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ABSTRACT

INERT SUBGROUPS AND CENTRALIZERS OF
INVOLUTIONS IN LOCALLY FINITE SIMPLE
GROUPS

Ozyurt, Erdal
Ph. D., Department of Mathematics

Supervisor: Prof. Dr. Mahmut Kuzucuoglu

September 2003, 68 pages

A subgroup H of a group G is called inert if [H : H N HY] is finite for all
g € G. A group is called totally inert if every subgroup is inert. Among the
basic properties of inert subgroups, we prove the following. Let M be a maximal
subgroup of a locally finite group G. If M is inert and abelian, then G is soluble
with derived length at most 3. In particular, the given properties impose a strong
restriction on the derived length of G.

We also prove that, if the centralizer of every involution is inert in an infinite
locally finite simple group G, then every finite set of elements of G can not be
contained in a finite simple group. In a special case, this generalizes a Theorem
of Belyaev—Kuzucuoglu—Seckin, which proves that there exists no infinite locally

finite totally inert simple group.
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OZ

DINGIN ALTGRUPLAR VE YEREL SONLU BASIT
GRUPLARDA INVOLUSYONLARIN MERKEZLEYENI

Ozyurt, Erdal
Doktora, Matematik

Tez Yoneticisi : Prof. Dr. Mahmut Kuzucuoglu

Eyliil 2003, 68 sayfa

H grubu G nin bir altgrubu olsun. Eger verilen her g € G i¢in [H : H N HY|
sonlu ise H altgrubuna dingin altgrup denir. G grubunun biitiin altgruplar: dingin
ise G ye tam dingin grup denir. Dingin altgruplarin temel 6zelliklerinin yam
sira su propozisyonu kamitladik. M yerel sonlu, sonsuz G grubunun maksimal
bir altgrubu olsun. Eger M dingin ve degismeli ise G grubu c¢oziilebilirdir ve
coziilebilirlik derecesi en fazla 3 tiir. Boylece, dinginlik ve degigmelilik 6zellikleri
G nin ¢ozilebilirlik derecesi tizerinde giiclii kisitlamalar ortaya ¢ikarmigtir.

Aymi zamanda, eger yerel sonlu, sonsuz bir basit grup igerisinde her
involusyonun merkezleyeni dingin ise bu durumda G grubundan alinan her sonlu
kiime i¢in bu kiimeyi igeren sonlu basit grup olamayacagi kanitlanmigtir. Bu
Belyaev-Kuzucuoglu-Seckin’e ait, tam dingin sonsuz basit grup yoktur, teoremi-

nin 6zel durumda genellegtirilmis halidir.



Anahtar sozciikler: dingin altgruplar, involusyon, yerel sonlu gruplar, akranlik
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CHAPTER 1

INTRODUCTION

A natural question in group theory is the following: If subgroups of a group
satisfy a certain property, then does this property impose some structural prop-
erty on the group or not? This question will be our main motivation for our
interest in inert subgroups. A subgroup H of a group G is called an inert sub-
group of G, if for all g € G, |H : HN HY| is finite . Obviously, the group G itself,
finite subgroups of G and normal subgroups of GG are inert subgroups of GG. These
are called the trivial inert subgroups. A group G is called totally inert, if every
subgroup of G is inert in G.

In Chapter 2, we obtain basic properties and examples of inert subgroups. A
natural example is the following: In a barely transitive group, a stabilizer of a
point is inert in G. Recall that a group G is called barely transitive, if it acts on
an infinite set () faithfully and transitively such that every orbit of every proper
subgroup is finite. We also show in detail that the subgroup SL(n,Z) is inert
in GL(n,Q). A group G is called an FC-group, if centralizer of every element
has finite index in G. There is a connection between totally inert groups and
FC-groups. Namely, the class of FC-groups is contained in the class of totally
inert groups. But this containment is proper, see Example 2.19.

Two subgroups H and K of a group G are called commensurable, if H N K is



a subgroup of finite index in both H and K. For a simple totally inert group G,
we show in Lemma 2.31 that for any two non identity elements x an y in G the
groups Cg(z) and Cg(y) are commensurable. Moreover, for a totally inert simple
group, if x is a non-identity torsion element in G, then Cg(x) is finite. Observe
that the assumption about centralizers gives a restriction on G.

In Chapter 3, we discuss the commensurable property. A group G satisfies the
commensurable property, if any two non-identity subgroups are commensurable.
We prove that any group satisfying commensurable property is countable, see
Lemma 3.3. In Lemma 3.7, we show that in an infinite locally graded group
containing a torsion element, any two proper non-identity subgroups of G are
commensurable if and only if G is isomorphic to Cpe for some prime p. This gives
another characterization of the well known group Cpe. For abelian groups Lemma
3.9 gives a strong restriction on the infinite group G satisfying commensurable
property namely such a group is either isomorphic to Z or Cpe.

It is well known that a finite group with a maximal abelian subgroup is soluble.
In Lemma 3.12, by using this result, we show that if M is a maximal subgroup of
a locally finite group G' and M is inert and abelian in G, then G is soluble with
derived length at most 3.

The second part of the thesis deals with simple groups. In [2], it is proved that
there exists no locally finite simple totally inert group. But on the other hand the
groups constructed by Ol’sanskii [23] are the examples of infinite simple groups
in which every proper subgroup is finite. Therefore these groups are totally inert
simple groups, but observe that such groups are non-locally finite groups as they
are generated by any two non-commuting elements. So examples of non locally
finite simple totally inert groups exist.

The general question we are interested in is the following: Does there exist a



locally finite simple group in which centralizer of every involution is inert? By
Lemma 4.29, this question can be reduced to the countable case. By [19, Theorem
4.4], a locally finite countable simple group has a local system consisting of finite
subgroups G; and maximal normal subgroups M; in G; such that G; N M;,; = 1.
By this property, GG; can be embedded into a finite simple group G;i1/M;.1.
The sequence (G;, M;) is called a Kegel sequence. It is well known that there
are examples of infinite locally finite simple groups such that we can not choose
M; =1 for all 7. Namely, there are countably infinite simple groups, which can
not be a union of finite simple groups [32].

If G lgoas a local system consisting of finite simple subgroups G;, then
Ce(z) = UCGi (). Therefore, the structure of the centralizers of elements in
finite singlle groups may give information about the centralizers of elements in
infinite locally finite simple groups. For the structure of centralizer of elements
in finite simple groups there is a vast amount of information. Using this infor-
mation, one can get some information about Cg(x), see [21]. On the other hand,
if a Kegel sequence (G;, N;) is given, then the groups G;/N; are simple for all
1. We need information about centralizer of elements in G. But we have some
information about the centralizers of elements in G;/N;. It is usually difficult to
use the information about Cg, /N, (2;1V;) to understand the structure of Cg, (z).

Centralizer of elements in simple groups of Lie type has been studied, if the
order of the element and characteristic of the field are relatively prime, [21]. In
this work, we have involutions in linear groups over fields of characteristic 2 and
we need structure of centralizers of involutions in these simple groups. In the finite
case, this has been studied in detail by the work of Aschbacher and Seitz, see [1].
By using their results and the above results, we prove the following Theorem: If

centralizer of every involution is inert in an infinite locally finite simple group G,



then every finite set of elements of G cannot lie in a finite simple group. This
theorem generalizes in some special cases the theorem of Belyaev-Kuzucuoglu-
Seckin. In their theorem, every subgroup is inert, but we assume only that the
centralizer of every involution is inert in G.

Unfortunately, but perhaps inevitably the proof of the theorem uses the clas-
sification of finite simple groups (CFSG). By using the known results in finite
simple groups and extensions of these results to some locally finite simple groups,
we prove that, if the rank of the infinite simple group of Lie type is greater than
or equal to 3, then it has involutions such that centralizers of these involutions
involve an infinite simple group. For the simple groups of Lie type of rank < 3,
we show case by case that in these simple groups centralizers of involutions are

not inert in GG. Finally we show that such a simple group does not exist.



CHAPTER 2

INERT SUBGROUPS

2.1 Some Examples Of Inert Subgroups

Definition 2.1. A subgroup H of a group G is called an inert subgroup of G, if
[H: HNHY < oo forall g€ G. A proper inert subgroup is one, which is

neither G, nor a finite subgroup of G.

It is clear that every normal subgroup is inert. Also, every finite subgroup is
inert. The other trivial example is that the group G is itself inert. We give some

examples of proper inert subgroups.
Example 2.2. If G = GL(n,Q), then S = SL(n,Z) is inert in G.

For T' € S, [Ty stands for the n x n matrix whose (4, j) entry is [T;;]n.
Sy ={T € S|[T]n = []n}-
Also for A, B€ S, A= B (mod N) has the obvious meaning.
Lemma 2.3. Let b € Z". The map

¢ : S=SLn,Z) — SL(n,Z)

a — [a]p



is an epimorphism. Moreover, S/ker ¢ is finite.

Proof. For simplicity, set a = [a],. The map ¢ is well-defined: a = b implies
a;j = b;; for all 4, j. This implies a;; = Eij and that @ = b.

The map is a homomorphism: @(ab) = ab = ab = ¢(a)e(b) The map ¢ is
onto: indeed, given any (a;;) € SL(n,Z) there is a;; € S such that ¢(a;;) = (a;).

Note that

kero = {a€S|pla) =1}
= {a€S|a;=0; (modbd)}
= {a€S|a=1, (modbd)}

= S

By the first isomorphism theorem, we get S/S, = SL(n,Z). Then [S : Sp] <

Q.

Lemma 2.4. Let 3 € M(n,Z), where det 3 = b # 0. Then Sy, C S71SyBN

BSnBL for every nonnegative integer N.

Proof. Let S = SL(n,Z) and G = GL(n,Q). Let ' = 37! = b.@adj(ﬁ) =
b.b~tadj(B) = adj(B8) € M(n,Z). It T = I, (mod Nb), then
B'T3 = '8 (mod Nb) = b3~ '3 (mod Nb) = b.1, (mod Nb). This implies that
b3ITB = b.1, (mod Nb). Then 37'T3 = I, (mod N). Therefore 37T €
M(n,7)

Let T' € Syp. Then T' = I,, (mod Nb) and det(37'T3) = 1 so 37'T3 € Sy.
This implies that T € SSy3~1. Similarly, det(3T37!) = 1 and BTSB! € Sy.
Then T' € 3~1Sy3. Therefore, T € 8Sy[~1NBF~LSy 3 which completes the proof

of lemma. O]



Proof Of Ezample Now, let us prove that S is inert in G. Let o € GL(n, Q).
We can write a = ¢3 where ¢ € Q and 3 € GL(n,Z). We obtain aSa~! = 8S37.
Indeed, let aaa™ € aSa™. Then substituting o = ¢f we get cfa(1f7!) =
£Baf~t € 3SH~*. Conversely, if fdf~ € 3SF~*. Then $3d3~" = cfdip €
aSa~!. Now, let us take N =1, and b = det(3). Then S, C f71SBNBSH! C
SNpSE!t =SNaSa'. Then by Lemma 2.3 we get [S : Sy] < oo and thus
[S:SNaSa™'] < oco. Hence SL(n,Z) is inert in GL(n, Q). O

Definition 2.5. Let G be a permutation group on an infinite set Q2. We say that
G is a barely transitive group if G acts transitively on §2, and all orbits of any
proper subgroup of G are finite. The concept of a barely transitive permutation

group was introduced by Hartley in [13].

