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ABSTRACT

HARDY SPACES ON HYPERCONVEX DOMAINS

Alan, Muhammed Ali
M.S., Department of Mathematics

Supervisor: Prof. Dr. Aydin Aytuna
July 2003, 82 pages
In this thesis, we give a new definition of Hardy Spaces on hyperconvex
domains in terms of Monge-Ampere measures which unifies the Hardy spaces

on polydiscs and balls. Also we survey Monge-Ampere operators and Monge-

Ampere measures.

Keywords: Hardy Spaces, Monge-Ampere measures, Hyperconvex domains.
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HIPERKONVEKS KUMELER UZERINDE HARDY
UZAYLARI

Alan, Muhammed Ali
Yiiksek Lisans, Matematik Boliimi

Tez Yoneticisi: Prof. Dr. Aydin Aytuna

Temmuz 2002, 82 sayfa

Bu tezde, hiperkonveks kiimeler iizerinde Hardy uzaylarimin, Monge-Ampere
Olctimleri yordamiyla yeni bir tanimini veriyoruz. Bu yeni tanim polidiskler
ve toplar tizerindeki Hardy Uzayi tanimlarini birlegtirmektedir. Ayrica Monge-
Ampere operatorleri ve Monge-Ampere 6l¢iimlerinin de bir gbzden gecirilmesi

yapilmaktadir.

Anahtar Kelimeler: Hardy Uzaylari , Monge-Ampére Olgiileri, Hiperkonveks

Kumeler.
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CHAPTER 1

INTRODUCTION

1.1 Notations

Let © be an open subset of C". We will use C"(Q2) for functions with con-
tinuous partial derivatives of order r on Q. C*(2) will be used for infinitely
differentiable functions on €. C§(€2) (C5°(2)) will be used for functions with
compact support which are in C"(2) (and in C*°(Q2)). Here support of a func-

tion ¢ is the closure of the set {x € Q : f(z) # 0} and will be shown by

suppo.

If z € C",r > 0, we define the open ball with center z and radius r
B(z,r)={weC": |z —w|<r}

and if r = (rq,...,r,) then we will denote the open polydisc with center z

and polyradius r by
AN'(z,r)={weC:|zi—wi| <ry, j=1,...,n}

For n =1, B(z,r) and A"(z,r) coincide and will be shown by A(z,r)

and will be called disc with center z and radius 7.



In an open set (2 we will denote the set of all differential forms of bide-
gree (p, q) whose coefficients belong to Cy(€2, C) (respectively, C°(£2,C)) by

Dy () (respectively, DP(2)) . See the Section 2.1.2.

D(Q) is the vector space of test functions.

O(R) is the space of all analytic functions on (.

H(S?) is the space of all harmonic functions on €.
SH(S) is the space of all subharmonic functions on €.
PH(Q) is the space of all pluriharmonic functions on €.

PSH(S) is the space of all plurisubharmonic functions on .

LP(Q) = {f : Q — R : f is measurable and [, |f|’ < oo}
P

loc

(Q) ={f:Q— R: fis measurable and [, |f|” < co K C Q compact}
L*(Q) ={f:Q — R: fis measurable and supg, |f| < oo}
LOO

loc

(Q) ={f:Q2—R: fis measurable and supy |f| < co K C Q compact}

1.2 Introduction and the Structure of Thesis

The theory of Hardy Spaces started with works of G. H. Hardy, J. E. Little-
wood in 1920’s. And by works of them and I. I. Privalov, F. and M. Riesz, V.
Smirnov and G. Szego the was theory improved and developed. Their work

was mainly in the unit disc of C.



Later Hardy Space theory was extended to more general classes of do-
mains such as the ball of C", the polydisc, simply connected domains in C,
Smirnov domains, pseudoconvex domains with C? boundaries.

In the unit disc we have some equivalent forms of Hardy Spaces. The first
form is by means of integral growth over some curves and secondly by means
of harmonic majorants. The extensions of Hardy classes are done mainly by
these two different ways. The first way is by some integral growth condition
over some certain curves or hypersurfaces.

But the main problem arises in domains with non-smooth boundaries. For
instance in several complex variables one of the basic and most important
domain is the polydisc. Here the Hardy Spaces theory differ enormously from
these extensions. In the polydiscs Hardy Spaces are defined by integral mean
over Torus T™ which is only a very small part of the boundary. Here also
the definition via majorants changes from harmonic majorants to n-harmonic
majorants.

Our main goal is to unify those theories so that we do not need to give
a definition for all different kinds of domains. Of course what those domains
have in common is that they are all hyperconvex. For the definitions and
properties of hyperconvex domains see Section 4.2.

We define Hardy Spaces in this thesis on a hyperconvex domain {2 as the

set of all analytic functions on 2 such that they satisfy following integral



growth condition:

sup / | f(2)[Pdptra < 00.

r<0
S(r)

(For the details and definitions see section 5.2.)

Unfortunately these definitions depend on the point a. The first problem
is to show the consistency i.e. the independency of Hardy Spaces from the
point. We have some partial results on this problem. And we see that those
spaces coincide with the usual Hardy Spaces on the ball and the polydisc.
And we show for n = 1 those spaces are equivalent to having a harmonic
majorant. The last chapter is devoted to those discussions.

In the first chapter we give basic notations used in the thesis and we give
the structure of the thesis.

In the second chapter we give the basic preliminaries needed for the the-
sis. First the complex differentiation and the complex differential forms are
introduced to deal with several complex variables. Next distributions and
currents are introduced for later discussions. Then a short introduction to
subharmonic and plurisubharmonic functions is given. Lastly classical Hardy
spaces are introduced in the disc, polydisc, and the ball. And analogue the-
orems are given without proof.

In the third chapter we deal with complex Monge-Ampére operators.
Monge-Ampére operators are important for characterizing maximal plurisub-
harmonic functions in Theorem 3.3.7 and are also important in complex ge-

ometry. (See [10].) Firstly, extensions of Monge-Ampére operators from C?



functions to Lj°. functions are given. Next some comparison theorems are

loc
given.

In the fourth chapter firstly, we introduce Green functions and give some
important properties of Green functions. Next we give some facts about
hyperconvex domains. Lastly we define Demailly-Monge-Ampére measures
which is important in Intersection Theory and Pluripotential Theory. From
our point of view they are very important since we will define the Hardy
Classes in terms of Demailly-Monge-Ampére measures.

The last chapter is devoted to the main goal of this work; namely to

extend Hardy Spaces to Hyperconvex domains.



CHAPTER 2

FOUNDATION

In this chapter firstly we will give some necessary basic definitions from the
theory of several complex variables. Secondly, we will deal with complex
differential forms. Next we will give some facts from the theory of distri-
butions and currents to be able to extend the definition of Monge-Ampére
measures and the Monge-Ampére operator in terms of distributions and cur-
rents. We will give the definitions and some facts about subharmonic and
plurisubharmonic functions. Lastly we will give some facts about classical

Hardy Spaces.

2.1 Basic Definitions and Notations in Sev-

eral Complex Variables

2.1.1 The 8 and 0 Operators and Levi form

An R-linear map L is called C-linear if L(Ax) = AL(x) for all z and for all
A € C. It is called anti C-linear if L(Ax) = AL(x). A matrix A is called
Hermitian if AT = A. A bilinear form is called Hermitian if it is represented

by a Hermitian matrix A.



We will use the following notations to deal with complex analysis:

dz; = dz; + idy; , dz = dxj — idy;,
010 0
0zj 2 Ox; 0y,

0 .10 0

Let f : © — C be a differentiable function at a € €2 C C", then the
ordinary differential d,f : R®*® — R? can be split into C-linear part, 0,f

and the anti C-linear part 0,f :
daf = aaf + 5af'

We obtain following formulas for d, f, 0,f and 0, f;

B af af
7j=1
O.f = Zazjdz]

_ " Of
Ouf = —dz
=25,
J=1
We will use the multi-index notation in our dealing with several variables.

Recall that a multi-index « is an element of (Z)". If a = (a,...,q,) is a



multi-index, 2z = (z1,...,2,) € C" , we will write

Qn

24 =200,

P10

9=z Z

Qn
n

() = ()" (o)
0z)  \0z T\ 0z,
() = (o) (52)"
0z)  \oz/ ~\oz,
We let ! = aq!...ap! and || = a3 + -+ - + a,,. We will use the following
multi-index notation for partial derivatives

D(a)¢ B a\a|¢

= 0. 2.1
Ox{* ... 0xon 2.1)

If o, € (Z)", then a <  means «; < 3;, for all 1 < i < n (by the same
way a < [ is defined).

Let © be an open subset of C" , and let u € C*(£2). Then the matrix

d%*u
1< < 2.2
[8%62]- (G)Lj =0 (2:2)

is called the compler Hessian of u at a. It is clearly an Hermitian matrix.

The transpose of this matrix is shown by Lu(a). The Levi form of u at a,



Lu(a) : C" x C" — C is defined by

(Lu(a)b,c) = Z m(a)bjck, (2.3)
7,k=1
where b = (by,...,b,), ¢ = (c1,...,¢,) € C"; and Levi form is a Hermitian

form.

2.1.2 Complex Differential Forms

InC" ifa=(aq,...,04) € Z’i, k < n, again using multi-index notation we
define

dz* =dz" N--- Ndz® |, dZ®=dZ* N--- NdZY

and

#a = k.

Let’s denote the set of all alternating r-linear maps from C"* to C by
N (C",C) then if p,q € Z, are such that p + ¢ = r then we will denote the

complex subspace of A\"(C",C) generated by
{dz(a1 """ ap) A dzBr--Ba) . 1 <ap<---<a,<n, 1<f << B, <n},

by A™(C", C).

Definition 2.1.1. A differential form w of bidegree (p,q) on an open set
Q c C"is a map from 2 to A”Y(C",C) .



In an open set € we will denote the set of all differential forms of bidegree(p, q)
whose coefficients belong to Co(€2, C) (respectively, C5°(€2, C)) by DE(Q)
(respectively, DP1(2)) .

An element w € DP9(S2) can be written as

Z Z Wapdz® N dZ° . (2.4)

#a=p #B=q

The integer p+ q is called the degree of differential form w and every differen-
tial form of degree r can be written as a sum of differential forms of bidegree
(p,q), where p+q =r.

A form w in APP(Q,R) is called strongly positive if it is of the form
w=>7", Ajsm AT A - Adn, AT, for some non-negative numbers Ay, ..., A,
and for some forms 7y,...,n, where n; are linearly independent C-linear
mappings from C" to C.

