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ABSTRACT

SCHERK-SCHWARZ REDUCTION OF EFFECTIVE STRING THEORIES
IN EVEN DIMENSIONS

Ozer, Aybike (Catal)
Ph.D., Department of Physics

Supervisor: Assoc. Prof. Dr. Ayse Karasu

October 2003, 113 pages.

Scherk-Schwarz reductions are a generalization of Kaluza-Klein reductions in
which the higher dimensional fields are allowed to have a dependence on the
compactiifed coordinates. This is possible only if the higher dimensional the-
ory has a global symmetry and the dependence is dictated by this symmetry.
In this thesis we consider generalised Scherk Schwarz reductions of supergravity
and superstring theories with twists by electromagnetic dualities that are sym-
metries of the equations of motion but not of the action, such as the S-duality of
D = 4, N = 4 super-Yang-Mills coupled to supergravity. The reduction cannot
be done on the action itself, but must be done either on the field equations or on a
duality invariant form of the action, such as one in the doubled formalism in which
potentials are introduced for both electric and magnetic fields. The resulting the-
ory in odd dimensions has massive form fields satisfying a self-duality condition
dA ~ mx A. We apply these methods to theories in D = 4, 6,8, and obtain new

gauged supergravity theories with massive form fields, with Chern-Simons like

11



couplings and with a scalar potential in D = 3,5, 7.

Keywords: Superstring, Supergravity, Duality, Scherk-Schwarz Reduction
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OZ

CIFT SAYIDA BOYUTA SAHIP UZAYLARDA EFEKTIF SICIM
KURAMLARININ SCHERK-SCHWARZ INDIRGEMESI

Ozer, Aybike (Catal)
Doktora, Fizik Boliimi

Tez Yoneticisi: Assoc. Prof. Dr. Ayse Karasu

Ekim 2003, 113 sayfa.

Scherk-Schwarz indirgemeleri Kaluza-Klein indirgemelerinin yiiksek boyuttaki
alanlarin sikigtirilmig koordinatlara bagimli olmasina izin verilen bir genellestirilmesidir.
Bu ancak yiiksek boyuttaki kuramin global bir simetrisi varsa mumkiindir ve
bagimlilik bu simetri tarafindan belirlenir. Bu tezde siiperkiitlecekim ve stipersicim
kuramlarinin, aksiyonun degil haraket denklemlerinin simetrisi olan elektromanyetik
dialitelerle burkulmus, ki D = 4, N = 4 siiperkiitlecekime eglenmig stiper-Yang-
Mills kuraminin S-dialitesi buna bir 6rnektir, genellestirilmis Scherk Schwarz
indirgemelerini inceliyoruz. Indirgeme aksiyonun kendisi {izerinde degil, ya alan
denklemleri tizerinde ya da hem elektrik hem de manyetik alanlar i¢in potensiyal-
lerin kullanildigi c¢iftlenmis formalizmde oldugu gibi aksiyonun diialite altinda
degismeyen bir formu iizerinde yapilabilir. Elde ettigimiz tek sayida boyuta
sahip uzaydaki kuram, dA ~ m x A kendine dial sartim1 saglayan kiitleli form
alanlarina sahiptir. Bu yontemleri D = 4,6,8 boyutlardaki kuramlara uygu-

luyor ve D = 3,5,7 boyutlarda ayarli, kiitleli form alanlarina, Chern-Simons



tipi etkilegimlere ve skalar potansiyele sahip yeni stiperkiitlecekim kuramlar: elde

ediyoruz.

Anahtar Sozciikler: Stipersicimler, Stiperkiitlecekim, Diialite, Scherk-Schwarz

indirgemesi
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CHAPTER 1

INTRODUCTION

One of the biggest challenges in theoretical physics is the unification of the four
fundamental forces in nature. Three of them, the electromagnetic, the weak and
the strong nuclear forces are successfully described by the Standard Model (SM),
a non-abelian gauge theory with SU(3) x SU(2) x U(1) gauge group. Although
this model passes many experimental tests, it has several shortcomings, which
points out to the possibility that there might be a more fundamental theory

describing the nature, of which the SM is only a low-energy approximation.

For example, in the SM there are 17 parameters whose values cannot be
determined theoretically. Also the gauge group is not determined by the dynamics
of the theory. Another point that the SM fails to explain is that there are three
fermion generations in nature. There is no theoretical ground for this number in

the SM.

SM, being a gauge theory, describes massless particles. However, in particle
physics, almost all the particles that we know have mass. Then one has to
find a way to break (some of) the non-abelian gauge symmetry so that one can
describe the massive particles in a consistent way. The mechanism through which
this becomes possible is the Higgs mechanism. Here one introduces a scalar
field with a nonzero vacuum expectation value, which is called the Higgs field.
Then the ground state of the theory is not invariant under the whole symmetry
group, say G but is invariant only under a subgroup of it, say H and this leads

to the breaking of the symmetry G down to the subgroup H. This type of



symmetry breaking is known as spontaneous symmetry breaking. The breakdown
of any continuous symmetry gives rise to massless bosons, the so-called Goldstone
bosons, which parametrize the coset space G/H. These massless bosons are eaten
by the gauge fields, which means that their degrees of freedom are absorbed by
the gauge fields so that the gauge fields now have the right degrees of freedom
for a massive field. This is how the SM particles acquire their masses and the
fact that the masses predicted by the theory are in very good agreement with the
values we measure experimentally is a big success for the theory. However, the
Higgs sector is introduced in an ad hoc way, rather than being determined by the
gauge principles alone. Moreover, the Higgs particle, whose existence is required
by this mechanism has never been observed and its mass cannot be predicted by
the theory.

One of the main reasons that one should seek to go beyond the SM, in spite
of its experimental success is that it is not possible to incorporate gravity, the
fourth fundamental force in nature into SM. The SM is a quantum field theory
and all the attempts that have been made to unify gravity with the other three
forces of nature in the framework of quantum field theory have failed since all
such theories are non-renormalizable. The short-distance singularities become so
severe that the usual perturbative methods of quantum field theory are not valid
anymore and calculations of physical quantities, such as scattering amplitudes,
based on these methods diverge. In other words, the General Relativity theory
of Einstein, which describes the large-scale physics in a successful and beautiful
way, and the quantum field theory of the SM, which describes the atomic-scale
physics in a satisfactory way, cannot be brought together. The gravitational
effects are negligible above the scale of Planck length ~ 10733 c¢m (or below

the energy scale ~ 10%GeV)!, much smaller than the scale of particle physics

! The Planck energy M, is the characteristic scale of any theory which includes gravitation
in a relativistic and quantum mechanical setting. It depends on the speed of light ¢, the Planck’s



~ 107 cm (~ 100GeV), and this explains why the SM of particle physics is
so successful experimentally. However, the ultimate theory of nature should be
capable of explaining all the large and small phenomena in nature in a consistent
way, so one should not be satisfied with the SM and General Relativity and seek
for a more fundamental theory, which is sometimes referred to as the “Theory of
Everything”. The appropriate limits of this theory should give us the SM and
the General Relativity. Then one would expect from this theory to unify the
four fundamental forces and also to cure the problems of the SM that were listed

above.

Many attempts have been made in this direction. One attempt is to study
Grand Theories(GUTs), where one considers that the gauge group of the SM is
in fact embedded in a larger gauge group at higher energy scales, which breaks
down to the SU(3) x SU(2) x U(1) at the SM scale. In some of these models
the 15 fermions in the three generations (5 fermions in each generation) can be
put in a single multiplet and some of the arbitrary parameters can be fixed. The
possible gauge groups that give the correct particle multiplets at low energies are
SU(5), SO(10) and Eg. For such theories to make sense the coupling strengths
aq, g, az associated with the groups SU(3),SU(2) and U(1) should meet at a
single value at the energy scale at which the gauge group is assumed to be a
simple group. By studying the renormalization group equations for the coupling
strengths and feeding in the measured values of them, it is seen that this occurs
only when the theories are supersymmetric (and when supersymmetry is broken
at the TeV scale). We will talk about supersymmetry below.

Introduction of extra dimensions to the space-time has been another fruitful
approach in the attempt of unifying the fundamental forces of nature and curing

the problems of the SM. In this approach one considers a space-time with 4 + d

constant /2, and the Newton’s constant G as M,c? = (ch/G)'/2c? ~ 1012 GeV.
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dimensions, where the extra d dimensions curl up into a too small volume to be
observed. This idea was first introduced by Kaluza [1] and followed up by Klein,
who showed that pure gravity theory in five dimensions with a circular dimension
of the order of 10™33cm gives rise to gravity + electromagnetism in four dimen-
sions [2]. This idea was also used for justifying the unnatural Higgs sector of the
SM [3]. In these models one identifies the Higgs field with the components of the
4 4+ d-dimensional field strength in the compacitifed directions. In this way one
can predict the Weinberg angle and the mass of the Higgs particle. The early
models in this direction gave contradicting results with the experiments. How-
ever, recently, realistic models have been constructed by using the machinery of
noncommutative geometry of Connes. In this case the extra dimensions are taken
to be coordinates of a non-commutative manifold. By choosing an appropriate
noncommutative space-time manifold, Connes successfully reproduced the SM
with the right gauge symmetry and the right field content, with no arbitrary free
parameters [4]. Also, in such models the Higgs sector arises on the same footing
with the Yang-Mills sector and the Higgs mass can be predicted. In [5] we applied
these ideas to the electroweak model (SU(2) x U(1) gauge theory unifying the
electromagnetic and the weak nuclear forces). By taking the noncommutative
space as the manifold corresponding to the C* algebra C*°(V) ® M3(C'), we ob-
tained the 4D electroweak model with the Higgs sector appearing naturally and
with a prediction of 130 GeV for the Higgs mass. Here C*°(V) is the space of
continuous functions on the 4 dimensional Riemannian manifold V' and Mj3(C) is

the space of 3 x 3 complex matrices.

Supersymmetry, which is a symmetry that relates bosons and fermions, is
another suggestion for beyond-the-standard-model physics. According to super-

symmetry every boson has a fermionic partner and wvice versa, that is, they are
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in the same irreducible multiplet of the supersymmetry. The minimal supersym-
metric extension of the SM (the MSSM) allows the prediction of the Higgs mass.
Einstein’s theory of gravity can be combined with supersymmetry and such the-
ories are called supergravity theories. We will talk about supergravity in the

forthcoming paragraphs.

Supersymmetry is not observed in nature (otherwise the fermions and the
bosons would have the same masses) so it must be a broken symmetry. How-
ever, it is difficult to break global supersymmetry. Fortunately, in supergravity
and superstring theories, which are of main interest in this thesis, supersym-
metry is a local symmetry and there are various mechanisms through which it
can be broken. For example, there is a supersymmetric version of the Higgs
mechanism, the superHiggs mechanism, where the spin-3/2 gravitino (the gauge
fermion of supergravity) becomes massive by eating the goldstino (the Goldstone
fermion). We will mainly be interested in one of these mechanisms, namely the
Scherk-Shwarz mechanism, although our main concern will not be the breaking

of supersymmetry.

The most successful theory which attempts to unify gravity with the SM is,
so far, string theory [6]. It is very remarkable that string theory contains all the
important previous ideas that we have described above briefly: grand unification,
extra dimensions and supersymmetry. Every string theory has a massless spin-2
particle, which behaves like a graviton, the gauge particle of general relativity,
or in other words every string theory contains gravity. The non-renormalizability
problems are cured and there are no arbitrary free parameters like in the SM. Also
the gauge groups appearing in these theories are determined by the dynamics of
the theory, unlike in the SM. These are all very attractive features, all coming

from a single theory. So, what is string theory?

The underlying idea in string theory is very simple: the elementary particles



are regarded as strings rather than as points. Strings can vibrate and the normal
modes are determined by the tension of the string. Each vibrational mode cor-
responds to an elementary particle whose mass is determined by the vibrational
frequency of the mode. These strings are very small, of the order of 10™33cm
long, 10?° times smaller than the diameter of the proton. So at the energy scales
that our contemporary accelerators can reach, they look like points, the stringy
structure cannot be probed into.

In classical mechanics, the motion of a point particle in Minkowski space is

described by the following action
dX*dX7
dT i 1.1

/ 77 Tdr dr (1.1)
Here 7;; is the Minkowski metric, 7 is an arbitrary parameter along the trajectory
(which can be taken to be the proper time) and X*(7) is the position of the
particle. The solutions of the equations of motion of (1.1) are straight lines, the
geodesics of the Minkowski space.? A point particle is a zero dimensional object
and its motion is described by its one dimensional trajectory, its world line.

The natural analogue of (1.1) for the 1-dimensional string is:

( J
- /d2 X" dX7 (1.2)
o ij «

"hij do® do®

The string sweeps out a two dimensional manifold (a surface), the world sheet,
and the parameters ¢ = (o, 7) parametrize this surface. It is useful to think of 7
as a time-like evolution parameter and o parametrizes the string. Then X%(c, 1)
specifies the position of the string at given values of ¢ and 7. The parameter
o is taken to run from 0 to w. If we take periodic boundary conditions, i.e.
X(0,7) = X'(m,7) then the string is closed. If the endpoints of the string can

move freely in spacetime, then it is an open string.

2 This is complemented with the constraint that the geodesics are light-like if the particle
is massless.



The constant o’ in (1.2) ,with the units of length? (where one chooses to work
in 'natural units’ h = ¢ = 1) is called the Regge slope (a/ ~ (10732cm)?) . Tt
is related to the string tension 7" and is a new fundamental constant measuring
the “stringiness” of a physical system. Analogous to the fact that the Planck’s
constant /i controls the passage from classical to quantum physics, o’ controls the
passage to stringy physics.

The action (1.2) describes a non-linear sigma model on the worldsheet. The
functions X° take values in the target space, the D dimensional space-time in this
case. The metric n;; is the metric on this target space. The symmetries of (1.1)
are the diffeomorphism invariance (reparametrization invariance) and the Weyl
invariance (a local rescaling) of the world-sheet and the D dimensional Poincaré
invariance of the target space.® Classical free string theory can be consistently
formulated for any space-time dimension D. However, after quantization, the
requirement of having a ghost-free spectrum constrains the dimension of the
space-time to be D = 26. This is the bosonic string theory (the coordinates
X' transform as bosonic fields from the target-space point of view). But this
theory has several shortcomings. The obvious one is that it does not include
the fermions and there are tachyonic states (negative-mass states) in the theory.
The resolution is to introduce world-sheet supersymmetry that relates X*(o, 7) to
fermionic partners (o, 7). This gives a consistent string theory, free of tachyons,
but only when the space-time dimension is D = 10. One can also obtain tar-
get space supersymmetry by truncating the spectrum with a method called the
Gliozzi-Scherk-Olive (GOS) projection.

Let us recall the Feynman diagrams in quantum field theory. In Feynman’s
sum-over-histories approach one regards a (point) particle moving from space-

time event x to the space-time event y as having taken all the possible paths

3 From the two dimensional world sheet point of view, this is a local symmetry since its
action on the fields depend on o and 7.



Figure 1.1: A 1-loop Feynman diagram contributing to a 4-particle amplitude,
the interactions occurring at p,q,r,s

between the events x and y and the propagator is calculated by integrating over
all these paths, with a weight factor derived from the classical action for this path.
Similarly, for a system of interacting particles, the interactions are represented in
a Feynman diagram by the branching and rejoining of the particles’ worldlines and
the scattering amplitude is found by summing over all such possible arrangements.
For example, the diagram in Figure 1.1 represents two incoming and two outgoing
particles interacting at the space-time events p,q,r and s. It is evident from the
diagram that such interactions are likely to lead to divergent quantities. The
points at which the interactions take place are singularities when the Feynman
diagram is regarded as a one dimensional manifold. Indeed when the space-time
events p,q,r and s in Figure 1.1 nearly coincide potential infinities arise in the
integration. Non-renormalizable theories, such as the quantum theory of gravity,

are the theories for which such infinities cannot be renormalized away.

Feynman’s approach carries over to string theory with particles being replaced
by strings and the wordlines being replaced by worldsheets. Now one sums over
all possible surfaces that join the initial and the final state of a string or a set of

interacting strings. An h-loop string theory Feynman diagram is represented by

2h

2", where gy is the string

a genus h Riemann surface and contains a factor of g

coupling constant. Then a diagram of the form Figure 1.1 takes the form in
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Figure 1.2: Counterpart of figure 1.1 for closed strings

Figure 1.2. This is a smooth manifold, pointing to the possibility that the di-
vergences appearing in quantum field theory of point-like particles can be cured.
This does indeed happen most of the time and moreover there is only one single
Feynman diagram at each order of perturbation expansion in string theory, unlike
in quantum field theory. This, combined with the fact that, every string theory
must contain a spin-2 particle which behaves like a graviton at long distances?,
explains why string theory is so promising as a quantum theory of gravity. Per-
haps, this is the right place to mention that one should not expect to understand
string theory merely by perturbative methods as in, for example QED, because
the string coupling constant gy is not necessarily small. In fact g, is determined
dynamically by the vacuum expectation value of a scalar field, called the dilaton
field. So one also needs non-perturbative methods which we will discuss when we
talk about dualities.

As a candidate theory for being the unified theory of nature, the string theory
should contain the Yang-Mills fields and gauge symmetries along with gravity.
Indeed the spin-0 gauge particles for the other forces and also spin-0 and spin-1/2
particles are included in the massless spectrum of both the open and closed string

theories. The way Yang-Mills gauge symmetries appear are, however, different

4 Strictly speaking, this is true only for the closed string. Particles associated with the
vibrational modes of the open string does not include the graviton. However every theory of
open strings contains also closed strings since open strings can join to form closed strings.

9



for the open and the closed string cases. In the open string case, Yang-Mills
group quantum numbers are introduced by attaching charges at the end of the
open strings, by what is known as the Chan-Paton method. At the classical level
any group is allowed, however after quantization only the gauge group SO(32)
is possible. The closed strings have no free ends, therefore some other way must
be found to incorporate gauge symmetries. In the closed string, the right-moving
modes and the left-moving modes decouple, that is, they move independently.
So, it is possible to think that they are of different types. By taking the right-
moving modes as those of a superstring theory living in 10 dimensions and the
left-moving modes as those of a bosonic string living in 26 dimensions, one can
incorporate gauge symmetries. That the right-moving modes are supersymmetic
ensures immediately that there are fermions and no tachyons in the theory. The 16
extra dimensions of the left-moving modes are interpreted as internal dimensions
and are associated to an even self-dual 16-dimensional lattice. On the other hand,
there are two Lie groups, SO(32) and Eg x Eg which have rank 16 and whose
weight lattices correspond to even self-dual 16 dimensional lattices, so these are
the only gauge groups that can appear in this way. Such a type of string is
called the heterotic string. It is quite remarkable that these two Lie groups had
been singled out previously by Green and Schwarz as they showed that any 10
dimensional chiral theory containing gravity should also include either of these
groups as Yang-Mills gauge symmetry in order to lead to chiral theories in lower

dimensions without any anomalies.

As we have seen, consistent superstring theories live in 10 dimensions which
does not agree with our “real world”, which is only 4 dimensional. This is where
the Kaluza-Klein type of ideas enter string theory. One contemplates that the
remaining six dimensions have been curled up into a very small volume to be

observed. This is not an unnatural idea for a theory containing gravity, such as

10



string theory, since in general relativity the space-time is a dynamical, geometric
object. In string theory, there are severe constraints on the type of the manifold
on which the extra dimensions compactify. These constraints come from, for
example, supersymmetry and the diffeomorphism invariance of the worldsheet.
It turns out that this manifold should be a very specific type of manifold, what is
known in mathematics as the Calabi-Yau manifolds. We will have many occasions
in this thesis to talk about compactification methods.