Lemma 2.6. [13, Lemma| An infinite group G can be represented faithfully
as a barely transitive group if and only if G possesses a subgroup H such that

m H* ={1} and [K : K N H] < oo for every proper subgroup K < G.

zeG

Example 2.7. ( Barely transitive group) Let G be a locally finite barely transitive
permutation group on the set € and H be some point stabilizer. By Lemma 2.6
for every proper subgroup K of G, the intersection K N H has finite index in K.
In particular, given any g € G the group HY ' is a proper subgroup of G, then

1

[Héf1 :HY N H] < oo. Then taking conjugate with g we get [H : H N HY] < oo

for all g € G. Thus H is an inert subgroup in G.

Definition 2.8. Let X and Y be two subgroups of a group G. We say that, X

and Y are commensurable, if [X : X NY] <oo and [Y : X NY] < 0.

Lemma 2.9. A subgroup H is inert in a group G if and only if H® and HY are

commensurable for all x,y € G.



Proof. Let H be inert in G. Then we have [H : H N H* '] < co. Taking
conjugates with z we get [H” : H* N HY] < co. Similarly, [H : H N H* '] < o0
Taking conjugates with y, we get [HY : H* N HY] < oco. Then H* and HY are
commensurable.

Conversely, if H* and HY are commensurable for all z,y € G. Then taking

x=1weget [H: HNHY] < oo forall y € G. So H is inert in G. O

Example 2.10. (Open compact subgroups) Let G be a topological group space(G
1s a topological space and the group operation and the itnverse operation are

continuous). Then an open compact subgroup H is inert in G.

Proof. Since H is open, g -*Hg are open for all ¢ € G, and H N HY < H. By

compactness the following open cover

H=|]J x(HnH),
z,€EX
where X is the left transversal of H in G, has a finite subcover. Hence there
exists an element n € N such that H = U z;(H N HY). Therefore [H : HNHY] <

i=1

00. O

Example 2.11. (Locally finite graph) A graph T is a pair (V| E) of sets V' (of
vertices) and E (of edges) where E C'V x V. An edge (o, 3) € E is said to join
a to 3, and 3 is adjacent to o. The degree of a is the number of vertices to which
a 1s adjacent. If o and 3 are vertices of a graph ', then a directed path in I" from
a to B of length d is a list of d + 1 vertices

O = o, 01, ... ,ad:ﬂ

such that (c;_q1,0;) € E fori=1,... ,d.



LetT' = (V, E) be a connected locally finite graph (i.e. the degree of each vertex

is finite). If we consider a group G as

G = Aut(l') = {g € Sym(V) | (a,b) € E iff (9(a), 9(b)) € E},

then Stabg(a) = G, is inert in G for alla € V.

Proof. We need to prove [G, : G,N G| < oo for all z € G. Note G = Gy(q), say
Gy. It is enough to prove that GG, and G, are commensurable for all a,b € V. Let
us define a distance between two vertices as length of the shortest path from a
to b and denote it by d(a,b). Now, let § = d(a,b) < co. Then C(a,0) ={ve V|
d(a,v) = 0} is finite since I' is a connected locally finite graph. So the orbit of
b under G, is G4(b) = {9(b) | g € G.} C C(a,d), since automorphism preserves
distance. Also (G,), = {9 € G4 | g(b) = b} = G, N Gy. Then |G,(b)] = [G, :
(Ga)p] = [Ga : Ga NGy < 00, since |Gy (b)] < |C(a,d)| < co. Therefore G, and

G, are commensurable. O

Example 2.12. (Totally imprimitive groups) Let G be a permutation group
which acts transitively on Q. Note that AC ) is called a “G-block” if g(A) = A
or g(A)N A= 0 for all g € G. Moreover, G is called “totally imprimitive” group,
if for any finite subset 2 C ), there exists a finite G-block A containing ¥. If G
1s a totally imprimitive permutation group on §2, then the stabilizer of any point

i ) is inert in G.

Proof. Let G, be a stabilizer of z in G. We have G, = {¢g € G | g(z) = z}. Since
G = Gy for all g € G and for all x € (2, it is sufficient to prove that G, and G
are commensurable for any a, f € Q. Since G, NG = (Ga)p, [Ga : (Ga)s] < 0
if and only if the orbit of § with respect to G, is finite, i.e. |Go(5)] < 0.

According to the definition of totally imprimitive group, there exists a finite G-



block A, such that {a, 3} CA. We have a = g(«) for all ¢ € G,. Therefore,
g(p) =n for all g € G,. Then G,(5) = {9(B) | g € Go} CA and A is finite.
Then |G,(8)| < oc. O

Example 2.13. (Locally finite groups) Let G be a countable locally finite group.
Then we can find finite subgroups G; < Go < ... such that G = UZ2,G;. If
N; <G, then N := (N; | i € I) is inert in G.

Proof. Let g € G, then g € G for some i. Hence g € G for all j > ¢. Note that
N; < G; implies N} = Nj for all j > 4. Now, let L := (N; | j > i) and K =
(Ny | k < ). First of all, we have N = (L, K). Since G is countable and locally
finite, and all Ny are finite. We have K = (Ny, | k < i) = (N1, No,... ,N;_1)
is finite. We have L < N. Indeed, L* = L for all x € Ny, where k < 7 and
given x € Gy for j > i, N; QG implies N7 = N;. Then L* = L for all x € N.
Therefore, L < N. Clearly, N = (K, L). Since K is finite, this implies that
[N : L] is finite. Since Njg = N; < N9 for all j >4, then L < N N N9 and hence
[N: NN N9 <[N,L] <oo. SoN is inert in G. O

We give an example using the following theorem, [7].

Theorem 2.14. [7, Theorem 1] Let G be a group and H a subgroup of G. Then
[H: HN H9 <2 for all g € G if and only if G has a normal subgroup N such
that either

(a) H<N and [N : H] <2, or

(b) N<H and [H: N] <2.

Example 2.15. Let V' be a vector space of large (possibly infinite) dimension
over the field of p elements. Let H be a subspace of codimension 1 and let A be

a group of automorphisms of V' large enough so that the intersection in V' of the

10



orbits of H under A has “large” codimension. Finally let G be the semidirect

product determined by the action of A on' V. Then H is inert in V.

Proof. Let
V=2, XxZyX ... xXZLp...= Dricn(Z,)"

Let us define the automorphism

v -V

(2

er +— ep where k¢ {i,j}.

We may assume that H = (B\{e1}). Clearly V = (e1) x H. We get HN H" has
codimension 2 in V. Then [H : H N HY] = p.
Now, let
A=(L}]ieN) and G=V xA.

Then [H : HNH"] = [H : HNH"| < co. Note that V' is abelian, then H* = H®.
So H is inert in G. O

2.2 Properties of Inert Subgroups

Definition 2.16. An element g of a group G is called an FC-element, if it has
only a finite number of conjugates in G, that is to say, |G : Cg(g)] is finite.
The subgroup of all FC-elements is called the FC-center. A group is called an

FC-group if it equals its F'C'-center, i.e. every conjugacy class in G is finite.

Definition 2.17. A group G is called totally inert group (TIN-group), if every

subgroup of G s inert in G.

11



Example 2.18. Every FC-group is TIN-group.

Proof. Let G be an FC-group. Then we need to show that for any subgroup
H in G and any element = € G, [H : H N H*] < co. Since G is an FC-group,
|G : Cg(x)] < co. Let us show that Cy(z) < HNH*. Taking intersection with H
we get [HNG : HNCg(z)] < 00. So [H : Cy(x)] < 0o. But Cy(x) = (Cy(x))* <
H?. Then Cy(z) < HNH?®. Hence [H: HNH*] <[H :Cy(x)] < co. Then H

is inert in G. O

Therefore TIN-groups are generalizations of FC-groups. So every FC-group is
a TIN group but the converse is not true. The groups constructed by Ol’sanskii
are the examples of non-FC TIN-groups. The following is an easier example of a

non-FC TIN-group.

Example 2.19. Let A be an infinite abelian 2'-group. Let

t . A — A

where t 1s a fized-point-free automorphism of A of order 2. Indeed, ' = x which

V= 2, then 22 = 1, but it is impossible, since A is 2' group. Namely

implies x~

there exists no element of order two. Then x = 1.
We construct the semidirect product G = A x (t)
(1) G is not an FC-group.

(2) G is a TIN-group.

Proof. (1) Cq(t) ={g € G| ¢* = g}. We claim that Cg(t) = (t). Let g € Cg(t),
then g = xt for some x € A. Since g* = g, we have (zt)" = xt. But then 2= = zt
which implies 22 = 1. Since A is infinite abelian 2'-group, we get x = 1 and so

|G : C¢(t)] is infinite. Hence, G is not an FC-group.

12



(2) Let H be any subgroup of G. [H: HNA] = |HA/A| < |G/A| < co. We
claim that H N A < G. Indeed, H N A < A and A is abelian, then for a € A,
(HNA)* = HN A. Since t is an involutory automorphism of A, % =z = 27! €
HNA for any x € HN A and at € G where a € A. Thus, we get H N A is normal
in G. Moreover, (HNA)Y=HNA<HYand HNA<Hso HNA< HnNHY.
Therefore [H : H N HY < [H : HN A] < co. Hence G is a TIN-group. O

Remark 2.20. In the above example G is an FC-by-finite group. i.e. A <1 G, A
is an FC-group and G /A is finite. One may think that every FC-by-finite group

1s a TIN group. But this is not true as following example shows:

Example 2.21. Let G = A x (t) where A = (a1) x {al) x (as) x {(ab) ..., where
A is infinite abelian group and t is an involution of G. Therefore |G : A] = 2 and
so G is an FC-by-finite, since A is abelian group and so it is an FC-group. Let
C = {a1) x {ag) X ..., then C* = (al) x (al) x .... Then C N C* =1. Therefore

[C': C' N CY is infinite. Hence C is not inert in G.
Lemma 2.22. The intersection of two inert subgroups is an inert subgroup.

Proof. We have [H : HN HY < oo and [K : KN K9 < co. Then [HNK :
KNHNHIY <ocoand [ HNK : KNHNKY <oo. Then [ HNK : (KNHAN
HOYN(KNHNK9Y] <oo. So[HNK : (HNK)N (HNK)Y < 0. O

Lemma 2.23. Let H be an inert subgroup in G and K < G. Then HN K is

inert in K.

Proof. Since H is inert in G, given any k € K, we have [H : H N H*] < co. In
order to show that H N K is inert in K, we need to show that for any k € K,
[HNK : (HNK)N(HNK)*] < co. Consider HNH*NK = HNH*NKNK* = (HN
K)N(H*NK*) = (HNK)N(HNK)*. Hence, [ HNK : (HNK)N(HNK)*] < oo.
Therefore, H N K is inert in K. O
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Lemma 2.24. If H is an inert subgroup of group G and K is a subgroup of finite

indez in H, then K is an inert subgroup of G.

Proof. Since H is inert, [H : H N HY < oo and [H : K| < co. We need to show
that [K : K N K9] < oo for all g € G.

Since [H : K] < oo, taking conjugation with g € G, we get [HY : K9] < oc.
Since H is inert, taking conjugation with g, we get [HY : H9 N HY] < oo.
Taking intersection with H, we get [H N HY : HN HY N HY] < oo and [H :
HOHIY[HNHS : HNHINHY] = [H : HNHYN HY'| < co. Taking intersection
with K, we get [K : KN HN HYN HY] < co. Taking conjugation with g, we
get [K9: K9NHYN HY N HY| < co. Since [HY : K9] < oo, then [HY : K9][KY :
KINHINHY NHY| = [H?: KINHIN HY N HY| < oo. Taking intersection
with H we get [HNHY : HONHINKINHY NHY'] < o0, s0 [H : HNHI|[HNHY :
HNHNK'NHY NHY|=[H: HNHNKYN HY N HY| < co. Also by the
inequalities [H : KNHINHY| < ocoand [H: HNHINKINHY NHY| < 00, we
get [H: HNHINKNKYNHY NHY’| < co. This implies that [H : KNKY] < oo,
then [K : K N K9] < oo, and K is inert in G. O

Lemma 2.25. Let H be an inert subgroup of G and let K be a subgroup of G
such that [K : H] < oo. Then K is inert in G.