The volume form on C" is defined as follows:

1

AV (z) = (2

>ndz1 ANdzy Ndzg NdZa N -+ Ndz, N dZz,. (2.5)

In real notation,

dV(z) = (%)n(%dxl Adyy) A= A (2idx, A dy,,)

:dﬂjl/\dyl/\"‘/\dl'n/\dym

which is the standard volume form in R?"*. We remark that the volume form

10



on C" is a strongly positive form.
If w is a differential form of bidegree (p,q) as in ( 2.4), we will use the
well-known operators d,0 and O defined on differential forms of bidegree

(p,q). Recall that for 0 < p,q < n,

dw =3, gdwag Ndz* NdZP,
Ow =3, 50wap AN dz* Nd2°, (2.6)

ow = Do Owap A dz® N\ dZP.

The forms dw and dw are of bidegree(p+1, ) and (p, ¢+ 1), respectively.
We remark that

d=0+0.

Now we will define another very important operator d¢
d®=i(0 — 0). (2.7)

This definition of d° is not standard. Some authors such as [10] use

o
Cor

d° (0—0). (2.8)
We will use the first definition. Note that

dd® = 2i90, (2.9)

11



and, if u € C*(2), then

2u

0
8zj 2k

ddu=2i )

n
de N d,gk
Jik=1

From this formula and the fact that for any b, c € C",
dzj A dzg(b, c) = b;e — bre;,
we deduce that
(dd°u)(a)(b, c) = —4Im < Lu(a)b,c >

for a € () and b,c € C".

2.2 Distributions and Currents

(2.10)

(2.11)

In classical differential calculus historically there were some difficulties due to

existence of functions which are not differentiable. In 1945 L. Schwartz intro-

duced the theory of distributions in his paper ”Généralisation de la notion,

de dérivation, de transformation de Fourier et applications mathématiques

Y

et physiques’

appeared in Annale de I'Université de Gronoble. By his great

work, theory of distributions allowed us to extend differentiability proper-

ties to a more general class of functions. Currents play a similar role for

differential forms. The notion of currents in its primitive form was first in-

12



troduced by de Rham in his papers in 1929 ”Intégrales Multiples et Analysis
Situs” appearing in Comptes Rendus des Séances de I’Académie des Sciences
and in 1931 ”Sur I’Analysis Situs des Variétés a n Dimensions” in Journal
de Mathématiques Pures et Appliquées. Note that this is earlier then the
appearance of the theory of distributions. After Schwartz introduced dis-
tributions de Rham adopted this concept to get a more general and best
suiting theory of currents in his paper in 1950 ”Intégrales harmoniques et
théorie des intersections” in Proceedings of the international Congress of
Mathematicians and in his lecture ”Harmonic Integrals” delivered at the In-
stitute for Advanced Study in Princeton. Later while dealing with complex
Monge-Ampére operator we will use his theory of currents. Therefore, here

we want to give a short review of test functions, distributions and currents.

Definition 2.2.1. Let 2 be a open subset of C" (or R™), then the space of
test functions D(2) is the vector space of functions ¢ of class C*, each of

which has compact support.

We give a topolgy to the space D(2) which gives following notion of
convergence of sequences: A sequence ¢ € D(2) converges in D(2) to the
function ¢ € D(Q) if there exists some fixed compact set K C € such
that the supports of ¢™ — ¢ are in K for all m and, for each choice of

a=(ag,...,ap)
olelgm dlelg

—_— —_— 2.12
Ox(* ... 0xon 7 0x{" ... 0xon (2.12)

as m — 00, uniformly on K .(See 20, p.128].)

13



Definition 2.2.2. A distribution T is a continuous linear functional on D(£2),
and whenever ¢" € D(Q2) and ¢" — ¢ in D(2) then T'(¢") — T(¢). The
space of distributions is the topological dual of D(Q2) equipped with the ws-
topology, and shown by D’(€2). In other words a sequence of distributions
T7 € D'(Q) converges in D'(2) to T € D'(Q) if, for every ¢ € D(Q) , T7(¢)

converge to T'(¢).

Example 2.2.3. Let f be a function in L}, (Q) any ¢ € D(Q) and define

Ty() = /Q Jodv,

For ¢™ — ¢, suppose K is the compact set which contains the supports of

@™ — ¢ then we have

75(0) = Ty(0™)| = | [ (0ta) = 6™ @) ()]
< sup [6(x) — 6" (2)| /K @)z,

zeK

which tends to zero as m — oo. Moreover clearly 7% is linear hence, T

defines a distribution.

If a distribution T is given by Ty(¢) := [, foda for some f € L. (),

then we will identify T with f. This identification makes sense since Ty = T,

if and only if f = g a.e.

Definition 2.2.4. A distribution 7' is said to be of order r if for every

sequence ¢, which satisfies

14



e the supports of ¢,, are all contained in a fixed compact set K € ()
e sup, |D¥¢,(x)] = 0, as n — oo for all indices («) such that |a| < r.
We have T'(¢,) — 0. (See [18, p. 1].)

If T is finite order r, then T' can be extended to the space Cj(£2) of func-
tions of class C" with compact support in €2 ; when C(2) is given the topology
of uniform convergence on compact subsets of 2 with all the derivatives of
order less then or equal to r.

A linear operator is positive if [(¢) > 0 for all ¢ € L such that ¢ > 0.
Similarly a distribution 7" is called positive if T'(¢) > 0 for all ¢ € D(2)
such that ¢(z) > 0 for all z € Q.

Consider a positive distribution 7' then we can consider it as a positive
linear operator on the space CJ(Q2) can be regarded as a positive measure by

Riesz Representation Theorem.(For Riesz Representation Theorem see [20),

p. 55])

Definition 2.2.5. Let T be in D'(Q2) and let ay, . .., a, be positive integers
such that a = (aq,...,ay,). Distributional or weak derivative of order « of

T, DT is defined by its action on each test function ¢ € D(Q) as follows :

(D°T)(¢) = (=1)"'T(D"¢) (2.13)

(See [20, p.131]))

15



Remark 2.2.1. Let f is a Cl*l(Q)—function, then the weak derivative agrees

with the classical derivative. Since if G; := 2L be distributional derivative

Oz
of f, then

6:(0) = (D)0 = (-1 [ (597 = -1 [ o5

where the first and second equalities are by definition of distributional deriva-
tive and the third is due to integration by parts formula and ¢ has compact

support and f has continuous partial derivatives.

After this short introduction to distributions, we will now define currents.

Definition 2.2.6. A current t of bidegree (p,q) on an open subset 2 of
C™ is a linear functional ¢ which is defined and continuous on the space of
differential (n — p,n — q)-forms with infinitely differentiable coefficients and
compact support. Here continuity means: If ¢,, are differential (n —p, n—q)-

forms with smooth coefficients and ¢,, — 0 i.e.

e supports supp(¢,) are contained in a fixed compact set K C

o for each coefficient ¢, ;) of ¢,,, and each multi-index (o), D(a)@b,(i) — 0

uniformly on K.

then t(¢,) — 0.

Namely t(¢,) — 0 if the coefficients of ¢,,’s converge to 0 in D' ().
A current is a differential (p,¢)—form with distribution coefficients. In

this case we call the current is of bidegree (p,q). (See [15, p.107].)

16



Example 2.2.7. Let @ be a homogenous differential form of bidegree (s, 1)

with continuous coefficients. Then

a(qﬁ)i/ﬂaw

for smooth differential form ¢ of degree (n — s,n — r) with compact support

defines a current of bidegree (s,r).

Example 2.2.8. Let S be a k dimensional compact submanifold of {2. Then

current of integration [S] is defined by

15)(9) = / "

for smooth differential form ¢ of degree k with compact support defines a

current of degree k.

A current t is said to be of order r if it has the special property that

t(¢n) — 0 for every sequence ¢,, which satisfies,

e the supports of ¢,, are all contained in a fixed compact set K € ()

e sup, | D¢, (r)| = m%a) — 0, as n — oo for all indices (a) such that

laf <.

A current t of bidegree (p,p) is said to be (weakly) positive if for every

choice of smooth (1,0)-forms o, ..., a, on Q

tATag Aoy A= Ny, A Gy (2.14)

17



is a positive measure, i.e. positive multiple of dV .

A Radon measure pn on €2 is by definition a Borel measure such that for
any compact set K C Q we have p(K) < 0.

In particular a distribution of order zero on €2 can be identified by a
Radon measure.

Let us denote all continuous functions on 2 with compact support by
Co(2), and let ¢ be continuous linear functional on . Then by Riesz
Representation theorem there exists a unique Borel measure p on €2, such

that

d@zéwm

Since ¢ has compact support; 4 becomes a Radon measure.
For any Radon measure p on {2 we can associate a positive linear func-

tional A on Cy(£2), by
M@Z/¢@-
Q

Hence we can identify all Radon measures by the positive linear functionals
on Cy(92).

We remark that (n,n)-currents are just distributions on €2, and a (0, 0)-
currents of order 0 are complex measures.

We endow (Co(€2))"  with weak*-topology: in this topology, j1; — p as
j— 00 if p5(9) = u(6) for cach @ € ColQ).

We will denote the class of currents on © of bidegree (m,m) and order

0 by M,,(S2). Those are differential forms of bidegree (m,m) with Borel

18



measure coefficients endowed with weak topology.

2.3 Plurisubharmonic Functions

2.3.1 Basic Definitions and Some Basic Facts
We want to start with some basic definitions from classical potential theory.

Definition 2.3.1. Let h € C*(Q) defined on an open subset of R" is called

a harmonic function if it satisfies the homogeneous Laplace equation:
Au = — =0 inQ. (2.15)

The space of harmonic functions on a domain {2 form a vector space since
the Laplace operator is linear. This space is denoted by H(€2).

In particular if 2 C C™ then,

n

- 1,0 .0 0 .0

2 2
‘Z (2 af iAf

As a consequence we have the following important example.

Example 2.3.2. Let f be analytic function in a domain Q@ C C" then
Ref(z) and Imf(z) are harmonic.