We have talked about three different types of strings: the open, closed and
heterotic strings. In mid 80s, string theorists believed that there were 5 different
consistent superstring theories: type I, type IIA, type IIB, Eg x Eg heterotic and
SO(32) heterotic. The type I is based on unoriented open and closed strings,
whereas all the others are based on oriented closed strings. The type IIA is
non-chiral, i.e., parity conserving and the others are chiral, i.e. parity violating.
This was a quite disturbing situation for a theory claiming to be the fundamental
theory of nature. However, later it was realized that all these seemingly distinct
superstring theories are actually equivalent under the so-called duality symme-
tries. The best understood dualities are the T dualities, which relates string
theories compacitifed on T-dual manifolds. For example, type ITA string theory
compacitifed on a circle S of radius R is T-dual to type IIB compactified on
a circle with radius 1/R. In a similar way heterotic Fs x Eg (HE) is T-dual to
heterotic SO(32) (HO). Also type I theory on a circle of radius R is obtained
from type IIA on a line interval I with size proportional to 1/R, or on a cir-
cle of radius 1/R by acting with P, where P is the world sheet parity operator
(I = S'/P)°. So, when T-duality is taken into account the number of distinct
superstring theories is now two, not five.

T-dualities are perturbative duality symmetries. In string theory, there are

5 This, in turn, means that type I is obtained from type IIB by the action of P. This relation
is also true in 10 dimensions by taking R to infinity.
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Figure 1.3: The M-theory moduli space

also non-perturbative symmetries, which are the generalizations of the duality
symmetry in Maxwell’s electromagnetic theory, under which the electric field is
exchanged with the magnetic field. This type of duality is called S-duality and
relates the weak-coupling regime of one superstring theory to the strong coupling
regime of another (or the same) superstring theory. S-duality relates type I
theory to SO(32) heterotic theory and the type IIB theory is self-dual under S-
duality. The strong coupling limit of type ITA theory comes as a big surprise.
In this case one obtains a theory in eleven dimensions and the interpretation is
that the type ITA is a theory in eleven dimensions with the eleventh dimension
being a circle whose radius becomes large at strong coupling, i.e., the eleventh
dimension decompactifies at strong coupling. There is a similar story for the
Eg x Eg heterotic string theory as was shown by Horava and Witten. This 11
dimensional theory is related to all the five superstring theories with various
dualities [7]. So the new picture arising is that the five superstring theories,
which look different perturbatively are, in fact, different limits of an underlying,

non-perturbative theory, which is called the M theory®. More precisely, the five

6 Sometimes the 11 dimensional theory discussed above is referred to as the M-theory.
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superstring theories and the new eleven dimensional theory are the vacua of M-
theory which correspond to consistent perturbative theories that are related by
duality symmetries. This is depicted in Figure 1.3. Note that both the radius of
the compactification circle R and the string coupling constant g, arise as vacuum
expectation values of some fields, so these duality symmetries correspond to a
motion in the moduli space rather than to a change in the parameters of the

theories.

We have seen that the correct description of the “Theory of Everything”
should be non-perturbative. In the non-perturbative theory, there are new p-
dimensional extended objects, called p-branes, which are of fundamental impor-
tance since they are states in the duality multiplets. However we won’t go into

that.

Historically, string theory had been first proposed as a theory of strong nuclear
interactions but lost its charm soon afterwards as it turned out that the latter
is described very successfully by QCD, the quantum chromodynamics. Then
in 1974, inspired by the fact that the massless spectrum of every string theory
includes a spin-2 particle, Joel Scherk and John Schwarz proposed string theory
as a theory of quantum gravity [8]. However, string theory didn’t become popular
among theoretical physicists until mid80s, when most of the discoveries that
we mentioned above were made. This period is known as the first superstring
revolution. The developments in non-perturbative string theory started in 1994

and this date is known as the beginning of the second superstring revolution.

In the spring of 1976, two years after the proposal of Scherk and Schwarz,
the supersymmetric extension of Einstein’s theory of gravity, supergravity theory,
was formulated by Freedman, van Nieuwenhuizen and Ferrara [9] and a simplified
version was presented by Deser and Zumino soon after [10]. The formalism of

[10], the so-called “first-order formalism” also implied that in any supersymmetric
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theory coupled to gravity, supersymmetry must be a local symmetry. Many
achievements in supergravity theory had already been made by the end of 1976,
such as the matter coupling to Maxwell theory, to Yang-Mills theory, and the
first formulation of extended [N = 2] supergravity. Although these theories are
beautiful, in the sense that all the couplings are dictated almost in a unique way
by the symmetries, they cannot be proposed as a quantum theory of gravity since

it turns out that they are non-renormalizable already at the one loop level.

String theory contains gravity and it should be supersymmetric for consis-
tency, so one would expect a relation between string theory and supergravity
theory. In fact supergravity is the low energy effective field theory of superstring
theory and the massless modes of string theories are governed by a 10 dimen-
sional supergravity. As we had mentioned before, each vibrational mode of the
string corresponds to a particle whose mass is determined by the frequency of the
vibration, which is then determined by the tension of the string. Since string the-
ory is to contain gravity, the tension of the string must be related to the Planck
energy, and hence the energy gap between the normal modes of the vibration of
the string must be huge. In fact, the lowest energy modes correspond to massless
particles and the other vibrational modes are very heavy (the next vibrational
mode corresponding to ~ 1075g). When these heavy modes are integrated out,
one is left with the massless modes, which include the graviton, the spin-0 gauge
particles and the spin-1/2 fermions that are described by supergravity in the limit

o — 0.

In this thesis, our main interest will be in reduction of supergravity and su-
perstring theories. A theory in d dimensions with global symmetry G can be
compactified on a circle with fields not periodic but with a G monodromy around
the circle, and the monodromy introduces masses into the theory and breaks some

of the symmetry. Such type of compactifications were first introduced by Joel
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Scherk and John Schwarz in 1979 and they are called twisted toroidal compacti-
fications or Scherk-Schwarz (SS) reductions [11]. Almost around the same time,
Scherk and Schwarz introduced the SS compactification, it was understood that
supergravity theories possess non-compact global symmetry groups. We will see
that these are inherited from the duality symmetries in string theories, as would
be expected. These duality symmetries can be used to give twists in the SS re-
ductions and this has been studied extensively in the literature [11-27]. In almost
all of the cases, the symmetry that is used is a symmetry of the action. The
purpose here is to generalise such compactifications to the case in which G is a
symmetry of the equations of motion only, not of the action. A standard example
is S-duality in 4-dimensions. The heterotic string compactified to four dimensions
has a classical SL(2,IR) symmetry which acts through electromagnetic duality
transformations and so is only a symmetry of the equations of motion [28]. In
this case, we consider a circle reduction with a monodromy in SL(2,IR). In the
quantum theory, the symmetry is broken to SL(2,7Z) [28] and in that case the
monodromy must be in SL(2,7) [15]. We generalise this to other dimensions,
and discuss examples in d = 4,6 and 8 dimensions.

Many supergravity theories in d = 2n dimensions have a set of n form field
strengths H! where i = 1,...,r labels the potentials, which typically satisfy a

generalised self-duality equation of the form

H,, = Q';() » Hj, (1.3)
where Q'; is a matrix depending on the scalar fields ¢ and x is the Hodge dual in
d dimensions [29]. For any n, consistency requires that (Q%;(¢)*)* = 1, so that
if ()2 = —1, as in Lorentzian space of dimension 4m, then Q% = —1l and Q is a
complex structure, while if (*)? = 1, as in Lorentzian space of dimension 4m + 2,

then Q% = Il and @ is a product structure. In the theories we will consider, the

H! transform in an r-dimensional representation of a rigid duality group G. In
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d =4, N = 8 supergravity, there are r = 56 2-form field strengths transforming
as a 56 of the duality group G = E7 [30]. These split into 28 field strengths
F = dA and 28 dual field strengths F' = %F + ..., with Q a complex structure on
R*®. In d = 6, N = 8 supergravity, there are 5 3-form field strengths which split
into 5 self-dual ones and 5 anti-self dual ones, and these 10 transform as a 10 of
G = SO(5,5) [31]. The 10 3-form field strengths H! with i = 1,...,10, satisfy
(anti) self-duality constraints of the form (1.3) with @ related to the SO(5,5)-
invariant metric. In d = 8 maximal supergravity, there is a 3-form potential,
and its field strength and its dual combine into an SL(2,IR) doublet, satisfying

a constraint of the form (1.3) with Q = ios.

Our main interest is in reductions in which the monodromy M € G is a
symmetry of the equations of motion but not of the action, acting on the field
strengths f[}l via transformations involving Hodge or electromagnetic dualities, so
that they cannot be realised locally on the fundamental n — 1 form potentials. In
all of the cases that we will consider, it will be possible to construct a manifestly
G-invariant Lagrangian such that the field equations derived from this Lagrangian
are equivalent to those of the original one when a constraint of the type (1.3) is
imposed. In this formalism, the dual fields are regarded as new fields and the
number of degrees of freedom is conserved by the imposition of the constraint.

This formalism is called the doubled formalism.

As the global symmetry G is extended to the level of the action, one can now
perform the Scherk-Schwarz reduction of the action on a circle. As mentioned
above, the fields are not independent of the circular coordinates in such twisted
reductions, since they have a G monodromy around the circle. This dependence is
characterized by a Lie algebra element M in the reduction ansatz, which is called
the mass matrix. The mass matrix M introduces mass parameters into the theory,

and fields in non-trivial representations of the group G typically become massive
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with masses given in terms of M, or are “eaten” by gauge fields that become
massive in a generalised Higgs mechanism. In particular, the scalar fields will
obtain a scalar potential given in terms of M. The mass matrix M generates a one
dimensional subgroup L of GG, which becomes a gauge symmetry of the reduced
theory, so that such a reduction of a supergravity gives a gauged supergravity
(16, 19, 20, 21].

In the doubled formalism the auxiliary Lagrangian should be supplemented
with a constraint as discussed above and so one should also consider the Scherk-
Schwarz reduction of this constraint. We find that (in the case in which M
is invertible) the field strengths H! satisfying the constraint (1.3) give rise to
n — 1 form potentials A’ ; in 2n — 1 dimensions satisfying massive self-duality
constraints of the form

DAn—l = M * An—h (14)

where D is a gauge-covariant exterior derivative, * is the Hodge dual in D dimen-
sions and the matrix M o« QM. Such odd-dimensional self-duality conditions
were first considered in [32] and often occur in odd-dimensional gauged super-
gravity theories, and follow from a Chern-Simons action with mass term of the
form

where M = PM and P;; is a suitably chosen constant matrix. In the general case
in which M is not invertible, some of the gauge fields remain massless.

As a result, by considering the Scherk-Schwarz reductions of supergravity
theories in 4,6, 8 dimensions, we obtain new gauged/massive supergravities in
3,5, 7 dimensions with massive gauge fields which satisfy a generalized self-duality
condition of the type (1.4).

The outline of this thesis will be as follows. In chapter 2 we will give a gen-

eral review of the Kaluza-Klein and Scherk-Schwarz dimensional reductions. This
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chapter will introduce the main concepts along with some useful formulas that
will be needed subsequently. In chapter 3, we will give a detailed discussion of
the origin and structure of the duality symmetries appearing in string and super-
gravity theories. Chapter 4 will be a preliminary chapter, where we will introduce
some useful concepts that will be needed in chapter 5. The doubled formalism,
the Stiickelberg mechanism and the idea of self-duality in odd dimensions will
be discussed in this preliminary chapter. Chapter 5, which is the main chapter
of this thesis, will be devoted to the applications of the tools developed in the
previous chapters to several supergravity theories. We will give all the calcula-
tional techniques and will present the new gauged/massive supergravity theories
obtained in dimensions 3,5 and 7. We will finish with conclusions and discussions

for future directions.
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CHAPTER 2

KALUZA-KLEIN AND SCHERK-SCHWARZ
COMPACTIFICATION

2.1 The Kaluza-Klein Philosophy

It was Kaluza who first came up with the idea of extra dimensions. He started
with pure gravity in five dimensions. Reducing the metric gy/n, a degree two
symmetric tensor, which he took to be independent of the fifth coordinate, he
obtained in 4 dimensions a metric g,,, a one-form A, = g,, and a scalar ¢ = g,,.
Here M is the 5 dimensional index and it splits as (u,y), where p is the 4 di-
mensional index and y is the fifth coordinate. In fact, the appearance of a scalar
field was first regarded as an unwanted feature and hence ¢ was set to a constant
value. This was because the four dimensional theory, without the scalar field, is
a pure Einstein-Maxwell theory. But later it was realized that setting ¢ to a con-
stant value was inconsistent with the higher dimensional field equations [33, 34].
Kaluza was able to show that splitting the five-dimensional Einstein equation
Rynv = 0 gives in four dimensions the coupled Einstein-Maxwell equations for
the metric g,,, and the one-form A, [1]. Hence he identified the one-form A,
with the photon. Thus starting from pure gravity in five dimensions one obtains
gravity plus electromagnetism in four dimensions, which seems like a very ap-
pealing mechanism. But of course the question is, if there exists a fifth dimension
why can we not observe it? Another question is as to why we should suppress

the y dependence of the five dimensional fields.
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The answer to these questions came from Oskar Klein in 1926 [2]. He admitted
the existence of a fifth dimension but assumed that it had a circular topology.
This means that y is periodic, 0 < y < 27 R, where R is the radius of the circle
S'. Thus the space has topology IR* x S'. The periodicity in y allows a harmonic
expansion for the fields g, (z,y), A,(z,y) and ¢(z,y) on the circle. Thus for
example, the metric g, can be expanded in the form

G = D Gum(@)e™/ " (2.1)
So a Kaluza-Klein theory describes an infinite number of four-dimensional fields.
The n = 0 modes in the expansions of the fields g,.(z,y), A,(z,y) and ¢(z,y)
are just the graviton, photon and dilaton respectively. The n # 0 modes cor-
respond to massive fields. An easy way to illustrate this fact is to consider the
compactification of a massless scalar field 7,@ in flat D + 1-space on a circle. It

satisfies

Oy = 0, (2.2)

where O = 9M9,,. If we compactify the coordinate 3 and then Fourier expand

the field 1& so that
b= W (x)emE (2.3)

n=—oo

we see that the lower dimensional field 1) satisfies the wave equation for a scalar

field of mass |n|/R:

2

What Klein suggested is that the compactification radius R should be as small
as the order of the Planck’s length (~ 107*c¢m) so that the masses of the non-
zero modes are of the order of the Planck’s mass (10'%GeV), way beyond the
range of contemporary accelerators. This answers both of the questions Kaluza

left unanswered: 1) We cannot see the fifth dimension because it is too small to
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observe, 2) There is no dependence of the fields on the extra coordinate y because
we truncate to the massless n = 0 modes which have no y-dependence.
The 5 dimensional Einstein theory is invariant under general coordinate trans-

formations
oM = —M Sgnn = (Led)un (2.5)

Here & = éM dzp, M =1,---,5 are arbitrary functions of all the 5 coordinates.
The transformations that preserve the form of the Kaluza-Klein ansatz (see (2.7))
is

g =¢ix), € =cy+ M), (2:6)
where ¢ is a constant and A(x) is an arbitrary function depending only on the
4 dimensional coordinates z#. It can be seen that the parameters £(x) describe
the general coordinate invariance of the 4-dimensional theory, whereas the local
parameter \(x) describes a local U(1) invariance for the Kaluza-Klein vector field.
In fact U(1) is the isometry group of S' and this is the reason why it arises as
the local gauge group of the lower dimensional theory. ¢ is a constant parameter
which describes a shift symmetry for the scalar and the vector fields.

It is possible to generalize this mechanism to more general compactification
manifolds. The first straightforward generalization is to that of a torus 7% =
S1x St x ... xSt This might be considered as doing k circular compactifications
subsequently. In this case, the gauge group is G' = [U(1)]*, which is the isometry
group of the torus T*, instead of the U(1) gauge group of the Maxwell theory.
In d = 4 + k dimensions the graviton (spin-2) has (4 + k)(1 + k)/2 degrees of
freedom and this matches with the number of degrees of freedom of massless
modes in dimension four: 1 spin-2 (2 degrees of freedom), k spin-1 (2k DOF) and
k(k+1)/2 spin-0 (k(k+1)/2 DOF). The number of scalars is given by the moduli
of T% and they parametrize the non-linear o-model GL(k, R)/SO(k).

It is obvious that it is not possible to obtain realistic four dimensional physics
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by compactifying higher dimensional theories, such as string theory or supergrav-
ity theories, on a circle or a torus. One reason is that realistic four dimensional
models should have non-abelian Yang-Mills gauge invariance whereas we have
seen that the only gauge group we can obtain by compactification on a torus
is the abelian [U(1)]*. A second obvious problem is that the spectrum of the
particles we observe in four dimensions contain massive particles, such as elec-
tron, proton, etc. However in the Kaluza-Klein mechanism, in order to have
consistency, we should truncate to the n = 0 modes which leave us with massless
particles only. Hence if we start with massless theories like string theory and su-
pergravity, we cannot expect to have massive fields in four dimensions. As we will
discuss below one resolution to these problems is to consider compactification on
more general, abstract manifolds. Another realistic resolution will be discussed

later in the context of Scherk-Schwarz mechanism [11].

Consider the Kaluza-Klein compactification of a higher dimensional theory
on some general compact manifold M with isometry group . It turns out that
the massless fields in the lower dimensional theory include the Yang-Mills gauge
bosons of the isometry group GG. One possibility is that M is the group manifold
of G which implies that dimM = dimG. A more economical choice would be that
M is a coset space M = G/H in which case dimM = dimG/H = dimG — dimH.
However it is not always guaranteed that such compactifications are consistent.
Here consistency means that the solutions of the lower dimensional field equations
should also be solutions of the higher dimensional theory. One should also ensure
that the lower dimensional action and the transformation laws be independent
of the extra coordinates. For a discussion of the consistency problem in the
compactification of supergravity and string theories, see [35] and the references

therein.
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One way to remedy the consistency problem is to consider spontaneous com-
pactifications [36]. Here one takes the vacuum state to be a product manifold
IR* x M, that is, one looks for stable ground state solutions of the field equations
for which the metric describes a product manifold IR* x M. In the case of sphere
reductions in supergravities one usually finds a vacuum solution of the form Anti
de Sitter space xS™. The physical fluctuations might not respect this form of
the vacuum but studying the vacuum state gives a lot of information on the low
energy excitations. It was shown in [37] that it is not enough to start with pure
gravity to achieve a satisfactory compactification. The higher dimensional theory

should also contain matter fields.

In [38] Freund and Rubin showed that in eleven dimensional supergravity the
existence of the 3-form gives a dynamical mechanism by which a spontaneous
compactification is possible. Then it was shown by Duff and Pope that eleven
dimensional supergravity may yield ground-state solutions of the form AdS, x S7,
where AdSj is the 4 dimensional Anti de Sitter space [39]. The seven dimensional
sphere S” has 8 Killing spinors and has isometry group SO(8). Therefore the
resulting theory in D = 4 has N = 8 supersymmetry and enjoys SO(8) gauge
invariance. Similarly, by the reduction of the 11 dimensional supergravity theory

on S, one obtains in D = 7 a SO(5)-gauged supergravity theory [40].

In order to obtain realistic 4-dimensional theories from string theory compact-
ifications, the internal manifold should be a Calabi-Yau 3-fold, i.e. a compact,
complex, Kéhler manifold which has SU(3) holonomy (See [41] for a review). In
M-theory, this manifold should be a seven dimensional manifold with G5 holon-

omy [42].