Proof. We have [H : H N HY| < oo for all g € G and [K : H] < co. We need to
show that [K : K N K9] < occ.

Since H < K then H N HY < KN KY9. Then [K : H|[H : HN HY = [K :
HNHY <oo. Then [K : KNKY < [K:HNHY < co. So we are done. O

Lemma 2.26. If X is an inert subgroup of G and X is commensurable with the

subgroup Y of G, then'Y is an inert subgroup of G.
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Proof. Let g € G. By assumption [X : X N X9 < oo, [X : X NY] < oo and
Y : XNY] < oco. We want to show that [V : Y NYY] < co for all g € G. Taking
intersection with Y we get [X NY : X NY NX9 <oo. So[Y : XNY|[XNY :
XNYNX9=[Y: XNYNXY < oo. Since taking conjugation preserves index,
[X : X NY] < oo implies that [X9 : X9NYY] < co. Taking intersection with X,
we get [XNX9: XNX9NYY < oo. Then [X : XNXI|[XNX: XNXINYY] =
(X : XN X9NYY < oo. This implies that [X : X9 N Y9 < oo. Using the
inequalities [Y : X NY] <occand [YNX : Y NXNX9NYY < oo, then we
obtain [Y : Y NX|[YNX:YNXNXNYI =Y :YNXNXNYY < oo, and
Y:YNY9 <ooforall geG. O

Definition 2.27. H is called residually finite group, if for any 1 # h € H there

exists a normal subgroup Ny, < H such that h ¢ Ny and [H : Nj| < oo.

Lemma 2.28. (i) If H is an infinite simple inert subgroup in G, then H <G.
(13) If G is simple and H is a proper inert subgroup of G, then H is residually
finite.

(1ii) If H is an inert subgroup of G and N < G, then HN is inert in G.

Proof. (i) Since H is inert, then [H : HN H9 =n < oco. Say K = HN HY. Let
S ={Kuzy,...,Kx,} be a set of cosets of K in H. Then H acts on S by right

multiplication, i.e for all x € H, the map

O S = 8
Kx; — Kuzx
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is a bijection. Then there exists a homomorphism

¢  H — Sym(S) =~ Sym(n)

X — (;DQC

Since H is simple, then N := ker¢ is either {1} or H and N := keryp =

(YHNH)" < HNHY Ifn > 1, then N < HNHY < H. Since H is

xeH
simple we get, N = 1. Hence, H is isomorphic to a subgroup of Sym(n). This is

a contradiction since order of H is infinite. This implies that [H : H N HY] = 1
for all g € GG. Therefore H < G.
(ii) We know that ﬂ HY9 <G, But G is simple, so ﬂ HY9 =1 i.e for any

geG geG
h € H there exists ¢ € G such that h ¢ H N HY. H is inert implies [H :

HNHY < oo. Then, there exists N, < H such that N, < HNHY, [H : N}] < 00
and h ¢ N, < HN HY. That is H is residually finite.
(i4i) We have to prove that [HN : HN N (HN)9] < oco. Now (HN)? =

g 'Hgg 'Ng = HIN. Moreover, [H : HN H9 < oo implies that there exists
e

N

M < H such that M < H N HY and [H : M] < oo. So [HN : HN 0 HIN] <
[HN : MN A MN] = [HN : MN] = [HMN : MN] = [H : HOMN] = [H :
M(HNN)| < [H : M] < c0. Hence [HN : HNN(HN)Y] < 0o as we required. [

Lemma 2.29. A homomorphic image of an inert subgroup is inert.

Proof. Let, H be an inert subgroup of G and let N be a normal subgroup
of G. Then it is enough to show that [HN/N : (HN/N) N (HN/N)"N] <
oo forall gN € G/N. Indeed, [HN/N : (HN/N)N (HN/N)*N| = [HN/N :
(HN/N) 0 (HN/N)] < [HN/N : (HN 0 H'N)/N] = [HN : HN N H9N].
Since by Lemma 2.28(ii4) we have [HN : HN N HYN] < oo. Therefore,
[HN/N : (HN/N)N (HN/N)%"] < c0. O
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Lemma 2.30. A homomorphic image of a TIN group is a TIN group.

Proof. Let G be a totally inert group. Let N be a normal subgroup of G. We
know that [G/N : K/N] =[G : K]. Indeed, let K = K/N <G/N =G. Let ¥ =
{#;K | #; € G}. Then || = [G/N : K/N]. So if we define I' = {z;K | z; € G},
then |I'| = [G : K]: Consider the map

a : X — T

The map is well-defined and one-to-one.

Let ;K = §;K. Then 2;N(K/N) = y;N(K/N) implies (y; 'z;N)K/N = K/N.
Then y; 'e;N € K/N = y;'v; € K = yK = ;K. So a(z;K) = a(5:K).
Clearly « is onto, since for any z;K € G/K, we have o(7;K) = x;K. Now,
let K/N < G/N, then we want to show that [K/N : K/N N (K/N)%] <
o~ forall gN € G/N. Since (K/N)N = K9/N and K/N N K9/N >
(K N K9)/N, by the first paragraph we get [K/N : (K9/N)N (K/N)|] < [K/N :
(KNK9)/N] =K : KN K] < . O

Lemma 2.31. Let G be a simple TIN-group. Then the following holds.
(i) For all non-identity elements x and y in G, the groups Cg(z) and Cg(y)
are commensurable.

(i1) If For a non-identity torsion element x in G, Cg(x) is finite.

Proof. (i) Let 1 # = be an element of G. Then N ={y € G | [Ce(z) : Ce(z)N
Ce(y)] < oo} is a normal subgroup of G:

Let y1,42 € N. Then [Cg(z) : Co(z) N Ca(yr)] < oo and [Ca(z) @ Co(z) N
Ca(y2)] < o0. Since Cq(y1) N Cal(ya) < Colyryz), we get [Cal(x) @ Co(z) N

Ce(y1y2)] < oo, which implies that y;90 € N and Cg(y) = Ce(y™') implies

17



y=' € N. To see that N <G, let ¢ € G and y € N. We have [Cg(z) :
Ce(z) N Cq(y)] < oo and [Cg(x)? : Ca(x)? N Ce(y)?] < oo. Taking intersection
we get [Ca(x) N Co()? : Co(z) N Ca(x)? N Cq(y)f] < oo. Since every subgroup
is inert, then Cg(x) is inert, i.e. [Cq(z) : Ca(x) N Cq(x)9] < co. Hence [Cq(x) :
Ca(z) N Ca(2)?][Ca(z) N Calx)? : Ca(x) N Ca(x)! N Ca(y)!] = [Ca(z) : Calz) N
Ce(x)? N Cq(y)?] < oo, which implies that [Cq(z) : Co(z) N Ce(y)?] < co. Then
Yy € N, as Cg(y)? = Ca(y?).

We know that 1 # x € N, so N is not trivial. Since G is simple, we get N = G.
Then for all z and y in G, the group Cg(z) and Cg(y) are commensurable. It
follows that for any z € G the group Cg(z) is an FC-group.

(ii) Let 1 # x be a fixed torsion element in G such that Cg(z) is infinite.
Let T(G) = {g € G | |g| < oo}. Since given x € G and g € T(G) we have
lz7lgz| =nif ¢" = 1. So T(G) < G. Let K = {ky,ks,... ,k,} be a finite subset
of T(G). Then by (i) given any k; € K we have [Cg(x) : Ca(z) N Cq(k;)] < .
So [Ca(z) : Ca(z)NCq(k)N...NCq(k,)] = [Ca(x) : Cq(K)] < co. This implies
that Cg(K) is an infinite group. Let a € Cg(K). Then K < Cg(a) and Cg(a) is
an FC-group. Then by Dietzman lemma [24, 14.5.7 page 442], (K) < (K9(@) is
finite. Hence (K) is finite group. Since G is simple and T'(G) # 1, s0 T(G) = G
and G is locally finite. But by [2] locally finite simple TIN-group does not exist.

Hence |Cg(x)] is finite for all non-identity torsion element z in G. O
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CHAPTER 3

THE COMMENSURABLE PROPERTY

Subgroups H and K of a group G are called commensurable, it H N K is a
subgroup of finite index in H and K respectively. We give an equivalent definition
for inert subgroups as H is inert in G, if a subgroup H is commensurable with

each of its conjugate subgroups in G.

Definition 3.1. A group G is said to satisfy commensurable property if any two
nonidentity subgroups are commensurable.
Observe that if G satisfies the commensurable property, then G is a totally

mert group.

3.1 Some Observations

Lemma 3.2. If G satisfies the commensurable property, so does any homomor-

phic image of G.

Proof. Let G satisfy the commensurable property. Let N < G, consider the
subgroup K/N and H/N, then [K/N : H/ NN K/N] < [K/N : (HNK)/N] =
(K : HN K] < 0. O

Lemma 3.3. Every group satisfying commensurable property is countable.
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Proof. If G = (1), then G is countable. Suppose (z1) S G. Then there exists
xg € G\(x1). By commensurable property [(x1,x2) : (x1)] < co. Now, if G =

(x1,x2), then G is again countable. Suppose (x1,72) S G, then there exists x3 €

G\(x1,x9) and so [(x1, o, x3) : (T1, T2)|[(x1, 22) : (x1)] = [(m1, 22, 23) : (71)] < 0.
Continuing in same manner, we get [U°, (w1, Xo,... , ;) : (x1)] is infinite and
so G = U2 (x,x9,... ,2;) is countable. O

Lemma 3.4. [12] (P. Hall-Kulatilaka) Every infinite locally finite group has an

infinite abelian subgroup.

Definition 3.5. A group G is called locally graded, if any finitely generated sub-

group in G contains a proper subgroup of finite index.

Lemma 3.6. Let G be a locally graded group containing a non-trivial torsion

element such that any two proper non identity subgroups are commensurable.

Then G is locally finite.

Proof. Let x be a nontrivial element of finite order and H be a proper subgroup
of G. Then H and (z) are commensurable implies that H is finite. Hence every
proper subgroup of (G is finite. Let Y be a finitely generated subgroup of G. Then
by the property of being locally graded, Y contains a proper subgroup of finite
index i.e. [Y : M] < oo, and M is finite implies that Y is finite. Hence G is

locally finite. O

Note that the condition that there exists a torsion element is not superfluous.
For Z, any two proper subgroup is commensurable and locally graded, but Z is

not locally finite.

Lemma 3.7. Let G be an infinite locally graded group containing a torsion ele-
ment x # 1. Then any two proper nonidentity subgroups of G are commensurable

if and only if G is isomorphic to Cpe for some prime p.
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Proof. Assume that G is isomorphic to Cpe for some prime p. Since every proper
subgroup of G is finite, we get any two proper subgroups are commensurable.
Conversely, let x be an element of finite order. Then for any proper subgroup
H of G we have [H : HN (x)] < co. It follows that every proper subgroup of G is
finite. By Lemma 3.6 GG is locally finite. Then by Hall-Kulatilaka Theorem every
locally finite group contains an infinite abelian subgroup. So we get G is abelian
and every proper subgroup is finite. We may write G as a direct product of
maximal p-subgroups G),. If infinitely many primes divide the orders of elements
of G, then we may obtain an infinite proper subgroup. Hence only finitely many
primes divide the order of the group G. Since each proper subgroup is finite there
can be only one prime dividing the order of the elements of G. Hence G is an

abelian p-group. Consider the map

v : G — G?

r +— P

If G? is a proper subgroup then GP? is finite. G/Kerp = GP and G is infinite
imply that Kery = G. Hence G becomes an infinite elementary abelian p-group.
This is impossible as these groups have infinite proper subgroups. Hence G? = G,

which implies G is a divisible abelian p-group. Hence G = C)ee. m

Theorem 3.8. [24, page 117|(Pontryagin) Let G be a countable torsion-free
abelian group. Then G is free abelian if and only if every subgroup with finite

rank s free abelian.

