lo, 35)
D=6 [Eijk’ Vlm] _ _Eijklm"? 7 [Eijk’ Vl] _ Eijklmf}m

(Vi VY = _diktmiy [y k) = %Eia‘klmf/m

3 1 - R T
{Vi9, vV} = _éewklmEklm , VLV = EGijlmEklmy

.. 1 .. ~
[Euk’ V] —_ _EEHklmVlma (BG)
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D=5:
D=4:
D=3:

[Eijk’ Elmn]

{Vijﬂ Vkl} =
Ezjk I
(B V] =
[Eijk’Elmn] —

{Vijﬂ Vkl} =

— 6z]klmn‘/'

ijk lm ijklmny
. [EYR VI = €Y Vi,

1 .. ~ - 1 .. ~
§Ezﬂ€lmnvmn , [V”, Vk] — _6EzgkzhnnEllmn7

.. ~ . 1 .. ~
Ezjklmnvmn ’ [E”ij7 V] — 6€ijlmnElmn; (B?)
ijklmnpy 7 ijk lm] __ 1 ijklmnpy 7
€ V, , [EYEV y——ie Vops

1 - g 1 .. ~
B, B VY = R, (BS)

ij mn 1 ijklmnpqy 7 ij m 1 ijklmnpq fa
[E ]k7 El ] = 56 o pQ%q ) [E jkv Vl ] - ggjkl pqE”PQ‘ (Bg)
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