In the section below we will give the computational details of the Kaluza-Klein
compactification on the circle, which we will need in the forthcoming sections

(for more about Kaluza-Klein theory see [43, 44]). Then in the next section
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we will give a detailed description of the Scherk-Schwarz mechanism, which is a
generalization of the Kaluza-Klein mechanism. In this formalism, one does not
insist on the assumption that the fields do not depend on the extra coordinates

but still obtains consistent compactifications with a specific ansatz.

2.2 Kaluza-Klein Compactification on the Circle: Computational Details

2.2.1 Reduction of the Metric

Let gyn(x,y) be the metric in D + 1 dimensions, a degree two symmetric
tensor. Here the index M runs from 1 to D + 1. From the D dimensional point
of view, this index splits as M = (u,y). Thus we denote the components of
the metric gun bBY Guvs Guys Gyy Which, from the D dimensional point of view,
look like a metric, a 1-form and a scalar field, respectively. Instead of identify-
ing G,v, Juy, Gyy With the D-dimensional fields g,,,.A, and ¢, we prefer a better
parametrisation, namely we prefer to work in the Einstein frame, which make the
calculations much easier. We write the D + 1 dimensional metric in terms of the

D dimensional fields as follows:
d§* = e*0ds® + 2 (dy + A)? (2.7)

where A = A,dx" and «, 3 are constants. We fix the values of o and 3 such
that the reduced Lagrangian is in the Einstein-Hilbert form, i.e., the term R * 1
has constant coefficient 1 and the kinetic term for the scalar field ¢ is in the
canonical form, i.e. it appears as —%d¢ A xdg. It turns out that the right choice

which ensures the above form of the reduced Lagrangian is

a? = 3=—(D-2)a. (2.8)



All the fields on the right hand side of (2.7) are independent of the extra coordi-

nate y. For the metric components, (2.7) implies that
G = g, + 2P AA,, Gy =PAL Gy, = (2.9)
A convenient choice of the vielbein is
et = et & =eM(dy + A). (2.10)

Here the Latin letters a, b, etc denote tangent-space indices in D dimensions. For
the spin connection one finds that
1
() e G e R CA R
1

WY =~V = —Be (%)Y — ifabe(ﬁ_m)d’éb, (2.12)
where 0,¢ means E*0,¢, and E* is the inverse of the D dimensional vielbein
e® = eldz*. Also, F = dA. These formulas can be achieved by using (2.10) and

the relation

2Wap = —igdep + ipde® + (igipde.)e’ (2.13)

Now from the formula
Rap = dweap + W, (2.14)
(2.8) and (2.11), one can calculate the components of the Ricci tensor

1 1
R = € *°(Rap — 500006 — e 00) — ie—wwﬁfa%c,

5 , 1
Ray = Rya= eIV (707000 L), (2.15)

. 1
Ryy = (D—2)ae*0¢ + ZG_QDO@}—Q,

where F2 means F,, F®. Now one can calculate the Ricci scalar R = n4BR 5 =
77ab7%ab + 7éyy:

A

R=e¢R— ;(%)2 + (D — 3)a0¢) — ie—wad’f?. (2.16)
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The last thing to calculate is the determinant of the metric ¢ in terms of the

determinant of g, which can be done easily by using (2.9) and the result is

\/fg = B+D9 /=g _ 206 /o (2.17)

Putting all the results together one finds that the lower-dimensional La-
grangian coming from the reduction of the Einstein-Hilbert term in higher di-

mensions 18

_ ok = =R — Lo - Le20-100 2
L= =R = V=g(R - J(9¢)" — e P~ F?) (2.18)

where we have dropped the O¢ term in (2.18) since it’s a total derivative.

In coordinate free notation, (2.18) can be written as:

1 1
L=Rx1- §d¢ N xd¢p — e_Z(D_l)“¢§f N xF. (2.19)

2.2.2  The Reduction of the n-Form Field Strength

Suppose the higher dimensional theory contains an n-form field strength E, =
dA,_1. In terms of indices we can see that the reduction of the (n — 1)-form

Ap1 = App, ,diPrPn=1 gives in D dimensions another (n — 1)-form with

indices A,,...,,,_, and an (n — 2)-form with indices A,,...,, ,,. This is expressed

as

Api(z,y) = A (2) + Apa(z) Ady. (2.20)
Then for the field strength we have
E, =dA,_, +dA,_» A dy.

For computational simplicity we again prefer to work in the Einstein-frame and

then

E, = dA,1 —dA,_ s NA+dA, 5 A (dy + A)

Fo+F, 1A (dy+ A) (2.21)
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where A is the Kaluza-Klein vector potential that comes from the metric reduc-

tion. Thus the D-dimensional field strengths are
F,=dA, 1 —dA, s NA, F, 1=dA, . (2.22)

Now it is easy to find how the kinetic term —%Fn A &E, reduces to D di-
mensions. Of course one should also calculate the relation between the D + 1-
dimensional Hodge operator % and the D-dimensional Hodge operator * which

1s
H X, A (dy+Ay)) = Py X, (2.23)

$X, = e 2wy XA (dy 4+ A

Here X, is an n—form living in D dimensions. Then the final result is

1. A 1 1
_iFn A*F, — [—56_2(”_1)Q¢Fn A*EF, — 562(D_”)0‘¢Fn_1 AxF, 1] ANdy. (2.24)

2.3 Scherk-Schwarz Compactification

Twisted toroidal compactifications or Scherk-Schwarz reductions are a useful
way of introducing masses into supergravity and string compactifications, gen-
erating a potential for the scalar fields [11-27]. A theory in D + E dimensions
with global symmetry GG can be compactified on a manifold of dimension E with
fields which have a particular dependence on the extra coordinates, determined
by the symmetry G. The choice of this dependence must be such that the fields
define fiber bundles that are continuous on the compact space. The non-trivial
topology of the space-time (e.g. IR* x S in the circle reduction) allows one to
give a twist on the fibers, that is, the fields need only be continuous on the co-
ordinate patches. Scherk and Schwarz were able to show that with their ansatz

the y dependence ! cancels out of the Lagrangian and the transformation laws of

! Here we denote the extra coordinates collectively by .
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the resulting low dimensional theory and the compactification is consistent. The

picture that emerges from such a compactification scheme is as follows:

e The y dependence of the fields introduce mass parameters into the theory.
The fields in non-trivial representations of the group G typically become

massive.

e It leads to a scalar potential in the lower dimensions which, when applied
to supergravity, provides a mechanism for the breaking of local supersym-

metry. This was actually the main motivation of Scherk and Schwarz.

e With this mechanism one can construct new massive and gauged super-

gravities and corresponding string compactifications.

In their original work Scherk and Schwarz started with a supergravity theory
in D 4+ F dimensions and compactified it to D dimensions on an internal space
which they took to be a compact E dimensional manifold on which a special
E dimensional noncompact group acted. In fact they identified the y’s with the
coordinates on the manifold of a Lie group G having E generators. (This does not
necessarily mean that the internal manifold is the group manifold of G. Actually
the internal manifold is compact whereas the group is usually noncompact.) This
was an example of reduction with internal symmetries, symmetries which involved
space-time properties of the D + E-dimensional manifold.

It is also possible to use external symmetries to give twists in the Scherk-
Schwarz reduction. As an example consider the case in which the theory has a
U(1) global symmetry under which a scalar field S(z,y) transforms as S — €S
Such a scalar field can be expanded in terms of the D dimensional scalar fields
S,, as follows

S(x,y) = ™R S IS, (). (2.25)

n=—0oo
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This field is not single-valued on the D + 1 dimensional space-time manifold.
However the fields define a fiber bundle on the circle and are continuous on
the coordinate patches. This makes sure that the lower dimensional theory is
independent of the extra coordinate y. The idea in SS mechanism is to keep
m fixed as R — 0 and then to truncate to the lightest sector as in standard
Kaluza-Klein mechanism. A short-hand description of this procedure is to say

that S(z,y) = e™¥/fS(z). Note that the D-dimensional field Sy has mass m.

In this work we will study supergravity theories in D + 1 dimensions and
consider SS compactifications of them on a circle to D dimensions. The theories
in consideration have a global, external symmetry group G, which is usually
inherited from the compactification of a higher dimensional theory in D + E
dimensions to D 4 1 dimensions. Our main interest will be in constructing new

massive and gauged supergravities.

Massive supergravity theories appear basically in three different ways in the
compactification of ungauged supergravities. The first way is the Scherk-Schwarz
compactification that we discuss in detail here. A well-known example is the
Salam and Sezgin’s D = 8 SU(2)-gauged supergravity which is obtained by com-
pactifying the 11 dimensional supergravity theory by using the SU(2) group as
the global symmetry group [45].

The second way is the compactification in non-trivial manifolds, such as spon-
taneous compactification on spheres. We have already given the example of
N = 8,D = 4, SO(8)-gauged supergravity obtained by compactifying 11 di-
mensional supergravity on S7 [39]. Other examples are N = 4, D = 7,50(5)-
gauged supergravity and N = 8 D = 5,50(6)-gauged supergravity which are
obtained by compactifying the 11d supergravity on S* and N = IIB,D = 10
supergravity on S°, respectively [40, 46]. This is related with the Scherk-Schwarz

compactification. For example, Salam and Sezgin’s eight dimensional theory can
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be considered as having been obtained on the sphere S? which is the group man-
ifold of SO(3). Such theories are not only gauged, but also massive, because
one has to introduce mass parameters along with the gauge parameters. We will

discuss this in detail in section 4.2.

Thirdly, massive supergravity theories appear in compactifications with non-
trivial p-form fluxes (see e.g. [21, 22, 47, 48]). This is also related with the SS

compactification, as we will see in subsection 2.3.3.

In the subsection below we will describe the method of Scherk-Schwarz gen-
eralized dimensional reduction, leaving the explicit calculations to chapter 5. For
simplicity we will consider reductions on a circle but the results can be extended

to more general compactification manifolds.

2.3.1 The Formalism

Consider a D + 1 dimensional supergravity with a global symmetry G. An
element g of the symmetry group acts on a generic field ¢ as ¢ — g[¢p]. Consider
now a dimensional reduction of the theory to D dimensions on a circle of radius
R with a periodic coordinate y ~ y + 1. In the twisted reduction, the fields
are not independent of the internal coordinate but are chosen to have a specific

dependence on the circle coordinate y through the ansatz

V(' y) = g(y) [v(a"))] (2.26)

for some y-dependent group element g(y) [15]. An important restriction on g(y)
is that the reduced theory in D dimensions should be independent of y. This is

achieved by choosing

g(y) = exp(My) (2.27)
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for some Lie-algebra element M. The map ¢(y) is not periodic around the circle,

but has a monodromy
M(g) = g(1)g(0)~". (2.28)

For the maps of the form (2.27), the monodromy is
M(g) = exp M. (2.29)

The Lie algebra element M in (2.27) is called the mass matriz and it gener-
ates a one dimensional subgroup L of G, which becomes a gauge symmetry of
the reduced theory, so that such a reduction of a supergravity gives a gauged
supergravity [16, 20, 21]. We will see that, for a field ¢ transforming in some
representation of G such that 61 = AM1), with A being an infinitesimal parame-
ter and M being the matrix through which M acts on v, the derivative becomes
a covariant derivative D1 = dip + AM+p. Thus L is indeed the local symmetry
group and the gauge field is the graviphoton A. The mass matrix M deter-
mines not only the gauge couplings but also the mass parameters (as the name
would suggest) and the scalar potential, as we will discuss shortly. So the lower
dimensional theory is determined completely by the mass matrix M.

Now the question arises as to how many distinct theories we can obtain in lower
dimensions. Suppose that we use another element ¢'(y) in the same conjugacy
class with g(y) to give a twist in the SS reduction. Then ¢'(y) = h~'g(y)h for
some group element h. This means that the ansatz (2.26) changes as hi(z,y) =
g(y)h(x). But this is just a field redefinition for the field ¢ as v — hi. Hence
two group elements in the same conjugacy class give equivalent reductions up to
field redefinitions [15].

In quantum string theory, a global group of the classical theory typically be-
comes a discrete gauge symmetry G(Z) [50] and for such theories the monodromy

must be in G(Z), giving quantization conditions on the mass parameters, and the
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distinct theories are determined by the monodromy M € G(Z) up to G(Z) con-

jugation.

The geometrical picture that arises is as follows. The fields 1) are sections of a
principal fiber bundle P(MP*! G), where the base manifold MP*! is the D + 1-
dimensional Minkowski space and the structure group is the global symmetry
group GG. Before compactification this bundle is trivial because the Minkowski
space can be covered with one coordinate chart. After the compactification the
base space is M x S1 (this discussion can be readily extended to more general
compactification manifolds), so the bundle is not trivial any more. Thus the
sections, i.e. the fields, need not be globally defined over the circle S* and it is
enough that they are related by some element of GG as they go from one chart to
another. M is this group element. We can see this as follows. Suppose that we
parametrize the circle with y ~ y+1. We can cover the circle with two coordinate
charts A and B and 0 ~ 1 should be in AN B. Hence (1) and ¥(0) should be
related by a group element, which is in fact the monodromy M = ¢(1)g(0)~! =
(x,1)1(x,0)7L. Recall that the monodromy is the holonomy of a connection
around a loop on the base space in the fiber bundle language. Roughly speaking,
it measures how much a loop on the base space deviates from being closed when
horizantally lifted to the bundle. A non-trivial monodromy means a non-trivial
twist in the fibers. The question of how many distinct reductions there are can
also be answered easily in this geometric framework. Two such bundles with

monodromy in the same conjugacy class are equivalent.

We have just discussed that the distinct lower dimensional theories are classi-
fied by the conjugacy classes of the monodromy matrix M. We had also discussed
that the mass matrix M determines completely the couplings, mass parameters
and the scalar potential in the lower dimensions. This seems to give rise to a

paradox because for a given monodromy matrix M there exists infinitely many
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mass matrices M. As an example consider the case of trivial twist M = Il which
corresponds to the standard KK compactification. It is obvious that there are
infinitely many M satisfying e = I and each M is supposed to give a different
supergravity action in lower dimensions. To resolve this paradox consider the
example in (2.25). Note that the mass matrix is the 1 x 1 matrix M = im/R
and the monodromy matrix is> M = ¢?™™_ For the trivial reduction the mode
expansion is

S(z,y) = em/ES (1) (2.30)

whereas the twisted mode expansion is
S(x,y) =Y e'mtmu/hg (z) (2.31)

In the trivial reduction case the modes S, (x) have mass m,, «x n/R and the zero
mode S is a massless field as usual. In the twisted case the modes S, (z) have
mass m, x (n+ m)/R and the zero mode is a massive field of mass m/R. If
m is an integer, one would expect the two mode sums in (2.30) and (2.31) to
be equivalent since they both correspond to the monodromy matrix M = 1II. In
fact they are equivalent when all of the massive Kaluza-Klein states are kept. If
one truncates to the mode S_,, = Sp instead of SO one again obtains a massless
field. Similarly, two non-integral choices of mass m = mi;, m = my which differ
by an integer would give equivalent Kaluza-Klein spectra. The reduced theory
is different only after the truncation to the n = 0 mode is made. In general, for
a given monodromy matrix M the corresponding mass matrices M all give the
same KK spectra but can give distinct truncations to the “zero-mode” sector.
However the zero-mode does not give the truncation to the lightest fields any
more. In supergravity theories it is important to truncate to the mode which

gives the lightest states because the effective theory is to define the lightest states.

2 Note that here the identification is as y ~ y + 27 R.
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Hence the correct method should be to truncate to the mode for which |m + n|

is minimum, i.e. for which the field S, has the minimum mass 21].

2.3.2 The Scherk-Schwarz Potential

In this section we will describe the form of the scalar potential that appears
in lower dimensions, again leaving the explicit calculations to the main chapter.
The existence of such a potential is perhaps the most interesting feature in SS
compactifications. Suppose that one starts with a theory in D + 1 dimensions,
performs a standard KK compactification on the circle and then gauges the global
symmetry that appears in D dimensions. The theory that is obtained is the same
with the theory that would be obtained if one performed SS reduction on the
D + 1-dimensional theory® except for one difference. In the first case the scalar
potential does not appear naturally and is introduced in an ad hoc way due to,
for example, requirements coming from supersymmetry. In the second case a
non-trivial SS potential appears naturally which gives mass to some of the scalar
fields, which provides a mechanism for supersymmetry breaking and which can
be used to fix the moduli space [21].

Our main interest in this thesis will be in the reduction of supergravity and
superstring theories. Extended supergravity theories typically have a global sym-
metry G and the scalars take values in the coset space G/H where G is a non-
compact group and H is the maximal compact subgroup of G. The theory can
be formulated with a local H symmetry as well as a global G symmetry. The
scalars in the coset space G/H can be represented by a vielbein V(z) € G which

transforms under global G and local H transformations as

YV — h(x)V, h(z) € H,

3 However, note that one cannot gauge the theory with any given group G, see [49] for a
discussion.
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Yy — Vg, ged. (2.32)

The Lagrangian is
1
L= —itr[dVV_l A xdVV1]. (2.33)

In this formulation there are an extra dim(H) non-physical scalars which can be
gauged away using the local H symmetry. Here V, g, h can be taken to be matrices
in some representation of G. We will present our results for real representations of
G such that the representatives of H are orthogonal matrices h”h = 1 so that 6,
is an invariant, but the generalisation to other representations is straightforward.

An alternative formulation that does not involve extra scalars is to use a metric

K on G/H instead of a vielbein, transforming as (for a real representation of G)

K — ¢"Kg. (2.34)

b .

;, where i

Such a metric can be constructed from the vielbein as K;; = 0,,V%V
and a are the curved and flat indices, respectively. K is invariant under local H
transformations as h” h = 1. This means that the non-physical scalars drop out in
this formulation, without any need for gauge fixing. (For complex representations

with A'h = 1, we would use the hermitian metric X = V'V transforming as

K — ¢g'Kg.) The Lagrangian can be written in terms of K as
1
L= 1tr[dlc—l A *dK). (2.35)

As will be seen in chapter 5, the y-dependent ansatz (2.26) on the scalar fields

gives the following scalar potential in D dimensions:
V(®) = e*tr[M? + MTK(®)MK (D). (2.36)

Now the question is whether the potential has any stable minima and which
moduli acquire mass at these minima. Define M = VMV~!. The potential takes
the form

V(®) = e*tr[M? + M nMn™"). (2.37)
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Now it is easy to see that the scalar potential (2.37) has stable minima for the

values M = M, for which
tr[Mo(Mo + n~ ' M{'n)] = 0. (2.38)

We mentioned above that when K is compact, the case of our interest, n = II.

Then the scalar potential can be written in the form
1
V(®) = §ea¢tr(Y2) (2.39)

where Y is the real symmetric matrix, ¥ = [M + M7T]. Y is a diagonalizable
matrix with real eigenvalues, so tr(Y?) is the sum of the squares of the eigenvalues.
Thus the potential (2.39) is manifestly positive. Suppose that Y = 0 for some
value of the moduli ® = ®,. Then it is obvious that the scalar potential vanishes
at this point. At such a point M(®g) = —M7T(®g) so M(Py) = My equals a
rotation generator. Also since V' (®) > 0, the point ®¢ is a global minimum that
is stable or at least marginally stable. The corresponding value V, of the vielbein
Y at the point & = & is determined by the relation My = VoM Vy ! As a result,
the only critical points of the potential for finite ¢ are the stable minima where

the potential vanishes and where M (®g) is a rotation generator.

2.3.3 Twisted Tori and Flux Compactification

Scherk-Schwarz compactifications or twisted toroidal compactifications are re-
lated with flux compactifications. The low energy limit of a string theory com-
pactification, with some flux turned on, is the Scherk-Schwarz reduction of the
corresponding supergravity theory [15, 21, 22, 47, 48]. We will demonstrate this
with a simple example.