Lemma 3.9. Let G be an infinite abelian group. If G satisfies commensurable

property, then G = Z or Cpe.

Proof. If G is infinite abelian, then G = D @& R where D is a divisible group and
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R is a reduced group. Also every divisible group D is a direct sum of copies of Q
and of copies of Cpe for various primes p.

Case 1: If GG is a torsion-free group, then G does not contain any copies of
Cpee. So divisible part is a direct sum of copies of Q. But we may have only
one copy by commensurable property. On the other hand Q does not satisfies
commensurable property as Q,/Z is infinite where Q, = {1% | m,n € Z}. Then
G = R is reduced. We also know that G is countable by Lemma 3.3. Now
consider G". Since G is reduced, there exists n such that G # G™. By Lemma 3.2,
any homomorphic image of a group satisfying commensurable property satisfies
commensurable property. We get G/G" satisfies commensurable property. Also
it has a torsion element. Then since G/G™ is periodic abelian, and it is locally
finite by Lemma 3.7, we get G/G™ = Cp~. Since G/G™ has finite exponent
n, but Cpe has infinite exponent, we get a contradiction with G/G" = Cpe.
Since G is torsion-free then G™ # 1. So G/G™ is a nontrivial group. Let H =
(x1,29,...,1,) be a finitely generated subgroup of G. Since G is torsion-free,
then H=Z & 7Z & ... & Z. By the commensurable property, H = Z. Then every
finitely generated subgroup of G is cyclic. Rank of G is 1. Then, by Theorem
3.8, G is free abelian. Therefore G = Z.

Case 2: If G has a torsion element, then by Lemma 3.7, G = Cpe. ]

Theorem 3.10. [16, Theorem| Let G be a finite group, A an abelian subgroup of

G. If A is a mazimal subgroup of G, then G is soluble.

Lemma 3.11. Let G be a finite group with trivial center. If G has a non-normal
abelian mazimal subgroup A, then G = AN and AN N =1 for some elementary
abelian p-subgroup N, which is minimal normal in G. Also A must be cyclic of

order prime to p. Moreover, G is soluble of derived length at most two.

Proof. Let A be an abelian maximal subgroup of G such that A is not normal.
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Then for any z € G\A, we get (A,x) = G. Therefore for any = € G\A, we
have A* # A. Otherwise A would be normal in G. But then consider A N A*.
Since A® # A and A is maximal, (A, A*) = G. If w € AN A*, then Cg(w) >
(A, A*) = G. Since A is abelian and A” is isomorphic to A, A* is also maximal
and abelian in G. But Cg(w) = G implies w € Z(G) = 1. Hence AN A* = 1.
This shows that A is Frobenius complement in GG. Hence there exists a Frobenius
kernel N such that G = AN and AN N = 1. By Frobenius Theorem, Frobenius
kernel is a normal and nilpotent subgroup of G. So G = AN soluble since
G/N = AN/N = A/AN N is abelian. Hence G/N and N are soluble. It follows
that G is soluble. Also it follows from the fact that minimal normal subgroup
of a soluble group G is elementary abelian p-group for some prime p. Therefore
N is an elementary abelian p-group. Indeed, If there exists a normal subgroup
1 # M < N in G such that G = AM and AN M < AN N = 1. Moreover

|G| = 1355 = falat = |A][M| = |A||N|. Hence [M| = |N], this implies M = N.

Hence, N is minimal normal subgroup of G.

Since N is an elementary abelian p-group if A contains an element g of order
power of p, then the group H = N{g) is a p-group. Hence Z(H) # 1. Let
1 #x € Z(H). If x € A, then Cg(x) > (A,N) = G. This implies that
z € Z(G) = 1, which is impossible. So x € G\A. Then (g) N (g)" < AN A* = 1.
But (g) N {(g)* = (g) implies that g = 1. Hence, (|A|,p) =1, i.e. p1|A|.

Claim: A is cyclic: By Frobenius Theorem, Sylow p-subgroups of Frobenius
complement A are cyclic, if p > 2 and cyclic or generalized quaternion, if p = 2
[24, 10.5.6]. Since A is abelian, Sylow subgroup can not be generalized quaternion
group. Hence all Sylow subgroups of A are cyclic. This implies that A is cyclic.

O

Proposition 3.12. Let M be a mazimal subgroup of a locally finite group G. If
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M is inert and abelian, then G is soluble with derived length at most 3.

Proof. If M is normal, then for any x € G\M, we have (M,z) = G implies
that G/M = (x)M/M = (z)/({(xz) " M) Then [G,G] < M. So [G,G] is abelian.
—_————

abelian

Therefore, G > [G,G] > 1. So that G is soluble of derived length at most 2.

Assume M is not normal in G. Then Ng(M) = M as M is maximal. Then
for any x € G\M we have M® # M. Hence (M, M?*) = G. By inertness, we
have [M : M N M*] < oo and [M?® : M N M*] < co. Then by [5, Lemma 5],
G : M N M*| =[(M,M*) : M N M| <oco. Thegroup M N M*<G. Since
Ng(M N M®) > (M,M*) =G, G=G/(MnNM?) is a finite group with abelian
maximal subgroup M = M /(M N M*®).

Consider Z(G). If Z(G) is not contained in M, then MZ(G) = G. This
implies that G is abelian, since if we extend any abelian group with center, we
get again abelian group, and so G is soluble of derived length at most 2. Hence
we may assume that Z(G) is contained in M. Also Z(G)* = Z(G) € M®. Then
Z(G) < M n M=,

Claim: Z(G) = M N M=. If w € M N M=, then Cq(w) > (M, M*) = G. So
w € Z(G), which implies M N M= C Z(G). But on the other hand, M N M* = 1.
Indeed, if a(M N M*) € M /(M N M*) N M?*/(M N M?), then

a = aymi, where ay € M, mi € MNM* and

a = asmsy, where as € M*, moe M N M

Then, a;my = asme, and a; = agmgml_l € M?*. So a € M?" implies that a €
MNM?® ie. a(MNM®) =1. So MNM?* = 1. Hence Z(G) = 1. Then by Lemma
3.11, G is a Frobenius group with Frobenius complement M and Frobenius kernel

N and G = M N. Tt follows that G is soluble. The group G/N is abelian implies
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G' < N,ie (G/(MnM®)) < N/(MnNM?*). Then G"(M N M®) < M N M*
implies that G” < M N M?*. Then G® = 1, as M is abelian. O

Definition 3.13. Let us consider a partially ordered set M with partial order
<. We say that M satisfies the minimal condition if each nonempty subset M,

contains at least one minimal element.

Example 3.14. There exists a locally finite group G such that G satisfies the

minimal condition, but it need not be TIN.

Proof. Let A be an infinite locally finite abelian group satisfying minimal condi-
tion and t be an element of order 2. Consider T = A x A'. Let t act on T by

(a,b")t = (b,a"). One may consider this action in the following way. Let

p : AxXxA — AxA
(a,0) — (b,a)

where ¢ is an automorphism of A x A of order 2. Let G = (A x A) x (p). Consider
the group A x {1}. Then [Ax A: (Ax {1})'N (A x {1})] is infinite. So A x A is
not inert in G. The group G satisfies min, it is locally finite, but G is not a TIN
group.

For Example, A = Cp satisfies min or any Chernikov group. O

Example 3.15. Let V be an infinite dimensional vector space over a field IF,
and T be a finitary linear transformation of order p. Let G =V x (T'). Then
|G/V| =p and V is mazimal and abelian in G and G is soluble of derived length
2.

The following example shows that maximal subgroups could be inert but need

not be normal.
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Example 3.16. Let G = Ax Sym(3), where A is an infinite abelian group. Then
G has a maximal subgroup M such that M is not normal in G, but inert in G.
If M is a maximal subgroup of an infinite group G and M 1is inert in G, then M

need not be normal in G.

Proof. Let M = Ax {(1,2)). Clearly M is maximal and abelian in G. Now let us
show that it is inert: Given any « € G, we have (A x ((1,2)))* > (Ax {1})" = A.
Then [4 x {(1,2)) : A x ((1,2)) 1 (Ax ((1,2))7] < [4 % {(1,2)) : (Ax (L2) N
Ax {1} <[Ax{(1,2)): Ax {1}] < 2. Therefore, M is inert in G. O

Lemma 3.17. Let M be an infinite inert and mazimal subgroup of a locally finite

group G, then G is not simple.

Proof. Let G be an infinite simple locally finite group and M be an infinite
maximal and inert subgroup of G. Then by a fact [3, Lemma 5|, we have
[(M, M?*) : M N M?*] < oo. Then there exists a subgroup N in M N M* such that

N <4 G. Tt is a contradiction, as G is infinite simple. ]
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CHAPTER 4

CENTRALIZER OF INVOLUTIONS

We are interested in whether the centralizers of involutions in infinite locally
finite simple groups are inert or not. We study the structure of the centralizers

of involutions in alternating and Lie type groups.

Definition 4.1. Let §,, consist of all groups (not necessarily locally finite) having
a series of finite length, in which at most n factors are non-abelian simple, and
the rest are soluble groups the sum of whose derived lengths is at most r. Also
let §, consist of all locally finite groups having a series of finite length, in which

there are at most n non-abelian simple factors and the rest are locally soluble.

Lemma 4.2. [20, Lemma 2.1 | i) The classes §y, and §,, are closed under taking
normal subgroups and quotients.

it) Let N <M < G. If G € F,, and M/N s soluble, then the derived length
of M/N is at most .

i) If M G, M € F, and G/M € §,,, then G € Fpin

Lemma 4.3. [21, Lemma 2.4] Let G be the symmetric group of degree m, and

let x be an element of order n in G. Then Cg(z) € Sn/2+1-

Lemma 4.4. Let G be a locally finite group and i@ be an involution of G. If
Ca(i) € §n, then Cqz(i) € §n where Z is the center of G.
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Proof. Let C/Z = Cgyz(i) and Cq(i) = C1 > Co > ... > Cp, = 1 be a series of
Cq (i) such that each factor is either nonabelian simple or locally soluble. Then
ClZ=CZ]Z>CoZ]Z > ... CpZ)Z = Z is a series of C/Z. Recall that the

map

v, + C — Z

g = lg,1]

is a group homomorphism with kernel C¢ (7). Hence Cg(i) < C' and C/Cq(i)
is abelian. If C;/C;;; is nonabelian simple, then (C;Z/2)/(Ci1Z]Z) =
CiZ|CiZ = CiCinZ/CiiZ = CiJ(C;iNCinZ) = Ci)/Ci(CinZ). Now
Ci1(C;NZ)/Cit1 9 C;/Ciyq is nonabelian simple, but Ci1(C; N Z)/Ciyq is
an abelian normal subgroup. Hence, C; N Z < Cjy1. Moreover, the factor
(C;Z]Z)](Ci;1Z/Z) is non abelian simple. On the other hand, if C;/C;;; is
locally soluble, then as above (C;Z/2)/(Ci1Z/Z) = C;/Cis1(CiNZ). As ho-
momorphic image of a locally soluble group is locally soluble, C;/C;1(C; N Z) is
locally soluble. It follows that C'/Z € §,,. O

Lemma 4.5. [20, Lemma 4.1 | Let G be a locally finite group in §,. If G is
residually finite, then G is almost locally soluble. In particular, G does not involve

infinite simple groups.