Observe that n =1 4dd“u = Audz A dz for u € C*(Q)

19



Theorem 2.3.3. A continuous function f is harmonic in Q if and only if

1

for any B(y,R) such that B(y,R) C S0, where o is the usual Lebesgue

measure on the sphere.
Proof. See [15, p. 30]. O

In particular for €2 C C then 2.16 reduces to

F) =5 [ fluretyas (2.17)

Theorem 2.3.4. Let u be a harmonic function in Q and continuous in €,

where Q0 is a bounded domain in C"(in R"™). Then either uw is constant or

u(z) < sup u(y) (x € Q). (2.18)
yeI

Proof. Let o = sup,cpqu(y). Now we define A = u~'(a). A is closed in
Q) since u is continuous. If A is not empty then we will show that A is
open. Since ) is connected then A will be whole 2. Let a € A, r > 0, and
Bl(a,r) C Q. If there exists b € B(a,r) \ A, then the function u is strictly

less then u(a) = o in a neighborhood of b. Then let | b —a |= s then

1
o = U(G) = m / u(w)da(x) < m / OtdO'(iIZ') =

0B(y,s) 0B(y,s)

20



which gives a contradiction. Therefore B(a,r) C €. Hence A is open, and

so A= . O]

The classical Dirichlet problem for a given continuous function on the
boundary of a bounded domain ¢ : 02 — R is finding a function u €
H(Q)NC(0) such that lim, ¢ .co ¢(z) = ¢(¢) for all ¢ € O

If 0 is the unit disc in the complex plane we can solve the Dirichlet
problem for any continuous function on the boundary. In fact we have more,

we have solution for any integrable function on the boundary:

Theorem 2.3.5. [21, p.88] Let ¢ : 0A — R is a Lebesgue integrable func-

tion, then its Poisson integral defined by

1 1—r? 0
Pé(2) ._%/0 e Tt e @19)

is harmonic in S, and if ¢ is continuous then lim, .. Po(z) = ¢(C) for all
¢ € 0A.

Definition 2.3.6. Let X be a topological space. A function ¢ : X —
[—00,00) is called upper semicontinuous if the set {x € X : g(x) < a} is

open in X for each o € R.

If X is a metric space then ¢ is upper semicontinuous if and only if

limsup g(y) = g(x), (v € X)

y—x
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where limsup,_,, g(y) is defined as follows:

limsup g(y) = inf sup{f(y) : y € (B(z,5) NQ)}.

Yy—x

Definition 2.3.7. Let X be a topological space, let g : X — [—00,00) be
a function which is locally bounded above on X. Its upper semicontinuous

-reqularization g* : X — [—00,00) is defined by;

g" :=limsupg(y) = i%f(SUP 9(y)) (z € X)
Yy—T yeN

the infimum being taken over all neighborhoods N of z.

It is obvious that g* is an upper semicontinuous function on X such that
g* > g, and also it is the smallest such function.
In particular, a function g : X — [—00,00) is upper semicontinuous if

and only if it coincides with its upper semicontinuous regularization.

Definition 2.3.8. An upper semicontinuous function v : Q@ — [—o00,00)

which is not identically —oo is called subharmonic if

") < OBy R) /aB@,R) ul@)do ()

for any B(y, R) such that B(y, R) C Q, where o is the usual Lebesgue

measure on the sphere.

Definition 2.3.9. An upper semicontinuous function g on a domain D
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which is not identically equal to —oo is called plurisubharmonic if a € D and
b € C", the function A\ — g(a+A\b) is subharmonic or identically —oo on every
component of the set {A € C:a+ Ab € D}. Namely g is plurisubharmonic
if and only if restriction of g to any complex line is subharmonic. The set of

all plurisubharmonic functions on D is denoted by PSH(D).

Definition 2.3.10. A function A is called pluriharmonic if both h and —h

are plurisubharmonic.

Theorem 2.3.11. Let g : Q — R be a C? function on an open set Q. Then

g 1s plurisubharmonic if and only if (Lg(a)b,b) >0 for all a € Q,b € C".

Proof. =:Fix a € Q and b € C". Consider the function h(\) = g(a +
Ab). Since g is plurisubharmonic, h is subharmonic. Therefore Ah(A)|x=o =
L3 ()b > 0

<«: Conversely assume (Lu(a)b,b) > 0 for all @ € Q,b € C", then let h(\) =
g(a -+ Ab). Then Ah(N)|r=0 = 1 > ket %(a)bﬁk which is nonnegative by

the assumption. Hence, h is subharmonic. Thus ¢ is plurisubharmonic. [J

Corollary 2.3.12. A function f is plurtharmonic if and only if for any
be C* we have (Lf(a)b,b) = 0.

Proof. Since f and —f are plurisubharmonic we have the conclusion by

2.3.11. [l

In fact we will also show that this characterization is still valid for non-

smooth plurisubharmonic functions where the derivatives are taken in the
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sense of distributions in Theorem 2.3.16 below. Now we have another char-

acterization in terms of integral means.

Proposition 2.3.13. Let g : Q2 — [00,00) be upper semicontinuous and not
identically —oo on any connected component of Q@ C C"™. Then g € PSH(Q2)

if and only if for each a € 2 and b € C" such that
{a+X:AeC N <1} CQ

we have

g(a) < S /O%g(a + e"b)dt. (2.20)

T 27
Proof. =:Let g be plurisubharmonic . We define h(\) = g(a+ Ab) which is

subharmonic since g is plurisubharmonic .

2m
gla + e"b)dt

1 27 )
h(a) < —/ h(a+ eb)dt = —
0

- 27 2T

where the second inequality is due to h subharmonic. Hence g is plurisub-
harmonic.

<: Let g(a fo (a + €"b)dt. Then for all a € Q and b € C" such that
{a+Xb: X eC, |\ <1} CQ we define h(\) = g(a+ \b) and

1 2 2
h(a) = g(a) < —/ gla + e"b)dt = —/ (a+ e'b)d
2m J,
Hence h is subharmonic, and ¢ is plurisubharmonic. Il
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Now we want to give some theorems about smoothing of plurisubharmonic
functions. If u,v € L'(R™), then the convolution u*v of u and v is defined

by formula

(wo)a) = [ e~ eV ()

It is easy to see that u*v = v*u by a change of variable formula of advanced

calculus. Consider the function A : R — R given by the formula

h(t) = exp(—1/t) (t>0), (221)

0 (t <0).

It is elementary fact that h € C>°(R). Now we define

X(@) = n(1—|z|>)/K (zeR"

where

K:(Amﬁa—mmmmo.

It is obvious that y € C*(R"), suppy = B(0,1), and [, x(z)dV(z) = 1.
Since x(x) depends only on r = ||z|| , we will use x(r) instead of x(z).

For € > 0 we define

Xe(T) = ginx(g:

)

€

The functions yx. are often called standard smoothing kernels.
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Let Q2 C R™ be open. If 2 # R", we set

Q. ={z € Q:dist(z,00) > ¢}

for e > 0. If Q = R", we set 2, = R" for ¢ > 0.

Proposition 2.3.14. Let Q be an open subset of C", and u € L} ().

loc

Suppose that a € Q,b € C*, and {a+Xo: A€ C, | X |< 1} C Q. Then

1 2

=5 (g(a + €"b)*x.)dt (2.22)

Tr=a 0

1

((% /0 ’ g(z + eitb)dt)*xa)

-/ (% :/},m ety w)dt) Ye(w)dV (w)

which equals to

/02“ (% /C gla+e'b— W)dt) Xe(w)dV (w)

by Fubini Theorem and this equals to

1 27

— )y )dt.
o ), (g(a+e"b)"x:)

O

Theorem 2.3.15. Let Q2 C C™ be an open set, let g € PSH(QY). Ife >0 is
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such that Q. # 0, then u*x. € C*NPSH(Q.). Moreover, u*x. monotonically

decreases with decreasing €, and lim,,_ou*x-(z) = u(z) for each z € Q.

Proof. Observe that u*y. is smooth since

u'Xe = Xiu = / Xe(z — y)u(y)dV (y)

and y.(z) is smooth and differentiation under integral sign. The function

u* X, is plurisubharmonic since by Proposition 2.3.14 we have:

1 2 1 2m
5 u*x.(a + e'b)dt = — (/ u(a+ €' — w)x.(w)dw)dt
T

/n oy /27r (a+ e —w)x.(w)dt)dw

> [ ula-w(wdu

Third inequality comes from the fact that u is plurisubharmonic, others are
directly from definitions. Hence u*x. is plurisubharmonic. For the rest of

the proof we refer to [15, p.44]. O

Theorem 2.3.16. If Q@ C C" is open and u € PSH(Q), then for each
b= (b1,...,b,) € C", we have

> .
> 5, (%kb b >0 (2.23)

7,k=1
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in §2, in the sense of distributions , i.e.

/Qu(z)(ﬁgb(z)b, b)ydV(z) >0 (2.24)

for any non-negative test function ¢ € C°(Q). Conversely, if v € L}, (Q) is

loc

such that for each b = (by,...,b,) € C",

bibr, >0 (2.25)

in Q, in the sense of distributions, then the function u = lim._o(v*x.) ezists,

plurisubharmonic in 2, and is equal to v almost everywhere in 2.

Proof. Let u € PSH(S2), and let u. = u*x. for € > 0. For any non-negative

test function ¢ € C§°and b = (by,...,b,) € C" we have,

/ u(2){Lo(2)b, bV (=) = lim / u(2){L(2)b, AV ()

Q

=lim [ (2)¢(2)(Lucb, b)dV(z) = 0

Q

where the first equality is by Lebesgue’s dominated convergence theorem and
the second equation is obtained by using integration by parts formula twice
for smooth functions and ¢ has compact support. It is positive since u, is
plurisubharmonic and smooth by 2.3.11.

Conversely assume v € L;, (), and [, v(2)(L¢(2)b,b)dV (z) > 0. Let

ve = v*x. for e > 0. Then [,v.(2)(LA(2)b,b)dV (z) > 0. Therefore, v, is
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plurisubharmonic in the sense of distributions. Moreover v, is smooth hence,

it is plurisubharmonic in usual sense. For €5 > ¢; > 0 and z € {2, we have

ey () = (0" xe,) X5 (2) = i (0" o), ()

> Tim (0" x5) e, (2) = (v e, ) X (2) = e (2,
Remark that v,, are plurisubharmonic. ]

Definition 2.3.17. A set E C  is called polar set if for each point a € E
there is a neighborhood V' of @ and a function u € SH(2) such that

ENnV c{zeV u(z) = —o0}.

Definition 2.3.18. A set £ C Q is called pluripolar set if for each point
a € E there is a neighborhood V' of a¢ and a function u € PSH(2) such
that ENV C {z € V :u(z) = —oo}.

Remark that polar and pluripolar sets have Lebesgue measure zero [15,

p.41].

2.3.2 Maximal Plurisubharmonic Functions

Definition 2.3.19. A maximal plurisubharmonic function is a plurisubhar-
monic function f on an open set €2 such that for any relatively compact
open subset G of 2 and any upper semicontinuous function g defined on G,
and plurisubharmonic on G such that ¢ < f on the boundary of G , then

g < fin G.
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We will use the symbol MPSH(2) to denote the space of maximal

plurisubharmonic functions on 2.