In this thesis we are mainly interested in compactifications with SL(2,IR)
twists. SL(2,IR) is the mapping class group of the torus 7% and such a com-

pactifications can be regarded as a compactification on T2 followed by a twisted
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reduction on S!. This is equivalent to reducing on a fiber bundle with 7 fiber
over S!, where the T? geometry varies as it traverses around the circle and returns
to its original form after one cycle, up to an SL(2,IR) transformation [15]. Let
E be the 3 dimensional manifold which is the total space of this torus bundle.

Then its metric is
2 0,9 A 2
dsp = (2mR)*dy” + 7_—|d$1 + 71 (y)dxs| (2.40)
2

where A is the constant area modulus and 7(y) = 71(y) + i72(y) is the complex
structure of the torus, which depends on the circular coordinate y. The fiber
T? has periodic coordinates 1, x2, x; ~ x; + 1. This space E is an example
of a twisted torus. The y dependence of 7(y) is given by (2.26), where g(y)
is as in (2.27). Now choosing an appropriate Lie algebra element M, we have
7(y) = 71 + 9Ty + my where m is the mass parameter in the mass matrix M *.

Then the metric is

A
dsh = (27 R)*dy* + —(dxy + w)* + Arydas (2.41)
T2

where w = (71 + my)dx,. This space can also be regarded as a circle bundle over
a 2-torus with fiber coordinate x;, connection 1-form w and first Chern number

m. Now we T-dualize along the fiber direction z;. We use the Buscher rules [51]

1
9ri2y = . s
Jz121
Bxla
Jr1a0 = —T—
' ]9611“1
. 1
GJap = Japg — .—(]mlajzlﬂ - leaBmlﬂ)7 (242)
171
Bxloc = _?9371047
jx1$1
1 . )
Baﬁ = Bag - T (]mlaBmlﬂ - Bﬁmajwlﬁ)‘

11

4 TIn fact this is equivalent to choosing M as the representative of the parabolic conjugacy
class of SL(2,IR). See (5.6) for the explicit form of M.
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Here g and j are the metrics on E and the T-dual of E, respectively; «, 3 refers
to any coordinates except z; along which the dualization is being performed, B,z
is the B-field on the space E and B is the B-field on the T-dual space. As a result

we find that the metric of the T-dual space is
ds’ = (2w R)*dy’ + =3 do} + Amyda, (2.43)

This is a torus metric on 73, which means that the bundle £ has been untwisted.
However now a B-field has been turned on with field strength H = mdxi AdxoAdy
corresponding to a constant H-flux over 7°. This generalises to the reductions
with SL(n,R) twists. A twisted reduction on a p torus in which all monodromies
are in SL(n,R) corresponds to a compactification on a bundle space for which
the base is TP and the fibers are T™.

We have discussed that in a SS reduction, the extra coordinates y’ can be
regarded as a system of coordinates on the manifold of a Lie group GG. This man-
ifold is called the twisted torus, although in general it doesn’t have the topology
of a fibered torus as above. G is usually a non-compact group, so this manifold
is not a group manifold. This also means that one cannot use the usual Cartan
metric as a metric on this manifold, since it is degenerate. However, the invariant
matrix of G can be used as a metric to lower and raise indices.

From this point of view a twisted torus can be defined as a parallelizable
manifold with a well defined nowhere vanishing basis of vielbein one-forms as

n* a=1,---,n such that it is related to the holonomic basis as

n" = (9(y))adz®, (2.44)

where ¢(y) is as in (2.26). Then the vector fields L, which are dual to the 1-forms

n®, i.e., Ly(n®) = &0 are related to the holonomic coordinate vector fields as
Lo = (g71)20,. (2.45)
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They satisfy the following commutation relations
[La7 Lb] = fCach’ (246)
where
Foan = (97)5(97")5 (Dag5 — Dagl)- (2.47)
An important criterion for the twisted torus is that the structure constants f¢,,

are constants and they correspond to flux parameters.

It is easily seen that (2.46) implies that the vielbein one forms n® satisfy
a 1 a b c
dn® = —af el A M. (2.48)
The Bianchi identity d*n® = 0 implies

fab[cfbde] = 07 (249)

where the square bracket denotes antisymmetrization of the enclosed indices.

Now when ¢(y) is of the form (2.27), using (2.47) we find that
feap = Mgy, — Myd,. (2.50)

Here one thinks that the n x n matrix M has been embedded in a (n + 1) X
(n + 1) matrix whose first row and column are zero. f€; are indeed constants,
as intended.

Now we go back to the example we considered at the beginning. There the

mass matrix M is in the parabolic class, so g(y) is of the form

1 vAn 0
9(y) = | 0! —(r +my) |- (2.51)
0 n 0
Then we see that
1 0 1 0 0 1 0

1 Qﬂ_Raya 2 \/A—T2<al'2 (Tl+my)ax1>7 3

. (2.52)

\/m&cl
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and the vielbein one-forms are

1
n' = 2rR)dy, n*=\/Andr,, 1= (dxy + (11 + my)dzs). (2.53)

\/A/TQ

We see that these vielbein one-forms indeed give the metric in (2.41).
Note that Lj in (2.52) is an isometry since it satisfies £7,9 = 0, but L; and

Ly are not isometries. The L, satisfy the commutation rules
[Lla LQ] ~ —ng, [Lb L?J = 07 [LQa L3] =0. (254)

Note that these are the commutation rules for the Heisenberg algebra.
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CHAPTER 3

DUALITY

Supergravity and string theories possess global, (mostly) non-compact symme-
tries which can be used in employing SS compactification. In this chapter we will
discuss the structure and the origin of these symmetries.

In the first section we will describe electric-magnetic duality and its general-
izations. This will serve several purposes. Firstly, the idea of S-duality, which is a
conjectured non-perturbative symmetry of string theory has its origins in electric-
magnetic duality. Secondly, it was argued in [52, 53] that the non-compact sym-
metries in string theory are inherited from the duality rotations on the two dimen-
sional world sheet of the string. These duality rotations are similar in structure
to electric-magnetic duality rotations. In the second, third and fourth sections we
will describe the perturbative T-duality and the non-perturbative S and U dual-
ities of string theories. In the last section we will discuss how these symmetries

can be understood by studying the duality symmetries of supergravity theories.

3.1 Electric-Magnetic Duality and Its Generalizations

3.1.1 Electric-Magnetic Duality

Consider the Maxwell equations

—

V-E = p. V-B=0,

. - JE . . . OB
B-— = . E+ - =0. 1
V x o J VX E+—5=0 (3.1)



When p, = J. = 0 these equations are invariant under the duality transformations
E—B, B— —E. (3.2)

This can be generalized to U(1) duality rotations parametrized by an arbitrary
angle ¢:

(E +iB) — ¢°(E +1iDB). (3.3)
The duality symmetry in (3.2) is a Z5 subgroup of the U(1) in (3.3). If we write

the Maxwell equations in the covariant form
dF =0 d*xF =0, (3.4)

where F* = —E* and FY = —eJ*B* the duality transformation (3.2) takes the
form F — xF. The duality symmetry is broken by the presence of the electric

source terms. In this case (3.4) take the form
dF = 0, dx F =], (3.5)

which is obviously not symmetric. If we want to restore the symmetry we should
include magnetic source terms so that dF' = k. However this requires the exis-
tence of a magnetic monopole. If the existence of a magnetic charge is assumed

then the duality transformations (3.2) take the form
E - B, B—-E
Qe - Qma Qm - _Qev (36)

where @), and @), are the electric and magnetic charges, respectively. Because of

the Dirac charge quantization condition, the form of these charges should be as

Nim

e — NeY, m— T 7
Qe =neg, Q@ p (3.7)
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where n, and n,, are integers and g is the electric coupling constant g = e? /4,
e is the unit electric charge. The transformation of (). and @), then implies

1
Ne — Npmy Mo — Ny G — —. (3.8)
g

The last transformation shows that we have a strong-weak coupling duality.
Note that this symmetry is a symmetry of the field equations. However it is

not a symmetry of the Lagrangian
L= Re(E+iB)-(E+iB) = E* - B (3.9)

It is possible to include a topological term S—ZE . B in the action (4.48), which
does not alter the field equations. Now the action itself is invariant under the

duality transformation SL(2, Z) which is generated by the two transformations

1
Zy @ T — ——, Ne — Myny  Myn — Ne, (3.10)

T
O—shift : 7 —>7+1, Ne—nNe+ N, Ny — Ny (3.11)

Here 7 is a complex parameter
0 4mi

= — + —. 3.12
T T ( )

The two transformations (3.10) and (3.11) generate the group SL(2, Z) under

which we have the following transformations

at +b
- 3.13
T e +d’ (3.13)
Te a b Ne
= , (3.14)
T, c d T

where a,b,c,d € Z and ad — bc = 1.
When 6 = 0 we have only the Zy symmetry (4.49) which corresponds to the

strong-weak coupling duality
e Ar

— —.
47 e?

(3.15)
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Hence this is a non-perturbative symmetry which cannot be checked order-by-
order in the coupling parameter e. This extension of electric-magnetic duality
to SL(2,7), which maps the strong coupling regime of the theory to the weak
coupling regime, is usually referred to as S-duality.

This strong coupling-weak coupling duality, which was first conjectured by
Montonen and Olive [54] is realized by N = 4 supersymmetric Yang-Mills theory
[55]. Ome special feature of this theory is charge non-renormalization (the
function vanishes), i.e. the coupling constant e does not run with the energy scale
of the theory and hence there is no asymmetry between e and g. Another feature
is that a topological 6 term can be added without spoiling the renormalizability
of the theory and without changing the field equations [56]. Seiberg and Witten
generalized the duality also to N =2 SYM, for which g # 0 [57].

3.1.2 Duality Rotations for Interacting Fields

The duality rotations F' — xF' of the free Maxwell theory that we considered
above can be extended to the case when the electromagnetic fields interact with
other fields [58](See also [59] for a recent review).

In this section we will consider the duality symmetries in even dimensional
theories, including M (n — 1)-form gauge fields A7 (D = 2n) interacting with
other fields ¢;(x). We will consider Lagrangians of the form

L=LF" ¢i,0.0:) (3.16)

Here F'! = dA’. The gauge potentials A’ appear only through their field strengths.
Lagrangians of supergravity theories are also of this form. Note that in even di-

mensions we have

+1 for D = 4k+2,
xx F'=€F, €= (3.17)
—1 for D = 4k.
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For A’ the equations of motion and the Bianchi identities are
dG' =0 dF! =0 (3.18)

where

oL

I——
G—aFI.

(3.19)

For the free Maxwell theory we have G = *F' and more generally we have G =
f(@) * F 4+ g(¢)F, for some functions f and g depending on the fields ¢,. (3.18)

are invariant under the transformations

F ab F , ,
0 = , 09t =¢&(9), (3.20)
G cd G
where a, b, ¢, d are constant n X n matrices and £(¢) are functions of ¢°.

One can find the conditions on these matrices from the covariance of the defi-
nition (3.19) and from the covariance of the equations of motion for ¢* under the
duality transformation (3.20). It turns out that the duality group is Sp(2M,IR)
in the D = 4k, e = —1 case and SO(M, M) in the D = 4k+2,¢ = +1 case [58]. In
the case when there are no scalar fields in the theory only compact subgroups are
possible as duality symmetries without introducing ghosts. The maximal com-
pact subgroup of Sp(2M,IR) and SO(M, M) are U(M) and SO(M) x SO(M)
respectively.

An interesting case is when D = 2. Strings are one dimensional objects
which sweep out two dimensional world sheets and hence can be described by
two dimensional o-models with fields taking values in the d-dimensional target
space for a string theory in d dimensions. Evidence is given in [52] and [53] that
the non-compact symmetries of string theories, in particular the T-duality, are
inherited from the duality symmetries of the kind discussed above, realized on

the world sheet of the string.
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3.2  T-duality

Target Space Duality Symmetry, T-duality, is a perturbative symmetry ap-
pearing in string theory compactifications [60]. It is the geometrical symmetry
group of the manifold of compactification, plus some discrete translational sym-
metries. The simplest case is when the compactification manifold is a circle. In
this case T-duality implies that compactification on a circle with radius R is the
same with compactification on a circle with radius 1/R. So, a small compactifi-
cation radius is equivalent to a large compactification radius to the string, and
this points out to the existence of a minimal length in string theory.

In order to see how this R < 1/R duality appears in circle compactifications

first consider the string world sheet action:
1
§ = Jma’ / drdo (9, X")(9:X" )G (X). (3.21)

Here X* are the parameters of the space in which the string propagates, (o, 7)
are the world sheet parameters such that each 7 = constant denotes the string at
a given time. G, is the world-sheet metric. ¢ runs over the o and 7 directions.

The compactification is defined by the periodic identification
X ~ X + 2rRm, (3.22)

where m is an arbitrary integer.
When G, = 1, that is, when the string propagates in flat space-time, the
fields X* on the world-sheet satisfy free wave equations and admit a decomposi-

tion in terms of left- and right-movers as
X(o,7)=Xgr(c —7)+ Xp(o+ 7). (3.23)
Solving the free field equations for X we have

aLXu _ Za;ine—in(r—i-a)’

46



aRXu Z —zn T—

(3.24)

The zero modes of the oscillators correspond to the center of mass motion and

thus g (Gp) gets identified with the left-moving (right-moving) momentum of

the center of mass. In particular for the center of mass we have
X =ao(T +0) + ao(t — o),

where we identify
(a0, &) = (Prs PR)-
So the mode expansion of the world-sheet fields X is

o . o 1 +il(o—)
Xp(oc—7) = xp—\|—=prlc—7)+1 —Zfozle
2 2 120 l

Xp(o+7) = xp—4/ pL(0'+T Z ~aye ot
2 25!

The normal ordered Hamiltonian reads

H = Loz + Lor
where
Lor = 5?3‘*‘206—1041
=1
1, &
Lop = SPL +> aaq

=1

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

These results are irrespective of whether one of the dimensions is compactified

or not. Compactifying on a circle and thus imposing the periodicity condition

(3.22) has two effects. First, string states must be invariant under this iden-

tification. This means, the operator exp(2miRp) which translates strings once

around the periodic dimension must leave states invariant, so the center of mass

momentum is quantized

, neJz

(3.30)



This is what would happen in field theory as well. The second effect is completely

a stringy effect. A closed string may now wind around the compact direction,
X(o+27m) = X(0) + 27 Ruw, w e Z. (3.31)

Here the integer w is the winding number and it counts the number of times the
string wraps around the circle.

For the closed string we have p; = pr = k, where py, pgr are as in (3.26), and
k is the center of mass momentum of the string because X is periodic in ¢. This

is true for the non-compact dimensions. For compact dimensions we have

2
pr = 5@0 = o

n
R
12 n  wR

Notice that in this case Lo, and Lgg in (3.29) are invariant under the transfor-

whR

PR

mation

N = 5 w > n. (3.33)

Under (3.33), pg transforms into —pg, whereas py, is invariant. The oscillators

o, O, also transform in a simple way:
Qy, — —Qly,, Q, — Q. (3.34)

Hence, there is a R < 1/R symmetry of the closed string theory when compact-

ified on a circle. This is the simplest example of T-duality. This is a stringy

property which is due to the fact that the string can wrap around the circle.
What happens when we compactify more than one dimensions? Consider the

case when there are d periodic dimensions

X"~ X"+ 27R,  26—d<m <25 (3.35)
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Spacetime is now M* x T? where k = 26 — d. The actual geometry of the
d-torus depends on the internal metric G,,,. With more than one dimension
the antisymmetric tensor also has scalar components B,,,,. The total number of
scalars from both sources is then d? (d(d+ 1)/2 degrees of freedom for the metric
and d(d — 1)/2 degrees of freedom for Bi,,).

In this case one can show that (pr, pr) belong to a 2d dimensional lattice with
signature (d,d). This lattice should be integral, self-dual and even. Self-dual
means that any vector which has integral product with all the vectors in the
lattice sits in the lattice as well. Even means that p7 — p% is even for each lattice
vector. All the torus compactifications can be obtained by doing an SO(d, d)
Lorentz boost on (pr,pr) vectors of a given torus compactification. Rotating
(pL,pr) by an O(d) x O(d) transformation does not change the spectrum of the
string states, so the totality of such vectors is given by

SO(d, d)
SO(d) x SO(d)’

(3.36)

This is the moduli space of the compactification torus and the d? scalars that
we discussed above parametrize this coset space [61]. The action of O(d,d) on
this moduli space is such that it takes one string theory to another one. A
discrete subgroup O(d, d; Z) takes a string theory into an equivalent one because
the Lorentz boosts sitting in this group do not change the lattice of the torus. So
the space of inequivalent compactifications is given by

SO(d,d)
SO(d) x SO(d) x O(d,d; Z)

(3.37)

The O(d, d; Z) generalizes the T-duality considered in the 1-dimensional case.
In the discussion above we considered only the bosonic fields. When fermionic
fields are taken into account the discussion divides into two cases. In the first case

of N = 2 supersymmetric theories (ITA and IIB), the moduli space of the toroidal
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compactifications is as in (3.37) and the T-duality group is again O(d, d; Z)!. In
the second case of N = 1 supersymmetric theories (type I and heterotic) the
moduli space of toroidal compactifications is

SO(16 + d, d)
SO(16 + d) x SO(d) x SO(16 + d, d; Z)

(3.38)

and the T-duality group is SO(d + 16,d; 7).

3.3 S-duality

Two theories A and B are called S-dual if theory A at strong coupling is
equivalent to theory B at weak coupling and vice versa. This means that for each
physical observable f4(g) in theory A there is a corresponding observable fz(g)
in theory B such that fa(g) = fs(1/g), where g is the coupling constant. Thus it
is a symmetry which cannot be checked order-by-order in the coupling constant,
i.e. it is a non-perturbative symmetry.

In the string theory setting the first proposal of S-duality was for heterotic
string toroidally compactified to four dimensons, by Font et al[62]. It was shown
by Cremmer, Ferrara and Scherk that N = 4, D = 4 supergravity theory has a
global SL(2,IR) symmetry [63]. Font et al conjectured that the SL(2,Z7) sub-
group of this symmetry group should be an exact symmetry of the full 4d heterotic
string theory [62]. Strong evidence for this conjecture was given in [64]. A Z,
subgroup is an electric-magnetic duality in which the string coupling constant
is inverted and hence it relates the strong coupling limit to a weakly coupled
description. Thus this proposal extends the Montonen-Olive duality conjecture
for supersymmetric gauge theories.

In string theory S-duality is a transformation which acts on the complex scalar

I Type ITA and Type IIB are equivalent below ten dimensions. In fact, e.g., IIA compactified
on a circle of radius R is T-dual to IIB compactified on a circle of radius 1/R.

20



field S:

S =8+ 8=x+ie? (3.39)

where x is the axion field and ¢ is the dilaton field. In this case vacuum expec-
tation values of xy and ¢ play the roles of the vacuum angle # and the coupling

constant e respectively:

<X >=— (3.40)

et = (3.41)

Here G is the Newton’s constant and 27a’ is the inverse string tension.

As mentioned above, the heterotic string theory compactified to four dimen-
sions on a flat torus 7° is conjectured to have an SL(2,Z) symmetry. Another
case in which the group SL(2,7) appears as a duality symmetry is the type IIB
string theory in 10 dimensions. This is a self-duality of the theory which takes it
to itself, at another coupling. The conjectured self-duality of IIB string implies
the conjectured duality of Montonen and Olive within D = 4, N = 4 gauge
theory. SO(32) type I and SO(32) heterotic at D = 10 are also interchanged by
weak-strong coupling duality. (See [65, 66] and references therein.)