Lemma 4.6. [21, Lemma 2.2] Let G be a group and « be an automorphism of
G. Let N be an a-invariant subgroup of G and C/N = Cg/n(a).

(i) If N < Z(G), then Ce(a) < C and C/Cq(a) is isomorphic to a subgroup
of N.

(16) If[N,G,...,G] =1 with a finite number of terms G, and C' € §,,, then
Cola) € Fn.
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Proof. (i) Consider the Frobenius map,

Yo + C — N

g = lg.o

The map is homomorphism if and only if ¢,(C) C Z(G). Therefore, by as-
sumption, the map is a homomorphism and so ker ¢, = Cg(«). By the First
homomorphism theorem, we get Cg(a) < C' and C/Cg(a) is isomorphic to a
subgroup of N.

(i7) Let us define Ny = N and N1 = [N;, G]. Then, by assumption N, = 1.
Also N1 = [N;, G] < G. So that we get the normal series N = N> Ny > ... >
N, = 1. Let C;/N; = Cg/n,(v). By (i) Ci31 < Cj, and so C; is subnormal in C

and the result follows from Lemma 4.2 O]

Lemma 4.7. [21, Lemma 2.3 | (i) If G € LF, where LX denotes the class of
all groups in which every finite set of elements belongs to some X-subgroup, then
G has a finite series of length at most 2n + 1, the factors of which comprise at
most n non-abelian simple groups, at most n+ 1 soluble groups of derived length

at most r, and no others.
(17) LFn = Sn-

Theorem 4.8. [21, Theorem D| Let G = &(F), where F is an infinite locally
finite field of characteristic p, and let n be a positive integer not divisible by p.
Let [T ={r1,... ,r} be a set of fundamental roots of the Lie algebra from which
G was constructed, and let r = myry + ...+ myr; be the highest root.

(1) ifn < 22:1 m;, then the centralizer in G of every element of order n (if
these exist) involves an infinite simple group.

(73) Suppose that n > 22:1 m;, and that F contains a primitive n-th root of

1 if n is odd, or a primitive 2n-th root of 1 if n is even. Then G contains an
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element of order n whose centralizer is an extension of an abelian p'-group by a

subgroup of the fundamental group.

Theorem 4.9. [21, Theorem B| Suppose that every finite set of elements of G
lies in a finite simple subgroup, and suppose that G is not linear. Then there
exists a prime p with the following property.

Let n be any natural number not divisible by p, let g be any element of order
n in G, and let r(n) = n+ [4/n]. Then Cg(g) has a finite series of length at
most 2r(n)+ 1, in which each factor is either non-abelian simple or soluble. The
number of non-abelian simple factors is at most r(n), and at least one of them is
non-linear. The derived length of each soluble factor is at most 6, and there are

at most r(n) + 1 of them.

Theorem 4.10. (The classification Theorem). Let G be a finite simple group.
Then G is either

(a) a cyclic group of prime order,
(b) an alternating group of degree n >'5,
(¢) a finite simple group of Lie type,

(d) one of 26 sporadic finite simple groups.

4.1 Centralizer Of Involutions in Alternating
Groups

The following lemma shows that not only centralizers of elements, but also
centralizers of finite subgroups in infinite alternating groups are not inert in infi-

nite alternating groups.
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Lemma 4.11. Let G = Alt(Q2) be the group of even finitary permutations in
Sym(2) for an infinite set Q). Let F be a finite subgroup. Then

Ca(F) = Canan(F) x Alt(Qs),

where Qy = supp(F) = {a € Q | & # « for some x € F} and Qy = Q\Q;.

Proof. First, let us show that Caq,)(F)Alt(Qs) < Cq(F):

If g € Alt() and f € F, then for all a € Q; we have o9/ = of = af9
since ; N Qy = @. Similarly, for a € Qy we have o9/ = o9 = a/9. Hence any
a € Q satisfies a9/ = af9. Therefore g € Cg(F). Clearly, Cua,)(F) < Co(F).
So, Canan)(F)Alt(Q) < Canay(F). Since Q3 NQy = 0, we have Cuyo,)(F) N
Alt(Q9) = 1 and hence Cuy,)(F)Alt(s) < Cq(F).

For the converse, let g € C¢(F). Then, g can be written as g = ¢192...9s €
Cq(F) where g;’s are disjoint cycles. We claim that given any g;, all entries of
g; are either in €} or in {25. Suppose, this is not true. Then there exists a
gi = (M2 Vi—187j+1 - - - ) such that 1, v2, ..., 71 € @y and §; € Qy. Now,
choose # € F containing v;_; as one of its entries. We know that every element
of F is of the form: = = (aj10q2... a9k, ) (o1 ... oy ) - - (1o - - . g, ),
where agy € supp(F) = ;. Now if we take conjugate of x with ¢g then we
get 29 = (g(a11)...g9(cug,)) - (g(an1) ... glank,)). Without lost of generality,
we can assume that v,_; = ay;,. Then it follows that g;(v,-1) = g(a1;,) = §; and
B; ¢ supp(F). But then 29 # z. It contradicts with g € C¢(F). So all entries of
g; are in  or Q.

If the entries are in {2y, then g € Alt(€)s). Otherwise, the entries are in €
and g € Caw,)(F). Then, we get Cq(F) < Capgo,)(F)Alt(). We get the

equality. O]
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Corollary 4.12. The centralizer of involutions in Alt(2) are not inert in Alt($2)

where £ is an infinite set.

Proof. Let i be an involution in Alt(2). By Lemma 4.11 Caya)(i) = Cana,)(2) X
Alt(Qy) where Q = Supp(i) and Qo = Q\Q;. then Alt(y) is simple since 2
is infinite. We get Capq)(4) involves infinite simple subgroup. Since every inert
subgroup is residually finite by Lemma 2.28(i7). This is a contradiction since the

group is simple. O

4.2 Centralizer of involutions in simple groups

of Lie type

4.2.1 Centralizer of involutions in simple groups of Lie
type of rank 1 where F is a locally finite field of odd

characteristic

In this section we will examine the centralizer of an arbitrary involution in

each simple group of Lie type and show that it is not inert in the ambient group.

Centralizer of involutions in PSL(2,F) where F is field of odd charac-

teristic

Lemma 4.13. Let F be a field of odd characteristic and G = PSL(2,F). Then
[C(i) : Ca(i)N(Cq(i))?] > |F*| for any involution i € G and any element g € G .

In particular, if F is infinite then Cg(i) is not inert in G.

Proof. Notei = (_} {)Z is an involution in G. Let g = (%})Z € G. Let us find

Cq(i). Tt must satisfy the equality ig = gi.
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Then

0 1 T T 0 1
p 7 _ p 7
—1 0 s t s t —1 0
It is equivalent to
S t -r p
= )V
-p —r —t S
where A=1,or A=—-1.If A =1 we get
pP1
01:{ Z|p%+7"f:1,p1,7“1€15‘}
- D’
and if A = —1 we get
D2 T2
Cy=A{ Z | p3+rs=—1, py,ry € F}
o2 —P2
Since D2 To 7 P11 7 _ P1pP2 — 172 P2 + p172 7 c
ry  —D2 —r1 P Tip2 + P12 —(pip2 — T172)
Cy
. . D2 T2
it follows that Cg(i1) = (C; U Cy) = C1 U 2Cy where x = Z € (Cs.
T2 —P2
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If we choose y = (_{7)Z, we get

p1L+7 T
CY ={ Z|pi+ri=1p,r €F}

—2r p1—n

Note that [C : C; N CY] = |F*|. Indeed, y = —2r; implies 11 = 0.

r +7r r
Then &, nc? = (| " ")z " |z =
T P =2r1 pr—mn
p1 O
{ Z}.
0 m

Therefore if F is infinite, then C) is not inert in G. So Cg(7) is not inert in G.
Since [Cg (i) : C4] finite using contrapositive of Lemma 2.25 we get that Cg(4) is

also not inert in G. O

Centralizer of involutions in SU(3,4¢*) and PSU(3,¢*) where q is odd

Let T be a nontrivial involution in SU(3,¢*). Then T? = I implies that T
satisfies the polynomial 22> — 1. The minimal polynomial of T"is z — 1, z + 1

or (x — 1)(x +1). The minimal polynomial can not be z — 1 as T' # [ and it

-1 0 0
can not be z + 1 as T' = —I implies detT' = det( 0-1 _(1)> = —1. Hence the

minimal polynomial of T"is (x — 1)(z + 1). Then T is a diagonalizable matrix
and the eigenvalues of T are 1 and —1. Hence T is similar to the diagonal

1 0 0
matrix A = (8 -1 0). Let u be an eigenvector corresponding to the eigenvalue

0-1
1 and vy, v9 be the eigenvectors corresponding to the eigenvalue —1. Let V =
(u) ® (v1,v2) and A € Cspyzq2y(T). Then AT = T'A and moreover for any Au,
we have TA(Au) = AT (A\u) = ANT (u) = Adu = NAu so A(Au) = T(A(Au)); i.e.

A(Au) is in the eigenspace corresponding to the eigenvalue 1.
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Recall that in general if X and Y are commuting matrices then X leaves the
eigenspaces of Y invariant. Indeed, let a be an eigenvector of Y corresponding
to an eigenvalue, say ¢. Then Y (X(a)) = X(Y(«a)) = X(ca) = ¢(X«). Hence
Y(X(a)) = ¢(X(«)) implies that X («) is an eigenvector of Y corresponding to

the eigenvalue c.

A0 0

Therefore A has the representation A= | 0 ay; ay, | With respect to the

0 ax ag

ordered basis {u, vy, v9} since

Au = lu
Avy = anvi + anve
AUQ = Qa1201 + 22V

Moreover every matrix of this form commutes with 7', i.e.

10 0 A0 0 A0 0 10 0
0 -1 0 0 a1 Qa2 = 0 a1l Q12 0 —1 0
0 0 —1 0 21 A922 0 21 Q929 0 0 -1

We take the matrix A from SU(3,¢?) therefore A is a unitary matrix and

>\(a11a22 - (121a12) = 1.

A0 0
CSU(&QQ)(T) = { 0 a1 ape | )\(alla22 — a21a12) = 1}

0 a2 ax
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Now define a map

¢+ Csypea(T)  — F
A0 0
0 an ap — A

0 az ag

© is a group homomorphism and

1 0 0
kero={| 0 an ap | € SU(3,¢°) | a; € F} = SU(2,¢%).

0 ag1 ag

Then we have a series

OSU(g’qz)(T) > kerg& > Z(CSU(quz)(T)) > 1.

Since SU(2,q¢?) = SL(2,q) [28, Vol.I, 6.22] and Z(SU(2,q¢?)) = Z(SL(2,q)),
we have PSL(2,q) = SU(2,¢*)/Z(SU(2,¢*)). Recall that PSU(3,¢*) =
SU(3,4¢*)/Z(SU(3,¢%), in particular, |Z(SU(3,4¢?))] = (3,¢* — 1). Then
|Z(SU(3,4?))] is either 1 or 3. Recall that if s is an element of order n and
M is a normal subgroup such that (|M|,n) = 1 then Cq/n(s) = Ca(s)M/M (see
[10, 1.7.7. Lemma, pg. 49] ). Using this and taking M as the center of SU(3, ¢?)

we get

Cpsu.e)(T) = Csueg) (1) 2/ Z = Csys,qe2)(T)/(Csusqe) (T) N Z).
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In particular, the above series

CPSU(?:,q?)(T) = CSU(?,,q?)(T)Z/Z > kerpZ/Z 1> 1

is a series of Cpgy(s,q2)(T).

We have ker ¢Z/Z = ker ¢ since Z(SU(3,¢%)) N Csys,q2)(T) = 1.

ker p = SL(2,q) is isomorphic to a subgroup of Cpgy(sq2)(1). So for an infinite
locally finite field F the group Cpgys (1) involves an infinite simple group
SL(2,F). Since every proper inert subgroup is residually finite. But by Lemma

4.5 residually finite group does not involve infinite simple groups.