Proposition 2.3.20. Let €2 be an open subset C"*, and let f : Q) — R be a

plurisubharmonic  function. Then the following are equivalent:

1. for every relatively compact open subset G of Q0 and every function
g € PSH(G), if liminf, .¢(f(2) — g(2)) > 0 for all { € OG, then
f=ginG;

2. for g € PSH(Y) and for each £ > 0 there exists a compact set K C Q

such that f —g > —e in Q\ K , then f > g in §;

3. for g € PSH(Q) , G is a relatively compact open subset of Q, and

f>gondG,then f>gonG ;

4. for g € PSH(Q) , G is a relatively compact open subset of 2, and
f>g ondG , and for each & € 0G

liminf(f(z) — g(2)) >0,

z—€z€G
then f > g in G;
5. fis maximal

Proof. See [15, p. 88]. ]
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Proposition 2.3.21. [15, p. 92] Let Q be a bounded open subset of C",
and let u,v be C?— plurisubharmonic functions in a neighborhood of ).

Ifv<u ondQ and

9%u

0%v

0z -32;{} 1<4,k<n
j

det [ > det [ i €,

8zj32k] 1<j,k<n
then v<win €.

Proof. For € > 0, we define
ve(2) = v(2) +e([]2[|* — sup [Jw]]*).
weo

Now v, is plurisubharmonic since (Lv.(a)b,b) > 0 since v is plurisubharmonic

and (e(||z||* — sup ||w]]?)) is positive. Then
weoN

1

0<det[ 0°ve }_[ Ou ]:/idet[ > (tva+(1—t)U)]dt

8zj82k azj(%k dt azjﬁzk
0
2 n 8 n 82
— gk _ _ ik _
/ ( Z A g am “>>dt 2. B Fz,0m v T
0 Jk= Jk=

where [A7*] is the cofactor matrix of

2

[82302;6

(te + (1 — t)u)]

1<j,k<n

and [B’*] is its integral with respect to t. Hence [B7*] is positive definite,
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and hence v. — u has no local maximum in 2. Thus v. < w in Q and, as ¢

tends to 0, we get the result. O]

Theorem 2.3.22. [15, p. 93] Let g € C*(Q2), where @ C C" is open. Then
g € MPSH(R) if and only if

0%g }
02,0z 11<jk<n

=0 nQ

det [

Proof. =: Assume that u is maximal and det [ Py } is not identically 0
ik

6Zj(92k
j
in 2. Then there exists w € {2 such that for every b € C"\{0}, (Lu(w)b,b) >

0. Since it is twice continuously differentiable, there exists a closed ball

B(a,r) C Q such that for every 2z € B(a,r) and (Lu(z)b,b) > 0. Thus
for some ¢ > 0, (Lu(z)b,b) > ¢|b|> for every z € B(a,r) and b € C"\0.

Now if we define

u(z) (z € Q\B(a,r)),

w(z) +c(r?—=|z—al?) (z€ B(a,r))

Because of our choice of ¢, v is plurisubharmonic

(L(u(z) 4 c(r? = | z—a|?)(2)b,b) > 0 then we have u = v on dB(a,r)
and v(a) > u(a), which contradicts maximality of .

<: Let G be a relatively compact open subset of (2, and let v € PSH(Q2)
such that v < u on 0 . We apply Proposition 2.3.21 to (v — 6)*xe

instead of v (where 6 > 0, ¢ > 0 are sufficiently small that we can apply
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the proposition i.e. since G is relatively compact there exists € > 0 such that
G C ), u and G. We conclude that (v —0)*x. < wu in G. We get

v<wu as 6, — 0. O]

2.4 Classical Hardy Spaces

We will begin by the definitions of Hardy Spaces on the unit disc and collect

some results from this theory.

2.4.1 Hardy Spaces on the Unit Disc

A ={ze€C:|z] <1} CCis the unit disc in C. For 1 < p < oo then Hardy

Spaces are defined as follows :

HP(A)={f€O0(A): sup (i/o ' |f(rei9)|pd0)% < 00} (2.26)

0<r<1 2T

One also can define
H>(A)={f € O(A) :sup|f(2)] < oo} for p =00 . (2.27)
ISYAN
For 1 < p < oo we equip H?(A) spaces with the following norms :

21
1l = sup (— / e o) (2.28)
0 0

<r<1 2m
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and for H*(A), as usual, we define:

1flloo := sup [ f(2)] (2.29)
ISPAN

Remark 2.4.1. We will point out the following facts concerning H? spaces :
e || || is anorm on HP(A) making it a Banach Space

e The inclusion map i : HP(A) — LP(A, u) is a continuous imbedding.

This follows from:
1 2 ] do 1 1
0y —= P < —
([ 1eenrghman: < i,
e H?(A) is a Hilbert space with inner product
. 1 " i0 —i6 3
(f.9) =supo—( | f(re®)g(re™")db)z
r ™ Jo

it is not difficult to express this inner product in terms of the Taylor

series expansions of f and g:

(F.9) = 3 auby where [() = 3 ane®, g(z) = 3 by"
i=1 i=1 =1

Definition 2.4.1. A function ¢ is said to be a convex function of logr if

logr = alogr + (1 — a)logry O<rm<ra<li0<a<l)
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then

log g(r) < alogg(ri) + (1 — a)logg(ra),

or

g(r) < [g(r)]*lg(r2)]™"

Theorem 2.4.2. (Hardy’s Convexity Theorem) Let f(z) be an analytic
function in the unit disc, then (i)M,(r, f) is a nondecreasing function of r;

(1i)log M, (r, f) is a convex function of logr. where

M= [ 0<p<s)  (230)
0 7r
Mol 1) = mass |f(re) (2.31)
Proof. See [11, p.9]. O

For 1 < p < oo then for f € HP(A) define

Theorem 2.4.3. (Fatou) Let f € HP(A), 1 < p < oo then for almost all 6

radial limits of f exists, i.e.
J7(0) = lim £,(9) = lim f(re"”)

ezists a.e. and moreover [~ is in LP(OA, 2).
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Proof. See [17, p.289]. O

Theorem 2.4.4. If f € H?(A), p > 0, then

. 1 [ .
log | f(rew) | < 2—/ P(r,0 —t)log| f(e’e) |dt
™ Jo

Proof. See [11, p.23]. O

Theorem 2.4.5. Let f be an analytic function in the A, then f € HP(A) if

and only if | f|P has a harmonic majorant in the disc.

Proof. Assume u(z) be a harmonic majorant for | f(z) |P. Then

1 27 . » 1 27
| f(re 9) |"do < %/0 udf = [u(0)]. (2.32)

27 Jo

Conversely assume f is in H?(A), then by Theorem 2.4.4,

. 1 [ ,
| Fre") P < exp {5 / P(r,0 — t)log | f(c*) 7 dt) (2.33)
m™Jo
2m
§/ P(r,0 —t)| f(e) [dt (2.34)
0
where the last inequality is by Jensen’s inequality. Therefore, | f(2) |V is

dominated by Poisson integral of its boundary function which is harmonic.

]

It can be shown that there exists a smallest harmonic majorant U for

| f(2) |” for f € HP(A). By means of these harmonic majorants we can
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define a new equivalent norm on H?(A) by defining:

I f = U(0).

They are equivalent by 2.32.

Yet another equivalent norm can be given to H?(A) by defining

I =117 Ml

where || f* ||, 1is the norm of boundary function f* of f in LP(0A).

2.4.2 Hardy Spaces on the Polydiscs

Recall that an open polydisc with center z and polyradius 7 is
AN (z,r)={weC:|zi—w| <ryy, j=1,...,n}.
We will deal with the unit polydisc centered at the origin and simply

show it by A”. Hardy spaces on the polydiscs are defined as follows :

A" = {7 € O) s sup (g [ 11402) P )

0<r<1

B =

< oo}

where

T'={2€00:| z|=1 forall1 <i<n}

and pu = 6...0, is the usual Lebesgue measure on the torus. As usual we
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let:

AZ(A") = {f € O(A") : sup |f(z)] = [Iflloe < o0} -

We equip these spaces with the following norms:

11l = s (g [ 1402) P )

o<r<1
and

[ flloe = sup [f(2)]

ZEA™

We set for f € O(A™), we T"
fr(w) = f(rw) 0<r<l, (2.35)
and define
() = lim () (2.50)

for every w € T™ at which this radial limit exists.

Theorem 2.4.6. Let f be in HP(A™) then f*(w) exists for almost all

weTm.
Proof. See [22, p.51]. O

Theorem 2.4.7. For 0<p<oo and f € HP(A"), then

hm/\ fr— f* [Pdu = 0.
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Proof. See [22, p.51]. O

Theorem 2.4.8. f € HP(A") if and only if |f(2)|P has an n-harmonic

majorant where n-harmonic means harmonic in each variable separately.

Proof. First, assume |f(z)[? has an n-harmonic majorant u then we have

1 2w 2w A A )
(27T)n / e / | f(/r61017 cee 7T6207L> | del e d01
0 0

(2710” /OQﬂ.../O%udel...del = [u(0)]

which is finite hence f € HP(A™).

<

Conversely assume f € HP(A™) then by Theorem 2.4.4, we have

1 2 )
FEP < exp o / P(r, 61— t)log | f(re™ . z....z) ["d6y
0
we repeat same argument for 2o and we get:

1 2 2T
lf(2)]P <exp 2—/ P(r,0, — t1) logexp/ P(r, 05 — ts)
™ Jo 0

| f(mwl, Zy. .., %n) ‘pd92d91

then repeating this procedure n times we have a bound for |f(z)|P:

1 21 27
exp (2—/ P(r,0, — tl)/ P(r,0, —t,)
0 0

™

| fore ret®2 . rei®) |P)db, . . .db,,)
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now using Jensen inequalty n times we get that |f(2)|? is dominated by

1
(2m)"

2m 2m
/ / P(r,0,—t1) ... P(r,0,—t,)| f(re®, ... rei) [Pdb; ... db,
0 0

which is n-harmonic. O

2.4.3 Hardy Spaces in the Unit Ball of C”

We will define the Hardy Spaces in the unit ball of C" for 1 < oo:

H(B) = {f € OB) : swp / F(2)Pdp < o0}
S(r)

where S(r) is the sphere with center 0 and radius r and g is the usual

Lebesgue measure on the sphere. We will use S for S(1). As usual we define
H>*(B)={f€0O(B): sug|f(z)| < 00} .
zE
We give following norms to Hardy Spaces on the ball:

191 = sup ( [ 17GPdu)”
S(r)

and

[flloe = sup [f(2)]-
zeB

As in the case of polydiscs we define f, as f.(z) = f(rz) for 0 <r < 1.
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Also we define

() = lim u(ru)

for every w € S at which this radial limit exists.