Since S-duality is a strong-weak coupling duality it cannot be checked in per-
turbative string theory. However there is strong evidence for it coming from the
analysis of BPS states and studying the constraints of supersymmetry on the low

energy effective action. (See e.g. [66].)

3.4  U-duality

So far we have seen two types of string dualities: the perturbative T-duality
and the non-perturbative S-duality. Although these dualities look like very differ-
ent ideas, in fact they are essentially tightly related. Both the coupling constant
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of the string theory and the radius of the compactification circle (in the S* reduc-
tion case) are determined by the expectation value of some scalar field (it is the
dilaton for the coupling constant). Hence the definitions of T-duality (R — 1/R)
and S-duality (¢ — 1/g) depend on the choice of these scalar fields among the
many scalars parametrizing the moduli space. Pursuing this analogy, Hull and
Townsend conjectured in 1995 the existence of a symmetry group which combines

these two symmetries and gave it the name U-duality [50]. (See also [67].)

In the late 70s it was realized that compactified supergravity theories possess
non-compact global symmetries, say G [30, 68, 69, 70]. In 1990 it was conjectured
that some discrete subgroups of these symmetries should be promoted to T-
duality or S-duality symmetries of corresponding string theories [53]. (See also
[71].) The U-duality group conjectured by Hull and Townsend is the maximal
integer subgroup of G. The conjecture is that this subgroup extends as the
symmetry of the full string theory, just as the extension of some smaller subgroups

to the T- and S-duality symmetries of the full string theory.

All these conjectures rely on the idea that the duality symmetries of the
string theories should be understood by studying the corresponding supergravity
theories. In fact this is a very natural idea since supergravity is the low energy
effective action of string theory and the form of the low energy effective action is
completely determined by supersymmetry and the spectrum of massless states in
the theory. Hence it does not receive any quantum corrections. Thus a symmetry
of the string theory should also be a symmetry of the corresponding supergravity

theory.

So, before giving the list of the U-duality groups appearing in type II and
heterotic string compactifications, we will first discuss how duality symmetries

appear in compactified supergravity theories.
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3.5 Duality Symmetries from Compactification of D=11 SUGRA

In this section we will consider the classical, internal, global symmetries of
the bosonic sector of various maximal supergravities in dimensions D < 11 which
are obtained from eleven dimensional supergravity by toroidal compactification.

The Lagrangian for the 11d supergravity is
1 1
£11 =Rx1-— §F4/\*F4—|—6F4/\F4/\A3. (342)

Here Fy = dAs. Suppose now that we compactify on a torus 7" with coordinates
y*. This can be regarded as doing n subsequent circle compactifications. At each
step one obtains Kaluza-Klein vectors A; and Kaluza-Klein scalars (dilatons) ¢;
coming from the reduction of the metric and also 0-form potentials, or axions
Aéo) ; coming from the reduction of the Kaluza-Klein vectors, obtained in a pre-
vious step. It is obvious that one should have ¢ < j. In addition one obtains the
potentials A(s), A(2)i, Aq1)ij, Aoyije coming from the reduction of the 3-form po-
tential A3 in 11 dimensions. The indices 4, j, k, - - - correspond to torus directions
and they are antisymmetrised. The Lagrangian for the resulting supergravity
theory can be found in [44].

The resulting supergravity theory in D dimensions has GL(N,IR) x IR sym-
metry in its scalar sector. Here N =11 — D and ¢ = ¢(11 — D)(10 — D)(9 — D).
The GL(N,IR) part of the symmetry is due to the compactification of the grav-
itational sector of the theory. In fact we can only be sure of the SL(N,R) part
and the last generator of the GL(N, R) gives an internal R symmetry in dimen-
sions D > 2. The IR? part comes from the local abelian gauge symmetry of the
antisymmetric tensor field strength in the original 11 dimensions.

If one first reduces to D dimensions on a torus and then dualises all the field
strengths whose degree exceeds %D, then the SL(N,IR) x IR? symmetry above
extends to a global E(11_pya1-p) internal symmetry [30, 68, 69, 70]. Here E, )

93



is the maximal noncompact form of the exceptional group F, and for brevity we

shall write them simply as F),.

It is important to note that the global symmetry can depend on the choice of
dualisation and it might not be possible to dualise all the fields in a given theory.
A sufficient condition is that the fields appear in the action purely through their
field strengths. In some cases it might still be possible to dualise a field which
appears in the field equations and Bianchi identities through its field strength even
if this is not the case in the action. The symmetry Fi,_p appears only when we
dualise all the fields. If, for example, we dualise the R-R fields only and keep the
NS-NS gauge potentials undualised, the symmetry group is O(10—D, 10— D) xIR?
for D < 6 where ¢ = 2°~P. When D > 7, the duality group is still E;;_p since it

is only the R-R potential that suffers dualisation in these dimensions.

In the case when we dualise all the fields in the theory the scalar sector of
the Lagrangians are sigma models on the symmetric spaces Ey1_p/K(E11_p)
where K (G) is the maximal compact subgroup of G. The axionic scalars in the
fully dualised theory are in one to one correspondence with the positive roots
of the Fy;_p algebra. Using this fact one can give a simple parametrisation
of the Fy,_p/K(E1_p) scalar manifold, which is the Borel or upper triangular
parametrisation. In this parametrisation, the axionic scalars are the parame-
ters in the exponentiation of the positive roots and the dilatonic scalars are the

parameters in the exponentiation of the Cartan generators.

Can this symmetry of the scalar sector be extended to the full theory? In
other words, do the other terms in the Lagrangian involving the higher degree
fields also share this symmetry? The answer is affirmative in the odd dimensional
case, the full Lagrangian can be shown to be invariant under the symmetry of its
scalar sector. In even dimensions the symmetry can be extended to the level of

the field equations only, involving an electric-magnetic type duality. However, by
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Table 3.1: Symmetries and matter content of (the bosonic sector of) maximal
supergravities

Global Local

D Duality Group Symmetry Matter Content

9 GL(2,R) SO(2) lej, 1A3,2A,,

8 | B33y = SL(3,IR) x SL(2,IR) | SO(3) x SO(2) | 1lej,,1A3,3A,,

6A, TAp

7 Eyu = SL(5,R) SO(5) ley, 5Az, 104,
14 A,

6 Es5 = SO(5,5) SO(5) x SO(5) | lej,5A,,16A,
9254,

5 Es) USp(8) ler 27A;, 424,

4 Eqny SU(8) lej,, 2841, 704,

3 Ess) SO(16) 1e7, 1284,

using a formalism one can implement this symmetry at the level of an auxiliary
Lagrangian which is equivalent to the original Lagrangian, as it yields the same
field equations. The name of this formalism is “Doubled Formalism” and we will
describe it in chapter 5.

The matter content and the symmetries of maximal supergravities in dimen-
sion D < 9 after full dualisations are given in Table 3.1. In [50] it was conjec-
tured that after quantisation a discrete subgroup becomes the U-duality symme-

try group of the toroidally compactified type II quantum string theories.

3.6 Duality Symmetries from Type II and Heterotic Compactifications

Consider type II string theory compactified on a torus. It doesn’t matter
whether we start with the ITA or IIB since their compactifications are the same.
The resulting low energy field theory is a D-dimensional supergravity theory
with global symmetry group G. This global symmetry G is a symmetry of the

action if the theory is in odd dimensions and in even dimensions it is a symmetry
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of the field equations only. The group G has a O(10 — D, 10 — D) subgroup
which is broken to the discrete T-duality group O(10 — D, 10 — D, Z). Also, as
mentioned in the previous section, the type IIB string theory in ten dimensions
has a conjectured SL(2,7) symmetry. This SL(2,7) symmetry commutes with
the T-duality symmetry of the lower dimensional type IIB string theory and
together they generate the U-duality group conjectured by Hull and Townsend
[50].

Consider the interesting and well understood case of D = 4. When com-
pactified on the torus 7°, the type II string theory gives the N = 8, D = 4
supergravity effective action. This theory has E; symmetry as was noticed by
Cremmer and Julia [30]. This symmetry is at the level of field equations as in
other even dimensions. The 70 scalars in the theory parametrize the coset space
E77/[SU(8)/Z,]. The symmetry group Er) contains SL(2, R) x O(6,6) as a
maximal subgroup. In [50], it was shown that certain quantum mechanical ef-
fects break Er(7) to a discrete subgroup which they called E7(Z). This implies the
breaking of the maximal SL(2,IR) x O(6,6) subgroup to SL(2,7) x O(6,6, Z).
The O(6, 6, Z) factor extends to the full string theory as the T-duality group and
it was conjectured in [62] that the SL(2, Z) extends to the full string theory as the
S-duality group. In [50] it was conjectured that the full E7(Z) group also extends
to the full string theory as a new unified duality group, namely the U-duality.

The low energy effective field theory of heterotic string theory is 10 dimen-
sional supergravity theory coupled to 16 Yang-Mills vector fields. When com-
pactified on a torus 7", it has a duality group G which contains O(10 —d, 26 — d)
as a subgroup, where d = 10 — n. The discrete subgroup O(10 — d,26 — d, Z)
is the T-duality group of the corresponding string theory. The conjecture of [50]
is that a discrete subgroup of GG extends to the corresponding string theory as a

unified symmetry.

o6



Again consider the D = 4 case. In this dimension the theory has a 2-form
field which can be dualised to a scalar field. Together with the dilaton field
they parametrize a SL(2,1R)/SO(2) coset and after this dualisation the theory
has a SL(2,IR) symmetry realized at the level of field equations. The discrete
subgroup SL(2,7) is conjectured to be a symmetry of the corresponding string
theory [72, 73]. So the conjectured U-duality group, SO(6,22,7) x SL(2,7Z) of
the 4 dimensional heterotic string theory unifies the T and S dualities.

Let G and G’ be the supergravity symmetry groups in d and d’ dimensions
respectively, where d’ < d. The dimensional reduction from d to d’ dimensions
gives an embedding of G in G' and G(Z) is a subgroup of G’(Z). The reason for
this is that G does not act on the d-dimensional space-time and hence survives
dimensional reduction. So one can see that, for dimensions d > 4, the U-duality
group G must be a subgroup of E;(Z) in the type II case and a subgroup of
SO(6,22,7) x SL(2,Z) in the heterotic case. So, in these dimensions, one can
define the U-duality group as E;(Z) N G for type II and as G N [0(6,22,7) x
SL(2,7)| for heterotic string theory.

Below we present the tables for the duality symmetries for the type II and the

heterotic string theories compactified to d dimensions [50].
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Table 3.2: Duality symmetries for type II string compactified to d dimensions

Space-time Supergravity Conjectured
Dimension d Duality Group G String T-duality | Full String Duality
10A SO(1,1)/Z, 1 1
10B SL(2,R) 1 SL(2,7)
9 SL(2,IR) x O(1,1) Zy SL(2,7) x Zy
8 SL(3,IR) x SL(2,IR) 0(2,2,7) SL(3,7Z) x SL(2,7)
7 SL(5,R) 0(3,3,72) SL(5,7)
6 0(5,5) 04,4,72) 0(5,5,7)
5 E6(6) 0(5’ 9, Z) E6(6)(Z)
4 E7(7) 0(6’ 6, Z) E7(7)(Z)
3 ES(S) 0(77 7, Z) ES(S) (Z)
2 20 0(8,8, Z) Ey(9) (Z)
1 FE1oa10) 0(9,9, 7Z) Ei0q10)(Z)

Table 3.3: Duality symmetries for heterotic string compactified to d dimensions

Space-time Supergravity Conjectured
Dimension d | Duality Group G | String T-duality | Full String Duality
10 O(16) x SO(1,1 0(16,7) 0(16,72) x Z,
9 (1,17) x SO(1, O(1,17,7) O,17,7) x Zy
8 (2,18) x SO(1, 0(2,18,72) 0(2,18,7) x Zy
7 (3,19) x SO(1, 0(3,19,2) 0(3,19,7) x Zy
6 (4,20) x SO(1, 0(4,20,2) 0(4,20,7) x Zy
5 (5,21) x SO(1, 0(5,21,2) 0(5,21,72) x Zy
4 0(6,22) x SL(2,R) 0(6,22,72) 0(6,22,7) x SL(2,7)
3 0(8,24) 0(7,23,72) 0(8,24,7)
2 0(8,24)M O(8,24,7) 0(8,24)V(2)
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CHAPTER 4

A PRELIMINARY CHAPTER

In the previous chapters we gave a description of the Scherk-Schwarz dimensional
reduction mechanism and also discussed the symmetries present in supergravity
and string theories, which we can employ in this mechanism. In the next chapter,
where we will introduce the original part of this thesis work, we apply these
methods to specific models. The purpose of the present chapter is to introduce

some preliminary material which will be needed for the next chapter.

The specific models that we study are such that the global symmetries that
we employ are realized only at the level of field equations rather than the action
itself. In the next section, we will describe a formalism, called the “Doubled
Formalism” [29], which enables us to realize the symmetry at the level of an
auxiliary Lagrangian that yields the same field equations as those of the original
Lagrangian.

In order to construct such an auxiliary Lagrangian one has to impose a con-
straint in the higher dimensional theory. This constraint, when reduced with the
SS method, implies a self-duality condition for some of the gauge fields in lower
dimensions. In each case one starts with an even dimensional theory, reduces on
a circle, and hence ends up with an odd dimensional theory. In the second section

of this chapter we discuss what it means to be “self-dual” in odd dimensions [32].

In the last section we the Stiickelberg Mechanism will be described. This is a
mechanism that appears during the dimensional reduction process and it is this

very mechanism that lets some of the gauge fields acquire mass.
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4.1 Doubled Formalism

Typically a D = 2n dimensional supergravity theory has a global symmetry
group GG which can be realised at the level of field equations but not the action,
as GG acts on n-form field strengths H = dA through electric-magnetic duality
transformations. In such cases it is possible to construct a manifestly G-invariant
Lagrangian that depends on the potentials A and dual potentials A. The dual
fields are regarded as independent fields, but the field equations are supplemented
with a G-covariant constraint relating the n-form field strengths dA to dA, keeping
the number of independent degrees of freedom correct. The new Lagrangian is
equivalent to the original one as the two yield equivalent field equations when the
constraint is taken into account.

In this section we will describe this formalism which was introduced in [29]
where it was called the ‘doubled formalism’. We will first consider the case

G = SL(2,R) and then give the general case in the following subsection.

4.1.1 G =SL(2, R) Case

Consider the following Lagrangian in D 4 1 = 2n dimensions
1 1 o, 1, 1
L= —§d¢/\*d¢— 3¢ dx N xdy — 3¢ F, A xF, — ian/\Fn (4.1)

Here F,, = dA,_1 and ¢ and x are scalar fields. The scalar fields parametrize the
coset space SL(2,IR)/SO(2). (Recall the discussion in chapter 2.) For a theory
in which the scalar fields parametrize a coset space G/H, where H is the maximal
compact subgroup of G, the kinetic term for the scalars can be written in the
form (2.33) or (2.35). In the present case G = SL(2,R), H = SO(2) and we
have

V=het'2| (4.2)
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where h is an SO(2) matrix

cosf sind
h = ) (4.3)
—sinf cos6
Then
—2¢ + 2 _
Koeo| € TX X (4.4)
—x 1

and is independent of 6.

The field equations of this Lagrangian have an SL(2,IR) S-duality invariance
(for even n) acting on F' through electromagnetic duality transformations, as we
now discuss.

Defining a new n-form G,, by

oL
= — = — _¢ —
Gy, e e ?x I, —xF, (4.5)

the lagrangian (4.1) can be written as
1 1
L= ZTr(dlc N *dKC™0) + §Fn NGy (4.6)

The Bianchi identity and the equation of motion for the n-form field strength Fj,

are

dF, = 0
dG, =d(e®* F, + xF,) = 0 (4.7)
which can be combined as
dH,, =0 (4.8)

where H,, is the SL(2,IR) doublet



The field equations are manifestly SL(2,IR) invariant but the F),, A G,, term in
the Lagrangian (4.6) is not invariant. However, an invariant Lagrangian can be
constructed as in [29] if the field equation dG,, = 0 is solved by introducing a
dual potential fln so that G,, = dfln, which can be combined with A,, to form an
SL(2,IR) doublet, with field strengths H{) given by

dA,
H, = ~ . (4.10)
dA,
It is useful to define the field strength
Fn = dzzin_l — XdAn—l‘ (411)

Now consider the following Lagrangian which includes both the original field
strength F,, and the new one Fn:

1 1 1 1 4=~ ~
L= —§d<;5 A xdp — 562¢’dx A xdx — ie"ﬁFn A xF, — §e¢Fn ANxF,  (4.12)

The Bianchi identities and the field equation for F),, and ﬁn are as below:

dF, = 0,  d(F,+xF,) =0

d(e®F,) = 0, dx (e ®F,— xe’F,) =0. (4.13)

The Lagrangian £ includes two potential fields A,,_; and A, | whereas the La-
grangian £ in (4.1) has only one potential field A, ;. If we want these two
Lagrangians to be equivalent we should impose a constraint on the potential
fields in £’ so that the number of degrees of freedom are halved. The following
constraint, which we will call a “twisted duality condition” is consistent with the
field equations (4.13):

F,=e %% F,. (4.14)
Note that this constraint implies

dA, 1 = —e ?* F, — xF,, (4.15)



which, according to (4.5), is equivalent to imposing dA,_1 = G

Now it is easy to see that the Lagrangian £’ has the same set of equations
of motion and Bianchi identities with those of (4.1) after imposing the relation
(4.14). In fact there is an interchange between the Bianchi identities and equa-
tions of motion. So we are on half way to our goal. We have been able to write
down an auxiliary Lagrangian which, after imposing some constraint, yields the
same field equations as those of the original one. Now the question is whether
this new Lagrangian £’ is manifestly SL(2,R) invariant or not. In fact it is, as
can be seen by writing it in the form

L= itr(dlC A xdK™) — iH;/cl-j x HY. (4.16)

Here 4,7 = 1,2 are SL(2,IR) indices. It is crucial to note that H(?) = G,, only
after we impose the constraint (4.14). One first varies the action, then imposes
the constraint (4.14) and only then the field equations are equivalent with those
of (4.1). If, instead, the constraint equation is imposed on the Lagrangian (4.16)
before varying the action, then the HT M % H part of the Lagrangian vanishes.
This observation will be crucial in the next section where we introduce the general
formalism.

The invariance of the Lagrangian (4.16) under the following SL(2,IR) trans-

formation can be seen manifestly
H, — A'H, K — ATKA, A€ SL(2,R). (4.17)

The relation (4.14) can also be written in a manifestly SL(2,IR) covariant
form:

HY = J' « HY, (4.18)

where J is the SL(2,IR) matrix

J = QFKCy;. (4.19)



Here 2 is the SL(2,R) invariant matrix

0 1
Q= . (4.20)

-1 0
Note that the matrix J in (4.19) satisfies J? = —II, so that this constraint is
consistent in 2n dimensions with even n for which (¥)?> = —1. The general case

including odd n will be discussed in the next subsection.

Of course one should also study the other sectors of £ and £’ and be able to
show that the field equations for the other fields (the scalar fields and the metric
in this case) are also equivalent. Rather than doing the explicit calculations here
we will give a general proof that this holds in the next section where we discuss

the general formalism.