Centralizer of involutions in Ree groups Re(F) where F is a locally finite

field of characteristic 3

For a finite field of order ¢ where ¢ = 3?1 the group Re(q) = 2Gs(q) is
studied in [22]. It is proved that 2-groups of equal orders in Re(q) are conjugate
in Re(q) (see [18]). In particular, all involutions in Re(q) are conjugate ( [31, p.
63] and [18, Lemma 2.1] ). Let F be a locally finite infinite field, then Re(FF) can
be written as a union of Re(FF;)’s where FF;’s are finite fields. Then all involutions

in Re(F) are conjugate. Moreover centralizer of an involution i € Re(q) is

Chre(q)(i) = (i) x PSL(2,q) [22, sec. 1, pg 16-19]

and for a locally finite field F

Cre(e(i) = (i) x PSL(2,F).
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But by Lemma 2.28(ii) in infinite simple groups, inert subgroups are residually
finite. But inert subgroup of a residually finite group is also residually finite.
This implies that PSL(2,F) is residually finite. This contradicts the fact that
PSL(2,TF) is a simple group. Hence centralizer of involutions are not inert in Ree

groups.

4.2.2 Centralizer Of Involutions in SL(n,F) where n = 2,3

and F is a locally finite field of even characteristic
Centralizer of involutions in PSL(2,F)

Lemma 4.14. Let F be an infinite field of characteristic 2. Then SL(2,F) is
isomorphic to PSL(2,F).

Proof. We know that center of SL(2,F) is
A0
Z =A | A2 =1}

Since characteristic of F is 2, A = 1 implies that A> —1 = (A —1)? = 0. Then we
get A = 1. So the center becomes identity. Therefore SL(2,F) = PSL(2,F). O

Lemma 4.15. Let F be a field of characteristic 2. Then for any involution i in
SL(2,F), i is conjugate to (_19) and there exists an element g € SL(2,F) such
that [Csrem (i) : Csper (i) N (Csper(i)?] > [F|. In particular, if F is infinite

then centralizers of involutions are not inert in SL(2,F) = PSL(2,F).

Proof. Let i be an involution in SL(2,F). Then i satisfies the polynomial z* — 1.
Since 22 — 1 = (z — 1)?, the minimal polynomial of 7 is (z — 1)?>. Hence i has the

Jordan form ¢ = (}9). Then every involution is conjugate to i in SL(2,F).
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Let us find Cgr2,m (7). Let y € Capom (). It must satisfy the equality iy = yi.
Let y = (%}). Then

10 p T p T 1 0
11 s 1 s 1 11
It is equivalent to
[ T p+r r
p+s r+t s+t t

p +r = r implies that r = 0 and p + s = s + t implies that p = ¢. Since the
determinant is 1, we get pt +7s = 1. Then pt = 1 implies p? = 1, in characteristic

2 case this implies that p = 1. Therefore

10
Csrem (i) =1 | s € F}. Now, choose g = (9¢). Then

s 1
0 1 10 01 1 s
10 s 1 10 0 1
Therefore,
‘ 1 s
(Csrem(i)? =1 | s € F}
0 1
Then
‘ . L0
Corer (1) N (Csremn (@)’ = { ¥
0 1
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Hence [CSL(Q’IF‘) (2) . CSL(QJF)(Z') N (CSL(Q,IE‘)(i))g] Z |F‘
In particular, if |F| is infinite then Cgpor)(7) is not inert in SL(2, F) O

Lemma 4.16. Let V be a vector space of dimension 2 over a field F of charac-

teristic 2. If involutions i and j are conjugate in GL(V') then they are conjugate

in SL(V).

Proof. Leti = (19) be an involution in SL(2,F) and g = (¢}) € GL(n,F).

Then an arbitrary conjugate of 7 is of the form

1 a b 10 d —b
i =
ad —be c d 11 —c a
1 a+b b d —b
ad —be c+d d —c a
1 ad — bc + bd —b?
ad — be 2 ad — be — bd
r y
Let us find all conjugates of ¢ in SL(2,F). Let s = € SL(2,F).
z t
. Ty 1 0 t —y
7 =
z t 11 —z T
B r+y y t —y
z4+1t t —z T
L4+yt  —y?
21—yt
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So

bd
1 = 1 t
+ ad — be Y

b? 9

ad —be —Y
d? 9

=t
ad — be

Given a,b,c,d € F we can find z,y, z,t € F satisfying the equations. Since every

element over a field of characteristic 2 is a square as

o : F — F

x — 2’

@ is a field automorphism. Hence we can find ¢t and y. Then we substitute these

values with a, b, ¢, d in the equations and can get x and z. O

Centralizer Of Involutions in PSL(3,F)

Lemma 4.17. Let F be a field of characteristic 2. Then there exists an invo-
lution i € PSL(3,F) and an element y € PSL(3,F) such that |Cpsrim (i) :
Cpsrap (i) N Cpsrar(i)?| > |F|. In particular, if F is infinite then Cpgr (i)

is not inert in PSL(3,TF).

Proof. In PSL(3,F) let ¢ = ((1) 1 8>Z. Choose any element y = (géi az) gég)Z €

01 a3l as2 ass

PSL(3,F). Then from the equality iy = yi we get
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1 00 aj; Qa1 Qi3 ai; a1 i3 1 0 0
010 axi Gz asy | Z=| an axn ax 010 |Z2

1 0 1 as] Q32 ass as31 Q32 ass 1 01

by calculation we get

aiy a2 a3 air +aiz a2 a3
21 22 23 Z = Q91 + Q23 G2 A23 Z
aszy + a1 agz + ap asz+ az a3 + a3 agz ass

Note that in PSL(3,F), if aZ = bZ then a = bAI = \b for some A € F. Therefore

the above equality becomes

ai Q12 ais a1l + a3z a2 a3
ao1 ag2 ao3 =A| a9 +ax axn axs
aszy + a1 agz +ajp asz+ as a3 + agz agz as3

Consider the equalities 19 — )\CL12, aiz = )\alg, 93 — )\a23, o9 = )\a22. Then
A=1lor A=0.
If A =0 then 19 = A13 — A23 — Q92 — A32 — Q11 = 0. This anhes determinant

is zero, which is impossible. So we get A = 1.

ail + a3 = ain implies a;3 = 0

Qo1 + a9y = ao1 implies as3 = 0

asy + a9 = aso implies a;s = 0

as; +ass = as; +an implies aip = dass
Therefore,
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a1 0 0
¢ = CPSL(?’JF) (2) = { az az 0O Z | aij € F, a%1a22 = 1}

as1 dasz aii

[ =)=
oo
oo

Now, choose y = ( )Z and find CY:

0 0 1 a1 0 0 0 0 1 a1 Qg2 as;
010 as; a0 010 Z = 0 ag an Z
1 00 asp sz Qi1 1 00 0 0 aiy

a1 0 0

SO C N Cy = { 0 a99 0 Z | A4 € IF; a%1a22 = ]'}

0 0 a1y

Therefore [C' : C N CY] > |F*|, since aj; can be chosen arbitrarily in F*. In

particular, if F is infinite then C' is not inert in PSL(3,F). O

4.2.3 Centralizer of involutions in PSU(3,F) where F is

locally finite field of characteristic 2
Let ¢ = 2% and let GU (3, ¢*) denote the group of all 3 x 3 invertible matrices

in GF(q*) that preserve the hermitian form

0 01
w:=10 1 0[;
100
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ie. GU(3,¢°) = {U € GL(3,¢?) | U'wU = w}. Here U denotes the matrix
obtained from U by raising each entry to the ¢* power. Let SU(3,q¢?) = {U €
GU(3,¢%) | det U = 1}. We will describe elements of G = PSU(3, ¢*) via matrix

representatives of SU(3,¢*) modulo scalars.

Lemma 4.18. Let F be a field of char 2. Then there exists an involution i €
PSU(3,F) and an element y € PSU(3,F) such that |Cpsyir) (i) : Cpsusm (i) N
Cpsusm(1)’| > [F|. In particular, if F is infinite then Cpsy s, (i) is not inert in

PSU(3,F).

Proof. In PSU(3,F) let ¢ =

< ail a1z ais

as1 az a23>Z € PSL(3,FF). Then from the equality iy = yi we get

((1)2(?))2. Then taking any element y =

a3l a32 a33

100 11 A1z 13 a1 Qi Qi3 1 00
010 Qg1 Q22 Q23 Z = Q21 Q22 Q23 010 Z
1 0 1 31 Q32 as3 a3; azg ass 1 01

by calculation we get

ail a12 ais air + a3 a2 ais
21 a2 93 Z = Qo1 + @23 G2 Q93 Z
az1 + a1 gz + a2 asz + a3 a3z + aszz agz ass

Note that in PSL(3,F), if aZ = bZ then a = bAI = \b for some A € F. Therefore,

the above equality becomes

ail Q12 ais a1l + a3 a2 a3
a2 a2 Qa3 Qo1 1+ Q23 Q22 G323
az1 + a1 gz + a2 azz + a3 a3l + azz azz as3
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Consider the equalities 19 = >\CL12, aiz = )\CL13, a923 — )\CL23, Qo9 = )\CLQQ. Then
A=1lor A=0.
If A\ =0, then a19 = a13 = ao3 = ag = azy = ay;; = 0. This implies

determinant is zero and so which is impossible. So we get A\ = 1.

aln + a3 = ain implies a3 = 0
a1 + ass = as implies a3 = 0
asy + a9 = aso implies a;s = 0
asz +azz = az +a;; implies a1 = as
Therefore,
a11 0 0

C = Cpsram(i) = {| ay aw 0 |Z | ay €F, aljan, = 1} We are

a31 aszz2 ai

looking for Cpgy(sm)(i). So given a fixed element P in Cpgr ) (7) is in Cpsy s (i)

if P satisfies the above condition. i.e., PlwP = w. Then

ay] Qo &31 0 01 a1 0 0 0 0 1

0 a9y asm 010 as1 G99 0 = 010

0 0 C_LH 1 00 as; Q32 aip 1 00
EL31 dQl ELH a1 0 0 0 0 1

azo G929 0 as1 G99 0 = 010

C_LH 0 0 31 Q32 Qi1 1 00

a31a11 + G101 + A11a31 G102 + A11a32 (11011 001
a32a11 + Q22021 (22022 0 = 010
11011 0 0 1 00
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By the above equality from the entries (3,3) and (2,2) we get ajja1; =
Q22092 = 1. S0 @11 = a1~ ! and dgs = age ' Since a1 = a? we get a;; ' = ap,?
and ag ! = a99. We also have the determinant is 1. So a;12as = 1. From
the entry (2,3) we have agaaq; + aggas; = 0. Multiplying each side by a;; we
get @spa11G11 + G11G22a91 = 0. Then since aja;; = 1 and a@ja = a; ' we
get dzo = ay; ‘ag or ay = dzpap;. Moreover, from the entry (1,1) we get

as1a11 + Ag1a21 + arrasz; = 0.

Therefore, we obtain that C = Cpgype (i) is of the form
alp 0 0

ayas? a0 where

asy az2 an

(¢) anran = aptt =1

(i1) Ggaas = ag ™' =1

(ZZZ) 32011 + aggqagl =0

(iv) as1%a11 + aseainfag + anlas; = 0.

é)Z and find CY:

oo

0
Now, choose y = w = ((1)

0 0 1 ai 0 0 0 0 1 a11  Aas32 asy

010 ai1asz2? a11_2 0 010 Z = 0 Cl1_12 a11as32?