Theorem 2.4.9. If f is in HP(B), for 1 < oo then, for almost all w €

S, f*(w) ewists.
Proof. See [23, p.85]. O

Theorem 2.4.10. If f is in H?(B), for1 < oo thenlim,_; [ | f* — f, [Pdo =
s
0.

Proof. See [23, p. 85]. O

Theorem 2.4.11. An analytic function f is in HP(B) if and only if

| f(2) [P has an harmonic majorant.

Proof. See [17, p.291]. O
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CHAPTER 3

THE COMPLEX MONGE-AMPERE
OPERATOR

In this chapter we will discuss complex Monge-Ampére operators (dd®)".
Firstly, we will define complex Monge-Ampére operator for functions of class
C? and extend this definition for continuous plurisubharmonic functions.

Then, we will define complex Monge-Ampére operator for plurisubharmonic

o

i>. This extension is the most important result

functions which are class L
of the chapter. Lastly we will give some comparison theorems which enable
us to carry the inequalities on the boundary to the domain and to compare
the complex Monge-Ampére operators of two plurisubharmonic functions.
Using these comparison theorems we will give a characterization of maximal

plurisubharmonic functions. In this chapter we will basically follow the works

of Bedford and Taylor [2, 3, 4] and we will sometimes refer to [15].

3.1 The Dirichlet Problem

In classical potential theory the Generalized Dirichlet problem on an open

subset €2 of R" is to find a harmonic function u such that u‘ o = / for a
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given extended real valued function f defined in 0€2. In particular for given
f € C>(09). Here extended means a function taking values in [—o0, o0].

In several variables the Pluricomplex Dirichlet problem asks to find an
upper semi-continuous function u on Q, u : Q@ — R for a given extended
real valued function f defined in 09 such that (u q) € MPSH(Q) and
ulgq = 1

Recall that the compler Monge-Ampére operator in C™ is defined as the

n-th exterior power of dd®, namely

(dde)" = dd° A -+ A dde.
————

n—times

If u € C*(Q), then an easy calculation allow that

9%u
zjaik

(ddu)™ = 4nn!det[ }dv, (3.1)

where

AV — <%>ndzl ANdz Adz Adzy A+ Adz, Adz,

is the usual volume form in C".
In particular for n = 1 (ddu)™ becomes usual Laplacian times the area
form in R?. Namely we can regard (dd°u)" as usual Laplacian Au.

Recall that real Monge-Ampére equations which can be formulated as :

) = f(z1, ..., z0) (3.2)
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where (x1,...,x,) € R™. These equations are studied extensively in Differ-
ential Geometry.

Complex version of the Monge-Ampére equation is

and can be formulated also as
(ddu)"™ = (%)nfdzl ANdzZy Ndzy NdZg N\ -+ Ndzp A\ dZ,.

One of the important features of the Monge-Ampére operators is the fact
that the maximality of plurisubharmonic functions can be characterized in

terms of these equations.

Corollary 3.1.1. Let Q be an open subset of C*, and let u € C* N PSH(L).

Then w is maximal if and only if (ddu)™ = 0 in Q.

Proof. Let u be maximal plurisubharmonic function then by Theorem 2.3.22

we have det [88_2(99_ } = 0, hence we have (dd°u)™ = 0 by 3.1.
2392k 11<j,k<n
Conversely assume (dd‘u)” = 0 then by 3.1 we have det [%} =0
2192k 11<j,k<n
and by Theorem 2.3.22 we have u maximal. O
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3.2 The Complex Monge-Ampére Operator

In the previous subsection we defined the Monge-Ampére Operator for twice
differentiable functions. We know that dd“u can be defined as a positive (1, 1)

current for non-differentiable L; = cases by 2.3.22. But it is well known that

loc
higher powers of dd“u cannot be defined for non-differentiable case in the
same manner. We will give an example of a plurisubharmonic function for

which (dd°u)™ cannot be defined as a positive current. This example is due

to Shifmann and Taylor.

Example 3.2.1. Let B be open unit ball of C* where n > 1. Let
Z ={z =--- =2z, =0}. We will construct a plurisubharmonic function u
in Q@ which is in C*°(B\ Z) such that [ (dd“u)™ is infinite for 0 < r < 1.

B(r)\z
Let k£ be a positive integer and A be a positive number. Let

froa=

k
2l
A

n
i=1

For v > 1 we define

_p(_1L ~Lpe L
DV_B<1 V)ﬂ{;|zz|>y2}.

Now for p1,v 2 1 there exists a positive integer C), , such that for k£ = 1 there
exists a positive integer A(k) such that every partial derivative of log fi ag)
up to order p is bounded by C,, on D,. Fix 0 < r < 1. For v =2 2, let

k, = (2"C,,)". Since log fi aq is plurisubharmonic function on C™\ 0, there
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exists a C* plurisubharmonic function g, on C® such that every partial

derivative of g, up to order v is bounded by 2C,, on D,_;. Now we define:

=1
v Zl 2, "

/ (ddu)" = oo.

B(r)\Z

then

Now [ (ddu)"™ = oo and if as 7 — 0 we get infinite mass at the origin. If
B(r)

we take a smooth function ¢ with compact support which is not identically

zero in a neighborhood of 0 then [ ¢(dd“u)"® = co. Hence (dd“u)" cannot

be defined as a (n,n) current. For details see [24].

We will now extend the definition of Monge-Ampére operator to functions
in C(€2). Later we will extend the definition to slightly more general families
of plurisubharmonic functions namely, £7° (€2).

loc

In order to extend (dd®)" to L{S.(Q2), we will use some norm estimates
due to Chern, Levine and Nirenberg [25]. Using Chern, Levine and Nirenberg
estimate and modified version of the estimate of Bedford and Taylor we will
first define (dd“u)™ for continuous plurisubharmonic functions. Now we refer

to some theorems from Bedford and Taylor [2] in order to construct this

extension.

Proposition 3.2.2. Let uy,...,u,, € C*(Q), and ¢ be differential form of
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type (n —m,n —m) with coefficients from C§°(S2). Then for 2 <m <n,
/Q dNdduy A ... ANddu,, = — /Q dd°¢ N duy Adug Nddug A ... ddu,, (3.3)
and

/Q¢ Adduy A ... A ddu, = /Qulddcgb Addus A ... ddu,, (3.4)

Proof. Since ¢ has compact support and by using Stoke’s theorem we deduce

that
/gb/\ddcul/\.../\ddcum:—/dqf)/\dcul/\ddCUQ/\.../\ddcum
Q Q

however (n—14+1,n—m+1) parts of dp Ad“u and du A d°¢ are the same,

so the last integral equals to

— /dulAdc¢Addcu2A. Addu,, = — /dcu2/\d(du1/\dc¢/\ddcu3/\. CAdduy,)
Q Q

= — / dd¢ N duy N\ dug A\ ddug A ... dd°uy,
Q

which gives 3.3. To show 3.4 we will use Stokes Theorem to get

- /du1 ANd oNddus A. . . Nddu,, = — / dd° ¢ Nduy Adus Adduz . .. ddu,,.

Q Q
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O

From this proposition we see some conditions under which (dd®u)" can
be defined. For example, when m = n = 2, and u; = uy, [ ¢(dd°u)? 3.3 tells
us that (dd“u)™(¢) should be equal to — [ du A d°u A dd°¢ as a current.

Next proposition is a slightly modified version of Chern, Levine and
Nirenberg’s inequality and will be referred as the Chern-Levine-Nirenberg

estimate.

Proposition 3.2.3. Let K be a compact set in C* and €2 is an open neigh-
borhood of K. There exists a constant C' > 0 and a compact set L C Q\ K,
which depend on K and Q, such that for all uy, ..., u, € PSHNC*),

/ddcul/\.../\ddcungCH i llp el (3.5)
K

where || w || is the sup norm on L.
Proof. See [15, p. 111]. O

We will denote the class of currents on Q0 of bidegree (m,m) and order 0

by M,,,(Q).

Proposition 3.2.4. Let T,,,(u) = ((dd°u), (dd°u)?, ..., (dd°u)™) be an defined

operator defined from C*(Q) into [] Mp(QY) for 1 <m <n. Then
k=1

If uj,v; € C(Q), and lim w; = lim v; = w uniformly on compact
j—00 j—00
subsets of Q, such that uw € C*(Q) and if both the limits lim T,u; and
j—00
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lim T,,v; ewist, then they are equal. Consequently, T,, has a unique ex-
j—00

tension to a continuous operator on all of C(Q) N PSH(Y) in view of the
fact that any continuous plurisubharmonic function can be approrimated by

smooth plurisubharmonic functions.
Proof. See [2]. O

By second part of this proposition we can extend (dd®)™ to continuous
plurisubharmonic functions by taking a sequence of smooth plurisubharmonic
functions u; of class C functions (for instance take u. = u*x.) then we can
define

(ddu)" = lim (dd“u;)". (3.6)

j—00
By second part of the Proposition 3.2.4 this limit is independent of the se-
quence ;.

Next proposition assures us (dd®u)™ coincides with the classical definition

whenever u is in C?(9).

Proposition 3.2.5. Let u € PSH N C*(Q) and suppose

ddu = 2i Y hgdz; A dZy, where the hyg € (L

loc
7,k=1

(Q)]™. Then (ddu)" €

M, (Q) has locally integrable coefficients and is given by [2i .;1 hgdz; A
j7 =

dz]™.

Proof. Let u be a continuous plurisubharmonic function. Consider smooth

plurisubharmonic u. where u. = u*x. converging to u. Then by weak conti-

nuity of (dd“u)™ given by part (2) of Proposition 3.2.4 we have the result. [
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Now we will extend the operator (dd°)" to L* plurisubharmonic func-

tions as positive (k, k) current by induction. We follow Bedford and Taylor
[2].

Definition 3.2.6. Let u € L>®(Q) NPSH(Q). We define (dd°u)* inductively
for 1 <k <mn. Fora (n—k,n— k) form y with smooth coefficients with

compact support in €2, then

/ (ddu)* A x = / u(ddu)" A dd°x. (3.7)
Q Q
Proposition 3.2.7. The operator (dd°)* defined by 3.7 for plurisubharmonic

functions in L>(Q)) is a positive (k, k) current.

Proof. By the Proposition 3.3.5 of [15], we know that for any plurisubhar-
monic function u (ddu)! is a positive current. Now assume that (dd®u)*~1
is defined as a positive (k — 1,k — 1) current. Since u is upper semicontin-
uous and locally bounded, u(dd‘u)*~! again has measure coefficients, and
thus (ddu)* is a (k, k) current.