4.1.2 The General Formalism

The doubled formalism of the last section can be generalised [29]. Consider

the following Lagrangian in 2n dimensions
1 1
L= —ER,JF,{ A*F7 — 5S‘,JF/{ AFE! +L(9) (4.21)

where F! = dAl | with I = 1,....k are k field strengths and ® denotes all the
remaining fields, including the scalars. The matrices R;;, S;; are functions of the
scalar fields and they satisfy R;; = Ry and Sr; = (—=1)"71S;;. It is useful to
define G as

oL
Gl = — 4.22
so that the action can be written as
1
L= §F,{ AGL+L(®) (4.23)

The field equations and the Bianchi identities can be combined as
dH, =0 (4.24)
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where H,, is

FI

H,=| " |. (4.25)

GI
with » = 2k components.
Such systems arise in supergravity theories, and typically the field equations and
Bianchi identities have a global symmetry G under which H,, transforms as a
2k-dimensional representation of G, and L(®) is G-invariant. In 2n dimensions,
the group G will have an invariant Q%, where i,j = 1, ..., 2k are indices for the

2k representation of GG. This is symmetric if n is odd and anti-symmetric if n is

even

QY = (=1)" Q" (4.26)
As before we introduce potential fields AZ | with GI = dA’ to form

dAl
H,=| " (4.27)
dA!

transforming in the 2k representation of G. Then the system can be described

by the G-invariant Lagrangian

1
L= —ZH;F/C A xH,, + L(®), (4.28)

together with a constraint

H,=Q=xH, (4.29)
where @', is a 2k x 2k matrix given in terms of the scalar fields by

Q' = Q* K. (4.30)
Here K;; is given in terms of Ry, Si; by

R+ SR'ST —SR™!
K= : (4.31)
_RfIST Rfl
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In the supergravity applications we will be considering, the scalars take values in
a coset G/H and K;; is the symmetric matrix representing the scalar fields. Note

that
Q° = (QK)* = (1" 'I (4.32)

so that the constraint (4.29) is consistent as for 2n-dimensional Lorentzian space-
time * x H, = (—1)""'H,.

The field equations that are derived from the Lagrangian (4.21) are equivalent
to those derived from the Lagrangian (4.28) when supplemented with the con-
straint (4.29). This is easy to verify for the potential fields. Their field equations
and Bianchi identities obtained by varying the Lagrangian (4.21) are

dFl =0, dGL =0 (4.33)
Now look at the field equations of the Lagrangian (4.28) which are
d(K+H,) =0,  dH, =0. (4.34)

Now we impose the constraint (4.29) and use (4.32) to obtain K x H = QH; so

after we impose the constraint, the equations (4.34) are truncated to
dH, = 0. (4.35)

In order for these equations to be equivalent to those in (4.33), we should have
dA! | = G!. In order to check whether this really holds, we should study in more
detail what the constraint (4.29) means. For simplicity let’s call dA! | = F! for

n—1 =
the time being. Then the constraint imposes the following relation between F!
and F!:
F! A@) Bo) ) [ +F!

o= L (4.36)
F, C(¢) D(9) Fy



Here

0= A(¢) B(9) (437)

C(¢) D(9)
and hence A, B,C, D are k x k matrices depending on the scalar fields. Solving

this equation and using (4.32) one obtains

Fl' =B '« Fl + DB7'F! (4.38)

n

Now using (4.31), it is easy to show that (4.38) is equivalent to saying G' = F! =
dA’. Hence when one varies the Lagrangian £’ with respect to the potential
fields and then imposes the twisted-duality constraint, the field equations that
are obtained are equivalent to those of the Lagrangian £, as claimed.

Now we will study the field equations for the other fields which we collectively
denote by ®. First we make the observation that if the solution (4.38) for dA!

is substituted into H,,, we have
HI'KKC A xH, = 0. (4.39)

This can be seen easily by observing that when one substitutes the constraint
(4.29) in HEKC * H,,, one obtains HI AQH which vanishes in D = 2n dimensions.

Varying (4.39) with respect to ® we get

1 oK SHT
ZHTZE A H 4+ H=0. 4.4
5 ”5(1)/\* + 5<I>IC/\* 0 (4.40)
Then we have
1 70K _ OHT _ OHT I P

where we have used (4.29) in writing the second equality and the form of © and
the fact that 0F/0® = 0 in the last equality.

Thus it is indeed true that the Lagrangians £ and L’ are equivalent because
they yield the same field equations after imposing the constraint (4.29) on the
field equations of L.
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4.2 Self-duality in Odd Dimensions

In D = 2n dimensions it is possible to define self-duality via the Hodge duality

operator *. In such dimensions an n-form F), is called self-dual if it satisfies

F, = F,. (4.42)

Since the degree of the form *Fj, is equal to 2n — n = n, it is consistent to talk
about such an equality. However, in odd dimensions D = 2n — 1, the Hodge dual
of an n-form is of degree (2n — 1) —n =n — 1 and hence an equation like (4.42)

does not make sense in odd dimensions.

The question as to how self-duality might be defined in odd dimensions was
first investigated in [32]. The original motivation for this investigation was from
D = 7,N = 4 SO(5)-gauged supergravity. The ungauged theory has a rigid
G = USp(4) invariance. The abelian gauge fields form the 10 representation of
G, whereas the two-form fields form the 5 representation. In the gauged theory
the 2-form fields should couple to the 1-form fields but this violates the antisym-
metric tensor gauge invariance. They cannot transform simultaneously under
their massless p-form gauge transformations and the new gauge transformations.
This problem can be resolved if an explicit antisymmetric tensor mass term is
added, since this mass term eliminates the requirement of massless p-form gauge
invariance. However, incorporating a mass term raises a new problem— additional
modes are propagated and this destroys the balance of bosons and fermions, thus
violating supersymmetry. The problem is resolved by dualising the 2-form fields
to 3-form fields and then a mass term for the 3-form fields is incorporated by
the self-duality mechanism. A similar situation occurs also in D = 5, N = 8§
SO(6)-gauged supergravity. So, what is this mechanism?

Consider first the case D = 3 for simplicity. The Proca equation for a massive
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vector field in this dimension is
dx Fo)+m®« Aqy = 0. (4.43)

The subscript refers to the degree of the form. Here F{y) is the field strength of
the vector field Ay, Fl2) = dAq). (4.43) implies the Lorentz condition

dx Agy =0, (4.44)

which means that only two of the three components of A(;) are independent.
(4.43) and (4.44) imply that these two components satisfy a free field wave equa-
tion with wave operator (O — m?).
It is possible to find a kind of “square root” of (4.43) for which only one mode
is propagated:
Floy = m* Ap). (4.45)

This equation implies both (4.43) and (4.44) . It can be derived from the following
Lagrangian

L= —mQA(l) A *A(l) + mA(l) A dA(l). (4.46)

This Lagrangian propagates only one degree of freedom. We can see this as
follows. We will restrict ourselves to the case when Ay is a homogenous field, that
is we will assume that the space derivatives 0; and J, vanish. The independent
components will be taken to be A; and A,; we will eliminate the Ay component
(we have dropped the subindex (1) referring to the degree of the form to avoid

complication). Then, in components, the Lagrangian (4.46) takes the form
L(0; =0) = —m?(A;)? — meI A A, (4.47)

where 7,5 = 1,2 and a dot refers to time derivative. Now we will break the

manifest SO(2) rotational symmetry and rewrite (4.47) so that only A, occurs
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through its time derivative!:
L£(0; =0) = —m?(A% + A2) — 2mA, A, + total time derivative. (4.48)

Since A; does not appear through its time derivative it is an auxiliary field and

hence we can eliminate it using its Euler-Lagrange equations ? and obtain
L£(0; =0) = A2 —m?A2, (4.49)

which is of canonical form for a single mode of mass m. So the Lagrangian
(4.46), which yields the massive self-duality condition (4.45), has indeed halved
the degrees of freedom being propagated. In the two next subsections, we will give
generalizations of this, first for the D = 4k — 1 case and then for the D = 4k + 1

case.

4.2.1 Generalizations to D =4k — 1

There is a direct generalization of the discussion above to D = 4k — 1 di-
mensions. Now the field A,_1) is a 2k — 1-form with a 2k-form field strength

Flory = dAk—1). The massive self duality condition is again
F(Qk) = m *x A(gkfl). (450)

Since A(g—1) is an odd form as before, all the arguments in the previous subsection
are valid here too.
Note that the number of modes propagated by a massless (2k — 1)-form in

D = 4k — 1 dimensions is

@h-1)-2) 4k -3)
2k — 1 T2k — D2k — 2)! (4.51)

1 Here one uses mAsA; = Or(mAsAy) — mA; As.

2 d oL oL __ A 2 _ _ 1 A
EaAlfaAl—OifmAgfm A1—02>A1—7EA2.
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whereas for a massive (2k — 1)-form it is

4k —1)—1 4k — 2)!
(4 =1) - <7),2 (4.52)

2% — 1 [(2k = 1))
which is exactly twice the number of the modes in (4.51). Hence the self-duality
condition reduces the number of massive modes propagated by A to exactly the
number of massless modes propagated by the same field. Thus with this mecha-

nism we can incorporate a mass term without changing the number of degrees of

freedom.

4.2.2 Generalizations to D =4k + 1

In this dimension, in order for the self-duality equation F' = m % A to make
sense we should have A a 2k-form field and F' = dA a 2k + 1-form field. However
the formalism that has been described above cannot be generalized to dimensions
D = 4k+1. To understand why, first have a closer look at what sort of an equation

the self-duality condition implies for the field A (). First note that?

dA=F=mxA=xdA=-mA = dxdA=-mF=-m?xA
= xd*xdA = +m*A. (4.53)

Now remember the form of the Laplace operator, which is A = (dd' + d'd) where

d"A = xd * A when A is of odd degree and dfA = — x d * A when A is of even

degree?

O = +A° Then OA = +dxdx* A+ *d * dA when A is of odd degree and

. In a Lorentzian space with metric convention (—,+,---,4), we have

OA = —dxdx A— *d*x dA when A is of even degree. The first term vanishes

3 Note that * * w, = (—1)"(P=™)+! where ¢ is the number of time-like coordinates which is

1 since we are in Lorentzian space-time. So when D is odd * * w,, = —w,, for all n-forms w,,.
4 Recall dfw, = (—1)P+D+H1+ & 4y where ¢ is as before.
> We can understand this by considering the action of A on a zero-form f: Af = — g—; +V2.
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because of the Lorentzian condition (4.44) and the second term gives simply

+m?A according to (4.53). As a result we have

(O-m?)A=0 (4.54)
for D =4k — 1 and

(O+m*H)A=0 (4.55)
for D = 4k 4+ 1. In the second case we have a tachyonic wave operator. This
problem may be avoided by inserting a factor of ¢ into the self-duality equation:

F=imxA (4.56)

which requires that the field A is a complex field. This equation can be derived

from the Lagrangian
L =m?A* A xA+imA* A dA. (4.57)

Here * refers to complex conjugation. Since A is a complex field it can be written

in the form A = A' +iA% When we insert this into (4.57) we obtain

L = m?(A" AxAY + A2 A %A 4 m(A% A dAY — AT N dA?)
+im (At A dA' + A% A dA?). (4.58)

The term in the second line is a total derivative since A? are even forms. Also
note that A' A dA? = —dA' A A? + total derivative. Thus the Lagrangian (4.57)

is equivalent to
L=m?(A" A xA' + A2 A xA?) + 2mA® A dAL (4.59)

There are no derivative terms for the field A% so it can be eliminated through its
Euler-Lagrange equation which gives

2=l gan (4.60)
m
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Inserting (4.60) in (4.59) we see that the Lagrangian £ takes the form
L=F'ANxF'+m?At A x AL, (4.61)

where F'! = dA!. Varying this Lagrangian gives the Proca equation d x F' — m?
A =0. Soin D = 4k + 1 dimensions the self-duality condition (4.56) is merely
a rewriting of the Proca equation and it does not halve the number of degrees of

freedom.

4.3 Stiickelberg Mechanism

Massive spin-1 particles obey equations which generalise Maxwell equations,
known as Proca equations. A massive theory cannot be gauge invariant so neither
can be the Proca equation. In this section we will describe a mechanism intro-
duced by Stiickelberg, which restores the gauge invariance broken by the mass
term (See [74] for a recent review and references). The idea is to introduce an
auxiliary field which couples to the theory in such a way that the Lagrangian is
now manifestly gauge invariant and also is equivalent to the Proca Lagrangian in
a fixed gauge, when the auxiliary field has been gauged to zero.

Consider the Proca equation
(O —m*)A, 1 = 0. (4.62)
This equation is derived from the Lagrangian
L=F, NxF, +m*A,_1 A*A,_, (4.63)

This Lagrangian is not gauge invariant under the antisymmetric tensor gauge

invariance of the field A,,_;:

5An,1 - d)\n,Q. (464)
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To recover the gauge invariance we introduce an auxiliary field B,,_5 in the action

such that the Lagrangian is now

L= Fy A#Fy+ Hy 1 A*Hp_y (4.65)
where
F, = dAn—l
anl = dBn,Q - mAn,l. (466)

Now the action is invariant under the following "massive gauge transformations”:
(SAn,l = d)\n,Q, (5Bn,2 = m/\n,g. (467)

Note that the field B,,_, is a pure gauge and it can be gauged away. In this case
the Lagrangian (4.65) is equivalent to the Lagrangian (4.63).
Now consider the field equations of (4.65). They are

dxF+mxH = 0, d+«H =0, Ifnisodd

dxF—mxH = 0, d«H =0, Ifniseven. (4.68)
When we fix the gauge to B,_1 = 0, they give the following equations:

d«F,—m?%A,., = 0, Ifnisodd
d*F, +m?*A,_, = 0, Ifniseven. (4.69)
Note that these equations yield the Proca equation (4.62).
As a result, we have rewritten the Lagrangians in a gauge invariant way and

in the fixed gauge for which B, o = 0, it is equivalent to the original Proca

Lagrangian. The field B,,_; is called the Stiickelberg field.
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CHAPTER 5
COMPACTIFICATIONS WITH S-DUALITY TWISTS

Our main interest in this thesis is in reductions in which the monodromy M € G
is a symmetry of the equations of motion but not the action, acting on the field
strengths ﬁ}L via transformations involving Hodge dualities, so that they cannot
be realised locally on the fundamental n — 1 form potentials. In dimensionally
reducing a theory with a twist that is a symmetry of the equations of motion
and not of the action, one needs to reduce the equations of motion, not the
action in general. However, for the cases of interest here one can use the doubled
formalism of [29], which we described in the previous chapter. The doubled action
can then be dimensionally reduced in the standard way with a twist by the duality

symmetry. This greatly simplifies the calculations.

In this chapter, we apply these results to the reduction of supergravity theories
in 4, 6, 8 dimensions, giving rise to supergravity theories in 3, 5, 7 dimensions with
massive self-dual forms [75]. This constructs new supergravity theories in these
dimensions and gives a higher-dimensional origin for theories in 3, 5, 7 dimensions
with Chern-Simons actions. In particular, for D = 3, A is a vector field and this
gives a higher dimensional origin for 3-dimensional gauged supergravity theories,
of the type discussed in [76] with Chern-Simons actions for some of the gauge

fields.

The plan of this chapter is as follows. In the first section we will consider the
twisted reduction of gravity coupled to scalars and gauge potentials which are used

in later sections. In section 2 we perform a twisted dimensional reduction in the
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doubled formalism, and hence obtain the Lagrangian for dimensional reductions
with S-duality twists. Finally, in section 5, we apply our results to the reduction

of supergravity theories in 4,6, 8 dimensions.

5.1 Scherk-Schwarz Reduction

An example which will play a central role in what follows is a theory of gravity
coupled to scalars in the coset G/H and a set of r n — 1 form gauge potentials
Al | with n-form field strengths H = dA! ;| (where i = 1,...,r) transforming
in a real r-dimensional representation of the symmetry group G. We take the
vielbein V on the coset space G/ H to be an r xr matrix acting in the r-dimensional
representation of G and consider the theory in D + 1 dimensions and work with

the metric £Cj; =V, *V %6,. The Lagrangian is
EzR*1+itr(d/C/\>kd/C_l) - ;HEIC*Hn (5.1)
The action is invariant under the rigid G symmetry
SA— LA, 6K — L'KL (5.2)

where L'; is a G-transformation in the r representation, and the spacetime metric
is invariant. In later sections, we will be particularly interested in the case in
which D 4+ 1 = 2n, but for now we will keep D, n arbitrary.

We now reduce the Lagrangian (5.1) on a circle with a twist given by a mon-
odromy M = eM € G with the ansatz (2.26). The metric is invariant under the
global symmetry group so we use the standard Kaluza-Klein ansatz (2.7) so that
the Einstein-Hilbert term in (5.1) reduces to (2.19).

From (2.26) and (5.2) the ansatz for the scalar fields and the 3-form fields is

A

K(z,y) = N (yK(z)A(y) (5.3)

A

Ani(z,y) = A @)[An-a(2) + Ana(z) Ady). (5.4)
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We have distinguished the D + 1-dimensional fields from the D-dimensional ones

by a hat. Here A\(y) = eM¥, where M is the mass matrix in (2.27).

In chapter 2 we argued that the lower dimensional theory is completely de-
termined by the mass matrix M and the distinct reductions are classified by the
conjugacy classes of the monodromy matrix M = e™ [15]. So one has to know
the conjugacy classes of the duality group G, used to give twist in the reduction.
For example in the case G = SL(2,IR) there are three conjugacy classes, namely
the hyperbolic, elliptic and parabolic conjugacy classes. So one can employ three
distinct reductions by choosing three different mass matrices M corresponding
to the three conjugacy classes of SL(2,1R). All the other choices of M give
rise to equivalent theories up to field redefinitions. The hyperbolic, elliptic and
parabolic monodromy matrices are given below together with the corresponding

mass matrices:

e 0 cosm sinm 1 m
Mh - ) Me = ; Mp -
0 e ™ —sinm cosm 0 1
(5.5)
m 0 0 m 0
M, = , M, = , M, = (5.6)
0 —m -m 0 0 0

As we discussed in chapter 2 these matrices generate one-parameter subgroups
of SL(2,1R) and this subgroup will be the gauge group in the lower dimensional
theory. Thus compactification with M, will give the compact gauging SO(2)
whereas compactification with the M), and M, will give rise to SO(1,1)-gauged

lower dimensional theories.