1 00 asy aszo a1 1 00 0 0 a1
a1 0 0

So C’ﬂcy:{ 0 app O Z’CLHE]F*}.

0 0 ai
Therefore, [C' : C' N CY] > |F*|, since a3; can be chosen arbitrarily in F*. In

particular, if F is infinite then C' is not inert in PSU(3,TF). O
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4.2.4 Centralizer of involutions in classical simple groups

of Lie type where n > 3 and charF = 2
Centralizer of involutions in SL(n,F).

Given an involution @ in SL(V'), define the rank of a as the dimension of the
commutator space [V, a] of a. The rank of a is also the number of Jordan blocks
of (a;j) of size 2 with respect to a basis of V' in which a is in Jordan form [27].

Hence we have the following:

Theorem 4.19. [1, see 4.1] Let a and b be involutions in SL(V'). Then a and b

are conjugate in SL(V') if and only if they have the same rank.

Let t € SL(V') be an involution and V' be n-dimensional vector space over the
field F. Given any basis, t is represented by a matrix 7" such that 7% = I,,. We

can find a basis so that the matrix of 7T is of the form

jl = ]n—2l

where 1 < [ < n/2. Here I, is the m x m identity matrix and I, is taken to
be void. j; has rank [ and is referred to as the Suzuki form of this class. We

conclude

Theorem 4.20. [27, see pages 1048 and 1049] The centralizer C € SL(n,q) of

the involution T consists of those matrices of the form

R
X=| 1 s such that (det(R))*det(S) = 1,
M N R
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where R and M are of size | x I, S has size (n — 2l) x (n — 2l), L has size
(n—2l) x 1, and N has size | x (n — 2l). Furthermore, the map X — (R, S) is
a homomorphism of C into GL(l,q) x GL(n — 2l,q) with the image containing
SL(l,q) x SL(n — 2l,q), and covering both factors if n # 2l. The kernel of this

homomorphism is T; = Os(C').

4.2.5 Centralizer of involutions in symplectic, unitary and

orthogonal groups

Throughout this section, F will denote a locally finite field or finite field GF'(q)
where ¢ is power of a prime p. V will denote a vector space over F of dimension
n.

We generally adhere to the notation of [27] but specialize our definition of
classical group to cover only those groups of interest to us here.

Let 6 be an automorphism of order 2 of GF(q).

Centralizers of unitary groups

The central factor group of SU(n, ¢?) is denoted by PSU (n, ¢*) and it is simple
group except when n = 3 and ¢ = 2. The group SU(3,2) of exceptional case is a

soluble group of order 33.23.

Lemma 4.21. [30, page 34] Let a and b be involutions in SU(V'). Then the

following are equivalent.
i) a is conjugate to b in SU(V)
i1) a is conjugate to b in SL(V)

iii) a and b have the same rank.
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Theorem 4.22. [1, (6.2) page 13] Let t be an involution in SU(V) of rank .

Then there exists a basis for V in which t = j; is in Suzuki form

I

I

Further g € Cy is in SU(V') if and only if

X"=X1 Y =Yl YR" = PX", XQ" + RR" + QX" =0

The map

o C=0CNSUV) — GU(l,q) x GU(n —2L,q)

g — (X(9),Y(9)).
is homomorphism with the image containing SU(I, q) x SU(n—2l,q) and covering
both factors if n # 2l. The kernel is T; N C = Oy(C).
Centralizer of symplectic groups

The central factor group of Sp(2m,q) is denoted by PSp(2m,q) and it is
simple group except when (2m,q) = (2,2), or (4,2). If the characteristic of
F is 2 [28, (5.14)] then the center of the symplectic group is {1}. We have
Sp(4,2) = Sym(6). Hence we can work in SP(2m, q).

Lemma 4.23. [1, (7.8) page 17] Let t = a; be in Suzuki form, let g € C), and
E=E or E,_o. Then g € Sp(V) if and only if

XEX*"=F, YEY"=FE YER"=PEX", XEQ"+ RER"+QEX* =0
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The map

o :C=CNSp(V) — Sp(l,q) x Sp(n —21,q)

g — (X(9),Y(9))-

is onto homomorphism with kernel T; N Sp(V') = O9(C).

Centralizers of orthogonal groups

In this section we assume that V' is an orthogonal space of sign ¢
Lemma 4.24. (1) O<(2,q) is dihedral group of order 2(q — €).
(2) PQ™(4,q) =2 PSL(2,q) x PSL(2,q)
(3) PQY(4,q) 2 PSL(2,¢%)
(4)  PQ7(6,9) = PSU(4,q)
(5)  PQ7H6,q) = PSL(2,¢°)
(6) Q3,9 =PSL(2,q)
(7) Q(5,q) = PSp(4,q)
(8) PQ(T7,q) = B(3,9)
Proof. The standard reference for these results is Dieudonné [11] O
For the lemmas below, we assume n > 8.

Lemma 4.25. [1, (8.6) page 21| Let t = a; be in orthogonal Suzuki form and
g€ C,nNSp(V). Then
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(1) g € O(V) if and only if Y (g) € O(n — 21,q) and

/2 (n—21)/2
Zgi(2j—l)gi(n—l+2j) + Gi(25) Gi(n—1+2j—1) = Z Gi(14+25-1)Gi(1+25) -
j=1 J=1

(2) The map

o :C=CNO((V) — 8p(l,q) x O(n —2l,q)

g — (X(9),Y(9))

is a homomorphism with kernel Ty N C' = O4(C).

4.2.6 Centralizer of involutions in Suzuki groups Sz(4,F)

where [ is a locally finite field of char 2

Let F be an infinite locally finite field of characteristic 2. As in the finite case
(see [26] ) the group Sz(4,TF) is a subgroup of SL(4,F) defined in terms of an
automorphism 0 of F satisfying a® = a2, a € F, and generated by the union of

the following;:

(i) a group @ of matrices of the form:

1 0O 0 0
a 1 00
(a,b) == a,beF.
alt? + b a 1 0
a0+ ab+8 b a1

(ii) the group D of diagonal matrices of the form

Fi=diag[f™*0 " O O ] f e
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(iii) the permutation matrix

0001

0010
T =

0100

1000

Proposition 4.26. [26, Proposition 1] If x is a non identity element of Q) then

the centralizer Cg.am () is contained in Q.

Lemma 4.27. Let F be an infinite field of characteristic 2. Then there is an

involution v € Sz(4,F) such that Cs.ur) () is not inert in Sz(4,F)

Proof. In Suzuki group let = (0,1) be an element of order 2 in ). We want to
find Cg.(4,7(0,1). Consider (a;j)axa € SL(4,F). Then by the equality:

1 O O 0 a1 a1 a13 Q14 a11 Q12 Q13 Q14 1 O O O
O 1 0 0 21 Q22 23 A4 91 Q922 Q23 A4 O 1 O O
1010 as; Ay asz a3q az; asp a3z A3 1010
1 1 O 1 g1 Q42 Q43 Q44 41 Q42 Q43 Q44 1 1 O 1
we get
a1 Q12 a13 Q14
a1 22 @23 Q24
a1 + asz1 a1 + a3 a13 + ass Q14 + Qs34

a11 + G21 + Q41 Q12 + G2 + Qa2 Q13 + Q23 A1g + Q24 + Qyq
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a1 + a3+ aua a2+ a4 13 Gy
Q91 + Q23 + Q24 Q22 + Q24 Q23 G4

a31 + a33 +azq az2 +azq azz azq

Qg1 + Q43 + Qga Q2 + Gaq  G43 Gy

From the above equality of two matrices, we get equalities for entries. Let (7, j)
denote the corresponding entry of the matrix.

From (1,2):  ajp = a2 + ayy, then a;y =0

From (1,1): aj1 = a11 + a1z + ayq, then a3 = ayy, then ajy = 0.

(99 = Qoo + G4, then agy =0

(91 = Qo1 + Q93 + aoy4, then ass = asy, then agy =0

a13 + Q23 = o3 + Goq, then a;3 =0

2,2)

2,1)

2,3)

3,2) 1 a1+ asp = azy + asy, then a;p = azy

3,1) ai + as; = azy + agz + asq, since ajp = azq, then ajp = asz + an
4,1) ai + Gg1 + aq1 = g1 + 43 + Qg then ag + ay3 = ary + aug
4,2) A42 + G4q = Q12 + A2 + a4z, then ajp = agy + ayy

So we get ajp = a3y = Aoy + agq = a11 + azz and agy + ay3 = a1 + Ay
Therefore Cg,am) (x) <
ayp a0 0
{ az; azp 0 0

| a12 = agqs = ag + ay = a1 + ass, a + aggy =
31 Aaz2 33 A12

A41 Q42 A43 Q44
a1 + asq and a;; € IE‘}
If we take the centralizer in Sz(4,F), then by Proposition 4.26 we get

Cs.am(z) < Q. Hence a;p = 0 and

23



11 = Q22 = A33 = Q44 = 1 CSZ(4,F) (‘r) S {

Now, let us choose y =7 =

o o O

Given any element A € Cg.ur) (). Let us compute

00 01 1 0O 0 0
e oot o ] 1 00
01 00 bs1 by 1 O
1 000 by baz by 1
by bag by 1 0001
b3y b3z 1 O 0010
by 1 0 0 01 00
1 0 0 0 1 0 0 O
1 Do ba by
0 0 1 by
0 0 0 1

o4

o o O

o o O

o o O

—_

. Then

|%EF}§

o o O



1 621 b42 b41
Then (Cs.ap (7)) = { | bij € F}
0 0 1 by
0O 0 0 1
1 000
01 00
S0 Coa(am () N (Csaam (@) = § }
0010
00 01

Therefore

[Cszam)(®) : Cszary(®) N (Cszary(x))7] > |F

95



4.3 MAIN THEOREM

The following lemma reduces the existence of a locally finite simple group GG

in which centralizer of every involution is inert to the countable case.

Definition 4.28. The set ¥ of subgroups of G is called a local system of G if
G = U S and for any pair of S,T € X, there exists U € ¥ such that S < U and

Sex
TeU.

Lemma 4.29. [f there exists a locally finite simple group G and an involution x
in G such that Cg(z) is inert in G, then there exists a collection ¥ of countably
infinite simple subgroups H of G containing x such that Cy(z) is inert in H for

every H in 2.

Proof. By [19, Theorem 4.4] a locally finite simple group has a local system ¥;
which consists of countably infinite simple subgroups of G. Let x be the given
involution in G. We can form a subsystem > of ¥; such that every H € X
contains the given involution. Indeed, one may write ¥, = {Gy € ¥ | z € G}
and X_ = {G} € X1 | v ¢ Gi}. Clearly ¥, UX_ = ¥;. By Lemma [19, 1.A.10]
either >, or X_ forms a local system for G. But ¥_ can not be a local system

since U G'j does not contain x. Hence X, is a local system for G. Let ¥ = Y.
G;eX_

Now for every H € ¥, Cy(x) is inert in H by Lemma 2.23. O

Lemma 4.30. If there exists a locally finite simple group G in which centralizer

of every involution is inert in G, then there exists a collection 0 of countably

infinite simple subgroups H of G such that Cy(x) is inert in H for all H € Q.

Proof. By [19, Theorem 4.4] a locally finite simple group has a local system 2
which consists of countably infinite simple subgroups of G. Let H € ). Then by

Lemma 2.23 for every involution x in H, the group Cy(z) is inert in H. [
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Theorem 4.31. [29, Theorem 1] Let G = UGZ-, where w is infinite partially
1Cw

ordered set and each G; is isomorphic to a Chavelley group or twisted Chavelley

group of Lie type L over a finite field. Then G is isomorphic to a Chavelley group

or a twisted Chevalley group of Lie type L over a locally finite field.