For positivity take a strongly positive test form of bidegree (n — k,n — k)

whose support is contained in €2. Let G be a relatively compact subset of
) that contains suppy. By Theorem 2.3.15, there exists a decreasing se-
quence {u;}jey C PSHNC>(G) converging to u in G. For each j, the

form dd“u; A x is a strongly positive current. Therefore by the induction
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assumption,

/ (dd“u)** A (dd°u A x) > 0.
Q

Now by the dominated convergence theorem, we have,

/ (ddu)* A x = / w(dd®u)" A ddy
Q Q

= lim [ w;(dd°u)*"* A dd°x

Jj—o0 [¢)

= lim [ ddu;(dd“u)** A x > 0.

Jj—o0 9]
[

For k = 1 we know that (dd)* is continuous. But the higher orders
of dd® need not be continuous in general. Next theorem, due to Bedford
and Taylor, shows that (dd‘u)™ is continuous under decreasing sequences of

plurisubharmonic functions which are locally bounded.

Theorem 3.2.8. Let {v}},...,{v}} be decreasing sequences of functions in

PSH(Q) N LS

loc

(Q) and assume that for all z € Q,

lim v} = v’ € PSH(Q) N L5, (), 1<i<k.

Jj—00

Then

lim ddv; A ... Addvf = ddv" A .. A ddo* (3.8)

Jj—00

where the limit is in the weak topology on My(2) .

51



Proof. See [3]. O

Next corollary is a direct consequence of above theorem:

Corollary 3.2.9. The map (vt, ..., v%) — ddv*A.. .Addv* is a symmetric,
multi-linear map from PSH(Q)NLY.(Y) into the cone of nonnegative closed

currents of bidegree (k, k).

Proposition 3.2.10. Let uy,...,u; be a continuous (finite) plurisubhar-
monic functions and let u{, e ,ui be sequences of plurisubharmonic func-
tions converging locally uniformly to uy, ..., ux. If T; is a sequence of closed

positive currents converging weakly to T, then
wlddul A - - A ddcui ANT; — wrddug A - - - Addup, N'T weakly and

ddwl A - -~ Nddul, NTj — dd®uy A -+~ Addupy AT weakly.

Proof. See [10]. O

Now we will define a class of measures usingthe complex Monge-Ampére
operator. We start with an open connected subset @ C C" let a € 2. And

we define

PSH(Q;a) = PSH(Q) N LS\ {a}),

Co (% a) = {p € C°(Q) : supp(dp) C 2\ {a}}.

(3.9)

Lemma 3.2.11. The space C3°(;a) is dense in C3(2) in the topolgy of

uniform convergence on compact subsets.
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Proof. See [15, p.228]". O

Proposition 3.2.12. Let Q) be an open set in C", and let w € PSH(Q;a).
Then there exists a positive Borel measure p on § such that, for any de-
creasing sequence {u;}jeny C PSH N L. () convergent to u at each point

loc

in Q, the sequence {(dd°u;)"}jen is weak™—convergent to p.

Proof. 1f ¢ € C3°(2;a), then supp(dd®p) C Q\ {a}, and thus

/gp(ddcuj)" = /uj(ddcuj)"_l A (dd°p) — /u(ddcu)"_l A (dd°p) (3.10)

as j — 00, by Theorem 3.2.8. By the Chern-Levine-Nirenberg estimates, the
set {(ddu)"},en is relatively sequentially compact in the weak*-topology.
By Lemma 3.2.11 and 3.10, it is convergent on a dense subspace of C§°(£2).

Consequently it converges to a measure . [

By this proposition we can define (dd‘u)™ as a positive Borel measure on

Q.

Corollary 3.2.13. Let a € C", and let R > 0. Ifu(z) = log(||z—al|/R) for
all z € C", then (dd°u)" = (2m)"d,, where 6, is the Dirac delta function at

a.

Proof. See [15, p.229]. O
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3.3 Comparison Theorems

We continue investigating the properties of complex Monge-Ampére operator.
In this part we will give some comparison theorems which enable us to extend
the inequalities on the boundary to the domain. We will follow the works of
Bedford and Taylor closely [3]. Following theorems are due to Bedford and

Taylor [3].

Theorem 3.3.1. (Comparison Theorem) Let Q) be an open bounded sub-
set of C*. Let u,v € PSH(Q)NL>®(Q) and suppose that li{mégfu({) —v(¢) >
0 (e.g. u>wv on dNN). Then

/ (dd°v)" < / (ddu)".

{u<v} {u<v}
Proof. See [3]. O

Theorem 3.3.2. Let Q0 be an open bounded subset of C". Let u,v €
PSH(Q) N L>®(QQ) and suppose that llgrgégfu({’) —v() >0 (ie. u>w
on 022). Then
(ddv)" < / (ddu)".
{u<v} {u<v}

Proof. Let u. = u —¢, and S. = {u. < v}. Clearly, S. decreases to {u < v}

as € decreases to 0. For some £ small enough S C w C Q for some
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relatively compact set w in 2. Then, by Theorem 3.3.1, we have

/ g(ddcv)” < / e(ddcu)”.

Letting ¢ — 0, we obtain the desired inequality. Il

Corollary 3.3.3. Let Q0 be an open bounded subset of C". Let u,v €
PSH(Q) N L>(QQ) satisfying (i)lim o0 u(¢) = lim_pqv(¢) = 0, (%) u <

/ (ddev)" < / (dd°u)".

Q Q

v € ) Then

Proof. By theorem 3.3.1 we have

/Q (dd°v)" < /Q dde(1+ )u]™ = (1+¢) / (ddeu)”

Q
for € > 0, which give the result. [

Proposition 3.3.4. Let  be an open bounded subset of C". Let u,v €
PSH(Q) N L>*(Q), imsup,_ s | u(¢) —v(¢) |= 0, and (dd°u)" = (dd*v)" in

Q, then u = v in €.

Proof. We will show that the set {u < v} is empty. Assume that it is not
empty. Let ¢ < 0 be a strongly positive plurisubharmonic function on Q. If
the set {u < v} is not empty, then S = {u < v + €} is not empty for some

€ > 0. Since u and v + 1) are plurisubharmonic, S has positive measure else
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they are identical. Now by Theorem 3.3.1 ,

/S (ddu)" > /S (dd°[v + )™ > /S (ddv)" + " / (ddy)™,

s
which is a contradiction since the last integral over S is strictly positive. [

Corollary 3.3.5. (Domination Principle) Let Q) be an open bounded
subset of C". Let u,v € PSH(Q) N L>(Q), such that (i) imsup,_sq |
u(¢) —v(¢) |=0, (i) [ (ddu)” =0 Then u > v in .

u<v

Proof. Let = v —e+§ | 2z | where ¢,§ are chosen so that ¥ < v on €2, then

0< / (dd°o)" < / (ddu)" < / (dd°u)"
u<v u<v u<v

which is a contradiction unless {u < v} is empty. O

Corollary 3.3.6. Let Q2 be an open bounded subset of C"*. Let u,v €
PSH(Q) N L>(Q), limsup, sq(u(¢) — v(¢)) > 0, and (ddu)™ = 0 in Q,
then u > v in ).

2

Proof. Let p(z) = =]

-~ 2z € C" then (dd°p)" = nldV, where dV is the

volume form in C". Now, define v.5 = v+ep—46 fore >0, § > 0. We
will choose ¢ and 0 so that v.s < v on Q. Then u and Ve, satisfies the
assumptions of the corollary. If the set {u < v} is non-empty, then, for some

e and ¢, the set {u < v.s} is non-empty. The set {u < v.5} must have
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positive Lebesgue measure.

/ (ddv)"™ 4+ / (dd(ep —6))" < / (ddve5)"
{u<v£,5} {u<va,5} {u<”s,6}
< / (dd°u)" < / (dd°u)" = 0
{u<ve 5} {u<v}

which is impossible, as

/ (dd(ep — )" = 5”/ av > 0.
{u<ve,6} {u<vs,6}

O

A direct consequences of the above comparison theorems is the follow-
ing theorem characterizing maximal functions for plurisubharmonic functions

which are maximal.

Theorem 3.3.7. Let Q2 be an open subset of C" andu € PSH(Q)NL5L.(S2)
then it satisfies the Monge-Ampére equation (dd°u)™ = 0, if and only if u is

maximal.

Proof. Let v € PSH(2) and for each ¢ > 0 there is compact set K C §2
such that u—v > —e in Q\ K, then limsup,_ o (u(¢) —v(¢)) > 0, then by
Corollary 3.3.6 we have u > v. Hence by second part of Proposition 2.3.20,

we have v maximal. O
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CHAPTER 4

HYPERCONVEX DOMAINS AND
MONGE-AMPERE MEASURES

In this chapter we want to introduce hyperconvex domains and some impor-
tant properties of hyperconvex domains from pluripotential theoretic view-
point. Secondly we want to discuss Monge-Ampére measure over hypercon-
vex domains, following J.P.Demailly, using Bedford and Taylor’s methods.
Here our most important result is what Demailly called ”Lelong-Jensen for-

mula”. We will call this result as " Demailly-Lelong-Jensen formula”.

4.1 Pluricomplex Green Functions

Let 2 be an open bounded subset of C, and a € Q. Let Gg(z,a) be a
function from © to [0, +o00] such that:

(i) Ga(z,a) is harmonic in Q\{a}.

(i1) Ga(z,a) =0 as z — w, for each w € IS

(1ii) Ga(z,a) + log|z—a| extends to a harmonic function on €.This
function is called the classical Green function with pole at a.

Indeed, by maximum principle if Green function exists then it is unique.
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Note that —Gq(z,w) is subharmonic.
Now we will give some properties of classical Green functions on domains

in C . We will refer to [21] for the proofs.

Theorem 4.1.1. If boundary of €0 is non-polar, then it has a unique Green

function for §2.
Proof. See [21, p. 106]. O

Theorem 4.1.2. Let €4,  be domains with non-polar boundaries and
f Q1 — Qyan analytic function. Then Gq,(f(z), f(w)) > Gq,(z,w),

equality holds if and only if f is biholomorphic.
Proof. See [21, p.107]. O
Just a direct corollary of this theorem is as follows:

Corollary 4.1.3. Let €2,Q9, be domains with non-polar boundaries such

that Qy C Qy then Gg,(z,w) < Go,(z,w) (z,w € Q)

Theorem 4.1.4. Let Q) be a bounded domain in C whose boundary is non-
polar , and let (Q2,)n>1  be subdomains of 0 such that (i), has non-polar
boundary, (11), C Qpiq, (19)U,Q, = Q. Then

lim Gq,(z,w) = Ga(z,w) (z,w € N).

n—oo

Proof. See [21, p.108]. O
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Theorem 4.1.5. Let Q2 be a bounded domain in C whose boundary is non-

polar, then Gq(z,w) = Go(w, z).
Proof. See [21, p.110]. O

Now we want to introduce Perron function and the harmonic measures.