Now we will give the explicit calculations for the reduction of the scalars and

the (n — 1)-form potentials in two separate subsections.
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5.1.1 Reduction of the Scalar Fields

It is easier to deal with the reduction of the scalar kinetic term itr(dl@/\ *dC1)

when we write it in the following form:

V=0 (@) 0K (57)

Here g7 is the inverse of the metric gz, in D+ 1 dimensions and we gave in (2.9)

how it reduces to D dimensions. We have

gﬂ,} _ e—2a¢guu _6—20¢¢AM (5 8)

If we had the standard KK ansatz the kinetic term for the scalar fields would
simply reduce to itr(dlC A *dK~1). However now K depends on the internal
coordinate y so the 6@/@ terms also contribute. To see the form of the terms
coming from the y-dependence of K, we substitute (5.8) in (5.7). Also using
(2.17) we find

iem‘b\/—_gtr QK@K (g e %) = (9,K)(8,K7")(Are?)
—(0,K)(0,K 1) (A% 2%) + (9,K)(9,K ") (—e 2P A, A" + e727)] (5.9)

Using (5.3), now one can show that the y-derivative terms bring the following

contributions:
tr [(9,K)(0,K A" = —tr [(0,K)(MK™! + K7 MT) AY]
[(0,K) (0L A = tr[(MTK + KM)A 9,7
tr[(0,K)(0,K7] = —2tr [M*+ MTKMK]. (5.10)

So we find that the reduction of the scalar kinetic term itr(dl@ A xdK~1) in

D + 1 dimensions gives a kinetic term for D-dimensional scalar fields plus a

78



scalar potential in D dimensions, as promised in chapter 2. These terms can be

read from above to be:
L= itr(DlC A*DK™1) + V() (5.11)
where we have defined
DK = dKk— (MK +KM)A (5.12)
DK™ = dK '+ (MK '+ K TMTA
and the scalar potential V' (¢) is

1
V(g) = —§e2(D*”a¢tr(M2 + MK'MTK) 1 (5.13)

5.1.2  Reduction of the (n — 1)-Form Potentials

We first write the ansatz (5.4) for the reduction of the (n — 1)-form potential

field in the Einstein frame as

~

A a(z,y) = e M[A, 1 (2) — Ay o(2) NA+ A, o(2) A (dy + A)] (5.14)
Taking the derivative of both sides we obtain

dA,_1 = e™MY[dA,_; —dA,_ s NA+dA,_y A (dy + A)]

—Me™My((—=1)"tA,_1 Ady) (5.15)
Adding and subtracting a term (—1)""'Me YA, ; A A we obtain

dA,_1 = e MY{dA,_ | — [dAn_s — (—1)" "MA,_1] A A} (5.16)
—Me ™My (—1)" A, A (dy + A} + e MYdA, 5 A (dy + A)

As a result we get for H, = dA,_, the following

A~

Hy(z,y) =e M H,(x) + e M H,_ (x)(dy + A) (5.17)
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where the D-dimensional field strengths are
H, 1(z) =dA, o — (—1)"'MA,_, H,(v)=dA,.,—H, 1 ANA (5.18)
The reduction of the kinetic term can be done easily by using (2.23):
HIYK A%H, — [e 20V HTIC A wH,, + 2PV HT KA «H,_y] Ady. (5.19)

The field strengths (5.18) are invariant under the following massive gauge trans-
formations:

§A, 1 = dA, §A, 9= (=1)""TMA. (5.20)

This allows for the following gauge transformation
Ap g — Ap i+ (=) TM YA, . (5.21)
After this gauge transformation the D-dimensional field strengths become
H,=DA, 1=dA,_1— (—1)"MA,_ 1 NA (5.22)

H, = (=1)"MA,_:. (5.23)

Then A,,_5 disappears from the theory, and the term H, { A xH,_; is a mass
term for A,_;. The degrees of freedom represented by the r fields A,,_o have
been absorbed by the r (n — 1)-form fields A,,_; which have become massive.
Now H, = DA, i is a gauge covariant derivative where the gauge group is
the subgroup of GG generated by M and the corresponding gauge field is the
graviphoton A.

Recall that a massive theory which is not gauge invariant can be made gauge
invariant by the Stiickelberg mechanism where one adds an auxiliary field (see
section 4.3). Then the original field and the Stiickelberg field are invariant under
massive gauge transformations of the form (5.20) and in a fixed gauge where the

auxiliary field is gauged away we recover the original theory. In the present case,
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the field A, 5 plays the role of a Stiickelberg field which carries auxiliary degrees
of freedom. By performing the gauge transformation (5.20) we go to a gauge
in which this field is set to zero and hence the auxiliary degrees of freedom are
removed. However, since the number of degrees of freedom should be invariant,
now the fields A,,_; should carry extra degrees of freedom and indeed they do by
becoming massive. We say that the fields A, _; have ‘eaten’ A, _5 and become
massive by analogy with the Higgs mechanism.

Note that the gauge transformation (5.21) is allowed only when M is invertible.
When M is not invertible it is useful to work with flat indices H* = V% H"*. Then
H® = DA® = dA® + w%A® where w is the connection 1-form w?® = V% (dV1)!,.
We also introduce H, = (Q271),,H® and M = M2 Q. Here (2 is the G-invariant

matrix which is symmetric if n is odd and anti-symmetric if n is even
Q% = (—=1)"tQbe (5.24)
Now one has
Hyy_y = DAy 5+ ()" "M Apay, Huya = DA-nya (5.25)

where we have dropped the coupling terms to the graviphoton A.
Note that M = eM and MTQ'M = Q! since M € G and () is G-invariant.
(For complex representations, the condition is MTQIM = Q71) So the mass

matrix M satisfies:

MTQ '+ Q7'M = 0. (5.26)

From (5.24) and (5.26) it follows that M is a symmetric matrix if n is even and

antisymmetric if n is odd:

M™ = (=1)"M". (5.27)
Let the dimension of ker(M) be I. Now the matrix M can be brought into the
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canonical form

b 0 0
M — o (5.28)
0 m?
where m®'# is an invertible, (r — 1) x (r — ) matrix which is diagonal if n is even
and skew-diagonal if n is odd. Here we have split the indices a — (a, ') where

a runs from 1 to [ and o/ runs from [ + 1 to r. Similarly the gauge fields A can

be written in the block form

AO
A= N (5.29)

where A = (A%) is the projection into ker(M), so that MA = MA'. Now

performing the gauge transformation

A(nfl)a’ - A(nfl)a’ + (_1>n_1(m_1)0/5’p‘42,—2 (530)

one sees that the r —{ fields A(nq)a/ become massive, having eaten the r —[ fields

AO{

n—2

with [ of each. Now the field strengths for the (n—2)-form fields in (5.25) become

!

while A, and fl(n,l)a both remain in the theory as massless gauge fields,

Hf:l_l = (—1)"ma’ﬁ’f_1(n_1)g/, H® , =DA% ,. (5.31)

In the G = SL(2,IR) case the parabolic mass matrix M, is not invertible,
and has a one-dimensional kernel, i.e. 7 = 2,1 = 1, so that a and o’ both take
only one value and A® = (A', A"). In this case the matrix m®? in (5.28) is the
1 x 1 matrix (—m) and from the gauge transformation (5.30) it can be seen that
the (n — 1)-form A,_; 1+ eats the (n — 2)-form Al , and becomes massive. The

remaining n — 1 form A, _; ; and n — 2 form A! ., gauge fields remain massless.
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5.1.3 The D-Dimensional Lagrangian

Collecting all the results in the previous subsections we can now write down

the D-dimensional Lagrangian Lp:

Lp=Ly+Ly+ Ly (5.32)
where
1 1 —2(D-1)ayp
L, = Rx1-— §d<,0 A xdp — 3¢ Fo N xFy (5.33)
1 1
Ly = —5672(7171)&@HZ;IC A *xH, — ieZ(D’”)O“"HﬁlK ANxH, 1

1 1
Lo = Jtr(DEASDKT) = e P0%tn(M? + MR ML) + 1

Here the field strengths H,, and H,,_; are as in (5.18). When M is invertible one
can perform the gauge transformation (5.21) after which they become as in (5.22)
and (5.23) and the second term in L is a mass term for the gauge fields A4,_;.
When M is not invertible, one can do the gauge transformation (5.30) and the
field strengths are now as in (5.31). Then the £, term in (5.33) can be replaced

by the following Lagrangian:

1 _ _ 1 P _
L, = _56—2(n—1)a<p5a,@H(n)a A *H(n)ﬁ _ 56—2(71—1)04905& B H(n)a’ A *H(n)ﬁ’ (5‘34)

1 1 g % -
—562@’”)&“’6&51)14%72 A+DAP , — ieZ(D’”)w(me)a B A1y N A1)

Here we have chosen the normalisation of ) so that QeQb§,, = 5.

5.2 Reduction with Duality Twist

The theory given by the Lagrangian (5.1) has a global symmetry G of the
equations of motion which acts via duality transformations. In this section we
will dimensionally reduce on a circle from D + 1 = 2n to D dimensions with a

twist that has monodromy M in G. For some choices of monodromy M in G,
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this is in fact a symmetry of the action and this is a standard Scherk-Schwarz
reduction, as in section 2. If it is only a symmetry of the equations of motion,
then we use the doubled formalism of chapter 4 with action (4.16) supplemented
by the constraint (4.29). The action (4.16) is of the same form as (5.1), so the
Scherk-Schwarz reduction of the action proceeds as in the previous section. This is
supplemented by the constraints arising from the dimensional reduction of (4.29).
The field equations in 2n — 1 dimensions are then those from the reduced action
together with the reduced constraints, and we go on to seek an action in 2n — 1

dimensions that gives both the constraints and the reduced field equations.

5.2.1 Dimensional Reduction in the Doubled Formalism

The Lagrangian (4.16) in the doubled formalism is of the same form as (5.1),
but with an extra factor of 1/2 in the normalisation of the gauge field kinetic
term. The Scherk-Schwarz reduction of a Lagrangian of this form was already
discussed in the previous section, where we showed that it yields the Lagrangian
(5.33) in D dimensions. Just as the action (4.16) should be supplemented by the
D +1 dimensional constraint (4.29) in order to give the correct D+ 1 dimensional
field equations, the D dimensional Lagrangian (5.33) should be supplemented by
a constraint, which is to be obtained by the dimensional reduction of (4.29). In
this section we will describe the SS reduction of the D + 1-dimensional constraint
(4.29). Note that it is G-covariant, so the y dependence of the fields in the ansatz
(2.26) cancels out in the reduction.

Using the ansatz (5.3), (5.4) the D + 1 dimensional constraint (4.29) reduces

to the D-dimensional constraint:
H, =P« H, (5.35)

where @ is as in (4.30) and K is given by (4.31). The constraint (5.35) can be
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rewritten in flat indices as

Hnyo = P75, 5 (DAL, + (=1)" M A_1y.e)- (5.36)

As a result, the n-form field strengths are dual to the n — 1-form field strengths.
For an untwisted reduction (i.e. one with M = 0, so that it is a standard
reduction) this constraint can be used to eliminate the 2k potentials A,,_; so that
the theory can be written in terms of the 2k potentials A, (or alternatively the
potentials A, 5 can be eliminated and the theory written in terms of the A, 1,
or more generally in terms of s potentials A,, 5 and 2k — s potentials A, _1). In
the twisted case with invertible M, one can go to the gauge in which the fields
Al are set zero, as was discussed in section 2. In this gauge the field strengths
H, and H,_; are given in (5.22) and (5.23) so that the duality condition (5.35)
is:

DA, 1 = (=1)"X PN« A, (5.37)
where M = QM. This is a massive self-duality condition for the 2k potentials
A,—1. Such self-duality conditions in odd dimensions were introduced in [32]
and occur certain odd dimensional gauged supergravity theories. The self-duality

constraint (5.37) implies the massive field equation (suppressing non-linear terms)
«D s DA,y = e*P™MaeN2A 4 (5.38)

with mass matrix proportional to M2. However, the constraint (5.37) halves the
number of degrees of freedom of a massive n — 1 form field.
It is instructive to check the number of physical degrees of freedom. In d
dimensions a massless p form gauge field A, has cg_Q degrees of freedom, where
0!
" opl(s —p)!
while a massive p form gauge field has cg’l degrees of freedom. The k gauge fields

Al | in 2n dimensions have kc2"7? degrees of freedom, which can be represented
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by the 2k gauge fields A, (with 2kc2"? degrees of freedom) together with &
constraints (4.29) that halve the number of degrees of freedom again. In an
untwisted reduction, each massless n — 1 form gauge field in 2n dimensions gives
rise to a massless n — 1 form gauge field and a massless n — 2 form gauge field,

and the number of degrees of freedom is correct as

2n—2 2n—3 2n— 3
Ch—1 = Cp1 +C

However, the number of degrees of freedom of a massive p-form in d—1 dimensions
is cg_z, which is the same as the number of degrees of freedom of a massless p-form
in d dimensions, and in the twisted reduction with invertible M, all the n—1 forms
in 2n dimensions give rise to massive n — 1 forms in 2n — 1 dimensions. We have
2k massive gauge fields A? | in 2n — 1 dimensions which have 2kc2"7? degrees
of freedom, but the self-duality constraints (5.37) remove half of the degrees of
freedom, leaving kc?"7? degrees of freedom, as required.

When M is not invertible, the field strengths are given by (5.31). Then the
constraint (5.36) takes the form (dropping the coupling to the graviphoton again)*

DA(n—l)a’ = (—1)n€2(D_n)a@5a/ﬁ/ % mﬁ/’y,A(n_]_)’y/ (539)

Dzzl(n_l)a = 62(D_n)cw(5ag*DAg_2 (540)

Before imposing the constraint, the » — [ fields /_1 (n—1)o’ are massive, having eaten

the r—1 fields A . while A%, and A (n—1)a both remain in the theory as massless

n—29
gauge fields, with [ of each, as was seen in section 2. So before imposing the

constraint the total number of degrees of freedom is
(T—l) 2n— 2—|—ZC2n 3+102n13—7"02n 2 2k02n 2

Imposing the constraint imposes self-duality on the massive fields A(n—l)a’y halv-

ing the number of degrees of freedom, and relates A(,_1), to A%_,, so that half of

1 Note that the o appearing in the exponential function is the constant in (2.8), not an
index.
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them can be eliminated (e.g. A% , can be eliminated leaving A (n—1)as OT /_l(n,l Yo
can be eliminated leaving A% ,). Thus one is left with kc?"7? degrees of freedom,
as required.

The field equations from the D-dimensional action (5.33) (noting that the
factors of 1/2 in £, should be replaced by 1/4, since we are reducing the doubled
Lagrangian) are supplemented by the D dimensional constraint (5.35). This
implies that the field strengths H,, and H,_; in (5.33) are not independent but
are related via the duality condition (5.35). Note that if this constraint were
applied to the action, it would make the £, part of (5.32) vanish. This was to
be expected as the twisted self-duality condition (4.29), from which the duality
condition (5.35) is obtained, implies the vanishing of the gauge kinetic term in
the D + 1-dimensional doubled Lagrangian (4.16). Thus it is important that one
first varies the action corresponding to (5.33) and then imposes the constraint
(5.35).

It is straightforward to verify that the field equations derived from L, for the
potentials A?_, are consistent with the D dimensional constraint (5.35). This

field equation is
d(e” 2o, HDY 4 (=1)"(e 2Dl I AxHDY A A
+( 1)n 2(D— nagoMl ICZ] A *H7(z]—1 = 0. (541)

where a,i,j = 1,--- 2k are G indices. Now we insert the constraint (5.37) and we

obtain

—QupeMEdAL | — M Qu[HL + H. | A A =0. (5.42)
Hence consistency is possible if the following is satisfied:
QuMb = — M Q. (5.43)

for all @ and [. This is equivalent to the equation (5.26), which we showed to hold

for all mass matrices in subsection 4.1.2.
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5.2.2 Lagrangian for Reduced Theory

The odd dimensional massive self-duality condition can be obtained from a
Chern-Simons action of the form (1.5). In this section we will seek an action of
this form from which the D-dimensional constraint (5.37) and the D dimensional
field equations can be obtained. In the case in which M is invertible, the D-

dimensional constraint (5.37) follows from the following Lagrangian:
1 A , g
£ = LA 1A, A DAL, + e D, A AP (540

We can see this as follows. Consider the variation of (5.44) with respect to the

field A2 _,:

(=)™ M Mgy + (= 1) M)j]dA]

1
2
+3[(Q7TM?) gy + (—1)"HQTIM?) ] AT A A
+1e2P=mae[( QMM )5 + (A7 M M) 0]+ AL, = 0. (5.45)
So the conditions that we should have are:

1. (QflM)T = (—1)”(9*1M)

2_ (Q—IMZ)T _ (_1)n—1<Q—1M2)

3. (UTMM)T = (Q'MM).

The first and the second conditions can be shown to hold easily by using (5.26) and
(5.24). For the third condition, one uses the facts that Q"M M = —MTQ'M =
—~MTQIOKM = —MTKM and the matrix K is symmetric. As a result we have

04Ly = (U M) DA 4 (—1)" 2P QMM )+ AF = 0. (5.46)

Multiplying both sides with (Q~1A/)!, which is possible when M is invertible,

we obtain the constraint (5.37).
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Now consider the Lagrangian
h=Ly+Ls+ L] (5.47)

where £, and L, are as in (5.33). Our claim is that this Lagrangian L, is
equivalent to the Lagrangian L£p in that they yield the same field equations. The
field equations for the potential fields A,_; have already been discussed. Below
we will discuss the field equations for the other fields, that is, for the metric and
the scalar fields.

First consider the field equations for the metric. We have to show that
8oLy = 64L; (5.48)
when the reduced equation of constraint (5.35) is imposed. First note that in a
given coordinate chart we have
HIK ANxH, = Kj/—gH).  HDw b
Kijv/—g g"** - NnVnH() H@ . (5.49)

H1-fn vyev

Using the relations

1
ov/—g = 5V —99" 09, (5.50)

5" = —g"g"’5gus (5.51)

one can show that

6 1)l 1
dgos (HT,C/\*H) = Kijv—9(= et [ fi1eepin -1
1 4
+§gaﬁHy>ﬂl“'“anL1 " (5.52)

Now it easily follows that the variation of the Lagrangian £, with respect to the

metric consists of the two terms below:

1
4n/!

. . 1
e <n—1)aso,cij\/_—g<nH7<;)am~-un_1 708 _ L o8 gOmemm g6) )

n M1 fn—1 2 npL-phn

(5.53)
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eQ(D—n)oego N ) 1 N N )
+4(n _ 1)!’Cij\/__9 ((n - 1>H1(121#1 fne H,(L]_)f M1 fn—2 59 ﬁHquql o IH(])
(5.54)
Now we will insert the constraint (5.35), which can be written in the component
form as
HO (Cqyremae L e 40 (5.55)
nop1c e (n . 1)| k p1pnttn—1 A1 Ap—1 :
Here we have used (5.23). Using the relation?
1 ai-amriT ai-Gm
(N _ m)|m| € ! mil N7m€b1~~~bm7‘1~~~’l’N,m - (_1)t 6[bllbm] (556)
one can show that
0Ly e?Dmes iy (Kaoi-u-z 43
S5 = oY I MM (0 = DAGE A
1 a k oy opn—
_59 BAgn)—l)Uynan_lAE’rZ—ll) 1) (557)
_ L womae 9 i 7 A 0\ _ 9L

In the last line we have used the equality Q" 'MM = —MTKM, as we discussed
before.
Now we check the field equations for the scalar fields. Let s represent any of

the scalar fields in the theory except for the Kaluza-Klein field ¢. Then

6. Ly = _ieﬂ"l)awﬂg ‘;—’C A sH, — %ew")awgli—’c AsH,_ 4
K K
2(D—n)ap - 5K - —2(n—1)ayp SK
= —QTAZ_lMT—M AsAp_q — %Af_lMT—M A A
K K

In the second line we have imposed the constraint (5.35). The first term is equal

to the second term. One can see this as follows:

MT%M = MTICTQT%QICM = MTICTQICQ%M
0K 0K 0K
= MTJCT/c—lm—I&M = MT%M. (5.58)
0K 0K

2 Here t is the number of timelike coordinates and ¢ = 1 in our case.
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Above we have used the following: a)KTQK = Q, bKT = £, )& QK =
(=)t Q)T = (-1)" Q2 and €)@Q* = (QK)? = (—=1)" '
As a result we get

1 oK
5Ly = _562(D—H)Q¢A£_1MT§M N*A, 1= 0.L; (5.59)

where the last equality follows from the fact that QMM = —MTKM.
The last thing to be checked is the equality of the field equations of £p and
L', for the Kaluza-Klein field ¢:

1
0Ly = §(n — Dale 2 Dev gTKC A xH,, — 2P gl [CA xH, 4]
= —(n— 1P Mool KCAxH,

= —(n—1ae?P AT MTIM A %A, = 5,L}. (5.60)

In the second line we imposed the constraint (5.35) and used the fact that
MTKM = MTKCM. In the third line we used (5.23). Finally in the forth line we
used the fact that D —n =n — 1.

As a result we have a new D-dimensional Lagrangian which yields the D-

dimensional field equations and also the constraint:

1 1
Lp = Rxl—gdpnsdp— 56*2@*1)&@5 A *Fy (5.61)
1 . . -
+3 O M1 AL, A DAL, + KO AD, A A
1 1
—l—ztr(DlC A *DK1) — 562(D_1)a“0tr(]\/_/2 + MK "MTK) * 1.