Theorem 4.32. [15, Theorem B] A group G is an infinite locally finite simple
group satisfying Min-p for some prime p if and only if G is a group of Lie type

over an infinite locally finite field.

Remark 4.33. If G is infinite locally finite simple group, then given an inert

subgroup Cg (i) is residually finite by Lemma 2.28(it).

Theorem 4.34. If centralizer of every involution is inert in an infinite locally
finite simple group G, then every finite set of elements of G can not lie in a finite

simple group.

Proof. Assume that G is a locally finite group such that every finite set of elements
lies in a finite simple subgroup. Then G has a local system consisting of simple
subgroups. Suppose that centralizer of every involution in G is inert in G. Since
the group G is infinite, we may discard all sporadic simple groups from the local
system. Since every finite set of elements of G lies in a finite simple group by
using the classification of finite simple groups see Theorem 4.10 we may assume
that:
(1) every finite set of elements lies in a finite alternating group,
(2) every finite set of elements of G lies in a finite simple group of Lie type.
Case (1). Let i be an involution in G. Then there exists a local system ¥ of
GG consisting of alternating groups in which each group contains i. Centralizer of
elements in alternating groups are well known and in particular, centralizers of

involutions are in §» by Lemma 4.3. Then by Lemma 4.7, Cs(i) € §2. Hence
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Ce (1) has a series of finite length in which every factor is either non-abelian simple
or locally soluble and involves an infinite simple group. But this is impossible by
Lemma 4.5

Case (2). If G has a local system consisting of simple groups of Lie type, then
as there are only finitely many types of simple groups of Lie type, we may assume
again by Lemma [19, 1.A.10] that G has a local system consisting of finite simple
groups of fixed Lie type. In this case again we may reduce to the case that either
all of these simple groups are
(a) of bounded rank
(b) of unbounded rank.

2(a) If there is a bound on the rank of finite simple groups of fixed Lie
type, then by theorem which is proved independently by Hartley-Shute, Borovik,
Belyaev, Thomas ([6], [8], [15], [29]), we get G is a simple linear group of Lie type
over an infinite locally finite field F. Then F has either odd characteristic or even
characteristic.

2(a)(i) odd characteristic. If the rank of the Lie group is greater than or equal
to 2, then by Theorem 4.8 centralizer of every involution involves an infinite simple
linear group, but this is impossible by Lemma 4.5. So we may assume that G has
Lie rank 1.

The groups of Lie type over a field of odd characteristic and of Lie rank 1
are PSL(2,F), PSU(3,F), 2G5(F). By Lemma 4.13 centralizers of involutions
are not inert in PSL(2,F) . For the Ree groups 2Go(F) where F is a locally
finite field of characteristic 3 centralizers of involutions are not inert by Section
4.2.1. Finally for the groups PSU(3,F) where F is a field of odd characteristic
centralizers of involutions are not inert by Section 4.2.1

So we are done for infinite simple locally finite groups of Lie type over a field
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of odd characteristic.

2(a)(ii) even characteristic: Let G be an infinite simple group of Lie type
over a field of characteristic 2. For these type of groups since characteristic of the
field and the order of the element is 2, for the centralizers of involutions we use
the well known article of Aschbacher and Seitz [1].

PSL(n,F): The conjugacy classes of involutions in SL(n,q) is given in |1,
4.1]. The involution denoted by J; in [1, 4.1] is noncentral element in SL(n, ¢) and
by Theorem 4.20 the centralizer CSL(n,q)(Jl) € §1 and involves the simple group
PSL(n—2,q) provided that n > 4. Now by Lemma 4.4 the group Cpgpmr)(J1) €
$1- Then by Lemma 4.7 for an infinite locally finite field F of char 2 the group
Cpsrm,r) (J1) involves an infinite simple group of type PSL(n —2,F). But this is
impossible by Lemma 4.5.

Now for n = 2 by Lemma 4.15 and for n = 3 by Lemma 4.17 centralizers of
involutions in PSL(n,F) are not inert where I is an infinite locally finite field of
characteristic 2.

Hence we are done for projective special linear groups PSL(n,F) for an infinite
locally finite field F of characteristic 2.

PSU(n,F): In Theorem 4.22 the representatives of each conjugacy class of

involutions in SU(n, q) is given as in the notation of Theorem 4.22. Let J(V') =
1

I, 5 . Then by Theorem 4.22 the group Cpsy,q(J1) € Fo. For

1
n > 4 the group Csy(n,q)(J1) involves the simple group PSU(n — 2,q). Then

by Lemma 4.7 the group Cpsym,q)(J1) € §1 for an infinite locally field F and
involves infinite simple group. But this is impossible by Lemma 4.5. For n = 2
we havePSU (2, ¢*) = PSL(2,q) = SL(2,q) [28, Vol.I, 6.22] and this is discussed

in Lemma 4.14. For n = 3 we have in PSU(3,F) centralizers of involutions are
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not inert by Section 4.2.3

PSp(n,F): The conjugacy classes of involutions in Sp(n, q) is given [1, 7.7].
The involution denoted by a; of rank 1 in [1, 7.7], the centralizer of a; in Sp(n, q) €
§1 by Theorem 4.23. Hence for n > 4 the group Sp(n, q) involves a simple group
Sp(n,q) as Z(Sp(n,q)) = 1 by [28, 5.14]. Now for an infinite locally finite field
F of char 2, Cspm,q)(a1) € §1 and involves an infinite simple group. But this is
impossible by Lemma 4.5. For n = 2, we have PSp(2,F) = PSL(2,F) = SL(2,F)
see [9, Proposition 4.5]. This is done in Lemma 4.15.

Orthogonal groups: Let O¢(n,q) be orthogonal simple group over a field
of characteristic 2. By Lemma 4.24 we may assume that n > 8. The conjugacy
classes of involutions in orthogonal groups are given in [1, 8.2, 8.3, and 8.4].
Choose the involution of type a;. Then Coepq)(a1) € F1 by [1, 8.6] and Theorem
4.25. Hence for n > 8 the orthogonal group Coe (s, q)(a1) involves simple orthogonal
group O°(n — 2, q). By using Lemma 4.24(4,5) for n = 8, we obtain for an infinite
locally finite field F by Theorem 4.25 the group Coe(nr)(a1) € §1 and involves an
infinite simple group. But this is impossible by Lemma 4.5.

Ezceptional Chevalley groups: For 2Eg(q), ¢ even. There are three
conjugacy classes of involutions in this group. This is given in [1, 12.7]. The
group Cg(t) involves PSU(6, q), the group Cg(u) involves SO(7, ¢) and the group
Cq(v) involves SL(2,q) [1, see 14.3]. Hence as before centralizer of involutions
involves infinite simple groups when the field is infinite locally finite. But this is
impossible by Lemma 4.5

For Fs(q), q even. There are three conjugacy classes of involutions in this
group. This is given in [1, 12.8]. The group Cg(x) involves SL(6,q), the group
Ce(y) involves Sp(6,q) = SO(7,q) and the group Cg(z) involves two simple

groups SL(2,q) and SL(2,q) [1, see 15.5]. Hence centralizer of every involution in
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Es(q) involves simple groups. If IF is an infinite locally finite field of characteristic
2, then the centralizer of every involution Fg(F) involves an infinite simple group.
But this is impossible by Lemma 4.5.

For Fy(q), q even. There are four conjugacy classes of involutions in this group.
This is given in [1, 12.6]. The groups Cg(t) and Cg(u) involves Sp(6, ¢). Moreover
Cg(tu) involves Sp(4, q) and Cg(v) involves SL(2, q). Hence for an infinite locally
finite field F of characteristic 2 centralizer of every involution involves an infinite
simple group in Fy(F). But this is impossible by Lemma 4.5.

For Fz(q), q even. There are five conjugacy classes of involutions in this group.
This is given in [1, 12.9]. The group Cg(z) involves SO™ (12, ¢). The group Cg(y)
involves Sp(8,¢q) and SL(2,q). The group Cg(z) involves SL(2,q) and Sp(6, q).
Moreover, the groups Cg(u) and Cg(v) involves Fy(q) and Sp(6, q) respectively.
If F is an infinite locally finite field, then the centralizer of every involution in
E;(F) involves an infinite simple group. But this is impossible by Lemma 4.5.

For Eg(q), g even. There are four conjugacy classes of involutions in this group.
This is given in [1, 12.11]. The group Cg(z) involves F7(q). The group Cq(y)
involves Sp(12,q). The group Cg(z) involves Fy(q) and SL(2,q). Moreover, the
group Cg(u) involves Sp(8,q) [1, 17.5]. Hence every involution in Eg(q) involves
simple groups. If F is an infinite locally finite field of characteristic 2, then the
centralizer of every involution Fg(FF) involves an infinite simple group. But this
is impossible by Lemma 4.5.

Exceptional rank 2 groups : For Gy(q), q even. Then by [1, 18.2] there
are two conjugacy classes of involutions with representatives z and t. Then by
[1, 18.4] the groups Cg(z) and Cg(t) involves simple groups SL(2,q). So if F is
infinite locally finite field of characteristic 2, then centralizer of every involution

in G5(FF) involves infinite simple group. But this contradicts to Lemma 4.5.
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For 3D,(q), q even. Then by [1, 18.2] there are two conjugacy classes of
involutions with representatives z and t. Then by [1, 18.5]. The group Cg(2)
involves SL(2,¢*) and the group Cg(t) involves simple group SL(2,q). So if
F is an infinite locally finite field of characteristic 2, then centralizer of every
involution in 3D4(FF) involves infinite simple subgroups. But this is contradicts
to Lemma 4.5.

For 2Fy(q), q even. Then by [1, 18.2] there are two conjugacy classes of invo-
lutions with representatives z and ¢. Then by [1, 18.6]. The group C¢(z) involves
the simple group Sz(q) and the group Cq(t) involves simple group SL(2,q). So
if IF' is an infinite locally finite field of char 2, then centralizer of every involution
in 2F,(FF) involves infinite simple subgroups. But this contradicts to Lemma 4.5.

For Sz(q), ¢ even. We show in Section 4.27 that centralizer of an involution
involves an infinite simple group if F is an infinite locally finite field. But this is
impossible by Lemma 4.5.

For PSU(2,4%), q even. Since SU(2,¢*) = SL(2,q) [28, Vol.I, 6.22]. Then by
Lemma 4.15 centralizer of an involution in PSU(2,F) is not inert in PSU(2,F) .

2(b) If there is no bound on the rank of the Lie type of finite simple groups,
clearly this arises in classical groups. By using the classification of finite simple
groups we may assume that GG is a nonlinear locally finite simple group in which
every finite set of elements lies in a fixed type of Lie group but the rank of these
groups are not bounded.

2(b)(i) If the Lie groups in 2(b) over fields of odd characteristic.

By Lemma 4.30 we may assume that G is a countable simple grollop which has
a local system consisting of classical Lie type groups. Then G = U G, where
G, are all belong to fixed classical family with unbounded rank &ngmeters. If

i € G then Cg (i) = U Cg,,(i). The groups G, are all in §4 by Theorem 4.9 and
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LF4 = §4 by Theorem 4.7(ii) . Then centralizers of involutions in finite simple
groups of classical Lie type over a field of odd characteristic case are in §4 and
by Theorem 4.8 they involve an infinite simple group. Hence again by Lemma
4.5 this case is impossible.

2(b)(ii) Centralizers of involutions in classical groups over even characteristic
can be observed by from the 2(a)(i7) part of the proof of this theorem. Since rank
of the Lie group is unbounded one can see that in this case centralizer of every
involution is in §5 and involves an infinite simple group. Then by using Lemma
4.7(ii) we have LTy = §2. We obtain centralizers of every involution, involves
infinite nonlinear locally finite simple groups. Hence they can not be inert in G

by Lemma 4.5. This proves the theorem. O]
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