Definition 4.1.6. Let 2 be a bounded domain in C, and let ¢ : 92 — R

be a bounded function. The Perron function Hq¢ : 0 — R is defined by

Hq¢ = supu, (4.1)

ueU
where U denotes the family of all subharmonic functions u on {2 such that
limsup, .. u(z) < ¢(z) for each ¢ € 9.

The importance of Perron function associated with the function ¢ is if

the Dirichlet problem has a solution, then it is clearly Hqo.

Definition 4.1.7. Let 2 be a bounded domain in C, we will denote the
o—algebra of Borel subsets of 92 by B(92). A harmonic measure for  is a
function wq : D x B(02) — [0, 1] such that:

1. for each z € €2, the map B — wq(z, B) is a Borel probability measure

on 0€);

2. if ¢ : 00 — R is a continuous function, then Ho¢p = Po¢ on (2, where

Po¢ is the generalized Poisson integral of ¢ on €2, given by

Pog = o P(Qdw(z,¢) (2 € Q). (4.2)
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Example 4.1.8. Let 2 be a smoothly bounded open bounded subset of C

then consider the Green identity:
/ ulAv — vAu = U — U—. (4.3)
Q

Let u be a harmonic function and suppose that G(;z) is the Green function

on €). Then equation 4.3 becomes

/uAG = ua—G
Q 0 on

and it is well known that AG = 2m6(z) that we have u(z)2r = [, u%e.

Namely % gives the harmonic measure.
Theorem 4.1.9. (/21, p, 117])(Poisson-Jensen Formula) Let Q0 be a

bounded reqular domain in C, and let u be a subharmonic function on a

neighborhood of ). Then

1

u(z) = /@ u(Oden(z.0) = - /Q Golzw)Au(w) (2€9Q)  (44)

Theorem 4.1.10. Let Q be a bounded domain of C, such that OS2 is non-
polar, and u be a subharmonic function on 0 with u is not identically —oc.

(i) If u has a harmonic magjorant on ), then it has a least harmonic majorant
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h and we have

(i) If u has no harmonic majorant on 2, then
1
%/Gg(z, w)Au(w) = 0o (z € Q) (4.5)
Q

Proof. See [21, p, 118]. [

In 1981 Lempert constructed a function ®, for each strictly convex
bounded domain D C C"™ and for each w € D such that if we set

u(z) = log ®,(z) then we have:

(

u(z) |__
det | 57,07, |=0 for z € D\w,
u € PSH(D)
(4.6)
lim._e.epu(z) =0 € oD
u(z) —log | z—w |=0(1) forz— w.

\

For n = 1, the function —u is just the classical Green function for D
with pole at w. Due to analogy between Laplacian and the complex Monge-
Ampére operator in C", we can regard u as Pluricomplex version of classical

Green function. In 1985 Klimek introduced a Pluricomplex Green function
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in [14]. His definition is
ga(z,w) = sup{u(z)}, (4.7)

where the supremum is taken over all non-positive plurisubharmonic func-
tions on 2 (including u = —o0) such that the function ¢t — wu(t) — log |t — w|
is bounded from above in a neighborhood of w,

In 1987 Demailly showed that Klimek’s definition gives a solution to the
generalized Pluricomplex Dirichlet problem in any hyperconvex domain. For

details see 4.2.9.

4.2 Hyperconvex Domains

In this section we will give the definition of hyperconvex domains and some

important properties of hyperconvex domains from different points of view.

Definition 4.2.1. [13] A connected open subset 2 of C™ is called hyper-
convex if there exists a plurisubharmonic function g : @ — [—00,0) such
that {z € Q: g(z) < ¢} is relatively compact for each ¢ < 0. Here g is called

a plurisubharmonic exhaustion or a defining function for €.
Now we will present some examples

Example 4.2.2. A = A(0,1) C Q is a hyperconvex domain. g : A —

[—00,0) defined by g(z) = log(] z |). This is the most important example
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and it will be a motivating tool for us. The level sets are just discs with

radius e” so they are relatively compact.

Example 4.2.3. B(0,1) C C" is a hyperconvex domain with defining func-
tion g : B — [—00,0) given by g(z) = log(]|z).

Another important example in this context is the polydisc A™ c C”
with plurisubharmonic exhaustion function g : A" — [—00,0) defined by

9(z) =log(max| z1 |,..., | za |).

It is clear from the definition that every hyperconvex domain is a pseudo-
convex set (i.e. there exists a plurisubharmonic exhaustion function). More-
over every pseudoconvex set can be written as increasing union of hypercon-
vex sets. Since for any pseudoconvex domain there exists a smooth exhaustive
plurisubharmonic function ¢ and consider the level sets of ¢ which are of
the form {p < c} then any level set is hyperconvex by negative continuous
plurisubharmonic function ¥ = ¢ — ¢ which is exhaustive.

Now we will present some properties of hyperconvex domains from differ-
ent perspectives.

Next theorem gives a good characterization of hyperconvex domains in

terms of Frechet Spaces of analytic functions on them.

Theorem 4.2.4. Let Q be a bounded subset of C*. Then O(2), the Frechet
Space of analytic functions on ) is isomorphic to A(A™) if and only if Q0 is

a hyperconvexr domain.

Proof. See [26]. O
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Theorem 4.2.5. Let 2 be a bounded domain of holomorphy in C* which is

complete with respect to the Carathéodory metric. Then 0 is hyperconvexz.
Proof. See [1]. O

Lemma 4.2.6. ([15, p. 225]) Let Q0 be a hyperconver domain, then for each
a€Q andw € 0N
lim QgQ(z, a) = 0. (4.8)

Z—W,2E€

Proof. Let p be a defining function for 2. Let a € Q,and choose r, R > 0

such that B(a,r) C Q C Q C B(a, R). Define

o(z) = max{Cp(z),log(||z —a||/R)} 2z € Q\ B(a,r)),
log(||z — all/R) (z € B(a,r)),

where the constant C' > 0 is chosen such that Cp < log(r/R) on the unit
sphere 0B(a,r). Clearly, v is a plurisubharmonic function and hence v(z) <
ga(z,a) in Q. Since v(z) = Cp(z) when z is sufficiently close to the

boundary of €2, the result follows. O]

Lemma 4.2.7. ([15, p. 227]) Let Q C C" be hyperconver, and let a € €,
Then for each € > 0 and for each neighborhood U C Q0 of a there exists a

netghborhood V' of a such that V' s relatively compact subset of U and

(1+e)7"' < < (1+e), (4.9)

for all (z,z),(z,y) € (Q\U) x V.
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Proof. Let ¢ > 0. Choose s > 0 such that B(a,s) C 2, and we define
U= B(a,s). Let r :=1inf{||[z —wl| : 2 € U,w € 00} and R := sup{||z — w|| :
z € U,w € 092}. Then

log(llz — #[|/R) < ga(z,z) <log(l|lz —z[/r)  ((z,2) € @ x U).

Now we find a A € (0,s) such that (1 + ¢)log(3\/2r) < log(\/2R), and we

define V' = B(a, A\/2). For any two points z,y € V, define

log(llz — yll/R) (2 € B(a, s))

max{(1 + &)ga(z,z),log(l|z —yll/R)} (2 € 2\ B(a, s)).

If ||z — al| = s, then

(1+¢)galz,2) < (1+e)log(llz —yll/R) < (14 ¢)log(3A/2r)

<log(A/2R) <log(]|z — yll/R).

Therefore v € PSH(2). Also, we have v < 0 by the maximum principle.

Hence, v < gq(+,y). Soif x,y € V and z € QU, then we have

(1+¢)galz,7) < v(2) < ga(z, @),

and we have
gg(Z, :E)
gQ<Za y)

< (1+¢).
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By a change of x and y, we have also

QQ(Z, y)

P <(1+e) .

]

Theorem 4.2.8. if ) C C" 1is hyperconvez, then the pluricomplex Green

function go : Q x Q — [—00,0] is continuous (where gQ‘mXQ =0).
Proof. See [8] O

Theorem 4.2.9. If Q) is hyperconvexr domain. Then there exists a unique
continuous plurisubharmonic function go(-, w) which is a solution to the prob-

lem 4.6 and g(-,w) : Q — [—00, 0] is plurisubharmonic on €, and continuous

on Q satisfying 4.6 and (dd°u)™ = (270)"5,.

Proof. See [9]. O

4.3 Monge-Ampére Measures and Lelong-Jensen
Formula

This section is devoted to Demailly measures (or Monge-Ampere measures)
which will be used in the construction of Hardy Spaces on hyperconvex do-
mains. Hence we want to overview Demailly measures. We will follow basi-
cally Demailly. All terminology and theory belongs to Jean-Pierre Demailly
8,9, 10]
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Now let Q be a hyperconvex domain € C* and ¢ : Q2 — [—00,0) be
a negative continuous plurisubharmonic exhaustion for 2. Now we define

pseudoball:

B(r)={z€Q:p(z) <r}, r € [—o00,0), (4.10)

and the pseudosphere :

S(r)={z€Q:¢(z)=r}, r € [—00,0) (4.11)

and we set

o = max{p, 1}, r € (—00,0) (4.12)

For every r € (—00,0) the measures (dd°p,)" are well defined since the
functions ¢,’s are continuous.
In 1985 by means of Monge-Ampére operator Jean-Pierre Demailly intro-

duced the measures

pr = (dd°0,)" — Xa\pe) (dd°p)" 1 € (—00,0) (4.13)

where x, is the characteristic function of the w C €. Demailly [9] calls
these measures as Monge-Ampere measures. We shall call those measures
as Demailly-Monge-Ampere measures. In fact in his paper [9] he defined

this measures for any Stein space with an exhaustion function ¢ but for our
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purposes we restrict ourselves to only hyperconvex domains.

o, =1 on B(r) so we have (dd°p,)" =0 on B(r). Moreover on Q\ {z:
©(z) <r} we have (dd°p,)™ = (dd°p)™. Thus those measures are supported
on the pseudospheres S(r).

Remark that when ¢ is maximal off a compact set K contained in

B(r), (i.e.(dd°p)™ = 0) then pu, reduces to u, = (dd°p,)".