If M is not invertible, there is a similar action with a Chern-Simons action
for the massive n — 1 form gauge fields, and a standard action for the massless
gauge fields. First note that the Lagrangian (5.44) can be written in flat indices

as
1 . ~
Ly = SPal(—1)" AL, A DAL + FOR AL AR AS ] (5.62)
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where Py, = Py(V71),(V71, = (@71 M¢, and M®, = M’V (V~1),. Note
that one has P = P,QQ% = (—1)""1M®. When M is not invertible, A% |
drops out from this Lagrangian, which is now just a Lagrangian for A(n—l)a’:

1 ral e+ ~ — _ —na VA -
= §maﬁ (A1) ND A nyg+(—1)" 2P0 Y P Ay 1o Ak A1y ).

(5.63)
Here we have used that M = QM = QKM so that M“b = 0§, 4M%,. Note that
m®? = (=1)"m?® because of (5.27) and M §5(p_nyapm> LM is always
symmetric, as it should be. It is easy to see that the field equations of (5.63) for
the gauge fields fl(n,l)a/ does indeed give the constraint (5.39). The Lagrangian
for A* arises from (5.34) (with an extra factor of 1/2):

1 _ _ 1
Ly = _16—2(D—n)as05aﬁH(n)a N *H g — Zez(D_")wéaﬁDAz_Q A *DA£,2 (5.64)

subject to the constraint (5.40), which can be used to eliminate either A, or
A% _,. Choosing the first, the Lagrangian for Af_, is

1 _ _
- _562(/3—“)06905@52),4(”71)& A *DAn_1)s. (5.65)

Then the total Lagrangian is
D=Ly + L+ Ly + Ly, (5.66)

where £, and L, are as in (5.33). It is straightforward to show that these give
the right field equations, by an argument similar to that in the invertible case

above.

5.2.3 G = SL(2, R) Case

In this subsection we will consider the case G = SL(2,IR). In this case the
matrices KC and 2 are as in (4.4) and (4.20). There are three distinct reductions

corresponding to the three conjugacy classes of SL(2,IR) as discussed in section
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2. The mass matrices representing the three conjugacy classes are given in (5.6).

Now we will give the reduced Lagrangians for each mass matrix M., M; and M,,.

o M,:

There are two massive, (n — 1)-forms in the theory which we will call A' and
A% This is a SO(2)-gauged theory since M, generates the SO(2) subgroup of
SL(2,IR). This is the only case when the theory has a stable minimum of the
potential [21]. The global minimum of the potential is at x = ¢ = 0. The

Lagrangian is:

1 1
Lp = Rx1-— idgo A *dp — 56’2(]3’1)“‘?]:2 A *F (5.67)
1
+§m{(—1)”_1A1 A DA + (—=1)" 1A% A DA? — me2P=mav e[ AL A 5 AL
+(e72 4 \2) A% A %A% 4+ 2x AL A x A2}

1
—|—Ztr(DlC A*DK1) — 2e2(D—Dapy)2 [sinh® ¢ + x*(2 4+ **(2 + x?))] * 1.

(] Mhi
There are two massive, (n — 1)-forms in the theory which we will call A' and

A?% as before. The gauge group is SO(1,1) in this case. The Lagrangian is:

1 1
Lp = Rx1-— §dg0 A xdp — 56_2([)_1)0‘“’]:2 A xJFy (5.68)
1
—1—5771{(—1)"’12141 A DA% — me2P=maved [y AL A x A
A A A% 4 (6720 + 2 + 1A A %A%}

1
—I—Ztr(DIC A DK™ — 262(D—1)awm2[1 e 1.
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There is one massive (n — 1)-form field A;, one massless (n — 1)-form field A4,
and one massless (n — 2)-form field B2. However one can eliminate B? by using
the reduced constraint (5.40), as was discussed in the previous subsection. The

gauge group is SO(1,1) in this case.

1 1
Lp = Rx1-— idgo A xdp — 56’2@’1)0“".7:2 A xF (5.69)
1 _ _ _ _ 1 _ _
+§m[A1 N DA1 + (—1)”_162(D_")a“0mA1 A *Al] — 562(D—n)a<pDA2 N *DAQ

1 1
—l—Zcr(DlC A*DK™1) — 562(D_1)a‘pm2(e_¢ + e * 1.

5.3 Supergravity Applications

In this section, we will apply our results to the twisted reduction of super-

gravity theories in d = 4, 6,8 dimensions to D = 3,5, 7.

5.3.1 Reduction of d = 8 Maximal Supergravity

The N = 2 D = 8 maximal supergravity [45] can be obtained from 11-
dimensional supergravity by toroidal compactification and has field equations in-
variant under the duality group SL(2,IR) x SL(3,IR). The bosonic fields consist
of a metric, a 3-form gauge potential Az, 6 vector fields in the (2,3) represen-
tation of SL(2,IR) x SL(3,IR), 3 2-form gauge potentials in the (1,3) repre-
sentation of SL(2,IR) x SL(3,IR), and scalars taking values in the coset space
SL(3,IR)/SO(3) x SL(2,IR)/SO(2). The gauge potential A3 combines with the
dual gauge potential A3 to form a doublet under SL(2,1R) and SL(3,IR) is a
symmetry of the action whereas SL(2,IR) is a symmetry of the field equations
only, as it acts through electromagnetic duality on the 3-form gauge fields.

There is a consistent truncation of this theory where only the SL(3,IR) sin-
glets are kept and all the other fields are set to zero [77]. Then the truncated

theory consists of a metric, a 3-form gauge potential and scalars taking values
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in SL(2,1R)/SO(2), with an SL(2,IR) S-duality symmetry. This truncated the-
ory is precisely of the form (4.1) with n = 4 and the twisted reduction with an
SL(2,R) twist gives three distinct reduced theories corresponding to the three
conjugacy classes, with Lagrangians (5.67), (5.68) or (5.69).

This can be extended to the full theory, as the reduction of the fields that are
not SL(3, R) singlets is a standard Scherk-Schwarz reduction. However, there are
some complications resulting from the Chern-Simons interactions of the d = 8
theory [78]. There are three distinct classical theories, while the distinct quantum

theories correspond to the distinct SL(2,Z) conjugacy classes.

5.3.2 Reduction of d =4, N = 4 Supergravity

The Lagrangian for N = 4 supergravity coupled to p vector multiplets has an
O(6, p) symmetry of the action and an SL(2,R) S-duality symmetry of the equa-
tions of motion. The vector potentials Af (I =1,2,...,6+p) are in the fundamen-
tal 64p representation of O(6,p) and combine with dual potentials A{ to form
6+p doublets AT transforming in the (2,64p) of SL(2,IR) x O(6, p), where m =
1,2. The scalars take values in the coset SL(2,IR)/SO(2)xO(6,22)/0(6) x O(22).
The scalars in O(6,22)/0(6) x O(22) can be represented by a metric N7 on the
coset space while the 2 scalars ¢, x in SL(2,IR)/SO(2) can be represented by a
metric on the coset space ICp,, which is of the same form as (5.87).

The Lagrangian can be written as [28, 79, 80]:
1 Sy L I sy, J
L = Rx1+ Ztr(dlC A*dKH) + Ztr(d/\//\ *dN ) — 3¢ FyNig A *F5
1
—§XF21L]J/\F2J (570)
where L is the O(6, p) invariant metric and the matrices N and L satisfy

NT=N, N'LN =L, (5.71)
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Now the field equation can be written as dGy = 0 where

11y 0L _
Gy = (L 1)”@ =—e R, x FJ — xFj (5.72)

and the matrix R is defined as
LpR'; = Npy. (5.73)
Note that R? = 1. Now we can write
L = Rxl+ itr(d/C A xdK™1) + itr(d./\f A *dNT) (5.74)
+;FQI Lig NGy
As before, the field equations dGs = 0 imply the existence of dual potentials A;,
with G = dA!. Then the full set of vector fields A? in the doubled formalism is

A = (AL ALY where i = 1,...,2(6 4 p) becomes the composite index mI. The
field strengths are the 6 + p SL(2,IR)-doublets:

o[ aal
H = "', (5.75)
dA!

We also impose the twisted self-duality constraint
Hy' = J"RY, « Hy | (5.76)

where J7 is as in (4.19). So the matrix @ in (4.29) is now the 12+ 2p x 12+ 2p
matrix

Q=J®R, (5.77)

which satisfies Q? = —1 since J?> = —1 and R? = +1. One can show that the

doubled Lagrangian

L = Rx1+ itr(dlC A A1) + itr(d/\//\ *dN 1) (5.78)

1
—ZNljﬂnymn A« H3
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gives the same field equations as those of (5.70) when the constraint equation
(5.76) is imposed. This Lagrangian is of the same form as (4.16), with K;; given
by

ICmI nJ — ]CmnNIJ-

So the Scherk-Schwarz reduction of (5.78) can be performed as before and the

three dimensional Lagrangian that one obtains is:

1 1 1
L, = Rx1-— idgp A sdp — 56_2“”.7:2 A *Fo + itr(d./\//\ *dNY) (5.79)
1 1
—Z€_¢N[JHQIIC AN *Hé] - 16¢N[JH{IC AN *Hi]

+itr(DlC A*DK™) — %ewtr(M2 + MK 'MTK) * 1.
This Lagrangian is to be supplemented by the reduced constraint
HM' = e?J™ R« HY. (5.80)
When M is invertible, this becomes
DA = e2Jm, RY M « AV (5.81)

after gauging the Stiickelberg fields away, as in subsection 5.1.2.

As before one can find a three dimensional Lagrangian from which the field
equations and the constraint can be derived. This Lagrangian is (for invertible

M):

1 1 1
L3 = Rx1-— idw A *dp — 56_2*0.7:2 A % Fy + Ztr(d/\f A*dN™Y)  (5.82)
1 -
+§(Q‘1M)mn(—LUA§”I A DAY + Npje? M AT A <AV

1 1
+ (DA *DK) — 5eQ‘Ptr(M2 + MK TMTK) * 1.
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5.3.3 Reduction of d = 4, N = 8 Supergravity

The d = 4, N = 8 theory has F; duality symmetry of the equations of motion.
There are 70 scalars taking values in the coset E;/SU(8), and 28 vector fields
Al which combine with their duals to give A’ transforming as a 56 of E;. The
bosonic action can be written as (4.28) with the constraint (4.29) where @ is as
in (4.30) and Q% is the symplectic invariant of E; [30]. Now K is the matrix
which parametrizes the scalar coset E7/SU(8). The theory can be reduced to
3-dimensions using any mass matrix M in the Lie algebra of F;. Naively, this
introduces 133 mass parameters, but these theories are not all independent and
the independent theories correspond to the distinct conjugacy classes; the classi-
fication of conjugacy classes in this case is not known. The matrix M = M Q<
introduced in subsection 5.1.2 is a symmetric matrix since n = 2 in (5.27), so by

choosing a suitable basis, it can be brought into the diagonal form:

my O
M = (5.83)

O mse

For example, consider performing the Scherk-Schwarz reduction with the Lie

algebra element M? of the form:

0; O
(5.84)

where [ 4+ p + ¢ = 56. Then one obtains a 3-dimensional theory with one mass
parameter with p massive, self-dual vector fields, ¢ massive, anti-self-dual vector
fields and [ massless vector fields which are dual to the [ massless scalar fields

coming from the reduction of the vector field in the 4-dimensional theory.
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5.3.4 Reduction of d = 6 Supergravity

The D = 6 theory of [81], obtained from the compactification of a truncation

of type 1IB supergravity, has an
50(2, 2) = SL(Q, ]R)EM X SL(2,IR)HB (585)

symmetry of the equations of motion. The SL(2,IR),rp is inherited from the
SL(2,IR) symmetry of type IIB in ten dimensions and is a symmetry of the
action in the six dimensional theory. However SL(2,IR)gys is a symmetry of the

field equations only. The Lagrangian is:
1 1
L= Ral+ tr(dKA *dKC71) + Ztr(d/\/'/\ *dNT)
1 1
—§@FWU A*F7 — immu AF7 (5.86)

Here F! = dAL are the two 3-form field strengths and I,.J = 1,2 are SL(2,IR);rp
indices. We also introduce SL(2,R)gy indices m,n = 1,2. There are two
SL(2,R)/SO(2) scalar cosets in the theory. ki and ko parametrize the scalar
coset SL(2,R)gp/SO(2), represented by the matrix K:

1 k|2 —k
Ko = — % ! (5.87)
K2 —K2 1
where
1 3
K =K1+ 7;/432 = ED + §i€2G,

D and G are as defined in [81]. There are two more scalars in the theory, [ and

¢, parametrizing the scalar coset SL(2,IR);r5/SO(2) represented by the matrix

1 A2 =)
Nij=— A ' (5.88)
I N V|
where

A=)\ +idg =1 +ie?.
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The invariant matrices are Q" Q7.

The Lagrangian (5.86) is of the same form as (5.70) where now I ranges from 1
to 2 and the O(6, p) invariant L;; has been replaced by the SL(2,IR)rp invariant
matrix §2;;. So (5.86) is equivalent to the doubled Lagrangian (5.78) (now with
3-form field strengths Hj) when supplemented by the constraint (5.76). Note
that the matrix @ in (5.77) now satisfies Q% = +1 as it should in 6 dimensions,
since now R? = —1, whereas R? = +1 and hence Q? = —1 in the 4-dimensional
case.

By performing the Scherk-Schwarz reduction of the doubled Lagrangian one

obtains the following auxiliary five-dimensional Lagrangian:

1 1 1
L; = Rxl—gdpAxdo- 56—4«’/“% ATy S tr(dN A *dNT) (5.89)
1

1
—16_2¢/\/6N]]H3{]C VAN *Héf — Z€2W/\/5NIJHZI]C A *Hé]
1 1
+ (DK A DK™ 564@/‘/6‘51’(]\42 + MK'MTK) %1
This is to be supplemented by the five-dimensional reduced constraint

HIM = 2oVom R s HIY. (5.90)

When M is invertible one can gauge the Stiickelberg fields away and in this gauge
the constraint in (5.90) takes the form

DAp! = 2o RY M™ x AY. (5.91)

The five dimensional reduced Lagrangian from which the reduced constraint
(5.91) and the field equations of (5.89) can be derived is obtained by using the

techniques of the previous sections:

1 1 1
L5 = Rxl—odpAsdo— 56—4@/\/% ATy + tr(dN A *dNT) (5.92)
1 ~
+§(Q‘1M)mn(QUA§“ A DAR + Nppe?/VSN" AR A 545

1 1
+ (DK A*DK™") — 564“"/\/3&(]\/[2 + MK'MTK) % 1.
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5.3.5 Reduction of d = 6, N = 8 Supergravity

The maximal supergravity in six dimensions has noncompact global symmetry
SO(5,5) which can be realized at the level of field equations only [31]. There are
five 3-form field strengths which split into five self-dual ones and five anti-self
dual ones, and these ten transform as a 10 of SO(5,5). There are 25 scalar fields
in the theory and they parametrize the coset space SO(5,5)/S0(5) x SO(5). The
bosonic Lagrangian can be written as (4.28), plus terms which we will not give
explicitly here involving the vector fields, with the constraint (4.29) where @ is
as in (4.30) and Q¥ is the symplectic invariant of SO(5,5) [29]. Now K is the
matrix which parametrizes the scalar coset SO(5,5)/S0(5) x SO(5). The theory
can be reduced to 5-dimensions using any mass matrix M in the Lie algebra of
SO(5,5). The number of distinct reductions is given by the number of conjugacy
classes of SO(5,5).

Consider the matrix M® = M2Q% introduced in subsection 5.1.2. It is an
anti-symmetric matrix since n = 3 in (5.27). So in a particular basis it can be

brought into the skew-diagonal form:

0 m O
—my; 0
M® = (5.93)
O 0 ms
—ms 0
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Consider a mass matrix of the form

0,

01
M® =m -0 - (5.94)
0 1
~1 0

where there are [ zero eigenvalues and the number of skew-diagonal blocks is
(10 — 1)/2. On reduction, one obtains, in five dimensions, a gauged theory with
one mass parameter including 10 — [ massive self-dual 2-form fields and [ massless

2-form fields, which could be dualised to [ massless 1-form fields.
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CHAPTER 6

CONCLUSIONS AND FUTURE DIRECTIONS

In this thesis we have considered twisted reductions of even dimensional super-
gravity theories, where the twist is given by a duality symmetry which is a sym-
metry of the field equations only. In this way we have obtained new gauged and
massive supergravity theories in 3, 5 and 7 dimensions. All of these theories are
such that the fields which are in non-trivial representations of the duality group
G acquire masses. Also the scalar fields obtain a potential, which leads to super-
symmetry breaking or as has been considered in [21], to moduli stabilisation. We
have also seen that all the new supergravity theories we obtain in odd dimensions

include gauge fields which exhibit self-duality in the generalized sense of [32].

This work can be generalized in several directions. Recall that in the 8 and 6
dimensional cases we considered truncated versions of the supergravity theories
rather than the full theory itself. This is mainly because in the full version there
are Chern-Simons type interactions which make the realization of the doubled
formalism difficult. If these difficulties can be sorted out then one can perform the
Scherk-Schwarz reduction of the full theory and obtain new gauged supergravity

theories in 7, 5 dimensions with more gauge fields and couplings than present.

In this thesis we mainly focused on reductions with SL(2, R) twists. Exploring
the twisted reductions with larger duality groups such as £,y or SO(p, ¢) would
be interesting since such duality groups, having more conjugacy classes, are likely
to give rise to richer structures. However, the classification of the conjugacy

classes of these groups are not known. A more tractable project would be the
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consideration of the SL(3,IR) conjugacy classes. d = 8 maximal supergravity has
an SL(3,IR) duality symmetry of the action and its Scherk-Schwarz reduction
with a SL(3,R) twist would give rise to new gauged supergravity theories in 7
dimensions.

In chapter 3 we have seen the relation between the twisted reductions and
flux compactifications. Twists with larger duality groups may correspond to
compactifications with more flux. On the other hand, we have the experience from
string theory that appearance of background fields with non-trivial flux might
turn on noncommutativity [82]. It would be very interesting to see if the manifold
structure of the twisted torus can be understood in terms of noncommutative
geometry. In fact the structure that we described in subsection 2.3.3 is similar to
the manifold structure that was considered in [5]. There we perform Kaluza-Klein
reduction of a noncommutative type, where the compact space corresponds to the
C* algebra M3(C'). Pursuing this similarity, it might be possible to understand
the structure of the twisted torus and the relation with flux compactifications
better.

It is interesting to note that the Lagrangian (5.33) maintains G-invariance

under the transformations (5.2) when the mass matrix M transforms as
§M — L™ 'ML. (6.1)

The mass matrix M defines not only the mass parameters but also the structure
constants of the non-abelian gauge group of the lower dimensional theory. Hence
the transformation (6.1) should be regarded as a pseudo-duality [83], i.e. the dual-
ity transformation of the coupling constants (see [22] for a discussion). Assuming
this transformation of the mass parameters, one can now perform a second S*
reduction of (5.33) with a G-twist. In [15], the SS reduction of type IIB string
theory with an SL(2,IR) twist had been interpreted as the compactification of
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the 12 dimensional F-theory on the total space B, where B is defined as in sub-
section 2.3.3. A second twisted reduction on S! would give an F-theory origin
for the resulting 8 dimensional theory. Now the total space is C, with fiber space
B and the base space S'(y) where y is the parameter of the circle on which the

first twisted reduction had been performed. This means

T° — B B —C
! |
St SH(y)

For two subsequent twisted S! reductions the mass matrices M; and M, should
commute in order to assure the independence of the resulting theory of the com-
pactified coordinates .

We believe that all these ideas deserve further investigation.
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