Proposition 4.3.1. Assume that ¢ is smooth near S(r) and dp # 0 on

S(r). Then the Demailly-Monge-Ampére measure p, reduces to (dd°p)"~' A

d°y| S(r)°

Proof. We start by taking decreasing sequence of smooth convex functions
with ¢g(t) = r for t < r —1/k and Yx(t) =t for t > r + 1/k. Here
limy, o0 1% (t) = max{t,r} and limy_.. 1) o = Xo\B(r) a.e., and by Propo-
sition 3.2.10 we have (dd“yrop)™ converges to (dd°p,)". Let h be a smooth
function with compact support near S(r).

/ h(ddp,)" = lim [ h(ddg o p)"
Q k—oo Jo

= lim [ —dh(ddyy 0 ©)" ' Ad(ty, 0 @)

k—o00 Q

= lim — (" o @)dh A (dd°)" ™' A d°p
— 00 Q

= / —dh A (dd°p)" ™t A dyp
O\B(r)

= / h(ddp)" ' A dép + / h(dd“)" 1 A dp.
S(r) Q\B(r)
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Hence we have
(dd°p,)" = (ddp)"~ 1/\ng0‘$ + Xo\B(r) (ddp)"

]

Example 4.3.2. In the case of the unit disc we have ga = log|z|. Now by
using the exhaustion function ga(z) = log|z|. The Demailly measure pu, is
obtained by evaluating just dcg‘ Sr)

d°g = dx —
g x2+y2 & x2+y2

dy
now we put x = rcosf and y = rsinf we get
d°g| g, = do.

Namely it gives usual Lebesgue measure on the circle with radius 7.

Example 4.3.3. Now let 0 be the unit ball of C* and let ¢(z) = log ||z|| be
the defining function of B(0,1) We want to evaluate the Demailly measure
on the level sets B(0,r), for 0 <r < 1. Now we directly calculate by using

Proposition 4.3.1. Now on S(r)

dCIOgHZH ZH ”2 z || ||2 dc” ||2
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By the same way
c 1 c 2
dd°log ||z = 5,244 2]

d||z||* A (dde|| =)™ = 22" (n — 1)rdo,
where ¢ is the usual Lebesgue measure on S(r), hence we have

“log ||z “log ||z|)™ ! :# o
G @08 ) A g ) = rcden (419

which is the normalized Lebesgue measure on the Sphere with radius r.

Example 4.3.4. Let Q be the polydisc A" = {z: ¢(z) = log(max |z;|) < 1}
then the pseudoballs B(r) are the polydisc with polyradius (r,...,r). By
Corollary 5.4 of [10] we have

1

(ddep)" = Pkl

(4.15)

Now we want to find measures p,. If 2 is a point that all terms z; are
not equal, then we can omit the smallest term in a neighborhood of z with-
out changing ¢. Now since ¢ depends on only (n — 1) variables we have
(dd°p,)™ = 0 Hence p, = 0 mnear z. Hence p, is supported on distin-
guished boundary of polydisc B(r). Since ¢ is invariant under the rotations

0

zj — €"%z;, the measure y, is also invariant and we see that p, is a
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constant multiple of df; ...d#, by 4.15 and by Theorem 4.2.9 we have

1

So we get the usual Lebesgue measure on the Torus.

In 1985 Demailly found a useful formula in his paper [9], what he calls

Lelong-Jensen formula. We will call it Demailly-Lelong-Jensen formula.

Theorem 4.3.5. Let V' be a plurisubharmonic function in Q). Then V' is

w—integrable for every r € (—oo,0) and

/ Vg, — / V(ddep,)" — / dt / ddV A (ddop)™! (4.17)
Q B(r) —00 B(t)
which is equivalent to
/ Vdu, — / V(ddp,)" = / (r — @)dd°V A (dd°p)™ . (4.18)
Q B(r) B(r)

Proof. See [9]. O

Now by Demailly-Lelong-Jensen formula we have

MT(V) — Hrg (V) +/

V(ddop)" = / dt / dd°V A (ddep)" "t (4.19)
B(ro)\B(r) o B(t)

where (V) = [, Vdpu.
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Corollary 4.3.6. Assume that (dd°p)" =0 on Q\ S(—o0) and V' is posi-
tive. Then the function r — u, (V') is a convex and increasing function of

r.

Proof. By 4.19 we have

1 (V) = (V) + / i / 4dV A (ddo)""
0 B(t)
Since [ () A4V A (dd°p)"~! are increasing and non-negative, we have
r — (V) is a convex and increasing function of r. O

Another result of Demailly-Lelong-Jensen Formula is total mass of p,. is:

ool = (1) = /B Gty (4.20)

Another important theorem due to Jean-Pierre Demailly is the following

theorem.

Theorem 4.3.7. Let ¢ : Q@ — [—00,0) be a continuous plurisubharmonic
exhaustion function for €. And suppose that the total Monge-Ampere mass
s finite, i.e.

/(ddcgo)" < 00. (4.21)
Q

Then as r tends to 0, u, converge to a positive measure p  weak* —ly on
Q with total mass [,,(dd°)"™ and supported on Q. We associate this limit

measure i on the boundary with the exhaustion function .
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Proof. The measures y, are uniformly bounded by [, (ddp)™ for r < 0.
It suffices to show that for any function h € C*(Q) the limit of r — u,.(h)
exists. If v is a strictly plurisubharmonic function in C?(€2) We can choose a
constant C' > 0 such that V' = h+4C'y is plurisubharmonic and nonnegative
on Q. By corollary 4.3.6 11,(7), (V) are increasing function of . Hence the

limits p,.(y) and (V) exist as 7 — 0. Hence p,.(h) exists asr — 0. [
Another application of Demailly-Lelong-Jensen formula is next theorem.

Theorem 4.3.8. Let ¢ : Q — [—00,0) is a continuous plurisubharmonic

exhaustion function for Q and V€ PSH() NC(Q). Then

u(V) = / V(ddp)"™ + / dd°V A ||(ddp)™! forn>1,
Q Q

n(V) = / V(ddp)" + / ddV A (dd°@)" "2 N dp A dp forn > 2.
Q Q

Proof. For the first equation consider Demailly-Lelong-Jensen formula 4.17,
and we let 7 — 0 then we have the first equation. Second equation is directly
obtained from the first one by writing the integral [, dd°V A |¢|(dd°p)" " as

Jo(ddo)™ + [ dd°V A (dd°)" 2 A dp A d°p by Proposition 3.2.2. O

From now on we want to restrict ourselves to only Pluricomplex Green
function with pole at a. Recall that (ddgq)™ = (27)"0,, then Theorem 4.3.8

reduces to

V(a) = @n)" /aQ Vdu — (271r)” /QddCV A |gal(dd¢go)" (4.22)
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For n = 1 it reduces to the Poisson-Jensen formula 4.4. A direct conse-

quence is the next corollary

Corollary 4.3.9. Let ¢ : Q — [—00,0) is a continuous plurisubharmonic
ezhaustion function for Q and V € C(Q) be a pluriharmonic function in €.

Then we have
1

2m)™ Joa

V(a) = Vdu (4.23)

Proof. For a pluriharmonic function V' we have dd“V = 0. Hence we get

the result. O

Forn =1 for 2 = A then we have the usual Poisson formula. We can

consider it as the Pluricomplex version of Poisson formula. (See [9].)
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CHAPTER 5

HARDY SPACES OVER
HYPERCONVEX DOMAINS OF C"

5.1 Introduction

This chapter is the most important part of this thesis because main goal of
this thesis is to give a definition of Hardy spaces over hyperconvex domains.
In this chapter we want to extend the theory of Hardy Spaces to hyperconvex
domains in terms of integral mean growth of analytic functions . In this
chapter we will give a definition of Hardy Spaces on hyperconvex domains
that unifies the theories of Hardy Spaces on polydiscs and the unit ball of

C"(or more generally pseudoconvex domains with C! boundary).

5.2 Hardy Spaces over Hyperconvex Domains

Let 2 be a hyperconvex domain in C". Fix a point a and let g(2) = ga(z,a)
be the Pluricomplex Green function which is a continuous exhaustion.
And now we define Hardy Spaces over hyperconvex domains in terms of

Demailly-Monge-Ampére measure related to g. Define Hardy Spaces over €)
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as .

= (£ 0@ sw [ IFC) da < o0 ).
S(r)

On H? we define norm as:

1/p
111 =|sup [ 15

S(r)
Remark 5.2.1. Some obvious facts are:
1. If @ = A, then H? are usual Hardy Spaces by Example 4.3.2.
2. If Q = A", then H? are usual Hardy Spaces. by Example 4.3.4.
3. IfQ isaballin C* then H? are usual Hardy Spaces by Example 4.3.3.

Next theorem is an analogous theorem for Hardy’s Convexity Theorem

2.4.2 for Hardy Spaces in the unit disc in C.

Theorem 5.2.1. Let f € HY then the function v — [q . |f(2)[Pdpra s

an increasing and convex function of r.

Proof. Follows directly from Corollary 4.3.6 since | f(z)[? is plurisubharmonic.

]

Theorem 5.2.2. Let ) be a hyperconvex domain in C. Then f € HP(Q) if

and only if | f|P has a harmonic majorant.
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Proof. Let f has a harmonic majorant u. Then
[ 1P < [ i, = (o) < o
S(r) S(r)

by Corollary 4.3.9.

Conversely, let f be in H?(§2) and assume that f has no harmonic majo-

rant. Then by Theorem 4.1.10 we have

1

5. | Golzw)A[ f(2) P = o0 (5.1)
™ Ja
On the other hand we have
1
o= | 19G) Plia = | fl@) P < € < 0 (5.2
™ Js,

where C' is independent of r, we have

1

w1 1C) Pnea =1 S@ P =5 [ o S0P 63

by Demailly-Lelong-Jensen formula 4.22. Since G p, are increasing by Corol-
lary 4.1.3 and dd®| f(z) |" and G, (z,w) are positive, and lim, o Gp, (z,w) =

Go(z,w), by 4.1.4. Now since Gy (2, w)xpwr) T Ga(z,w) on Q, by using
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Monotone Convergence Theorem

r—0 27

1
i o~ [ G (zvw)dd] ) P =ty 5 [ G w)dd] 1) Py
B Q
1
=57 [ ooz 0 1) 1
which is a contradiction since left-hand side stays bounded by 5.2, whereas

the right hand side is oo in view of 5.1. Hence it has a harmonic majorant.

This contradiction proves the theorem. O

Corollary 5.2.3. For n = 1, the class H?(Q2) is independent of the base

point a.

Proof. Let f is in HP(Q2). Then |f|? has a harmonic majorant v by 5.2.2.
Therefore f € HJ(Q) for any b € 2 by 5.2.2. O
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